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ABSTRACT OF THE DISSERTATION

Connections between additive combinatorics, graph theory, and incidence geometry

by

Mozhgan Mirzaei
Doctor of Philosophy in Mathematics

University of California San Diego, 2020

Professor Andrew Suk, Chair

This dissertation studies problems in extremal combinatorics, combinatorial
number theory, and discrete geometry, and the interplay between these three areas.

One of the Erdos-like cornerstones in incidence geometry from which many
other results follow, is the celebrated Szemerédi-Trotter Theorem which states that
any arrangement of n points and n lines in the plane determines O(n*/?) incidences,
and this bound is tight. In this thesis, we study the effect of forbidding grids and short
even cycles on the incidence graphs of point-line arrangements in the plane.

Let A and B be two disjoint finite sets of points in the plane such that their

x1



union contains no three points on a line. We say that A avoids B if no straight line
determined by a pair of points in A intersects the convex hull of B. A and B are called
mutually avoiding if A avoids B and B avoids A. Aronov et al. showed that any set of n
points in general position in the plane contains a pair of mutually avoiding sets, each of
size at least 2(y/n). Moreover, they proved that any set of n points in general position
in R? contains a pair of mutually avoiding sets, each of size at least (nd?%dH> In
this thesis, we give a generalized version of mutually avoiding set theorem in the plane.

Given an algebraic structure R and a subset A C R, define the sum set and
the product set of Atobe A+ A={a+b:a,bc A} and A-A={a-b:abe A}
respectively. Showing under what conditions at least one of |A 4 A| or |[A - A| is large
has a long history of study that continues to the present day. By employing recent
developments on the energy of polynomials over finite fields, we give the best-known
lower bounds on max{|A + Al,|f(A, A)|}, when A is a small subset of F,, and f is a

quadratic non-degenerate polynomial in [F,[z, y].
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Chapter 1

On grids in point-line arrangements

in the plane

1.1 Introduction

Given a finite set P of points in the plane and a finite set £ of lines in the plane,
let I(P,L) ={(p,f) € Px L :p e} be the set of incidences between P and L. The
incidence graph of (P, L) is the bipartite graph G = (P U L, I), with vertex parts P
and £, and E(G) = I(P,L£). If |P| = m and |£| = n, then the celebrated theorem of

Szemerédi and Trotter [89] states that

[I(P,£)| < O(m*3n*3 +m +n). (1.1)



Moreover, this bound is tight which can be seen by taking the v/m x y/m integer lattice
and bundles of parallel "rich” lines (see [64]). It is widely believed that the extremal
configurations maximizing the number of incidences between m points and n lines in
the plane exhibit some kind of lattice structure. The main goal of this thesis is to show
that such extremal configurations must contain large natural grids.

Let P and P, (respectively, £ and L) be two sets of points (respectively, lines)
in the plane. We say that the pairs (P, £) and (P, Lo) are isomorphic if their incidence

graphs are isomorphic. Solymosi made the following conjecture (see page 291 in [11]).

Conjecture 1.1. For any set of points Py and for any set of lines Ly in the plane, the
mazimum number of incidences between n points and n lines in the plane containing

no subconfiguration isomorphic to (Py, Lo) is o(n3).

In [87], Solymosi proved this conjecture in the special case that Py is a fixed set
of points in the plane, no three of which are on a line, and Ly consists of all of their
connecting lines. However, it is not known if such configurations satisfy the following

stronger conjecture.

Conjecture 1.2. For any set of points Py and for any set of lines Ly in the plane,
there is a constant € = €(Py, Ly), such that the mazimum number of incidences between

n points and n lines in the plane containing no subconfiguration isomorphic to (Py, Lo)

is O(n*/37¢).

Our first theorem is the following.



Figure 1.1: An example with |£,| = |£,| = 3 and |P| = 9.

Theorem 1.3. For fized t > 1, let L, and Ly, be two sets of t lines in the plane,
and let Py = {l, Ny : by € Lo by € Ly} such that |Py| = t*. Then there is a
constant ¢ = ¢(t) such that any arrangement of m points and n lines in the plane that
does not contain a subconfiguration isomorphic to (Py, L, U Ly) determines at most

2t—2  2t—1 141 L
c(m3=2n3=2 +m "&-3 + n) incidences.

See the Figure 1.1. As an immediate corollary, we prove Conjecture 1.2 in the

following special case.

Corollary 1.4. For fized t > 1, let L, and Ly be two sets of t lines in the plane, and
let Py ={l,Nly: Ly € Ly, by € Ly} If |Py| = 2, then any arrangement of n points and
n lines in the plane that does not contain a subconfiguration isomorphic to (Py, L, ULy)

determines at most O(n%_ﬁ) incidences.
In the other direction, we prove the following.

Theorem 1.5. Let L, and Ly, be two sets of 2 lines in the plane, and let Py = {{, N :

ly € Lo, 0y, € Ly} such that |Py| = 4. For n > 1, there exists an arrangement of n



Figure 1.2: An example of a natural 3 x 3 grid.

points and n lines in the plane that does not contain a subconfiguration isomorphic to

(Py, Lo U L), and determines at least Q(n'*11) incidences.

Given two sets £, and Ly, of ¢ lines in the plane, and the point set Py = {{,N¥} :
by € Lo, by € Ly}, we say that (Py, £, U L) forms a natural t x t grid if |Py| = t?, and
the convex hull of Py, conv(F), does not contain the intersection point of any two lines
in £, and does not contain the intersection point of any two lines in L;. See Figure

1.2.

Theorem 1.6. For fizred t > 1, there is a constant € = &(t), such that any arrangement
of n points and n lines in the plane that does not contain a natural t Xt grid determines

at most O(n3~%) incidences.

Let us remark that ¢ = Q(1/¢?) in Theorem 1.6, and can be easily generalized
to the off-balanced setting of m points and n lines.

We systemically omit floor and ceiling signs whenever they are not crucial for
the sake of clarity of our presentation. All logarithms are assumed to be base 2. For

N >0, welet [N]={1,...,N}.



1.2 Proof of Theorem 1.3

In this section we will prove Theorem 1.3. We first list several results that we

will use. The first lemma is a classic result in graph theory.

Lemma 1.7 (Kovari-Sos-Turén [49]). Let G = (V, E) be a graph that does not contain

a complete bipartite graph K, s (1 <1 < s) as a subgraph. Then |E| < ¢;|[V|*"+, where

cs > 0 1s constant which only depends on s.

The next lemma we will use is a partitioning tool in discrete geometry known
as simplicial partitions. We will use the dual version which requires the following
definition. Let £ be a set of lines in the plane. We say that a point p crosses L if it is

incident to at least one member of £, but not incident to all members in L.

Lemma 1.8 (Matousek [58]). Let L be a set of n lines in the plane and let v be a
parameter such that 1 < r < n. Then there is a partition on L =L, U---U L, into r

parts, where 3~ < [L;] < 27", such that any point p € R? crosses at most O(\/T) parts

L;.

Proof of Theorem 1.3. Set t > 2. Let P be a set of m points in the plane and let £
be a set of n lines in the plane such that (P, £) does not contain a subconfiguration
isomorphic to (P, L, U Ly).

If n > m?/100, then (2.1) implies that |I(P,£)] = O(n) and we are done.
Likewise, if n < m#-1, then (2.1) implies that |I(P,L)| = O(mHﬁ) and we are

done. Therefore, let us assume mITT < n < m? /100. In what follows, we will show



2t—2  2t—1

that |I(P, L) = O(m3—2n3-2). For sake of contradiction, suppose that I(P, L) >

cm 2 n%, where c is a large constant depending on ¢ that will be determined later.

Set r = flOn%/m%] Let us remark that 1 < r < n/10 since we are

assuming mET < p < m?/100. We apply Lemma 1.8 with parameter r to £, and
obtain the partition £ = £, U ---U L, with the properties described above. Note that
|L£;| > 1. Let G be the incidence graph of (P, L). For p € P, consider the set of lines
in £;. If p is incident to exactly one line in £;, then delete the corresponding edge in
the incidence graph G. After performing this operation between each point p € P and
each part £;, by Lemma 1.8, we have deleted at most c;m+/r edges in G, where ¢; is

an absolute constant. By setting c sufficiently large, we have

2t—2  2t—1 2t—2  2t—1

cimy/r = V10cm3—2ns=2 < (¢/2)m3—2ns—2,

Therefore, there are at least (¢/ 2)771%71?2:é edges remaining in GG. By the pigeonhole

principle, there is a part £; such that the number of edges between P and £; in G is

at least

2t—2  2t—1 4t—2
cm3t—2n3t—2 cm3t—2
= 2—1 *
2r 20n,3—2

Hence, every point p € P has either 0 or at least 2 neighbors in £; in G. We claim



that (P, £;) contains a subconfiguration isomorphic to (P, £, U L;). To see this, let us
construct a graph H = (L;, E) as follows. Set V(H) = L;. Let Q@ = {q1,...,qu} C P
be the set of points in P that have at least two neighbors in £; in the graph G. For
¢; € Q, consider the set of lines {/1, ..., {5} from £; incident to g;, such that {¢y, ..., ¢}

appears in clockwise order. Then we define £; C (521) to be a matching on {¢q,..., 4},

where

{(l1,03), (U3,0y),...,(Ls_1,0s)}  if s is even.

{(fl, EQ), (fg, €4>, ce (ES_Q, €$_1>} if s is odd.

\

Set E(H) = E;UE,U---UE,. Note that E; and Ej, are disjoint, since no two points

are contained in two lines. Since |E;| > 1, we have

4t—2

cmst=2

|E(H)| > —i=

60n 3t=2

Since

3t2£2
V(H)| = L] <
Bn3t—2



this implies

C

E(H)|l >
[E(H)| 2 o55F

(V(H))* "+

By setting ¢ = ¢(t) to be sufficiently large, Lemma 1.7 implies that H contains a
copy of Ki,. Let L£7,L, C L; correspond to the vertices of this K;; in H, and let
P ={linty € P: 1ty € Ll e L)} We claim that (P, £} U L)) is isomorphic to
(Py, Lo U Ly). Tt suffices to show that |P'| = 2. For the sake of contradiction, suppose

pE 61 N 62 N 63, where El,EQ S £/1 and 63 S £/2 This would 1mp1y (61,63% (EQ,E?)) S Ej

L;

for some j which contradicts the fact that £; C (2

) is a matching. Same argument

follows if ¢, € L} and /5, ¢35 € L}. This completes the proof of Theorem 1.3. m

1.3 Natural Grids

1

Given a set of n points P and a set of n lines £ in the plane, if |[I(P, L)| > cn3 ",
where c is a sufficiently large constant depending on k, then Corollary 1.4 implies that
there are two sets of k lines such that each pair of them from different sets intersects at
a unique point in P. Therefore, Theorem 1.6 follows by combining Theorem 1.3 with

the following lemma.

Lemma 1.9. There is a natural number ¢ such that the following holds. Let B be a

set of ct? blue lines in the plane, and let R be a set of ct? red lines in the plane such



Figure 1.3: Sets R, By, By in the proof of Lemma 1.9.

that for P = {l; Nty : {1 € B,ly € R} we have |P| = ¢*t*. Then (P,BUR) contains a

natural t X t grid.

To prove Lemma 1.9, we will need the following lemma which is an immediate

consequence of Dilworth’s Theorem.

Lemma 1.10. For n > 0, let £ be a set of n? lines in the plane, such that no two
members intersect the same point on the y-axis. Then there is a subset L' C L of size
n such that the intersection point of any two members in L' lies to the left of the y-axis,

or the intersection point of any two members in L' lies to the right of the y-axis.

Proof. Let us order the elements in £ = {¢,...,{,2} from bottom to top according
to their y-intercept. By Dilworth’s Theorem [22], £ contains a subsequence of n lines
whose slopes are either increasing or decreasing. In the first case, all intersection points
are to the left of the y-axis, and in the latter case, all intersection points are to the

right of the y-axis. [l



Figure 1.4: An example for the line /¢;.

Proof of Lemma 1.9. Let (P,BUR) be as described above, and let ¢, be the y-axis.
Without loss of generality, we can assume that all lines in BU R are not vertical, and
the intersection point of any two lines in B U R lies to the right of ¢,. Moreover, we
can assume that no two lines intersect at the same point on ¢,.

We start by finding a point y; € ¢, such that at least |B|/2 blue lines in B
intersect £, on one side of the point y; (along ¢,) and at least |R|/2 red lines in R
intersect ¢, on the other side. This can be done by sweeping the point y; along ¢, from
bottom to top until ¢t?/2 lines of the first color, say red, intersect £, below y;. We then
have at least ct?/2 blue lines intersecting £, above y;. Discard all red lines in R that
intersect ¢, above y;, and discard all blue lines in B that intersect ¢, below y;. Hence,
|B| > ct?/2.

Set s = [ct?/4]. For the remaining lines in B, let B = {by, ..., bys}, where the
elements of B are ordered in the order they cross ¢,, from bottom to top. We partition

B = By U By into two parts, where By = {by,...,bs} and By = {bsy1,...,bs}. By

10



applying an affine transformation, we can assume all lines in R have positive slope and
all lines in B; U By have negative slope. See Figure 1.3.

Let us define a 3-partite 3-uniform hypergraph H = (R U B; U By, E'), whose
vertex parts are R, By, By, and (r,b;,b;) € R x By x By is an edge in H if and only if
the intersection point p = b; N b; lies above the line 7. Note, if b; and b; are parallel,
then (r,b;,b;) ¢ E. Then a result of Fox et al. on semi-algebraic hypergraphs implies

the following (see also [13] and [30]).

Lemma 1.11 (Fox et al. [29], Theorem 8.1). There exists a positive constant v such
that the following holds. In the hypergraph above, there are subsets R’ C R,B; C
By, By C By, where |R'| > a|R|, |Bi| > a|Bi|, |By| > «|Bs|, such that either R' x B x
B, CFE,or (R xByxBy)NE=1.

We apply Lemma 1.11 to H and obtain subsets R', B}, B} with the properties
described above. Without loss of generality, we can assume that R’ x B} x B, C E,

since a symmetric argument would follow otherwise. Let ¢; be a line in the plane such

that the following holds.

1. The slope of ¢; is negative.

2. All intersection points between R’ and B'; lie above ¢;.

3. All intersection points between R’ and B’ lie below ¢;.

See Figure 1.4.

Line ¢ defined above exists.

11



Proof. Let U be the upper envelope of the arrangement | J,., ¢, that is, U is the closure
of all points that lie on exactly one line of R and strictly above exactly the |R'| — 1
lines in R’.

Let P, be the set of intersection points between the lines in B with U. Likewise,
we define P, to be the set of intersection points between the lines in B with U. Since
U is x-monotone and convex the set P, lies to the left of the set P;. Then the line ¢;
that intersects U between P, and P, and intersects £, between B] and ) satisfies the

conditions above. O

Now we apply Lemma 1.10 to R’ with respect to the line ¢;, to obtain \/ac/2-t
members in R’ such that every pair of them intersects on one side of ¢;. Discard all
other members in R’. Without loss of generality, we can assume that all intersection
points between any two members in R’ lie below /1, since a symmetric argument would
follow otherwise. We now discard the set Bj.

Notice that the order in which the lines in R’ cross b € B} will be the same for
any line b € B. Therefore, we order the elements in R’ = {ry,...,r,} with respect to
this ordering, from left to right, where m = [\/M - t]. We define ¢5 to be the line

obtained by slightly perturbing the line r|,,/2; such that:

1. The slope of /5 is positive.
2. All intersection points between B} and {ry,..., 72} lie above /5.

3. All intersection points between B} and {r | 241, .--,7m} lie below ;.

12



See the Figure 1.5.

Figure 1.5: An example for the line /.

Finally, we apply Lemma 1.10 to B} with respect to the line /5, to obtain at
least \/ac-t/2 members in B] with the property that any two of them intersect on one
side of /5. Without loss of generality, we can assume that any two such lines intersect
below /5 since a symmetric argument would follow. Set B* C B to be these set of
lines. Then B* U {r1,...,rm/2} and their intersection points form a natural grid. By

setting ¢ = ¢(t) to be sufficiently large, we obtain a natural ¢ x ¢ grid. O

1.4 Lower Bound Construction

In this section, we will prove Theorem 1.5. First, let us recall the definitions of
Sidon and k-fold Sidon sets.

Let A be a finite set of positive integers. Then A is a Sidon set if the sum of all
pairs are distinct, that is, the equation z+y = u+wv has no solutions with z,y, u,v € A,
except for trivial solutions given by u = z,y = v and = = v,y = u. We define s(NV)

to be the size of the largest Sidon set A C {1,..., N}. Erdds and Turdn proved the

13



following.
Lemma 1.12 (Sce [28] and [74]). For N > 1, we have s(N) = O(v/N).

Let us now consider a more general equation. Let uq,...,us be integers such

that uy + us + u3z + ug4 = 0, and consider the equation

UIL] + UsTo + U3X3 + ULy = 0. (12)

We are interested in solutions to (1.2) with x1, xe, z3, 24 € Z.
Suppose (z1, T3, x3,24) = (a1, az, ag, ay) is an integer solution to (1.2). Let d < 4
be the number of distinct integers in the set {aq, as, as, as}. Then we have a partition

on the indices

{1,2,3,4} =T, U---UTy,

where ¢ and j lie in the same part 7), if and only if x; = ;. We call (a1, a2, a3,a4) a

trivial solution to (1.2) if

Zui:(), v=1,....d.

1€Ty

Otherwise, we will call (ay, as, as, as) a nontrivial solution to (1.2).
In [53], Lazebnik and Verstraéte introduced k-fold Sidon sets which are defined

as follows. Let k be a positive integer. A set A C N is a k-fold Sidon set if each

14



equation of the form
UIT1 + UsXo + U3T3 + ugry = 07 (13)

where |u;| < k and uy + - - - +u4 = 0, has no nontrivial solutions with x1, x9, z3, 14 € A.

Let r(k, N) be the size of the largest k-fold Sidon set A C {1,..., N}.

Lemma 1.13. There is an infinite sequence 1 = a1 < ag < --- of integers such that
am < 28K4m3,

and the system of equations (1.3) has no nontrivial solutions in the set A = {ay,as, .. .}.
In particular, for integers N > k* > 1, we have r(k, N) > ck™*/3N'/3 where c is a

positive constant.

The proof of Lemma 1.13 is a slight modification of the proof of Theorem 2.1

in [74]. For the sake of completeness, we include the proof here.

Proof. We put a; = 1 and define a,, recursively. Given aq,...,a,_1, let a,, be the

smallest positive integer satisfying

am%—<2ui>l Z U X, (1.4)

i€S 1<i<4,i¢ S

for every choice w; such that |u;| < k, for every set S C {1,...,4} of subscripts such

that (Zies ul> # 0, and for every choice of z; € {ay,...,a,_1}, where i ¢ S. For
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a fixed S with |S| = j, this excludes (m — 1)*7 numbers. Since |u;| < k, the total

number of excluded integers is at most

(2k +1)* (j) (m—1)*7 = 2k + 1)*(m* — (m — 1)* = 1) < 2%k*m?.

Jj=1

Consequently, we can extend our set by an integer a,, < 28k*m3. This will
automatically be different from from ay,. .., amn_1, since putting x; = a; for all i ¢ S
in (1.4) we get a,, # a;. It will also satisfy a,, > a,,,—1 by minimal choice of a,,_;.

We show that the system of equations (1.3) has no nontrivial solutions in the
set {ai,...,a,}. We use induction on m. The statement is obviously true for m = 1.
We establish it for m assuming for m — 1. Suppose that there is a nontrivial solution
(21, T2, 3, 24) to (1.3) for some wuy, us, us, uy with the properties described above. Let

S denote the set of those subscripts for which x; = a,,. If > ._cu; # 0, then this

€S

contradicts (1.4). If 3. cu; = 0, then by replacing each occurrence of a,, by a;, we

get another nontrivial solution, which contradicts the induction hypothesis. O]

For more problems and results on Sidon sets and k-fold Sidon sets, we refer the
interested reader to [53, 74, 16].

We are now ready to prove Theorem 1.5.

Proof of Theorem 1.5. We start by applying Lemma 1.12 to obtain a Sidon set M C

[n'/7], such that |M| = ©(n'/'*). We then apply Lemma 1.13 with k = n'/7 and
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N = 1p!/1 to obtain a k-fold Sidon set A C [N] such that

|A] > en'/M,

where c is defined in Lemma 1.13. Without loss of generality, let us assume |A| = cn'/14.
Let P={(i,j) € Z* :i € A1 < j < n'¥/"} and let £ be the family of lines
in the plane of the form y = max + b, where m € M and b is an integer such that

1 <b<ntd/14)2,

Hence, we have

[P =]A]-n" = O(n),

n13/14

2] = M- " — = O(n).

Notice that each line in £ has exactly |A| = en'/* points from P since 1 < b < n'3/11/2,

Therefore,

[1(P,L)] = |L||A] = ©(n' /1),

Claim. There are no four distinct lines (1,05, 03,04 € L and four distinct points

P15, P2, D3, pa € P such that {4 N by = p1,la N Ly = pa, €3N Ly = p3, ly N1 = py.

Proof. For the sake of contradiction, suppose there are four lines ¢4, {5, (3, ¢4 and four

points p1, pa, p3, p4 with the properties described above. Let ¢; = m;x + b; and let
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pi = (24,y;). Therefore,

Hence,

p1 € {1, 0

JORS 62, £3

Ps € 63, €4

pa € 647 61

gl ﬂfz =P = (xhyl))

by N L3 = py = (12,92),

£3ﬂ€4 = D3 = (m37y3)7

606 =pi= (2am).

= (m1 —ma)xy + by — by =0,

= (my — mg)wy + by — by =0,

= (m3 — ma)T3 +bs — by =0,

= (m4_m1)1’4+b4—b1 =0.
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By summing up the four equations above, we get

(m1 — m2):1c1 —I— (m2 — m3>ZE2 + (m3 — m4)$3 —f- (m4 — m1)$4 = 0

By setting u; = my — mg, us = mo — mg, Uz = M3 — My, Ug = My — My, We get

UIL] + U1T2 + U3T3 + UgTy = 0, (15)

where u; + ug +us +uy = 0 and |u;| < n'/7. Since a1, ..., 24 € A, (21,75, 3, 14) Must
be a trivial solution to (1.5). The proof now falls into the following cases, and let us

note that no line in £ is vertical.
Case 1. Suppose 1 = 19 = x3 = x4. Then ¢; is vertical and we have a contradiction.

Case 2. Suppose x1 = Ty = 3 # o4 and uy + us + uz = 0 and uy = 0. Then ¢,
and ¢4 have the same slope which is a contradiction. The same argument follows if

T =Ty = Ty F# T3, T) = T3 = Ty 7 Ta, OF Ty = Ty = Ty 7# T1.

Case 3. Suppose r1 = Ty # 3 = Ty, U1 +us = 0, and uz +uy = 0. Since py, ps € ¢5 and
T1 = To, this implies that /5 is vertical which is a contradiction. A similar argument

follows if 1 = x4 # 9 = x3, U1 + ug = 0, and ug + uz = 0.

Case 4. Suppose x| = x3 # To = x4, uy +uz = 0, and us + ug = 0. Then uy +uz =0
implies that m; + ms = mo + my. Since M is a Sidon set, we have either m; = my and

mgz = my or my = my and mo = mg. The first case implies that ¢, and ¢y are parallel
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which is a contradiction, and the second case implies that ¢ and /5 are parallel, which

is again a contradiction. O

This completes the proof of Theorem 1.5. O

1.5 Concluding Remarks

e An old result of Erdds states that every n-vertex graph that does not contain a
cycle of length 2k, has O (n'T'/*) edges. It is known that this bound is tight
when k£ = 2,3, and 5, but it is a long standing open problem in extremal graph
theory to decide whether or not this upper bound can be improved for other
values of k. Hence, Erdés’s upper bound of O(n®/*) when & = 4 implies Theorem
1.3 when ¢t = 2 and m = n. It would be interesting to see if one can improve the
upper bound in Theorem 1.3 when ¢ = 2. For more problems on cycles in graphs,

see [91].

e The proof of Lemma 1.9 is similar to the proof of the main result in [1]. The main
difference is that we use the result of Fox et al. [29] instead of the Ham-Sandwich
Theorem. We also note that a similar result was established by Dujmovi¢ and

Langerman (see Theorem 6 in [23]).

Chapter 1 is a version of the material appearing in “On Grids in Point-Line
Arrangements in the Plane,” In 35th International Symposium on Computational Ge-

ometry (SoCG 2019) (Vol. 129, p. 50), co-authored with Andrew Suk. The author
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was one of the primary investigators and authors of this paper.
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Chapter 2

Constructions of point-line
arrangements in the plane with

large girth

2.1 Introduction

Let £ > 2 be a fixed integer and let (5, denote a cycle of length 2k. If a graph
contains cycles, then the length of the shortest cycle is called the girth of the graph
and is denoted by g. A graph is Cy-free if it contains no subgraph isomorphic to Coy.
The Turdn number (n, Cy) denotes the maximum number of edges in a Cyy-free graph

on n vertices. An unpublished result of Erdos, which was also proved by Bondy and
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Simonovits in [6], shows that

(TL, CQk) =0 (TLH—I/]C) .

In the other direction, one can use the probabilistic method to show that

(n, Co) > (n,{C5,Cy4, ..., Copyr}) > Q(n*T1/2k).

For k € {2,3,5}, it is known that (n,Cor) = © (n'*/¥)(see [12, 24] for k = 2 and
[4, 50, 95] for k € {3,5}). It is a long standing open problem to determine the order
of magnitude of (n,Cy) for k ¢ {2,3,5}. Erdés and Simonovits [25] conjectured that
(n,Cor) = © (n”l/k) for all £ > 2. For k = 4, the current best lower bound is due to
Benson [4] and Singleton [86], who showed (n,Cg) > Q(n%?). For large k, the densest
known Cfy-free graphs on n vertices are the constructions of Ramanujan graphs due
to Margulis [57] Lubotzky, Phillips, and Sarnak [54], Lazebnik, Ustimenko and Woldar
[52], and Dahan and Tillich [21]. The constructions provide n'* edges where 6 ~ 3

as k — 0.

In this thesis, we study the analogous problem for the point-line incidences in
the plane. Given a finite set P of points in the plane and a finite set £ of lines in the
plane, let I(P, L) = {(p,{) € P x L : p € £} be the set of incidences between P and L.
The incidence graph of (P, L) is the bipartite graph G = (P U L, I), with vertex parts

P and L, and E(G) = I(P,L£). If |P| =m and |£| = n, then the celebrated theorem
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of Szemerédi and Trotter [89] states that

I(P,L)| = O (m**n®3 + m +n). (2.1)

Moreover, this bound is tight which can be seen by taking the v/m x y/m integer lattice
and bundles of parallel "rich” lines (see [64]). Thus, the number of incidences between
any arrangement of n points and n lines is at most O(n*/?), which is significantly better

than ex(n, Cy) = ©(n3/?). Therefore, we make the following conjecture.

Conjecture 2.1. Let k > 3 be an integer. Let P be a set of n points in the plane, let L
be a set of n lines in the plane, and I = I(P, L). If the incidence graph G = (PUL, I)

is Cop-free, then |I(P,L)| = o(n'*'/k).

Solymosi proved Conjecture 2.1 for k£ = 3, but it is still an open problem for k > 4.
In this thesis, we apply a simple technique of realizing point-line incidence
graphs arising from finite geometries as point-line incidence graphs in the Euclidean
plane. As expected, we obtain some loss on the number of edges. Our first result is
stated below, which is obtained by applying this technique to a well-known construction

of Lazebnik and Ustimenko [51] of a large graph with large girth.

Theorem 2.2. Let k > 3 be an odd integer. Forn > 1, there exists an arrangement of
n points P and n lines L in the plane such that their incidence graph G = (P UL, I)

4
has girth g > k + 5 and determines at least Q(n1+k2+6k73) incidences.

For k = 5, we obtain a slightly better bound by applying this technique to
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Wenger graphs.

Theorem 2.3. There exists an arrangement of n points P and n lines L in the plane
such that their incidence graph G = (P U L, 1) is Cyo-free and determines at least

Q(n'+1/19) incidences.

We systemically omit floor and ceiling signs whenever they are not crucial for

the sake of clarity of our presentation.

2.2 Proof of Theorem 2.2

In [51], Lazebnik and Ustimenko gave the following construction of a g-regular
bipartite graph D(q, k) = (U UV, E) on 2¢"* vertices with girth g > k + 5, where ¢ is
a prime power and k£ > 3 is an odd integer. The vertex set of D(q, k) is U UV, where
U=V ={0,1,...,¢—1}* In order to define E C U x V, we will label the coordinates

of u e U and v € V as follows.

/ /
u = (U17U1,1,U1,2, U2,1, U2,2, Ug 9, U2,3, U3,2, U3 3 - - -5 Uy 5y Ui it 1, Wit1yis Wit 3415 - - ) ‘

and

/ /
v= (111, V1,1, V1,2, V2,1, V2,2, Vg 9, V2,3, U3,2, V3,3, - - -, Uy 45 Vit 1, Vit 1,0 Vikl,it1s - - ) )

Note that we only consider the first k such coordinates. For example when k = 5, we

25



have u = (u, w11, U1 2,Ug 1, U22) , v = (V1,V11,V1,2,V21,V22) . Then uv € E if and only

if the following k£ — 1 equations are satisfied:

V1,1 — U1 = V1Uy mod q
V12 — U2 = V1,1 mod ¢
Vg1 — U211 = ViU mod q
)
Vig — WUi5 = U1Ui—14 mod ¢
/ /
Vi — U = U mod ¢ ‘
> 1> 2
Vii41 — Uji41 = UV;4 mod ¢
g — ! d
Vit1,i Uit1,i = 'Ului,i mod ¢q
Vs

where uj ; = uy 1, v, = v11.
For example, if £k = 5, wv € E if and only if the following 4 equations are

satisfied.

V1,1 — U1 = V1 mod q
V1,2 — U2 = V1,1U1 mod q
Vg1 — Uz1 = ViU mod ¢
Vg2 — U2 = ViU 2 mod g.

In [51], Lazebnik and Ustimenko proved the following,.

Theorem 2.4 (Theorem 3.3 in [51]). For an odd integer k > 3, the bipartite graph
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D(k,q) described above has girth g > k + 5.
We will use this construction to prove Theorem 2.2.

Proof of Theorem 2.2. Let k > 3, and n > 1 be sufficiently large such that |n k2+ék73j >
1. By Bertrand’s postulate theorem, there is a prime number ¢ such that Ank < q <
8n«. Then let D(q, k) = (U UV, E) be defined as above. Let U’ € U and V' C V such

that v € U’ if

4
0 S Uy S nk2+6k—3’

4(+9) o
0 <y < nk?tok=s 1,7 > 1,

4(i+4)

0< u;] < mkr?+6k—3 i,j > 1.

and v € V' if

4
0 < vy < 2nk?+ek—3,

4(2i+1)
0 <041 < Ani?ror-s,

4(2i41) )
0< Vit1,i < 377/’62*6’“*3, 1> 1,

4(2i)

0 S ,U”gi S Z_l:nk2+6k737

4(24)
0< V5 i < 3nk2+6k—3

Then let £/ C U’ x V' such that uv € E’ if and only if the following k& — 1

equations are satisfied
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V1,1 — U1 = N1y
V1,2 —U1,2 = V11U

Vg1 — U2,1 = V1U11

Vi — Uy = V1Ui—1,4
/ !
Vi — Uiy = U1V55—1

1,1 %,

Vi1 — Uji41 = UV

Vit1,; — Ui+15 = Ulué,i )

The bipartite graph G = (U’ U V', E’) is a subgraph of D(q, k), and therefore,

it has girth g > k + 5. It suffices to show that |E'| = Q(nHm) and to realize G as
an incidence graph of points and lines in the plane.

Set P = U’ c ZF. Then we have

kE=3_4
k=3
4 4(2) 2 4i 4(557)
|P| = ni¥+6k=3 . nkZ+ch=s - | | nk2+6k—3 | . r2+ek—3
=3

_ nm(1+2+2(3)+...+2(’“—;3—1)+%)

We define a set of |[V’| lines £ in R* as follows. For each v € V', let £, be the solution

space to the following system of k — 1 equations over k variables.
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V1,1 —X1,1 = 1
V1,2 —X1,2 = V1,121

Vg1 — X221 = V111

Vii — Lig = V1Ti—1,

Vii+1 — Tii+1 = T1Vi;

Vitli — Ti+15 = Uli’fé,i
Set L = {{, : v € V'}. It is easy to see that the k — 1 equations above are independent

and therefore, ¢, is a line in R*. Moreover, each line is unique by the following claim.

Claim. Ifv,w € V' are distinct, then {,, # {,,.

Proof. Let v and w be two distinct members of V', where

/ !/
v = (v1, U1,1, V1,2, V2,1, V2,2, Vg 9, V2,3, V32, V33 - - -, U; 455 Viit1, Vit1,4s Vitl,i+1, - - s

/ /
w = (wl, Wi,1, W12, W21, W22, Wy 9, W23, W32, « -+, W; 4, W41, Wit14, Witl,it1, - - )

Without loss of generality, we can assume u; # wy, as otherwise, we can show induc-

tively that both vectors v and v have the same coordinates. For any point u € P,

!/ /
w = (U1, us,1, U1,2, U1, U2, Ug g, U2 3, U3,2, U3, - - -y Uy Uii1, Uikl is Uit 1,415 - - -
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there is a unique solution to the following system of k equations.

Wi,1 — U1 = Wi
V1,1 — U1 = N1y

V1,2 — U2 = V1,1U1

Vig — Uiy = V1Ui—14

/ / _
Vi — U = U1V i1

P> 2
Vii+1 — WUji41 = U1V
_ /
Vit1,i — Uitls = V1l ; )
Hence, both v and w correspond to distinct lines. O
Therefore, we have
k=3 _4
4 4(2) 3 ai 1("5%)
|L] = © | n¥+ek—s . niZrer—s . H nk2+6k—3 | . nk2+ok—3
=3

Y <nm(1+2+2(3)+...+2(%71)+%)>

=0(n).

Notice that every point u € P is incident to at least Qnm lines in £. Indeed,
consider the k — 1 equations (2.2). There are onien=s choices for vy. For fixed u € U,
by fixing v; and by equation (2.1), we obtain vy sch that 0 < v1; = viu; +uy; <
3nm. By repeating the same argument the rest of the coordinates of v will be

determined uniquely.

30



Hence, we have a set of ©(n) points P and ©(n) lines in R* such that [I(P, k)| =
Q(n1+ k2+zk—3). Projecting points P and lines £ into the plane completes the proof of

Theorem 2.2. O

2.3 Proof of Theorem 2.3

Let k£ € {2,3,5}. In [95], Wenger gave the following construction of a Cy-free
and p-regular bipartite graph Hy(p) = (U UV, E) on 2p* vertices, where p is a prime
power. First we briefly discuss the Wenger’s construction. The vertex set of Hy(p) is
UUV,where U =V ={0,...,p—1}*. In order to define E C U x V, we will label the

coordinates of uw € U and v € V as follows.

u = (ug, Uty ...,Ux_1) and v = (Vo, V1, ..., Vg_1) -

Then uv € E if and only if the following k — 1 equations are satisfied:

Vj = U; +Uj1 V-1 modp j=0,....k—2.

In [95], Wenger proved the following.
Theorem 2.5. For k € {2,3,5}, the bipartite graph Hy(p) described above is Coy-free.

We will use this construction to prove Theorem 2.3.

Proof of Theorem 2.3. Let k > {2,3,5} and n > 1 be sufficiently large such that

2
|n#?+2x | > 1. By Bertrand’s postulate theorem, there is a prime number p such that
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22%knt < p < 221k Then let Hy(p) = (U UV, E) be defined as above. Let U’ C U

and V' C V such that v € U’ if

2(k—1)

0 < u; < 22D rGrn) 0<i<k-—2,
2
0 < u; < nFeFD i =k—1,
and v € V' if
92(k—i-1)—1, FGT1) < < 92(k—i—1),) FD 0<i<k-—2,
2 2
nFED < gy < 2nFGAD t=Fk—-1.

Let E' C U’ x V' such that uv € E’ if and only if the following k — 1 equations

are satisfied:

Vj = Uj + Uj1Vk—1 j = 0, ce ,k‘ — 2. (22)

The bipartite graph G = (U’ U V', E’) is a subgraph of Hy(p), and therefore, it
is Cyy-free. It suffices to show that |E'| > Q(nHkTik) and to realize G as the incidence

graph of points and lines in the plane.
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Let P = U’ C ZF. Then we have

|P| = H22k i 1)nk<k+1> k(k=1) n_@k( ).

We define a set of [V'| lines £ in R* as follows. For each v € V', let £, be the

solution space to the following system of k£ — 1 equations over k variables.

l‘i+Uk_1ZL‘i+1—’l}i:O ]:O,,k‘—Q (23)

Set L ={{, :v € V'}. It is easy to see that the k — 1 equations above are independent

and therefore, ¢, is a line in R*. Moreover, we have the following claim.

Claim. Ifv,w € V' are distinct, then £, # .

Proof. Let v and w be two distinct members of V', where

v=(v1,...,06-1) and w=(wy,..., WE_1).

Without loss of generality, we can assume u; # w;, as otherwise, we can show in-

ductively that both vectors u and v have the same coordinates. For any point u =
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(uy,usg,...,ur_1) € P, there is a unique solution to the following system of k£ equations.
1+ wi_1To —w; =0

l‘i—|—1}]€_1(l}i+1—1}1:0 OSZSI{?—Q

Hence, both v and w correspond to distinct lines. O

Therefore, we have

k-1
i1y 20k—i) 2_

HZZ(k EpkGr) = 28 1 = Oy (n).

i=0

1

:F

2
Notice that every line ¢, € L is incident to at least n**++ points in P. Indeed,
2
consider k — 1 equations 2.3. There are n*?>+& choices for u,_;. For fixed v € V', by

fixing uy_q and by equation 2.2, we obtain uj_s = vy_o9 — up_10x_1, such that

4
2 o
0 < up—g < 270k,

since

4 _4 _ 4
INFEAD < o < 22 FGHFD and  — 2nFGHD < —yp_qup_g < 0.

By repeating the same argument the other coordinates of u will be determined uniquely.
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Thus we have a set of ©(n) points P and ©(n) lines in R* such that |I(P, k)| =
Q(nlm%ﬂc). Projecting points P and lines £ into the plane completes the proof of

Theorem. O

2.4 Concluding Remarks

As a corollary of Theorem 2.2 for k = 3, we get that there exists an arrangement
of n points and n lines in the plane with no Cy in the incidence graph while determining
Q(TLH_%) incidences. It is worth mentioning that one can follow the construction of
Theorem 1.5 in [60] to get a construction of an arrangement of n points and n lines in

the plane where their incidence graph is Cg-free while it determines Q(n'*7) incidences.

Chapter 2 is a version of the material in “Constructions of Point-Line Arrange-
ments in the Plane with Large Girth”, co-authored with Andrew Suk and Jacques
Verstraéte, which has been submitted for publication. The author was one of the pri-

mary investigators and authors of this paper.
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Chapter 3

A positive fraction mutually

avoiding sets theorem

3.1 Introduction

Let P be an n-element point set in the plane in general position, that is, no
three members are collinear. For k£ > 0, we say that P contains a crossing family of size
k if there are k segments whose endpoints are in P that are pairwise crossing. Crossing
families were introduced in 1994 by Aronov, Erdés, Goddard, Kleitman, Kluggerman,
Pach, and Schulman [1], who showed that for any given set of n points in the plane in
general position, there exists a crossing family of size at least \/m They raised the

following problem (see also Chapter 9 in [11]).

Problem 3.1 ([1]). Does there exist a constant ¢ > 0 such that every set of n points
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in the plane in general position contains a crossing family of size at least cn?

There have been several results on crossing families over the past several decades [32,
66, 76]. Very recently, Pach, Rudin, and Tardos showed that any set of n points
in general position in the plane determines n'=°") pairwise crossing segments. More

precisely, they proved the following theorem.

Theorem 3.2 ([65]). Any set P of n points in general position in the plane determines

at least n/ 200V/108™) yyirwise crossing segments.

The result of Aronov et al. on crossing families was actually obtained by finding
point sets that are mutually avoiding. Let A and B be two disjoint point sets in the
plane. We say that A avoids B if no line subtended by a pair of points in A intersects
the convex hull of B. The sets A and B are mutually avoiding if A avoids B and B
avoids A. In other words, A and B are mutually avoiding if and only if each point in A
"sees” every point in B in the same clockwise order, and vice versa. Hence two mutually
avoiding sets A and B, where |A| = |B| = k, would yield a crossing family of size k. In
Figure 1, two mutually avoiding sets A = {ay, as,as,as} and B = {by, bs, b3, by} yield

a crossing family of size four.

Theorem 3.3 ([1]). Any set of n points in the plane in general position contains a

pair of mutually avoiding sets, each of size at least \/n/12.

It was shown by Valtr [90] that this bound is best possible up to a constant

factor. In this note, we give a fractional version of Theorem 3.3.
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as a
ay as 4

b3

b
by ? by

Figure 3.1: Two mutually avoiding sets A and B.

Theorem 3.4. For every k > 0 there is a constant €, > 0 such that every suffi-
ciently large point set P in the plane in general position contains 2k disjoint sub-
sets Ay, ..., Ax, B1,..., Bk, each of size at least €| P|, such that every pair of sets
A=A{ay,...,ax} and B = {by, ..., bp}, with a; € A; and b; € B;, are mutually avoid-

ing. Moreover, e, = Q(1/k%).

As an immediate corollary, we establish the following fractional version of the

crossing families theorem.

Theorem 3.5. For every k > 0 there is a constant €, > 0 such that every suffi-
ciently large point set P in the plane in general position contains 2k subsets Ay, ..., Ay
,B1,..., By, each of size at least |P|, such that every segment that joins a point
from A; and Byy1_; crosses every segment that joins a point from Agy1_; and B;, for

1 <i < k. Moreover, e, = Q(1/k*).

Let us remark that if we are not interested in optimizing ¢, in the theorems

above, one can combine the well-known same-type lemma due to Barany and Valtr [2]
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(see section 3.8) with Theorem 3.3 to establish Theorems 3.4 and 3.5 with ¢, = 9-O0k"),
Hence, the main advantage in the theorems above is that ¢ decays only polynomially
in k. We will however, use this approach in higher dimensions with a more refined

same-type lemma.

Higher dimensions. Mutually avoiding sets in R? are defined similarly. A point set P
in R¢ is in general position if no d+1 members of P lie on a common hyperplane. Given
two point sets A and B in RY, we say that A avoids B if no hyperplane generated by a
d-tuple in A intersects the convex hull of B. The sets A and B are mutually avoiding

if A avoids B and B avoids A. Aronov et al. proved the following.

Theorem 3.6 ([1]). For fized d > 3, any set of n points in R¢ in general position

contains a pair of mutually avoiding subsets each of size Qd(nl/(dQ_dJrl)).

In the other direction, Valtr showed in [90] that by taking a k x --- X k grid, where
k = |n'/?], and slightly perturbing the n points so that the resulting set is in general
position, one obtains a point set that does not contain mutually avoiding sets of size
cn'=14 where ¢ = c(d).

Our next result is a fractional version of Theorem 3.6.

Theorem 3.7. Ford > 3 and k > 2, there is a constant €4, such that every sufficiently
large point set P in R in general position contains 2k subsets A, ..., Ay, B1,..., By,
each of size at least x| P|, such that every pair of sets A = {ay,...,ar} and B =
{b1,...,bg}, with a; € A; and b; € B;, are mutually avoiding. Moreover, e45 = 1/k*

where cg > 0 depends only on d.
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Similar to Theorem 3.4, €4 in Theorem 3.7 also decays only polynomially in k for

fixed d > 3. However, ¢; does have a rather bad dependency on d, ¢g ~ 2°@.

Finally, we establish a result on crossing families in higher dimensions which

was also observed by Aronov et al. in [1].

3.2 Proof of Theorem 3.4

Proof. In this section we give the proof of Theorem 3.4 which closely follows an argu-
ment of Pér and Valtr in [69]. Let £ > 2 and let P be a set of n points in the plane
in general position where n > (1500k)*. Tt follows from Theorem 1.2 that among any
12(40k + 1)? points P, it is always possible to find two mutually avoiding sets A C P

and B C P each of size at least 40k + 1. It follows that P contains at least

(12(40711~c+1)2) . (801?+2) (3 1)
( n—(80k-+2) ) - (12(40k+1)2) )
12(40k+1)2—(80k+2) 80k+2

pairs of mutually avoiding sets, each set of size 40k + 1. Note that (3.1) follows from

the equality

for positive integers m, a,b where 1 < b <a < m.

Let A and B be a pair of mutually avoiding sets each of size 40k +1. For b € B,
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label the points in A with ay,...,asr+1 in radial clockwise order with respect to b.
Likewise, for a € A, label the points in B with by, ..., byt in radial counterclockwise
order with respect to a. We say that the pair (A, B") supports the pair (A, B) if A’ =
{a; € A;i=1mod 4} and B’ = {b; € B;i = 1 mod 4}. Clearly, |A’| = |B’| = 10k + 1.

Since P has at most ( )2 pairs of disjoint subsets with size 10k + 1 each,

n
10k+1

there is a pair of subsets (A’, B') such that A", B’ C P,|A'| = |B’| = 10k + 1, and

(A’, B') supports at least

80k+2
(w2 ()™
2 2 80k+2
)™ (27) ™ ()™
nGOk

> e100k+41980k+2 (50k> 141k

nGOk

= (430k) 141k

mutually avoiding pairs (A, B) in P, where |A| = |B| = 40k + 1. Notice that for the

m
r

first inequality, we use the inequality (%)r < ( ) < (%)T, where 1 < r < m. To see

why the second inequality holds, we claim that

(10k+1)20k+2 -
(40k+1)160k+4 (5Ok5)141k

as long as k > 2.
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To prove the claim, we need to show that

40k 1 20k+2
(50k>141k > (40]{: _|_ 1)140k+2 (—+) .

10k +1

Since k > 2, (40k + 1)110k+2 (?8:—11)2%% < (40k + 1)14”“(4118:—11)2”“. Therefore, it is

enough to show

(50k) "1 (10k + 1)2" > (40k + 1)'62.

It is easy to check that 50110 > (40.5)'%? (since k > 2, 40k + 1 < 40.5k) and this
completes the proof of the claim. For the last inequality, it is easy to observe that

el00R+41280k+2(50) 141k (430)!41% for k > 2. Note that

43 46.5k 43 92.5k
6100k < (E) and 1280k < (3) .

Therefore,

46.5k 92.5k 5 141k
elOOk 1280k 12264 < ﬁ @ 4_3 < 4_3 ]
5! 5) 5! 5)

Set A" = {a},...,d\g,,} and B" = {b],... b\, }. For any two consecutive

points aj,a;,, € A’,1 < i < 10k, consider the region A; produced by the inter-

/
)

/

section of regions bounded by the lines b\aj, bia;, ; and b}y,a;, b)o.a;, ;. Similarly, we

define the region B; produced by the intersection of regions bounded by the lines

/

1 and ajg,bi, ajgbi, for 1 < ¢ < 10k. Therefore, we have 20k regions

! 1/ !
ayb;, ayb;
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Figure 3.2: Regions and their support.

Ai, .o, Ao, By, ..., Biog. In Figure 3.2, the regions A; and B; defined by support
A" = {d),dh,dy,a}} and B = {0}, by, b5, 0, }. Let us remark that 4 # 10k + 1 for k € Z.
The purpose of this figure is to give some intuition on how the regions A; and B; are
formed.

Let A and B be a pair of mutually avoiding sets each of size 40k + 1. If
(A', B") supports (A, B), where A" = {a},... a1} and B = {b},...,b\y,41}, then
A=A UA U ---UAy and B= B UB; U---U By, where |A;| = |B;| = 3 for all
1 <i < 10k, and A; lies in region A; and B; lies in region B;.

For ¢+ = 1,...,10k, let «;, respectively f;, denote the number of points of P
lying in the interior of A;, respectively B;. It follows from Observation 2.1 that (A’, B')
supports at most Hg’i (Oé’) Hg’i (%) pairs of mutually avoiding sets (A, B), each of

size 40k + 1. Therefore,
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160 0k /o \ 10k 3, 10k
(430k)THTF = 11 (3) 1 (3) < [t

1=

Without loss of generality, let us relabel the regions Ay, ..., Aok, B, ..., Biox so that

ap <ag <o <o and By < By <o < Bioke

Claim. There exists an i such that 1 < i < 9k, and «;, B; > W.

Proof. For the sake of contradiction, suppose for each i, 1 < i < 9k, we have «; <

W. Therefore,

1,20k 10k 9k 10k 10k
WSH%‘B@':HO@< H azHﬁz))
i=1 i=1

1=9k+1 =1

< n ™/ BI%, o+ DI\
= \ (1320k)* 11k

(i) ()"

n20k

(1320k )36k (11/) 11+

Hence, we have

n20k nQOk

(430K)7F = (1320k)% (11%) 11

(3.2)
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20361111

After simplifying (3.2), we get 1220 1320%1111

< 1 which is a contradiction as =557

1.054. Thus, there exists an 7, 1 < i < 9k, with a; > W. With a similar calculation,

there exists an 7, 1 < i < 9k with g; > ( O

_n__
1320k)%

By setting Af = PN Aggy; and B} = PN By, for 1 < ¢ < k, we have 2k subsets

A, . AL BT, ..., By, each of size at least ( such that every pair of subsets

_n__
1320k)%

{a1,...,a;} and {by,...,b;}, where a; € A and b; € B}, is mutually avoiding,. O]

3.3 Mutually avoiding sets in higher dimensions

In this section we will prove Theorem 3.7. Let P = (p1,...,p,) be an n-element
point sequence in R? in general position. The order type of P is the mapping Y :
( dil) — {+1, —1} (positive orientation, negative orientation), assigning each (d + 1)-

tuple of P its orientation. More precisely, by setting p; = (a; 1, a;2,-..,a;4) € RY,

1 1 1
Qi1 CLZ‘271 Ce aid+1,1
X({pilapiza"'apid+1}) = sgn det )
Aiy,d  Qig,d -+ Qigiqd
where 1; < 19 < -+ < giq.
Hence two point sequences P = (py,...,p,) and Q = (qi, . .., g,) have the same order-

type if and only if they are “combinatorially equivalent.” See [34] and [59] for more

background on order-types.
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Given k disjoint subsets Pi,..., P, C P, a transversal of (Py,...,Pg) is any
k-element sequence (py,...,px) such that p; € P; for all i. We say that the k-tuple
(P1,..., Py) has same-type transversals if all of its transversals have the same order-

type. In 1998, Barany and Valtr proved the following same-type lemma.

Lemma 3.8 ([2]). Let P = (p1,...,pn) be an n-eLemmaent point sequence in R in
general position. Then for k > 0, there is an ¢ = €(d, k), such that one can find disjoint

subsets Py, ..., P, C P such that (Py, ..., Py) has same-type transversals and |P;| > en.

Their proof shows that ¢ = 270*",

This was later improved by Fox, Pach, and
Suk [30] who showed that Lemmama 3.8 holds with ¢ = 2-O@klogh)  We will use

the following result, which was communicated to us by Jacob Fox, which shows that

Lemmama 3.8 holds with € decaying only polynomially in k for fixed d > 3.
Lemma 3.9. Lemma 3.8 holds for e = k™%, where cq depends only on d.

The proof of Lemma 3.9 is a simple application of the following regularity lemma
due to Fox, Pach, and Suk. A partition on a finite set P is called equitable if any two

parts differ in size by at most one.

Lemma 3.10 (Theorem 1.3 in [30]). For d > 0, there is a constant ¢ = ¢(d) such
that the following holds. For any € > 0 and for any n-element point sequence P =
(p1,...,pn) in RY, there is an equitable partition P = Py U---U Py, with 1/e < K <

(1/e)¢, such that all but at most a(dfl) (d + 1)-tuples of parts (B,,..., P,

) have

same-type transversals.
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Let us note that K > 1/e follows by first arbitrarily partitioning P into [1/e] parts,
such that any two parts differ in size by at most one, and then following the proof of

Theorem 1.3 in [30].

The next lemma we will use is Turdn’s Theorem for hypergraphs. Given an
r-uniform hypergraph H, let ex(n,H) denote the maximum number of edges in any

‘H-free r-uniform hypergraph on n vertices.

Lemma 3.11 (de Caen [15]). Let K} denote the complete r-uniform hypergraph on k

vertices. Then

ex(n, KI) < (1 - (k—fl) + 0(1)> (7:)

r—1

Proof of Lemma 3.9. Let P = (p1,...,p,) be an n-element point sequence in RY in
general position. Set ¢ = 1/(2k)¢, and apply Lemma 3.10 to P with parameter € to
obtain the equitable partition P = P, U --- U Pk with the desired properties. Hence
|P;| > n/(2k)%<, where c is defined in Lemma 3.10. Since all but at most E(d[_il) (d+1)-

tuples of parts (P, ..., P, ,) have same-type transversals, we can apply Lemma 3.11

td+1

to obtain k parts Pj,..., P, € {P,..., Pk} such that all (d+ 1)-tuples (P! ,..., P/ )

117 1d+1

in {P],..., P} have same-type transversals. O

Proof of Theorem 3.7. Let k > 0 and let P be an n-element point set in R¢ in general
position. We will order the elements of P = {py,...,p,} by increasing first coordinate,

breaking ties arbitrarily. Let ¢ = ¢/(d) be a sufficiently large constant that will be
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determined later. We apply Lemma 3.9 to P with parameter k' = [k¢] to obtain
subsets Py, ..., Py C P such that |P;| > k—<¢n, where ¢y is defined in Lemma 3.9,

such that all (d + 1)-tuples (P,,..., P,

5..1) have same-type transversals. Let P’ be a
k'-element subset obtained by selecting one point from each subset P;. By applying
Theorem 3.6 to P’, we obtain subsets A, B C P’ such that A and B are mutually
avoiding, and |A|,|B| > Q((k')Y/(@~4+1)) By choosing ¢ = ¢(d) sufficiently large,
we have |Al|, |B| > k. Let {a1,...,ax} C A and {by,...,b;} C B. Then the subsets
Ay, A By, ..., B € {Py,..., Pv}, where a; € A; and b; € B, are as required in

the theorem. O

3.3.1 Crossing Families in Higher Dimensions

Let P be an n-element point set in R¢ in general position. A (d — 1)-simplex
in P is a (d — 1)-dimensional simplex generated by taking the convex hull of d points
in P. We say that two (d — 1)-simplices strongly cross in P if their interiors intersect
and they do not share a common vertex. A crossing family of size k in P is a set of k
pairwise strongly crossing (d — 1)-simplices in P.

In [1], Aronov et al. stated that Theorem 3.6 implies that every point set P in
R4 in general position contains a polynomial-sized crossing family, that is, a collection
of (d — 1)-simplices in P such that any two strongly cross. Since they omitted the
details, below we provide the construction of a crossing family using mutually avoiding

sets in R?.
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Let d > 2 and let P be a set of n points in R in general position. Then P
1

contains a crossing family of size Q(y/n) for d = 2, and of size Qq(n?Mi=s-"*+D) for

d > 3.

Proof. We proceed by induction on d. The base case d = 2 follows from Theorem 3.3:
a pair of mutually avoiding sets A and B in the plane, each of size Q(y/n), gives rise
to a crossing family of size Q(y/n). For the inductive step, assume the statement holds
for all d' < d.

Let P be a set of n points in R? in general position. By Theorem 3.6, there
is a pair of mutually avoiding sets A and B such that |A| = |B| = k = Qd(nm).
Let A = {a1,...,a;} and B = {by,...,b;}. Since conv(A) N conv(B) = 0, by the
separation theorem (see Theorem 1.2.4 in [59]), there is a hyperplane H such that A
lies in one of the closed half-spaces determined by H, and B lies in the opposite closed
half-space.

For each a; € A, let a;b be the line generated by points a; and b € B. Then
set B; = {a;bNH : b € B}. Since P is in general position, B; is also in general
position in H for each i. Moreover, since A and B are mutually avoiding, B; has the
same order-type as B; for every i # j. Indeed, for any d-tuple b;,0b;,,...,b;, € B,
every point in A lies on the same side of the hyperplane generated by b;,,0b,,...,b;,.
Hence the orientation of the corresponding d-tuple in B; C H will be the same as
the orientation of the corresponding d-tuple in B; C H for i # j. Therefore, let us

just consider B; C H. By the induction hypothesis, there exists a crossing family of
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(d — 2)-simplices of size

1 1
H:QdGﬂﬁ$ﬂHU):QdGﬁwﬂmim)j

in By C H. Let S = {S1,...,Sr} be our set of pairwise crossing (d — 2)-simplices in
By C H and let 8" ={S],...,S},} be the corresponding (d — 2)-simplices in B (which
may or may not intersect).

Set S} = (a; US)). Then Sj,...,S;, is a set of k' pairwise crossing (d — 1)-
simplices in R¢. Indeed, consider S} and S;. If §§NS; # 0, then we are done.
Otherwise, we would have Sj N Sf # 0 or §; NSy # 0 since B; and B; have the
same order type and S; N'S; # (). More precisely, let 7; be a ray from a; through an
intersection point of §; and S;. The ray r; intersects both S; and S; by the definition
of §; and §;. Without loss of generality assume r; intersects S; first. It follows that

SNS; #0. O

Chapter 3 is a version of the material appearing in “A Positive Fraction Mutually
Awvoiding Sets Theorem”, Discrete Mathematics, Vol. 343, Issue 3, 2020, co-authored

with Andrew Suk. The author was one of the primary investigators and authors of this

paper.
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Chapter 4

Exponential sum estimates over

prime fields

4.1 Introduction

Let ), be a prime field, and x be a non-trivial multiplicative character of F},.
Let 6 > 0 be a real number. The Paley graph conjecture states that for any two sets
A, B C F, with |A|,|B| > p°, there exists v = ~(d) such that the following estimate

holds:

Z x(a+0b)

acA,beB

<p7AllB], (4.1)

for any sufficiently large prime p and any non-trivial character .
If |Al > p%” and |B| > p°, the conjecture has been confirmed by Karatsuba in

[45, 44, 46]. In other ranges, the conjecture remains widely open, even in the balance
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case |A| = |B| ~ p'/2.
In [17], it is shown that if we have a restricted condition on the size of the

sumset B + B, then the inequality (4.1) is true. The precise statement is as follows.

Theorem 4.1 ([17]). Let 0 and K be positive numbers. Let A, B be sets in Iy with
p > p(6, K) large enough and x a non-trivial multiplicative character of Fr. Suppose
that

|A] > p5*?,
IB| > pi*?,
B+ B| < K|B)|.

Then there exists v = (6, K) > 0 such that

<p "|A[[B].

Z x(a+b)

acA,beB

In a recent work, Shkredov and Volostnov [83] improved this theorem in the
case A = B using a Croot-Sisask lemma on almost periodicity of convolutions of
characteristic functions of sets [20]. For the sake of completeness, we will state their

result in a general form as follows.

Theorem 4.2 ([83]). Let 6, K and L be positive numbers. Let A, B be sets in T, with

p > p(6, K, L) large enough and x a non-trivial multiplicative character of . Suppose
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that

A > p3i+,
IB| > p5it?,
A+ Al < K|A,

|A+ B| < L|B|.

Llog2K
<\ 7 |AllBI.
0 logp

Using recent advances in additive combinatorics, it has been indicated by Shkre-

Then we have

Z x(a+b)

a€AbEB

dov and Shparlinski [82] that if we study the sums with more variables, then the prob-
lem becomes much easier. Namely, given four sets 7,U,V, W in F, and two sequences

of Welghts a = (at)tETa 5 = (ﬁu,v,w)u,v,web{x]}xw with

max |oy| < 1, max | Buvw| < 1,
teT (u,v,w)EUXVXW

they considered the following sum

SX(T,U,V,W,a,ﬁ,f) = Z atﬁuvwX(t+f(u7U7w>>7

teT ,uel,veV,weW

where f(z,y, 2) is a polynomial in three variables in F,[z, vy, .
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Throughout this chapter, we denote the cardinality of 7,U,V, VW C F, by
T,U,V, W, respectively. We use X < Y if X < CY for some constant C' > 0 indepen-
dent of the parameters related to X and Y, and write X > Y for Y < X. The notation
X ~ Y means that both X < Y and Y < X hold. In addition, we use X <Y to
indicate that X < (logY)Y.

For the specific cases f(z,y,2) = © + yz and f(z,y,z) = x(y + z), Shkredov

and Shparlinski [82] deduced the following result.

Theorem 4.3 ([82]). For U,V,W, T C F;, let M = max{U,V,W}. If f(z,y,2) =

x+yz or f(x,y,z) = x(y + 2), then for any fized integer n > 1, we have

|SX(T7U7V7W704567]0)’ <
e oy | T i n=1
((wvw)=a 4 M vy -3)
Tpin + Tipz if n > 2.

We note that this theorem is an improvement of the work of Hanson [35]. In
order to indicate the strength of Theorem 4.3, the following interesting cases were

considered by Shkredov and Shparlinski [82].

1. U~V ~W ~T ~ N, then by setting n = 1, we have

11 1

|SX(T7U7V7W705767.]C)| << NTPE,
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o . 2
which is non-trivial whenever N > p5*¢ for some € > 0.

2. Suppose that T' > p© for some ¢ > 0 and U ~ V ~ W ~ N. Taking n = [%J + 1,

we have

1S (T, U, VW, a, B, f)| < N> an Tpin,

which is non-trivial as long as N > p%” for some § > 0.

One can see [66, 26, 9, 31, 35, 43, 83, 56, 55, 85] and references therein for related

results.

4.1.1 Statement of main results

The main purpose of this thesis is to extend Theorem 4.3 to a general form.
More precisely, we consider any quadratic polynomial f(x,y,z) which is not in the
form of g(h(x) + k(y) + I(z)) for some polynomials g, h, k,l in one variable. We will

also study the case of polynomials f in two variables. Our first result is as follows.

Theorem 4.4. Let f € F,[z,y, 2] be a quadratic polynomial that depends on each
variable and that does not have the form g(h(z) + k(y) +(2)). ForU,V, W C T}, let

Q=max{U ", V', W'} and let T C F}. Then the following statements hold:

1. IfUVW < p?, then we have

. X T%p% if n=1
SUT. UV, W, a8, )] < (UVW)~5 + UVIVQT ).
Tpis + Tips if n> 2.
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2. IfUVW > p? then we have

T%p% if n=1
Uvw 1
’SX(T,Z/{,V,W,O(,ﬂ,f” < (W—FUVWQW)

Tpn +T2p2 if n>2.
As an immediate consequence of Theorem 4.4, we get the following corollaries.

Let f € Fplz,y, 2] be a quadratic polynomial defined in Theorem 4.4. Let
U VW, T CF; such that U ~ V ~ W ~ N and T > p° for some € > 0. Then the

following statements hold:

1. If pst < N < p3 for some § > 0 and n > |5] + 1, then we have
IS (T UV W, 0,8, f)] < N Tpin,

2. If N> p3 and n > | 5] + 1, then we have

N3T
|SX(T7M7V7W705;67]8)| < p—

1/4n"

Let f € F,[x,y, 2] be a quadratic polynomial defined in Theorem 4.4. For U, V. W, T C

Fy with U ~V ~ W ~ T ~ N, we have the following conclusions:
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1. Suppose that ps+° < N < p% for some 9 > 0, then we have

1S\ (T, U, VW, , B, )| < N'W4pl/2 (n = 1).

2. Suppose that N > p?/3, then we have

1S (T UV W, 0, 8, f)] < N7 (n=1).

Now we address the results for two variable quadratic polynomial f € F,[z,y].
Let x be a non-trivial multiplicative character of Fy. Given three sets 7,4,V in F, a
polynomial f € F,[z,y|, and two sequences of weights a = (at)ie7, 5 = (Buw)upveuxy
with

<1 <1
o <1 s el <1

we define

SX(Tvz/{aV?avﬁvf) = Z atﬁqu@"‘f(U,U)).

teT uel wev
We are interested in finding an upper bound of the sum S, (7.,U,V, o, 3, f). In
particular, we deduce strong results on this problems in the case when f € F,[z,y] is a
quadratic polynomial which is not of the form g(ax+ Sy) for some polynomial g in one
variable. Relating this problem for two variable polynomials to that of three variable

polynomials, we are able to prove the following result for two variable polynomials.
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Theorem 4.5. Let f € Fylz,y] be a quadratic polynomial which depends on each

variable and which does not take the form g(ax+by). GivenU,V, T C Fy with [U—V| ~

kU for some parameter k > 0, the following two statements hold:

1. If VAU — V| < p?, then we have

|SX(T7U7V7a7ﬁaf)| 5

L Uv o ovy )T if n=1
"Y1 Tk Vi)’

Tpan + T2pa if n>2.

2. If VU — V| > p?, then we have

‘SX(T,Z/{,V,OZ,B,]C” S

(/gl UV UV Tip? if n=1
l p1/2n l Vi/n

Tpin + T2pz if n> 2.

As a consequence of Theorem 4.5 for k = 1, we have the following corollary.

Let f € F,[z,y| be a quadratic polynomial defined as in Theorem 4.5. Assume that

UV, T CFwith U = V|~ U, U~V ~ N,and T > p for some € > 0. Then the

following statements hold:
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1. Suppose that p3™ < N < p3 for some € > 0 and n > |1/2¢| + 1. Then we have

1S (T, U, V, a0, B, )| < N* i Tpir,

2. Suppose that N > p?/3 and n > |1/2¢] + 1. Then we have

N2T

SUT UV, B S o7

The rest of this chapter is organized as follows: in Section 2 we prove Theorem 4.4,

and in Section 3 we present the proof of Theorem 4.5.

4.2 Proof of Theorem 4.4

The following result is our main step in the proof of Theorem 4.4. This is the

unbalanced energy version of Theorem 1.1 in [68].

Theorem 4.6. Suppose that f € F,|x,y, 2] is a quadratic polynomial which depends on
each variable and which does not take the form g(h(zx)+k(y) +1(2)). ForU,V, W C Fy
with UVW < p?, let E be the number of tuples (u,v,w,u’,v',w') € (U xV x W)? such

that f(u,v,w) = f(u',v',w"). Then we have

E < (UVW)3? + max{V2*W?2 V2U? U*W?}.
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Proof. Let f(x,y, z) be a quadratic polynomial that is not of the form g(h(x)+ k(y) +
[(2)). Then f has at least one of the mixed terms zy, yz, xz, because otherwise f would
be in the form of h(x)+k(y) +1(z). Moreover, we may assume that f does not have any
constant term, because the value F is independent of the constant term in f(z,y, 2).
Therefore, we may assume that f(x,y,z) = axy +brz + cyz +r(z) + s(y) + t(z) where
one of a,b,c € [, is not zero, and r,s,t are polynomials in one variable with degree
at most two and no constant terms. Furthermore, from the symmetric property of
f(z,y,z) we only need to prove Theorem 5.8 for the following three cases:

Case 1: f(z,y,2) = arvy + brz +1r(z) + s(y) + t(z) with a # 0 and deg(t) = 2.
Case 2: f(z,y,2) = ary + bxz + r(z) + s(y) + t(2) with a # 0 and deg(t) = 1.

Case 3: f(z,y,2) = axy + bxz + r(x) + s(y) with a,b # 0.
Case 4: f(z,y,2) = axy + bxz + cyz + r(x) + s(y) + t(z) with a,b, ¢ # 0.

Notice that if one or two of the three mixed terms does not appear in the
polynomial f(x,y,z) (i.e. Case 1, 2 or 3), then the statement of Theorem 5.8 follows
immediately from Lemma 4.7, 4.8 and 4.9 below. On the other hand, if the polynomial
f(z,y,2) has all the three mixed terms (i.e. Case 4), then Theorem 5.8 is a direct
consequence of Lemma 4.10. Hence, the proof of Theorem 5.8 is complete if we have

the following four lemmas whose proofs will be given in the subsection below.

Lemma 4.7. Let f(z,y,2) = avy + bxz +r(z) + s(y) +t(z) be a quadratic polynomial

in Fy[z,y, 2] that depends on each variable with a # 0 and deg(t) = 2. If U, V, W CF;
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with UVW < p?, then we have

E < (UVW)3? + max{U, V}UVW),

where E denotes the number of tuples (x,y,z,2',y',2") € (U x V x W)? such that

fla,y,z) = [y, ).

Lemma 4.8. Let f(x,y,2) = axy +brz+r(x)+ s(y) +t(z) be a quadratic polynomial
in Fplz,y,z] that depends on each variable with a # 0 and deg(t) = 1. Then for

U VW CF, withUVIV < p?, we have

E < (UVW)3? 4 max{V2W?2 V2U? U*W?},

where E is the number of tuples (x,y, z,2',y',2') € U xV x W)? such that f(x,y,z) =

f(:c/7 y/7 Z,)

Lemma 4.9. Let f(z,y,2) = avy + bxz + r(z) + s(y) be a quadratic polynomial in
Fylz,y, 2] that depends on each variable with a,b # 0. Then for U,V,W C F; with

UVW < p?, we have

E < (UVW)*? 4 max{U, VHUVW),

where E is the number of tuples (z,y,z, 2",y 2") € (U XV x W)? such that f(z,y,z) =
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f(x/’ yl’ Z/)

Lemma 4.10. Let f(z,y,2) = axry + bxz + cyz + r(z) + s(y) + t(z) be a quadratic
polynomial in Fylx,y, z] with a,b,c # 0 which depends on each variable and which does

not take the form g(h(x) + k(y) +1(2)). IfU,V,W C F; with UVW < p?, then

E < (UVW)*? 4 max{V*W?2 V2U? U*W?},

where E denotes the number of tuples (x,y,z,2',y',2") € (U x V x W)? such that

f(x7 y? Z) = f(x/7 y’? Zl)

Proofs of Lemmas 4.7, 4.8, 4.9, and 4.10

In order to estimate the energy E given in four lemmas above, we use the

point-plane incidence bound due to Rudnev [71]. A short proof can be found in [97].

Theorem 4.11 (Rudnev). Let R,S denote a set of points in IF;; and a set of planes in
F3, respectively. Suppose that |R| < |S| and |R| < p*. In addition, assume that there

s no line that contains k points of R and is contained in k planes of S. Then we have

I(R,S) = |{(p,7) : p e R,m € S} < [R|'?|S| + K|S]|.

We also need the following Lemma.
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Lemma 4.12 (Kévari-Sés-Turdn theorem, [5]). Let G = (AU B, E(G)) be a Ky -free

bipartite graph. Then the number of edges between A and B is bounded by

|E(G)| < tY2|A||B|Y? +|B|.

Proof of Lemma 4.7 Let E be the number of tuples (x,y, z,2',y/, 2') € (UXVxW)?
such that f(z,y,z) = f(2',y/,2"), where the quadratic polynomial f takes the form in

Case 1. This implies that

ayr — ax'y + (bxz +7r(x) + t(2) — s(y)) = b2’z + r(a') + t(2) — s(y).

This relation can be viewed as an incidence between the point (z, vy, bxz+1r(z)+1t(2) —
s(y')) in F3 and the plane defined by ayX — az’yY + Z = ba'2' + r(2') + t(2') — s(y).

Let R be the following point set:

R :={(z,y, bxz+r(x)+t(z) —s(¥)): (x,y,2) eU XV x W} C Fi,

and S be the following plane set

S:={ayX —ax’Y +Z =b2'2 +r(2") +t(z") —s(y) : (2 y,2") €U x V x W}

For each fixed (u,v,w) € R, at most two elements (z,4',z) in U x V x W reproduce

the (u,v,w), because deg(t) = 2. In fact, we can take x = u,y’ = v, and z values are
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solutions to

t(z) + buz + r(u) — s(v) = w.

By the same argument, we see that each fixed plane in & can be determined by at most
two elements (2/,y,2') € U x V x W. Also notice that each element in U x V x W

determines a point in R and a plane in §. Hence, we have that

IR| ~|S| ~UVW and E ~Z(R,S).

This shows that our problem is reducing to estimate of Z(R,S). To bound this,
we apply Rudnev’s point-plane incidence theorem. Since |R| ~ UVW, the condition
|R| < p? in Theorem 4.11 is clearly satisfied from our assumption that UVW < p?.
Now, we count the number of collinear points in R. Let R’ be the projection of R onto
the first two coordinates. It is clear that R’ = U x V. Thus any line contains at most
max{U, V'} points unless it is vertical. In the case of vertical lines, we can see that no
plane in S contains such lines, because the z-coordinate of normal vectors of planes in
S is one. Therefore, we can apply Theorem 4.11 with & = max{U, V'}. In other words,
we obtain

E < (UVW)*? 4+ max{U, VHUVW).

This completes the proof of Lemma 4.7. [.
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Proof of Lemma 4.8 Since deg(t) = 1, without loss of generality, we assume that
t(z) = mz for some m € F; and so f(x,y, z) = avy +brz +7(x) +s(y) +mz. As in the

proof of Lemma 4.7, we define the set R of points and the set S of planes as follows:

R = {(z,y/ bwz + (@) +mz — s(y))) : (w,y/,2) €U x V x W} C F,

S:={ayX —ax’V + Z =bx'2" +r(2') + mz' — s(y) : (2',y,2') eU x V x W}.

The only reason we need to prove Lemma 4.8 is that if u = —m/b € U, then the triples
(—m/b,v,w) € R can be determined by many triples (z,v’,2) € U x V x W. For this
case, we need to do some more technical steps. If —m/b & U, then Lemma 4.8 follows
immediately from the same argument as in the proof of Lemma 4.7. Thus we may
assume that u = —m/b € U. As above, we first need to estimate the sizes of R and S.
For (u,v,w) € R and (z,y’,2) € U x V x W, we consider the following system of three
equations:

u=uz, v=y, w=buz+r(u) +mz — s(v).

If uw € U satisfies bu = —m, i.e. u=—m/b € U, then we have

u==z, v=9y, w=r(u)—s(v) foral z€W. (4.2)
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Let Ry be the set of points (u,v,w) € R with v = —m/b. Then R, is a set with V'
points, since for any v =y € V, w is determined uniquely. By (4.2) and the definition
of R4, notice that each point in R4 is determined by W triples (z,v/,2) € U x V x W.
Let Ry = R\ R;. Also notice that each point in R, is determined by exactly one triple
(x,y,2) eU XV xW.

By the similar argument, we can partition the set of planes S into two sets
Sy and S; with So = S\ §; so that |S;] = V, each plane in S; is determined by W
triples (z/,y,2") € U x V x W, and each plane in S, is determined by exactly one triple
(e, y,2") eU xV x W,

From the above observations, it follows that each incidence between R; and
Sy, or between Ry and S; contributes to £ by W, each incidence between R, and &
contributes to E by W2, and each incidence between Ry and S, contributes to E by

one. Namely, we have

F < W2 ~I(R1,81) + W 'I(Rl,SQ) + W I(RQ,Sl) +I(R2782).

Since |R4| = |S1| =V, it is clear that

I(R1,S)) < V2.

To bound I(Rj,Ss), recall that each element of Ry and S, is determined by

exactly one element (x,y,z) € U x V x W with & # —m/b. Hence, by the same
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argument as in the proof of Lemma 4.7, we see that

(R, Sy) < (UVW)*? 4 max{U, VHUVW).

To bound I(R4,S,), we will use Lemma 4.12. Let G denote the bipartite graph with
vertex sets S, and R, such that there is an edge between a point in Ry and a plane in
S, if the point lies on the plane. Since |R;| = V, each line contains at most V' points
in R, and so any two planes in Sy support at most V' points in common. Thus letting

A =R, and B := &, and applying Lemma 4.12, we obtain that

I(R1,S,) = |E(GQ)| < VY2V(UVIW)Y2 + UVW = UVAWY2V2 L UVW.

Similarly, we also have

I(Ry, S1) < UVPWYAV2 L UV,

In other words, we have proved that

E < (UVW)*2 4+ max{U,V,WHUVW) + V*W? 4+ U2V 23/
< (UVW)32 VW2 + V22 + UPW?

< (UVW)3? 4 max{V2W?2 VU2 U?W?}.

This completes the proof of Lemma 4.8. [.
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Proof of Lemma 4.9: Since f(z,y,2) = axy + bxz + r(z) + s(y) with a,b # 0, as
in the proof of Lemma 4.7, we can define the set R of points and the set S of planes

as follows:

R :={(z,y, bxz+1r(x) —s(y)): (z,y,2) eU XV x W} C Iﬁ‘g,

S ={ayX —ax’Y +Z =b2'2 +r(a') —s(y) : (2',y,2") eU x V x W}

Since b # 0 and U C F;, we have

IR|=|S|=UVW and E=1I(R,S).

By the same argument as in the proof of Lemma 4.7, we conclude that

E < (UVW)3? + max{U, V}UVW),

as desired. .

Proof of Lemma 4.10: Now we would like to estimate FE which is the number of

tuples (z,v,2,2',vy,2') € (U x V x W)? satisfying the equation
P Yy Yy

f(x7 y7 Z) = f(x,7 y’? Z/)’ (43)
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where f(z,y,2) = axy + bxrz + cyz + r(z) + s(y) + t(z) is a quadratic polynomial in

F,lx,y, z] with a,b,c # 0. Without loss of generality, we may assume that

f(z,y, 2) = avy + brz + cyz + da* + ey® + g2° + hx + iy + jz,

where a,b,c # 0 and d,e, g,h,i,7 € F,. We adapt the argument as in the proof of
Lemma 2.3 in [68]. Since the polynomial f(z,y, z) is not in the form of g(h(z)+ k(y) +

[(2)), one of the following equations is not satisfied:

dde = a?, 4dg = b*, deg = ¢*, hc = ja = ib.

Otherwise, we could write

h2
4_d7

f= (\/Zl$+\/5y+\/§z+2—f>a)2—

if all of d, e, g are squares in ;. On the other hand, if all of d, e, g are not squares in

F,, we could write

1 hyeg\®  h?
f:@<d\/@x+e\/dgy+g\/%z+ \g_g) 1

since the equations 4de = a?,4dg = b?, 4eg = ¢* imply that de, dg, eg are squares in F,,
and e, d, g are nonzeros.

By permuting the variables, we may assume that one of the following equations
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does not hold:

deg = 2, ib = ja.

The equation (4.3) is rewritten as

(ay + b2)x — 2/ (ay +b2') + dz* — e(y)* — cy' 2’ — g(2')* + ha — iy — j2'

=d(2')* — ey’ — cyz — g2 + ha' — iy — jz.

This relation can be viewed as an incidence between the point (x, ay’+b2', dz*—e(y')* —

! !

cy'? — g(2')? + hx —iy — j2') in IF?, and the plane defined by

(ay +b2)X —2'Y + Z = d(2')* — ey® — cyz — g2* + ha' — iy — jz.

Let R be the following set of points

R = {(z,ay +bz',dx* —e(y)? —cy'2 — g(2') +hx—iy —j') : (x,y, 7)) €eUXV x W},

and S be the following set of planes

S = {(ay+b2) X —2'Y+Z = d(2')?—ey* —cyz—g2*+ha' —iy—jz : (2',y, 2) € UxVxW}.

It is clear that E is bounded from above by the number of incidences between R

and S. In the next step, we estimate the sizes of R and §. Indeed, for a given point
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(u,v,w) € R, we now count the number of triples (x,y,2’) € U x V x W such that

2

u=1z, v=ay +b, w=dr*—ey) —cys —g(z')*+hx —iy —j7.

These equations yield that

, (v —ay v—ay'\’ o, fv—ay
w:du2—e(y)2—cy( by>—g( by> —|—hu—zy—j( by)’

or

(b*e — abc + a’g) (v')? + (bev — 2agv + ib® — jab) y
+ (V*w — b*du® + gv* — b*hu + bjv)

=0.

We consider the following two cases:

Case 1: If either b%e — abc + a®g or bev — 2agv + ib? — jab is non-zero, then at
most two solutions 3" of the above equation exist, and z’ value is determined in terms
of v and ¥/’

Case 2: If both b%e — abc + a%g and bev — 2agv + ib®> — jab are zero, then we

71



will have the following system:

b’e —abc+a*g =0, (bc—2ag)v+ (ib—ja)b =0, b*w—b*du®+ gv® —b*hu+bjv = 0.
(4.4)
In this case, we need to do some more technical steps.

In the case when bc — 2ag = 0, the second equation above tells us that ib = ja.
Therefore, it follows from the first equation that 4eq = ¢?, which contradicts our
assumptions at the beginning of the proof.

Thus we must have bc — 2ag # 0. This gives us v = —(ib*> — jab)/(bc — 2ag). For
this value of v and any u € U, w is determined uniquely by the third equation of (4.4).
Therefore, there are at most U points (u,v,w) € R which satisfy three equations
above. We denote the set of these points by Ry C R. Let Ry = R\ Ro. We have
|Rs| = U and |Ry| ~ UVW. Note that any point in R; corresponds to at most two
points in U x V x W and any point in R corresponds to at most max{V, W} points
(x, ¢, 2/) eU XV X W.

Likewise, we can also show that the plane set S can be partitioned into two sets
S; and S, where each plane in &7 corresponds to at most two points in U x V x W,
and each plane in Sy corresponds to at most max{V, W} points in U« x V x W.

Set N := max{V,W}. We observe that an incidence between R, and Si, or

between R, and Ss, contributes at most N to F, and an incidence betweenR, and S
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contributes at most N? to E. Hence, we obtain

E<I(R,S)+ N -I(R1,S) + N -I(Rs,S1) + N? - I(Rs, S»). (4.5)

Since |Rs|, |Sz| < U, we have Z(Ro,S») < U?. To bound Z(R;,S;), we will apply
Theorem 4.11. Before doing this, we need to give an upper bound on the number of
collinear points in R.

One can cover the set R by U planes defined by the equations z = xg,x¢ € U.
By a direct computation, one can check that for each plane x = xg, the points of R on
this plane lie on either a line or a parabola, and for distinct v’ € V, we have distinct
parabolas or lines.

If a line [ does not lie on any of those planes, then it intersects R in at most U
points. Suppose that [ lies on the plane x = xy. Then there are two possibilities. If [ is
the same as a line determined by some 3’ € V, then it contains W points. If it is not
that case, then [ supports at most 2V points from R, since a line intersects a parabola
or a line in at most two points. In other words, we can say that the maximal number

of collinear points in R is at most U + 2V + W. By Theorem 4.11, we have

T(R1,81) < (UVW)*2 4 max{U,V, WHUVW).

To bound I(R4,S2) and I(R9,S1), we use Lemma 4.12 again. Let G be the

bipartite graph with vertex sets Sy and R such that there is an edge between a point
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and a plane if the point lies on the plane. We showed that no max{U,V, W} + 1 points
of R, lie on a line. Hence, any two planes of Sy contain at most max{U, V, W} points

of Ry in common. Thus, we get

I(R1,S,) = |E(G)| < (max{U,V,WWHY2.U . (UVW)YV2 - UVW.

Using a similar argument, we get

I(Ry,81) < (max{U,V,WNHY2.U - (UVW)Y2 + UVW.

Putting all bounds together, it follows from (4.5) that

E < (UVW)2 + M(UVW) + NM2U2V2Wz + N(UVW) + N2U?, (4.6)

where N = max{V,W} and M = max{U,V,W}. A direct computation shows that
each of the second, third, fourth, and fifth terms in the RHS of the equation (4.6) is
dominated by

VEW? 4+ V2U? + UPW2.

Hence, we have

E < (UVW)32 £ V2W?2 + V2U? + U2

< (UVW)*? 4 max{V*W? V2U? U*W?},

74



which completes the proof of Lemma 4.10. [J
In addition to Theorem 5.8, the following lemma also plays an important role

in providing the complete proof of the first part of Theorem 4.4.

Lemma 4.13 ([82], Lemma 2.3). For T C F; with size T and a sequence of weights

a = (ay) e with maxyer || < 1, and for any fized integer n > 1, we have

n Tp if n=1
<

>

AEF,

Z arx(A+t)

teT

T 2 T if n > 2.

To prove the second part of Theorem 4.4, we use following point-plane incidence

theorem due to Vinh ([92]).

Theorem 4.14 ([92], Theorem 5). Suppose that R is a collection of points in Fg, and

S is a collection of hyperplanes in IFZ, with d > 2. Then we have
o ) RIS (d—1)/21/2| |1/2
I(R,S) = {(p,7) : p € R, m € S} <, T [RIVZIS]E

Using Theorem 5.8 and the argument in [82], we are now ready to give a proof

of Theorem 4.4.
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Proof of Theorem 4.4: Since max(y,uuw)ctxvxw |Buvw| < 1, we have

ISUT UV W a.B.01< > D ax(t+ flu,v,w))|.

uceU eV weEW | teT

For A € F,,, let N(U,V, W, ) be the number of solutions of the equation

f(u7vvw) = A

with (u,v,w) € U x ¥V x W. One can check that

S ONU VWA =UVW,

A€F,,

and

> O NU VWA =E,

AEF,
where F is the number of tuples (u, v, w,u’, v, w') € (UxVxW)? such that f(u,v,w) =
flu' v w').

Thus we have

‘SX(T7U7V7W705767]£)| S Z N(Z/{,V,W, )\)

AEF,

Z apx(t+ A)

teT
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Using the Holder inequality, we have

2n 2n—1
ST UV W, 0 B, P < | DD anx(t+3) NNV W N
A€F, |teT AeF,

2n—2 on

< | Y Nuv.w,N ADSNUY WA DD anx(t+ N
AEF, A€F, XEF, | teT
2n
= (UVW)2n—2 B Z ZatX(t + )\)
XEF, | teT

It follows from Theorem 5.8 and Lemma 4.13 that if UVW < p?, then

|SX(T,Z/{,V,W,OZ,6,f)| <

[V
—
—
S

I
—

1
1 | T=2p
((UVW)% + max{V2W?, V202, U2W2}> "

2

(UVW)
Tpﬁ —|—T%pi if n>2.

< ((UVW)l—ﬁ + UVWQ%) -
Tpﬁ —I—T%p% if n>2.

This completes the proof of the first part of Theorem 4.4.
Next we prove the second part of Theorem 4.4. Suppose that UVIV > p?.
Instead of Rudnev’s point-plane incidence theorem (Theorem 4.11), one can follow the

proof of Theorem 5.8 with Vinh’s point-plane incidence theorem (Theorem 4.14). Then

we see that

E < (UVW)?/p + max{V*W? VZU? U*W?}.
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With this bound of E, we have

Uvw 1
’SX(T7M7V7W>a7ﬁ7f)‘ < (W +UVWQ"> .

Tpin + Tapen if n > 2,

which completes the proof of the second part of Theorem 4.4. Thus the proof of

Theorem 4.4 is complete. []

4.3 Proof of Theorem 4.5

In the proof of Theorem 4.5, we make use of the following result which can be

obtained by applying Theorem 5.8.

Theorem 4.15. Let f € F,[z,y| be a quadratic polynomial that depends on each vari-
able and that does not have the form g(ax +by). For U,V C T, let E be the number of
tuples (u,v,u',v") € (UxV)? such that f(u,v) = f(u',v). Suppose that VU—-V| < p*.
Then we have

ESVIU-VP?+ U -V

Proof. For any t € f(U,V), let m; be the number of pairs (u,v) € U x V such that

f(u,v) =t. It is clear that m; < UV for all t € f(U, V). It follows that

log(UV)
E= > mi=Y > mp <y 29y, (4.7)
tefU,Vv) Jtef(U,V),29 <my<2i+1 Jj=0
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where ky; denotes the cardinality of the set D; := {t € f(U,V): my > 27}. We now
bound ks, as follows.

Let h(z,y,z) = f(x — z,y). Since f(z,y) is not of the form g(ax + by), by a
direct computation, we have h(x,y, z) satisfies the conditions of Theorem 5.8. We now

consider the following equation

hz,y,z) =t, (4.8)

wherex € V,z e V-U,y e V,t € D; C f(U,V). Let N(h) be the number of solutions
of this equation. It is easy to see that N(h) > 27ky; V. By Cauchy-Schwarz inequality,

we have

1/2

N(h) < k2 (g, 2,2y, 2) € Vx Vx (V=U)): h(z,y,2) = h(z', ¢/, )}

27

< kP (VAP - VP u - V),

where the second inequality follows from Theorem 5.8 with the condition V2| — V| <
p?. Putting the lower bound and the upper bound of N(h) together we get

Yk V < ky)” (V32U = VP + U = V|V).

2

This gives us

ViU - VP2 + U —V)?
kyj <K 52) .

79



Combining this estimate with the inequality (4.7), we see that

log(UV)
E<(VIU=VPP+U=VP) Y 1SVIU-VP?+U-VP
7=0
This concludes the proof of Theorem 4.15. O]

Proof of Theorem 4.5: The proof of Theorem 4.5 is similar to Theorem 4.4 except
that we use Theorem 4.15 instead of Theorem 5.8. For the completeness, we will
include the detailed proof here.

Since max(y,vycuxv |Buv| < 1, we have

|SX(T,Z/{,V,04,,8,]C>’§ Z

ueU,veV, weW

St + f(u,v))

teT

For A € F,,, let N(U,V, \) be the number of solutions of the equation

flu,v) = A,
with (u,v) € U x V. It is easy to see

Y NUV,\)=UV, and > NU,V,\’=E,

AEF, A€F,
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where F is defined as in Theorem 4.15. Thus we have

IS\ (T UV, 0,8, [l <0 NUVA) D ax(t+ )]
A€F, teT
Using the Holder inequality, we have
|SX<T,U,V,CY,5,f)|2n S
2n 2n—1
SIS axt+n| | vuvoyE] <
AeF, [teT A€F,
2n—2 o
Z N(u’ V7 >‘) ' Z N(Z/{a V? )\)2 : Z Z OétX(t + )\) =
A€y, A€, XEF, [ teT
2n
UV 2. E. Z Z ax(t+A)
XEF, | teT

By Theorem 4.15 and Lemma 4.13, we see that if VU — V| ~ kUV? < p?, then

|SX(T7L{7V7 a?ﬁ?f)‘ S./

TY2pl2 if n =1

e uv ok uv
' Ul/4ny/1/2n + ’ V1i/n

Tp1/4n+T1/2p1/2n if n Z 2

This proves the first part of Theorem 4.5.

To prove the second part of Theorem 4.5, assume that VU — V| > p%. We can

follow the proof of Theorem 4.15 with Vinh’s point-plane incidence theorem (Theorem
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4.14) to obtain E < VU — V|*/p + [U — V|*. With this bound of E, we have

V22 if n=1
UVW UV
1/n 1/n
|SX(T,U,V,OZ,5,f)| S, (k/ ' p1/2n‘+k/ : Vl/n .
Tp1/4n+T1/2p1/2n if n> 27

which completes the proof of the second part of Theorem 4.5. [

Chapter 4 is is a version of the material appearing in “A Note on Conditional
Ezpanders over Prime Fields,” which will appear in Discrete Mathematics. The author

was the primary investigator and author of this paper.
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Chapter 5

Conditional expanders over prime

fields

5.1 Introduction

Let A be a set of integers. The sum and product sets are defined as follows:

A+A={a+b:abe A}

A-A={ab: a,b e A}.

Throughout this chapter, by X > Y, we mean X > (Y for some absolute
constant C7, and X ~ Y means that X > Y and Y > X, by X 2 Y we mean

X > (logY)~“2Y for some absolute constant Cs.
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Erdés and Szemerédi [27] proved that for any finite set A C Z, we have

max{|A+ A|,|A- A} > |A]'F®

for some positive constant €. In the setting of finite fields, a similar result has been
derived by Bourgain, Katz, and Tao [10]. They showed that for any set A C F,, where

p is a prime and p° < |A| < p'~? for some 6 > 0, one has

max{|A + A|,|A- A} > Cs|A['**,

for some ¢ = £(6) > 0. We note here that in the result of Bourgain, Katz, and Tao
[10], it is difficult to determine the relation between ¢ and 6.
Hart, losevich, and Solymosi [41] developed Fourier analysis tools to obtain a

bound over arbitrary finite fields that gives an explicit dependence of € on ¢ as follows.

Theorem 5.1 (Hart-Iosevich-Solymosi, [41]). Let F, be an arbitrary finite field of

order q, and let A C F,. Suppose |A+ Al =m and |A- A| = n, then we have

em?®n| Al

AP < + cq?mn, (5.1)

for some positive constant c.

By a direct computation, Theorem 5.1 is non-trivial when |A| > ¢!/2. For
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|A| ~ ¢"/° we have the best growth

max {|A + A, |A- Al} > |A]7.

Using exponential sums, Garaev [33] obtained the following improvement.

Theorem 5.2 (Garaev, [33]). Let F,, be a prime field of order p and A be a set in F,,.

1. If p'? < |A| < p?*/3, then

Al2
max {|A+ A|,|A- A} > LI—JQ

2. If |A| > p*3, then

max {|A+ A|,|A-Al} > (p]A\)l/z.

Hence, if |A| = p®, then we have

max {|A+ A|, |A-A|} > |A|1+a/,

where o = }l — %é — % If v is very small, say o < 18/35, then Rudnev, Shakan, and

Shkredov [72] proved the following.
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Theorem 5.3 (Rudnev-Shakan-Shkredov, [72]). Let F, be a prime field of order

p. Let A be a set in F,. Suppose that |A] < p3, then we have

max{|A+ A|,|A- A|} > |A|"T5 D),

This theorem improves the earlier exponents 39/32 due to Chen, Kerr, and

Mohammadi [19] and 6/5 due to Roche-Newton, Rudnev, and Shkredov [70].  Let

[F, be a prime field. A polynomial f(x,y) € F,[z,y] is degenerate if it is of the form
Q(L(x,y)) where @ is a one-variable polynomial and L is a linear form in = and y.

A more general statement of Theorem 5.2 has been established by Vu [94]. In
particular, let f(z,y) be a non-degenerate polynomial of degree d in F,[z,y], and A a

set in [F,,, we have

3/2 ,1/3] A12/3
max{|A+A|,|f<A,A>|}>>mm{‘f4’ p'|A] }

dpt/A’ T diB
This statement tells us that if the size of A + A is small, then the size of f(A, A) is
large. Note that the non-degenerate condition of f is necessary since otherwise we
might have max{|A + A|,|f(A, A)|} ~ |A| when A is an arithmetic progression.

In the case f(x,y) = zy, this result is slight weaker than Theorem 5.2. This

result is only non-trivial when |A| > p'/2. When |A| < p'/2, Bukh and Tsimerman [14]
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derived the following estimate for quadratic non-degenerate polynomials

max{|A + A|,|f(A, A)|} > |A|'Te, (5.2)

for some € > 0.
This bound has been quantified and improved over the years. More precisely,

Koh, Mojarrad, Pham, and Valculescu [48] proved the following theorem.

Theorem 5.4 (Koh-Mojarrad-Pham-Valculescu, [48]). Let F, be a prime field
of order p, and let f(x,y) € Fylz,y] be a non-degenerate quadratic polynomial. For

A CF, with |A| < p*/®, we have

max{|A + A|, | f(A, A)|} > A",

Notice that the case f(x,y) = x* + y* was first proved by Pham, Vinh and De
Zeeuw in [68]. We refer the interested reader to [78] for similar results in the setting
of R.

In this thesis, we employ the theory of higher energies developed in [80, 81, 72,

77], namely Ey-energy, to give a better exponents as follows.

Theorem 5.5. Let f(z,y) € Fy[z,y] be a non-degenerate quadratic polynomial. For

A CF, with |A| < p'/? we have

max{|A + A|, |f(A, A)[} = | A3+ 505,
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As in the Euclidean setting, it is expected that when A is not too large, then
max{|A + A|, |f(A, A)|} > |A]*~¢ for any € > 0. We will discuss about the limitations
of methods in [72, 77] for our settings in Remarks 5.2 and 5.2. We also refer the
interested reader to [42] for an application of Ej-energy in a variant of the distance

problem over prime fields.

5.2 Proof of Theorem 5.5

For A, B C F,, let Ef (A, B) be the number of tuples (a1, as, ag, as, by, ba, b3, by) €
A* x B* such that

al—b1:a2—62:a3—b3:a4—b4.

For A C F,, we define

Ef (A, B)
di(A) == sup—i—"—2.
A R ABE

Ef(4,A A4
Note that df (A) > 264 > AL = 1.

It has been observed in [77] that the sup is taken over all sets B with |B| <

|A]3/2. Indeed, if |B| > |A|?/?, then

Ef(A,B) _ |AMB
df(A) =sup 2222 < <1,
() =0 TABF = JAlBP

a contradiction.
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In [77], Shakan and Shkredov proved that

A - AP
A2

di(A) < (5.3)

5

whenever |A| < p¥°. They also derived the following lemma, which says that small

energy implies large sumset.

Lemma 5.6 ([77]). For A C F,, we have

N |A|48/13
d4 (A) Z |A+A|35/13'

It has been indicated in [77] that the best one can hope for the lower bound of
d; (A) is as follows:

AP
di(A) 2 ‘—
Combining this with the bound (5.3), one gets max{|A + A|,|AA|} > |A|*/*. This

is still far away from the conjecture. In this thesis, we will give an upper bound of

dj (A) in terms of |f(A, A)| for any non-degenerate quadratic polynomial f as follows.
Lemma 5.7. Let f(z,y) € Fylz,y| be a non-degenerate quadratic polynomial. For
A CF, with |A| < p'/2, we have

F(A, A)?
i) < L
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To prove lemma 5.7, we use the following result in [47].

Theorem 5.8 ([47]). Let f € F,[z,y, 2] be a quadratic polynomial that depends on
each variable and that does not have the form g(h(x)+ k(y) +1(2)). For A,B,C CF,
with |A||B||C| < p?, let E be the number of tuples (a,b,c,a’,V/,c) € (A x B x C)?

such that f(a,b,c) = f(a’, b, ). Then we have

E < (JAlIBIIC)*? + (|l + |B| + |CD(AIIBIIC]) + | BI|CJ.

Proof of Lemma 5.7: Let B C F, be a set maximizing d; (A). By a dyadic de-
composition, there exist a number ¢ > 0 and a set D, = {x: r4_p(x) > t} such
that

Ef(A,B) < |Dit".

Without loss of generality, we assume that f(z,y) = az?® + by* + cxy + dx + ey with
a#0. Let f'(u,v,w) := f(u+v,w).

Since f(z,y) is a non-degenerate polynomial, by an elementary calculation
(similar to the proof of Lemma 5.1 in [48]), we have f’(z,y,2) is not of the form
g (W (x)+ K (y) +U'(2)) for some polynomials ¢', h', k', .

Consider the following equation

[ (u,v,w) =1t (5.4)
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with u € Dy,v € Byw € At € f(A, A).
It easy to check that the number of solutions of the equation (5.4) is at least

| D¢|t|A]. Now by the Cauchy-Schwarz inequality, we have

|Dy|t| Al < | f(A, A2 B2, (5.5)

where E is the number of tuples (u, v, w,u’,v',w’) € (D; x B x A)? such that

f(u,v,w) = f'(u 0, w').

Suppose |Dy||A||B| < p*. We now consider the following cases:

Case 1: If |D;| < |B|, then Theorem 5.8 with A := Dy, B := B,C := A gives

E < (IDJ|BIIANY? + (| Di| + | Bl + [AD(DIBIIA]) + | B A"

Case 2: If |D;| > |B|, then Theorem 5.8 with A := B, B := D,;,C := A gives

E < (|BI|IDdJ|AD*? + (| B + | D] + [A(IBI[Del |A]) + [ De*| A]*.

These cases can be handled in the same way. Therefore, without loss of gen-
erality, we assume that we are in the first case, i.e. |Dy| < |B| (i. e. |Dy?*|A||B| <
| D2 Al B*?).

We also can assume that |B| < |Dy||A| (i. e. |B|?|Di||A| < |B|*?(|D,||A])*/?),
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otherwise, using the fact that |D,|t < |Dy||A| < |B|, we have

4 3 2
DI _ B fA AR
[ATIBF = TATIBP AP

Similarly, we assume that |A| < |Dy||B| (i. e. |A]?|Dy||B| < |APP2(|Ds||B|)*/?). Fur-
thermore, |Dy| < |B| and |B| < |A]*/? implies that |D;|> < |B|?| B> < |A]’|B]>. With

these assumptions, we obtain

E < (|Di|AllBI)** + (| BIIA])*.

Without loss of generality, let us assume (|Dy||A||B|)*? > (|B||A])%. (As otherwise,

Dyt 4 4 A,A)|2
|D:|?> < |B||A|. Hence ||A||’SB|3 < |Dt‘t2‘B‘2 < ‘5”4 <1< %, and we are done.)
Therefore,
A, A% B3
it « LAAPIEE

and we are done by the definition of dj (A).

Now suppose |D;||A||B| > p*. We can use the point-plane incidence bound due
to Vinh [92] for large sets in the proofs of Lemmas 2.2 and 2.3 in [68] to obtain an upper
bound of E. More precisely, we are able to obtain the following version of Lemma 5.1

in [48] for large sets.

Lemma 5.9. Let [F, be a prime field. Let f(z,y,z2) € Fplz,y, 2] be a quadratic poly-

nomial that depends on each variable and is not of the form g(h(x) + k(y) +1(z)). Let
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A,B,C C F,, then we have

‘{(x7y7z7x/?y/7zl) e (A X B X 0)2 : f(x7y7 Z) = f(x/7y/7zl)}| S

Al|B||C])?
(ABIC | i aisicl.

We consider the following two case Therefore, by Lemma 5.9 assuming

|Dy||A||B] > p?, we have the following upper bound on F

| D:*| AP BJ*
< .
p

E
Substituting this inequality to (5.5) we get
pt* < [f(A, A)BI. (5.6)
Since |A| < p'/? and |B| < |A[*/2, we have

F(A A

p
[BI*IF(4, 4)] < AIBIIF(A A < - 1B - =g

|A]

Therefore, it follows from (5.6) that
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|BI°1f (A, A

2
ptm<p | A[4/3
|BI*|f(A, A)?
t3 —_
="K AP

And, since |Dy|t < |A||B],

IBEISA A IBPIA AR

E,(A. B) < |D,|t* = (|D,|t) - 3 Al|B
WA, B) S Dt = (IDt) - ° << |A]] viE v

Theorem 5.5 follows by combining Lemma 5.6 and Lemma 5.7.

It is clear that if f(z,y) = zy, then Theorem 5.5 is weaker than Theorem
5.3. In our general setting, the main difficulty arises when we want to give an upper
bound for E5 (A, A— A) in terms of | f(A, A)|, where E (A, B) is the number of tuples
(ay,as,by,bs) € A? x B? such that a; — by = ay — by. For all non-degenerate quadratic
polynomials, it seems very difficult to give such an upper bound, but for some special
families of polynomials it is possible. For instance, if f(z,y) = g(x)(h(x) + y) is a
function defined on [} x F;, where g, h: F) — F} are arbitrary functions, then one can

follow the proof of [61, Theorem 1.6] to derive the following Lemma:

Lemma 5.10. Let f(z,y) = g(z)(h(x) + y) be a function defined on F* x F*, where

g, h: F* — F* are arbitrary functions. Definem = u(g). For any subsets A, B,C C Fy,
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suppose that |f(A, B)||A]|C| < p?, then we have

Ef(B,C) < |AI72 (|f(A, B)P2|AP2IC1*2 + k| f(A, B)|Al|CY),

where k < max{|A|,|C|,|f(A, B)|}.

Proof. We have

Ef(B,C) = #{(b,c,t/,d): b+c=0V+} < |A| >N,

where N is the number of tuples (a,b,c,a’,0/,¢) € Ax B x C x A x B x C such that

g9(a)™" - g(a)(h(a) +b) + (c = h(a)) = g(a') ™" - g(a')(h(a') + V') + (¢ = h(d)).

Define the point set R as

R ={(g(a)",c—h(a),g(d)(h(a') + V) : a,d’ € A,V € B,c€ C},

and the collection of planes S as

S={g(a)(h(a) +b)X +Y —g(d)'Z=¢ —h(d): a,d € A,be B,d € C}.

It is clear that |R| = [S| < |f(4, B)||A||C]|, and E < I(R,S). To apply Theo-

rem 4.11, we need to find an upper bound on k& which is the maximum number of
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collinear points in R. The projection of R into the first two coordinates is the set
T = {(g9(a)™',c—h(a)): a € A,c € C}. The set T can be covered by at most |A|
lines of the form = = g(a)™! with a € A, where each line contains |C| points of T.
Therefore, a line in F? contains at most max{|A|,|C|} points of R, unless it is vertical,

in which case it contains at most |f(A, B)| points. So we get

k < max{|A],|C],[f(A, B)[},

Since |R| < p?, we can apply Theorem 4.11 to obtain

I(R,S) < |f(A, B)PP|APPICPP + k| f(A, B)IAJIC]. (5.7)

This concludes the proof of the lemma. n

Chapter 5 is a version of the material appearing in “Ezponential Sum Estimates
over Prime Fields”, International Journal of Number Theory, Vol. 16, No. 02, pp.
291-308, 2020, co-authored with Doowon Koh, and Thang Pham, and Chun-Yen Shen.

The author was one of the primary investigators and authors of this paper.
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Chapter 6

Moderate Expanders over Rings

6.1 Introduction

Let [F, be an arbitrary finite field of order ¢, where ¢ is a prime power. We first
recall the following definition from [38].

Let f: FL — F,.

e The function f is called a strong expander with the exponent e if for all A C IF,
with |A] > ¢!, we have |f(A,..., A)| > q — k, for some fixed positive constant

k.

e The function f is called a moderate expander with the exponent € if for all A C F,

with [A| > ¢'7¢, we have |f(A,..., A)| > q.

e The function f is called a weak expander with parameters 0 < ¢ < 1 and 0 <

§ < 1if for all A CF, with |A| > ¢'~¢, we have |f(A,..., A)| > |A]°¢' .
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Throughout this chapter, we use X < Y if X < CY for some constant C' > 0
independent of the parameters related to X and Y, and write X > Y for ¥ <« X.
The notation X ~ Y means that both X < Y and Y < X hold. In addition, we use
X <Y to indicate that X < (log Y)Y for some constant ¢’ > 0.

Over the past 10 years, there has been an intensive progress on seeking moderate
expanders with biggest exponents. For instance, the followings are moderate expanders
with the exponent 3: x+yz [84], 2+ (y — 2)? and 2(y + 2) [93], (x —y)* + (z — ) [18],
xy + 2t [36], xzy + z + t [75]. We also know that (z — y)(z — t) is a moderate expander
with the exponent 3 in [3], which has been slightly improved to 3 4+ 5 in [62].

Using spectral graph theory techniques, Vinh [93] proved that the polynomial
ry+(2—t)? is a moderate expander with the exponent % = %—Fi. To the best knowledge
of the authors, this is the only known moderate expander with the exponent % over
arbitrary finite fields in the literature.

In the setting of prime fields, Rudnev, Shkredov, and Stevens [73] also proved
that the function == is a moderate expander with the exponent g = % + 11—4 over
prime fields.

In this note, we provide a large class of moderate expanders with the exponents
g and % over arbitrary finite fields and prime fields, respectively. Our main ingredients
are an energy result due to the third, fourth, sixth listed authors and Shen (2019) and a
theorem on two-variable expanding functions given by Hegyvari and Hennecart (2009).

Using the same approach, we derive similar results in the setting of finite local and

principal rings.
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We will see in our first result that there are actually many moderate expanders
with the exponent % over arbitrary finite fields.

Let m(x) and n(x) be polynomials with integer coefficients. We say that m(x)
and n(z) are affinely independent if there is no (A, ) € Z x Z such that m(x) =

A-n(x)+ forn(x) =X-m(x)+ 5. Our first result is as follows.

Theorem 6.1. Let F, be an arbitrary finite field. Let f € F,[z,y, 2] be a quadratic
polynomial that depends on each variable and that does not have the form g(h(z)+k(y)+
[(2)). Let m(x) and n(x) be affinely independent polynomials with bounded degrees.
Define Q(u,v) = m(u) + u*n(v), and F(u,v,y,z) = f(Q(u,v),y,2), where k is a

fized positive integer. For A C F, with |A| > q%, we have

|F(A, A A A) > q.

The following 4-variable polynomials are moderate expanders with the exponent

% over arbitrary finite fields:

uwu+v)y+z, wu+v)+yz, uwu+v)(y+z)

y(uu+v)+2), (uu+v)—y)’*+z (y—2)>+uluto).

Proof. This follows directly from Theorem 6.1 with the following polynomials:
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ry+z, x+yz, vy +2), ylx+2), (r—y)?+ 2z, (y—2)*+ x, respectively. O

In the setting of prime fields, using recent new results in incidence geometry,
one can prove that polynomials in Theorem 6.1 are moderate expanders with bigger

exponents.

Theorem 6.2. Let F, be a prime field. Let f € F,[x,y, 2] be a quadratic polynomial
that depends on each variable and that does not have the form g(h(x) + k(y) + 1(2)).

Let m(x) and n(z) be affinely independent polynomials with bounded degrees. Define
Q(u,v) = m(u) + un(v), and F(u,v,y,2) = f(Q(u,v),y,2), where k is a fived

positive integer. For A C F, with |A| > p%, we have

|F(A, A, A, A)[ > p.

The following 4-variable polynomials are moderate expanders with the exponent

5 : )
15 over prime fields:

wu+v)y+z, ulut+v)+yz, ulu+v)(y+z2)

y(u+v)+2), (uutv)—y)’+z (y—2)7>+ulu+ov).

Proof. This follows directly from Theorem 6.2 with the following polynomials:

ry+z, x+yz, vy +2), ylx+2), (x —y)?+ 2z, (y— 2)*+ x, respectively. O
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An extension to finite local and principal rings: A ring R is local if R has a
unique maximal ideal that contains every proper ideal of R. A finite valuation ring R
is a finite ring that is local and principle.

Let R be a finite valuation ring of order ¢", where ¢ = p" is an odd prime
number. Throughout this thesis, we assume R is commutative, and also it has an
identity. Let R* denote the set of units in R. Likewise, let R® denote the set of non-
units in R. Since R has a unique maximal ideal that contains every proper ideals of R,
we have a non-unit z € R so that the maximal ideal is generated by z. Let (z) denote
the maximal ideal of R. Throughout, ¢ and r will denote the structural parameters
associated to R. For the maximal ideal (z), r is the smallest positive integer such that
2" =0, and also ¢ is the size of the residue field R/(z). We assume ¢ is an odd prime
number. Hence, 2 is a unit in R. For more details on finite valuation rings, we refer
the reader to [63].

Here are some examples of finite valuation rings.

(1) Finite fields F,, ¢ = p™ for some n > 0.

(2) Finite rings Z/p"Z, where p is a prime.

(3) F,lz]/ ("), where f € F,[z] is an irreducible polynomial.

(4) O/ (p") where O is the ring of integers in a number field and p € O is a prime.

In general, there are many zero divisors in R, so it seems difficult to extend

Theorem 6.1 to the setting of finite valuation rings. However, we are able to put
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Corollary 6.1 in this setting.

Theorem 6.3. Let R be a finite valuation ring of order q", and A be a set in R.

Let Fy(u,v,y,2) =u(ut+v)y+z, Folu,v,y,2) =ulut+v)+yz, F3(u,v,y,2)=
w(u+v)(y + 2), Fa(u,v,y,2) =y (wlu+v) +2), Fy(u,v,y,2) = (ulu+v) —y)* + 2,
and
Fs(u,v,y,2) = (y — 2)% + u(u + v). Suppose that |A| > ¢°5°, then, for each i €
{1,...,6}, we have

’F1<A7 A> Aa A)’ > qr'

6.2 Moderate expanders over arbitrary finite fields

(proof of Theorem 6.1)

Using a point-plane incidence bound due to Rudnev [71], the third, fourth, sixth
listed authors and Shen [47] proved the following general theorem on the energy of a

polynomial in three variables over prime fields.

Theorem 6.4 ([47]). Suppose that f € Fplz,y,z] is a quadratic polynomial which
depends on each variable and which does not take the form g(h(x) + k(y) + 1(z)). For
UV, W C F¥ with |U||V|[W| < p?, let E be the number of tuples (u,v,w,u/,v',w') €

(U x V x W)? such that f(u,v,w) = f(u',v',w'). Then we have
E < ([UNIVIW])?? + max{|[VP[W [, [VPIU P, [UP W}
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One can follow the proof of this theorem in [47] identically and use Vinh’s
point-plane incidence bound [92] in the place of Rudnev’s point-plane incidence bound
and the Kovari-Sos-Turan theorem to obtain a version over arbitrary finite fields. For

simplicity, we omit the proof.

Theorem 6.5. Suppose that f € F,[x,y, 2] is a quadratic polynomial which depends on
each variable and which does not take the form g(h(x)+k(y)+1(2)). For U,V,W CF,
let E be the number of tuples (u, v, w,u’,v',w') € (U xV x W)? such that f(u,v,w) =

f ' ') IfJUVIIW] = g2, then

U 2|V|2 W 2
E < I[UFIVEIW +max{|V2|W|*, [VHU % |U|*|W*}.

The next corollary is a direct application of the Cauchy-Schwarz inequality and

Theorem 6.5.

Suppose that f € F,[z,y, 2] is a quadratic polynomial which depends on each
variable and which does not take the form g(h(z) + k(y) +1(z)). If U, V,W C F) with

UIIVI[W| > ¢* then

[f(U.V,W)| > min{q, [U], [V, [W[*}.
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Proof. By the Cauchy-Schwarz inequality, we have

UPIV WP

[f(UV, W) = G ,

where E denotes the number of tuples (u,v,w,u,v',w') € (U x V x W)? such that
f(u,v,w) = f(u',v',w'). Hence, the corollary follows by applying Theorem 6.5 to the
above inequality.

O

Let m(x) and n(x) be affinely independent polynomials. Suppose that the
degrees of m and n are bounded. In [39], Hegyvari and Hennecart proved that the
polynomial Q(u,v) = m(u) + u*n(v) is an expander. More precisely, for A C F, with

|A] < p'~¢ for some 0 < € < 1, we have

QA A)] > A",

where ¢ > 0 depending on e.

Using the point-line incidence bound for large sets over arbitrary finite fields
due to Vinh [92], and the point-line incidence bound for small Cartesian product sets
over prime fields due to Stevens and De Zeeuw [97], the following is a consequence of

[39, Theorem 4] due to Hegyvari and Hennecart.

Lemma 6.6 ([39]). Let m(x) and n(z) be affinely independent polynomials. Suppose

that the degrees of m and n are bounded. Define Q(u,v) := m(u) + ufn(v).
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1. For A CF,, we have

: A]?
|Q(A, A)| > min Q>W -

2. For A C F, with |A| < p*?, we have

1Q(A, A)| > AP/,

We note here that if Q(u,v) = u? + uv, then Lemma 6.6 (1) was first obtained
by Shkredov in [79].

We are now ready to prove Theorem 6.1.

Proof of Theorem 6.1. Since |A| > 2, without loss of generality, we may assume that

0 ¢ A. We define U := {Q(a,b): a,b € A}. It follows from Lemma 6.6 that
U] > min{q,‘qﬁl—/’j}.

Let U* = U \ {0}. We also have
|U*| > min {q, L;il—/lj} :

When |A| > ¢°/8, this inequality implies that |A||A||U*| > ¢* Thus we can apply

Corollary 6.2 so that
|F(A, A A A) = f(UAA)] > |fU, A A)) > min{q, [U]%, |AP} > q,
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under the assumption |A| > ¢°/®. This completes the proof of the theorem. O]

6.3 Moderate expanders over prime fields (proof of

Theorem 6.2)

As in the previous section, the following corollary is a direct application of

Theorem 6.4 and the Cauchy-Schwarz inequality.

Suppose that f € F,[z,y, 2] is a quadratic polynomial which depends on each
variable and which does not take the form g(h(z) + k(y) + I(2)). For U, VW C Fx

with |U||V||W| < p?, we have

F(U. VW) > min {(U|[VIIW)YV2, U, [V, (W2}

We are now ready to prove Theorem 6.2.

Proof of Theorem 6.2. Since |A| > 2, without loss of generality, we may assume that
0¢ A.

Set U :={Q(a,b): a,b € A}. It follows from Lemma 6.6 that

U] > AP,

under the condition |A| < p?/3.
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Since % < %, for our purpose, there is no harm to assume that |A| < p§ in the
rest of the proof.

Let U* = U \ {0}. We also have |U*| > |A|*/4,

Set V' =W = A. It is not hard to see that F(A, A, A, A) = f(U,V,W).

If |U||AJ? > p?, then it follows from Corollary 6.2 that |F(A, A, A, A)| > p and
we are done.

Therefore, we assume that |U||A|*> < p?, and apply Corollary 6.3 to get

[F(A, A A A) = [fUV,W)] 2 [f(U*, V,W)] > min {(JU*[|AP)!2, AP, [U**} .

Using the fact that |U*| > |A|*/4, the theorem follows. O

6.4 Moderate expanders over finite valuation rings

(proof of Theorem 6.3)

In order to prove Theorem 6.3, the following results play crucial roles. Recall
that R denotes the finite valuation ring of order ¢".

The first result is a point-line incidence bound over finite valuation rings due to
Pham and Vinh [67], where a line over R is defined of the form ax + by + ¢ = 0 with

(a,b,c) & (R°)3.

Theorem 6.7. Let P be a set of points in R? and L be a set of lines in R%. The
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number of incidences between P and L, denoted by I(P, L), satisfies

Pl|L 1
e, Ly < PUEL L ot AT

q?”

The second result is due to Yazici in [96].
Lemma 6.8. Let XY, Z be sets in R. We have

q27‘—1

XY | Z
XY + Z| >>min{qr,M}.

Our next two lemmas are consequences of Theorem 6.7.

Lemma 6.9. Let XY, Z be sets in R. If | X| > 2¢"71, then

X(Y + Z)| > min {qr, W} |

q27"—1

Proof. Since |X| > 2¢"! and |R°| = ¢"~!, without loss of generality we may assume

that X C R*. Let T'= X (Y + Z) and let us consider the following equation
y=a(x+c)

with a € X,z € Y,c € Z, and y € T. Let N denote the number of solutions of the
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above equation. It is clear that
[ XI[Y][Z] < N. (6.1)

We now find an upper bound of N. Let L be a collection of lines of the form y = a(z+c)
with @ € X and ¢ € Z. In addition, define P as the set of points (z,y) with x € YV
and y € T. Since a € R*, the lines in L are distinct. It is clear that |L| = | X||Z]| and
|P| = |Y||T|. It is not hard to see that N = I(P, L) which is the number of incidences

between L and P. Hence, using Theorem 6.7, we have

XY ZIT 1
v < KIWVWANTL s xTT2IT.

q

Combining the above inequality with (6.1), we have

X||Y||Z
IT| = |X(Y + Z)| > min {qr, M}

q2'r—1

as required. N

Lemma 6.10. Let X,Y, Z be sets in R. We have

X||Y||z
0=y 4 21 min { o, B A,

q2'r—1

Notice that Lemma 6.10 will also be used to give a new distance result in the

p-adic perspective in the next section.
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Proof. We consider the following equation
(z—y)?+2=t,

wherexr € X,yeY,ze ZteT :=(X-Y) + 7.

Let N be the number of solutions of this equation. We can see that N >
[ X1[Y1Z].

Define P := X x T and C being the set of curves of the form ¢t = (z — a)? + ¢
with a € Y and ¢ € Z. It is clear that N is bounded by the number of incidences
between points in P and curves in C.

Let ¢ be a map from R? to R?, which maps the point (z,t) to (z,t — z?). It
is clear that ¢ is a bijection. Under this map, the curve t = (z — a)? + ¢ in C' will be
sent to the line ' = —2xa + ¢ + a®. Furthermore, we also have that the number of
incidences between P and C'is equal to the number of incidences between the point
set p(P) and the line set p(C).

Applying Theorem 6.7, we have

1P|

O r—1
N < % ¢ TP,

where we have used the fact that |p(P)| = |P|, |¢(C)| = |C].
By using |P| = |X||T|,|C| = |Y||Z], and N > |X||Y||Z], we obtain the desired

estimate. O
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The following result is very important in the proof of Theorem 6.3.

Lemma 6.11. Let A be a set in R. Suppose that |A| > 2¢"~', then we have

A2
{a(a+0): a,b € A}| > min {q", %} :
q 2
Proof. Since |A] > ¢"~' = |(z)|, we may assume that A C R*. Let N be the size of

the set {a* + ab: a,b € A}. By the Cauchy-Schwarz inequality, we have

N> -—
E’

where E is the number of quadruples (a,b,a’, V) € A* such that
a+ab=d?+dl.

Let L be the set of lines of the form ax — a'y = a” — a® with a,a’ € A, and P be the
set of points (b, V') with b,b’ € A. Tt is not hard to see that |L| = |P| = | A|?>. We have
E=1I(PL).

Let L’ be the subset of L that contains lines ax —a'y = a> —a® with o’ —a? € RO.
Since |R°| = ¢! and A C R*, we have the number of pairs (a,a’) € A% such that
a”? —a* € RY is bounded by 2¢" ! A|. On the other hand, for each such pair (a,a’) and
each b € A, the number of b’ € A satisfying a? + ab = a/*> + a'l/ is at most one. Thus,

I(P, L) < 2| APg.
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It is not hard to check that the lines in L\ L’ are distinct.

Applying Theorem 6.7 we have

WP LA e
I(P,L\L') < ot 2\/|P||L] = —-+ ¢ 2|A[".
By an elementary calculation, we have
/ / |A|4 r—1 2
E=I(P,L\L)+I1(P L)< —+q¢ 2|A],
which implies that
A2
N > min {un |2r|—1 } 9
q 2
and the theorem follows. O

We are now ready to prove Theorem 6.3.

Proof of Theorem 6.3. Since |A| > ¢"~% > |(2)] = ¢"~!, without loss of generality, we
assume that A is a subset of R*.
We now start with the case of Fy = u(u + v)y + 2.

Set X = {u(u+v): u,v € A})Y = Z = A. Tt follows from Lemma 6.11 that

. Al?
\M»mﬁwa}
q 2
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On the other hand, it is not hard to see that

IF1(A, A, A, A)| = | XA+ A

Lemma 6.8 tells us that

r—1" 6r—3

Al2 AR
| XA+ A >>min{qr, (|] | L} > q",
q 2

whenever |A| > q%. This completes the proof in the case of F}.
For any F; with 2 < i < 6, the proof is almost the same as that for F except
that we have to use Lemma 6.9 or Lemma 6.10 instead of Lemma 6.8 with switching

the roles of X,Y, and Z if necessary. O

Chapter 6 is a version of the material in “Moderate Expanders over Rings,” co-
authored with Dao Nguyen Van Anh, Le Quang Ham, Doowon Koh, Hossein Mojarrad,
and Thang Pham, which has been submitted for publication. The author was one of

the primary investigators and authors of this paper.
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