
UCLA
UCLA Electronic Theses and Dissertations

Title
High-dimensional Quantum Information Processing with Time-Frequency Qudits

Permalink
https://escholarship.org/uc/item/7xb6409p

Author
Chang, Kai-Chi

Publication Date
2022
 
Peer reviewed|Thesis/dissertation

eScholarship.org Powered by the California Digital Library
University of California

https://escholarship.org/uc/item/7xb6409p
https://escholarship.org
http://www.cdlib.org/


2022  

UNIVERSITY OF CALIFORNIA 

Los Angeles 
 
 
 
 
 
 
 
 
 
 
 

High-dimensional Quantum Information Processing with Time-Frequency Qudits 
 
 
 

A dissertation submitted in partial satisfaction of 

the requirements for the degree 

Doctor of Philosophy in Electrical and Computer Engineering 
 
 

by 
 
 

Kai-Chi Chang 



2022  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

© Copyright by 

Kai-Chi Chang 



ii  

ABSTRACT OF THE DISSERTATION 
 
 

High-dimensional Quantum Information Processing with Time-Frequency Qudits 
 

 
by 

 
 

Kai-Chi Chang 

Doctor of Philosophy in Electrical and 

Computer Engineering  

University of California, Los Angeles, 2022  

Professor Chee Wei Wong, Chair 

 

High-dimensional entanglement in qudit states provides a route to realize large-scale, precisely 

controllable, practical systems for advanced quantum information processing, quantum secured 

communications, quantum metrology, and complex quantum computation. Many quantum platforms are 

currently subject to extensive research for superdense encoding, such as trapped ions, superconducting 

circuits, defect centers in solid-state crystals, mechanical oscillators, and photons. While all platforms 

provide unique advantages as well as challenges, optical quantum states are of particular interest, 

because they can interact with other quantum systems, and can be transmitted over long distances while 

preserving their quantum coherence. A large variety of quantum resources using optical quantum states 

has been demonstrated, however most of implementations suffer from high complexity, ultimately 

limiting their scalability. Mode-locked biphoton frequency combs (BFCs), which are intrinsically 

multimode in the temporal and frequency degrees of freedom within a single spatial mode, naturally 

facilitating the generation and manipulation of high-dimensional entanglement in large-scale quantum 

systems. Such BFCs have been demonstrated over fiber- and chip-compatible platforms. However, there 

is a huge gap between the maximal number of time and frequency modes and the dimensionality of the 

entanglement characterized experimentally, with the major challenge of certifying such high-

dimensional entanglement by a number of accessible measurements. Quantifying and certifying the 

amount of entanglement in a high-dimensional quantum system has been a long-standing question in the 

quantum optics community. Therefore, there is an urgent need to generate and to certify large and 
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complex photon states without increasing source complexity, while still enabling coherent quantum state 

control and detection. In this dissertation, we focus on realization, quantification and applications of such 

high-dimensional optical quantum states. First, we demonstrated a high-dimensional doubly-resonant 

BFC by achieving record-high Hong-Ou-Mandel (HOM)-interference revivals and Franson interference 

recurrences. We certify a Hilbert-space high-dimensionality of at least 648 using a time-bin Schmidt 

number of 18 and frequency-polarization hyperentanglement in such a BFC. Second, we demonstrated 

first high-dimensional entanglement distribution using a singly-resonant BFC with the record-high 

Franson visibility 98.81% with 16 time-bins and average frequency-binned Franson visibility of 98.03% 

for 5 frequency-pairs at a 10-km distance. High-dimensional time-frequency entanglement is certified by 

frequency-bin Schmidt number of 4.17 and a measured time-bin Schmidt number of 13.13. Third, we 

explore the role of cavity finesse within our singly-resonant BFCs. Increasing cavity finesse can increase 

the probability to detect single-photons at multiple cavity round-trips and can flatten the fall-off of 

Franson recurrence visibilities. Fourth, we demonstrate first genuine time-reversible ultranarrow photon-

pair source with over 5,000 modes using asymmetric singly-resonant BFCs operating in telecom-band. 

Fifth, we demonstrate essential functionalities for quantum networking, including frequency-multiplexed 

high-dimensional time-bin encoding with our BFC sources. We perform proof-of-principle frequency-

multiplexed high-dimensional time-bin (QKD) using a singly-resonant BFC. We measured photon 

information efficiency (PIE) up to 15 bits per coincidence for 5 frequency pairs of a singly-resonant BFC 

and 5 kbits/s raw key rate towards high-dimensional quantum communication. The secure key rate 

(SKR) is obtained to be 1.1 kbits/s with PIE of 2.41 bits per coincidence, secured by our high-visibility 

frequency-binned Franson interference. Finally, we investigated the first experimental demonstration of 

chip-scale two-qubit SWAP gate that can be used for scalable high-dimensional quantum computing. We 

observe high fidelity in the SWAP gate logical basis, and phase coherent quantum fringes after SWAP 

operation with high visibility. We have investigated the fundamental physics of BFC on scaling its 

Hilbert space dimensionality for complex quantum information processing, the versability of singly-

resonant BFC for real-world quantum photon efficient communications, and the silicon photonic two-

qubit SWAP gate operation towards high-dimensional quantum optical computations. Our work 

represents an important step forward in the generation, certification and distribution of complex quantum 

states using telecom compatible fiber systems in a single spatial mode. Such large-scale quantum states 

would then be well suited for the applications, including high-dimensional entanglement teleportation, 
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quantum simulations, interconnecting matter qubits, on-chip quantum computing and storage, and 

various quantum communication protocols based on superdense time- and frequency-bin encodings.
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Chapter 1 
 
 

Introduction 
  
 

The fundamental unit of quantum information processing (QIP) is the qubit, which is a two-state 

systems. High-dimensional qudit states, however, exhibits higher degree of complexity via the Hilbert 

space dimensionality scaling dN (with d and N being the number of dimensions and parties, 

respectively), which is indispensable for the generation and the precise control of large-scale quantum 

systems for fundamental loophole tests of quantum nature [1-4] and real-world quantum applications. 

These high-dimensional systems can be used for significantly boosting the quantum information 

capacity, enhancing link speeds [5-10] and noise resilience in quantum communications [6, 11-15], 

enabling advanced quantum metrology [16, 17], and for new algorithms in quantum simulations and 

computations [18-21]. 

        There are several platforms can provide the state-of-the-art encoding and decoding of large-scale 

quantum states. For instance, these systems span atomic [22], superconducting [23], and photonic 

qudits [24]. In high-dimensional photonic systems, there are two fundamentally different approaches to 

encode quantum information, the continuous-variable approach, and the discrete-variable approach. 

Whereas the high-dimensional continuous-variable methods process quantum information based on 

quantized electric field quadratures of the squeezed states [25, 26], the high-dimensional discrete-

variable approach operates quantum information based on individual mode of single-photon Fock 

states [27-29]. 

        Continuous-variable quantum information is based on the encoding in the amplitude and phase of 

the photons, which are continuous degrees of freedom (DoFs), and they are detectable by photon-

number resolving detectors [30] or linear detectors via homodyne detections. This approach generates 

very large-scale photonic quantum systems for highly complex graph states and multimode entangled 

networks in optical parametric oscillators (OPOs), usually operating either above or below threshold 

[31-38]. However, the current record fidelities are below 90% [35, 39, 40], and the individual control 

of each frequency mode has proven difficult due to the average several hundred MHz level free-

spectral range (FSR). Furthermore, their large and complex setups require sophisticated stabilized 

OPO systems, and so these systems are not yet fully suitable for applications outside of the lab. 
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        Discrete-variable systems, in contrast, are based on the creation and detection of various DoFs of 

single-photons. This method allows the generation and precise control of individual modes in large-

scale integrated quantum systems [41-44], and the state-off-the art SNSPDs can be directly used in 

correlation and coincidence measurements. The main advantage of discrete-variable systems is the 

capability of realizing unit fidelity entangled quantum states and precise control of each mode. A 

drawback is that current technology mostly allows for probabilistic entangled sources that scale 

unfavorably with an increasing N of qudits, which can be tackled by incorporating deterministic high-

fidelity single-photon sources [45, 46], highly efficient SNSPDs with near-unity system detection 

efficiency [47-49], ultra-low dark counts [50], and sub-3 ps temporal resolution [51] for unit fidelity 

and deterministic QIP using single-photons.  

        Initial creation and control of discrete-variable photonic qudit systems have been very successful 

by processing quantum information on spatial, orbital angular momentum, and polarization modes [52-

70]. However, polarization entanglement is intrinsically two-dimensional, and therefore limiting its 

scalability in generating high-dimensional states. For spatial and orbital angular momentum, despite 

their success, the footprint and the setups complexity of these approaches necessarily increases as the 

dimensionality of qudit increases, owing to the spatially distinct nature of the exploited DoFs. This 

ultimately poses a significant limitation to the degree of complexity that is achievable for practical 

systems.  

        In stark contrast, the discretized temporal and frequency modes, which are intrinsic characteristics 

in mode-locked biphoton frequency combs (BFCs) [71, 72], has been rapidly studied recently [73-92], 

enabling scalable generation and manipulation of high-dimensional [75-77, 80, 86, 90, 92], 

hyperentanglement [75, 84, 86, 92], or multipartite states [76, 78, 84, 93] in a single spatial mode. The 

distinct multimode temporal and frequency modes in BFC naturally allow dense quantum information 

encoding in their temporal and frequency correlations for practical high-dimensional quantum 

interconnects [94-106]. 

        To realize the aforementioned potential and possible applications with BFCs, a major piece of 

functionality is still missing for linear-optical quantum computation (LOQC), as suggested by the 

Divincenzo’s criteria [107], comprised of single-qubit rotations plus a two-qubit entangling gate, 

capable of synthesizing any arbitrary quantum operation. The intrinsic multiple time and frequency 

mode within a single spatial mode of BFC make them useful DoFs for encoding information presents a 

series of unique challenges for QIP, such as how to quantify and certify the genuine high-dimensional 

entanglement with number of accessible measurements, or how to efficiently distribute such high-
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dimensional entanglement towards multi-user quantum network applications.  

        In this dissertation,  we attempt to address these specific challenges. Through the use of the newly 

developed BFC [72, 75, 78, 84, 92, 108-111], a telecom device incorporating both fiber Fabry-Pérot 

(FP) etalons and mode-locking techniques, controlling precisely both the joint spectral intensity (JSI) 

and joint temporal intensity (JTI) of the spontaneous parametric down-conversion (SPDC). In the first 

study, we have demonstrated a high-dimensional BFC by achieving 61 Hong-Ou-Mandel (HOM) 

recurrences interference, a foundational two-qubit gates in the LOQC [112] and 16 Franson revivals 

interference, a nonlocal interferometry that is important for testing fundamental quantum nature [4], 

distributing time-energy entanglement and encoding large-alphabet time-bins in fiber links [5, 6, 13, 

78, 113-117], both with near-unity visibility. We developed new techniques to quantify and certify 

such a BFC with a lower-bound of Hilbert-space dimensionality at 648 with 6.28 bits/photon classical 

information capacity that can potentially be encoded for classical information transmission over a 

quantum channel using only biphotons. This realization of a 13 photonic qudits using a doubly-

resonant BFC opens new practical applications such as high-dimensional quantum secure 

communication, and cluster state quantum computations [92]. We have demonstrated novel high-

dimensional time- and frequency-binned entanglement distribution using a singly-resonant BFC [111]. 

First, the spectral purity of our singly-resonant BFC is characterized by a heralded g(2) measurement of 

0.035, verifying the pure single longitudinal resonator mode biphoton emission. After such 

entanglement distribution, the best time-binned and frequency-binned Franson visibility is up to 98.8% 

and 96.7%, respectively. The averaged decrease of Franson interference visibility after such 

distribution is only 2%, compared to our Franson visibilities before the distribution, showing the high-

quality energy-time entanglement distribution via a singly-resonant BFC. We directly observed JTI in 

a mode-locked singly-resonant BFC using the second-order cross-correlation function measurements 

with a FSR of 5.03 GHz cavity to probe biphoton phase coherence in fiber cavity-filtered scheme for 

the first time. Then, we measured the time-energy entanglement of 5.03 and 15.15 GHz FSR mode-

locked singly-resonant BFCs via Franson interferometry, with interference fringes observed over 6 and 

2 time-bins, and with optimum central time-bin accidental-subtracted visibility of 98.97% and 97.79%, 

respectively. We have further investigated the role of cavity finesse F in controlling JTI of mode-

locked singly-resonant BFCs on both signal-idler temporal second-order cross-correlation functions 

and Franson interference. Utilizing a cavity finesse F of 200, we present a theoretical ~54-fold 

improvement of Franson visibility compared to the Franson visibility with cavity finesse F of 11.14 at 

16 cavity round-trip times, with all of the Franson interference recurrence visibilities are over than the 
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quantum-classical limit of 70.7%, violating Bell’s inequality. We demonstrate time-reversible 

ultranarrow-band photon-pair generation with narrowest 42.63 MHz FSR, 4.587 MHz linewidth by 

asymmetric singly-resonant BFCs. We completely resolve the JTI of such source and verify the single-

photon Fock state characteristics with multimode emission are preserved under time-reversal 

symmetry. This photon-pair source has over 5,000 modes in telecommunication-band. We 

implemented high-dimensional QKD with dense wavelength division multiplexing (DWDM) time-bin 

encoding with BFC sources [118-122]. We have encoded PIE up to 15 bits per coincidence using our 

frequency-multiplexed singly-resonant BFC, and the total SKR is 1.1 kbits/s with a PIE of 2.41 bits 

per coincidence. The security of our high-dimensional QKD scheme is based on a custom-built 

Franson interferometer, with highest accidental-subtracted interference visibility up to 99.66%. The 

performance of our high-dimensional QKD can be further increased with lower DWDM crosstalk and 

brighter SPDC photon source. Along with dual-basis Franson interferometry [123, 124], unconditional 

security of energy-time entanglement based high-dimensional QKD can be achieved with high secure-

key throughput, and our scheme can be readily utilized for fully connected bipartite-entangled multi-

user quantum communication network. Finally, we investigated the first experimental demonstration 

of chip-scale two-qubit SWAP gate, an efficient chip-scale deterministic cascaded CNOT gates that 

swaps the polarization DoF in single-photon with its spatial-momentum DoF [125-127]. We performed 

SWAP gate projection measurements, observing 97.20 ± 0.14% high fidelity in quantum gate logical 

basis, realizing an on-chip fidelity of up to 97.30 ± 0.30% for quantum state tomography (QST) and a 

net on-chip fidelity of up to 95.44 ± 0.21% for quantum process tomography (QPT). In addition, we 

demonstrate the polarization-to-spatial qubit transfer’s phase coherence, observing an average self-

interference visibility up to 98.68 ± 0.17%. Our two-qubit four-dimensional Hilbert space chip-scale 

SWAP gate can find future applications such as high-dimensional quantum gate operation, extending 

to qudits encoded in other DoFs, and for high-dimensional hyperentangled single-photon qudits [75, 

84, 86, 92, 128], without requiring ancilla photons, for deterministic chip-scale QIP. To summarize, 

we have investigated the fundamental physics of a doubly-resonant BFC for certifying and scaling its 

Hilbert space dimensionality for complex QIP, the unique physics of singly-resonant BFC for real-

world photon efficient entanglement distributions and QKDs, and the silicon photonic two-qubit four-

dimensional SWAP gate operation for LOQC and deterministic QIP. 

        This dissertation is organized as follows. In Chapter 2 we describe in detail the methods and 

techniques used. The second chapter is structured along the development of the methodology for the 

results section from Chapter 3 to Chapter 5. Firstly, the methods to generate and detect photon pairs 
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are reviewed. Then, quantum interference and quantum state characterization are summarized in a 

general context, followed by a detailed introduction into high-dimensional time- and frequency-bin 

entanglement in mode-locked BFCs. In addition to reviewing already existing techniques, new results 

are also presented at the end of Chapter 2. In particular, a newly designed integrated hybrid photon 

pair source and engineering of JSI, novel methods to quantify Hilbert-space dimensionality of BFC, as 

well as a new technique to perform high-dimensional entanglement distribution using BFC are 

presented. We completely explore the underlying physics of singly-resonant BFCs. Chapter 3 tackles 

the important question of generation, certification and distribution of high-dimensional entanglement 

in BFCs. In Chapter 4 we highlight one of the prominent QIP task, the quantum communication 

testbed developed on the BFC sources. We cover our last missing piece for universal QIP, a two-qubit 

three-level on-chip CNOT gates in Chapter 5. We have a short summary section at the end of each 

chapter, stating the key areas for improvements in the future work. The Appendix section encompasses 

a great amount of information, including supplemental measurements, detailed theoretical results of 

mode-locked temporal cross-correlations, HOM, Franson and conjugate-Franson interferences, impact 

of cavity finesse F on JTI of BFC, Schmidt mode decompositions, entanglement of formation, design 

and fabrication and characterization of two-qubit SWAP gate. 
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Chapter 2 
 
 

Methods and Techniques 
  
 

2.1 Introduction 
This chapter describes the methods and techniques that were used to collect and analyze the 

experimental results shown in Chapter 3 to 5. First, photon pair generation using nonlinear optics and 

the properties of optical resonators are reviewed. Second, the fundamentals of quantum interference 

and tomography are summarized. Then, the two types of entanglement (time-bin and frequency-bin) 

used in this work are introduced. Finally, a new integrated hybrid SPDC source is designed by 

controlling the JSI of the biphotons for generating high purity BFC, followed by the methods 

developed to characterize these types of high-dimensional entangled mode-locked BFC states. 

 

 

2.2 Photon pair generation by means of nonlinear optical processes 
One of the most common techniques to generate photonic quantum states is based on exploiting 

nonlinear optical interactions. While individual quantum emitters such as molecules [129-131], 

quantum dots [132, 133], and defect centers in crystals [134, 135] can be used to generate single 

photons deterministically, nonlinear optical sources are commonly used to directly generate photon 

pairs. These sources are therefore ideal to generate entangled quantum states, where the sources can be 

designed to emit photon pairs, entangled in one or more DoF [136]. The generation process is based on 

parametric optical interactions in nonlinear optical crystals or waveguides [137]. An important 

criterion for the type of nonlinear interactions possible in a given crystal or waveguide is their 

symmetry. Among the many different nonlinear interactions that can be achieved in second- and third-

order nonlinear media, mainly two nonlinear optical interactions are used for the generation of optical 

quantum states: SPDC and spontaneous four wave mixing (SFWM).  

        SPDC entangled photon pairs are generated with a χ(2) nonlinearity to convert a single higher-

energy pump photon into a pair of correlated photons called signal and idler in a three-wave mixing 

interaction process see Fig. 2.1a. As this process conserves energy and momentum of the initial 

photon, the two photons are correlated, and can be entangled in many DoFs such as polarization, 
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orbital angular momentum, time and frequency. SFWM is a third-order nonlinear process, which is in 

many ways very similar to SDPC, with the difference that not only one, but two incident photons 

decay into a signal and idler photon, see Fig. 2.1b. Again, the energy and momentum are fully 

preserved in the four-wave mixing process, leading to strong correlations between the two generated 

photons. 

 
Fig. 2.1. Principles of biphoton frequency comb generation using SPDC and SFWM schemes. a) 

BFC generation with cavity-enhanced and post-filtered schemes. b) BFC generation with integrated 

on-chip microresonators. All these approaches lead to discrete energy-time correlated BFC.         

        The decay processes of SDPC and SFWM are essentially instantaneous (within the coherence-

time of the initial photon), meaning that the signal and idler photons are generated at the same time. 

This strong correlation can lead to time-energy entanglement between the biphotons. Furthermore, the 

generation process is spatially local, meaning that the signal and idler photons are essentially created at 

the same position within the nonlinear crystal or waveguide. This property, together with momentum 

conservation can be used to generate entanglement in position and momentum. This type of 

entanglement is commonly exploited for ghost imaging [138], and can be used to demonstrate the 

famous Einstein-Podolsky-Rosen (EPR) Paradox [139]. One critical situation that has to be fulfilled in 

order to enable parametric frequency conversion is the phase-matching condition. Phase matching can 

be explained by the requirement that both energy and momentum have to be preserved in the nonlinear 

process [137]. In SPDC process, many different approaches have been achieved to achieve phase 

matching in dispersive media, such as periodic poling and birefringent phase matching. While in 

SFWM process, the requirement of anomalous dispersion is essential for phase matching.  
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2.3 Correlated photon detection measurements 

Second-order correlation function 𝑔𝑔(2)(𝜏𝜏) measurements are commonly used to identify the statistical 

properties of light in the temporal domain, which can be categorized into three main types: thermal, 

coherent, and quantum [140]. The second-order coherence can be measured using a Hanbury-Brown-

Twiss (HBT) type setup [141], which consists of a beam-splitter followed by two single-photon 

detectors. The second-order coherence can then be extracted from coincidence measurements, as long 

as the temporal resolution of the single-photon detectors is higher than the first-order temporal 

coherence of the incident light [142]. The typical expected second-order coherence functions 𝑔𝑔(2)(𝜏𝜏) 

for thermal, coherent and quantum light sources are summarized in Fig. 2.2. For a true single-photon 

emitter, the probability to emit two photons at the same time is zero, 𝑔𝑔(2)(0) = 0, which is called anti-

bunching. For photon-pair sources, typical photon bunching is observed, 𝑔𝑔(2)(0) = 2. Finally, for a 

coherent field, the temporal photon distribution is fully random, leading to second-order coherence 

which is equal to 1 at all times.  

 
Fig. 2.2. Second-order coherence functions 𝒈𝒈(𝟐𝟐)(𝝉𝝉) for thermal, coherent and quantum light 

sources. a) Bunching statistics of thermal light. b) Coherent light statistics. c) Anti-bunching statistics 

of quantum light. 

        If the photons are generated over a spectral bandwidth which is larger than the bandwidth of the 

excitation field, the photons are emitted into multiple spectral modes using SPDC and SFWM sources. 

Indeed, it has been shown that the maximum of the second-order correlation function is directly related 

to the 𝑁𝑁, number of spectral modes of the photons with 𝑔𝑔(2)(0) = 1 + 1/𝑁𝑁 [74, 78].  

        For SPDC and SFWM sources, the single-photon anti-bunching behavior can also be measured on 

the condition of heralding, this definition has been adapted as heralded second-order correlation 

function 𝑔𝑔𝐻𝐻
(2)(𝜏𝜏). The measurement setup is done via splitting signal and idler photons first, then send 

one of them into a HBT type interferometer. Due to the complexity of acquiring the whole function, 
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usually the zero-delay value is calculated as 𝑔𝑔𝐻𝐻
(2)(0) = 𝐶𝐶𝐴𝐴𝐴𝐴𝐴𝐴𝑅𝑅𝐴𝐴

𝐶𝐶𝐴𝐴𝐴𝐴𝐶𝐶𝐴𝐴𝐴𝐴
, Where 𝐶𝐶𝐴𝐴𝐴𝐴𝐶𝐶  denotes the triple 

coincidence rate of heralding and two heralded outputs, 𝑅𝑅𝐶𝐶 stands for the heralding count rate, 𝐶𝐶𝐴𝐴𝐶𝐶 and 

𝐶𝐶𝐴𝐴𝐶𝐶 are the coincidence rates between heralding and each heralded output, respectively. Detecting one 

photon of the photon pair result in projecting the other photon into a multimode heralded single-photon 

state, which exhibits non-classical antibunching behavior. Hence, 𝑔𝑔𝐻𝐻
(2)(0) < 0.5 means that quantum 

regime has been reached, and 𝑔𝑔𝐻𝐻
(2)(0) ~ 0 proves the high purity of the photon pair sources [111, 143]. 

Therefore, both the 𝑔𝑔(2)(𝜏𝜏) and 𝑔𝑔𝐻𝐻
(2)(0) measurements can therefore be used to determine the purity of 

the emitted photons, where pure photons are characterized by exhibiting only a single frequency mode. 

 

 

2.4 Quantum interference 
Quantum interference is at the basis of almost all applications harnessing optical quantum states. 

Quantum interference can be used to confirm the presence of entanglement [144], to transmit data in a 

secure way [145], to enable measurements with precision exceeding classical limits [146], and to 

perform quantum computation [56]. In this work, quantum interference will be used mainly as a tool to 

characterize the optical quantum states, generated in the SPDC and BFC sources.  

        In quantum mechanics, interference originates from the lack of information [147]. The interference 

phenomena in a Mach-Zehnder interferometer (MZI), see Fig. 2.3, can be described as single-photon 

interference, which arises from the absence of photon path information (or indistinguishability of 

photon paths). Starting with a source that emits a single photon, the photon passes through the 

interferometer and is then detected by a detector. After the first beam splitter (BS), the photon can take 

two alternative paths (1 and 2), to arrive at the detector. The probability of detecting the photon when it 

travels via path 1 is given by 𝑃𝑃1  =  |𝑎𝑎1|2 , with 𝑎𝑎1  being the corresponding probability amplitude 

(which is in general a complex number). 𝑃𝑃1  is directly proportional to the detection rate of the detector 

when path 2 is blocked. Similarly, the probability of detecting the photon when it travels via path 2 is 

given by 𝑃𝑃2 =  |𝑎𝑎2|2, with the corresponding probability amplitude 𝑎𝑎2. When both paths are open, 

interference occurs, and the total probability of the photon being detected is given by 

                                                𝑃𝑃 = |𝑎𝑎1 + 𝑎𝑎2|2 = 𝑃𝑃1 + 𝑃𝑃2 + 2�𝑃𝑃1𝑃𝑃2 cos𝜑𝜑                                       (2.1) 

 

where 𝜑𝜑 = 𝑎𝑎𝑎𝑎𝑔𝑔{𝑎𝑎1∗𝑎𝑎2} with ‘arg’ being the argument of a complex number (this corresponds to the 
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phase difference between the two optical paths). In quantum regime, interference occurs if and only if 

there is no path information anywhere in the universe. In contrast, when information is available, no 

interference occurs, and the probability of detecting the photon is given by 

                                                             𝑃𝑃 = |𝑎𝑎1|2 +  |𝑎𝑎2|2 = 𝑃𝑃1 + 𝑃𝑃2                                                (2.2) 

 
Fig. 2.3. Schematic of a standard Mach-Zehnder interferometer. An optical input is split into two 

paths 1 and 2 by a BS. The phase difference between these paths is described by 𝜑𝜑. Both paths are then 

recombined using a second BS, and photons can be detected at one of the output ports (or both). 

It is important to note that this information does not need to be extracted by a measurement; the 

presence of the path information alone is enough to destroy the interference [148]. Visibility V, which 

quantifies the quality of quantum interference can be defined as 

                                                                        𝑉𝑉 = 𝑃𝑃𝑀𝑀𝑀𝑀𝑀𝑀−𝑃𝑃𝑀𝑀𝑀𝑀𝑀𝑀
𝑃𝑃𝑀𝑀𝑀𝑀𝑀𝑀+𝑃𝑃𝑀𝑀𝑀𝑀𝑀𝑀

                                                             (2.3) 

Here 𝑃𝑃𝑀𝑀𝑀𝑀𝑀𝑀  and 𝑃𝑃𝑀𝑀𝑀𝑀𝑀𝑀  are the maximum and minimum measured values of 𝑃𝑃, respectively. It can be 

seen that for 𝑃𝑃1 = 𝑃𝑃2  (and complete unavailability of path information under ideal conditions) the 

visibility becomes unity (𝑉𝑉 = 1). Similarly, the complete availability of path information implies zero 

visibility. It is also possible to have a case where the visibility is in between 0 and 1. In such a case, if 

𝑃𝑃1 = 𝑃𝑃2 = 𝑃𝑃0, the total probability of detecting a photon is given by 

                                                                  𝑃𝑃 = 2𝑃𝑃0(1 + 𝑉𝑉 cos𝜑𝜑)                                                       (2.4) 

The quantum mechanical interpretation of interference thus allows us to consider the visibility as a 

measure of the unavailability of information. 

        Single photon interference discussed earlier is also often referred to as classical interference, as it 

can be perfectly described using classical wave optics, where a wave propagates through two paths and 

interferes with itself. Instead, two-photon interference, or quantum interference does not have such a 

classical analogy, and describes the phase dependent probability to measure biphoton coincidences. A 

famous example of two photon interference, which can be used to illustrate the concept, is the HOM 

effect, see Fig. 2.4, where two photons showing bunching behavior when they enter two different ports 
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of a BS [149]. If the two photons are identical (meaning they are fully indistinguishable, no 

information on which photon entered which port of the BS is available), the photons will always exit 

together at the same output port, and the probability that the two photons exit different ports becomes 

zero. With a detector at each output port, the probability of measuring photon coincidences goes to 

zero for perfectly indistinguishable photons. If a temporal delay between the photons is introduced, the 

photons become temporally distinguishable, can thus exit different output ports and coincidences can 

be detected. Furthermore, HOM interference results in a coherent superposition of either two photons 

exiting port 1 or port 2 of the BS. The output of two identical photons entering two different ports of a 

BS is therefore a path-entangled state 

                                       |𝜓𝜓𝑒𝑒𝑀𝑀𝑒𝑒⟩ = 1
√2

(|1⟩𝑠𝑠|1⟩𝑀𝑀 + |2⟩𝑠𝑠|2⟩𝑀𝑀) = 1
√2

(|1⟩|1⟩ + |2⟩|2⟩)                            (2.5) 

HOM interference can therefore be used to generate entanglement, and is at the basis of fundamental 

two-qubits gates and LOQC [112]. Reversing the HOM effect, one can immediately conclude that if a 

path-entangled state enters a BS, two indistinguishable photons will exit at different output ports, and 

the probability of detecting two photons at the same port is zero [149].  

        Let us consider a detail version of HOM effect for clarity. We have a BS with input ports 1 and 2 

and output ports 𝑎𝑎 and 𝑏𝑏. Measuring a photon at port 𝑎𝑎 or 𝑏𝑏 corresponds to a projection on 

                                                                  �𝜓𝜓𝑝𝑝,𝑀𝑀� = 1
√2

(|1⟩ + 𝑖𝑖|2⟩)                                                     (2.6) 

                                                                  �𝜓𝜓𝑝𝑝,𝑏𝑏� = 1
√2

(𝑖𝑖|1⟩ + |2⟩)                                                     (2.7) 

respectively, where the imaginary components result from a π phase shift upon reflection at the BS. 

For an entangled input state, the probability to measure photon coincidences at port combinations of 𝑎𝑎 

and 𝑏𝑏 can be calculated as 

                                                         |𝜓𝜓𝑒𝑒𝑀𝑀𝑒𝑒⟩ = 1
√2

(|1⟩|1⟩ + 𝑒𝑒𝑀𝑀𝑖𝑖|2⟩|2⟩)                                               (2.8) 

                                           �𝜓𝜓𝑝𝑝,𝑀𝑀,𝜓𝜓𝑝𝑝,𝑏𝑏� = 1
√2

(−𝑖𝑖⟨1,1| + ⟨1,2| + ⟨2,1| − 𝑖𝑖⟨2,2|)                                (2.9) 

                                                 𝑃𝑃𝑀𝑀,𝑏𝑏 = |�𝜓𝜓𝑝𝑝,𝑀𝑀,𝜓𝜓𝑝𝑝,𝑏𝑏�𝜓𝜓𝑒𝑒𝑀𝑀𝑒𝑒⟩|2 = 1
4

(1 + cos𝜑𝜑)                                    (2.10) 

                                                 𝑃𝑃𝑏𝑏,𝑀𝑀 = |�𝜓𝜓𝑝𝑝,𝑏𝑏 ,𝜓𝜓𝑝𝑝,𝑀𝑀�𝜓𝜓𝑒𝑒𝑀𝑀𝑒𝑒⟩|2 = 1
4

(1 + cos𝜑𝜑)                                    (2.11) 

                                                 𝑃𝑃𝑀𝑀,𝑀𝑀 = |�𝜓𝜓𝑝𝑝,𝑀𝑀,𝜓𝜓𝑝𝑝,𝑀𝑀�𝜓𝜓𝑒𝑒𝑀𝑀𝑒𝑒⟩|2 = 1
4

(1 − cos𝜑𝜑)                                     (2.12) 

                                                 𝑃𝑃𝑏𝑏,𝑏𝑏 = |�𝜓𝜓𝑝𝑝,𝑏𝑏 ,𝜓𝜓𝑝𝑝,𝑏𝑏�𝜓𝜓𝑒𝑒𝑀𝑀𝑒𝑒⟩|2 = 1
4

(1 − cos𝜑𝜑)                                    (2.13) 

We can see the sum of all four possible outcomes is unity, but that for a given projection, clear 

interference in the photon coincidences is seen, which is the effect of two-photon interference. Similar 
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to the single-photon interference, it is possible to consider the visibility of HOM interference as a 

measure of photon distinguishability in all DoFs. Therefore, indistinguishable photons, in combination 

with HOM interference, generates a maximally entangled state. Vice versa, the visibility of 

entanglement-based two-photon interference, such as nonlocal Franson interference, can be used to 

confirm and quantify the presence of entanglement in the input quantum state [144].  

 
Fig. 2.4. Two-photon Hong-Ou-Mandel interference. Biphotons enter two different input ports of a 

BS. If the photons are perfectly identical, the two photons bunch and always exit one of the ports 

together, leading to a zero probability to detect coincidences between two detectors placed at the two 

output ports of the BS, which is called HOM dip.      

        Indeed, quantum entanglement, a particularly unique feature in quantum mechanics is where two 

or more quantum states are correlated and cannot be decided independently. A measurement of one 

quantum state will steer the state of the other instantaneously and nonlocally. Such entanglement is an 

important resource for QKD and communications protocols [5-7, 11, 13], quantum repeaters [150], 

quantum memories [151-154], and quantum computation [155, 156]. Photons can be entangled in 

different DoFs, such as spatial, orbital angular momentum, polarization [53, 56, 58, 62], time-bins [5-

7, 75] and frequency-bins [75-78], which makes photons an ideal candidate for entangled sources. The 

most used is polarization entangled photon pairs, as polarization of photons can be conveniently 

manipulated and measured.  

        Another common and robust choice in fiber network, the time-energy entanglement, can be 

measured by two-photon Franson interference [144], as shown in Fig. 2.5. The nonlocal Franson 

interferometer is comprised of two unbalanced MZIs, each photon has 50% chance of entering the 

short and long paths, respectively. Therefore, there are four combinations of the paths the photons will 

take: |𝑠𝑠, 𝑠𝑠⟩, |𝑙𝑙, 𝑙𝑙⟩, |𝑠𝑠, 𝑙𝑙⟩ and |𝑙𝑙, 𝑠𝑠⟩, where 𝑠𝑠 means the short path and 𝑙𝑙 the long path. In the histogram for 

time intervals between the biphotons, as shown in Fig. 2.5(b), there will be three peaks, the central 

correlation peak comes from the superposition of indistinguishable quantum states |𝑠𝑠, 𝑠𝑠⟩ and |𝑙𝑙, 𝑙𝑙⟩, 

whereas the satellite peaks are from |𝑠𝑠, 𝑙𝑙⟩ and |𝑙𝑙, 𝑠𝑠⟩ states. The probabilistic amplitudes of |𝑠𝑠, 𝑠𝑠⟩ and 
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|𝑙𝑙, 𝑙𝑙⟩  interfere with each other on the conditions that the path difference between the arms of 

unbalanced MZIs is longer than the biphoton’s coherence length, ruling out the possibility of the 

single-photon interference.  

 
Fig. 2.5. Two-photon Franson interference. Quantum nonlocal signature of Franson interference 

with 3 correlation peaks separated by imbalance of a pair of MZIs. The central correlation peak comes 

from the superposition of indistinguishable quantum states |𝑠𝑠, 𝑠𝑠⟩ and |𝑙𝑙, 𝑙𝑙⟩, whereas the satellite peaks 

are from |𝑠𝑠, 𝑙𝑙⟩ and |𝑙𝑙, 𝑠𝑠⟩ states. Energy-time entanglement can be verified with Franson interference by 

Franson fringe visibility higher than 71%.  

        In real experimental schemes, the path difference should be long enough for the three temporal 

correlation peaks to resolve, since the timing jitter of single-photon detectors and the counting 

electronics bring a finite width to the coincidence peaks, and if they overlap with each other, the |𝑠𝑠, 𝑠𝑠⟩ 

and |𝑙𝑙, 𝑙𝑙⟩ states are no longer distinguishable with |𝑠𝑠, 𝑙𝑙⟩ and |𝑙𝑙, 𝑠𝑠⟩ states, this will result in 50% quantum 

interference visibility. In this work, the path difference in our Franson interferometer is designed to be 

~5 ns, which satisfies the criteria for high visibility Franson interference. Post-selection is also 

necessary for us to achieve over 50% Franson visibility, to avoid counting all three correlation peaks, 

and we note that the post-selection loophole-free Franson interference has been demonstrated recently 

[4]. By post-selecting central peak in Franson interferometer, the number of coincidences corresponds 

to states |𝑠𝑠, 𝑠𝑠⟩ and |𝑙𝑙, 𝑙𝑙⟩ will be a function of the sum of phase on both unbalanced MZIs, which forms a 

two-photon interference fringe and hence its visibility quantifies the quality of time-energy 

entanglement of photons in photon pair sources. A Franson fringe visibility higher than 71% is 

sufficient to prove the time-energy entanglement of the quantum state [157]. 

        Although HOM and Franson are two-photon interference effect, they are fundamentally different, 

the main difference is the way that interference is measured. HOM is essentially a HBT type local 

interferometry, whereas Franson interference occurs in nonlocal unbalanced MZIs. Therefore, HOM 
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interference visibility can inform us the single-photon indistinguishability in DoFs including spatial, 

polarization, time and frequency, and reveal the path-entanglement quality of the quantum states. On 

the other hand, visibility of nonlocal Franson interference can be used to confirm and quantify the 

presence of time-energy entanglement for the quantum state. 

 

 

2.5 Quantum state and process tomography 
QST is an experimental method that allows the extraction of the density matrix of a quantum state, 

which fully describes the quantum state [158]. Extending from HOM interference, we will illustrate an 

example for QST using an entangled two-photon state in two dimensions, which can be written as 

|𝜓𝜓𝑒𝑒𝑀𝑀𝑒𝑒⟩ = 1
√2

(|1⟩|1⟩ + |2⟩|2⟩), where 1 and 2 are two orthogonal modes. For this wave function the 

density matrix 𝜌𝜌 is then given by 

                                             𝜌𝜌 = |𝜓𝜓⟩⟨𝜓𝜓| = 1
2

(|1⟩|1⟩ + |2⟩|2⟩)(⟨1,1| + ⟨2,2|)                                (2.14) 

Using a set of orthogonal basis vectors {|1,1⟩, |1,2⟩, |2,1⟩, |2,2⟩}, this results in the ideal theoretical 

two-photon density matrix 

                                                            𝜌𝜌𝑒𝑒ℎ = �
1

2� ⋯ 1
2�

⋮ ⋱ ⋮
1

2� ⋯ 1
2�
�                                                        (2.15) 

where all the other elements not shown in this two-photon density matrix are 0. Since this is an 

entangled two-photon state in two dimensions, it is possible to measure this density matrix 𝜌𝜌𝑒𝑒ℎ through 

projection measurements (or truth table measurements) of the signal and idler qubits, resulting in a 

minimum of 16 required values. This approach is not limited to two-photon or two-dimensional 

quantum states. Indeed, it can be used for any quantum state, showing the power of this approach 

[159]. The photon counts collected in these projection measurements are mathematically given by:  

                                                                  𝑛𝑛𝑣𝑣 = 𝐶𝐶⟨𝜓𝜓𝑣𝑣|𝜌𝜌𝑒𝑒𝑀𝑀𝑝𝑝�𝜓𝜓𝑣𝑣⟩                                                        (2.16) 

where 𝐶𝐶  is a measurement constant dependent on the integration time. The challenge now is to 

reconstruct the density matrix 𝜌𝜌𝑒𝑒𝑀𝑀𝑝𝑝 from the measured 𝑛𝑛𝑣𝑣 values. In particular, the measured density 

matrix can then be reconstructed using the following relations, where 𝑀𝑀 and 𝐵𝐵 have no direct physical 

meaning but are part of the mathematical reconstruction process 

                                                                    𝜌𝜌𝑒𝑒𝑀𝑀𝑝𝑝 = 1
𝐶𝐶
∑ 𝑀𝑀𝑣𝑣𝑛𝑛𝑣𝑣𝑣𝑣                                                           (2.17) 
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                                                                    𝑀𝑀𝑣𝑣 = ∑ 𝛤𝛤𝑀𝑀𝑀𝑀 (1
𝐴𝐴

)𝑀𝑀,𝑣𝑣                                                          (2.18) 

                                                                    𝐵𝐵𝑀𝑀,𝑦𝑦 = ⟨𝜓𝜓𝑀𝑀|𝛤𝛤𝑦𝑦�𝜓𝜓𝑀𝑀⟩                                                         (2.19) 

                                                           𝐶𝐶 = ∑ 𝑛𝑛𝑘𝑘𝑘𝑘 ,𝑎𝑎𝑛𝑛𝑎𝑎 𝑇𝑇𝑎𝑎{𝑀𝑀𝑘𝑘} = 1                                                 (2.20) 

In addition to the measured values, a set of linearly-independent and normalized matrices 𝛤𝛤  is 

required. Any set of such matrices can be used as long as they fulfill 𝑇𝑇𝑎𝑎{𝛤𝛤𝑀𝑀𝛤𝛤𝑦𝑦} = 𝛿𝛿𝑀𝑀,𝑦𝑦. 

        A density matrix associated to a physical system has to be Hermitian and positive definite. 

However, the matrix extracted from measurements usually does not comply with this requirement. To 

retrieve a physically-meaningful density matrix, it is possible to perform a maximum-likelihood 

estimation, which is a method used to find the physically-realistic density matrix closest to the 

measured one [158]. Once the density matrix 𝜌𝜌𝑒𝑒𝑀𝑀𝑝𝑝 is found, we can extract the fidelity of the measured 

state. The state fidelity describes the overlap between the ideal theoretical and measured density matrix 

is given by  

                                                            𝐹𝐹 = (𝑇𝑇𝑎𝑎(��𝜌𝜌𝑒𝑒ℎ𝜌𝜌𝑒𝑒𝑀𝑀𝑝𝑝�𝜌𝜌𝑒𝑒ℎ))2                                                (2.21) 

 

A fidelity of one corresponds to a perfect overlap with the ideal entangled state.  

        Another important quantum tomography is the QPT, it is an experimental method that allows the 

extraction of the process matrix of a quantum state transfer, which fully describes the quantum 

processes [160, 161]. After obtaining the physical process matrix, we can accurately determine the 

action of the gate on any arbitrary input state, including the amount of mixture added and the change in 

entanglement. We also evaluate useful measures of gate performance. Here, we use a fundamental 

two-qubit SWAP gate as an example, although the truth table measures the two-qubit SWAP operation 

in the logical basis, QPT is required to characterize the coherence of the SWAP operation [161].  

        We can estimate the SWAP operation’s process matrix 𝜒𝜒 for a set of fixed operators, which are 

simply chosen to be the identity operator 𝐼𝐼 and the Pauli operators 𝑋𝑋, 𝑌𝑌, and 𝑍𝑍 [160]. The process 

matrix 𝜒𝜒 of the SWAP operation is then expressed as:  

                                                                             𝜒𝜒 = 𝛬𝛬𝜌𝜌Λ                                                               (2.22) 

where the matrix 𝜌𝜌 can be determined using QST, and the matrix Λ is defined as: 

                                                                         Λ = 1
2
� 𝐼𝐼 𝑋𝑋
𝑋𝑋 −𝐼𝐼�                                                          (2.23) 

The process fidelity is then defined as                          
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                                                                       F𝜒𝜒 = 𝑇𝑇𝑇𝑇(𝜒𝜒𝜒𝜒𝑀𝑀)
𝑇𝑇𝑇𝑇(𝜒𝜒)𝑇𝑇𝑇𝑇(𝜒𝜒𝑀𝑀)

                                                           (2.24) 

where 𝜒𝜒𝑀𝑀 is the ideal process matrix with (𝐼𝐼, 𝐼𝐼) component. The purity of the SWAP process matrix 𝜒𝜒 

can also be defined as 

                                                                           𝑃𝑃𝜒𝜒 = 𝑇𝑇𝑇𝑇(𝜒𝜒2)
𝑇𝑇𝑇𝑇2(𝜒𝜒)

                                                              (2.25) 

which is unity for an ideal process. 

        With QST and QPT, maximum-likelihood reconstruction, and analysis of the resulting state and 

process matrix, we can fully characterize both the entangled state and the action of the gate on an 

arbitrary input quantum state.  

 

 

2.6 Bell inequalities 
In the last two decades, Bell's theorem has been a central theme of research from a variety of 

perspectives, mainly motivated by quantum information science, where the nonlocality of quantum 

theory provides many of the advantages afforded by QIP [162]. Bell nonlocality rules out the existence 

of local hidden variable models that describe reality [162, 163] and is the strongest type of quantum 

correlation [164]. EPR steering is a form of quantum correlation that lies between entanglement and 

Bell nonlocality [164, 165], hence, the entanglement is necessary but not sufficient for steering, while 

steering is necessary but not sufficient for nonlocality.  

        Experimentally, Bell nonlocality can be tested via the violation of a Bell inequality, meaning that 

a system cannot be described using local hidden variable models; similarly, steering can be tested 

using steering inequalities [166]. Lastly, entanglement can be verified by two-photon interference 

visibility higher than 71%, for example, in time-energy entanglement [157].  

        A Bell test measures the strength of correlations in different basis sets. As an example, let us 

consider a source that generates photons in an incoherent mixture of either two horizontally or 

vertically polarized photons, described by a density matrix  

                                                  𝜌𝜌𝑚𝑚𝑀𝑀𝑀𝑀 = 1
2

(|𝐻𝐻⟩|𝐻𝐻⟩⟨𝐻𝐻,𝐻𝐻| + |𝑉𝑉⟩|𝑉𝑉⟩⟨𝑉𝑉,𝑉𝑉|)                                         (2.26)                      

This source can provide high correlations in certain polarization settings (like 𝐻𝐻 and 𝑉𝑉), however, the 

light is entirely uncorrelated in diagonal (i.e. |𝐷𝐷⟩ = (|𝐻𝐻⟩ + |𝑉𝑉⟩)/√2) or circular polarization (i.e. 

|𝑅𝑅⟩ = (|𝐻𝐻⟩ + 𝑖𝑖|𝑉𝑉⟩)/√2) basis settings. In contrary, for polarization entangled sources, where two 

photons are in a coherent superposition of polarization modes, described by a density matrix 
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                                              𝜌𝜌𝑒𝑒𝑀𝑀𝑒𝑒 = 1
2

((|𝐻𝐻⟩|𝐻𝐻⟩ + |𝑉𝑉⟩|𝑉𝑉⟩)(⟨𝐻𝐻,𝐻𝐻| + ⟨𝑉𝑉,𝑉𝑉|))                                  (2.27) 

where perfect correlations can be achieved in any polarization basis (horizontal, vertical, circular or a 

combination of them). A Bell inequality classifies the over-all correlation strength and assigns a 

measurable quantity, the 𝑆𝑆 parameter (for two-dimensional systems), which cannot be larger than 2 in 

classical systems, but has a maximum of 2√2 ≈ 2.83 for quantum systems [167, 168]. Bell inequalities 

are therefore often used to confirm the nonlocal quantum properties and a system. 

        There are different ways to measure the Bell parameter 𝑆𝑆. One way to extract the Bell parameter 

by means of quantum interference measurements. If the correct projections are chosen [169], it 

becomes possible to fit a specific function and extract the visibility of the quantum interference. For 

the two-photon Bell State, this projection is 

                                              �𝜓𝜓𝑝𝑝𝑇𝑇𝑝𝑝𝑝𝑝.� = 1
2
�|𝐻𝐻⟩𝑠𝑠 + 𝑒𝑒𝑀𝑀𝑖𝑖|𝑉𝑉⟩𝑠𝑠��|𝐻𝐻⟩𝑀𝑀 + 𝑒𝑒𝑀𝑀𝑖𝑖|𝑉𝑉⟩𝑀𝑀�                                  (2.28) 

which results in quantum interference with twice the period compared to the quantum interference if 

one phase (or polarizer) is kept constant. Thus, it becomes possible to define a visibility 𝑉𝑉 of the 

quantum interferences and fit a sinusoidal function  

                                                                  𝐶𝐶(𝜃𝜃) = 1 + 𝑉𝑉 cos(2𝜃𝜃)                                                    (2.29)    

if this function can be fitted to the measured quantum interference, the visibility becomes directly 

proportional to the Bell parameter, 𝑆𝑆𝑓𝑓𝑇𝑇𝑀𝑀𝑀𝑀𝑓𝑓𝑒𝑒 = 2√2 × 𝑉𝑉 . Measuring a visibility higher than 𝑉𝑉 >

1 √2 ≈⁄ 0.71 therefore directly violates a Bell inequality [170]. 

        The other way to measure the Bell parameter 𝑆𝑆  is by extracting the correlation coefficient 
𝐸𝐸(𝜃𝜃1, 𝜃𝜃2), for instance, in polarization entanglement of photon pairs, 𝐸𝐸(𝜃𝜃1,𝜃𝜃2) of signal and idler 

polarization projection onto the angle set 𝜃𝜃1,𝜃𝜃2  can be obtained from coincidences counting 

measurements as follows [171, 172] 

                                   𝐸𝐸(𝜃𝜃1, 𝜃𝜃2) =
𝐶𝐶(𝑖𝑖1,𝑖𝑖2)−𝐶𝐶�𝑖𝑖1,𝑖𝑖2+

𝜋𝜋
2�−𝐶𝐶�𝑖𝑖1+

𝜋𝜋
2,𝑖𝑖2�+𝐶𝐶�𝑖𝑖1+

𝜋𝜋
2,𝑖𝑖2+

𝜋𝜋
2�

𝐶𝐶(𝑖𝑖1,𝑖𝑖2)+𝐶𝐶�𝑖𝑖1,𝑖𝑖2+
𝜋𝜋
2�+𝐶𝐶�𝑖𝑖1+

𝜋𝜋
2,𝑖𝑖2�+𝐶𝐶�𝑖𝑖1+

𝜋𝜋
2,𝑖𝑖2+

𝜋𝜋
2�

                                 (2.30) 

where 𝐶𝐶(𝜃𝜃1, 𝜃𝜃2) is the coincidences counting measurement for two different polarizers at different 

angle settings. According to these correlation coefficients, we can calculate the Clauser–Horne–

Shimony–Holt (CHSH) S parameter from its definition [157, 167] 

                                   𝑆𝑆𝐶𝐶𝐻𝐻𝑆𝑆𝐻𝐻 = �𝐸𝐸 �𝜋𝜋
2

, 7𝜋𝜋
8
�+ 𝐸𝐸 �𝜋𝜋

4
, 7𝜋𝜋
8
� + 𝐸𝐸 �𝜋𝜋

4
, 5𝜋𝜋
8
� − 𝐸𝐸 �𝜋𝜋

2
, 5𝜋𝜋
8
��                             (2.31) 

𝑆𝑆𝑓𝑓𝑇𝑇𝑀𝑀𝑀𝑀𝑓𝑓𝑒𝑒 parameter obtained with quantum interference visibility sets the upper bound on the measured 

𝑆𝑆𝐶𝐶𝐻𝐻𝑆𝑆𝐻𝐻  parameter with correlation coefficients, which can be achieved only when the polarization 
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analyzers are aligned with the tested quantum states and the detection efficiencies for all measurements 

are consistent. 

        The measurement of two-photon interference can therefore be used to violate a Bell inequality 

and confirm the presence of entanglement [168] if the correct projection vectors are chosen. The 

experimental challenge lies in realizing the required projection measurements for the biphotons.  

 

 

2.7 Entanglement in mode-locked biphoton frequency combs 
As discussed in introduction section, there is particular interest in the generation of discrete-variable 

entangled quantum states, as they provide easy manipulation and access to quantum modes. Therefore, 

this work focuses on the realization of discrete time-energy entanglement. In particular, both discrete 

versions of energy-time entanglement, time-bin [172] and frequency-bin [173] entanglement are 

ideally suited for their generation and exploitation in mode-locked BFCs, as they can be generated in a 

single spatial mode. 

        Time-bin entanglement is well-suited and commonly used for applications in quantum 

communications [175], but it can also be exploited for quantum computation protocols [176]. In order 

to perform time-bin entanglement measurements, two stable interferometers are required to implement 

the projection measurements, as discussed in Sec. 2.4. In particular, in this work, we used a nonlocal 

Franson interferometer for measuring time-energy (time-bin) entanglement. Our setup for the 

generation and characterization of time-bin entangled photon pairs is shown in Fig. 2.6. As both the 

generation and the characterization require unbalanced interferometers, the availability of very stable 

interferometers is paramount for experimental investigation of time-bin entanglement. We build two 

such stable interferometers in  a multilayer thermally-insulated enclosure whose temperature is 

actively stabilized and monitored. The free-space optical delay line in arm2 of Franson interferometer 

is based on a miniaturized linear stage with closed-loop piezoelectric motor control (CONEX-AG-

LS25-27P, Newport). The optical insertion loss of double-pass optical delay line is smaller than 0.4 ± 

0.05 dB over the entire 360 ps delay range, providing us the capability to measure multiple time bins 

from discrete cavities round-trip times of our BFCs [92, 111]. For sub-femtosecond phase-sensitive 

quantum interference measurements, we utilize a temperature controller in arm1 of Franson 

interferometer to thermally adjust the relative phase difference of two unbalanced MZIs for probing 

time-energy entanglement in our BFCs. 
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Fig. 2.6. Generation and characterization of time-bin entangled biphoton frequency comb. 

Schematic of typical experimental configuration. FRM, Faraday mirror; C.C., coincidence counter. 

The bottom plots are the measured two-photon Franson interference with 96.1% interference raw 

visibility that violates the Bell inequality. Fig. 2.6 published in [92]. 

        Compared to time-bin entanglement, frequency-bin entanglement is rarely exploited until 

recently, this arises from two main issues related to their generation and detection: the loss during 

generation of frequency-bin entanglement and the mixing of discrete spectral modes for performing 

frequency projection measurements.  

 
Fig. 2.7. Generation of frequency-bin entangled biphoton frequency comb. Schematic of typical 

experimental configuration for frequency-bin entangled BFC. The bottom plot represents the 

discretized BFC spectrum in telecom-band.  

        BFCs are ideally suited to generate frequency-bin entangled states. In particular, by using fiber 

cavities, photon pairs can be generated over multiple resonances symmetric to the pump, photon pairs 

are created into a frequency-bin entangled states, see Fig. 2.7. The advantage in the generation is three-

fold: First, the FSR of the BFC can be chosen flexibly in the GHz range, making it possible to measure 
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mode-locked oscillations in temporal domain, and to select individual frequency modes with standard 

telecommunications filters [92, 111]. Second, the photons can be generated into pure states, verified by 

the JSI measurements and the complementary JTI measurements of BFC. And third, the BFC exhibit 

singly-resonant and doubly-resonant schemes, both configurations have their advantages and 

disadvantages, for example, singly-resonant BFC is more stable and have greater tunability, thus have 

more variety for non-degenerate [177] or degenerate heralding measurements [111]. In contrast, 

doubly-resonant BFCs are more suitable for boosting the Hilbert space dimensionality in temporal 

domain [92]. Both schemes can be easily switched and operated in a single experimental setup without 

complex free-space stabilizations, see Fig. 2.8.  

 
Fig. 2.8. Generation of singly- and doubly- resonant biphoton frequency comb. Schematic 

schemes for mode-locked doubly- and singly-resonant BFCs. The configuration is accessible for type-

II SPDC sources. 
 

 

2.8 Design of a high-purity integrated hybrid photon pair source 
In this section, we present a newly designed high-purity integrated hybrid photon pair source and 

engineering of JSI in a BFC [178, 179]. High-purity photon sources are highly desired for QIP tasks 

because purity evaluates how pure a quantum state is [180-183]. While the density matrix of a pure 

quantum state can be expressed as  
                                                                                 𝜌𝜌𝑝𝑝𝑝𝑝𝑇𝑇𝑒𝑒 = |𝜓𝜓⟩⟨𝜓𝜓|                                                                  (2.32)          

a mixed state is a linear superposition of pure states 

                                                                 𝜌𝜌𝑚𝑚𝑀𝑀𝑀𝑀 = ∑𝜌𝜌𝑀𝑀(|𝜓𝜓𝑀𝑀⟩⟨𝜓𝜓𝑀𝑀|)                                                     (2.33) 

the purity of the state can therefore be quantified as  

                                                                          𝑃𝑃 = 𝑇𝑇𝑎𝑎{𝜌𝜌2}                                                              (2.34) 
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a pure state has a purity of 1, while that of a mixed state is less than 1, with a lower limit of 1/𝑎𝑎, 

where 𝑎𝑎 is the dimension of the Hilbert space.  

        As discussed in Sec. 2.4, high visibility HOM interference is key to generate maximally path-

entanglement, and is the basis of fundamental two-qubits gates and LOQC [112]. For implementing 

long-range quantum communication [184, 185], and LOQC [41, 42], consecutive photons from 

separate sources need to be indistinguishable. The indistinguishability between two states, whose 

density matrices are 𝜌𝜌1 and 𝜌𝜌2, can be expressed as 

                                                                  𝐼𝐼 = 1 − 1
2
‖𝜌𝜌1 − 𝜌𝜌2‖2                                                      (2.35) 

two quantum states are fully indistinguishable when their density matrices are identical, with 

indistinguishability maximum of 1. For pure states 

                                                                       𝜌𝜌1 = |𝜓𝜓1⟩⟨𝜓𝜓1|                                                            (2.36) 
                                                                                𝜌𝜌2 = |𝜓𝜓2⟩⟨𝜓𝜓2|                                                                 (2.37) 

the indistinguishability becomes  

                                                                       𝐼𝐼𝑝𝑝 = ⟨𝜓𝜓1|𝜓𝜓2⟩2                                                             (2.38) 

now, we can connect HOM interference visibility 𝑉𝑉 from two independent photon pair sources with 

purity 𝑃𝑃 and indistinguishability 𝐼𝐼  

                                    𝑉𝑉 = 𝑇𝑇𝑎𝑎{𝜌𝜌1𝜌𝜌2} = 𝑇𝑇𝑇𝑇{𝜌𝜌12}+𝑇𝑇𝑇𝑇{𝜌𝜌22}−‖𝜌𝜌1−𝜌𝜌2‖2

2
= 𝑃𝑃 + (𝐼𝐼 − 1)                             (2.39) 

assuming 𝑃𝑃1 = 𝑃𝑃2, therefore 

                                                                              𝑉𝑉 ≤ 𝑃𝑃                                                                   (2.40) 

        Hence, it is important to design high purity photon pair sources for numerous quantum 

applications, here, we performed joint spectral analysis to estimate the frequency correlation of SPDC 

photons, yielding intrinsic purity with up to 95.17% [178], see Fig. 2.9.  

We start from fundamental SPDC states [181] 

                                |𝜓𝜓⟩ = 𝑁𝑁�𝑎𝑎𝑒𝑒𝑓𝑓𝑓𝑓𝐿𝐿 ∫ ∫ 𝜑𝜑(𝜔𝜔𝑠𝑠 + 𝜔𝜔𝑀𝑀)𝜙𝜙(𝜔𝜔𝑠𝑠,𝜔𝜔𝑀𝑀)𝑎𝑎𝑠𝑠
†𝑎𝑎𝑀𝑀

†∞
0

∞
0 𝑎𝑎𝜔𝜔𝑠𝑠𝑎𝑎𝜔𝜔𝑀𝑀|0⟩                      (2.41) 

where 𝑁𝑁� is a normalization constant, 𝑎𝑎𝑒𝑒𝑓𝑓𝑓𝑓 is the effective nonlinear coefficient of the crystal, 𝐿𝐿 is the 

length of the crystal, 𝑎𝑎𝑠𝑠
† and 𝑎𝑎𝑀𝑀

† are the creation operators of signal and idler photon, respectively. 𝜑𝜑 is 

the pump envelope amplitude, and 𝜙𝜙 represents the phase-matching envelope amplitude as 

                                                      𝜙𝜙(𝜔𝜔𝑠𝑠 + 𝜔𝜔𝑀𝑀) = 𝑒𝑒𝑀𝑀∆𝑘𝑘𝑘𝑘/2𝑠𝑠𝑖𝑖𝑛𝑛𝑠𝑠(∆𝑘𝑘𝐿𝐿/2)                                           (2.42) 

with ∆𝑘𝑘 representing the phase mismatch in collinear quasi-phase-matching 

                                                             ∆𝑘𝑘 = 2𝜋𝜋 �𝑀𝑀𝑝𝑝
𝜆𝜆𝑝𝑝
− 𝑀𝑀𝑠𝑠

𝜆𝜆𝑠𝑠
− 𝑀𝑀𝑀𝑀

𝜆𝜆𝑀𝑀
− 𝑚𝑚

𝛬𝛬
�                                                (2.43) 
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where 𝜆𝜆𝑝𝑝, 𝜆𝜆𝑠𝑠, 𝜆𝜆𝑀𝑀 and 𝑛𝑛𝑝𝑝, 𝑛𝑛𝑠𝑠, 𝑛𝑛𝑀𝑀 are the wavelengths and refractive indices for pump, signal and idler, 

respectively. And 𝑚𝑚  is an odd integer referred to as quasi-phase-matching order, 𝛬𝛬  is the poling 

periodicity of the nonlinear waveguide. The refractive indices are obtained according to the 

wavelength- and temperature- dependent Sellmeier equations at room temperature.  

 
Fig. 2.9. Design maps for high-purity integrated type-II SPDC source. a) Purity of type-II SPDC 

photon pairs as a function of pump pulse duration and length of periodically-poled lithium niobate. b) 

JSI distribution of SPDC photon pairs with 100 µm length of periodically-poled lithium niobate and 

0.064 ps pump pulse duration, yielding purity of 95.17% without filtering. The spectra of signal and 

idler are depicted by white curves. c) phase-matching envelope intensity and d) pump envelope 

intensity for the composed JSI. The width and thickness of SixNy waveguide is fixed at 400 nm and 

800 nm, respectively. Fig. 2.9 published in [178].      

        The JSA is defined as the product of the pump envelope amplitude 𝜑𝜑, and the phase-matching 

envelope amplitude 𝜙𝜙 

                                                            𝑓𝑓(𝜔𝜔) = 𝜑𝜑(𝜔𝜔𝑠𝑠 + 𝜔𝜔𝑀𝑀)𝜙𝜙(𝜔𝜔𝑠𝑠 + 𝜔𝜔𝑀𝑀)                                           (2.44) 

the JSI can then be defined as JSI =  |JSA|2. In order to reveal the influence of spectral correlation in 

the pure bipartite state |𝜓𝜓⟩ on the purity 𝑃𝑃, we estimate the Schmidt decomposition of the joint two-

photon state. The Schmidt decomposition provides an intuitive measurement of entanglement of a pure 

state. This can be quantified by the Schmidt number 𝐾𝐾, which is defined as 

                                                                           𝐾𝐾 = 1/(∑𝜆𝜆𝑀𝑀2)                                                         (2.45) 

where ∑𝜆𝜆𝑀𝑀2 = 1, with 𝜆𝜆𝑀𝑀 being the Schmidt mode eigenvalues. If a product state is entangled, there is 
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more than one Schmidt mode and 𝐾𝐾 > 1, in contrast, a unentangled product state can be expressed 

with only one Schmidt mode, thus 𝐾𝐾 equals unity. The purity 𝑃𝑃 of the reduced photon states can then 

be calculated by the inverse of the Schmidt number 𝐾𝐾 

                                                                       𝑃𝑃𝑠𝑠 = 𝑃𝑃𝑀𝑀 = ∑𝜆𝜆𝑀𝑀2 = 1
𝐾𝐾

                                                    (2.46) 

        In order to achieve high-purity of the SPDC photons, the signal and idler photons should have 

near-unity Schmidt number. The pump and the phase-matching envelope amplitude should also be 

matched to produce a frequency-indistinguishable JSI, thus yield high purity. In Fig. 2.9a, we present 

the design map of purity for different periodically-poled lithium niobate length and pump pulse 

duration. High purity can be obtained with short periodically-poled lithium niobate length and pulse 

duration. But there is a trade-off between high efficiency and high purity, since shorter length of 

periodically-poled lithium niobate will reduce the SPDC photons generated from our hybrid 

waveguide device. For SixNy waveguide width and thickness of 400 nm and 800 nm, we obtain the 

highest purity of 95.17% with 100 µm periodically-poled lithium niobate length and 64 fs pulse 

duration. The poling period is set to 4.3 µm to achieve phase-matching condition. Fig. 2.9b illustrates 

the JSI of these high-purity SPDC photons without BPF. The spectra of signal and idler photons are 

matched so that they are frequency-indistinguishable for high visibility HOM interference. The phase-

matching envelope intensity |𝜑𝜑|2 and pump envelope intensity |𝜙𝜙|2 for the JSI are also shown in Fig. 

2.9c and 2.9d. We notice that the direction of the pump envelope intensity is tilted at −45° (with 

positive direction of the horizontal axis), while the direction of the phase-matching envelope intensity 

can be at arbitrary angle 𝜃𝜃. The −45° angle of the pump envelope intensity direction comes from the 

energy conservation of the SPDC process, whereas the arbitrary angle 𝜃𝜃  of the phase-matching 

envelope intensity direction can be determined by the group velocities as [183]:                       

                                                                     tan𝜃𝜃 = 𝑣𝑣𝑝𝑝−1−𝑣𝑣𝑠𝑠−1

𝑣𝑣𝑝𝑝−1−𝑣𝑣𝑀𝑀
−1                                                            (2.47) 

where 𝑣𝑣𝑝𝑝 , 𝑣𝑣𝑠𝑠 , 𝑣𝑣𝑀𝑀  are the group velocities of the pump, signal and idler, respectively. With the 

waveguide parameter combination for high purity of 95.17%, the direction of phase-matching 

envelope intensity is calculated to be tilted at 𝜃𝜃 ≈ −13° as shown in Fig. 2.9c. This tilted angle of 

phase-matching envelope intensity leads to the elliptical shape of the JSI [186]. For comparison, near-

circular shape of JSI is easier to achieve with PPKTP waveguide due to diagonal phase-matching 

envelop amplitude [181, 187]. However, the intrinsic purity of the SPDC photons from PPKTP 

waveguide is limited to ~83% because of the sidelobes of the sinc function in joint spectral amplitude 

[187], for our hybrid waveguide design, we manage to obtain high intrinsic purity despite of the 
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elliptical shape of JSI by optimizing the phase-matching condition.  

 
Fig. 2.10. Experimental scheme for generating high-dimensional biphoton frequency comb and 

observing Hong-Ou-Mandel quantum revival. L: lens; BPF: band-pass filter; FFPC: fiber FP cavity; 

M: reflective mirror; SPCM: single photon counting module. Inset: a) JSI distribution of the SPDC 

photons generated by our designed hybrid waveguide. b) JSI distribution of the filtered photons, with 

purity up to 99.79%. The spectra of the signal and idler photons are indicated by the white curves. Fig. 

2.10 published in [178].      

        Based on the current waveguide configuration, we can estimate the generated SPDC signal power 

by [188, 189] 

                                                𝑎𝑎𝑃𝑃𝑠𝑠 = 16𝜋𝜋3ℏ𝑑𝑑𝑒𝑒𝑒𝑒𝑒𝑒2𝑘𝑘2𝑐𝑐𝑃𝑃𝑃𝑃
𝜀𝜀0𝑀𝑀𝑝𝑝𝑀𝑀𝑠𝑠𝑀𝑀𝑀𝑀𝜆𝜆𝑠𝑠

4𝜆𝜆𝑀𝑀𝑆𝑆𝑒𝑒𝑒𝑒𝑒𝑒
𝑠𝑠𝑖𝑖𝑛𝑛𝑠𝑠2(∆𝑘𝑘𝐿𝐿/2)𝑎𝑎𝜆𝜆𝑠𝑠                                        (2.48) 

here, 𝑃𝑃𝑃𝑃 is the pump power. We use 𝑎𝑎𝑒𝑒𝑓𝑓𝑓𝑓 = 2.8 pm/V, 𝐿𝐿 = 100 µm, 𝑛𝑛𝑝𝑝 = 2.325, 𝑛𝑛𝑠𝑠 = 𝑛𝑛𝑀𝑀 = 2.266, 𝜆𝜆𝑠𝑠 = 

𝜆𝜆𝑀𝑀 = 1560 nm, 𝑃𝑃𝑃𝑃 = 1 mW. For the designed waveguide of 800 nm thickness and 400 nm width, we 

have 𝑆𝑆𝑒𝑒𝑓𝑓𝑓𝑓 = 3.441 μm2 as calculated from the mode overlap and estimate a pair generation rate of 2.87 

× 107 pairs/s/mW of pump power within the SPDC bandwidth. 

      Furthermore, we also design experimental scheme and simulate the generation of high-dimensional 

BFC through our hybrid waveguide device. The proposed experimental scheme for generating high-

dimensional BFC and observing HOM quantum revival is illustrated in Fig. 2.10. The hybrid 

waveguide device is pumped by a 780 nm pulse laser with 64 fs pulse duration to generate type-II 

SPDC photons. A BPF is then placed to block the residual pump light and further eliminate the 

frequency correlation between signal and idler photons. The SPDC photons can yield purity up to 

99.79% with a 10 nm BPF, which lower the experimental requirement for narrow BPF. BFC is 
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generated by passing the SPDC photons through a FP cavity, with signal and idler photons in 

orthogonal polarizations. The FP cavity has a FSR of 15 GHz and bandwidth of 0.5 GHz, respectively. 

The corresponding repetition period 𝑇𝑇 of the BFC is ~ 66.7 ps. The simulation results are obtained by 

scanning the optical delay 𝛥𝛥𝑇𝑇 from -1000 ps to 1000 ps, as shown in Fig. 2.11. The spacing between 

dips is estimated to be 33.3 ps, resulting from the FSR of the FP cavity [75]. The visibility of the dips 

decreases exponentially due to the Lorentzian lineshape spectra of the SPDC individual photons after 

they are passing through the FP cavity. A zoom-in of the dip around zero delay point is shown in the 

left inset of Fig. 2.11. The maximum HOM visibility is calculated to be 99.79%. Considering the bin 

spacing of 15 GHz, 83 frequency-bins can be expected within the phase-matching bandwidth in our 

experimental scheme. Over the optical delay range from 1000 ps to 1000 ps, 59 dips are observed in 

simulation, predicting HOM quantum revival at 59 time- bins. Furthermore, as shown in the right inset 

of Fig. 2.11, 33 time-bins with visibility beyond classical limit (50%) are obtained.  

 
Fig. 2.11. Hong-Ou-Mandel quantum revival of the high-dimensional biphoton frequency combs. 

Coincidence rate is computed as a function of relative delay ΔT between the two arms of the HOM 

interferometer. Left inset: zoom-in coincidence around zero relative delay between two arms. The 

base-to-base width of the central dip is estimated to be 1.6 ps. The visibility of the central dip is 

calculated to be 99.79%. Right inset: zoom-in coincidence for 33 time-bins with interference visibility 

over 50%. Fig. 2.11 published in [178].      

        In summary, we designed a chip-scale hybrid SixNy and thin film periodically-poled lithium 

niobate waveguide to generate high-purity type-II SPDC photons [178]. The hybrid waveguide device 

shows a peak normalized efficiency of 225% W−1cm−2 at 1560 nm for second-harmonic generation. 

Joint spectral analysis of the SPDC photons provides an estimation of intrinsic purity with up to 

95.17% under the phase matching condition without BPF. The photon pair generation rate of our 
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device is estimated to be 2.87 × 107 pairs/s/mW within the bandwidth of SPDC. Such source can be 

easily combined with FP cavity to form a BFC, our calculations show 59 HOM dips with 33 of them 

has quantum visibility over classical limit. Our designed high-efficiency chip-scale hybrid waveguide 

can work as an integrated BFC source for on-chip high-dimensional QIP and practical secure QKD. 

 

 

2.9 Quantification and certification of high-dimensional entanglement in mode-

locked biphoton frequency combs  
Quantifying and certifying the amount of entanglement in a high-dimensional quantum system has 

been a long-standing question in the community [121, 190]. Current challenges include the extension 

of well-known methods for two qubits to high-dimensional quantum systems and their application in 

entanglement experiments with photons. More specifically, the major challenge is the certification of 

high-dimensional entanglement by a number of accessible experimental measurements. An important 

focus of recent research is the reduction in the number of measurements required for entanglement 

certification to cope with increasing system dimensions [191-193].  

        In this work, we illustrate by using JSI and JTI measurements of BFC, Schmidt mode 

decomposition and entanglement of formation analysis, the high-dimensional time-energy (time-bin) 

and frequency-bin entanglement can be quantified and certified. First, let us start with the frequency 

DoF, from the JSI measurement (see Fig. 2.12a), the number of frequency-correlated pairs can be 

increase by decreasing the FSR of the cavity or the phase-matching bandwidth of the photon-pair 

sources, but the entanglement dimensionality, which relies on the phase coherence across correlated 

frequency-bin pairs, remains unknown. Fig. 2.12b provides an simple illustration behind this problem, 

with only a JSI measurement, there is not enough information to claim the presence of cross-pair 

coherence. There are currently two methods to encounter this problem. First, one can directly measure 

the JTI of correlated two-photons [143, 177], or equivalently, mode-locked oscillations in the 

measured coincidence counts with a period that is equal to the inverse of the cavity FSR proves the 

biphoton phase coherence, as in Fig. 2.13. This scheme requires the single-photon detector temporal 

resolution to be shorter than the time scales of the correlations, which is possible for photon sources 

with narrow FSR (a few GHz), or alternatively using nonlinearity-based optically gated detection 

[194]. The second method is by using pulse shapers and electro-optic modulators to mix the frequency 

bins [79, 83, 84, 86], and measure the coincidence counts with different phase settings. However, the 
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relatively large coupling loss of electro-optic phase modulators, pulse shapers possess practical 

limitation on scaling of the scheme [195]. 

 
Fig. 2.12. Phase coherence in biphoton frequency combs. a) Measured JSI distribution of a doubly-

resonant BFC [92]. b) Typical general form of BFC due to energy conservation [89].  

        It is recently claims that the two-photon HOM interference cannot speak to the presence of high-

dimensional frequency-bin entanglement in BFC [88], because the HOM interferometry is insensitive 

to the relative phase between different comb line pairs. Our recent work shows, however, the revival of 

HOM time-bins, together with complementary JTI measurements such as using a conjugate-Franson 

interferometry [128], can certify the high-dimensional frequency-bin entanglement in BFCs [89, 92]. 

Beyond the local two-photon interference, our work also demonstrates the nonlocal Franson revival 

interferences using a BFC, although such measurements are JSI measurements, but the nonlocality 

nature proves the high-dimensional time-energy (time-bin) entanglement [92], with the JTI 

measurements, both high-dimensional frequency-bin and time-energy entanglement in BFC can be 

certified. 

        For temporal DoF, we have recently directly measured the mode-locked oscillations in our 

scheme. We prove the existence of biphoton phase coherence in a singly-resonant BFC, with the 

Franson revivals measurements for probing JSI of BFC state, we can verify both high-dimensional 

time-bin and frequency-bin entanglement in our BFC. Moreover, it was proposed that by using a 

conjugate-Franson interferometry with our BFC, due to the sensitivity of spectral phase of this 

interferometry, we can potentially measure the JTI of BFC state [92, 128]. The high visibility 

conjugate-Franson interference fringe can then be used to certify the pure mode-locked BFC state.  
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Fig. 2.13. Joint temporal intensity and Phase coherence in biphoton frequency combs. Top plot 

shows the JTI and biphoton phase coherence in doubly-resonant BFC, while bottom plot is the JTI and 

biphoton phase coherence in singly-resonant BFC. Both schemes use same FP cavity with FSR of 

45.32 GHz and timing jitter of 20 ps.  

        With all the evidence that our high-dimensional BFC is generated with mode-locking technique, 

preserving biphoton phase coherence and in a non-separable state, we now discuss how to quantify and 

certify the high-dimensional time-energy (time-bin) and frequency-bin entanglement in our BFC state. 

The technique we used are mainly two ways, Schmidt mode decomposition and entanglement of 

formation analysis.  

        Schmidt mode decomposition, which is also mentioned in Sec. 2.8, can be performed for any pure 

state to decompose their state into bi-orthogonal product vectors and obtain Schmidt number 𝐾𝐾 =

1/(∑𝜆𝜆𝑀𝑀2), with ∑𝜆𝜆𝑀𝑀2 = 1, and 𝜆𝜆𝑀𝑀 being the Schmidt mode eigenvalues. Schmidt number or sometimes 

the dimensionality of entanglement, as it represents the minimum local Hilbert space dimension 

required to faithfully represent the correlations of the quantum state. Schmidt mode eigenvalues can 

also be utilized to obtain one of prominent entanglement quantifiers: Von Neumann entropy [190]. The 

Von Neumann entropy is equal to the Shannon entropy of the squared Schmidt mode eigenvalues for 

entangled photons via 

                                                  𝐸𝐸��𝜓𝜓𝑠𝑠,𝑀𝑀�� ≡ 𝑆𝑆�𝜌𝜌𝑠𝑠,𝑀𝑀� = −∑ 𝜆𝜆𝑀𝑀2 log(𝜆𝜆𝑀𝑀2)𝐾𝐾−1
𝑀𝑀=0                                       (2.49) 

        For the frequency-binned JSI measurements, the Schmidt eigenvalues are obtained from the 

frequency-binned JSA, given JSI =  |JSA|2 and the pure state of our BFC.  

        Turning now to the time-bin Schmidt number for JSI measurements with our BFC, to proceed in a 

manner analogous to what we used for the frequency-binned Schmidt mode decomposition would 
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require knowledge of the binned JTI. We can estimate that time-binned JTI both from our HOM and 

Franson recurrence visibility data, under same assumption as frequency-binned Schmidt mode 

decomposition, the JTA equals the square-root of the binned JTI,  

                                                              𝜓𝜓(𝑛𝑛∆𝑇𝑇) = �|𝜓𝜓(𝑛𝑛∆𝑇𝑇)|2                                                     (2.50)                                              

for the time-binned wavefunction of the BFC, where 𝑛𝑛,∆𝑇𝑇 are the number of cavity round-trips and 

cavity round-trip times [92, 111].  

        If the frequency-bin Schmidt number extracted from experimental measurements are larger than 

1, together with JTI measurements, it proves the high-dimensional frequency-bin entanglement of 

BFC. For time-bin Schmidt number from HOM and Franson measurements, if such number is greater 

than 1, they can represent high-dimensional frequency-bin and time-bin entanglement in BFCs. While 

time-bin Schmidt number from HOM measurements, with complementary JTI measurements, can be 

used to certify high-dimensional frequency-bin entanglement; time-bin Schmidt number from Franson 

measurements can already certify high-dimensional time-energy (time-bin) entanglement, and can be 

used to verify high-dimensional frequency-bin entanglement with JTI measurements. Schmidt number 

thus provides the lower-bound of Hilbert space dimensionality for our BFCs in both time and 

frequency domains. 

        We can also quantify the certify the high-dimensional time-energy (time-bin) entanglement of our 

BFCs from the lower bounds of their entanglement of formation (𝐸𝐸𝑝𝑝𝑓𝑓). The entanglement of formation 

can be calculated by [192] 

                                                                 𝐸𝐸𝑝𝑝𝑓𝑓 ≥ −log2 �1 − 𝐴𝐴2

2
�                                                      (2.51) 

where the quantity 𝐵𝐵 is defined as: 

                               𝐵𝐵 = 2
�|𝐶𝐶|

�∑ |〈𝑗𝑗, 𝑗𝑗|𝜌𝜌|𝑘𝑘, 𝑘𝑘〉| −�〈𝑗𝑗,𝑘𝑘|𝜌𝜌|𝑗𝑗,𝑘𝑘〉〈𝑘𝑘, 𝑗𝑗|𝜌𝜌|𝑘𝑘, 𝑗𝑗〉(𝑝𝑝,𝑘𝑘) ∈ 𝐶𝐶
𝑝𝑝<𝑘𝑘

�                          (2.52) 

Here, |𝐶𝐶| denotes the cardinality of the set 𝐶𝐶, where 𝐶𝐶 is the number of time-bin indices considered in 

the sum. 𝜌𝜌 is the density matrix of the time-binned state, and |𝑗𝑗,𝑘𝑘⟩ is the biphoton ket for the 𝑗𝑗𝑗𝑗ℎ signal 

time bin and the 𝑘𝑘𝑗𝑗ℎ idler time bin. Note that the quantity 𝐵𝐵 puts a lower bound on the concurrence of 

𝜌𝜌. For a maximally entangled state of dimension 𝑎𝑎 ×  𝑎𝑎, we can obtain maximum concurrence of 𝐵𝐵 =

�2(𝑎𝑎 − 1)/𝑎𝑎 , which leads to the tight bound 𝐸𝐸𝑝𝑝𝑓𝑓 = log2(𝑎𝑎) . It is obvious that 𝐸𝐸𝑝𝑝𝑓𝑓  increase 

monotonically with concurrence 𝐵𝐵, thus concurrence can also be taken as a measure of entanglement. 

It is challenging to measure all the coherent terms 〈𝑗𝑗, 𝑗𝑗|𝜌𝜌|𝑘𝑘,𝑘𝑘〉 , which requires many cascaded 

interferometers with controllable phases. However, we can still efficiently lower bound on the 
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entanglement of formation 𝐸𝐸𝑝𝑝𝑓𝑓 based on the experimentally accessible data [192]. 

       Getting entanglement of formation 𝐸𝐸𝑝𝑝𝑓𝑓  surpass qubit limit (𝐸𝐸𝑝𝑝𝑓𝑓 = 1) for any quantum states 

certifies that these states possess true high-dimensional non-separability and therefore high-

dimensional time-energy (time-bin) entanglement. 

 

 

2.10 Summary 
In this chapter, we introduce the methods and techniques that were used to collect and analyze the 

experimental results for this thesis. First, we review the SPDC and SFWM for numerous of quantum 

applications. Second, the fundamentals of quantum photon statistics, single-photon and two-photon 

quantum interferences (including HOM and Franson interference), quantum state and process 

tomography (and SWAP gate fidelity, process purity), the Bell nonlocality (and Bell inequalities), EPR 

steering, and entanglement are summarized. Third, the time-bin and frequency-bin entanglement in 

mode-locked BFC is presented. Fourth, we present a new integrated hybrid source is designed by 

controlling the JSI of the SPDC photons for generating high purity, indistinguishable BFC. Finally, we 

illustrate by utilizing JSI and JTI measurements of BFC, Schmidt mode decomposition in time and 

frequency domains and entanglement of formation calculation, the high-dimensional time-energy 

(time-bin) and frequency-bin entanglement can be quantified and certified in our BFCs 
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Chapter 3 
 
 

Mode-locked high-dimensional biphoton frequency combs 
  
 

3.1 Introduction 
This chapter describes the main results with high-dimensional mode-locked quantum state generation 

via BFCs, making use of their multi-mode nature in time and frequency domains. The results include 

both the doubly- and singly-resonant BFC schemes, starting with doubly-resonant BFC 

characterization, quantification and boosting the high-dimensional time and frequency entanglement, 

then the new singly-resonant BFC with its characterization, certification, and distribution towards 

multi-user quantum network. 
 

 

3.2 Mode-locked process and joint properties of biphoton frequency combs 
Mode-locking approaches, which is an indispensable and traditional technique in classical ultrafast 

optics [196], and their strength lies in the phase coherence among the spectral lines, which leads to 

ultrahigh stability, becoming the cornerstone for applications in metrology, spectroscopy and more 

[197, 198]. More importantly, this mechanism plays a significant role in generating mode-locked 

BFCs. The first mode-locked biphotons state is observed via a cavity-enhanced SPDC source [71], and 

subsequently, another type of mode-locked two-photon state is proposed [199], and experimentally 

demonstrated using a fiber cavity to filter SPDC photons almost two decades ago [72]. More recently, 

the mode-locked quantum frequency combs can also be efficiently generated via SFWM in 

microresonators [76-78]. From Chapter 2, we know entangled photons can be generated via 

spontaneous parametric nonlinear processes, either directly within a resonator or in a waveguide and 

subsequently subjected to periodic spectral filtering, exhibit discrete spectral modes and form a BFC. 

        In mode-locking BFCs, the simultaneous generation of signal, idler photons within the coherence 

time of the biphoton results that strong temporal correlation in two-photon JTI. Moreover, the SPDC 

and SFWM process preserves the energy, momentum of the incident pump photon and subsequent 

daughter photon pairs, hence, the sum of the signal and idler frequencies is constant, yielding an anti-

correlation in the JSI. Therefore, mode-locking BFCs not only have single-photon spectral phase 
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coherence (also occur when attenuating classical frequency comb down to single-photon level), they 

exhibit bi or multiphoton spectral phase coherence, which is fundamentally different from single-

photon spectral phase coherence. The difference between single- and biphoton phase coherence can be 

understood by considering an analogy to the single- and biphoton polarization signatures. If a classical 

linearly polarized light field is attenuated to the single-photon level, the individual photons remain 

linearly polarized, but if a polarization entangled photon pair is generated, while the single-photon 

polarization of each individual photon is random, the biphoton polarization of the state is perfectly 

defined [200]. In analogy to this, it is possible to generate a time-energy entangled biphoton state 

where the spectral phases of the individual photons in the state are random, but the two-photon spectral 

phase is perfectly defined and thus is stable, which is also referred to as a mode-locked BFCs [71, 72]. 

        As mentioned in Sec. 2.9, such biphoton phase coherence can be probed directly in JTI 

measurements such as second-order coherence functions 𝑔𝑔(2)(𝜏𝜏 ), the mode-locked oscillations in 

temporal domain proves the biphoton phase coherence in BFCs based on SPDC photons [143, 177]. 

The theory of mode-locked temporal signal-idler cross-correlation function 𝑔𝑔(2)(𝜏𝜏 ) of BFCs are 

provided in Appendix A.1. From the theoretical calculation [92], and experimental demonstration of 

conjugate-Franson interferometry [128], the biphoton phase coherence in mode-locked BFCs can also 

potentially be measured with conjugate-Franson revivals as a function of driving frequency shift to 

verify that BFC states generated with spectral filtering are indeed high-dimensional non-separable 

state.  

 

 

3.3 Doubly-resonant mode-locked biphoton frequency combs 
High-dimensional entanglement with larger Hilbert spaces enable an encoding of more bits per 

coincidence and thus promise increased communication capacities over quantum channels [5-7, 9] and 

noise resilience in quantum communications [6, 11-13]. BFCs, which are intrinsically multimode in 

the temporal and frequency degrees of freedom within a single spatial mode, naturally facilitating the 

generation and measurement of high-dimensional entanglement. In this section, we significantly 

increase the Hilbert space dimensionality and provide versatile tools for quantifying and certifying 

high-dimensional entanglement in a doubly-resonant BFC [92]. 

        As a starting point to investigate the mode-locked BFC state generation, we focus on high-

dimensional photonic state generation using SPDC photons and FP cavities and their full time and 
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frequency characterization. Starting from characterizing our doubly-resonant mode-locked BFC, our 

experimental setup is illustrated in Fig. 3.1a. The SPDC source used a type-II quasi-phase-matched, 

ppKTP waveguide, integrated in a fiber package for high fluence and efficiency [189]. It was pumped 

by a 658 nm wavelength FP laser diode, stabilized by self-injection locking. Our SPDC entangled 

photon source was designed to generate orthogonally-polarized, frequency-degenerate signal-idler 

photon pairs at 1316 nm with 245 GHz FWHM phase-matching band-width. Three high-dimensional 

doubly-resonant BFCs were created by sending the signal-idler photon pairs through one of three FP 

fiber cavities, whose FSRs are 45.32, 15.15, and 5.03 GHz, with FWHM linewidths of 1.56, 1.36, and 

0.46 GHz, respectively. Each fiber cavity was mounted on a modified thermoelectric assembly with ≈ 

1mK temperature-control stability. A stabilized tunable reference laser at 1316 nm was used to align 

each cavity’s spectrum to the SPDC’s degenerate frequency. The resulting BFC biphoton-as predicted 

by standard perturbation theory with the signal-idler differential group delay suppressed, see for 

example [201], can be expressed as 

                         |𝜓𝜓⟩ = ∑ ∫𝑎𝑎Ω 𝑓𝑓′(Ω)𝑓𝑓(Ω −𝑚𝑚∆Ω)𝑎𝑎�𝐻𝐻
† �𝜔𝜔𝑝𝑝

2
+ Ω�𝑁𝑁0

𝑚𝑚=−𝑁𝑁0 𝑎𝑎�𝑉𝑉
† �𝜔𝜔𝑝𝑝

2
− Ω� |0⟩                    (3.1) 

here, 𝑎𝑎�𝐻𝐻
†  and 𝑎𝑎�𝑉𝑉

†  are creation operators for horizontally and vertically polarized photons; ∆Ω is the 

cavity FSR in rad s–1; Ω is the detuning of the SPDC’s biphotons from frequency degeneracy; 2𝑁𝑁0 + 1 

is the number of cavity lines passed by an overall bandwidth-limiting filter; 𝑓𝑓′(Ω) = sinc(𝐴𝐴Ω) is the 

SPDC source’s phase-matching function, where 𝐴𝐴 = 2.78/(2𝜋𝜋𝐵𝐵PM)  with 𝐵𝐵PM  being the FWHM 

bandwidth; and 𝑓𝑓(Ω −𝑚𝑚∆Ω) is the single frequency-bin profile defined by the cavity’s Lorentzian 

transmission lineshape with FWHM linewidth 2∆𝜔𝜔 

                                                                  𝑓𝑓(Ω) = 1
[(∆𝜔𝜔)2+Ω2]                                                              (3.2) 

The signal and idler photons were cleanly separated by a PBS in our type-II SPDC configuration, so 

that the BFC was generated without post-selection. Using the temporal wavefunction, the BFC state 

can be rewritten as:                  

                           |𝜓𝜓⟩ = ∫𝑎𝑎𝜏𝜏𝑒𝑒−∆𝜔𝜔|𝜏𝜏| ∑ sinc(𝐴𝐴𝑚𝑚∆Ω)𝑁𝑁0
𝑚𝑚=−𝑁𝑁0 cos(𝑚𝑚∆Ω𝜏𝜏)𝑎𝑎�𝐻𝐻

† (𝑗𝑗)𝑎𝑎�𝑉𝑉
†(𝑗𝑗 + 𝜏𝜏)|0⟩                (3.3) 

where we have used ∆Ω/2𝜋𝜋 ≪ 𝐵𝐵PM. The exponential decay in equation (3.3) is slowly varying relative 

to the ∑ sinc(𝐴𝐴𝑚𝑚∆Ω)𝑁𝑁0
𝑚𝑚=−𝑁𝑁0 cos(𝑚𝑚∆Ω𝜏𝜏) term because ∆𝜔𝜔 ≪ ∆Ω. Hence, the doubly-resonant BFC’s 

temporal wavefunction has many peaks, with repetition period equal to the cavity round-trip time, 

∆𝑇𝑇 = 2𝜋𝜋/∆Ω, where ∆𝑇𝑇 ≈ 22.1 ps, 66.0 ps, and 198.8 ps for the BFCs generated by the 45.32 GHz, 

15.15 GHz, and 5.03 GHz cavities, respectively. 
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Fig. 3.1. High-dimensional BFC generation and Hong-Ou-Mandel recurrence observation. a) 

Illustrative experimental configuration. HWP, half-wave plate; FPC, fiber polarization controller; LPF, 

long-pass filter; C.C., coincidence counts. b)  Coincidence counts versus relative optical delay from -

340 ps to +340 ps, between the two arms of the HOM interferometer. HOM-interference recurrences 

are observed with up to 61 time bins. Upper left inset: zoom-in of the coincidence counts around zero 

relative delay between the two arms of the HOM interferometer. The dip width was fit to 3.86 ± 0.30 

ps, which matches well with the reciprocal of the 245 GHz phase-matching bandwidth, as predicted by 

theory. The central dip visibility is 98.4% before and 99.9% after subtracting accidental coincidences. 

Lower right inset: measured time-bin visibilities versus the HOM optical delay compared with theory 

(red solid line, details in Appendix A.2). Fig. 3.1 published in [92]. 

    A FBG of 346 GHz bandwidth and a LPF is used to spectrally select the BFC’s 2𝑁𝑁0 + 1 spectral 

modes in and to filter out remaining pump photons. The BFC wavefunction implies that HOM 

interference recurs at relative delays corresponding to integer multiples of the fiber cavity round-trip 

time [72, 75, 199], which we experimentally verified as follows. The orthogonally-polarized entangled 

photon pairs were divided by a PBS and directed to two arms of the HOM interferometer. A FPC in 

one arm of the interferometer alternates the idler photon polarization to match that of the signal photon 
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at the 50:50 fiber coupler. A tunable free-space optical DL with insertion loss smaller than 0.02 dB 

over its 220 mm travel range is used to vary the relative delay between the signal and idler photons for 

HOM interference. After the HOM interferometer, coincidences are recorded with two 

superconducting nanowire single-photon detectors (SNSPDs, ≈ 85% detection efficiency). 

        The HOM experimental results in Fig. 3.1b are measured with the 45.32 GHz FSR fiber cavity by 

scanning the relative optical delay between the biphotons from -340 ps to +340 ps with respect to the 

central dip. A pump power of 2 mW is chosen to avoid the multi-pair emissions that decrease two-

photon interference visibility [75, 202]. The fringe visibility of the quantum interference, 𝑉𝑉𝑀𝑀 for the 

𝑛𝑛𝑗𝑗ℎ dip is [𝐶𝐶max − 𝐶𝐶min(𝑛𝑛)]/𝐶𝐶max, where 𝐶𝐶max is the maximum coincidence count and 𝐶𝐶min(𝑛𝑛) is the 

𝑛𝑛th dip’s minimum coincidence count. Fig. 3.1b left inset zooms in on the central bin whose visibility 

is 98.4% before subtracting accidental coincidences, and 99.9% after they are subtracted. Here we note 

that the visibility of the central HOM dip must exceed 70.7% to be quantified as quantum biphoton 

interference [157] and, as the temporal delay between signal-idler increases from center dip, the HOM 

dips’ visibilities decrease according to the fiber cavity’s Lorentzian profile as described by the theory 

in Appendix A.2. Moreover, we note that the variation of the central HOM dip’s visibility between raw 

and subtracted data is small (1.5%), indicating that measurement noise is quite modest at the central 

HOM dip (edge dips are getting close to this noise limitation). The base-to-base width of the central 

dip-i.e., the relative optical-delay difference between the left and right edges of the central HOM dip’s 

triangular shape-is fitted to be 3.86 ± 0.30 ps, which agrees well with the reciprocal of our 245 GHz 

phase-matching bandwidth, as predicted by theory. We obtain HOM-interference recurrences for a 

total of 61 time bins within our setup optical-delay scanning range, which is a significant advance over 

our prior studies [75]. The measured repetition time of the recurrences was 11.03 ps, which 

corresponds to half the repetition period of the doubly-resonant BFC, and agrees well with our 

theoretical modeling in Appendix A.2. The visibility of the dip recurrences decreases exponentially 

(see Fig. 3.1b right inset) due to the Lorentzian lineshape of the BFC frequency bins. In particular, 

with the 45.32 GHz cavity’s 11.03-ps bin spacing, our setup’s ≈ 640 ps scan range allows us to 

observe 61 time bins given the visibility decay associated with that cavity’s 1.56 GHz Lorentzian 

linewidth. A narrower linewidth and broader scan range would yield even more measurable time bins.  
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Fig. 3.2. Quantum frequency correlations of high-dimensional BFCs. a) Experimental schematic 

for the JSI measurements for the high-dimensional quantum state. Signal and idler photons are sent to 

two tunable narrowband filters for the frequency-bin correlation measurement with coincidence 

counting. b) Measured frequency correlations of the 45.32 GHz BFC using filters that had matched 

FWHM bandwidths of 300 pm and were manually tuned for scans from the −2 to +2 frequency bins 

from frequency degeneracy. The SPDC source was pumped at ≈ 2 mW for these measurements, which 

produced relatively high coincidence counts only along the diagonal elements of the correlation 

matrix. The cross-talk between frequency bins was less than 11.71 dB. c) Measured frequency 

correlations of the 45.32 GHz BFC when the SPDC crystal was pumped at ≈  4 mW, showing 

increased signal-idler frequency-bin cross-talk to 6.31 dB. d) Higher-dimensional frequency-bin joint 

spectral intensity measurements for the 5.03 GHz BFC. The filters used here had matched FWHM 

bandwidths of 100 pm and were temperature tuned for scans from the −9 to +9 frequency bins from 

frequency degeneracy. The off-diagonal components increase compared to those in Fig. 3.2a because 

the effective bandwidth of the tunable narrowband filters spanned multiple FSRs in this demonstration. 

Fig. 3.2 published in [92]. 

        As described earlier in Sec. 2.9, BFC’s frequency-bin correlations arise from the correlation 

structure inherent in its JSA and hence JSI. Both the HOM and Franson recurrence interference 

measurements are temporal domain measurements, with repetition time of revival correspond to half of 
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the cavity round-trip time and cavity round-trip time, respectively. Hence, from the Fourier transform, 

we expect there will be time-frequency duality between HOM, Franson interference recurrences and 

frequency-bin correlations, the more time-bins there are the fewer frequency-bins there will be and 

vice versa. 

To demonstrate that behavior, we measure spectral correlations between different signal-idler 

frequency-bin pairs. In the experiments presented in Fig. 3.2a, we use either the 45.32 GHz FSR cavity 

or the 5.03 GHz FSR cavity. Each frequency-bin pairs are selected by a pair of tunable narrowband 

filters. For the 45.32 GHz cavity measurements in Fig. 3.2b and c, the filter has a 300 pm bandwidth; 

for the 5.03 GHz cavity results in Fig. 3.2d, the filter has a 100 pm bandwidth. In Fig. 3.2b and c, these 

frequency-bins range from -2 to +2, with 0 denoting frequency degeneracy. This figure shows that the 

doubly-resonant BFC exhibits the energy-conservation and frequency correlation. In addition, we 

investigate the impact of multi-pair emissions on the signal-idler frequency-bin cross-talk, as shown in 

Fig. 3.2c. At ≈ 4 mW pump power, the strongest frequency-bin cross-talk increased by 5.4 dB to 6.31 

dB compared to the ≈ 2 mW pump-power case shown in Fig. 3.2b. 

    Fig. 3.2d shows the greater number of BFC frequency-bins obtained using the 5.03 GHz FSR cavity 

and 100 pm bandwidth tunable filters. In this measurement, although the temperature limit of these 

tunable filters (≈ 100 °C) limited the number of measurable frequency-bins, there are now many more 

frequency-bins compared to the case in Fig. 3.2b. We also note that higher signal-idler frequency-bin 

cross-talk is observed in the 5.03 GHz cavity due solely to the 100 pm bandwidth of our filter pairs, 

which spans several of that cavity’s FSRs. We have measured and analyzed the frequency-bin 

(spectral-correlation) and time-bin (HOM-interference recurrence) subspaces for the BFCs we 

generated with the 5.03 GHz, 15.15 GHz [75] and 45.32 GHz cavities (measured HOM-interference 

recurrences for the 5.03 GHz cavity are shown in Appendix A.2). Theory tells us that the BFC’s 

number of frequency-bins 𝑁𝑁Ω equals 2𝜋𝜋𝐵𝐵PM ∆Ω⁄ , where 𝐵𝐵PM = 245 GHz is the FWHM phase-

matching bandwidth of the SPDC source, and its number of time-bins 𝑁𝑁𝑇𝑇, within an inverse cavity 

linewidth, equals 𝜋𝜋 ∆𝜔𝜔∆𝑇𝑇⁄ . Hence their product satisfies 𝑁𝑁𝑇𝑇𝑁𝑁Ω = 𝜋𝜋𝐵𝐵PM ∆𝜔𝜔⁄  for all three cavities. For 

the ideal case, in which all the frequency-bins are measurable, we find that 

                                                   𝑁𝑁𝑇𝑇,45 GHz𝑁𝑁Ω,45 GHz ≈ 𝑁𝑁𝑇𝑇,15 GHz𝑁𝑁Ω,15 GHz                                          (3.4) 

where the subscripts label  the  cavity FSRs, owing to the nearly identical linewidths of the two 

cavities. In contrast, the time-bin and frequency-bin product for the 5.03 GHz cavity should be roughly 

a factor of three higher, owing to its smaller cavity linewidth. We note that this time-bin and 

frequency-bin tradeoff for any of our three cavities supports high-dimensional encoding using time- 
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and frequency-bins of BFC.  

 

Fig. 3.3. Polarization hyperentanglement measurements of a high-dimensional 45 GHz BFC. a) 

Illustrative experimental scheme in which the signal and idler photons from a 45.32 GHz BFC were 

sent to post-selected polarization entanglement measurements. The left inset of Fig. 3.3a is also 

included to indicate the frequency-polarization entanglement measurements after central HOM dip. 

The orange and purple marks indicate the position where the measurements are performed. P: linear 

polarizer; b) Characterization of polarization entanglement at the central HOM dip with polarizer P1 

fixed at 45°
 
(black curve), 90°

 
(red curve),

 
135°

 
(blue curve), and 180°

 
(green curve). In all cases, we 

measured the coincidence-counting rates at the two outputs while changing polarizer P2 from 0
o
 to 

360
o
. In all four cases the measured fringes are well fit with sinusoidal curves, having accidentals-

subtracted mean visibilities of 89.98 ± 0.62%. c) By setting the relative delay to 0.7 mm (≈ 4.7 ps) 

away from the central HOM dip position, we measured the polarization entanglement of our BFC. d) 

Correlation values needed for the Clauser-Horne-Shimony-Holt (CHSH) inequality, performed for 

results in panel c. The abscissa label (𝜑𝜑1,  𝜑𝜑2) denotes the measured polarization bases. The SCHSH 

parameter was calculated to be 2.686 ± 0.037 from these correlations, which violates the CHSH 

inequality by 18.5 standard deviations. We obtained the maximal achievable Sfringe parameter to be 

2.771 ± 0.016 from the mean visibility of the entanglement correlation fringes. Purple and blue dashed 

lines denote the classical and quantum boundaries. Error bars represent statistical errors. Fig. 3.3 

published in [92]. 

        Besides the multiple time- and frequency- bins in our doubly-resonant BFC, it also exhibits 

polarization entanglement due to the type-II configuration. Hence, in this work, we further enhance the 
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Hilbert space dimensionality of our doubly-resonant BFC via probing the polarization entanglement 

and frequency-polarization hyperentanglement by using the experimental setup in Fig. 3.3a. We couple 

the 45.32 GHz cavity BFC’s outputs into low-loss fiber bench setups and performed the polarization 

entanglement measurement at the central HOM dip. The coupling loss for the fiber benches are ≈ 1.3 

dB and ≈ 1.5 dB respectively. We measured the post-selected polarization entanglement by recording 

the coincidence-count rates while changing the angle of polarizer 𝑃𝑃2 when polarizer 𝑃𝑃1 is set at 45°, 

90°, 135° and 180°. The results are shown in Fig. 3.3b, where we see that the measured fringes are well 

fit by sinusoidal curves, having accidentals-subtracted mean visibilities of 89.98 ± 0.62%. Here we 

attribute the non-optimal polarization visibility to imperfect mode matching and limited PBS 

extinction ratio. Subsequently, by setting the optical delay at 0.7 mm, so that the signal and idler 

photons have a relative delay of ≈ 4.7 ps which is outside the central HOM dip (width = 3.86 ± 0.30 

ps), we measured the polarization entanglement to demonstrate our BFC’s post-selected frequency-

polarization hyperentanglement. As shown in Fig. 3.3c, the measured fringes have accidentals-

subtracted mean visibilities of 97.96 ± 0.41%. The fitted results for Fig. 3.3c are used to obtain the 

correlation functions and the corresponding S parameters. The results are shown in Fig. 3.3d. We 

measure the coincidences at the CHSH polarizer angles for the polarization subspace, and then 

calculate the SCHSH parameter. We choose to optimize 𝑆𝑆𝐶𝐶𝐻𝐻𝑆𝑆𝐻𝐻  by using 𝜑𝜑1 = 𝜋𝜋 4⁄ , 𝜑𝜑1′ = 𝜋𝜋 2⁄ , 𝜑𝜑2 =

5𝜋𝜋 8⁄ , 𝜑𝜑2′ = 7𝜋𝜋 8⁄  [172]. We find 𝑆𝑆𝐶𝐶𝐻𝐻𝑆𝑆𝐻𝐻  to be 2.686 ± 0.037 from those correlation values, which 

violates the CHSH inequality by 18.5 standard deviations. In addition, we estimate the maximum 

achievable 𝑆𝑆𝑓𝑓𝑇𝑇𝑀𝑀𝑀𝑀𝑓𝑓𝑒𝑒  parameter of 2.771 ±  0.016 from the mean visibility of the entanglement-

correlation fringes. The combination of post-selected polarization entanglement and HOM interference 

is consistent with our BFC gives post-selected frequency-polarization hyperentanglement [203].  

        To further characterize and verify our doubly-resonant BFC to support its high-quality time-

energy entanglement [144], we establish and stabilized a Franson interferometry which consists of two 

unbalanced MZIs, as shown in Fig. 3.4a. To achieve long-term stability, the MZIs are enclosed in a 

multilayer thermally-insulated enclosure whose temperature is actively stabilized. In Fig. 3.4a left inset 

the long-short path mismatch of each MZI is measured to be ∆𝑇𝑇  = 4.84 ns, which satisfies the 

requirement of phase-sensitive quantum fourth-order interference. We use a thermal heater in long 

path of arm1 to fine-tune the relative phase shift ∆𝑇𝑇1 between the two MZIs using our 45.32 GHz BFC. 

In addition, the motorized stage position ∆𝑇𝑇2 is fixed at the center of optimum Franson interference, 

with the maximum constructive interference shown in Fig. 3.4a left inset. A zoom-in shows the 
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Franson interference visibility of up to 96.1% (99.1% after subtracting accidental coincidences) as 

shown in Fig. 3.4a right inset. Fig. 3.4b shows the measured Franson interference fringes and that the 

recurrence period for them equals the fiber cavity round-trip time. The recurrences have a 22.09 ps 

period, and with fringe visibilities that decay according to the cavity Lorentzian lineshape as shown in 

Fig. 3.4c and in Appendix A.3. Moreover, when we move the motorized stage to a ∆𝑇𝑇2 in-between 

cavity round trips (non-integer) such as 33 ps, we indeed observe no fringes, as also shown in the inset 

of Fig. 3.4c. We note that we only measured for ∆𝑇𝑇2 ≥ 0, limited by the free-space optical DL in the 

long path of arm2, which can reach up to 360 ps in our measurements.  

        To give quantitative lower bounds on the time-energy entanglement of our 45.32 GHz and 15.15 

GHz BFCs, we calculate the entanglement of formation by using these state’s Franson interference 

recurrences (0th  to 3rd  order for the 45.32 GHz and 15.15 GHz BFC). In Fig. 3.4d, we compute 

entanglement of formation up to 1.89 ± 0.03 ebits for the 45.32 GHz BFC and that up to 1.40 ± 0.05 

ebits for the 15.15 GHz BFC. The theoretical entanglement of formation for visibilities 𝑉𝑉 of 0.98 and 1 

are also illustrated in the dashed line plots with 2 ebits as the maximum entanglement for a 4 ×  4 

high-dimensional biphoton. The close match between our results and ideal limits bolsters a nearly non-

separable high-dimensional BFC state generation in a doubly-resonant scheme. Detailed analysis 

numbers are also noted in Appendix B.2.  
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Fig. 3.4. Measured energy-time Franson revival interferometry of the high-dimensional BFC. a) 

Experimental Franson interference setup. Faraday mirrors (FRMs)  compensates the stress-

birefringence of the single-mode fiber interferometers. A compact optical delay line is used in the 

longer path of arm2 (∆𝑇𝑇2) to provide the tunability in optical delay up to 360 ps. Left inset: temporal 

two-photon waveforms (in blue) of Franson interferometry for constructive interferences. Right inset: 

zoom-in observed phase-sensitive interference fringe (in red) versus the relative optical delay 

introduced by the heater in long path of arm1 (∆𝑇𝑇1). The observed Franson visibility is 96.1%, or 

99.07% after subtracting the accidental coincidence counts. b) and c) Witnessed visibility of the 

Franson revival interference fringes. The coincidence counts in Franson interference experiments are 

selected for 0 (time-bin 0), 3, 7, 11 and 15 (time-bin 15) round-trip times of the 45.32 GHz fiber cavity 

(orange crosses; each round-trip time-bin at 22.09 ps), matching well with theoretical fringe envelope 

(red solid line; also, further detailed in Appendix A.3). Also included with the green cross in panel c 

inset is the Franson interference, when measured away from the integer time-bins (such as at ∆𝑇𝑇2 = 33 

ps), with no observable interference fringes. d) Lower bounds for the entanglement of formation 

(number of ebits) versus dimension d, in reconstructing the density matrix. Time-frequency 

entanglement containing up to 1.89 ± 0.03 ebits for the 45.32 GHz BFC out of the maximum 2 ebits 

when 𝑎𝑎 = 4. For the 15.15 GHz BFC, the Franson interference recurrences extract 1.40 ± 0.05 ebits 

out of the maximum of 2 ebits (also detailed in Appendix B.2). Fig. 3.4 published in [92]. 

        The mode-locked high-dimensional BFC affords discrete-variable (binned) entanglement in both 

time and frequency domains that can be quantified from our frequency-binned correlation 
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measurements and our HOM-interference recurrences by means of Schmidt mode decompositions [92] 

in the two domains. In both cases the key quantity is the Schmidt number K. For ease of Schmidt mode 

decomposition analysis, we assume that our BFC is close to a pure state, which is supported by our 

close match of maximum entanglement of formation in Fig. 3.4. Then, by extracting the Schmidt 

eigenvalues {𝜆𝜆𝑀𝑀} from the JSI measurements in Fig. 3.2, the Schmidt number of the frequency-binned 

state 𝐾𝐾Ω, can be obtained as shown in Fig. 3.5a. This parameter indicates how many frequency-binned 

Schmidt modes are active in the biphoton state, and therefore describes its effective dimensionality 

[78]. In particular, extracting the Schmidt eigenvalues {𝜆𝜆𝑀𝑀} from the five resonance-pairs data of Fig. 

3.2b for the 45.32 GHz FSR cavity and 2 mW pumping results in a frequency-bin Schmidt number 

𝐾𝐾Ω,45 𝐺𝐺𝐻𝐻𝐺𝐺 ≈ 4.31. For the 45.32 GHz FSR cavity with 4 mW pump power, the data in Fig. 3.2c leads to 

𝐾𝐾Ω,45 𝐺𝐺𝐻𝐻𝐺𝐺 ≈ 3.17, because the increased signal-idler frequency-bin cross-talk drops the purity of each 

diagonal frequency mode, resulting in a smaller Schmidt number. We also note that the increased 

multi-pair emissions responsible for this additional cross-talk makes the output of the BFC less like a 

biphoton. For our 15.15 GHz FSR cavity [75], we obtain a 𝐾𝐾Ω,15 𝐺𝐺𝐻𝐻𝐺𝐺 ≈ 8.67 frequency-bin Schmidt 

number, where the number of frequency-correlated pairs is limited only by the maximum temperature 

tuning of our 100 pm FBG filters. Subsequently we used the frequency-bin data from Fig. 3.2d to find 

the 5.03 GHz cavity’s frequency-bin Schmidt number. Using the third panel in Fig. 3.5a, we obtain 

𝐾𝐾Ω,5 𝐺𝐺𝐻𝐻𝐺𝐺 ≈ 11.67 for that cavity. This imperfect Schmidt number mostly due to the resolution bounds 

of our 100 pm bandwidth filters (the ideal Schmidt number for frequency-binned measurements is 

calculated in Appendix B.1.1), but it still demonstrates the scalability of our high-dimensional 

frequency-binned BFC. In Fig. 3.5a we compare the extracted frequency-bin Schmidt eigenvalues {𝜆𝜆𝑀𝑀} 

for our three cavities (detailed calculations of the Schmidt eigenvalues {𝜆𝜆𝑀𝑀} and the resulting Schmidt 

numbers are in Appendix B.1.1).  
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Fig. 3.5. Schmidt mode decompositions for three high-dimensional BFCs. a) The Schmidt mode 

eigenvalues for measured frequency-binned states obtained using our 45.32 GHz, 15.15 GHz, and 5.03 

GHz FSR cavities with ≈ 2 mW pump power (calculation detailed in Appendix B.1.1). The obtained 

frequency-bin Schmidt numbers are KΩ,45 GHz ≈ 4.31, KΩ,15 GHz ≈ 8.67 and KΩ,5 GHz  ≈ 11.67 for the three 

cavities. b) The Schmidt mode eigenvalues versus different time bins from HOM interferometry and 

the corresponding visibilities of the HOM-interference recurrences. The blue, green, and red bars 

indicate the time-binned Schmidt eigenvalues for the 45.32 GHz, 15.15 GHz, and 5.03 GHz cavities 

respectively, and the black points indicate the visibilities from HOM interferometry. The central HOM 

dip is labeled as 0 as a reference. The dominant Schmidt mode eigenvalues for each high-dimensional 

BFC have been highlighted within the orange-dashed boxes and detailed in Appendix B.1.2. The 

obtained time-bin Schmidt numbers are KT,5 GHz ≈ 5.16, KT,15 GHz ≈ 6.71, and KT,45 GHz ≈ 18.30 for the 

three cavities. Fig. 3.5 published in [92]. 

    Note that we obtain different frequency-binned BFC Schmidt numbers from the same SPDC phase-

matching bandwidth by using cavities with different FSRs. From our measurements, the diagonal 

elements of the spectral-correlation matrix show the decreasing-envelope behavior of the BFC. Hence, 

with the Schmidt decomposition, we have observed BFC states with Hilbert-space dimensionalities, 

𝐾𝐾Ω  ×  𝐾𝐾Ω, having lower bounds of least 16 for the 45.32 GHz cavity, 64 for the 15.15 GHz cavity, and 

121 for the 5.03 GHz cavity. Furthermore, the ideal full Hilbert-space dimensionalities are estimated to 
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be at least 24 (= 4.9 × 4.9) for the 45.32 GHz cavity, 400 (= 20 × 20) for the 15.15 GHz cavity, and 

1156 (= 34 × 34) for the 5.03 GHz cavity, where the numbers arise from the detailed theory for the 

frequency-binned BFC’s Schmidt number in Appendix B.1.1.  

        Turning now to the Schmidt number for the time-binned BFC, to proceed in a manner analogous 

to what we used for the frequency-binned BFC would require knowledge of the binned JTI. However, 

because our BFC is generated with cw pumping, this binned JTI, under the assumption of a pure-state 

biphoton, is a diagonal matrix with elements  |𝜓𝜓(𝑛𝑛∆𝑇𝑇)|2 , where 𝜓𝜓(𝜏𝜏)  is the BFC’s time-domain 

wavefunction from and  𝑛𝑛∆𝑇𝑇 is the relative delay between the signal and idler photons’ nth time bin. 

We can estimate that binned JTI from our HOM-interference data, as we now explain. By 

sampling  𝜓𝜓(𝜏𝜏) at  𝜏𝜏 = 𝑛𝑛∆𝑇𝑇, we get  

                                                      |𝜓𝜓(𝑛𝑛∆𝑇𝑇)|2 = exp (−2|𝑀𝑀|∆𝜔𝜔∆𝑇𝑇)
∑ exp (−2|𝑀𝑀|∆𝜔𝜔∆𝑇𝑇)𝑁𝑁0
𝑀𝑀=−𝑁𝑁0

                                              (3.5)                                         

for the JTI.  From Appendix A.2, we have that the visibility of the nth HOM dip is:           

                                                    𝑉𝑉𝑀𝑀 = exp(−|𝑛𝑛|∆𝜔𝜔∆𝑇𝑇) (1 + |𝑛𝑛|∆𝜔𝜔∆𝑇𝑇)                                          (3.6)                                   

thus making it possible to find the BFC’s JTI by inverting the one-to-one relation between |𝑛𝑛|∆𝜔𝜔∆𝑇𝑇 

and Vn. Measuring the binned JTA, whose singular-value decomposition is the Schmidt 

decomposition, is prohibitively difficult. Hence, we assume, that it equals the square-root of the binned 

JTI, and use 

                                                              𝜓𝜓(𝑛𝑛∆𝑇𝑇) = �|𝜓𝜓(𝑛𝑛∆𝑇𝑇)|2                                                        (3.7)                               

for the time-binned wavefunction of the BFC, from which it follows that the time-bin Schmidt mode 

eigenvalues, {𝜆𝜆𝑀𝑀}, are given by: 

                             𝜆𝜆𝑀𝑀 = e−2𝜋𝜋|𝑀𝑀|/𝐹𝐹

∑ e−2𝜋𝜋|𝑀𝑀|/𝐹𝐹𝑁𝑁
𝑀𝑀=−𝑁𝑁

= sinh (𝜋𝜋/𝐹𝐹)exp (−2𝜋𝜋|𝑀𝑀|/𝐹𝐹)
cosh(𝜋𝜋/𝐹𝐹)−exp (−(2𝑁𝑁+1)𝜋𝜋/𝐹𝐹)

, for 0 ≤ |𝑛𝑛| ≤ 𝑁𝑁                       (3.8) 

where 𝐹𝐹 = ∆Ω/2∆𝜔𝜔 is the cavity finesse. The time-binned BFC state’s Schmidt number is then found 

to be 𝐾𝐾𝑇𝑇,5 𝐺𝐺𝐻𝐻𝐺𝐺 ≈ 5.16, 𝐾𝐾𝑇𝑇,15 𝐺𝐺𝐻𝐻𝐺𝐺 ≈ 6.71, and 𝐾𝐾𝑇𝑇,45 𝐺𝐺𝐻𝐻𝐺𝐺 ≈ 18.30. By performing a parametric (|𝑛𝑛|∆𝜔𝜔∆𝑇𝑇) 

fit of our experimental data to the Vn expression and then applying equation (3.6) to (3.8), we obtain 

the experimental values 𝐾𝐾𝑇𝑇,5 𝐺𝐺𝐻𝐻𝐺𝐺 ≈ 5.11, 𝐾𝐾𝑇𝑇,15 𝐺𝐺𝐻𝐻𝐺𝐺 ≈ 6.56, and 𝐾𝐾𝑇𝑇,45 𝐺𝐺𝐻𝐻𝐺𝐺 ≈ 18.02, which agree well with 

theory. All the extracted time-binned Schmidt eigenvalues are shown in Fig. 3.5b. 

    For the 45.32 GHz cavity’s BFC, the HOM interference recurrences’ lower bound on the Hilbert 

space dimensionality is therefore 𝐾𝐾𝑇𝑇,45 𝐺𝐺𝐻𝐻𝐺𝐺  ×  𝐾𝐾𝑇𝑇,45 𝐺𝐺𝐻𝐻𝐺𝐺 = 324. Augmenting the time-bins with the 

BFC’s post-selected polarization entanglement doubles this dimensionality to at least 648. 

Furthermore, we find that the product of the time-binned and frequency-binned Schmidt numbers 
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(when all the frequency bins are measurable, and the measurable HOM time bins run from -340 ps to 

340 ps relative delay) is similar for the 45.32 GHz and 15.15 GHz BFCs:   

                                                 𝐾𝐾𝑇𝑇,45 GHz𝐾𝐾Ω,45 GHz ≅  𝐾𝐾𝑇𝑇,15 GHz𝐾𝐾Ω,15 GHz                                            (3.9)                            

which mimics the previous BFC time-frequency product relation.  

    Our Schmidt mode analysis demonstrates the effective time-frequency scaling (increase/decrease in 

number of bins) by using our doubly-resonant BFCs. For the three fiber cavities that we measured, we 

have successfully scaled the time-binned Schmidt numbers from 𝐾𝐾𝑇𝑇,5 𝐺𝐺𝐻𝐻𝐺𝐺 ≈ 5.11 to 𝐾𝐾𝑇𝑇,45 𝐺𝐺𝐻𝐻𝐺𝐺 ≈ 18.02, 

limited by the finesses of the fiber cavities. In the frequency-binned subspace we scaled from 𝐾𝐾Ω,45 GHz 

≈ 4.31 to 𝐾𝐾Ω,5 GHz  ≈ 11.67, limited by the temperature tunability of the tunable filters. The scaling of 

time-frequency dimensionality is complementary, the higher the Schmidt number in time or frequency, 

the smaller the Schmidt number in its conjugate domain. Multiplying the highest estimated time-

binned Schmidt number by its frequency-binned Schmidt number counterpart yields a total Schmidt 

number of 77.67, which could encode over 12 qubits (𝐾𝐾𝑇𝑇𝐾𝐾Ω × 𝐾𝐾𝑇𝑇𝐾𝐾Ω > 212), with potentially 6.28 

bits/photon [from log2(𝐾𝐾𝑇𝑇𝐾𝐾Ω ) = 6.28)] classical-information capacity that can be used in high-

dimensional QKD with our BFCs.  

        To this point we have asserted that our filtering of the signal and idler outputs from a cw-pumped 

SPDC source generates a nearly non-separable high-dimensional BFC state. Toward that end we have 

reported experimental results consistent with that interpretation: HOM interference recurrences, 

frequency-bin correlations, Franson interference recurrences and their inferred entanglement of 

formation, and Schmidt mode decompositions in the time-bin and frequency-bin subspaces.  Our BFC 

frequency-domain wavefunction’s being an even function of detuning implies that its JSI determines 

its HOM-interference behavior [88], and in general the BFC’s JSI determines its frequency-binned 

correlations and its Franson interference behavior (see Appendix A.2 and A.3 for details). That said, 

standard perturbation theory, see, e.g., [201], predicts that a cw-pumped SPDC will emit pure-state (or 

nearly pure-state) biphotons, and the excellent stabilization of our fiber FP cavities then implies that 

our filtered SPDC sources should then emit nearly non-separable BFC states. Prior experimental work 

supports the nearly pure-state assertion for a SPDC source’s output, see [204], in which both the JSI 

and JTI were measured for a pulse-pumped source, and [182], in which an SPDC source was 

entanglement engineered to produce single spatiotemporal-mode heralded single-photon pulses. 

Moreover, we also note that there have been several experimental demonstrations of high dimensional 

frequency-bin entanglement utilizing the  
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Fig. 3.6. Conjugate Franson interferometry and theoretical visibilities of conjugate Franson 

interference recurrences for the 45 GHz BFC and the entangled frequency-pair state. a) The 

proposed experimental setup for conjugate Franson interferometry. The signal and idler outputs from a 

filtered-SPDC source are applied to a pair of MZIs.  One arm of each MZI contains an optical 

frequency shifter, i.e., a single-sideband modulator, that imposes frequency shifts +ωm and −ωm on 

the signal and idler, respectively. The MZI’s outputs undergo positive (for the signal) and negative (for 

the idler) dispersions of equal magnitude that, together with the frequency shifts, ensure there is no 

second-order interference present in the signal-idler coincidence counts. b) BFC theoretical conjugate 

Franson interference has high-visibility recurrences and they occur only when the interferometer 

frequency offset is kΔΩ for integer k. c) Entangled frequency-pair state  theoretical conjugate Franson 

interference has low-visibility recurrences and they only occur when the interferometer frequency 

offset is 2kΔΩ for integer k. Appendix A.4 describes the details of conjugate Franson interferometry, 

comparing the BFC and entangled frequency-pair state  recurrence visibilities for the 15.15 GHz and 

5.03 GHz cavities.  Fig. 3.6 published in [92]. 

sinusoidally driven phase modulator in recent years [83, 84, 86, 205]. Nevertheless, direct 

experimental evidence of a BFC state purity is highly desirable. One way is to perform the direct JTI 

measurements, we have recently observed such mode-locked oscillations in temporal domain to prove 

the biphoton phase coherence of our BFC, and hence verify the pure BFC state. Conjugate-Franson 

interferometry [127], since it is characterized by the signal-idler state’s JTI, can also provide such 

evidence. The configuration for conjugate-Franson interferometry is shown in Fig. 3.6a. Compared to 

our Franson interferometry setup in Fig. 3.5a, a pair of optical frequency shifters and DCMs are 
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required to implement the conjugate-Franson interferometry. In particular, this configuration easily 

allows the desired BFC pure state to be distinguished from mixed states with the same JSI. For 

example, Fig. 3.6b and c compare the visibilities for conjugate-Franson interference recurrences of our 

45.32 GHz BFC to those of the entangled frequency-pair state, i.e., an incoherent mixture of the pure 

states  

                   �𝜓𝜓EFS
(m)� = ∫𝑎𝑎Ω 𝑓𝑓′(Ω)[𝑓𝑓(Ω + 𝑚𝑚∆Ω) + 𝑓𝑓(Ω−𝑚𝑚∆Ω)] 𝑎𝑎�𝐻𝐻

† �𝜔𝜔𝑝𝑝

2
+ Ω�𝑎𝑎�𝑉𝑉

† �𝜔𝜔𝑝𝑝

2
− Ω� |0⟩     (3.10)                   

for −𝑁𝑁0 ≤ 𝑚𝑚 ≤ 𝑁𝑁0, that has the same JSI (see Appendix A.4 for more details). By driving frequency 

shifters in conjugate-Franson interferometry for a BFC with matched cavity FSR, its possible to 

demonstrate conjugate-Franson interference recurrences that further enhance the non-separable mode-

locked high-dimensional BFC state generation [128]. 

        In this work we have demonstrated high-dimensionality time-frequency subspaces using a BFC 

generated by filtering the signal and idler outputs from a cw-pumped SPDC source. For a BFC 

generated with a 45.32 GHz FSR filter cavity we achieved 61 HOM-interference recurrences, with a 

maximum visibility of 98.4% (99.9%) before (after) accidental coincidences are subtracted. For a BFC 

generated with a 5.03 GHz FSR filter cavity, we observed high spectral correlations over 19 frequency 

bins. All told, for the three cavities we employed, we explored spectral and temporal correlations, and 

hence their Fourier-transform duality, over cavity FSRs spanning nearly an order of magnitude. We 

then measured up to 16 Franson interference recurrences, observing a maximum visibility of 96.0% 

(99.1%) before (after) accidental coincidences are subtracted. Using the 0th  to 3rd  recurrence 

visibilities allowed us to obtain an entanglement of formation up to 1.89 ± 0.03 ebits, where 2 is the 

maximum for a 4 ×  4 dimensional biphoton as lower bound on our BFC’s high-dimensional time-

energy entanglement. Via Schmidt mode decompositions, we quantified the entanglement scaling of 

our BFCs’ time-binned and frequency-binned subspaces, comparing measured values with their 

theoretical counterparts. For example, our 45.32 GHz cavity’s post-selected frequency-polarization 

hyperentangled BFC achieves a time-binned Schmidt number of 18 and a Hilbert-space dimensionality 

of at least 648, based on the assumption of a pure state, representing an advance of almost an order of 

magnitude compared to our previous work. With the time-frequency duality and the frequency-

polarization hyperentanglement of such a BFC, we infer a computational space of more than 12 qubits, 

with 6.28 bits/photon that can potentially be encoded for classical information transmission over a 

quantum channel using only biphotons. This high-dimensionality time-frequency state encodes 

multiple qubits from different DoFs onto biphoton pairs, and thus further increasing the photon 
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information capacity with applications in high-dimensional QIP, time-frequency cluster-state quantum 

computation, and high-dimensional QKD. 

 

 

3.4 Singly-resonant mode-locked biphoton frequency combs 
Recently demonstrated BFC can carry information in the spectro-temporal quantum modes, becomes 

an ideal candidate for large-scale quantum systems. Such high-dimensional BFC can be generated by 

SPDC with post filtering [75, 86, 92], OPO far below threshold [143, 177], or SFWM in integrated 

microring resonators [76, 78]. The first approach can be realized either by sending the SPDC photons 

through a cavity or directly carving the continuous SPDC spectra. The second approach is 

implemented via cavity-enhanced SPDC, where the photon pair generation is enhanced and spectrally 

confined by the cavity modes. The third approach utilizes third-order nonlinearity to generate photon 

entanglement over large frequency modes in a scalable and manufacturable platform. These BFCs are 

mostly doubly-resonant, namely, the signal and idler photons are simultaneously resonant to the cavity 

modes. On the other hand, singly-resonant BFC based on OPO has been proposed for narrow-band 

photon generation, where only the signal photons are resonant to the cavity mode [206]. Due to the 

entanglement between signal and idler photons from biphoton generation process, the idler photons 

still exhibit comb-like spectrum corresponding to the cavity mode structure. This singly-resonant OPO 

increase the brightness of the modes by a factor of the cavity finesse, while provides better stability 

and tunability due to the confinement to only one of the SPDC photons [207]. Recently, singly-

resonant BFC has been demonstrated to generate frequency-multiplexed photon pairs over 1000 

frequency modes [177], and also massive-mode polarization entangled photon pairs by means of a 

Sagnac interferometer [208]. Although singly-resonant BFC provides a promising QIP platform, the 

high-dimensional time-energy entanglement of such singly-resonant BFC has not been investigated. 

Moreover, the distribution of high-dimensional entanglement [78, 116, 117], which is a necessary and 

important precursor for practical large-scale high-dimensional quantum communication and distributed 

quantum networks, remains challenging. And high-dimensional time-energy entanglement distribution 

has yet been demonstrated on a singly-resonant BFC platform. 
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Fig. 3.7. Generation and spectro-temporal characterization of a 45 GHz singly-resonant BFC. a) 

Experimental schematic for generation and characterization of a singly-resonant BFC. SPD: 

superconducting nanowire single-photon detector. b) Experimental and theoretical temporal second-

order cross-correlation function between signal and idler photons. Based on the 1.56 GHz cavity 

bandwidth and 45.32 GHz FSR of our fiber FP cavity, we theoretically fit our experimental results 

with different effective detector timing jitters. The periodic temporal oscillations of cross-correlation 

function for the 45.32 GHz cavity’s singly-resonant BFC can be resolved when the effective timing 

jitter is set equal to or less than the cavity’s round-trip time (detailed calculations are in Appendix 

A.1). c) Measured frequency-correlation matrix of our 45 GHz singly-resonant BFC within the 245 

GHz SPDC bandwidth. The JSI is measured by using a pair of tunable bandpass filters with 300 pm 

bandwidths to select frequency bins for the signal and idler photons. Only the diagonal elements of the 

frequency-correlation matrix show high coincidence counts, consistent with high-dimensional 

frequency-bin entanglement. d) Measured heralded single-photon second-order auto-correlation 

function g(2)(0) versus the pump power for each frequency-bin pair. The minimum heralded g(2)(0) ≈ 

0.035 is measured for S0&I0 pair at 1.3 mW pump power with a heralding rate of 16 coincidences/s. 

All measured heralded g(2) (0)’s are below the classical threshold, verifying the high purity of the 

frequency-binned single photon states from our singly-resonant BFC. 
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        Here, we demonstrate a full temporal and spectral characterization of singly-resonant high-

dimensional BFC by only connecting the signal photons of the SPDC photon pairs to a fiber FP cavity, 

and distribute time-frequency-bins towards practical long-distance quantum network on a high-

dimensional BFC platform [111]. Fig. 3.7a illustrates the experimental setup to generate and 

characterize the singly-resonant BFC. The entangled photon pairs are generated by a type-II ppKTP 

waveguide as Sec. 3.2. A 658 nm FP laser diode, stabilized by self-injection locking through double-

pass first-order diffraction feedback using an external grating, is used to pump the ppKTP waveguide. 

The generated biphotons are orthogonally polarized and frequency degenerate at ≈ 1316 nm with ≈ 

245 GHz bandwidth. The residual pump photons are eliminated by a LPF. A BPF with bandwidth 

larger than the SPDC photons is used to further clean the biphoton spectrum. Then the signal and idler 

photons are separated efficiently by a PBS, resulting in deterministic BFC generation. The singly-

resonant BFC is generated by only passing the signal photons through a fiber FP cavity. The idler 

photons, although not confined in a cavity, will still exhibit comb-like spectrum in coincidence 

counting measurements due to intrinsic frequency correlation of SPDC photons [207]. The FP cavity 

has a 45.32 GHz FSR and 1.56 GHz bandwidth, stabilized with a high-performance temperature 

controller. In the doubly-resonant case, the polarization birefringence of the fiber etalon will result in 

different spectra of the signal and idler photons after they pass through the cavity. However, in the 

singly-resonant configuration, only the signal photons pass through the FP cavity and thus we 

circumvent the requirement to eliminate the polarization birefringence.  

We first characterize the temporal signature of the singly-resonant BFC. Our singly-resonant 

configuration generates a BFC state as 

                          |𝜓𝜓⟩ = ∑ ∫𝑎𝑎Ω 𝑓𝑓(Ω −𝑚𝑚ΔΩ)sinc(𝐴𝐴Ω)𝑎𝑎�𝐻𝐻
† (𝜔𝜔𝑝𝑝

2
+ Ω)𝑎𝑎�𝑉𝑉

†(𝜔𝜔𝑝𝑝

2
− Ω)|0⟩𝑁𝑁

𝑚𝑚=−𝑁𝑁                 (3.11) 

the temporal wavefunction of the singly-resonant BFC can be written as 

                    |𝜓𝜓⟩ = ∫ 𝑎𝑎𝜏𝜏∞
0 exp(−Δω𝜏𝜏)∑ sinc(𝐴𝐴𝑚𝑚ΔΩ)cos(𝑚𝑚ΔΩ𝜏𝜏)𝑎𝑎�𝐻𝐻

† (𝑗𝑗 + 𝜏𝜏)𝑎𝑎�𝑉𝑉
†(𝑗𝑗)𝑁𝑁

𝑚𝑚=−𝑁𝑁 |0⟩         (3.12) 

where the temporal behavior of the BFC is mainly determined by sin[(2𝑁𝑁 + 1)ΔΩ𝜏𝜏/2] sin(ΔΩ𝜏𝜏/2)⁄ , 

with a repetition time of Δ𝑇𝑇 = 2𝜋𝜋/ΔΩ ≈ 22.1 ps. 

        Fig. 3.7b shows the normalized second-order cross-correlation function 𝑔𝑔(2)(𝜏𝜏) between signal 

and idler photons, measured by SNSPDs (≈ 80% detection efficiency, PhotonSpot Inc.) with 

coincidence time window at 2 ns. The single-sided exponential decay of the cross-correlation function 

is observed, which is the temporal signature of a singly-resonant BFC [177, 206, 207]. This temporal 

profile of the second-order cross-correlation function 𝑔𝑔(2)(𝜏𝜏 ) matches well with our theoretical 
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calculations with effective timing jitter of the detectors 𝑗𝑗𝑝𝑝 = 9.5∆𝑇𝑇/√8 (detailed in Appendix A.1). 

We note that the measured cross-correlation function cannot fully resolve the temporal oscillation 

signature of the 45 GHz singly-resonant BFC due to the relatively large timing jitter of our SNSPDs 

(~210 ps). With lower effective timing jitter of the detectors, the temporal oscillation profile can be 

better resolved as shown in Fig. 3.7b with 𝑗𝑗𝑝𝑝 = ∆𝑇𝑇/√8. Low time-jitter SNSPDs have been recently 

demonstrated, which enables better temporal resolution [51]. When 𝑗𝑗𝑝𝑝 = 0.1∆𝑇𝑇/√8 , the temporal 

signature of the 45 GHz singly-resonant BFC can be fully resolved, showing an oscillation periodicity 

of 22.1 ps (detailed in Appendix A.1).  

        Next, we characterize the frequency entanglement of our 45 GHz singly-resonant BFC through 

JSI measurement. We use 2 mW pump power for SPDC generation to eliminate multiphoton emission 

and reduce cross-talk between frequency bins. The JSI of our singly-resonant BFC is measured by a 

pair of tunable BPF for signal and idler photons respectively. The BPFs have a bandwidth of 300 pm, 

which are able to select only one-frequency bin of our singly-resonant BFC. The coincidence counts 

are recorded while the tunable BPFs are set at different combinations of signal-idler frequency-bin 

pairs. Within the 245 GHz SPDC bandwidth, 5 frequency-bins can be examined for the signal and idler 

of our 45 GHz singly-resonant BFC. We sweep the BPFs from -2 to +2 frequency bins, with 

0th frequency-bin indicating the central frequency of SPDC. We observe that high photon coincidence 

counts are measured only for symmetric frequency-bin pairs, shown as the diagonal elements of the 

frequency correlation matrix in Fig. 3.7c. This reveals the frequency correlation of the singly-resonant 

BFC, and is a characteristic of frequency-bin entanglement. We note that the coincidence counts fall 

off at frequency-bin pairs away from the central bin, which results from the Gaussian spectrum of the 

SPDC biphotons. For each symmetric frequency bin pair, we then measure the second-order auto-

correlation 𝑔𝑔(2)(0) of the idler photons heralded by the signal photons. The measurement is performed 

using a HBT type interferometry, where the idler photons of the singly- resonant BFC are split into 

two paths by a 50:50 BS for auto-correlation measurement heralded by signal photons. A pair of 

tunable BPFs (300 pm bandwidth) are placed before the HBT interferometer to select different 

frequency bins. The second-order auto-correlation 𝑔𝑔(2)(0)  is measured by recording three-fold 

coincidence counts between the output ports of the HBT interferometer and idler photons under the 

coincidence time window of 2 ns. Detecting one photon of the photon pair result in projecting the other 

photon into a multimode heralded single photon state, which exhibits non-classical antibunching 

behavior. Fig. 3.7d shows the signal-heralded 𝑔𝑔(2)(0) versus different pump powers for the five  
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Fig. 3.8. Witness of high-dimensional energy-time entanglement via Franson-interference 

recurrences of the 45 GHz singly-resonant BFC. a) Measured Franson-interference recurrences 

within the 360 ps traveling range of arm 1’s delay line. The interference fringes are obtained from 0 

(0th time-bin) to 15 (15th time-bin) round-trip times of the 45 GHz FSR FP cavity, with the measured 

period of the interference recurrences found to be 22.1 ps. The maximum fringe visibility up to 

99.46% is measured at 0th time-bin. Franson-interference fringe visibilities were obtained with 

accidental coincidence counts subtracted, and the coincidence window for all the measurements is 2 

ns. Error bars measured for each data point arise from Poisson statistics, experimental drift and 

measurement noise. b) Theoretical fringe envelope of Franson interference for the 45 GHz high-

dimensional singly-resonant BFC, with superimposed experimental observations (detailed theory is 

presented in Appendix A.3). c) Witnessed visibility of high-dimensional Franson interference fringes 

and Schmidt eigenvalues as a function of relative delay between arm 1 and arm 2. The experimental 

(theoretical) witnessed visibilities, in percent, for the nth time-bin are 99.46 (100), 90.17 (90.44), 81.03 

(81.48), 72.82 (73.57), 65.6 (66.44), 59.57 (59.93), 54.03 (54.2), 48.68 (48.93), 43.54 (44.18), 38.79 

(39.87), 35.72 (35.99), 31.47 (32.49), 29.12 (29.32), 25.93 (26.47), 23.79 (23.88) and 20.58 (21.57), 

respectively, where the exact theory from Appendix A.3 has been employed. The Franson visibility 

decreases due to the fiber FP cavity’s finite linewidth, as captured by our theory. The Schmidt 

eigenvalues are extracted from Franson-interference recurrences for 16 time bins, resulting in a 

Schmidt number lower bound of 13.13. Inset shows the Eof calculated based on Franson-interference 

recurrences from Fig. 3.8. 
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symmetric frequency bin pairs. The pump power is set to be 1.3 mW, 1.8 mW and 2.4 mW 

respectively. At low pump power, the heralded 𝑔𝑔(2)(0) for all five frequency bin pairs are below 0.1, 

showing high purity of the frequency filtered single photon states from our singly-resonant BFC. We 

observe that the heralded 𝑔𝑔(2)(0) is proportional to the pump power, due to the Poisson statistics of the 

SPDC emission. With increased pump power, we note that the heralded 𝑔𝑔(2)(0) for each frequency bin 

pair diverges. At higher pump power, the heralded 𝑔𝑔(2)(0) for S0 & I0 (S0 and I0 denote the central 

frequency bin for signal and idler photons, respectively) frequency bin pair is still below 0.1. 

Especially, the heralded 𝑔𝑔(2)(0) for S+2 & I-2 and S-2 & I+2 increase faster than the case for S+1 & I-1 and 

S-1 & I+1 with increasing pump power. This is because the outer frequency-bin pairs have lower 

spectrum amplitude due to the SPDC Gaussian spectrum as shown in Fig. 3.7c. The photon states for 

outer frequency-bins are more sensitive to the spectral noise introduced by the increasing pump power. 

We also measure the heralded 𝑔𝑔(2)(0) for the singly resonant BFC state by only using a broadband 

BPF (225 GHz bandwidth) to clean up the biphoton spectrum in Appendix Fig. A16). A signal-

heralded 𝑔𝑔(2)(0) ≈ 0.154 is measured for our singly-resonant BFC. We also obtain an idler-heralded 

𝑔𝑔(2)(0) ≈ 0.130 by switching the role of signal and idler photons. Both heralded 𝑔𝑔(2)(0) are well 

below the classical threshold, demonstrating a high-purity heralded single photon state from our 

singly-resonant BFC. 

        Then, we characterize the high-dimensional time-energy entanglement of our singly-resonant 

BFC through Franson interference revivals for the first time. We first use a 1.3 nm bandwidth BPF to 

clean the SPDC spectrum before separating the signal and idler photons by PBS. The signal photons 

then pass through a 45 GHz fiber etalon to generate a singly-resonant BFC. The signal and idler 

photons are sent to a fiber-based Franson interferometer comprised of two unbalanced MZIs as shown 

in Fig. 3.7a. Each arm includes Michelson interferometers, which are temperature-controlled by Peltier 

modules and enclosed in a multilayered thermally-insulated housing with active temperature 

stabilization for long-term phase stability. In each Michelson interferometer, two output ports of the 

fiber 50:50 beamsplitter are spliced to two Faraday mirrors, which compensates the stress-

birefringence of the single-mode fiber within the interferometer. Single photons are collected from the 

reflection, and the Michelson interferometers can effectively work as an MZI, with polarization 

instability inside the fibers accurately self-compensated. The long-short path difference of each arm 

shown in Fig. 3.7a is measured to be 𝛥𝛥𝑇𝑇 = 4.84 ns, satisfying the general requirement of phase-

sensitive Franson interference [75, 92]. A tunable DL is introduced in the long path of arm1 to tune the 
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time difference between arm1 and arm2 up to 360 ps. This allows us to measure the Franson 

interference at different temporal revivals for up to 16 positive-delay time bins. A thermal heater in the 

long path of arm2 with ≈ 1 mK temperature control accuracy finetunes the relative phase shift between 

two arms of the Franson interferometer. Coincidence counts are collected between the two output ports 

of the Franson interferometer to obtain the interference fringe with 2 ns coincidence window, after 

subtracting the accidental coincidence counts. 

Fig. 3.8a shows the first-time observed Franson interference revivals on a singly-resonant BFC 

platform. The Franson interference revivals are only observed at periodic time-bins, whereas no 

interference is observed between time bins. The measured period of the interference recurrences is 

22.1 ps, which corresponds exactly to the round-trip time of the 45.32 GHz FP cavity (Δ𝑇𝑇 = 2𝜋𝜋/ΔΩ). 

Franson interferences are measured by selecting the relative delay between and arm1 and arm2 from 0 

(0th time-bin) to 15 (15th time-bin) cavity round-trip times, limited by the 360 ps tuning range of the 

DL in arm1. We obtain a high Franson interference visibility of 99.46% at 0th time-bin, which is well 

beyond the quantum threshold of 1 √2⁄  (71%) required to violate the Bell inequality. The Franson 

interference visibilities decrease as the relative delay increases, i.e., at higher order time-bins. This can 

be explained by the theoretical model detailed in Appendix A.3, which results from the phase-

matching sinc function of SPDC and the Lorentzian lineshape of etalon. The measured Franson 

interference revivals agree well with our theoretical prediction, as shown in Fig. 3.8b. We note that, 

different from the symmetric Franson interference fringe envelope for the doubly-resonant BFC [75, 

92], our model for the singly-resonant BFC exhibits asymmetric behavior. The Franson visibilities at 

positive time-bins decrease slower than those at negative time-bins, originating from the asymmetric 

temporal profile of the cross-correlation function. The measured Franson visibilities are in good 

agreement with our theoretical calculation, as shown in Fig. 3.8c. We compare the Franson visibility 

fitting of our singly-resonant BFC with doubly-resonant BFC in Appendix A.3, and observed faster 

decay for the singly-resonant case, revealing the unique asymmetric temporal profile captured by our 

theoretical model. Based on the measured Franson interference revivals, we quantify the time-bin 

entanglement of our singly-resonant BFC through Schmidt mode decomposition. We extract the 

Schmidt eigenvalues for each time-bin by a parametric fitting of the experimental data as shown in the 

inset of Fig. 3.8c. By summing up the eigenvalues from each time bin, the lower bound of the Schmidt 

number is obtained to be 13.13 (detailed in Appendix B.1.2). Compared with the doubly resonant case 

[92], the Schmidt number for time-binned singly-resonant BFC state decreases dramatically, which 

results from the faster visibility decay of the Franson revivals. 
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Another useful measure of entanglement is the entanglement of formation, which represents the 

minimal number of maximally entangled two-qubit states (ebits) required to produce a density matrix 

𝜌𝜌 via an arbitrary local operations and classical communication procedure [192]. It can provide a 

quantitative lower bound on the high-dimensional time-energy entanglement of our 45 GHz singly-

resonant BFC, we extract the entanglement of formation from the Franson interference revivals of our 

singly-resonant BFC, as shown in the inset of Fig. 3.8b. We obtain lower bounded entanglement of 

formation up to 1.533 ebits when 𝑎𝑎 = 5, with the theoretical entanglement of formation of 2.322 for a 

5 ×  5 maximally entangled pure state. Based on our theoretical model in Appendix B.2, we estimate 

the maximally achievable entanglement of formation according to the theoretical Franson visibilities of 

our 45 GHz BFC in Fig. 3.8c. The maximally achievable entanglement of formation of our singly-

resonant BFC is 1.538 when 𝑎𝑎  = 5 (detailed in Appendix B.2). Our measured entanglement of 

formation matches well with the maximally achievable entanglement of formation as shown in the 

inset of Fig. 3.8c, which supports a nearly non-separable singly-resonant BFC state generation. 

        Extending from the time-domain measurement of the Franson interference revivals at different 

time-bins, here we characterize the time-energy entanglement between different frequency-bin pairs of 

the singly-resonant BFC for the first time. In order to select different frequency-bins of our 45 GHz 

singly-resonant BFC, we use a pair of narrowband tunable BPF with 300pm bandwidth for signal and 

idler photons. The filtered photons are then sent to the two arms of the Franson interferometer, as 

shown in Fig. 3.7a. We sweep the two tunable BPFs to select frequency-bins from -2 to 2 according to 

the previous JSI measurement in Fig. 3.7c, and collect the Franson interference fringes by fine tuning 

the relative delay between two arms using the thermal heater in arm2. The tunable DL in arm1 is fixed 

at 0th time-bin delay to obtain optimum Franson interference, with the optimized constructive and 

destructive Franson interferences shown in Fig. 3.9a. Fig. 3.9a shows the Franson interferences 

between symmetric frequency-bin pairs, which are the diagonal elements of the frequency correlation 

matrix shown in Fig. 3.7c. A high Franson interference visibility of 99.66% is observed for the central 

frequency-bin pair S0 & I0, this result agrees well with the high purity photon state from our singly-

resonant BFC supported by the heralded 𝑔𝑔(2)(0)  measurement in Fig. 3.7d. We also obtain high 

interference visibilities for other symmetric frequency-bin pairs, with an average Franson visibility of 

98.03% for the 5 frequency-bin pairs. We note that the visibility of the frequency-binned Franson 

interference increases slightly compared to the temporal Franson interference revivals due to the 

narrowband filtering of the singly-resonant BFC spectrum. 
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Fig. 3.9. Frequency-binned energy-time entanglement verification via Franson interference in a 

45 GHz singly-resonant BFC. a) The measured Franson interference fringes, after accidentals were 

subtracted, for symmetric frequency-bin pairs. All the fringes were obtained at zero relative delay 

between arm 1 and arm 2 for optimum Franson interference. Maximum frequency-binned Franson 

interference is observed for S0&I0 pair with visibility up to 99.66%. The averaged frequency-binned 

Franson visibility for 5 pairs is 98.03%. The coincidence window for all the measurements was 2 ns. b) 

The Franson interference visibility map for frequency-bin pairs within the SPDC bandwidth. 

Frequency bins were selected using a pair of tunable BPFs with 300 pm bandwidths, that were 

manually tuned to scan from the -2 to +2 frequency bins from frequency degeneracy. Only the 

symmetric frequency-bin pairs in anti-diagonal terms show high Franson interference visibility. c) 

Recorded signal-idler cross-correlation function for constructive (top) and destructive (bottom) 

Franson interference. The inset is the zoom-in of the central correlation peak, showing the single-sided 

decay temporal signature of a singly-resonant BFC. d) Extracted Schmidt eigenvalues and Franson 

visibilities for 5 symmetric frequency-bin pairs. Frequency-binned Franson interference visibilities are 

97.24% (S2&I-2), 98.42% (S1&I-1), 99.66% (S0&I0), 98.38% (S-1&I1) and 96.45% (S-2&I2), respectively. 

We extract the lower bound of the Schmidt number to be 4.17 across 5 symmetric frequency-bin pairs 

(detailed calculation is presented in Appendix B.1.1). 

In addition to the symmetric frequency-bin pairs, we measure the Franson interference for the 

asymmetric frequency-bin pairs, i.e., the off-diagonal elements of the JSI matrix in Fig. 3.7c. We map 

the measured Franson interference visibilities for all frequency-bin pairs within the SPDC bandwidth 
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in Fig. 3.9b (and in Appendix Fig. A15). We observe that only antidiagonal elements in Fig. 3.9b show 

high visibilities, which corresponds to symmetric frequency-bin pairs, while the off-antidiagonal 

elements representing asymmetric frequency-bin pairs exhibit no obvious interference. This 

demonstrate that the time-energy entanglement will only occur between correlated spectral modes, 

which exhibit time-frequency correlations due to energy conservation form SPDC. Specially, when we 

sweep the tunable DL in arm1 of the Franson interferometer to adjust the relative delay away from the 

central time-bin, there is no interference recurrence in other time-bins. This is because the narrow 

tunable BPFs strictly limit the frequency modes to a single mode for both signal and idler photons, the 

beating between multiple frequency modes vanishes in time domain, which results in an exponential 

time decay without temporal oscillation of the signal-idler cross-correlation function [177]. The zoom-

in of the central cross-correlation peak of the constructive Franson interference is shown in the inset of 

Fig. 3.9c. We observe a single-sided exponential time decay of the cross-correlation function showing 

the temporal signature of singly-resonant BFC as in Fig. 3.7b. Using detectors with better effective 

timing jitter, we are able to observe smoother single-sided time decay profile showing no oscillation. 

This single frequency mode filtering eliminates the temporal oscillation of the cross-correlation, and 

thus the recurrence of the Franson interferences. 

        We then perform the Schmidt mode decomposition based on the JSI measurements to quantify the 

frequency-bin entanglement of our 45 GHz singly-resonant BFC. By extracting the Schmidt 

eigenvalues from the measured frequency correlation matrix, we then obtain the Schmidt number for 

the frequency-bin entangled state of our singly-resonant BFC as shown in Fig. 3.9d. This parameter 

describes the lowest number of Schmidt modes in a bipartite system, and therefore gives a lower 

bound on its effective dimensionality. We obtain the Schmidt number by the sum of the individual 

Schmidt eigenvalues for each frequency-bin, which we measured to be 4.17 for the five symmetric 

frequency-bin pairs (detailed in Appendix B.1.1). Thus, we lower bound the Hilbert-space 

dimensionality of our frequency-binned singly resonant BFC state to be at least 16 (= 4.17 × 4.17). 

Note that the diagonal elements of the frequency correlation matrix exhibit the decreasing-envelope 

behavior of our singly-resonant BFC, which leads to the imperfect Schmidt number compared to the 

ideal case. This can be improved by utilizing a biphoton source with flat-top SPDC spectrum and a 

fiber etalon with flat-top transmission. In this case, the generated BFC will have equal amplitude for 

each frequency-bin, thus the Schmidt eigenvalues for symmetric frequency-bin pairs are consequently 

equal-weighted. This could lead to a maximum Schmidt number, which equals to the number of 

frequency modes of the frequency entangled pure state. The visibilities of the Franson interferences for 
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five symmetric frequency-bin pairs are also plotted together with the Schmidt eigenvalues in Fig. 3.9d. 

We note that the Franson interference visibilities change in accordance with the eigenvalues at each 

frequency-bin pair, which agrees well with the trend of heralded 𝑔𝑔(2)(0) for each frequency-bin pair in 

Fig. 3.7d. 

        To this point, we have fully characterized the temporal and spectral behaviors of our 45 GHz 

singly-resonant BFC, and verified the high-dimensional time-frequency entanglement via Franson 

revivals and frequency-binned interferences, as well as Schmidt mode analysis and entanglement of 

formation. To demonstrate that our singly-resonant BFC is suitable for long-distance quantum 

communications, we asymmetrically distribute the high-dimensional BFC states through a 10 km 

optical fiber link. The experimental scheme for high-dimensional entanglement distribution is shown 

in Fig. 3.12a. The singly-resonant BFC is generated by placing the FP cavity on the signal channel 

after the PBS. The signal photons are then sent to a local unbalanced MZI (arm1 of the Franson 

interferometer), while the idler photons propagate through 10 km of standard SMF and are analyzed by 

another unbalanced MZI (arm2 of the Franson interferometer). Thanks to the SPDC biphoton 

generation at ≈ 1316 nm, which is very close to the zero-dispersion wavelength for the standard 

telecommunication SMF, there is little temporal walk-off caused by the fiber dispersion. Thus, the 

DCM, which is normally lossy, is not necessarily required for the distribution of our high-dimensional 

singly-resonant BFC states. The entanglement distribution scheme is specially designed to be 

asymmetric according to the singly-resonant nature of the BFC. In the generation configuration of our 

singly-resonant BFC, only the signal photons suffer from the insertion and filtering loss of the fiber 

etalon. Thus, the idler photons with higher photon flux are suitable for long-distance transmission and 

sent through the 10 km SMF with 3.63 dB transmission loss. Note that our entanglement distribution 

system is built using commercially available off-the-shelf components, and can be readily 

implemented in many existing QKD systems. 
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Fig. 3.10. High-dimensional time-frequency entanglement distribution of a 45 GHz singly-

resonant BFC at 10 km distance. a) Illustrative experimental scheme for asymmetric entanglement 

distribution of high-dimensional time-frequency entanglement of a singly-resonant BFC. The singly-

resonant BFC is generated by only passing the signal photons through an FFPC, while the idler 

photons are distributed via a 10 km fiber link. After distribution, a pair of tunable bandpass filters are 

used to select frequency bins for the signal and idler photons, which are then analyzed by a Franson 

interferometer for energy-time entanglement. The inset shows the Franson interference fringes for 5 

symmetric frequency-bin pairs after 10 km distribution. b) The measured visibilities of Franson-

interference recurrences after 10 km distribution. The middle inset shows the interference fringe for the 

central time-bin, with up to 98.81% visibility after subtracting the accidental coincidences. The 

Franson interference visibility decay matches well with our theoretical prediction after 10 km 

distribution, full data of the Franson interference fringes for 16 time bins is provided in Supplemental 

Information Section III. The right inset shows the Eof calculated based on Franson-interference 

recurrences before and after entanglement distribution. We lower bound Eof up to 1.522 ebits when d = 

5 after the 10 km asymmetric distribution, which certifies a genuine three-dimensional energy-time 

entangled BFC state. c) The measured frequency-binned Franson-interference visibilities and the joint-

spectral intensity measurements for 5 symmetric frequency-bin pairs of the singly-resonant BFC after 

10 km distribution. Frequency-binned Franson interference visibilities after distribution are 94.95% 

(S2&I-2), 97.99% (S1&I-1), 98.85% (S0&I0), 97.84% (S-1&I1) and 93.89% (S-2&I2), respectively. 

Averaged frequency-binned Franson visibility of 96.70% is obtained, with only 1.33% degradation 

after distribution. These results demonstrate that the frequency-binned energy-time entanglement of 

our singly-resonant BFC is well preserved after 10 km distribution.  
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        We first measure the high-dimensional time-energy entanglement of the distributed singly-

resonant BFC states via nonlocal Franson interference. The Franson interference measurements at 

different time-bins are performed in the same fashion as introduced previously. The tunable DL in 

arm1 selects different time-bins, while the thermal heater in arm2 fine tunes the relative phase delay 

between two arms. The Franson interference fringes are obtained by recording coincidence counts in 2 

ns time window with accidental coincidences subtracted. High-visibility Franson interference revivals 

are observed again for the singly-resonant BFC states after 10 km distribution. Fig. 3.10b shows the 

measured visibilities of the Franson interferences at different relative delays after 10 km distribution. 

The middle inset of Fig. 3.10b shows the Franson interference fringe for the central time bin, yielding 

a high visibility of 98.81% that strongly violates the Bell inequality (The Franson interference fringes 

at all 16 time-bins are detailed in Appendix Fig. A11). Specially, compared to the Franson interference 

revivals in Fig. 3.8a, the averaged degradation of the Franson interference visibility after 10km 

distribution is only 1.1%. The high visibilities of the Franson interference revivals verify the successful 

distribution of genuine high-dimensional time-energy entanglement of our singly-resonant BFC. The 

visibilities of Franson interference revivals follow the same decay trend as in Fig. 3.8c, which is 

captured by our theoretical model of the singly-resonant BFC. Furthermore, to quantitively lower 

bound the distributed high-dimensional energy-time entanglement, we calculate the entanglement of 

formation using the Franson interference revivals in Fig. 3.10b. In the right inset of Fig. 3.10b, we 

compare the number of ebits extracted from the Franson interference revivals before and after the 10 

km asymmetric distribution. We obtain lower bounded entanglement of formation up to 1.522 ebits 

when 𝑎𝑎 = 5 after the 10 km asymmetric distribution, which is very close to the maximally achievable 

entanglement of formation of 1.538 based on the theoretical model. This lower bound of entanglement 

of formation ≥ 1.522 certifies a genuine time-energy entangled BFC state of at least 3 × 3 dimensions 

after 10 km distribution, as maximally entangled two-qubit state only contains one ebit [192]. 

Next, we measure the time-energy entanglement between symmetric frequency-bin pairs of the 

singly-resonant BFC after 10 km asymmetric distribution. The frequency-binned time-energy 

entanglement is especially useful for wavelength-division multiplexing entanglement-based quantum 

communication network [209]. Narrowband tunable BPFs are used to select different frequency-bins 

for signal and idler photons, which are cascaded with the Franson interferometer for time-energy 

entanglement measurement as shown in Fig. 3.10a. The Franson interference fringes for five 

symmetric frequency-bin pairs are observed and shown in the inset of Fig. 3.10a. A high Franson 

interference visibility of 98.85% is obtained for the central frequency-bin pair S0 & I0 after 10 km 



61  

asymmetric distribution. The Franson visibilities for Frequency-bin pairs away from the central bin 

decrease as expected, but are still well above the quantum threshold of 71%. The frequency-binned 

Franson interference visibilities before and after 10 km asymmetric distribution are summarized in Fig. 

3.10c. An average Franson visibility of 96.70% is obtained for all 5 frequency-bin pairs after 

distribution, with only 0.46% degradation compared to the case in Fig. 3.9a. These high Franson 

interference visibilities certify the coherent transmission of the frequency-binned time-energy 

entanglement of our singly-resonant BFC. Simultaneously, we record the coincidence counts of the 

central correlation peak for constructive interference as shown in Fig. 3.9c to extract the JSI of the 

singly-resonant BFC after 10km asymmetric distribution. Only the diagonal elements of the JSI have 

high coincidence counts as shown in Fig. 3.10c, revealing frequency-bin entanglement of the 

distributed BFC states. 

To the best of our knowledge, this is the first demonstration of high-dimensional entanglement 

distribution on a singly-resonant BFC platform in both time and frequency domain. Quantum 

information encoded in time-bins and frequency-bins of single photons is naturally suitable for 

transmission over long distances using optical fiber or free-space links [121]. In particular, time-

energy entanglement is ideally suited for high-dimensional QKD, with security monitored by the 

measurement of Franson visibility [6]. Unconditional security based on high-dimensional QKD have 

been proposed using Franson interferometry and conjugate-Franson interferometry [127], which has 

been recently demonstrated [128]. The long-distance distribution of frequency bins is demonstrated 

using dispersion cancellation system [78], with possible applications in wavelength-multiplexed 

quantum network.  

        In this work, we have demonstrated the high-dimensional time-frequency entanglement of a 

singly-resonant BFC generated by only passing the SPDC signal photons through a 45.32 GHz FP 

cavity. The temporal and spectral properties are characterized via JSI and JTI measurements. By 

exploiting the nonlocal Franson interferometry, we demonstrated high-dimensional time-energy 

entanglement of the singly-resonant BFC via Franson interference revivals. In addition, time-energy 

entanglement between symmetric frequency-bin pairs within the SPDC bandwidth is verified by 

frequency-binned Franson interferences. Furthermore, we take a practical step towards long-distance 

quantum communications, and demonstrated the first time high-dimensional time-frequency 

entanglement distribution of our singly-resonant BFC in an asymmetric scheme. We proved that the 

high-dimensional time-frequency entanglement of our singly-resonant BFC was preserved over 10 km 

asymmetric distribution via time-binned and frequency-binned Franson interferences. The 
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demonstrated singly-resonant BFC provides a versatile platform for high-dimensional QIP and secure 

QKD. 

        Remarkably, our singly-resonant BFC can be readily exploited to generate high-dimensional 

hyperentanglement by combining the polarization DoF. Thanks to the type-II configuration, we can 

generate the post-selected polarization entanglement by mixing the signal and idler photons on a 50:50 

beamsplitter. Another common approach to generate polarization entanglement is using a Sagnac 

interferometer [208], which can also be adopted for our singly-resonant BFC. With polarization DoF, 

the dimensionality of our singly-resonant BFC can be doubled with an extra qubit encoded in the BFC 

photon pairs. The high-dimensional hyperentangled BFC states provide a useful resource for 

applications, such as high-capacity quantum communication [210], superdense quantum teleportation 

[211]. 

        Our singly-resonant BFC platform also supports higher dimensional state generation. The 

dimensionality of frequency-bins is determined by the bandwidth of SPDC and the FSR of the FP 

cavity. For example, using a SPDC source with 2 THz bandwidth and a fiber etalon with 10 GHz will 

leads to a 200 ×  200 dimensional system, which corresponds to 15 frequency-bin qubits. On the 

other hand, the time-bins are the Fourier transform of the frequency-bins in its conjugate time domain, 

thus the scaling of time-frequency dimensionality is complementary. The time-bin and frequency-bin 

number product satisfies 𝑁𝑁𝑇𝑇𝑁𝑁Ω = 𝜋𝜋𝐵𝐵PM ∆𝜔𝜔⁄  [92]. Thus, the ideal dimensionality of the time-

frequency space is determined by the linewidth of the FP cavity with a given SPDC source. For 

example, with 2 THz SPDC bandwidth, 100 GHz cavity FSR and 1 GHz cavity linewidth, time-bin 

number 𝑁𝑁𝑇𝑇 will increase to 100 with time-bin interval of 10 ps while frequency-bin number 𝑁𝑁Ω of 20, 

which leads to 13 time-bin qubits. The scaling of the BFC state generation can also be realized by 

integrating the FP cavity with the SPDC source, which demonstrated frequency-multiplexed photon 

pairs covering 1400 modes with 3.5 GHz FSR of the cavity [177]; or using integrated micro-ring 

resonator [76, 78], where the achievable dimensionality is also bounded by the phase-matching range 

of the SFWM process and the FSR of the microresonator. The on-chip realization of the high-

dimensional BFC will enable potential large-scale integrated QIP [212]. 

        The singly-resonant BFC will be particularly useful and readily implemented in quantum 

repeater-based quantum internet [213]. Thank to our singly-resonant configuration of the BFC 

generation, the fiber etalon can be placed externally of the SPDC source unlike the OPO scheme. In a 

quantum repeater scheme with two entanglement sources [214], by inserting a FP cavity on each path 

of both entanglement sources to the Bell state analyzer, the photons on the other path of both sources 
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will be entangled in high-dimensions due to the singly-resonant configuration. This scheme enables 

possible high-dimensional quantum repeaters for long-distance quantum network and high-

dimensional entanglement generation based on current repeater scheme. Our singly-resonant BFC 

provides a practical and flexible approach to increase dimensionality in time and frequency basis at a 

quantum node of the quantum internet. 

        Next, we investigate the impact of cavity finesse for our singly-resonant BFCs. In this work, we 

utilize mode-locked singly-resonant BFCs based on the cavity-filtered scheme with planar FP cavity 

that is more flexible and robust in terms of experimental implementation, compared to cavity-enhanced 

SPDC sources. Here, we examine the role of cavity finesse F in the mode-locked signal-idler temporal 

cross-correlations as well as in the time-energy entanglement via Franson interferometry with our 

experimental demonstrations and theoretical descriptions. First, we observed mode-locked oscillations 

of a singly-resonant BFC using our second-order cross-correlation function measurements with a 

cavity FSR of 5.03 GHz and a bandwidth of 457 MHz. Such direct JTI measurements signify the 

existence of phase coherence in our cavity-filtered BFC for the first time. Second, we measured the 

time-energy entanglement of mode-locked singly-resonant BFCs based on 15.15 and 5.03 GHz cavity 

via Franson interferometry, spanning up to 6 time-bins with the highest central time-bin accidental-

subtracted visibility over 97% for both cavities. Such JSI measurements are consistent and 

complementary with our JTI measurements. Our approach does not require a stabilization system and 

complex cavity design as in cavity-enhanced SPDC sources. We further investigated the impact of 

cavity finesse F in our singly-resonant mode-locked BFCs by comparing different cavity 

configurations. Near-flattened Franson interference recurrences visibility can be theoretically predicted 

with a cavity finesse F of 200 in our scheme, violating quantum-classical threshold for a whole 

temporal range of 1 ns. Our results pave the way for producing high-quality mode-locked temporal 

correlations for time-resolved correlation-based quantum networks and can be helpful in pushing the 

limit of the Hilbert space dimensionality in the temporal domain [92], for high-quality long-distance 

high-dimensional time-energy entanglement distribution [111,  117, 215], and on-chip optical quantum 

information processing. 
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Fig. 3.11. Measured single-photon cross-correlations and time-energy entanglement using a 5 

GHz singly-resonant BFC. a) Schematic of the experimental configuration. b) Measured zoom-in 

second-order cross-correlation function between signal and idler photons. The periodic structure traces 

the cavity round-trip time of 198.9 ps. A cavity bandwidth of 457 MHz can be derived by the 

exponential decay of the envelope. c) The signature of observed nonlocal Franson interferences was 

revealed with the single-sided correlation function (see highlighted region in blue dashed lines). d) The 

observed quantum time-energy entanglement of a 5.03 GHz FSR singly-resonant BFC source and 

witnessed Franson fringe with accidental-subtracted visibility of 97.79% for central time-bin. 

        The working principle of this experiment is illustrated in Fig. 3.11a. We used singly-resonant 

mode-locked BFC sources, where the SPDC source is generated by pumping a fiber-coupled type-II 

phase-matched ppKTP waveguide of fiber-coupling efficiency of ∼50% per facet with a self-injection 

locked continuous-wave laser at 658 nm wavelength [189]. The singly-resonant BFCs are generated by 

sending the signal photons of the orthogonally-polarized, frequency-degenerate photon pairs at 1316 

nm with 245 GHz FWHM phase-matching bandwidth to fiber Fabry-Perot cavity with 5.03, 15.15 

GHz FSR and FWHM bandwidths of 0.46, 1.36 GHz, respectively. The generated singly-resonant 

mode-locked BFCs state is then directed to a stabilized Franson interferometer for nonlocal 

interference measurements. After the Franson interferometer, coincidences are recorded with two 

SNSPDs, ≈ 85% detection efficiency, root-mean-square timing jitter ~ 55 ps, PhotonSpot. Inc.. Our 

Franson interferometry is comprised of two unbalanced MZIs with path-length difference measured to 

be ΔT = 4.84 ns (see Fig. 3.11c), for satisfying the requirement for probing time-energy entanglement. 

We used a thermal heater in the long path of arm1 to sweep and fine-tune the relative phase shift ΔT1 

between the two MZIs for probing the time-energy entanglement of our singly-resonant BFC. In 
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addition, the motorized stage delay in arm2 with ΔT2 up to 360 ps was used to select different time-

bins, and temperature controllers with long-term temperature stability of ≈ 1mK are implemented to 

stabilize our Franson interferometry. 

        Here, we analyze the role of cavity finesse F in the model of mode-locked singly-resonant BFC, 

focusing on temporal second-order cross-correlation function and Franson interference recurrences 

based on our experimental setup. The mode-locked signal-idler temporal second-order cross-

correlation function of singly-resonant BFC can be written as [111, 177, 206] 

                              𝐾𝐾𝑆𝑆′𝑆𝑆′
𝑐𝑐𝑇𝑇𝑝𝑝𝑠𝑠𝑠𝑠(𝜏𝜏) = ∫ 𝑑𝑑𝜔𝜔
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Here, 𝑁𝑁S is the source brightness; 𝑗𝑗coh = 3.62 ps is the coherence time of our SPDC source; ∆𝜔𝜔/2𝜋𝜋 = 

225 GHz is the FWHM bandwidth of BPF. The key figure of merit cavity finesse F is given by 

                                               𝐹𝐹 = ∆Ω
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where ∆Ω is the FSR of the cavity; ∆𝜔𝜔c is the cavity bandwidth, Δ𝑇𝑇𝑐𝑐𝑀𝑀𝑣𝑣𝑀𝑀𝑒𝑒𝑦𝑦 is cavity round-trip time,  𝑙𝑙𝑇𝑇𝑒𝑒 

is the total round-trip optical losses, including scattering losses, clipping losses, absorption and 

transmission losses; 𝜆𝜆 is the cavity mode wavelength; 𝑄𝑄 is the cavity quality factor and 𝐿𝐿 is the optical 

length of the cavity. For linear planar FP cavity, the cavity finesse F is proportional to cavity quality-

factor 𝑄𝑄.  

        By using equation (3.13) and (3.14), we can obtain the Franson interference recurrence envelopes 

with maximum and minimum coincidence counts as follows 
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and  
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where 𝜂𝜂𝑠𝑠′, 𝜂𝜂𝑆𝑆′ is to include all losses encountered in our measurement setup; 𝑇𝑇𝑓𝑓  is the coincidence 

counting window of 2 ns. Then, we can obtain the Franson interference recurrence visibilities at nth 

time-bin in singly-resonant biphoton frequency comb to be 

                                                                    𝑉𝑉𝑀𝑀 = exp(−𝑛𝑛𝜋𝜋/𝐹𝐹)                                                        (3.17)                                           

These equations allow us to evaluate the impact of cavity finesse F on signal-idler temporal second-
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order cross-correlation function and visibilities for the Franson-interference recurrences numerically 

and compare with our experimental demonstrations in singly-resonant mode-locked BFC. 

        Fig. 3.11b shows the g(2) measurements of the signal-idler temporal second-order cross-correlation 

function for 5.03 GHz FSR singly-resonant BFC. Using a 5.03 GHz FSR fiber cavity, we observed a 

clear comblike structure of the temporal correlation, resulting from the mode-locking process of our 

singly-resonant BFC source. The time interval 𝑗𝑗𝑇𝑇𝑒𝑒 is measured to be ~ 200 ps, which matches well with 

a cavity FSR of 5.03 GHz (~ 198.8 ps). Cavity damping rate is extracted to be ~ 458.7 MHz from our 

measurements with the exponential decay of the mode-locked oscillations envelope, and this value 

closely matches the cavity bandwidth of 457 MHz. This is the first experimental measurements of 

signal-idler temporal second-order cross-correlation function that probe the JTI in fiber cavity-filtered 

mode-locked singly-resonant BFC scheme, certifying the existence of phase coherence for our 

multimode quantum source. Such JTI measurements, when paired with JSI measurements, can reveal 

genuine high-dimensional frequency-bin entanglement via providing mutual information of biphoton 

phase coherence [88].  

    We then performed Franson interference measurements for 5.03 GHz FSR singly-resonant BFC. 

First, we measure the quantum signature of Franson interference, the three temporally separated 

correlation peaks, as presented in Fig. 3.11c. We observed clear single-sided temporal second-order 

cross-correlation structure for all Franson correlation peaks. Fig. 3.11d shows the optimized maximum 

Franson interference of the central time-bin for this fiber cavity. For this measurement, we swept the 

thermal heater in arm1 to tune the relative phase shift ΔT1 between the two MZIs while fixing the 

motorized stage position ΔT2 at the center of the optimum Franson interference. By post-selecting 

coincidence events occurring within a 2 ns-wide coincidence time window while changing the phases 

of the interferometers (ΔT1), we obtained maximum visibility of 97.79% for 5.03 GHz FSR singly-

resonant BFC, after accidental coincidence subtraction.  
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Fig. 3.12. Experimental observed discretized time-energy entanglement using 5 and 15 GHz 

singly-resonant BFCs. a) to f) Nonlocal Franson recurrence interference fringes, with six discrete 

time-bins measured in a 15.15 GHz FSR singly-resonant BFC. g) Theoretical Franson revival 

visibilities for 5.03 and 15.15 GHz FSR singly-resonant BFCs, with superimposed experimental 

observations. Also included in a* and b* are Franson recurrence time-bins in a 5.03 GHz FSR singly-

resonant BFC. The experimental (theoretical) measured visibilities, in percent, for the 6 time-bins in a 

15.15 GHz FSR singly-resonant BFC are 98.97 (100), 74.32 (75.43), 54.37 (56.89), 40.56 (42.91), 

31.5 (32.37), 22.32 (24.41), respectively. For the two time-bins in a 5.03 GHz FSR singly-resonant 

BFC, the experimental (theoretical) measured visibilities in percentage are 97.79 (100), 72.23 (75.03), 

respectively. The two bidirectional black arrows indicate the similarity of Franson revival visibilities 

between 2 cavities. All measurements are performed with a coincidence window of 2 ns, and the 

reported visibilities are after subtracting accidental coincidences. 

        Due to the mode-locking process of our singly-resonant BFC, the mode-locking oscillations in the 

temporal domain will result in discrete time-energy entanglement. Indeed, by using both 5.03 GHz and 

15.15 GHz FSR singly-resonant BFCs, we measured the Franson interference recurrences over 2 and 6 

time-bins, respectively, as presented in Fig. 3.12. For a 15.15 GHz FSR singly-resonant BFC, we 

observed Franson interference fringes visibilities to be 98.97%, 74.32%, 54.37%, 40.56%, 31.50%, 

and 22.32%, after subtracting the accidental coincidence counts, as shown in Fig. 3.12a to 3.12f  (see 

Appendix A.6 for measured quantum signature of non-integer Franson interferences for 5.03 and 15.15 

GHz FSR singly-resonant BFCs). Then, we compared our experimental results with theoretical 
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modeling in Fig. 3.12g. In insets of Fig. 3.12g, we observed Franson interference fringes visibilities to 

be 97.79% and 72.32%, after accidental coincidence subtraction for a 5.03 GHz FSR singly-resonant 

BFC. The number of measurable time-bins is limited by the motorized stage position ΔT2 in arm2 of 

our Franson interferometry. Besides, we also measure the non-integer cavity round-trip time Franson 

interferences for center time-bin in for both mode-locked singly-resonant BFCs, which further 

confirming the discretization of singly-resonant BFCs due to mode-locking process (see Appendix A.6 

for measured non-integer cavity round-trip Franson interferences using both singly-resonant BFCs). 

The Franson interference recurrences have a 200.9 ps period for 5.03 GHz FSR fiber cavity (matching 

with theoretical calculations in Fig. 3.12g), this JSI measurement results are consistent with our JTI 

measurements in Fig. 3.11b with ~ 200 ps cavity round-trip time, confirming the mode-locked phase 

coherence behavior of our singly-resonant BFC. Interestingly, we find that although two fiber cavities 

have different FSRs and cavity bandwidths, they have similar cavity finesse F (F5GHz=10.93 and 

F15GHz=11.14), and the trend of their Franson interference recurrence visibilities match well (illustrated 

by bidirectional black arrows in Fig. 3.12g). This indicates that the cavity finesse F plays a key role in 

determining the quality of time-energy entanglement over multiple time bins. By increasing this figure 

of merit, the fall-off of Franson interference recurrence visibilities over multiple cavity round-trip 

times can be improved.  



69  

 
Fig. 3.13. Modeled mode-locking oscillations and nonlocal Franson revival visibilities for 5 and 

15 GHz singly-resonant BFCs. a) and b) Theoretical signal-idler cross-correlation functions for 5.03, 

15.15 GHz FSR singly-resonant BFC with cavity finesse F of 10.93, 30, 11.14, and 30, respectively. c) 

and d) Modeled Franson recurrence visibilities for a 5.03, 15.15 GHz FSR singly-resonant BFC with 

cavity finesse F of 10.93, 30, 11.14, and 30, respectively. For all the calculations, the FWHM timing 

jitter of the single-photon detector is 20 ps. 

        Fig. 3.13 presents the theoretical prediction of normalized signal-idler temporal second-order 

cross-correlation function and Franson interference recurrence visibilities for two fiber cavities. To 

better resolve the mode-locked oscillations, we set the FWHM timing jitter to be 20 ps, available with 

current single-photon detection technology [51]. In Fig. 3.13a and 3.13b, we plot the normalized 

signal-idler temporal second-order cross-correlation function of 5GHz and 15 GHz FSR cavities with 

different cavity finesse F for comparison. Both results show that when the cavity finesse F increases to 

30 in cavities with the same FSR, the cavity damping rate becomes smaller, resulting in the increased 
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probability to detect signal photons at multiples of the cavity round-trip time 𝑗𝑗𝑇𝑇𝑒𝑒 after idler photons 

arrive at the single-photon detector. We observed a similar trend for Franson interference recurrence 

visibilities as shown in Fig. 3.13c and 3.13d. There is a clear improvement of modeled Franson 

visibilities when cavity finesse F is ~3 times larger than what we used in our experiments in Fig. 3.12. 

With a small cavity finesse F of 30, we found that all of the Franson interference recurrence visibilities 

can be higher than the quantum-classical limit of 70.7%, for 5.03 GHz FSR singly-resonant BFC at 1 

ns temporal range. For 15.15 GHz FSR singly-resonant BFC, the Franson visibility at 16th time-bin 

with cavity finesse F of 30 is ~14x fold higher than that with cavity finesse F of 11.14. Due to the 

increasing probability of detecting mode-locked temporal oscillations at the single-photon detector 

with a cavity finesse of 30, the Franson interference recurrence visibilities will increase 

correspondingly. Our results in Fig. 3.13 show that the cavity finesse F is a key parameter for 

manipulating the JTI of the mode-locked biphoton states.  

 
Fig. 3.14. Impact of cavity finesse on signal-idler cross-correlation functions and nonlocal 

Franson revival visibilities for a 15 GHz singly-resonant BFC. a) Theoretical signal-idler cross-

correlation functions for a 15.15 GHz FSR singly-resonant BFC with cavity finesse F of 11.14, 100, 

and 200, respectively. b) Modeled Franson recurrence visibilities for a 15.15 GHz FSR singly-resonant 

BFC with cavity finesse F of 11.14, 100, and 200, respectively. The measured Franson recurrence 

visibilities are superimposed (black stars). The black dotted line is the visibility of the quantum-

classical limit. For all the calculations, the FWHM timing jitter of the single-photon detector is set to 

be 20 ps. 

        We now further investigate the role of cavity finesse F in our mode-locked singly-resonant BFCs 

through signal-idler temporal second-order cross-correlation function and Franson recurrence 

interferences. Cavity finesse F tailors the intrinsic JTI of mode-locked singly-resonant BFC, 
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manifesting in Franson interference recurrence and signal-idler temporal second-order cross-

correlation function, as can be seen in Fig. 3.12 and 3.13. For the above signal-idler temporal second-

order cross-correlation functions and Franson interference recurrence, the cavity finesse F plays a key 

role because it is proportional to the number of round-trips before a single-photon leaves the cavity or 

is lost via dissipation. Indeed, the finesse F of our planar FP cavity is also related to the Q-factor. 

Therefore, increasing the cavity finesse F is equivalent to increasing the cavity Q-factor, where 

photons can travel more round-trips in the cavity while storing more energy before they are lost in 

dissipation or leave the cavity. This results in a lower cavity damping rate with the same FSR, and 

therefore increasing detection probability in signal-idler temporal second-order cross-correlation 

function after multiple cavity round-trip times 𝑗𝑗𝑇𝑇𝑒𝑒  and flattening nonlocal time-energy entangled 

Franson recurrence interferences in our singly-resonant mode-locked BFCs.  

        In Fig. 3.14, we present the signal-idler temporal second-order cross-correlation function and 

Franson interference recurrences in a 15.15 GHz FSR singly-resonant BFC from small to moderate 

cavity finesse F. For mode-locked oscillations in the temporal domain, we plot signal-idler temporal 

second-order cross-correlation function versus 3 different cavity finesse F of 11.14, 100, and 200 in a 

15.15 GHz FSR cavity with a FWHM timing jitter of 20 ps, as shown in Fig. 3.14a. It can be seen that 

for a moderate cavity finesse F of 200, signal photons are more likely to be detected at 16 cavity 

round-trip times 𝑗𝑗𝑇𝑇𝑒𝑒  after idler photons are counted at the detector, resulting in higher temporal 

correlation peaks across a whole temporal range of 1 ns. In Fig. 3.14b, we describe the Franson 

interference recurrences using the same cavity finesse as Fig. 3.14a in the same temporal range of 1 ns, 

with our previous experimental results with cavity finesse F of 11.14 superimposed (black stars). It is 

evident that with only a cavity finesse F of 200, all of the Franson interference recurrence visibilities 

are over the quantum-classical limit of 70.7% (black dot line) and violate Bell’s inequality in position 

and time. We further estimate the time-bin Schmidt number 𝐾𝐾𝑇𝑇 for our results in Fig. 3.14b, and found 

out the time-bin Schmidt number 𝐾𝐾𝑇𝑇 for a cavity finesse F of 200 is 15.92, and that for a cavity finesse 

F of 11.14 is 6.98. The effective Hilbert space dimensionality thus potentially increased from 48 to 

244. In our results in Fig. 3.14, we choose to use a cavity with FSR of 15.15 GHz because this FSR is 

closed to maximum FSR in cavity-enhanced SPDC sources [71, 177, 207, 208, 216, 217]. 

Furthermore, this 15.15 GHz FSR cavity is compatible with the current FBG based telecom filter 

technology for performing frequency-domain projection measurements. Here, we note that our 

schemes are robust and flexible without a sophisticated stabilization system and avoid cavity design 

complexity compared with cavity-enhanced SPDC sources. First, our mode-locked BFCs are mainly 
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based on telecom fiber components, which do not require active stabilization systems for free-space 

cavity design. Second, we can easily switch from singly-resonant scheme to doubly-resonant scheme 

or vice versa (depending on the applications) without rebuilding the experimental setup. Third, our 

singly-resonant mode-locked BFCs are directly compatible with telecom spectral filtering technology 

such as optical tunable BPFs and DWDMs by simply using fiber cavities with larger FSRs, without 

relying on the cluster effect in non-degenerate doubly-resonant cavity-enhanced SPDC sources [218-

221]. To further illustrate the impact of cavity finesse F on a larger FSR fiber cavity, we model the 

signal-idler temporal second-order cross-correlation function and Franson interference envelopes in a 

50 GHz FSR singly-resonant mode-locked BFC with different cavity finesse F (see Appendix A.5). 

We note that although the signal-idler temporal second-order cross-correlation function measurements 

are limited by the detection jitter of commercial single-photon detectors for 50 GHz FSR cavity, the 

Franson interference measurements are experimentally accessible with current interferometric 

technology [192]. More importantly, Franson-type measurements are fundamental to all time-energy 

entanglement based quantum systems. 

        We have shown theoretically and experimentally that cavity finesse F acts on JTI of mode-locked 

singly-resonant BFCs, manifesting in signal-idler temporal second-order cross-correlation function and 

Franson interference recurrence. Increasing the cavity finesse F from small to moderate values leads to 

a lower cavity damping rate with the same FSR, increasing detection probability in signal-idler 

temporal second-order cross-correlation function after multiple cavity round-trip times 𝑗𝑗𝑇𝑇𝑒𝑒  and 

flattening the visibility decay of the Franson interference recurrence in our singly-resonant mode-

locked BFCs. Our results pave the way for scaling up the Hilbert space dimensionality, ebits of 

entanglement of formation in temporal domain, for high-quality long-distance high-dimensional time-

energy entanglement distribution, on-chip optical quantum information processing and quantum 

teleportation [222]. 

        Lastly, we present the genuine time-reversible ultranarrow photon-pair source via singly-resonant 

BFCs for the first time. To be compatible with efficient atomic based quantum memory protocols such 

as electromagnetically induced transparency, controlled reversible inhomogeneous broadening or 

gradient echo memory, and atomic frequency comb, the single-photon sources must be at the 

resonance frequency of the atoms and have a narrow spectrum that matches the quantum memory 

bandwidth (typically between 10 and 1000 MHz for these protocols) [214]. However, the frequency 

bandwidth of SPDC and spontaneous four-wave mixing is on the order of 0.1 to 100 THz [214, 223, 

224], which is several orders of magnitude larger than the bandwidth required for atomic quantum 
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memories. One way to overcome this problem is to spectrally filter the SPDC and four-wave mixing 

output via cavity-enhanced schemes [71, 143, 177, 207, 220], or to use post-filtered schemes [72, 75, 

92]. So far, many experiments of the narrow-band photon-pair source generation have been performed 

by doubly-resonant [71, 217, 220], triply-resonant cavity-enhanced configurations [143, 225], and by 

four-wave mixing in microresonators [76, 77]. However, to the best of our knowledge, all of the 

previous narrow-band SPDC and four-wave mixing photon-pair sources are either not time-reversible 

due to the natural limitation of experimental configurations, or not compatible to 10 MHz bandwidth 

of highly efficient long-coherence time atomic quantum memories. While the time-reversal waveforms 

of singly-resonant OPO far below threshold has been demonstrated [177], the result is only for single-

mode frequency filtering with a pair of bandpass filters, and the experiment is focused on frequency-

multiplexed telecommunication photon-pair generation. 

        In this work, we demonstrate the genuine time-reversible ultranarrow telecommunication photon-

pair source over 5,000 modes with asymmetric singly-resonant BFCs for the first time. In our scheme, 

the time-reversibility of our multimode photon-pair source is achieved via swapping a symmetric 

planar fiber FP cavity between signal-idler photon-pairs in the asymmetric singly-resonant BFCs. 

Hence, this asymmetric singly-resonant BFCs configuration preserves the intrinsic multimode 

structure under time-reversal symmetry without specially designed FP cavities [226, 227] and the 

usage of lossy narrow-band telecommunication frequency filters [177]. Indeed, here, we are able to 

measure temporal second-order cross-correlation revivals and heralded g(2)(0) for both exponential 

decay and time-reversed singly-resonant BFCs. We fully resolve the multimode JTI for both 

exponential decay and time-reversed singly-resonant BFCs, with 12 cross-correlation peaks measured 

at the fundamental limit of our commercial single-photon detectors for the first time. The measured 

cavity FSR, linewidth of exponential decay and time-reversed singly-resonant BFCs are 42.63 MHz, 

4.587 MHz, and 42.64 MHz, 4.599 MHz, respectively. The reported cavity FSR is the narrowest 

among all the different configurations of photon-pair sources so far. We also measure and confirm 

single-photon Fock state for our multimode time-reversible singly-resonant BFCs. By post-selecting 

the measured data to 1 ns coincidence window, centering at the peak maximum for each cavity round-

trips, we obtain minimum heralded g
(2)

(0) = 0.013 ± 0.001, and g
(2)

(0) = 0.016 ± 0.0011 for 0
th

 round-

trip using both exponential decay and time-reversed singly-resonant BFCs. The observed minimum 

heralded g
(2)

(0) for 1
st
 to 4

th
 cavity round-trips are all below the anti-bunching characteristic value of 

0.5. Moreover, we also measure minimum averaged heralded g
(2)

(0) ~ 0.2 ± 0.002 by using a wider 
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coincidence window of 30 ns for both exponential decay and time-reversed singly-resonant BFCs, 

which further verifies the intrinsic multimode emission and single-photon Fock state is well-preserved 

with time-reversal symmetry. Our photon-pair source operation can cover whole telecommunication C- 

and L-band, with narrowest cavity FSR of 42.64 MHz and 4.599 MHz linewidth in time-reversed 

scheme. Therefore, this source is directly compatible to chip-scale AFC quantum memories [153, 154] 

for high-dimensional multimode storage without quantum frequency conversion [228]. Our time-

reversible singly-resonant BFCs are robust and versatile, and they do not need a complex stabilization 

system. In addition, the similar comblike spectrum for both signal and idler photons for both 

exponential decay and time-reversed singly-resonant BFCs can be confirmed by the time-reversal 

symmetric single-photon statistics measurements. By fully exploiting the time-reversible asymmetric 

singly-resonant BFCs in temporal domain, our sources expect to have 5864 and 5792 frequency 

modes, which is the highest number of photon-pairs among all the SPDC sources up to date. 

        The single-photons generating from our singly-resonant BFCs have a well-defined time order  

because the JTI of singly-resonant BFC is determined by the generation process of singly-resonant 

BFC. Hence, we start from the two-photon wavefunction of singly-resonant BFC in frequency-domain. 

The singly-resonant configuration generates the (unnormalized) BFC state whose frequency-domain 

wavefunction can be approximated as equation (3.11). Here: the sinc function is the SPDC’s phase-

matching function with 𝐴𝐴 = 1.39/π𝐵𝐵PM  for 𝐵𝐵PM  = 250 GHz being the FWHM phase-matching 

bandwidth; ΔΩ is the cavity FSR in rad s-1; Ω is the detuning of the SPDC biphotons from their center 

frequency; 2N + 1 is the number of the cavity lines passed by the bandwidth-limiting filter; and 𝑓𝑓(Ω −

𝑚𝑚ΔΩ) is the spectral amplitude of the mth cavity resonance, with 𝑓𝑓(Ω) = 1 [Δω + 𝑖𝑖Ω].⁄  The temporal 

wavefunction of the exponential decay singly-resonant BFC is then given by equation (3.12). The 

state’s temporal behavior then has recurrences with cavity’s round-trip time Δ𝑇𝑇 = 2𝜋𝜋/ΔΩ ≈ 23.46 ns. 

In this configuration, only signal photon is confined by the fiber FP cavity, we will observe 

exponential decay waveforms with 𝜏𝜏 being the temporal delay as a consequence of the cavity round-

trips. 
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Fig. 3.15. Time-reversible ultranarrow photon-pair source via 42 MHz FSR singly-resonant 

BFCs. a) Schematic of experimental setup for natural exponential decayed and time-reversed SR-

BFCs. ECDL: external cavity diode laser; HWP: half-wave plate; LPF: long-pass filter; BPF: bandpass 

filter; PBS: polarizing beam splitter; FFPC: Fiber Fabry-Perot cavity; D: detector. b) Temporal 

waveforms of time-reversible SR-BFCs. Both configurations can be achieved in a single experiment 

by switching the role of heralding single-photons. c) Observed pump dependencies of single counts of 

signal photons, idler photons, and coincidence counts in exponential decay and time-reversed SR-

BFCs. Both the single and coincidence counts are proportional to the pump power, and the ratio of the 

single counts and coincidence counts are similar for time-reversible SR-BFCs. The arrows indicate the 

corresponding single and coincidence counts for exponential decay and time-reversed SR-BFCs. 

        In contrast, we can transform exponential decay to exponential growth waveforms of singly-

resonant BFCs by switching the fiber FP cavity to previously heralded idler photons. The time-

reversed singly-resonant BFCs temporal wavefunction can be written as: 

                   �𝜓𝜓𝑓𝑓𝑇𝑇𝑝𝑝𝑔𝑔𝑒𝑒ℎ� = ∫ 𝑎𝑎𝜏𝜏∞
0 exp(Δω𝜏𝜏)∑ sinc(𝐴𝐴𝑚𝑚ΔΩ)cos(𝑚𝑚ΔΩ𝜏𝜏)𝑎𝑎�𝐻𝐻

† (𝑗𝑗)𝑎𝑎�𝑉𝑉
†(𝑗𝑗 + 𝜏𝜏)𝑁𝑁

𝑚𝑚=−𝑁𝑁 |0⟩   (3.18) 

Due to time-reversal symmetry, in this configuration, only idler photon is filtered by the fiber FP 

cavity. We can observe exponential growth waveforms with 𝜏𝜏 being the temporal delay from the cavity 

round-trips. Specifically, the JTI of the exponential decay and growth singly-resonant BFCs can be 
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written as equation (3.13) and as follows: 

                             𝐾𝐾𝑆𝑆′𝑆𝑆′
𝑐𝑐𝑇𝑇𝑝𝑝𝑠𝑠𝑠𝑠(−𝜏𝜏) = ∫ 𝑑𝑑𝜔𝜔

2𝜋𝜋
𝑀𝑀�𝑁𝑁Ssinc(𝜔𝜔𝑒𝑒coh/2)𝑒𝑒−4𝜔𝜔

2𝑙𝑙𝑀𝑀(2)/∆𝜔𝜔2𝑒𝑒𝑀𝑀𝜔𝜔�−𝜏𝜏−𝑡𝑡coh/2�

1+𝑀𝑀 ∆Ω𝜋𝜋∆𝜔𝜔𝑠𝑠𝑀𝑀𝑀𝑀(𝜋𝜋𝜔𝜔/∆Ω)𝑒𝑒−𝑀𝑀𝜋𝜋𝜔𝜔/∆Ω

∞
−∞                           (3.19) 

respectively. Here, 𝑗𝑗coh = 3.54 ps is the coherence time of our SPDC source; ∆𝜔𝜔/2𝜋𝜋 = 1097 GHz is 

the FWHM bandwidth of BPF. We can understand the time-reversal symmetry of our singly-resonant 

BFCs is resulting from the swapping of heralding role between signal and idler photons. In this work, 

the time-reversal symmetry is achieved by asymmetric configurations of singly-resonant BFCs using a 

symmetric planar fiber FP cavity. Although the temporal wavefunction of our singly-resonant BFCs 

has time-reversal symmetry, both biphoton state has same frequency wavefunction.  

        To experimentally investigate this method, we used experimental setup shown in Fig. 3.15a. A 

continuous-wave external cavity diode laser at 780 nm is used for SPDC generation. The entangled 

photon-pairs are generated by a type-II ppKTP waveguide that was integrated in a fiber package for 

high photon flux and efficiency. The residual pump photons are removed by a LPF. An angle-mounted 

BPF with 95% passband transmission (Semrock NIR01-1570/3) is used to further clean the biphoton 

spectrum. Then the signal and idler photons are separated by a PBS due to the type-II phase matching. 

The time-reversible singly-resonant BFCs are generated by passing only the signal photons or idler 

photons through a fiber FP cavity. We note that if the fiber FP cavity are used in a doubly-resonant 

configuration-when both the signal and idler photons are filtered-the temporal wavefunction does not 

have time-reversal symmetry owing to the intrinsic symmetry of doubly-resonant BFC in the temporal-

domain. Fig. 3.15b displays the measured temporal waveforms of time-reversible singly-resonant 

BFCs. We observed time-reversible multimode oscillations for both exponential decay and exponential 

growth singly-resonant BFCs. Both configurations can be achieved in a single experiment by 

switching the role of heralding single-photons for a symmetric planar fiber FP cavity. It is a double-

sided transmitted symmetric planar fiber FP cavity. Due to the ultranarrow cavity FSR, we need to 

stabilize the temperature of this symmetric planar fiber FP cavity for single-photon statistic 

measurements. The temperature control of this fiber FP cavity is achieved by home-made double-

temperature shielding layers with ~ 1 mK temperature control stability over 24 hours. Fig.1c is the 

measured pump dependencies of single counts of signal photons (blue and red squares), idler photons 

(blue and red triangles), and coincidence counts (blue and red circles) for central correlation peak in 

exponential decay and time-reversed SR-BFCs. For both SR-BFCs, the unfiltered idler (signal) 

photons have higher single counts than filtered signal (idler) photons due to the filtering loss of the 

fiber FP cavity. The single and coincidence counts are proportional to the pump power, and the ratio of 
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the single and coincidence counts are similar for our time-reversible SR-BFCs. 

 

Fig. 3.16. Temporal second-order cross-correlation revivals and measured heralded g(2)(0) of 42 

MHz exponential decayed singly-resonant BFC. a) Completely resolved second-order cross-

correlation revivals in an exponential decay singly-resonant BFC. There are totally 6 measurable 

second-order cross-correlation revivals, from a* to f*. The left inset shows the exponential decay 

waveform from singly-resonant BFC, and cavity FSR is measured to be 23.46 ns, which is 

corresponding to 42.63 MHz. The cavity bandwidth is measured to be 4.587 MHz, deriving from the 

exponential decay. The cavity linewidth is measured to be 4.587 MHz, deriving from the theoretical 

fitting (black solid and dashed blue lines). The right inset show HBT measurements versus pump 

power for exponential decay singly-resonant BFC. The minimum heralded g
(2)

(0) = 0.013 ± 0.002 is 

measured for 0
th

 round-trip at 0.25 mW pump power with a heralding rate at 20 kHz. For 1
st
, 2

nd
, 3

rd
, 

and 4
th

 cavity round-trips, the minimum heralded g
(2)

(0) are measured to be 0.092 ± 0.002, 0.164 ± 

0.002, 0.208 ± 0.003, 0.465 ± 0.003, with 0.3, 0.34, 0.4, and 0.45 mW, respectively. Red line is the 

heralded g
(2)

(0) = 0.5. b) Measured zoom-in temporal second-order cross-correlation revivals for all 6 

peaks, from a* to f*. The peak values of each second-order cross-correlation peak are 1, 0.532, 0.308, 
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0.179, 0.121, 0.075, respectively. The decreasing of the peak values of second-order cross-correlation 

revivals can be explained by the cavity finesse of 9.29 in time-reversed SR-BFC. The temporal 

correlation oscillations of exponential decay SR-BFC is fully resolved due to the narrowest cavity FSR 

of 42.63 MHz.  

        Then, we measure the single-photon bunching and anti-bunching statistics of the cross-correlation 

function using the exponential decay singly-resonant BFC. Our results are presented in Fig. 3.16. 

Typically, in real JTI measurements, the sharp peaks of the cross-correlation function will be 

broadened due to the finite resolution time of the single-photon detectors [206]. Here, by using a 

ultranarrow cavity FSR of 42.63 MHz, we completely resolve the JTI of multimode singly-resonant 

BFC using commercial superconducting nanowire single-photon detectors for the first time (SNSPDs, 

≈ 85% detection efficiency, root-mean-square timing jitter ~ 55 ps, PhotonSpot Inc.). In Fig. 3.16a, 

there are totally 6 measurable second-order cross-correlation revivals. The left inset shows the 

exponential decay waveform of multimode singly-resonant BFC, which matches with temporal 

wavefunction. The cavity FSR is measured to be 23.46 ns, which is corresponding to 42.63 MHz. The 

cavity linewidth is measured to be 4.587 MHz, deriving from the theoretical fitting (black solid and 

dashed blue lines). We show the measured zoom-in temporal second-order cross-correlation revivals 

for all 6 peaks in Fig. 3.16a. The peak values of each normalized second-order cross-correlation peak 

is 1, 0.532, 0.308, 0.179, 0.121, 0.075, respectively. The decreasing of the peak values of second-order 

cross-correlation revivals can be explained by the cavity finesse of 9.29 of exponential decay singly-

resonant BFC. The FWHM of measured 6 peaks are 155.0, 154.7, 154.9, 157.3, 157.2, and 154.3 ps, 

respectively. The FWHM of correlation peaks is consistent with root-mean-square timing jitter of our 

SNSPDs (~ 55 ps), which indicate the direct measured JTI of our exponential decay singly-resonant 

BFCs is detected at the fundamental limit without any temporal broadening. Our results clearly show 

the first fully resolved JTI of exponential decay singly-resonant BFCs using commercially available 

single-photon detectors. We note that there are other ways to complete directly resolving JTI of 

multimode photon-pair sources, for instance, by using sum-frequency generation based ultrafast 

coincidence counting [194], or by utilizing specialized ultra-low timing jitter SNSPDs [51]. For cavity 

FSR compatible to telecommunication frequency-multiplexing technologies, the standard FSR is 50, 

100 and 200 GHz, but such multimode emission can only be directly resolved temporally with 

SNSPDs with timing jitter of sub-picosecond. Then, we proceed to measure anti-bunching behavior or 

our exponential decay singly-resonant BFCs. In right inset of Fig. 3.16a, we show the HBT 

interferometer measurements versus pump power for exponential decay singly-resonant BFC. We sent 
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the unfiltered idler photons into HBT auto-correlation measurement heralded by filtered signal 

photons. The second-order auto-correlation g(2)(0) is measured by recording the three-fold coincidence 

counts between the HBT interferometer’s output ports and the signal photons. Due to the narrowest 

cavity FSR (42.63 MHz here) and the FWHM of each cross-correlation peaks (average ~ 155.6 ps), 

triple coincidences signal-heralded idler auto-correlation measurement become dominated by 

accidentals, further increasing g(2)(0) due to the large coincidence time window. We choose a 

coincidence window of 1 ns around each individual peak maximum [225], well within the borders of 

the individual coincidence peak to avoid events clearly not originating from the exponential decay 

singly-resonant BFC. This allows us to accumulate sufficient coincidence counts for  

 

Fig. 3.17. Temporal second-order cross-correlation revivals and measured heralded g(2)(0) of 42 

MHz time-reversed singly-resonant BFC. a) Completely resolved second-order cross-correlation 

revivals in a time-reversed configuration. There are totally 6 measurable second-order cross-

correlation revivals, from a* to f*. The left inset shows the exponential growth waveform from the 

time-reversed singly-resonant BFC. Cavity FSR is measured to be 23.45 ns, which is corresponding to 

42.64 MHz. The cavity linewidth is measured to be 4.599 MHz, deriving from the theoretical fitting 

(black solid and red dashed lines).  The right inset is HBT measurements versus pump power for time-
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reversed singly-resonant BFC. The minimum heralded g
(2)

(0) = 0.016 ± 0.002 is measured for 0
th

 

round-trip at 0.28 mW pump power with a heralding rate at 24 kHz. For 1
st
, 2

nd
, 3

rd
, and 4

th
 cavity 

round-trips, the minimum heralded g
(2)

(0) are measured to be 0.115 ± 0.002, 0.207 ± 0.002, 0.247 ± 

0.003, 0.496 ± 0.003, with 0.33, 0.38, 0.46, and 0.49 mW, respectively. Red line is the heralded g
(2)

(0) 

= 0.5. b) Measured zoom-in temporal second-order cross-correlation revivals for all 6 peaks, from a* 

to f*. The peak values of each second-order cross-correlation peak are 1, 0.530, 0.303, 0.180, 0.120, 

0.076, respectively. The decreasing of the peak values of second-order cross-correlation revivals can 

be explained by the cavity finesse of 9.27 in time-reversed singly-resonant BFC.  

meaningful single-photon statistics in a reasonable time frame, without being dominated by 

background noise. The minimum heralded g(2)(0) = 0.013 ± 0.001 is measured for 0th round-trip at 

0.25 mW pump power with a heralding rate at 20 kHz. For 1st, 2nd, 3rd, and 4th cavity round-trips, the 

minimum heralded g(2)(0) is measured to be 0.092 ± 0.0011, 0.164 ± 0.0013, 0.208 ± 0.0016, 0.465 ± 

0.0018, with 0.3, 0.34, 0.4, and 0.45 mW, respectively. At low pump power, the heralded g(2)(0) values 

for all five cavity round-trip are below 0.5, showing single-photon Fock state generation from our 

exponential decay singly-resonant BFC. The increasing of minimum heralded g(2)(0) for multiple 

cavity round-trips versus the 0th cavity round-trip is due to the decreasing signal-to-noise ratio for 

those cross-correlation peaks, and the cavity finesse of our singly-resonant BFC. We observe that the 

heralded g(2)(0) is proportional to the pump power, due to the Poisson statistics of the SPDC emission.  

        In Fig. 3.17, we directly generate time-reversed singly-resonant BFC by swapping the symmetric 

planar fiber FP cavity from signal to idler photons. Indeed, as predicted by Eq. (3), we clearly observe 

exponential growth multimode singly-resonant BFC, with 6 measurable second-order cross-correlation 

revivals in Fig. 3.17a. The cavity FSR in this time-reversed configuration is measured to be 23.45 ns, 

which is corresponding to 42.64 MHz. The cavity linewidth is measured to be 4.599 MHz, deriving 

from the exponential growth waveform. Fig. 3.17b shows the measured zoom-in temporal second-

order cross-correlation revivals for all 6 peaks, and the FWHM of each peak is 154.4, 155.2, 154.1, 

157.3, 155.1, and 154.4 ps, respectively. The FWHM of correlation peaks is consistent with root-

mean-square timing jitter of our SNSPDs (~ 55 ps), indicating the completely resolved JTI without any 

temporal broadening in our time-reversed singly-resonant BFC. The peak values of each second-order 

cross-correlation peak is 1, 0.530, 0.303, 0.180, 0.120, 0.076, respectively. The decreasing of the peak 

values of second-order cross-correlation revivals is due to the cavity finesse of 9.27 in time-reversed 

SR-BFC. Thanks to the similarity between signal and idler frequency spectrums and the near-



81  

degenerate configuration, our time-reversed singly-resonant BFC also behaves as single-photon Fock 

state with multimode emission. Fig. 3.17a right inset summaries the HBT measurement results using 

time-reversed SR-BFC. In this configuration, we sent the unfiltered signal photons into HBT auto-

correlation measurement heralded by filtered idler photons. To avoid increasing accidental coincidence 

counts for heralded g(2)(0) measurements, we use coincidence window of 1 ns around each individual 

peak maximum to capture the true coincidence counts produced by our time-reversed singly-resonant 

BFC source. The minimum heralded g(2)(0) = 0.016 ± 0.002 is measured for 0th round-trip at 0.28 mW 

pump power with a heralding rate at 24 kHz. For 1st, 2nd, 3rd, and 4th cavity round-trips, the minimum 

heralded g(2)(0) is measured to be 0.115 ± 0.002, 0.207 ± 0.002, 0.247 ± 0.003, 0.496 ± 0.003, with 

0.33, 0.38, 0.46, and 0.49 mW, respectively. Our results are consistent with single-photon statistics, 

and the results for exponential decay SR-BFC in Fig. 3.16. For low pump powers, the heralded g(2)(0) 

values for all five cavity round-trip are below 0.5, and heralded g(2)(0) is proportional to pump power. 

The increasing of minimum heralded g(2)(0) for multiple cavity round-trips versus the 0th cavity round-

trip can be explained from the decreasing signal-to-noise ratio for those cross-correlation peaks, and  

 
Fig. 3.18. Comparison of FSR and linewidth of post-filtered BFC and cavity-enhanced SPDC 

photon-pair sources. The multimode quantum sources are characterized by FSR (GHz) and linewidth 

(MHz). The selected cavity-enhanced SPDCs and post-filtered BFCs include singly-resonant [111, 
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177, 207, 216, 217, 229], doubly-resonant [71, 109, 218, 220, 230-237], and triply-resonant [143, 225] 

configurations. To the best of our knowledge, this work represents the narrowest FSR photon-pair 

source with highest reported number of frequency modes 5864 and the longest temporal coherence 

time of 218 ns among all the reported SR photon-pair sources up to date.  

the cavity finesse of our time-reversed singly-resonant BFC. To further confirms the intrinsic 

multimode emission with single-photon anti-bunching characteristics of our time-reversed singly-

resonant BFC, we measure averaged heralded g(2)(0) = 0.208 ± 0.002 by using a larger coincidence 

window of 30 ns (see Appendix A.7 for details). Our results show that the single-photon quantum 

nature is well-preserved during the time-reversal process for our ultranarrow-band singly-resonant 

BFCs. Moreover, all the measurement data for exponential decay and exponential growth singly-

resonant BFCs can be collected in a single experiment without redesign and rebuild and restabilizing 

experimental setup as in cavity-enhanced SPDC sources.  

        In Fig. 3.18, we compare the cavity FSR and bandwidth of some of the state-of-the art cavity-

enhanced SPDC and post-filtered BFC sources to our time-reversible ultranarrow-band photon-pair 

source. Most of these sources are doubly-resonant OPO or triply-resonant OPO operating far below 

threshold since there has not been much work done on singly configuration based multimode sources. 

The multimode quantum sources are characterized by FSR (GHz) and bandwidth (MHz). TThe 

selected cavity-enhanced SPDCs and post-filtered BFCs include singly-resonant [111, 177, 207, 216, 

217], doubly-resonant [71, 75, 92, 229-237, 92], and triply-resonant [143, 225] configurations. The 

blue area indicates the typical bandwidth of electromagnetically induced transparency based quantum 

memory, and the green area is the operating bandwidth of controlled reversible inhomogeneous 

broadening/gradient echo memory and atomic frequency comb based quantum memories. This work 

represents the narrowest FSR photon-pair source with highest reported number of frequency modes of 

11655 (via time-reversibility of our asymmetric singly-resonant BFCs) and megahertz-level bandwidth 

among all the reported cavity-enhanced SPDC and post-filtered BFC sources up to date.  

 

 

3.5 Summary 
In this chapter, we introduce main results with high-dimensional mode-locked quantum state 

generation via doubly-resonant and singly-resonant BFCs, making use of their multi-mode nature in 

time and frequency domains. We first introduce the mode-locked mechanism and the joint properties 

of BFCs, and how to certify its high-dimensional pure state generation with JSI measurements 
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(frequency correlation, HOM and Franson recurrence measurements), JTI measurements (second-order 

coherence functions 𝑔𝑔(2)(𝜏𝜏)  and conjugate-Franson revival measurements), Schmidt mode 

decomposition and entanglement of formation. 

        For the first work, we focus on the time-frequency entanglement in a doubly-resonant BFC, 

generating by filtering the signal and idler outputs with a fiber FP cavity with 45.32 GHz FSR and 1.56 

GHz FWHM from a cw-pumped type-II SPDC. We generate a BFC whose time-binned/frequency-

binned Hilbert space dimensionality is at least 324. Such BFC’s dimensionality doubles up to 648, 

after combining with its post-selected polarization entanglement, indicating a potential 6.28 

bits/photon classical-information capacity. The doubly-resonant BFC exhibits recurring HOM dips 

over 61 time-bins with a maximum visibility of 98.4% without correction for accidental coincidences. 

In a post-selected measurement, it violates the CHSH inequality for polarization entanglement by up to 

18.5 standard deviations with an 𝑆𝑆𝐶𝐶𝐻𝐻𝑆𝑆𝐻𝐻 of up to 2.771. It has Franson interference recurrences in 16 

time-bins with a maximum visibility of 96.1% without correction for accidental coincidences. From 

the zeroth- to the third-order Franson interference, we infer an entanglement of formation up to 1.89 ± 

0.03 ebits, where 2 ebits is the maximal entanglement for a 4 ×  4 dimensional biphoton, as a lower 

bound on the 61 time-bin BFC’s high-dimensional entanglement. To further characterize time-

binned/frequency-binned BFCs we obtain Schmidt mode decompositions of BFCs generated using 

cavities with 45.32, 15.15, and 5.03 GHz FSRs. These decompositions confirm the time-frequency 

scaling from Fourier-transform duality. Moreover, we present the theory of conjugate-Franson 

interferometry because it is characterized by the state’s JTI, which can further help to distinguish 

between pure-state BFC and mixed state entangled frequency pairs. In summary, our BFC serves as a 

platform for high-dimensional QIP and high-dimensional QKD. 

    For the second work, we generate the high-dimensional BFC via SPDC in a singly-resonant 

configuration by connecting only the signal photons to a FP cavity, consequently the idler photons 

have the same comb signature due to conservation of energy in the biphoton generation process. The 

high-dimensional time-energy entanglement of the singly-resonant BFC is witnessed through Franson 

interference revivals for the first time, with 99.46% visibility over integer time-bins. Time-energy 

entanglement between different frequency-bin pairs of the singly-resonant BFC is also verified by 

Franson interference for the first time, with an average visibility up to 98.03% for the symmetric 

frequency-bin pairs. Frequency entanglement of the singly-resonant BFC is also characterized by 

Schmidt mode decomposition of the JSI, with measured Schmidt number of 4.16 across 5 frequency-

bins. Furthermore, this high-dimensional time-frequency entangled singly-resonant BFC state is 
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asymmetrically distributed over a 10 km optical fiber. After distribution, high-dimensional time-

frequency entanglement is examined by Franson interference, with up to 98.81% visibility achieved 

over time-bins and averaged 96.70% visibility across symmetric frequency-bins. Additionally, we 

estimate the entanglement of formation up to 1.523 ebits from Franson interference revivals after 

distribution as a lower bound on the high-dimensional time-energy entanglement of our singly-

resonant BFC, which certifies a genuine three-dimensional time-energy entangled BFC state and 

matches well with the 1.538 ebits theoretical bound. Our high-dimensional entanglement 

demonstration of the present singly-resonant BFC provides a versatile platform for high-efficient QIP 

and high channel capacity quantum network communications, and also exploring fundamental research 

towards violation of locality and reality in high-dimensional system. 

        In the third work, we examine this limitation by examining the Franson interferences of mode-

locked singly-resonant BFCs with different cavity parameters and provide a feasible method to 

overcome it. First, we observe mode-locked temporal oscillations in a 5.03 GHz FSR singly-resonant 

BFC using second-order cross-correlation function measurements by probing biphoton phase 

coherence in fiber etalon based BFC for the first time. Second, we measured the time-energy 

entanglement of 15.15 and 5.03 GHz FSR singly-resonant BFC via Franson interferometry. Franson 

interference recurrences are observed in 6 and 2 time-bins, with optimum central time-bin accidental-

subtracted visibility over 97% for both cavities. Third, by theoretically examining the impact of cavity 

finesse F on both temporal second-order cross-correlation functions and Franson interference 

recurrences, we find that increasing cavity finesse F can significantly improve the cavity damping rate. 

This improvement then leading to the increasing detection probability in signal-idler temporal second-

order cross-correlation function after multiple cavity round-trip times and the flattening Franson 

recurrence interferences in our mode-locked singly-resonant BFCs. For a 15.15 GHz FSR singly-

resonant BFC with a cavity finesse F of 200, we present a theoretical ~54x fold improvement of 

Franson visibility compared to the Franson visibility with cavity finesse F of 11.14 at 16 cavity round-

trip times. Our configuration is versatile and robust against changes in cavity parameters that can be 

designed for various quantum applications such as high-dimensional time-energy entanglement 

distribution, high-dimensional entanglement-based quantum key distribution, and wavelength-

multiplexed quantum network.  

        For the fourth work, we demonstrate the genuine time-reversible ultranarrow-band 

telecommunication photon-pair source over 5,000 modes with asymmetric singly-resonant BFCs for 

the first time. In our scheme, the time-reversibility of our multimode photon-pair source is achieved 
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via swapping a symmetric planar fiber FP cavity between signal-idler photon-pairs in the asymmetric 

singly-resonant BFCs. Hence, this asymmetric singly-resonant BFCs configuration preserves the 

intrinsic multimode structure under time-reversal symmetry without specially designed FP cavities 

[226, 227] and the usage of lossy narrow-band telecommunication frequency filters [177]. Indeed, 

here, we are able to measure temporal second-order cross-correlation revivals and heralded g(2)(0) for 

both exponential decay and time-reversed singly-resonant BFCs. We fully resolve the multimode JTI 

for both exponential decay and time-reversed singly-resonant BFCs, with 12 cross-correlation peaks 

measured at the fundamental limit of our commercial single-photon detectors for the first time. The 

measured cavity FSR, linewidth of exponential decay and time-reversed singly-resonant BFCs are 

42.63 MHz, 4.587 MHz, and 42.64 MHz, 4.599 MHz, respectively. The reported cavity FSR is the 

narrowest among all the different configurations of photon-pair sources so far. We also measure and 

confirm single-photon Fock state for our multimode time-reversible singly-resonant BFCs. By post-

selecting the measured data to 1 ns coincidence window, centering at the peak maximum for each 

cavity round-trips, we obtain minimum heralded g
(2)

(0) = 0.013 ± 0.002, and g
(2)

(0) = 0.016 ± 0.002 

for 0
th

 round-trip using both exponential decay and time-reversed SR-BFCs. The observed minimum 

heralded g
(2)

(0) for 1
st
 to 4

th
 cavity round-trips are all below the anti-bunching characteristic value of 

0.5. Moreover, we also measure minimum averaged heralded g
(2)

(0) ~ 0.208 ± 0.002 by using a wider 

coincidence window of 30 ns for both exponential decay and time-reversed singly-resonant BFCs, 

which further verifies the intrinsic multimode emission and single-photon Fock state is well-preserved 

with time-reversal symmetry. Moreover, our photon-pair source operation within telecommunication-

band, with narrowest cavity FSR of 42.64 MHz and 4.599 MHz linewidth in time-reversed fashion. 

Therefore, this source is directly compatible to chip-scale AFC quantum memories for high-

dimensional multimode storage without quantum frequency conversion. Our time-reversible singly-

resonant BFCs are robust and versatile, and they do not need a complex stabilization system By fully 

exploiting the time-reversible asymmetric singly-resonant BFCs in temporal domain, our sources 

expect to have 5864 and 5792 frequency modes, which is the highest number of photon-pairs among 

all the BFC sources up to date. 
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Chapter 4 
 
 

Frequency-multiplexed high-dimensional quantum key distribution 
using biphoton frequency combs 

 
 

4.1 Introduction 
This chapter describes frequency-multiplexed high-dimensional QKD using both singly-resonant and 

doubly-resonant BFCs. Conventional QKD protocols often encode information using binary format. 

For example, BB84 uses horizontal (or left-handed circular) polarization to represent bit 0 and vertical 

(or right-handed circular) polarization to represent bit 1. In this encoding scheme, the key capacity, 

which is also referred to as the PIE, is limited to 1 bit per photon. Moreover, QKD systems typically 

operate in photon-starved conditions, and therefore the maximum key rate is limited by the PIE and the 

photon flux. One solution to increase the PIE is to encode information in a high-dimensional Hilbert 

space. Besides, high-dimensional encoding has been proved to be more resilient to noise [6, 9, 13, 15].  

 
Fig. 4.1. Block diagram of high-dimensional time-bin QKD protocol. There are 3 steps for this 

protocol: 1) Entangled photon pairs are generated and sent to Alice and Bob; 2) Timestamps of the 

sequences are quantized and post-selected into multi-bit data streams; 3) Error correction codes are 

adopted to extract a common sequence from the post-selected data streams; this sequence is used as the 

private key for the secure quantum communication. 

        A few different DoFs have been studied for improving PIE, including time [238], orbital angular 

momentum [13, 15], position momentum [239], and time-energy [6, 9]. In this chapter, we focus the 

discussion on a scheme employing high-dimensional arrival-time encoding. We report an experimental 

demonstration of high-dimensional QKD with time-bin encoding using energy-time entangled BFC 

sources. Its security against a collective Gaussian attack is quantified through Franson interferometry. 

The Franson measurements in chapter 3 bounds the temporal correlation of the entangled photon pairs, 

which quantifies Eve’s Holevo information. Finally, we report that we have obtained a maximum SKR 
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of 1.1 kbit/s with a PIE of 2.41 bits per coincidence using a 45.32 GHz FSR singly-resonant BFC. 

 
Fig. 4.2. Photon arrival time at Alice and Bob. Arrival timestamps of photons are quantized into bins 

with a bin width 400ps and consecutive 256 (can be any other powers of 2) bins are grouped into 

frames. Frames containing multi-pairs and losses are discarded such that each selected frame has 

exactly one photon from Alice and from Bob.  

 

 

4.2 Frequency-multiplexed high-dimensional time-bin encoding with biphoton 

frequency combs  
Wavelength-division multiplexing technology multiplexes a number of optical signals with different 

wavelengths into a single optical fiber and increases the classical communication channel capacity. 

Here, we report the high-dimensional QKD demonstration using time-bin encoding of energy-time 

entangled photon pairs from 45.32 FSR GHz singly- and doubly-resonant BFCs. Taking advantage of 

the multimode nature of the BFC in frequency domain, discretized frequency bins of the BFC are 

naturally suitable for wavelength multiplexing. Combined with time-bin encoding, this can further 

increase PIE and SKR at the cost of post-filtering and DWDMs. For the experimental results present in 

this chapter, we use the experimental setup in Fig. 3.2a for doubly-resonant BFC, and that in Fig. 3.7a 

for singly-resonant BFC.  

      After frequency-multiplexing singly- and doubly-resonant BFCs, we measured the raw photon 

timestamps multiple times for both Alice and Bob and processed the data for error-correction. Our 

time-bin encoding protocol is presented in Fig. 4.1. The entangled photon streams received by Alice 

and Bob are inevitably nonidentical due to a variety of practical issues, including timing jitters, photon 

losses, and dark counts, all of which reduce the secure key rate communicated over entangled photon 
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pairs. We post-filtered the single counts by dividing the duration into frames that were then discretized 

into time bins. For each frame we compared Alice and Bob’s raw timestamps and discarded frames in 

which Alice and Bob did not each record a single count. This procedure results in a raw keystream 

comprised of Alice and Bob’s assigning binary numbers to their time-binned count in each frame. 

Hence, we use symbol error rate, which is derived from correct symbol rate (number of corrected 

frames/number of total frames) to characterize the quality of our quantum channels [6]. The example 

raw data stream in given in Fig. 4.2. The raw keystream has two types of errors, viz., global errors, 

which are due to a combination of photon losses and dark counts, and local errors, which are due to the 

detectors’ timing jitter. Global errors result in large discrepancies between Alice and Bob’s raw-

keystream bin numbers, whereas local errors result small bin-number errors.  

 
Fig. 4.3. Symbol error rate for 45 GHz singly- and doubly-resonant BFCs. a) The measured 

symbol error rate for a 45 GHz singly-resonant biphoton frequency comb. b) The measured symbol 

error rate for a 45 GHz doubly-resonant biphoton frequency comb. The measured symbol error rate is 

lower for a singly-resonant biphoton frequency comb, due to the high signal-to-noise ratio. In both 

cases, the symbol error rate increases as number of encoded bits increases. 

Fig. 4.3 is the extracted symbol error rate using 1000 ps bin width for 45 GHz singly- and doubly-

resonant BFCs. We can clearly see the symbol error rate for singly-resonant BFC is better than that of 

doubly-resonant BFC for high-dimensional encoding (over 2 encoded bits). There are 4 frequency-bin 

pairs have symbol error rate less than 50% for 8 encoded bits in singly-resonant BFC, while doubly-

resonant BFC has symbol error rate ~50% at 3 bits encoding for 5 frequency-bin pairs. The main 

difference of symbol error rates for both BFCs is due to the nature of experimental configurations. The 

singly-resonant BFC has higher signal-to-noise ratio than doubly-resonant BFC (assuming all other 

factors are fixed) since only signal or idler photons are filtered by fiber FP cavity, whereas both signal 
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and idler suffer filtering loss in doubly-resonant BFC.  

 
Fig. 4.4. Extracted photon information efficiency for 45 GHz singly- and doubly-resonant BFCs. 

a) Measured PIE in number of effective transmitted bits per coincidence for each entangled conjugate 

frequency-bin pair using a 45 GHz singly-resonant biphoton frequency comb. b) PIE for a 45 GHz 

doubly-resonant biphoton frequency comb. The measured PIE is higher for a singly-resonant biphoton 

frequency comb, due to the high signal-to-noise ratio. In both cases, there is optimum encoding bits for 

best PIE. 

 

 

4.3 Benchmark on photon information efficiency and secret-key rate performances 

of singly- and doubly-resonant biphoton frequency combs 
To achieve efficient information reconciliation in the presence of these error types we use the layered 

LPDC code from previous literatures [240, 241]. Using this code, we have calculated the Shannon 

information upper bound on the PIE, the key bits we can send per coincidence under highly-erroneous 

channel conditions. We have collected keystreams and encoded them using different discretization bin 

widths and encoded number of bits. Fig. 4.4 shows the extracted PIE for 45.32 GHz FSR singly- and 

doubly-resonant BFCs using frequency-multiplexing high-dimensional time-bin encoding. In Fig. 4.4a, 

the highest measured PIE for a singly-resonant BFC is ~4.1 bits per coincidence, while a doubly-

resonant BFC has maximum PIE of only ~1.2 bits per coincidence, which is due to the higher signal-

to-noise ratio of singly-resonant configuration. We note that the frequency-bin pairs which is closer to 

the central wavelength of SPDC photons contribute more on PIE versus frequency-bin pairs that is 

farer from the central wavelength of SPDC photons. This can be understood from the spectrum 

lineshape of SPDC photons (245 GHz bandwidth) as well as the FSR of the fiber cavity. In both 
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configurations, there is optimum encoding bits for best PIE.  

 
Fig. 4.5. Raw key rate for 45 GHz singly- and doubly-resonant BFCs. a) Measured raw key rate in 

number of effective transmitted bits per coincidence for each entangled conjugate frequency-bin pair 

using a 45 GHz singly-resonant biphoton frequency comb. b) Raw key rate  for a 45 GHz doubly-

resonant biphoton frequency comb. The measured raw key rate is higher for a singly-resonant biphoton 

frequency comb, due to the high signal-to-noise ratio.  

        Then, we multiplied PIE with number of coincidences per second of each frequency-bin pairs to 

obtain the raw key rate using both BFCs. Our results are summarized in Fig. 4.5. The measured raw 

key rate is higher for a singly-resonant BFC compared to a doubly-resonant BFC across all 5 

frequency-bin pairs. Fig. 4.5 follows similar trend as Fig. 4.4, the photon flux for central and +1, -1 

frequency-bin pairs contribute to the most of PIE and hence the majority of raw key rate. We observed 

that the highest raw key rate channels do not necessarily have the highest PIE. This is because the 

increasing throughput causes an increase in error rates due to a higher chance of accidental 

coincidences in a same frame.  

        The security of our frequency-multiplexed high-dimensional time-bin QKD is based on 

optimality of Eve’s Gaussian collective attack for Alice and Bob’s time-frequency covariance matrix 

[6, 9, 127]. The secure PIE is given by ∆𝐼𝐼𝐴𝐴𝐴𝐴 = 𝛽𝛽𝐼𝐼𝐴𝐴𝐴𝐴 − 𝜒𝜒𝐸𝐸 , in bits per coincidence, where 𝛽𝛽 is the 

reconciliation efficiency, 𝐼𝐼𝐴𝐴𝐴𝐴 is Alice and Bob’s Shannon information, 𝜒𝜒𝐸𝐸 is Eve’s Holevo information 

for collective Gaussian attacks. From the measured frequency-binned Franson visibility, we calculate 

Eve’s Holevo information. Our results are given by Fig. 4.6, it shows the Eve Holevo information 

bound for 5 frequency-bin pairs in a 45.32 GHz FSR singly-resonant BFC using accidental-subtracted 

Franson visibility in Fig. 3.9. The relatively large Eve information leak is due to the non-ideal 

accidental-subtracted Franson visibilities. Note that we do not perform security analysis for doubly-
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resonant BFC, owing to their larger filtering loss and small photon flux. Then, we can finally obtain 

the SKR of our 45.32 GHz FSR singly-resonant BFC using frequency-multiplexed high-dimensional 

time-bin QKD.  

 
Fig. 4.6. Eve Holevo information bound for 5 frequency-bin pairs in a 45 GHz singly-resonant 

BFC. Computed upper-bound Eve’s Holevo information using high-visibility frequency-binned 

Franson interference across 5 pairs in a singly-resonant biphoton frequency comb [127]. The Franson 

visibility used here is after accidental-subtraction. 

        Our results are summarized in Fig. 4.7. First, we show the total PIE and raw key rate for all 5 

frequency-bin pairs using both BFCs. The total PIE and overall raw key rate of singly-resonant BFC is 

~3.5x, and ~50x higher than those of doubly-resonant BFC under similar experimental condition. The 

highlighted black circle is the maximized SKR of a 45.32 GHz FSR singly-resonant BFC, which is 

found to be 1.1 kbits/s with a 2.41 bits per coincidence. For secure PIE and SKR, only the S0&I0, S-

1&I1), and S1&I-1frequency-bin pairs of singly-resonant BFC are used in order to obtain positive secure 

PIE and SKR. The encoded bits were chosen to be 7 for optimizing both the secure PIE and SKR. We 

expect the SKR can be further improved either by using a higher brightness entangled photon source, 

or by utilizing a cavity-enhanced SPDC configuration [177]. 
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Fig. 4.7. Total photon information efficiency and key rate for 45 GHz singly- and doubly-

resonant BFCs. a) Measured total PIE in number of effective transmitted bits per coincidence using 

all channels of 45 GHz singly- and doubly-resonant biphoton frequency combs. b) Summed raw key 

rate across 5 frequency-bin pairs for 45 GHz singly- and doubly-resonant biphoton frequency combs. 

The total PIE and overall raw key rate of singly-resonant biphoton frequency comb is ~3.5x, and ~50x 

higher than those of doubly-resonant biphoton frequency comb. The highlighted black circle is the 

maximized SKR of 45 GHz singly-resonant biphoton frequency comb, which is found to be 1.1 kbits/s 

with a 2.41 bits per coincidence.  

 

 

4.4 Summary 
In this chapter, we presented a proof-of-principle experimental demonstration of the frequency-

multiplexed high-dimensional time-bin QKD protocol using BFCs. The security of this protocol was 

guaranteed by the frequency-binned Franson interference visibilities. For a 45.32 GHz FSR singly-

resonant BFC, we measured a secure PIE of 2.14 bits per coincidence, corresponding to an SKR of 

1100 bits/s. The performance of this system is limited by the source brightness and the difficulty to 

tightly bound Eve’s Holevo information. With photon sources that have ∼1 GHz photon pair rate, and 

the near unity raw Franson visibility [242], we expect the frequency-multiplexed high-dimensional 

time-bin QKD can reach Gigabits/s SKR with PIE over 10 bits per coincidence, providing sufficient 

bandwidth for quantum secure communication and multi-user quantum networks. 
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Chapter 5 
 
 

A two-qubit four-dimensional SWAP gate for efficient quantum 
interface  

 
 

5.1 Introduction 
Two-qubit entangling gate, which operates on one qubit conditioned on the state of the other, is a 

necessary component for constructing any arbitrary quantum operation to fulfill universal QIP [107]. 

While photonics excels for single-qubit gates, the inherent difficulty in realizing photon-photon 

interactions has made the two-qubit gate a persistent obstacle in photonic QIP. While two-qubit gates 

succeed only probabilistically in this paradigm, LOQC [112] is in principle scalable with polynomial 

auxiliary resource requirements and has laid the foundation for many subsequent advances in photonic 

QIP. Hybrid quantum sub-systems exploiting diverse qubit modalities or material transitions for 

applications in quantum sensing and quantum computing have also made remarkable advances [243, 

244]. Consequently, efficient quantum interfaces have been proposed [245, 246] to interconnect 

disparate subsystems [103, 247] or convert between different DoFs [248-250] for coherent qubit 

transfer.  

        In this work, we demonstrate a chip-scale two-qubit gate, an efficient quantum interface that 

deterministically, and with high fidelity, swaps a photon’s polarization qubit with its spatial-

momentum qubit. 

 

 

5.2 A chip-scale polarization-spatial two-qubit SWAP interface  
The biphoton’s state lies in a four-dimensional Hilbert space spanned by two orthogonal polarizations 

and two orthogonal spatial modes. The on-chip SWAP operation is accomplished with a three-gate 

cascade comprised of a polarization-controlled NOT (PC-NOT) gate, a momentum-controlled NOT 

(MC-NOT) gate, and another PC-NOT gate. The MC-NOT gate is designed for and nanofabricated on 

a two-level-aligned silicon photonics platform, consisting of an integrated polarization rotator and a 

polarization-mode converter. Fig. 5.1a left panel shows SWAP gate operation that swaps arbitrary 

values of qubits A and B without measuring or perturbing them. When qubits A and B are encoded, 
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respectively, in the polarization and spatial-momentum mode of a single photon, SWAP gate operation 

can be realized with the three-gate cascade shown in Fig. 5.1a right panel [248, 251]. In probabilistic 

linear optical quantum processing, most of the quantum logic operations are performed on two qubits, 

usually qubits of the same modality from two different photons. Here, a SWAP gate can coherently 

exchange states non-deterministically between qubits residing on different photons. In our single-

photon two-qubit SWAP gate, qubit states are exchanged deterministically between the polarization 

and momentum DoF of the same photon, which suggests that robust on-chip multi-qubit single-photon 

logic of higher order should be sought [251-254]. The polarization qubit (𝑃𝑃) is based on the two 

polarization eigenstates |𝐻𝐻⟩ and |𝑉𝑉⟩, which correspond to the transverse electric (TE) and transverse 

magnetic (TM) polarizations of our quantum photonic chip. Our experiments use a type-II phase 

matched SPDC waveguide source that produces |𝑉𝑉𝑆𝑆𝐻𝐻𝑆𝑆⟩ biphotons in a single spatial mode, where the 

subscripts 𝑆𝑆 and 𝐼𝐼 denote the signal and idler qubits. The momentum qubit (𝑀𝑀) is based on two spatial-

momentum eigenstates |𝑇𝑇⟩ and |𝐵𝐵⟩, which correspond to the top and bottom channels of the quantum 

chip.  Our experiments illuminate either the SWAP chip’s top or bottom channels with polarization-

rotated signal photons from the SPDC source, resulting in input state |Ψ𝑇𝑇⟩𝑆𝑆𝑁𝑁 = �|𝑇𝑇𝑆𝑆𝐻𝐻𝑆𝑆⟩ +

𝑒𝑒𝑀𝑀𝑖𝑖|𝑇𝑇𝑆𝑆𝑉𝑉𝑆𝑆⟩�⨂|𝐻𝐻𝑆𝑆⟩/√2 for top-channel illumination and |Ψ𝐴𝐴⟩𝑆𝑆𝑁𝑁 = �|𝐵𝐵𝑆𝑆𝐻𝐻𝑆𝑆⟩ + 𝑒𝑒𝑀𝑀𝑖𝑖|𝐵𝐵𝑆𝑆𝑉𝑉𝑆𝑆⟩�⨂|𝐻𝐻𝑆𝑆⟩/√2  for 

bottom-channel illumination, where |𝐻𝐻𝑆𝑆⟩ acts as a herald for the two qubits contained in its signal-

photon companion. Defining |0𝑃𝑃𝑆𝑆⟩ = |𝐻𝐻𝑆𝑆⟩ , |1𝑃𝑃𝑆𝑆⟩ = |𝑉𝑉𝑆𝑆⟩ , |0𝑀𝑀𝑆𝑆⟩ = |𝑇𝑇𝑆𝑆⟩ , and |1𝑀𝑀𝑆𝑆⟩ = |𝐵𝐵𝑆𝑆⟩ to be the 

logical-basis states, the input states become  |Ψ𝑇𝑇⟩𝑆𝑆𝑁𝑁 = �|0𝑀𝑀𝑆𝑆0𝑃𝑃𝑆𝑆⟩ + 𝑒𝑒𝑀𝑀𝑖𝑖|0𝑀𝑀𝑆𝑆1𝑃𝑃𝑆𝑆⟩�⨂|𝐻𝐻𝑆𝑆⟩/√2  and 

|Ψ𝐴𝐴⟩𝑆𝑆𝑁𝑁 = �|1𝑀𝑀𝑆𝑆0𝑃𝑃𝑆𝑆⟩ + 𝑒𝑒𝑀𝑀𝑖𝑖|1𝑀𝑀𝑆𝑆1𝑃𝑃𝑆𝑆⟩�⨂|𝐻𝐻𝑆𝑆⟩/√2 , which result in output states |Ψ𝑇𝑇⟩𝑂𝑂𝑂𝑂𝑇𝑇 =

 �|1𝑀𝑀𝑆𝑆1𝑃𝑃𝑆𝑆⟩ + 𝑒𝑒𝑀𝑀𝑖𝑖|0𝑀𝑀𝑆𝑆1𝑃𝑃𝑆𝑆⟩�⨂|𝐻𝐻𝑆𝑆⟩/√2  and |Ψ𝐴𝐴⟩𝑂𝑂𝑂𝑂𝑇𝑇 =  �|1𝑀𝑀𝑆𝑆0𝑃𝑃𝑆𝑆⟩ + 𝑒𝑒𝑀𝑀𝑖𝑖|0𝑀𝑀𝑆𝑆0𝑃𝑃𝑆𝑆⟩�⨂|𝐻𝐻𝑆𝑆⟩/√2 , 

respectively, in which the signal photon’s polarization and spatial-momentum qubits have been 

swapped.     
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Fig. 5.1. A chip-scale polarization-spatial two-qubit SWAP interface. a) Illustrative two-qubit 

SWAP gate interface scheme. This can be realized, for single photon carrying qubit A in its 

polarization and qubit B in its spatial-momentum modes, by applying sequentially a PC-NOT gate, an 

MC-NOT gate and another PC-NOT gate, which are controlled by qubits A, B and A, respectively. b) 

Scanning electron micrograph of the chip-scale SWAP gate’s first-stage PC-NOT gate realized by an 

optimized integrated-photonics polarized coupler. Scale bar: 2 µm. c) Schematic of an integrated two-

level polarization rotator and polarization mode converter, enabling the second-stage MC-NOT gate 

for the SWAP operation. d) Scanning electron micrograph of the MC-NOT gate’s nanofabricated 

rotator segment. Scale bar: 500 nm. e) Scanning electron micrograph of the inverse taper couplers for 

improved free-space qubit-to-chip coupling. Scale bar: 20 μm. f) Optical micrograph of the complete 

SWAP gate operation using the cascaded PC-NOT / MC-NOT / PC-NOT architecture. Scale bar: 10 

µm. An example of input state (|Ψ𝑇𝑇⟩𝑆𝑆𝑁𝑁) for top channel of the SWAP gate is denoted, leading to the 

output state |Ψ𝑇𝑇⟩𝑂𝑂𝑂𝑂𝑇𝑇, where signal photon’s polarization qubit is swapped to spatial-momentum qubit. 

State vectors at each NOT gate segment represent the resulting states of each gate operation on four 

possible input states [|𝑇𝑇𝐻𝐻⟩, |𝑇𝑇𝑉𝑉⟩, |𝐵𝐵𝐻𝐻⟩, |𝐵𝐵𝑉𝑉⟩]. 

        The preceding SWAP operation is accomplished in our silicon photonics platform with three 

cascaded C-NOT gates designed so that the control and target qubits exchange roles in the middle C-

NOT gate [255], as depicted in Fig. 5.1a right panel. In our architecture, the PC-NOT gate is realized 

by a silicon-photonics polarized directional coupler as shown in Fig. 5.1b. The silicon MC-NOT gate 

is realized by a specially designed two-layer polarization structure that, as shown in Fig. 5.1c, consists 
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of two stages: (1) a polarization rotation stage, which tapers and rotates the qubit polarization by 90° 

and (2) a polarization-maintaining mode conversion stage, which converts the qubit mode profile to 

match the output waveguide. The polarization rotation stage is shown in Fig. 5.1d. Because the 

polarization rotation and mode conversion are only implemented for the top channel, as shown in Fig. 

5.1f, the two-layer polarization structure thus performs the MC-NOT operation. Detailed design-space 

maps and optimization of the MC-NOT and PC-NOT gates are described in Appendix C.1. Each of the 

PC-NOT and MC-NOT gates has a silicon dioxide top cladding, with a rectangular silicon waveguide 

of 460 nm × 220 nm width-height cross-section, and with relatively small birefringence between the 

TE and TM modes for the polarization operations and diversity [256, 257]. The optimized PC-NOT 

gate has a waveguide-to-waveguide gap of 400 nm with a designed 11.5 µm coupling length, ensuring 

that the TE mode remains in its original waveguide while the TM mode crosses over to the other 

waveguide, with achieved average extinction ratio of ≈ 18 dB for different input-output ports and 

polarization combinations (detailed in Appendix C.2). The optimized MC-NOT gate has two 110 nm 

step-height layers, in a self-aligned nanofabrication approach across the wafer to ensure high TM-to-

TE polarization extinction ratio, and with tapered widths down to 150 nm and uniform 30 nm lateral 

offsets (detailed in Appendix C.2). Our designed MC-NOT gate achieved a high extinction ratio of ≈ 

20 dB for both TE and TM modes. The sidewall roughness is minimized for low waveguide loss, to 

ensure good SWAP gate performance. In addition, to ensure good coupling efficiency, adiabatic 

inverse tapers are designed for mode-index transformation at the input-output facets as shown in Fig. 

5.1e, with less than 3 dB loss for each facet.  

 

 

5.3 Experimental characterization of the two-qubit SWAP gate 
Our two-qubit SWAP gate measurement setup is shown schematically in Fig. 5.2a. CW-pumped SPDC 

in a 1.5 cm ppKTP waveguide designed for type-II phase matching at ≈1556 nm produces 

orthogonally-polarized signal-idler biphotons [75, 92]. The pump is a FP laser diode stabilized with 

self-injection locking, through a double-pass first-order diffraction feedback with an external grating. 

Tunable single-longitudinal mode lasing is achieved between 775.0 nm and 793.0 nm, enabling 

tunable SPDC with signal wavelengths from 1552.5 to 1559.6 nm, as shown in Fig. 5.2a inset. A LPF 

blocks the residual pump photons after the SPDC, and an angle-mounted BPF with 5 to 6 optical depth 

and a 95% passband transmission further suppresses pump photons. Here, the  
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Fig. 5.2. Experimental configuration for characterization of the single-photon two-qubit SWAP 

gate. a) Schematic of the heralded single-photon measurements generated via SPDC, with the three 

modular experiments: (I) truth table characterization, (II) quantum state tomography, and (III) phase-

coherence self-interference measurements. Input polarization qubits are controlled by a half-wave plate 

and then fed to the gate through free-space coupling. Output spatial-momentum qubits are examined 

by a polarization analyzer for truth table measurement, by Bloch state measurements for the quantum 

state tomography, and interfered in 50:50 BS for phase preservation checks on the SWAP operation. 

Successful SWAP operation is heralded by coincidence counting between signal and heralding 

channel. Pi: linear polarizer. MWP: multi-order waveplate. QWP: quarter-wave plate. FBS: 50:50 fiber 

BS. D: superconducting nanowire single-photon detector. Bottom left inset: signal and idler photon 

wavelengths as a function of the pump wavelength. The red dashed line is a linear fit on the signal 

photon wavelength. b) Measured (solid bars) and ideal (transparent bars) truth table for the PC-NOT 

gate in the computational basis. A total of around 90,000 coincidence counts is recorded in 160 

seconds, yielding an average fidelity of 96.80 ±  0.10 %. c) Classical input-output cross-talk 

characterization for the SWAP gate. Of the 16 input-output state combinations, those for the 4 outputs 

from the |𝑇𝑇𝐻𝐻⟩ input is shown here (the other 12 are in Appendix C.3), where an extinction ratio of at 

least 12-dB is observed across all output states, and from 1550 nm to 1560 nm. 

biphoton state |𝑉𝑉𝑆𝑆𝐻𝐻𝑆𝑆⟩ is generated by SPDC. The signal and idler photons are then separated by the 

PBS. The signal photons are fed to the SWAP gate while the idler photons are directed to the detector 

for heralding. A two-in two-out free-space coupling system accesses the top and bottom channels of 

the SWAP chip at both its input and output facets. For each input channel, half-wave, quarter-wave 

and/or multi-order waveplates control the input polarization state for each measurement setup shown 
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in Fig. 5.2a. The polarization state of the signal photon becomes |𝐻𝐻⟩ or |𝑉𝑉⟩ or the superposition state 

given earlier according to the waveplate combination. The input spatial-momentum state is controlled 

by switching the input fiber (blue dashed line) to top or bottom channel of the SWAP gate, resulting in 

|𝑇𝑇⟩ or |𝐵𝐵⟩. Thus, the input states to our SWAP gate are in the four-dimensional Hilbert space spanned 

by |𝑇𝑇𝐻𝐻⟩, |𝑇𝑇𝑉𝑉⟩, |𝐵𝐵𝐻𝐻⟩ and |𝐵𝐵𝑉𝑉⟩, corresponding to |00⟩, |01⟩, |10⟩ and |11⟩ in the logical basis. 

        To characterize our PC-NOT gate, we measure an individual PC-NOT gate located on the same 

chip with our SWAP gate, with the same parameters as the SWAP gate’s PC-NOTs. The 

characterization is performed using the measurement scheme shown in Fig. 5.2a (I). Fig. 5.2b shows 

the resulting measured truth table obtained for the four input states: |00⟩, |01⟩, |10⟩ and |11⟩ in the 

computational basis. The solid bars depict the experimentally measured truth table 𝑀𝑀𝑒𝑒𝑀𝑀𝑝𝑝 while the 

transparent bars illustrate the ideal truth table 𝑀𝑀𝑀𝑀𝑑𝑑𝑒𝑒𝑀𝑀𝑖𝑖. The fidelity of the measured PC-NOT truth table 

with respect to the ideal one is calculated by 𝐹𝐹 = (1 4⁄ )𝑇𝑇𝑎𝑎 � 𝑀𝑀𝑒𝑒𝑀𝑀𝑝𝑝𝑀𝑀𝑀𝑀𝑖𝑖𝑒𝑒𝑀𝑀𝑙𝑙
𝑇𝑇

𝑀𝑀𝑀𝑀𝑖𝑖𝑒𝑒𝑀𝑀𝑙𝑙𝑀𝑀𝑀𝑀𝑖𝑖𝑒𝑒𝑀𝑀𝑙𝑙
𝑇𝑇�. In our PC-NOT gate, we 

achieved an average fidelity of 97.76 ± 0.19%, across the four basis states. We note that the residual 

deviation from unit fidelity is bounded by the PC-NOT’s finite polarization-extinction ratio (detailed 

in Appendix C.1 and 2), and the ≈ 0.9 dB coupling difference between the |𝐻𝐻⟩ and |𝑉𝑉⟩ states. Similarly, 

to characterize our MC-NOT gate, we measure an individual MC-NOT gate located on the same chip 

with our SWAP gate, with the same parameters as the SWAP gate’s MC-NOT. The MC-NOT gate is 

examined by coupling a linearly-polarized swept C-band tunable laser, with the gate output through a 

polarizer. The classical transmission measurement shows an extinction ratio of more than 20 dB over 

the C-Band wavelengths (detailed in Appendix C.2). 

        In order to characterize the two-qubit SWAP operation, we first measured our PC-NOT | MC-

NOT | PC-NOT circuit architecture with a swept 1556 nm tunable laser. Of the 16 polarization spatial-

momentum input-output combinations, the classical transmissions – across a 10 nm spectrum – from 

the |𝑇𝑇𝐻𝐻⟩ basis state at the SWAP gate’s input to the 4 basis states at that gate’s output are shown in Fig. 

5.2c. The results for the other 12 input-output combinations are presented in Appendix C.3. Over ≈ 12 

dB cross-talk suppression is consistently achieved, befitting the desired ≈1556 nm qubit working 

wavelength. Residual spectral fluctuations in the SWAP gate arise from FP reflections at the input and 

output facets and also coupling variations across the 10 nm spectrum. Current limits on the ≈ 12 dB 

cross-talk suppression in the four basis states arises mainly from the finite polarization extinction ratio 

of the PC-NOT and MC-NOT gates, as detailed in Appendix C.1 and 2 (broader 100 nm band 

characterization of the SWAP gate is also detailed in Appendix C.3).  
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5.4 Truth table measurement and quantum state tomography of the two-qubit 

SWAP gate  
Having demonstrated sufficiently low cross-talk between the basis states, we next performed the 

heralded two-qubit SWAP operation in the computational basis, with the truth table measurement 

setup illustrated in Fig. 5.2a (I). The idler photon is detected by a superconducting nanowire single-

photon detector (SNSPD; with ≈ 85% detection efficiency) to herald the presence of a signal photon. 

The signal photon is sent to the |𝐵𝐵⟩ or |𝑇𝑇⟩ channels with |𝐻𝐻⟩ or |𝑉𝑉⟩ polarization by tuning the half-

wave plate. Polarizers 𝑃𝑃2 and 𝑃𝑃3 are rotated for polarization selection at the output ports. Coincidence 

counting is then performed using SNSPD’s at the 𝑃𝑃2 and 𝑃𝑃3 outputs with internal timing delays to 

match that of the heralding detection. By recording the coincidence rates versus the polarization angle, 

we obtained the SWAP gate’s projection probabilities shown in Fig. 5.3a, i.e., the SWAP gate’s truth 

table. Measurements were made at 1556 nm, 1557 nm, and 1558 nm wavelengths. The measured truth 

tables yield a wavelength-averaged fidelity 𝐹𝐹�𝑓𝑓𝑀𝑀𝑒𝑒𝑒𝑒,𝑒𝑒𝑇𝑇𝑝𝑝𝑒𝑒ℎ of 97.21 ± 0.14% (98.53% after background 

subtraction), in support of the excellent performance in the logical basis. We note that the deviations 

from unity in the two-qubit truth-table’s fidelity mainly arise from the imperfect extinction ratio of the 

PC-NOT and MC-NOT gates and the MC-NOT gate’s unbalanced photon loss. These non-idealities 

are examined in detail in Appendix C.4, and can be mitigated by more adiabatic polarization-mode 

conversion and tighter suppression of the cross-polarization. In addition, we note that the waveguide 

loss and unbalanced coupling efficiency between the |𝐻𝐻⟩ and |𝑉𝑉⟩ states contribute to the truth-table 

fidelity reduction by ≈ 0.55% (see Appendix C.4 for details). On-chip silicon polarization couplers 

with improved extinction ratio and insertion loss have been demonstrated [257], which can bring our 

chip’s truth-table fidelity up to near unity. Although the truth table measures the two-qubit SWAP 

operation in the logical basis, QPT is required to characterize the coherence of the SWAP operation 

[161, 258].  
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Fig. 5.3. Single-photon truth table measurement and quantum state tomography of the SWAP 
gate. a) Normalized coincidence counting rates of the projected output state for a given input state. 
The solid bars (transparent bars) represent the measured (ideal) truth table in the computational basis. 
A total of around 100,000 coincidence counts is recorded in 160 secs for each truth table measurement, 
yielding truth table fidelities of 97.35 (97.65) ± 0.10 % at 1556 nm, 97.40 (97.57) ± 0.18% at 1557 nm, 
and 96.87 (97.00) ± 0.13% at 1558 nm before (after) background subtraction. b) Left: Bloch-sphere 
representation of six polarization-encoded input states |𝐻𝐻⟩, |𝑉𝑉⟩, |𝐷𝐷⟩, |𝐴𝐴⟩, |𝑅𝑅⟩ and |𝐿𝐿⟩ prepared by bulk 
optics (blue dots). Right: Measured output spatial-momentum encoded states |0⟩, |1⟩, | +⟩, | −⟩, |𝑖𝑖⟩ 
and | − 𝑖𝑖⟩ by Mach-Zehnder interferometer represented by red dots on the Bloch sphere for |𝑇𝑇⟩ (top 
right) and |𝐵𝐵⟩ (bottom right) spatial-momentum encoded input states. Indicated fidelity represents the 
average over the six measured states. c) Real (top) and imaginary (bottom) part of the reconstructed 
density matrix of measured spatial momentum-encoded states |0⟩, |1⟩, |+⟩, |−⟩, |+𝑖𝑖⟩ and |−𝑖𝑖⟩ for top 
channel input. The state fidelity between ideal ρpol and measured ρsm are calculated to be 97.21%, 
97.56%, 96.72%, 97.30%, 97.46% and 97.21%, respectively. 
        First, we use free-space half-wave and quarter-wave plates to prepare the signal photon in an 

input set of six polarization states 𝜌𝜌𝑝𝑝𝑝𝑝𝑖𝑖  (|𝐻𝐻⟩, |𝑉𝑉⟩, |𝐷𝐷⟩ = (|𝐻𝐻⟩ + |𝑉𝑉⟩)/√2, |𝐴𝐴⟩ = (|𝐻𝐻⟩ − |𝑉𝑉⟩)/√2, |𝑅𝑅⟩ =
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(|𝐻𝐻⟩ + 𝑖𝑖|𝑉𝑉⟩)/√2, |𝐿𝐿⟩ = (|𝐻𝐻⟩ − 𝑖𝑖|𝑉𝑉⟩)/√2), that are applied individually to the |𝑇𝑇⟩ or |𝐵𝐵⟩ inputs to the 

SWAP gate for QST. Measuring the corresponding output spatial-momentum states 𝜌𝜌𝑠𝑠𝑚𝑚  provides the 

QST for these polarization inputs. The six input polarizations are shown in Fig. 5.3b as Bloch vectors, 

and the reconstructed density matrices for each polarization and spatial-momentum state are provided 

in Appendix C. The output qubit after the SWAP operation is projected on a customized MZI with 

over 20 dB extinction ratio and two tunable DLs, with the measurement setup shown in Fig. 5.2a (II). 

The first tunable DL is placed before the MZI to tune the phase between output photons from the |𝑇𝑇⟩ 

and |𝐵𝐵⟩ spatial modes before they encounter each other in the MZI. The second tunable DL, which is 

in the MZI’s upper arm, tunes the phase between the two arms. The six spatial-momentum states are 

then analyzed by the MZI to perform the QST, with coincidence counts collected from the two output 

ports of MZI. An example full density matrix results of the QST for the |𝑇𝑇⟩ spatial mode input is 

shown in Fig. 5.3c, which directly corresponds to the Bloch vectors in Fig. 5.3b. The state fidelity is 

defined as: 𝐹𝐹 = (𝑇𝑇𝑎𝑎(��𝜌𝜌𝑝𝑝𝑝𝑝𝑖𝑖𝜌𝜌𝑠𝑠𝑚𝑚�𝜌𝜌𝑝𝑝𝑝𝑝𝑖𝑖))2, which describes the overlap between the input polarization 

states and the measured output spatial-momentum states. From tomography with the top channel input, 

we achieved an averaged fidelity 𝐹𝐹�𝜆𝜆𝑆𝑆𝑇𝑇,𝑇𝑇 of 97.24 ± 0.29% for the overlap between the six polarization-

encoded states and the output spatial-momentum states. QST results for the bottom channel input are 

given in Fig. 5.4; for its six polarization-encoded states, we obtained an average state fidelity 𝐹𝐹�𝜆𝜆𝑆𝑆𝑇𝑇,𝐴𝐴 of 

97.36 ± 0.32%. These high fidelity spatial-momentum states, with an average fidelity of 97.30 ± 

0.30%, confirm the successful SWAP operation from polarization qubits to spatial-momentum qubits. 
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Fig. 5.4. Density matrix of ρpol ideal polarization-encoded states |𝐻𝐻⟩, |𝑉𝑉⟩, |𝐷𝐷⟩, |𝐴𝐴⟩, |𝑅𝑅⟩, |𝐿𝐿⟩, and 

density matrix ρsm of measured spatial-momentum encoded states |𝟎𝟎⟩, |𝟏𝟏⟩, |+⟩, |−⟩, |+𝒊𝒊⟩, |−𝒊𝒊⟩ for 

|𝑩𝑩⟩ input states. The state fidelities between ideal ρpol and measured ρsm are calculated to be 97.88%, 

97.28%, 96.96%, 97.34%, 97.55% and 97.18% respectively. 

 

 

5.5 Quantum process fidelity, phase coherence, and Bell violation of the two-qubit 

SWAP gate  
Fig. 5.5 a and b show our QPT of our SWAP gate. This single-photon two-qubit SWAP gate operation 

process can be represented by a reconstructed process matrix 𝜒𝜒, defined as 𝜌𝜌𝑠𝑠𝑚𝑚 = ∑ 𝜒𝜒𝐸𝐸𝑚𝑚𝜌𝜌𝑝𝑝𝑝𝑝𝑖𝑖𝐸𝐸𝑀𝑀
†

𝑚𝑚𝑀𝑀 , 

where 𝐸𝐸𝑚𝑚(𝑀𝑀) are the identity 𝐼𝐼 and Pauli matrices 𝑋𝑋, 𝑌𝑌 and 𝑍𝑍 respectively. The SWAP gate’s process 

matrix can be obtained by inputting the polarization states to the SWAP gate via top and bottom input 

channels, and measuring the spatial-momentum encoded states from the outputs, as demonstrated in 

Fig. 5.5 a and b. The process fidelity is defined as 𝐹𝐹𝜒𝜒 = 𝑇𝑇𝑇𝑇(𝜒𝜒𝜒𝜒𝑀𝑀)
𝑇𝑇𝑇𝑇(𝜒𝜒)𝑇𝑇𝑇𝑇(𝜒𝜒𝑀𝑀)

, where 𝜒𝜒𝑀𝑀 is the ideal process matrix 

with unit (𝐼𝐼, 𝐼𝐼) component. The 𝑋𝑋, 𝑌𝑌 and 𝑍𝑍 component of the matrix 𝜒𝜒 represent the probability of a  
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Fig. 5.5. Quantum process fidelity, phase coherence, and Bell violation of the single-photon two-

qubit SWAP operation. a) Reconstructed process matrix χ of the SWAP gate for |𝑇𝑇⟩  spatial-

momentum encoded input states with 95.54 ± 0.21% process fidelity, and b) for |𝐵𝐵⟩ spatial-momentum 

encoded input states with 95.34 ± 0.22 % process fidelity. c) Measured at 1556 nm, 1557 nm, and 

1558 nm, the phase interference has fringe visibilities of 98.67 ± 0.17 % (99.40%), 98.91 ± 0.16 % 

(99.28%), and 98.64 ± 0.18 % (98.91%) respectively for |𝑇𝑇⟩ input state before (after) background 

subtraction. For the |𝐵𝐵⟩ input state, the fringe visibilities are 97.98 ± 0.21% (98.50%), 98.75 ± 0.17 % 

(99.03%), and 99.15 ± 0.14 % (99.42%), respectively, before (after) background subtraction. d) 

Verification of temporal-mode matching after the SWAP operation via polarization Bell’s-inequality 

violation. The input polarization state is selected to maximize the post-SWAP signal photons at the 

detected channels. The temporal overlap of the post-SWAP signal photons with the idler-photon 

companions are optimized before their being combined on a 50:50 fiber BS. Polarizers P4 and P5 are 

placed after the fiber beam splitter for polarization projection measurement. Coincidence counts are 

collected by rotating P5 for projection measurement of the top or bottom channel output photons, while 

P4 was fixed at different analysis angles. Left panel: polarization interference for |𝑇𝑇⟩ input and |𝑇𝑇⟩ 

output, with averaged 97.86 ± 0.52% visibility after the SWAP operation. Middle panel: polarization 

interference for |𝑇𝑇⟩  input and |𝐵𝐵⟩  output, with averaged 98.12 ± 0.59% visibility. Right panel: 

Measured SCHSH and Sfringe for four different input-output combinations. For |𝑇𝑇⟩ channel input, mean 

SCHSH is calculated to be 2.720 ± 0.055. For |𝐵𝐵⟩ channel input, mean SCHSH is calculated to be 2.718 ± 

0.054. The averaged SCHSH for the four input-output combinations is 2.719 ± 0.055, violating the 

CHSH inequality by 13.19 standard deviations. Error bars are given based on Poissonian statistics. 
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bit-flip or phase flip errors in the SWAP operation. We also evaluate the purity of the SWAP process 

matrix 𝜒𝜒, defined as 𝑃𝑃𝜒𝜒 = 𝑇𝑇𝑇𝑇(𝜒𝜒2)
𝑇𝑇𝑇𝑇2(𝜒𝜒)

, which is unity for an ideal process. Our two-qubit SWAP gate is 

found to achieve a quantum process fidelity 𝐹𝐹�𝑝𝑝𝑇𝑇𝑝𝑝𝑐𝑐𝑒𝑒𝑠𝑠𝑠𝑠,𝑇𝑇 of 95.54 ± 0.21% with process purity of 91.59 ± 

0.19% for |𝑇𝑇⟩ spatial-momentum input qubit. For the |𝐵𝐵⟩ spatial-momentum input qubit, we obtained 

𝐹𝐹�𝑝𝑝𝑇𝑇𝑝𝑝𝑐𝑐𝑒𝑒𝑠𝑠𝑠𝑠,𝐴𝐴 of 95.34 ± 0.22% with process purity of 91.60 ± 0.62%. The average process fidelity for |𝑇𝑇⟩ 

and |𝐵𝐵⟩ input states is 95.44 ± 0.21%. In addition, we note the sources of process fidelity non-ideality 

come from the bulk-optics imperfections in generating the input polarizations, the differential 

propagation loss and coupling efficiency mismatch between |𝐻𝐻⟩  and |𝑉𝑉⟩  states, and the residual 

misalignment of the spatial mode projection in the MZI.  

        Going beyond SWAP operation with |𝐻𝐻⟩ and |𝑉𝑉⟩ input states, we characterized its performance 

with input polarizations of the form |𝐻𝐻⟩ + 𝑒𝑒𝑀𝑀ϕ|𝑉𝑉⟩. An ideal SWAP operation is a coherent phase-

preserving process, and the output state of the signal photon can be written as |𝑇𝑇⟩ + 𝑒𝑒𝑀𝑀(𝑖𝑖+𝛿𝛿)|𝐵𝐵⟩, where 

the phase difference φ between the orthogonal polarizations is transferred to the spatial modes and a 

constant phase δ accounts for the path length difference between the |𝑇𝑇⟩ and |𝐵𝐵⟩ spatial-momentum 

modes at the output. The |𝑇𝑇⟩ and |𝐵𝐵⟩ SWAP outputs of the signal photon are combined with a 50:50 

fiber BS, as shown in Fig. 5.2a (III), whose outputs are detected in coincidence with the heralding idler 

photon to yield a self-interference measurement of the signal photon as a function of φ. An adjustable 

path delay ∆𝑇𝑇 (not illustrated in the schematic) is included in the bottom channel of the SWAP output 

for balancing the lengths of the two interferometer arms. 

        In our measurements we start with a 45° linearly polarized qubit |𝐻𝐻⟩ + |𝑉𝑉⟩, and the phase shift 𝜑𝜑 

is introduced via a tuned pair of multi-order waveplates (illustrated in Fig. 5.2a (III)) with their optic 

axes aligned to the |𝑉𝑉⟩  polarization. They are mounted on two motorized rotation stages for 

simultaneous counter-rotation along their optic axes. A tunable phase delay 𝜑𝜑 is imposed between |𝐻𝐻⟩ 

and |𝑉𝑉⟩ at the input by applying a rotation 𝜃𝜃 to one waveplate, while the transverse displacement of the 

beam is canceled with the counter rotation with the same angle magnitude for the other waveplate. The 

SWAP gate chip and the interference paths are carefully isolated from environmental noise for the 

phase-sensitive measurements. By sweeping the relative phase 𝜑𝜑  between the |𝐻𝐻⟩  and |𝑉𝑉⟩ 

polarizations of the input state of the signal photon, we probe the phase coherence of our SWAP gate 

operation by self-interference between the SWAP output’s |𝑇𝑇⟩ and |𝐵𝐵⟩ spatial-momentum states. 

Fig. 5.5c shows the self-interference fringes of the two spatial-momentum modes of the signal photon 

after the SWAP operation, at 1556 nm, as measured in coincidence with the heralding idler photon. 
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For the |𝑇𝑇⟩ spatial-momentum input state, a raw fringe visibility of 98.67 ± 0.17% is obtained (99.40% 

after background subtraction). This interference can also be observed when the polarization qubit is 

input through the bottom channel, with a raw visibility of 97.98 ± 0.21% (98.50% after background 

subtraction). The phase coherent polarization-spatial-momentum two-qubit SWAP operation is also 

verified at the wavelength of 1557 nm and 1558 nm with high visibility fringes as shown in Fig. 5.5c, 

obtaining a wavelength-averaged 98.68% ± 0.17% interference visibility between the |𝑇𝑇⟩ and |𝐵𝐵⟩ 

spatial-momentum SWAP output states. These observed high visibility fringes demonstrate successful 

coherence transfer from the input’s polarization qubit to the output’s spatial-momentum qubit. As 

noted earlier, the residual sources of decoherence include the MC-NOT’s imperfect qubit rotation, its 

spatial-mode contamination, and its unbalanced photon losses as detailed in Appendix C.4. Moreover, 

we note that the phase interference is long-term robust and can maintain high visibility up to 96.56% 

over 24 hours in free-running operation without feedback stabilization (see Fig. 5.6), enabling the 

practical implementation of the phase-preserving single-photon two-qubit SWAP gate.  

 
Fig. 5.6. Long-term stability of phase coherence measurement with arbitrary input-polarization 

qubit at 1558 nm. The data points are fringe visibilities without background subtraction. The red solid 

line is the numerical fit. Error bars are given by one standard deviation assuming Poissonian statistics. 

        In order to examine the temporal-mode matching between the idler (heralding) and post-SWAP 

signal photons, we performed polarization-interference measurements (experimental setup detailed in 

Fig. 5.7a) between them. The input polarization state of the signal photon is selected to maximize the 

SWAP gate’s output flux; for example, for the |𝑇𝑇𝑀𝑀𝑀𝑀⟩|𝐵𝐵𝑝𝑝𝑝𝑝𝑒𝑒⟩  input-output combination, we choose 

horizontal polarization for the top channel input (|𝑇𝑇𝐻𝐻⟩) so that the output swapped state is |𝐵𝐵𝑉𝑉⟩. The 

idler photon and the post-SWAP signal photon are combined using a 50:50 fiber BS after the idler 

photon’s polarization has been adjusted by a fiber polarization controller so that it is orthogonal to the 
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signal photon’s polarization at the fiber beam-splitter’s input. This polarization orthogonality ensures 

that the BS’s post-selected output is polarization entangled and the quality of that entanglement can be 

quantified by quantum interference measurements.  The path difference between the signal and idler 

photons is compensated by a fiber tunable DL to optimize their quantum interference fringes. Two 

polarizers 𝑃𝑃4 and 𝑃𝑃5 are placed after the fiber BS for free-space polarization projection measurement. 

Coincidence counts are collected by rotating 𝑃𝑃5  for projection measurement of the top or bottom 

channel output photons, while the polarization angle of 𝑃𝑃4  was fixed at 45°, 90°, 135° and 180° 

respectively. Fig. 5.5d shows the interference fringes for two of the four different input-output 

combinations ( |𝑇𝑇𝑀𝑀𝑀𝑀⟩|𝑇𝑇𝑝𝑝𝑝𝑝𝑒𝑒⟩ ,  |𝑇𝑇𝑀𝑀𝑀𝑀⟩|𝐵𝐵𝑝𝑝𝑝𝑝𝑒𝑒⟩ ,  |𝐵𝐵𝑀𝑀𝑀𝑀⟩|𝑇𝑇𝑝𝑝𝑝𝑝𝑒𝑒⟩  and |𝐵𝐵𝑀𝑀𝑀𝑀⟩|𝑇𝑇𝑝𝑝𝑝𝑝𝑒𝑒⟩). For the |𝑇𝑇⟩  spatial-momentum 

input state, the left panel of Fig. 5.5d shows the measured fringe visibility of 97.86 ± 0.52% for the top 

channel output, and the middle panel shows the measured fringe visibility of 98.12 ± 0.59% for the 

bottom channel output (details of the |𝐵𝐵⟩  spatial-momentum input states are in Fig. 5.7b). Both 

measured visibilities are well above the quantum threshold 1 √2⁄  required to violate the Bell’s 

inequality.  

In each case, we calculate the 𝑆𝑆𝐶𝐶𝐻𝐻𝑆𝑆𝐻𝐻  parameter from the measured correlation coefficients (see 

Appendix C.5) and estimate the maximal achievable 𝑆𝑆𝑓𝑓𝑇𝑇𝑀𝑀𝑀𝑀𝑓𝑓𝑒𝑒 parameter by mean fringe visibilities. The 

right panel of Fig. 5.5d shows the obtained 𝑆𝑆𝐶𝐶𝐻𝐻𝑆𝑆𝐻𝐻 and 𝑆𝑆𝑓𝑓𝑇𝑇𝑀𝑀𝑀𝑀𝑓𝑓𝑒𝑒 values for the four different input-output 

combinations. For the |𝑇𝑇⟩ and |𝐵𝐵⟩ spatial-momentum input states respectively, we observed an average 

𝑆𝑆𝐶𝐶𝐻𝐻𝑆𝑆𝐻𝐻 at 2.720 ± 0.055 and 2.718 ± 0.054, which violate the CHSH inequality by 13.09 and 13.30 

standard deviations. This CHSH inequality violation supports the temporal mode preservation after the 

SWAP chip operation. Overall, we obtain a mean 𝑆𝑆𝐶𝐶𝐻𝐻𝑆𝑆𝐻𝐻 for |𝑇𝑇⟩ and |𝐵𝐵⟩ spatial-momentum input states 

of 2.719 ± 0.055, violating the CHSH inequality by 13.19 standard deviations. In our SWAP gate, the 

mean 𝑆𝑆𝑓𝑓𝑇𝑇𝑀𝑀𝑀𝑀𝑓𝑓𝑒𝑒 = 2√2 × 𝑉𝑉, the upper bound of 𝑆𝑆𝐶𝐶𝐻𝐻𝑆𝑆𝐻𝐻 and achieved only when the polarization analyzers 

are aligned with the tested quantum states along with consistent detection efficiencies, is found to be 

2.772 ± 0.016 for the |𝑇𝑇⟩ channel and 2.780 ± 0.015 for the |𝐵𝐵⟩ channel. The misalignment of the 

polarization analyzers and fluctuation of the fiber-to-chip coupling leads to a small deviation between 

the measured 𝑆𝑆𝐶𝐶𝐻𝐻𝑆𝑆𝐻𝐻 and 𝑆𝑆𝑓𝑓𝑇𝑇𝑀𝑀𝑀𝑀𝑓𝑓𝑒𝑒. The spatial-mode overlap between the post-SWAP signal photons and 

the heralding idler photons are ensured by the taper coupler on the silicon chip and collecting to a 

single mode fiber, while the temporal-mode overlap is matched at the 50:50 fiber BS by tuning a fiber 

tunable DL. These high-visibility polarization-interference fringes demonstrate that the photons can be 

coherently preserved and efficiently overlapped with their counterparts after the SWAP operation. 
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Fig. 5.7. Polarization interference measurement after two-qubit SWAP operation for different 

input channels. a) Experimental schematic of polarization interference measurement after SWAP gate 

operation between signal and idler photons. HWP: half-wave plate. b) Polarization interference 

measurements from the top-channel input showing an average visibility of 97.99% ± 0.55% after the 

SWAP operation. Polarization interference measurements from the bottom-channel input showing an 

average visibility of 98.28% ± 0.52% after the SWAP operation. 

 

 

5.6 Summary  
In this work, we have demonstrated the two-qubit four-dimensional Hilbert space of two spatial modes 

and two polarization modes, we have shown an averaged truth table fidelity of 97.21 ± 0.14% (98.53% 

after background subtraction) from an on-chip SWAP gate. QST of the single-photon swapped spatial-

momentum qubit is also verified, with an average 97.30 ± 0.30% fidelity. The quantum process of the 
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SWAP operation is further quantified by QPT, with 95.44 ± 0.21% fidelity. Furthermore, the relative 

phase between the orthogonal polarizations from the input qubit can be coherently transferred to the 

spatial-momentum qubit after the SWAP operation. This phase coherent process is examined by 

heralded single-photon self-interference between the |𝑇𝑇⟩ and |𝐵𝐵⟩ spatial-momentum output states, with 

mean visibility up to 98.68 ± 0.17%. After the SWAP operation, the converted qubits can be efficiently 

overlapped with the correlated idler photons after the SWAP operation, resulting in an average CHSH 

S-parameter up to 2.719 ± 0.055 and a Bell’s inequality violation up to 13.19 standard deviations via 

polarization interference measurement. We present a successful demonstration on a two-level triple-

stage quantum photonic circuit integration in the linear silicon photonic chip. With the silicon chip-

scale platform, high-density photonic integration involving different DoFs might be possible for future 

applications, extending to high-dimensional quantum gate operation [259], with intrinsic good phase 

stability and compactness. By optimizing the fabrication parameters and chip coupling, near-unity 

fidelity of the polarization operation can be examined. Furthermore, the single-photon two-qubit 

SWAP operation might be extended to qubits encoded in other DoFs, such as orbital angular 

momentum or time-bins, and perhaps even developed for high-dimensional hyperentangled single-

photon qudits [121, 260], without requiring ancilla photons, for deterministic chip-scale QIP and 

LOQC.  
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Appendix A 
 
 

Modeling and measurements of signal-idler cross-correlation, Hong-Ou-
Mandel, Franson and conjugate-Franson  interferometry for singly- and 

doubly-resonant biphoton frequency combs 
 
 

A.1 Theory of mode-locked temporal signal-idler cross-correlation function  
In this section we derive and evaluate the signal-idler cross-correlation function for the singly-resonant 

biphoton frequency comb (BFC). Before doing so, however, we will replace the approximate result for 

that BFC’s frequency-domain (unnormalized) biphoton wave function,  

                                                               𝜓𝜓(Ω) =  ∑ sinc(𝐴𝐴Ω)
∆𝜔𝜔+𝑀𝑀(Ω−𝑚𝑚∆Ω)

𝑁𝑁
𝑚𝑚=−𝑁𝑁                                                         (A.1) 

and the exact result is, 

                                               𝜓𝜓(Ω) = sinc(Ω𝑒𝑒coh/2)𝑒𝑒−4Ω
2ln(2)/∆𝜔𝜔𝑐𝑐

2
𝑒𝑒−𝑀𝑀Ω𝑡𝑡coh/2

1+𝑀𝑀 ∆Ω𝜋𝜋∆𝜔𝜔sin(𝜋𝜋Ω/∆Ω)𝑒𝑒−𝑀𝑀𝜋𝜋Ω/∆Ω
                                          (A.2) 

where tcoh = 2A = 2.78/𝜋𝜋𝐵𝐵PM = 3.61 ps is the coherence time associated with the BPM = 245 GHz full-

width half-maximum (FWHM) phase-matching bandwidth, ∆Ω = 45.32 GHz is the fiber Fabry-Pérot 

cavity’s (FFPC’s) free spectral range (FSR), ∆𝜔𝜔/𝜋𝜋 = 1.56 GHz is the fiber FP cavity’s FWHM 

linewidth, and ∆𝜔𝜔𝑐𝑐/𝜋𝜋 = 225 GHz is the FWHM bandwidth of the 1.3 nm bandpass filter (BPF) used to 

clean the signal and idler spectra produced by spontaneous parametric down-conversion (SPDC) in our 

periodically-poled KTiOPO4 (ppKTP) waveguide.    

Armed with the singly-resonant BFC’s biphoton exact wave function from equation (A.2), we are 

now ready to evaluate its coincidence-counting (second-order) signal-idler cross-correlation function.  

The frequency-domain biphoton wave function produced by continuous-wave (cw) SPDC, after 

filtering by the BPF and fiber FP cavity, is proportional to the phase-sensitive cross-spectrum of the 

post-filtering signal and idler’s photon-units baseband field operators in the exact, Gaussian-state 

theory of cw SPDC,  

                              𝜓𝜓(Ω)  ∝  𝑆𝑆𝑆𝑆𝑆𝑆
(𝑝𝑝)(Ω) ≡  ∫𝑎𝑎𝜏𝜏 �𝐸𝐸�𝑆𝑆(𝑗𝑗 + 𝜏𝜏)𝐸𝐸�𝑆𝑆(𝑗𝑗)�𝑒𝑒−𝑀𝑀Ω𝜏𝜏                                   (A.3) 

where angle brackets denote quantum average. In the absence of detector timing jitter, it then follows 

that the cross-correlation function we are seeking satisfies 

  𝑅𝑅𝑆𝑆𝑆𝑆(𝜏𝜏) ∝ ∫ 𝑎𝑎𝑗𝑗 |Ψ(𝑗𝑗 + 𝜏𝜏)|2 𝑇𝑇𝑔𝑔
0                                                    (A.4) 
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where Ψ(𝑗𝑗) is the singly-resonant BFC’s (unnormalized) time-domain biphoton wave function, i.e., 

the inverse Fourier transform of 𝜓𝜓(Ω), and 𝑇𝑇𝑓𝑓 is the duration of the coincidence gate. Because our 

detectors do have timing jitter, the observed cross correlation becomes  

𝑅𝑅𝑆𝑆𝑆𝑆obs(𝜏𝜏) =  ∫𝑎𝑎𝑑𝑑 𝑅𝑅𝑆𝑆𝑆𝑆(𝑑𝑑)
exp[−(𝜏𝜏−𝜇𝜇)2/2𝑒𝑒𝑗𝑗

2]

�2𝜋𝜋𝑒𝑒𝑗𝑗
2

                                          (A.5) 

where we have assumed a zero-mean, variance 𝑗𝑗𝑝𝑝2, Gaussian-distributed combined timing jitter from 

the two detectors.    

From equation (A.2) and (A.4) it can be shown that 𝑅𝑅𝑆𝑆𝑆𝑆(𝜏𝜏) has recurring peaks at 𝜏𝜏 =  𝑗𝑗coh/2 +

𝑛𝑛∆𝑇𝑇  for n = 0, 1, 2, …, where ∆𝑇𝑇 = 2𝜋𝜋/∆Ω = 22.1  ps is the cavity round-trip time, but going 

forward we will suppress their 𝑗𝑗coh/2  offset from 𝑛𝑛∆𝑇𝑇 . These peaks are increasingly blurred by 

detector timing jitter as tj increases, and can easily be washed out. To quantify this behavior, we used 

the results presented above to numerically evaluate 

                                                                 𝑅𝑅�𝑆𝑆𝑆𝑆(𝜏𝜏) ≡ 𝑅𝑅𝑆𝑆𝐼𝐼
𝑜𝑜bs(𝜏𝜏−𝜏𝜏max)
𝑅𝑅𝑆𝑆𝐼𝐼
𝑜𝑜bs(𝜏𝜏max)

                                                        (A.6) 

where 𝜏𝜏max is the time at which 𝑅𝑅𝑆𝑆𝑆𝑆𝑝𝑝bs(𝜏𝜏) takes on its maximum value. This form of the correlation 

function achieves its peak value, maxτ𝑅𝑅�𝑆𝑆𝑆𝑆(𝜏𝜏) = 1, at 𝜏𝜏 = 0, regardless of root-mean-square timing 

jitter tj, thus making it well suited to displaying the impact of timing jitter on the observed signal and 

idler’s coincidence-counting cross correlation, as seen in the main text’s Fig. 3.7b. 

In Appendix Fig. A1, we have plotted three examples of 𝑅𝑅�𝑆𝑆𝑆𝑆(𝜏𝜏) versus 𝜏𝜏  in ns for the source 

parameters of our 45.32 GHz singly-resonant BFC:  𝑗𝑗𝑝𝑝 = 0.78  ps (blue curve), 𝑗𝑗𝑝𝑝 =  7.8  ps (red 

curve), and 𝑗𝑗𝑝𝑝 = 74 ps (black curve). In the main text’s Fig. 3.7a, we have shown good agreement 

between our experiment and the theoretical result when 𝑗𝑗𝑝𝑝 = 74 ps. Although the temporal oscillation 

signature of the singly-resonant BFC is completely blurred out by the timing jitter in our 

measurements, our modeling clearly shows that as tj/∆𝑇𝑇 decreases the comb structure can be resolved. 

For example, when 𝑗𝑗𝑝𝑝 = 7.8 ps, the singly-resonant BFC’s structure produced by our 45.32 GHz FSR, 

1.56 GHz FWHM bandwidth FFPC can be seen in 𝑅𝑅�𝑆𝑆𝑆𝑆(𝜏𝜏). Moreover, with 𝑗𝑗𝑝𝑝 = 0.78 ps, near-perfect 

cavity resonances appear in 𝑅𝑅�𝑆𝑆𝑆𝑆(𝜏𝜏), and we note that such low-jitter SNSPDs have been demonstrated 

recently [51]. In Appendix Fig. A2, we plot the three cases for doubly-resonant BFC with 45.32 GHz 

FSR. Different from singly-resonant BFC, doubly-resonant BFC have symmetric temporal waveforms. 

Similar, because of the broadening from the finite temporal resolution of SNSPDs, the low-jitter 
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SNSPDs are necessary for resolving the temporal oscillations completely. 

 
Appendix Fig. A1. Effect of timing jitter on the normalized coincidence-counting (second-order) 

signal-idler cross-correlation function 𝑹𝑹�𝑺𝑺𝑺𝑺(𝝉𝝉) of singly-resonant BFC. For the source parameters of 

our 45.32 GHz singly-resonant BFC. The three cases shown are:  𝑗𝑗𝑝𝑝 = 0.78 ps (blue curve), 𝑗𝑗𝑝𝑝 = 7.8 

ps (red curve), and 𝑗𝑗𝑝𝑝 = 74 ps (black curve).  

 
Appendix Fig. A2. Effect of timing jitter on the normalized coincidence-counting (second-order) 

signal-idler cross-correlation function 𝑹𝑹�𝑺𝑺𝑺𝑺(𝝉𝝉) of doubly-resonant BFC. For the source parameters 

of our 45.32 GHz doubly-resonant BFC. The three cases shown are:  𝑗𝑗𝑝𝑝 = 0.78 ps (blue curve), 𝑗𝑗𝑝𝑝 =

7.8 ps (red curve), and 𝑗𝑗𝑝𝑝 = 74 ps (black curve).  

 

 

A.2 Theory and measurements of Hong-Ou-Mandel revival interferences  
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Here, we discuss the theory of Hong-Ou-Mandel (HOM) revival interferences produced by doubly-

resonant BFCs. Quantum interference occurs in our HOM interferometer’s 50:50 fiber coupler. For an 

ideal 50:50 fiber coupler, the field operators at detectors 𝐷𝐷1 and 𝐷𝐷2 are 

                              𝐸𝐸�1(𝑗𝑗) = 1
√2
�𝐸𝐸�𝑆𝑆(𝑗𝑗) + 𝐸𝐸�𝑆𝑆(𝑗𝑗 + 𝛿𝛿𝑇𝑇)�, 𝐸𝐸�2(𝑗𝑗) = 1

√2
�𝐸𝐸�𝑆𝑆(𝑗𝑗) − 𝐸𝐸�𝑆𝑆(𝑗𝑗 + 𝛿𝛿𝑇𝑇)�                 (A.7) 

where the signal (𝑆𝑆) and idler (𝐼𝐼) field operators entering the coupler are given by 

                                                         𝐸𝐸�𝐾𝐾(𝑗𝑗) = 1
√2𝜋𝜋

∫𝑎𝑎𝜔𝜔 𝑎𝑎�𝐾𝐾(𝜔𝜔)𝑒𝑒−𝑀𝑀𝜔𝜔𝑒𝑒                                                (A.8) 

and 𝛿𝛿𝑇𝑇 is the HOM interferometer’s relative arrival-time delay. We can write the biphoton coincidence 

rate as 

                                                  𝑅𝑅12 ∝ ∫𝑎𝑎𝜏𝜏𝐺𝐺12
(2)(𝑗𝑗, 𝑗𝑗 + 𝜏𝜏)                                                     (A.9) 

where the second-order correlation function is given by 

                                      𝐺𝐺12
(2)(𝑗𝑗, 𝑗𝑗 + 𝜏𝜏) = �〈0|𝐸𝐸�1(𝑗𝑗)𝐸𝐸�2(𝑗𝑗 + 𝜏𝜏)|𝜓𝜓〉�

2
                                      (A.10) 

with |𝜓𝜓〉 being the BFC state. For the following calculations, we assume ideal cw pumping. Then, 

substituting equation (A.7) and (A.8) into equation (A.10), we obtain 

                                  𝐺𝐺12
(2)(𝑗𝑗, 𝑗𝑗 + 𝜏𝜏) ∝ |𝜓𝜓(𝜏𝜏 + 𝛿𝛿𝑇𝑇) − 𝜓𝜓(−𝜏𝜏 + 𝛿𝛿𝑇𝑇)|2                          (A.11)                

 where 𝜓𝜓(𝑗𝑗) ≡ ∫Φ(Ω) 𝑒𝑒𝑀𝑀Ω𝑒𝑒𝑎𝑎Ω is the BFC state’s (unnormalized) joint temporal amplitude (JTA), and 

Φ(Ω) is its (unnormalized) joint spectral amplitude (JSA). By evaluating equation (A.9), we obtain the 

coincidence rate 

                                        𝑅𝑅12 ∝ 1 − Re�∫Φ∗(−Ω)Φ(Ω)𝑒𝑒2𝑀𝑀Ω𝛿𝛿𝑇𝑇𝑑𝑑Ω�
∫|Φ(Ω)|2𝑑𝑑Ω

                                              (A.12)          

For our BFC source, Φ(Ω) has the following form 

                                                    Φ(Ω) = ∑ 𝑓𝑓′(Ω)ℎ(Ω)𝑓𝑓(Ω −𝑚𝑚∆Ω) 𝑚𝑚                                                (A.13) 

where 𝑓𝑓′(Ω) = sinc(𝐴𝐴Ω) is the phase-matching function, with FWHM bandwidth 𝐵𝐵𝑃𝑃𝑀𝑀 = 2.78/2π𝐴𝐴. 

FBG’s rectangular filter function is ℎ(Ω) = rect(Ω/𝐵𝐵) , with 𝐵𝐵  being its bandwidth. To compare 

theory with the measured 45.32 GHz FSR cavity HOM interference recurrences, we use the following 

parameter values: 𝐴𝐴 = 181 ps, 𝐵𝐵/2π = 346 GHz, ∆Ω /2π = 45.32 GHz, and ∆ω/π = 1.563 GHz. In 

what follows, we will neglect the frequency-bin overlaps in Φ(Ω), because ∆Ω ≫ ∆𝜔𝜔, and so we 

obtain the following result for the BFC’s (unnormalized) joint spectral intensity (JSI),                                                           

                                                   |Φ(Ω)|2 = ∑ sinc2(𝐴𝐴Ω)
[(∆𝜔𝜔)2+(Ω−𝑚𝑚∆Ω)2]2

𝑁𝑁0
𝑚𝑚=−𝑁𝑁0                                            (A.14) 

where 𝑁𝑁0 = [𝐵𝐵 2∆Ω⁄ ] is the integer part of 𝐵𝐵 2∆Ω⁄ . Furthermore, because 𝐵𝐵 > 𝐵𝐵𝑃𝑃𝑀𝑀 ≫ ∆𝜔𝜔, we can 

reduce equation (A.14) to 
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                                                   |Φ(Ω)|2 ≅ ∑ sinc2(𝐴𝐴𝑚𝑚∆Ω)
[(∆𝜔𝜔)2+(Ω−𝑚𝑚∆Ω)2]2

𝑁𝑁0
𝑚𝑚=−𝑁𝑁0                                            (A.15) 

From this result we then find that 

                       ∫|Φ(Ω)|2𝑎𝑎Ω = 𝜋𝜋
2(∆𝜔𝜔)3

∑ sinc2(𝐴𝐴𝑚𝑚∆Ω)𝑁𝑁0
𝑚𝑚=−𝑁𝑁0                                   (A.16) 

and                                                  

                                                                    ∫Φ∗(−Ω)Φ(Ω)𝑒𝑒2𝑀𝑀Ω𝛿𝛿𝑇𝑇𝑎𝑎Ω =

                                    𝜋𝜋𝑒𝑒
−2∆𝜔𝜔|𝛿𝛿𝑇𝑇|(1+2∆𝜔𝜔|𝛿𝛿𝑇𝑇|)

2(∆𝜔𝜔)3 �∑ sinc2(𝐴𝐴𝑚𝑚∆Ω)𝑁𝑁0
𝑚𝑚=−𝑁𝑁0 cos(2𝑚𝑚∆Ω𝛿𝛿𝑇𝑇)�                         (A.17) 

Combining equation (A.12) and (A.17), we get our final theoretical result for the BFC HOM 

interference recurrences, 

                  𝑅𝑅12 ∝ 1 − 𝑒𝑒−2∆𝜔𝜔|𝛿𝛿𝑇𝑇|(1+2∆𝜔𝜔|𝛿𝛿𝑇𝑇|)

∑ sinc2(𝐴𝐴𝑚𝑚∆Ω)𝑁𝑁0
𝑚𝑚=−𝑁𝑁0

�∑ sinc2(𝐴𝐴𝑚𝑚∆Ω)𝑁𝑁0
𝑚𝑚=−𝑁𝑁0 cos(2𝑚𝑚∆Ω𝛿𝛿𝑇𝑇)�            (A.18) 

The normalized theoretical coincidence rate for the doubly-resonant BFC generated using our 45.32 

GHz cavity is plotted for -340 ps ≤ 𝛿𝛿𝑇𝑇 ≤ 340 ps in Appendix Fig. A3. Here we see interference 

recurrences with an ≈ 11.02 ps period, which matches well with the 11.03 ps period found in our 

measurements. The linewidth of each HOM-interference recurrence and its visibility fall-off for time 

bins farther away from zero relative delay also match with our measurements. 

 
Appendix Fig. A3. Modeling of the Hong-Ou-Mandel interference recurrences for the 45 GHz 

doubly-resonant BFC. The normalized theoretical coincidence rate as a function of relative optical 

delay between the signal and idler photons. There are 61 interference recurrences for the whole 

optical-delay scanning range. The visibility decay away from zero relative delay arises from the 

Lorentzian lineshape of cw-pumped SPDC photons filtered by a fiber FP cavity. Appendix Fig. A3 

published in [92]. 

        We also calculated the HOM-interference recurrences for the 5.03 GHz FSR doubly-resonant 
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BFC using the following parameter values: 𝐴𝐴 = 1.81 ps, 𝐵𝐵/2π = 346 GHz, ∆Ω /2π = 5.03 GHz, and 

∆ω/π = 0.457 GHz. The result, plotted in Appendix Fig. A4, is consistent with the experimental data 

shown in Appendix Fig. A5. We see that there are fewer interference fringes compared to those in 

Appendix Fig. A3, which is a consequence of the 5.03 GHz cavity’s smaller FSR, and the ≈ 99.6 ps 

recurrence period matches well with the 99.4 ps period seen in our measurements. 

 
Appendix Fig. A4. Modeling of the Hong-Ou-Mandel interference recurrences for the 5 GHz 

doubly-resonant BFC. The normalized theoretical coincidence rate as a function of relative optical 

delay. There are 7 interference recurrences for the whole optical-delay scanning range, which agrees 

well with the experimental results shown in Appendix Fig. A5.  Appendix Fig. A5 published in [92]. 

 
Appendix Fig. A5. Experimental Hong-Ou-Mandel interference recurrences for the 5 GHz 

doubly-resonant BFC. Coincidence counts versus relative optical delay between the two arms of the 

HOM interferometer. A total of 7 HOM-interference recurrences are observed. Appendix Fig. A5 

published in [92]. 

        The visibilities of the HOM-interference recurrences drop less rapidly in Appendix Fig. A4 

compared to what is seen in Appendix Fig. A3 – despite 5.03 GHz cavity’s lower finesse of ≈ 10 – 

because of the limited scan range of the relative optical delay for observing the recurrence visibilities’ 
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fall-off.  

 

 

A.3 Theory and measurements of Franson revival interferences  
Following the discussion of HOM interference of doubly-resonant BFCs, here, we present the theory 

of Franson interference of such high-dimensional source. In Franson interferometry’s two unbalanced 

MZIs, the field operators at their respective detectors, 𝐷𝐷1 and 𝐷𝐷2, are 

                            𝐸𝐸�1(𝑗𝑗) = 1
√2
�𝐸𝐸�𝑆𝑆(𝑗𝑗) + 𝐸𝐸�𝑆𝑆(𝑗𝑗 − ∆𝑇𝑇1)�,  𝐸𝐸�2(𝑗𝑗) = 1

√2
�𝐸𝐸�𝑆𝑆(𝑗𝑗) − 𝐸𝐸�𝑆𝑆(𝑗𝑗 − ∆𝑇𝑇2)�               (A.19) 

where the signal (𝑆𝑆) and idler (𝐼𝐼) field operators entering the Franson interferometer, 𝐸𝐸�𝐾𝐾(𝑗𝑗) for 𝐾𝐾 =

𝑆𝑆, 𝐼𝐼, are given by 

                                                        𝐸𝐸�𝐾𝐾(𝑗𝑗) = 1
√2𝜋𝜋

∫𝑎𝑎𝜔𝜔 𝑎𝑎�𝐾𝐾(𝜔𝜔)𝑒𝑒−𝑀𝑀𝜔𝜔𝑒𝑒                                    (A.20) 

Here, ∆𝑇𝑇1 and ∆𝑇𝑇2 – the delay differences between each MZI’s long and short paths – are sufficient to 

ensure that there is no long-short second-order interference. We can write the biphoton coincidence 

rate as 

                                              𝑅𝑅12 ∝ ∫𝑎𝑎𝜏𝜏𝐺𝐺12
(2)(𝑗𝑗, 𝑗𝑗 + 𝜏𝜏)                                                       (A.21) 

where  

                                   𝐺𝐺12
(2)(𝑗𝑗, 𝑗𝑗 + 𝜏𝜏) = �〈0|𝐸𝐸�1(𝑗𝑗)𝐸𝐸�2(𝑗𝑗 + 𝜏𝜏)|ѱ〉�

2
                                       (A.22) 

with |𝜓𝜓〉 being the BFC state. For the following calculations, we assume ideal cw pumping. Then, we 

get 

                                       𝐺𝐺12
(2)(𝑗𝑗, 𝑗𝑗 + 𝜏𝜏) = �𝜓𝜓(𝜏𝜏) + 𝜓𝜓(𝜏𝜏 − 𝛿𝛿𝑇𝑇)𝑒𝑒

−𝑀𝑀𝜔𝜔𝑝𝑝(∆𝑇𝑇1+∆𝑇𝑇2)
2 �

2

                                   (A.23) 

where, as before,  𝜓𝜓(𝑗𝑗) = ∫Φ(Ω) 𝑒𝑒𝑀𝑀Ω𝑒𝑒𝑎𝑎Ω is the BFC’s JTA, Φ(Ω) is its JSA, and   

                                                                  𝛿𝛿𝑇𝑇 = ∆𝑇𝑇1 − ∆𝑇𝑇2                                                              (A.24) 

By evaluating equation (A.23), we obtain the coincidence rate 

                                 𝑅𝑅12 ∝ 1 + |𝛤𝛤(𝛿𝛿𝑇𝑇)| cos(𝜔𝜔𝑝𝑝𝛿𝛿𝑇𝑇
2

+ 𝜔𝜔𝑝𝑝∆𝑇𝑇2 + 𝜑𝜑)                                     (A.25)   

where 𝛤𝛤(𝛿𝛿𝑇𝑇) = ∫|Φ(Ω)|2𝑒𝑒𝑀𝑀Ω𝛿𝛿𝑇𝑇 /∫|Φ(Ω)|2𝑎𝑎Ω, and  

                                                                𝛤𝛤(𝛿𝛿𝑇𝑇) = |𝛤𝛤(𝛿𝛿𝑇𝑇)|𝑒𝑒𝑀𝑀𝑖𝑖                                                        (A.26) 

For our BFC source, Φ(Ω) is given by equation (A.16), thus we obtain 

                                                                     ∫|Φ(Ω)|2𝑒𝑒𝑀𝑀Ω𝛿𝛿𝑇𝑇𝑎𝑎Ω =
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                                 𝜋𝜋𝑒𝑒
−∆𝜔𝜔|𝛿𝛿𝑇𝑇|(1+∆𝜔𝜔|𝛿𝛿𝑇𝑇|)

2(∆𝜔𝜔)3
�2∑ sinc2(𝐴𝐴𝑚𝑚∆Ω)cos(𝑚𝑚∆Ω𝛿𝛿𝑇𝑇) + 1𝑁𝑁0

𝑚𝑚=1 �                              (A.27) 

Combining equation (A.25) and (A.27), we get our final theoretical result for the doubly-resonant 

BFC’s Franson interference recurrences as                 

𝑅𝑅12 ∝ 1 +
𝑒𝑒−∆𝜔𝜔|∆𝑇𝑇|(1 + 2∆𝜔𝜔|𝛿𝛿𝑇𝑇|)
∑ sinc2(𝐴𝐴𝑚𝑚∆Ω)𝑁𝑁0
𝑚𝑚=−𝑁𝑁0

�2 � sinc2(𝐴𝐴𝑚𝑚∆Ω)cos(𝑚𝑚∆Ω𝛿𝛿𝑇𝑇) + 1
𝑁𝑁0

𝑚𝑚=1

� 

                                                                     × cos �𝜔𝜔𝑝𝑝 �
𝛿𝛿𝑇𝑇
2

+ ∆𝑇𝑇2��                                                               (A.28) 

        We can model our experimental results with the theoretical parameters above and the 

experiment’s ∆𝑇𝑇2 = 4.84 ns. The Franson interference visibility for the doubly-resonant BFC generated 

using our 45.32 GHz FSR cavity is plotted for -340 ps ≤ 𝛿𝛿𝑇𝑇≤  340 ps in Appendix Fig. A6. Here we 

see an interference-recurrence pattern with an ≈ 22.1 ps period, which matches well with the 22.09 ps 

period found in our measurements. The width of each Franson recurrence and the fall-off in visibility 

for time bins increasingly far from zero delay also match with the experimental observations. 

 
Appendix Fig. A6. Modeling of the Franson interference recurrences for the 45 GHz FSR 

doubly-resonant BFC. Theoretical fringe envelope of Franson interference for the BFC generated 

using the 45.32 GHz FSR fiber cavity. There are 31 recurrences for the whole optical-delay scanning 

range in which we have measured 16 time-bins, limited by our optical delay tuning range. The fall-off 

in the coincidence rate away from zero delay arises from the Lorentzian lineshape of the SPDC-

generated photons after they have passed through the fiber cavity. Appendix Fig. A6 published in [92]. 

        In Appendix Fig. A7 we present Franson interference fringes at relative delays ∆𝑇𝑇2 equal to 0, 3, 

5, 7, 9, 11, 13, and 15 cavity round-trip times for the 45.32 GHz FSR doubly-resonant BFC. 
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Appendix Fig. A7. Franson interference fringes for the 45 GHz FSR doubly-resonant BFC. a) 

and b)  Measured Franson interference fringes as a function of ∆𝑇𝑇1, when ∆𝑇𝑇2 is set to 0, 3, 5, 7, 9, 11, 

13, and 15 cavity round-trip times. The fringe visibilities obtained from these data are compared to 

theory in Appendix Table A1 and shown in the Sec. 3.3. Appendix Fig. A7 published in [92]. 

Appendix Table A1. Franson visibilities of the 45 GHz FSR doubly-resonant BFC for different 

optical delays. Appendix Table A1 published in [92]. 

 
Then, we present the theory for the singly-resonant BFC’s Franson-interference recurrences. With 

accidentals subtracted – with its dispersive terms suppressed – lead to the following expression for the 

normalized (time-average value = 1) envelope of the (accidentals subtracted) Franson-interference 

recurrences as a function of the idler-signal (arm 1 – arm 2 in the main text Fig. 3.8) relative delay, 𝛿𝛿𝜏𝜏: 

                             𝐶𝐶±(𝛿𝛿𝜏𝜏) =  1 ±
2 ∫ 𝑑𝑑𝜏𝜏 Re[𝑇𝑇𝑔𝑔

0 𝐾𝐾𝑆𝑆𝐼𝐼
(𝑝𝑝)(𝜏𝜏)𝐾𝐾𝑆𝑆𝐼𝐼

(𝑝𝑝)∗(𝜏𝜏+𝛿𝛿𝜏𝜏)]

∫ 𝑑𝑑𝜏𝜏𝑇𝑇𝑔𝑔
0 ��𝐾𝐾𝑆𝑆𝐼𝐼

(𝑝𝑝)(𝜏𝜏)�
2
+�𝐾𝐾𝑆𝑆𝐼𝐼

(𝑝𝑝)(𝜏𝜏+𝛿𝛿𝜏𝜏)�
2
�
                                      (A.29) 

Here, Tg is the duration of the coincidence gate, and 𝐾𝐾𝑆𝑆𝑆𝑆
(𝑝𝑝)(𝜏𝜏) is the phase-sensitive cross correlation of 

the singly-resonant BFC’s photon-units, baseband field operators,  
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                                           𝐾𝐾𝑆𝑆𝑆𝑆
(𝑝𝑝)(𝜏𝜏) ≡ �𝐸𝐸�𝑆𝑆(𝑗𝑗 + 𝜏𝜏)𝐸𝐸�𝑆𝑆(𝑗𝑗)� =  ∫ 𝑑𝑑Ω

2𝜋𝜋
 𝑆𝑆𝑆𝑆𝑆𝑆

(𝑝𝑝)(Ω)𝑒𝑒𝑀𝑀Ω𝜏𝜏                                (A.30) 

Using that result in numerically evaluating equation (A.29) then yields the desired envelope function 

for the (accidentals subtracted) Franson-interference recurrences. Using the source parameters for our 

45.32 GHz singly-resonant BFC and 𝑇𝑇𝑓𝑓 = 2 ns, we obtained the results shown in main text Fig. 3.9b 

for -340 ps ≤ 𝛿𝛿𝜏𝜏 ≤  340 ps. As shown in main text Fig. 3.9, our measured (accidentals subtracted) 

visibility peaks for 0 ≤ 𝛿𝛿𝜏𝜏 ≤  340 ps are in excellent agreement with our theoretical predictions; with 

our equipment setup we could not access negative 𝛿𝛿𝜏𝜏 values. 

 

 

A.4 Theory of conjugate-Franson revival interferences  
This section will introduce an entangled mixed state whose HOM-interference recurrences, frequency-

bin correlations, and Franson interference recurrences are identical to those of the pure-state doubly-

resonant BFC. This mixed state, however, can be distinguished from the pure-state BFC via conjugate-

Franson interferometry. First, we discuss the pure-state versus mixed-state in filtered-SPDC 

measurements. Our pure-state BFC, in normalized form, is 

             |𝜓𝜓BFC⟩   =  ∫ΦBFC (Ω)𝑎𝑎�𝐻𝐻
† �𝜔𝜔𝑝𝑝

2
+ Ω�𝑎𝑎�𝑉𝑉

† �𝜔𝜔𝑝𝑝

2
− Ω� |0⟩ 𝑎𝑎Ω                              (A.31) 

where      

                                                     ΦBFC(Ω)  ∝   ∑ sinc(𝐴𝐴𝑚𝑚∆Ω)
(∆𝜔𝜔)2+(Ω−𝑚𝑚∆Ω)2

𝑁𝑁0
𝑚𝑚=−𝑁𝑁0                                          (A.32) 

 with ∫|ΦBFC(Ω)|2 𝑎𝑎Ω = 1. This state’s JSI is therefore 

                                     JSIBFC(Ω) = |ΦBFC(Ω)|2  = �2∆𝜔𝜔3

𝜋𝜋

∑ sinc2(𝐴𝐴𝑚𝑚∆Ω)

�(∆𝜔𝜔)2+(Ω−𝑚𝑚∆Ω)2�
2

𝑁𝑁0
𝑚𝑚=−𝑁𝑁0

�∑ sinc2(𝐴𝐴𝑀𝑀∆Ω)𝑁𝑁0
𝑀𝑀=−𝑁𝑁0

                           (A.33) 

It is obvious that the BFC’s frequency-bin correlations are immediate consequences of its JSI. Hence, 

we see that the BFC’s Franson interference recurrences are determined by that state’s JSI. Finally, 

because ΦBFC(−Ω) =  ΦBFC(Ω) , we can show that the doubly-resonant BFC’s HOM-interference 

recurrences are also determined by that state’s JSI. Hence, entangled mixed states that possess this 

same JSI and a symmetric JSA cannot be distinguished from the doubly-resonant BFC by means of 

frequency correlation, HOM and Franson revival measurements. To illustrate that possibility, we now 

introduce the entangled frequency-pair state (EFS). 

        The EFS is an entangled mixed state whose density operator is 
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                                                       𝜌𝜌�EFS = ∑ 𝜌𝜌EFS(𝑚𝑚) �𝜓𝜓EFS
(m)� �𝜓𝜓EFS

(m)�𝑁𝑁0
𝑚𝑚=0                                                     (A.34) 

where  

                                     |𝜓𝜓EFS
(m)⟩   =  ∫ΦEFS

(𝑚𝑚) (Ω)𝑎𝑎�𝐻𝐻
† �𝜔𝜔𝑝𝑝

2
+ Ω�𝑎𝑎�𝑉𝑉

† �𝜔𝜔𝑝𝑝

2
− Ω� |0⟩ 𝑎𝑎Ω                                   (A.35) 

with 

                                                               ΦEFS
(0) (Ω) ∝  1

(∆𝜔𝜔)2+Ω2
                                                           

                       ΦEFS
(𝑚𝑚)(Ω) ∝ 1

√2
� sinc(𝐴𝐴𝑚𝑚ΔΩ)

(∆𝜔𝜔)2+(Ω+𝑚𝑚∆Ω)2 + sinc(𝐴𝐴𝑚𝑚ΔΩ)
(∆𝜔𝜔)2+(Ω−𝑚𝑚∆Ω)2� , for 𝑚𝑚 = 1, 2, … ,𝑁𝑁0                   (A.36) 

∫ |ΦEFS
(𝑚𝑚) (Ω)|2𝑎𝑎Ω = 1, for all m, and the {𝜌𝜌EFS(𝑚𝑚)} being a probability mass function that makes the 

EFS’s JSI match that of the BFC state, i.e.,  

                        JSIEFS(Ω) = ∑ 𝜌𝜌EFS(𝑚𝑚)�ΦEFS
(𝑚𝑚)(Ω)�

2
=   |ΦBFC(Ω)|2  =  JSIBFC(Ω)                  𝑁𝑁0

𝑚𝑚=0   (A.37) 

Because the EFS and BFC have identical JSIs, their frequency-bin correlations, Franson interference 

recurrences will be indistinguishable. In addition, because ΦBFC(−Ω) =  ΦBFC(Ω) and ΦEFS
(𝑚𝑚)(−Ω) =

  ΦEFS
(𝑚𝑚)(Ω), these two states will also have the same HOM-interference recurrences.  

        Next, we move on to the discussion of Conjugate-Franson interferometry, which was proposed in 

[127] for security checking in time-frequency-entangled, high-dimensional QKD. The basic 

configuration for conjugate-Franson interferometry is shown in Sec. 3.3. Conjugate-Franson 

interferometry of the doubly-resonant BFC and the EFS turn out to have the following coincidence 

rates, 

                                 𝑅𝑅12BFC(ф𝑆𝑆,ф𝑆𝑆) ∝ 1 + ∫𝑎𝑎ΩRe�ΦBFC
∗ (Ω)ΦBFC(Ω− 2𝜔𝜔𝑚𝑚)𝑒𝑒𝑀𝑀(ф𝑆𝑆+ф𝐼𝐼)�                     (A.38) 

and 

                 𝑅𝑅12EFS(ф𝑆𝑆,ф𝑆𝑆) ∝ 1 + ∑ 𝜌𝜌EFS(𝑚𝑚)∫𝑎𝑎ΩRe�ΦEFS
(𝑚𝑚)∗(Ω)ΦEFS

(𝑚𝑚)(Ω− 2𝜔𝜔𝑚𝑚)𝑒𝑒𝑀𝑀(ф𝑆𝑆+ф𝐼𝐼)�𝑁𝑁0
𝑚𝑚=0        (A.39) 

where ф𝑆𝑆 and  ф𝑆𝑆 are phase shifts incurred by wavelength-scale length differences between the two 

arms of each MZI. It is clear from equation (A.38) and (A.39) that the conjugate-Franson 

interferometer’s single-sideband modulation in one arm of each of its MZIs prevents their coincidence 

rates from being determined by their input states JSIs. Indeed, it is easily shown, that these conjugate-

Franson coincidence rates can be rewritten as 

                                       𝑅𝑅12BFC(ф𝑆𝑆,ф𝑆𝑆) ∝ 1 + ∫𝑎𝑎τ JTIBFC(τ) cos(𝜔𝜔𝑚𝑚𝜏𝜏 + ф𝑆𝑆 + ф𝑆𝑆)                       (A.40) 

and 

                                         𝑅𝑅12EFS(ф𝑆𝑆,ф𝑆𝑆) ∝ 1 + ∫𝑎𝑎τ JTIEFS(τ) cos(𝜔𝜔𝑚𝑚𝜏𝜏 + ф𝑆𝑆 + ф𝑆𝑆)                       (A.41) 
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where the (normalized) JTIs are given by JTIBFC(τ) =  |ѰBFC(τ)|2  and JTIEFS(τ) =

∑ 𝜌𝜌EFS(𝑚𝑚)�ѰEFS
(𝑚𝑚)(τ)�

2𝑁𝑁0
𝑚𝑚=0 . Thus it is not surprising that conjugate-Franson interferometry should be 

able to discriminate between the BFC and the EFS even when they have identical JSIs.   

        The doubly-resonant BFC only has appreciable conjugate-Franson interference at 𝜔𝜔𝑚𝑚 = |𝑘𝑘|∆Ω 

for |𝑘𝑘| = 1, 2, … , 2𝑁𝑁0, where its visibilities satisfy 

                                                𝑉𝑉BFC(𝑘𝑘∆Ω) =
∑ sinc(𝐴𝐴𝑚𝑚∆Ω)sinc[𝐴𝐴(𝑚𝑚+|𝑘𝑘|)∆Ω𝑁𝑁0−|𝑘𝑘|
𝑚𝑚=−𝑁𝑁0

∑ sinc2(𝐴𝐴𝑀𝑀∆Ω)𝑁𝑁0
𝑀𝑀=−𝑁𝑁0

                                       (A.42) 

In contrast, the EFS has only appreciable conjugate-Franson interference at |𝑘𝑘| = 1, 2, … , 2𝑁𝑁0, where 

its visibilities obey 

                                                        𝑉𝑉𝐴𝐴FC(𝑘𝑘∆Ω)(𝑘𝑘∆Ω) = sinc2(2𝐴𝐴𝑘𝑘∆Ω)

∑ sinc2(𝐴𝐴𝑀𝑀∆Ω)𝑁𝑁0
𝑀𝑀=−𝑁𝑁0

                                              (A.43) 

These results provide a clear and measurable signature for the doubly-resonant BFC, as shown in the 

Appendix Fig. A8 and A9, for the 15.15 GHz cavity and 5.03 cavity cases respectively.  

 
Appendix Fig. A8. Visibilities of conjugate-Franson interference recurrences for the 15 GHz 

FSR doubly-resonant BFC and the entangled frequency-pair state with the same JSI. a) BFC 

conjugate-Franson interference has high-visibility recurrences, and they occur only when the 

interferometer frequency offset is kΔΩ for integer k. b) EFS conjugate-Franson interference has low-

visibility recurrences, and they only occur when the interferometer frequency offset is 2kΔΩ  for 

integer k. Appendix Fig. A8 published in [92]. 
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Appendix Fig. A9. Visibilities of conjugate-Franson interference recurrences for the 5 GHz FSR 

doubly-resonant BFC and the entangled frequency-pair state with the same JSI. a) BFC 

conjugate-Franson interference has high-visibility recurrences, and they occur only when the 

interferometer frequency offset is kΔΩ for integer k. b) EFS conjugate-Franson interference has low-

visibility recurrences, and they only occur when the interferometer frequency offset is 2kΔΩ  for 

integer k. Appendix Fig. A9 published in [92]. 

 

 

A.5 Impact of cavity finesse on 50 GHz FSR mode-locked singly-resonant biphoton 

frequency comb 
To further illustrate the impact of cavity finesse F on a larger FSR fiber cavity, we model the signal-

idler temporal second-order cross-correlation function and Franson interference envelopes in a 50 GHz 

FSR singly-resonant mode-locked BFC with different cavity finesse F. 
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Appendix Fig. A10. Theoretical modeling of signal-idler temporal second-order cross-correlation 

function and Franson revivals visibility for a 50 GHz FSR cavity singly-resonant mode-locked 

BFC with different finesse F. a) Here, we model the signal-idler temporal second-order cross-

correlation function versus 4 different cavity finesse F in a 50 GHz FSR cavity with FWHM timing 

jitter of 20 ps. Due to the denser temporal spacing of mode-locked oscillations from a larger cavity 

FSR (compared to 15.15 GHz FSR in Fig. 3.14), for a cavity finesse F of 500, there is a probability of 

over 50% to detect signal photons at 49 cavity round-trip times 𝑗𝑗𝑇𝑇𝑒𝑒 after idler photons are counted at 

detector across the whole temporal range of 1 ns. b) We plot the Franson interference recurrences for 4 

different cavity finesse F of 30, 100, 200, and 500 in the same temporal range of 1 ns. We note that 

with only a moderate cavity finesse F of 500, all of the Franson interference recurrence visibilities 

surpass the quantum-classical threshold of 70.7%, confirming the time-energy entanglement over a 

temporal range of 1 ns. 

 
 
A.6 Additional Franson interference measurements for singly-resonant biphoton 

frequency combs 
In this section, we first show all high-dimensional Franson recurrence interferences for 45.32 GHz 

FSR singly resonant BFC after a asymmetric entanglement distribution with a 10 km fiber spool. We 

also compared the experimental time-bin visibilities for the post-distribution Franson interference 

recurrences with Appendix A.3’s theory, which presumes perfect entanglement distribution. Our 

results are shown both in the main text’s Fig. 3.10 and in Appendix Fig. A11, A12. The average 

deviation of experiment from theory is ≈ 4.25%, indicating efficient distribution of our singly-resonant 

BFC’s time-binned energy-time entanglement. 
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Appendix Fig. A11. Franson interference fringes – obtained with a 2 ns duration coincidence 

gate and accidentals subtracted – for 16 time bins of a 45 GHz singly-resonant BFC after a 10 

km asymmetric entanglement distribution. The highest visibility, 98.81%, is observed for the 

central (0th) time bin; bins 0 through 3 have visibilities exceeding the 70.7% value needed to violate 

Bell’s inequality; and bins 0 through 6 have visibilities exceeding the 50% value that is the classical 

limit. These results clearly demonstrate high-quality 10 km asymmetric distribution of the singly-

resonant BFC’s time-binned energy-time entanglement.  
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Appendix Fig. A12. Comparison between experimental visibilities of Franson-interference 

recurrences for time bins 0 through 15 after 10 km asymmetric distribution. We use our 45.32 

GHz singly-resonant BFC with theory that assumes perfect distribution.  

Then, we continue to examine frequency-binned Franson interference using a pair of tunable BPFs. we 

present the measured Franson-interference patterns for all 25 frequency-bin pairs within our source’s 

bandwidth. The visibilities extracted from these interference patterns were shown as the visibility map 

in main text’s Fig. 3.9b. Due to SPDC’s energy conservation, only frequency-correlated photon pairs 

show energy-time entanglement in our singly-resonant BFC. Therefore, only the symmetric frequency-

bin pairs exhibit high Franson interference visibilities in Appendix Fig. A13, with average raw 

visibility of 87.25%. As the frequency-bin pairs move away from frequency degeneracy, both their 

singles and coincidence rates decrease because of the SPDC phase-matching function. The reduced 

number of coincidences ultimately become comparable to the accidentals. Indeed, measurements on 

uncorrelated frequency-bin pairs, show no obvious fringes and their coincidence counts are almost at 

the noise floor. Thus, in Appendix Fig. A13 we did not subtract accidental coincidences, but we did do 

that subtraction in the main text’s Fig. 3.9a because there we only showed the 5 symmetric frequency-

bin pairs. Also, after 10 km asymmetric entanglement distribution, we chose to make Franson 

interference measurements only for the symmetric frequency-bin pairs, see the interference fringes 

shown in the main text’s Fig. 3.10a inset. 
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Appendix Fig. A13. Franson interference fringes for 25 frequency-bin pairs of the 45 GHz 

singly-resonant BFC. Frequency-bin pairs and corresponding visibilities are denoted for each 

interference pattern, with high interference visibilities only occurring for symmetric frequency-bin 

pairs. 
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Here, we present the extra Franson interference measurements for 5 and 15 GHz FSR singly-resonant 

BFCs, and our results are summarized in Appendix Fig. A14 and A15. 

 
Appendix Fig. A14. The signature of Franson interference for 15 GHz singly-resonant BFC. a) to 

c) We measured three correlation peaks for different phase shifts induced by varying the thermal 

heater in the long path of arm1, where it is clear that only the central peak intensity changes, while the 

lateral peaks are unaffected. The phases for the measurements reported in Fig. A14a and A14c were 

such that the middle peak was maximized and minimized, respectively. By post-selecting the central 

correlation peak and changing the phases of the interferometers (ΔT1), we have obtained maximum 

Franson visibilities for 0th time-bin over 98.99% in 15.15 GHz FSR singly-resonant BFC after 

subtracting accidental coincidences.  

 
Appendix Fig. A15. The measured Franson interferences at non-integer cavity round-trip time in 

5, 15 GHz FSR mode-locked singly-resonant BFCs. When we move the motorized stage to a ΔT2 in-

between cavity round trip (non-integer) such as 360 ps, we observe no Franson interference fringes. 

The measured average coincidence counts are consistent with our results in Fig. 3.12. 
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A.7 Supplemental heralded auto-correlation measurements for singly-resonant 

biphoton frequency combs 
In this section we present additional information about the heralded g(2)( 0) auto-correlation 

measurements of the singly-resonant BFC. At 0.2 mW pump power we measured g(2)(0) ≈ 0.154. 

Exchanging the roles of signal and idler, so that the idler illuminated the heralding detector while the 

signal beam illuminated the 50:50 BS, we obtained g(2)(0) ≈ 0.130 at 0.6 mW pump power. Both 

results are well below the classical threshold. Moreover, because the signal beam’s singles rate is 

considerably lower than the idler’s, reliable idler-heralded g(2)(0) measurements could not be obtained 

at as low a pump power as signal-heralded measurements could. Appendix Fig. A16 shows the 

expected effect on g(2)(0) of increased pump power, viz., g(2)(0) increases because of increased 

presence of multi-pair emissions from the SPDC source. We note that the non-zero values of heralded 

g(2)(0) are primarily due to multi-pair SPDC emissions. Also, the idler-heralded g(2)(0) is lower than 

the signal-heralded g(2)(0) because it is less likely that two signal photons could survive the higher 

losses in the signal channel to produce a coincidence. 

 
Appendix Fig. A16. Measured heralded g(2)(0) values versus the pump power for the 45 GHz 

singly-resonant BFC. Signal-heralded measurements (black points), idler-heralded measurements (red 

points).  

Here, we further verify the multimode emission single-photon Fock state is generated within our time-

reversible singly-resonant BFCs. In Appendix Fig. A17, a coincidence window of 30 ns is used for 

including multimode emission of our time-reversible singly-resonant BFCs. The minimum measured 

heralded g
(2)

(0) = 0.204 ± 0.002 and g
(2)

(0) = 0.212 ± 0.002 reveals the multimode emission with 
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single-photon Fock state with our photon-pair source. The non-ideal heralded g(2)(0) value can be 

explained by the decreasing signal-to-noise ratio, due to a wider coincidence window and the 

ultranarrow FSR of the cavity, and by relatively small cavity finesse. 

 
Appendix Fig. A17. Measured heralded g(2)(0) versus the pump power for exponential decay and 

growth 42 MHz singly-resonant BFCs using a 30 ns coincidence window. HBT measurements for 

time-reversible SR-BFCs. The minimum heralded g(2)(0) = 0.204 ± 0.002 and g(2)(0) = 0.212 ± 0.002 is 

measured using a wider coincidence window of 30 ns, which includes 0th and 1st cavity round-trip 

correlation peaks from both exponential decay and exponential growth SR-BFCs. 
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Appendix B 
 

Schmidt mode decompositions and entanglement of formation 
 
 

B.1 Schmidt eigenvalues and Schmidt numbers  
 
B.1.1 Frequency-binned Schmidt eigenvalues and Schmidt numbers        

In this section, we discuss the Schmidt eigenvalues and Schmidt numbers for frequency-binned 

doubly-resonant BFC states: experimental results versus theory. Appendix Table B1 presents the 

Schmidt eigenvalues inferred from the frequency-bin correlation measurements shown in Sec. 3.2. 

They were obtained from performing a Schmidt decomposition on the frequency-correlation matrix 

[261-263]. The Schmidt eigenvalues of the frequency-binned BFC state are the eigenvalues found 

from that diagonalization, and the Schmidt number they imply from Sec. 3.2. For the following 

Appendix Tables, we use boldface to highlight and consider the dominant Schmidt modes that 

comprise over 60% of the total Schmidt eigenvalues for each measurement we have performed using 

frequency-bin correlation measurements and HOM recurrence measurements. 

Appendix Table B1. Measured frequency-bin Schmidt eigenvalues and Schmidt numbers for the 

45 GHz doubly-resonant BFCs with pump powers ≈ 2 mW (left) and ≈ 4 mW (right). The 

dominant Schmidt eigenvalues are shown in boldface. Appendix Table B1 published in [92]. 

  
        The results of performing the same frequency-bin Schmidt decomposition on the data we 

obtained for ≈ 2 mW pumping of the 15.15 GHz cavity setup is given in Appendix Table B2. Here the 

8.671 inferred Schmidt number is limited by the tunability of our 100 pm filters. 
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Appendix Table B2. Measured frequency-bin Schmidt eigenvalues and Schmidt number for the 

15 GHz doubly-resonant BFC and ≈ 2 mW pump power. The dominant Schmidt eigenvalues are 

shown in boldface. Appendix Table B2 published in [92]. 

 
        The frequency-bin Schmidt decomposition for our 5.03 GHz BFC yielded the Schmidt 

eigenvalues and Schmidt number shown in Appendix Table B3. The maximum possible Schmidt 

number for this measurement is 19, and our 11.67 result is mainly limited by the bandwidth and 

tunability of our 100 pm filters.   

Appendix Table B3. Measured frequency-bin Schmidt eigenvalues and Schmidt number for the 5 

GHz doubly-resonant BFC and ≈ 2 mW pump power. The dominant Schmidt eigenvalues are 

shown in boldface. Appendix Table B3 published in [92]. 

 
        For comparison purposes, and to derive our frequency-binned BFC’s Hilbert-space 

dimensionality under ideal conditions, we conclude this section by presenting theoretical results for 

their Schmidt eigenvalues and their Schmidt numbers. We can write the BFC’s frequency-binned JSI 

as 

                   |𝜓𝜓(𝑛𝑛𝑠𝑠∆Ω,𝑛𝑛𝑆𝑆∆Ω)|2 = sinc2(2.78𝑀𝑀𝑠𝑠∆Ω/2𝜋𝜋𝐴𝐴𝑃𝑃𝑀𝑀)
∑ sinc2(2.78𝑀𝑀𝑠𝑠∆Ω/2𝜋𝜋𝐴𝐴𝑃𝑃𝑀𝑀)𝑁𝑁0
𝑀𝑀𝑠𝑠=−𝑁𝑁0

𝛿𝛿𝑀𝑀𝑠𝑠𝑀𝑀𝐼𝐼 , for −𝑁𝑁0 ≤ 𝑛𝑛𝑠𝑠,𝑛𝑛𝑆𝑆 ≤ 𝑁𝑁0          (B.1) 

where 𝑛𝑛𝑠𝑠∆Ω is the positive detuning of the signal photon’s radian frequency from degeneracy and 

𝑛𝑛𝑆𝑆∆Ω is the negative detuning of the idler photon’s radian frequency from degeneracy, and 𝛿𝛿𝑀𝑀𝑠𝑠𝑀𝑀𝐼𝐼 is the 
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Kronecker delta function. The 𝐽𝐽Ω matrix, whose diagonalization provides the Schmidt eigenvalues, is 

then obtained, because it is diagonal, and its diagonal elements  

                                        𝜆𝜆𝑀𝑀 = 𝑠𝑠𝑀𝑀𝑀𝑀𝑐𝑐2(2.78𝑀𝑀𝑠𝑠∆Ω/2𝜋𝜋𝐴𝐴𝑃𝑃𝑀𝑀)
∑ 𝑠𝑠𝑀𝑀𝑀𝑀𝑐𝑐2(2.78𝑀𝑀𝑠𝑠∆Ω/2𝜋𝜋𝐴𝐴𝑃𝑃𝑀𝑀)𝑁𝑁0
𝑀𝑀𝑠𝑠=−𝑁𝑁0

, for −𝑁𝑁0 ≤ 𝑛𝑛 ≤ 𝑁𝑁0                              (B.2) 

are the Schmidt eigenvalues we are seeking. From these eigenvalues the theoretical Schmidt number 

for the frequency-binned BFC is therefore 

                                       𝐾𝐾Ω = (∑ 𝜆𝜆𝑀𝑀2
𝑁𝑁0
𝑀𝑀=−𝑁𝑁0 )−1 =

[∑ sinc2(2.78𝑀𝑀𝑠𝑠∆Ω/2𝜋𝜋𝐴𝐴𝑃𝑃𝑀𝑀)]𝑁𝑁0
𝑀𝑀𝑠𝑠=−𝑁𝑁0

2

∑ 𝑠𝑠inc4(2.78𝑀𝑀𝑠𝑠∆Ω/2𝜋𝜋𝐴𝐴𝑃𝑃𝑀𝑀)𝑁𝑁0
𝑀𝑀𝑠𝑠=−𝑁𝑁0

                              (B.3) 

The theoretical Schmidt numbers for the frequency-binned doubly-resonant BFC states are found to be 

4.89, 20.21, and 34.39 for 45.32 GHz, 15.15 GHz, and 5.03 GHz FSR cavities, respectively. Hence the 

ideal Hilbert-space dimensionalities for frequency-binned BFCs scales with the FSR of the cavity and 

the phase-matching bandwidth of SPDC sources used to generate that BFC state.  

        Then, we use the same method to extract Schmidt eigenvalues and corresponding Schmidt 

number for singly-resonant BFC, as shown in Appendix Table B4.  

Appendix Table B4. Measured frequency-bin Schmidt eigenvalues and Schmidt numbers for the 

45 GHz singly-resonant BFC. Appendix Table B4 published in [92]. 

 
 

 

B.1.2 Time-binned Schmidt eigenvalues and Schmidt numbers  

We now obtained our doubly-resonant BFCs time-binned Schmidt eigenvalues from the visibilities of 

their measured HOM-interference recurrences via the procedure described in the Sec. 3.2. Appendix 

Tables B5 show the dominant Schmidt eigenvalues we found for the 45.32 GHz, 15.15 GHz, and 5.03 

GHz BFCs, note that the time-bin Schmidt number are given in Sec. 3.2. 
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Appendix Table B5. Measured dominant time-bin Schmidt eigenvalues for the doubly-resonant 

BFC generated using a) the 45 GHz cavity, b) the 15 GHz cavity, and c) the 5 GHz cavity.  

Appendix Table B5 published in [92]. 

 
        Then, we perform Schmidt mode decomposition for the Franson revival interferences in time 

domain using our singly-resonant BFC, as described in Sec. 3.3. Here, we summarize our time-bin 

Schmidt mode decomposition results in Appendix Table B6. 

Appendix Table B6. Measured time-bin Schmidt eigenvalues and Schmidt numbers for the 45 

GHz singly-resonant BFC. 

 
As explained previously, the Schmidt mode decomposition for the time-binned 45.32 GHz singly-

resonant BFC is derived from the visibilities of the Franson-interference recurrences. Evaluating the 
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approximate (unnormalized) time-domain biphoton wave function at the Franson-interference 

recurrence times we get, 

                                  Ψ(𝑛𝑛∆𝑇𝑇) = exp(−𝑛𝑛∆𝜔𝜔∆𝑇𝑇)∑ sinc(𝐴𝐴𝑚𝑚∆Ω) 𝑀𝑀
𝑚𝑚=−𝑁𝑁                                       (B.4) 

from which it readily follows that the nth bin’s visibility is 𝑉𝑉𝑀𝑀 = exp(−𝑛𝑛∆𝜔𝜔∆𝑇𝑇), as stated in the main 

text. Equation (B.4) then leads to the main text’s theoretical expressions for the time-binned Schmidt 

eigenvalues {𝜆𝜆𝑀𝑀}, and its Schmidt number KT: 

                                                         𝜆𝜆𝑀𝑀 = e−𝜋𝜋𝑀𝑀/𝐹𝐹

∑ e−𝜋𝜋𝑚𝑚/𝐹𝐹𝑀𝑀
𝑚𝑚=0

, for 0 ≤ 𝑛𝑛 ≤ 𝑀𝑀                                              (B.5) 

and 

                                                                𝐾𝐾𝑇𝑇 = sinh2[𝜋𝜋(𝑀𝑀+1)/2𝐹𝐹]sinh(𝜋𝜋/𝐹𝐹)
sinh2(𝜋𝜋/2𝐹𝐹)sinh[𝜋𝜋(𝑀𝑀+1)/𝐹𝐹]

                                                    (B.6) 

where M+1 is the number of time bins and F is the fiber FP cavity’s finesse. Assuming, that the time-

binned singly-resonant BFC’s JTA equals the square root of its JTI, the experimental time-binned 

Schmidt eigenvalues and Schmidt number are 

                                                            𝜆𝜆𝑀𝑀 = 𝑉𝑉𝑀𝑀
∑ 𝑉𝑉𝑀𝑀𝑀𝑀
𝑚𝑚=0

, for 0 ≤ 𝑛𝑛 ≤ 𝑀𝑀                                                  (B.7) 

and 

                                                                        𝐾𝐾𝑇𝑇 = (∑ 𝑉𝑉𝑀𝑀)2𝑀𝑀
𝑀𝑀=0
∑ 𝑉𝑉𝑀𝑀2𝑀𝑀
𝑀𝑀=0

                                                            (B.8) 

We do not, however, expect the approximate time-binned biphoton wave function to be as accurate for 

the singly-resonant BFC as it is for the doubly-resonant BFC, because the slower frequency-domain 

fall off with only the signal being fiber FP cavity filtered leads to greater overlap between the 

contributions from adjacent and near-adjacent cavity resonances. Appendix Table B6 shows the 

measured time-bin Schmidt eigenvalues and Schmidt number for the 45.32 GHz singly-resonant BFC. 

Its 13.13 Schmidt number is in excellent agreement with the 13.19 theoretical value obtained using the 

exact theory based on equation (B.8). 

 

 

B.2 Entanglement of formation and ebits  
In this section, we quantify the high-dimensional time-energy entanglement of our doubly- and singly-

resonant BFC from lower bounds of their entanglements of formation for results presented in Sec. 3.2 

and 3.3. This quantity is useful when we do not have access to all the elements of the density matrix. 

In our experimental setup, there are technical limitations that prevented our measuring all the elements 

of the doubly- and singly-resonant BFC’s full density matrix. These limitations were due to: (1) our 
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Franson interferometry only having a free-space motorized optical-delay line in its arm2; and (2) that 

stage’s 360 ps travel range being aligned with the 0th time-bin close to the stage’s starting position. 

Thus, we measured only one side of the time-energy Franson interference revival time-bins. 

    Appendix Table B7 shows the resulting 3 × 3 submatrix elements for 45.32 GHz cavity’s Franson 

interference. Here, the blue entries are measurements, the green entries follow from presuming our 

BFC has time-bin symmetry – as seen, e.g., in that doubly-resonant BFC’s HOM-interference 

recurrences – and the black entries are obtained by extrapolating the visibilities using the cavity’s 

Lorentzian lineshape. 

Appendix Table B7. Franson interference 𝟑𝟑 × 𝟑𝟑  submatrix elements for obtaining a lower bound 

on the entanglement of formation for the 45 GHz doubly-resonant BFC. Appendix Table B7 

published in [92]. 

 
Appendix Table B8 shows the 45.32 GHz and 15.15 GHz cavities’ entanglement of formation lower 

bounds for 𝑎𝑎 = 2 to 4. They were obtained, using the measured Franson interference visibilities in the 

Sec. 3.2. Note that we chose not to go to higher 𝑎𝑎 values here because increasing 𝑎𝑎 makes the bounds 

increasingly dependent on submatrix elements derived from extrapolation rather than from direct 

measurements. Within that limited 𝑎𝑎 range, our highest entanglements-of-formation lower bounds are 

1.89 ± 0.03 ebits for the 45.32 GHz cavity’s doubly-resonant BFC and 1.40 ± 0.05 ebits for the 15.15 

GHz cavity’s doubly-resonant BFC. Both were attained at 𝑎𝑎 = 4, where 2 ebits corresponds to a 

maximally-entangled pure state of that dimensionality.  

Appendix Table B8. Entanglements of formation lower bounds for the 45 GHz and the 15 GHz 

doubly-resonant BFCs. Appendix Table B8 published in [92]. 

 
        Next, to calculate the lower-bound on high-dimensional time-energy entanglement for our singly-

resonant BFC, we used our asymmetry Franson interference recurrence visibilities shown in Sec. 3.3. 
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Appendix Table B9 shows the resulting 5 × 5 submatrix elements for 45.32 GHz cavity’s Franson 

interferences before an entanglement distribution. Here, the blue entries are measurements, the green 

entries follow from presuming our singly-resonant BFC has time-bin symmetry, and the black entries 

are obtained by extrapolating the visibilities using the cavity’s Lorentzian lineshape from our theory 

presented in Appendix A.3. Similarly, we also perform entanglement of formation calculation for 

singly-resonant BFC’s Franson interference recurrence visibilities after a 10-km asymmetric 

entanglement distribution. Appendix Table B10 list all the resulting 5 × 5 submatrix elements. Using 

the 0th to 4th order Franson recurrence visibilities allowed us to obtain lower bound of entanglement 

of formation 1.533, and 1.522 ebits before and after the asymmetric entanglement distribution of 10 

km distance with our 45.32 GHz singly-resonant BFC. Appendix Table B11 summarized the number 

of ebits before and after such entanglement distribution.  

Appendix Table B9. Franson interference 𝟓𝟓 × 𝟓𝟓  submatrix visibilities for retrieving a lower 

bound on the entanglement of formation for a 45 GHz singly-resonant BFC before entanglement 

distribution.  

 
Appendix Table B10. Franson interference 𝟓𝟓 × 𝟓𝟓  submatrix visibilities for retrieving a lower 

bound on the entanglement of formation for a 45 GHz singly-resonant BFC after an asymmetric 

entanglement distribution.  
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Appendix Table B11. Entanglements of formation lower bounds for the 45 GHz singly-resonant 

BFC. 
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Appendix C 
 
 

Design, fabrication and characterization of two-qubit SWAP gate 
 

 

C.1 Design and operation maps of the two-qubit SWAP gate components: PC-NOT 

and MC-NOT gates  
The design map for the PC-NOT gate was prepared with an eigenmode solver through super-mode 

analysis of the silicon polarized directional-coupler photonics structure as functions of waveguide and 

gap widths. The eigenmode results were verified through a detailed propagator analysis using the 

finite-difference time-domain (FDTD) method and a proper parameter set was selected for our PC-

NOT implementation. Here, polarization splitting is satisfied by carefully selecting the coupler length 

to equal to the transverse magnetic (TM) coupling length, which is about ten times smaller than that 

for the transverse electric (TE) case. Varying gap widths, crossover coupling lengths and waveguide 

widths are illustrated for the optimal coupling length and cross-channel energy fraction in Appendix 

Fig. C1. The silicon waveguides were designed with 220 nm thickness for operation in the C-band. 

Appendix Fig. C1a and C1b show the coupling length for the given configurations. By fixing the 

waveguide width to 460 nm, the energy fractions coupled to the cross-channel were monitored for 

varying coupler lengths and gap widths, as shown in Appendix Fig. C1c and C1d. The optimized 

design for the PC-NOT gate has a waveguide-to-waveguide gap width of 400 nm and a coupling 

length of 11.5 µm. With this parameter combination, the TE mode remains in its channel while the TM 

mode crosses over to the other channel with maximized efficiency, thus ensuring optimal PC-NOT 

gate operation. 
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Appendix Fig. C1. Design map for the silicon integrated photonics PC-NOT gate. Cross-over 

coupling length versus waveguide and gap widths of the TE a) and TM b) modes. Fraction of the 

energy coupled to the cross-channel versus coupler length and gap width for TE c) and TM d) modes 

with a waveguide width of 460 nm. The thickness of the device is fixed at 220 nm. The red circle 

denotes the designed and fabricated device choice.  

        The design for the MC-NOT gate is based on a silicon integrated photonics two-level polarization 

rotator [264]. The polarization rotator was designed with a silicon thickness of 220 nm and analyzed 

through eigenmode expansion simulations. As shown in Appendix Fig. C2b, the designed polarization 

rotator consists of a polarization rotation section (A and B) and a mode conversion section (C). 

Sections A and B are asymmetric rib waveguides that rotate the polarization angle of the waveguide 

mode, and Section C is a nano-tapered waveguide in which the polarization of the local mode is 

maintained. The length of each section is varied independently to obtain the best conversion efficiency. 

This continuous waveguide structure prevents extra loss induced by the mode mismatch, which is 

crucial to implementing a low-loss polarization rotator. The conversion efficiency of each section is 

evaluated by a detailed propagation analysis using the FDTD method, with the results versus length 

shown in Appendix Fig. C2c. Optimal conversion efficiency of each section is obtained with the 
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lengths set to 80 µm, 200 µm and 80 µm for sections A, B and C, respectively. With the optimized 

waveguide structure, the extinction ratio for the polarization rotation operation was examined across 

different wavelengths to determine the optimal operating wavelength for the SWAP gates, as shown in 

Appendix Fig. C2a.   

 
Appendix Fig. C2. Design map for the silicon integrated photonics MC-NOT gate. a) Extinction 

ratio of the MC-NOT gate versus operation wavelength for both TE-to-TM and TM-to-TE mode 

conversions. b) Top view of the MC-NOT gate’s design model. c) Conversion efficiency changes along 

the length for each individual section of the MC-NOT gate. 
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Appendix Fig. C3. Local mode analysis of the silicon integrated photonics MC-NOT gate. a) 

Effective refractive indices of the two local modes along the device. Inset: E-field profiles of two 

modes at different positions in each section. b) TE polarization fraction for the two local modes along 

the MC-NOT gate. 

The final design was examined by monitoring the fundamental TE and TM modes throughout the 

device using eigensolver analysis. The evolution of the effective refractive indices and polarization 

states (TE fraction) of the two local modes are illustrated in Appendix Fig. C3. The inset of Appendix 

Fig. C3 depicts the E-field intensity for each mode. At the input to section A, there are two local 

modes A and B with TE-like and TM-like polarizations, respectively. The input TE-like mode couples 

to mode A and the TM-like mode couples to mode B. The polarization direction is gradually rotated 

along the waveguide from section A to B due to the asymmetry in both horizontal and vertical 

directions of the waveguide. The continuous change of the TE fraction also specifies the polarization 

rotation. The polarization directions of the local modes are continuously rotating and achieve 90° 

rotation at the output of section B. Despite that, the TE fractions for modes A and B are the same at the 

midpoint of section B, with the polarization directions of modes A and B being perpendicular at this 

point, as depicted in the insets of Appendix Fig. C3a. Under adiabatic conditions, only one of modes A 

or B is excited, preventing their mixing and thus ensuring high conversion efficiency. Two local 

modes continue to propagate through section C without polarization rotation, and they are converted to 
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the input mode set because the waveguide cross section of section C is the same as section A’s. At this 

point, polarization rotation is complete. We also note that the sidewall roughness in near the neck 

region of section B or at the beginning of section C will result in the TE and TM modes suffering 

different losses, because the TE-like mode is more spread out than the TM-like mode in the neck 

region and also more sensitive to sidewall. The loss induced by the sidewall roughness can be reduced 

by improving the fabrication process [265]. The designed low-loss small-footprint polarization rotator 

was used for the top channel of our SWAP-gate implementation, as shown in Sec. 4.1, and thus works 

effectively as an MC-NOT gate. 

 

 

C.2 Nanofabrication and characterization of the PC-NOT and MC-NOT gates 
The Prior efforts to fabricate an integrated polarization rotator are described in [266-273]. The rotator 

requires two-level fabrication with two-mask alignment. Misalignment of the two masks (or levels) 

creates scattering losses and reduces the TM-to-TE extinction ratio, limiting the performance of the 

resulting MC-NOT gate and ultimately the SWAP gate. To mitigate misalignment, M. Yu and D.-L. 

Kwong developed a mask design that minimizes the ill effects of misalignment in the two-level 

polarization rotator [274]. Even with this improved mask design, a ± 60 nm misalignment will 

decrease the extinction ratio and rotation efficiency.  

To overcome misalignment, we have developed a self-aligned two-level nanofabrication approach 

in order to achieve the TM-to-TE extinction ratio required for the polarization rotator, MC-NOT gate, 

and SWAP gate. Appendix Fig. C4a illustrates the two mask layers implemented in our tapeout. Both 

are dark-field masks with Layer 1 patterned in a hard mask (aluminum) and Layer 7 patterned in a 

photoresist. The respective dimensions of sections A, B and C are illustrated for both Layer 1 and 

Layer 7. Appendix Fig. C4b illustrates the combination of both mask layers which then serves as the 

single mask for the first 220 nm Si reactive ion etch for sections A, B and C. After this etch, the Layer 

7 resist is stripped via a resist developer, leaving the already-patterned hard mask. This hard mask — 

already self-aligned to the first etch — serves as the mask to define the 110 nm etch for sections A and 

B.  
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Appendix Fig. C4. Self-aligned two-level nanofabrication approach. a) Two mask layers 

implemented in the nanofabrication of our silicon chip’s design tapeout. Both are dark-field masks 

with Layer 1 patterned in a hard mask and Layer 7 patterned in a photoresist. b) The combination of 

both mask layers serves as the single mask for the first 220 nm Si reactive ion etch for sections A, B 

and C. This self-aligned two-level fabrication approach guarantees 30 nm layer-to-layer offset without 

alignment error. 

Our self-alignment procedure eliminates the need for alignment between the two Si etch steps, 

where alignment might be difficult to achieve in the second lithography owing to the step-height relief 

of the Si waveguides. The only two-level alignment (Layer 7 to Layer 1) is before the first etch, with a 

relatively flat surface for lithography patterning. It is also easier to inspect and verify the 30 nm lateral 

offset via metrology, before the etch, of this relatively flat surface. To guarantee the 30 nm lateral 

offset between Layer 1 and Layer 7 (as shown in Appendix Fig. C4a), the second lithography resist 

pattern is inspected after lithography and patterning across the whole wafer. If any 30 nm offset across 

the whole 8-inch wafer span deviates by more than ± 60 nm, the resist is stripped, and the second 

lithography step is repeated until a more uniform 30 nm lateral offset is obtained. In this foundry 

cleanroom, our two-level alignment’s accuracy is guaranteed within ± 60 nm bounds across the entire 

wafer.  
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        To test the performance of each logical operation within our SWAP gate, we performed classical 

transmission measurements on the individual PC-NOT and MC-NOT gates separately. The PC-NOT 

gate’s transmission spectrum was measured with a swept C-band tunable laser via a 2 × 2 input-output 

free-space coupling system that selects the PC-NOT gate’s top and bottom channels for its input and 

output. The input light’s polarization is set by a polarizer and a half-wave plate, and the output light is 

measured using a polarizer. The transmission for different input/output polarization and channel 

combinations at different wavelengths is shown in Appendix Fig. C5. We obtained an average 

extinction ratio (for the desired output of the corresponding input) of more than 18 dB between 1520 

nm to 1620 nm, which confirms the good overall performance of the PC-NOT gate. 

 
Appendix Fig. C5. Characterization of the silicon integrated photonics PC-NOT gate. Classical 

transmission measurements between different input-output ports and polarization combinations, along 

with wavelength characterization over 100 nm. Good overall performance of more than 18-dB 

extinction ratio is achieved in the C-band.  

        The MC-NOT gate’s performance was characterized by classical transmission measurements for 

different input polarizations. The swept C-band tunable laser was linearly polarized by an input 

polarizer to excite TE-like and TM-like modes at the input of the silicon waveguide. For both 

polarization characterization measurements, polarized light is input from the same side of the 

waveguide and the output light is measured by adjusting the polarization axis of the output polarizer. 

Appendix Fig. C6 shows the measured extinction ratio of the MC-NOT gate. We obtain an extinction 

ratio of more than 20 dB in the C-band, agreeing well with our numerical simulations for the 

polarization-conversion extinction ratios (shown in Appendix Fig. C6 inset).  This extinction value is 
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mainly limited by the alignments of rotation angles between the collimating fibers and the waveguide. 

These good performance characteristics of the individual PC-NOT and MC-NOT gates bode well for 

the overall SWAP operation that is realized with the PC-NOT, MC-NOT, PC-NOT cascade. 

  
Appendix Fig. C6. Characterization of the silicon integrated photonics MC-NOT gate. Measured 

extinction ratios of the MC-NOT gate obtained by wavelength scanning across a 100-nm spectrum.  

Inset: extinction-ratio modeling the MC-NOT gate across a 100-nm spectrum. 

 

 

C.3 Spectral and broadband characterization of the two-qubit SWAP gate  
Appendix Fig. C7 summarizes the cross-talk characterization of the SWAP gate, with 16 input-output 

states and for wavelengths from 1550 nm to 1560 nm. We characterized the SWAP gate architecture 

with a swept C-band tunable laser. Input polarization states were prepared with bulk optics and fed to 

the SWAP gate chip through a 2-in 2-out free-space fiber coupling system to access the top and bottom 

channels. Thus, the cross-talk of the SWAP gate was characterized for the four-basis states: |𝑇𝑇𝐻𝐻⟩, 

|𝑇𝑇𝑉𝑉⟩, |𝐵𝐵𝐻𝐻⟩ and |𝐵𝐵𝑉𝑉⟩. Consistent performance was achieved from 1550 nm to 1560 nm with extinction 

ratios of more than 12 dB obtained for all four inputs. Spectral variations were observed due to laser 

instability and uneven waveguide coupling misalignment at different wavelengths. The extinction ratio 

of the SWAP gate is mainly bounded by the finite extinction ratios of the PC-NOT and MC-NOT 

gates, and also by the polarization misalignment between the output waveguide mode and the 

projection polarizers. These limits are due to imperfect fabrication and waveguide surface and sidewall 

roughness, resulting in propagation loss and impure optical modes.  Higher extinction ratios can be 

realized by using a better fabrication process [265, 275, 276]. 
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Appendix Fig. C7. Characterization of cross-talk suppression in the SWAP gate, for 16 input-

output state combinations. Measurements were taken from 1550 nm to 1560 nm, covering the 

 |𝑇𝑇⟩, |𝐵𝐵⟩,  |𝐻𝐻⟩, |𝑉𝑉⟩ combinations. At least 12 dB cross-talk suppression was observed across all states, 

and was bounded primarily by the finite polarization extinction ratio in the PC-NOT and MC-NOT 

gates.  

        In Appendix Fig. C8 we illustrate the broader-band 100-nm transmission spectrum of the SWAP 

gate (using another device on the same chip), from 1520 nm to 1620 nm. Good performance can still 

be achieved in the optical telecommunications C-band with more than 12 dB cross-talk suppression. 

The four-basis state cross-talk arises mainly from the finite polarization extinction ratio of the PC-

NOT and MC-NOT gates. The decreased cross-talk suppression at longer wavelengths is attributed to 

the free-space to chip coupling falloff at those wavelengths. The chip’s insertion loss is related to 

fabrication defects and waveguide surface roughness, which affect the coupling and transmission 

losses. The total (input-chip-output) insertion loss can be further reduced to below 6 dB by better 

engineering of the coupler structure. 
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Appendix Fig. C8. Cross-talk characterization between different input-output ports and 

polarization combinations scanning across 100 nm spectrum. Within the optical communications 

C-band (1530 nm to 1565 nm), a cross-talk suppression of more than 12 dB is obtained across the four 

bases in our silicon SWAP gate. 

 

 

C.4 Impact of imbalanced photon loss and cross-polarization suppression on the 

SWAP gate  fidelity  
In order to improve our SWAP gate’s performance in pursuit of near-unity gate fidelity, we 

analyzed the impact on fidelity of imperfect qubit rotation, spatial-mode contamination from cross-

polarization suppression, and unbalanced photon loss. First, we used the simulation results from 

Appendix. C.1 to model the truth tables of our PC-NOT, MC-NOT and SWAP gates.  These are shown 

in Appendix Fig. C9a to C9c, respectively. According to our SWAP gate design parameters, we 

predict average gate fidelities of 98.64% for our PC-NOT gate, 99.27% for our MC-NOT gate and 

98.23% for our SWAP gate. We also plot the gate fidelities as a function of the extinction ratios of the 

PC-NOT and MC-NOT gates in Appendix Fig. C9d and C9e, based on the transformation matrix 

model. We define output states as Output = MPC×MMC×MPC×Input, where MPC and MMC are the 

transformation matrices of the PC-NOT and MC-NOT gates, respectively. The modelled fidelities are 

calculated for various extinction ratios of the PC-NOT and MC-NOT gates. According to the 

characterization of individual PC-NOT and MC-NOT gates in Appendix. C.1 and C.2, we can 
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calculate the modelled fidelities with the measured extinction ratio of each gate. With the measured 

extinction ratio of 19.1 dB for the PC-NOT gate, we obtained a modelled fidelity of 98.79% for the 

SWAP gate operation; with the measured extinction ratio of 22.0 dB for the MC-NOT gate, we 

estimated a SWAP gate fidelity of 99.69%. Both fidelities are calculated while assuming other 

components are perfect at between 1556 nm and 1558 nm. Here, we also plot the fidelities as a 

function of the photon loss of the MC-NOT gate in Appendix Fig. C9f. Taking account of the 

imperfect extinction ratios of each individual C-NOT gate and the unbalanced loss, we estimated a 

gate fidelity of 97.70% assuming 0.2 dB photon loss of the MC-NOT gate, agreeing well with the 

experimental results shown in Sec. 4.3 (97.21 ± 0.14%). We attribute the ~ 0.55% fidelity imperfection 

to the photon loss of the silicon waveguide and the coupling efficiency difference between different 

input and output states. 

 
Appendix Fig. C9. Fidelity modelling for SWAP input-output gate fidelity vs. TE-TM extinction 

ratios of the PC-NOT and MC-NOT gates, and loss of the MC-NOT gate. a) to c) Truth tables 

calculated for the PC-NOT, MC-NOT and SWAP gates, based on the simulation results in 

Supplementary Section II, yields average gate fidelities of 98.64%, 99.27% and 98.23%, respectively. 

d) and e) The modelled fidelities versus the PC-NOT gates’ extinction ratio for various MC-NOT gate 

extinction ratios, and the MC-NOT gate’s extinction ratio for various PC-NOT gate extinction ratios. 

Inset is the zoom-in view near the high-fidelity region. f) Modelled fidelities as functions of photon 
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loss of MC-NOT gate for different extinction ratios of the PC-NOT and MC-NOT gates. Based on our 

device characterization results in Section. II, we calculated average gate fidelity of 97.70% for four-

basis input states, assuming 0.2 dB photon loss from the MC-NOT gate. 

 

 

C.5 Bell-CHSH correlation coefficients from polarization interference 

measurement after the SWAP operation 
In this section, we present the measured Bell-CHSH correlation coefficients for four different input-

output combinations, for the results shown in Sec. 4.5. 

 
Appendix Fig. C10. Measured Bell-CHSH correlation coefficients for four different input-output 

combinations. For |𝑇𝑇𝑀𝑀𝑀𝑀⟩|𝑇𝑇𝑝𝑝𝑝𝑝𝑒𝑒⟩ , we measured 𝑆𝑆𝐶𝐶𝐻𝐻𝑆𝑆𝐻𝐻  is 2.720 ± 0.054; for  |𝑇𝑇𝑀𝑀𝑀𝑀⟩|𝐵𝐵𝑝𝑝𝑝𝑝𝑒𝑒⟩ , 𝑆𝑆𝐶𝐶𝐻𝐻𝑆𝑆𝐻𝐻  is 

measured to be 2.721 ± 0.056; for |𝐵𝐵𝑀𝑀𝑀𝑀⟩|𝑇𝑇𝑝𝑝𝑝𝑝𝑒𝑒⟩ , the measured 𝑆𝑆𝐶𝐶𝐻𝐻𝑆𝑆𝐻𝐻 is 2.716 ± 0.055; for  |𝐵𝐵𝑀𝑀𝑀𝑀⟩|𝐵𝐵𝑝𝑝𝑝𝑝𝑒𝑒⟩, 

𝑆𝑆𝐶𝐶𝐻𝐻𝑆𝑆𝐻𝐻 is measured to be 2.720 ± 0.053. 

According to the measured polarization interference fringes in Sec. 4.5, we calculated both the 

parameters 𝑆𝑆𝐶𝐶𝐻𝐻𝑆𝑆𝐻𝐻 and 𝑆𝑆𝑓𝑓𝑇𝑇𝑀𝑀𝑀𝑀𝑓𝑓𝑒𝑒. The correlation coefficient, 𝐸𝐸(𝜃𝜃1,𝜃𝜃2), for signal and idler polarization 
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projection onto the angle set (𝜃𝜃1, 𝜃𝜃2) is obtained from coincidence-count measurements. Appendix Fig. 

C10 shows the measured Bell-CHSH correlation coefficients for four different input-output 

combinations.  

        According to these correlation coefficients, we calculate the CHSH S-parameter, for the top-

channel input, the mean measured 𝑆𝑆𝐶𝐶𝐻𝐻𝑆𝑆𝐻𝐻 is 2.720 ± 0.055, which violates the CHSH inequality by 

13.09 standard deviations; For the bottom-channel input, the mean measured 𝑆𝑆𝐶𝐶𝐻𝐻𝑆𝑆𝐻𝐻 is calculated to be 

2.718 ± 0.054, which violates the CHSH inequality by 13.30 standard deviations. The measured 𝑆𝑆𝐶𝐶𝐻𝐻𝑆𝑆𝐻𝐻 

and 𝑆𝑆𝑓𝑓𝑇𝑇𝑀𝑀𝑀𝑀𝑓𝑓𝑒𝑒 values are in good agreement, which confirms the high level of mode overlap after the 

SWAP operation of our gate. We also note the small discrepancy between the measured 𝑆𝑆𝐶𝐶𝐻𝐻𝑆𝑆𝐻𝐻 and the 

Tsirelson's bound of 2√2 [277], which results from misalignment of the measurement projectors, flux 

fluctuations of the two-photon source, and chip coupling. 
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