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Crosaing aymmetry aivea relatione between the derivatives of the S· anc1 
. . 1 z 

p .. wave amplitudes of the pion-pion ayetem at the eyrnr:netry point; ' these 

relationa are exact it we couide.r all bisher partial waves to be em.all. At 

tbia aymm.etry point, we have v • "o = ·1/l (" being the aquare of the c. m. 

momentum. of a pion), 3 the two S amplitwtea are aiven ia te:rma of tbe plon .. 

pion coupling coaatant k. anci the firat derivative• of the S ampUtuclee u-e 

given by the value of the P ampUtw:le. In a<lditiou.. there ia a single relation 

connecting the second. derivatives of the S waves to the ftrat P-wave derivative. 

We aeeume a resouance in the P wave. A two parameter form for thie 

reaonaoce bas been aiven by Frazer and. Fulco, the parametel'l bef.na "a• 

the poeltion, and r, the width of the 1'88on&llCe. • Such a two-parameter fol'm 

should be au.fficient, we believe, to aive a rouah first approximation to the 

P amplitude arui ite firet derivative at "o if "R ie amall aad the contribution 

from the left cut no larger than eetimated by Chew aacl Mandelatam. Z Recently 

.Ball aaa Woq have given a lou-parameter re•onance form which lnelucle1 

a long-range repulsion in the P wave. 5 The atreft~th of tbie repulaion ie. 

however. a.n order of magnitude bigger than the eatimatee 3iven by Chew ancl 

Mandeletam. Z We therefore. eonalcler at preeent only the two-parameter 

form and hence calculate at " 0 the P amplitude and lt• ftrat derivative in 

terms of "R and I". The above croeein& relatioDa then lar1ely cletermiu the 

S-wave amplitw:lee at low energiee in. terms of the three parameters. )., "R 

and I". We wish to emphasize, however, that the method cleacribe4. here 

* This work clone under the auspices of the U. S. Atomic Energy Commission. 
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ie general. whatever form the P wave may ultimately aaaume. It i.e also 

free from uncertainties tuch ae the arbitrary euto.U• that hacl to be 1ntrocbtce4 

in the previous P-d.ominant aolutiona. 2 

The crossing relatione at v0 are aa followa: 2. 

(1) 

1 
l' a• o = -a'z = 3al' 

and 

(3) 

where a0 an4 a 2 are the S amplltwiee at v 0 for the isotopic a pin 0 aad 

z. reepec:tively, and a 1 ie the P amplitude. The primea indicate 

clerivativee at "o· 
lf we indicate by A0

1(v) the S amplitudes at an eneriY , for a giver& 

1 isotopic epin 1 (=0 or Z), we c:aa write it ln the familiar fonn 

Nol(t~) 
A 0

1(v) = , (4) 
Dote,) 

where N0l(v) and n0l(v) are the numerator and the unom.lnator func:tiou. 

respectively. In the ueual effective-range approximation in wb.lch we replace 

the left-haftd cut by a pole. 2 we obtain 

(5) 

and 

where Wsl glvee the PQ&itlon of the pole, B1 ia proportional to the residue • 

. and K le a known function defined in reference 1. 
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A1 (v) 

.... the p The cor:reaponcliq one-pole approximation for 

amplitude (1 a 1) at an enersy v-- waa written 1n the two-parameter reeonance 

4 form by Jrrazer and Fulco: 

r 
• (7) 

where o.(y) ls a known function. Ciiven r aaci "R' we obviously can calculate 

the valuee of a 1 and ~~· needed in Eqs. (2.) an4 (J) above. We bavo five 

cond.ltion.e embodied in the croealng relation• (1) ••• (3) and at.x parameter• 

to determ!n.e in our s .. wave effective -raqe formulae: a 0, a 2• Wso• Wsz• a0, 

an4 .e2• To achieve a sixth condition. we assume that ~O u w82 (• ~ aay). 

Since on.ly second and highel' s-wave del'f.vattvea &J'e influeac:ed by tbte 

aaaurnptlon. it teema fairly eate. Thl"ee dU'ferent combination• of P·reaonanee 

parameter• were inve1tlgated. Ort;ina.lly Frazer and Fulco propoaed 

"a = 1. 5 aDCl r • 0.4 a8 likely value a, but !'eeeDtly Bowcock. Cottingham, 

and. Lurid, 6 and Fra'ltachi 1 have suaaeetecl that the poaidon of the P re1oaance 

ehould. be much higher to be conaiatent with plon•nu.c:leoo ecatteriq. Their 

euueated values for '"a• I') are (4.6, O.Z) 1Ul4 (4.6, 0.4), reapectlvely. 

Follewtna Chew aad Mandel1tam, 1 we allow only those ). value• that 

do not give riae to eero• in D0
1 (v) on the ttnearby" portion of the left cut, 

and that do not have pole a m the S wave in the repon ·1 ~ v ~ 0. The 

latter requirement eliminates larae negative valuea of ). aa c:ol'respoDdtna 

to exceaetvely 1troag attraction. while the fortneJ' ellmblatea almo•t all 

po1itive values of ). it the "nearby" portion of the left cut la taken aa 

1 
·10~ v .:5-1. The range of value• we aet ia -O.Z!~ ).~+ 0.04·-much 

narrower than that origiDAlly alven by Chew and Mand.elatam for S·dominant 

aolutiona. 1 
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The cut"'es for { v/ (v + 1)] l/Z eot 6
0 

I (&0
1 ta the S•wavc phaoe ohift 

for a glvon ieotopic opin 1) are given in :F'igo. 1 and ~ fol' tho three di.Uerant 

choices of (vR' r') and for various valueo of ~ within the allowed range. 

It lo evident that a lal'ae value of "R glveo omalle1' S phaee ohifto for a 

give~a value of "'- Mol'eover, the interaction in the I= 0 otate is attractive 

ancl much otl'onger than in the 1 = 2 otate. For pooitive values of ~ we 

obtaiD a resonance in the 1 = 0 atate ao we approach A. = +0.04. 

Knowing the ., decay into thl'ee piona. we can f":rtbol' reotriet the 

8 phaee ohlfto. 8 These evento obow that evea though the opectrum of u 

outaoing pion deviates !rom the purely etatlotical one, tb•re are n.o poako 

oboerved. 9 If the S n interaction were otroDg eno\llh to pro4uce near 

bound otatea or reeonanceo, we believe poako ahou14i be observed, ao in the 

t :reaction, p + p ... n + p + w • where cucb a peak it~ q,uf.te otriJd.ng ll!ld corroopondo 

to the near botmd state in the sinalet (D, p) eyotem. 10 Therefore very ltl.rse 

S ampU.tu4eo aeem to 1M ruled out, and ll rough eotlmate iwlicatoo that tho 

acattertng lengtba shoW.d not be much larger than unity. Thlo estimate hao 

11 the same order of magnitucie a.e that given by Tbomao and Holladay, Khuri 

12 13 and Treiman, and Sawyer and Wali. However, we do aot think thAt any 

quantitative conclu.eiono can be drawn from tt decay (as tbeoe authoro have 

attempted.) by considering the problem in termo of two .. 'bocly il'lteracdono only. 

We have here a caoe in which the range of illteraetlon, the scattering longtho, 

aD4 the waveleogtbo are all of the oame order of magDitucle, and to reoolvo 

ouch a three-body oyotem according to two·body conflguratione may be an 

overoimpliflcatf.on.. We are therefore not too concerned over our failure to 

achieve quantitative accord with the ca.lculationo made by the above autboro. 11 • 13. 

If. however, wo uoe ., decay to exclude large s .. scatterlns lensths. we oeo that 

the P resonance, 1f it exioto. probably doeo not occur at a v value ao low no 

1. s. 14 Recent euperimemo oupport ouch a conclusion. 
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It should be noted that if the w
0 particle witl~ quantum numbers J a 1, 

1 = 0 does exist, 15 then the raaction 1T + 'If - w
0 + 11 may compete with the 

All (v) 
elastic P-wave channel in the resonance region. The form of and, v 

therefore, of a 1 and a 1' will then have to be modified. 

The author wishes to thank Prof0saor Cieoffrey F. Chew for suggesting 

this problem and for hia advice. 
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Fisure Le1ende 

Fig. 1. Product of the cotaASent of ~~ and -fn .. [ v(v .f 1)] l/1. lor three 

different choices of (vR. r) ami lor l = 0 with (a) ~ = -O.ZO, (b)~= -0.10, 

(c) ). = -o.os. and (4) ~ r:: +0.01. 

n,. 1. Product of the cotangent ot ~~ and -2.).[ y(v + 1)] l/Z. lor three 

diflerent choicee of (vil. I') and for I= Z with (a) ). = •0.!0, (b) ). = -0.10, 

(c) ). = -o.os. and (cl) >-. • +O.Ol. 
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