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Comments on *“Comparison of Gaussian Conditional Mean and Kriging
Estimation in the Geostatistical Solution of the Inverse Problem”
by R. J. Hoeksema and P. K. Kitanidis

Huco A. Loaicica

Department of Geological Sciences, Wright State University, Dayton, Ohio

Hoeksema and Kitanidis [1985b] have presented a small-
perturbation approach to geostatistical estimation. It is shown
herein that the small-perturbation approach leads in many
realistic instances to an ill-posed cokriging system. The pur-
pose of this comment is to exmine the validity of the small-
perturbation approach for the estimation of regionalized vari-
ables and indicate its limitations.

Following Hoeksema and Kitanidis [1985b], the differential
equation relating the piezometric head ¢ to the log-
transmissivity Y is given by

oY ¢ 0? Y o 0?
o¥op Fo ovos 0

1
ox 0x 0x2 9y dy Oy* ()

Without loss of generality, source terms have been omitted in
(1). The small-perturbation approach replaces the piezometric
head and log transmissivity with the following expressions:

¢=H-+h 7))
Y=F+f 3)

in which H = E(¢); F = E(Y); and h and f are zero mean
perturbations. Substitution of (2) and (3) into (1) and a subse-
quent numerical discretization of the resulting differential
equation over the flow domain yields the approximate ex-
pression

h=2Zf ]

in which h and f are vectors of head and log-transmissivity
perturbations, respectively, associated with the numerical
scheme (e.g., finite differences or finite elements), and Z is a
matrix that depends on the numerical discretization scheme.
The use of geostatistical methods requires further transforma-
tion of (4) so that it can be expressed in terms of measurement
point perturbations. Hoeksema and Kitanidis [1984] have
shown that the vector of measurement point head pertur-
bations h, is given by

h, = Th = T(Zf) = Wf ©)

in which the matrix T is a function of the geometry of the
measurement point locations relative to the position of the
nodal or block-centered head perturbation values associated
with the numerical discretization method.

The following covariances are of foremost importance in the
geostatistical method:

Qsp = E(hphpT)
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Quy = E(h,f,7) @
ny = E(fppr) (8)

in which f, is the vector of measurement point log-
transmissivity perturbations. If Q,,, Q,y, and Q,, are known
one can estimate the value of a regionalized variable Y, (say,
log transmissivity) at a location x, by means of cokriging. The
resulting cokriging system is

n m
n Q¢¢ Q¢y 0

n C¢, Yp) ©
m| QT Oy 1||2] = ]cy, vy
1o 1 offv 1

in which C(¢, Y,) and C(Y, Y,) are the covariances of the
measurement vectors ¢ (for piezometric head) and Y (for log
transmissivity), respectively, with the regionalized log-
transmissivity Y, at location x,; A and p are vectors that
define the linear combination of measured variables expressing
the cokriged estimate ¥, of ¥, (e, T, =2TY+p-[¢
— E(d)]); v is a Lagrange multiplier; 1 is a vector of ones;
and m, n, and 1 in the left-hand side of (9) express the dimen-
sions of matrices and vectors.

It is known (see, for example, Journel and Huijbregts [1978,
pp. 326]) that a necessary condition for the existence of a
unique solution to the cokriging system of (9) is that the cok-

Qs Qor

riging covariance matrix
T
I:Qdﬂ Q YY:I

be positive definite. It is shown next that as a result of the
small-perturbation approach presented by Hoeksema and Kita-
nidis [1985b], the positive definiteness condition does not
hold. Substitution of (5) into (7) yields

Q¢y = E[( Wf)fp T]

In (10) the vector of measurement point log-transmissivity per-
turbations f, can be expressed as a linear combination of the
vector of head perturbations f association with the numerical
discretization scheme, just as it is done with the head pertur-
bations (see equation (5)). Thus

f,=Lf

(10)

(11

in which the matrix L depends on the geometry of the system.
Letting M = L™, it follows from (11) that

f=Mf, (12)
substitution of (12) into (10) yields
Quy = (WM)E(f £,7) = RO,y (13)
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Similarly, the use of (5) and (12) in (6) leads to
Q40 = Elh,™) = E[(RE)RE)"

= RQyyRT (14)
so that
|:Q¢¢ Q¢y:| _ I:RQYYRT RQYY]
T = r (15)
Q¢Y QYY QY}’R QYY

The determinant of a partitioned positive definite matrix A
can be expressed as follows [Anderson, 1958, p. 42]:

All AlZ

Iy
A, A, =|4;; — A4,,4,, 17121| |A22| (16)

A=

Suppose that the cokriging covariance matrix of (15) is posi-
tive definite. Then, by virtue of (16) its determinant is

|RQYYRT - (RQYY)QYY_ l(Q)(}'RT)| |ny|
= |RQYYRT - RQYYRTl |Qnr| =0

thus implying that the cokriging matrix is singular, which con-
tradicts the positive definiteness assumption. Thus by contra-
diction, it has been shown that the cokriging matrix is not
positive definite when it is derived from the small-perturbation
approach as presented by Hoeksema and Kitanidis [1985b].
This implies that the cokriging system of (9) does not have a
unique solution.

The previous developments indicate that in deriving the
cokriging matrix via small-perturbation analysis, it is essential
that the linear relationship linking head and transmissivity
embodied in (4) be replaced by

h=Zf+q (17)

in which n is an stochastic term that could account for
measurement errors, for example, and has a nonsingular co-

variance matrix. An expression similar to (17) was used by
Hoeksema and Kitanidis [1984], where n represented bound-
ary perturbations. In general, however, adding the error term
1 may not be justified by the physical features of the flow
system, say, because boundary conditions are well defined and
known with sufficient accuracy as Hoeksema and Kitanidis
[1984, p. 1005] have acknowledged.

In conclusion, unless there is a physical justification for the
use of an expression such as that given in (17), the small
perturbation approach is not suitable for the solution of the
inverse problem via geostatistical methods such as cokriging.
It has been shown that the cokriging matrix is not positive
definite, and, in fact, it is singular, leading to an ill-posed
cokriging system. Fortunately, there are simpler methods, such
as maximum likelihood, that have been successfully and con-
vincingly used to estimate regionalized variables [Hoeksema
and Kitanidis, 1985a].
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