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This paper identifies two distinct types of payoff kinks that can be exhibited by
preference functions over monetary lotteries — “locally separable” vs. “locally
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derivatives of such functions. Expected utility and Fréchet differentiable prefer-
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1. INTRODUCTION
The purpose of this paper is to

e identify two distinct types of payoff kinks in preference functions over monetary
lotteries, namely “locally separable” versus “locally nonseparable” kinks

o illustrate the relationships between a preference function’s (directional) payoff deriva-
tives and its probability derivatives in the presence of these different types of kinks, and

e compare the expected utility model and two important non-expected utility models with
respect to the types of payoff kinks that they can, cannot, or must exhibit.

There are several situations where an individual’s preferences over lotteries might be
expected to exhibit kinks in the payoff levels. The simplest and undoubtedly most pervasive are
piecewise-linear income tax schedules, which imply that the individual’s utility of before-tax
income will typically have kinks at the boundaries of the tax brackets. Similar instances include
kinks induced by the option of bankruptcy, or the intended purchase of some large indivisible
good. Alternatively, payoff kinks may be an inherent part of underlying attitudes toward risk. We
also briefly consider another source of kinks, namely the phenomenon of temporal risk.

Models of preferences over lotteries, like models of preferences elsewhere in economics,
should be flexible enough to be able to exhibit kinks in situations where they might be expected
to occur, as well as avoid kinks (be globally smooth) in situations where they might not. As it
turns out, three important models — (1) expected utility risk preferences, (2) Fréchet differen-
tiable risk preferences, and (3) rank-dependent risk preferences — all exhibit this flexibility with
respect to the first type of payoff kink (locally separable). However, none of these models are
flexible with respect to the second type: Whereas expected utility and Fréchet differentiable
preferences cannot exhibit locally nonseparable payoff kinks, probability-smooth rank-dependent
preferences cannot avoid exhibiting them at every lottery.

As mentioned, another purpose of this paper is to clarify the relationship between payoff
kinks, payoff derivatives, and probability derivatives of preference functions over lotteries.
Probability derivatives have proven useful in generalizing many of the basic concepts and results
of expected utility analysis to more general non-expected utility preferences. For the expected
utility preference function Vey(xi,pis...;3%mpn) = 2iqUX) pi, the probability coefficient of a
payoft level x — the coefficient of V() with respect to changes in prob(x) — is simply x’s utility
level U(x). By viewing expected utility results as statements about probability coefficients,
researchers have exploited the natural correspondence between coefficients in linear algebra and
partial derivatives in calculus to generalize many expected utility results to smooth non-expected
utility preference functions V(-). As is usual in the linear algebra <> calculus correspondence,
such “generalized expected utility” theorems include both local and exact global results.

Early work in generalized expected utility analysis imposed the smoothness property of
Fréchet differentiability, which is not satisfied by the rank-dependent form. However, Chew,
Karni and Safra (1987) showed that most of its basic results also hold under weaker notions of
smoothness, and that many indeed apply to the rank-dependent form. This paper helps clarify the
boundaries of this extension, namely that a generalized expected utility result will typically hold
for the rank-dependent form unless it involves its (full or directional) payoff derivatives, in
which case it is usually invalidated by the specific nature of rank-dependent payoff kinks.



This paper does not provide an exhaustive mathematical classification of all types of kinks
(nondifferentiabilities) in univariate or multivariate functions. Nor does it provide an axiomatic
characterization of smooth versus kinked preference functions over lotteries.' Rather, this paper
is analytical, and like most analytical work in consumer theory,” is directed at both axiomatized
and unaxiomatized functional forms, as well as the general unspecified form. As in the standard
case, we will find that some functional forms exhibit very specific properties.’

Section 2 of this paper provides the background for the analysis by outlining the relationships
between payoff derivatives, probability derivatives and Fréchet differentiability. Section 3 identi-
fies the two distinct types of payoff kinks mentioned above. Sections 4 and 5 examine the
different properties of expected utility, Fréchet differentiable, and rank-dependent risk preferen-
ces with respect to these two types of kinks. Section 6 concludes with brief discussions of
modeling implications, the empirical evidence, and induced preferences.

2. THE CALCULUS OF PROBABILITIES AND PAYOFFS

We consider the family L of all finite-outcome lotteries P over some real interval [0,M]." Each
such lottery can be uniquely represented by its probability measure u(-), or alternatively, by its
cumulative distribution function F(-). Such lotteries can also be represented by the notation

(1) P = (xlapl;"';xnapn) xl'E[O,M], pie[oal]a Z?:]pizl

As the specification (1) allows us to display more specific information about a lottery than either
of the general notations u(-) or F(-), we adopt it for our analysis. However, since this specifica-
tion allows two or more of the payoff values x,...,x, to be equal, as well as one or more of the
probabilities py,...,p, to be zero, it does not provide a unique representation of any given lottery.
For example, the following expressions all denote the same lottery P in L :

(30,3:40,2) (40,3;30,3) (30,4:30,5;40,3) (30,7;40,3;100,0)
In other words, the specification (1) inherently involves the following identifications — that is, the
identity of expressions that that differ only in one or more of the following manners:

(sx,plsesx” p') and  (Lox", p"s.axip'.) order of (x, p) pairs
(2) (s, plsesx,p";..)  and (..ox,p+p";..) equal-outcome (x, p) pairs

(X, py35ee3X,5P,) and (x,,p;...;x,,p,;x,0)  zero-probability outcomes

We could eliminate the need for these identifications by imposing the additional conditions that
all payoff levels in any expression P = (x1,p1;...;xs, pn) be distinct, and that all probabilities be
positive. However, the notational approach (1)/(2) will prove best for our analysis, as it does not
require a change in n each time two payoffs x;, x; merge to a common value, or diverge from a
common value, or some probability p; becomes 0. Throughout, we assume that the individual’s
risk preferences can be represented by a real-valued preference function V(-) over L, which
accordingly assigns the same value to any pair of identified expressions in (2).

' Axiomatic characterizations of smooth preferences under certainty and uncertainty have been provided by Debreu
(1972), Allen (1987) and others.

% Such as income and substitution effect analysis.

* E.g., in the standard case we find that that all Cobb-Douglas utility functions have zero cross-price elasticities.

4 Although many of our results can be extended to general probability measures on R' (or R"), we do not do so here.

2



2.1 Payoff Changes vs. Probability Changes

Ultimately, there is no real difference between changing the payoffs of a given lottery and
changing its probabilities. That is, for any two lotteries P = (xi,pi;...;xs,pn) and P* =
(1, pts...; o, piv), we can represent the change P — P* as either

a change in the probabilities associated with some fixed list of payoff levels, or

a change in the payoff levels associated with some fixed list of probabilities
To represent P— P* as a change in the probabilities, invoke (2) to write
3) P o= (X, P53 %,,P,5%,05.5x,,0)

P* = (x,0;...;x,,0;x"p'5..;x0, pl)

so P— P* is seen as the changes (-p1,...,pn,TP1...,7ps%) in the probabilities assigned to the re-
spective payoffs (xi,..., X,,xT, ..., xz+). To represent it as a change in the payoffs, invoke (2) to write
P = (x, prpls i, prpy s X, Py DFs 5 X, Dy DY)
P* = (X, prpfs s X, PrDy 5o s X Dy DE 5 X5 Dy DY)
so that P — P* is seen as the changes (x{'—xi,...,Xp—X1,...... XTI —Xpn,...,Xpx—X,) in the payoff
levels received with the respective probabilities (pypf,..., p1pue,...... DDl s PrePr).

(4)

Since lotteries can be viewed as probability measures over the payoff space [0,M], it might
seem most natural to work in terms of changes in the probabilities assigned to the respective out-
comes. On the other hand, many economic situations — such as portfolio choice, insurance and
contingent production/exchange — involve optimization and/or equilibrium with respect to the
payoff levels over some fixed set of states of nature, in which case working with payoff changes
would be most natural.” A situation where both types of changes come into play is Ehrlich and
Becker’s (1972) analysis of an agent facing both self insurance options (activities that can miti-
gate the magnitude of a potential disaster, though not its likelihood) as well as self protection
options (activities that can mitigate the likelihood of the disaster, though not its magnitude).® The
equivalence of (3) and (4) implies that an individual’s risk preferences can be completely
represented by either their attitudes toward probability changes or their attitudes toward payoff
changes — e.g., by either the probability or payoff derivatives of their preference function F(-).

2.2 Payoff Derivatives

The effect of differentially changing payoff level x; in a lottery P = (xy, p1;...; X», pn), that is, of
shifting its probability mass p; to payoff level x;+dx;, is given by V{(-)’s regular payoff derivative

) oV(P)  OV(.x,ps.) @ OV(.x,ps..)|
ox ox ox

i i |x:xi

We can also consider the effect of shifting just a part of x;’s probability mass, say some amount
P < p;, to obtain the partial-probability payoff derivative

> See Savage (1954), as well as the economic applications in Arrow (1953, 1964), Debreu (1959, Ch.7), Hirshleifer
(1965, 1966, 1989) and Chambers and Quiggin (1999).

® Important analyses of self insurance vs. self protection include Boyer and Dionne (1983, 1989), Dionne and Eeck-
houdt (1985), Chang and Ehrlich (1985), Briys and Schlesinger (1990), Briys, Schlesinger and Schulenburg
(1991), Sweeney and Beard (1992), and in a non-expected utility framework, Konrad and Skaperdas (1993).



©) WV (..;%,p3 %, p=p;-..)|
ox |x:xl~

Finally, when the same payoff level x is given by more than one (x;,p;) pair in P, we can also

consider the effect of shifting all the probability mass assigned to this payoff level — that is, the

whole-probability payoff derivative
av(.;x,p;..) % d

(7) L = EV(...;x,pj;...;x,pk;...;x,pﬁ;...)

all pairs yielding payoff level x

One might expect a preference function’s regular, partial-probability and whole-probability
payoff derivatives to satisfy the following total derivative relationships

OV (%, P 3 X,DP5 )|

() oV (.;x,pise) 8V(...;x,p;xl.,pl.—p;...)|

= +
a)Ci ax |x:xl- ax |x:xl-
dV(..;x,,p.;...) oV (.;x,p;...)
9 1 1 — 1 1
2 dx"” X/Z; ox;
(10) a’V(...;xl.+a-t,pl.;xj+,B-t,pj;...)| B a.éV(...;xl.,pi;xj,pj;...) . ﬁ-éV(...;xi,pi;xj,pj;...)
dt o ox, ox,

and the payoff derivatives of any smooth expected utility preference function Vgy(-), given in
(23) and (24) below, do satisfy them. But for a non-expected utility preference function V(.),
even if (2) holds and even if V(-)’s payoff derivatives (5)—(7) all exist, they will not necessarily
satisfy (8)—(10) unless additional smoothness is imposed on V(:). The reason is that the payoff
derivatives (5)—(7) represent movements along three different paths in the underlying space of
measures over [0,M],” so they will not satisfy (8)—(10) without additional smoothness on ¥(-)
that links its responses to movements along these distinct paths. Section 2.4 presents such a
smoothness condition (Fréchet differentiability), Section 4 examines preferences that satisfy this
smoothness condition and hence the above total derivative relationships, and Section 5 examines
an important example of risk preferences that do not (and can not) satisfy this smoothness
condition, and whose payoff derivatives generally violate these total derivative relationships.

2.3 Probability Derivatives and Local Utility Functions

Since the probabilities in a lottery (xy, p1;...;x,, p,) must sum to one, there is no behavioral mean-
ing to an individual’s attitude toward changes in a single probability p;. Nor is it mathematically
appropriate to define a probability derivative oV(x1, p1;...;X, p)/Op; by the standard formula

(11) lim V(X(,pises X DAAD .5, p,) — VX, Py X Py X, P,)
Ap;—0 Ap

1

since the “object” (x1,p1;...; X pitAP;;...; Xn, pu) lies outside the set of lotteries L, and hence
outside the domain of V(-).

7 Defining S+(-) as the measure that assigns unit mass to x, the three paths are {Zﬁqp,—ﬁxj(-) +pi-6x ()| 1},
{Zj;ﬁjpj'BxJ'(')+(pi7p)'5xi(') +p'6xi+t(')| l} and {ij;ﬁx pj'6xj(')+(2)g=x pj)'5x+t(')| t}, which typlcally have no
common elements beyond their starting point at ¢ = 0.



Rather, since probability changes can only occur jointly (at least two at a time) and always
sum to zero, probability derivatives can only be defined, evaluated or applied with respect to
such zero-sum change vectors (Apj,...,Ap,). We thus define V(x1,pi;...;xn, pn)’s derivatives with re-
spect to the variables p,...,p, as any set of values {OV(x1,p1;...;%n, pn)/Opili=1,...,n} that satisfies

n

(12) lim V(xp, pttApy 55 %, pttAp,) = VX, P55 X, P,) ZaV(x"pl;'";x”’p")-Ap
=0 t i=1 p;

for all change vectors {Api,...Ap,} such that Y7 ,Ap;=0. Observe that if a set of values

{OV(x1,p15.. %0, pn)/Opi | i=1,...,n} satisfies this property, so will any other set of the form

{OV(x1,p15...3%n, pn)/Op;i +k|i=1,...,n} for any constant k. To include probability changes Ap,:1 >

0,...,Ap, >0 for one or more payoff levels x,:1,...,x, outside of {xi,...,x,}, we define V(-)’s

probability derivative function at P = (x,py;...; Xu, pn) as any function 0V(P)/0prob(x) satisfying

i

i=1,..,n j=n+l,...,m
V(s X, DAEAD X A 5 ) = V (X, Pyses X, D) _ i V(P ,
t = oprob(x,)

for all zero-sum change vectors {Api,...,Apy, APut1,...,APm}, and observe that the function
OV(P)/0Oprob(x) is similarly invariant to any transformation of the form oV(P)/0prob(x) + k.

(13)  lim
t—0

Given a specific formula for F{(-), it is usually possible to determine its probability derivative
function 0V(P)/0prob(x) by direct inspection. When this is not the case, or when a formal deriva-
tion is desired, a function OV(P)/Oprob(x) satisfying (13) at a given P = (x1,pi;...;x,, pn) can
always be derived, by selecting any of P’s positive-probability outcomes x;+, and defining

(14) oV (P) - lim V(X[ Pisees Xy D=ADs 3 X, 5 2,3 %, AD) — V (X, py5eesX,, D)
oprob(x) Ap—>0 Ap

for all x € [0,M], in which case OV(P)/0Oprob(x;x) = 0. To obtain a function 0V(P)/0prob(x) satis-
fying the uniform normalization oV (P)/0prob(x) = 0 for all P € L, replace (14) by

, . V(X Prse s Xy D= AD; 53X, D3 X, AD) = V(X[ Pyseess Xowr Pu—AD;.5X,, P, s X, AD)
(14) lim
Ap—0 Ap

for any fixed x. On the understanding that they must be formally evaluated by joint-change
formulas such as (14) or (14)" rather than a single-change formula such as (11), we heretofore
suppress the x;+ and/or x terms, and express V(+)’s probability derivatives by simpler notation

(15) V(P  OV(x,piesX,,p) OV (X PseiX, Py % P)

dprob(x) dprob(x) op o

The identifications (2) imply that if x; = x; = x in some lottery P = (x,p1;...;x,,p,), then

(16) ovV(P) _ OV(xpixpe) OV(SXpixps) aV(...;x,p;...)|
dprob(x) op, op, P lpepen,

¥ A final condition for V(xy, pi+t-Apy;...;xn patt-Ap,) to remain within the set of lotteries for all small enough ¢ is
that if any p; is initially 0, we require Ap; > 0 and also evaluate the limit in (12) as ¢ approaches zero from above
(“t40™). This condition will be understood to hold for all probability derivatives considered in this paper.
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That is, if the same payoff value x appears in both the pairs (x,p;), (x,p;), the effect of raising its
overall probability does not depend on whether this is done by raising p; in the pair (x, p;), raising
pj in the pair (x, p;), or raising p;+p; in a notationally combined pair (x, p; +p;). In other words, the
probability derivative 0V(P)/Oprob(x) is independent of alternative representations (2) of any
lottery P in L. In situations when the probabilities p;, p; in the pairs (x,p;), (x,p;) both change,
then if any of the six derivative terms in the following two total derivative relationships exist, (2)
implies that they al/ exist, and will satisfy both relationships, namely

dV(...;x,p,.+p;x,pj+p;...)| OV (X% X Py ) N OV (s, p3% P50
dp |p: p; op,

(17)

and more generally

dV(.;x,pta-t; x,pj+ﬂ-t;...)| _ g ov(..;x,p;; X, P50

OV(.ox,p.ix,p.;...
(18) B (o3 X% D5 X, D 5000)
dt |t:0 api apj

The reason for this is that, in contrast with the payoff derivatives (5)—(7), the six individual
derivative terms in (17) and (18) all represent the effect of moving, though at different speeds,
along the same path in the underlying space of measures over [0,M].”

As noted in the Introduction, the analytical value of a smooth V{(-)’s probability derivatives
OV(P)/0Oprob(x) stems from their correspondence to the probability coefficients U(x) of the ex-
pected utility preference function Vgy(-). To highlight this correspondence, we adopt the notation

ov(P)
oprob(x)
and refer to U(-;P) as the local utility function of V(-) at P."°

(19) Ux;P) = all x, P

The simplest example of this correspondence involves the property of global first order
stochastic dominance (FSD) preference, which for an expected utility Vg(-) is characterized by
its utility function U(-) being nondecreasing, and for a smooth non-expected utility V() will be
characterized by its local utility functions {U(-;P)|P € L} all being nondecreasing. To see this,
observe that every FSD shift P— P* can be built out of two-outcome FSD shifts, each of which
moves some amount Ap of probability mass from a payoff level x” up to some higher level x”, so
that the variables prob(x”), prob(x”) undergo the equal and opposite changes —Ap,+Ap. From
linear algebra, a function Vgy(-) that is linear in these variables will always weakly prefer such
changes if and only its coefficient with respect to the rising variable prob(x”) is always at least as
great as its coefficient with respect to the falling variable prob(x”), that is, if and only if

(20) Uix") < Ux") whenever x" < x”

The corresponding condition for non-expected utility is derived by observing that any such pair
of equal and opposite discrete changes —Ap,+Ap in the variables prob(x’), prob(x”) can be
viewed as the accumulation of equal and opposite differential changes —dp,+dp in them. If V() is
smooth in these variables, it always weakly prefers such changes if and only if at each lottery P,

’ Namely the path (Xt j i D Oxi(-) + (Din—1)- Oxp(-) + (pitpH)-6x() | £} starting at £=0.
' Thus at each distribution P, the local utility function U(-;P) for the expected utility formula > U(x) p; is simply
its von Neumann-Morgenstern utility function U(-).



V(-)’s derivative with respect to the rising variable prob(x”) is always at least as great as its
derivative with respect to the falling variable prob(x"), which gives the corresponding condition''

(20)' Ux";P) < Ux";P) whenever x' < x” allPe L

This correspondence between von Neumann-Morgenstern utility functions and local utility
functions also applies to the property of global risk aversion. Consider the special case of an
equally-spaced three-outcome mean preserving spread, that moves amount Ap of probability
mass from payoff level x” down to x” and amount Ap from x” up to x””, where x"—x" = x""~x".
This yields changes +Ap,—2-Ap,+Ap in the variables prob(x’), prob(x”), prob(x"). Any Veu(+)
will weakly disprefer this if and only if its coefficients with respect to these variables satisfy

(21) + UK — 2-Ux") + Ux") < 0 whenever x"—x" = x"-x"> 0
which is equivalent to the concavity condition
(22) Ux")-Ux") > Ux")-UKx")  whenever x"—x" = x"~x"> 0

For a smooth non-expected utility ¥(-), we again treat this set of discrete changes +Ap,—2-Ap,
+Ap in prob(x”), prob(x”), prob(x”") as the accumulation of differential changes of the form +dp,
—2-dp,+dp. As before, such differential changes (hence their discrete accumulations) will always
be weakly dispreferred if and only if ¥(-)’s derivatives with respect to these variables satisfy

21y + UK ;P)-2-Ux";P)+ Ux";P) < 0 whenever x"—x"=x"-x">0 allPeL
which is again equivalent to the concavity condition
(22)’ Ux";P)—- Ux";P) > Ux";P)— Ux";P) whenever x"—x'=x"-x">0 allPel

on each of V(:)’s local utility functions {U(-;P)}. Although this argument assumed equally-
spaced payoffs, it can be adapted for non-equal spacing.'? More generally, weak monotonicity of
the local utility functions {U(-;F)} will characterize weak first order stochastic dominance
preference, and weak concavity of the local utility functions {U(-;F)} will characterize weak
aversion to all mean preserving spreads, for general probability distributions F(-) on [0,M]."

This use of local utility functions (probability derivatives), termed generalized expected
utility analysis, has been applied to generalize additional results of expected utility analysis
— including aspects of the Arrow-Pratt characterization of comparative risk aversion, Rothschild-
Stiglitz comparative statics of risk, insurance theory and state-dependent preferences — to
probability-smooth non-expected utility preference functions.'

2.4 Fréchet Differentiability and the Link between Payoff and Probability Derivatives

When its von Neumann-Morgenstern utility function U(-) is differentiable at a payoff level x = x;,
the regular payoff derivatives of the expected utility preference function Vgy(-) are given by

"' This equivalence must be expressed in terms of weak inequalities on the probability derivatives and weak FSD
preference, for the usual calculus reason that globally positive derivatives are not equivalent to strict monotoni-
city, as exemplified by the univariate function g(z) = z° which is globally strictly increasing even though g’(0)=0.

2 In which case the respective probability changes take the form (x"-x")-Ap, —(x"x")-Ap, (x"=x")-Ap.

"> Machina (1982, Theorems 1,2).

"4 See for example the applications and extensions in Allen (1987), Bardsley (1993), Chew, Epstein and Zilcha
(1988), Chew and Nishimura (1992), Karni (1987, 1989), Machina (1989, 1995), Roell (1987) and Wang (1993).
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o) Vo (esxopi) _ d[EU@)p, + Up]
ox, dx |x=xl-

1

= p; .U'(xi)

This formula is seen to apply even if p; = 0, and even if the lottery (...;x;,p;;...) contains other
(x,p) pairs with the same payoff level x;. The partial-probability and whole-probability payoff
derivatives of Vg(-) are similarly given by

OV (3 X, P3X,, =P , AV (3%, Dy e ,
e Peleimpitpmpi) gy Waleitiopio) _ (5, )00
Ox |x:xl. dx mx

Note that in each case, the effect of a differential shift of probability mass from a given payoff
level is proportional to, or additive in, the amount(s) of probability mass shifted. As noted above,
these expected utility payoff derivatives satisfy the total derivative formulas (8)—(10).

Provided a nom-expected utility preference function V() is sufficiently “smooth,” it will
satisfy corresponding relationships linking its payoff derivatives to its /ocal utility functions, and
corresponding total derivative relationships linking the payoff derivatives themselves. A
smoothness property that suffices for this is Fréchet differentiability. Although it can be defined
more generally,"” Fréchet differentiability is typically defined with respect to the L' norm as
applied to lotteries’ cumulative distribution functions F(-) on [0,M]:

(25) [F¥)=FO| = [P0 —F ()] dx
For finite-outcome lotteries, this norm implies convergence in each of the following instances'
(X psesxp) = (X P X, p,) a8 (X)) > (X500 X,)
(26) (X, P13 %,0) = (4, P53 X, p,) a8 (P py) = (D1 P,)
(sx,plix", p". ) > (Lax, p+p”;...) as x\x"—> x

A preference function Vpg(-) is said to be Fréchet differentiable at a general probability
distribution F(-) over [0,M] if there exists a continuous (in ||-||) linear function y(-;F) such that

(27) Ve F*¥O) =Ver(FO) = w(F*O)=F():F) + o([F*()=F()])
where o(+) denotes a function that is 0 at 0 and of higher order than its argument, so that

VFR(F*(')) B FR(F(')) - W(F*(')_F(');F)

m 0
[P+ ()~F ()]0 |F*()=F ()|

@7’

where the convergence is uniform in || F*(-)—F(-)||. This can be shown to imply

@8) Vil F*O) ~Vl(FO) = [ UGesF)(dF*(x)=dF(x)) + o(|F*()~ F())

and hence, for finite-outcome lotteries P = (x,p1;...; X, py) and P* = (x{, pi;...; X5%, pi),

(29) Vir(P¥) =V (P) = [ X7 UGHP)-pr =X, U(x;P)-p, | + o|[P*-P)

' E.g., Huber (1981, Sect. 2.5), Wang (1993).
'® Machina (1982, Lemma 1) shows that the norm (25) in fact induces the topology of weak convergence on proba-
bility distributions over [0,M] (e.g., Billingsley (1971; 1986, Ch. 25)).
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for some absolutely continuous'’ (and thus almost everywhere differentiable) function U(-;F) or
U(-;P). Differentiating (29) as in (14)/(14)" and invoking the properties of o(-) yields that the
function U(-;P) in (29) is indeed the probability derivative/local utility function of Vgz(-)."® Note
that Fréchet differentiability is stronger than just “differentiability in the probabilities,” in that it
implies convergence to the first order terms in (28),(29) for any “sideways” approach of F*(-) to
F() or P* to P — that is, for convergence in the payoff values as in the first or third lines of (26).

Although Fréchet differentiability is stronger than differentiability in the probabilities, and it
implies continuity in the payoff levels, it does not necessarily imply differentiability in the payoff
levels. To see this, consider any expected utility function Vgy(-) with an absolutely continuous
but kinked U(:). Since Vgi(-) satisfies (28) and (29) with no error term at all, it is Fréchet
differentiable at every lottery. But any kink in U(-) will of course imply payoff kinks in Vgy(-).

However, if a Fréchet differentiable Vig(-)’s local utility function U(-;P) is differentiable at a
payoff level x = x;, then its regular, partial-probability and whole-probability payoff derivatives
all exist, and are given by the analogues of the expected utility formulas (23), (24), namely

(30) aVFR(..-;xi’pi;-.-) — pi'U,(xi;P)
ox,
OVig(ce3X, P53 X, =P , AVog (3%, Dis e ,
(31) FR( %x bi—p )Ix_x: pU(xl,P) FR( dep ) — (Z_:p,)U(xaP)

Thus as under expected utility, the effect on Vyz(-) of a differential shift of probability mass from
any payoff level will be proportional to, or additive in, the amount(s) of mass shifted. These pay-
off derivatives are also linked to each other by the total derivative formulas (8)—(10), i.e."”

Vg (3%, P 3 X,p=P5-..)]

(32) OV (i3, p5-00) _ aVFR(...;x,p;xl.,pl.—p;...)|

+
ax,» Ox |x:xl- ox |x:xl-
(33) AV (3 X, Pi3-e) Z@VFR(...;xi,pi;...)
dXW x;=x 8xj
(34) a’VFR(...;xl.—i-a-t,pi;xj+,B-t,pj;...)| B a.6VFR(...;xl.,pl.;xj,pj;...) . ’B-GVFR(...;xl.,p,.;xj,pj;...)
dt li=0 ox, ox,

l J

The common feature of equations (30)—(34) is that a Fréchet differentiable Vir(-)’s payoff
derivatives at a lottery P are linked to each other, and to its local utility function U(-;P), in a
manner that exactly parallels how an expected utility Vg(-)’s payoft derivatives are linked each
other, and to its von Neumann-Morgenstern utility function U(-).

To see how Fréchet differentiability implies these relationships, let Vzg(+)’s local utility func-
tion U(-;P) at P=(...;x;, p;...) be differentiable at x=x;. Egs. (25), (29) and the o(-) property yield

"7 E.g., Rudin (1987, pp.144-146), Kolmogorov and Fomin (1970, pp. 336-340).

'® In the infinite-outcome analysis of Machina (1982), the local utility function U(-;F) is defined directly by (28).

' With reference to the discussion following (10), Fréchet differentiability serves to link V(-)’s responses to
differential movements along the three distinct paths of Note 7, which differ in the amounts p;, p, and 2yj-xpj of
probability mass shifted from the payoff level x; or x.



OVip (3%, pi3-nr) d
FR 2 = - VFR(,,,;xi+t,pl.;...)—VFR(...;xi,pi;...)]LZO

1

d d
(35) = Z[U('xi-i_t;]‘))'pi_U(xi;P)'pi]L:O + EO(||(“';xi+t’pi;"‘)_("‘;xi’pi;"‘)||)‘t:0

! d ’
U'(x;P)-p, + EO(|t-pl_|)L:0 = U'(x;P)p,

which is (30). Since this derivation does not require x; to be distinct from any other outcome x;,
the identifications (2) in turn yield the derivative formulas (31), and thus also (32) and (33).%

For an example of generalized expected utility analysis using payoff derivatives, recall that
under expected utility with differentiable U(-), the marginal effect of a constant (“risk-free”)
addition ¢ to a lottery P = (x1,p1;...;x,p,) is given by the formula Y}, U’(x;)-p;, that is, by expected
marginal (von Neumann-Morgenstern) utility. For a Fréchet differentiable non-expected utility
Ver(+) with differentiable local utility functions, a derivation similar to that of (34)*' yields that
this effect is given by expected marginal local utility

dVFR(x1+t,p1;...;xn+t,pn)|

36
(36) dt |t:0

= ZU’(-x,aP)pz
i=1

This formula — like its expected utility counterpart — holds whether or not the payoffs (xy,...,x,)

are mutually distinct. Similarly, consider an individual with total investible funds w, facing a

riskless asset with net return » and a risky asset whose net return X has distribution (x1,p1;...;

Xn,pn)- If a is the amount invested in the risky asset, the marginal effect of a rise in o on

expected utility is given by the standard formula Y. ,(x;—7)-U'(w-(1+r)+o-(x;—7))-p;, and the

marginal effect on a Fréchet differentiable Vzx(-) will be given by the corresponding formula
dVig(P)  dVp (s w-(+7)+0-(x,~7), p,...

) ) X e U (PP ).
(37 —H = - = Z(x n-U'(w-(14+n)+a-(x-1);P,)-p,

where Py, = (...;w-(1+r) +o-(x;—7), p;; ...) is the distribution of random wealth w-(1+7) +a-(X—7).

3. LOCALLY SEPARABLE vs. LOCALLY NONSEPARABLE KINKS

It is well-known that calculus can also be used for the exact analysis of nondifferentiable
functions, as long as they are not foo nondifferentiable. Consider the Fundamental Theorem of
Calculus, which gives conditions under which a function f(-): R' = R' can be completely and
exactly characterized in terms of its derivatives, via the formula f(z) = f(0) + f; f'(®)-dw. Global
differentiability is not required for this result: A continuous f(-) can have a finite or even
countably infinite number of isolated kinks and the formula will still exactly hold: we simply
“integrate over” such kinks. More generally, a function f(-) will satisfy the Fundamental
Theorem of Calculus as long as it is absolutely continuous over the interval in question. Provided
such a multivariate function f(-,...,-) also only has a finite or countable number of kinks, the
Fundamental Theorem similarly links global changes in f(-,...,-) to its line and path integrals.

% Since (25) implies ||(...;xi+at, p;; xitBt, pji.)— (s xp pisxi, pie )|l = laepit|+|B-pyt| for all sufficiently small ¢,
whether or not x; and x; are distinct, a similar derivation establishes (34).
21 Again, (25) implies ||(xtk, pis...; Xk, pu) — (X1, p1oe; Xns pa) || = k|, whether or not the values xi....,x, are distinct.
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However, there also exist mathematical functions that are simply “too nondifferentiable” to
admit of this type of analysis. The most notorious example is the well-known Cantor function®
C(+) over [0,1], which is continuous, nondecreasing, satisfies C(0) = 0 and C(1) = 1 and is differ-
entiable almost everywhere on [0,1], yet has derivative C’(-) = 0 almost everywhere, so it does
not satisfy the Fundamental Theorem. Except on regions over which it is constant, this function
is completely unamenable to calculus.

As mentioned, this paper does not consider all types of kinks (nondifferentiabilities), and in
particular, there is little theoretical, empirical or intuitive reason to expect that agents exhibit
“Cantor-type” preferences over monetary lotteries.”” Rather, we consider functions whose
various types of kinks still admit of first order approximations (albeit kinked ones), and consider
their amenability/non-amenability to standard multivariate calculus, including implications for
choice under uncertainty. We can exemplify the key distinction examined in this paper — the two
types of multivariate kinks mentioned in the Introduction — by the two functions*

(38) S(z1,z2) = min{z;,1} + min{z,,1} VS. L(z1,z) = min{z},z} +1 21,2220

and in particular, by their properties about the point (z;,z2) = (1,1). The common feature of these
two functions’ kinks at (1,1) — and of all the kinks examined in this paper — is that they each
admit of a “local piecewise-linear approximation,” that is, a set of tangent hyperplanes which
together serve as a first order approximation to the function about the point (1,1). Section 3.1
formally describes this property. The distinct features of the two functions’ kinks at (1,1) (and
elsewhere), with their respective implications for the applicability of calculus, are laid out in
Sections 3.2. Section 3.3 compares the ordinal implications of these two types of kinks.

3.1 Piecewise-Linearity and Local Piecewise-Linearity

A function A(-,...,-) over R" is said to be piecewise-linear about the origin (0,...,0) if there exists a
finite partition of R" into convex cones {E\,...,E,} ,25 and linear functions H(-,...,"),..., H/(,...,")
on each of these cones, such that

(39) H(zy,.2,) = H(Z100022) (ZisnZn) € Ejy j=1,...,J
More generally, we say H(-,...,") is piecewise-linear about the point Ly = (z,...,z,) if it satisfies
(40) H(ziyozn) = HZi,..Z0) + Hozi=Z1,s20—25)

for some Hy(-,...,-) that is piecewise-linear about the origin. Although it might be more accurate
to describe H(-,...,”) in (40) as “piecewise-affine,” we retain the slight abuse of terminology to
conform with standard usage. A function H(.,...,) has a piecewise-linear kink at Z, if it is
piecewise-linear about Z, but not linear there, or else is identically equal to such a function over
some open neighborhood of Z,.

2 See for example Kolmogorov and Fomin (1970, pp.334-336) or Feller (1971, pp.35-36).

» Though see Dekel’s (1986) ingenious use of the Cantor function in a counterexample to a theoretical proposition.

8 stands for “separable” and L for “Leontief”. An additive term z; +z, can be appended to these functions to make
each of them strictly increasing, with no relevant change in their respective kink properties.

2 A convex set E; c R" is a convex cone if (zy,....z,) € E; = (Azy,...,A-z,) € E; for all 1> 0. Note that while only
one cone in the partition {£,...,E;} will actually contain the origin, it will be in closure of each cone E;.
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Although linearity of each H,(-....,"),....H/(-....,) implies that the function H(....,-) in (39) is
continuous at (0....,0), it does not imply that A(-,...,) is globally continuous, or even that it is
continuous over any open neighborhood of (0....,0). For example, the function H(z,z,) =
z1-sgn|z,] 1s piecewise-linear about (0,0), with cones {Ei, E,, E3} = {upper half-plane, horizon-
tal axis, lower half-plane} and corresponding linear functions {H,(z1,22), H2(z1,22), H3(z1,22)} =
{z1,0,—z,}. However, H(-,) is discontinuous at each horizontal axis point (z;,0) except (0,0).
Thus, whenever global continuity of such a function is desired, it must be separately established
or imposed. Similar remarks apply to the piecewise-linear function H(.....,-) in (40).

Figures 1a and 1b illustrate the piecewise-linear structures of the functions S(-,-) and L(-,)
about the point (1,1), by indicating the formulas they take over different regions in their domain
R?. In addition to their piecewise-linear kinks at (1,1), S(:,-) is seen to have piecewise-linear
kinks at each point on the horizontal and vertical dashed lines (wherever z; or z, equals 1), and

L(-,-) has piecewise-linear kinks at each point on the 45° line (wherever z; = z,).

) Z
S(z1,22) = L(z1,22) =
min{z;,1} + min{z,,1} min{zy, zp} + 1
Zl_i_1 2 Zl+1
1 1 .
zr+1
Z1+22 1+Zz
|
0 1 z] 0 1 z1

Figures la and 1b
Piecewise Linear Structure of the Functions S(-,-) and L(-,")

In standard usage, calling a function locally linear about a point Zy = (zi,...,z,) does not
denote that it is exactly linear over any open neighborhood of Z,, but rather, that it has a
(continuous) linear first-order approximation there. By analogy, we say that H(.,...,-) is locally
piecewise-linear about Zy if there exists some globally continuous H(....,; Zo) that is piecewise-
linear about the origin, such that

(41) H(Z],...,Zn) — H(El,...,zf,) = H(Zl—gl,...,Zn—En;Z()) + 0(”(Zl,...,Zn)—(Zl,...,En)”)

where ||-|| is the Euclidean norm over R". If H(.,...,;Zy) is piecewise-linear but not linear, H(.,..,)
is said to have a locally piecewise-linear kink at Z,. Geometrically, its first order approximation
at (zy,...,z,) consists of the J tangent hyperplanes generated by FI(-,...,-;ZO) over each of its
convex cones {E,....E;}. It is straightforward to verify that for any differentiable function p(-),
the function H*(.,...,-) = p(H(,...,’)) is also locally piecewise-linear about Z,, with piecewise-
linear first order approximation function H*(-,...,; Zo) = p'(H(Z1,....2p))-H(-....,; Zo).
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As mentioned, this paper is restricted to functions with such locally-piecewise linear kinks.
Nevertheless, it is worth noting that not all kinks in multivariate (or even univariate) functions
take this form: For example, neither the kink in the function H(z) = max{\z—1, 0} at z=1, nor
the kink in the Cantor function C(-) at z = 1/3, has a local piecewise-linear approximation as in
(41), even though both functions are continuous and nondecreasing about these points. Although
we do not provide an axiomatic analysis such as in Debreu (1972), we will ultimately
concentrate on the same type of preference functions as in his analysis, namely those whose first
order approximations (in our case, either linear or piecewise-linear) are strictly increasing. For
preference functions over lotteries, this will be taken to mean that V(.)’s first order
approximations are increasing with respect to first order stochastically dominating shifts.

3.2 Local Separability vs. Local-Nonseparability

The functions S(z1,z2) = min{z;,1} +min{z,,1} and L(z;,z2) = min{z;,z;} +1 from (38) take the
same value at their common kink point (1,1), have identical left and right partial derivatives with
respect to both z; and z, there,26 and in fact, take identical values at all points on the horizontal
and vertical dashed lines in Figure 1a. That is, they respond identically to both local and global
changes in z; or z; from (1,1), so long as only one of these variables changes. Nonetheless, the
two functions have qualitatively distinct properties about (1,1) and about each of their other kink
points, due to the way they respond to joint changes in z; and z,. In particular, while S(-,-)’s kinks
are amenable to the local and global calculus of directional derivatives, L(:,-)’s are not.

To see this, consider the effect of moving from the point (1,1) in arbitrary direction (ky,k,) or
its opposite — that is, of moving along the line (1+k2,1+k, 1) as ¢ rises/falls from 0. The effect on
any differentiable function H(:,) is given by the standard total derivative formula

dH(1+kqt,1+ky1)|
dt |z:0

where H,(-,-) and H,(-,") denote the respective partial derivatives of H(:,-). The natural analogues
of this relationship link the left/right directional total derivatives of the kinked function S(-,-) at
(1,1) to its left/right directional partial derivatives SL(-,-), ST(-,-), S¥(-,) and SX(-,) there, namely

(42) = k-H (Ll + k,-H,(L1)

. A Lifk>0 Lifk,>0
dS(1+k;1ttL’l+k2 t) kISIR 1fk1<0(1,1) + k2S2R 1fk2<0(1’1)
t=0

. . Rifkg>0 Rifk,>0
dS(1+kclil;; 1+k2 t) — kl' SlL 1fk1<0(1’1) + kz' S2L 1fk2<0(1,1)
¢ =0

Both (42) and (43) can be generalized to movements along any differentiable path (1+x(¢),
1+x>(¢)) through (1,1), by replacing k; and k, in their right sides by x,(0) and x,(0). Thus
standard multivariate marginal analysis — in the sense that the marginal effects of (directional)
changes in the variables can be added when these changes occur jointly — still holds for the
function S(-,-). In addition, as long as we account for directions, the Fundamental Theorem of
Calculus still applies to all of S(:,-)’s line and path integrals, even integrals along its horizontal
and vertical lines of kink points in Figure 1a. That is, given arbitrary z; >z, or z; > z,, we have

(43)

% At (1,1), both functions’ left derivatives with respect to z, and z, equal 1, and their right derivatives equal 0.
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SGED-Sz.) = ['SHadn = [ 8f )z
(44) 2] 2]

S1LZ)-51z) = [ SHlz)d, = [°SHLz)dz

On the other hand, the directional total and directional partial derivatives of the function L(-,-)
are not linked by linear relationships like (43). Even for the simple case of k= k, = 1 we have

dL(1+t,1+¢) 1 o+ 2 = dL(1+¢,1) N dL(1,1+1)

(45) dr* =0 dr* =0 dr* =0
dL(1+t,1+¢) 1 % 0 - dL(1+¢,1) N dL(1,1+1)

dt*® =0 dt*® (=0 dt" (=0

In other words, standard additive marginal analysis fails at (1,1), as well as at every other kink
point of L(-,-).”” This in turn yields a failure of the standard line integral formula along the line of
L(-,-)’s kink points (the 45° line). That is, for arbitrary z > z we have the pair of failures™
LED)-Lzz) = T-z # 2((F-2) = [ [L(z2)+L(z2)]d
(46) .
LED-Lzz) = 2-z = 0 = [[L(z2+L(z2)]d:

The distinction between S(-,-) and L(-,) that leads to these different amenabilities to calculus
is not the presence versus absence of piecewise-linearity, since both functions are piecewise-
linear about (1,1) and over open neighborhoods of each of their kink points in Ri. Nor is it the
presence versus absence of additive separability — although S(-,-) is additively separable and L(-,-)
is not, corresponding distinctions will also hold between the two nonseparable functions

47) S§*(z1,22) = p(S(z1,22)) Vs. L*(z1,22) = p(L(z1,22))

for any smooth p(-) with p’(-) # 0. Rather, the key property that distinguishes S(-,-) from L(-,),
and also S*(-,-) from L*(-,-), is the separability/nonseparability of their local structure about (1,1).

Formally, we say that a locally-piecewise linear function H(-,...,-) is locally separable about a
point Zy = (zy,...,z,) if there exists a set of univariate functions {H,(-;Zy),...,H,(- ;Zo)} such that

H(zpyonz,)~ H(ZoZ,) = H(z-Z02,-Z,;Zy) + 0(|(z,.02,) = (Z,,...2,)|)
= YL HG-Z:Z)  + o(|(zenz) - (EeE)])

that is, if its piecewise-linear first order approximation function H(-,..,-;Zo) from (41) is additive-
ly separable. By piecewise-linearity of H(-,..,-;Zo), and hence of each H,(-;Zy), this takes the form

@8) = Y HM0;Z)(z-7) + > HXN0,Zy)(z,-2) + o(|(z1sez,) = (ErseZ,)|)

where (z;—z;) = min{z;—z;,0} and (z;i—z;)" = max{z;—z;,0}, and for the 2-n directional partial deri-
vatives H'M(0;Zo), ..., H'“(0;Zo), H(0;Zy),..., H*(0;Zy). 1t is this property of local additivity in

(48)

27 Although additivity does hold when ki, k, have opposite signs, it fails for negative ki, k,. For general piecewise-
linear A(.,...,”) as in (39) or (40), additivity only holds when the individual variables’ directions (k,0,...,0),...,
(0,...,0,k,), and hence their joint direction (ki,...,k,), all lie in the same convex cone £;, on which HC(-,...,”) is linear.

% Do the properties of multivariate functions at kink points, or along one-dimensional loci of kink points, really
matter for economic analysis? From standard consumer theory (and Figures3a,b below), we know that a maxi-
mizing agent is at least as likely to be at a kink point, and move along a locus of kink points, as be anywhere else.
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the signed variable changes — not shared by locally nonseparable forms such as min{z;,z,},
max{z,z»}, p(min{z;,z;}), etc. — that makes locally separable functions amenable to the calculus
of directional derivatives.

It is clear from (48)/(48)" that if a locally separable H(-...,) is kinked at Zy=(zy,..,Z,),
it must have at least one univariate kink of the form O0H(Z.,...z,)0z # OH(Z\,..,z,)/0z%. In
such a case, H(,..,-) will also have directional kinks of the form dH(ZlJrkl-t,..,ZnJrkn-t)/dtL|t:g #
dH(ElJrkl-t,..,EnJrkn-t)/a’tRI,:() in at least some more general linear directions (ki,..,k,). However,
the locally nonseparable function

min{z,,z,} for z,,z, >0
49) H(z,z,) = %-[sgn[zl]+sgn[zz]]-min{|zl|,|zz|} = < max{z,z,} for z,z,<0
0 otherwise

has no univariate or directional kinks through (0,0), yet it is still kinked at (0,0) since it has no
first order linear approximation there, and exhibits the same type of multivariate calculus failures
as (45), namely

(50) dH@o|  _  , , _ dH@O| | dH(O.)

dt t=0 dt |z:0 dt |z:0

This example underscores the important point that for multivariate functions, the distinction
between “smooth” and “kinked” is an inherently multivariate concept rather than simply a
univariate or directional one, and that a function can be locally nonseparably kinked at a point
— and thus unamenable to the calculus of directional derivatives — in spite of having smooth
left = right derivatives in each individual variable and in every linear direction from that point. In
fact, for locally nonseparable functions, smooth univariate and directional derivatives can mean
very little indeed: The locally non-separable function H(zy,z;) = {1 if 0<z,<z*; 0 otherwise}
satisfies dH(kit,ko-1)/dt|,—o = 0 in every direction (ki,k;) from (0,0), including along each axis,
yet it is not smooth, locally piecewise-linear, or even continuous at (0,0).

3.3 Ordinal Implications of Locally Separable vs. Locally Nonseparable Kinks

Preference functions over lotteries, like elsewhere in consumer theory, represent an individual’s
preferences over the objects of choice by mapping them to unobservable “preference levels.”
Although researchers occasionally derive results directly from the underlying preference relation,
most analyses of maximizing behavior and its comparative statics operate on the preference
function, especially when it is posited to have some specific functional form.

However, not all properties of a preference function are empirically meaningful. Properties
like “the level of V(P) is positive for all P e L or “the derivative OV(P)/Oprob(x) is less than 2
whenever prob(x) = 72 and x = 8” have no observable implications. For a mathematical property
of a preference function to have empirical significance, it must have implications for its indiffer-
ence curves, Engel curves, certainty equivalent function or some other such observable construct.
But since local separability/local nonseparability are precisely properties of a function’s level
and/or derivatives, such ordinal implications must be established.

The link between a function’s first order (linear or piecewise-linear) approximation about a
point and its ranking about that point are not exact, even for the simplest of properties. Consider:
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o H(zi,2)) = z; + (z,—1)°, whose first order linear approximation about (1,1) is 1-Az; + 0-Az,,
even though H(-,-) is strictly increasing in both z; and z, about (1,1) (and globally)
o H(zi,2)) = (2-z;+2,—3), whose first order linear approximation about (1,1) is 0-Az; + 0-Az,,
even though H(-,-)’s marginal rate of substitution is exactly —2 about (1,1) (and globally)
For smoothness/kink properties, such “cardinal/ordinal disconnects” can arise from either:

o kinked labeling of indifference curves: As with H(z,z;) = min{2+z,+z,,2-(z1+z,)}, whose
first order approximation about (1,1) is the locally nonseparably kinked function
min{Az,+Az,,2-(Az;+Az,)}, even though its indifference curves are all parallel straight lines

o “locally-horizontal” (zero-derivative) labeling of indifference curves: As with H(zy,z;) =
(min{z;,z,} —1)* which is differentiable at (1,1) with first order linear approximation 0-Az,
+0-Az,, even though its (Leontief) preferences are locally nonseparably kinked there

The formal links between the smoothness/kink properties of a function and of its ordinal
preferences that do exist can take two forms: one-way implications from local properties of the
function to local properties of its ranking; and two-way correspondences between local/global
properties of the function and local/global properties of its observable “valuation functions,”
which hold as long as the function has been “normalized” to eliminate the above type of kinked
or locally-horizontal labeling at the appropriate locations. We consider each type of link in turn:

Local Rankings

The successively stronger properties of (i) local piecewise-linearity (which allows locally non-
separable kinks in H(-)), (ii) local piecewise-linearity + local separability (which allows only
locally separable kinks), and (iii) local linearity (no kinks) ensure successively stronger
conditions on H(-)’s rankings about a point Zy. It is straightforward to show that these local
properties of H(-) at Zy — that is properties of its piecewise-linear first order approximation
H(-;Zo) from (41) — have the following successively stronger implications for H(-)’s ranking
about Z, interpretable as properties of its indifference surfaces about the point Zo:*

For H(:) locally piecewise linear about Zy with respect to the convex cones {E\,...,E,}:

(51)  H(AZYZ,) > H(AZ%Z,) =  H(Zo+t-(AZ'+AZ)) > H(Zy+t-(AZ"+AZ))

AZ’, AZ” in same cone E, all AZ with AZ+AZ, AZ*+AZ in E,
' all sufficiently smallz>0

For H(-) locally piecewise linear + locally separable about Zy:
(52)  H(AZ%Z,) > H(AZ%Z,) = H(Z,+t(AZ'+AZ)) > H(Z,+t-(AZ°+AZ))

arbitrary AZ", AZ” all AZ with Az, =0 if sgn[Az;]#sgn[Az]],
AZ"+ AZ in same orthant as AZ",
AZ’+ AZ in same orthant as AZ”,
all sufficiently small ¢ > 0

For H(") locally linear about Zy:
(53)  H(AZ%Z,) > H(AZ%Z,) = H(Z,+t-(AZ'+AZ)) > H(Z,+t-(AZ"+AZ))

arbitrary AZ", AZ” all AZ, all sufficiently small # > 0

* In each case, “all sufficiently small # > 0 denotes “for all positive ¢ less than some #z, 71 az5 7> 0.”
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Although these local ranking properties are implied by the respective local properties of H(:),
they do not necessarily imply them, as seen by the above kinked-labeling example H(z,z) =
min{2+z,+z,,2-(z1+z2)}, which is not differentiable about Z, = (1,1) yet does satisfy (53) there.

Local and Global Valuation Functions

In addition to the local ranking properties (51)—(53), there are also straightforward conditions
under which the smoothness/kink properties of a preference function directly “pass through” to
an important class of its observable constructs, namely its valuation functions. Given a function
H(-) over some compact subset of R, let {Z,= (zi(@),...,zs(®))|a € [a,a]} be any smooth path
from H(-)’s lowest-valued point to its highest-valued point, such that H(Z,) is increasing in a.
H(-)’s a-equivalent function o(-), defined by H(Zyz)) 7 H(Z), is an observable function which
represents H(-)’s global ranking. For any point Z on or off the path, if dH(Z,)/da exists and is
positive at a = a(Z), the implicit function theorem® implies that the first order (linear or piece-
wise-linear) approximation of o(-) about Z will differ from the first order approximation of H(-)
about Z only by the positive multiplicative term [dH(Za)/daI(Z:a(z)]_l. This implies that H(-)’s
smoothness/kink structure about any point Z — including its local separability/nonseparability
properties — passes directly through to the observable function af(-) about that point.

Of course, the smoothness/kink properties of H(-) generally do not pass through to a(-) at
any point Z where the positive derivative condition dH(Za)/da|a=a(z) > ( fails, either because
H() has a kinked labeling along the path {Z,|ae[a,a]} at a=a(Z), or else because it has a
locally-horizontal labeling there. Furthermore, for given H(-), some paths and their implied valu-
ation functions may satisfy the positive derivative condition at a given Z, while other paths and
valuation functions may not. However, for any given path {Z,|a e [a,a]} with implied valua-
tion function o(+), as long as H(Z,,) is at least increasing in o, H(-) will have an ordinally equiva-
lent “normalization” (increasing transformation) H*(-) that satisfies dH*(Z,)/da > 0 along the
entire path, such as the transformation H*(-) = ¢ '(H(-)) for ¢(c) = H(Z,). Since such an H*(-)
satisfies dH*(Zy)/dtlq-oz) > 0 for all Z, its local smoothness/kink structure passes through to
the observable function af(-) at every point Z in its domain. Should H*(-)’s local nonseparability
along some ridge of kink points yield a breakdown of a global line or path integral formula (as in
(46)), this global breakdown will generally also pass through to the observable function a(-).

A simple example of this for standard utility functions H(-) over commodity bundles Z =
(z1,...,z4) consists of selecting {Z,|ae[a,a]} as the consumer’s income-consumption locus
(expansion path) with respect to income « at given prices, so that a(-) represents the consumer’s
observable income-equivalent function (or money-metric utility function) over all commodity
bundles Z. Thus, if H(-) satisfies (or has been normalized to satisfy) dH(Z,)/do. > 0 at all income
levels a, the income-equivalent function af(-) inherits H(-)’s smoothness/kink structure about
each bundle Z. Straightforward extensions yield similar results for the consumer’s observable
willingness-to-pay and willingness-to-accept functions for changes from any bundle Z.

In our context of preference functions V(-) over lotteries, this framework takes the form of a
smooth path {P,|a € [ar,a]} from V(-)’s least preferred lottery to its most preferred lottery,
with valuation function of-) defined by V(Pyp) 7 V(P) and positive derivative condition

3% Or rather, its natural extension from locally linear functions to locally piecewise-linear functions.
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dV(Py)/dot|g-op) > 0 at a given P.*! About any such P, the observable function a(-) again inherits
the general smoothness /kink structure of V(-) in any given set of variables (payoffs and/or proba-
bilities), including its local separability/ nonseparability properties. Two important examples are:

e certainty equivalents: If {P,=(x,1)|x € [0,M]} is the path of degenerate lotteries over
[0,M], its associated valuation function is V(:)’s certainty equivalent function CE(-). At any
P where dV(x,1)/dx|;-cerp)> 0, the local separability/nonseparability properties of V()
about P will pass through to its certainty equivalent function CE(:)

e probability equivalents: If {P, =(0,1-p;M, p)|p € [0,1]} is the path of basic reference lot-
teries over the payoff levels 0 and M, its associated valuation function is V{(-)’s probability
equivalent function PE(-). At any P where dV(0,1-p;M,p)/dpl,_pew)> 0, the local separa-
bility/ nonseparability properties of V(-) will again pass through to its function PE(-)

Note that if U(:) in the additive expected utility form Vi(P) = X1, U(x;)-p; has kinks, this
form fails the condition dVgu(x,1)/dx| -cep)> 0 at any P whose certainty equivalent is a kink
point of U(-), although Vgy(-)’s smoothness/kink structure does pass through to CEg((-) at all
other P. On the other hand, assuming U(M) > U(0), V() satisfies dVe(0,1-p; M,p)/dp|,-pep) >
0 at every P, so that all kinks in Vg (-) pass through to its probability equivalent function
PEg(+). For a Fréchet differentiable Vpr(-) with local utility function U(:;P), (35) and (19) imply
that these positive derivative conditions take the respective forms U’ (x ;(CE(P),1)) s -czr) > 0 and
[U(M;(0,1-p; M,p))— U(0;(0,1-p; M,p))]| p—pep) > 0. Although we do not introduce it until Sect-
ion 5, we note here that if the functions v(-) and G(-) in the “rank-dependent” form Vgp(-) are
both smooth with positive derivatives (as we shall assume), the conditions dVzp(x,1)/dx|;_cep)
>0 and dVzp(0,1-p; M, p)/dp| p-rep) > 0 hold at all P, so that Vzp(-)’s smoothness/kink structure,
including its prevalence of locally nonseparable payoff kinks, passes through to both its certainty
equivalent function and its probability equivalent function about every P in £.*?

4. EXPECTED UTILITY AND FRECHET DIFFERENTIABLE PAYOFF KINKS

A preference function V(-) over lotteries is said to be piecewise-linear in the payoffs about a
lottery P € L if, for each representation (x1,p1;...; Xy, pn) of P, V(x1,p1;...; X0, Pr) 1S piecewise-linear
in the payoff variables (x,...,x,) about the values (x,...,x,). Similarly, V{(.) is locally piecewise-
linear in the payoffs about P if V(x|,pi;...;xs,pn) 1s locally piecewise-linear in (xj,...,x,) about
(x1,...,x,) for every representation (Xxi,pi;...;Xs,pn). This implies that V(-)’s regular, partial-
probability and whole-probability payoff derivatives

OV (...;x;,p;3...) 8V(...;x,p;xi,pi—p;...)| dV(.;x,p;...)
ox, ox dx"

i |x=x-
or at least their left/right directional versions, all exist. A locally piecewise-linear V{(-) is said to
be kinked in the payoffs (or have a payoff kink) about P if V(x|,p;;...;xn, py) 18 not differentiable in
(x1,...,x,) about (xi,...,x,) for some representation (xi,pi;...;X,,pn). In this and the following
sections, we examine the nature and prevalence of such payoff kinks in expected utility, Fréchet
differentiable and rank-dependent risk preferences.

31 As before, if V() does not already satisfy dV(P,)/da > 0 at every point on a given path {P,|a € [a, ]}, it has an
increasing transformation V*(-) that does.
32 'We shall also compare the global patterns of kinks implied by the expected utility versus rank-dependent forms.
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4.1 Local Separability of Expected Utility Payoff Kinks

It is clear that an expected utility preference function Vg(P) = X1, U(x;)-p; will exhibit payoff
kinks if and only if its von Neumann-Morgenstern utility function U(-) is kinked at one or more
payoff levels. As noted in the Introduction, this may be due to kinked tax schedules, indivisibili-
ties, bankruptcy, or it may be an inherent property of the individual’s underlying preferences
over wealth or consumption lotteries. Since Vgi/(+) is globally separable in the payoffs regardless
of the shape of U(-), expected utility payoff kinks must all be locally separable — i.e., expected
utility preferences cannot exhibit locally nonseparable payoff kinks.*

X2
ul)
100
-
0 100 X 0 100 &
Figures 2a and 2b

Kinked von Neumann-Morgenstern Utility Function and its Indifference Curves
(indifference curves are kinked along dashed lines)

Figures 2a and 2b illustrate a strictly risk averse von Neumann-Morgenstern utility function
U(-) with a kink at payoff level x = 100, along with its indifference curves in the Hirshleifer-
Yaari diagram,* for fixed state probabilities p1, p». These curves will be smooth at all points
(x1,x2) off of the horizontal and vertical lines in Figure 2b, with marginal rate of substitution
(54) MRS, (x,x,) = 2 AN x1# 100 # x,

dx, Vo ()= constant U'(x,) p,
Since MRSEu(x,x) = —p1/p> at all certainty points (x,x) except (100,100), the common slope of
the indifference curves along the 45° line or certainty line in the figure reveals the individual’s
subjective probabilities or odds ratio for the two states. The downward sloping straight line
segments are portions of iso-expected value lines or fair odds lines, that is, loci of (x,x,) points
with a common expected value x;-p; + x3- p», which are tangent to the indifference curves at all
points on the certainty line except the kink point (100,100).

3 Although a multi-commodity expected utility preference function such as > Ux,y)pi= X min[x;,y;]-p; could
exhibit nonseparable kinks across commodities within any given outcome bundle (x;,);), it remains globally
separable across mutually exclusive bundles (x;,y;) vs. (x;,);).

** Hirshleifer (1965, 1966), Yaari (1965, 1969). Each point (x;,x,) in the diagram represents the lottery (x;, p1;x2, »).
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U(-)’s concave kink at x =100 implies that its indifference curves will have quasiconcave
kinks at the certainty point (x,x) =(100,100) as well as at all other points on the vertical line
x1 =100 and horizontal line x, =100 in the figure. At such kink points, Vgi(-)’s directional
payoff derivatives are given by the natural analogues of (23), (24), namely

OV (e X, D3 ,
(59) wlS i) Uy (x)
OV (3%, 3%, =P 5. , AV, (5%, pis e ,
(56) L2 apL/R bop )| = p-Up(x) s W,L/f: ) - (ij)-UL/R(x)
X xX=Xx; dx X;=x

and as seen, they continue to be proportional to/additive in the amount(s) of probability mass
shifted in a given direction, although the coefficient of linearity, namely U/ (x;) vs. Ug (x;), now
depends upon the direction of shift (left vs. right). These directional payoff derivatives also
satisfy the directional analogues of the total derivative formulas (8)—(10), for example

AV (x, +a'toﬁl;xz+ﬂ'toﬁz)| _ a.aVEU(xl’[_yl;XZ’Z_)Z) n 'B_aVEU(xl’ﬁl;xDﬁZ)
(57) dt* lizo oxk oxk o, >0
a'UI'e(xJ'ﬁl + ﬂ'Ufla(xz)'ﬁz
This in turn implies the natural analogue of (54), linking U(-)’s directional payoff derivatives and
Veu(:)'s left/right marginal rates of substitution

(58) MRS, (x,,x,) = — 218 Py MRS, (5, 3,) = — 220 Py

Ur(x,)-p, U,(x,)-p,
Finally, the fundamental theorem of calculus continues to link global changes in Vg (-) with its
directional partial derivatives along any line of kink points, for example

150 — . — 150 — . _
(59) Vi IS0.55100.5) - (5055100 7,y = | PR CRPEIOOP) gy | “Clinln P AO0P g,
50 1 50 1

In these senses, expected utility payoff kinks remain amenable to the local/global calculus of
directional payoff derivatives.*

1

Figures 3a and 3b illustrate some implications of expected utility payoff kinks for optimiza-
tion and comparative statics. Figure 3a is the standard illustration of how an individual at a risky
initial point C might purchase full coinsurance, even at an actuarially unfair price.*® However, if
U(*) has a single kink at x = 100 this will be a knife-edge phenomenon, in the following sense:
For any initial point C, there is exactly one actuarially unfair load factor that would lead the
individual to choose full insurance, namely, the one whose budget line from C leads exactly to
the point (100,100). Any larger or smaller load factor from C will lead to a partial insurance
optimum, at either a tangency or kink point, located strictly southeast of the certainty line.*’

Figure 3b illustrates a potential comparative statics implication of a kinked U(-) that is not
knife-edge. The uninsured positions 4, B, C, D, E lie along a line of slope +1, that is, they differ
from each other only in the addition/subtraction of some sure amount of wealth. As such

3 As mentioned, we restrict attention to locally piecewise-linear kinks (e.g., U(-) cannot be the Cantor function).

3% Actuarially unfair insurance induces a budget line from C to a point on the certainty line with lower expected value.

7 Any actuarially unfair budget line that intersects the certainty line at a point (x,x) other than (100,100) will cut the
smooth indifference curve through that point from above, which implies an optimum strictly southeast of (x,x).
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increases in wealth raise the individual from 4 to E, the amount of insurance purchased first rises
at a constant rate, becomes complete at the wealth corresponding to point C, and then falls at a
constant rate — that is, the Engel curve for insurance is A-shaped. To see that this implication is
generally not knife-edge, observe that since the kinks in the figure are strictly quasiconcave,
there will be a non-degenerate range of load factors about the one in the figure, each of which
leads to a similar A-shaped Engle curve for insurance. Each load factor in this range will imply a
full insurance optimum at (100,100) from some unique point C’ on the line AE, which for higher
load factors will lie above point C on the line, and for lower load factors, below it.

X2 X
100 100 |\ Ao Seggo - —
— ¢ ' — C
| >R
! A
Figures 3a and 3b

Full Purchase of Actuarially Unfair Insurance; Wealth Effects on the Demand for Coinsurance

4.2 Local Separability of Fréchet Differentiable Payoff Kinks

As with expected utility preference functions, Fréchet differentiable preference functions are also
locally payoff-separable. To see this, pick arbitrary Py = (x1,p1;...;Xs, ) and consider alternative
lotteries of the form P = (x1,p1;...; Xu, py). Fréchet differentiability (eq. (29)) will imply®

Vir (X Dy5e5%,0,) = Vig (X, D15--3%,5P,,)
Yo UG -UE:P) ] + o|(xisx,) = (e X))
- z;zzllfli(xi— xX;P) + 0(||(x1,...,xn) — ()?1,...,97,1)”)
so that Vzx(-) exhibits local separability (eq. (48)) with respect to the set of univariate functions

(61) H(Ax;P) = [U(x+Ax;P)-UX;P) ] b, i=1,..n

(60)

To establish (60), observe from (25) that for small enough |x;—xi1,...,|x,—x,| we will have
©2) PP < X7 pfx-%| < max{|xi—)?i |i= 1,...,n} < e x,) = (505,

and hence

¥ Equation (60) differs from (29) in that it is treated as a function of the payoffs x,,...,x, alone for fixed probabilities
D1s. .-, Pn» and hence has higher order term o(||(x1,...,x,) — (X1,...,X,)||) rather than o(||[P—Pol|).
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VFR (P) - VFR (Po) - [ Z;U(xi;l)) P~ Z;;]U(fi;l)).pi] ‘
[P—Py

S ‘VFR(P)_VFR(PO) - [Z:’ZIU(xi;P)'pi_z;U(fi;P)'pi”
- [(EET E AN

From (62), convergence of (xi,....x,) to (x1,...,x;,) in the Euclidean norm implies uniform
convergence of P to Py in the lottery norm (25). By (29) this implies that the left side of (63)
converges to 0, and thus so does the right side (and does so uniformly in [|(xi....x,)—(x1,..., X)),
which establishes (60) and hence the property of local separability in (individual or joint) regular
and whole probability payoff changes. Local payoft separability in all partial-probability payofft
changes, say two-outcome partial-probability changes from xi, is established by invoking (2) to
write Po as (flaﬁl_pa_pb;yaapa;ybapb;fb[_h;---;fnaﬁn)lya:yb:fl and applying (60) to the n+2
payoff variables (x1,Vq, Vs, X2,...,X,) about the values (x,x1,Xx1,X2,...,X,). A similar argument
applies for the n+k variables (x1,y1,..., Vk» X2,...,X,) about (x,X1,...,X1,X2,...,X,), €tc. Accordingly,
all regular, partial-probability and whole-probability payoff kinks in Fréchet differentiable
preference functions will be locally separable.

(63)

A derivation equivalent to (35) yields that if U(-;P) has directional derivatives at a payoff
level x;, then Vrp(-) has directional payoff derivatives corresponding to the expected utility
formulas (55),(56), namely

OV (i3, Py ,
(64) FR(G‘XL/RP ) = p U r(x;;P)
OV (5,05 %,,p—P5-..) , dVoo(.5x,,p;5...) ,
(65) = éxL/R | = p'UL/R(xi;P) = de,L/R = (ZP, )'UL/R(X;P)
X=X; x;=x

which are again proportional/additive in the amount(s) of probability mass shifted in a given di-
rection from a given mass point. These formulas imply the natural analogues of (58), linking
Ver(-)’s left/right marginal rates of substitution and U(-;P)’s directional payoff derivatives

_ U (x;;P)-p, _Ulle(xl;P)'ﬁl
Ur(x,;P)p, U, (x,;P)-p,

In addition, the directional payoff derivatives (64),(65) are also seen to satisfy the directional

analogues of the total derivative formulas (8)—(10), for example,39

(66) MRS, , (x,,%,) = MRS o o (x,,%,) =

AV (%, +O£-t,]_71;x2+ﬁ-t,]_?2)| a_aVFR (X1, P13%,, D)) + ﬁ_aVFR(xl’l_jl;XZ’[_jz)
(67) dt® lizo ok ox~ o,B>0
= a'UI'?(xl;P)'pl + ﬁ'Uzla(xz;P)'ﬁz
That is, the marginal effect of a joint payoff shift equals the sum of the marginal effects of its
individual component shifts.

Some specific non-expected utility functional forms for V(xi,pi;...;xn,pn), and researchers
who have studied them, are:

¥ More generally, the appropriate left/right directional derivatives on the right side of an equation such as (67) will
be determined by the direction of change of ¢ and the respective signs of o and § in the same manner as in (43).
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weighted utility 2 o(x)p 2rt(x) p, Chew (1983)

(68) moments of utility g (2 v(x,)-p,, 20 0(x)>p,, 2 0(x,)p,)  Hagen (1989)

quadratic in noN o Chew, Epstein
the probabilities 20 Zf:lx(xi’xf) PP, and Segal (1991)

These forms are similar to expected utility in that they can be used to represent payoff-smooth
preferences, by choosing smooth component functions u(), (), g(-,-,-) or (,-)), as well as
preferences with kinks at prespecified (e.g., tax-bracket) payoff levels, by choosing component
functions with kinks at those values.* In the latter case, these forms will: continue to have well-
defined local utility functions, satisfy the generalized expected utility results of Section 2.3,
satisfy the directional payoff derivative formulas (64)—(67), and satisfy the first order and first
order conditional risk aversion properties and results of the following section.

4.3 First Order and First Order Conditional Risk Aversion

Segal and Spivak (1990) have defined and characterized a particular sense in which risk
preferences about piecewise-linear payoff kinks can be qualitatively different from smooth
preferences: For a given an initial wealth level x* and a nondegenerate zero-mean risk €, denote
the standard risk premium for any additive risk € by 7(€;x*), so that the individual is indifferent
between the risky wealth x*+ € and the sure wealth x*—7(€;x*). It is well known (e.g., Pratt
(1964)) that expected utility preferences with a differentiable U(-) satisfy or(t-€;x*)/0t|,_, = 0.
Segal and Spivak define an individual as exhibiting:

first order risk aversion about x* if 8ﬂ(t-§;x*)/8t|tw > 0
second order risk aversion about x* if On(t-€, x*)/&tL:O = 0 but o’7(t-€; x*)/812|w0 >0

for every nondegenerate zero-mean €. Segal and Spivak show that if an individual (expected
utility or otherwise) exhibits first order risk aversion about x*, then for small enough positive £,
the individual will strictly prefer x* over the random wealth x* + #-(k+¢) for all sufficiently small
t>0. They also provide the following expected utility results linking properties of the von
Neumann-Morgenstern utility function U(-) to its order of risk aversion about wealth level x*:

e If a concave utility function U(+) is not differentiable at x* but has well-defined left and
right derivatives there, then the individual exhibits first order risk aversion about x*

e If a concave utility function U(-) is twice differentiable at x* with U”(x*) # 0, then the
individual exhibits second order risk aversion about x*

This notion is not limited to preferences about certainty. Loomes and Segal (1994) have
shown that any risk averse U(-) with a kink at x* also exhibits first order conditional risk aver-
sion about x* in the following sense: Consider a random wealth of the form [ p chance of x*+%:
(1-p) chance of x]. Such distributions arise in cases of uninsured events, such as war or “acts of
God,” in which wealth is exogenously X and no indemnity is paid. Many insurance contracts
explicitly specify such events, and may or may not refund the original contract price if they
occur. The individual’s risk premium 7(€;x* X, p) for contracts that give such refunds will solve

" Chew, Epstein and Segal (1991) have shown that when the function (-,-) in the quadratic form is not smooth, but
instead takes the Leontief form (x;x;) = min{x;x;}, then the quadratic formula XX x(x;,x;)-p;-p; reduces to the
rank-dependent form (70) with v(x) = x and G(p) = \/p, which is not Fréchet differentiable.
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(69) pE[U*+E)] + (1-p)-E[U(X)] = p-U*-n(;x*X,p)) + (1-p)-E[U(X)]

For contracts that do not give such refunds, the final term in (69) takes the form (1-p)-
E[U(x—n(€;x*X,p))]. In either case, if U(:) has a kink at x* we get Om(¢-€;x* X,p)/0t |, > 0.4

Segal and Spivak (1990, 1997) have also generalized the above expected utility results to Fré-
chet differentiable preferences: Given a risk averse Vgg(+), if its local utility function U(-;P,«) at
any degenerate lottery P+ = (x*,1) has a kink at x = x*, Vp(-) will exhibit first order risk aversion
at x*. Similarly, if Vrg(-)’s local utility functions are twice differentiable (and U(x;P), U’(x;P),
U"(x;P) are continuous in P), ¥(-) exhibits second order risk aversion at all sure wealth levels.*

5. RANK-DEPENDENT PAYOFF KINKS

As it turns out, one of the most important non-expected utility preference functions has proba-
bility derivatives that are amenable to generalized expected utility analysis, but payoff kinks that
are not (nor to the calculus of directional derivatives). This form, proposed by Quiggin (1982),*
is known as the “rank-dependent expected utility” or rank-dependent form. For general cumula-
tive distribution functions F(-) over [0,M], it has the structure Vzp(F(-)) = [ glu(x)-d(G(F(x)) for
increasing continuous functions v(-) and G(-) with normalizations G(0) =0 and G(1) = 1.* In our
setting of finite-outcome lotteries, this implies the form

Vip (X1,p15-5%,,0,) = v(x,)-G(p,)
+ v(%)[G(p+p,) - G(p)]
+ U()Acs)'[G(lA’1+ﬁ2 +p3) = G(p,+p, )]

IN
IN
=

(70) + v(£)[G(P+...+P,) - G(p+...+P,)] %1

';' U()enfl)'[G(ﬁl +... +ﬁn,1) - G(ﬁl ... +ﬁn72)]
+ 0(%,)[G)~G(p+...+p, )]

= ;U(?@)'[G(;ﬁj ) - G(;ﬁj )]

where X1, p; denote P’s lowest payoff and its associated probability, X,, p, denote P’s second low-
est payoff and its probability, etc. (In the lower formula, for i=1 the sum X.;; p; will be vacuous
and hence takes value 0.) When two or more of P’s payoff values are equal, ties in the definition
of X;, p; can be broken in any manner. The structure of (70) ensures that Vgzp(-) satisfies the
identifications (2). When G(+) is linear (so that G(p) = p), Vzp(:) reduces to the expected utility

1 U(-) exhibits second order conditional risk aversion about x* if d7/dt|,—, from (69) equals 0 and 6*7/d¢%|, 10>0.

2 Safra and Segal (2000) have further shown that both expected utility and Fréchet differentiable preferences are
necessarily: (i) second order risk averse about x* for almost all x* € [0,M]; (ii) for arbitrary p and X, second
order conditionally risk averse about x* for almost all x* € [0,M].

# See also Quiggin (1993), Weymark (1981) who proposed a similar form in the context of social welfare func-
tions, Yaari (1987), who proposed a special case, and Allais (1988).

“ [ 84 v(x)-d(G(F(x)) is seen to equal to the Choquet integral | 84 L(x)-dGHx) of v(-) with respect to the capacity (mono-
tonic but not necessarily additive measure) GH(-) = G(ux(-)), where p-) is the measure induced by F(-) (e.g.,
Choquet (1953-54), Schmeidler (1989), Gilboa (1987), Gilboa and Schmeidler (1994), Denneberg (1994)).

24



form Vi (F()= Jyv(x)-dF(x) or Vi(P) =" &) pi =3 0(x)pi. If v(-) were exogenously
kinked at some payoff level x*, Vzp(-) would exhibit the same type of locally separable payoff
kinks as illustrated for the expected utility model in Figures 2b, 3a and 3b. Having noted this,
and in order to concentrate on the additional kinks inherent in the rank dependent form, we
henceforth assume that v(-) and G(-) are both smooth (continuously or up to infinitely differ-
entiable) with v’(:), G'(-) > 0.

5.1 Rank-Dependent Probability Derivatives and Local Utility Functions

Chew, Karni and Safra (1987) have shown that the rank-dependent form Vzp(-) does not/can not
satisfy the strong smoothness condition of Fréchet differentiability (eq. (29)), except for its
special case Vgi(-). However, they have also shown that as long as G(:) is differentiable, the
finite-outcome™ rank-dependent form will nonetheless still be differentiable in the probabilities,
so its local utility function Ugp(-;P) is well-defined at each distribution P € L.

To derive Vp(-)’s local utility function®® at a given P = (x1,p1;...;x pn), Observe that each
existing or potential payoff level x e [0,M] lies in exactly one*’ of the n+1 successive intervals

(71) Iy=1[0,x1), L =[X1,%2) ... Li=[XeXk1) ... Lii=[X1,%0), L=[X:,M]
Given arbitrary payoff level x in arbitrary interval I; (k= 0,...,n), from (70) we can write
Voo (5pisei %P %.p) = 3 0(5)-[G(2h,)-G(Zh))]
(72) +v(x)- [G(ij+p) G(%p} )] xel;
+ 2 o@)[G(Zhrp)=G(Zh+p)]

where as before, vacuous sums such as 2., (and if relevant, X, ;. or 2, ,.,) take value 0. From

(15)/(19), the local utility function Urp(x;P) = OVap(x1,p15.-3%n,Pn; X,0)/0P | =0 18 thus given by

(73) Up(x:P) = 0(x)-G'(Zp,) + X v(&)[G'(Zp,)-G'(Zh,)] xel
Jjs k<i<n J<i J<i

Formula (73) is seen to have the structure
(74) Urp(x;P) = ap-v(x) + by x €l

for the constants a; =G'(X;<; pj) and by =2 ;- ;. , () [G' (X<, b)) —~G'(X,< pj)] on each interval ;.
That is, the local utility function Ugp(-;P) of the rank-dependent form consists of different affine
transformations of v(-) over each of the successive intervals Iy,...,I,. Ugrp(-;P) seen to be continu-
ous from one interval to the next, and smooth over the interior of each interval, with

(75) Upp (5:P) = 0'()-G'(Z ) x e int(Zy)

But it also follows that Ugp(-;P) generally has kinks at the boundaries of these intervals, that is,
at each of P’s payoff values x1,...,x,, with distinct left/right directional derivatives at x; given by

* As observed by Chew, Karni and Safra (1987), the result for infinite-outcome distributions is less straightforward.

46 As with all derivations of probability derivatives/local utility functions, we invoke the discussion preceding (15).

47 This uniqueness holds even when two or more of P’s outcomes are equal: Say %,y < Xp = X1 = Xpeo < Xpi3 Where
X; = Xp+1 = Xpa2 = x*. The value x* only lies in the interval [Xi2, X513), Since [Xg, Xpr1) = [Xpe1, Xpi2) = .
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(76) Unp s (8:8) = V'(E)-G(Z b)) Uppa(35P) = 0'(2)-G'( L b))

Figure 4 illustrates the local utility function of a (risk averse) Vzp(:) at the three-outcome distri-
bution P = (x1,p1;x2,p2;x3,p3), with kinks at each of P’s (ordered) payoff levels x1, X5, X3.

/ Urn(x;P)

0 b % 3 x
Figure 4

Local Utility Function of Vrp(-) at Lottery P = (x1,p1;X2,p2;X3,P3)

We know that the expected utility characterizations of first order stochastic dominance
preference, risk aversion, and even certain aspects of comparative risk aversion* do not require
differentiability of the von Neumann-Morgenstern utility function U(:), and this is also true for
the generalized expected utility characterizations of these properties in terms of not-necessarily-
payoff-differentiable local utility functions U(-;P). For the rank-dependent form, Chew, Karni
and Safra (1987) have shown that in spite of the kinks in its local utility functions, Vzp(-) also
satisfies Section 2.3’s generalized expected utility results linking monotonicity of the local utility
functions to global first order stochastic dominance preference and concavity of the local utility
functions to global risk aversion, as well as comparative concavity of two individual’s local
utility functions to aspects of comparative risk aversion. In other words, many of the basic results
of generalized expected utility analysis continue to apply to the inherently kinked local utility
functions of the rank-dependent form Vgp(-).

Thus, at least in the above senses, expected utility, Fréchet differentiable, and rank-dependent
probability derivatives all characterize features of risk preferences in a common manner.

5.2 Local Nonseparability of Rank-Dependent Payoff Kinks: Illustration

Rank-dependent attitudes toward payoff changes can be summarized as follows: When u(-) and
G(+) are both smooth (up to infinitely differentiable), then the rank-dependent form Vzp(-):

<

*® For example, the equivalence of the “comparative probability equivalent,” “comparative certainty equivalent,”
“comparative concavity” and “comparative arc concavity” conditions in the classic Arrow-Pratt characterization
of comparative risk aversion (Pratt (1964, Thm. 1, conds. (b),(c),(d),(e))) does not require smoothness of U(-).
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(a) issmooth with respect to whole-probability payoff changes

(b) is generally locally nonseparably kinked with respect to partial-probability payoff changes
and its payoff derivatives and directional payoff derivatives generally

(c) are not proportional to the amount of probability mass shifted from a given payoff level

(d) do not satisty the total derivative formulas (8), (9) linking separate and joint shifts of
probability mass from a given payoff level

(e) do not satisfy formulas (30),(31) linking the payoff derivatives and local utility function

These features can be illustrated by a simple example involving fixed probabilities and just
two free outcome variables. Say a nonlinear G(-) satisfies

(77) Gz)-GE) # GE)-GR)

Consider lotteries of the form P = (x;,%;X2,4;X3,4; X4,%), with fixed probabilities all equal to ,
fixed lowest and highest payoffs x; <Xxs, and where the payoffs x, and x; independently vary
over the open interval (fl,f4).49 That is, we allow the values of the variables x, and x3 to cross
each other, but not to cross x; or x4. By (70), the additive terms for x; and x4 in the rank-
dependent formula will remain fixed at v(x;)-G(3) and L(X4)-[1—G(3)]. On the other hand, the

additive terms for x, and x3 do depend — and in a qualitative manner — on the relative values of

these two variables, and appear in the formula for Vip(X1,%; X2,4; X3,4; X4,%) as
%) .+ () [GR)-G@)] + v(x,)[GE-GH)] + ... for x, < x,
.+ () [GB)-GB)] + v(x) [GEH-GH)] + ... for x, > x,

We can subsume both branches of formula (78) into the single formula
-+ (%) [G(ER)-GA)] + v(x)[G(E)-G)]

(79)
+ v(max{x,,x;}):[GE)-2-GH+GH)] + ...

for X2 % X3

so the rank-dependent preference function (70) over such lotteries can be fully written out as

VRD (fp%;xza%;xp%;¥49%) = U(fl)G(%)
+ v(x,) [GH-G®)] for
(80) + v(xy)-[G(H-GH)] X, %, € (X,,X,)
+ v(max{x,,x;})[G3) -2-G(3) + GH)] X, 2%

+ u(x,)[1-G3)]
Since (77) implies [G(3)-2-G(3)+G(3)] is nonzero, the Leontief component v (max {x1,x,}) in the
above formulas implies that Vzp(X|,%;X2,%;X3,4;X4,%) is kinked in x, and x3 whenever x; = x;.
Formula (79) (and hence (80)) can also be written in terms of the minimum function

-+ V(%) [GE =GR + v(x)[GE-G(3)]

9 4
) + v(min{x,,x,})[-GE)+2-G(H-GH)] + ...

for x; 2 x3

¥ Although an even simpler example consists of assuming G(1)—G(2) # G(3)— G(0) and looking at lotteries of the
form (x1,3;x»,3), we use the present setting to show that Vzp(-)’s kinks do not just occur at degenerate lotteries.
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By illustrating the way in which the outcome variables x, and x; enter the rank-dependent formu-
la, this example highlights the characteristic properties of rank-dependent payoff kinks, namely

¢ such kinks arise from the nonlinearity of G(-) (in this example, inequality (77)), even
when G(-) and v(-) are both smooth (continuously or even infinitely differentiable)

e because of their Leontief-like structure, such kinks are locally nonseparable®

The formulas for Vzp(-)’s x, and x3 payoff derivatives can be derived from any of the formu-
las (78)—(80). At any such P = (x1,4;X2,7;X3,%; X4,%) Where x, # x3, Vzp(+) responds smoothly to
marginal changes in either x; or x3 alone, with smooth (left = right) payoff derivatives

OVep (3%, 083 %5555 v'(x,)[GH-GH)] for x,<x,
o, '(x,)[GEH-GH] for x,>x,

81)

Wity dingds.) | VE)[GH-GE]  for x, <x,
Ox; v'(x;) [GR-GF)] for x,>x,

Provided x; # x3, Vzp(:) also responds smoothly to joint marginal changes in x, and x3, with
individual and joint responses linked by the standard total derivative formula (10).

Consider now any distribution of the form P = (X,%;x,%;X,%; X4,%), where x, and x; initially
take some common value x between x; and x4. Provided x, and x5 change jointly and equally,
Vro(+) still responds smoothly, with left = right derivative®'

AV, (X5 X05e ,

le B o) G - 6()
But if x, and x3 start out equal to x and then only one of them varies, Vzp(-) will have a kinked
response to that variable, with left # right directional payoff derivatives

(82)

OV ey (X85 X5,7502) _ OViep (o3 Xy 85 X5,35002) = o) [G) -G
asz Xy =X3=X a3C3L Xy =X3=X ’ )
(83) or ( X l.x 1. ) 14 ( ‘X l.x 1. )
RD\* "> 2,4, 3,4,-.- — RD\*+*> 2,4, 3,4,.-- — U,(x).[G(%)_G(%)]
axf Xy =X3=X axf Xy =X3=X

Thus, the whole-probability payoff changes corresponding to (81) and (82) yields smooth (left =
right) payoff derivatives, whereas the partial-probability payoff changes corresponding to (83)
yield kinked (left # right) directional payoff derivatives, illustrating properties (a) and (b).

Comparison of (82) and (83) also illustrates properties (c) and (d): The nonlinearity of G(-)
(inequality (77)) implies 2-[G(3)-G@Z)] # [GG)-GHF)] # 2-[G(3)-G(3)]. Starting from any
lottery P = (X1,%; X,%; X, 4; X4,%) With x € (X},x4), shifting amount # of the total 3 probability mass
at x to the right is seen from the bottom line of (83) to have marginal effect v'(x)-[G(3)—G(3)],
whereas shifting twice as much mass to the right, namely the entire amount 3, is seen from (82)
to have marginal effect v'(x)-[G(3)—G(3)] which is not twice the previous effect, illustrating
property (c). Since this rightward shift of the 3 mass at x can also be viewed as a joint rightward
shift of both § masses at x, this nonproportionality of marginal effects can also be viewed as a

30" As noted below (70), any payoff kinks resulting from exogenous kinks in v(-) would be locally separable.
>! This follows since both lines of (78) (and hence (79)/(79)") reduce to ...+v(x)-[G(3)— G(Z)] +... for x, = x;3 = x.
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nonadditivity of marginal effects, illustrating property (d). Similar arguments holds for shifting
probability mass leftward from x.

To illustrate property (e), namely that Vzp(-)’s payoff derivatives and local utility function do
not generally satisfy the relationship 0V(P)/0x; = U'(x;;P)-p;, recall from (76) (or Figure 4) that
even for x; and x3 unequal, say x; <x3, Vzp(-)’s local utility function at the lottery P =
(X1,%3%2,%5X3,%;X4,% ), Will have kinks at both x, and x3, with left # right directional derivatives

UIIQD,L(xz;P) = U'(xz)'G'(%) U];D,R(xz;P) = U’(xz)'G’(%)
(84) ' ’ 72 ' ' 13 X2 < X3
URD’L(X3;P) =V (x3)'G (2) URD,R(xs;P) =V (x3)'G (7)
none of which are linked to the payoff derivatives (81), (82) or (83) in the manners (30),(31) or
their corresponding directional versions (64), (65).

The properties illustrated in this section are, except for (a), in contrast with those of an ex-
pected utility Vgy(-) with smooth U(-) or Fréchet differentiable Vig(-) with smooth Ugg(-;P)’s,
whose whole- and partial-probability derivatives are all left = right smooth, proportional to the
mass shifted from a given payoff level, additive in joint vs. individual shifts, and linked to their
local utility functions via the relationships 0Vg(P)/0x; = U'(x;)-p; and OVpgr(P)/0x; = U'rr(xi;P)-p;.

The Leontief-like structure of the rank-dependent preference function brought out in (79)/
(79)" is not readily apparent in its standard formulation (70). Rather, it “lives” in the (usually
unexplicated) map from the actual payoff variables xj,...,x, to the ordered values x; < ... <X, that
enter the right side of (70). For the case of two variables, we can represent this map as

(85) X,(xp,%,) = max{x,x,} x(x,x,) = in — max{x;,x,

For three variables, it can be written in the similar form’ 2

X3(%x),%,,%5) = max{x;,x,,x;}
(36) X (X,X,,X3) = szax{xi?xj} — 2-max {x,,x,,x;}
i<j
jl(x19x2’x3) = zxi - szax{xiaxj} + max{xlox2>x3}
i

i<j

and for four variables, as:

Xy (X, %0, X5,X,) = max{x,,x,,Xx;,x,}
XXXy, X5,X,) = Z:Q;kz max{x,,x,x, } — 3-max{x,,x,,x;,x,}

(87) Xy (X, Xy, X5,X,) = ZjljZmax{xi,xj} — 22;;}{2 max{x,,x,x, } + 3-max{x,,x,,x;,x,}
£(x,%,,x5,x,) = Zj:xi - Zl_;jZmax{xi,xj} + Z;g;kz max{x,,x,X,} — max{x,,x,,x;,x,}

For n > 4, the formulas for xi,...,X, remain expressible as linear combinations of the full sum
>.;x; and the maxima of all the 2,3,4,...,n element subsets of {x,...,x,}. For any n, there will be
some pair of ordered payoffs values Xx(xi,...,Xx,) and X+1(x1,...,x,) that exhibit locally nonseparable
kinks whenever any two payoff variables x;, x; merge to, or depart from, a common value.

52 The formula for X(x1,X2,x3) follows since two of the three terms in the sum X2.; max {x;x;} = max{x;,x,}+
max{x;,x3} + max{x,,x;} must equal X; and the other must equal x,. The formula for X;(x,x,x3) is derived by
subtracting the formulas for X3 and X, from X_;x;. The formulas in (87), and also for n > 4, can be derived similarly.
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5.3 Rank-Dependent Payoff Derivatives and Payoff Kinks: General Formulas & Properties

Although the previous illustration captures the characteristic features of rank-dependent payoff
kinks, it is just a specific example. This section presents the more general payoff derivative
formulas and payoff kink structure of this form. We continue to assume that v(-) and G(-) are
smooth (continuously or even infinitely differentiable) with v’(:), G'(-) > 0.

Except when G(-) is linear (in which it reduces to expected utility), the rank-dependent form
Vrp(+) exhibits the five properties listed at the beginning of the previous section, which can be
stated more formally as:

(A) If no other (positive probability) outcome x; has the same value as x;, then Vgp(-) is smooth
in x; with left = right regular payoft derivative 0Vzp(...;x:, pi;...)/Ox;

(B) If some other x; does have the same value as x;, then Vzp(+) generally has distinct directional
regular payoff derivatives OVzp(...;x:, pi; ...)/8x,~L # OVrp(..; i, pis ...)/axiR, and is locally non-
separably kinked in the variables x;, x;

(C) Partial-probability payoft derivatives OVzp(...;X, p; Xi, pi—P; ...)/8xL/ R |x=xi are also generally
kinked, and not proportional to the amount of probability p shifted, even for fixed direction

(D) Whole-probability and partial-probability payoff derivatives are generally not linked by the
total derivative relationships (8), 9), or by their directional-derivative analogues

(E) Regular, partial- and whole-probability payoff derivatives are generally not linked to the
local utility function in the manners (30),(31), or their directional versions (64),(65)

Although properties (B)—(E) each state that some derivative or smoothness property fails to hold
in general, they do not formally address the prevalence of these failures in the space of lotteries.
By way of prevalence, we will show:

(F) If G(-) is smooth but not identically linear over [0,1], Vzp(-) will exhibit locally nonsepar-
able payoff kinks about every lottery P € L

The general payoff kink structure and payoff derivatives formulas for Vzp(-) are derived by
an argument similar to Section 5.2: Consider an arbitrary P = (x, p1;...;x,, p») and an arbitrary one
of its outcomes x;, which may or may not have the same value as any of P’s other outcomes. In
either case, we can express the total probability mass at payoff level x; by any of the expressions
(83) ij = pi+2pj = ij_ ij

XS x; X;<X;
J#i

which reduce to p; when no other outcome equals x;. This total mass at payoff level x; can be
represented as entering into the rank-dependent formula via the single additive term

(89) o+ 00 G(Zp)-G(Xp)] + -

Consider shifting amount p of the total mass at x; to some higher or lower level x;+¢, where p
may be less than p;, equal to p;, or even greater than p; if some other outcome also has payoft x;.
If ¢ 1s small enough so that x;+¢ does not cross any of P’s other distinct payoff levels x; # x;, the
remaining mass at x;, and the mass p now at x;+¢, now enter via the pair of terms

3 As illustrated in Section 5.2, Vp(-) will satisfy the total derivative relationship (10) as long as x; and x; are not
equal to each other, or to any other positive probability payoff x;.
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o U(xi)'[G(X;_pj_p)_G( x;.p-’)} + U(xi+t)'[G(X;_p_/)_G(Y;‘p_/_lo)] + ... fort>0
o+ u(xi)-[G(x;pj)—G(x%pﬁp)} + U(xi+t)~[G(X§C‘pj+p)—G(X;ij)] + ... fort<0
As before, this two-part formula can be represented by the single expression

-+ 0 [G( X p=p)-G( X p;)] + v+ [G(Zp+p)-G( 2 p))]

(90)

1) fort 20
+ U(max{xi,xﬁt})-[G(X%.pj)—G(XEIPJ—P)—G(XEAP,‘JFP)WLG(XEAP/‘ )} toe

or in terms of the minimum function, as
0 G( X p)=G(Zp+p)] + v G( X p,)-G(Xp-p)]

o1y o GG for 120

+ u(min{xi,xi+t})-[—G(x§pj)+G(Xélpj—p)+G(X§C‘PJ+P)—G(X§_P1)] toe

Formulas (91)/(91)" show that the type of locally nonseparable payoff kink seen in Section 5.2
arises in general. As long as ¢ is small enough so that x;+¢ does not cross any distinct payoff level
x; # x;, none of the six square-bracketed weights in (91)/(91)" depend on either the sign or magni-
tude of 7. The weights on the Leontief terms v(max{x;x;+¢}) and v(min{x;,x;+t}) are both
second-order differences of the form * [G(a)— G(a—p)—G(B+p)+G(B)]. For nonlinear G(+) such
expressions are generally nonzero, yielding locally nonseparable payoff kinks as in (79)/(79)".

Since it includes each type of payoff shift as a special case, (90) allows for the derivation of
the regular, whole-probability and partial probability payoff derivatives for the rank-dependent
form. Vgp(-)’s regular payoff derivatives, for which p in (90) equals p;, take the directional forms

W pp (o3 X,, 1;5--.) U'(xl_)-[G(x;pﬁpi)— G(X»p, )]

(92) o,
oV, (...x.,p. ;... ,
o a;;, Pise)  _ v (xi).[G(Y;.pj)—G(Y;.pj—pi)}

and when no other x; equals x;, they reduce to the smooth (left = right) form

93) OV (3%, Pi5) U'(xl.).[G(XZS;pj)— G(Xé.pj )]

ox,

Vro(+)’s whole-probability payoff derivative corresponds to p equaling the total probability (88),
and takes the smooth form

AViep (3%, Dy ,
o9 Rl < v la(z)-6(2 )]
Finally, Vzp(-)’s partial-probability payoff derivatives, for which p is any amount strictly less
than the total probability (88), take the left # right directional forms

Wp (s xaps 3D P50 _
RD o . = 0 (Xi)'[G(xg;qu‘l'P)—G(x;ipj ):I
©3) e
ol 8PP ) (65 p)-G( S, )
axR x:xl, XX J X;SX; /

The payoff derivatives (92)—(95) are seen to generically exhibit properties (A)—(E) above.
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To demonstrate property (F) (locally non-separable payoff kinks about every lottery), pick
arbitrary P € £ and invoke (2) to express it as P = (X1,D1;...;Xm, Pm), With p; > 0 for each i and
¥ <... <X,. Since G(-) is smooth but not linear over [0,2;,p;] = [0,1], it must be nonlinear on
at least one of the m successive nondegenerate cumulative probability intervals™

(96) [0.5], [ B 2its] - [%f’j’;ﬁj] [j<%—lﬁj’jsél—1}5j] ) [%Pjﬂgfaj]
say the interval [ X, pj, 2.+ oy ]. Thus, there exist some p,, pp > 0 with p,+p, < pix such that
(97) G(;ﬁj) - G(;ﬁj_pa) - G(;fjj_pb) + G(;ﬁj_pa_pb) = 0

Express P as (...; X, Di=—Pa—Pb 3 Vas Pa s Vbs Pb 3--) lya=yp=in» and consider lotteries of the form
(o3 Xi%y Pi*—Pa—Pb 3 Var Pa s Vs Pi 5---), Where y, and y,, independently vary upward from x» over the
interval [£,%#11) (or [£r, M) if i* = m).” Vgp(-)’s term for the pair (%, pr—pa—ps) stays fixed at
OE)-[G(X <+ Di—Pa—Pp) — G(X;<+Pp)], its terms for all other (X;, /) pairs stay fixed as in (70), and
its terms for (v,,p.), (Vs,p») take the form

~-~+U(ya)'|:G( ;}A’j_pb)_G( zﬁj_pa_pb ):I + U(yb)'[G( Zf’j)_G( Z‘iﬁj—pb ):|+ fOI‘ya Syb
(98) Jsi J<i Jsi J<i
01| G(Xp;)=G(Xp=Pa) |+ 0 G(Zp,=P.) = G(Xp~Pu=py) [+ fory, 2,

As before, this two-part formula can be represented by a single expression for y, Z yp, namely

v+ V0 G(Zp)=G(Zpipu=ps) | + v | G(2Dp.)~C(Zh,~P.=ps)]
N omax{y,, 1)) G(25;)=G(2pi=p.) =G Zp P )+ G(Zh=P=ps) | + -
or in terms of the minimum func;ion, by i i i
, w00 G(2P))-C(Zpp.) | + v G(Z;)-C(Zh~ps)]
N omin{y,, v, }) [ ~G(2p,)+ G(2p=p. )+ G(Lp;=p,)=G(Zh,~pi=ps) ] + -

Since (97) implies that the Leontief terms in (99)/(99)" are nonzero, Vzp(:) is locally non-
separably kinked in the payoff variables y, and y; as they vary upward from their common initial
value of X at the lottery P = (...; X%, Dix—Pa—Pb s Var Pas Vbs Pb 3+ )ya=yp=in» yielding property (F).>°

>* If a nonlinear G(-) were linear on each interval in (96), it would have to be kinked at one of their boundary points.
> When i*=m and %,,= M, y,, v, cannot vary upward from %». In this case pick positive p,, p, with p,+p, < p,, and
G(Zj<n7ﬁj+pd+pb)_G(Zj<n7ﬁj+pd)_G(Zj<n7ﬁj+pb)+G(zj<mﬁ]) # 0, write P=(...;Ya:Pa '3 Y6sPb s Xm> Por—Pa=Pb) |ya:yb:5rm
and let y,,y, vary downward from x,,= M over (X,,_,X,,]. The term for x,, is v(x,)-[1- G i<m PjtP.Tp»)] and the
terms for y, and y, can be written as V(V,)[G(X;<,, D TPa) — G(Z,<, P)] + VW) [GE <, P +pp) — G(Z;<, )] +
v(max {y,, yp}) [G(Z;<, DitPatpr)— G Ditp)— G i<m pitpp)+ G i<m p))]. Since the Leontief term again
receives nonzero weight, Vp(+) is locally nonseparably kinked in y,, y;, as they vary downward from x,, about P.
While this shows that Vzp(-) will be locally nonseparably kinked in certain multivariate payoff changes about
every P € L and hence unamenable to additive marginal analysis, could Vzp(-) ever mimic the locally nonsepar-
able example (49) and still be left/right smooth in all univariate or directional payoff changes from a particular
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6. CONCLUDING TOPICS
We conclude with remarks on:

e the qualitatively distinct ways in which Fréchet differentiable and rank-dependent
preferences exhibit the non-expected utility property of nonseparability in the payoffs

e informal field evidence regarding payoff kinks, in particular from insurance demand

e payoff and probability kinks in induced preferences over delayed-resolution lotteries

6.1 Modeling Departures from Separability: Two Approaches

A primary motivation for the study of non-expected utility models is the large body of evidence
that individuals’ lottery preferences depart from the expected utility property of payoff separabil-
ity — that is, from the property that for given (py,...,p,), preferences over the lotteries P =
(x1,p15.3 X0, pn) are globally separable in the payoff variables (xi,...,x,). Payoff separability
follows directly from the foundational Independence Axiom of expected utility theory.

The most widely known violation of payoff separability is the Allais (1953) Paradox, which
consists of the following frequently observed preference rankings (where $1M = $1,000,000)

.10 chance of $5M
a,:{ 1.00 chance of $IM > @, :{ .89 chance of $1M
(100) .0lchance of $0

o .10 chance of $5M o a4 .11 chance of $1M
371 .90 chance of $0 **] .89 chance of $0

Under the identifications (2), these four lotteries can be represented in following form, which
highlights their role as a test of payoff separability (note that a4 is listed above a3):

X Xy X3
a, | $IM | $1IM | $1M
(101) a, |$5M | $0 | $1M (p1,p2,p3) = (.10,.01,.89)

a, |SIM|SIM| $0
a, |$SM| $0| $0

Preferences that rank a; > a, and a4 < a3 are nonseparable in the payoff variables (xi,x;,x3), since
they imply ($1M,$1M,x3) > ($5M.,$1M, x3) when x3 = $1M, but the reverse ordering when x; =
$0. That is, starting at the payoff values (x,x2,x3) = ($1M,$1M, x3) the individual’s willingness
to bear the additional mean-increasing risk implied by the payoff changes (Ax;,Ax;) = (+$4M,
—$1M) seems to be inversely related to level of the mutually exclusive variable x3. This specific
direction of departure from payoff-separability has been observed for more general payoff and
probability values, and has been termed the common consequence effect.”’

Py? For what it’s worth: Yes, whenever G(-) and P, are such that the identity G(Z < »p)—~G(Z < »p—p) =
G(X;<+ P +p)— G(Z;<+ py) holds on each of Py’s cumulative probability intervals (96).

*7 E.g., MacCrimmon and Larsson (1979). More recent experimental studies, such Camerer (1989), Starmer (1992),
Birnbaum and MclIntosh (1996), Birnbaum and Chavez (1997) and Wu and Gonzalez (1998) have revealed a
more varied pattern of departures from payoff separability.
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There are two qualitatively distinct approaches to modeling departures from global properties
such as linearity or separability. Figures 5a and 5b provide an illustration of these two
approaches, as applied to the more basic task of modeling departures from global linearity in
preferences over nonstochastic (x;,x;) = (apple, banana) commodity bundles. Say some “classical
linear theory” hypothesizes a preference function of the form Wyn(x1,x;) = ky-x1 + kp-x, for fixed
coefficients &y, k>, and hence predicts a constant marginal rate of substitution over the commodity
space RZ. But say the evidence suggests that individuals’ MRS’s vary systematically, and tend to
be flatter toward in southeast (many apples, few bananas) and steeper toward the northwest (few
apples, many bananas). Someplace, therefore, preferences must be nonlinear.

-

0 X1 0 ) X1
Figures 5a and 5b

Modelling Departures from Linearity: Smooth Nonlinearity vs. Regionwise-Linear Preferences
[ Figure 5b: Indifference Curves for the Rank-Dependent Formula %-G(p))+3x[1-G(p1)] ]

X2

The two approaches to modeling such linearity can be exemplified by the functions

kyx, + ky,x, for x, <x,
(102) We (x,%,) = xf'-xf Vvs. Wi (xp,x,) = { * *

ki x, +k;-x, for x, 2 x,
where we assume k;+k, = k' +k5° to ensure continuity of Wg.(-) along the 45° line. While both
functions capture the phenomenon of “flatness in the southeast/steepness in the northwest,” they
do so in very different ways. Although the smooth function Wsu(-,-) is not exactly linear over any
region, it is everywhere locally linear, and its indifference curves gradually move from flatness
to steepness across the domain. On the other hand, the regionwise-linear function Wg;(-,-) retains
the classical property of exact linearity over two large regions of the domain, and “concentrates”
all its nonlinearity along the boundary of these regions, namely the 45° line. It is clear from both
figure and formula that by concentrating its nonlinearity on this lower-dimensional boundary set,
Wri(-,-) must be locally nonlinear (i.e., kinked) there.

Figures 6a and 6b illustrate the same pair of approaches, this time applied to departures from
global separability. In this case, say the “classic theory” hypothesizes the separable form
Wsep(x1,x2) = f(x1) + g(x,) for general f(-) and g(-). But say its predictions of how MRS(x;,x,)
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varies over the domain®® were in some way systematically violated by the evidence. As before,
we could model such nonseparability in two different ways, exemplified by

f(x)+g(x,) for x, <x,

103 Weo (x,x) = x*+xP +yx-x, vs. W,(x,x,) =
(103) su (X15,) X Y X, s (X1, X5) {f*(xl)+g*(x2) for x, > x,

for smooth f(-),g("), f*(-),g*(-), where we assume f(x)+g(x) = f*(x)+g*(x) to ensure contin-
uity of Wxs(-) along the 45° line. As before, W(-,-) and its indifference curves are not exactly
separable over any open set, but are everywhere locally separable, and for different choice of
parameters (or different smooth functional form) could exhibit the observed form of departure
from separability smoothly and gradually over the domain. On the other hand, the regionwise-
separable function Wgs(-,-) retains exact separability on both regions of its domain, and concen-
trates all its nonseparability along their boundary. But as seen in Figure 6b, by concentrating its

nonseparability on this lower dimensional set, Ws(-,-) must be locally nonseparable there.”

Sl

Figures 6a and 6b
Modelling Departures from Separability: Smoothly Nonseparable vs. Regionwise Separable Preferences
[ Figure 6b: Indifference Curves for the Rank-Dependent Function Vrp(x1,p1;X2,p2) |

X2 X2
0

X1

The distinction between how rank-dependent and Fréchet differentiable functions model
payoff-nonseparability is analogous to the examples of Figures 5a/5b and 6a/6b. For any pair of
probabilities (p;,p2), expected utility preferences over the lotteries P = (x;,p1;x2,p2) take the
globally payoft-separable form Vigy(xi,p1;x2,p2) = U(x1)-p1 + U(xz)-p2. Fréchet differentiable non-
expected utility functions Vgx(-), such as the smooth cases of the functions in (68), are typically
not exactly payoft-separable over any region, but have been seen to be everywhere locally payoff
separable. On the other hand, rank-dependent preferences over such lotteries have the following
regionwise outcome-separable structure, seen to be a special case of the form Wgs(-,-) from (103):

14 4 14 r

% Separability would imply that for any rectangle of points (x{,x7), (x{,x3), (x{,x3"), (x{,xs") with x{ <x{" and
X, <x,', their marginal rates of substitution satisfy MRS(x{,x; ) - MRS(x{",x;") = MRS(x{, x5")- MRS(x{", x;).

> For example, Wps(-,) generally violates the total derivative formula at x; =x,, since dWgs(x,x)/dx=f'(x)+g'(x)=
FH(x)+g* (x), yet OWrg(x,x)/0x | +OWps(x,x)/0x) = f'(x)+g*'(x) and OWgs(x,x)/Ox | +OWprs(x,x)/0xf = f*'(x)+g'(x).
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v(x)G(p) + v(x)[1-G(p)] for x, <x,

(104) Vip (X1, P13%55 Dy) = {
v(x)I=-G(py)] + v(x)-G(p,) for x, > x,

Since Vrp(x1,p1;x2,p2) 1s a special case of the form Wrg(x1,x;), Figure 6b also serves to illustrate
its indifference curves, which are seen to be exactly payoff-separable on the region below the 45°
line in the figure, as well as on the region above it, and concentrate all their nonseparability on

the 45° line, where they are locally nonseparable.60
X2
|
— v
-
0 X X1

Figure 7
Six Regions of Exact Payoff-Separability for Vap(x1,3;X2,%;X3,3)

Figure 7 illustrates the xj,x, indifference curves of the three-outcome rank-dependent
formula Vzp(x1,3;X2,3;X3,3), for fixed probabilities of § and payoff x3 fixed at x3. The regions I,
I, ...,VI correspond to the six strict payoff orderings x;<xy<Xx3, x<x1<X3, ..., X3 <x2<X],
and hence the six distinct regions over which rank-dependent preferences will be exactly separa-
ble in the payoffs. The three lines of kink points in the diagram again correspond to the boundary
points of these regions, along which preferences are generally locally nonseparable. Similarly,
the x;,x, indifference curves of the four-outcome formula Vpp(x1,7;X2,%;X3,%;X4,3) for fixed x3
< x4 would have kinks along the 45° line, and along the two horizontal and two vertical lines
where x; or x; equals x3 and/or x4, and thus 12 distinct regions of exact payoff separability, etc.

Since Figure 7’s indifference curves are smooth over the inferior of each region, they might
seem to contradict property (F) (that Vzp(-) has locally non-separable kinks at every lottery).
Instead, they illustrate property (A): Since any small change from an interior lottery P =
(x1,3;X2,%;X3,3) that stays within the plane of the figure represents a whole-probability payoff
change in x; and/or x;, Vzp(-) indeed does respond smoothly, with smooth left = right derivatives
(93), which (as mentioned in Note 53) satisfy the local additivity property (10). But as seen in
Section 5.3, Vgp(-) will be locally nonseparably kinked in the payoff variables y,, y» as they
depart from this same lottery P = (x1,3;X2,3;%3,3) = (-3 X6,3—Pa—Pb5VarPas Vo>Pb )| ymysmi»
for some choices of p,, p» and choice of x; = x;, x, or x3. (Similar remarks apply to Figure 6b.)

5 The rank-dependent indifference curves in this figure correspond to v(-) concave and G(p,) + G(p,) < 1. Figure
5b illustrates rank-dependent indifference curves for a linear v(+), with G(p;) + G(p,) <1 (e.g., Yaari (1987)).
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Finally, observe that the properties illustrated in Figures 6b and 7 extend to rank-dependent
preferences over general n-outcome lotteries. That is, for any probabilities (p,...,p,), rank-
dependent preferences over the lotteries (xi,p1;...;Xxn,pn), are regionwise separable in the pay-
offs, but generally locally nonseparably kinked on regional boundaries. For each permutation o =
(o1,...,04) of the integers {l,...,n}, define the payoff region Xo = {(x1,...,x,) € [0,M]" | x;, <
...<Xg,}. Since the ordering (%i,...,X,) = (Xs,,...,X5,) of the variables (xi,...,x,) remains fixed
over any such region, their respective probability values (pi,...,p,) = (Psy»---,Ps,) are also fixed,
s0 Vrp(x1,p1; ... X4, pn) takes the following payoff-separable form over the region X:

Veo(X1sD15--5%,.D,) = U(xcyl).G(ﬁo'l)
+ u(x,) G(p,+P,)-G(P,,) ]

(105) + U(xal_)-[G(ﬁGI+...+ﬁGi)— G(Dy+ ...+ Dy, )] X1y Xn) € X

N U(xan):[G(l)—G(1761+--.+1_’g,,1)}

= ;v(xai)'[G(;Z_’gj )-G(Xp,, )]

J<i
Thus, as in the two- and three-outcome examples of the figures, Vzp(x1,p1;...;Xn,pn) 1S exactly
payoftf-separable over each of the n! distinct payoff regions Xy, and concentrates its non-
separability on the boundaries of these regions — that is, at lotteries P = (x1,p;;...;xs, pn) Where
some payoff x; equals one or more of the other payoffs x; — at which points Vzp(-) is generally
locally nonseparable in these variables. Axiomatically, this feature of the rank-dependent model
derives from its foundational Comonotonic Independence Axiom,®' which imposes exact
separability in the variables (xi,...,x,) within each region X, though not across these regions. For
any interior lottery P = (x1,p1;...;Xs, pn), the remarks of the previous paragraph still hold, namely
that Vzp(-) will be smooth for small changes in the variables (xi,...,x,), but will be locally
nonseparably kinked in the payoff variables y,, y» as they depart from P = (x1,pi;...; %0, pn) =
(...;xi,;_aifpafpb;ya,pa;yb,pb;...)Iya=yb=xl., for some choices of p,, pp and choice of i {1,...,n}.

6.2 Are Observed Risk Preferences Kinked in the Payoffs?

Payoff kinks were not among the empirical phenomena reported or modeled in the classic
expected utility analysis of Friedman and Savage (1948), or in its modification by Markowitz
(1952) who defined the function U(-) over changes from current wealth and also observed that
individuals are generally averse to small symmetric gambles about current wealth. In Kahneman
and Tversky’s (1979) and Tversky and Kahneman’s (1986) analysis of the non-expected utility
form Y, v(x))-(p;), the function v(-) was asserted to be: (i) defined over changes from current
wealth; (i1) generally concave over gains and convex over losses; and (iii) steeper for losses than
for gains, which they define in (1979,p.279) as the property v(—y)—v(-x) > v(x)—v(y) for
x>y > 0. Although these conditions are consistent with a kink at x = 0, they do not imply one,*

1 E.g., Schmeidler (1989), Wakker (1996), Wakker, Erev and Weber (1994).
62 For example, the function v(-) defined by v(x) = {1—e™* for x> 0; 2+2.¢" forx < 0} satisfies the three condi-
tions and is continuously differentiable at 0.
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and whereas the graph of v(:) in (1979, Fig.3) has such a kink, the graph of v(:) in (1986, Fig.1)
appears smooth at x = 0.

It is impossible to infer the existence of a payoff kink from any finite set of pairwise rankings
or pairwise choices over lotteries. However in some cases kinks can be inferred from the infinite
number of pairwise choices implicit in the selection of an optimal lottery from one or more
budget lines. As seen in Section 4, a natural setting of uncertain payoff choices along budget
lines are insurance decisions. We briefly examine the implications of the following three
apparently general phenomena, involving the demand for and/or nature of insurance contracts:

e individuals frequently purchase complete coverage of certain forms of insurance offered
at actuarially unfair prices, and do so at general wealth levels

e individuals frequently purchase zero coverage of certain forms of insurance offered
at better-than-fair (e.g., government subsidized) prices, again at general wealth levels®

e as noted above, many insurance policies provide no indemnity payment under certain
types of events, such as acts of war, insurer bankruptcy, etc.

Concerning the first of these phenomena, we saw in Figure 3a how a von Neumann-
Morgenstern utility function U(-) with a kink at a given wealth level (say x*) can lead to first
order risk aversion about x* and hence the possibility of complete purchase of actuarially unfair
insurance. However, it was also seen that this phenomenon occurs only in the knife-edge case
when the budget line from the original uninsured position C hits the 45° line exactly at the point
(x*,x*) — any steeper or flatter unfair budget line out of C will lead to a partial-insurance opti-
mum. Though one can posit many kink points in U(-), it is fair to say that payoff-kinked expected
utility cannot be used to model the phenomena of full purchase of unfair insurance at general
wealth levels. Indeed, as noted in the discussion of Figure 3b, a kinked utility function U(-)
implies that the Engel curve for insurance can (in whole or part) take an unusual A-shaped form.

However, from Figures 5b and 6b it is clear that individuals with rank-dependent preferences
can exhibit first order risk aversion, and hence full purchase of actuarially unfair insurance, at
general wealth levels. This feature of rank-dependent preferences, noted by Karni (1992,1995)
and others, constitutes an argument for modeling risk preferences via the rank-dependent form.

The second phenomenon, zero purchase of actuarially more-than-fair insurance, does not
provide any discriminatory power between the expected utility, Fréchet differentiable, or rank-
dependent models. None of the models can generate risk averse preferences that would exhibit
this behavior, and all three can generate risk-loving preferences that exhibit it, via indifference
curves that lie subtangent to the fair odds lines along the 45° line in the Hirshleifer-Yaari dia-
gram, leading to zero purchase of actuarially subsidized insurance for low enough subsidies.

The third phenomenon (uninsured events) is probably more a feature of insurance supply
(nondiversifiable risks) than of risk preferences or insurance demand. Nevertheless, its existence
does bring out another implication of the rank-dependent model. Figure 7 can be used to illus-
trate the implications of uninsured states of nature on rank-dependent insurance demand. Say
state 3 is uninsured, has probability § and yields payoff X3. Then, by an argument similar to that
of Figure 3b, the Engel curves for insurance arising from the rank-dependent preferences in

83 See for example, Kunreuther, et. al (1978), Kunreuther (1996), and the additional references cited there.
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Figure 7 can take a similar A-shaped form. An important difference between the two cases is that
while the expected utility kinks in Figure 3b derive from an exogenously hypothesized kink in
U(+), the rank-dependent kinks in Figure 7 arise generically whenever there is any positive-prob-
ability uninsured event, even when v(-) and the nonlinear function G(-) are arbitrarily smooth. As
noted above, if there is more than one uninsured state — 1.e., if the uninsured event itself involves
any uncertainty — there will be multiple vertical and horizontal dashed lines in the figure, and
even though v(+) and G(-) may be smooth, rank-dependent Engle curves for insurance could actu-
ally “zigzag” (be ans-shaped). This potential implication of rank-dependent preferences might
provide an argument against their use in insurance analysis and similar settings of choice over
state-contingent payoff levels (xi,...,x,), such as state-contingent asset or commodity markets.

On the other hand, since almost all insurance decisions involve subjective rather than objec-
tive uncertainty, it is difficult to gauge how much the above-listed phenomena are actually
reflecting features of individuals’ risk preferences. An alternative and perhaps more parsimon-
ious way to reconcile the above three phenomena — both with each other and also with the hypo-
thesis of risk aversion — might be to attribute them to heterogeneity of individuals’ subjective
beliefs. Figures 8a and 8b illustrate the insurance decisions of two risk averters who have the
same risk preferences — i.e., the same V(x,pi;x2,p2) function — but have distinct subjective
probabilities (p1, p2) and (p1,p2), with pi/p, < pi/p,. Since state 2 is the loss state, we term the
left individual’s beliefs pessimistic and the right individual’s beliefs optimistic.

X2 X2
C
C
0 X1 0 X1
Figures 8a and 8b

Full Purchase of Actuarially Unfair Insurance Due to Pessimistic Beliefs;
Zero Purchase of Actuarially Better-Than-Fair Insurance Due to Optimistic Beliefs

These figures illustrate how disparate beliefs can lead some individuals to buy full insurance
at actuarially unfair rates, and others to buy no insurance at actuarially more-than-fair rates. The
“actuarially neutral” odds for the states 1 and 2 (however arrived at) are represented by the
common dashed line in each figure, and the distinct insurance rates face by the individuals are
represented by their different budget lines. Figure 8a shows how pessimistic beliefs can lead to
full purchase of insurance that is actuarially unfair. Figure 8b shows how optimistic beliefs can
lead a risk averter to purchase zero insurance, even when it is better than actuarially fair.
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Individual-specific features such as moral hazard, adverse selection, or simply personal ex-
perience are all potential reasons for diversity in individuals’ subjective probabilities. How much
diversity is required to credibly attribute full insurance to diversity of beliefs rather than payoff
kinks? Consider (say) art theft insurance priced on the basis of an actuarial loss probability of
.005 and a load factor of 20%. Every risk averter with smooth preferences but a personal
subjective loss probability of at least .006 will buy full insurance.

6.3 Induced Payoff and Probability Kinks

Most economically important situations of choice under uncertainty (e.g., agriculture, insurance,
real investment) involve delayed-resolution risk or uncertainty. In such cases, there are invari-
ably “auxiliary” decisions that must also be made prior to learning the outcome of the uncertain
choice — if nothing else, consumption/savings decisions — in which case we refer to the delayed-
resolution risk as femporal risk. Researchers such as Markowitz (1959, Ch.11), Mossin (1969),
Spence and Zeckhauser (1972), Kreps and Porteus (1979), Machina (1984) and Kelsey and
Milne (1999) have examined how agents’ induced preferences over such temporal lotteries — that
is, the preferences obtained by maximizing out the auxiliary decision(s) — can systematically
differ from their underlying risk preferences. In this section we illustrate the types of kinks that
can arise in such induced preferences.

Consider an agent with an (expected utility or non-expected utility) preference function
V(P,o) that is jointly smooth over lotteries P and an auxiliary choice variable o selected from a
set A. Maximizing out « yields the agent’s induced preference function over temporal lotteries

=
Q.
=

(106) wP) € V(P;aXP)  where o*P) £ argmax V(P:q)

aecAd
or equivalently, W(x1,p1;...;%npn) & VX1, P15 X0, Prs O (X1, P13 X0, Pr)) Where o (X1, pi5...;%n, Pn)
& argmaxgeq V(X1,P15.-5%0, Pusc). Depending upon the decision, the auxiliary variable o could
either be continuous or discrete. If it is continuous, and V(-;-) is such that the optimal choice
o*(P) varies smoothly in P, then the induced preference function W(P) = V(P;a*(P)) will also be

smooth in P, and subject to generalized expected utility analysis (Machina (1984)).

However, when the auxiliary variable a can only take discrete values, the induced preference
function W(:) is in general only regionwise smooth, which as seen in Section 6.1, implies it will
generally exhibit locally nonseparable payoff kinks on the boundaries of these regions. For
example, when 4 = {a’,a”}, the induced preference function W(+) consists of the upper envelope
of the two smooth functions {V{(-;a’), V(-;a")}, and as such, will have kinks along those ridges of
lotteries P where the two functions cross. Figure 9 illustrates a portion of the (x;,x;) indifference
curves of W(xi,pi;x2,p2) for fixed (pi, p2), with locally quasiconvex kinks along an upward
sloping ridge of kink points.** When such a ridge is not parallel to either the x; or x, axis, W()’s
payoff kinks at such ridge lotteries will be locally nonseparable.®’

 In many cases, such as when p; =p, =13, V(-;&')’s and V(-;a”)’s indifference curves could cross again on the
other side of the 45° line, leading to at least one more ridge of kinks. For clarity, we omit this from the figure.

5 For V(-;a) and V(-;a”) indifference curves that cross along an upward sloping ridge as in Figure 9, the local
piecewise linearization of W(x,,p1;X,, D) at a ridge lottery P = (X}, p1;X», p») will have the locally Leontief form
max{ k"x;tkyxo, k{"x 1+ ki*x2} = ki"x; + kixp + max {(k/~k{")-x;, (k= k))-x,}, where k' > k{" are the regular x;
payoff derivatives of V(-;a’) and V(-;a”) at P, and k, < k;" are their regular x, payoff derivatives there.
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X2 / ridge of kink points

V(P;a”)y =,

Py = v,

™

V(Pa') = v

VP;a') = v,

0 X1
Figure 9
(Solid) Indifference Curves of the Induced Preference Function W(P) = max{V(P;a’), V(P;a")}

Although the induced preference function W(-) and the rank-dependent form Vgp(-) both exhibit
locally nonseparable payoff kinks, their kink structure is otherwise quite different. For smooth
underlying V(P,o) and finite auxiliary choice set, say 4 = {a’,a"}, the induced preference form
(106) differs from the rank dependent form (70) in that it

e can exhibit kinks in whole probability payoff shifts®®

does not exhibit first order risk aversion (or risk loving) about certainty®’

can only exhibit locally quasiconvex payoff kinks®®

is only kinked over lower dimensional manifolds (ridges) of lotteries in £ %

also exhibits locally nonseparable probability kinks at such ridge lotteries’®

8 As illustrated in Figure 9, where W(-) is generally kinked in each payoff at any ridge lottery off the certainty line.

7 As follows from (35) and illustrated in Figure 9, all of V(-;a)’s and V(-;a")’s indifference curves cross the
certainty line at the common slope pi/p,, so W(-)’s indifference curves, which are the lower envelopes of
V(-;a')’s and V(- ;a”)’s indifference curves, cannot be kinked at certainty points.

5% This follows from standard results of convex analysis as applied to the local linearizations of V(-;a’) as V(-;a").

% Namely the manifold of lotteries solving V(P;a) = V(P;c”). Whenever V(Pg;a') # V(Pg;c”), we have either W(Pg)
= V(Py;a’) > V(Py;a”) or else W(Py) = V(Py, ") > V(Py; ). Whichever case holds will continue to hold for all for
all lotteries sufficiently close to Py in L (including ones that differ by partial-probability payoff shifts), which
implies smoothness of W(-) about Py

70 Probability kinks in induced preferences over lotteries have been illustrated in Markowitz (1959, Ch.11, Fig.2),
Kreps and Porteus (1979, Fig.3), and Machina (1984, Fig.1).

41



REFERENCES

Allais, M. (1953). “Fondements d’une Théorie Positive des Choix Comportant un Risque et
Critique des Postulats et Axiomes de 1’Ecole Américaine,” Econométrie, Colloques
Internationaux du Centre National de la Recherche Scientifique, Paris 40, 257-332.

Allais, M. (1979). “The Foundations of a Positive Theory of Choice Involving Risk and a
Criticism of the Postulates and Axioms of the American School,” in Allais and Hagen
(1979). English translation of Allais (1953).

Allais, M. (1988). “The General Theory of Random Choices in Relation to the Invariant Cardinal
Utility Function and the Specific Probability Function,” in Munier (1988).

Allais, M. and O. Hagen (eds.) (1979). Expected Utility Hypotheses and the Allais Paradox.
Dordrecht: D. Reidel Publishing Co.

Allen, B. (1987). “Smooth Preferences and the Local Expected Utility Hypothesis,” Journal of
Economic Theory 41, 340-355.

Arrow, K. (1953). “Le Role des Valeurs Boursiéres pour la Répartition la Meilleure des
Risques,” Econométrie, Colloques Internationaux du Centre National de la Recherche
Scientifique, Paris 40, 41-47.

Arrow, K. (1964). “The Role of Securities in the Optimal Allocation of Risk-Bearing,” Review of
Economic Studies 31, 91-96. English translation of Arrow (1953).

Bardsley, P. (1993). “Local Utility Functions,” Theory and Decision 34, 109-118.

Bell, D., H. Raiffa and A. Tversky (eds.) (1988). Decision Making: Descriptive, Normative and
Prescriptive Interactions. Cambridge: Cambridge University Press.

Billingsley, P. (1971). Weak Convergence of Measures: Applications in Probability.
Philadelphia: Society for Industrial and Applied Mathematics.

Billingsley, P. (1986). Probability and Measure, 2nd Ed. New York: John Wiley and Sons.

Birnbaum, M. and W. MclIntosh (1996). “Violations of Branch Independence in Choices
Between Gambles,” Organizational Behavior and Human Performance 67, 91-110.

Birnbaum, M. and A. Chavez (1997). “Tests of Decision Making: Violations of Branch
Independence and Distribution Independence,” Organizational Behavior and Human
Performance 71, 161-194.

Boyer, M. and G. Dionne (1983). “Variations in the Probability and Magnitude of Loss: Their
Impact on Risk,” Canadian Journal of Economics 16, 411-419.

Boyer, M. and G. Dionne (1989). “More on Insurance, Protection and Risk,” Canadian Journal
of Economics 22, 202-205.

Briys, E. and H. Schlesinger (1990). “Risk Aversion and Propensities for Self-Insurance and
Self-Protection,” Southern Economic Journal 57, 458-467.

Briys, E., H. Schlesinger and J.-M. Schulenberg (1991). “Reliability of Risk Management:
Market Insurance, Self-Insurance, and Self-Protection Reconsidered,” Geneva Chapters in
Risk and Insurance Theory 16, 45-58.

42



Camerer, C. (1989). “An Experimental Test of Several Generalized Utility Theories,” Journal of
Risk and Uncertainty 2, 61-104.

Chambers, R. G. and J. Quiggin, J. (1999). Choice, Production, Uncertainty, Agency: The State-
Contingent Approach. New York: Cambridge University Press, New York.

Chang, Y.M. and 1. Ehrlich (1985). “Insurance, Protection from Risk and Risk Bearing,”
Canadian Journal of Economics 18, 574-587.

Chew, S., L. Epstein and U. Segal (1991). “Mixture Symmetry and Quadratic Utility,”
Econometrica 59, 139-163.

Chew, S., L. Epstein and 1. Zilcha (1988). “A Correspondence Theorem Between Expected
Utility and Smooth Utility,” Journal of Economic Theory 46, 186-193.

Chew, S., E. Karni and Z. Safra (1987). “Risk Aversion in the Theory of Expected Utility with
Rank-Dependent Probabilities,” Journal of Economic Theory 42, 370-381.

Chew, S. and N. Nishimura (1992). “Differentiability, Comparative Statics, and Non-Expected
Utility Preferences,” Journal of Economic Theory 56, 294-312.

Choquet, G. (1953-54). “Theory of Capacities,” Annales de [’Institut Fourier, 5, 131-295.

Debreu, G. (1959). Theory of Value: An Axiomatic Analysis of General Equilibrium. New
Haven: Yale University Press.

Debreu, G. (1972). “Smooth Preferences,” Econometrica 40, 603-615. (“Corrigendum,” 44, 831-
832.)

Dekel, E. (1986). “An Axiomatic Characterization of Preferences Under Uncertainty: Weakening
the Independence Axiom,” Journal of Economic Theory 40, 304-318.

Denneberg, D. (1994). Non-Additive Measure and Integral. Dordrecht: Kluwer Academic
Publishers.

Dionne, G. (ed.) (1992). Contributions to Insurance Economics. Boston: Kluwer Academic
Publishers.

Dionne, G. (ed.) (2000). Handbook of Insurance. Boston: Kluwer Academic Publishers.

Dionne, G. and L. Eeckhoudt (1985). “Self Insurance, Self Protection and Increased Risk
Aversion,” Economics Letters 17, 39-42.

Domar, E. and R. Musgrave (1944). “Proportional Income Taxation and Risk-Taking,” Quarterly
Journal of Economics 58, 388-422.

Ehrlich, 1. and G. Becker (1972). “Market Insurance, Self-Insurance, and Self-Protection,”
Journal of Political Economy 80, 623-648.

Feller, W. (1971). An Introduction to Probability Theory and Its Applications, Volume II, 2nd
Ed. New York: John Wiley and Sons.

Friedman, M. and L. Savage (1948). “The Ultility Analysis of Choices Involving Risk,” Journal
of Political Economy 56, 279-304. Reprinted with revision in Stigler and Boulding (1952).

43



Gilboa, I. (1987). “Expected Utility with Purely Subjective Non-Additive Probabilities,” Journal
of Mathematical Economics 16, 65-88.

Gilboa, I. and D. Schmeidler. (1994). “Additive Representations of Non-Additive Measures and
the Choquet Integral,” Annals of Operations Research 52, 43-65.

Gollier, C. and M. Machina (1995). Non-Expected Utility and Risk Management. Dordrecht:
Kluwer Academic Publishers.

Hirshleifer, J. (1965). “Investment Decision Under Uncertainty: Choice-Theoretic Approaches,”
Quarterly Journal of Economics 79, 509-536. Reprinted in Hirshleifer (1989).

Hirshleifer, J. (1966). “Investment Decision Under Uncertainty: Applications of the State-
Preference Approach,” Quarterly Journal of Economics 80, 252-277. Reprinted in
Hirshleifer (1989).

Hirshleifer, J. (1989). Time, Uncertainty, and Information. Oxford: Basil Blackwell.

Hogarth, R. and M. Reder (eds.) (1987). Rational Choice: The Contrast Between Economics and
Psychology. Chicago: University of Chicago Press.

Huber, P. (1981). Robust Statistics. New York: Wiley.

Kahneman, D. and A. Tversky (1979). “Prospect Theory: An Analysis of Decision Under Risk,”
Econometrica 47, 263-291.

Kanbur, S. (1982). “Increases in Risk with Kinked Payoff Functions,” Journal of Economic
Theory 27, 219-228.

Karni, E. (1987). “Generalized Expected Utility Analysis of Risk Aversion with State-Dependent
Preferences,” International Economic Review 28, 229-240.

Karni, E. (1989). “Generalized Expected Utility Analysis of Multivariate Risk Aversion,”
International Economic Review 30, 297-305.

Karni, E. (1992). “Optimal Insurance: A Nonexpected Utility Analysis,” in Dionne (1992).

Karni, E. (1995). “Non-Expected Utility and the Robustness of the Classical Insurance
Paradigm: Discussion” Geneva Chapters on Risk and Insurance Theory 20, 51-56. Reprinted
in Gollier and Machina (1995).

Kelsey, D. and F. Milne (1999). “Induced Preferences, Non-Additive Probabilities and Multiple
Priors,” International Economic Review 40, 455-477.

Kolmogorov, A. and S. Fomin (1970). Introductory Real Analysis. New York: Dover
Publications. (English translation by Richard A. Silverman.)

Konrad, K. and S. Skaperdas (1993). “Self-Insurance and Self-Protection: A Nonexpected Utility
Analysis,” Geneva Chapters on Risk and Insurance Theory 18, 131-146.

Kreps, D. and E. Porteus (1979). “Temporal von Neumann-Morgenstern and Induced
Preferences,” Journal of Economic Theory 20, 81-109.

Kunreuther, H. (1996). “Mitigating Disaster Losses through Insurance,” Journal of Risk and
Uncertainty 12, 171-187.

44



Kunreuther, H., et al. (1978). Disaster Insurance Protection: Public Policy Lessons. New York:
John Wiley & Sons.

Loomes, G. and U. Segal. (1994). “Observing Different Orders of Risk Aversion,” Journal of
Risk and Uncertainty 9, 239-256.

MacCrimmon, K. and S. Larsson (1979). “Utility Theory: Axioms Versus ‘Paradoxes’,” in Allais
and Hagen (1979).

Machina, M. (1982). “‘Expected Utility’ Analysis Without the Independence Axiom,”
Econometrica 50, 277-323.

Machina, M. (1984). “Temporal Risk and the Nature of Induced Preferences,” Journal of
Economic Theory 33, 199-231.

Machina, M. (1989). “Comparative Statics and Non-Expected Utility Preferences,” Journal of
Economic Theory 47, 393-405.

Machina, M. (1995). “Non-Expected Utility and the Robustness of the Classical Insurance
Paradigm,” Geneva Chapters on Risk and Insurance Theory 20, 9-50. Reprinted in Gollier
and Machina (1995). Expanded version to appear in Dionne (2000).

Markowitz, H. (1952). “The Utility of Wealth,” Journal of Political Economy 60, 151-158.

Markowitz, H. (1959). Portfolio Selection: Efficient Diversification of Investments. New Haven:
Yale University Press.

Mossin, J. (1969). “A Note on Uncertainty and Preferences in a Temporal Context,” American
Economic Review 59, 172-174.

Munier, B. (ed.) (1988). Risk, Decision and Rationality. Dordrecht: D. Reidel Publishing Co.
Pratt, J. (1964). “Risk Aversion in the Small and in the Large,” Econometrica 32, 122-136.

Quiggin, J. (1982). “A Theory of Anticipated Utility,” Journal of Economic Behavior and
Organization 3, 323-343.

Quiggin, J. (1993). Generalized Expected Utility Analysis: The Rank-Dependent Model. Boston:
Kluwer Academic Publishers.

Roell, A. (1987). “Risk Aversion in Quiggin’s and Yaari’s Rank-Order Model of Choice Under
Uncertainty,” Economic Journal 97 (Supplement), 143-159.

Rudin, W. (1987). Real and Complex Analysis. New York: McGraw-Hill, Inc.

Safra, Z. and U. Segal (2000). “On the Economic Meaning of Machina’s Fréchet Differen-
tiability Assumption,” manuscript, Tel Aviv University.

Savage, L. (1954). The Foundations of Statistics. New York: John Wiley and Sons. Revised and
Enlarged Edition, New York: Dover Publications, 1972.

Schmeidler, D. (1989). “Subjective Probability and Expected Utility without Additivity,”
Econometrica 57, 571-587.

Segal, U. and A. Spivak (1990). “First Order versus Second Order Risk Aversion,” Journal of
Economic Theory 51, 111-125.

45



Segal, U. and A. Spivak (1997). “First Order Risk Aversion and Non-Differentiability,”
Economic Theory 9, 179-183.

Spence, M. and R. Zeckhauser (1972). “The Effect of the Timing of Consumption Decisions and
the Resolution of Lotteries on the Choice of Lotteries,” Econometrica 40, 401-403.

Starmer, C. (1992). “Testing New Theories of Choice Under Uncertainty Usring the Common
Consequence Effect,” Review of Economic Studies 59, 813-830.

Stigler, G. and K. Boulding (eds.) (1952). Readings in Price Theory. Chicago: Richard D. Irwin.

Sweeney, G. and T. Beard (1992). “The Comparative Statics of Self-Protection,” Journal of Risk
and Insurance 59, 301-309.

Tversky, A. and D. Kahneman (1986). “Rational Choice and the Framing of Decisions,” Journal
of Business 59, S251-S278. Reprinted in Hogarth and Reder (1987) and in Bell, Raiffa and
Tversky (1988).

Tversky, A. and P. Wakker. (1995). “Risk Attitudes and Decision Weights,” Econometrica 63,
1255-1280.

Wakker, P. (1996). “The Sure Thing Principle and the Comonotonic Sure-Thing Principle: An
Axiomatic Analysis,” Journal of Mathematical Economics 25, 213-227.

Wakker, P., I. Erev and E. Weber (1994), “Comonotonic Independence: The Critical Test
Between Classical and Rank-Dependent Utility Theories,” Journal of Risk and Uncertainty
9, 195-230.

Wakker, P., R. Thaler and A. Tversky (1997), “Probabilistic Insurance,” Journal of Risk and
Uncertainty 15, 7-28.

Wang, T. (1993). “L,-Fréchet Differentiable Preference and ‘Local Utility” Analysis,” Journal of
Economic Theory 61, 139-159.

Weymark, J. (1981). “Generalized Gini Inequality Indices,” Mathematical Social Sciences 1,
409-430.

Wu, G. and R. Gonzalez (1998). “Common Consequence Conditions in Decision Making Under
Risk,” Journal of Risk and Uncertainty 16, 115-139.

Yaari, M. (1965). “Convexity in the Theory of Choice Under Risk,” Quarterly Journal of
Economics 79, 278-290.

Yaari, M. (1969). “Some Remarks on Measures of Risk Aversion and On Their Uses,” Journal
of Economic Theory 1, 315-329.

Yaari, M. (1987). “The Dual Theory of Choice Under Risk,” Econometrica 55, 95-115.

46





