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ON THE VELOCITY. DEPENDENCE OF THE EROSION OF DUCTILE
METALS BY SOLID PARTICLES AT LOW ANGLES OF INCIDENCE

" "I. Finnie and D. H. McFadden
Un1vers1ty of California, Berkeley, Ca. 94720 (USA)

Summary

An earlier analytfcal study of the erosidn of ductile metals by rigid
abrasive grains was based on the vo]umevremoved when a grain cut into tne sur-
face. Ahong'other things,'this predicted a dependence of volume remova].on-
particTé”OeTbcify”of the form, volume - (velocity)” , where n=2. Hdwever;
subsequent experimental work has shown that ‘n > 2. Severa] a]ternat1ve mecha~»
nisms of material removal have been proposed- to exp1a1n this effect

In this paper, the original ana]ys1s is reexamined. By mak1ng a more

rea]iStic‘assumption about the location of the forces during part1c1e-surface

" interaction, values of ‘the exponent n are predicted which are in the range

observed experimenta]]y.

Introduction

Some years ago, one of the present writers attempted to predict the volume

removed in erosion by writing the equations of motion for a rigid grain cutting

'1nto a ductile surface]. " The result which was discussed more completely in

later work? is essentially |

2
MU-
V.. —fF
| 5 (a)
where = V = volume removed from the surface

"M = mass of erddinélpartic1es
U= part1c1e ve]oc1ty
p = hor1zonta1 component of flow pressure between part1c]e and

surface



f(a) = a function of & the angle of impact,'measured from the-
suriface to the particle velocity vectdr.

Many features of this simple énainis agree wé]] with experiment. Thé volume
removed.is genefa]ly'proportionaTltb the mass of erodfhg paftic]és, except for
an incubation period for values Qf a approaching 90°. The particle size does
not have an.influence for rigid particles provided it is greater than aboutb
100 um. The flow pressure p for annealed face-centered cubic metals, during |
erosion at-a = 20°, has beeh shown to be'proportionai to their Vicker'svHard-
nes§3.: Perhapé fhé most impressive feature of the analysis is that;thé varia-
tion of volume removal with angle is predictedrquite closely for angles bétween
0 and abdht 45°.J For 1argér angles of impingement, the méchahism of érosion
ceases.to be one of cutting and could be described, loosely, as one of;"repeated
; indenting". .Also, a modificatfoh of the cutting analysis to treat surfaces with
curvature allows: the formation of a r%pp]eApattern at Tow values of o to be
exp]ainéd4; o

In view of the sutcess of th? analysis in treatihg these features of
erosion at Tow angles of impingement it is curious that 1f genera]]y under-
estimates the role of the particle veiocity.. The predicted reTation v ; y"
with n = 2 is seen to be only a first approximation with'actual values of n

5 reported values of n = 2.36

bejng noticeably larger. For example, Sheldon
for electrolytic copper and 6061-b.a1um1num eroded by 601and 180 mesh SfC
particles at o = 20°. For a SAEiTZ]S steel also at o = 20° the values were -
n % 2.48 for 60 mesh and 2.69 for 180 mesh particles.. In other work3, also |
using 60 mpsh'SiC particles at a = 20°, tesfs on a Variety of metals shewed
values of the exponenf n ranging from 2.05 to 2.44. .From tests.at a = 90°

Tilly and.colTeagues6 found values of n. close to 2.3 for a variety of

materials. They'a]so stated that tests on an 11 per cent chromium steel at

1y



a = 20°. confirmed.this velocity dependence.
Attempts to explain the observed values of n = 2 ‘have been‘limited,
Sheldon and Kanhere7-have presented a model based on indentation which predicts
3 _ _ _

Vo~ 9_§7§, while Tilly and co]]eagues6 suggest that shattering of the particles

HV .

and an increase in secondary erosion occur at higher velocities. While such
-mechanisms may be involved in special cases, they ]ack generality and do not
- appear approprﬁate for erdéioh of ductile meta]s‘at.low_angjes by rigjd grains.
Another 565§ibi1ity is thét the thermal properties‘df the surface may be
involved in tﬁé méﬁhanism of erosion. Thf; was disposed of by testing 1100-0
aluminum and titanium. Despite the-difference in thermal diffusivitieé,by a
factor of about.twenty:five, the veiocity exponents deddced from FEStS at
a 2 10° and velocities of 39 and 97 m/se;_were very Simi]ar being 2.42,for
Aluminum énd=2.47 for:Titaniﬁm. These fests were made in a “sand-b1ast" type
apparatus original]y de9e1oped by She]donsvénd particle velocities weré
measured using the rotating disc deVice of Ruff and Ivesg. Another series of
tests on the aTQm{hum.shOWedkan exponent of 2.46 atV10°,J2.64 at 20°, 2.65 at
50° and 3.12 at 80°. |
| With fhe preceding background we are led to reexamine the assumptions of
the original cutting analysis.. It will be shown that with a slight modifica-
tion, velocity exponents are preditted wthh fall in théu}ange observed
experimenté]]y and increase with'increasﬁng‘angle for é:given range of Ve1o¥

cities.

Original Analysis of Cutting
In the initial ana]ysis],'which we shall summarize for completeness, the
configuration assumed was as shown in Fig. 1.

The assumptions made were:



1. Y_Mater1a1 is removed by rigid part1c]es which do not fracture
2. There is no . initial rotat1on of the part1c1es, which in.a
sense is an average_cond1t1on. Since rotation of the particle -
. may be Shown to be small during cutting, this implies for poly-
hedral particles such as shown in Fig 1 that Xp=X+r¢,

Ye =Y.

I

3. The ratio of the vert1ca1 force to the horizontal force on the
part1c]e during cutting is taken as a constant K . Based on
'gr1nd1ng and scratch1ng tests a reasonab]e value for abrasive
grains-is K = 2,

4, T'A constant p]ast1c f]ow pressure exists dur1ng cutt1ng and its
hor1zonta1 component 1s denoted by p.

S.m Based on meta] cutt1ngzobservat1ons, the-depth'over which metal
contacts-the particle {Svtaken‘as tnice'the;depth Oficut, i.e.

- /Y: = 2 where L is shown in Fig. 1. |
6. ~ The voiume removed is the product of the area snept out.by the

particle tip and the width. b. of the cutting face, i.e.
- t o
. C .
“Volume. = b f Y. dX_ =D ( Y. X; dt

;T T J T'T

where t_ is the time at which cutting ceases and the dot
denotes differentiationvwith*respect to time' t.

7. A final assumption, 1mp]1ed but not stated in prev1ous work,
is that because the depth of cut is small compared to the
-part1c]e s1ze, the vert1ca] and horizontal forces on the
part1c1e are taken to be 1ocated at its tip.

With these assumptions the equat1ons of motion in the X, Y and o

directions may be wr1tten and the volume removal determ1ned. This leads to:

-
AN
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V = volume removed from surface,

o ocm? [ 2 <
V"’_‘_"' > COS‘Gv-

w (i)’

. C]_?f.

M= ﬁass of_eroding partib]es,
m = mass of an individual particle,
I = moment 6f inertia of pafticie about fts center of gravi£y,
r = average particie fadius,
;d = angle of impact, |

ooy = partic1é<velocfty,v

| p =vhorizoﬁta1 component of flow pressure,
'!é,=}fracfion of parffc]es cutting in idealized mannef, .

X+ = horizontal velocity of tip of particle when cutting ceases.

An interesting feature which gives rise to the charéctéristic_variation of V
with a for ductile meta1S'is that'two possfbi]ities exist for i% . The
vfirét is that cutting ceases when the partié]e'tip can no longer move forward
i.e. viT = 0 ;. Oﬁ the cfher hand, for low Va]ues.of a the paftic]é'may leave
the sﬁrfate'while‘it's tip is still moving horizdh£a11y. In this case it may

be shown that

22U

Xp = U cos.a - 5 sina

where P=K=+ 1+ er/If

'Thus we obtain

N[p



9 v §
ve —SM 2 g2 8 e ey =0, a<tanT 2
2\P P T t 2
mr : _
: 4p (1 + —— '
_ I : .
The maximum volume removal occurs at tan 2 a = P while the two expressions are - t,

equal at the s]ightTy higher éng]e given by tan a = P/2. Typically, I = mr2/3
dnd for K= 2, P = 0.5 and so the maximum erosion shou]d_occuf at about a = 13°
and the transition in cutting modés at d = 14°,

It is in fact not necessary to invoke d‘two-d{mensidna1 particle and.the

same equations can be deduced fof a particle of arbitrary shapelo.ﬂ The problem

then ié what to chose for the value of v . In Reference 10, a factor of 2
rathervthan'4 appears in the denominator of the preceedfng equations because
the factor ¢ was igndred and in essence taken as unity.' However, for our

subsequeht deVe]opment of a more realistic analysis, a two-dimensional model

will be used for simplicity.

. Modified Analysis of Cutting:

.In the original ana]jSis, the forces:were taken to act on the tip of the
partid1e. Although this allows a.simp]e solution to be obtained it is.moke
‘reafisfic, as shown'in Fig. 2, td locate the resultant force in the center of
the material having contact with the particle. The symmetrical picture of two-
dimensional cutting shown in the figure could be considered as an average con-

dition for grains which are "tilted" in either direction as they strike the

o

surface. In keeping with the assumption that the vertical force is twice the

horizontaf; i.e. K =2, the projected contact area in the horizontal plane
is taken as twice that in the vertical plane.
:The equations of motion for the X ‘and Y direcfions are unchanged by

this modification and are:



b
\“

mk‘f pY ¥ b =
my + Kp Yy b =

The equation for angular rotation now becomes;

I6 + pybY(r-Y) - (KppYb) 2Y = 0

where bwa = horizonta] force, and prYb = vertical force.

(1)
(2)

(3)

The assumptions

used in the above equat1ons are 1dent1ca1 to those used in the or1g1na] ana]y—

sis, with YT Y and Xy = X + r¢.

T

Using the initial conditions that Y(0) = 0 and Y(0) =

tion of Eq. 2 is

el

.'Y(t)‘ E—s1na s1n8t

-<M>]/2
B = (B

where

Usina the solu-

| Substituting Y(t) into Eq. (1), and using the boundary conditions X(0) =

Ucosa and X(0) = 0, X{(t) may be expressed as:

: _ Usina . _ Usina
X(t) = T singt + {UCOSa ——ET—'}t

The rotation of the particle is found to be

| 2. 2 N
o(t) = {M} {dU sino } <l_ t2 + -—]——COSZ'Bt>
EEATILU e S\ e

+

3 sinft - > 7

rUs1na rUs1nat d2U251n2a‘]
B~ B - 8B '

where d = 2K+ 1 . It is assumed that for,mahy particles the averége initial



values of ¢ and ¢ are zero. Takihg I = %—mr2 and K = 2 as typical
values for angular particles, then
" 15 UPsina 2 | 3 Using |, o
o(t) = 6 82 5 2(Bt)" + cos2pt - 1|+ > e (singt - Bt) (6)
: . r : .

As before, the volume assumed to be removed by a single .particle is
ot ‘

c . S ‘ ,
b( Y.X.dt . Combining Eqs. 4, 5 and 6 the volume removal becomes”

Jo TT
_ . | | |
Vol Usino ¢ . e _ oy :
b~ "B J (singt) |(Ucosa - 2Usina) + (2Usino cosBt) -
0 .
! BBy éin & s1n28t + -lQ,HE s1n2a t}] dt
8 rg 4 r

Evaluating the integral from 0 to;tc, the pfedicted'voTUme removal is

it 12es2 | ._ -
Yol _ Usino [cothc(Z - cotana) + cotana - 3.1 cosZBtC] +

b 82- 2 2
. 2. 2 | N
Usino. | 15 U sin a T . 1 . 15 U'sino .
=8 [WT‘?“"B% g sindst) + - )

| 1 _
(BZ singt, - E-tccothc)]
This expression consists of the original solution, the first term, and a second
term due to the change in location of the résultant force.

To determine the volume removal for the case when the tip of the particle
is still moving horizontally as it 1eaves the surface, thé condition on t.

is that Y(tc) =0 or Btc = ﬁ. Using this value, Eq. 7 becomes:

' 2 3.:.3
Yol - pB—Z (sin2a - dsin‘a) + 12 ¢ L5102 5;2 @ | (8)

-«
S

e
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The other possibility for the'end of cutting is .XT(BtC) = 0. This condi-

tion can be expressed as

: 2,52
Ucosa - 2Usina + 2Usina cosft - 15 g-§1ﬂ—9—'s1n(26t )
~ ¢cTB B
2_. 2 | )
15 U'sina -
4(?‘@57——'(§t¢) =0

The value of 'Btc“must-be determined numerically foh a given o and then used
with Eq. 7 to predict volume removal.
- We consider first the implications of Eq; 8. The‘ratid of the volumes

removed for two velocities U]'ahd U2 is giyén by .

: U,sin“a :
U, 2.<s1'h2a - dsin‘a + 20 2 > -
Vol,, + Vol, ={-& ] M R Br_ /. - (10)
U TRRAURE —3 R
2 1 WU ( , 15 Upsin oe>
sinZo - 4§1n q + 7T T
2

For very sma]]'Values of a; Eq. 10, reduces to V .~ U~ , the value given‘by :

the,origina1'ana1ysis. Prédictibns for larger angles can be simplified by
. Y '= Usina

. . _ max B
this depth to the particle radius as A , the last terms in Eq. 10 become

lf 7 ) sinco. A]though A s a function of velocity and angle it is a con-

noting that the maximum'depih of cut is Denoting the ratio of

vehient variable in that it is easily obtainéd_from experiments.
If the ratio of the volume removal for two velocities is approximated by

the power law Vol . U", then

U n-2 sin2og - 4sin2a + 7?— ‘Ug A]s1n o .
Y sin_za - sin’a + ]—45 ™A sinfa

The value of A] for.a_given velocity U] depends on the angle a. Typicé]]y

for -angles close to that for maximum erosion, for the velocities used in the
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tests we have been discussing, A] = 0.1 (i.e. a maximum dépth'of cut one-

tenth of the particle radius). Taking this va1ué as a guide the following

table shows n values estimated for three values of A]; three ve10city

ratios -and three angles.

o

g

Ve]ocity'Exponeht'h’ 

M U, L oa=T11° ' a =15 ' g =18°
2 2.250 2,377 2.492
125 1.75 2.237 2.261 - 2.457
‘ ' 1.5 2.224 , 2.383 , 2.436
2 2212 2.3 . 2.420
100 1.75 2.198 2.3 2.402
1.5 2.186 2.294 2.368
- 2 2.168 2.267 - 2.358
075 1.75  2.158 2.253 2.358

1.50  2.148 2.239 2.333

 Fortunately, the value preditted fOr the'effective exponent n for a given

angle and A, is quite. “insensitive to the ratio U2/U]. This shows that

1
a plot of vloume removal against velocity on a log-log scale should be essen-

tially a straight line. The result is also relatively insensitive_to'fhe

assumed value of A]. Turning to the other case, in which the partic]e tip

stops moving in the horizontal direction at the end of cutting (i.e. X+_= 0),
Eq. 9 may be solved numerically for the'va]de of ‘Btcv corrésponding to a

given a and A. Rewritten in terms of A and t= 8t , Eq. 9 becomes
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2cost - 2 + cotand + lf (US;:“)T - %;—US;:“ sin2t = 0

, o : (12)
o 2cost - 2 +,cotanai+ %?—X T - %?-AsinZT =0
“For A.= 0 'Eq 12 has no so]ut1on for a< tan - (]/4), and in this range of
angles the particle 1eaves the surface wh11e still cutting. .As A increases,
~the angle.at which the transition between the two types of eutting occUrs'also
vinCheases: For.exampte, for A = 0.1 this occurs at about'zob'companed to
~about 14° for A = 0.._EVaTUating Eq. 9 or Eq. 12 for;exahp]e for o = 30°,

= O.];and 0.15,.and_sub5tituting into Eq. 7 leads to the_prediction that the
exponent n . for Ay = 0.1and Up/ly = 1.5 sh‘du]d be n = 2.61.

ThlS va]ue and those in the table agree well with the range of values re-
ported in the llterature. Ouh values for alum1num.ment1oned_ear11er n=2.46
at = 10° éhd 2. 64,at 20° are somewhat higheh'théntthose in-thebtabTe " How-
ever, they confirm one aspect of the pred1ct1ons, name]y, that the exponent n
should 1ncrease w1th angle at least in the region where th1s cutt1ng mode of
‘temoval is occuring. |
| As a final point; the angle}at whfch maximum erosion oecyre;can'be

estimated by differentiating Eq. 8 and equating the derivative to zero. . That

is .
2 | sin2 -.4$in2 + 1 Lﬁjlﬁii = C S (13)
3a a na <4 rg ) ‘ "

For the origina].anaJysis‘where the last term is absent the result is merely

tan Zamax =/%- or o = 13° for‘the‘assumed_va1ues of K=2and I = mr2/3.

In the more}general ease we find
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= — AT (14)
max ) _.3§.n Uein & ax
16 rg
and are faced with the-prob]ém of eva]uating U/rg to solve for Qax As an
approx1mation, if we first put A = Ui&;a in Eq. 13 before differentiating
- 1 | - o
then tan zamax = 2 - §Q, A and for A = .1 . ma = 17. 7 This represents
the angle for maximum e§031on when the veioc1ty is varied with ang]e to obtain
Usin a .
constant X . As another approximation, if we put ___?E_Eéé._ 0.1 in Eq. 14

the value of the angle for maximum erosion becomes 20.9°. In either case we
are led:to expect a slight increase in the'angle for maximum erosion as the

velocity is increased. - We recall that the angle for maximum erosion predicted

- c i - K . - S
by the original analysis is tan‘2amax ~—f—;;? . Since .K and I can only
- T
be approx1mated one cannot expect precise predictions for o] even from the

max
original anaiy51s. Hence it is‘the shift in & ax with velocity which has to

be studied to verify the preceding predictions A large number of carefu]
experimentai observations would be required to examine this effect as the
change in peak ang]e for say a fifty percent increase in velocity is only a

few degrees. For this reééon, we have not pursued this aspect experimentally.

Conclusions

’For the range of angles in which erosion occurs by a cutting mechanism,
- say o < 45°, the modifiedianalyeis.predicts values for the velocity exponent.
which are in general agreement with those observed experimentally. The pre-
diction that the'exponent'should intreaée with angle for a giVen-range of
velocities is also ih accord with observations. The hodified analysis also

predicts a somewhat greater ahg]e for maximum erosion than the original theory.
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In subsequent work it will be shown that the crater shapés predicted by the
modified analysis are not significant]y‘different from those giVén by the
original analysis. Henceithe main-contribution of this moke'complicated

"modified ana]ysis“_is to exp1ain‘more precisely the role of particle velocity.

- By doing this successfully it providés further sUpport‘for the basic method of

bredictihg erosion at low angies:used'in the brigina] énaiyéis.
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Figure Captions

Idealized two-dimensional model of a rigid grain cutting into -

a ductile metal.
, Locatioh of resultant forces on a rigidvgrain while cutting;

(A) Original Analysis (B) Modified Analysis.
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