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The first intersection is degree 1 and the second is degree 0, where
the arrows indicate orientation. It is important to keep in mind that
the slope of L, is —ng forany nge€Z. . . . . ... ... ... .. ...
The contributions, counterclockwise from upper left, are: +1, +1, -1,
and —1. Note that even if the outgoing edge e of a vertex v is such that
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polygon may not close once e terminates. The arrow in the segment
below each triangle indicates the direction of motion of ¢(s) € R.
Two of the countably infinite number of triangles contributing to the
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v(1). The legs labeled by p; 2 and po4 are contracted, fixing their
respective internal vertices. Notice the change in topology of the do-
main of ¢ as ¢(v) moves left to right in B. . ... ...........

Bg for the given G. The vertices and edges are listed in the order in
which they are traversed, starting from vy. . . . . ... ... ... ...
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ABSTRACT OF THE DISSERTATION

The Fukaya Category of the Elliptic Curve as an Algebra over the

Feynman Transform
by

Michael A. Slawinski
Doctor of Philosophy in Mathematics

University of California San Diego, 2011

Professor Mark Gross, Chair

In [4] Barannikov proves the equivalence between the existence of a morphism
of twisted modular operads .#pS[t] — Ey (.F and &y as defined in [17]), and certain
tensors of &y satisfying the quantum master equation of Batalin-Vilkovisky geometry of
an affine S[t]-manifold. He then suggests the possibility of generalizing this morphism
to the categorical case by replacing &, with a twisted modular operad, referred to here
has &, constructed from the Lagrangian submanifolds of a fixed symplectic manifold.

The main result of this thesis is the construction of an explicit example of such
a morphism in the case that the symplectic manifold is an elliptic curve.

Given a symplectic manifold X, one constructs a precategory closely related to
the Fukaya Category, denoted Fuk(X ), whose objects are the Lagrangian submanifolds
L c X, and whose morphism spaces Hom(L;, L;) are finite dimensional modules over
the Novikov ring, generated by the points of L; n L;. There is a nondegenerate bilinear
pairing

B :Hom(L;, Lj) ® Hom(Lj,L;) — C,
which is degree —1 in the elliptic curve case.

Given a finite sequence of cyclic chains of Lagrangian submanifolds
b-2g+1
{Lio - -, Lia, }; 17"

in the elliptic curve, we construct elements

b—2g+1 di

Map(o10p-2g11) € Q) @ Hom(Lij, Ligj—1y) ® Hom(Lig, Liq,) (0.1)
=1 j=1

xii



of degree (d+ 1) — (2 -2b), defined by summing over zero-dimensional tropical Morse
b+1

graphs G with dimH;(G) = b, where d+1 = Y (d; +1) and b-2g + 1 is the number of
i=1

cycles.

The tensors (0.1) define the twisted modular operad

b*2g+1 dz

EL((d+1,b)) = ® ®H0m(Lz’j7 Li(j—l)) ® Hom(Lio, Liq, ),
=1 j=

whose contraction maps ,u‘éL are given by contraction via the bilinear form B.

We construct a morphism of twisted modular operads from the Feynman trans-
form of a twist of S[¢] to &, where S[t] is an untwisted version of S[¢], by mapping
the generators {0+ 0y_9441} of S[t] to the elements {mq (01 0p-24+1)}. This algebra
structure is equivalent to the set {T44(01--0p-24+1)} being a solution to the quantum
master equation of [4], or, equivalently, to {7mgp(01--0p-24+1)} satisfying what will be
referred to here as the quantum Ao -relations. The usual As-relations on Fuk(X) are

recovered by setting b = 0.
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Chapter 1

Introduction

1.1 Mirror Symmetry

1.1.1 String Theory

String theory is a proposal which seeks to unify the standard model of particle
physics with Einstein’s theory of general relativity. By replacing point particles with
1-dimensional strings, string theory tempers the quantum fluctuations of space time,
which on extremely small scales, render general relativity meaningless. The large fami-
lies of particles, and the virtual particles which control their interaction are replaced by
vibrating strings, where the vibrational pattern determines the species of particle or vir-
tual particle. Just as point particles are replaced by 1-dimensional strings, the curves in
spacetime traced out by the motion of the point particles are replaced by 2-dimensional
worldsheets as the strings travel through spacetime. The motion of a string in terms of
the vibrational pattern is restricted by the necessity of satisfying the Einstein field equa-
tion, and the supersymmetry (holonomy) requirement of string theory. More precisely,
the manifold to which the string vibrations are restricted must have a Ricci-flat met-
ric with SU(3)-holonomy. These requirements lead the team of Strominger, Candelas,
Horowitz and Witten to Calabi-Yau manifolds in 1984 in [11].

A Calabi-Yau n-fold X is a compact n-dimensional Kéhler manifold such that

any one of the following equivalent conditions holds.
1. The canonical bundle of X is trivial, that is, Kx ~ Ox.

2. X has a holomorphic volume form that is nowhere vanishing.



3. The structure group of X can be reduced from U(n) to SU(n).
4. The first integral Chern class ¢;(X) vanishes.
5. X has a Kédhler metric with global holonomy contained in SU(n).

Examples include elliptic curves, K3 surfaces, and the non-singular quintic 3-fold X,

given by the solution set in P* of the equation
xg ot xi + Yxor1rox324 =0 PeC (1.1)

It is easy to see that the first and third examples are Calabi-Yau. Indeed, any compact
hypersurface of P" is Kéahler, as the metric is inherited from P", and the canonical bundle
of a hypersurface in P" is given by O(d-n—-1), where d is the degree of the hypersurface.
Elliptic curves are cubic by definition, and the quintic is obviously degree 5, so in either
case one has K ~ O(n+1-n-1) = O. This in fact gives an easy recipe for producing
Calabi-Yau’s; one need only take a projective hypersurface of degree n + 1, where n is
the dimension of the ambient space.

One can now describe string theory in a more mathematically precise fashion.
The worldsheet obtained by the vibration of a string as time passes is replaced by a
holomorphic map from a Riemann surface to the target Calabi-Yau.

At present the five distinct types of string theory are open type I, closed type I,
closed type ITIA, closed type IIB, and the SO(32) and Eg x Eg flavors of heterotic string
theory.

1.1.2 The Mathematics of Mirror Symmetry

Mirror Symmetry was discovered as a duality between pairs of Calabi-Yau 3-
folds in 1989 by Greene and Plesser in [18], with a large number of examples calculated in
four-dimensional weighted projective space by Candelas, Lynker, and Schimmrigk in [10].
In string theoretic terms, type ITA string theory on a Calabi-Yau X is mirror dual to type
I1B on XV, the mirror dual of X. This duality was expressed as the reversal of the Hodge
numbers Ab! and A%, that is, AM(X) = A21(XY) and A?1(X) = hBL(XY), for X and
XY a mirror pair. A more tangible consequence of this is that x(X) = -x(X"), a result
that dramatically increased the list of such 3-folds with positive Euler characteristic.

There have been several programs, with various points of view, to construct and

study mirror pairs, and families of mirror pairs of Calabi-Yau manifolds. Strominger,



Yau, and Zaslow study mirror symmetry geometrically in [37] by viewing a pair of mirror
Calabi-Yau’s as torus fibrations with dual fibers. However, the notable shortcoming of
this approach is the lack of understanding of how the mirror correspondence behaves with
respect to the singular fibers. Papers by Gross [19, 20, 21] show the program works at
a topological level, and the analytic aspects are being tackled to this day by Kontsevich
and Soibelman in [33, 34|, using rigid analytic geometry, and by Gross and Siebert in
[22, 27, 24, 25], using tropical and log geometry.

In [5], [6], and [7], Batyrev and Borisov construct families of mirror Calabi-
Yau hypersurfaces by examining dual lattice polyhedra in R™. The construction is also
studied by Gross in [23] using a toric degeneration, in which a family of toric varieties is
studied as a fibration over an affine base, degenerating to the singular central fiber.

Finally, Kontsevich introduced a program in [32] called Homological Mirror
Symmetry, which interprets mirror symmetry as the equivalence of two “categories”,
the bounded derived category of coherent sheaves on a Calabi-Yau X, denoted D? (X)
(B-side), and the Fukaya category, denoted Fuk(X)(A-side). The objects of the former
are bounded complexes £°* of coherent sheaves on the variety X, and the Hom-spaces
are given by

Homp, (& F) = @ CPU Homl, (£°,F)),

p+g=n

where

’Hom‘éx (&%, F°) =@ Homo (™, F™)

Using a projector, this category can be transformed from a dg-category to an actual
A-category. By this I mean there are multiplication maps on tensor products of the
Hom-spaces that satisfy a generalization of associativity. The objects of the Fukaya
category are the Lagrangian submanifolds L c X, and the Hom-spaces Hom(L;, L;) are
given by modules generated by the points of L; n L; over the Novikov ring. Homological
mirror symmetry is then expressed by comparing the A, structures of both.

The version of the Fukaya category considered in this project is, loosely speak-
ing, mirror dual as an As-category to the derived category of a degeneration of elliptic
curves, which has as its central fiber, a cyclic chain of copies of the projective line over

C.



1.2 Counting Curves

One of the most striking aspects of mirror symmetry is its application to enu-
merative geometry. In [9] the authors construct a one-dimensional family of mirror
quintic Calabi-Yau 3-folds, and a map between the moduli space of these Calabi-Yau’s,
and the Kahler moduli space of a quintic threefold. By examining the relationship be-
tween the two coordinates on these respective spaces, one can write down a geometric

series 5 + ¥ nge2mitk

, where nj, is the number of degree k rational (genus 0) curves on a
generic quintic 3-fold in P4

In 1993 a genus 1 version of the above result was obtained by Bershadsky,
Cecotti, Ooguri, and Vafa in [8]. Specifically, they used the mirror correspondence to
derive a formula for the number of degree k elliptic curves on a quintic Calabi-Yau 3-fold.
As of 2006, similar formulas have been found for curves up to and including genus 51.
See [28], for example.

Counting the number of curves of arbitrary genus on a Calabi-Yau n-fold is an
area of current research and connects such topics as higher-genus Gromov-Witten the-
ory, operad theory, topological conformal field theory (TCFT), and homological mirror
symmetry, the latter providing the motivation for the constructions given in chapters 4,
5, and 6 of the proceeding work. In the most ambitious homological approach to higher-
genus curve counting, described in [12] and [13], Costello constructs the B-model mirror
to a TCFT constructed from the Gromov-Witten invariants of a compact symplectic
manifold. Taking the very different approach described in [4], Barannikov uses the Feyn-
man transform of Getzler and Kapranov [17] to claim the existence of a combinatorial
description of Gromov-Witten invariants, in terms of the periodic cyclic homology of the
given twisted modular operads via the characteristic class map. He further suggests the
possibility of constructing a Feynman transform-algebra structure on the Lagrangians of
a symplectic manifold.

The main result of this project is the construction of an explicit example of
such a structure, that is, the construction of a morphism €2 from the Feynman transform
of a twisted modular operad, generated by the elements of the symmetric group S,,, to
a modular operad generated by the Lagrangian submanifolds of an elliptic curve. The

morphism of modular operads constructed here can be used to calculate a partition



function along the lines of [31], which defines the characteristic class with value in
—
@ H; (m’y,u) )
2

where ﬁlw, is a quotient of ﬁ%l,, the compactified Deligne-Mumford moduli space of

genus v curves with ¥ marked points.

1.3 The Project

1.3.1 Stable Graphs

In order to define €2, one must first understand the category of stable graphs,
the objects of which are the inputs to the modular operads described in Chapter 3.
The category is described as follows. The objects are connected, one-dimensional CW
complexes formed by finite sets of vertices, edges, and legs. The morphisms are given
by contractions of internal edges, that is, by continuous maps G — G/S, where S ¢
Edge(G). Stability is a notion related to the labeling of the vertices v € Vert(G) by
integers b(v), which controls the valencies of the vertices. The category of graphs G
with n legs, and b = dimHi(G) + Yver(g) b(v) is denoted by I'((n,b)). Chapter 2 is
devoted to describing this category in full detail, and noting various formulae relating
the number of vertices, edges, and cycles of such graphs, which play a crucial role in the

dimension of moduli spaces of tropical Morse graphs, defined in Chapter 6.

1.3.2 Modular Operads

Chain complexes called stable S-modules form the foundation of operads and
modular operads defined in Chapter 3. A modular operad is best viewed as a collection
of functors from the categories of stable graphs to chain complexes, along with a contrac-
tion map on the chain complexes given by the contraction of edges of the input graph.
Modular operads may also come with an S,-action. More precisely, given a modular
operad P, and a morphism of graphs G — G/S, there is a degree 0 morphism of chain
complexes “g—>G/S : P((G)) — P((G/S)). It is often necessary to shift the degree of
the output chain complex, and change the S, action of the modular operad itself, usually
for the sake of the compatibility of a given morphism of modular operads. Cocycles and

coboundaries are defined to serve this purpose. These are maps which take graphs as



inputs, and output a chain complex isomorphic to C[d] for d € Z. Tensoring with such an
object gives the desired twist of the output chain complex of the given modular operad.

Chapter 3 builds to the definition and characterization of a twisted free modular
operad called the Feynman transform. It is defined by taking the dual of a given modular
operad P and twisting by a coboundary that depends on the given twist of P. This is
the algebraic structure which encodes the A, and quantum A-relations on a chain

complex V', and later, on the Hom-spaces of the Fukaya category of the elliptic curve.

1.3.3 The Elliptic Curve

An elliptic curve E is a smooth, projective, algebraic curve of genus 1. One
may use the double-periodicity of the Weierstrass p-function to give a homeomorphism
between the given curve and a 2-torus, whose complex structure is defined by factoring
C by a lattice, determined by the original equation of E in P?. Because of the low
dimension, any 1-dimensional submanifold is Lagrangian. The elliptic curve used in this
project will be viewed an an S'-bundle over B := R/dZ. We call B the base of the
fibration.

1.3.4 The Fukaya Category of the Elliptic Curve

Chapter 5 defines the categorical structures involved in defining the sought after
morphism 2. The first two sections are devoted to Ae-categories and tropical Morse
trees, which are the primary ingredients needed to define the Fukaya category of the
elliptic curve. This is the subject of the third section. As stated above, this precategory

carries the structure of an A..-precategory. The multiplication maps
d
md70 : ®I‘IOIH(LZ'_17 Lz) —> I’IOIII(LO7 Ld)
i=1
are defined by summing over a zero-dimensional moduli space of holomorphic polygons,

with boundary contained in the Lagrangians Lo, L1, ..., Lg.

1.3.5 Tropical Morse Graphs

A tropical Morse tree T is a combinatorial tool used to replace the holomorphic
polygons mentioned above. These are continuous maps from a given metric ribbon tree
to the base of the fibration B, along with a given vector field which allows one to build

an actual polygon from 7. Chapter 6 can be thought of as the heart of the thesis, as



the crucial generalization of the moduli spaces of tropical Morse trees to the moduli
spaces of tropical Morse graphs is made. The idea is simply that we consider domains
with nontrivial first homology, i.e., graphs with cycles, along with the contractible trees
considered above. Just as tropical Morse trees correspond to holomorphic disks, tropical
Morse graphs correspond to holomorphic maps of positive genus. For example, if G is
a tropical Morse graph such that dimH;(G) = 1, then G corresponds to a holomorphic
annulus.

The Ao -relations of the Fukaya category are obtained by examining compacti-
fied 1-dimensional moduli spaces of tropical Morse trees and carefully assigning signs to
the pairs of degenerate trees bounding these spaces. Beyond the definition of tropical

Morse graphs, a dimension formula for the moduli spaces is derived and proved.

1.3.6 The Fukaya Category as an Algebra over the Feynman Transform

In the final chapter we construct the morphism €2 in detail. The basis vectors
of the Feynman transform are given by twisted cycles, and can be represented by graphs
whose vertices are decorated with a fixed number of cycles. The morphism, when re-
stricted to the genus zero (b= 0) case, is given by mapping single vertex graphs with no
edges, each decorated with a single cycle, to the maps mg ¢ defined in 1.3.4, which are re-
ferred to as the genus zero operations. The relations among compositions of these genus
zero operations are obtained by considering the restriction of §2 to genus zero graphs with
a single non-intersecting edge, with each of the two vertices decorated with a single cycle.
These relations give Fuk(E) the structure of an A-precategory. Although Fuk(X) was
already known to possess an A.-structure, its expression here as an algebra over the
Feynman transform is a first.

The morphism €2, when restricted to the genus one (b = 1) case, is given by map-
ping single vertex graphs with no edges, each decorated with two cycles, to the genus
one operations, which are defined as follows. Rather than summing over a cyclic chain
of Lagrangians that bound a holomorphic polygon, these new operations are defined by
taking the sums over disjoint pairs of cyclic chains of Lagrangians that bound holomor-
phic annuli. The quantum A, relations are defined by examining degenerations of genus
one tropical Morse graphs, and are given over the Feynman transform by restricting (2
to stable graphs with b = 1, whose vertices are decorated by either one or two cycles

each. This generalizes the Fukaya category from being an A -precategory, to being a



quantum As.-precategory.



Chapter 2

Graphs and S-modules

In this chapter we review basic concepts necessary for the discussion of modular

operads, all of which can be found in [17].

2.1 Graphs

A graph G is a triple (Flag(G),\, o), where Flag(G) is a finite set, whose
elements are called flags, A is a partition of Flag(G), and o is an involution acting
on Flag(G). The vertices of G are the unordered blocks(subsets) of the partition and
the set of all such is denoted by Vert(G). We write Leg(v) for the subset of Flag(G)
corresponding to the vertex v. Let Edge(G) denote the set of two-cycles of o and let
Leg(G) denote the subset of Flag(G) fixed by 0. We say that two legs meet if they
either belong to the same vertex, or comprise an edge.

A 1 dimensional CW-complex |G| is associated to each graph G by taking a
copy of [0,1] for each flag, and imposing the following equivalence relation: the points
0 € [0,1] are identified for all flags in a block of the partition A, and the points 1 € [0,1]
are identified for pairs of flags exchanged by the involution o. So two flags touch in |G]|
if and only if they belong to the same vertex, or comprise an edge.

To each vertex we associate a point, out of which emanates line segments, one
for each element of Leg(v). Two line segments are glued at their non-vertex ends if o

maps one to the other.

Example 2.1.1. Flag(G) = {1,...,9}, A={1,2,3}u{4,5,6} u{7,8,9},
o =(12)(34)(57)(68)



10

(68)
(34) —L 9
(12) C . . - .
(57)

If G is contractible, then G will be called a tree. We can break symmetry and
call one of the legs the output, and the rest will be called the inputs. A tree of this type

is a rooted tree.

Definition 2.1.2. A stable graph G is a connected labeled graph with a non-negative
integer b(v) assigned to each vertex v € Vert(G), such that 2b(v) + n(v) =2 > 0. For a
stable graph G, set

b(G)=( > b(v))+b1(G),

veVert(G)
where b1(G) = dim H1(G). Let *il(zjv)) b(v) D€ the unique graph with one vertex v, n(v)
legs, [(v) loops, and integer b(v).

Proposition 2.1.3. If G is a stable graph, then
[Edge(G)[=b(G) -1+ >, (1-0(v)),
Vert(G)

and if b(G) = 0, then |[Edge(G)| + 1 = [Vert(G)|.

Let S and S’ be subsets of Leg(G) and Leg(G") respectively, and let ¢ : S — S’
be a bijection. We can form a new graph G ®, G’ by gluing the elements of S to the

elements of S’ using ¢. Then
Edge(G ®, G') = Edge(G) UEdge(G ) u{(i (i)}

for 1 € S and

Leg(G ®, G') € Leg(G) U Leg(G).

We can then decompose any graph G as

G= Q G,
veVert(G)

I(v)

where v is the unique vertex of G, and ¢ is given implicitly by G. Note that G, = * (0)b(v)

for all v € Vert(G).
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Morphisms of Stable Graphs

Definition 2.1.4. Let Gy and G be two graphs. A morphism of graphs f: Gy - Gy is
an injection

f* :Flag(G1) - Flag(Go)
such that:
1. ogo f* = f* o0y, where g;, i = 0,1 are the involutions of Flag(G;).
2. og acts freely on Flag(Go) ~ f*(Flag(G1)).

3. Two flags a and b in G meet if and only if there is a chain (xo,...,xx) of flags in

Gy such that f*a = xg, ogz;_1 and x; meet for all 1 <i<k, and f*b = ogzy.

The motivation behind each of the axioms is not so clear. The first ensures
edges are mapped either to edges or points, and legs are mapped to legs. Indeed, since
f* is an injection, o1 moves [ € Flag(G1) if and only if op moves f*I € Flag(Gp). Two
is another way of saying that Gy is obtained from Gy by doing nothing more than con-
tracting a subset of Edge(G). The third ensures that no morphism is allowed to tear a
leg from a vertex and re-attach it to another, i.e. that f is continuous. I illustrate this

last point with an example.

Example 2.1.5.

Consider the graphs
GO = (Flag(GO) = {172} U {3}7 g0 = (23))

G1 = (Flag(G1) = {4,5} u {6}, o1 = (56))

and consider the function

1" :Flag(Gy) — Flag(G)p)
4,5,6—1,3,2

The induced map is
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Intuitively this map removes the edge (23) and re-attaches it by its opposite
end. The map f* satisfies axioms 1 and 2, but not 3. Indeed, 4 and 6 do not meet,
but the chain (zg = 1,21 = 2,29 = 3) is such that f*a = f*4 = 1 = xp, ogzp = 1 meets
x1=2,00r1 =3 meets xo0 =3, and f*b= "6 =2 =003 = opxo.

It is important to note that these three axioms force Aut(G) to act nontrivially

only on the set of edges. In particular, if G is a tree, then Aut(G) is trivial.

Definition 2.1.6. Let f : Go » G be a morphism and let v € Vert(G1). Define the
graph f71(v) to be the subgraph of Gy consisting of all flags of G which either comprise
edges collapsed to v, or are the flags attached to the vertices which bound the collapsed

edges. This is uniquely defined by the arrangement of these flags in Gy.

Definition 2.1.7. A morphism of stable graphs f: Gy — G is a morphism of graphs
such that b(v) = b(f~(v)) for every v € Vert(G1).

Denote by I'((n,b)) the category of pairs (G, pg), where G is a stable graph,
pc + Leg(G) - {1,...,n} is a bijection, b(G) = b, and whose morphisms are morphisms
of stable graphs, which preserve the labeling pg of the legs. We write *iz,b for the graph
with a unique vertex, n legs, integer b, and [ loops attached. Write x,,; for *2 p- Let

[['(n,b)] denote the set of isomorphism classes of this category.

2.1.1 Topological Definition for T'((n,b))

Replace each object G of I'((n, b)) with |G|, and each morphism f: Gy — G
with a continuous map ¢ : |Go| — |G1] which is constant with value a vertex of G; on

edges which collapse, and is the identity everywhere else.

2.2 Stable S-modules

Definition 2.2.1. An S-module is a sequence of chain complexes P = {P(n)ln > 0}
together with an action of S,, on P(n) for each n > 0. The S-module P is called cyclic

if there is also an action of Zy4+1 =< (01---n) > on P(n) for each n.

Denote by V* the linear dual of the chain complex (graded vector space) V,
where (V*); = (V-;)*. The differential is given by 6* : V;* - V.*,, the adjoint of § :
V_i+1 = V_;. Tensor products of these chain complexes are permuted according to the
rule

VoW —WeV
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vew~ (-1)Mly @ v, (2.1)

where |v] = degv and is always viewed modulo 2. For a module U over a finite group G we
denote via Ug the k-vector space of coinvariants, i.e. the quotient of U by the submodule
generated by {gu —u|u € U,g € G}. The set of invariants {u € Ulgu = u, Vg € G} will be
denoted by UC.

Let I be a finite set. Then

QVi=l D Vime-eVim|
iel bijections,
v{1,..,n}=>I S,
where
0 (0,0 @@ Um) = (D)) @ B
for vy ;) € V,(4), and e(o) is calculated by writing it as a sequence of transpositions of

adjacent factors, and then using (2.1). This space will also be written as V® or VZ.
Let 0 = (ij) be a transposition with i < j—1. Up to sign, the effect of action by

o is certainly the interchanging of v, (;) and v but the signs produced by commuting

(i ()
vy(;) and v,y through the factors within the string bounded by these two factors must

not be ignored. The procedure is illustrated as follows: Commuting v, ;) to the left

v(J

through v, (j,1) ® - ® vy(j_1) yields the sign (—1)|”W<J')m”“/(”l)|+"'+|”W<i-1>|), and then com-

7(

muting v, ;) and v.,(;) yields (—1)'“%1’)””70)‘. Finally, v, ;) is commuted through v, ;1) ®

(i
vielding (_1)|’Uw(i)|(|U-y(i+1)‘+"'+|'U'y(j—1)|). The

(i v(9)
~® 0 (j-1) to the place originally held by v, ),

end result is

T Uy (1) @ ®Uy(j) @ ®Uy(j) ® @V (2.2)

(i v(n)

Vi~ iy [+ (o iy [+ o Vqyia) |+ H Va2
> (_1)| 'y(z)” 'y(])' (| 'y(z)' | 'y(])')(' ’y(z+l)‘ ‘ ~y(J 1)|)/U7(1) ®®'U,Y(]) ® -

B Uy(i) B B Uy(n)

One can check that the sign produced here is independent of the order in which v,
and v, ;) were moved.
In other words, we choose an arbitrary linear ordering on I and set
®Vi:%1 ®Vi2 ®-®V,
i€l
so that each vector v;, ® --- ® v;,, represents a unique equivalence class in the module of

co-invariants.
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Example 2.2.2. Let A be a chain complex which is finitely generated over C by ho-
mogeneous elements {a,b}, and set I = {f, g,h}. Then A®{/9"} is the eight-dimensional
vector space generated by the tensors ay ® ag® ay, af ® ag®by,, ay ® by ® ap,, and so on.
The action of S5 on A9} is induced by the bijection f — 1,g — 2, h — 3. If, for exam-
ple, o = (12) = (fg), then 0-ay®by®ay = (—1)‘“f”b9|bg ®ar®ap = (—1)|a9‘|bf|bf ® ag ® ap,.
This last equality follows from the fact that A®' is defined by taking a quotient, and any

two labelings of the same element lie in the same equivalence class.

Definition 2.2.3. If P is a cyclic S-module, and I is an (n + 1)—element set, define

p(D)={ & P

bij.
{0,1,....n}—>TI Stns1),

Once we have the notion of an operad, and have developed a few examples, we
will be able to shed more light on the above definitions, namely the nature of the S;1

action.

Definition 2.2.4. If there is a decomposition

P((n)) = @ P((n,b))

beZso

such that S,, acts on P((n,b)) for each n, and P((n,b)) =0 if 20 +n -2 <0, then P is
called stable.



Chapter 3

The Feynmann Transform

We now introduce the notion of a modular operad and Feynman transform,
as defined by Getzler and Kapranov in [17]. In addition, we introduce Barannikov’s
modular operads S[t] and S[t], and explain his calculations showing what the structure
of an algebra over the Feynman transform of twists of these modular operads means.

This material is from [4].

3.1 Operads

Definition 3.1.1. An operad (P,o;) consists of an S-module P, and maps o; : P(m) x

P(n) - P(m+n-1) for m,n>1 and 1 <i<m satisfying the following two relations:
i) For ae P(k), be P(l) and ce P(m), and 1 <i<j <k,
(aoib)oj-1c=(ao;c)oib
ii) For ae P(k),be P(l) and ce P(m) and 1 <i<k, 1<j <,
(ao;b)oirj1c=ao;(bojc)

We also have an S,-action on each P(n), compatible with the compositions. If

0 €Sm, 7€y, aeP(m), and be P(n), then
oa oy b= (00;7)(ao;b),

where o o; v acts as follows: The permutation v acts on {i,...,i+n -1} and o acts on

(0 i1 (i itn =1}, {4 n),... {m+n—1}}.

15
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Example 3.1.2.

Let X be a topological space. The endomorphism operad Endx := {P(n) =
Map(X™, X) }ns1 is defined as follows: The operations

o;: P(n)x P(m) > P(n+m—-1)
are given by

(foig)(@1, .. Tman-1) = f(@1,. -, Zic1, 9(Tis - - o, Tivm—1), Tisms - - - Tmsn—1)

for 1 < <n. The S, action is given by (of)(21,...,2n) = f(Zs(1)s- s To(n))- The
equivariance condition is best illustrated with a simple example. Let f, g € Map(X?2, X),

and o = p=(12) € S3. Then

((g 02 p)(f029))(a,b,c) (fo29)(c,b,a)

= f(e,9(b,a))

= of(pg(a,b),c)
= (ofo1pg)(a,b,c)

= (0fo52) pg)(a,b,c)

Remark 3.1.3. It is important to note the difference between an entry of f and an

entry place. of is defined by pre-composing f with ¢ : X™ — X", so that, for example,
o = (12) moves f(x,y) =z +y* to (o f)(x,y) = f(y,x) =y +a*, not g(x,y) =z +y°.

The functions f € Endy(n) have n inputs and one output, so it makes sense
to represent a function as a tree T' with one vertex, n “incoming” legs and 1 “outgoing”
leg. Let FlagT' (= LegT') = {0,1,...,n}. Fix {0} as the outgoing leg. This structure can
be exploited to further understand the subtlety mentioned above in the following way.
Label the i"* incoming leg with x; for all 4, 1 <i < n.

Let f € Endx(3). It is unclear as to whether S3 acts on the external labels
{z;}, or the intrinsic labels {i} i.e., on the legs themselves. This ambiguity is resolved
by requiring, for each object Endy(n), that z; stays attached to the i'" leg. See figure
2.1.

The entries are again inserted into f from left to right.

Example 3.1.4.
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T T2 T3 Tg(1) T (2) To(3)
\2 / auwz) oy
f ~ T = ° O'f ~ O'T = .

Figure 3.1: Both f and T are taken as above, with o € S3.

The operad Ass is defined by

Ass(n) ={o- fnlo € Sp, fu(z1,..., Tp) = 2120 },

where f, is the order-preserving operation which transforms a list of n elements into a
string of the same n elements. Also impose the condition fy 01 fo = fo 09 fo. This is the
associativity condition, which only becomes important when we discuss algebras over
operads. Let 7; be the map which replaces j with j—i+1for¢<j<i+m-—1, and let 7,
be the map which replaces j with j —m +1 for i + m < j <n+m—1. Then composition

is done the same way as for Endy, i.e.

0; : Ass(n) ® Ass(m) — Ass(n+m —1)

is given by
Ufn 9; 'Yfm(xla ceey xm+n—1)
= ofp(xr, 2ot Y (T - Tivme1), Tismos -+ Tnem-1)
= fn(xa(l)’ <o Lo(i-1)) fm(xq—i‘lwn(iﬁ e 7xTi_1’YTi(’L'+m*1))7 Lrlorm(i+m)r -«
R R ree O'Tm(n+m—1))
To(1) " To(i-1) (xTi’l'yTi(iﬁ s 7xri’lfyn(ﬂm—l))xT;}UTm(Hm)"'xT;nlUTm(n+m—1)
where

1'7—;1771.(1')"'xq—glq/n(ﬂm—l)

is in the o ()" spot of the outer product. I include the permutations 7; and 7, because
I am thinking of o and ~ as acting strictly on the sets {1,...,n} and {1,...,m} respec-

tively. This operad simply inserts a string of variables into another string of variables.
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3.1.1 Cyclic Operads

The idea of cyclic operads is to include the idea of cyclic symmetry into the
definition of an operad. Instead of the input of an operad being simply a natural number,
we can give a new definition which replaces the natural number with a tree. Let T}, be
a rooted tree with n incoming legs and one outgoing leg. One should think of the
composition P(n)o; P(m) - P(m+n— 1) as being induced by inserting the root of T},
into the ¢th branch of T,,, much in the same way fo; g was defined in Endx. For a general
operad P, P(n) can contain more than one element, but thinking of each element as a
rooted tree helps to illuminate the associativity relations and the S, equivariance. The
notion of the cyclic operad is such that it allows us to view these trees as being symmetric,
not labeling certain branches as being inputs and the last as being the output. One then
views composition as being induced by inserting any leg of the first tree into any leg of
the second. Alternatively, one can think of these two trees as being glued along legs [y
and [y, and then composition is induced by collapsing the edge (l1l2).

Let 7, =(012---n).

Definition 3.1.5. An operad is cyclic if the underlying S-module P is cyclic, and

Tm+n—1(a Om b) = Tpb o1 Tia.

The Operad &y

Let V be a chain complex such that its homogeneous subspaces V; are finite-
dimensional for all ¢, and let |z| = deg x. An inner product on V' is a non-degenerate
bilinear form B such that B(dz,y) + (-1)*!B(z,dy) = 0, where d is the differential of
V. Such a bilinear form is symmetric (resp. antisymmetric) if B(y,z) = (-1)*¥B(z, )
(resp. B(y,z) = —(-1)*¥B(x,4)), and has degree k if B(xz,y) = 0 unless ||+ |y| = k.

Let V be a chain complex with symmetric inner product B(x,y) of degree 0.
Kapranov defines a cyclic S—-module & by putting &y ((n+1)) = Ey(n) = VO with

the action of S,;1 being
o- (’Ul QU2 ® ---’Un+1) = V(1) ® Vg(2) ® " @ Vg (n+1)

This cyclic S—module can be given the structure of a cyclic operad in the following way:
if a e V) and b e VO the product a o; b € V™) ig defined by contracting
a ® b with the bilinear form B, applied to the ith factor of a and the 1st factor of b.
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3.2 Modular Operads

Definition 3.2.1. Let P be a stable S-module and let G be a stable graph and set
P((G)) = ®vert() P((Leg(v),b(v))). Note that this implies

P((Ge,G))=P((@) e P((G)) (3.1)
for any G, G’,go.

Definition 3.2.2. A modular pre-operad is a stable S-module P together with a chain

map

pMP((n,0)):= @  PUG))awe — P((n,b)) (3:2)
Ge[T((n,b)))

called the structure map.

If P is a modular pre-operad and G € ObI'((n,b)), denote by
e P((G)) — P((n,b)) (3.3)

the S,-equivariant map obtained by composing the universal map

P((@) —MP((n,0))= @  PUG)aue)
Ge[T((n.0))]

with the structure map p : MP((n,b)) — P((n,b)). This map is called composition
along the graph G.

Given a morphism f : Gy — G7 of stable graphs, define a morphism P((f)) :
P((Go)) — P((G1)) to be the composition

P((Go))= @ P((Leg(u),b(w)~ & P((f(v))) (3-4)

ueVert(Go) veVert(G1)

e @ P((Leg(v),b(v))) = P((G1))

veVert(G1)

Example 3.2.3. Consider the following graphs:

56

/9
34 78 .\ /
10

G[) = \°
2/
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Go = (u1 = ugy 9.3}, U2 = Uy 56,7}, U3 = Ugg 9,10}, 00 = (34)(56)(78))

G1 = (V1= (12,7, V2 = Vg9,10},01 = (78))

and let f: Gy — G be given by

£*:{1,2,7,8,9,10} ~ {1,2,7,8,9,10}

respectively. Then f~1(v1) = (Gu, ®3-4 Guy), f1(v2) = Guy, and P((f)) is given by

P((Go))

P((Guy ®3-4 Guy @758 Guy))
(((Guy 8354 Gu,) @728 Gug))
((f " (v1) @78 f 1 (12)))
((fH (o)) @ P((f7 (v2)))
(

(

(

T v

P((Gv)) ® P((Gu,))
(Gv1 ®7-8 sz))
P((G1))

i)

Definition 3.2.4. A modular operad is a modular pre-operad P such that

i) for any G € T'((n,b)) and f € Mor(I'((n,b))), the associations

G ~ P(G))
o= P())

define a functor from the category of stable graphs to the category of chain com-

plexes over some field k. In other words, P((fog)) = P((f)) o P((g)) for any

composition

of morphisms of stable graphs.

Go

ngl f

- Gy

i) ®uip1(y) © dpa)) = dp(ar)) © ®ultf-1(v), Where dp((y) is the differential on
P((G)), J c Edge(G), and v runs through Vert(G/J).
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The equality ug o P((p)) = ug holds for any p € Aut(G), as MP((n,b)) is
defined by taking coinvariants with respect to action by Aut(H) for any H € I'((n,b)).
The morphism of chain complexes P((G)) — P((n,b)) therefore depends only on the

labeling of the legs, and not on any automorphic relabeling of the edges.

Example 3.2.5. Let G eI'((4,1)) be given by
N e
Ao AN

and let p € Aut(G) be the automorphism

N e N e o

= ] [ ]

Ao AN S ® AN

Then uc = pipa) © P((p))-

Let G € I'((n,b)) be some graph. For any subset J ¢ Edge(G), there is a
map 7 : G — G/J defined by the inclusion Flag(G/J) — Flag(G). Writing the map
®ullr-1(y) for ve Vert(G/J) from (3.4) as gy, the functoriality of P yields

HGlJ © MG—GlT = HaG (3.5)
Indeed, simply apply P to the diagram

G — *np

/

GJJ

where G/(Edge(G)) = %, = (G/J)/(Edge(G/J)). Equation 3.5 will be referred to as
the associativity condition for composition. Condition ii) of 3.2.4 can now be written
as ig-ag/u © dpq)) = dp((a/H)) © Ba—G/H-

The group Aut(G) acts only on the edges of G, and since some of those edges
are formed by gluing the free legs of the f~!(v), we have the inclusion

[1 Aut(f71(v)) = Aut(Q)

veVert(G/J)
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In particular, ug factors through not only P((G)) aut(a) = P ((®,Uevert(G/J) ft (U))>Aut(G)’

but through
P (( ® f‘l(’v)))
veVert(G/J) I Aut(f~1(v))

veVert(G/J)

as well. In other words, any automorphism p € Aut(f~!(v)) can be extended to G, and
by both axiom 3 of the definition of a stable graph, and the definition of f~!(v), any
automorphism of G restricts to a subgraph of the form ®g f ‘1(1)), where S is some subset
of Vert(f(G)).

Any morphism G — G/J can be factored into a sequence of morphisms
G— Gi/J1 — Gyl Jo — -+ — G/ Jn = G/ J,
where J; ¢ Edge(G;) and G; := G;_1/J;—1, and the composition ug can therefore be
factored via associativity as uG = pa, 1 /J, 1 —Gp_1/Jn © " © RG—G1 /] -

Remark 3.2.6. This property means that for any operad P, any composition map ug
can be built from the compositions along graphs with either two vertices and one edge,

or one vertex and one loop.

Example 3.2.7. Consider the morphisms

/Oiﬁ\
.vdf —g>a\.4’
X / N\
AR

G GlJ *4.3

L —_—

ce()df ; Ce<>

Pulling back the vertices v and w via f yields the graphs

o A\ /7

) = s frw)y = el Jw
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The map pug : P((G)) — P((*43)) coincides with

nays o ha-arr s P((FH(0)) ® P((fH(w))) = P((%11)) ® P((*41)) =

Bays

= P((*4,1 ®fcay-{e,f} *¥4,1)) — P((*43))

Furthermore, if we take

(n1,72) € Aut(f~(v)) © Aut(f~(w)) to be n1 = (a < B) 72 = ((g7) < (hj))

then the diagram

P((f7 (v)) ® P((f ™ (w)))

P(11)®P(12) P((%4,1 ®fc,dy>{e,f} ¥4,1)) ——— P((*4;3))

Y

P((f7 (v)) ® P((f ™ (w)))

commutes.

3.2.1 Composition for The Free Modular Operad

Let P be any stable S-module. We are now going to define the free modular

operad whose underlying stable S-module is

MP((n,0))= @D  PG))aue)
Ge[T((n5))]

Let us try to understand the structure of the composition map

pa : MP((G)) - MP((n,b))
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First, take G € [['((n,b))] and let Sg = {@&n;|n; : {v;} = [I'((Leg(v;),b(v;)))]}, where

7; is a choice function, and v; runs over the set of vertices of G. Then

MP((G)) ®  MP((Leg(v),b(v)))

veVert(G)

( P((H))Aut(H))
veVert(G) \ He[T'((Leg(v),b(v)))]

= @( (029 P((’?j(vj)))Aut(nj(vj)))

Sa \Vert(G)

- @( (%) P((ij))Aut(ij))

Sa \Vert(G)

= BP( ® Gy)nawe.,) (3.6)

Sa Vert(G)

where for fixed n = @n;, each G, replaces v; in G, and a new graph, G, is defined as
follows:

Let G € I'((n,b)) be such that Vert(G) = {1,...,n} with involution ¢ and let
Gy, € [I'((Leg(vi),b(v;)))] for i = 1,...,n. For any category I'((n,b)) there is a fixed
labeling of the legs of any graph G € I'((n,b)), so every graph G,, € [I'((Leg(vi),b(v;)))]
comes with a bijection f; : Leg(G,,) — Leg(v;). It is important to recall that by a vertex
we mean not only the associated point in the geometric realization, but the set of flags
emanating from that point as well. Now, replace v; with G, and glue lq,lg € Ll; Leg(G.,)
together if and only if ofi(la) = fj(lg) with I, € Leg(Gy,) and Ig € Leg(G.,). Since
Leg(Gy) = Leg(G) and b(v;) = b(G,,), it must be the case that G, belongs to I'((n,b)).

Remark 3.2.8. It should be noted that P is in not in general “injective” in the sense
that P((G)) = P((H)) does not imply that G and H are even in the same category. In
particular, it need not be the case that ® G, € I'((n,b)) above. See Example 2.2.5 for

more details.

The composition pg is therefore obtained by canonically projecting the sum-

mands of

MP(G) =B P ® Goiiaw(cn)
Sa Vert(G)

onto the summands of @5, P((Gy))aut(a,) € MP((n,b)).
For any graph G' we have G = @ G;, and if @n; is such that n;(v;) = G,
then G, = G. Furthermore, whenever Gy, = *,(,,)b(v;) for all j, then Aut(G,;) = id
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and MI\G/HP|P((G7,))®AM(GU7_) is the projection P((Gy)) = P((G)) — P((G))auy(c)- For
example, if G is the graph v1 = {1,2,3},v2 = {4,5,6},0 = (24)(35), then Aut(G,,) = id,
but Aut(G) = Z/2Z.

Example 3.2.9. Let

AN e

G = oVl V2

e (i) AN

¢ [I((52)]

with b(v1) = b(v2) = 1, and take G, € [T'((3,1))], Gy, € [T'((4,1))] to be

N

G, l
- ~

where b(u) = 0, b(w) = 1, and the f;’s are the obvious bijections. Then (ij)f1(l) =
(i7)(@) = j = fa(k), and so

AN@ 7

Gn = ., oy, ——

AN

Furthermore,
b(Gyy) =b(u)+ dim H1(G,, ) =0+1=1
b(Gy,) =b(w)+ dim H1(Gy,) =1+0=1
and b(Gy) = b(Gy,) +b(Gy,) = 2.
As in this example, if H;(G) = 0, then the identification

MP(G) =@ P((Gn)) au(c,):

and therefore the map pp’, is quite intuitive. If Hy(G) # 0, or more specifically, if G

contains a self-intersecting loop, then the map u%ﬂp is more subtle:

Example 3.2.10. For any modular operad P, P((G)) = Qvert(q) P((Leg(v),b(v))).
Let
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and let

As G has only one vertex v, each @n; from above is replaced by a single map n: {v} —
[['((Leg(v),b(v)))], and S¢ can be replaced by [I'((Leg(v),b(v)))]. Let G, correspond
to the n such that n(v) = G, = H. The bijection f in this case is

[+ Leg(Gy) — Leg(v)

1,2,3,0,0 —1,2,3. k. k',

and f(0) = (kk")f(¢') = o f(¢'), so Gy, = G. Examine the composition map pt:

pE”MP((@)) = @ MP((Les(r),b(1))) = MP((Leg(v),0)) =

= S5 P((K))auwk)y — @  PUL))aw) =
Ke[T'((Leg(v),0))] Le[I'((3,1))]

- MP((3,1))

The map N%HP’P((H))AM(H) : P((H))aw(r) — P((G))Aut(c) is the canonical
projection P((G)) — P((G))auw(c), since P((G)) = P((H)), and Aut(H) =id. The
critical step here is replacing the vertex of H € I'((Leg(v),0)) with the graph G,, = G,
and gluing the legs £ and ¢’ via f to obtain G itself.

3.2.2 Morphisms of Modular Operads

Definition 3.2.11. A morphism P — @ of modular operads consists, for each graph
G, of a morphism of chain complexes P((G)) — Q((G)) subject to the commutativity
of

P(G)) — Q((G))
NgﬁH\ \“gaH
P((H)) — Q((H))

where H = G/I for some set I ¢ Edge(G).
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Proposition 3.2.12. Let P be a cyclic S—-module, () a modular operad, and let
F : ModularOperads — S—modules

be the forgetful functor. There is a bijection Hom

(MP,Q) ~ Homg__,(P,FQ),

ModOp

that is, M is the left adjoint to the forgetful functor F.

Proof. For a fixed category I'((n,b)), a morphism ¢ : MP — @ is a collection of chain
complex morphisms ¢(G) : MP((G)) — Q((G)), indexed by the objects G of I'((n,b)).
Since MP and @ are modular operads, ¢(G) can be decomposed as

Q  MP((n(v),b(v))) — & Q(n(v),b(v))),

veVert(GQ) veVert(G)

and is therefore determined by the collection of morphisms

MP((n(v),b(v))) — Q((n(v),b(v)))

By the definition of M P, any morphism MP((n,b)) — Q((n,b)) is given by a collection
of morphisms P((G))aut(a) — Q((n,b)), each of which factors as

PUG)) autic) —5 P((n,5))

Q((n,0))

Any morphism ¢ : MP — @ of modular operads is therefore uniquely defined by a
collection of chain complex morphisms P((n,b)) — Q((n,b)), indexed by pairs n,b
such that n — 2+ 2b > 0; that is, a morphism P — @ of stable S-modules.

Conversely, given a morphism of modular operads MP — @, restricting the
morphism MP((n,b)) — Q((n,b)) to P((*n,)) gives a morphism P((n,b)) = P((*np)) —
Q((n,b)). O
3.2.3 Cocycles and Coboundaries

Definition 3.2.13. A cocycle D is a functor (not necessarily monoidal) I'((n,b)) —

Graded Vector Spaces satisfying the following conditions:
i) dim D(G) =1 for all G e I'((n, b))

i) D(#p) = C
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iii) For any morphism of stable graphs f: G — G/I, there is an isomorphism

v D(G/DHe @  D(f(v)) — D(G)
veVert(G/I)

iv) Given a composition of morphisms Gy i> G1 £> G2, the following diagram com-
mutes:

D(Ge @ DU'w)e & DU'(w) M2, DGEe Q@  D(fi(v)

veVert(G2) veVert(G1) veVert(G1)

D(Gle @ ((Df'w)e @ Dfi'(w)

veVert(Ga) wef31(v) Yf1

D(G2)8®yevert(Ga) V1 \f51(v)

Y

Y

D(G2)® Q@ D((f20f1) (v)) ~ D(Go)

veVert(Ga) Visofy

v) If f:Gy — G is an isomorphism, the following diagram commutes:

D(Ge Q@ D) M, piay)

veVert(Gr)
\ D(f)
id®g

D(Gh)

where the map g is given as follows. Let m, be the projection 7, : f~1(v) —
*n(v),b(v)- Lhen D(my) is the map D(m,) : D(f(v)) — D (%) p(v)) = C, and
we set g = Qvert(ay) D (m0)-

Let D be a cocycle. Define D*(G) := D(G)®" and D™}(G) := D(G)*. By
definition, for any stable graph G, we have D(G) = V[m] where V ~ C and m € Z.
Therefore D"(G) = V& [nm], and D™1(G) = V*[-m] are again one-dimensional and

concentrated in a single degree.
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Recall the determinant of a vector space V' is the one-dimensional vector space
APP(V)[dim V], which is concentrated in degree (—dim V). If S is a finite set, write
C% for @gC and set Det(S) := Det(C%) = ASI(C%)[|S|]. The familiar isomorphism
ACP(V e W) =~ APP(V) @ APP(IW) tells us that Det(11;S;) ~ ® Det(S;) for any finite
sequence of disjoint sets {S;}. If Vi, = @V} is a graded finite dimensional C-vector space,
then set

Det(V,) = ®Det(_1)i(Vi)
Z

The two cocycles which will be important for the purposes of this project are

K(G)
£(G)

Det(Edge(G))
Det(Flag(G))Det™! (Leg(G))

For example, if G is the graph

—
[ ) [ ]
~——

then K(G) = A2(C?)[2], and L(G) = A2CHF3[2] @ A2C199'}[2], where (ff) and (g¢')
are the edges of G.

Lemma 3.2.14. Let [ be an integer. Then K"2£(G) = K!(G) ® QEdge(c) N cihr,
Proof. Let G be a stable graph. Calculating yields
K72L(G)
= (@) e KG) e L(GR)
= IC’(G) ® C[-2|Edge(G)|] ® Det(Flag(G)) ® Det_l(Leg(G))
- KYG) e C[-2fdge(C)] @ A CPE D [Flag(G)]]
o( A CH4O) [[Leg(G)[])"
- K{G) @ C[-2[Fdge(G)]] @ A CLEO nieeo) 60t [[Leg () + 2[Edge(G) ]
o( A CH4O) [[Leg(G)[])"
- K{G) @ C[-2fBdge(C)] & A CVHO[Leg(C) ] @
A St 9 Edge(@)[] & (A CH5 [Leg(G)]))*
_ ,CI(G)®7<)CuEdge<c>{se,te}

2
- (e & AChets (3.7)
Edge(G)
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Definition 3.2.15. Let DV denote the dualizing cocycle K ® D7
Let s be a stable S-module such that dim¢ s((n,b)) =1 for all b, n.

Definition 3.2.16. The coboundary of s is the cocycle
Dy(G)=s((n.b))® & s '((n(v),b(v)))
veVert(G)

Later on when we examine algebras over certain operads, it will be important
to shift degrees and alter the S,-action for the sake of compatibility. This will be done

using the coboundaries induced by the stable S-modules

%((n,0)) = C[-1]

a((n,b)) = C[n]

B((n,0)) = Clb-1]
§ = sgny[n]

vi = 588200 ez

Let 0 € S,. If s is among the first three, then S, x Ds(G) — Ds(G) is given by
(o,v) » v, and if s = §, then (o,v) ~ sgn,,(¢) -v. The same holds for ;.

The upshot here is that if s is a stable S-module of the type mentioned above,
and if P is a modular D-operad, then sP is a modular Dg; ® D-operad.

Remark 3.2.17. It is easy to see that Dge = K? and D; = £7%.

Definition 3.2.18. Twisted modular operads are defined by simply replacing P((G))
in Definitions (3.2.2) and (3.2.4) with D(G) ® P((G)). More specifically, the map (3.2)

becomes

p:MpP((n,0)) = @ (D(G)®P((G)))au(c — P((n,b)) (3-8)
Ge[I'((n,d))]

and (3.3) becomes
pue : D(G) ® P((G)) —> D(%np) ® P((*np)) = P((n,0)) (3.9)

A twisted modular operad should be thought of as a modular operad whose composition

maps p¢ are twisted by a factor of D(G).
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3.2.4 The Twisted Modular D-operad MpP

The free modular D-operad Mp P is defined by

MpP((n,0))= @ (D(G)®P((G)))au(c):
Ge[I((n,b))]

with composition map
D(G) ® MpP((G)) — MpP((n,b)),

and is said to be generated by the stable S-module P. As is the case with any operad,
Mp P is generated by the simple tensors in Mip P((G)) = ®vert() MpP((Gy,;)). For each
graph G, there exists a choice function 1 = @7, as in section 2.2.1, such that G, = G.
Since Gy, = *5(4,),b(v;) for all vj € Vert(G), the groups Aut(Gy,) are trivial, and because
D(#y,) = C for any n,b, the restriction

MDP|
e (®Vert(G)(D(GUj)®P((ij))))]'[Aut(ij)

is just the projection

D(G) & . @G) P((Gy;)) = D(G) ® P((G)) — (D(G) @ P((G))) Aut(c)

3.2.5 The Twisted Modular Operad &y

Set & ((@)) := VOF128G  and define

uEY L KTL(G) @ Ev ((G)) — Ev((*np))

eq
Nedlecle @ (Frfle @ wvpm (-1 T Blupvp) @ vy,
Edge(G) feFlag(Q) ](E)}ifﬁ; feLeg(@)

where B is an anti-symmetric pairing V @ V' — C of degree 1, ¢g = |[Edge(G)|, and
the sign (-1)¢ is defined below. The first factor (AC e;)[ec] accounts for the degree of
B, and the second factor ®gqge(c)(f A f') accounts for the anti-symmetry of B. For

example, if G is the graph
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then pg is the map

IC_lﬁ(G) ® & ((Q)) = vetfufafs.fafs.for __ yy@ifif2f5.f6) _ Ev((%10))
e[1]1® (f3A fa) ®vp, ® - @upy = (=1)°B(vy,, vy, )vf, ® Vs, @ Vg, @ U,

The Sign (-1)¢

Let G be a graph with two vertices labeled by by and b2, and one edge given
by (/£). One then has & ((G)) = v ((+n5,)) ® Ev((+nys,))- The simple tensors have
the form

(1M® QU@ ®Uy ) (W @ QWp ® @ Wh,)

Composition is done in several steps, each involving a permutation of the factors with
the goal being to insert, in the operadic sense, v into w. Assume vy sits in the at? spot
of v1 ® - ® vy, and wy sits in the B spot of wy ® -+ ® W, -

n1
el E Jvil)
First, move vy through vy ® ---® vy, . This produces the sign (-1) i ™,

Then move w; 1 <i < -1 successively all the way to the right. Moving w; gives the
sign (—1)Mil(wl=wil) - The product now has the form

-1
2 Jw;l(lwl=|w;])

ny 8
logl(C E Jvil) 2
ima+l T (=1)s=t VI ® @ Up ®Vf @Wypr @ Wpryy ® -

(-1)

S ® Why ® W @ ®Wpr_q

Contracting this product via id ® - ® B® -- ® id gives the sign (=1)IBI(vI=lvs])
Finally, move wy, ..., wg_1 all the way to the left. Moving each w; for 1 <1< -1 gives
the sign (—1)Mwel(vltlel-losl=lwpl=lwe) " The end result is
ny B-1 B-1
(_1)|“f|(i:§+l \v¢|)+j§1 ;| fol=hw; D+BICvl-los D+ X [wel(fol+wl=fos|=wgr[=fwe])

B(vf,wp)w; ® - @ wa_1 ® U1 @ @ U, ® W41 ® =+ ® Wh,

(3.10)

Now let G = *:L,b' Then Mg" &y ((G)) — Ev((n,b+1)) is given by

VI® @U@ @U@ @y

B-1 B-1
loslC X Joi)+BI(CZ |viD=lvg)
i=a+1 j=1

=~ (-1

@V @V @ @ Up (3.11)

B(vf,vfr)vl @ @Uf 1 ®Vfy1 @+
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3.2.6 The Twisted Modular Operad S[¢]

Let (C[Sn]’ denote the N-graded C-vector space with basis indexed by elements
(0,a,) with deg(o,a,) = dega, = —iy, where o € S,, is a permutation with i, cycles and
ay = 01 A+ Aoy, € Det(cycleo). We also impose the relation (o,-a,) = —(0,a,). Let
C[t] denote the space of polynomials in the variable ¢ and let deg ¢ = —2. Note that deg
t9 = -2g.

The underlying S-module of the modular operad S[t] is

S((n)) = C[Sa] [-1] ®c C[t],

and S((n)) = bGZBOS[t]((n,b)) with

S[t1((n,0))= @ C-(0,a0)t[-1],
b=2g 1001

where deg (o, a,)t9 = degt?+dega, = —2g—1i,. This gives a shift of 2g+i,, and as a vector
space, C- (0,a,)t9[-1] ~ C[2g + i, — 1]. In particular, S[t]((n,b)) is a one-dimensional
C-vector space sitting in degree (—b). Note that if b < 1, then g = 0. If n < 2, set
S[t]((n,0)) = 0.

Definition 3.2.19. A stable ribbon graph is a connected graph G together with

i) partitions of the set of flags adjacent to every vertex into i(v) subsets Leg(v); ¢

Leg(v) with Leg(v); nLeg(v)y =@ if j # k, 1 < j,k <i(v).
ii) a fixed cyclic order on every subset Leg(v);.

iii) a map g : Vert(G) —> Zsg such that for any vertex v, 2(2g(v)+i(v)-2) +n(v) > 0,
so that putting b(v) = 2¢g(v) +i(v) — 1 defines a stable graph.

The basis vectors (o,a,)t? can be represented by single-vertex stable ribbon
graphs with associated orientations in the following way: Let C[.S,,] be the vector space
Spanc{o € S,} concentrated in degree 0, where C[S,]* is identified with C[S,] via
0*(7) = 6gr. Let 0 = o1---0;, act on the flags of *,,; and identify o;, 1 < j <45, with
the corresponding orbit in Flag(*,) := {1,...,n}. Then (0,a,)t? can be represented by
*p,.p, thought of as the stable ribbon graph, and is best written as

tasl-1]® (01 A noig) @1 € S[H)((n,2g +ip 1))

S[t]((n,b))
C[Sn)T-1] C[t]

N
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where the shift by —1 coincides with [-1] in C[S,]'[-1] ® C[t], and *,,; contributes no
shift. The idea is to write the vectors (o, a,)t? in such way that the composition maps
,uSG[t] can be defined as explicitly as possible.

Tensoring with t9 is nothing but a shift, so we can rewrite the latter expression
as

kb ® (1A AT, )20 +i5 — 1] = %55 ® (01 A Aoy, ) [b] (3.12)

By definition, S[¢]((n,b)) is finite dimensional, so we can put a finite order on
the basis elements. If we write S[t]((n,b)) = Spanc{e;}, then the canonical basis, {f;},
for S[t]((n,b))* is defined by fi(e;) = d;;5. If

*nb ® (0'1 A A Uza)[b]
corresponds to e;, then f; will be represented by

b ® (01 A Aoy )[-b].

Composition for S[t]

S[t] is a modular Det operad, so the compositions all have the form
He ey Det(Hi(G)) @ S[t]((G)) — Det(Hi(G/e)) @ S[]((G/e)),

where this map has degree 0.
As was mentioned in Remark 3.2.6, all compositions in S[¢] can be built from
the compositions along graphs with either two vertices and one edge, or one vertex and

one loop. The former is defined as follows.

Composition along *,,, , ® %,

Let G be the graph with vertices vy = {Tu{f}}, vy = {Ju{f'}}, involution (ff),
and b(v1) = b, b(vg) = b'. Choose an arbitrary ordering on v, and identify S[¢]((Iu{f},b))
with S[J((|1 U {}],b)). Since Det(H1(G)) = Det(Hy(Gfe)) = C, 1, = " is a
map

S[EI((Tu{f},b) @ SEI((Ju{f }.b)) — S[EI((TuJ,b+b))

Let (o,a,)t9, (p,ap)tgl be basis vectors of S[¢]((I v {f},b)) and S[t]((J u
{f'},0")) respectively, with as = o1 A -+ A 0y, [is], ap = p1 A A p;,lip] and f € oy,

fep.
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Define
mep Aut({1,...,n}u{f, f'}) — S,

(fro(INFo(f))o ifo(f)+ [ and o(f') # f
o=V (fro(fNfa(f)o ifa(f)=f
(fo(INUS a(f))o ita(f)=Ff

and let p = msp(op(ff')). Intuitively, msp is the operation which erases f and f
from the permutation o. For example, if n =5 and op = (12f3)(f'45), then op(ff') =

(12£3)(f/45)(Ff') = (12f45/'3) and 7 ((1245f'3)) = (12453), so m;p(op(ff')) =
(12453). This can be seen graphically as follows:

3
5 3 5
™ !
4
4
: 2

Figure 3.2: Right multiplication by the transposition (ff’), followed by application of
the map 7y has the effect of gluing the cycles at the points f and f’. One could also
think of this as inserting (45) into (123).

We then have ,uSG[t]((U, as)t? ® (p,ap)tgl) = (u,au)t“g’, where
ay = (V)" ok (FF)YAOLA = AT A ATy AL A= APLAA Pi, i)

and f € oy, f'€p.
I claim this is the natural choice for a,,. As before, write (0, a,)t? as *,® o1 A
Ay, [b] using the identification in the previous section. The element (o, a, )t9®(p, a,)td

then becomes
#1141, ® (01 A+ A 03, ) [D] @ #7101 ® (p1 A+ A, ) [V]
and this is rewritten as
(aers ®F 57 * 1) (@1 A A Gs, A p1L A A i )b+ D],
There should be a natural contraction

Det(cycle o) ® Det(cycle p) - Det(cycle u)
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mapping a, ® a, to a,, compatible with the contraction

FII41,0 O f, 7 *|J|+1,0 7 * 4| J],b+b" = *nb+b

which records the sewing of o with p; along (ff’), and the deletion of o} and p;. The
isomorphism Det(S uT) ~ Det(S) ® Det(T'), when applied to the sets {cycleo ~ {o}}}

and {0}, gives
Det(cycleo ~ {or})—Det({or}) ® Det(cycle o ~ {o})——Det(cycle o)

0’1/\---A(fk/\"'/\0'ia [ig—l] g Uk[1]®01A"'Aka~~~AUiU [ig—l] — (—1)]’6710'1/\“'/\O’]C/\“'/\Ui(7 [ig]

The factor (=1)*~! comes from moving o}, from the first spot to the kth spot by applying
the permutation (k k-1)(k-1 k-2)---(k1) to ok A o1 A== ATk A Aoy, . Inverting this

isomorphism gives rise to the sequence
Det(cycle o) ® Det(cycle p) —> Det(cycleo ~ {o}}) ® Det(cyclep ~ {p;}) —
— Det(mpporpi(ff')) ® Det(cycleo N {ox}) ® Det(cyclep~ {pi}) —
—> Det(msp(op(ff'))) = Det(cycle p)

On elements,

Ug ® p =01 N AT, [ia] @ pr A=A p;,[ip] =

(DM 20 A AT A Aoy i —1] @ pL A A A AP, lip—1] =

TI'ffIO'kpl(ff/)[l] ® (—1)k+lO'1 VANERIVAN (fk N NCj, [io— - 1] ® P1L A A ﬁl VAERIVAN pip[ip - 1] —

(—1)k+l7rff/akpl(ff’) ANOLA N A ATig APL A= APLA A pi [(Gg +ip—1) =1,],

which is a,.
It is important to note that if we want to think of the elements (o,a,)t? as
tpp[-1]®@01 A Aoy [ie] ®17, when the map ,uSG”[t] is applied, the contraction 7, ®;y 1

* 71,00 = *nb+tr 18 done in degree zero, and the result is then shifted by —1.
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oy 1
Composition along * b1

Let G be the graph =! , | with a single vertex v = {1,...,n}u{f, f'} and single

loop defined by the edge e = (ff’). Then G/e = *g,b and MSGM has the form

Det(H1(G)) ® S[t]((G)) — CeS[t]((n,b))

Assume first that f, f’ € oy,0; respectively, with k < I. Let u = mspo(ff"). Then

ui[t](eff/[l] ® (0,a0)t9) =1® (p,a,)t9*!, where efp[1] 1 is a map of degree —1, and

alt = (—1)k+l_171'ff10'k0'l(ff’) NOL NN (fk VAKERIVAN O’Al VANRERIVAN Oiy [Z,u,]

As before, there should be a natural contraction Det(cycle o) - Det(cycle i) compatible
with sewing the cycles og, 07, and the contraction *711,1;71 - *2,b~ Also as before, there is

a sequence of natural isomorphisms which yield a,. The first of which is as follows:
Det(cycleo \ {oy,01}) — Det(or) ® Det(o;) ® Det(cycleo ~ {op,01}) —

—> Det (o) ® Det(cycleo \ o) — Det(cycle o)

On elements,

TLAAGE A AT A ANoj [ig—2] ~
op[1]®o[1]® a1 A ACTE A= NG A ATy [ig —2] —
or[1]® (-1) oy A NG A Ao A Ay, [ig — 1] -
(D) A A A A op A Aoy, [ ]

Inverting this map gives rise to the sequence
Det(cyclec) - Det(cycleo ~ {og,01}) = Det(msporoi(ff')) ® Det(cycleo ~ {og, 01}) -
— Det(cycle p)
On the element o1 A+ A 0y, [i], this takes the form
o1 A Nog ie] —
(D)Mo A AT A A G A Aoy, [ig - 2]
(—1)k+l71ﬂ'ff/0'k0'l(ff’)[l] QOTLA AT AN AT A Aoy [ig —2] —

(—1)k+l‘17rfffakol(ff’) ANOLA AT A= AT A Aoy [ie — 1]
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Remark 3.2.20. The number b(G) is defined as

( > b(v))+dimH1(G),

veVert(G)

so in this case, b—1 = b(v) = 2g + i, — 1, where v is the vertex of *., . Therefore
b=2g+i,=2(9g+1)+ (iy, — 1) — 1 should be the total shift of NSG[t](effr[l] ® (0,a,)t9) =
0 [-1] ® auliy = ic — 1] ® "1, By considering this shift, one sees that the element
ess/[1] does not act as an orientation correction, or as a shift of (y,a,)t". It simply

maps to 1€ Det(*27b) ~ C, so as to ensure deg MSGM =0.

Now assume f, f’ € 05,. Then ui[t] dissects the cycle o into two cycles, whose

relative order in the basis vector of Det(cyclemspo(ff")) is determined by the order in

which f and f’ appear in 0. In this case, o(ff') is the product of two cycles, 0,]: and ak’,

where 0’,’: contains f and a,{/ containsf’. We have pSG[t](eff/[l]@)(a, ag)t?) = 1@ (p, au)t?,
and
(—1)k‘1(7rfa£) A (ﬂf,agl) ANOLA NG A Aoy, if f appears before f in o
a, =

(—l)k_l(ﬂ'frogl) A (7Tf0']{) ANOLA NG A Aoy, if f' appears before f in o

This is well-defined as long as all of the cycles of a given length begin with the same letter.
The factor of (=1)¥~! comes from the following two sequences of natural isomorphisms.
The first is

Det(cycleo \ o) — Det(cycle o),

which was defined above. The second is
Det(cycle o) — Det(cycle o ~ o) —> Det(cyclenspor(ff')) ® Det(cycleo ~ o1,) —

— Det(ﬂfa,]:) ® Det(ﬂ’f/O']]:/) ® Det(cycleo ~ oy,) — Det(cyclemspa(ff'))

If f and f’ are neighbors in oy, then either oy = (f), or a,{’ = (f"). In either case,

1 (erpl1]® (0,00)t7) = 0,

3.2.7 The Modular Operad S[¢]
The underlying S-module is S[t]((n)) = k[S,] ® k[t] and

S[E((n,b) = @  k-ot?

2
b=2g+is—1
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where degot? = —2¢g. The compositions ,uz[t] : S[t]((G)) — S[t]((n,b)) are given by
octI @ Ttd > myp(or(ff' )99 where o and 7 act nontrivially on f and f’, respectively.
In the elliptic curve case, we always take g = 0. This is indeed an untwisted modular

operad, with a twisted version playing a key role in the main result of this project.

3.3 The Feynman Transform

As a stable S-module, but ignoring differentials, .%p P equals Mpv P*, the un-
derlying stable S-module of the free modular DY-operad generated by the linear dual P*
of P.

The Feynman Differential

The differential of the Feynman Transform, dz, p, is the sum dz,p = Op+ + 6,
where dps and § are defined as follows: For any G, DY(G) is a graded vector space
concentrated in degree —(|Edge(G)| + deg D(G)). So thinking of DY(G) ® P((G))* as
the total complex of a double complex, only one column of DV(G)® P((G))* is nonzero.
Define dp+ by Op+(x ® y) =z ® dp+(y), where dp+ is the differential on P*.

The map ¢ is induced by the composition maps ,ug_)G e of the modular D-
operad P. Let G be a stable graph in [I'((n,b))], and let e be an edge of G. The

morphism G — G/e gives rise to a map
D(G) @ P((G)) — D(G/e) ® P((G]e)).
Dualizing, and taking the adjoint map, gives
D™ (Gle)®P((Gle))" = D(Gle)* ®P((G))" — D(G) ®P((G))" = D™ (G)e P((G))".
The subtle point here is that the map (,ug_)G /e)* descends to a map
(D™H(G/e) ® P((G[e))") au(are) = (D7HG) ® P((G))") aur(e)-

Both maps will be written (Mg»G /e)* as this will cause no confusion.

The cocycle K takes G to K(G) = AlPdee(@ICEdee(G)[Edge(G)], and setting
ek = e, the natural isomorphism Det({e}) ® Det(Edge(G) ~ {e}) — Det(Edge(G)) gives
the map

G K(Gle) — K(G)
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(Aedlec =11~ (-1 Aeilec]

ik
Our grading is homological, so deg(n%) = -1. Then deg(n¢ ® (ug_@/e)*) =
deg(n¢’) +deg(ug )" =-1+0=-1.
Let G,H € [I'((n,b))] be such that H/e ~ G for a fixed edge e. Choose an
isomorphism ¢ : H/e — G and define

H P *
Sl(pv(6)eP((G) ) aua =H[F€P e ® (noa)’,
H/eZ’G

where the map H — G is the composition H 5> H /e % G. 1 claim nf e (uh )", and
therefore ¢, is well-defined.

Let ¢, ¢’ be isomorphisms H/e — G. These induce maps

0,6": (DY(G) ® P((G))") aur(c) — (D7 (H) ® P((H))") aus(c)-

H
/ l\
N
G - G

¢lopl=y
Applying F := DV ® P* gives the commutative diagram

F(Q) "D, pe)

Fw\F(f\I /F(w’wr)

F(H)

We have a commutative diagram

Let x € F(G), and let T € F'(G) put(r)- Recall the action of Aut(G) on F(G) is given by
v-x =F(y)(z). Commutativity, and the fact that F/(¢ o7) and F (¢’ o7) descend to

6,0": F(G) aus(cy — F(H) Aus(i)

respectively, gives §(Z) = 0'(F(v)(z)) =6 (7-x) = §'(T), so § is well-defined.
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Theorem 3.3.1. di@’DP =0.

Proof. 1 first claim 6% = 0. Let G be a stable graph. Let K be such that G = K/{e1, ez}
and set H; = K/{e;} for i =1,2. As above, set F'= DV ® P*. Then 62 is the map

8% F(G) aw(c) — F(H1) aue(rn) © F(H2) aue(r) — FK) au(r)s

and

2 K * K * H * H *
5 = ((7761 ® IU‘K—>H1) @ (7762 ® /’LK—>H2)) ° ((n(igl ® /"LH1—>G) @ (n612 ® /"LH2—>G))

Recall DY(G) = K(G) ® D(G)* and let x € D(G)* ® P(G)*. On elements one has

(52( /\ 61'[6[{ —2] ®w)

i#1,2
= enean (N eilex]) ® (Wicom, © Wi -c) ()
i#1,2
+eaner A (N eilex]) ® (ko © 1) (@)
i#1,2
= ernean (N eilex]) ® (ngog)(@) —ernea n (N eilex]) ® (Hkoe) ()
i#1,2 i#1,2

=0

Since the map 62|F(G)Aut(G) is a sum over all pairs of edges ey, e, and graphs
K such that K /{ei,es} = G, one sees 52|F(G)Aut(G) =0.

By definition of P, podp +dpopu =0. Noting the definition of d}, taking the
adjoint yields dps o p* + u* odp+ =0. Then

Jodps +dp+o0d (me®@p)o(ledp)+(1®dp+)o(n.®pu*)

Ne ® (" odp+) +ne ® (dp+ o p™)

e ® (p" odp<) +ne® (-p” o dp+)
0

and d% p=(6+dp+)?=0*+dodps +dpr 00 +dp. = 0. O
Example 3.3.2.

Consider the category I'((3,1)) of stable graphs G with b(G) = 1 and the
elements of Leg(G) labeled by {1,2,3}. Recall that a stable graph G is one such that
2b(v) + n(v) —2 > 0 for all vertices v of G, where n(v) is the valence of v and b(v) is a

nonnegative integer assigned to v.
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Let P =S[t], D = Det, and let

Let K € I'((3,1)) be such that K/e ~ G for some e € Edge(K). Then K has
one internal edge and at most two vertices. If K has only one vertex v, then K contains
a loop, and b(v) =1-b1(K)=1-1=0. If K has two vertices v; and vy, then K is a
tree, and b(vy1) +b(v2) =1 -01(K) =1-0=1. Assume b(v) =0 for some vertex in either
case. Then i,, =1-2g(v), which forces n(v) >3, g(v) =0, and i,, = 1. If b(v) = 1, then
iy, =2 —2¢g(v) and in this case iy, = 2 with n(v) > 1. The graph K must therefore be

one of
N 21 a N2 1203
e b=1 b=1e b=0 o
K| = \-% Ky =\-b/0 K3 =g K, = \,-b/o
3 3 3
or

Note that S[¢t]((K)) = S[t]((4,0)) ® S[t]((1,1)), where S[t]((1,1)) = 0 by stability, so
the graph K need not be considered.

The map ¢ will be constructed explicitly for Hy and Hy, the cases Hs and Hj
being similar to that of H1. The vector spaces corresponding to the three relevant graphs

are

ur = ((1)(23), (1) A (23))t°
Det(H1(G)) @ S[t]((G)) = C®Spanc { ug = ((2)(13), (2) A (13))t°

ug = ((3)(12), (3) A (12))t°
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Det(H;(K1)) ® S[t]((K1))

. Ces vir = ((1)(f), (1) A (L& ((£23), (£23))t°
= pang
viz = (1)), (1) A (ML @ ((£32), (f'32))t°

Det(Hi(K4)) @ S[t]((K4)) = C[1] ® Spanc{w; = (o, aa)t0|o’ e Cycle{1,2,3, f, f'}}

Write o for (0, a,)t and define the order of the basis elements of S[¢]((Kj4)) as follows:
{2735, (Lf2£3), (12773 1), (13£2/"), (13£°2f), (1f231"), (1£3/'2), (1f32/"),
(1f73f2),(1f'32f),(1£'23f),(1f'2f3),{o|f, f’ neighborsin c}}.

The first of the three vector spaces above sits in degree —1, the second in degree
0+ (-1) =-1, and the third in degree -1 +0 = -1.

Let p; := M§<[?|1®§[t](([(i)). For i =1, Det(H;(K;)) is just C, so the composition
is

< S[H (K1) — S[A((@))

1, v12 = ((1)(23), (-1)*71(23) A (1)) =

1 1
o v} 100
We have [p;]y, =| 0 0 |- This implies [x; ]} = , and
1 00
0

e[l]@l® (v +vyy) if i=1
nf(1®(u§([f])*:1®(l®uf)'—> 0 if =2
0 if =3

The element 1 ® (1 ® u)) sits in degree 1, and e[1] ® 1 ® (v, + v]y) sits in degree 0. For
i =4, Det(K;) = C[1], and so the composition is

i3 1] @ S[H((K4)) — C o S[((G))

lou; if 7=6,8,10,11

l®-—uy if i=2,4,5,12
l[l] ® w; —

1@ -ug if ¢=1,3,7,9

0 if 13<i<24
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Applying the transpose [1}]% gives us

e[llol[-1] ® (wi+ws+wiy+w;) if j=1

e S * * * * * * : .
77K4®(,uK[z]) e (leu;) -y e[l]®l[-1] ® (-w;-wj-wi-wi,) if j=2
e[l]®l[-1] ® (~wj-wi-wi-ws) if j=3

The elements 1 ® (1 ® uj), e[1] ® I[-1] ® (w, + wy +w; +wy) sit in degrees 1 and 0
respectively.

The operad S[t] takes, as an input, a stable graph and outputs a stable ribbon
graph decorated with cycles. Using this point of view, the Feynman differential on
FpetS[t] can be written purely in terms of stable ribbon graphs. The degree in which
the vector, represented by a stable ribbon graph, sits can be read directly from the graph
using the equation b(v) = 2g(v) + i, — 1.

The Basis of FpetS[t]

Given n, b satisfying the stability condition, the space ZpetS[t]((n,bd)) is given
by

FpetS[t]((n,0))

@ Det'(G)®S[t]((G))* (3.13)
Ge[T'((n,b))]

@ KDet (@) ®S[t]((G))*

Ge[T((n,b))]

@ Det(Edge(G)) ® Det™ (H(G)) ® S[t]((G))*
Ge[T((n,b))]

Given o € S, one can, as in (3.12), write the basis vector [(c,a)t?]* of S[t]((n,b))* as
%55 ® 01 A AT, [-b], the canonical basis element of the space *,,, ® AP(CYe)*[-b],
where o = 71+ 0y,. Since S[t]((G))" = ®vere(a)S[t]((n(v),b(v)))* for any G € ['((n, b)),
the basis vectors of S[t]((G))* are best represented as elements of the spaces

G(0ups- - 7a”\vert(c)l) = ® (*n(v),b(v) ® /\top(ccydegv)*[_b(v)])
Vert(G)

= (® *a@pe)® @ (NP(C¥ ) [-b(v)])

Vert(G) Vert(G)

= ( Q@ *wow)®( & A(C¥ 7)) [- X b(w)],

Vert(G) Vert(G)

indexed by the set  JI S,y
veVert(G)
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Letting eg = [Edge(G)|, and let A\g = dim Hy (G), the basis elements of

FpetS[t]((n,b)) can then be realized as elements of the spaces

KDet™(G) ® G(oy,, ..

3 OUvers(a)| )

Det(Edge(G)) ® Det ' (H1(G)) ® G(0y,, . .. 7UU|Vert(G)\)
/\top((cq;) ® /\top(Hl(G7 (C))*[€G - )\G] ® G(va e 7UU|Vert(G)\)

= @3 )W,b(v)) & A"P(C¢) @ \"P(H,(G,C))*
Vert(G

8 ® AP(CH))ew - Ao - Y b(v)] (3.14)

Vert(G)

and take the form

( ® *nw)p) ®aa,
Vert(G)

where

ag=e1 A Aeg ®ULAANOL® &K Ty, A A0y, [€c = D] (3.15)
Vert(G)

We have proved the following:

Proposition 3.3.3. The basis vectors of . ZpetS[t]((n,b)) can be labeled by pairs (G, ag)
for G a stable ribbon graph, and «a¢ as defined by (3.15).

As the basis of FpetS[t] can be represented by stable ribbon graphs, the action
of dz can also be represented by such graphs. Let 4 be a stable ribbon graph with one
vertex and d + 1 legs, and for the sake of intuition, mark the leg labeled by d + 1 as the

output and the rest as inputs. Modulo degrees, d# can then be represented by
d-1d-i+1
dz(9) =% > % (3.16)

i=2 j=1

where ¥, is a stable ribbon graph with a single edge corresponding to inserting the
output of a single-vertex stable ribbon tree with ¢ inputs into the j** input of a second

single-vertex stable ribbon tree with d —i + 1 inputs.

Example 3.3.4. Consider the stable ribbon graph ¢
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Applying d# to & gives a sum of five vectors indexed by the following stable ribbon
graphs ¥;.

\/ \/

\/

5

Visualizing the Feynman differential in this way, the connection between the Feynman
transform and the A relations is realized as the correspondence between the graphs ¥;;

and the compositions mg_;+1 0 m; for 2<i<d-1.



Chapter 4

Algebras over The Feynman

Transform

The first part of this chapter is devoted to giving a detailed discussion of what it
means for a chain complex to be an algebra over the Feynman transform. This material
can be found in [4]. In the second half of the chapter, we construct a morphism from the
Feynman transform of a twisted version of S[t], to &y, where V is specifically chosen to
mimic the chain complexes encountered in the categorical version of such a construction.
In the last part we define what is meant by a quantum A..-algebra and give an explicit
example of these relations in the genus 1 case. The notion of a quantum A -algebra can
be found in [4], with a slightly different formulation. Specifically, a set of operations on
a chain complex satisfies the quantum A -relations if and only if they are a solution to

the quantum master equation, as described in [4].

4.1 The Basic Structure

A Zp P-algebra structure on the chain complex V' is a morphism of DY-modular
operads

Thig‘\DP—>gv,

given, for each stable graph GG, by a morphism of chain complexes
FpP((G)) — Ev((@)) = Veresl@

In other words, there are commutative diagrams

47
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FpP((GQ)) —"~ &((G))

dz

ldsv (4.1)

FpP((G)) " Ev((G))

and
DY(H)® ZpP((H)) —"~ D'(H)® & ((H))

#§—>G :U‘f-IV;G (42)

D¥(G)® FpP((G)) —— D'(G)®&v((G))
for every G, H € '((n,b)) such that G = H/J for some J ¢ Edge(H).
When G = *,, 3, the former takes the form

FpP((n,b)) —2w yon

FoP((n,b)) —— Vo
By definition,
FpP((n,b))= D (D(G)eP(G))")auc):
Ge[T((n,b))]
so maps (DV(G) ® P((G))*) aut(c)y — V®" must be defined for all G € [I'((n,b))].
The difficulty in defining these maps is that if [Edge(G)| > 0, then |Flag(G)| >
|Leg(G)| = n and the map
P(@))" = (X() )P((Leg(v),b(v)))* — &v((n,b))
Vert(G

must involve the contraction uZ, because Y [Leg(v)| = [Flag(G)| > n.
veVert(G)

The maps (DY(G) ® P((G))*)aut(c) — V" are defined by replacing

Ml(Dv(6)eP((G))*) aurcey

in the first diagram with (,u‘é‘g*n ,° Th)|(Dv(G)®P((G))*)Aut(G) from the second. Recalling
the definition of the composition map for a free modular twisted D-operad, any element
of (DY(G)®P((G))")Aut(c) is the result of applying ugDP to an element of the summand
DY (G)e P((G))" = D' (G)e @ P((Leg(vi),b(vi)))" € D'(G)® FpP((G))
Vert(G)
By the commutativity of the diagram
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DV(G) ®Ve§(;) P((Leg(vi)a b(vz)))* m R D\/(G) ® V®Flag(G)

7 £
FpP 1]

FpP((n,b)) 2 (D"(G) ® P((G))") aus(c) — 2 Ev((n,b)) = V"

the map , when restricted to the subspace (DY(G) ® P((G))")au(c), 18 given by

Név © (ld ® ®Vert(G) mLeg(v),b(v))7 where

1L ea(v)b(v) € Hom(P((Leg(v),b(v)))*, VELEM) » P((Leg(v),b(v))) ® V&)

Any map between these two twisted modular DY-operads therefore corresponds
to a set {Myeg(v),b(v)|v € G}, where G runs through all elements of [I'((n,b))], and must
satisfy

de ot =1mody (4.3)

It is important to note the maps Myeg(v)p(v) d0 not depend on G, but are indexed by
the vertices of G.
The Feynman differential is given by
H P *
d7|(Dv(@)oP(@) e =P+ D e ® (HH-6)

He[T'((n,b))]
H/e~G

where n! is multiplication by e[1], the canonical element of degree (1) from Det({e}).
By taking G = *,3, (DY(G) ® P((G))*)au(q) becomes P((*p)) and the equation
(dgomm =mo dy)|(DV(G)®p((G))*)Aut(G) can be expressed in full detail. If H/e ~ G = %,
then H is one of

i) Gnp:=*) , 4, the unique graph with one vertex, one self-intersecting edge e = (ff'),

and n external legs.

1) G111 b2) = *10ify o @y *Rulfhs, With e = (ff7), b+ b2 = b, and I u
Iy = Leg(G). If b = 0 there are %ngign_Q (”) of these, and if b > 0, there are

i
% Dl<i<n—1 (?)

The differential can then be written more specifically as

1
P * P *
dz =dp-+e[l]® (ug, )" + > %e[l] ® (HG (1, 1y 1))
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where S = {(11712)|Il uly = {1,2, - ,n}, |Iz| + 2[)(?}1) > 2}
Recall that & is a modular DY = K~ 'L - operad, so the contraction map

£ .
is given b
MG(IlwI2vblvb2) & Y

’Cilﬁ(G(Il,h,bth)) ® V®11u{f} ® V®12u{f/} — Ve,

Note 4.1.1. Even powers of I contribute nothing but a degree shift, because any per-

mutation of edges e; <> e; produces the sign —1 an even number of times.

Because &y is a modular DY = KD™! = K~'L-operad, P must be a modular

D = K(DV)™! = K2L£ *-operad, so the contraction map ugu is given by
1

I2,b1,b2)
K2LNG (1, Ly b)) @ P((Tu{£},61)) ® P((I u {f'},b2)) — P((n, by +b2)),

where K2£71(G) = ®Edge(q) A2 CHF'} Indeed, we have the relation

| Sayu(e) D(G)
= K(DV)H(@)
= K(G)®DY(G)*

- K@eK(@e @ ACH)
Edge(G)

2 !
= K@) ek (e ® ACY
Edge(G)

2 !
= K@) e ® ACY (4.4)
Edge(G)

and setting [ = 1 yields the result. Diagram (4.1) reduces to

P((n,b))* = - Ev((n,b)) = Ven

dz

de (4.5)

2 , .
/GB (K'(H) ® ACH @ P((H))) aw(ay —2v yon
Hjex%p 3
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For each such graph H, diagram (4.2) reduces to

2 ! ’ﬁ’l 2 ! !
K'(H)e NCYV o P((H)) —  K/(G)e ANCUHTT g vollhl g yen

proj

Y

> V®n

(K1) © ACHTY @ P((H)) ) usian

If H =Gy, p, then write | p((gyy« as My myuir,ry,6-1, and if H =G, 1,61 80
then write T?L|p((H))* as mhu{f},h ® mbu{f,},br
Certainly imdp+ ¢ P((Leg(v),b(v)))*, so

m|imdp* = ,Uffn’b o mLeg(v),b(v) =ido mLeg(v),b(v) = mLeg(v),b(v)

We also have

= g 5 7
ml“(ﬁ[l]@(uén,b)’*) G © THLmJu{ .0} 01

and
5 _ & N N
m| = HGr, 1y by gy © UL b1 ® TUIUE 7Y b

im(e[1]®(ﬂg(117[27b1’b2) )*)

The map m is degree 0, so commutes with tensoring by e[1] and

fody = rodp+ o (e[1]® (uf, ,)7) + %m DNIDLIC Y
= MLeg(u)b(w) © AP+ + (G, o 1, mju(rpye-1) © (e[ @ (4G, ,)")
5 S0 1y ® Oty s @ 1020) o €110 1))
= MiLeg(u)p(v) © AP + 1, , © (e[1]® (g nyugrpo © (16,,)")
+% ; ué(,lhybl,w o (e[1] ® (Myu{fy.b ® Mpufsb,) © (Mg(,l,,z,blﬁbg) )")
Equation 4.3 then becomes
dyen © MLeg(v),b(v) (4.7)
= MLeg()b(v) © dPr + 15, , © (e[1]1® (M, myugrpyom1 © (£8,,)"))

1 E A ~ P *
* 3 zS:MGUL,Q,bLbQ) o (e[1] @ (Mpugsyo ® Mpuisyb) © (WG, 1 b b)) )

Equation (4.7) gives V the structure of an A-algebra for b = 0, and the structure of

what will be referred to as a quantum A -algebra for general b.
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4.2 A Genus Zero Example

Definition 4.2.1. An (non-unital) A.-algebra A is a cohomologically Z-graded k-vector

space
A= AP
PEZL
with graded k-linear maps, for d > 1,

mg: A% — A

of degree 2 — d satisfying for each d > 1 the relation

Z (_1)dega1+~~+deg(lq—qmd_p+1(ad’ ceey ap+q+17 mp(ap+q7 L ,(Lq+1), aq7 ] (11) = O
1<p<d
Ongdfp
(4.8)

The sign (—1)d8@+-+degas=a j5 given by Seidel in [36].

The map m; is degree 1 and(4.8) takes the form mj(mq(a;)) = 0, making A
into a complex with differential m;.
The map ms is degree 0, that is, degma(az,a1) = degas + degay and should be

viewed as a multiplication map. Equation (4.8) is
ma(az, mi(ay)) + (—1)deg“1_1m2(m1(a2),a1) +mq(ma(ag,a1)) =0

Up to sign, this says m; is a graded derivation with respect to the multiplication opera-

tion. More precisely, setting
d(a) = (-1)*8%my(a),az - a1 = (-1)*E " ma (a2, a1), (4.9)
(4.8) can be rewritten as
d(az-a1) = (Dag) - ay + (-1)%8%2ay . (Jay).

If multiplication were associative, this would yield what is known as a dif ferential
graded algebra.
Setting d = 3, (4.8) becomes

(-1)9°e "z (az, my(az), a1)

+ (_1)dega1+dega2—2m3(m1(a3)’ as, al)

+

ms(ag,az,mi(a1))

_1)dega1—1

+ ma(ma(as,az),a1) + ( ma(mz(as,az),ar))

+ my(ms(as,az,a1)) =0



93

Using (4.9) ma(ma(as,as),ar) + (=1)4°841 " my(my(as,az),ar)) can be rewritten as
(-1)%8%az - (ag - ar) = (-1)°%* (a3 - a2) - a1,

so this expression tells us by how much multiplication fails to be associative.

If d=4 (4.8) is

+

(-1)481 i (ay, a3, m1 (az), a1)

+ (-1)desardesaz=2p, (q) my(as), az, a1)

(_ l)deg a1+degaz+degaz—3

ma(aa,as,az,mi(ay))

ma(mi(asq),as,az,a1)

)dega1—1

+ mg(aq,a3,ma(az,a1)) + (-1 ms(aq, ma(as,az),ar)

+ (~1)desortdesax=2n, (my(ag, a3), az, a1)

+ ma(ag, ma(az, az,a1)) + (=1)9°8 " my (mg(ag, az, az), a1)

+ mi(ma(as,as,a2,a1)) =0

In Chapter 5 we introduce chain complexes, built from certain Lagrangians in
the elliptic curve, that form the building blocks of the categorical generalization, &, of
the twisted modular operad &£y, as defined in Section 3.2.5. These complexes are related
via a degree 1 bilinear form B to their dual complexes by a 1-shift. In order to gain
intuition into the structures described in the final three chapters, we now construct a
morphism from the Feynman transform of a twist of S[t] to &, where V is defined
to mimic the relationship the complexes employed in later chapters have to their dual
complexes.

Let V be a homologically graded complex given by

d
- 0 -V —— W -0 - (4.10)

and let {v;}7,, {w;}i", be bases of V; and Vj respectively. There is a degree 1 antisym-
metric pairing B defined by
B: VeV —C

B(U)@',Uj) = 52]7B(Ulaw]) = _51_7

Degree 1 means B(v,w) # 0 only if |v| + |w| = 1 for homogeneous elements v and w. The
pairing B can also be written as a morphism V ® V' — C[-1] of degree 0.
This pairing gives an isomorphism ¢ : V — V™ of degree one defined by

o(v)(w) = B(v,w), seen together as
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2 1 0 -1 -2
d
Vi —— VW - (4.11)
YA Y‘
- dye Vi "

The vectors spaces V and V* can therefore be identified via ¢, which gives rise to an
isomorphism

0 VD) L (V) g v Hom(VE, V) (4.12)

n n n 5, (n=i)vi]
(® Vi) ® Ups1 P ®(‘P(Uz)) ® Up+1 P (® u; = (=1)=1 H B(vi, ui)Vn+1)
i=1 i=1 i=1

Note that up to sign
B(v,w) =< p(v),w >, (4.13)

where < —,— >V ® V* — C is the standard pairing v ® f —< v, f >= f(v).
Let W be the cohomological complex such that W = Vi_; for V defined in
(4.10). The complexes W and W* and the map ¢ between them then take the form

-2 -1 0 1 2

7’ wt d‘q"fv/ Wl ——— (4.14)

(WO)* P (Wl)*

The isomorphism W&+ —s Hom(W®", W) is defined in precisely the same way as
&, so this isomorphism will also be called &,.
Consider a map my,j, : W& — W of degree 2—-2b—n. If A and B are any two

finite-dimensional vector spaces, the degree of the isomorphism
Hom(A,B) — A*® B
f = Ya* e f(a)

is zero, because deg(a* ® f(a)) = dega* + deg f(a) = —dega + (dega + deg f) = deg f.
Noting the shift in (4.11), one therefore has

deg &, (myp) =n+degd (mpp) =n+degmpp=n+(2-2b-n)=2-2b,  (4.15)
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where the first equality is a result of the isomorphisms
We W ~ (W [-1])®" @ W ~ (W*)®" @ W[-n]

Because the Feynman transform is a homological complex, the stable S-module
underlying the twisted modular operad &y should be given by a homological complex as
well. The elements m,,; should therefore be considered as elements of ve+l) - Ag an
clement of VO 7, ;= €71 (m,, ) sits in degree (n+1) - (2 - 2b).

Consider the stable S-modules 5((n,b)) = C[b - 1] and §((n,b)) = sgn,[n].
As degS[t] = 0, the twisted modular Dg2D;s = K2L"-operad B2S[t]((n + 1,b)) sits in
degree (2 -2b) — (n+1). The vector space (32S[t]((n +1,b)))* therefore sits in degree
(n+1)-(2-2b).

Theorem 4.2.2. Let P = %3S[t] and &y ((n,b)) = V®", with V and B as above. The

3 (n=i)lui _ o(n1) .
element (—1)=1 V1 ® - ® VU ® Upy1 = Mpo(0) € VETY corresponds via &, to the

degree 2 -2-0—-n map

mnﬁ(o’) . V®n —> V
UL ® - @ Uy > HB(Ui,Ui)'Un+17

where 0 = (12---n(n+1)) and degmy,o(c) =n—1 by (4.15). The Feynman transform-

algebra structure on €y is given, for b = 0, by the map
Mns0: (B8S[t]((n +1,0)))* — Ev((n +1,0))

(12-n(n+1))[n-1])" »mpo(0), (4.16)
and gives V the structure of an As-algebra.

Remark 4.2.3. By using (4.13), the map m,, o is seen to be the same as the one obtained

from ¢(v1) ® -+ ® ©(vy,) ® V41 via the usual isomorphism (V*)®" @ V ~ Hom(V®", V).

Proof. The vector space 5%5S[t]((n,0))* is concentrated in a single degree, so d;%g[t] =0

and since the algebra structure Fy2 -1 3%8S[t] — &y is being considered only for b = 0,

the map e[1]® ( MSG[t]b)* does not contribute to the Feynman differential, which takes the

,

following simplified form:

NN

dz= Y e[l]e (i
Hel'((n,0))
H/exxp o
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The sum dz((12 --- n)*) may be visualized using (3.16) by noting that the graphs {¥;;}
from above are obtained by decorating the vertices of the graphs {H € I'((n,0))|H /e ~
.01 With cycles, which compose via M}Sq[t] to (12 -+ n).

The equation (4.7) takes the form

dv@n 9] mn’()

=Y Aol ®  Mrewo)o (i )Y) (4.17)
HeI'((n,0)) veVert(H)
H/exxp 0

The coefficient % has been dropped here since the sum is more carefully indexed
by the specific graphs obtained by inserting an edge into *,, .

By Remark 3.2.17, the relevant 5%§S[t]-composition maps ufjgs[t] (|[Edge(H)| =
1) are

iy U k2L o 5288 [H)((H)) — 58[1)(n.0))

2
frfle(ce T)[;(n(w) =2)] > mpp(ff)or[n-2]

2
These maps are indeed degree zero because Y. (n(v;) —2) = n —2 for any stable graph

i=1
H eT'((n,b)).
If H; has the form
i+l-1 /z
k+1-1 -/1
k+l1

then

(e[1]® (15 *) (12 - n)*
= (FAf]@G - (+l-1) ))* @12 (i-1) f (i+1) -~ n)*  (418)

Applying ,ui}’ om to this tensor will give, along with the appropriate sign, the tensor that
corresponds to the composition my, g o;m ¢ under the isomorphism (4.12), with k =n—1.

Write o for my o((i-+- (i +1 - 1) f)) and similarly for my, . The element 7
is given by (—1)Zﬁl[l(l_(j_ﬂl))'”]"vi ® - ® Vij-1 ® vy, and My, is given by

i1 (1 ], BT N N )
(_1)Zj:1(k ])|vj‘+(k 7’)|vf |+z]:1+l (k (.7 l+1))|UJ|U1 QR ® Vi—1 ® fo, ® Vit QR ® Vel
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For this same graph, ,uf{‘j is given by

(—l)el’ui @@V -1 RV @V @ B V-] ®Vfr @ Vjy] &+ & V4]

> (C1D)TTR0 @ @ ® - @ Vg1 ® Vi) ® -+ ® Uyl (4.19)
where
i+l-1 i-1 l+k-1
er=, (L= (G =i+ 1)l+ > (k= vl + (k=g + Y (k=G -1+1))[vl
j=i j=1 j=i+l
and
i-1 izl
ez = il (Kol = [v;]) + [BI(Fol = lvgl) + logl + D lojl (ol + k.ol = vl = g = [v])
j=1 j=1

The calculation of the sign (-1)® is given in detail in Section 3.2.5, and the extra term
lvf| in € is due to B(vg,vs) having the sign (~1)17l. Noting that |B| = 1, |vs|+|vp| = 1,

and [77,,0| =n — 1 for any n, €z can be simplified to
i-1 i-1
€9 = Zk|’l)j| +1-1+ Z(k+l)|’l)j|
j=1 j=1
Write dy for dyen. Applying dy i, to (12 - n)* € S[t]((n,0))* gives

dvﬁln,o((12---n)*) = dV(U1®“'®Un—1®Un)

Z(_l)zij |"j—k|ul QR ® dV(uj) ® - ® Uy,

j=1

Z(_1)Zi1 |“J‘*k|u1®---®dv(uj)®---®un (4.20)
j=1
Applying the right-hand side of (4.17) to (12 - n)* gives

Z Mi}’o(e[l]@( (%) mLeg(v)@)o(Mi}ﬂ)*)((m...n)*)

HeI'((n,0)) veVert(H)
H/e~xp o
= X o (el @rneguno((i - (i +1-1) £)°)
Hel'((n,0))
H/exxy o

® M eg(uy),0((12 -+ (i =1) f (i+1) - n)"))

= Z ,ui}’((f/\f’)[l]®vi®---®vi+l_1 ®vf®vl®---®vi_1®vff®vi+l®---®vk+l)
HeI'((n,0))
H/e~xy o

= Yoo (D)0 @ @0 @ ® Vg1 ® Vi ® @ Uy
HeI'((n,0))
H/ex%y 0

= Z(—1)61+62’U1 Q- QU; ® - QUjsi-1 ®Ujy] ® -+ & Uyl (4.21)
7
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One must also include the sign
(-1) = (_1)Z§If_l(k+l—1—j)|vj|
coming from applying £x.;_1 to the contracted tensor v1®---®V; Q@+ ®V; 411 ®V; 4 Q"+ QU 41

Summing ej,ez, and e3 and noting |vf| = 1 - |vp| for vy and vy such that

B(Uf,?)f/) + 0, gives

i—1 -1
=1+ |oj|+ (k+d)(L=1) + (k—1) = [muo|+ > Jvj| + (Mol + 1 + i) o| + [Mgol + 1 -
i =1

Converting back to cohomological degrees gives

i—1 i—1
2+ (i-1)+ Y Jwj|+ (2+1+9)2+2+1-i=) |w;| mod 2,
j=1 J=1

where w; corresponds to v; under the identification W=V,

When it is being applied to a tensor t; ® --- ® ty4-1, (4.21) may be rewritten as

i_il It;]+i-1
Z(‘l)’:1 W Q- QW@ ®Wit]-1 ® Wi B+ @ Wk, (4.22)
i

because B(w;,t;) # 0 only if |w;| + [t;| = 1. Similarly for (4.20). Putting (4.20) and (4.22)
together and noting that the element 11 ® ---® dv(uj) ® - ®Up_1 U, corresponds to the

composition my, o 0; M1, yields the result. ]

4.3 The Quantum A.,-relations

Definition 4.3.1. A Quantum As-algebra is a Z-graded k-vector space

v-@Y,
peZ

with k-linear maps
My (B75S[E]((d+1,0)))" — Ev((d+1,b))
((o1+ 0p—2g+1)[(d+ 1) = (2-2b)])" = g p(01 Op-2441), (4.23)
of degree 0, satisfying for each product of cycles o1-:-0y_24+1, the relation
dv (Mgs1,p(0[n])”) (4.24)
W, (A £ @ (e o (i) ) (o))

S B A @ (i, ® Wy -kezn) © (D)) (o [n])*),
HeT'((d+1,b))
H/e:*tliﬂ,b
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where o[n] = 01+ 0p-9g41[(d+1) = (2-2b) ], by + b2 = b, and the sequence of disjoint cycles
01 Op-2g+1 1s such that d+1 = ?:—129+1 los|. The elements Mg (01 0p-24+1) are tensors
in V®(@*+1) sitting in degree (d+1) — (2 - 2b). Note that we take g = 0 in the case of the
elliptic curve. By setting b = 0, one recovers the structure of an As-algebra by Lemma

4.2.2.

Notice the definition involves a homologically graded complex, while the usual
definition of an As-algebra involves cohomologically graded complexes. The degree of
the map mg (o1 Tp-2g+1) * Ve . V corresponding to the tensor Map(01 Op-2g+1),
when viewed using cohomological degrees, is 2—2b—d. Indeed, consider a degree 2—2b—d
map mgqyp : W® — W of cohomologically graded complexes. When viewed as an
element of W&+ it has degree 2 — 2b. Switching to the homological complex V given
by V; = W1, the degree becomes (d + 1) — (2 - 2b). Finally, viewing this same element
as a map V& — V| the degree is seen to be (d+1) — (2 -2b) —d = 2b - 1.

4.3.1 The b=1 Case of The Quantum A_-relations

As above, let m,, (o) = fgl(mn’b(o)), where my, (o) : V¥ — V is a degree
2b—1 map of homological complexes. This element 7, (o) sits in degree (n+1)—(2-2b)

and depends on the permutation ¢ as in (4.23). The map (4.23) takes the form

Molepria - (B2S[E]((Jo] + 7], 1)))* — Ev (o] + 7], 1)) = vl

(ool + D) = Elaprir (Mipai1.1 (7))

= Mglspr-1,1(0T) (4.25)

Proposition 4.3.2. Let y(o7) be the number of stable ribbon graphs which contract

to (o7)* under ,ug[t], where ¢ and 7 are disjoint cycles, and let n = |o| and m = |7|. Then

3+%(n2—n—2)+%(m2—m—2) if n,m>3
v(oT) = 1+n+%(m2—m—2) ifl1<n<2,m>3
Proof. Let G = #p4m,1 and let G be the corresponding stable ribbon graph whose single

vertex is decorated with two cycles o, 7 such that |o| = n and |7| = m. Let L, c Leg(G)

be the subset corresponding to o. Similarly for 7. The basis elements spanning d#(G)
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are indexed by stable ribbon graphs H such that ug[t](H) = G, |[Edge(H)| = 1, and
b1(H) + Xvert(z) b(v) = 1. If b(v;) = 0 then n(v;) > 3 and n(v;) = 2 only if b(v;) = 1.
Because b(v) = i,(v)-1 for any vertex v, if [Vert(#)| = 2 then one vertex will be decorated
with two cycles and the other with a single cycle.

Assume first that n,m > 3 and let k be an integer such that 2 < k <n-1. There
are n — k + 1 ways of isolating k adjacent legs from L,. Each gives rise to a graph H
in the following way. Let o = (1---n) and let o, = (i---7) be such that 1 <i < j<n
and j—i+ 1 = k. Then the first vertex of H is decorated by (i---j f) and the second
by (1-+(i—1) f'(j +1)---n)7. If j = n, then the latter permutation is (1---(z — 1) f").

Summing over all k between 2 and n —1 gives

S n-ke1) - n(n-z)-(@-l)qn-z)
k=2
n?-n-2
B 2

The same argument holds for 7, so the subtotal is %(n2 -n-2)+ %(m2 -m-2).

The remaining 3 graphs come from the two distinct ways of partitioning Leg(G)
while keeping both o and 7 intact, and from drawing a loop around either L., or equiv-
alently, around L.. Specifically, if we let ¢ = (1-n) and 7 = ((n + 1)---p), where
p—(n+1)+1=m, then H can be defined either by decorating the first vertex with
(1---n f) and the second with (f") -7, or the first with o - (f) and the second with
(f'(n+1)--p). If H is obtained by inserting a loop, then the single cycle decorating the
unique vertex is (f1--nf' (n+1)-p).

2 _m - 2) possibilities

By precisely the same reasoning, there are n + 1 + %(m
if 1 <n <2andm > 3. Indeed, if n = 2 then there is no way to split ¢ into two
cycles because only one vertex of H can carry two cycles at a time, and stability requires
n(v) > 3 if b(v) = 0. We are left with the %(m2 - m —2) ways of splitting 7 along with
the 3 mentioned in the previous paragraph. If n = 1 and m > 3 there is only one way,
again by stability, to split o and 7 between two vertices while keeping them both intact,
and one way of inserting a loop.

If n =1 and m = 2, then there are two possibilities. There is one way of splitting
o and T between two vertices and one way of inserting a loop.

If n = m =1, then the only possibility is that given by drawing a loop around
either leg.

O
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Given a stable ribbon graph G with its unique vertex decorated by two cycles o
and 7, I divide the possible graphs H such that uﬁ et (7-[) g into five groups, denoted
by H(i) for 1 <i < 5. The first group is given by inserting a single edge in such a way
as to split ¢ into two cycles, each of which having a strictly smaller order than o. The
second is given by doing precisely the same thing, but with 7. The third and fourth each
consist of a single graph, given by the two ways of decorating a single-edge, two-vertex
graph with cycles without splitting ¢ or 7 into smaller cycles. The fifth is given by the
unique way of attaching a loop to G. The five types are illustrated in Figure 3.3.

i+l-1 A k+l-1 k+l-1 1 k+l-1

N NN A

S N SRR B
NN N AN (.

k+l k+l+m i+n—1 k+l k+l+m k+l

Figure 4.1: There are %(n2 - n —2) of the first graph, %(m2 - m — 2) of the
second, and one each of the remaining three. These five graphs correspond to
My 0(01) ® Mpam,1(0203), Mp,0(04) ® Mprivm—n,1(0506), Mpi1-1,0(07) ® Mme1,1(0809),
Mom+1,0(010) ® Mg4i-1,1(011012), and Myii1m+1,0(013), respectively, where {o:}13, can be
read directly from the above five figures.

The b =1 case of the Quantum Ao relation on VEF++7) ig oiven by applying

dy o mLeg(v),l
= iLeg(oyn © dgess + HEL, o (e[1] @ (i o (ug M Y1)
- Leg(v),1 (5258[ D* 'LLGk+l+m,1 {1 ktlemu{f,f'},1 MGk+l+m,1

ZMG(M I,by,b3) o(e[l]® (mllu{f}vbl ® mbu{f'},bZ) (IU’G([1 )"

Ig,b1,b2)
to (o7)*, where by + by =1 and I U I = Leg(G).
For the remainder of the section, I will write mqy for mg (o1 0p-2441) (g =0

for the elliptic curve). Keep in mind that every element 4, depends on a specific

product of cycles o1+ 0p_24+1.
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The Composition (—l)ﬁ(l)m,ﬁm,l 0; My 0
The tensor M0 ® Mism,1 € Ev((1+1,0)) ® Ev((k+m+1,1)) is given by
(V;® ®Vi—1 ®Vf) ® (V1 ® B V_1 @V ® Vi ® +* ® Vg -1 ® Vil ® =+ ® Vklom )

i—1
£ e1+ea+l-1+1 l‘Z [vj]
where 1 <i<k-1, and qu(l)(mz,o ® Mp+m,1) = (-1) 371 Mipym,1 9 My 0, Where

i+l-1

(= X (= G-i+ Dy

and
i—1 k+l+m-1
€2 =) (k+m—j)|v;|+ (k+m—i)|vp|+ Z (k+m—(j-1+1))yy]
j:]- j=’i+l
give the signs associated to m; o and My, 1, respectively, by (4.12), and degm; g =1-1
1-141'Y o]
and deg My m,1 = k+m+1. The sign (-1) 7=l " is calculated as follows. For each j

such that 1 <j <7-1, one has the three terms

03| (M| = o)) = |l (k+m+1) - |v|?
= (k+m)|vl, (4.26)
|BI([mol = vg]) +vg| = 1-1, (4.27)

and

oj|(l-1+k+m+1-1-|vj)

;| (0] + [Mkrma| — [vg] = [vpr| = |v5])

(k+1+m)|vj| (4.28)

Summing over the j such that 1 < j <i—1 yields the result. In order to calculate the final

k+l§m71(k+l+m—1—j)|vj|
sign, one must include the sign (-1) 7= corresponding to the contracted

i-1
tensor vy ® -+ ® Vgylam—1 ® Vkslsm. Summing this sign, €, ez, and [ -1 +1 Y |v;| gives
j=1
(1)) where

i—1
e(1) =m0l + X [vl + (Mam,a| = 1 +8) (1 + [m,0]) (4.29)

J=1

Converting to cohomological signs gives

the usual Aoo-sign.
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The Composition (—1)6(2>mk+l+m_n71 0; M0

The tensor Mp,0 ® Mi+14m-n1 € Ev((n+1,0)) @&y ((k+1+m-n+1,1)) is given
by

(Vi® @V 1®Vf) ® (V1@ @V @ ® Vi1 ®VUpr ® Uiy ® =+ ® Vpeylom—1 ® Vkilem),

i-1
egtegtn—l+n ¥ [vj]

and Uf{v(z) (mn,o ®mk+l+m—n,1) =(-1) =V Mypiivm—n,1 ©i M0, Where k+1 <1<
k+l+m-n+1and
i+n—1
=, (n=(—i+1)l,
j=i
i-1 k+l+m—-1
€4 = Z(k+l+m—n—j)|v]~|+(k+l+m—n—z’)|vf/|+ Z (k+l+m-n—-(j-n+1))y
j=1 +n
k+l+m-1
> (k+l+m=1-j)|v;]
As with the previous case, including the sign (-1) ! gives the sign
(-1)®), where
i-1
€(2) = [Mnol + Y [vjl + (Tgsrsm-n,1] = 1 +8) (1 +[Mn0]) (4.30)
j=1

The Composition (—1)6(3)mm+171 © Mk41-1,0

The tensor My4;-1,0 ® Mp+1,1 is given by
(V1@ @V -1 ®Vf) ® (Vfr ® Vpyy ® +* ® Ukt lom—1 ® Vilam )

and M}E{V(;;)(mml—l,o ® Mmi1,1) = (_1)€5+66+k+lmm+1,1 o My4-1,0 and the associated signs

are

k+l-1
es= ), (k+1-1-j)vjl
j=1
and
k+l+m~1
6 =((m+1)=Dppl+ > (m+1-(j-(k+1-2)))l
j=k+l
k+l+m—1
) ) > (k+l+m-1-j)lv;| 3
Including the sign (-1) ¢ gives (1)), where

€(3) = Mpsi-1,0] + [Mms1,1| (1 + [Mgsi-1,0]) (4.31)
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The Composition (—1)6(4>mk+l_171 © Mim+1,0
The tensor My,+1,0 ® My1-1,1 is given by
(Vksl ® ** ® Vgt 14 ® V) ® (V1 ® - @ Vpyy—1 @ V),

k+l-1
er+eg+m+(m+1) )y [vj]

and “?(4) (Mm+1,0®Mgs1-11) = (-1 371 Mgei-1,1 © Mima+1,0 the associated
signs are
k+l+m
er= ) (m+1-(j~-(k+1-1)))vl
J=k+l
d
an k+1-1

€] = Z (k+1-1-7)|vjl
j=1

P e lrme1-3) vy
Including (-1) 7= gives (-1)Y, where

€(4) = [Mpri—11] + 1 = [Vkstom] (4.32)
The Element (—1)6(5)mk+l+m_1,1
The tensor Myi+m+1,0 is given by
V1@ " @ Vp]-1 ®Vfr @ Vpt] ® *** ® Vgrl4m—1 ® Vktl4m O Uy,

k+l+m o
59+\Uf'\ Y ik sremer,0l-1
J=k+l

& — —
and MHV(5) (mk+l+m+1,0) = (-1 Mk+i+m-1,1, Where

k+l-1 k+l+m
9= > (k+l+m+1-j)vj|+(k+l+m+1-(k+0)|vp|+ > (k+l+m+1-(5+1))[v,l
i=1 Gkl
k+l+m-1
> (k+l+m-1-j)|v;]
Including (-1) 7= gives (-1)®), where
k+l+m-1
6(5) = |Ufr|(m +1+ |Uk+l+m|) + (|’Uf/| + 1) Z |’Uj| + |mk+l+m+170| -1 (433)
j=k+l

We have proved
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Lemma 4.3.3. The b =1 case of the Quantum A -relations is given by

i-1
KL ol S 0 (ks 1|1 (Lo ol)_ .
(-1) = M+m,1 i M0
i=1
i-1
k+l+m-n+1 [n,ol+ ;1 v; [+ Mk st4m—n,1|=1+8) (L+[Mn,0]) o
+ > -1 I= Mktl+m-n,1 % Mn0
i=k+l
Mkti—1.0|+m 1+mgq— — —
+ (_1)| ke+l=1,0[HMma1,1 | (L+ Mg 1’0|)mm+1,1°mk+l—1,0
+ (_1)|mk+l—1,1|+1—\’Uk+l+m|— o7
MEk+1-1,1 © Mm+1,0
k+l+m-1
|Uf’|(m+1+|vk+l+mD‘*’(|Uf"+1) _7%1 |Uj|+‘mk+l+m+1,0\—1_
+ (_ = Mg+l+m-1,1
-0 (4.34)

Converting to cohomological signs gives

-1
k-1 3wl o
Y (1) gm0 My
i=1
i—1
k+l+m-n+1 > |wjl
+ Yo (1) Mpstimen,1 % Tinyo
i=k+l

+  Mm+1,1 © Mg1i-1,0

w _ _
+ (—1)| k+l+m|mk+l—1,1°mm+1,o

k+l+m-1
m=lt|wllwpseml+Hwp | X fwy]

+ (-1 I Myiem-1,1

I
[an)}

(4.35)



Chapter 5

The Fukaya Category of the
Elliptic Curve

The goal of the previous two chapters was to establish the definition and an
initial use of the Feynman transform, that is, the relationship between morphisms of
modular operads with the Feynman transform as their source, and quantum A.,-algebras.
In this chapter the relationship between the former and the latter is taken a step further,
i.e., by replacing the quantum A, algebra with a categorical analogue. Specifically, this
chapter will be devoted to the construction of the Fukaya category of the elliptic curve
given by C/(dZ & Z) for a natural number d. With the exception of the final section,

this material is entirely expository and can be found in [2] and [3].

5.1 A,-precategories

The notion of an As.-algebra V generalizes easily to the case of categories. One
simply substitutes the copies of V' in mgy : Ve . V with Hom-spaces between objects

of the given category. More precisely, we have

Definition 5.1.1. An (non-unital) As-category A consists of a collection of objects
ObA, a Z-graded k-vector space Hom 4(X, X1) for any Xo, X7 € ObA, and for every

d > 1, k-linear composition maps
mq,o * HOmA(Xd_l, Xd) ®:-® HOmA(Xo,Xl) —> HOmA(Xo,Xd)

of degree 2 —d, satisfying (4.8)
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It turns out that the category of interest, the Fukaya category of the elliptic
curve, is not quite an A -category, because Hom-spaces do not necessarily exist for any
choice of objects X, X7 in the category. It is actually something called a precategory,

defined as follows.
Definition 5.1.2. A (non-unital) Ae-precategory A consists of:

1. A collection of objects Ob(A).

2. For each n > 2, a collection of transversal sequences Ob{’.(A) € Ob(A)", i.e., a set

of n-tuples of sequences.
3. For (Xo, X1) € ObZ(A), a Z-graded chain complex Hom_4(Xo, X).
4. For (Xop,...,Xq) € Ob&1(A), a map

mgq : Homa(Xo, X1) ® -+ ® Homa(Xg-1, Xq) — Homa(Xo, X4)[2 - d]

We require in addition:
5. Every subsequence of a transversal sequence is transversal.
6. The A -relations are satisfied by the my’s.

The objects of the Fukaya category of the elliptic curve C/(dZ & Z) belong to
a certain class of Lagrangian submanifolds, and the maps my are defined by considering
polygons bounded by these Lagrangians, where the polygons are parameterized by what

are called tropical Morse trees.

5.2 Tropical Morse Trees

In this section, a class of decorated graphs and their moduli spaces will be
described. When these moduli spaces are zero dimensional, their graphs are used to
define the Ay -structure of the Fukaya category of the elliptic curve. The majority of the

material in section 5.2 can be found in [3].

Definition 5.2.1. Let B be the affine manifold R/dZ with coordinate y. Define the
local system A on B by A, = Z-0/0y|p,. Set X(B) := TB/A and define a section
on : B — X(B) locally by o,(y) = (y,-nyd/dy). Set L, = o,(B) and define its

orientation as being left to right.
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The quotient X (B) is precisely our elliptic curve C/(dZ&Z), and for each k > 2,
the set of all tuples (L, ,..., Ly, ) is exactly the set of transversal sequences mentioned

in part 2 of Definition 5.1.2.

Definition 5.2.2. Denote by B(%Z) the set of points of B = R/dZ with coordinates in
1z.
n

In general, this space is always finite whenever the affine manifold B is compact.
However, compactness is not needed to see this here. For example, if d =2 and n = 3,

then B(%Z) = {0, %, %, %, %, g} The spaces B(%Z) and B(ﬁZ) are dual by the pairing

1 ifp=gq
<p;q>=
0 ifpzg
Definition 5.2.3. Let B be as in Definition 5.2.2. Denote by X (B) the elliptic curve
TB/A, where A is the integral lattice defined by A, = Z for p € B and T'B is the tangent

bundle of B.

The significance of the space B(ﬁZ) is that it parameterizes the equivalence
J i
classes mod A of the set of intersection points of L,, N Ly;, where L, and Ly, are
lagrangian submanifolds of X (R/dZ). Indeed, if (x,y1) € Ly, and (z,y2) € Ly, with
y1 = y2 mod A, then y; = —n;z + kd, y2 = —njz + k'd for integers k, k" and (n; —n;)x +
(k= k")d =y, — y2 € Z, which gives z € B(——17).

nj—n;

Definition 5.2.4. The Novikov ring, Aoy, is the ring of formal power series of the form
Yz aiq’, where the coefficients a; € Z vanish for all sufficiently negative i, and ); are a

sequence of real numbers satisfying lim;_ o, A; = co.

Definition 5.2.5. A (metric) ribbon tree is a connected tree with a finite number of
vertices and edges, with no bivalent vertices, with the additional data of a cyclic ordering

of edges at each vertex and a length assigned to each edge in (0, co].

Definition 5.2.6. (Tropical Morse Trees)

Let B be the integral affine manifold R/dZ. Given a sequence of distinct integers
ng,...,Nq € Z and any metric ribbon tree S we can label the edges e of S with inte-
gers n. as follows. If e is an external incoming edge, attached to the ith external vertex,

then n. = n; — n;_1; otherwise, if e comes out of a vertex v, then n. is the sum of all
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numbers labeling the edges coming into v. Then given in addition points

1
Dii+1 € B (—Z)

Nis1 = Ny
and
1
Po,d eB ( Z)
Nqg —No
we define S(timp(po,d;pm, ..-sPd-1,4) to be the moduli space of tropical Morse trees on

B, i.e., continuous maps ¢ : S — B from a ribbon tree with a collection of affine

displacement vectors, i.e., for each edge e of S, a section v, € I'(e, (¢|e)*T B), satisfying

the following properties:

(1)

(2)

If v is the ith external incoming vertex, then ¢(v) = p;j—1,; if v is the external

outgoing vertex, then ¢(v) = pg 4.

If e is an edge S, then ¢(e) is locally an affine line segment on B. (This line
segment can have irrational slope). If e is an external edge, we also allow ¢(e) to

be a point.
If v is an external vertex and e the unique edge of S containing v, then v.(v) = 0.

For an edge e of S identified with [0, 1] with coordinate s, with the edge e oriented
from 0 to 1, then v.(s) is tangent to ¢(e) at ¢(s), pointing in the same direction
as the orientation on ¢(e) induced by that on e. Furthermore, using the affine

structure to identify (¢|.)*T B with the trivial bundle on e, we have

d
ﬁve(s) =N (0]08).

If B =R"/M for some lattice M < Z", then this equation takes the form v.(s) =
ve(0) +ne(o(s) - ¢(0)).

If v is an internal vertex of S with incoming edges ey,...,e, and outgoing edge

€out, then

p
veout (U) = Z vei ('U)
i=1
The length of an edge e in S (remember that each edge of a ribbon tree comes
along with a length, the external edges having infinite length) coincides with

1 o ve(l)
nel g(ve(o))‘
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Since v¢(0) and v.(1) are proportional vectors pointing in the same direction, their
quotient makes sense as a positive number. There is one special case: if e is an
external edge that is contracted by ¢, then v.(0) = v.(1) =0, but we still take the
length to be infinite.

Remark 5.2.7. Write Sfimp for S;mp(pojd;po,l, ...»Pd-1,4)- Because the metric ribbon
trees are simply connected, a tropical Morse tree ¢ factors through R, the universal cover
of B =R/dZ. Given points po1,...,Pd-1.d,Po.d, the element ¢ € Sflmp can be thought of
as a collection of lifts po1,...,DPda-1,4,P0,4 up to the action by dZ. If dim S;mp =0 the
fixing of a lift of one of po 1, ..., pd-1.4, Po.d gives a bijection between S;mp and the set of

lifts of the remaining points.
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Example 5.2.8.

pi12+kid po,1  po,3+kad  p23+ksd

R

P23 P1,2
Ppo,1
2,3 Po,1

. B =R/dZ
p1,2 Po,3

Po,3
Figure 5.1: Assume dim S;)mp (po,3;p0.1,P1,2,p2,3) = 0. By fixing a lift of pg 1, the elements
of S;rOp(p073;poyl,pl,g,plg) are indexed by the set of triples (ki, ko, k3) € Z3. The given
tree is just one of the possible domains of the elements ¢.

5.2.1 Holomorphic Polygons

A tropical Morse tree ¢ : S — B defines a piecewise linear disk in the following

way. Any edge e of S is labeled by n. = n; —n; for some j > 1.
Consider the map
Re:ex[0,1] — X(B) =T(B)/A

(Svt) = Unz(¢(5)) -t Ve(s)

o, (9(s)) —t-ve(s) = (d(s), —nid(s)) —t-ve(s)
(¢(s), —nip(5)0/0y) = (¢(5),t - ve(s))

(0(s), (-nid(s) —t-ve(s)))

Write the vertices of e as vip and voys. We have Re(s,0) = op,(¢(s)) € Ly, and
this implies Re(e x {0}) € Ly,. Assuming Re(vin x {1}) € Ly, we have

Jni(¢(vin)) - Ve('Uin) = (¢(Uin)a _ni¢(vin)a/8y - Ve(vin)) € Lnj (51)

Since T'B is a bundle, the only way we can have (y,ad/dy) € o(B) for some
o, is if o(y) = ad/dy. The section L, is in TB/A, so the inclusion (5.1) above implies
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L(=ve(s))

. R
#(s)

Figure 5.2: If t = 0, then o,,(¢(s)) —t-ve(s) = on,(¢(s)) € Ly,, and if ¢t = 1, then

o (9(s)) =t - ve(s) = (d(s),—n;0(s) + (nj = ni)(0) = ve(0)) = (¢(s),-nj¢(s)) =
on; (9(5)) € Ly,

0, (¢(Vin)) = Ve(vin) = 0n,; (¢(vin)) mod A. Now, condition 4 of Definition 5.2.6 tells us
that d%ve(s) =nep.(0/0s), so

—ne¢*(8/as)
- (- n)0.(0)5)
= (1) - 6()0)y

= L (m(5)0/0y - n;0(5)9]0)
_ %((gb(s), ni0]0y) - (6(s), n;0()9/dy))
= (00, (0(5)) - o0, (9(5)))

_Eve(s)

Solving this differential equation with the initial condition

_Ve('Uin) = O—nj((b(vin)) - Uni((b(vin)) mod A

gives
—Ve(s) = om;(&(5)) —on,(¢(s)) mod A

Then Re(e x {1}) = {on,(¢(5)) = ve(s)|s € e} = {on;(#(s))]s € e} € Ly,. Thus Re(vin x
{1}) € Ly, = Re(ex {1}) c Ly,.
Let v be a vertex of the tree S. If v is an external incoming vertex v;, then

#(v;) € B(=—X:—7) by definition of ¢, and so ¢(v;) = ~—771u71 + kd for some n,k € Z. We

ni—Ni-1 ng
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then have

on; (H(vi)) = o,y (H(vi)) -n;p(v;)9/y + ni_14(v;)0/y

(=1 + ni-1)(v:)0/dy

(=ni +711) (— . kd) 9]0y
ni = Ni-1

Z-0[0y = Alg(u;) € TBlg(uy)

m

and this implies oy, (¢(v;)) = on,_, (&(v;)) € Ly, N Ly, since the Lagrangians are being

viewed modulo A. But then

Re(vi x {1}) Uni—l(¢(vi)) - Ve(vi)
U”i—l(¢(vi)) -0

= Um(d)(%)) € Lni

The conclusion here is that if the edge e of e x [0,1] is mapped to the Lagrangian Ly, ,,
then the opposite edge is mapped to the next Lagrangian L,,.

We want to use induction to prove that if v is any interior vertex with incoming
edges e1, ..., ey, outgoing edge eout, With e; weighted by n;; —n;;_, for ig <--- <ip, then
the inclusions

Reout(€OUt X {0}) S LniO’Reout ('U x {1}) S Lnip

imply Reg,(€out x {1}) € Lp, . Inductively assume

Re,;(ej x{0}) ¢ Lnij,17Rej (ej x{1}) ¢ Lnij
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The second inclusion implies op, (o(s)) = Oni,_, (¢(s)) —ve(s) mod A. Keeping in mind

the edge eoys is labeled by n;, —n;,, part 5 of Definition 5.2.6 tells us that

Reg (vx {1}) = om; (6(v)) = Veg, (V)

= Oy (B()) ~ S ve, (v)

= oy (B(v)) - z<a (6(0) = o, (6(v)))

= oy (B(v)) - i«qﬁ(v), i, 6()9)9y) ~ (B(v), ~ni, 6(0)0]dy))
= Oy (B(0)) - i(czs(v), (ni, — i, )6(0)/0y)

- (60), - d)010Y) - (60, (i, i, )#(v)0/0y)

= (60), -y 6()0/0y = Do e 6I)

= (¢(v), —1i,@(v)9/0y — (i, — niy )$(v)0/Iy)
= (¢(v), —ni,6(v)9/dy)
= Ony, (¢(U)) € Lnip

We now have R, (€out x {0}) S Lpn, by definition, and Re,, (v x {1}) ¢ Ly, , so
Re,.(€out x {1}) € Ly, . For examples of such polygons see [3] page 608.

Definition 5.2.9. Let (Ly,, Ly,) be an ordered pair of Lagrangians and let p; ; € Ly, N
Lnj. Then set

1 if ng; <n;
degp; ;= (5.2)
0 if n; >n;

Example 5.2.10. Graphically, the degree of an intersection is given by Figure 5.2.10.

L.

J

Figure 5.3: The first intersection is degree 1 and the second is degree 0, where the arrows
indicate orientation. It is important to keep in mind that the slope of L,,, is —ny, for any
ng € 7.
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Attached to each tropical Morse tree T is a sign (-1)*(") defined by Abouzaid
in [2]. Each degree one point p; ; with i < j contributes a sign (—1)5(7”".7'), which is positive
if the natural orientation on C induces an orientation on the corresponding polygon, and
the sign is positive if the induced boundary orientation on L, agrees with the fixed
orientation on Ly, and is negative otherwise. Then

(_1)5(U) - H (_1)5(pi,j) (5.3)

{pi,j|degp;,;=1}

See Figure 4.4 for the defining examples of how to calculate (—1)5(“).

es3 |-
Po,2
Po,1 e . * P0,2 P02 e . ® D0,1
P1,2 P12
Ly, Po,1
Po,2 P1,2
p1,2 Ppo,1
62\ -/e1 ~Vez  —Vey
Ly, Ly,
i LTZ() O L?’Ll
es3 | — P1,2 Po,2
P0,1
Po,2
10,2 o . ® D12 P12 e . * 10,2
Po,1 P0,1

Figure 5.4: The contributions, counterclockwise from upper left, are: +1, +1, -1, and
—-1. Note that even if the outgoing edge e of a vertex v is such that n. > 0, the signs
(—1)5(“) remain the same. The only difference is the polygon may not close once e
terminates. The arrow in the segment below each triangle indicates the direction of
motion of ¢(s) € R.

A tropical Morse tree ¢ € Sﬁlmp (Po.d;Po.1,---+Pd-1,4) can then be identified with
a holomorphic map from the abstract disk, obtained by gluing the sets R.(ex[0,1] along
the edges 1 x [0, 1], where e terminates when s =1, to X (B).
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5.3 Fuk(X(R/dZ))

Definition 5.3.1. The objects of the precategory Fuk(X(R/dZ)) are the Lagrangian
submanifolds of X (R/dZ) defined by ¢,,(R/dZ). Note that since X (R/dZ) is an elliptic
curve, any 1-dimensional submanifold is Lagrangian. The Hom-spaces of this category,

Hom(Ly,, Ly, ), are given by

EBPGB( _l -7) [p]Anov — 0 if n; < n;
Hom(Ly,, Ly;) = Cy=p
0— 69LDGB( L_7) [p]Anov if n; > n;

The first column is degree 0 and the second is degree 1. A typical element of Hom(Ly,,, L)
for B(=1—7) = {p1,...,pn} has the form

nj—n;

> (ap,)ig PP [pa] + -+ Y (ap, )ig ) [pa],

1€ €2
but notice it makes perfect sense to write p e Hom(L;, L;) for pe L;n L;.

5.3.1 Fuk(X(R/dZ)) is an A.-precategory

Define morphisms

d
md’g . ®HOIH(L¢_17 Li) — HOm(LQ, Ld)
i=1

mao(Pots-- - Pd-1.4) = . > (~1)5(@Dgde8dp, (5.4)

1 ¢
B(nlrno Z) S;°P(po,a;Po,1,--Pd-1,d)

where deg ¢ is the area of the polygon defined by ¢, s(¢) is the sign defined in (5.3), and
dim S;mp(pqd;po’l, .o,Pd-1,4) = 0 for all sequences {po1,...,Pd-1,d,P0,d}- Recall from
5.2.7 that if a single lift p; ; is fixed, one can think of S;mp(po,d;po,l, ...yDd-1,d) as the
set of all lifts to T'(R/dZ) of the remaining points po.1,...,Dij,---,Po.d € R/dZ, making

the inner sum of (5.4) countably infinite with the outer sum finite.

Example 5.3.2. Let B = R/dZ and consider the sum

moo(pog ®p12)= Y, >, (-1)* g% ¢ Hom (Lo, Lo)
B(—1—7) S{"°P (p0,2;p0,1,p1,2)

nog-ng

In this example w(p; ;) = m(pi;+dk) mod dZ, but the triangles give distinct contributions

to the sum.
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Lo
TR
P01 D0,2
L1 L2
P12
s
p1’2+k'd
P12 p1’2+k’d
Py Py Py Py Py o - R
Po,1 P0,2 po,1+kd po,2+k"d

Figure 5.5: Two of the countably infinite number of triangles contributing to the coeffi-

cient ZS;rop(pm;pO’hpm)(—1)5(¢)qdeg¢ of po2. The lines L and L' are distinct in TR, but

are equivalent modulo A.

The maps my can be composed as follows. Let [+k—1 = d and write S,Zmp, Sltmp
for
SEOP (pifl,kﬂ'fl;pi—l,ia e 7pk+i71,k+i71)
and
ST (P0,di P01y « - - s Di-2,i=15 Pic1 oticls Phtiod otis - - - » Pd—1,d)5
respectively, where each space is defined by fixing the same lift of p;_1 p4i-1.

The map mygoimyp : Hom( Ly, L1)®---®H0m(Ld_1, Ld) —> Hom( Lo, Lg) takes

the form
my0 9 M,0(Po,1s- - - Pd-1,d)
= ml,O(pD,l) -y Di-2,i-1, mk,()(pi—l,ia s )pk+’i—2,k+i—1)7pk‘+i—1,k:+ia cee 7pd—1,d)

Z Z (—1)s(¢)qdeg¢mz,o(po,1, sy Pi-2i-1,Pi-1, k+i-15 Pk+i-1,k+is - - - 7pd—1,d)
B(%Z) Strop
Mpti—1"Mi-1 k
Z Z (_1)8(¢)qdeg¢> Z Z (_1)s(so)qdegsop0’d

B(;———=7—12) 5;"°P B(;7=5-17) S;*°P

Nhti—1""4-1 ng=no

3 D D (=1)3()+s(p) gdeg ordeg oy, )
B(—L—17) B( L 7) (¢,)eS, P xSy P

ng-no Nkt+i—1"T4-1

Compositions are defined by summing over pairs of zero-dimensional tropical Morse trees,
which are fitted together by matching the output of the first with the correct input of

the second. This is why the same lift is chosen to define both moduli spaces.
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Each of these pairs corresponds to a boundary point of a 1-dimensional moduli
space of tropical Morse trees with, in this case, k+{—1 inputs. Since the moduli spaces
in question are 1-dimensional, their boundary points come in pairs. The A..-relations
among the mgo’s are then obtained by assigning signs to trees in such a way that the
two boundary points of a fixed 1-dimensional moduli space have opposite signs. Pairwise
cancelation yields the result.

The proof that the m,, o’s satisfy the A-relations is done by considering the

identification made at the conclusion of section 5.2.1, and then using lemma 3.6 of [2].

Example 5.3.3. Consider the compositions
4
m3,0 03 M2,0,M2,0 ©1 M3, : @ Hom(L; 1, L;) — Hom(Lo, L4),
i=1

and the elements ms3 o(po,1, P12, M2,0(P2,3,3,4) ), M2,0(m3,0(Po,1,P1,2,P2,3), P3,4), illustrated

by the first and last graphs of Figure 4.6, and by the two graphs of Figure 4.7.

1 P2
P2,4 P1,2 Po,3
P23 ——> 0 <—— P34 p2,3 . (] Po,1
ep1,2 Strop
P1 . L]
P04 Y2

00,4

Ppo,1 P3,4

Figure 5.7: These degenerate trees contribute to mso(po1,p1,2, m2,0(p2,3,p34)) and
ma,0(m30(po,1,P1,2,02,:3),P3.4), respectively. If (¢1, 1) corresponds to the first tree and
(¢2, p2) corresponds to the second, then s(¢1) + s(¢1) +degpo,1 +degpi o — 2+ s(p2) +
s(p2) =1 mod 2, and deg ¢1 + deg 1 = deg ¢o + deg ps.

5.4 Quantum A, Categories

Definition 5.4.1. A Quantum A.-Category A is a collection of objects ObA, a Z-
graded k-vector space Hom4(Xo, X1) for any X, X; € ObA, and for every pair of

integers d,b such that d > 1 and b > 0, a finite sequence of cyclic chains of objects
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p3,4 p2;3 P2,3
Pp1,2
ANV \ /
ve P3,4 P2,3 P34 L]
P1,2 /
/ \ / P12 \
. Po,1 ve Po,1 (X Po,1
L] L] L]
Po,4 Po,4 Po,4
v
p2,3 j(. )<—p3,4 P34 —> e P1,2 P34 — > op(V)
e — > —>0 < D01 P23 ———> o —> o < P0,1 P2,3 —> 0 —> 0 —> o < P0,1
P1,2 P04 o(v) Po4 P1,2 P04
p2,3
\ P1,2
D2,3 . Po,1
P12
\ / & ﬁ”
P3,4 . P3,4 v e
\ / Po,1 \ /
ve — .
Po,4 Po,4
p1,2 v
P34 ——> o (V) P23 — > —>¢(- )<— P0,1
P23 —> 0 —> 0 < P0,1 P34 >0 <— @
P1,2 Po,4 Po,4

Figure 5.6: The first and last graphs represent the endpoints of the one-dimensional
space SZrOp(pOA;p071,p1,2,p273,p374), as Ve(l) + Vf(l) =0 = Ve/(l) + Vf/(l). The legs
labeled by pi12 and po4 are contracted, fixing their respective internal vertices. Notice
the change in topology of the domain of ¢ as ¢(v) moves left to right in B.

) - b-2g+1 . . .
Wy ey 104 J 3=
{ X0 Xid; };-1° giving rise to a tensor
b—29+1 di
md7b(0'1'-- O'b_gg+1) € ® Hom(Xij, Xi(j—l)) ® HOHl(Xi[), Xidi)
=1 j=1

of degree (d+1) - (2 -2b), satisfying the relation (4.24), where, as in Definition 4.3.1,
b-2g+1 =i, is the number of disjoint cycles comprising o = 01+ 0p_24+1, b1 + b2 = b,

d+1-= Zi‘):_fg+1 |0'@'|, and md+17b((0'1~~0'b+1)[d+ 1- (2 — Qb)]*) = md7b(01"'0'b+1).

In section 4 the notion of a quantum A., algebra was generalized from that
of an A, algebra by replacing stable trees with stable graphs. Analogously, in order
to generalize Ao -precategories to quantum A -precategories, one must replace tropical

Morse trees with tropical Morse graphs.



Chapter 6

Tropical Morse Graphs

In this chapter we define a generalization of tropical Morse trees, called tropical
Morse graphs, and formulate and prove a formula for the dimension of moduli spaces of

such graphs.

6.1 Definition and Basic Properties

Definition 6.1.1. Let Gzzp(pl,pg, ...,Pd+1) be the set of continuous maps ¢: G — B
from metric ribbon graphs G of genus b, each with a collection of affine displacement
vectors satisfying properties 1,2,3,4, and 6 in the definition of tropical Morse trees.

Replace property 5 with

(5%) Fix an orientation on G. If v is an internal vertex of G with incoming edges

e1,...,ep, and outgoing edges fi,..., fy, then
P q
2 Ve,(v) = X vy (v)
i-1 j=1

The notation Gfifgp(pl,pg, ..., pas1) differs from that of SZrOp (o,1,P1,2: - - -3 P0.a) to reflect
the fact that the points labeling the external legs of a given tropical Morse graph are
organized into b+ 1 disjoint cycles, as opposed to a single cycle as in the tropical Morse

t t
tree case. We have G drgp =S,P.

Remark 6.1.2. Internal edges are not allowed to collapse. More specifically, if ¢ : G —
B is such that the balancing condition at a certain vertex forces ¢|. to be constant, then

the domain G is redefined by contracting e.

80
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Definition 6.1.3. The fatgraph of a graph G is a thickening of the edges and legs of
G. One replaces the edges with rectangles and glues them according to the given cyclic

order at each vertex.

Let G be a stable graph. Orient the boundary of the fatgraph so that as the
boundary is traversed, the interior lies on the left. The vertices bounding the external
legs correspond to points of intersection between the chosen set of Lagrangians. The
legs therefore partition the boundary into segments, each labeled with L, for some j.
If an external vertex v, labeled with p; j, is a transition point from Ly, to Ly, and the
relevant edge is oriented away from v, then label that leg with n; —n;. If the edge is
oriented toward v, then label the edge with n; —n;.

Similarly, label the internal edges according to which boundary segments bound
the edge. Let e be such an edge bounded by segments labeled L;,, and L. If the
orientation of the segment of the boundary of the fatgraph labeled Ly; agrees with the
orientation of the internal edge, then label the internal edge with n; —n;. Otherwise,
label it n; —n;. The corresponding holomorphic maps (holomorphic annuli in the b =1
case) are constructed in essentially the same way as holomorphic disks are constructed

from tropical Morse trees. The signs are defined in precisely the same way as well.

6.1.1 The Lagrangian Condition

For any external edge labeled by e, —v.(s) = 0y, (¢(5)) — 00, (¢(5)) = —njd(s) -
(—nip(s)) = (—n; +ni)@(s) mod A, so ve(s) = (nj —n;)P(s) =nep(s) mod A. Call this
last equality the Lagrangian condition for the edge e. In the tree case, the balancing

conditions force v¢(s) = nep(s) mod A for the internal edges.

Example 6.1.4. Consider the general tree contributing to mgo;msa. Label the incoming
edges e; for 1 <14 < 3, and label the single internal edge e. Let p;—1; be the input on e;.

The balancing condition at the first internal vertex v is

Ve, (1) + e, (1)
= Ney (9(v) = po,1) +Ney (P(v) = p1.2) (6.1)
= (ne1 + ey )¢(U) —TNe1P0,1 — NeyP1,2

= nep(v) mod A,

ve(v)
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1
Ni—Ni-1

where ne,pi_1, € Z, since p;_1,; € B( Z). Furthermore, the balancing condition at

the second internal vertex w yields

Ve(w) + Veg (W)
= Ve(v) + ne(¢(w) - QS(U)) + ne3(¢(w) _p2,3) (62)

= nep(v) - Ne1P0,1 — NeyP1,2 T nep(w) —nep(v) + neg(d’(w) -p23)

Veout (w)

= (ne + Ny )¢(w) —NeP0,1 — NeyP1,2 — Ne3P2,3

Negy @(w) mod A

Not only is this the Lagrangian condition on the outgoing edge, but line 4 reveals it is

in fact independent of the location of ¢(v).

Let e be an edge labeled by n; —n;. The reasoning as to why the Lagrangian
condition holds for an arbitrary edge in any TMT is given in detail on pages 631 and
632 of [3]. In short, the statement that the vector v.(s) is bound at its tail by L,,, and
at its head by Ly, for all s € e, is equivalent to the statement that R.(ex{0}) € L, and
Re(ex {1}) € Ly,.

In the graph case, one must impose the Lagrangian condition on an arbitrary
edge within each generator of Hy(G). The balancing conditions then force the condition

on each edge comprising each generator.

Proposition 6.1.5. Let G be trivalent. Imposing the Lagrangian condition on a single
edge of each generator of H(G) is enough to guarantee the condition holds throughout

G, as long the condition is imposed once and only once per generator.

Lemma 6.1.6. Given an arbitrary vertex v in G, if all but one of the attached edges

have the Lagrangian condition, then so does the remaining edge.

Proof. Orient the attached edges with the Lagrangian condition toward v, and the re-
maining edge, labeled e, away from v. Let {/;} be the subset of the attached edges which
are external legs, and let {e;} = Leg(v) — {l;} — {e} be the remaining edges. Note that
by the definition of a tropical Morse graph, Y. n;, + ¥ ne; = ne. The balancing condition
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at v yields
ve(0) = Yvi, (1) + Y ve, (1) (6.3)
= 2 (vi(0) + 13, (d(v) = pic1,0)) + 2o (Ve; (0) + 1 (6(v) = d(wy)))
= Qo)) = Y -+ Y, Ve, (0) + (X ne; )o(v) = Y e, d(wy)
= (Do + Y ne;) (V) + (Ve (0) = ne; d(wy)) = Y mupietsi
= ne¢(v) mod A,
where ¢; is bound by v and w;. O

Proof. (of Proposition 6.1.5)

Let S = {¢;} be the set of minimal generators of H;(G), and give each the
counterclockwise orientation. Say that an edge or external leg of G is marked if it has
the Lagrangian condition. Say that a generator is marked if at least one of its edges is
marked. T claim there exists a vertex with no less than n(v) — 1 marked edges.

Suppose the claim does not hold for a graph G. Let n'(v) be the number of
marked edges emanating from the vertex v. Let n be the number of external legs of
G. Each marked internal edge is bounded by two vertices, and all external edges are

marked, so

> n/(v) =n+2b1(G)
Vert(G)

For the sake of contradiction, suppose n'(v) < n(v) — 2 for all v € Vert(G). Letting
E = |Edges(G)| and V = [Vert(G)|, one has

E-V+1

b1 (G)
1 /
- SR @) -n)
() -2) - ) (64)
- %(Zn(v) _ov —n)

= 1(2E+n—2V—n)
2

IN

= E-V,

a contradiction.
So there exists a vertex vy such that n'(v1) > n(vy) — 1. If v; comprises part

of a cycle, then it comprises part of a minimal generator. If n'(v1) = n(vy), then this
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minimal generator is marked more than once, which is impossible. If v; does not comprise
part of a cycle, then G is the unique graph with one vertex and n legs, as internal
edges not comprising cycles are initially unmarked. It therefore must be the case that
n'(v1) =n(vy)-1=2.

I claim that upon finding and subsequently marking the remaining unmarked
edges of k vertices with n/(v) = 2, there always exists another vertex v with n'(v) = 2.
Suppose not. Then there are k vertices such that n’(v) = n(v) = 3 and V — k vertices

such that n'(v) is either 0 or 1. Then

2k+2bi+n = Y n'(v)
Vert(Q)

< 3k+V -k
= V+2k,

giving 2b; +n < V. But 2b;-2+n =V by equation (2.10) of [17], so this is a contradiction.
The entire graph can therefore be inductively marked by finding vertices v with n'(v) = 2
and using Lemma 6.1.6.

O]

6.1.2 The Output is Determined

Let G be a tropical morse graph with n external legs. The image of each

external vertex is determined by the images of the remaining external vertices.
Example 6.1.7.

Let G be

The balancing conditions are
1) ney (0(v) = po,1) +Ves (0) + 16, (¢(v) = p(w)) = ve, (0)
ii) VCQ(O) + n62(¢(w) - ¢(U)) + n63(¢(w) _p) = V64(0)

When b;(G) > 0, ¢|¢ cannot be lifted to the universal cover, so ¢ is lifted edge by edge.
In particular, the difference ¢(p) — ¢(q), for p,q points on G, is viewed on the universal

cover. So if e is a segment bounded by p and ¢, and ¢|. wraps around R/dZ k times,
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then ¢(p) — #(q) will have the form a + kd, where « is the length of the directed segment
between ¢(p) and ¢(q) in R/dZ.

Certainly these equations alone do not imply the Lagrangian condition on either
edge, since v, (0) and v, (0) could be simultaneously replaced by v, (0)+€ and v, (0)+e.
Solving the Lagrangian condition on eg, V¢, (s) = ne,d(s) mod A, with the first balancing

condition, gives

(Mey + Ny =Ny )P(V) =Ny P01 + Vey (0) = =N, P01 + Ve, (0) = e, ¢(w) mod A

AS ne, + N, = Ney, this is ve, (0) = ne, ¢(w) mod A.
Substituting the left hand side of the first equation for v¢,(0) in the second

gives

Ne,y ¢(U)_ne1p0,1+ve4 (0)+ne4 ¢(U)_ne4¢(w)+nez d’(w)_nez (;5(1))4—7153 ¢(w)_n63 ¢(p) = Ve, (0)

Because ne, +ne, = Ne, and ne, + ne; = Ne, one has

n63¢(p) = ~MNepoar t (ne1 T Ney — n62)¢(v) + (_ne4 T Ney + n63)¢(w)

—Ney Po,1 (6.5)

so ¢(p) = mfll—éjm mod dZ.

Theorem 6.1.8. Let e be the leg attached to the exceptional vertex p, and let e be
oriented outward if b1 (G) = 0, and inward if by (G) > 0. If p;_1; bounds e;, then ¢(p) =
Zne;lfi—l’i if bl(G) =0, and ¢(p) = Z_n+€pl‘“ if bl(G) > 0.

Proof. Let e be an arbitrary edge of a contractible tropical morse graph 7', bounded at its
incoming end by v, and by w at its outgoing end. Then v¢(1) = v¢(0) +ne(d(w) — p(v))
and ve(0) = X ve, (0) + ne, (¢(v) — ¢(u;)) where each e; feeds directly into v from w;. So

Ve(l) = ne¢(w) + Zvei(o) + (Znei - ne)d)(v) - Znez(b(uz) (66)
ne¢(w) + Zvei(o) - Zn€z¢(ul)
If w; is external, then v, (0) = 0 and ne,¢(u;) = ne, pr-1% Where py_j j is the k" input.
If w; is internal, then there is a set of edges {e;} that feed into w;, and
val(0) = Yvo,(1) (6.7)
> Ve; (0) + ne; (¢(ui) = (uy))
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Substituting gives

~Ve; (0) + N, Cb(uz) - E Ve; (O) + (_ E Ne; + nez)¢(ul) + Z Ne; gb(u]) (6'8)

=2 e, (0) + 3 me, b (uy)

This process can be repeated inductively until each w; is external. Let eqy be the

outgoing edge bounded by v and p. Then

)
|

Vegu (1) (6.9)
Veour (0) + ey (9(P) = 9(v))

and therefore

Moo ®(P) = Mg (V) = Veg, (0)
= N (V) = ) Ve, (1)
= N $(0) = 2 (Ve (0) + e, (8(v) = ¢(us))) (6.10)
= (Mg = 2 me)3(0) = 2, Ve, (0) + Y me, d(us)
= =2 Ve, (0) + ) ne,d(u;)
= > ne,o(uy)
= Z NepPk-1,k

In the b1(G) > 0 case, all of the external legs are oriented inward. Let e be the edge
connected to the exceptional vertex p, bounded on the other end by v. Let {uy} be the
set of internal vertices. Let V’e“i denote the vector v, at ui. The balancing condition at
k can be written as

Zv’; = Zv’éj mod dZ (6.11)
i J

Although redundant, I will write 6.11 as Y; V’;(O) = v’e“j(l) for clarity. Summing the

balancing conditions yields
ne(6(v) = () + 3. Yo ve (1) = 22 3> vE (0) mod dZ, (6.12)
ko k j

where v.(0) = 0, so is not included. If v’e“j (0) # 0, then wuy is internal, and there exists
a summand vlei(l) on the left such that e; = e; is bounded by uj and u;. As vlei(l) =
véi (0)+ne, (d(u;)—d(ug)), the terms v];, (0) can be canceled from (6.12) and this equation
becomes —n.p(p) + nedp(v) + X > n];(gb(vk) - ¢(ug,)) = 0, where for each k, e; begins
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at uy, and terminates at vg. If wy, is external, then ¢(uy,) = pj_1,; for some j. Since

> Ney, = 2 Ny, for all internal vertices uy,

ned(v) + 3. > e, (d(v) = d(ur,))

Y (Ee)ew) - Y (Dnk)é(u)
J

internal up % internal uy

- Z Ne,Pk-1, mod dZ

external ug

= - Z Ney,Ph-1,; mod dZ (6.13)

external uy
Equation (6.12) becomes —ned(p) = Yexternal uy MerPr-1,k- Notice the minus sign is a

simply a result of writing ¢(v) — ¢(p) instead of ¢(p) — ¢(v) in (6.12). O

6.2 The Dimension of ngp(pl, oy Pdi1)

The dimension of G;Zp is equal to dim{¢ : G — B} for G a sufficiently general
tropical morse graph with d + 1 legs and b = b;. This means n(v) = 3 and b(v) = 0 for all
v € Vert(G). Let G be such a graph. Heuristically, the dimension should be the number
of free variables minus the number of constraints.

Letting Vert(G) denote the set of internal vertices, the free variables consist
of the elements {¢(v)} for v € Vert(G), the element ¢(p) for p the exceptional vertex,
and the vectors {v.(0)} for e € Edge(G), as each of these vectors is free to vary in a
1-dimensional subspace of the corresponding fiber of T'B. The constraints consist of the
set of balancing conditions, the requirement that v.(0) = n.¢(0) mod Z for each edge e,
and the set of degree one external legs. Assuming all external legs are oriented inward,

this translates here to

{o(v)|ve Vert(G)} + [{o(p)} + |{ve(0)}| - |[{balancing conditions}| -

|{Lagrangian conditions}| — [{degree 1 external vertices}| =
[Vert(G)| + 1+ [Edge(G)| - [Vert(G)| - b1(G) — (degpq,o + X degpi-1,:)-

Definition 6.2.1. Two legs of a graph G are said to be adjacent if they emanate from
the same internal vertex.

Theorem 6.2.2. If n. # 0 for all legs e, then dim ngp = d—1+2b1—(degpg0—Y. degpi-1,i)

Proof. Let S be the set of marked edges of G. The balancing conditions and the la-

grangian conditions give rise to a

(b1 + |Vert(G)]) x ([Vert(G)| + 1 + |[Edge(G)|)
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matrix Ag, whose columns are indexed by the elements

{o(v)|v e Vert(G)} U {o(p)} U{ve(0)|e e Edge(G)},

and whose rows are indexed by Vert(G)u{l.|e € S}. Since by + [Vert(G)| = [Edge(G)|+1,
A will have maximal rank if the square submatrix given by the rightmost |[Edge(G)|+1
columns is invertible. Denote this square matrix by Bg.

The first row of Bg corresponds to the balancing condition at the unique inter-
nal vertex w which is connected to p. Order the remaining rows and all of the columns
as follows. From wu, choose one of the edges e connected to u, and traverse that edge
until reaching the vertex which bounds it on its opposite end. The balancing condition
at this second vertex gives the second row, and the second column is indexed by v¢(0).
If e comprises part of a loop in Hi(G), then continue in this way around the minimal
loop containing e. If not, then continue along an arbitrary path until it terminates with
a vertex which is connected to an external leg. For the next vertex, backtrack from the
current vertex until reaching the most recent junction, and move along the untraced edge
to the next vertex. This new edge marks the next column, and the new vertex marks
the new row. Continue in this way until all internal edges of G have been traversed. The

marked edges will be those traversed last within their respective minimal loops.
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Example 6.2.3.

Vg ®
66\ e4 Us/ \ /

V4@ . vg e
\ es \ /
€3 €g

v3 e v e
V2 e vg e
o\

Vi e

€10
P

60) v (0) Ve (0) ves(0) ver(0) vey(0) veo(0) Ver(0) ver(0) vey(0)
V1 | —Neyg 1 0 0 0 0 0 0 0 1
Vg 0 -1 1 0 0 0 0 1 0 0
V3 0 0 -1 1 0 1 0 0 0 0
Vg 0 0 0 -1 -1 0 1 0 0 0
Vs 0 0 0 0 1 -1 0 0 0 0
Vg 0 0 0 0 0 0 -1 0 0 0
V7 0 0 0 0 0 0 0 -1 1 0
U8 0 0 0 0 0 0 0 0 -1 0
Vg 0 0 0 0 0 0 0 0 0 -1
l 0 0 0 0 0 -1 0 0 0 0

Figure 6.1: B¢ for the given G. The vertices and edges are listed in the order in which
they are traversed, starting from v .

If Ag has maximal rank, i.e. if rank(Ag) = |Vert(G)| + b1, then the solution

space of this system will have dimension

[Vert(G)| + 1 + |Edge(G)| - (|[Vert(G)| + by) |Edge(G)|+1-b; (6.14)

3(b1—1)+d+1+1-b
d—1+2b1

Let A;; be the entry of A that lies in the ith row and the jth column, and let
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/L;j be the submatrix of A given by eliminating the ith row and the jth column. Then
n . ~ n A ~
det A= (-1)"7 A;j - det(A;;) = Y (-1)" A - det(Ay;).
j=1 i=1
Let G be a trivalent graph with b; > 0, and let e be the marked edge of an
arbitrary cycle. As the lagrangian condition [l is n.¢(v) = v¢(0), the corresponding
row of Ag is I = (0-+me--0-- = 1.---0), and considered as a row of B¢, takes the
form o = (0-+ — 1.---0), where 1. sits in the column corresponding to v.(0). Then
det(Bg) = (~1)%*e(~1.)(det(Bg)i.j.), where —1, sits in the i,th row and j.th column

of Bg. The final by rows of the matrix B¢ all have this form, so

det(Bg) = +det Cg,

where Cg is the matrix resulting from eliminating the i.th row and j.th column of each

of the last b; rows of Bg. The sign depends on the location of each 1..

Claim 6.2.4. The matrix Cg is upper triangular and is such that

—ny ifi=1
(Ca)ii =
+1 ifi+1

where [ is the external leg to which the exceptional vertex p is attached.

Proof. (of claim 6.2.4) Each edge e is bounded by two vertices, so a column vector
marked by v.(0) will consist of at most 3 nonzero entries, the third coming from the
edge e possibly being marked.

The structure of these column vectors depends on when the edge is traversed

in the sequence. There are three possibilities:

i) e is not the first edge traversed after having backtracked and is not the final edge

traversed in a loop
ii) e is the first edge traversed after having backtracked

iii) e is the final edge traversed in a minimal loop
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These vectors take the forms

* * *
+1 +1 +1
*1 * *
* , F1 ) 1
* * *
* * -1
* * *

respectively, where * represents some number of 0 entries. Indeed, if e is of the first
type, then the vertices bounding this edge give rise to successive rows in Bg. If e is the
first traversed after having backtracked, then there will be several rows, depending on
how many edges were retraced, in between the rows indexed by the vertices bounding e.
If e is the final edge traversed in a loop consisting of n edges, then there will be a gap of
n — 1 rows between the nonzero entries. The —1 entry near the end comes from the fact
that edges of the final type are exactly the marked edges.

Let v; be a vertex of G. The nonzero entries of the row indexed by v; correspond
to the edges which are connected to v;. The first nonzero entry corresponds either to
the edge traversed just before v;, or just after. Because the first column is indexed by
#(p), the first nonzero entry of the row v; will lie at or after the i'" spot. The matrix
C¢ is therefore upper triangular. Since (Bg)11 = (Cg)11 = —ny # 0, it remains only to
show (Cg)qi # 0 for 2 <i < |Vert(G)|.

Let e, be an edge of the first type listed above, bounded by v, and v,1.
Depending on the orientations of the edges connected to vp41, either the vector v, (0)
or ve, (1) contributes to the balancing condition at vy+1, 50 (Bg)(n+1)(n+1) = 1.

Now let e, be the first edge traversed after having backtracked, bounded by v;
and v;. Assume v; is the one vertex of the two that has not yet been traversed. The

sequence of vertices and edges has the form

e —> e’l’L—l —_—> ’Uj_l e ’UZ' e eTL _—> ’Uj —_—> e,

where v; was traversed before v;_1, so does not index a new row. Therefore, (Bg)(j-1)(n)
and (Bg)(j)(n+1) are both nonzero. In other words, if i and j are such that (Bg)i; is
the second nonzero entry of the j* column, and the (j + 1)st column is indexed by an
edge which is the first to be traversed after having backtracked, then (Bg)(Hl)(jH) is

nonzero as well.



92

Let e, be of the third type, and let e,,_1 be the second to last edge traversed in
the given minimal loop. The final entry of v, _,(0) and the second entry of v, (0) will
lie in the same row, as e,,_1 and e, flow, in terms of the order in which they are traversed,
through the same vertex. This means that the second entry of v, (0) has coordinates
(i,i + k), where k is the number of minimal loops traversed, up to and including the
one containing e,. Now, since (Bg)ij = (Ca))(j-k) for 1 < i < |[Vert(G)|, where k is
the number of minimal loops traversed before column j, the second entries of all of the
column vectors of Bg will slide into the diagonal upon taking cofactors at the nonzero
entries of Bg corresponding to the marked edges.

O]

Then det(Bg) = +n; and since n; # 0 for all external legs [, the matrix Bg is
invertible, and rank(Ag) =d -1 + 2b;.

Let [ be a leg of G and recall that v;(s) = v;(0) + n;(¢(s) — p; ;) must point in
the same direction as ¢'(s), where p; ; labels [ in G. If n; < 0, then n;(¢(s) — p;;) and
v;(s) point in opposite directions, so [v;(0)| > |n;(¢(s) —pi ;)| for all s €[0,1]. Since [ is
a leg of G, v;(0) = 0 by definition, so ¢ necessarily contracts [ to p; j. The image under ¢
of the vertex bounding [ on its opposite end is therefore determined. If n; > 0 the image

under ¢ of the vertex bounding [ on its opposite end is unrestricted. Because degp; ; =1

if and only if n; < 0, and degp; ; = 0 if and only if n; > 0, the dimension of dim Gzrgp is
given by
dim Gzzp = |Vert(G)|+ 1+ [Edge(G)| - |Vert(G)| - by — (degpa,o + Y degpi-1.i)

[Edge(G)|+1 - by — (degpao + Y degpi1,:)
3(b1 - 1) +d+1+1- bl = (degpd’() + Z degpi_lvi)
d—1+2by — (degpgo + Y, degpi-1,i)

O]

Notice that when b(v) = 0 for all v € Vert(G), we have b = by = —|Vert(G)| +

|[Edge(G)| + 1, so the dimension formula can be written
dim fo,ip = [Vert(G)| - (degpao + Y degpi-1,i),

and the dimension is seen to be a function of the number of elements ¢(v) for v € Vert(G),

which can vary in 1-dimensional subspaces of B = S*.
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There are two other versions of this same formula. Letting n be the total

number of external legs, the dimension becomes

n—2+2by — (degpgo + Z degpi-1,:)

If, in the original formula, the ng — ng leg is oriented outward, then the formula changes

as
n-2+ 2b1 - (degpd,g + Z degpi_l,i) = (d + 1) -2+ 2b1 - (degpdp + Z degpi_u)
= d-1+ 2b1 - (degpd,() + Z degpi_m)
= d—-1+2by - (1-degpoq+ ), degp; 1)
= d-2+2by +degpyq - Z degp;-1;
where

0 if ng—no > 0
degpo,d =
1 if ng—ng <0

Remark 6.2.5. One actually has pg o = po 4. The labeling simply reflects the orientation
of the relevant edge of S, where ¢ : S — B is the TMT in question.

Intuitively, taking the cofactor with respect to the single nonzero element of the
row marked by [, can be visualized as breaking the edge e and considering the matrix of
the resulting graph G’, where b1 (G") = b1(G) — 1. Note that since one is only comparing
the matrices Ber and Bg, the images of the endpoints of the newly formed external legs

are irrelevant.

Example 6.2.6. Let G, H, and K be the graphs

; N N

we ——— oy
7 €4 Y
€6 €6
respectively.

The balancing conditions on G are
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1) ne, (@) = ¢(p)) + Ve (0) + neg (B(u) = d(w)) = ve, (0)
i) 7es (4(0) = po,1) + Vey (0) + 1, (B(v) = ¢(w)) = ve, (0)
i) ne; (B(w) = p1,2) + Ve, (0) + ne, (9(w) = $(v)) = v, (0)

and the lagrangian condition is ne,¢(w) = ve,(0). The corresponding matrix is

(Mey + Neg) 0 Ny -ne, —1 0 1

A< —TNe, (Mey + Mey) 0 0 1 -1 0 (6.15)
0 N, (Mey + Mes) 0 0 1 -1
0 0 Teg 0 0 0 -1

where the rows are labeled u, v, w, and [, and the columns are labeled ¢(u), ¢(v), ¢(w),
$(p); ves(0), ve, (0), and v, (0).
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P
e1

‘ P(p) ey (0) e, (0)  vee(0)

we U | —Ney -1 0 1

e/ ¥2 v 0 1 -1 0

w 0 0 1 -1

we —— o l 0 0 0 -1

TN

NA e e
NA ol b

ve | 6(p) Ve, (0)
% % V| Ty -1

we w 0 1

Figure 6.2: Taking the cofactor with respect to the last row and the last column yields the
matrix corresponding to the graph obtained from G by breaking the edge eg. Similarly,
taking the cofactor with respect to the first row and the second column yields the matrix
corresponding to the graph obtained from H by breaking the edge es.



Chapter 7

Fuk(X(R/dZ)) as an Algebra over

The Feynman Transform

This chapter is devoted to the main result of the thesis, i.e., the construction of
a morphism from the Feynman transform of a twist of S[t] to &7, an operad built from the
Lagrangian submanifolds of an elliptic curve. The final section describes a perturbation
of the relevant moduli spaces, which could be used to extend the non-triviality of the

above morphism to genus one.

7.1 The Operad &;,

There is an anti-symmetric pairing B : Hom(L;, L;) ® Hom(L;, L;) — C[-1]
defined by composing

Hom(L;, Lj) ® Hom(L;, L;) =5 Hom(L;, L;) ~ H*(L;,C)

with
H*(L;,C) ~H*(S',C) 22 HP(S!,C) = C[-1]

The pairing B gives the degree 1 isomorphism

~:Hom(L;, L;) — Hom(L;, L;)* (7.1)

pij = (g5 = B(Dij,q4))
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This can be visualized as follows.

1 0 -1

Hom(L;, Lj) Hom(Lj;, L;) (7.2)
\ X\
Hom(Lj;, L;)* Hom(L;, L;)*

As V was constructed to mimic the behavior of the chain complexes Hom(L;, L;) and
their dual spaces, the diagram bares resemblance to (4.11), but note there is no map
between Hom(L;, L;) and Hom(L;, L;).

Because B is anti-symmetric, a convention must be chosen for the sign associ-
ated to B. The convention here will be B(deg0,degl) = +1 and B(deg1,deg0) = -1,
and this gives (—1)|pi!j|B(pi7j,pj,i) = +1 for p; ; € Hom(L;, Lj).

As in Chapter 4, define the morphism

d
md’g : ®HOIH(L¢_17 Li) — HOm(LQ, Ld)
i=1

POL® - ®Pa1dr Y, > (-1) @D gleBlpy

1 t
B( ng-ng Z) Gdi?)p

where s(¢) and deg ¢ are the sign and area of the holomorphic disk ¢, respectively.

Consider the isomorphism

d
©: ®HOHI(LZ, Li—l) ® HOID(L(), Ld) —
i=1

d
® Hom(Li,l, Lz)* ® HOHI(L(), Ld) —>
i=1
d
Hom(Q) Hom(L;_1, L;),Hom(Lo, Lg))
i=1

d

[1BWii-1.49i-1,:)p0.a), (7.3)
i1

d

2 (d=1)|pi,i-1]
P1,0®®Pd,d-10po,d = (0,1 @ ®qg-1,4 = (-1)=
where the intermediate map is given by (®§l=1 v) ® id. Let mgq = @_1(md70), where
a0 € Hom(®%, Hom(L;_1, L;), Hom(Lg, Ly)) is defined by g = (—1)Podimg o for pg 4
an arbitrary element in Hom(Lg, Ly). This makes sense as Hom(Lg, Lg) is concentrated

in a single degree.
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The isomorphism (7.3) mimics the isomorphism

Ve » ()" @ VV ~ Hom(VE", V)

n n n 3 (n-i)vil
(Qvi) ® vns1 = Q(p(v:)) ® vns1 = (Qui = (~1)= [1B(vi, ui)vps1)
i=1 i=1 i=1
from section 2.2.9, so ¢! is given by

d
> (d-4)|ps,i-1]
;- (-3
seql%;lces
Po,15--,Pd-1,d

(—1)|p1’0‘P1,0 ® - ® (—1)‘pd’d‘1|pd,d—1 ® f(po,1 ® - ®Pa-1,4)

d
Y (d-1)|ps,i-1l
= Y, (-1 (-1)lProlp g @ - ® (_1)‘pd’d_1|pd,d—1 ® > @0dpod

sequences ( 1 )

Po,15--sPd-1,d ng-ng
2 (d=i)|ps,i-1]
= > ap,q(=1)=1 (-1)Prolp; g @ @ (1) Pad-tlp, ) @ po g
sequences

P0,15---sPd-1,d-P0,d

and
Mao = ¢ (M) (7.4)
d
- R G O e e S N T
poyli??;)l:?f’iipo’d SEP (P0,diP0,15--Pd-1,d)
@ (—1)Pratlpy 4y @ (~1)Potlpg 4
The extra signs (-1)Prol . (=1)Pea-1l aecount for the anti-symmetry of B, and (~1)Po.dl

is included by definition of mq. Indeed,

D D (_1)5(¢)qd‘3g¢(_1)|p0,1|p110®...

sequences gtrop
Po,1,---5P0,d ~d

@ (~1)Paatlpy g @ (~1)P0alpg 4(gon © - ® gac1,4)

= > > (-1)@gdeed(—1)larol Bg g, go,1)-

1 t
B( ng-ng Z) Sdrop

(1)1 B(gg 41, ga1.a) (~1)Podlpg 4
= Z Z (_1)8(¢)qdeg¢(_1)|l)o,d|p07d

1 t
B( Eym— Z) 57" (po,d;q0,15-++9d-1,d)

©(Ma0)(g01 ® - ® q4-1.4)

= (-D)Polmgo(go1 ® - ® ga1,.4)

= ma0(901® - ®qa-1,4), (7.5)
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where

. 0 lf Qj—l,j i pj_lvj

(~1)Pr1UB(p; o1, gj-15) =
1 otherwise

for 1 <j<d.
Let b € Zso and let {Lo,... ,Lid}?jll be a finite sequence of cyclic chains of

Lagrangians. Define the element

b+1 di
map(0) € EL((d+1,0)) = @ Q) Hom(Lij, Li(j_1y) ® Hom(Lio, Lid,) (7.6)
i=1j=1
by
5 (d-)pi
_ X (d-i)|pi
()= > 5 () Ot E T )l o e (<1,
sequences ~trop
P15--5Pd+1 —d,b
where p1,...,pg4+1 can be partitioned into b+1 cycles o1--- 041 = 0 according to the cyclic
chains {L;o, ..., Liq, f;’ll

The complexes Hom(L;, L) are usually considered as cohomological complexes,
and are related to the given homological complexes by W* = V;_;, where W represents
Hom(L;, Lj) as a cohomological complex and V' as a homological complex.

One may break symmetry in £, and use ¢ to write the element mg,(0) as a
map

d;

b db+1
@ Hom(Li(j-1), Lij) ® Hom(Lio, Lia,) ® Q) Hom(Lps1)(j-1)s Lbs1);)
i=1 j=1 j=1

<

— Hom(L (4410, L(p+1)dy,,) (7.7)

The appropriate form of the dimension formula to take when viewing this map cohomo-

logically is
d
dmuﬁgp:d—2+2b+mgpm1—§;kgm (7.8)

When dim G% = 0, Equation (7.6), and therefore the element 7 (o), sits in
db :

degree
d d
degpge1 + Y degp; = d+degpgii— . degp;
=1 =1
= d+(2-d-2b)

2 - 2b, (7.9)
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where p" is the element in Hom(Lj, L;) dual to the element p in Hom(L;, L;). Considered
as a homological tensor, (7.6) sits in degree (d+1) — (2 - 2b).
For example, if b = 0, then (7.7) takes the form

HOIII(L(), Ll) R & Hom(Ld_l, Ld) — HOHI(L(), Ld),

with ]
dim Gy oP = d -2 + deg poq - 21 deg pi-1.4,
1=
and
d d
degpoa+ Y degpii-1 = d+degpoq— Y degpi-1;
i=1 i=1
= d+(2-4d)
= 2’
Letting H be the graph
i+l-1 /z
k+1-1 L / 1
k+l
one has
i+l-1 i-1
EL((H)) = ® HOHl(Lj, Lj_1) ® HOm(Li_l, Li+l—1) ® ® HOm(Lm, Lm—l) ®
j=t m=1
k+l
® Hom(Lm, Lm—l) ® HOII](L(L LkJrl)a
m=i+l

where L;_1,...,Liy-1 and Lg,...,Li—1, Ly, ..., Lgy bound the fatgraphs of
i+l-1 /z k+1-1 1

an

f k+l
respectively, in T B.
Because ué" is defined by contraction via the anti-symmetric degree 1 pairing
B, the appropriate twist for & is

2 !
Klc-Ke( ® ACYH),
ecEdge(G)
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and setting DY = K71L, gives D = K2£7!. This is precisely the correct twist for the
modular operad ﬁ2§g[t], and allows for the construction of a morphism of modular

operads Fy2p-13%S[t] — EL.

7.2 The Algebra Structure Fyz,-15%8S[t] — &

Theorem 7.2.1. There is a nontrivial morphism of modular operads
Q: ﬁkzﬁ—lﬁQﬁg[t] — &
(01--‘O'b+1)[(d + 1) - (2 - 2[))])’r - deb(O'y--O'[H.l), (7.10)
b+1
where Y |o;|=d +1.
i=1

Proof. The b =0 part of the proof follows the proof of Theorem 4.2.2, that is, it must be
shown that for b = 0, the morphism Q gives an A-structure to £r,. Because Hom(L;, L;)
is concentrated in a single degree for any two Lagrangians L; and L;, one has mjg :=
dg, = 0, and the relation (4.8) reduces to one involving compositions arising strictly
through the application of ufL to stable graphs with one non-intersecting edge. As in
the proof of Theorem 4.2.2, write m,, ¢ for m,, (o) for n = k, [, where the cycles on which
my,0 and My o depend can be read directly from the graph H; below.
Let H; be the graph

i+l-1 i
k+1-1 . / 1
L]
k+l
Consider the following tensors.
— s de P i
M = Z Z (-1) (<p)q g%’(_l)fl(_l)h'z,z 1|7,Z,7Z,_1 ® -
ri_lfﬁfi?fﬁfﬂ,l SR (P4 =13 =15 Tim i 1-1)

et 1 e 1
e ® (_1)‘ i+1-1,3+1 2|T’i+l—1,i+l—2 ® (_1)| i—1,3+1 1|ri—1,i+l—1

Meo = 2 > (-1)*Pgleel(~1)2 (-1)Prolp g @ -

sequences trop .
PO,1s Pt lo1 ks [P0kl Ok (PO, k+15P0, 15+ Phti=1,k+1)

- ® (_1)|pi—1,i—2|pi_1’i_2 ® (_1)|pi+l,i+l—1‘pi+l7i+l_1 Q- ® (_1)|p0’k+l‘p0,k+l



The signs (-1)“* and (-1)® are given by
i+l-1

a= Y (-G -i+1)pl
Jj=t

and
I+k-1

i1
e2=> (k= DIpjjal+ (k= D)pivicrioa|+ Y (k=G —1+1))|pjj-1]

j=1 j=i+l
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The tensor 7y ® my, is an element of £ ((H;)). Recalling that K 1L(H) =
K(H) ® N2CUHT = 1] @ A2V = A2 1], the diagrams (7.11) and (7.12)

become
(A78S[1]((Leg(v),b(v))))* = EL((*as10))
iz de, =0
H/eSEH’O(IC‘lL‘(H) ® B°S[t)((H))*) aue(ery 1, EL((*as10))
and

K L(H) ® BES[H]((H))* —"~ K™'L(H) ® EL((H))
proj M‘ZL

(KLL(H) ® B%S[t((H)) ) Ay — EL((*a:10))

respectively.

(7.11)

(7.12)
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Composing my g ® My, via ui,? yields

I ((F A F)[1] @ T ® ko)

= _1\8(®)+s(p) ,degp+degp 1 \e1+e2
> )y > (-1 q (-1)

sequences sequences S xSy,
P0,15-+5Pi—1,i+1-15-++sP0,k+1 Ti—=1,35-+-sTi-1,i+1-1

(_1)|P¢+lf1,z>1|+|7“i71,i+171|(_1)eB(pi+l_1’i_17 Tz‘—l,z‘+l—1)(_1)|p1’0|p1,0 & -
- ® (_1)|p¢71,¢72|pi_17i_2 ® (_1)|7"i,z‘—1|rm._1 R ® (—1)|r”l*1‘”l72|Ti+l—1,i+l—2

@ (~1)IForlpg

_ (_1)|pi+l—1,i—1|+|pi—1,i+l—l|(_1)6 Z Z (_1)S(¢)+8(Sﬂ)qdeg¢+deg<ﬂ
PO,15+++5Pi-1,i+1-15--sP0,k+l S x.S;
Ti—1,39+3Ti-1,i+1-1
S.b. Pic1,i+1-1=Ti-1,i+1-1

(—1)61%2(—1)‘1}1’0'191,0 ® - ® (_1)|pi_1’i_2|pi—1,i—2 ® (—1)‘”’"'1‘%’,1—1 ® -
—® (_1)|THZ*1’M72‘Ti+l—1,z‘+l—2 ® - ® (_1)|P0,k+z|p07k+l

_ (_1)(_1)6(_1)61+62 Z Z (_1)s(¢)+s(<p)qdeg¢+deg<p

PO, 15+ sPim1,itl=15-P0, k4l SkXSI
Pim1isee s Titl=2,i0-15Ti- 1,411

(_1)|P1,0\p170 ®® (—1)‘“’1”’2'}71‘71,@'72 ® (_1)|”’i_1|7“i,i71 ® -
e ® (_1)|”+l_1’i+l_2‘Ti+l—1,i+l—2 ® - ® (_1)|p0’k+l|p0,k+l,

where .
i
e =m0l + Y, Iprol + ([0l + 1+ )T o| + [kl + 1 i (7.13)
j=i

This element corresponds to (—1)(=1)¢(=1)*?my 0; my o under ¢. Following (7.5),

one has
P(U5E((F A FH[1] @ (70 ® Tk 0))) (90,1 ® - ® Gia,icy @ -

o ® Qial-2,i+1-1 @ ® Qi1 k+1)

(_1)1+e+el+ez(_1)|po,k+z\ Z Z Z (_1)3(¢)+s(<p)qdeg¢+deg<PpO k+l
B(5-155 ) Bl 2) S5k |

ndg=no Ti+l-1""4—-1

(-1)trerare (—1)|p0’k+l‘mk,0 0; myo(qo,1 ® -+ ® Qi1 k+1)

(_1)1+6+61+62

mMk.0 94 ml,o(Qo,l ®-® Qk+l—1,k+l)
Including the sign (1) corresponding to the contracted tensor
P1o0® " ®Pi-1-20T5;-1® - ®Ti4-1i+1-2 ®*** ® D0 k+1,

k+1-1
where e3= Y. (k+1-1-j)|pjj-1], and converting back to cohomological signs gives
j=1

-1
1+/p | i-1+ ¥ |gj-1,5]
(-1)TPoR(-1) o= M0 0 M0(q0,1 @+ ® Qhsi-1 k+1)
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The contracted tensors (—1)1*6+61+E2+63mk,0 o;m o cancel pairwise with the same
signs as for the usual compositions my, go;m; 0. Indeed, the extra signs (—1)|pi+l-1vi-1|+|1"i-1vi+l—1|
and (—1)‘p0>’“+l| always cancel as |p| + |g| = 1 for any pair p,q on which B is nonzero, and
the compositions all have the same target, so (—1)|p0»’“”‘ shows up in every term. The

tensors My, o therefore satisfy the Aoo-relations using the signs of Seidel as in [36].

trop

ap > the map (7.10) is necessarily triv-

Without perturbing the moduli spaces G

ial for b > 0. Consider the diagram
Ficap1 f5S[t](n, 1) —2— E1(n,1)
d dg, =0
Fiea1 B°88[t](n, 1) —5—~ E(n,1)

A basis element & = o* € (828S[t](n,1))* € Fyzp-18%8S[t](n,1) will be such
that i, =b(v) + 1 =b+1=2, and the map € is defined as

Q: Fiop1B%S[t]((n, 1)) — EL((n,1))

(o7)[n]* ~ Z Z (_1)8(¢)qdeg¢(_1)|P1\p1®...

sequences ~trop
P1s--sPn —n-1,1

—® (_1)|p\g||pla| ® (_1)|P|o\+1|p|0|+1 Q- ® (_1)\p\g\+\f|\p|g‘+|‘r| (7.14)

Among the stable ribbon graphs in .Z;S[t](n,1) which map to ¢ are the ones with
b(v) = 0 and one self-intersecting edge with some legs in the loop and some outside of it.
More specifically, since i, = 2, 0 may be written as a product of two disjoint cycles, one
of which fixes the inner legs and acts transitively on the outer ones, or vice-versa.

The TMG’s defining the summands of Qo d#(¥) are defined by labeling the
fatgraphs of the stable ribbon graphs corresponding to these summands with a set of
chosen Lagrangians in X (B). For this reason, the stable ribbon graphs in question must
have at least two legs in the loop and two out of it. This is because a single leg either
in or out would have to be labeled by n. = 0, as the relevant lagrangian would intersect
itself at the corner defined by the end of e. But because the sums of the inner labels and

outer labels are both zero, two of the legs must be labeled with positive integers. This



105

implies deg py o + > degp;-1,; <n -2, and we have

dim Gzicl)p n—2+2b; — (degpao + Z degpi-1,)

= n—(degpgo+ Y, degpi-1,)
> n-(d-2)

So there is no possibility of having a one-dimensional space of such TMG’s, which would
give rise to relations between pairs of TMG’s from a zero-dimensional space. The only
possibility of having a new operation is if we allow all external legs to be labeled by 0.
The new operation would be obtained by summing over TMG’s with b = 1 and all inward
and outward pointing external legs labeled by 0. If the inner and outer Lagrangians were

equal, the element m,,_11 would be given by covering the torus with annuli. O

7.3 A Perturbation

As the previous paragraph indicates, the moduli spaces G;Zp(pl,..., Pd+1)
should be not only generalized to allow for graphs whose legs can be labeled by zero, but
perturbed to force the inputs into sufficiently general positions.

The objects of the new category are pairs (L, v), where L is a Lagrangian given
as before, v is a constant section of T'B, and (L, v) is taken to mean the Lagrangian
L +ev in TB. The Hom-space Hom((Ly,, V), (Ln,;,w)) is generated over Ao, by the
points of B(ﬁZ), and sits in degree 0 if n; > n; and degree 1 if n; > n;. If n; = n;
then Hom((Ly,, V), (Ln;,w)) is given by the chain complex C[B] — Cl[p], where p is
an arbitrarily chosen point of B and the differential m; is zero.

A sequence {(Ly,,V1),...,(Ln,,vg)} is transversal if vi <--- < v, and

max{|v; - v;|: 1<i<j<k}

1 .
< gmin{lp—q|:p#q and p,g e Un((Ln, +vi) 0 (Ln; +;))}
12¥)
i#]

Every point of 7((Ln, +v)Nn(Ly, +W)) can be written p; j +(w-v) for p; ; € B(njiniZ) =
T(Ln; N Ly, ). The space G;Ofb(pl +(va=v1),...,pr + (Vgy1 — vi)) is defined as usual
if n; # n; for all adjacent Lagrangians L,, and Ly, in a given cycle. If v is an external

vertex of a graph bounding a leg labeled by n;.1 —n; = 0, then ¢(v) is unrestricted if
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degp+ (vis1 —v;) =0, and ¢(v) = p+ (vip1 —vi) if degp + (vis1 —vi) = 1. Any external
leg labeled by n, =0 is contracted.

The transversality condition ensures that the points p; + (vi4+1 — v;) defining
the moduli spaces G;fﬁb(pl +(va—v1),...,pp + (Vgy1 — Vi )) are always distinct, which
ensures the actual and expected dimensions of Gzr_oi , are equal. With these redefined
moduli spaces, the category Fuk(X (B)) is now a genuine A..-precategory.

For example, if G is the graph

T
N

p

then ¢ contracts G to the point p, but the dimension formula gives dim{¢ : G —
B} =3-1-1=1. By shifting slightly the inputs and output, the image of v becomes
unrestricted, and ¢(G) becomes a line segment.

The map Q can now be defined nontrivially for b = 1 by sending (o7[|o| +

I7I])* to Myg|4|7|-1,1, defined by summing over the elements of the zero-dimensional space

trop

|g|+|T|_L1(p +(va=v1),...p+ (Vgs1 — Vi)), where |o| + |7| = k and the points p + (va -

v1),...p+ (Vg1 — Vi) are partitioned into two distinct cycles.

p+(vi-vo)

¢ p+(v1-vo)
- D
p+(v2-v1)

p+(v2-v1)

Figure 7.1: An example of a zero-dimensional tropical Morse graph G with b =1, whose
corresponding fatgraph is an annulus with inner and outer boundaries each lying on a
single Lagrangian.
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