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Crossing symmetry gives relations between the derivatives of the 8- and

1,2 these

P-wave amplitudes of the pion-pion system at the symmetry point;
relations are exact if we consider all higher partial waves to be small. At

this symmetry point, we have v = v, = ~2/3 (v being the square of the c. m.
momentum of a pion), 3 the two § amplitudes are given in terms of the pion-
pion coupling constant )\, and the first derivatives of the § amplitudes are
given by the value of the P amplitude. In addition, there is a single relation
connecting the second derivatives of the $§ waves to the firat P~-wave derivative.
We assume a resonance in the P wave. A two parameter form for thie
resonance has been given by Frarer and Fulco, the parameters being v,.

the poeition, and I', the width of the rescnance. 4 Such a two-parameter form
should be sufficient, we believe, to give a rough first approximation to the

P amplitude and its first derivative at Vg if YR is small and the contribution
from the left cut no larger than estimated by Chew and Mandelstam. 2 Recently
Ball and Wong have given a four-parameter resonance form which includes

a long-range repulsion in the P wave. 5 The astreagth of this repulsion is,
however, an order of magnitude bigger than the estimates given by Chew and
Mandeletam. 2 We therefore, consider at present only the two-parameter
form and hence calculate at Yo the P amplitude and ite first derivative in
terms of Yr and I'. The above crossing relations then largely determine the
S-wave amplitudes at low energies in terms of the three parameters, \ vp

and I', We wish to emphanize, however, that the method described here

%
This work done under the auopices of the U. 8. Atomic Energy Commission.
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is general, whatever form the P wave may ultimately assume. It is also
free from uncertainties such as the arbitrary cutoffis that had to be introduced

in the previous P-dominant solutions. 2

The crossing relations at vy are as follows: >

587 87N (1)

g a'g = -al, = 3, (2)

and

a"O -% a“z = “lz B.' l‘ (3)

where a, and a, are the S amplitudes at v, for the isotopic spin 0 and
2, respectively, and a, isthe P amplitude. The primes indicate
derivatives at vor

If we indicate by on(v) the 8 amplitudes at an energy v for a given
isotopic spin I (=0 or 2), we can write it in the familiar form‘
Nglw)
DOIM

Agw) = : (4)

where Nol(v) and Dox(v) are the numerator and the denominator functions,
respectively. In the ueual effective-range approximation in which we replace

the left-hand cut by a pole, © we obtain

Dy ¥ ¥

1
NotWl=ap+ttv-vg) o5~ — B

and
Dot} = 1-(v - vg) [K(-v, =vglay + lugy + vo) K lagp =¥) Byls  (6)

where wgy gives the position of the pole, BI is proportional to the residue,

and K is a known function defined in reference 1.
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A& v)

The corresponding one-pole approximation for -« the P

amplitude {I = 1) at an energy v-- was written in the two-parameter resonance

form by Frazer and Fulcoz“’

Al o r

: i 3 1/2 ’ M
. ,

ynov[ 1 -I‘c.(v)] -iI" &T!—-)

v

where a{v) is a known functsén. Given I' and Vpe we obviously can calculate |
the values of a;, and al' needed in Eqs. (2) and (3) above. We have five
conditions embodied in the crossing rehtionn {1). .. (3) and eix parameters

to determine in our S-wave effective-range formulas: 50. By tigyr Wgoe By
and B,. To achieve a sixth condition, wo assume that Wgq = Wgy (= p say).

Since only second and higher S.wave derivatives are influenced by this
assumption, it seems fairly safe. Three different combinations of P-resonance
parameters were investigated. Originally Frazer and Fulco proposed

YR * 1.5and I" = 0.4 as likely values, but recently Bowcock, Cottingham,

and Lurié, 6 and Fx-au.mm:hil7 have suggested that the position of the P resonance
should be much higher to be consiatent with plon~-nucleon scattering. Their
suggested values for ("R’ I') are (4.6, 0.2) and (4.6, 0.4), respectively.

! we aliow only those A values that

Following Chew and Mandelstam,
do not give rise to zeros in Dot {(v) on the "nearby" portion of the left cut,
and that do not have poles inthe § wave in the region -1<v < 0. The
latter requirement eliminates large negative values of A as corresponding
to excessively strong attraction, while the former eliminates aimost all
positive values of A\ if tim "nearby" portion of the left cut is taken as
-10& v & -1 1 The range of values we get is -0.25 <\ &+ 0,04--much
narrower than that originally given by Chew and Mandelstam for 8-dominant

sqlutionl. 1
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The curves for [v/{v + 1)} 1/2 cot 601 (60I ic the S-wave phage ohift
for a given isotopic spin 1) are given in Figs. 1 and 2 for tho three differont
choices of ("R' I') and for various values of N within the allowed range.
It io evident that a large value of v, giveo smaller 8 phase chifto for a
given value of A Moreover, the interaction in the 1= 0 otate is attractive
and much otronger than in the =2 otate. For ponitive values of \, we
obtain a resonance in the lzb state aps we approach \ = +0,04.

Knowing the 7 decay into thrse piond, we can further reotrict the
8 phase shifto. 8 These events show that even though the gpectrum of an
outgoing plon devistes from the purely statiotical one, there are no poako

oboerved. 9

Ifthe S wn interaction wers otrong enough to produce near

bound ntates or resonances, we believe peaks should be obgerved, ao in the
reaction, p¢+p=>n+p+ w*. where such a peak in quite otriking and corrospondn
to the near bound state in the singlet (n, p) ayotem. 10 rherefore very lorge

8 amplituden seem to be ruled out, and a rough ectimate indicatep that the
gcattering lengtho should not be much larger than unity. Tﬁin estimate has

the same order of magnitude as that given by Thomao and Holladay, 1 Khuari
and Treiman, 12 and Sawyer and Wali, 13 However, we do not think that any
quantitative conclusions can be drawn from ¢ decay (as theoe authors have
attempted) by considering the problem in terms of two-body interactions only,
We have here a cace in which the range of interaction, the scattering lengths,
and the wavelengths are all of the same order of magnitude, and to regolve
such a three-body system sccording to two-body configurations may be an
overoimplification. We are therefore not too concerned over our failure to
achiove guantitative accord with the calculations made by the above authoro. “"13.
1f, however, we uge r decay to exclude large S-scattering lengths, we seo that
the P resonance, if it exiots, probably does not occur at a v value ag low ap

1.5. Recont sxperimento support such a conclusion. 14
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It should be noted that if the ’ particle with quantum aumbers J = 1,

15 then the reaction # + w -~ wg + ® may compete with the

1 = 0 does exist,
Al )

elagtic P-wave channel in the resonance region. The form of
therefore, of a, and a l' will thea have to be modified.
The author wishea to thank Professor Geoffrey F. Chew for suggesting

this problem and for his advice.
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Figure Legendes

l/ 2 for three

Fig. 1. Product of the cotangent of &% and -BA[v(v+ 1)]
different choices of (VR. I'} and for 1=0 with (&) \ = <0.20, (b) \ = -0,10,
{c) A\ = -0,05, and (4} \ = +0.01.

Fig. 2. Product of the cotangent of 5% and -2\ v(v + 1)]

different choices of (vR. T') and for 1= 2 with (a) A= -0.20, (b) A = ~0.10,

1/2 for three

{c) A = «0.05, and (@) \ = +0,01.
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