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Abstract

Geometrical Frameworks for Wireless Access in Large Scale Multi-Antenna Networks

Explosive growth of mobile networking and IoT demands efficient and reliable service for
massive wireless systems. With limited radio resources, multi-input-multi-output (MIMO)
technologies are successfully utilizing spatial diversity to substantially improve spectral effi-
ciency. When considering large scale deployments, managing radio resource is more impor-
tant than ever to service all these devices with appropriate quality of service. Moreover, in
the context of performance-constrained, low-complexity devices, there is a clear need for new
approaches that yield good performance with appropriate computational complexity. In this
dissertation, we study such large scale networks from a geometric perspective, in order to
better manage the networks’ limited resources and mitigate co-channel interference in two
key scenarios: when the multi-antenna servicing node is unaware of which devices are active
(uplink access control); and when it does know all active devices (user scheduling).

In the first part of this dissertation, we tackle the problem of uplink grant-based access
via blind signal recovery. Different from traditional grant-free access mechanisms that use
pilot signals for signal separation, we propose two blind approaches based on the Constant
Modulus Algorithm (CMA) for simultaneous multiple signal recovery: a regularized CMA
cost function, and a Riemannian manifold optimization framework. By characterizing the
underlying geometry of these formulations, we provide theoretical convergence guarantees
for CMA-based signal recovery with limited data samples. The resulting algorithms provide
successful signal recovery with high probability and reasonable computational load.

On the other hand, user scheduling is a combinatorial, NP-hard problem that has been
long eluded optimal solutions. In MIMO networks, users groups with low co-channel inter-
ference correspond to groups that show high spatial channel diversity. In the second part

of this dissertation, we propose a new two-step paradigm for MIMO user scheduling. First,

i



unsupervised learning identifies which devices experience similar channel conditions (i.e., low
spatial diversity) and would incur high co-channel interference if they were to share resources.
By clustering in the Grassmannian manifold, spatial similarity is inherent to the geometry
and is easily computed in a global sense. We then leverage these learned features to assign
users into low CCI groups that avoid pairings of users from the same cluster. The resulting
similarity-assisted scheduling yields increased spectral efficiency and better user quality of
service across design parameters for large number of users, compared to a direct scheduling

mechanism.
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Chapter 1

Introduction

Recent advances in next generation networking technologies are poised to ubiquitously con-
nect the full spectrum of sensors, devices, and computers to facilitate future development
of smart cities and smart agriculture, among other applications [1]. These exciting de-
velopments, known collectively as Internet of Things (IoT), promise significant benefits in
a plethora of fields including health care, farming, environmental science, infrastructure,
energy efficiency, transportation, safety and sustainability. Such applications envision the
deployment of a massive number of wireless devices, with billions being connected globally
[2,3], and demand ever higher spectrum efficiency over the limited bandwidth resources.

A typical IoT application involves sporadic communications between a significant number
of transceivers, triggered by external events, in order to save energy. This prompts the need
for low-latency communications and the ability to support these links with performance-
constrained transceivers, in particular in terms of bandwidth efficiency. Multiple-input-
multiple-output (MIMO) technologies have been playing a central role in achieving high
network throughput and spectrum efficiency [4] for both uplink and downlink links. In
uplink multiple access channel (MAC), classical multi-user detection (MUD) receivers such
as the maximum-likelihood, decorrelator, MMSE receivers and variants support simultaneous

recovery of multiple signals sharing the same physical resource [5-13]. Similarly, broadcast



(BC) enables shared spectrum and high efficiency in downlink [14].

The rapid growth of data applications worldwide continues to fuel the tremendous growth
rate of wireless communication networks in areas such as transportation, environmental mon-
itoring, robotics, and smart cities. In the Internet-of-Things (IoT) era, tens of billion wireless
communication devices will be connected around the globe [2,3]. The massive deployment of
wireless devices and the accompanied data traffic eruption shall pose important technological
challenges, such as ubiquitous connectivity and ultra-high spectral utilization.

In this dissertation, we focus on the problem of servicing devices efficiently in such large
scale networks, tackling their inherent challenges. We consider centralized networks where
one base station (BS) with multiple antennas provides services to a large number of single-
antenna devices. Here, we recognize two scenarios depending on the activity level of the
devices.

In the case of low-activity devices, they attempt to communicate with the BS sporadically,
without a set timing, and thus the BS does not know which devices are active at any given
time. In this scenario, the BS attempts access control to detect and recover the unknown
transmitted signals. Conversely, when we consider very active devices, network coordination
is a must, and the BS is aware of all the active devices with grant-based access. Here, the

BS performs user scheduling to service the active devices with its limited resources.

1.1 Access Control

First and foremost, in order to transmit information to users (downlink), the BS would
“ping” the users to know which users are able to receive a message. Hence, in this operation
mode the BS is always aware of the active users, and there is no need for access control.
In other words, the problem of access control is only relevant in uplink operation, i.e., an
unknown number of users transmitting signals simultaneously to the BS.

Generally, access control in wireless networks is based on either random access (e.g.,



WiF1i) or centralized access (e.g., cellular). Contention based random access schemes, such
as the CSMA-CA protocol adopted in IEEE 802.11a/g/n/ac, possess the advantage of sim-
plicity but suffer from lower spectrum efficiency due to access collision when the number
of active devices is large. Centralized access can achieve high spectrum efficiency but re-
quires elaborate network-user interaction and higher energy consumption. As a typical loT
application involves sporadic communications of small amounts of data between a signifi-
cant number of transceivers, triggered by external events, such systems are better served by
low-latency and grant-free communications.

In grant-free access, multiple unscheduled signal transmissions could collide at receivers
[15]. Traditional solutions use training or pilot sequences that allow the recovery of multiple
signals at the BS with minimal interference, by either exploiting spread-spectrum or joint
multi-user detection [16,17]. However, these approaches require accurate CSI to mitigate co-
channel interference, and thereby require significant pilot overhead for synchronization and
channel estimation. Such extra overhead can be significantly expensive in terms of energy
consumption and bandwidth resources when data packets are short, as in IoT applications.
Furthermore, as the number of devices increases, so does the pilot sequence length, exac-
erbating the pilot overhead problem. Clearly, for IoT applications involving large number
of devices in grant-free applications, the burden on both spectrum and power [18] strongly
motivates the investigation and deployment of blind signal receivers, which do not require
known pilot or pilots for channel probing and rather exploit high-order statistics and known
characteristics of source signals.

In the first part of this dissertation, we focus on the technical challenge of enabling
grant-free access in massive wireless networks via blind signal recovery. Usually posed as
(non-convex) optimization problems, we leverage recent advances in non-convex optimization
from a geometrical perspective and provide convergence guarantees for blind source recovery
in a finite-sample regime. Furthermore, we extend this approach to guarantee multiple sig-

nal recovery without regularization by means of redefining the search space as a Riemannian



manifold. Our findings show that these problems enjoy a benign geometry and are mathe-
matically well-conditioned, and as such are an attractive option to enable grant-free access

in large-scale deployments.

1.2 User Scheduling

In a different scenario, now the BS is aware of the active users and knows their channel state
information (CSI). Hence, the BS will exploit CSI with MIMO techniques to improve spec-
trum efficiency. However, their performance depend critically on which users are allocated
into resource-sharing user groups (RSGs). The ultimate goal of user scheduling is to assign
users into RSGs such that more users can share resources with little mutual interference
[19] without sacrificing performance in terms of e.g., sum-rate, capacity, outage probabil-
ity, among others. In other words, user scheduling aims to identify co-channel users with
minimal or controlled co-channel interference (CCI).

In MIMO systems, CCI depends directly on spatial channel diversity among users |20,
21], i.e., on CSI similarities. In other words, the co-channel user CSI vectors must exhibit
sufficient linear independence [22,23]. To effectively mitigate CCI within MIMO user groups,
one needs to assess for each possible co-channel MIMO user group their spatial diversity based
on updated user CSIs. Given a large number of serviced devices N and increasingly large
number of base-station antennas M, the number of user scheduling options is of combinatorial
order and grows exponentially. Thus, to optimally schedule users in resource-sharing groups,
one needs to examine the CSIs of each possible user grouping among potentially very large
number of users in e.g., the thousands.

To this end, we develop a new dual-step approach based on unsupervised learning for
user scheduling. We first leverage unsupervised learning to identify users with highly similar
CSIs. To properly identify spatial CSIs that lead to large co-channel interference (CCI), we

map user CSIs to a complex Grassmannian manifold during learning. On this manifold,



distances between CSIs relate directly to their spatial correlation, i.e. spatial diversity. We
can apply any solid clustering algorithm over this geometry to cluster users that can generate
high mutual interference. Our second step schedule co-channel diversity users in MAC or
BC systems by barring user groups with highly similar CSIs from Grassmannian manifold
clustering. Applicable to any well established performance metrics such as maximum sum-
rate or maximum signal-to-interference-and-noise ratio (SINR), our proposed MIMO user

scheduling can improve spatial diversity and effectively mitigate co-channel interference.

1.3 Notations

In the following, vectors and matrices will be denoted with small and capital boldface letters,
such as z and Z respectively. Sets are denoted with calligraphic capital letters. For a
complex scalar a, we use Re(a), Im(a), @, |a| and Z(a) to denote its real part, imaginary part,
complex conjugate, magnitude and angle, respectively. The transpose, element-wise complex
conjugation and conjugate transpose are denoted by (-)T, U and (-)", respectively. The
Hermitian and skew-Hermitian parts of a matrix Z are denoted as herm(Z) = 0.5(Z + Z")
and skew(Z) = 0.5(Z — Z"). The Euclidean norm of vectors and spectral norm of matrices is
denoted by |- ||, and the Frobenius norm of matrices is denoted by || - ||r. diag(z) represents a
diagonal matrix that uses elements of vector z on its diagonal. The Kronecker product and the
Hadamard (element-wise) product are denoted as ® and o, respectively. 0 and I represent
the zero vector and the identity matrix of size k, respectively. We use A < B and C' = D to
denote that B — A and C — D are positive semidefinite matrices, respectively. |S| denotes
the size or cardinality of a set S. O(:) denotes the order of complexity of an algorithm or
problem. The abbreviation ”i.i.d.” stands for independent and identical distributed random

variables, and E{-} denotes expectation. Finally, 1[expr| is the indicator function, that is

equal to 1 if expr is true, and 0 otherwise.



Chapter 2

A General Model for Large-Scale

Networks

In this chapter, we develop the system model that will be used for the rest of this dissertation.
We first present a general framework describing large-scale networks in the context of our
investigation, and then address particular details and the state of the art for both access

control and user scheduling.

2.1 System Model

Figure 2.1 depicts a wireless system with a single BS with M receiver antennas and N
single-antenna users, that could be operating in either uplink (MAC) or downlink (BC).
In the context of large-scale MIMO networks, we assume N > M. We further assume a
single-carrier system throughout this dissertation, although the extension to multi-carrier

systems is well-known and fairly straightforward.

Part of this chapter is reprinted, with permission, from [C. Feres and Z. Ding, “Wirtinger Flow Meets
Constant Modulus Algorithm: Revisiting Signal Recovery for Grant-Free Access” in IEEE Transactions on
Signal Processing (Early Access), Aug. 2021] and followup modifications for final publication. Notations
may have changed for consistency throughout this dissertation. Other parts have been previously submitted
in different works to IEEE Transactions on Signal Processing and IEEE Transactions on Wireless Commu-
nications.



Base Station

Figure 2.1: Illustration of a large-scale network. Devices deliver (MAC, blue) or receive (BC,
green) independent signals simultaneously on the same time-frequency resource.

Note that due to the very nature of spatial diversity, up to M users using the same
resource can be independently served in downlink or uplink. Although methods such as
successive interference cancellation (SIC) could help in servicing more users at a time, they
are constrained by operation conditions (such as a significant power gap between signals),
back-and-forth coordination and overhead (such as power control) and transceiver complexity
(which is limited in IoT devices), and hence will not be considered in this dissertation.

In the following, we shall denote the uplink wireless MIMO channel as a complex matrix
H of appropriate size, whose elements correspond to the transmitter-receiver antenna pairs
formed by active devices and the BS. We assume a flat-fading channel that has no inter-
symbol interference (ISI) during the link. As a single-carrier system, channel reciprocity
ensures that the corresponding downlink MIMO channel matrix is H'. The transmitted
signal corresponding to user u will be denoted by s,[k|, where k indicates the k-th symbol.
xm[k] denotes the k-th symbol of the received signal (at the m-th BS antenna in the case of
uplink), corresponding to the mixture of all transmitted signals through the MIMO channel.
Finally, we use y for the processed received signal, whose subindex will denote either the

user (in downlink) or the recovered signal stream (in uplink).



2.2 Blind Grant-Free Access

In uplink grant-free access, multiple signals could collide at the BS. In IoT applications, the
energy and bandwidth consumption due to significant pilot overhead is undesirable, and we
opt instead for blind signal recovery techniques.

Blind equalization has been a staple idea in terms of achieving this goal by diminishing
the impact of pilots or preambles, aiming to reduce their impact in the overall bandwidth
efficiency. Among blind equalization algorithms, the Constant Modulus Algorithm (CMA)
presented by Godard [24] in the 1980s is often considered the most widespread technique
due to its computational simplicity and practical effectiveness [25,26]. We shall introduce
the signal model for CMA-based signal recovery, and the current state of the art in solving

the CMA formulation.

2.2.1 CMA-based Blind Signal Recovery

We consider the signal recovery of multiple users in one access group in a grant-free access
system, as depicted in Figure 2.2. In particular, all potential uplink users in each access
group have acquired network timing such that their uplink transmission bursts would span
one given set of receiver time slots. Users in each designated access group may randomly
transmit within their shared channel in terms of allocated resources. Appropriate coding
and rate-matching is utilized by all source nodes to have equal number of data symbols K
within each access group and burst. Furthermore, we design systems such that with very
high probability or certainty the number of single-antenna active nodes L shall fall below the
number of diversity antennas M at the receiver node. In particular, the receiver node does
not necessarily know L. Since the BS recovers multiple user signals during blind demixing
without prior knowledge of their identities, the receiver can utilize user-ID scrambled CRC
to check which recovered user signal belongs to which user, similar to the blind detection of

PDCCH by users using RNTI-scrambled CRC in LTE or 5G [27,28].



Base Station
does not know
CSI of L

active devices

Figure 2.2: L active sources (shaded gray) share a common resource block and transmit
independent signals to the base station with M antennas through an unknown physical
channel.

To summarize, we define the received signal vector xy, the transmitted signal vector sy,

and the flat fading channel H, respectively, as

[k s1[K] hipn -+ hig

avats sp[K] hari -+ hur

Then the received signal vector at the BS can be written as

L = HSk + nyg, (22)

where the (uplink) MIMO channel matrix H € CM*Z is assumed to have full column rank
L (with L < M) and ny € CM is the vector of additive white Gaussian noises (AWGN) in
that resource block, of the same size as xy in Eq.(2.1). Furthermore, and without loss of
generality, we assume that all sources transmit equal average symbol energy E, = E{|s[k]|*}.
This assumption can be made as the different symbol energies of the sources E;, can be
included in the channel as H = H'D'/?, with H' modeling only the channel fading across
sources and receiver, and D = diag(Fs1/Es, . .., Es 1/ Es). Furthermore, note that although
this signal model considers non-fading channels, the same formulation can be used for blind

equalization by redefining the signal vectors and channel matrix [26].



Note that the receiver has explicit knowledge on neither the unknown channels H nor
the number of active sources L, except for the statistical properties and the constellation of

each source signal.

Recovering a Single Source

When attempting to blindly recover one signal, the goal is to adaptively find a demixer such

that its output corresponds to one of the transmitted signals with minimal interference, i.e.
ylk] = whz, ~ 5[], ¢e{1,..., L}. (2.3)

The problem of blind signal recovery has been extensively studied before. In particular,
Godard [24] proposed what was later known [25] as the constant modulus algorithm (CMA)

to find an optimum w € CM by minimizing the mean CM cost for equalization:

E{(\yk\2—32)2}a Ry = W’ (2.4)

where the constant Ry is computed from the high-order statistics of the source symbols s|k]
to match the input-output constellation scale [24]. Tt is known that CMA can be applied
to i.i.d. signals using QAM constellations of arbitrary size and magnitude [26]. Moreover,
Ry can be replaced by an arbitrary scalar, e.g. 1, scaling w accordingly, and CMA will still
converge such that its output recovers QAM source signals, without affecting signal integrity.

In batch implementation, the single-source CM cost can be rewritten as
K
1 2
=52 2 (Iafwl — &), (25)
k=1

which is a smooth real-valued nonconvex function of w. Note that f presents phase invari-
ance, i.e., if @ is a solution that minimizes f(w), then the entire set W(w) = {e/’w : 0 €

[0,27]} contains equivalent solutions that achieve the same minimum f(w).
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Simultaneous Multiple Signal Recovery

In a more general setting, we are interested in deriving J simultaneous demixers w, € CM,
¢ e {1,...,J} that allow the recovery of J sources with minimal interference, each tuned
to a distinct signal. Without loss of generality, we consider J < L. We can also collect all

demixers as columns of the receiver blind demixing matrix W = ['wl Wy -+ -'wg], such that

yo= | ¢ |z =Whe, = : ,ole{1, ... Y, vd)e{1,... L}, (2.6)

wy' 3u(0) K]

where the permutation v(-) highlights that the BS has no prior knowledge of the identities
of the transmitters.

CMA has been adapted in the past for simultaneous recovery of multiple independent
source signals. In these applications, the first step is to define a cumulative demixing cost

consisting of J copies of CM costs, each one using a different demixer:

J K
1 2
fW) = 52303 (lafwil” — k) 2.7)
(=1 k=1
The joint blind demixing problem is to optimize multiple solution vectors W = [@1 e ﬁg]

that jointly minimize the cumulative CM cost of (2.7). Note that this cumulative CM cost
by itself cannot guarantee that the recovered signals are indeed from different sources. In
fact, even if every one column vector of w captures the same signal source, the cumulative
CM cost of (2.7) is still minimized and cannot prevent such solutions. For this reason, it is
clear that the cumulative CM cost of (2.7) is non-convex and is in fact multi-modal. There-
fore, when considering simultaneous multiple signal recovery, additional constraints must be

enforced for demixers wy, ¢ € {1,...,J} to recover different source signals.
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2.2.2 Constant Modulus Algorithm

Among blind equalization algorithms, CMA [24] is often considered the most widespread
blind technique due to its computational simplicity and practical effectiveness, as its inde-
pendence of carrier recovery [26]. It is also well-known that it enjoys global convergence
properties in noiseless scenarios under full rank channel conditions [29].

Traditionally, CMA is implemented using stochastic gradient descent and variations.
However, one of its major issues in its practical applications is the presence of local minima
in the constant modulus (CM) cost function as a result of additive channel noise [30, 31].
The convergence properties of such stochastic gradient descent algorithms have not been
fully understood under limited samples and additive channel noise [26,32,33]. Moreover, the
stochastic gradient descent approach has fundamental tradeoffs and requires finely tuning of
e.g., initialization, normalization and stepsize, for satisfactory convergence and decent speed.

Several works have proposed different approaches that try to overcome these inherent
shortcomings. One interesting approach is the transformation of CMA-based equalization
to a convex problem, via Semidefinite relaxation [34-36], which provides global convergent
solutions in a lifted higher dimensional parameter space that are further projected to the
original solution space. As with any relaxation approach, CMA based on convex relaxation
relies on the expectation that the convex problem yields solutions that can be projected to
near optimum CMA solutions. However, projecting back to the original parameter space
via rank 1 decomposition remains difficult and elusive [37]. Additionally, the problem size
grows polynomially with increasing parameter size of the linear system and multiple users,
and poses severe practical challenges in many scenarios.

Other line of works tries to solve CMA problems analytically [38,39]. These solutions
and its variants [40,41], have no convergence issues as the solutions are found algebraically.
However, they are more complex in general, and usually require stricter assumptions, such
as constant modulus constellations, and cannot work with general QAM source signals such

as 16-QAM. There are also multistage schemes [42], that depend heavily on the estimation
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error being close to the MMSE estimate in earlier stages, or the error accumulates through
different stages [43].

Moreover, several CMA-based approaches have been proposed to enforce the recovery of
multiple signals at a time. One family of solutions is to consider regularization terms in the
cost function [44-46], which enforce the recovered signals to be uncorrelated. Other schemes
propose to modify the iterate after the gradient descent update, such as performing an
iterative orthogonality enforcement on the combiners [47]. In general, these approaches are
slow, as they require a rather large amount of samples and/or iterations to attain sufficient
interference rejection of all recovered sources.

A new line of research is delivering algorithms to directly solve nonconvex optimization
problems, and have been successfully applied in different domains, such as phase retrieval
[48,49], matrix completion [50,51], blind deconvolution [52], among others. These are at-
tractive solutions, as they do not require a prohibitive problem size or approximate relax-
ations, and provide good results with reasonable complexity and sample efficiency. Thus,
these techniques can be better suited for grant-free access in resource limited networks. In
Chapter 3, we adapt these results to the CMA-based signal recovery problem. By applying
the Wirtinger Flow [48], we provide theoretical convergence guarantees in the finite-sample
regime for both single and multiple source recovery, and demonstrate the efficiency of this
methods via numerical simulations.

In a separate line of work, Riemannian manifold optimization [53] has rapidly attracted
interest due to its ability to tackle non-convex problems with reasonable computational cost,
and has been successfully applied to several domains, such as low-rank matrix decomposition
[51], singular value decomposition [54], phase retrieval [55], blind signal demixing [56], dic-
tionary learning [57,58], among many others. In this framework, a constrained optimization
problem in Euclidean space is transformed into an unconstrained problem over a Rieman-
nian manifold, a subset of Euclidean space with nice properties. As the manifold contains

only the interesting search directions for the problem, this approach potentially reduces
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Base Station

knows CSI of

all N active
devices

Figure 2.3: N active users (shaded gray) share a common resource block and transmit (MAC,
blue) or receive (BC, green) independent signals simultaneously through a known physical
channel.

computation. Moreover, it can avoid directions of invariance of the cost function, signifi-
cantly facilitating theoretical analysis and direct application of optimization techniques. We
show in Chapter 3 our application of the Riemannian manifold optimization framework to
CMA-based signal recovery. By defining an adequate Riemannian manifold, we provide a
non-regularized approach for multiple signal recovery that enjoys convergence guarantees
with second order methods. Our experiments show excellent signal recovery capabilities
with low sample complexity and computational complexity, and presents the Riemannian

framework as a promising direction to the improvement of grant-free communications.

2.3 User Scheduling

We now consider a user scheduling scenario as depicted in Figure 2.3. We assume that the
BS knows the CSI of all N active devices (also denoted users), and therefore the BS shall
manage user scheduling, in both uplink (MAC) and downlink (BC). We further assume that
the users only know their own CSI.

Without loss of generality, we consider MIMO systems that leverage spatial diversity to
accommodate spectrum-sharing user groups allocated into distinct resources in multiple ac-
cess strategies such as OFDMA and TDMA, among others. As stated before, we impose that

resource-sharing groups (RSGs) shall have at most M users, to ensure linear independence
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of user CSIs within each group.

In agreement with the general model of Section 2.1, h, € CM and h] denote the uplink
and downlink CSI vector of the u-th user, respectively, with v € {1,..., N}. We assume the
CSIs are random and independent from each other. We let s, denote the u—th user data
symbol of zero mean and unit average power, i.e. E[[s,|?] = 1. Let G the total number of
groups to be assigned, and let 7, , € {0,1} indicate whether the u-th user is scheduled in

group g € {1,...,G} exclusively, i.e.

1 the u-th user belongs to group g only,
Tgu = (2.8)

0 otherwise,

and the set S, = {u|my, = 1,u € {1,...,N}} denotes the scheduled user set of the g-th
group with cardinality |Sy|. As the BS manages user scheduling, it also manages the transmit

power allocated to each user, denoted p,.

2.3.1 Uplink (MAC) Model

At the BS, the |S,| user signals from the scheduled MAC user group g arrive at the BS
receiver through their respective channel responses {h,},cs,, which are then decoded using
a linear receiver W, such as the MRC, ZF and MMSE receivers [59], to generate the decoded

signal vector

N
yg/[AC = WgH ( Zuesg hu\/p_usu + ’l’Lg) B WgH (Zn—l hu\/]7_u3u7Tg,u * ng) (29)

where n, ~ CN'(0yr,0%1I,,) represents the AWGN vector corresponding to the resource block

assigned to group g.
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2.3.2 Downlink (BC) Model

In the case of BC, we operate under equal assumptions. However, the signal model changes
as the single-antenna receivers will experience CCI but will not be aware of the CSI of other
users in the RSG. Furthermore, the received signal and noise are scalars, and the BS uses
a linear, unitary beamforming precoder z, for each user u, which can be selected as the
weighted MMSE [60], MRT [61] or ZF precoder [62] among others. For notational simplicity,
we abuse notation and we use g to also denote the group index of the group that contains
user u. Therefore, the signal model for the signal that user u receives in BC mode with

AWGN n,, ~ CN(0,0?) corresponds to:
N
EC = hI Ziesg Zi\/ESi + Ny, = h;[ Zi:1 zi\/ITisiﬂ-g,i -+ Ny (210)

2.3.3 State of the Art

Given a large number of serviced devices N and increasing large number of base-station
antennas M, the number of user scheduling options is of order O(NM). Thus, to optimally
schedule users in resource-sharing groups, one needs to examine the CSIs of each possible user
grouping among potentially very large number of users in e.g., the thousands. However, since
MIMO user scheduling is a combinatorial, NP-hard problem, even for a moderate number of
users (e.g. hundreds), it is difficult to exhaustively evaluate all possible user combinations
as MIMO user groups against one or more objectives.

Therefore, algorithms typically rely on heuristics when the user number becomes very
large as in the case of [oT. For example, some recent methods take advantage of proportional
fairness (PF) and the determinant pairing algorithm (DPS) [63-65]. However, these schemes
rely on exhaustive computation of spatial cross-correlations for various possible user groups,
and as such still require heavy computational workload.

Other approaches exploit localized characteristics shared among small subsets of users.

One proposal examines N (/N —1)/2 pairwise CSI correlations among all N users and proposes
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to form user groups by setting a maximum correlation threshold [66,67]. Other schemes such
as [68,69] directly group users of similar CSI covariance matrices. Nevertheless, information
on pairwise or small user subsets fail to capture broad comprehensive characteristics on
the entire user set. In the case of pairwise correlation, e.g., multiple users with low pairwise
correlation in an MIMO user group may still suffer from significant interference accumulation.
Localized approaches are also very sensitive to choices of manual parameter tuning and are
harder to scale, as different choices might lead to drastically different performance as the
user number changes or as the CSI models vary.

Recently, (machine) learning based approaches have been applied to a diverse array
of difficult networking problems, including MAC user scheduling [70-73]. In fact, both
supervised and unsupervised learning algorithms have found applications in wireless CSI
characterization [70] that could be utilized in MIMO user scheduling. Machine learning is
particularly attractive for large, NP-hard problems such as user scheduling that would require
very high complexity to solve directly. In the context of wireless networking, supervised
learning requires a rich labeled training set of diverse CSIs and correspondingly optimized
scheduled user groups that attain strong performance. Such labeled training set must account
for different system conditions such as number of antennas, number of users, wireless channel
characteristics, noise levels, different power constraints, among others. However, it is not
practically feasible to build such a huge set of optimum solutions. Ironically, supervised
learning itself cannot be trained to find such optimum solutions for training.

In contrast, unsupervised learning explores underlying data features and characteris-
tics without relying on labeled training set. Importantly in the context of large-scale user
scheduling, unsupervised learning can effectively identify users with highly similar CSIs, as
proposed for direct user grouping in downlink multi-cast [72,73]. However, for the more
general multi-user MIMO systems operating in either uplink MAC or downlink BC (also
known as MU-MIMO), scheduling users with similar CSI leads to poor joint spatial diver-

sity. Such outcome deviates from the original goal of diversity-based user scheduling, aimed

17



at scheduling users with highly dissimilar CSIs into MIMO co-channel groups to promote
spatial diversity and to mitigate mutual interference. Clearly, a direct application of tradi-
tional learning algorithms over CSI vectors is incompatible with the MIMO user scheduling
task. Additionally, unsupervised learning is often based in Euclidean space, but Euclidean
distance of CSI does not correspond to spatial diversity as the latter is related to subspace
span.

In the second part of this dissertation (Chapter 5), we propose a novel approach that
leverages unsupervised learning to indirectly allocate users into RSGs. We will show that
this strategy provides significant performance gains with modest computational cost, and
can be generalized to consider a variety of performance metrics and different algorithms to

further improve its results.
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Chapter 3

Grant-Free Access via Blind Signal

Recovery using Wirtinger Flow

In the first part of this dissertation, we focus on blind signal recovery methods to enable
grant-free access in large scale networks. We adopt recent results in non-convex optimization
and leverage a geometric analysis of the blind signal recovery problem with limited data
samples. This approach demonstrates that these non-convex problems enjoy a rather benign
geometry and can be solved with relative ease. Moreover, it also allows us to formulate
theoretical guarantees, ensuring convergence with high probability.

In this chapter, we consider a prominent non-convex algorithm known as Wirtinger Flow
(WF), which has shown strong results in related nonconvex problems in the literature. Due
to the strong similarity between CMA-based signal recovery and the phase retrieval problem
[48], we adopt the WF algorithm directly in CMA-based blind signal recovery, which we
denote WF-CMA. In light of the convergence properties of WF under limited data samples,
we leverage and generalize the original convergence analysis of WF in phase retrieval and

obtain theoretical convergence guarantees for CMA in a finite-sample regime, both for single

Part of this chapter is reprinted, with permission, from [C. Feres and Z. Ding, “Wirtinger Flow Meets
Constant Modulus Algorithm: Revisiting Signal Recovery for Grant-Free Access” in IEEE Transactions on
Signal Processing (Early Access), Aug. 2021] and followup modifications for final publication. Notations
may have changed for consistency throughout this dissertation.

19



MIMO Channel
RX

N - > W11
silk] s K [ 3@ yilk]
T

> Wiy

N

N
N

\

\

\

\
\
\
A
H

-3
>
=~
1%}
R
=
\
\
\
=
S
~
=
=<
=
S
O
=
>

! [K]
o

L sources Base station with M antennas

Figure 3.1: L sources share a common resource block and transmit independent signals to
a host station with M antennas through an unknown physical channel. The host receiver
aims to find multiple adaptive linear demixers wy,...,w; to recover J < L sources with
little mutual interference.

and multiple source recovery [74].

3.1 CMA-based Blind Signal Recovery

Figure 3.1 depicts a blind signal recovery system at the base station. As presented in
Section 2.2.1, such a system attempts to find a demixer w that recovers one of the transmitted
signals with minimal interference, or more generally, to find J demixers wy, £ € {1,---,J}

that recover J distinct source signals with minimal mutual interference.

3.1.1 Single Source Recovery

Recall from Section 2.2.1 the constant-modulus cost function proposed by Godard [24]:

fw) = 53 (et~ k) 3.)

K
1
k=1

where Ry is defined as in Eq.(2.4), but can be set to any value (e.g. Ry = 1) and will scale

the magnitude of the demixer w accordingly. As stated in Section 2.2.1, we assume that all
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sources have equal average energy, as different signal energies can be considered as a channel
effect. Additionally, recall that the base station does not know the active number of sources
L, and we only assume that L < M to ensure a full-column rank channel.

The CM cost function 3.1 has been proven to converge in expectation under noiseless
scenarios and full-column rank channel [26,29]. Nevertheless, to the best of our knowledge
there were no convergence guarantees under limited data samples in the literature previous
to this work. This is one of the main results we present later in this chapter, and we further

make use of this result to prove convergence in the multiple source recovery setting.

3.1.2 Regularization for Multiple Signal Recovery

As we assume that multiple devices may access the channel in a grant-free scenario, it is
desirable to recover multiple source signals at a time as described in Section 2.2.1. If we
attempt to simultaneously recover multiple sources by solving for multiple demixer vectors
wy € {1...,J}, we need to ensure that they do not restore the same source signal, possibly
with different phases or delays [26].

Therefore, additional adjustments must be considered. Now, given that the different
sources are independent, this is equivalent to force statistical uncorrelatedness of the signals

in the cost function. For the case of complex outputs vy, y;, their covariance is given by:
Cov{y:, ye} = E{yiy} = E{w; 'z (wy'azy)"} = wE{zsz) fw,. (3.2)

Thus, we propose to regularize the CMA cost function with the squared magnitude of
the pairwise covariances of the outputs, to obtain a smooth real-valued cost function. The
modified CMA cost function for multiple sources considers J copies of the CM cost function

(3.1), each one depending on a different demixer, and our proposed regularization:
J

g(wi, ..., wy) :Zf(’we)JF%ZZ‘wiHRm’we ’ (3.3)

=1 =1 il
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where 79 > 0 is a constant and the sample covariance matrix

| K
=% Z xxh. (3.4)
k=1

This is related to the regularization proposed in [75] which uses joint cumulants for source
separation. The joint cumulants also consider the potential correlatedness of delayed versions
of the demixer outputs, but in the presented case of source recovery the channels have no
ISI, and the information from different delays of the outputs is not necessary. Other similar

regularized approaches have been proposed in [44,45].

3.2 WPF-Based Constant Modulus Solutions

3.2.1 CMA meets Wirtinger Flow

A recent stream of nonconvex optimization procedures have been developed for solving
quadratic equations, in particular for the phase retrieval problem. The phase retrieval prob-
lem can be stated as the recovery of an unknown signal z using known sampling vectors ay

from magnitudes 7, = |afz|? only for which the smooth cost function is

K
2

min alz|? — . 3.5

min Ekj allz]* — 1) (35)

Note that in terms of the cost functions, phase retrieval is equivalent to the single-source
CMA problem in Eq.(3.1), by setting 7y = Ry and ax = xx, k € {1,..., K}, and using z
as the unknown variable. If the source signal has constant modulus, e.g., |s[k]|* = Ry for
PSK signals, then the CM cost is the same as in the phase retrieval. One the other hand, for
non-constant modulus source signals, e.g. 16-QAM, the CM cost is akin to phase retrieval
based on an “average magnitude”.

This similarity stimulates this study on the link between optimization methods for phase
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retrieval and the CMA problem. However, there are some fundamental differences: (A) In
phase retrieval, there is a known reference signal r; as ground truth which is fully exploited
in its convergence analysis. However, in CM-based demixing we only have a desired “average
magnitude” Ry. (B) Phase retrieval has only one solution (up to common rotations), where
in blind demixing, there may be many ideal demixer vectors to recover multiple source
signals in different order (up to common rotations). (C) The sampling vectors a;, are chosen
typically as Gaussian by users in phase retrieval. In CMA, x is (noisy) channel output
that is not under user control and has a more complex distribution. (D) In phase retrieval,
the signal z typically does not have additional constraints, whereas in CMA, the parameter

vector w does not have other constraints but the source signals often do.

3.2.2 Wirtinger Flow in Phase Retrieval

For such a problem formulation, the Wirtinger Flow (WF) presented in [48] has received con-
siderable attention as it guarantees convergence to a solution via gradient-descent with only
O(M log M) measurements with Gaussian sampling vectors, obtaining e-accuracy within
O(K M?*log1/e) iterations. This algorithm has received significant research attention and
several works have improved WF for the phase retrieval problem [76-78| or adapted WF for
seemingly different and unrelated optimization problems [52,79].

In more depth, WF is a two stage approach consisting in spectral initialization and
gradient descent updates. The latter is characterized by the notion of Wirtinger calculus
(also known as CR-calculus [80]). The gradient of a real value function p(z) with respect to

a complex variable vector z = z, 4+ 1z; can be simply viewed as a complex vector

dp(z)  .0p(2)
0z, e 0z,

vzp(z) = (36)

The same principle applies when deriving Hessians.

Spectral initialization yields (with high probability) an initial iterate for gradient descent
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that is located within the basin of attraction of the ground truth, that is, a neighborhood of

the ground truth with defined convexity and smoothness. Defining

K

R, = ; rragal, (3.7)

the initial iterate is a properly scaled eigenvector of R, corresponding to its leading eigen-
value. This initial iterate is then highly correlated with ground truth, and has been proven

to be close to the ground truth with high probability [48].

3.2.3 Wirtinger Flow for Single Source Recovery (SSR)

We now reformulate WF for our CM-based source recovery problem. Using CR-calculus, the

gradient of the CMA objective function f can be defined as

K
1
Vwf(w) = 174 Z <|:132'w|2 — R2> xpxhw, (3.8)
k=1
and the gradient descent rule is
K
w™ = w — m Z (]wgwt\Q — R2> xpxhw’, (3.9)
k=1

where the stepsize u > 0 could be constant or vary, either as a predefined function of the
iteration ¢ [48] or using an adaptive approach such as backtracking [81], among others.
This gradient rule, which notably shows a normalization factor, has in fact been previ-
ously introduced for the CM problem as Normalized CMA [82-84]. The idea is similar to
normalized LMS by adjusting the stepsize in to avoid parameter divergence. Nevertheless,
existing works have not thoroughly analyzed how to select the stepsize p in NCMA, often
resorting to trial-and-error. By connecting CMA to WF, we aim to define the stepsize se-
lection according to the local geometry of CMA, thereby simplifying implementation and

improving the algorithm convergence rate. We call this new approach WF-based Constant
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Modulus Algorithm or WF-CMA.
Applying the spectral initialization of [48] for blind source recovery yields the covariance
matrix of the received signal vectors x; (corresponding to the known observations) scaled

by the constant Ry (corresponding to desired outcomes):

K
1
k=1

0

The initial iterate for gradient descent is then chosen as w"” = nv;, where v, is the

normalized eigenvector corresponding to the largest eigenvalue of Ry R, and the magnitude

MY, R MKR;
P B N e (3.11
VSl =\ 5y ey )

Algorithm 3.1 summarizes the steps for WF-CMA single source recovery.

1 is equal to

Algorithm 3.1 WF-CMA for Single Source Recovery
Given: x, € CM ke {1,..., K}, number of iterations T and stepsize

A) Spectral Initialization:
MKR,
2 Il 1?

2: Let ©; be the normalized eigenvector corresponding to the largest eigenvalue of

Ro> K H
e Zk:l Ly,

3: Set w' = nv,

1: Compute n =

B) Gradient Descent:

4: fort=0,...,T —1do
K

5: wtﬂ = wt — m Z (\w?wtlz - R2>$kwgwt
k=1

6: end for
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3.2.4 Wirtinger Flow for Multiple Signal Recovery (MSR)

In the case of multiple signal recovery, we can apply the same principles. Using the sample

covariance matrix in the cost function of (3.3), gradients with respect to each demixer vector

wy are
1 K J J
Vg = iid ; <|:B1:|'w1z|2 - RQ) wkiEE’we + Y% ; ; wai'wiHRxwg, (3.12)

where V, denotes the gradient with respect to demixer wy, and the new update rule is

wit = wh — —E _vg(wl,. . wh). (3.13)
gl

Analogously, spectral initialization in this case is an extension of the single source case,

and considers the J unit eigenvectors corresponding to the J largest eigenvalues of R,:

w) =/, je{l,...,J}, (3.14)

where )\, is the /-th leading eigenvalue of R, and v, is its corresponding eigenvector, nor-

malized to unit magnitude.
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Algorithm 3.2 WF-CMA Multiple Source Recovery

Given: x, € CM k€ {1,..., K}, number of sources to recover .J, number of iterations

T and stepsize
A) Spectral Initialization:
1: Compute the J leading eigenvalues )\, and corresponding normalized eigenvectors v, of
P Z?:l T
2 Set w? = \/Eﬁg Vi={1,...,J}
B) Gradient Descent:
3: fort=0,...,T—1do
4: for j=1,...,J do

14

5: wit = wj — —=Vg(wi, ... wh)
[Jwill

6: end for

7. end for

It is important to note that, depending on the data and channel, the initialization scheme
for MSR might be ill-defined as the data samples might lead to a degenerate case that it is
not possible to separate some sources [85]. Nevertheless, when considering the noiseless sce-
nario (i.e., removing AWGN noise from the received signal vectors), the received signals are
linear combinations of independent transmitted signals under independent Rayleigh chan-
nels. Thus, when K — oo, R, converges to the scaled expected value of 2" thanks to the
Central Limit Theorem. This implies that, when K is large enough, the leading eigenvectors

of R, will align with the leading eigenvectors of E{zx"}, up to a scaling factor.
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3.3 Theoretical Convergence Analysis

3.3.1 Convergence Guarantee of CMA

The global convergence properties of CMA for PAM and QAM input signals in noiseless
scenarios are well known [26, Chapters 4, 7|. The presented CMA-based single source recov-
ery corresponds to a particular case of the MIMO-CMA blind equalizer, where the MIMO
channel has zero ISI and only multi-user interference is to be suppressed. Thus, the mean
CM cost of Eq.(2.4) has been shown to only possess global minima, each of which corre-
sponds to the successful recovery (demixing) of one source signal with a phase rotation in
the noiseless case if the channel matrix H has full column rank. In other words, if H has
full column rank, then the minimization of the mean CM cost leads to guaranteed global
convergence in noiseless scenarios, regardless of initial conditions [45]. Moreover, if H rank
deficient a solution of the mean CM cost is close to optimal Wiener solutions [86], which
further highlights the applicability of CMA-based blind signal recovery in the presence of
multiple sources. The resulting combiner will exhibit some bounded interference, which is
tolerable in most practical implementations. Nevertheless, we shall consider only the case
when H has full-column rank that guarantees global convergence for blind signal recovery.

We do not require the number of sources L to be known at any point. In the case that
the receiver tries to recover more sources than the existing ones, i.e. J > L, the receiver
would obtain L demixers that recover signals and J — L demixers that only recover noise.
In any case, the receiver can perform a rank estimation procedure if it needs to estimate L
[87,88].

When considering noisy channels, it is well known that channel noise introduces additional
local minima to the mean CM cost function [26]. Thus, even carefully selected stepsize (based
on trial and error) cannot guarantee convergence to global minima. Thus, new results that
can reveal better convergence properties in stepsize selection are of special interest.

Given the known properties of the mean CM cost, what remains unclear is the convergence
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of CMA under finite data samples and additive noise. In this scenario, we aim to determine
convergence properties for CM-based demixing by leveraging the convergence analysis of

WEF.

3.3.2 Adapting Wirtinger Flow to CMA

The convergence properties of the Wirtinger Flow phase retrieval have been proven in [48]
for Eq.(3.5). However, the new WF-CMA exhibits two special characteristics different from

the original WF in phase retrieval:

e The spectral initialization proposed for WF in phase retrieval [48] yields an eigende-
composition of the sample covariance matrix that is highly correlated with the ground
truth in expectation, and the initial iterate is provably close to the ground truth to
guarantee convergence. However, the same initialization in CMA-based SSR does not

readily provide an initial estimate that is highly correlated with the problem solutions.

e The sampling vectors a; are assumed to either have a standard complex normal distri-
bution, i.e. a, ~ CN(0,I), or be admissible distributions for coded diffraction patterns
(CDPs) [48]. However, the received signal vectors x; in CMA given by Eq.(2.2), are
linear mixtures of independent source signals by the channel matrix H, plus additive
white Gaussian channel noise. They do not correspond in general with these sam-
pling vector models, or even with those from recent work using subgaussian variables
[89]. Moreover, the elements of x; are linear mixtures of independent QAM signals
which are non-Gaussian, and are not mutually independent, a distinct issue that makes

convergence analysis difficult.

We first examine spectral initialization. Consider the noiseless case and assume all source

signals have equal symbol energy E, without loss of generality. Taking expectation on the
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scaled sample covariance matrix in Eq.(3.10) for initialization:

K
R
E{R,R,} = ?2 > HE{s;s}H" = R,E,HH", (3.15)
k=1
which depends on the channel but is not explicitly dependent on the solutions. From (2.6),

the global CMA solutions satisfy
W Hsy, = e¢s[k], € {1,...,L}, 6 €0,27]. (3.16)

Thus, the optimal demixers are not directly extractable from the sample covariance ma-
trix. Therefore, our work shall not analyze this initialization effect on WF-CMA. Neverthe-
less, we will show later in experiments that such initialization appears to benefit WF-CMA
convergence. Thus, we still include this spectral initialization for CMA in Algorithm 3.1.

With respect to the dependent elements of @, recall that the fading channel matrix has

full column rank. Under this assumption, we can rewrite
ylk] = w'z, = w'Hs), + w'ny, = q"'s), + n[k], (3.17)

where ¢ = H"w is the combined (channel plus demixer) parameter vector, and 4, is demixer
output noise. Given full column rank H, we can study the WF-CMA in the combined
parameter space q, which directly interacts with independent source signals. This parameter
transformation mitigates the challenge posed by dependent signals in the WF algorithm. We
now study the convergence of WF in the ¢ domain since the g space can be fully spanned
by adjusting w.

Onwards, our approach to specifying the local convergence properties of WF is to char-
acterize the local behavior of the CM cost function in the g domain, in which we describe
the gradient and Hessian of the CM-cost in the neighborhood of a ground truth. We show

that the local geometry near each ground truth admits convergence to a global minimum

30



using gradient-descent based WF algorithm.

3.3.3 Convergence of WF-CMA for single source recovery

In the following, and without loss of generality, we assume that all sources use the same square
QAM constellation of size () with equally likely symbols. These correspond to discrete finite
sets, and as such, signals of each source at each time k are bounded random variables, and
by definition, subgaussian random variables [90, Definition 5.7]. In other words, the signal
vectors s;, are supported on an exponentially large set of size QF, and thus are subgaussian
random vectors for the purposes of concentration of measure and non-asymptotic approaches
[91, Section 3.4.2]. We will use this fact to support our theoretical analysis.

We also denote the second moment, fourth moment, and kurtosis of the transmitted

signals as

my = B{|s[k]|*}, ma = E{|s[k]|*}, k =m4 —2m3 < 0. (3.18)

Additionally, as QAM constellations are discrete and bounded, with probability 1 we
have Vk € {1,..., K}

3m2

Q-1

|se[]] < (VQ@—-1)=B = |s| < BVL. (3.19)

We need some definitions. Let z be a solution to the CM cost in the g-domain, i.e. z
minimizes f(-). Also, note that as z is related only to the channel H as implied in Eqs.(3.16)

and (3.17), is independent of the signals s;. For any vector g € Cl we define

dist = mi — %z 3.20
ist(q, 2) ¢$gﬂllq %z (3.20)
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We define a set of solutions due to a rotation factor ¢ as

P:={e%z:¢€|0,27]} (3.21)

and the set of vectors within e distance from P is

E(e) := {q € C* : dist(q, P) < ¢}. (3.22)

For any q € CF, we define the alignment phase ¢(q) as

¢(q) := argmin||q — ?z| = Z(z"q), (3.23)
¢€[0,27]
such that
dist(g, z) = ||g — ¢*Vz||. (3.24)
By defining

K K K
1 1 1
Alg) = 7 > Isfql’sisi!, Blq) = = > (shq)’sisp, S= = > sisi, (3.25)
k=1 k=1 k=1

the Wirtinger Hessian of the cost function f is simply

Vifq) = (3.26)

) _
B(q) 2A(q) — RS

We now present our main convergence result for single source recovery.

Theorem 1. Consider the signal vectors s;, € C* with i.i.d. elements from a square QAM
constellation of size Q). Let z be a solution of the CMA problem with cost function (5.1).
Additionally, let o > 34+80-1[Q # 4], B > 235+724-1[Q # 4], e = (10BVL)™" and 6 = 0.01.

There exist Cy > 0 and ¢y > 0 such that, if the number of measurements K > C1L, then for
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all g € E(e), the cost function f(-) satisfies the generalized regularity condition

Re<<Vf(q) _ vf(em(q)z)’q — oJ9(9) >> > dlst _va Vf(ej¢(q)z)H2

(3.27)

with probability of at least 1 — 6e~1K . Furthermore, by selecting a stepsize 0 < p < 2/, if

q' € E(¢), then the update of Algorithm 3.1

¢ =q" —uvf(g" (3.28)

leads to ¢"** € E(¢) and contraction
c 20t 2p
dist?(q"*, z) < (1 - —)dlst (', ). (3.29)
«

The proof of Theorem 1 is an extension and modification of the original Wirtinger Flow
proof [48], but considering subgaussian signal vectors (QAM constellations) and an aver-
age modulus, as the actual magnitude samples are unknown. The steps of the proof are

summarized below:

(1) Establishing concentration of measure of the Hessian and deriving related
scalar inequalities. In Lemma 1, we show that with high probability, the WF-CMA

Hessian is close to its expectation given sufficient samples.

(2) Characterizing the local geometry of the CMA objective function. We show
that the cost function has strong convexity and smoothness in the e-vicinity of the
ground truth, which are respectively proven in Lemmas 2 and 3 based on the concen-
tration of Hessian and the resulting inequalities. These results describe the geometry
of the cost function in the neighborhood of any local minimum, which are known to

correspond to global minima in noiseless CMA-based equalization.
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(3) Proving that the WF-CMA update rule is a contraction. In Lemma 4, we
finally show that the update rule is a contraction with geometric rate within the basin

of attraction E(e).
We first tackle the concentration of measure of the Hessian of f(-) in the following lemma.

Lemma 1 (Concentration of the Hessian). Let z be a solution of (3.1) and independent of
the signal vectors sy under the setup of Theorem 1, and § > 0. There exist C1(0) > 0 and

c1(0) > 0 such that, if K > C1(0)L, then
[921() ~ E{V2F(2)} | < 0 (330

holds with probability of at least 1 — 6e=1 (DK
Proof. Refer to Appendix A.2 for details. |

The local geometry of the cost function can be characterized using both lemmas below.
Combined, they yield inequality (3.27). In particular, Lemma 2 describes the strong con-
vexity of the cost function, and Lemma 3 proves the cost function is well behaved near local

optimizers.

Lemma 2 (Local Curvature Condition). Under the conditions of Lemma 1, let o« > 3+ 80 -

1[Q # 4], e = (10BVL)™" and § = 0.01. Then, for all vectors q € E(¢), the cost function
f(-) satisfies

1 2m§ - R2m2

Re(<Vf(q) —Vf(e?9z), q - ej¢(q)z>) > (E + 10 — 6)dist2(q, z)

4
20K Z ‘ L q>z)‘ . (331)

Proof. See Appendix A.3. [ |

Lemma 3 (Local Smoothness Condition). Under the conditions of Lemma 1, let § > 235+

724 -1[Q # 4], ¢ = (10BVL)™" and 6 = 0.01. Then, for all vectors q € E(¢), the cost
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function f(-) satisfies

1 : 2 2771% — R2m2 ) 1 K
BHVf(q) — V(" Dz)|" < T dist?( + 507 Z
(3.32)

Proof. See Appendix A.4. [ |

Finally, based on the local behavior of the cost function, we establish the contraction of

the iterative rule of Algorithm 3.1.
Lemma 4 (Contraction of Update Rule). Under the conditions of Theorem 1, consider

0<u<2/B and q' € E(¢). Using the update rule of Algorithm 1,

qt+1 — qt - va(qt)’ (333)
we have that ¢! € E(€) and contraction
2
dist*(q¢"™, 2) < (1 - —u>dist2(qt, z). (3.34)
a

Proof. This proof follows [48, Lemma 7.10], as our problem also has non-unique global solu-

tions. [ |

3.3.4 Convergence for Multiple Source Recovery

Recall that our cost function for MSR is a simpler version of the one in [45], which has been
shown to exhibit global convergence properties under noiseless full rank channel conditions.
Thus, in a way similar to the SSR. case, we will describe the local geometry of the CM cost for
MSR and show how the WF algorithm recovers source signals with high probability. For full

column rank channel matrix, we can use the overall system parameter space as in Eq.(3.17)
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by introducing q = [q{ ... qJ]T as the aggregation of the J demixers:

Thus, the cost function is

J
= fla) +% Z Z q/'Saq|” (3.36)
/=1

(=1 i#L

where S is the sample covariance matrix defined in Eq.(3.25).

For the MSR proofs, we need to generalize the previous definitions. Let z = [2] ... 21T €

C’L be a solution that minimizes g(-) and is independent of the signals s;. For any vector

qgeCt,

J l
dist(g, 7) = (Z min g emzm?) (3.37)

We define the set of all vectors that differ from the solution by a rotation factor in each

demixer as
Pi={[e"2]...e%2]]T i ¢, €[0,27] VLE{L,...,J}}. (3.38)
The sets of vectors close to P are
E(e) := {q € C’* : dist(q, P) < ¢}, (3.39)
and, for any vector ¢ € C’F we define the phases ¢,(q) as

be(q) = d(qe) = a};g{ mi}n lge — %z = Z(2}'q)) (3.40)
€(0,2m

such that

dist(q, z (Z lge — &7 Ze||2> (3.41)
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The Wirtinger Hessian of the cost function g is

Gilq) --- Hiq)
Vig(q) = Bdiag ({V2f(a)},_, )+ | ¢ . (3.42)

Hj(q) -+ G;(q)

where Bdiag() constructs a block diagonal matrix out of the matrices

2A(q)) — R»S B(q)

V2 f(a) = _ (343)
B(qu) 2A(qv) — R2S
A(qv), B(q), and S have been defined in Eq.(3.25) and
Culq) 0 d
Gi(q) = , Cilq) = Z Sqiq!'S. (3.44)
0 Cig) i

Furthermore, we have

Ey(q) Fu(q)
Hy(q) = ., Eu(q) =4q'Sq,S, Fulq)=Saqq/S". (3.45)

Ffz(‘]) E&'(Q)

We now introduce the convergence analysis of Algorithm 3.2.

Theorem 2. Consider signal vectors s, € CL with i.i.d elements from a square QAM constel-
lation of size Q). Let J > 2 and z be a solution to the MSR CMA problem with cost function
(3.8). Additionally, let o > 4+223-1[Q # 4], f > 7304267(J —1)+(1234+127(J-1))-1[Q #
4], € = (10JBVL)™", 79 = 1 and 6 = 0.001. There exist Cy > 0 and cy > 0 such that, if

the number of samples K > CsL, then for all ¢ € E(€), the cost function g(-) satisfies the
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generalized regularity condition

Re<<Veg((I) - Vgg(em(qe)z)’ qr — ej¢(q£)Zg>>

o~
10-
I

J
> édisﬁ(q, z)+ % Z Veg(q) — Vgg(ejd’(‘”)z)H2 (3.46)
=1

with probability of at least 1 — 12e~K Furthermore, by selecting a stepsize 0 < pu < 2/f3
and q' € E(e), the MSR WF-CMA wupdates from Algorithm 3.2

9" =q; - nVig(q') (3.47)
will lead to ¢"** € E(e) and contraction
c g 2( bl 21N g2t
dist“(g"™, z) < (1 - —>dISt (g, z). (3.48)
a

The proof of Theorem 2 follows a similar approach as proof of Theorem 1, with requisite
modifications to account for the additional terms in the cost function g(-), i.e. the multi-
ple CM costs for each demixer and the pairwise covariances of demixers in Eq.(3.36). To

summarize:

(1) Establish concentration of measure for the MSR Hessian. Lemma 5 proves

that the MSR Hessian is also close to its expected value with high probability.

(2) Describe local geometry of the MSR cost function. We show that the MSR
cost function exhibits strong convexity and smoothness in the e-vicinity of the ground

truth. These properties are proven in Lemmas 6 and 7 by way of Lemmas 1, 2, 3 and

D.

(3) Prove that the MSR update is a contraction. This is shown in Lemma 8 for

iteration within the basin of attraction E(e).
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Lemma 5 (Concentration of the MSR Hessian). Let z be a solution to (3.3) independent of
the signal vectors sy, under the setup of Theorem 2. Then, there exists Co > 0 and ¢y > 0

such that, if K > CsL, then
[V29(z) —E{V?g(2)}|| <o (3.49)

holds with probability of at least 1 — 12e~2K
Proof. Refer to Appendix A.6 for details. [ |

Lemma 6 (MSR Local Curvature Condition). Under the conditions of Lemma 5, let o >
4+223-1[Q # 4], e = (10JBVL)™, 7o = 1 and 6 = 0.001. Then for all vectors q € F(e),

the cost function g(-) satisfies

Re((Veg(@) = Veg(e?%)z), @, — %) z,) )

~
Il <
—

> adlst (g,z) + 19 dist*(q, z) + 0K kz_; ; ’Sk (qo — 79 )
J o ,
+ 42 Z Z ‘(qz- — &%) 2 )M 8(q, — em(qe)zg)‘ ‘ (3.50)
(=1 il
Proof. See Appendix A.7. [ |

Lemma 7 (MSR Local Smoothness Condition). Under the conditions of Lemma 5, let B >
7304+ 267(J — 1) + (1234 + 127(J — 1)) - 1[Q # 4], e = (10JBVL)™, 49 = 1 and § = 0.001.

Then for all vectors q € E(€), the cost function g(-) satisfies

J
3" [Veola) - Vigleaz)|
=1

™|~

2m2 — Ryms — 6 1 &K . 4
< 7 192m2 dist®(q, 2) + 50— Z Z ‘32(% — /% z))

J J

v , 2
+0 DD (g — 9 z) S (g, — ) 2|7 (3.51)
=1 it
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Proof. See Appendix A.8. |

Lemma 8 (Contraction of MSR Update Rule). Under the conditions of Theorem 2, consider

q' € E(e) and 0 < u < 2/B. Using the update rules of Algorithm 3.2,

0" =aq,— 1nVe(d), (3.52)

we have that ¢'*' € F(e) and contraction
c ot 2( L 20N oy
dist*(¢"", 2) < <1 — —)dlSt (¢', 2). (3.53)
«

Proof. Thanks to Lemmas 4, 6 and 7, this proof is an straightforward adaptation of [48,
Lemma 7.10]. |

3.3.5 Computational Complexity

The complexity of our algorithm lies in its initialization, its iteration, and number of itera-

tions.

(1) The initialization step is dominated by the computation of sample covariance matrix
R, whose complexity is of O(M?K). Computing the largest eigenvector of R, typi-
cally has a cost of O(M?) [48].

(2) The iteration cost is dominated by the products xyzHw, whose complexity is of
O(M?K). Other operations including scalar multiplications and divisions are of O(M)
or O(MK) over sample-related quantities. Therefore, the iteration cost becomes dom-

inant over the initialization cost after a few iterations.

The same analysis applies to multiple signal recovery with J sources. Succinctly, each
operation repeats .J times, as now there are J gradients. Therefore, the dominant cost of the

multiple signal recovery variations for both algorithms are increased by a factor of J, and
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the resulting total cost is J times than the single source recovery case. Table 3.1 summarizes
the complexity of both proposed algorithms, where T is the number of iterations in each
case.

Table 3.1: Computational complexity of proposed algorithms.

‘ Iteration cost  Total cost
WEF-SSR (’)(MQK) (’)(MQKT)
WEF-MSR (’)(JM2K) O(JM2KT)

3.4 Simulation Results

In our simulation tests, we consider a grant-free access scenario as described in Section 2.2.1,
in which there are L sources each sequentially transmitting K independent QAM symbols
with normalized average energy. The receiver has M antennas and aims to recover J distinct
sources. A stationary Rayleigh channel H has i.i.d. elements H,, ~ N(0,0.5) +iN(0,0.5).
The channel noise vector n; has i.i.d. and circularly symmetric complex normal elements
nmlk] ~ CN(0,02%). To evaluate the recovery efficacy, we measure the total interference to

signal (power) ratio TISR for each recovered source [26], defined as
i 193* — max; ;]
max; ‘qu’Z

TISR, = 2

: (3.54)

where g, = H"w, is the equalized channel at demixer j. In SSR tests, J = 1 and we can

drop the 7 index.
Our simulation uses MATLAB on a PC with an Intel Core i7-7700HQ CPU, 16GB of

RAM and 64-bit OS to implement the algorithms and run the simulations. We use 7" = 1000

iterations per run of the WF algorithm, and average 100 runs to obtain our results.
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Figure 3.2: Numerical results of WF-CMA for single source recovery.

3.4.1 Single source recovery

To test the convergence of WF-CMA in SSR, we first consider an adaptive demixer to recover
one source. We define a step-size = 5-107% < 2/ as determined according to Theorem 1.

Figure 3.2a presents the probability of successful recovery of a single source in a noiseless
system with L = 4 sources and M = 8 receiving antennas. We define “success” as the event
of TISR reaching below —20dB after 7' = 1000 iterations. Two modulations (QPSK and
16-QAM) are tested. The results show that for QPSK, WF-CMA can actually converge to a
solution even with a very small number of samples. For the higher-order modulation of 16-
QAM, successful convergence requires about 10 times more data samples. More important,
our test results show that spectral initialization of WF achieves better convergence than the
traditional initialization that sets a random, unique tap of the demixer to 1 and others as 0.
The higher probability of success achieved by spectral initialization empirically justifies its

additional computational cost.
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Figure 3.2b illustrates the average TISR under QPSK modulation under different SNR
values. In this test, we used K = 400 samples, L = 4 sources and M = 8 receiver antennas.
The results demonstrate desirable convergence with increasing number of iterations. On the
other hand, Figure 3.2¢ shows the average TISR for 16-QAM modulation under the same test
settings. For QPSK, the total interference to signal ratio can drop below —27dB even for
10dB of SNR. For 16-QAM, the interference power remains several dB higher. Such results
are expected for a more complex modulation without constant modulus. Nevertheless, as
shown in our analytical results, the WF-CMA converges with the stepsize chosen according
to Theorem 1 and successfully suppresses multi-user interference.

We repeat the experiments for a larger problem size of L = 9 sources and M = 16 receiver
antennas. Under similar conditions, the success probability of the WF-CMA under different
sample sizes K are also clearly shown in Figure 3.2d. These results further demonstrate the
superior performance achieved using spectral initialization. Correspondingly, the average
TISR is shown in Figure 3.2e and Figure 3.2f for QPSK and 16-QAM, respectively. According
to our analysis, we lowered the stepsize to = 10~* since the basin of attraction for size
¢ (depending on B) decreases with the number of sources L. The resulting WF-CMA also
shows successful recovery of a single source with sufficiently high interference suppression in

for both QPSK and 16-QAM at different levels of SNR.

3.4.2 Multiple source recovery

We now replicate the experiments above, attempting to simultaneously recover J = 2 sources
at a time. We also set 7o = 1 and = 1-1073 < 2/ according to Theorem 2.

Figure 3.3a shows the probability of successful recovery of both sources given different
numbers of samples in a noiseless system. We considered L = 4 sources, M = 8 receiving
antennas for two different modulations of QPSK and 16-QAM. In the MSR case, success
is defined as achieving less than —20dB TISR after T = 1000 iterations in each demixer,

both recovering distinct sources. Once again, the required number of samples for successful
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Figure 3.3: Numerical results of WF-CMA for multiple source recovery. We recover either
J =2 or J = 3 signals in each setting.

QPSK recovery appears quite small, whereas the number of samples required for successful
16-QAM recovery is approximately 10 times higher.

In Figure 3.3b we show the average TISR of both demixers for QPSK signals under
different levels of SNR. We let K = 400 samples, L = 4 sources and M = 8 receiver
antennas. Figure 3.3c shows the achieved TISR for 16-QAM signals under the same setup.
For QPSK source signals, the average TISR drops below —30dB for SNR of 20dB and 30dB
within 400 iterations. For 16-QAM source signals, the convergence rate is noticeably slower
as 16-QAM constellation exhibits variable moduli.

Next, we also consider the larger problem size with L = 9 sources and M = 16 receiver
antennas. We use a stepsize of ;= 107* for the same reasons explained in the single source
recovery case. Figure 3.3d shows the probability of successful recovery of both sources with

under —20dB TISR after 1000 iterations. The number of samples required for recovery
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increases with a larger system size, but not significantly. Figure 3.3e and Figure 3.3f show
the achieved average TISR for QPSK and 16-QAM sources, respectively. Both figures show

that WF-CMA is able to recover two signals reliably at the same time.

3.5 Summary

In this chapter, we established a connection between Wirtinger Flow used in phase retrieval
and CMA-based blind signal recovery in grant-free access. We generalized the convergence
analysis of WF for our proposed algorithm by incorporating new conditions of subgaussian
signal sources and average modulus, demonstrating its global convergence for blind signal
recovery with high probability under limited data samples. We characterized the local ge-
ometry of the CM cost function in terms of local smoothness and convexity, which enables
parameter updates to remain within the basin of attraction for a defined stepsize. Further-
more, we presented theoretical convergence guarantees for both single and multiple source
recovery. Our numerical tests demonstrated that our proposed algorithm can solve CMA-

based blind signal recovery with a fast convergence rate and reasonable computational cost.
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Chapter 4

Grant-Free Access via Riemannian

Blind Signal Recovery

In the previous chapter, we proposed a CMA-based source recovery method that uses reg-
ularization to recover multiple distinct source signals. Even when theoretical analysis and
numerical simulations show satisfactory performance of WF-CMA, there are still aspects to
be addressed. First, there is still no theoretical guarantee that spectral initialization (or any
other initialization method) would yield an initial iterate within the basin of attraction of the
CMA cost function. In practical scenarios, the initialization could be inadequate in different
channel conditions or settings. Second, we assumed that the number of active sources was
known at the BS, which might not be true in practice and the BS would need to estimate the
number of sources. Finally and more importantly, regularization usually requires parameter
tuning for different realizations, and often increases computational complexity.

In this chapter, we explore a Riemannian optimization framework for blind multiple signal
recovery. We leverage Riemannian geometry and encode the orthogonality requirement of
recovered signals into a Riemannian manifold. This new search space transforms the original

signal recovery problem into an unconstrained, regularization-free optimization problem over

Part of this chapter has been previously submitted to IEEE Transactions on Signal Processing and is
currently under review.

46



MIMO Channel

\V4 RX
sq[k] AN hay
AN
1| O, /,Y R [kl
AN L7 xqlk]
AN 7
v
P VRS N
hy, - g \\h ML w
s \
7 7 h
-~ Y R/l
v huy N1
sy [k] XM [k]
XL ROCMA [
L sources Base station with M antennas

Figure 4.1: L sources share a common resource block and transmit independent signals to a
host station with M antennas through an unknown physical channel. The host receiver aims
to find an adaptive linear matrix demixer W to recover J < L sources with little mutual
interference.

this Riemannian manifold. By exploiting efficient, low complexity solvers, this approach
demonstrates full recovery of distinct source signals without special initialization or tuning,
with high probability of success and modest sample complexity compared to traditional

gradient descent approaches.

4.1 Constrained Multiple Signal Recovery

Figure 4.1 depicts a blind signal recovery system, whose goal is to find multiple demixers that
recover distinct source signals with minimal interference. As stated in Section 2.2.1, CMA-
based multiple source recovery requires additional constraints to ensure that the process
actually accomplishes this task. Several works have proposed to add regularization term(s)
to the cost function (2.7) to penalize against the recovery of identical signals by more than
one solution vectors in W. For example, in [44,45] the authors proposed adding a norm of
joint cumulants for such source separation objective. Other proposals such as [47] enforce
orthogonality of the combiners at each gradient descent iteration, either via orthogonal

projection or Gram-Schmidt orthogonalization.
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Despite their demonstrated successes, regularization approaches exhibit some drawbacks.
First, the regularizing term typically requires to tune a scalar weight, e.g. 7o in Eq.(3.3),
often by trial and error, and there is no performance guarantee under various possible sce-
narios. Second, different regularization approaches might lead to different solutions and
performance, while no solution is consistently better than others. Additionally, regulariz-
ing terms often increase the computation complexity as regularized cost functions would
either require additional computations or delicate non-convex optimization steps. Finally,
regularizing terms proposed in the literature generally are limited to promote pairwise sig-
nal orthogonality instead of multi-lateral signal orthogonality, and also require more data
samples to successfully suppress mutual interference.

Therefore, we now reformulate the multiple signal recovery problem and enforce signal
orthogonality among demixer outputs by directly restricting the solution space. Recall the
definition of W as joint demixer matrix in Section 2.2.1. Owing to the phase invariance
of the CM cost function, the optimum solution satisfies WHH = P where P € C7*L a
generalized permutation matrix whose non-zero entries are all of the form e/¢ instead of
being restricted to 1. As a result, at the optimum solution we have PP = I, with I the
identity matrix of appropriate size. We therefore write the joint signal recovery constraint

as
WHHH"W = 1. (4.1)

However, the BS has no knowledge of the channel H. Therefore, we can leverage source
signal orthogonality and white noise property to estimate H H" from the sample covariance

matrix of the received data vectors xy (2.2):
LK
Ry = > wmal S5 E{Rx} = HH" + o°I. (4.2)
k=1

Note that, in the absence of noise, the rank of matrix HH" € CM*M is [ (L < M), i.e.,
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the rank of H. Thus, we formulate the optimization problem for multiple signal recovery as

orthogonal constant modulus algorithm (OCMA):

1 K

min  f(W) = o ; [(WHX, W) oI — RI|’, (4.3a)
st. WHRxW =1, (4.3b)

where X, = z,x!!. Hence, the Euclidean gradient of f(W) is

Vw f(W) = % Z X, W (WHX, W) oI — R,I), (4.4a)

and for a matrix G of the same size as W, the directional derivative of Vy, f(W) in direction

G is

D(Vw f(W))[G]

1

== Z (XkW(I o (WHX,G + G"X,W)) + X,G(W"X,W)oI — 321))

k=1

(4.4b)

4.1.1 Estimating the Number of Active Sources for Demixing

Because of the number of active sources L may vary in practice, the literature has often
assumed that L is known. However, in grant-free access, such assumption would not be
practical, since, at best, we would only be able to limit the maximum number of simultaneous
users according to synchronization and slotted scheduling. Thus we shall first present an
approach to estimate the number of active sources.

Given that H has rank L < M, the sample covariance matrix Rx in restriction (4.3b) is

not strictly positive definite in the absence of noise. Thus, (4.3b) cannot be directly defined
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as a Riemannian manifold. In noisy scenarios and with several data samples, the sample
covariance matrix will likely be positive definite, but could be numerically ill-conditioned
with large condition number. However, in both cases we can extract a strictly positive
definite matrix from the sample covariance matrix from its rank-L approximation.

We first estimate the number of transmitted signals embedded in the received data via
Minka’s Laplace method [92], and let the result be L. Let the SVD of the channel matrix

H=UXVH with U e U(M), and V € U(L), i.e.,

XL

H =[U, Uj] vi=u,z, v",

Onv—r)xL
U,€ST(M x L), Ui € ST(M x M — L),

EL:diag(al,...,aL), (45)

where ST(M xL) = {A € CM*L . AHA = I} is the complex Stiefel manifold of orthonormal
L-frames in CM [54,93].

First, consider the noiseless scenario, i.e. Rx = E{Rx} which equals to
HA" =Ux"U"=U,z, 2U} = U, A"U} . (4.6)

From the above decomposition, we can obtain U and X, but not V. Also, note that A =
33 is diagonal with strictly positive entries because H has full-column rank. Both
U.,U;i are full-column rank.

In the noisy case with infinite samples, we have
HH" + 0’1 = USS"U" 1 0*T = U (=" + o21)'U" = UA, UM, (4.7)

and we form a diagonal matrix A using the L largest diagonal components of A; — oI,

corresponding to eigenvector matrix Uy,. We further define 3, = AY/2. Note that o2 can be
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estimated by, e.g., averaging the M — L smallest diagonal elements of A;. This approach is
very similar to the so-called probabilistic PCA [94], which obtains the principal components
of data and a generative model. However, even though Minka’s Laplace method is known
for satisfactory performance in the limited sample regime, it relies on the assumption of
Gaussian signals and could introduce bias when estimating the number of discrete sources.

Nevertheless, all independent sources contribute with a significant component of the
sample covariance matrix, related to its significant eigenvalues, whereas noise will only have
minor contributions in other directions as their related eigenvalues are much smaller in
high SNR regimes. For an under-estimated L, the L-rank approximation of the sample
covariance matrix would likely fail to capture all relevant directions of the channel, leading
to mutual signal interference in signal recovery. Therefore, we compute the normalized

L-rank approximation error

Rx— viADY|
| Rx||

(4.8)

for comparison against a preset threshold ¢, to decide whether L needs to be increased in a
update. We also update the L-rank approximation of the sample covariance matrix. Our test
results to be shown later demonstrate the general reliability of this rank estimation method

for demixing.

4.2 A Riemannian Manifold Optimization Framework

for CMA

The Riemannian framework for optimization on manifolds [53] has gained a lot of attention
owing to its capability to handle problems with a real-valued objective function defined on
a constrained space,

minimize f(M) st. M e M. (4.9)

MeCmxn
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Note that the (nonlinear) space M may not be well-defined in terms of addition, continu-
ity, and/or other properties that are typically exploited by regular optimization approaches
in Euclidean spaces. The main idea is to redefine a constrained optimization in Euclidean
space into an unconstrained optimization problem over a manifold. Manifolds are topological
spaces that, equipped with a metric, locally resemble Euclidean spaces of equal dimension
size, but may be quite different globally. Some manifold examples include spheres, the set of
rotations, the set of positive semidefinite matrices, the set of fixed-rank matrices, and Stiefel
manifolds, among many others.

In this section, we first obtain a suitable Riemannian manifold representation of the
CMA problem with orthogonality constraints (4.3), which we denote Riemannian Orthogonal
CMA, or ROCMA. Next, we further exploit the obtained Riemannian manifold to define a
quotient Riemannian manifold, with which we can tackle the phase invariance of the demixers

directly in the optimization process.

4.2.1 Redefining the Geometry of Signal Recovery

Our goal here is to find a suitable geometry that encodes the orthogonality condition of
demixers in the search space of Problem (4.3). Even with a method to estimate the number
of sources L, we derive a general version of the geometry where the receiver attempts to

recover J < L sources. Considering Eq.(4.6) in restriction (4.3b), we have

I, =WHiHH'W = whU, =, SHUl'w. (4.10)

By introducing a new variable Y such that

W =U,%;'Y, (4.11)

Eq.(4.10) yields Y?Y = I,, which defines the complex Stiefel manifold ST(L x J). Hence,

by means of the transformation (4.11), we obtain a Riemannian manifold representation of
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restriction (4.3b) as M = ST(L x .J) that we can use for optimization purposes. From the
solution in terms of Y, we obtain the demixer matrix directly by a one-to-one scaling by
U;X;'. The variable transformation (4.11) implies the need to rewrite the cost function,
Euclidean gradient, and directional derivatives of the gradient. Defining z;, = 3;'Ux; and

Z), = zp2l! = XU XU Y we have a new cost function

K

= H 2
g(Y) = Q;H(Y Z,Y)oI — RyI||,, (4.12)
whose Euclidean gradient is
K
VyiY) = = Y ZY (YZY) oI - Rul). (413
K3

and the directional derivative of (4.13) in direction G is

D(Vyg(Y))[G] = S i ZY ((Y"Z,G+G"Z,Y)oI)+ Z,G(Y"Z,Y) o I — Ro).

(4.14)

To optimize Y over M, we need to first define the linear space that approximates the
manifold around a point Y, which is called the tangent space at Y and is denoted as Ty M.

For M = ST(L x .J), the tangent space is
TyM={EecC" . E=YQ+Y A Q=-QV eC’ AcCED  (415)

In other words, YNE = Q is skew-Hermitian VE € Ty M. Its orthogonal complement is

known as normal space Ny M and it is given by

NyM={YA A=A"cC/*}. (4.16)
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We can now define length in the tangent space with a Riemannian metric dy, which is a
smooth inner product defined at each element Y for elements of the tangent space Ty M.

Here, we use the real-trace inner product, given by
dy(E,C) = Re(Tr(E"C)), E.C € TyM. (4.17)

We also define a projection to the tangent space, which allows us to restrict optimization
only in the directions of interest, which indeed belong to the tangent space. For G € C/*/,

the projection operator is
Projy (G) = G — Yherm(Y"G) € Ty M, (4.18)

which enables us to define the Riemannian gradient and Riemannian Hessian from the Eu-
clidean gradient and its directional derivative, respectively.

For optimization purposes, the motion along the manifold from point Y in a given direc-
tion E is given by a retraction R§{(E), which in our case we select as the polar retraction

for the complex Stiefel manifold [93]

RY(E)= (Y +E) (Y +ER (Y +E) " =(Y+E)(I+E'E)™. (4.19)

4.2.2 Riemannian Quotient Geometry

In the context of Riemannian manifold optimization, quotient Riemannian manifolds are
used to define a manifold that presents invariance of the cost function or the representation
of the manifold itself [95]. It can be defined by equipping the original or ambient manifold
with an equivalence relation between its points to describe the aforementioned invariance.
Let ~ be such an equivalence relation, i.e., Y ~ Yj denotes that Y and Y| are equivalent

in terms of the invariance of interest. Thus, we can identify equivalent points to Y as one
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single set known as equivalence class, denoted as

Y] ={Yoe M:Y,~ Y} (4.20)

When the quotient space of the ambient manifold M under the equivalence relation ~
satisfies certain conditions [53, Chapter 3], it is a Riemannian quotient manifold, which is

the set of equivalence classes:

M=M/~={[Y]:Y € M}. (4.21)

A quotient manifold is an abstract space whose elements are subsets of the ambient man-
ifold. However, the use of quotient manifolds in Riemannian optimization has additional
advantages, such as the ability of obtaining a strictly positive definite Hessian by neglecting
directions related to the cost function invariance, and potential reduction of problem dimen-
sionality by applying a simple representation of the elements in the space. Even in a case
when there is no such representation and the ambient manifold is used for computational
purposes, the quotient geometry is theoretically important to establish convergence prop-
erties of second-order methods that rely on the positive definiteness of the Hessian on the
manifold.

Now, recall that the cost function (4.3a) presents permutation invariance in the demixers,
and unimodular phase invariance in each demixer such that for each demixer wy, a rotated
demixer e/%w,, 0 € [0,27] yields the same cost value. However, the permutation group is
discrete, and thus is a Lie group of dimension 0. This means that in terms of local behavior,
the equivalence classes of permutations behaves exactly the same as the ambient manifold,
and thus we dismiss the permutations in our analysis and focus exclusively in the phase
invariance.

When considering multiple demixers in W, we want to describe unimodular phase in-

variance on each of the J demixers simultaneously. Let ¢(1)*7 be the group of diagonal
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unitary matrices of size J, i.e.
U1 = {D €U(J): D = diag(e’” --- /%), 0, € [0,2m)Vl € {1, ,J}}.

Thus, the group action of U(1)*/ defines an equivalence relation between demixer ma-

trices. The corresponding equivalence class is then
W] ={WD:Deu@1)"},

and by means of (4.11), we have that WD = ULEEIYD, i.e. the equivalence class in terms

of Y is
Y]={YD:Decu1)"}, (4.22)
and we obtain a quotient space that considers the cost function invariance as
M= MUy’ (4.23)

with a canonical projection 7 : M — M Y — [Y].

Furthermore, M is indeed a Riemannian quotient manifold (which ensures 7 is smooth).
This follows from the fact that the group action of diagonal unitary matrices is smooth, free
and proper [95, Section 9.2]: (a) it is smooth because it is a matrix multiplication; (b) it
is free because YD =Y implies D = I by left multiplication of YH; and (c) it is proper
because U(1)*”/ is the maximal torus of the unitary group (a compact group), and thus
is compact. Hence, the equivalence classes all have dimension J and are closed embedded
submanifolds of M. This quotient manifold has been introduced before in the context of
subspace estimation [96], but to the best of our knowledge it has not been developed or used

in Riemannian optimization.
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The quotient manifold M is an abstract space, and requires matrix representations in the
computational space M. Fortunately, an (abstract) element Y, on the quotient manifold can
be represented by an element Y in the computational space. Thus, every geometry-related
operation over the quotient manifold can be defined in terms of elements and operations in
the computational space.

In particular, we look for a representation of the tangent space of the quotient manifold
Ty M using tangent vectors of the ambient manifold M. We accomplish this by charac-
terizing the tangent space Ty M as the direct sum of two orthogonal spaces: the wvertical
space Vy, which contains the directions tangent to the equivalence classes, and the hor-
1zontal space Hy, which contains the tangent directions orthogonal to the vertical space.
That is, the horizontal space contains the directions of interest in terms of optimization.
Hence, an (abstract) tangent vector of the quotient manifold ny] can be represented as an
horizontal vector 1y, of the ambient manifold, which is called the horizontal lift, defined as

Nuy = lifty (My)). When M is endowed with the Riemannian metric inherited from M,

diy)(n, &) = dy (liftY<"7)vhftY(€)) , 1,€ € TyyM,

the canonical projection 7 forms a Riemannian submersion from the quotient manifold to
the computational space, thereby defining a correspondence between elements of M and
elements of M [53]. Figure 4.2 shows a depiction of the quotient manifold geometry and its
relation to the ambient manifold.

We now define the vertical and horizontal spaces. Let D : R — U(1)*/ be a path in the
equivalence class such that D(0) = I. The vertical space is given by vectors of the form
Y D'(0) where vectors D’(t) are tangent to U(1)*’, whose tangent set corresponds to the

Lie algebra of unitary diagonal matrices £(.J), consisting of diagonal imaginary matrices of

57



Figure 4.2: Representation of the ambient manifold M and quotient manifold M. The
tangent space Ty M is divided into a vertical space Vy (in green) and a horizontal space
Hy (in red), which contains the relevant search directions ny,.. These directions correspond
to tangent directions npy) at the point [Y'] in the quotient manifold.

size J x J. Therefore,
Vy ={YT:Tet(J)} ={YT: T € C”’ diagonal imaginary}, (4.24)
and the horizontal space is then given by

Hy = (Vy) ={E € TyM: (E,F)=0 VF € Vy}
={Ec€TyM:(EYT)=0 VT €t(J)}

={E € Ty M :Re(Te(E"YT)) =0 VT € t(J)} (4.25)

and thus YHE is skew-Hermitian with zero diagonal, to be orthogonal to any T' € t(.J).

This is equivalent to state that the projection to horizontal space is given by

Proj (G) = Projv(G) — Y(I ° (YHPl"Oﬁf(G)))

=G — Yherm(Y"G) — Y (I o skew(Y"@G)). (4.26)
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Finally, we can inherit the retraction from the ambient manifold via lifting and enforcing
the equivalence class. Indeed, for E = lifty (7)), we can see that the polar retraction depends

only on the equivalence class:

0.

Riy)(n) = RSp(E) = (YD + ED)(I + (ED)"ED) ™" = R${(E)D = [R${(E)]. (4.27)

Consequently, we can effectively optimize over the quotient manifold M using represen-
tatives from the ambient manifold M. Moreover, as M is an embedded submanifold of
Euclidean space, we can obtain the Riemannian gradient and Hessian in terms of objects in
Euclidean space, which is convenient as we already know the cost function g in Euclidean
space given by (4.12) with corresponding derivatives (4.13) and (4.14). We denote § = §|ﬂ
the restriction of the Euclidean cost function to the ambient manifold. As g is invariant un-
der ~, the cost function g defined in M is smooth and ¢([Y]) = g(Y). Hence, by definition,
the Riemannian gradient of g is zero for vertical vectors (as they are invariance directions),

and we have
lifty (grady g([Y])) = gradyg(Y") = Projy (Vyg(Y)) = Projy (Vyg(Y)), (4.28)

where we can choose the most convenient projection to obtain the lifted gradient, thus we

use the projection to tangent space:

lifty (grad[y]g([Y]) = Projy (VYE(Y)) =Vyg(Y)— Yherm(YHVYE(Y))
= % ; ZY (YRZ,Y) oI — RyI) — Yherm(YNZ,Y (YN Z,Y) o I — RoI)).

(4.29)

The horizontal lift of the Riemannian Hessian of g in terms of g is given by

lifty (Hessy)g9([Y])[n]) = Projy (Hessyg(Y')[E])Projy (DF(Y)[E]), (4.30)
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with E = lifty (1) and 7 a smooth extension of grady g to a neighborhood of M in Euclidean
space C¥*7. An obvious choice is
7(Y) = Vyg(Y) — Yherm(Y"'Vyg(Y))

Y Z,Y((Y"Z,Y) oI - RoI) — Yherm(YNZ,Y (YN Z,Y) o I — RoI)),

k=1

1
K
with directional derivatives

D7(Y)[G] = D(Vy3(Y))[G] — Gherm(Y"Vy5(Y)) — Yherm(D(Y"Vy3(Y))[G]),

and the lifted Riemannian Hessian is

lifty (Hessiy g ([ ]) )
— Projt (D(VYE(Y)) [E] — Eherm(Y"Vy3(Y)) — Yherm(D(Y"Vy3(Y)) [E]))

— Projy (D (Vyg(Y))[E] - Eherm(YHVYE(Y))>, (4.31)

where the last term of the first equality vanishes through the horizontal projection, because
the term belongs to the normal space and Hy C Ty M L Ny M.

Table 4.1 summarizes the geometric definitions of the quotient manifold M (using rep-
resentatives in M) for ROCMA. Readers interested in additional details of the quotient

manifold discussions may refer to [95, Chapter 9.

4.2.3 Riemannian Optimization for Blind Signal Recovery

We use a Riemannian Trust-Region (RTR) algorithm, which is a second-order optimization

approach with superlinear convergence rate [97]. At each iteration, to search a direction E
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in the horizontal space Hy of iterate Y € M, RTR solves the trust-region subproblem

T mipimize qy (E)
st.  dy(E,E)<g? (4.32)

in the ambient manifold, where gy is a quadratic model of the cost function at Y € M, and

¢ denotes the trust region radius. The model is given by
1 . _
av(E) =g(Y) +dy (B, grady (V) + 5dy (B, Profy (Hessyg(Y)[E)) )

using the horizontal lifts of both Riemannian gradient and Hessian derived in Eqs.(4.28)-
(4.31). In its general formulation, RTR uses a self-adjoint linear operator instead of the
Riemannian Hessian for ease of computation, but can obtain a better performance match
using the Hessian.

Table 4.1: Riemannian geometry definitions required for manifold optimization of ROCMA.

Name Definition
Computational space M ST(L x J)
Quotient space M = M/~ ST(L x J)/u(1)*!
Horizontal space Hy Hy = {E € Ty M : Re(Tx(ENYT)) =0 VT € t(J)}
Horizontal space projection Projy | Proj}-(G) = G — Yherm(YHG) — Y (I o skew(YHG@))
Riemannian metric dy dy (E,C) = Re(Tr(EM"C)), E,C € Hy
Retraction RS R$Y(E) = (Y + E)(I +E"E)"
Riemannian gradient grad;yg lifty (grad[y Y]) = Projy (Vyg(Y))
Riemannian Hessian Hess|y|g lifty (Hessqy| g( )[E])
= Projit (D( yg(Y))[E] — Eherm(YHVYE(Y)»

We can now define the ROCMA algorithm as summarized in Algorithm 4.1. Succinctly,
we first initialize by estimating the number of sources L, perform an L-rank eigendecompo-
sition that removes noise contribution in eigenvalues, and by corroborating that the L-rank
approximation is close to the sample covariance matrix to adjust L if needed. After scal-
ing the data vectors, we define cost function, quotient Riemannian manifold, and geometry

operations. Thereafter, we determine Riemannian Trust Regions: in each iteration we solve

61



the trust-regions subproblem 7 in the horizontal space of the current iterate, obtaining a

descent direction E in the horizontal space Hy-, whose magnitude is given by the size of the

accepted trust region [53]. The subsequent solution iterate is computed using the retrac-

tion of E, which brings the result back to the manifold. Once the algorithm converges, we

compute the demixer matrix by scaling the obtained solution with ULEzl.

Algorithm 4.1 Riemannian Orthogonal CMA (ROCMA)

Given: x, € CM k€ {1,..., K}, trust region radius ¢, low-rank approximation toler-
ance e,
A) Source estimation:

1: Estimate number of independent sources L with Minka’s Laplace method
2: Obtain L largest eigenvalues and corresponding eigenvectors of sample covariance matrix

=

10:
11:
12:
13:

Rx to construct L-rank approximation Rx = >, zyzl ~ U 22U
while |Rx — U 32U} > ¢,||Rx]|| do
L=L+1
Update Xy, 3 and Uy, with new components
end while
B) Initialization:
Define z, = 3;'Ulz;, and objective function g
Define geometry ingredients of M with representatives in M according to Table 4.1
C) Riemannian Trust Regions:
while not converged do
Obtain descent direction E; by solving T in Hy,
Yt+1 = R% (Et)
end while
Wﬁnal - ULEZIYvﬁnaI

A known algorithm to solve the trust-region subproblem Q based in a truncated Con-

jugate Gradient approach is available as Algorithm 11 in [53, Section 7.3]. The manifold

optimization toolbox Manopt [98] implements a variation of this algorithm. We use this

open-source toolbox Manopt in our implementation of Algorithm 4.1 by leveraging its flexi-

bility for selectable choices of stopping criteria, tolerances, and other parameters.
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4.3 Convergence and Analysis

4.3.1 Convergence Conditions and Properties of CMA

The global convergence properties of CMA for a single PAM or QAM source recovery in noise-
less scenarios are well known [26, Chapters 4-7]. The case of SIMO-CMA blind equalizers,
also known as fractionally-spaced CMA or CMA-FSE (when applied to blind equalization
scenarios), correspond to the case of recovering one transmitted signal in a grant-free sce-
nario. The CMA-FSE equalizer has guaranteed global convergence so long as the channel
matrix H has full column rank [29]. Additionally, in [99] the authors show that in the
asymptotic regime and under the aforementioned assumptions, for all stable critical points
(desirable or not) the only direction of invariance of the CMA cost function corresponds to
the 1-dimensional manifold of rotations of the combiner, or (1) using our notation in this
chapter. This invariance result is exploited in [100] to further establish conditions for conver-
gence of CMA and adapt a Newton method, discarding search directions in the equivalence
class of rotations.

Multi-channel CMA equalizers are an extension of CMA-FSE, where multiple transmit-
ters simultaneously send independent source signals on a set of shared channels. Targeting
one source signal, we can apply CMA to update a receiver equalizer that recovers the sig-
nal with minimal co-channel multi-user interference and minimum inter-symbol interference
(ISI) [45,101]. Global convergence of MIMO-CMA equalizers have similar requirements as
the case of CMA-FSE equalizers, which in turn is equivalent to have the channel convolution
matrix H with full column rank. Thus, channel matrix H of full-column rank provides
guaranteed global convergence in noiseless scenarios. Multiple source recovery as presented
here is a special case of the multiple source recovery scheme presented in [45] with zero-IST
subchannels. Thus, global convergence is also guaranteed under similar conditions. The
effect of moderate channel noises on CMA has been shown to be mild by introducing addi-

tional local minima in the vicinity of the global solution [102,103]. Hence, in the following
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we will always assume that the channel matrix H has full-column rank.

However, most of these works focus in the asymptotic behavior of the CMA cost function
and its geometry. Under finite data sample, our recent work [104] provides the first analysis
for CMA-based source recovery. Our findings in [104] show that despite being non-convex, the
CMA cost function is geometrically well-behaved in terms of strong convexity and bounded
curvature in a neighborhood of the optimal solutions. The CMA convergence is therefore
tractable in the non-asymptotic case. In the remainder of this section, we shall utilize some
of the recent results to bound the minimum eigenvalue of the Fuclidean Hessian, in order to

provide convergence guarantee for RTR.

4.3.2 Known Results in Relation to ROCMA

Riemannian manifold optimization with different solvers, such as Riemannian Trust-Regions,
has well-known convergence guarantees [97] over several classical manifolds, such as the
Stiefel manifold and the generalized Stiefel manifold, [93], the Grassmannian manifold [53],
and many others. These properties also apply to the quotient Riemannian manifolds, as
the computational space is still the ambient manifold [53]. In particular, Riemannian Trust
regions will converge superlinearly [97].

Previous works have analyzed some particular cases of cost functions that are mathe-
matically similar to Eq.(4.12). These works present scenarios closely related to the constant
modulus portion of the OCMA problem, but did not exploit the (scaled) orthogonality of
several solutions in the problem geometry. In [105] the authors optimize over the Stiefel man-
ifold to maximize the diagonal terms of a matrix quadratic form for joint diagonalization,
which is similar to the CMA cost function by setting Rs = 0. Another work [106] tackles
the phase retrieval problem by defining a manifold geometry with the so-called fixed-norms
manifold.

We now adopt and extend existing analysis to investigate the convergence properties of

ROCMA.
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4.3.3 Convergence of ROCMA

We first make slight modifications to simplify analysis. Recall the SVD of the full rank

channel matrix H from Section 4.1.1. we can rewrite
WHa:k = YHZk = YHVHSk —+ Yan = QHSk + ﬁk,

where we use n, = Y"n; to denote the demixer output noise vector. Note that here we
use @ = VY = H'W € CE*/ to denote the matrix of combined (channel plus demixer)
parameter vectors. This linear variable transformation between @ and Y is bijective since H
is full-column rank and V' is orthonormal. Hence, our analysis will equivalently be performed
in Q-space and Y -space. Without loss of generality, we consider noiseless scenario for ease
of exposition.

As @ interacts with independent source signals directly, it is straightforward to check
whether CMA converges to a joint demixer of the form @ = PD, in which P € C*/ is a
tall permutation matrix, and D a diagonal unitary matrix. Hence, any optimum solution
of ROCMA in the quotient manifold M = ST(L x J)/U(1)*’ has to be of the form [Y] =
[VHP]. Equivalently, in the ambient manifold, the horizontal lift of the optimum is Y =
liftm([ff]). In the following, we adopt all these representations equivalently.

Recall that the second order moment, fourth order moment, and kurtosis of QAM source

signals are defined [26] by
my = B{|s[k]|*}, ma = E{|s[k]|*}, k =m4 —2m3 < 0.

We note here that for QAM signals, 4m2 + 3x > m3 holds. We now present the two main

theorems that ensure convergence guarantees for ROCMA using RTR.

Theorem 9 (Positive Definiteness of Riemannian Hessian). Consider signal vector s, € C*

with i.i.d. elements from a square QAM constellation of size (). Additionally, let the channel
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A~

matriz H be full-column rank. Let [Y] be a solution of the ROCMA problem on the quotient
manifold M = ST(L x J)/U(1)*7. There exist Cy > 0 and ¢; > 0 such that, if the number of
measurements K > C1L, the Riemannian Hessian of the cost function g(-) in M is positive

definite in the neighborhood of [}/}] with probability of at least 1 — 6e~ 1K

Proof. We begin our proof from the case of single-source recovery (J = 1) before generalizing
to multiple sources J > 1.

As the cost function is a sample average, we study the expectation of its Hessian and
invoke concentration of measure to approximate the behavior of the Hessian with that of its
mean with high probability. Let @ € C* be an ROCMA minimum in combined parameter
space. Specifically, @ = ¢/’e; which denotes arbitrary @ rotation of a canonical vector e;.
Invoking [104, Lemma 1], for 6 > 0 there exist C1(6) > 0 and ¢ () > 0 such that for
K > Cy(6)L, the single-source sample Euclidean Hessian is concentrated around its mean,
iLe., ||V2§(Q\) — E{VQE(@)}H < § with probability at least 1 — 6e=1(OK,

Let U € C! a nonzero vector , and let U = [UT U7, From [74], the quadratic form of

the mean single-source Euclidean Hessian at Q (using Wirtinger derivatives as in [100]) is

%ﬁ”E{vﬁ(@)}ff
= (2m3 — Roymo) U ||* + (3m3 + 26)Re(UMQ)? — m3Im(UMQ)* + (m} + x)| UM Q)

= |&| - |U|]* + (4m3 + 35)Re(U"Q)? + sxIm(U"Q)>. (4.33)
Additionally, knowing that 4m2 + 3k > m3 and

L
Im(U"Q)? < max |U;2 < > |U;2 = |U|?, (4.34)

=1

we see that U is a zero solution of Eq.(4.33) if and only if U has one nonzero element
corresponding to the nonzero element of C.j, and UM"Q is purely imaginary, i.e. |U|]? =

Im(U"Q)2. Let Y € M = ST(L x 1) be the horizontal lift of the optimum [Y]. Recall that
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YHY = 1. From the relationship between M and combined parameter space, i.e. Q = VY
with the matrix V' formed by right singular vectors of H, we have that the optimum in
combined parameter space is Q = VY. Now let G = VHU, which we decompose in three
orthogonal components: a vertical direction E = YT € V¢ with T imaginary diagonal (i.e.,
a scalar), a horizontal direction F' € Hy and a normal direction C' = YAc Ny M, where

A is Hermitian (i.e., a real scalar). Hence,
U"Q = G'Y = E"Y + F'Y + C"Y =T" + A4, (4.35)

where we use that FHY = 0 because it is skew-Hermitian with zero diagonal and a scalar.
Now, given U for which U H@ is purely imaginary, the Hermitian A must be 0. In conclusion,
the only directions in the nullspace of the Euclidean Hessian at Q in combined parameter
space correspond only to vertical directions at Y in Y -space, i.e., Vg corresponds to the
nullspace of the Hessian. Therefore, in the quotient manifold M, where the vertical directions
are eliminated, the mean Hessian must be positive definite on the manifold.

Now, according to [104, Lemma 1], K > C}(8)L implies that V25(Q) = E{V2§(Q)} — 61

with probability of at least 1 — 6e~“%. From Eq.(4.33) we have

1o A 1o O J
§UHV29(Q)U > §UHE{V2g(Q)}U - §U”U

> (|6 = S)IU|” + (4m5 + 3x)Re(U"Q)’ + vIm(U"Q)”,

which is strictly positive for 6 < || (|U||* — Im(UH@)2), where Im(UHQ)2 < U because
G = VHU does not belong to the vertical space Vo

We now generalize to the multiple source recovery case (J > 1). Let Q be an optimum,
that is, é = PD, with Q\g = el%eg;, its (-th column corresponding to the (-th optimum
demixer. The Euclidean cost function g, written in terms of each demixer similar to Eq.(2.7)
contains no cross-product between demixing combiners. Through vectorization of @ and

permutations of columns and rows, we obtain a Wirtinger Hessian matrix such that its

67



elements are ordered for each combiner as in [100,104]. Thus, the Hessian matrix is block
diagonal, with each block being the single-source Euclidean Hessian evaluated at the ¢-th
combiner, i.e. V¥G(Q,), L € {1, ---, J}.

Let U € CY/ a nonzero matrix, and Uy its f-th column , and let U, = [U] U}|T. In

quadratic form, the mean Euclidean Hessian at Q can be rewritten as

R
l\DI»—

UM'E{V*3(Q)\ Uy, (4.36)
=1

where each summand is derived from Eq.(4.33). Following the same reasoning as in the
single-source case, Uy is a zero solution of the ¢-th summand of Eq.(4.36) if and only if
|U||? = Im(UKH@g)Q. Furthermore, U, has to correspond to the ¢-th column of a vertical
direction at Y in Y -space.

Hence, U = VYT with T imaginary diagonal. Noting that Y has orthogonal columns
by definition, and that T has J free parameters, the nullspace of the Hessian has dimension J.
Again we conclude that the only directions in the nullspace of the Hessian at @ correspond to
vertical directions at Y. As we ignore vertical directions when g is restricted to the quotient
manifold M, the mean Hessian must be positive definite.

Now, due to the block diagonal structure of the Hessian, it is straightforward to bound

the quadratic form of the sample Hessian as follows:

<

J
1~ ~
> UMV Z 5] = S)ITL” + AIm (Y Qe)* + (4mj + 3x)Re(Uf'Q0)’,

which again is strictly positive for ¢ small enough with high probability, following the same

procedure as above. [ |

Theorem 10 (Convergence of RTR). Under the conditions of Theorem 9, ROCMA is glob-
ally and locally convergent in M with high probability using Riemannian Trust Regions as

defined in Algorithm 4.1.
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Proof. First, we prove global convergence. The Riemannian quotient manifold M is smooth
and it is compact since it is a quotient space of ST(L x J), which itself is compact. The cost
function g is smooth because its lifted version is a (smooth) matrix polynomial. Invoking
[97, Corollary 4.6], ROCMA satisfies all conditions for global convergence.

For local convergence, we prove that [97, Theorem 4.12] holds for ROCMA. In particular,

ROCMA needs to meet the following requirements:
e All conditions of [97, Theorem 4.2], which are satisfied owing to global convergence.

e The retraction needs to satisfy the bound [97, Eq.(18)], which holds because: (a) M

is compact, and (b) the retraction from lifting is smooth.

e The norm of the inverse Hessian operator needs to be bounded in a neighborhood of
an optimum. Invoking Theorem 9, the Riemannian Hessian in M is strictly positive
definite in M with minimum eigenvalue A;, > 0. Since the Hessian is also continuous,

its inverse is bounded by A_1 in a neighborhood of any optimum.

Hence, with high probability, ROCMA enjoys global and local convergence guarantees using
RTR. |

4.3.4 Computational Complexity

We can estimate the computational complexity of the ROCMA algorithm by analyzing each
step of Algorithm 4.1. In particular, the Riemannian Trust-Region step includes iterations
needed for convergence and also iterations of each call to the trust-region subproblem al-
gorithm. Henceforth, we refer to the former as outer iterations, and the latter as inner

iterations.

(1) The source estimation step is dominated by the computation of Minka’s Laplace
method, with complexity of O(ML), and a number of eigendecompositions, to be

obtained iteratively with a cost of O(M?3).
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(2) The initialization is dominated by obtaining z; via scaling, with a complexity level
of O(MLK). Other computations have relatively insignificant, mainly for defining

geometry operations.

(3) Each inner iteration is dominated by the computation of Riemannian Hessian, at com-

plexity O(L*K). Other operations are linear over the samples with a cost of O(LK).

(4) Each outer iteration is dominated by the total inner iterations required in the particular
outer iteration I;. Thus, this amounts to complexity of O(L*K ;). The Riemannian
retraction Ry requires O(L?), whereas other operations are linear over scalars and of

O(1). The final scaling by U;X; " has a cost of O(ML?).

Based on the aforementioned steps, Table 4.2 summarizes the complexity of ROCMA in each
step.

Table 4.2: Computational complexity of ROCMA.

ROCMA Steps Total cost
Estimate L O(ML)
[terative eigendecomposition Ry O(M?3)
Define z;, O(MLK)
RTR outer iteration O(L* + L?°K 1)
Final scaling O(ML?)

In comparison, the computational complexity of a typical gradient-descent scheme in
Euclidean space is of O(M?LK) per iteration [104], which is lower than the cost of RTR
iterations for a moderate number of inner iterations. The iteration complexity of RTR can
be found in [95, Theorem 6.10]. In our numerical results, we shall consider some benchmark
applications and provide a computation comparison of RTR with other Riemannian and

traditional CMA algorithms.
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4.4 Simulation Results

4.4.1 Definitions

For performance illustration and comparison. We consider a multi-user signal recovery sce-
nario consisting of L source nodes, each transmitting K independent symbols from a typical
QAM (QPSK or 16-QAM) constellation with normalized average power. The serving node
has M receive antennas whereas each low cost source node has a single antenna. We model
wireless channels H as stationary Rayleigh with i.i.d. entries H,, ~ N(0,3) + 4N (0, 1), in
addition to additive white Gaussian noise vector n; with i.i.d. entries and variance (power)
o? consistent with receiver SNR of 20dB. To measure signal recovery performance, we eval-

uate normalized total interference (NTI) for each recovered source, defined by

2 ) |2
NTIK _ Zz |C&| max; |O€Z|

max; |Cy;|?

(4.37)

where Cj; are the entries of the final mixing matrix C = WHH after demixing, with its rows
corresponding to each equalized channel-demixer pair. Unless otherwise stated, we average

100 runs per setting.

4.4.2 Signal Recovery Efficacy

We test and compare the power of source recovery capabilities under different system sizes,
different number of samples, and different QAM constellations.

Figure 4.3 presents the probability of successful recovery of multiple sources based on
different numbers of received data samples, under 20dB SNR. We test both QPSK and 16-
QAM modulations for system sizes of M x L =8 x 4 and 16 x 8. We define success as the
event that all source signals are recovered with NTT below -20dB.

Figure 4.3a shows a 8 x 4 system using QPSK source modulation. Our proposed RTR

and RGD exhibit nearly the same probability of success for various sample size K, both
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successfully achieving 100% success for K > 300 samples. In comparison, the existing WF

algorithm exhibits similar or slightly higher recovery success rate at first, but stagnates and

fails to achieve 100% of success with increasing data size. Unlike RTR and RGD, the WF

receiver requires at least 900 data samples to achieve a probability of success above 98%.

Applying sequential Gram-Schmidt orthogonalization, GS-CMA requires even more samples

to achieve higher probability of success. In fact, our test fails to reach above 96% success

probability despite utilizing thousands of data samples.
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Figure 4.3: Probability of successful recovery of all detected demixers vs. number of samples.

Testing a larger system using QPSK, results from Figure 4.3b demonstrate similar relative

performance by RTR, RGD and WF, requiring 500 and 1000 samples to achieve over 99%

probability of success. The GS-CMA demixer, however, is much more sensitive to problem

72



size, and struggles to jointly recover all signals even with 5000 received data samples.

We now consider the more challenging case of 16-QAM source signals. Figures 4.3c
and 4.3d respectively provide the results for problem size of 8 x 4 and 16 x 8. The test
results show that the two Riemann methods (RTR and RGD) again achieve high probability
of successful signal recovery, now requiring only 600 and 2000 samples, respectively for near
100% success rate. The WF algorithm is less successful in comparison, requiring at least
2000 samples to achieve more than 95% of success probability. On other other hand, GS-
CMA only achieves 60% probability of success for 16-QAM for the smaller 8 x 4 system
size. For the more complex system of size 16 x 8, GS-CMA in fact is unable to recover
all 8 detected sources under the stated simulation settings. Indeed, this phenomenon was
anticipated by [47]. Since GS-CMA relies on sequential Gram-Schmidt orthogonalization
for signal separation, error propagation can lead to weaker interference suppression. As the
(-th demixer relies on all previous demixers in order to isolate a different signal, GS-CMA
becomes increasingly more vulnerable to error propagation with increasing number of signals.

Overall, both proposed Riemann algorithms (RTR and RGD) demonstrate strong per-
formance across different modulations and system sizes under test than their Euclidean
counterparts. WF-CMA still shows high probability of successful recovery, albeit at the
cost of more samples than RTR or RGD. GS-CMA, on the other hand, struggles against

moderately large system sizes or higher-order modulations.

4.4.3 Computation and Interference Rejection

For the purposes of signal recovery, computation complexity must be jointly analyzed with
respect to the achieved level of interference rejection in recovered signals. For this reason, in
the following presentation we show how well our proposed methods (RTR and RGD) work
in terms of both interference rejection and computational load. We also provide benchmark
comparison with the two algorithms (WF and GS).

We first investigate algorithm runtime (“wall-clock” time). Runtime depends on com-
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puter, platform and code implementation. Thus, runtime comparison alone may not fully
capture true algorithm runtime. To mitigate this possible bias, we let all source codes for
RTR, RGD and WF utilize the same Manopt structure and libraries. GS-CMA, on the other
hand, uses a direct implementation using the fastest routines available (matrix products, etc.)
for each iteration.

Figure 4.4 depicts the average interference rejection over all runs of the algorithms with
respect to their runtime, for a fixed number of samples K = 2000. From the results of all
tested modulation schemes and system sizes, both RGD and RTR, by exploiting the proposed
geometry, are faster than GS by at least 4 times, and are faster than WF by an order of
magnitude. Such advantage is consistent across nearly all tested modulation schemes and
system sizes. Moreover, RTR and RGD exhibit similar runtime across modulations, and
require about double the time to converge in the larger system of 16 x 8, which contains 2
times more sources and antennas (Figures 4.4b and 4.4d). There are some modest differences
between the two Riemann solvers. In particular, RGD converges slightly faster initially to
achieve moderate interference mitigation of approximately -15dB. For higher interference
rejection, both RGD and RTR show similar runtime complexity.

WF-CMA exhibits a similar efficacy in terms of interference rejection, but it does require
longer runtime to achieve a particular level of interference rejection. On the other hand,
GS-CMA requires more runtime to converge than the Riemannian methods across all tested
scenarios. Moreover, GS-CMA is less effective in interference mitigation, particularly for
more complex source signals of 16-QAM, as shown in Figure 4.4c and Figure 4.4d. From the
test results, it is evident that GS-CMA stalls in terms of interference rejection and additional
iterations do not improve the performance of interference rejection. This phenomenon is
consistent with the discussion of error propagation in sequential orthogonalization of the
GS-CMA approach. The performance loss of GS-CMA becomes more severe with increasing
modulation and system size, e.g. is about -30dB of interference for QPSK signals and a 8 x 4

system (Figure 4.4a), but is less than -10dB for 16QAM and 16 x 8 system (Figure 4.4d).
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Figure 4.4: Average total interference for all detected demixers vs. runtime.

To address the potential bias of over-reliance on runtime when analyzing computation
complexity, we also compare the algorithm behavior respect to oracle calls, that is, the total
number of cost function, gradient, Hessian and GS orthogonalization calls/evaluations of each
algorithm. These operations are dominant contributors to total computational complexity,
they act as a proxy for platform-independent computational load assessment. Recall that GS-
CMA uses only one sample per gradient update and its orthogonalization does not increase
with the number of samples, we normalize the number of oracles calls by K in order to
provide a fair comparison with the other methods, that use sample averages in all its oracle
calls.

Figure 4.5 shows the average achieved N'TT of each algorithm with respect to their oracle
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calls, for a fixed number of samples K = 2000. As seen in previous comparisons, RTR

and RGD have similar computational cost. Across the tested modulations and system sizes,

both RGD and RTR require at least an order of magnitude fewer function computations than

WF-CMA to achieve 20dB of interference mitigation. Even if we account for their larger

computational complexity per iteration than WF or GS, the total cost of every algorithm is

dominated by the number of iterations, and RTR and RGD incur significantly lower total

computational load than WF-CMA. WF-CMA shows good interference rejection power,

but requires about 10-20 times more oracle computations than the Riemannian methods to

achieve equal levels of interference mitigation.
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Figure 4.5: Average total interference for all detected demixers vs. oracle calls.

As expected, GS is the least complex algorithm owing to its simply stochastic gradient
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update using only one sample in each iteration. At an average interference suppression of
20dB, the computational cost of GS is about 5-8 times lower than the Riemannian methods,
as seen in Figs 4.5a-4.5¢c. However, the sequential nature of the GS-CMA leads to poorer
interference rejection, particularly for higher-dimensional QAM constellation and/or larger
system sizes. In comparison, the proposed Riemann algorithms can achieve substantially
better performance of signal recovery with only a modest increase of computation complexity.

Exploiting Riemannian geometry provides a good complexity-efficacy tradeoff.

4.5 Summary

In this chapter, we investigated an alternative formulation for CMA-based signal recovery
based on Riemannian manifolds. We avoided regularization by imposing constraints in the
original optimization problem. Then, we developed a Riemannian geometry that encodes the
orthogonality requirement of distinct source signals, and thus we rewrite the CMA problem as
an unconstrained optimization problem over our proposed manifold geometry. We leveraged
Riemannian optimization techniques to solve this problem without the need for parameter
tuning or special initialization, and furthermore, provided theoretical convergence guarantees
with high probability under mild conditions. Our numerical test corroborated these claims
when compared with traditional CMA solutions, showing lower requirement of sample size,

computations and runtime.
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Chapter 5

An Unsupervised Learning Paradigm

for MIMO User Scheduling

In this chapter, we propose an effective and scalable user scheduling based on unsupervised
learning. Given channel state information (CSI) of users, we first apply unsupervised learning
to identify mobile users with highly similar CSI. We develop a new scheduling principle to
enhance spatial diversity by dispersing users of high CSI similarity into different MIMO
access groups. We formulate a user clustering problem over Grassmannian manifold to
identify users that can pose strong co-channel interference. We consider downlink MIMO
and uplink MIMO, with or without power control for simple implementation. Our new
scheduling approach is generalizable to a variety of different simple and scalable unsupervised
learning tools and different diversity optimization criteria. Numerical tests demonstrate
the substantial gain in terms of spectrum efficiency and interference suppression at modest

computation complexity.

Part of this chapter has been previously submitted to IEEE Transactions on Wireless Communications
and is currently under review.

78



5.1 The Scheduling Problem

Previous works on resource-sharing MIMO systems have studied optimal decoder (MAC)
and precoder (BC) designs that achieve channel capacity for a given resource-sharing group,
such as the MMSE-SIC receiver [59] for MAC or dirty-paper precoding [107] with MMSE
filters for BC. However, these designs were proposed with the premise that users have already
been scheduled in MIMO user groups. To benefit from these exciting works in the literature,
we investigate the scheduling problem that is a foundation step to MIMO precoding and
rate maximization.

In the following, we adopt the system model developed in Section 2.3. We assume similar
data rate requirements for all users, and thus we use spectrum efficiency as performance
metric. Hence, we first obtain the spectrum efficiency in terms of co-channel interference
and user rates. Note that because the system model assumes single-carrier systems, we use

normalized bandwidth.

5.1.1 Co-Channel Interference and Sum-Rate

The interference that user u € S, experiences is measured by their signal-to-interference-

and-noise ratio or SINR. In the case of MAC, the SINR of user u is

02 + ZiGSg,i;éu pi|WgH h’ll2

SINRMAC = (5.1)

Among several receiver designs, without loss of generality we adopt the MMSE receivers
[59] for their straightforward implementation and to fully leverage spatial diversity. In the g-
th group, the MMSE design defines the column of the g-th decoder matrix W, corresponding

to user u € S, as

-1
Wg:(021M+ > pihih?> h., (5.2)

1€Sg,iFu
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with a resulting SINR of

-1
SINRMAC — p A (a2IM + > pz-hihiH) h,. (5.3)
1€Sy, iU

For BC, the SINR of user u corresponds to

pumlzuP
o® + Ziesg,i;éu pilhzi|*

SINREC = (5.4)

and, without loss of generality and for the sake of simplicity, we use the MRT precoders [61]

=" wue{l,..., N}, (5.5)
[F]]

>

Zy

which yield a resulting SINR for user u of

SINREC = — PullPeu] — (5.6)
o°+ ZiGSg,i;éupi’huhil /”th
The normalized sum-rate of the g-th group is given by
R, = Z log, (1 + SINR,), (5.7)

uESy

with Rg/[AC and REC denoting the sum-rates for uplink and downlink, respectively, using the

corresponding expressions for SINR.

5.1.2 Problem Formulation

Ideally, we aim to optimize the design of the indicator variables 7, ,, and user power allocation
P to maximize the efficiency of resource usage in terms of sum rate, that is, maximizing the

sum-rate of each RSG and minimizing the number of groups simultaneously. A mathematical
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formulation of this approach, valid for either MAC or BC scheduling, is

P max éZgGl R, (5.8a)
5.t Zivzl Tyu < M, g, (5.8b)

Tgu € {0,1}, Vg,Vu, (5.8¢)

S ume < P Vg (BO), (584)

0 < pu. < pias, Vn (MAC). (5.8¢)

In Problem P, constraint (5.8b) limits the number of MAC/BC users up to the number
of BS antennas M without requiring further non-orthogonal multiple access. By design,
each user belongs to one group only (5.8¢). Additionally, in practical BC systems the BS
transmission power is limited by p3&™ in every time slot and needs to be properly allocated
(5.8d), whereas in MAC each user has a maximum transmission power pJj&* (5.8¢). In order to
further mitigate CCI, additional constraints can be considered when more design parameters
are available, such as resource availability, cooperation in BC, individual rate requirements,
among other criteria. Note that our formulation of problem P for maximizing spectrum
efficiency can be modified as required to attain different objectives, and as such is without
loss of generality. Other tractable performance metrics for MAC/BC user scheduling include
the minimization of MSE [108,109], weighted MSE [110], maximization of SINR [111], or
minimization of BER [112], among others.

Regardless of the selected objective, P is NP-hard and shares similar complexity as
general nonlinear mixed integer programming. To find the optimum MAC/BC user grouping

7-(-*

5 @ direct exhaustive search method would need to evaluate all possible 7, in terms

of mean sum-rate (5.8a) to determine the optimum MAC/BC user grouping solution that
achieves the best spectrum efficiency. However, the resulting search space is combinatorial
even with a modest number of users and fixed G and p,, and as such requires very high

computational load.
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Therefore, the challenge in MIMO user scheduling for massive wireless systems is to
develop a low complexity and effective algorithm that can achieve high spectrum efficiency
and low CCI with relative independence of system parameters such as the total number of

users, number of users within a group, BS antennas, channel realizations, etc.

5.1.3 Proposed Novel Solution Paradigm

Any solution to the scheduling challenge will essentially try to find MAC or BC groups
such that all users in each group enjoy low CCI, or in other words, their CSIs are distinct
enough in the spatial sense, while still incurring in reasonable computational cost. To attain
this goal, such solution has to study the whole dataset, instead of looking at portions of
it (such as pairwise relationships). Even then, the solution needs to measure dissimilarity,
which is not well-defined in a general form and instead is variable, highly dependant on
the particular realization of CSIs and the system itself. This leads to either trial-and-error
approaches to define dissimilarity in particular scenarios, or the need to design a dynamic
metric of dissimilarity that accounts for system parameters and CSI variability in several
different scenarios, which is both hard and impractical.

Nevertheless, the fast development of scalable solutions of challenging problems in the
field of machine learning techniques offer hope in tackling the scheduling problem. These
techniques analyze all data points and are able to adapt to several changes in the dataset,
known or not. Moreover, machine learning techniques have been thoroughly used across
a large variety of computationally difficult problems with the goal of reducing complexity
and/or runtime, and has offered novel perspectives and approaches in different aspects of
wireless systems [70-73,113].

Regrettably, both supervised and unsupervised learning cannot be directly applied to
the scheduling problem. On one hand, supervised learning (which usually enjoys better
performance) requires a rich labeled dataset or near-optimum solutions for training, which

in the context of CSI scheduling is nearly unfeasible to obtain. First, the large number
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of system parameters and possible channel characteristics demands for an incredibly large
dataset to avoid sampling biases. Moreover, such ground-truth labels are not known even in
simulations, as the optimum scheduling solution of a particular system is unknown due to
the very nature of the scheduling problem.

On the other hand, unsupervised learning cannot be directly applied in user scheduling:
a proper scheduling scheme will avoid grouping users with similar CSI, which diminishes
performance and channel capacity, and conversely assigns users with dissimilar CSIs in RSGs
to reduce CCI.

However, unsupervised learning techniques excel at finding common features in a dataset
in an efficient manner among data points, such as user CSI, without having to know be-
forehand which features to study and without the need of labeled datasets. This realization
leads to the main contribution of this chapter: a general and scalable two-step strategy that
uses unsupervised learning techniques to first identify in a global manner which users share
similar CSI, to then exploit that information and define MAC/BC RSGs such that their
users do not share spatial similarities.

In the following section, we present the details of our scheduling approach, valid for
both MAC and BC systems, that tackles the inherent complexity of the scheduling problem

without sacrificing performance.

5.2 Principled User Scheduling Through Unsupervised
Learning

To accomplish our goal, we first examine CSI similarity and introduce a corresponding
transformation to a geometric manifold that contains CSI vectors. Using this similarity
measure, we directly apply unsupervised learning on active users to identify similar CSIs in
terms of subspace span and form clusters of similar CSIs. Thus, users within each similarity

cluster tend to exhibit strong CCI due to low CSI diversity (high similarity) such that no
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two users from a particular cluster should be jointly scheduled in an RSG. Based on the
outcomes of unsupervised learning, we define a scheduling algorithm to group users from
different CSI clusters into RSGs, thereby achieving high CSI diversity within a group to
generate lower mutual interference and higher spectrum efficiency. Figure 5.1 illustrates our

two-step strategy, and we further summarize our scheduling approach in Algorithm 5.1.

Algorithm 5.1 Scalable User Scheduling Strategy

Input: h, € CM ue {1,...,N}
Learning-based CSI Clustering:

1: Identify user CSI with high similarity (subspace span) through unsupervised learning;
Similarity-Assisted User Grouping:

2: Assign users from different clusters in RSGs for MAC/BC operation, such that no two
users from the same CSI cluster are in any scheduled group, and further exploit clustering

results in user selection.
@000
@000

Unsupervised User group

©)
:> learning on :> :> scheduling for :> %
manifold @ CCI reduction

(O]
(&)
; Low-CCI
User CSIs C.lu.ster'; of ‘ ow-CC
similar CSI resource groups

Figure 5.1: Illustration of the proposed user scheduling strategy based on unsupervised
learning. In the first step, we employ unsupervised learning to classify user CSIs into clusters
with strong similarity in the sense of subspace span. In the second step, we allocate users
into resource-sharing groups that exploit the CSI similarity such that not 2 users of the same
cluster share resources.

5.2.1 Geometric Perspective of CSI Similarity

In our setting, channel similarity is directly related to the colinearity of user CSIs in spatial
domain, or equivalent in subspace span. Hence, we start by examining the pairwise CSI
correlation coefficient

|hithil

o (b, hy) = —l bl 5.9
(o bi) = T (5:9)

84



which determines the amount of CCI between two co-channel users. In particular, if two user
CClIs are orthogonal, then there is zero CCI when scheduled in the same RSG. In practice,
full CSI orthogonality is rare. One practical solution is to set an upper threshold to limit
the norm of the pairwise CSI correlation coefficient within each RSG. The challenge is that
setting such a threshold cannot guarantee the level of co-channel interference (CCI) among
users in an RSG. First, the CCI among users in an RSG would vary depending on the
magnitude of user CSIs, and on multi-lateral geometric relationship among CSIs. Second,
direct user scheduling also depend on the user selection order considered for scheduling,
whose optimization involves a combinatorial and computationally intensive process. To
ensure overall system efficiency (5.8a), consistency, and fairness for both MAC and BC, we
need to develop a consistent, simple, and scalable scheduling method to effectively limit CCI
among users in a RSG for both BC and MAC scenarios.

Note that traditional unsupervised learning in Euclidean space is incompatible with iden-
tifying similar/dissimilar CSI vectors, as the Euclidean distance does not measure spatial
correlation/diversity. Instead of using Fuclidean distance, Eq.(5.9) shows that the spatial
similarity or dissimilarity of CSI vectors is insensitive to phase rotations and/or magnitude

variation of the individual CSI vectors, as

p (hy,eh;) = p(hy, h;) Va € R0, 6 € [0, 2r).

To account for CCI invariance in a global manner, we can redefine the geometry of the space
when analyzing CSIs, transforming from Euclidean space to a manifold geometry. Such
transformation in unsupervised learning has been used to characterize the underlying low-
dimension space of data [114]. However, by analyzing and clustering CSIs on a manifold
that naturally measures the desired notion of diversity, the resulting clusters will effectively
identify users that have highly similar CSIs and consequently strong CCI.

As explained, CSI correlation disregards the common phase and magnitude of each vector.
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Therefore, we need a manifold geometry invariant to magnitude and/or phase variations.

Formally, we define an equivalence relation
h,~ h; if h;=ac’h,, a € R/{0}, 6 € [0,27), (5.10)

which states that any two vectors that differ in magnitude and/or phase are considered the

same. With Eq. (5.10) we can define an equivalence class for each CSI vector
[h.] = {ae’h, : 0 € [0,27),a € R/{0}} = {ah, : a € C/{0}}. (5.11)

In other words, the equivalence class [h,] is the complex line that passes through h; and
the origin. The set of all such lines is known as the complex Grassmannian manifold of
complex lines in CM, or Grassmannian, which we denote by GR(M, 1). This is a well-known
geometry that has been extensively studied for both clustering and optimization [93,115,116].
For computation purposes, every equivalence class [h,| € GR(M, 1) is represented by its unit
vector hy||h,||! on behalf of all the points contained in the class.

To cluster data points in a manifold, we need to define: (1) a Riemannian distance that
measures the space; (2) the tangent spaces, which are linear spaces that approximate the
manifold in a neighborhood of a particular point; and (3) geodesics, which are the minimal
smooth curves in the manifold that connect two of its points. The complex Grassmannian
GR(M, 1) can be endowed with the following distance function:

[P i

dist ([hu], [h]) = arccos (W

) = arccos (p(hm hz))

Note that this distance is a function of the CSI correlation, and as such, is invariant to scale
and phase variations as intended.
The tangent space Ty, jGR(M, 1) is a linear space that contains the tangent directions

of all 1-dimensional curves on the manifold passing through [h,]. In the case of GR(M, 1),
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we have
T GR(M, 1) = {v € CM : hflv = 0}. (5.12)
We define a Riemannian metric for the linear Ty, GR(M, 1):
(U, V)[h,) = Re(qu), u,v € T JGR(M, 1) (5.13)

that induces a norm ||v||jn,] = 1/(v, V)[n,) for tangent vectors v € T, |GR(M, 1).

Finally, we characterize geodesics connecting two points in GR(M, 1). Formally, we define
v(t) as the geodesic from the starting point [h,] = 7(0) reaching the point [h;] at (1) at
t = 1. This scaling implies that the geodesic has a defined initial velocity v = +/(0). By

construction, v € Ty, JGR(M, 1), which can be computed with the logarithm map:

u |h || h,
Log[hu]([hi}) = marctan(”u”), u = W Thull

Conversely, for a geodesic v, (t) starting at [h,] and with initial velocity v € Ty, jGR(M, 1),

the exponential map yields the point 7, (1), and is given by

sin (Hv| [hu])-

h,
Exppp,,| (v) = ——cos (Hv| [hu]) +

v
[Pl [0lln.)

We therefore have [h;] = Expy,, (Loggp,,; ([Ri])). We can use both maps above to move
on the manifold. Note that these expressions are equivalent to the general expressions of
logarithm and exponential maps for general Grassmannians GR(M,p) based on singular
value decompositions, but simplified for the particular case of GR(M,1) [53]. Figure 5.2
visually depicts the Grassmannian manifold discussed above and the relationship among

tangent space, geodesic, logarithm and exponential map.
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Figure 5.2: Depiction of Grassmannian manifold: we show the tangent space at [h,], the
geodesic connecting [h,] and [h;], the corresponding exponential and logarithm maps, and
their relationships.

5.2.2 Unsupervised CSI Clustering

Among the plethora of unsupervised learning algorithms, e.g., [117], that are generally all
useful in our user scheduling paradigm, we consider two simple and well-known data cluster-
ing methods: K-means clustering and agglomerative hierarchical clustering [118]. We adapt
both unsupervised learning algorithms in the first step of manifold CSI clustering. Our
goal is to classify N users into K clusters {Ci,-- ,Cx} based on the available CSI {h,}Y_,
at the scheduling server such that users in each cluster exhibit high CSI similarity in the

Grassmannian GR(M, 1).

Grassmannian K-means (GKM) Clustering

The basic K-means algorithm applies a greedy iterative approach to find a data partition
that minimizes the distance between cluster members and their respective cluster centers.
At the t-th iteration, the center of the k-th cluster C} is defined by w! € CM  which in

Euclidean space is given by

1
ICil

neC;
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In case of manifolds, the cluster centers are given by the intrinsic mean of cluster members,

p), = argmin Z dist ([Ry], [u]), (5.15)

[uleGROV,1) S2ot

which has no closed-form solution as it depends on reference points, which are not fixed. The
computation of the intrinsic mean is shown in Algorithm 5.2, where we use the unit-vector

representatives of the equivalence classes for computation.

Algorithm 5.2 Intrinsic Mean for Cluster k£ in GR(M, 1)

Input: [h,] € C}, threshold ¢, maximum number of iterations Ti,

1: Initialize t = 1, [u] = [h;] for a random i in the cluster
2: while t < T, or ||v][, > € do
3 Compute tangent vector v = [Cy|™" 3, Logp, ([hu])
4: Update [u] = Expy,(v)
5: Sett=t+1
6: end while
7. Return [p}] = [u]
For the initial centers for K-means clustering, namely u? k € {1,..., K}, we can ran-

domly select K users out of the M users. However, performance of K-means could suffer
due to poor initialization, and instead we initialize using K-means++ to mitigate this effect
[119].

At the t-th iteration, each user is assigned to a cluster Ci« based on the center that is
closest to the user, that is,

k* = arg mkin dist ([Ra], (1)) (5.16)

The K cluster centers are updated. The clustering and center update steps continue until all
clusters stay the same (or any other stopping criteria). Our implementation of Grassmannian

K-means is summarized in Algorithm 5.3.
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Algorithm 5.3 Grassmannian K-means

Input: h, € CM n € {1,..., N}, intrinsic mean parameters ¢ and i,

1: Normalize CSIs to obtain Grassmannian representatives.

2: Set t =0 and C) = 0 Vk

3: Select initial cluster centers according to K-means++ using the Grassmannian distance.
4: while C! # C;~! for any k do

5. Sett=t+1andCj,=0Vk

6: for each user v do

7 Find the center [py] closest to [h,]

8: Assign user u to Cj,

9: end for

10: for each cluster k£ do

11: Update cluster center [ux] using Algorithm 5.2.

12: end for
13: end while

Agglomerative Hierarchical Clustering (AHP)

This bottom-up hierarchical clustering approach begins by treating each data point as a
single point cluster. It proceeds to successively merge the most similar cluster pairs until
reaching the target number of clusters using a “linkage” rule to define the distances among
merged pairs. Here, we use the complete linkage rule [72], i.e., at the ¢-th agglomeration,

the similarity measure between clusters C; and Cf is

d(C.C) = max dist([hy)], [h]). (5.17)

hmeCt, huec;f.

In particular, the linkage between two single-user clusters is d (C!,,Ct) = dist ([}, [F]).
Given a set of clusters {C!,--- ,Ct.}, where K’ > K, at each iteration, we determine the
most similar pairs of clusters according to the linkage rule (5.17). After merging the two
closest clusters, the process is repeated on the new set of clusters until the target number of
clusters K is reached.

Note that in the context of Grassmannian manifold framework, any effective clustering

approach is a valid option. We only focus on the two simpler approaches for their low

complexity and ease of exposition.
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5.2.3 CSI-Based User Scheduling
Direct Greedy Scheduling

One way to control CCI among users scheduled in the same group is to apply a simple
greedy algorithm to form RSGs. This direct greedy method can be used a basic benchmark.
Starting from a user group of one random user, we can consider each new user by examining
its pairwise CSI correlation with all users in the group against a set threshold 3, and only
add the new user if each pairwise correlation is below 8 until the group size reaches M. We
can then continue to schedule additional groups. This direct greedy scheduling, which
we denote DS, does not rely on any supervised learning. Its scheduling results would vary

significantly according to the order of the users being considered during scheduling.

User Scheduling with Unsupervised Learning

MIMO user scheduling optimization can consider different performance criteria. However, co-
channel interference (CCI) among users scheduled for the same RSG should always reduced
for any sensible performance metric. Based on the outcomes of CSI clustering, users within
the same cluster have highly similar CSIs in terms of strong pairwise correlation coefficient,
which can lead to strong CCI and challenge the receiving accuracy. From this perspective,
users from different clusters are dissimilar and should induce low CCI, and thus are good
candidates to be scheduled for MIMO resource sharing.

Our proposed GKM and AHP algorithms exploit the outcomes from CSI learning in the
form of CSI clusters. Since there are multiple CSI clusters, our proposed GKM scheduling
would compute the inter-cluster distances and sort clusters in descending order of minimum
inter-cluster distance. We can then start GKM scheduling by forming user scheduling groups
by considering clusters that are as far apart as possible to contain CCI. In the case of AHP,

we apply cluster merging from the smallest cluster sizes.
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5.2.4 Power Control in MAC Scheduling

CSI gains and power control must be considered differently in MAC and BC scheduling
systems. In MAC, different receiver designs will benefit from different strategies: joint
MMSE receiver benefits from CSIs with similar gains, whereas interference cancellation (e.g.
SIC) receiver thrives when CSIs have large gain differences. In practice, power control in
MAUC plays an important role to mitigate the near-far problem. It is well known that optimal
power control is achieved by waterfilling with respect to a target interference and noise level
[59]. However, it can be hard to accurately apply power control at the scheduling stage for
a large number of distinct groups. Thus, we can consider two scenarios: (a) equal power
transmission, where maximum user transmit power p, = p{ii* is used for all © without power
control, despite having different channel gains ||h,| (MAC-U); (b) effective power control
such that p,|/h,||* is nearly constant at the receiver (MAC-P).

Consider each user signal quality in MAC. Note that using an MMSE receiver with o

being the noise power, the resulting user SINR is

—1

hH pih
IN MAC u 7 h
ST = ||2<pu||h Bt 2 i, ||2> -

1€Sy z;én

which means that SINR depends on all pairwise correlations of users within a group and the
ratio of their received powers. Hence, the MMSE receiver benefits when the users within a
group have similar received power p,||h,||?, and thus the received power ratios are close to
1. Such power ratios have minimum near-far effect and more consistent performance. These

power ratios are often achieved under power control. Hence, we define the following grouping

rule for MAC-P:

1 plhy,h)) <BYLES, N |S,|< M,
MAC(hu,S) P( E) /6 g | g| (5.18)

0 otherwise.
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5.2.5 MAC Scheduling without Power Control

In large scale systems such as loT deployment, power control may not be practical. Without
power control (MAC-U), our proposed scheduling algorithm shall attempt to reduce CCI by
forming RSGs of similar channel gain and low similarity.

Specifically, we partition CSI gains of all NV users into B levels. Users scheduled in group
S, must have CSI belonging to the same partition. Hence, we modify the grouping rule

©MAC to include this additional criteria;

1 plhy,h) <p VeSS, N |S,|] <M N ||h,] €0(S,),
AR 5, = eSO TEES NS IS g

0 otherwise.

5.2.6 BC Scheduling for Low Complexity Transceivers

Practical individual receivers in BC systems do not share CSI information. For massive de-
ployment, dirty paper coding (DPC) [120] is also challenging to implement practically. Our
user scheduling will target low complexity transceivers that only utilize local CSI. Therefore,
power control for scheduled user groups could prove useful. We consider a simple power con-
trol by allocating uniform transmit power among BC group members, i.e. p, = pEa¥|S,|~t.
Other simple schemes could be applied, e.g. allocating power such that users within a group
exhibit close to identical received signal power p,||F;||*.

Furthermore, users with weaker CSI gain experience lower SNR. To compensate, our BC
scheduling algorithm considers the CSI gain and allocate fewer users of similarly low CSI
gain into an RSG to maintain sufficiently high SINR. As a simple two-tier implementation
example, we shall partition downlink CSI gains into two levels with a threshold §. We assign
users with weaker CSI gains below § into weaker CSI groups, up to a maximum of F users
in such groups. Conversely, we assign users with stronger CSI gains above § into stronger

CSI groups, up to a maximum of D users in such groups where D > E.
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k* = argmaxy, |C|
G = |Ci-|
Sort Cp, wrt Cy»

Nextu€e€Cp | g=g+1
Sy < u

g=1 Sg +—u

b4 Any u € Cy X

left?
Done

Figure 5.3: Flowchart of a greedy algorithm under the proposed scheduling principle, using
rule (5.18) for MAC-P, (5.19) for MAC-U and (5.20) for BC.

The corresponding grouping rule is:

1 plhahe) <B A S| < E A |[hal, |he| <6, V€S,
P h,S) =1 1 plhahe) < B A IS, <D A |kl bl >0, Vees,  (5.20)

0 otherwise.

To summarize, Figure 5.3 depicts a flowchart of a greedy algorithm under our proposed
user scheduling principle based on unsupervised learning outcomes. The application for
uplink MAC-P, MAC-U or downlink BC depends on the choice of the selection rule ¢(h,, S;)
according to (5.18), (5.19) or (5.20), respectively. Moreover, DS uses the same grouping rules
for benchmarking purposes.

More generally, variants of the proposed scheduling algorithm can exploit both the knowl-

edge of CSI similarity and CSI gains in different ways without changing significantly the
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underlying methodology supporting our proposed strategy. Even more broadly, the unsu-
pervised learning paradigm can also accommodate CSI features based on system performance

and design choices.

5.2.7 Complexity Analysis
Clustering

First, we determine the complexity of Grassmannian K-means as follows:
e The CSI normalization step has a cost of O(MN).

e The Grassmannian distance has a cost of O(M), and thus the k-means++ initialization

has a cost of O(KMN).

e Each iteration of the algorithm consists on two steps. First, assigning N users to K
clusters, with a total cost of O(K' M N). Then, the cluster center update for K clusters,
which requires the computation of N logarithm maps and K exponential maps, both
operations with a cost of O(M). This process is iterative, but in practice takes only a

few intrinsic mean iterations and the cost of center updates is O(KMN).

Accordingly, the total cost for ¢ iterations of Grassmannian K-means is O(tK M N).

In the case of Agglomerative Hierarchical Clustering, optimal implementations depend
on the linkage criteria [121]. When considering complete linkage, it is known that the opti-
mal algorithm has complexity O(N?) with respect to similarity comparisons. Furthermore,
the pairwise CSI correlation has a total cost of O(MN?) as there are N(N — 1) pairwise

computations, and thus the complexity of this clustering approach is O(M N?).

User Grouping

All user grouping approaches (similarity-assisted and DS) exploit pairwise correlation in-

formation, which has cost O(M). For the similarity-assisted approaches (GKM and AHP),
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the algorithm checks K — 1 clusters with a total of N’ = N — |C}| users, which we can
approximate in average with an uniform partition as N' = N — N/K = N(K —1)/K. In
the case of DS, there is no clustering information, and hence N — 1 users need to be tested
for assignment. Hence, the computation complexity of similarity-assisted methods and DS
is of order O(MN). Of course, in average we expect to observe some computational gains
in similarity-assisted grouping, depending on system parameters and selected threshold, but

cannot guarantee that they are going to be dramatically significant.

5.3 Numerical Experiments

In this section we test our proposed scheduling principle based on unsupervised learning.
Considering a variety of user service needs and CSI properties, we provide a simple MIMO
system model for both uplink and downlink applications.

We examined one BS equipped with M = 8 antennas, serving N single-antenna users.
The mobile user CSI in uplink/downlink is modeled as random vectors that incorporate both
shadowing and Rayleigh fading. A circularly complex normal vector of size M represents
MIMO Rayleigh fading. The shadowing effect is modeled as a power gain that follows a
lognormal distribution, with zero mean and standard deviation o of 3dB in logarithmic
scale. Additive channel noise is included in both uplink/downlink directions, corresponding
to 20dB of average SNR.

We generate 100 different channels and perform 10 runs per channel realization in our
Monte-Carlo simulations. All tests are performed in MATLAB using a 64-bit Windows PC
with an i7-7700K processor and 32GB RAM.
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5.3.1 Performance Metrics
Clustering

Though our scheduling method is compatible with any clustering algorithm, we adopt the
well known and simple K-means clustering algorithms, though other clustering algorithms
would have been equally applicable.

Recall that K-means clustering begins a pre-determined cluster number K. However,
choosing the best K is a non-trivial problem which is problem dependent and does not
have a best consensus solution [122]. Still there are several metrics that can help determine
the number of clusters, such as the Silhouette value [123], the Krzanowski-Lai index [124],
and the Hartigan index [125]. Regardless, we know that the nature of the MAC and BC
systems imply that RSGs cannot have more than M users, since more users necessarily lead
to more ill-conditioned group CSI matrix, impacting performance significantly. Hence, we
set the number of clusters to be K < M depending on the scenario, and show the pairwise

correlation matrices obtained with both clustering methods.

CCI Evaluation

CCI leads a loss of signal-to-interference and noise ratio (SINR) in reference to SNR. To
evaluate the efficacy of user scheduling, we compute the loss in SINR that each user expe-
riences. In other words, we normalize the SINR of user u by its SNR if it were scheduled
without co-channel users (a singleton group), such that it does not share resources and is
only hampered by noise. Let p, be the transmit power of the u-th user and o2 be the additive

channel noise variance. This SINR loss is given by

SINR.
101o —— = | dB. 5.21
oo () 2

Thus, 0dB SINR loss corresponds fully orthogonal CSIs among co-channel users and zero

CCL
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Resource Efficiency

To compare how well each scheduling method utilizes limited spectrum resources, we consider
the overall MIMO spectrum efficiency by assuming that each scheduled MIMO user group
is allocated the same bandwidth (or same amount of spectrum resource). In such case, the
spectrum efficiency of the scheduling can be measured by averaging the achieved sum-rate

of all groups over GG total RSGs: é chzl R,.

Runtime

As a proxy for computational complexity, in all simulations we store the “wall-clock” time
for successful execution of the algorithms under test. Naturally, runtime often depends on
computer, platform and code implementation. Thus, runtime by itself it may not fully cap-
ture the complexity of scheduling algorithms. Hence, we apply the same built-in functions,
establish similar program structure and implementation for all algorithms under test to mit-
igate platform biases. Additionally, we also test scheduling for different number of users N

to compare the scalability of the algorithms.

5.3.2 Uplink MAC MIMO Performance

In MAC, we set the number of clusters to K = 8 and we adopt linear MMSE receiver based
on CSI of all received user signals in an RSG. This choice of K ensures that the scheduling

process will attempt to utilize all spatial degrees of freedom for high spectrum efficiency.

Clustering Outcomes

Figure 5.4 shows the pairwise correlation matrix of N = 800 user CSIs after GKM and
AHP clustering. Using grayscale of [0, 1], larger values correspond to darker colors. An ideal
clustering outcome should show 8 blocks of darker squares along the diagonal. GKM yields
user clusters that show strong within-cluster similarity to be used later in scheduling. All

8 clusters contain many pairs that exhibit high spatial correlation. AHP shows less defined

98



User index i
CSI Correlation p(h,, h;)
User index n

100 200 300 400 500 600 700 800 100 200 300 400 500 600 700 800
User index n User index n

(a) GKM. (b) AHP.

Figure 5.4: Example of pairwise CSI correlation coefficient matrices after clustering N = 800
users with i = 8 clusters. Larger correlation values are darker. (a) Grassmannian K-means.
(b) Hierarchical Clustering.

clusters: each cluster exhibits less highly correlated pairs, or in other words, users have

weaker CSI correlation (i.e. weaker similarity) within each cluster.

Scheduling Performance

To systematically evaluate the the effect of exploiting similarity identified during clustering,
we analyze our approach in MAC by considering the two scenarios described in the previous

section:

(1) perfect power control, where each received user signal has unit power, i.e. p,||h,||* =

1Vn € {1,..., N}, denoted as MAC-P;

(2) no power control, where user CSI powers follow a log-normal distribution with param-

eter 3 dB, and p, = pyi* = 1 for all u, denoted as MAC-U.

We first test the MAC-P scenario, which helps isolate the benefits of unsupervised learn-
ing without the effect of variable receive powers. We consider three scheduling algorithms:
the proposed GKM scheduling, AHP scheduling, and DS scheduling. For these three meth-
ods, Figure 5.5a shows the comparison of SINR mean and SINR distribution (10% to 90%
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Figure 5.5: Performance of all scheduling algorithms in MAC with perfect power control
(MAC-P). Here, M = K = 8 and N = 800. Solid lines represent the average over channel
realizations, and shaded areas show all values within the 10th and 90th percentiles.

percentiles) of the resulting user SINR loss. The corresponding spectral efficiency is shown
in Figure 5.5b.

From our test results, when [ is set low, only very small amount of CCI is tolerated. In
such cases, scheduling performance continues to be dominated by channel noise (i.e., SNR)
and allowing little if any resource-sharing. Thus it is natural that, for § < 0.25, all three
scheduling algorithms exhibit little SINR loss and relatively low spectrum efficiency. As we
increase (3, the spectrum efficiency starts go grow for all algorithms, as shown in Figure 5.5b.
Eventually, spectrum efficiency of both GKM and AHP saturate. More specifically, GKM
achieves higher spectrum efficiency but also larger SINR loss. AHP on the other hand,
achieves lower spectrum efficiency but also lower SINR loss. In terms of SINR loss, both
GKM and AHP exhibit very modest amount of SINR loss that saturates at 2dB and 1dB on
average, respectively. These tests show that MIMO user scheduling can achieve spectrum
efficiency and SINR loss tradeoff, with GKM being more efficient in spectrum utilization.

For DS, spectrum efficiency would peak at § = 0.35 before decreasing with increasing 3.
The spread of SINR is also large for DS, with some users experimenting more than -12dB
of SINR loss. Both GKM and AHP have a tighter spread, which means most of the users

will only experience 5dB of loss at most for GKM, and 2dB for AHP. This demonstrates the
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Figure 5.6: Performance of all scheduling algorithms in MAC without power control (MAC-
U). Here, M = K = 8 and N = 800. Solid lines represent the average over channel
realizations, and shaded areas show all values within the 10th and 90th percentiles.

failure of DS in grouping users of low mutual CCI to achieve good tradeoff between spectrum
efficiency and SINR loss.

We next test the more practical case of unequal CSI gains in a network without power
control, MAC-U. Against users of unequal CSI gain, for the scheduling rule p}4¢ we partition
users according to their CSI powers uniformly with power interval of 3 dB such that users are
divided according to power level boundaries of ..., —4.5,—1.5,1.5,4.5,... in dB. Figs.5.6a
and 5.6b show the SINR loss and average efficiency of all methods in MAC-U.

Again we observe that for smaller 3, channel noise dominates the scheduling performance
and all algorithms attain similar performance. With increasing 3, users experience more
SINR losses as more of them share resources, while the system enjoys the corresponding
improvement in spectrum efficiency. The efficiency of GKM and AHP saturate for large
B, with a modest increase of 1dB of SINR loss in average compared to MAC-U. Again,
GKM achieves better performance with a small tradeoff in user SINR, compared to AHP
that grants better user SINR at the expense of reduced efficiency. These tests confirm that
similarity-assisted methods improve MIMO user scheduling, even when considering random
channel gains and uniform power allocation.

In contrast, DS achieves peak efficiency at § = 0.35 and decreases steadily for larger 5.
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It also incurs greater SINR losses without any benefit in spectrum efficiency, being smaller
than the efficiency of GKM and AHP in almost all cases. In average, users experience 7dB
of SINR loss, and even more, the users that experience the largest losses are at least 4dB
worse than with GKM or AHP. It is clear that DS offers no reasonable tradeoff between user
SINR and spectral efficiency.

Additionally, note that the performance of MAC-P is naturally better than MAC-U, as
the former enjoys perfect power control and can effectively deal with CSI power variability.
Nevertheless, our proposed algorithms still attain good performance under the simpler setup
of MAC-U, with only minor performance loss.

In both MAC-U and MAC-P tests, GKM and AHP scheduling deliver much better spec-
trum efficiency and lower SINR loss. Compared with DS, our tests strongly support the
efficacy of the proposed MIMO user scheduling principle based on unsupervised learning on

the Grassmannian manifold.

5.3.3 Performance for Downlink (BC)

In BC, we set the number of clusters to K = 4. Recall that the MRT precoders do not exploit
the CSI of users in an RSG, and hence a smaller K better controls the SINR experienced by

each user without incurring in severe degradation, due to oversharing resources.

Clustering Outcomes

We first analyze the CSI correlation matrices for GKM and AHP in Figure 5.7, where darker
colors in grayscale denote larger correlation coefficient. Even for a low number of clusters,
GKM is able to produce discriminative clusters that contain several user pairs with relatively
high correlation compared to the members of other clusters. In this case, however, AHP
produces clusters with fairly lower correlation, hinting that users within a cluster are not
highly similar. This can also be explained by the bottom-up nature of hierarchical clustering

of large datasets, as the last steps (merging large subclusters) are not very discriminative.

102



20 < -
0.7 '2 0.7 'ﬁ:
. < . <
; 30 06 % > 06 =
< S @ =
k=] k=]
LB 40 0.5 -8 k= 0.5 ;%
5 E 5 <
& £ @ £
Z s 04 & 3 04 &
O o
03 03
@n @0
60 5 &
02 02
70 01 0.1
200 BEG SR N 5 800 B AR :
100 200 300 400 500 600 i 800 100 200 300 40 500 600 700 800
User index n User index n
(a) GKM. (b) AHP.

Figure 5.7: Example of pairwise CSI correlation coefficient matrices after clustering N = 800
users with i = 4 clusters. Larger correlation values are darker. (a) Grassmannian K-means.
(b) Hierarchical Clustering.

Scheduling Performance

For BC systems, we only consider the case where all users have random log-normal distributed
CSI power, as the SINR of each user does not depend on the power of the rest of the co-
channel users. Here, for the BC grouping rule ¢ we consider a maximum number of users
D = K = 4, a gain threshold for weak users § = 0.5 corresponding to -6dB of CSI power
with respect to the average channel power, and a maximum number of weak users in an
exclusive group £/ = 2. We also set pg&* = M and use uniform power allocation within
scheduled groups, although a different scheme can also apply.

Figs. 5.6a and 5.6b depict the SINR loss distribution and corresponding spectrum effi-
ciency of all tested scheduling methods in BC. We first observe higher achieved SINR loss
for BC than for MAC. Such outcome is expected since the selected UE receiver cannot uti-
lize CSI of other users in its co-channel MIMO group. Correspondingly, the BC spectrum
efficiency is lower. Similar to MAC systems, all three methods under comparison show com-
parable performance in terms of efficiency and SINR loss for § < 0.15. For larger 5, AHP
stalls and GKM offers a modest growth in efficiency, reaching 13% higher efficiency than
AHP for g > 0.3. By comparison, AHP scheduling shows the best SINR losses, whereas
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GKM offers a good tradeoff and outperforms AHP in spectral efficiency over all values of (.

In BC, the efficiency of DS peaks at at 5 = 0.2 before dropping by 58% from its peak.
Both the proposed GKM and AHP out-perform DS for § > 0.25. DS also suffers the worst
losses for all users, with an average SINR loss of up to 12dB, and 18dB SINR loss for the 10%
of users that experience the worst conditions. Moreover, most users experience significantly
worse SINR conditions on DS than GKM or AHP. Clearly, our test results in BC show
that our proposed scheduling strategy, by exploiting similarity obtained via unsupervised
learning, provides better SINR for the UE receivers and achieve higher spectrum efficiency

than a direct approach.
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(a) Average user SINR loss. (b) Average efficiency.

Figure 5.8: Performance of all scheduling algorithms in BC. Here, M = 8, N = 800, K =
D=4 E =2 and § = 0.5. Solid lines represent the average over channel realizations, and
shaded areas show all values within the 10th and 90th percentiles.

5.3.4 Runtime and Scalability

Table 5.1 summarizes the average runtime of all 3 algorithms under test for various number
of users N under the same test settings specified earlier. In particular, we set a correlation
threshold of 8 = 0.8, where there is significant performance difference between DS and the
two proposed methods based on learning. As expected, the runtime grows with increasing N

in both uplink and downlink. The runtime is not affected by different channel gains (MAC-
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P vs. MAC-U). Because of its clustering complexity, AHP requires the largest runtime,
whereas DS can be faster without clustering for smaller number of users. On the other hand,
the proposed GKM only requires a modest level of computation, in view of the performance
benefits shown in terms of SINR loss and spectrum efficiency. For example, GKM scheduling
under uplink MAC only requires a modest increase of computation to provide significant
performance improvement with respect to DS. For larger number of nodes N, the runtime
of GKM scheduling scales mildly, as opposed to the sharper rise of runtime for AHP. In BC
downlink, we observe similar results, in which the complexity gap between GKM scheduling
and DS is less significant. The BC runtime comparison shows that for large N deployment
smart scheduling methods based on unsupervised learning offer improved performance with

little or no increase in computation complexity.

Table 5.1: Average runtime of all algorithms, in seconds, for 5 = 0.8.

Mode MAC-P MAC-U BC
Method || GKM AHP DS | GKM AHP DS GKM AHP DS
800 0.41 077 0.11 | 042 0.78 0.11 0.76 122 0.38
1600 1.97 4.05 096 | 2.03 4.12 1.00 296 6.29 3.03
N 2400 595 11.02 2.85 | 6.05 10.99 2.87 8.41 13.78 8.93
3200 11.20 25.28 837 | 11.47 25.69 8.08 19.30 32.45 22.93
4000 20.25 4256 14.29 | 20.29 41.98 14.27 || 36.21 54.12 40.74

5.4 Summary

In this chapter, we investigated the NP-hard problem of MIMO user scheduling in a gen-
eral setting for large scale networks. We considered both uplink (MAC) and downlink (BC)
operation. Recognizing the computational complexity of of traditional solutions due to net-
work size, and the difficulties inherent to direct application of machine learning schemes, we
proposed a new two-step paradigm for scalable MIMO user scheduling. In the first step, our
method implemented unsupervised learning to identify users with highly similar CSI. This

goal is achieved by clustering CSIs in the complex Grassmannian manifold, where distances
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are directly related to spatial diversity. In the second step, a simple greedy scheduling scheme
exploited the learned similarities to schedule user groups with high CSI diversity, minimiz-
ing co-channel interference. Our numerical tests demonstrated substantial performance gains
and robustness of similarity-assisted scheduling when compared to direct scheduling, both in

terms of user SINR and spectrum efficiency, with a modest increase in computational effort.
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Chapter 6

Conclusions and Future Work

In this chapter, we summarize the contributions of this dissertation and discuss possible

future research directions.

6.1 Summary

The goal of this dissertation is to explore geometrical approaches that enable efficient wire-
less service in large scale networks. These approaches identify key characteristics of the
underlying geometry to better manage the radio resources in different network settings.

In Chapter 2, we lay the foundation for a general system model that allows the study
of massive wireless networks with a multi-antenna base station (BS) and multiple single-
antenna devices, in both uplink (MAC) and downlink (BC) scenarios. This model is then
developed for two distinct operating regimes, depending on the activity level of the devices.

In the case of low-activity devices, with sporadic and non-timed links, an unknown num-
ber of devices transmit to the BS in uplink operation at any given time. To service the
devices, the BS attempts to provide access control, without knowing which devices are ac-
tive. Due to the limitations of traditional approaches for providing access to those users,
we propose the adoption of grant-free access via use blind signal recovery methods, and in

particular, using the Constant Modulus Algorithm (CMA). In the first part of this disserta-
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tion (Chapters 3 and 4), we formulate two CMA-based approaches for blind signal recovery
under different optimization perspectives.

In Chapter 3, we develop a regularized CMA-based cost function for multiple source
recovery. The regularization term forces recovered signals to be uncorrelated, recovering
distinct sources. To solve the optimization problem, we adopt the promising Wirtinger Flow
(WF) algorithm. As WF provides theoretical guarantees for similar nonconvex problems
under mild conditions and limited data samples, we leverage the convergence analysis of
WF and generalize to consider the statistical characteristics of the signals in CMA. By
characterizing the local geometry of CMA, we obtain convergence guarantees for CMA in
the finite-sample scenario and general QAM modulations, both for simple and multiple source
recovery. Furthermore, these results facilitate the selection of a more aggressive stepsize than
commonly used in traditional gradient-descent methods, tackling slow convergence with no
significant increase in computational cost.

In Chapter 4 we dismiss regularization and instead opt for a constrained optimization
of CMA-based multiple source recovery, where the search space forces multi-lateral orthogo-
nality of recovered signals. We characterize and redefine the constraint set as a Riemannian
manifold, which we further develop to remove search directions corresponding to rotations
of the demixers. This steps ensures that the cost function, restricted to the manifold, has
a positive definite Riemannian Hessian in optimum solutions. Using this fact, we provide
global convergence guarantees with high probability and limited data samples, regardless of
initialization or parameter tuning. Numerical tests show successful recovery of all detected
sources with a reasonable number of samples, for practical system sizes and different mod-
ulation schemes. Furthermore, the proposed Riemannian approach offers a good tradeoff
between computation complexity and interference suppression.

In the second part of this dissertation, we turn to the problem of servicing a large number
of very active users known to the base station, both in uplink and downlink scenarios. In this

operation mode, the base station needs to attempt efficient user scheduling to service most
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or all users with reasonable quality of service and using limited resources, i.e., it needs to
allocate users in groups with low co-channel interference (CCI). In Chapter 5, we investigate
the user scheduling problem by exploiting spatial diversity in MIMO systems. To mitigate
CCI, instead of directly scheduling users with high channel dissimilarity, we propose a new
unsupervised learning paradigm for MIMO user scheduling. This two-step strategy leverages
the strengths of unsupervised learning with domain knowledge for the specific characteriza-
tion of spatial diversity for low CCI. In a first step, we identify users whose channel state
information (CSI) are highly similar in the sense of spatial correlation. This is possible by
clustering CSI vectors in the Grassmannian manifold, which encodes subspace span in the
geometry itself. After clustering, a greedy scheduling scheme exploits learning outcomes
and determines user groups with low CCI. Our numerical test indicate that a combination of
learning-enabled channel clustering can exploit the spatial compatibility effectively to reduce
inter-group interference when compared with other benchmarks. Furthermore, this paradigm

is generalizable to different learning schemes and scheduling metrics.

6.2 Extensions

e Stronger convergence guarantees for Blind Signal Recovery: Our convergence
guarantees are formulated in noiseless scenarios. Reformulations of WF in phase re-
trieval have shown robustness against arbitrary corruptions [126] or random noise
[127,128] under mild assumptions, and these results could be leveraged in the con-
text of blind signal recovery. Another interesting possibility is to consider stronger
initialization methods with provable convergence improvement, and the study of our
proposed methods in the more practical scenario of blind recovery under MIMO ISI

fading channels

e Exploiting additional information in Blind Signal Recovery: Practical wireless

systems consist of sophisticated protocols, and even in the case of IoT deployments,
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the transceivers will commonly have access to more information than just the received
(incoming) signal samples. For example, the devices will use forward error correction
codes and channel coding, and the algorithm could verify if the recovered signal be-
longs to the set of valid codewords. Signals can also change constellation size over
the duration of the data packet, e.g. WiFi, which has QPSK preambles and M-QAM
payloads. Overall, our proposed signal recovery process could be enhanced if we con-
sider and exploit these characteristics, be it by modifying the underlying geometry,
leverage other non-convex optimization techniques such as proximal gradients, among

other options.

Complexity reduction for Blind Signal Recovery: Different families of cost func-
tions have been proposed for blind equalization and beamforming [129-131], which are
either nonconvex or nonsmooth. Moreover, similar cost functions have been studied
in WF-like extensions for phase retrieval [126-128], which enjoy reduced computa-
tional and iteration complexity. These recent works use different approaches for their
analysis, which could be leveraged to improve our theoretical results. Nonconvex and
non-smooth cost functions can also be adopted in Riemannian optimization [132,133].
Additionally, the proposed algorithms could be reformulated to consider stochastic
or mini-batch implementations, further reducing computational complexity without

incurring in performance loss.

Generalizations of MIMO User Scheduling: Our results of unsupervised user
scheduling are promising, although the system model is rather simple and could in-
clude common practical considerations. One clear example is systems with both time-
and frequency-division multiple access (TDMA/FDMA), which are now commonplace
in commercial applications. New geometries can leverage the similarity of users in
multiple bands within a time slot, providing further insights to be considered in the

scheduling problem. Other example is to consider users with different rate requirements
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that could utilize multiple resource blocks in a given frame, and how to leverage CSI
similarity with unequal rates. Moreover, the design of similarity-assisted scheduling
algorithms can further exploit additional information and consider other performance

metrics such as user data rate and fairness.
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Appendix A

Proofs for CMA Convergence under

Wirtinger Flow

A.1 Technical Lemmas and Corollaries for Single Source
Recovery

Here, we establish several useful results to prove Theorem 1.

Lemma 11 (Concentration of sample covariance). Consider independent subgaussian vectors

ay € CL. For every § > 0, there exist C(8) > 0 and c¢(8) > 0 such that for K > C(§)L,

K
1
HE E a,al —E{aka?}H <4,
k=1

holds with probability of at least 1 — 2e~“OK .

Proof. Subgaussian vectors a; can be defined as the independent rows of a K x L matrix A.

Hence, Lemma 11 is a direct consequence of [90, Theorem 5.39]. [

Part of this chapter is reprinted, with permission, from [C. Feres and Z. Ding, “Wirtinger Flow Meets
Constant Modulus Algorithm: Revisiting Signal Recovery for Grant-Free Access” in IEEFE Transactions on
Signal Processing (Early Access), Aug. 2021], its supplemental material, and followup modifications for final
publication. Notations may have changed for consistency throughout this dissertation.
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Corollary 12. Under the conditions of Lemma 11, for K > C(6)L and h € CL, with

probability at least 1 — 2K
LK
= dlln|* < kZ lai'h® — R"E{aail }h < d[||.
The expectation of matrices A(q) and B(q) are:

E{A(q)} = m5(|q|*T + qq") + <1 o (qq"),

E{B(q)} =2m3qq" + xIo(qq").

The solutions of the CMA problem of Eq.(3.1) are of the form z = ¢/’e,,, with ¢; €
{1,...,L},0 €]0,2n7].

Two corollaries are helpful to prove Lemmas 2 and 3:

Corollary 13. Let K > Cy(0)L. Then, with probability of at least 1 — 6e~1 DK = for qall
h € CL such that ||h|| = 1, we have
K

(m3 = O)[[RI* + (m3 + r)|AM2]* < Z spz[*|sph|? < (m3 + 0)[h|* + (m3 + k)[R 2]

Proof. Note that &+ >"p | |siz|?|sih|? = h" A(2)h and from Lemma 1 it follows that —6I <

A(z) —E{A(z)} < 0I. For the lower bound, we obtain
h"A(z)h > m3([|h|? + [h"z]?) = 8||h]|* + kh" (I o (22™))h,
and knowing that z = e’e,, we have

L
kh™" (I o (z2"))h = HZ |haza|? = K| 2%

a=1

The upper bound is obtained similarly. [ |
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Corollary 14. Let K > Cy(0)L. Then, with probability of at least 1 — 6e=DK = for qll

h € CY such that ||h|| = 1, we have

2 5 3 2 2 2
M2 O+ m2THRe(th)2 — el (hz)?
1 K
< e Z Re(h,"'sks,';'z)2
k=1
2 5 3 2 2 2
< m22+ |2+ 22 R (R2)? ~m(h"z)”

Proof. Lemma 1 states that 6I < U(z) — E{U(z)} < ¢I. For the lower bound, recall that

2Re(c)? = |c|* + Re(c?) for ¢ € C, and

H

K
1 1 |h A(z) B(z h
_ZRe(hHSkS?Z)2:— ( ) ( )
K 4 |5 N

k=1 h B(z) A(z)]| |h

2_ 5 2 2
> "0 )2 %Re(thf (2

+ Re(RA(I o (22M) B+ W (Lo (22T))R).

Knowing that z = e’e,, the last term is equal to
. L
§Re(hH (Io(zz"))h+h"(Io (zzT))E> =K Z Re(hazq)? = kRe(hH2)2.

a=1

The upper bound is obtained similarly. [ |
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A.2 Proof of Lemma 1

Rewrite the Hessian

V2f(z) = + — R2

>
O
=
D
>
O
o
© W0
o

=U(z)+ A'(z2) — R,S".

Observe that U(z) corresponds to the Hessian of the Phase Retrieval problem, which
differs from the CMA Hessian due to the use of a desired average magnitude instead of

known sampled amplitudes. Using the triangle inequality, to prove the lemma we show that

|8 — E{S}| < s =6/(8Ro), (A1)
|A(z) —E{A(2)}]| < 64 = 5/8, (A.2)
1U(z) = E{U (2)}|| < dv = 6/2. (A.3)

Recall that the signal vectors are independent for k£ € {1,...,K}. Moreover, QAM
constellations are bounded. Thus, the signal vectors are subgaussian. Hence, via Lemma 11,
Eq.(A.1) holds with probability of at least 1 — 2e~¢s)X by choosing K > Cs(ds)L.

Let a, = (S?Z)Sk, which are independent for k € {1,...,K}. Note that sz =

VM2 €’?sy [k]. Therefore, vectors ay have bounded, discrete elements over an exponentially

large set, and as such they are subgaussian [91]. Additionally, we have

LK
A(z) = e Z apa).
k=1

Therefore, by invoking Lemma 11, Eq.(A.2) holds with probability of at least 1 —
2e710AK for K > Cy4(64)L.

Now define u!! = [a}l a]]. Using a similar reasoning as above, u;, are also subgaussian
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and independent for k € {1,..., K}, and

1 K
H
K k=1

Lemma 11 then states that Eq.(A.3) holds with probability of at least 1 — 2e=%(/2K by
choosing K > C5(dy)L
Finally, set C1(0) > max{C3(ds),C4(d4),C5(dr)}. By selecting K > C1(4)L, Lemma 1

holds with probability of at least 1 — 6e~“1 D% where ¢;(§) = min{cs(ds), c4(d4), c5(6)}.

A.3 Proof of Lemma 2

Let ¢ € E(e) and h = e7®@q — 2. Hence ||h|| < ¢ and Im(h"z) = 0, as h and z are

geometrically aligned:
hHz = ¢ @ 2)ghy _ 2Hz = lq"z| — ||z]|* € R. (A.4)
The proof is equivalent to proving

Re(<Vf q) — Vf(ejd’(q)z), q-— ej¢(q)z>>

- 19
Z <2Re Hsrst2)? + 3Re(h"sysll2)|sih|? + 20

SIsthlt + (sfiz]? = &) |sh?)

N |

>

+

2m2 — Romsy — 0
L0 |

1
«Q 19

/N

for all h satisfying Im(h"z) = 0 and ||h|| < e. It suffices to show that for all h such that

Im(h"z) = 0 and ||h|| = 1, and for all £ with 0 < £ < ¢, the following inequality holds

K
1 1
E <2Re(h spsnz)? + 3¢Re(hMs; st z)[sHh|* + %fﬂs,ﬁ'h\‘l + (|spz]* — Ro) ]s,';'h\z)

1 Zm% — Rgmg -0
a 19 '
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Invoking Corollary 14, we show that for all A such that Im(h"z) = 0 and ||h| = 1, and

for all £ with 0 < ¢ <e,

K
1 45
— g (—gRe( Hspshz)? + 3¢Re(h skskz)|skh|2+ f IsHh|* + (|s,';'z|2—R2)|s,':h|2>
1

9 2
— + + 14
11m3 — 2Rymg + 50 21m5 +1 /fRe(th>2' (A.5)

>
- 38 38

1
—+
(0%

For constant modulus signals, the last averaging term of the LHS of Eq.(A.5) is zero. For

non-constant modulus QAM signals, the term is bounded by Corollaries 12 and 13:

K

1

=Y <!S?h|2|szz|2 - Rz|51':h!2> > (mj — Rymsy — (1+ Ry)d + (m3 + w)|h"2[?).
k=1

Let
1 o~ /45 2, 19€
Y (h,€) = ?Z(lgRe(h sisfiz)” + 3¢Re(hs.sll2)|silh|? + ——|s{h| )
k=1

Since (a — b)* > % — b?, we have that

1962 & ’
Y > H _ |25 Hy |4
(h,&) > ( 74 E Re(hMs;stz)? 50K E_ \skh|)

1962 &
—38KZRe sv5i2)" 20KZ|’W4

By means of Corollary 12, with high probability we have

K K
1 Hyz 14 2 1 Hyg |12 2
= > Isfhl" < max sy <§;|Skh| ) < B2L(ma +9).

k=1

Using this result and the first inequality of Corollary 14, for ||k|| = 1, it holds with high
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probability that

135m3 + 90k 45 19B%L
Y (h, &) > ——2_""Re(h"2)? + —(m? -9) — 2 J).
(h,€) > 22 L Re(A2)? o 22 (i — ) — S € s + 6)
Hence, Lemma 2 holds under the following condition:
135m3 + 90k oo 45 19B%L
22 VT " Re(h = 85—
2 ESE R 2)? + 22 (1 = ) — o € (ms +9)

+ (m3 — Ramy — (1 + Re)é + (m3 + k) |h"2[*) - 1[Q # 4]
U1 N 11m2 — 2Ramy + 56 N 21m3 + 14k

T o 38 38

Re(hM2)?. (A.6)

With ¢ < e = (10Bv/L)™" and § < 0.01, Eq.(A.6) holds for

a>3 for Q=4
a>83 for @ #4.
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A.4 Proof of Lemma 3

Let ¢ € E(e) and h = e *@q — z. For any u € Cl such that |lu| =1, let v = e @Dy,

Therefore, it suffices to show that
, 2
[ (Vf(q) = V(D)

- ‘KZ’U skskzOs h|? + 2Re(h sks,';'z)>

2
+ (|s?h|2 + 2Re(h"sysllz) + |siz|? — R2>v sisHh

K
1
< (?Z2|S?Z|2|3k”“3kh| + 3]sy z|[s}lv[| sy hI? + [si R s)lv|
k=1
2
+ (|s?z|2 — RQ)'vHsks,Th)

ng — R2m2 - (5 2 H
< h )
< p(Tm R gy Z sith

holds for all h and v such that Im(h"z) = 0, ||h|| <€, and ||v|| = 1. Equivalently, we prove
that for all h and v such that Im(h"z) = 0, ||h]| = ||v|| = 1 and for all £ with 0 < £ <,

the following inequality holds

K

1
(E > 2siizllsiollsih] + 3¢5y 2l Is vl |s)RI® + €si'R s}l
k=1

2
+ (\s,';'z|2 — Rz)vHsks?h)

2m3 — Ryma+0 € | i
< h|*).
<5 19 +20K;|8’“ )

Note that |stz|? = my = Ry for constant-modulus signals, and thus the last term in the

LHS is zero if @ = 4, and non-zero otherwise. Let D = 3 + 1[Q) # 4], and knowing that
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(Z?:I az) <nY." a2 we have

(V5 (q) — V(@)

K K
1 1
<an (2 S Ist=PIsitollsihl) +90¢ (13 Islizlsollsthl?)
k=1 k=1
1 K K
4 2
+ D¢ (gkzysm o)+ \gkg sl — R)osislih| 1Q £ 4

<ADI +9DE L + DE L + 1y - 1[Q # 4).

We now bound these terms on the right-hand side. By means of the Cauchy-Schwarz

inequality and Corollary 13,

K K
1 1
< (= 2 Isf=lIsiol?) (= D Isk=Plsfhl?) < (2m) + k +0)%
k=1 k=1

and

K K K
1 1 2m2+ K+ 0
I, < (? 321 |s?h|4> (f ];:1 |s,':v|2|5,':z|2> < QT 8?h|4.

k=1

Invoking Corollary 12, the bounded norm ||s;|| < BvL, and the Cauchy-Schwarz in-

equality, we obtain

K

1 2 BzL<m2 —f—(S)
Iy < (=D Isithl* max||sy]| ) < =23 [sfhf"

k=1 k=1

For non-constant modulus QAM signals, we can bound I, by invoking Corollaries 12

and 13:

2
L= ‘h” (A(z) — st)h( < ]mg — Ryma — (14 Ry)6|” = (m2+ k + (1+ Ry)5)".
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Therefore, we obtain

|9 #@]* = max [u¥ (Vs () - V(2|

9D52(2m2 + K +9) Z

<4D(2m2 + Kk +0)* + Hp|t

k=

DB2Le 5) &
£(m2+ )Z’S]:'h‘4

* K

+ (m2+k+ (14 Ry)0) - 1[Q # 4]

k=1

2m2 — Roym
SB( ) 192 — 20KZ|?h|>

Hence, Lemma 3 holds under the following condition:

T6D(2m3 + 5 +0)* , 19(m5+r + (14 Ry)5)?
Qm% - Rgmg -0 Qm% - Rgmg -0

BZmax{ 1Q # 4],

180D(2m2 +  + 8) + 20D B2Le(ms + 5)}. (A7)
With ¢ = (10BvL)~! and ¢ < 0.01, Eq.(A.7) holds for

B >235 for @ =4,
8 >959 for @ #4.

A.5 Technical Lemmas and Corollaries for Multiple
Source Recovery

We first introduce additional notations to aid exposition. Using the overall system parameter

space q, we rewrite the cost function for MSR as

J
= flq) +7022|q15qz\ —Zf a0) +1or(q (A.8)
(=1

(=1 i£l
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where q = [qir e qHT is the aggregation of the J demixers, f is the CMA cost function
for single source recovery, and S is the sample covariance matrix of source signals. The

gradient of g, using Wirtinger calculus, is given by

K J
1
Vig = 5 ’; (ISZ'qu — Rg) SkShqr + Yo ; Sq.q!'Sq, = Vf(q) +vVer(q), (A9)

and the Wirtinger Hessian of the cost function g is

Gi(q) - Hilq)
Vi9(q) = Bdiag({sz (QE)}Z:1> + %
Hj(q) -+ G,(q)
= Bdiag({V*f(a)},_, ) +0V?r(@). (A.10)

The expectation of matrices A(q) and B(q) are defined in Section A.1, and the matrices
Ci(q), Eu(q) and Fy;(q) of the MSR Hessian satisfy

J

2
2 H, My 2 Kk H
RELIEDY (miqia!! + 2Nl T + = (Lo (q:a)).
2/ H my ooy, K H
E{E:i(q)} = m3(a; a0l + 72 + = (1o (a.9,")),
o T, M5 1 K T
E{Fu(q)} = miaiq/ + Faa’ + (I (qal)).

and thus, the expectation of the ¢-th gradient of the regularizing term is

J

2
m
E{Vir(q)} =E{Ci(a)}a: =) _ (miaalar+ 2llail*a: +
it

K

wTo(aa)a. (A1)

Note that at a MSR CMA solution z = [e/’1e/ ... e e/ }T, we have z['z, = 0 for all

%
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1 # (. Hence,

E{V,r(z Z (szZz z + —”ZZHZZg + ?I o(z;z H)Zg)
z;ﬁé
(J —1)m?2
= Z <—Z€ + —e; eTZg> = — 2y,
1#£L K

which is non-zero, but decreases with the number of samples K and is aligned with the
(-th component of the solution. Therefore, for large K, the CMA solution corresponds to
an approximate stationary point in gradient-descent schemes, which often yields satisfactory
numerical solutions. In particular, we have the following result that defines the CMA solution

in multiple source recovery as a approximate stationary point.

Corollary 15. Let K > Co(8)L. Then, with probability at least 1 — 12e=¢2@)K
|Veg(z) - ]E{Veg(z)}H < (14 R +70)6.

Proof. By definition and the triangular inequality,

[Veo2) ~E{Vis(2)}| = _max |o"(Vio(2) ~ E{Vus(2)})|
= el v (Vf(zZ) B E{Vﬂz@)}) ‘
veclgﬁfuﬂ <vér E{Vﬂ }> ’

Note that V f(z¢) = A(z¢)z; — RySz, and Vr(z) = Cy(z)z,. Invoking Lemma 5 and the

triangular inequality, we have that for all v € C* such that ||v|| =1,

0" (V120 ~ E(VS(=0})| < (A0 - E{A)] + RallS ~ E{S}] )=l el

< (14 Ry)9d,

] (vgr —E{Vur(z }) §HC’g(z)—E{C’g(z)}HHZgHHvH§(5. m
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We now define corollaries that will be useful to prove Lemmas 6 and 7:

Corollary 16. Let K > Cy(8)L. Then, with probability at least 1—12e=OK  for all v € C*

such that ||v|| = 1, we have

K+J-1 ,

J—1 5 2 H K 2
—_— — < <
(Fm3 = 0) vl < v"Culzpw < (Z——mi + = +3) o]

K
Proof. From Lemma 5, we have that —0I < C,(z) — E{C\(z)} =< ¢6I. Hence, the lower

bound is
J m2 K
WICU ()0 = Y (milozf + 2zl + o (Lo (zi2F)0) ) = oo
£l

2 J
> (= D20l + > (milotzf + Tt (Lo (zi2)v) ) - o]l
il

Note that Km32 + k > 0 for all K > 1 and all QAM modulations. Additionally, knowing

that z, = eeedegj for all ¢; € {1,...,J}, we have that

J J J
0<> oz =D oM(To(ziz!)v =) |vul* < |lv|”

il il )
The upper bound is obtained similarly. [ |

Corollary 17. Let K > Cy(8)L. Then, with probability at least 1 — 122K we have
2
‘ZgSZi| <.

Proof. From Lemma 1, we have that —0I < S — moI < 0I. Then, we have that for all u

and v such that ||u|| = ||v| =1,

[usof* < mafue] +[u (S —maD)o| < mafute] +[}8 —mar|u o]

< ma|uv| + d]|u[v].

124



Knowing that z, = ¢ eq, for all ¢; € {1,...,J}, we have that |z}'z;| = 0 for all i # ¢, and

we obtain the bound. [ |

Corollary 18. Let K > Cy(8)L. Then, with probability at least 1 — 12e=°2®)K we have
| Fu(2)| < m3+ 0.
Proof. From Lemma 5, we have that —0I < Fy;(z) — E{ng(z)} =< 41, or equivalently,
| Fui(z) — E{Fu(2)}|| < 0.

Furthermore, using [134, Corollary 8.6.2] for the largest singular value (i.e. the operator

norm), we have
||Fez‘(Z)|| < ||E{HZ<Z>}“ + 9.

Knowing that z, = et e, for all £; € {1,...,J}, we also have that

2
my

2
K ; My §(6e.+6,,
7 ziz] +—1Io (zng) = m2eluttile el + 230t el)egel-T,

E{F&(Z)} = mgzizz + K i K

which means that E{ F};(z)} has only two non-zero elements in positions (¢, i) and (i, £) with
1 # £. Hence, its non-zero columns are independent, and its norm is the largest absolute

value of the non-zero elements, i.e.

) . 2
|E{Fu(z)}]| = max{)ej("fa‘wei)m%’, e](%“’éi)%‘} = mj. u

Corollary 19. Let K > Cy(6)L. Then, with probability at least 1 — 12e=2OK = for qll
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h € C’t such that its J components have unit norm, i.e., |[hy| = 1, we have

J J 2
SN RSz " + Re(hl Shiz!'Sz) + Re(h}!Szih!'Sz) > - (% + 5) IR (A12)
=1 i#L

Proof. Recall V?r(z) as defined in Eq.(A.10). Now, notice that

J J
SN RSz + Re(hl Shizl'Sz,) + Re(h}'Szih!'Sz)
(=1 iAl

J J
=33 |nSzi| + |h'Sz|” + 2Re(h Shiz!'S2) + 2Re(h}!Szhl S z)

(=1 i<t

1-~ -
= 5h“v%«(z)h,

where in the second equality we collect pairs (i,¢) and (£,7) in one summation, and h is the
stacked version of all hy and their complex conjugates, i.e. h = [h] R} --- T hY }T. From

Lemma 5, we have that —0I < V?r(z) — E{V?r(z)} < dI. Hence, we have that

%ﬁ‘*v%(z)ﬁ > %EHE{VQT(z)}ﬁ _ gllﬁHQ
J J
Z (Re (R{E{Ci(2)}he) + > Re(h{'E{Eu(z)}h;)
=1 il
£ Re(HE(RR) ) ol
i£L
I
=3y (Re(h'j(mgzizf + 2sz||2I+ ZTo (z2}))h)
=1 Al
2
+ Re <h';I (m3(z'z) I + ﬂ;( zezl + KIO (zez}) hl>
2
—i—Re(h'Z(mzzzzg +?z3z + KIo 22 ) S||h|*.
Knowing that z, = ee’fjegj for all ¢; € {1,...,J}, we have that |hy;| = |hl'z;], and
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I

o(zezl') =T o(zz') =0 and (2}'2;) = 0 for all i # . Hence,

J

Lirve(2)h > ZZ (m§|h?zi‘2 2 2 e T fRe(hyz@zyhi)
=1 izt

2

m2Re (bl ziz hy) + ”;(R e(hMzzTh; )) — 5||R?

J J 2
5% ((m+ o) nlf*+ 22
(=1 il

+ QTR (hi'z¢)Re(h{'z;) +mjRe(h}’ zthzg)> —§|h|?

3

J
ZZ (‘he z@‘ + ‘thf‘ + 2Re(hy! Zzthf))

J
=1 i</t

J
i ZZ (/@‘h?zi|2+m§thH2 +2m§Re(h?z5)Re(h?zi)> e
1#L

(A.13)

== I

The first term in the RHS of Eq.(A.13) is a perfect square, and is bounded below by 0

Rewriting || h|| = ZaL L |heq]? in the second term in the RHS, we have

1 J J ) L
—ZZ ((m§+/£)|h?zi‘ +mgz:|hg,a|2

: 7,758 a;éi

1- -
§hHV2r(z)h >
+ 2m§Re(h;'z4)Re(h?z,~)> — 6§k

m%—f—ﬁ J J y ) m% J J L )
- K > |hi'| +7ZZZI%I

(=1 i#l (=1 i#l ail

9 J J
T % > (Ih'é'zel2 + |h}'zi]? + 2Re(h';ze)Re(hini))
=1 i<t
Im2 I
+ =2 > > Re(hi'z)Re(hi'z;) — dl|h||* (A.14)

=1 i<t

Knowing that in square QAM modulations |x| < m3, we have that the first term of
the RHS is bounded below by zero. Furthermore, the second and third terms in the RHS

of Eq.(A.14) are perfect squares, and are also bounded below by zero. We now focus on
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bounding the remaining term

2my ZZRe hfz)Re(h!'z,). (A.15)

=1 i<t

For each (¢, ) pair, the summands can be negative. However, note that for J > 2, it is not
possible that all summands are negative, i.e., for all pairs (¢,7) with i < ¢: some summands
will be positive, as they are composed of pairwise products. Moreover, every hHz, can have
at most magnitude equal to 1 by construction, and we also have that |h| = J. We then
count the number of negative summands to obtain the worst-case scenario. There is a total
of J(J —1)/2 summands, and the maximum number of negative summands is equal to all

combinations of half of summands with one sign and the other with the opposite sign:

(U{QJ) (U{ZW) _ EJ [ﬁ _ i:‘l . jz;zn (A.16)

Thus, the worst sum (with each term of the form h}'z, having a magnitude of 1) cor-
responds to the maximum amount of negative summands with a negative sign, plus the

remaining positive summands, i.e.,

B (o ) 5 44

(A.17)
Replacing in (A.15), we have
2 2 2
2m; ZZRe Az Re(htz;) > —%J - —%Hh“z, (A.18)
=1 i<t
which completes the proof. [ |
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Finally, we describe the generalized regularity condition of WFCMA-based multiple
source recovery as stated throughout Section 3.3.4. Let VG(q) = [Vig(q)" --- ng(q)T}T
be the total gradient of the MSR function, stacking the gradients with respect to each CMA
solution. Let D(q) = diag(e’**@ ... ¢/%/(@) @ I be the diagonal matrix that aligns the
demixers g, with their respective ground truths z, using their optimal rotations with phases
¢e(q). Thus, D(q)z = [e/*@)z] ... ej‘z’(‘U)z}}T. Moreover, for all ¢ € {1,...,J}, simple

algebra reveals that

J
Vg (D(Q)Z) = V(9 z,) + Z S(ej¢(qi)zi) (ej¢(qi)zi) HSej‘b(‘”)zg
i

J
il

_ ej¢(qe)ng(Z) — Vgg(ej"ﬁ(q"')Z),

and therefore we can obtain the generalized regularity condition (3.46) of Theorem 2 as

follows:

> List’(q,2) + %\\vc:(q) ~ VG(D(g)2)||"
J
= éd1st2(q, z) + % Z |Veg(q) — Veg(D(q)z) H2
(=1
J
= ~dist*(q, 2) + % Y [IVeg(@) = Veg(e ) z)||*
/=1
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A.6 Proof of Lemma 5

Using the triangle inequality and Eq.(A.10), to prove the lemma we show that V¢ € {1,...,J}
and Vi # £,

|92 7z0) ~E{v2 s (20} | < 6 = % (A19)
ICi(z) ~ E{CH(z) M| < 60 = g (A.20)
IBi(z) ~ B{Ba(2| < b = g (A21)
IF(z) ~ E{Fu(2)}| < 0 = . (A.22)

Eq.(A.19) corresponds to the concentration inequality of J Hessians of the single source
recovery cost function. Thus, Lemma 1 states that Eq.(A.19) holds with probability at least
1 — 6e=C)K by choosing K > Cy(6;)L.

Let ¢; 1. = si(st2;), which are independent for k € {1,..., K}, and in particular, c;, is
independent of ¢;,, for m # k. Note that s?zi = \/m_gej‘pm, and therefore the vectors
¢ have bounded, discrete elements over an exponentially large set, and as such they are

subgaussian [91]. Moreover, the sum of these vectors over index i is also subgaussian. Thus,

we have

1 J K K 1 J K 1 J K K
Ci(z) = 2 Z Z Z ci,kc{'m =2 Z Z ci,kcgk + e Z Z Z c@kc?’m, (A.23)

i#l k=1 m=1 il k=1 A0 k=1 m#k

and invoking Lemma 9 for each i # ¢ and results of concentration of quadratic forms [91,
Chapter 6], Eq.(A.20) holds with probability at least 1—2e~%¢)X by choosing K > Cg(d¢) L.

In a similar fashion, note that

1 K K 1 K 1 K K
ng(z) = 3 Z Z Ci,kc},m = ﬁ Z CiJgCZk + ﬁ Z Z Ci7kCZm, (A24)
k=1 m=1 k=1 k=1 m#k

where we leverage the reasoning of the previous result, the fact that ¢; is independent of
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com for m # k and i # {, and the concentration of measure of U(z) in Lemma 1 of the
main text (for the transposition instead of conjugate transpose). Hence, Eq.(A.22) holds
with probability 1 — 2e~70»)K Ly choosing K > C7(67)L.

Now define e;p, = (sHz¢)s,,. The vectors ey, are independent for k € {1,..., K},
and ey, is independent of e; ., for m # k and 7 # ¢ . Following a similar reasoning as

above, the ey, are subgaussian, and we obtain

K K K
Ei(z) = % Z Z ee,k,megk,m = % Z €k kez ek T 75 72 Z Z €y kmeZ ks (A.25)
k=1

k=1 m=1 k=1 m#k

thus Eq.(A.21) holds with probability 1 — 2e=¢#)K by choosing K > Cs(6z)L.
Finally, set C2(d) > max{C1(d¢), Cs(dc), C7(dr), Cs(dg)}. By selecting K > C5(0)L and
letting ¢2(0) = min{c5(ds), c6(dc), c7(dr), cs(0p)}, Lemma 5 holds with probability at least

1 — 12e=20)K,

A.7 Proof of Lemma 6

Let ¢ € E(e), D(q) as defined in Section A.5, and h = D(q)"q — z. Hence, ||h| < e,
hy = e ®@)g, — 2z, and Im(hl'z;) = 0, as h, and 2z, are geometrically aligned for all

te{l,...,J}. To prove Lemma 6, we prove that

) Re<<Veg(q) ~Vig(D(q)z), qc — ej¢(q£)z£>)

J
= Z Re<<Vf(q4) — Vf(ej¢(q‘)z4), qr — ej¢(qf)ze>>

=1
JJ
+% Z Z Re((SqiqZ'.*ng — /82,2182, q ej¢(qe)z€>>
(=1 it
! J K
1 2m3— Rymy — 0 2, ! )
Z;(EJF 19 )’ el + 20K;;|Skhf| +%;;}h Shy|’

(A.26)
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for all h satisfying Im(h}'z,) = 0 and ||h|| < e. In the following, we set 7o = 1, and
for simplicity, we now assume that ||hs|| < €/v/J for all £ € {1,...,J}. In Lemma 2 we
establish that the inner product of the CMA portion of the gradient, i.e., the terms with
V f, are bounded below by the two first terms of the right-hand side of Eq.(A.26). Therefore,

we focus on the regularizing term, which is

J J
Z Z <<quql ng e]¢(QE Sz z; SZg, qr — eJ¢> qQ Zg>)
/=1
J
Z Z (lzi*smP + | Shy|* + Re(h}'Sh;h}'Sz,) + Re(h}'Szh!' Shy)
il

+ Re(h!Sh;z"'Shy) + Re(h}'Szh!'Sz,) + Re (h;'ShiziH szg))

I
B

J
3 (|z;*5hg\2 + W Sz|” + 2[Rl Shy|* + 3Re(h}! Shih!' Sz,

1 i<t

+ 3Re(h}'Sh;z'Shy) + 2Re(hj'Sz:h!'Sz,) + 2Re (h'; Sh;z! Szg)>

~
Il

JoJ 9

<N <2]h?5hg{2 + 3Re(h}'Sh;h['Sz) + SRe(h'Z'ShiziHShg)> - (% + 5) k%,
(=1 i<t

where the second equality comes from realizing that the terms of pairs (i,¢) and (¢,4) are
related through complex conjugation, and the last inequality comes from Corollary 19. Sub-

stituting in Eq.(A.26), and invoking Lemma 2, we have that

]~

Re<<Vgg(q) —V(D(q)z),q — ej¢(qe)z€>>

~
Il

1

K
1
Z(?Re spsHz)? + 3Re(hMs,sHz)|sh|? + [sHh|! + (|s:z|2—32)|s,';'h|2)
=1

>
J J ) m2
+3 % (2|h,.“sm} + 3Re (Y Sh;hHSz,) +3Re(h75hiz;*5h@)) - (72 + 5) Tk
=1 i</t
T 1 om2_R _5 J K JoJ
>3 (- + 2 o IRl + 20K S sthe '+ 303 ntsh (A27)
=1 (=1 k=1 (=1 i#l
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Equivalently, we prove that for all h, such that Im(h}'z,) = 0 and ||h|| = 1, and for all

¢ with 0 <€ <€/,
J K
iZZ(2R (hH H )2+3£R (hH H )‘ Hh|2+£€2 Hh‘4+(’ H |2_R)| Hh|2>
l=1 k=1
J J m2
+Y > (SgRe(h,'; Sh;hiSz) + 3¢Re(h}' Sh;z!" Sh,g)) — J(FQ + 5)
=1 i<t
1 2m§ - R2m2 -0
> — . .
- J(a * 19 > (4.28)

Invoking Lemma 1 and Corollary 10, we have that

Re(hy'Sh;h!'Sz,) > —|hy'Sh;||h{Sz| > —(m2 + 0)?,

Re(hy'Sh;z'Sh;) > —|hy Sh;||z]'Sh/| > —(ms + §)?, (A.29)

and replacing in Eq.(A.28), we obtain

K
1 19&2
e Z <2Re(hHsks?z)2 + 3¢Re(hMs;stz) s h|? + 2—§]s?h|4 + (|spz|> = Ry) |s,';'h\2)
k=1
2
~3(J — 1)E(mg + 6)2 — % —5
1 2mi—R -0
> -+ ) (A.30)

Now, following the procedure in Lemma 2, to bound the sum in the LHS, we obtain that

Lemma 6 holds under the following condition:

135m32 + 90k WO 45, 19B%L
- Re(h"z)" + 76(m2 ) 50 &% (ma +9)
+ (m3 — Ramy — (1 + Ra)d + (m3 + k) |h"2[*) - 1[Q # 4]
m2
—3(J — 1)é(my +0)% — 72 -6

1 11m3 —2Romo +50  21m3 + 14k
+ +

H_\2
= ——Re(h"2)” (A.31)

el
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With J > 2, e = (10JBVLJ)™! and § < 0.001, Eq.(A.31) holds for

a>4 for Q =4,
a > 227 for Q #4.

A.8 Proof of Lemma 7

Let ¢ € E(¢) and D(q) as defined in Section A.5. Let h = D(q)"q — z. Hence, ||h| < e,

hy = e q, — z, and Im(h!'z,) = 0. We aim to prove that

IVG(q) - VG(D(q)2)||"

2m§—R2m2 2 1 T X Hy 4 2J ! H 2
< 5 —K;;mhd +95 > D [hShd|" ),

(=1 il

We first notice that

IVG(q) - VG(D(@)2)| = [ Veg(@) - Vig(D(@)2)||", (A.32)

where

2

|vi9(@) - Vig(D(@)2) [ = max S (a3

ueCk, |[ul|=1

u" (Veg(q) - Veg(D(q)z)>

and therefore we bound each of the J gradients. By means of the triangle inequality, we
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have that

‘UH (Vzg(Q) _ ej‘b(qf)Vgg(D(q)z)) ‘2

J
u"'V f(qe) + 2you” ( > Sqiq?Sqe>
i#l

7 2
_ uHVf(ej(ﬁ(‘”)zg) _ %ejqb(qe)u'" < Z SzileSzé>
Al
J
Z uM (Sqiqung - ej"ﬁ(‘”),S'zizZH Szg>
Al

2

< 2uV f(@) ~ OV ()| + 2 (A.34)

Let D = 3 + 1[Q # 4]. From the proof of Lemma 3, we know for all h, such that
Im(hl'2z,) = 0 and ||h|| = 1, and for all £ with 0 < £ < €/sqrtJ, that

u'Vf(q) — YUV f(z) ’ < ADEX + 9DE T, 4+ DES T 4 4€21, - 1[Q # 4]

<AEDEME+ K+ 0)2 + (M + k4 (14 Ro)d)* - 1[Q # 4]

9DEY(2m2 + K + 6) + DB2LES (my + §)
N £ (2m3 )K £°(my )Z!s}?he!“’

k=1

(A.35)

thus we only need to bound the second term in Eq.(A.34). For any u € C such that
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|u| =1, let v = e7*¢@)qy. Thus,

2

J
Z u' (Sqiqung — ej‘z’(q‘f)Sziz;'Szg)
i

2

J
=Y " o"S(hi + zi)(hi + 2:)"S(he + 2) — v Sz2! Sz
il

J
— [WHCi(2)hy + 0"Ci(h)z, + 0" Cu(h)R + Y (vHShileShg + o"SzhMSh,
Py
2

+ oSk Sz, + 'UHSzZ-hiHSzg)

J
< ("UHCg(Z)hd + "UHCg(h)Zgl + ‘UHCg(h>hg’ + Z "UHShiZZHShg‘
£l

J J J 2
+ ) [o"Szhl Sh| + ) [ Shiz! Sz +) ]vHSzihiHSng .
il it it

Equivalently, for all by and v such that Im(hl'z,) = 0, ||| = ||v|| = 1 and for all £ with
0<¢<e/VJ,

J

Z u' (Sqiqung — /) 8z, 21 Sz4>
i

2

J
< <g}quC¢(z)h@| + P Cy(h)z| + €| Cu(h)hy| + €D [v" Shizf Shy|

il
J J J 2
+&2) " [MSzhlShy| + &) [0Sk Sz + €Y ‘UHSzih?Sng .
i£0 i£L i#L
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Knowing that (.7, ai>2 <nL a;,

J 2

Z u" (Sqiqu Sq, — 1719 8z, 21 Szg>
i#t

J
< TP CU2 |’ + 7€ [ Culm) | + e Culm)e] + 7 (3 [t ShuztiSh )
il
/ 2 J 9 J )
+ 76! (D [orShliSh|) +7¢2( D [oHShiats ) + 7€ (Y [oSznlisz|)
vy, oy oy
= 75 + TE s + TE0 7 + TE Ts + €4y + 7€ Lo + TE1,.

We now bound the terms on the right-hand side. By means of Corollary 16 and large

enough K,

K+J-1

s = [ Cua)h]” < (|[Ca@ I iol)” < (F

K 2
m§+§+6> :

Additionally, knowing that maxy, ||s|| = BV/L > 1 for all k € {1,..., K}, and by means of

Corollaries 10 and 11 and the Cauchy-Schwarz inequality, we have

2

J
<> |v"Sh;

il

J
> o"Shhf'Sz,
i£l

ls = QIh?Szelz < (J = 1)(mg + )% (A.36)

We also have that

J 2 J J
I = | v"Shihl'Shy| <> |o"Shi|’|hlSh|* < ||S|* D |n'Sh,|’
il il il
J
< (ma+6)* ) |R'Sh[.
Iy
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By inkoving the same tools, we also have

J
Is = (Z|UHshiz;*sm) Z 0" Shi|?|2HShy|* < Z IS < (7 = 1)(ma + )",
i i £
J 9 J J
Iy = (Z |UHSZih;—|Sh5‘> < Z ’vHSzi|2’hiHSh£|2 < ||,5’||2Z |hiHSh42
i#l il il

J
(mg + 5 Z ‘hHShg‘ .
£l

Thanks to the Cauchy-Schwarz inequality and Corollary 17,
J ) J , ,
Iip < (Z ‘UHShizZHSng < Z ‘UHShi} |ZZHSZg‘ < (J = 1)(my + 6)%6%.
il il
Finally, via Cauchy-Schwarz inequality and Corollary 18,
J ) J ., J ,
Iy < (X |oszhlisz|) <3 oSzl SR <Y | Fal2)|" < (= 1)(ms +6)%
il il il
Therefore, we obtain

2

7
Z uM (Sqiqung — 1?90 § 2, 21 SZg)
oy

K+J—1 2
< 752(+Tm§ + T 8) €T — 1)(ma + )

J
+ 7€%(mgy + ) Z\hHShé\ + 764J = 1)(my + 0)*
1£L

J
+ 7€ (my + 0)2 > |RISh|* + T€2(J — 1)(ma + 6)26% + T€(J — 1)(mz + 6)*. (A.37)
i£l
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By substituting Eqs.(A.37) and (A.35) into Eq.(A.34), we have that
, 2
3 ‘u Vig(q) — em(q”veg(Z))‘

2

7
Z uM (Sqiq?ng — ejd’(qe)Sziz:'Szg)
il

< 2(4D(2m§ + K46+ (mi+r+(1+ R2)5)2 -1[Q # 4]

. 2
S Q’UHVf(qe> _ e]d’(‘lé)v‘f(zg)’ + 273

| 9DE(2m3 + 5 +8) + DBLE (s + ) SR
I Z i he
k=

K+J-1 K
+ 14~3¢€3 ((ng + % + 6) +26%(J — 1)(my + 0)*

+ (14 ) (ma +0)2 > W Shy|” + (J = 1)(ma + 0)2(1 + 62)>
i;éz

ng—Rng_(S He , , J . ,
Sﬁ( 19 20KZ|8khe| +y5r1 + 5 Raé ;\hz Sh|” ).

Hence, Lemma 7 holds under the following condition:

2
152D(2m3 + k4 6)>  38(m3 + K+ (14 R»)9)
> 1 4
ﬁ_max{ 2m§—R2m2—(5 + 2m§—R2m2—5 [Q# ]
26678 K+J-1 , & 2
— 49

F 2T = D)o+ 0)* 4+ (7= Dlons + 621+ ),

360D(2m3 + K + ) + 40DB?Le?*(my + 6), 1473(1 + €*)(mg + 5)2}. (A.38)
With € = (10BVJL)™!, 7o =1 and § < 0.001, Eq.(A.38) holds for

B>T730+267(J —1) for Q=4,
B> 1964+ 394(J — 1) for Q # 4.
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Appendix B

Alternative Proofs for Riemannian

Orthogonal CMA

Here, we use an alternative approach to prove that the mean Riemannian Hessian of the
CMA cost function (4.3a) is strictly positive definite in a neighborhood of an optimum.
Equivalently, we prove that the quadratic form of the Riemannian Hessian is strictly positive
at an optimum, and thanks to its continuity, we conclude that the Riemannian Hessian
is strictly positive definite in a neighborhood of such optimum. By using concentration
of measure inequalities (such as the ones used for theoretical convergence guarantees of
WFCMA), we expect to translate this result to the finite-sample Riemannian Hessian of
ROCMA in future work.

In the following, we assume the conditions of Theorem 9 hold. Recall that the Riemannian

Hessian can be lifted to the ambient manifold as follows:

lifty (Hessy g([Y])[£]) = Projt (D%(Y) [E]>

Projit ( D(Vy3(Y))[E] — Uherm (Y”VYE(Y)) ~ Yherm (D (YHVyg(Y)) [E]))

Il
7~ N~

Projil D(VYE(Y)) [E] — Eherm (YHVYE<Y)>)
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where the last term in the RHS of the first equality vanishes through the projection, as it

belongs to normal space.

Let

A= (Io(Y"Z,Y) - RoI),

B,= (Io(Y"Z,E+E"Z,Y))

which are real, diagonal matrices. Hence,

lifty (Hessy g([Y])[€]) = Projy (D (Vyg(Y)) [E]> — Projy (Eherm (YHVyﬁ(YD)

K
== Z (ZkYB + ZyEA—Yherm(Y"Z,YB+Y"Z,EA)
— Y (Ioskew(Y"Z,YB + YHZkEA))
1 K
- > (EYHZkYA — Yherm(YMEY"Z,Y A)

~Y(Io skew(YHEYHZkYA)). (B.1)

To verify whether the Hessian is positive definite, we compute its quadratic form with
E a unit vector in horizontal space, i.e. ETY is skew-Hermitian with zero diagonal, and

|E|y = Tr(E"E) = | E||% = 1. Using the real trace inner product (U, V)y = ReTr(U"V)
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for U,V € Hy M, we have

(& Hessyg(IY])[€]) = (B lifty (Hessyg([Y])[€]))

[Y] Y

K
1
= > ReTr <EHZkYB +E"Z,EA - E'Yherm(YNZ,YB +Y"Z,EA)

k=1

— E"Y (Toskew(Y"Z,YB+Y"Z,EA)

— (EHEYHZkYA — E"Yherm(Y"EY"Z, Y A)
— E"Y (Io skew(Y”EYHZkYA)>)
1 K
= > ReTr <EHZkYB +E"Z,EA - E"EY"Z,Y A
k=1

— E"Yherm(Y"Z,YB +Y"Z,EA) + E"Yherm(Y"EY"Z, Y A)

— E"Y(Ioskew(Y"Z,YB+Y"Z,EA)+ E"Y (Io skew(YHEYHZkYA)>

K
1
= = > ReTr <EHZkYB +ENZ,EA - EHEYHZkYA), (B.2)
k=1

where:

e the terms of the form ReTr(E"Y herm(-)) vanish because E'Y is skew-Hermitian,

which are orthogonal to Hermitian matrices; and

o the terms of the form ReTr(E"Y (I o-)) vanish because EMY has zero diagonal, and

its product with a diagonal matrix has zero diagonal as well.

We now take expectation in Eq.(B.2). Recall that the optimum demixers in combined
parameter space are Q = PD, with P € RL*/ a tall permutation matrix and D € C7*/
a diagonal unitary matrix, and thus @H@ = I. Using the right singular vectors of the

channel matrix H, collected in matrix V', we have that Y = V@, and we also have that
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Z, = Vg8V, Let C = VE, and thus |C||% = | E||% = 1. Moreover, we have that
E"Y =c"Q =c"PD (B.3)

also is skew-Hermitian with zero diagonal, i.e., (C"P)o I = 0. Note that if P follows the

permutation v : £ — v(¢) € {1,---, L}, then
P=le) - ewp)Iry (B4)

where Iy, ; contains the first J columns of the identity matrix of size L. Hence, the diagonal

elements of C"P (equal to zero) correspond to

[CHP}M = [CH [ey(l) e ey(L)} IL’J] y = [6] w08 = Cu(t) 0 = 0. (B.5)

Without loss of generality, we let P = Iy, 5, i.e. v(f) = ¢, and thus ¢y = 0 for all £. Then,

we have that

E{ (¢ Hessy g([Y]) €]}y, | = ReTME{ E"Z,Y B + E"Z,EA - E"EY"Z,Y A}

— ReTiE{E"Z,Y B} + ReTiE{ E" Z,EA} - ReTr(E"EE{Y"Z,Y A}). (B.6)
Now we develop each expectation in the RHS of Eq.(B.6). The first term is
ReTrE{E"Z,Y B} = ReTYE{C"S,Q (I o (C"S;,Q + Q"S,C)}

J
= ReE{ [CHS.Q(I o (CYS:Q + QHSkC)}M}

(=1
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where, because of the product with a diagonal matrix, each element is

[CHS8,.Q(I - (C"S:.Q + Q"S,C))],,
=[C"s.Q], - [C"S.Q +Q"S.C],

= (c{'Skar) (¢)'Srae + qf Sker) = (C'ZSWZ)Q + ‘CZ'SWAQ

L ) L L
= ( E _Z,ask,agk,g) + < E EZ,aSk,agk,E)< E E@,ask,agk,€>
a=1 a=1
L L

L L
= Z Z Ez,a@,ask,ask,bgi,g + Z Z Ez,aCz,bsk,agk,b!Sk,e\2
a=1 b=1 a=1 b=1
L
= elsel + ) leval®skal skl

a=1

and hence,
ReTrE{ E"Z,Y B} = myc;, + (mq — m3)|cee|? +m3ledl|* = m3|e||*.
The second term develops as follows:

ReTrE{E"Z,EA} = ReT'E{C"S,C (I o (Q"S,Q) — R-I)}

=Y ReE{[C*S,C(I0(Q"$:Q) - RaT)] . }

(=1

where, because of the product with a diagonal matrix,

[CHSkC(I °(Q"S\Q) — RQI)]M - [CHSkC] o’ [QHSkQ - RQI] 0

(B.7)

= (c'ZSkCg) (q;'Squ — Rz) = |C?Skcé|2(‘3k,€’2 - R2)

a=1 b=1 a=1 b=1
L L

= Z |coal* Skl |5k — Ro Z lcoal*|Sk.al”
a=1 a=1
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yielding

ReTrE{E"Z,EA} = (mq — m3)|cee]” + m3lce||* = Rema|lco||” = m3led]]” — Ramolle|*.
(B.8)

For the last term, we have
E{Y"Z, YA} = E{QHSkQ(I o (Q"S,Q) — RQI)}

E{Q"$.Q(I° (Q"S:Q)) - R.Q"5.Q}
E{QHSkQ(I o (QHst))} — Rymol.

Now, let M = Q"S,Q(Io(Q"S,Q)). Then, thanks to the product with a diagonal matrix,
[M]i; = 4;'Skq; - (4} Skq)) = Skiskjlsks = E{[M];;} = mad;
and
E{Y"Z,Y A} = myI — RymyI = 0. (B.9)

Replacing Egs.(B.7), (B.8) and (B.9) in Eq.(B.6), we have

<

E{ (& Hessyg([Y)) €]}y, } = D Re(milleel* + millecd* = Romallec® —0)

=1
J

= (2mj —ma) ) _ |lell®
=1

= (2m3 — m4)[|C|I%

= (2m3 —my) >0

which is strictly larger than zero for all regular QAM modulations.
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