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Threshold Pion Production in 

Heavy Ion' Collisions 

by 

G. F. Bertsch-t" 
Lawrence Berkeley Laboratory 

University of California 
Berkeley, California 94720 

* 

Abstract Pion production from heavy ion collisions is 

* 

calculated in the independent-particle model, using 
nucleon-nucleon cross section data as :tnput information. 
The assumption is made that only the first collision 
of a nucleon pair can create a pion, and also all 
collective effects are neglected. For the representative 
case of 160 bombardment of 238 U at 250 MeV/nucleon, 
one out, of seven inelastic collisions should produce 
a pion. One third of these pions should be able to 
escape to the outside. The pion spectrum peaks at 
20 MeV with an average energy of 50 MeV, viewed in 
the nucleon-nucleon center-of-mass frame. 

Work supported under the auspices of the U.s. ERDA. 

t Permanent ao.drcss: Physics Department, Michigan Sta te Uill.Vers:i.'t:y, 
East Lansing, MI ' 40824 
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Introuuction 

The energy range 100-300 MeV/nucleon 1n heavy ion 

collisions is interesting because while the energy J" C .. 
" • .> 

high enough to allow strong ihterpenetiation of the nuclei, 

with a density increase of a factor of two, it is still 

low enough that collective effects associated with the 

higher density might have a chance to manifest themselves. 

As it happens, this energy region encompasses the thresllold 

for significant pion production. Of the observable effects 

that can be easily measured, the pion production cross 

section at threshold is particularly sensitive to collective 

phenomena. The purpose of this paper, however '. is 1:0 

calculate the pion production with the most economical 

"Lheoretical assumptions and, in particulal:j with no 

collective effects at all. This model could provide a 

baseline for theoretical discussions of experiments: 

discrepancies by orders of magnitude one way or the other 

would provide an indication of various possible collective 

effects. 

Our picture of the threshold production is that the 

Fermi momentum of -th'e two nuclei combine to permit pion-

producing nucleon-nucleon collisions. However ,the inil:ial 

distribution of nucleons in momentu~ space rapidly dC0radcu 

to a thermal" distribution, which is much less L:tvorable 

for producing pions. The created pions have a relatively 

long mean free path (~5 fro), and thus provide a probe of 

the nuclear interior at the initial stages bf collision. 
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Following this picture, we need the following ingredients 

for the calculation: first, the initial distribution of 

nucleons in phase space; second, ·the total nucleon-nucleon 
I 

• 
cross sections in order to calculate the rate of depletion 

of nucleons from the initial distributioh; and finally, the 

pion production cross sections for nucleon-nucleon collisions. 

We shall neglect the possibility of pion production after 

the initial collision.of a nucleon. Consequently, ·tlle calculation 

will be unreliable at higher energies. 

To gain some perspective, vie can view this model as a 

simple approximation to the solution of the classical 

Boltzmann equation for the particles. Our ~odel contains 

all the assumptions of incoherence built into the Honte-

Carlo statistical cascade calculations of pion production 

. (1 2) 
by protons ' as well as the further assumption that 

only the first collision is important. We now examine 

the various in9redients of th(~model in detail. 

The Nucleon Distribution Function 

For individual nuclei, we assume the dist.ribution 

function of the Fermi gas model, specifically 

(1) 

. '1'h1s model di ffcrfJ in the surface rcqion from tll(~ more 

customary 'l'homas-Fermi approximation, which ut.i.lizcf:;. a local 

Fermi momentum depending on position. '1'he ansatz (!q. (l) i~; 
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easier to apply than the Thomas-Fermi approximation, because the 

spatial dependence is separabl_e from the momentum dependence. 

Before proceeding, it would be useful to have a gauge 

of reliability of the Fermi gas approximation. A good test 

is provided by the response function, which is simply the 

probability of exciting the nucleus as a function of energy 

and momentum transfer. Threshold pion production by two nuclei 

requires a large momentum transfer to each nucleus with only 

small excitation energy. In the Fermi gas model, this 

-1 
restricts momentum transfers to around 2kF~2.S fm . 

Experimental~y, the response to electrons has been measured 

near this momentum transfer (3). '1'he analysis in ref. (3) 

shows that a modified Fermi gas model works quite well 

for describing the total inelastic strength. The portion 

of the strength function at lowest energies could easily 

be in error by a factor of 2, however. This is also 

evident in the comparison of the RPA tt:eoiy with the Fermi 

gas model at momentum transfer of 0.8 fm- l (4). In the 

threshold production of antinucleons, the Fermi gas model 

proves to be inadequate(S), but this reaction requires 

-1 momentum transfers near 10 fm ,which is far from the 

allowed region in the Fermi gas model. 

When the two nuclei merge, the distribution function in 

momentum space will be described by two (possibly intersecting) 

spheres. This distribu-tion flinction can be compared with that 

.. 
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predicted,by Hartree-Fock theory of semi-infinite slabs. 

When the two slabs collide, a high density region will be 

formed, separated from the region of impinging nuclear 

matter by a transition region. Let us choose the direction 

of motion along the .. z axis. Then only the z-component 

of the nucleon momentum can change in the collision. If 

the width of the transition region is not too small, 

nucleons at the point (p ,p ,p ) in ~omentum space are z x y 

moved to the point (p',p ,p ) on the high density side of the 
. z x y 

collision, where p' is related to p by z z 

2 (p +mv) z 
2 -- (p I +mv) + IN 

z 

Here v is the velocity of the transition region, and AV is 

the change in the single-particle potential from the low 

density to high density region. The actual geometry of the 

(2) 

Fer'mi surface is thus two (possibly intersecting) spheroids. 

It is reasonable to replace th~se spheroids by spheres, 

leaving the geometry characterized by the separati.on of the 

centers of the two'spheres, P. To relate this geometry to 

the initial conditions characterized by a bombarding energy,' 

a theory of nuclear matter compressibility is needed. 'Irlwhat 

follows, we shall assign inciden·t energies assuming that AV=O, 

in which case the displa~ed Fermi spheres of the two col.liding 

nl2c.lei become superimposeu wit:hout distortion durincJ the 

collision. 'l'hi.!:; assumption rc!qu.i. ref; the nuclei to he <.~xtn.~nll)ly 

soft. The Brueckner calculatian~ of Nogele, reparte(l 1n 

ref. (6), have AV=~O for a 70?, increase in dellsity, from 
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-3 . 
0.16 to 0.27 fm , and 6V=80 MeV for a density doubling. The 

popular Hartree-Fock theories based on the Skyrme parameterization 

of the interaction are some1;:Jhat stiffer, with LW=120 MeV for 

density doubling. These numbers give an idea of possible 

shi fts in energy scales resul-ting from the actual lIartreo":' 

Fock dynamics. 

Nucleon-Nucleon Collisions 

The initial sharp distribution function of two spheres 

will be degraded by the nucleon collisions to an isotropic 

distribution characterized by a temperature. We focus our 

attention on the endcaps of the initial distribution, and 

will neglect the possibility of pion production by a nucleon 

which has already been knocked out of the cndcap. To compute 

the decay rate of the endcaps, we define an effective cross 

section for the scattering of a nucleon PI in an endcap with 

another nucleon, 

N - f d3p2 P2-P l 
a (p) = -- ---
eff I . 4 3; p 

- 1TPF 3 

o (E) +0 (E) 
pp np ( 3) 

2 tilf 

where E is the energy of the nucleon-nucleon collision 

corresponding to relative momentum P?;Pl, and 52 is the s6lid 

angle of final states permitted by the Pauli principle. 

l .. ;~ . 

. 1 J. 
WItl P -- ( tl ) 

• 

• 

• 
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We evaluate eq. (3) with the nuclear cross sections o[ ref. (2) 

The results are given in Table I for the case with Pl=(vE"Q,O). 

The decay rate of the endcap is given by 

1 = ap ~ 
T m (5) 

. P F -3 
US1ng - = 0.28 c and p=O .16 fm , we compute the decay tim(~ l 

m 

in 'J'able II. It is interesting to compare ,this decay ,time 

with the corresponding quantity for n single nucleon outside 

a Fermi sphere. If the cross section is assumed con~tant, 

this iate can be computed analytically(7,8). The results 

~ith the same cross sections as used previously, but using only 

a single sphere exclusion, ~re given in Table II. There is 

not much difference for Pf\,PF and larger, but for small p 

the difference in exclusion makes more than an order of 

magnitude difference in decay rate. 

The pion production threshold in the Fermi gas model i~ 

at P=l.l8 PF' corresponding to ari inciden't energy of 54 MeV/nucleon 

in the /J.V=O model. The combinat:ion of Fenni momen ta of tlw 

nucleons gives enough energy to create pions at evell lower 

energies; i,t is exclusion of final sta·te phase spucc~ t.hii t 

determines this threshold. 

To calculate the rate. of pion production from nuclc!on-

nucleon cross sections, we shall have to make some a~;~;umpti.on 

aLout the final f.;tatc phase space. As, was donc ill c<]. (-1) , 

we shall assume that the reaction cross section is' s·tr ic tly 

proportional to phase spacb, and weight ,the total productioll 
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rc-).te by the fraction of phase space available in the nuclC<lr 

mec:ium. Thus an effective pion production cross section. is 

defined, 

3 3 ( p+n phase space) 
(l 
eff 

d PI d P2 
u (E) 

PI-P2 in medium (!j) 3 3 p-~n free pi1:;'-se 
~Pp ~2lJ>F 

TI . 
P 

3 . 3 
space 

The effective cross sections are reported in Table IV. 

This model canriot:be correct at the lowest energies, 

because the lowest energy production is not to continuulll 

n+p states, but mostly to the deuteron final states. lIowever, 

the major contribution to the integral (5) comes from nucleon 

pairs with energies well above this low energy region. 

The input pion production cross sections were abstracted 

from the compilation of Barashenkov and Maltsev(9), and arc 

quoted in Table III. These cross sections are for collisions 

betweeri identical nucleons. The n+p cross section is 

assumed to be half the p-p cross section, which follows if 

production takes place only between pairs with isospin T~l. 

In the case of P=2.55, corresponding to 250 MeV/nuc].eon lab en~ 

we exalnine the production in more detail. The mas t important 

region of the initial nucleon distribution is in the vi.cinity 

of Pz~~o. 65pp ' Thus the picture ·tha·tthe endcaps dominate the 

~~oduction is quite justified. The sp2ctrum of energies of 

ti!'2 pions produced in the nucl(~ar medium is given in fi~J. 2. 

The distribution is given in l:he nucleon-·jmcleon center 

of mass frame, i.e. a frame moving with velocity of 0.34 c. 

The pions tend to be of very low energy in this frame, with 

• 

It 
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median energy near 50 MeV. There is enou~h energy available 

in nucleon pairs to produce pions wi~h kinetic energies up 

to 250 ~eV, but the phase space favors very low energy. 

The angular distribution would be strongly peaked along 

the beam axis following the nucleon··nucleon production 

cross section (10) . This of course neglects inelastic 

scattering of the pions on the way out of the nucleus. 

Production Rates 

We are now ready to compute the pion production rate. 

We idealize a collision to that of two semi-infinite slabs, 

impinging on each other with a relative velocity v, with the 

surfaces coming into contact at t=O and z=O. The nucleon 

distribution function of the endcaps in the overlap region 

decays at a rate 

vt N -(-±z)a P e 2 0 
+ for p >0 z 

- for p <0 z 

and the pion production rate, per· unit volume, is 

(6 ) 

vt vt 
P (~z) p (2 -z) (7) 

This may be integrated over space to obtain the· production 

rate per unit area, 

dN 2 2 -vta N 

dtdA = v ta 
1T

P 
0 

e Po (8) 

\ 
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Integrating this OVE'1:" time \ve have for thp. nnmber of 

pions produced, 

(9) 

where A is the collisional area. This simple formula can be 

understood as follows: the number of pions produced is the 

product of the probability of an individual nucleon producing 
1T 

a pion, a , multiplied by the number of nucleons which can 
N a 

make an initial collision, 

How far do the nuclei 

A 
N . 
a 
overlap when the pions are 

produced? The mean overlap can be computed as 

f 
dN 

vt : dt 2 
N a p 

o 

4 fm for P=2.S 

This overlap is quite sUbstantial: pion production should 

sample a dense nuclear interior. 

To make a concrete example, let us consider the 

collision of 160 on 238u . Considering each of these nuclei 

to be a sphere uniformly filled to a density 0.16, the 

radii are RO==2.9 and ~=7.l fm. The area of the collision 

we take to be the area of overlap of the two nuclei, 

viewed along the collision axis. The formula (9) will 

then be an overestimate, because the oxygen nucleus is 

"thinner on the edges than the 4 fm required to " reach mean 

penetration for pion production. Averaging the area over 

(10 ) 

• 

• 
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d 2r 0(R -Irl) 0(Ru-lr-b i} o . {ll} 

we determine an average area per inelastic collision to be 

2 13 fm. Substituting in eq. {9}, the average number of pions 

produced pe~ inelastic collision is given in Table V. For 

this computation we used the effective nucleon scattering 

cross sections for nucleons at momentum P/2 + 0.65 PF' 

quoted in the last column of Table I. 

Another model for pion production is the statistical 

model, in which thermal equilibrium is assumed over some 

region of space, and the equilibrium number of pions 

calculated. This model has been applied for high energy 

heavy ion collisions. assuming all the energy is equilibrated 

in a nuclear volume (II) . This model has also been applied 

for lower.energies, assuming one-dimensional shock. 

f t · d t h' h .. (12) w orma ~on, an consequen ~g compress~ons . e compare 

our results with the more conservative model, which assumes 

that all of the energy is available in the nucleon-nucleon 

center-of-mass system is deposited in a volume equal to the 

t Replacing the sharp-edged distribution by a realistic 

diffuse distribution would increase the inelastic cross 

section by 20%, according to unpublished calculations of 

Dover and Vary. 
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v01uMe of maximum 0ve£lap of the two ions. Averaging • 

over impact parameter, this volume can be taken as 

4nR 3 = 0 
<A> 

nR 2 
o 

, 
~he number of pions is then given by the product of the 

density in the Bose-Einstein distribution and the volume. 

The temperature is calculated using the Fermi-Dirac 

distribution for the nucleons and requiring energy 

(12) 

conservation. The results are given in the last two columns 

of Table V. We see that at low energies, thermal production 

is less favorable than first-collision production, justifying 

our approximation. 

Finally, we must determine the probability for the 

created pions to escape from the collision region. This 

requires knowledge of the mean free path, which unfortunately 

is not well determined experimentally for low energy pions. 

However, there are several independent threads of evidence, 

inclt'.ding a measurement of the absorption rate of 130 MeV 

pions(13) , an analysis of pion production from proton-nucleus 

collisions (2) , which point to a mean free path of about 

5 fm(14). The average depth at which a pion is produced in 

our example of 160 on 238u is about one mean free path. 

Thus, we expect one out of three of the pions produced to 

emerge from the collision. The number in Table V should then 

be divided by three to obtain production rates of laboratory 

pions. 

• 

• 
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Although the experimental evidence on pion production 

by heavy ions is meager, a few words on experimental 

results are in order. The kind of model we consider is 

quite'successful for describing pion' production from proton 

induced collisions at highe; energies (2) • There is low 

energy data for, production from proton collisions (15), with 

cross sections in the microbarn range. The present model 

can be applied to proton collisions by replacing the double 

sphere geometry by a particle outside a single Fermi sphere. 

The momentum of the particle is set by energy conservation 

with l\V=-45. This model gives the correct order of 

magnitude for the total cross section observed in ref.lS. 

Another experiment result is with collisio~s of 70 MeV/nucleon 

3 . He 1.ons. The cross section for pion production is less than 

a nanobarn(16). 'The present model gives zero if the internal 

3 . f h 3 . momentum of the He is neglected, and 'VI nanobarn 1.. ,t e He 1.S 

treated as a Fermi sea with the usual Fermi momentum. Finally, 

there is a photographic emulsion experiment with 280 HEN/nucleon 

20Ne projectiles (17) . Roughly one candidate pion. track is 

observed per inelastic collision. This is a very lar9c 

production rate, and if confirmed would indicate that. 

coherent mechanisms come into play • 

It is easy to imagine improvements'of the model to 

include collective effects. The free particle kine~atics 

for the cOllisions can be replaced by kinematics in the 

medium, with a different relation betw~en momentum and 
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energy of the particles. In an extreme case, this would 

allow pion production by single nucleons rathcr than puir 

collisions. 'l'h " .' '--' b 1 " 1 b C" ( 18 ) 1S meC!I;":l':.j,,1 nl1!:; een (lSCUSSCC Y .:.>awycr . 
1) 

It has also been suggested that collective instabilitics 

of the distorted Fermi surface would lead to 'faster 

"lOb " (19) equl 1 rat10n . This would imply a lower pion production 

rate in our model. 
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Figure Captions 

Fig. 1 Geometry of the double I<'ermi sphere for P=1. 64PI") 

corresponding to a collision with E/ab==lOO MeV/nucleon. 

Fig. 2 The energy spectrum of pions produced by nucleon-

nhcleon collisions in the double Fermi sphere with P=2.55p
p

. 

The reference frame is moving with velocity =O.34c . 
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'ruble I 

Effective collision cross section for a nucleon in a distorted 

Permi sea to scatter from other nucleons in the Permi sea, 

fro~ eq. (3), The Permi sea is bounded by two spheres of 

-1 
radius pp=1.34 fm ,separated by momentumP. In the second 

colu::m is given the density of nuclear matter with this 

2 3 
geometry of the Fermi sea, in terms of po =31f""T pp. 'rhe third 

column gives the effective cross sections for nucleons at 

p 
the top of the Permi sea, P=PF+i. The fourth column gives 

effective cross section for nucleons somewhat deeper, 

-0 6 c' P p-- . ,)Pp+i· 

N P N _ P 
P P a eff (PF+i) 0eff (0.65PF+I) 

0.05pp 1.04p 0.4mb 
0 

0.1 1.07 1.0 

0'.2 1.15 2.1 

0 . .3 1.22 3.3 

O.S 1.49 6.S 

1.0 1.69 15 

1. 64 15 

2.0 2 33 21 

2.23 23 

2.:::5 2G 

? -/7 L7 

3.0 2 40 

4.0 2 49 

• 
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Table II 

Decay times for endcaps of double sphere distribution 

function, from eq. (5). In the last column is given the 

decay time for a single nucleon outside <l Fermi sphere, 

having momentum pF+P. 

0.1 2 XI0 3 63 

0.2 500 20 

0.3 220 11 

0.5 70 6.8 

1.0 15 4.8 

2.0 3.3 3.1 

3.0 1.8 1.7 

4.0 1.1 1.1 
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'l'able III 

Pion production cross sections from p-p scattering, from 

Barashenkov and Maltsev (ref.9). 

+ energy in final state, TI +n+p. 

E
k

, 
1n 

23 MeV 

41 

67 

88 

99 

121 

143 

161 

224 

E
k

, 
"In. 

0 

0.55 

1.85 

2.43 

3.8 

5.9 

8.8 

12.4 

16 

25 

labels the kinetic 

mb 

.. 
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Table IV 

Effective TI production cross sections from nucleon distribution 

of two spheres separated by a momentum P(kF,. The values 

for the lab ener9Y of the projecLlle assume that /l.V:=O in the 

Hartree-Fock theory. 

P(k
F

) E1ab (t-1.eV) °eff(mb) 

1. 34 k 
F 

70 MeV 2XIO- 6 

1.64 100 0.002 

1.98 150 0.04 

2.28 200 0.19 

2.55 250 0.57 

2.77 300 1.2 

3.94 700 9.5 
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'rable V 

Probability of pion production for inelastic colljsions 

~ 16
0 

238u or on . For pions observable in the laboratory, 

th2se numbers should be multiplied by the probability bf 

escape, 'VI/3. 

Thermal Model 

P Elab N (eq. 9) 
1T 

N 
________ --C:.;;..= __ -,-_--'-_..:.;......_-'-__ -r-___________ . __ ~_1T __ ._ 

T 

1. 64 PF 100 MeV 1/1000 25 MeV 1/3000 

1.98 150 1/80 

2.2B 200 1/20 39 MeV 1/50 

2.55 250 1/9 

2.77 300 1/5 1/8 

2000 146 8 (ref .11) 



o 0 

-21-

Heferences 

1. N. Metropolis et al., Phys. Rev. 110 (1958) 204 

2. D. Sparrow, et a1., Phys. Rev. ClQ.(1974)221'J 

;j 3 . E. Moniz, et al., Phys. Rev. Letter::; ~~(1971}445 

4 . G.F. Bertsch and S.F. Tsai, Physics Reports C!..~(1975) l~li 

5. P. Piroue and A. Smith, Phys. Rev. 148 (l966}1315 

6. J'.\'J. Negele and D. Vautherin, Phys. Rev. ~'-?J1972}147) 

7 . K. Kikuchi and M. Kawai, Nuclear Ma tter and Nucl.(~ilr 

Reactions, (Amsterdam, Nor th IIolland, 1968) 

8. V.M. Galitskii, Sov. Phys. JETP I(1958}104 

9. V. Barashenkov and V. Malt.sev, Fortschvitte der Phy!d.1~ 

~(1961)553 

10. Richard-Serre, et a1., Nucl. Phys. B20_(1970}413 

11. G. Chapline, et a1., Phys. Rev. D~(l973}4302 

12. Y. Kitazoe, .K. Matsu6ka, and M. S~no, Prog. Theor. Phys. 

56(1976}No 3. 

13. E. Belotti, et a1., Nuovo Cern. 18_~(1973}75 

14. J. Hufner, Physics Reporb; ~;}_~ (1975) 1 
\ 

15. S. Dahlgren, B. Hoisted and P. Grafstrom, Physics J.etLers 

}5B(l971} 219. 

16. N. Wall, et al., to be publishc~ in Nucl. Phys. 

17. P. McNulty ancl l{. F ilz, Conference on Nuclear 1'110 LOSJI··dphy 

ancl Solid St.at.e Track Detcctors,Vol.II, ed. M. N:i.colac, 

(Instil:ute of Atomic Phy~:;j.cs, Bucharest, 19'/2) p.170 

18. R. Sawyer, preprint 

19. M. Gyulassi, private cowRunj.cation. 



-22-

Fig. 1 



o a 

-23-
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