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Roger W. Wallace and Jasper A. Welch Jr. 
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April 28. 1959 

- 	 ABSTRACT 

The positron spectra and half lives of all the mirror nuclei 

(ZZ = A ± 1) with 19 . A . 39 have been systematically measured with a 

180°-defloction uniform-magnetic-field spectrometer. The ground-state. 

transition energies were used to compute Coulomb-energy differences be-

tween mirror pairs. Deviations of theec Coulomb-energy differences from 

a smooth variation with A are explained In great detail by a nuclear shell 

model using the potential well of an isotropic harmonic oscillator. The 

data support a symmetry for the proton wave functions characteristic of jj 

coupling in the state of loweet seniority, with magic-number effects at 

2 = 14 and 16 as well as 2 = 8 and 20. Comparison of the It values obtained 

with experimental nuclear magnetic momenta gives the following valueó for 

the partial coupling constants for the Fermi and Gainow-Teller P interactions: 

9y2 = 1.5x1O eec, 	 2.1 x 10 sec 1 . 

/, 
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• BETA SPECTRA OF THE MIRROR NUCLE1t 

Roger W. Wallace and Jasper A. Welch. Jr. 

Lawrence Radiation Laboratory 
University of California 

Berkeley. California 

April 28. 1959 

L INTRODUCTION 

The total binding-energy difference between isobars is composed of 

contributions from nuclear forces, repulsive Coulomb forces between protons, 

and the neutron-proton mass difference. The nuclear Coulomb energy depends 

upon the spatial correlatione of the several protons in the nucleus, and its 

value is indicative not only of the general size of nuclei but also of the spatial 

symmetry of the proton wave functions.1' 2 

In the nuclear shell model with charge-independent nuclear farces. 

the specific nuclear contribution& to the binding energy is the same for pairs 

of 3aobare characterized by ZZ A ± 1. ZZ = A ± 2. etc. Thus in these cases 

we may obtain the Coulomb energy difference by simply correcting the total 

binding-energy, difference for the neutron-proton mass ratio. Experimental 

total binding-energy differences are obtained from measurements of reaction 

energy and beta -di sinte g ration energy. In very light nuclei the pertu,bation 

of the Coulomb forces somewhat diøturba this nuclear equivalence. 

*Work performed under the auspices of the U. S. Atomic Energy Commission. 

t sed on a die se rtation submitted by Captain Welch to the Graduate Division 

of the University of California in partial fulfillment of the degree of Doctor of 

Philosophy in Physics. 

~ Captain, USAF, presently at the Air Force Special Weapons Center. 

Albuquerque. New Mexico. 
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The nuclear species 2Z = A ± 1 are called mirror nuclei and have 

been the objects of considerable theoretical 37  and experimental8 	attention. 

Very accurate experimental binding-energy data are available for A 21 from 

reaction-energy measurements. This experiment has obtained, from positron-

decay disintegration energies, a systematic *  accurate set of binding-energy 

4iLferences throughout the region 19A 	
12 The earlier experimental 

situation was characterized by much disagreement. although several experi-

ments of high precision have been performed recently. 

Bcauee nuclear Coulomb energies dópend not only upon the size of 

the nucleus but also upon the overlap of the proton wave functions, nuclear 

radii deduced from data on mirror nuclei are highly dependent on the model 

used. Radii obtained from this experiment using a nuclear shell model will 

be compared with radii from high-energy electron scattering and ri-me sonic 

atoms. 

Values of ft were determined and will be compared with theoretical 

matrix elements and matrix elements based on measured magnetic moments. 

of the daughter isobars. 4, 13 The latter comparison gives values for both 

the Fermi and Gamow-Tellar p-decay interaction conetanta 
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IL EXPERIMENTAL PROCEDURE 

The radioisotopes were produced by deuteron and proton bombard 

monte with the external beam of the 60-inch cyclotron at Crocker Laboratory, 

and by proton bombardments at the Lawrence Radiation Laboratory 32Mev 

proton linear accelerator, as well as deuteron bombardments with the llnacs 

Van do Ciraali injector. 

The beta spectra were measured with a uniform. hold 180 0-deflec - 

tion singlofocuslng spectrometer (Fig. 1). The design was carrIed out along 

the lines suggested by Geoffrion and Persico 14' who developed formulae for 

maximizing transmission for a given resolution. The magnetic field was 

carefully mapped and calibrated to 0.1% against magnet current with commercial 

nuclear -magnetic - resonance equipment. 

Because of the short half lives encountered, the spectrometer was 

positioned no that the accelerator's external beam struck a target placed at 

the entrance of the orbit. To reduce background, everything that would be 

exposed to direct or scattered beam was fashioned of carbon. The width of 

the source was determined by beam collimation.. Compensation for the de-

flection of the beam by the spectrometer field was made with a lead.acrew 

traverse for the whole magnet assembly. The bombarding particle' a energy 

was controlled by a movable carbon degrader interposed just ahead of the 

target to reduce the beam spread due to multiple scattering in the degrader. 

All target materials except aluminum were available in powder 

form. Targets were prepared by mixing the powder into a dope of styrofoam 

dissolved in benzene and then allowing t he benzene to evaporate. The beam 

current was collected in a carbon Faraday cup just behind the target. The 

beam current was fed into an RC circuit whose decay constant equaled that 

of the activity being investigated. This innovation by Professor W. K. H. Panofaky 

produces a voltage across the condenser which is at all times proportional to 

the activity of the target. 
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The beta particles were detected by two thin-walled gas proportional 

14 
	 tubes in coincidence. Scattering (In the counter walls) causes a droop in the 

coincidence/front-singles ratio below 1 Mev. We took the front-singles rate 

as true and corrected the coincidence rate by an empirically determined 

function. 

With the degrader in position the beam was turned on and the target 

bombarded for three half lives. At this time the beam was abruptly shut off, 

• and simultaneously the movable degrader was flipped out of the n-particle 

orbit.. The counts were recorded as a function of time after cessation of 

bombardment with a mechanical tandem -gate apparatus. The first few gates 

were set at half a half life, and succeeding ones set longer and longer to en-

compass a total recording time of about twelve half livol. This bombarding 

and counting routine was repeated one to ten tlme at each spectrometer energy 

(a fixed number for each iaotope) to gather IO Counts at mid-energy. It was 

necessary to carry through the routine on a very regular basis in order to 

maintain good knowledge of the background. 

A carbon plunger can be inserted Into the orbit . 300 ahead of the exit 

alit. This prevents all positrons from reaching the detector, and hence allows 

direct measurement of all nonorbit background. Rune were also made with a 

blank target. In all cases subtraction of these background data resulted in a 

pure activity, and a sum of counts in the first four gates was used as the 

relative spectral intensity. Unique identification of the observed activity was 

made from reaction kinetics and approximate knowledge of half life and end- 

point energy. 
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UI. EXPEIUMENTAL RESULTS 

The end-point energies of the spectra were determined by the usual 

Fermi-Kurie function analysis for allowedspectra. except that, for our low 

values of Z. the Coulomb-repulsion correction factor changed by at most 2% 

in the range 1 to 6 Mev and was omitted from the Kurie function as plotted 

in Figs. 2 through 12. 16 

The raw Kurie plots exhibited a long tail on the high-energy and 

extending well beyond what could be accounted for by spectrometer resolution. 

A review of the data convinced us that it was not clue to improper interpretation 

of the background. From our efficiency-versus -energy data we determined 

that the points that correspond to this tail have an efficiency that is characterietLc 

of energies less than 1 Mev. thus indicating that they must have been scattered 

oil the spectrometer walls into the detector. Wong has observed a similar 

effect. 
17 

 From the shape of the tail, we deduced a tail correction that had the 

effect of lowering the Kurie plot intercept 1 01b to 20/9 and added no more than 0.1% 

error to the intercept. 

A folded integral over an allowed spectrum with finite resolution 

and finite source thickness 6 revealed that distortion of the Kurie plot is con-

fined to the lower fourth of the energy range and within one base resolution 

width of the intercept. In addition., the apparent intercept lay, at most, 6/2 

too low. The experimental results in Fig. 13 indicate a correction of 6/4. 

We compromised on 6/3. which introduces an error In the intercept of no more 

than 6/10 	0.01 Mev. All corrections have been applied to Figs. 2 through 

12. 

The unfolding of branching transitions in these Kurie p1ot is really 

somewhat tenuous, owing to counting statistics and our uncertainty In the 

detectlon.eificiency correction. Only transitions obeying allowed selection 

• 	rules (AJ0, 1; no parity change) will have a large enough branching ratio 
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to be observed. In most eases correlation can be found with positions of known 

daughter levels and their spin..parity asaignment. For F'9  we see evidence 

for a transition to a hitherto unreported state at 0.5* 0.2 Mev (cf. re 21 ). For 

N 2 ' e we do not see a branch to the 0.35-Mev level. Our measurements of 

Ne'9  F19  and Na2 ' No21  were taken with comparable source thickneasee. 

and thus it is hard to see why the F 19  level is not real; however, it was not 

observed by either Freeman 19  or Sealo. 20  For Mg25  we see no branch to 

the 0.98-Mev level, and no 'j rays have been observed from this level. 6 The 

spin-partty assignment is not absolutely clear-cut but does look.reaeonáble. 21 

For S 
33  neither we nor Meyerhof found a branch to the 0.84-Mev level. 22 

From our energy and half-life measurements we have computed ft 

values according to the formulas of Feenberg and Trtgg. 23 
 The correction 

for branching to excited levels should be less than 5% and has not been made. 

The basic magnetic-field measurements are accurate to 0.176 

absolutely; corrections for deviations from a uniform field push the absolute 

error for the effective field to 0.4% and the relative error to 0.2%.  Variationà 

in the position and spatial uniformity of the beam introduce an absolute error 

no longer than 0.21/o in the effective orbit radius. Thus the basic accuracy In 

the Hp of the instrument is 0. 516 absolutely and 0.356 relatively. 

The internal accuracy of individual Kurie plots varied from 0.3% 

to 1.5% for the ground-state transitions. This is compatible with counting- 

statistics errors, indicating no appreciable contribution from beam monitoring. 

Every isotope was measured at least twice, and from two to eikt spectra 

were determined during each of nine runs performed over a 10-month period. 

Many cross checks are thus available, and all determinations are in agreement. 

The combined relative error from internal fit, source thickness, and Hp is 

given in Table I. The entire error in the half life comes from uncertainty in 

the correct.background-counting rate. Our half-life determinations agree $ 

with those from other experimentø as reported by King. 8 The error in ft values 
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was compounded from absolute energy and half-life errors, based on ft 

- E 5t for this region of energies. 

Table II presents some Q-value measurements together with previous 

a-spectra measurements and the results of this experiment. We have chosen 

to use the Coulomb-energy differences for comparison. These are obtained 

from P decay as A 	1.804 Mev for 34, 
 from (p.n) thresholds as 

= -Q(p. n) and from difference of (d, n) and (d, p).reaction energie9aa. 

41  = Q(d. p) - Q(d, n), where the two reactions lead from a common nucleus 

to the members of a mirror pair. We agree with all the values from (p. n) 

reactions except at A t  25 and 27, where our values are to high for the quoted 

errors .to overlap. For. the deuteron-reaction differences, our values are 

higher than 2 and below 2, which is beyond the reported experimental errors 

in all caSes. Howover, we should point out the excellent agreennt of this 

method and the n-energy determination for Sc 41  

I 
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IV. DISCUSSION 

The classical formula for the Coulomb energy of Z protons 

distributed uniformly throughout a spherical volume of radius B is 

	

Ec  = (3/5) 2(2-1) e 2/R, 	 (1) 

and the Coulomb energy difference between the mirror pair (2+ 1). 1 is 

A 1 (Z) m E(Z+ 1 ) - E(Z) rz (6/5) e 2Z/R. 	 (2) 

Assuming further that B = y0 AV3. we flndthat A 2(Z)A1 (Z+l) -A 1 (Z) 

will be a smoothly varying function of Z. 

One defect in this model is the tacit assumption that the protonic 

charge carried away in the P decay comes uniformly from over the entire charge 

distribution. The nuclear shell model clearly implies that to the contrary the 

"disappearing" proton comes from a definite state with a nonuniform probability 

distribution. If the charge density remains constant so that the charge contained 

In the outermost spherical shell is carried away, we calculate a reduction in 

A1  of 15176 over that of Eq. (2). Because of the exclusion principle, the total 

proton wave function must be antisymmetric in the exchange of two particles, 

i.e., the protons' appear to avoid one another. Simply placing the protons in 

a cubic lattice leads to a 1556' reduction In the Coulomb energy over that given 

by Eq. (1). Cooper and Henly obtain a 12% reduction for the Hartree approxi- 

mation to antiaymmetrizauon. 	The grouping of protons into space-symmetric. 

epin-antieymznetric pairs implies that the A 1  for odd Z -. even 2 should be 

relatively smaller than for even Z - odd 2; hence A2  should be an alternating 

function of Z. 

Following the work of Feenberg and Goerteel. 1Carlson and Talrni 2  

(henceforth denoted by C-T) have developed a detailed theory of Coulomb energies 

with a nuclear shell model.. On the basis of lowest seniority for mirror-nuclei 

ground states, they obtain A 2 = a + (4)2*41 b where 2' lathe number of 

e 
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protons outside a closed shell. Now a and b do not depend on Z'; they do 

depend upon the choice of jj or LS coupling, the I or J of the level being 

filled, and the radial form of the wave functions. The Coulomb energyla 

calculated as a perturbation.to first order by the use of jj coupling and, single-

particle wave functions that are stattànary states of the well of an Isotropic 

harmonic oscillator. They find A= (A) c. where (A) can be evaluated 

analytically and c is an energy characteristic of the oscillator force constant. 

This force constant represents the average nuclear force on the V protons 

• outside closed shells. 

From Fig. 14 we see that, outside the Op 31 2  shell, experimental 

values of e are remarkably uniform within shells. Furthermore the alues 

are In good agreement with those obtained by Talmi and Thelberger (henceforth 

denoted by T-T) when they fit a five-parameter theoretical. binding -energy 

formula to all known light nucleI. 26 

The uniformity of alternation of A In the 	shell and the in- 

terruption of the quantitative uniformity at the beginning of each shall above 

p 31 2  is shown In FIg. 15. In Table III are presented the average experimental 

values of the alternation parameter (a-b)/(a+b) together with the computed 

values (by C-T) for jj  and LS coupling for the state of lowest seniority, as 

well as for an average over all states in LS coupling having the same spin. 

The. d51 2  data definitely single out the jj  scheme, while the do data are 

really too Inaccurate to discriminate. It Is not clear from C-'l' whether these 

values for (a..b)/(a4b) would change radically for another type of potential 

well, although the work of JancovinCl 2  suggests they would not. 

The C-T model also gives a relationship between the ratius 

constant of the charge distribution and the Coulomb-energy difference. 

A 1  r 0  = a (A), where r 0  is defined for the equivalent uniform distribution as 

= (5/3)1/2 (r2)  1j'2,  and a(A) can be evaluated analytically. It should 
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Table III 

Valuee of the alternation parameter obtained from experimental valuea of 

A2  compared with theoretical valuee baeed on varloua coupling echemes 

in the C-T model. 

Orbital for Altornatton parameter. (a'.b)/(a+b) 

odd nucleon in etate of LS averaged this 
loweat seniority lowest eeniority over spin experiment 

Ods/z 0.44 0.55 0.83 0.5S±.07 

0d312  0.44 0.40 0.83 0.62&25 
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be pointed out that the model itself implies that r 0  decreases uniformly through-

out a shell if c Is constant. The experimental valuee of r 0  (see Fig. 16) are 

substantially in agreement with electron-scattering experiments 28  except for 

the point at A = 24. This is a region where evidences for aonspherical nuclei 

have been found. Now, the electron-scattering experiments are very sensitive 

to the shape of the charge distribution near the surface. and any deformation 

would enter into the average fuzziness of the surface to first order. The 

Coulomb energy necessarily depends on deformation to second order. Thus 

we might expect the model to give 4etailed explanation of energies while being 

insensitive to actual departures from sphericity. 

The radii from -me son x-ray determinations are consistent with 

a constant value for ?0  of 1.2 fermi., but accurate measurements are confined 

to the region above A = 51. The C-T model, when normalized either to the 

mirror difference at A = 41 or the fit of T-T. predicts r 0  = 1.2 for A = 51. 

Thus the stated disagreement 3  between the p-meeonic atom radii and those 

from mirror nuclei disappear, when they are compared with a suitable theory 

in the correct mass-number region. 

Following the method of Wilkinson 29  we have calculated the position 

of the T = 1 energy levels in the nuclei ZZ = A from our mirror pair mass 

difference,. With the exception of the level for A = 38. the agreement with 

observation is excellent. The average from A = 22 to 34 of (E- Eob,) 

is + 0.053± 0.074 Mev. Wilkinson shows that this implies that the n-p bond 

1. 1.50/6 *2.5% stronger than the n-n bond. 

The comparative half life ft can be expressed as 

(ft)'= [8j2 ( M1 1 2 + 921 MGTI2] • 	(3) 

where gF 2 and 9GT2  are the natural constants for the Fermi and Gamow-Teller 

couplings and I M F 1 2 and I MGTI2 denote the respective matrix elements. For 
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mirror traneitione we have I  M. 12 iOn 'the baste of any reasonable coupling 

scheme. Thus a plot of (ft) 1  versus "1 M 12  should be a straight line with 

intercept 9 12  and slope9GT  Theoretical values of IMGTI2  do not produce 

such a result. 13  11 the aaeuxnptlone are made that jj  coupling is In operation 

for charge-independent nuclear forcee. Jensen and Mayer 4  have shown that 

for mirror nucI64 there exists a definite relationship between IMGT 2 and the 

nuclear magnetic moment. Ig 

forjl+1/2,  

 .T+1 	•2- 	(2+'O.&B) 2 
r

1, 2 
= T 	4.10+ 

for J. .1 	1/2,, 

2_ 	(1+0.12) 
2 

MG?j 	 3.0-1 

'Using these formulae we have computed I  M0 2  from the experimental magnetic 

momenta and compared them with the experimental It values by means of £q. (3) 

in Fig. 17. This analysis gives the values g12 = l.5x10 4  eàc and 

2 	.4 = 2.1 x 10 eec 4  in good agreement with the work ofOerhart. 30 	31BlAtto 

and Kofoed-Hansen. 	An equally good fit tothe same values of g 2  (with the 

exception of the point for He 3) can be obtained from the eamiempirical matrix 

element. of Trigg. 13 who. adjusted his LS matrix elements according to 

deviations of the experimental magnetic moment- from corresponding computed 

values. 
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* 	 FIGURE LEGENDS 

Fig. 1. Schematic cress 8ection through the spectrometer perpendicular 

to the magnetic field. 

Fig. 2. Kurle plot for the isotope Ne' . The experimental decomposition 

into branching transitions is shown. Arrows indicate po.itiona of possible 

branching transitions; YES above arrow denotes that the spin-partly 

aseigiunont predicts an alLowed transftion NO indicates a forbidden 

transition. 	(These remarks apply also to Figs. 3 through 12.) 

Fig.  Kurie plot for Na21 . 

Fig.  Kurte plot for Mg 23. 

Fig. S. 25 Kuria plot for Al 

FIg.  27 Kurie plot for Si 

Fig.  29 Kurie plot for 

. 
Kurió plot for 	31• 

Fig. Kurie plot for Cl 33. 

Fig. Kurie plot for A35. 

Fig. 37 Kurie plot for 

Fig. Kiarie plot for Ca 39. 

Fig. 13. Source thickness effect. Experimentally observed intercept, for 

three source thicknesses are shown together with the maximum calculated 

thickness effect (dashed line) and the adopted correction (solid line). 

Fig. 14. Characteristic Coulomb energy of the harmonic-oscillator well, C. 

versus A and orbital of the odd nucleon. This energy is defined by 

e a e2(r/1)1'2. V(r) 	w rr2. Note the ].arge alternations in the Op 3,2  

shell. Indicating break-down of the model for extremely small A.  The 

value of e is remarkably constant within higher shells, however. Values 

of e deduced from a fit of the total binding energies of all known ieotopes 

are shown for comparison. 26 
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Fig. .15. Second differences with respect to Z of the Coulomb-energy con-

tribution to the total binding energy. The ordinate is defined as 

A 1 (Z+1) - A 1 (Z). where 	E(Z+1) - E(z). Note the odd-. 

even effect throughout and the quantitative interruptions of this effect 

after Z 8. 1. 16, and ZO. 	 . 	.: 

Fig. 16. Rzns radius constant versus A and orbital of odd nucleon. Values 

shown are based on a nuclear shell model using harmonic-oscillator 

wave functione. 2 
 Electron-scattering results are shown for companion. 

Fig. 17. Experimental values of (ft) 4  versus values of the Gamow-TeUor 

matrix element calculated from experimental nuclear magnetic moments. 
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