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Abstract 

The changes in hydrostatic pressure and electrical potentials across vessels in the human vascu

lature in the presence of a large static magnetic field are estimated to detennine the feasibility of in vivo 

NMR spectroscopy at fields as high as 10 Tesla. A 10 Tesla magnetic field changes the vascular pressure in 

a model of the human vasculature by less than 0.2 percent An exact solution to the magnetohydrodynamic 

equations describing a conducting fluid flowing transverse to a static magnetic field in a non-conducting, 

straight, circular tube is used. This solution is compared to an approximate solution that assumes no mag

netic fields are induced in the fluid and that has led previous investigators to predict significant biological 

effects from static magnetic fields. Experimental results show the exact solution accurately predicts the 

magnetohydrodynamic slowing of 15 percent NaCl flowing transverse to 2.3 Tesla and 4.7 Tesla magnetic 

fields for fluxes below 0.5 ]/min while the approximate solution predicts a much more retarded flow. 
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Introduction 

Interest in performing in vivo NMR spectroscopy at fields as high as 10 Tesla has raised ques

tions about the effects of large magnetic fields on the human body. This paper is concerned with 

changes in vascular pressure and electrical potentials across vessels at high magnetic fields. As 

early as 1937, Hartman predicted (1) and with Lazarus verified (2) that conducting fluids flowing 

transversely to a magnetic field develop induced currents resulting from the Lorentz force . The 

induced currents interacting with the transverse magnetic field produce body forces on the fluid 

resulting in an increase in pressure gradient in the direction of fluid flow. Hartman solved for the 

pressure gradient in non-conducting, square ducts with flow transverse to a magnetic field, and 

in 1962 Gold published an exact solution for- circular tl,lbes (3). In 1973, Vardanyan obtained an 

approximate solution for conducting liquids flowing in non-conducting, circular tubes with flow 

transverse to a magnetic field by assuming that no magnetic fields are induced in the fluid (4). In 

the first section, these two solutions are presented. In the following sections the exact solution and 

the approximate solution are compared with data obtained by Hartman and Lazarus for mercury 

and with the experimental data for saline. The exact solution predicts an increase in pressure gradi

ent that agrees with the experimental results obtained by Hartman and Lazarus and with the results 

presented here. The approximate solution predicts a much larger increase in pressure gradient than 

observed in the mercury or saline magnetohydrodynamic experiments. This approximate solution 

has led previous authors to predict that 5 Tesla static magnetic fields reduce blood velocity in the 

.. 

aorta up to 10 percent (5, 6). In the final section of this paper, the exact solution is used to estimate ·-

the magnetohydrodynamic increase in vascular pressure and the induced electric potentials across 

vessels. 
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Statement of Problem 

Assume a steady flow in a rigid circular tube. The only nonzero component of the velocity 

vector is the axial component, Vz. The Navier-Stokes equation of motion for a constant pressure 

gradient G in the presence of a transverse magnetic field is 

-:" - 2 G = J.tJ x B + 1] \J v;;, [1] 

where 1] is the viscosity and J.t is the permeability. The J.ti x B term is the Lorentz force resulting 

from the interaction of the current j with the magnetic field B. Using Ampere's law and a double 

cross product vector identity, the Lorentz force may be rewritten as 

[2] 

Using Faraday's law, Ampere's law, Ohm's law, and the transformation properties of electromag-

netic fields, it is straightforward to derive the second equation of motion for the magnetic field in 

a fluid with conductivity O": 

(47rO'J.t) \1 x(vx B)+ \72B = o. [3] 

In both of these equations it is assumed that the velocity and magnetic field are divergenceless. 

The assumption that only Vz is nonzero and the above two equations of motion imply that only the 

axial component of the induced magnetic field B r is nonzero. In cylindrical coordinates ( r, 8, z) 

the magnetic field in the fluid is: 

Be(B) = -B0 sin8, [4] 
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where Bo is the applied magnetic field. 

Since Bz is the only nonzero component of the induced magnetic field, Ampere's law leads 

to the induced current in the fluid: 

. ( 1 )8Bz 
)r = 47rr 88 ' 

. . ( 1 )8Bz 
)6 =- 47r 8r ' 

iz = 0. 

Ohms law yields the induced electric fields E, 

Exact Solution 

Er = (.!. )jr + JJ.VzBo, 
(j 

Eo = (.!. )jo - JJ.VzBr, 
(j 

Ez =0. 

[5] 

[6] 

[7] 

(8] 

[9] 

(10] 

In 1962, Gold published exact solutions for the velocity profile and the induced magnetic 

field for laminar fluid flow in a non-conducting, straight, circular tube transverse to a magnetic 

field. His results are summarized below. In cylindrical coordinates the solution for the velocity 

profile in a tube of radius R is 

GR2 

Vz(r,8) = --
4
-'1/Jt, 
TJO! 

4 
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where 

•1, [ -a{39 ~ I~ (a) l ( /3) (} + a{3cos9 ~ ( 1 )n I~ (a) l ( /3) (}~ 
'1"1 = e f;Q €n In(a) n a . cosn e f;Q - €n In( a) n a cosn J . [12] 

• The solution for the induced magnetic field is 

'··· 

Br,z(r,fJ) = [13] 

where 

and the In are modified Bessel functions, Rm = 41T"O'J-LRis the magnetic Reynold's number, a= ~, 

f3 = fl, eo= 1, and en>O = 2. The solutions are functions of the Hartman number, 

[15] 

a dimensionless parameter characterizing the strength of the magnetohydrodynamic interaction. 

Figures 1 and 2 show plots of the dimensionless velocity profile, tjJ1, for Hartman numbers 0 and 4 

and Figure 3 shows the induced magnetic field for Hartman number 4. The currents predicted by 

this solution follow the contour lines in Figure 3. 

·The maximum electric potential V across the tube is obtained by integrating the radial electric 

field: 

[16] 

where vo is the mean velocity in the tube and S is a dimensionless parameter. S varies from 1.00 to 

0.95 as the Hartman numberincreases from 0 to 10. Eq. [16] is the well established electromagnetic 

flowmeter equation (7). 
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The flux of the fluid is obtained by integrating the velocity profile over the cross-section of 

the tube. The ratio of the fluid flux Q and the pressure gradient along the fluid G is characterized 

by the dimensionless parameter -y: 

The exact solution yields 

A2 G 
'Y = (-)-. 

rpr Q 

H 

'Ye = [I'tl- ~= (-1)nln-t(cr)lntt(cr)(l (a)+ I (a))]. 
Io a L..n=O In(cr) n-1 n+l 

In the· case of Poiseuille flow (no magnetic effect), -y = 8. 

Approximate Solution 

(17) 

(18) 

In 1973, Vardanyan presented an approximate laminar solution for the velocity profile of 

fluid flowing in a non-conducting, straight, circular tube with flow transverse to a magnetic field, 

assuming the magnetic fields induced in the fluid are negligible. The steady state Navier-Stokes 

equation in this approximation is 

[19] 

and the solution for the velocity profile is 

GR ( Io(H{3)) 
Vz(r) =- ryH2J.l2 1- Io(H) . [20] 

Other authors have obtained similar solutions (6). Vardanyan assumed that the induced magnetic 

fields are negligible because the magnetic Reynold's number for blood is small, but this assumption 
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can not be made (8). In a non-conducting tube, the magnetohydrodynamic effect results from 

induced currents flowing in closed loops. By ignoring the induced magnetic fields, Vardanyan 

introduced a non-physical current, 

J = p.u(v x B), [21] 

which flows perpendicular to the direction of fluid flow and perpendicular to the applied magnetic 

field, without a return path. The approximate solution yields 

_ (lflp.2
Io(H)) 

lo.- h(H) . [22] 

Further investigation reveals the inconsistency in this result. It can be shown that if the · 

induced magnetic fields are not ignored, a cylindrically symmetric velocity profile has a nonzero 

force density due to the MHD effects, but that the total force is zero. The induced magnetic field 

must satisfy 

2 [sinB 8vz 8vz] 'iJ Hz = HaRm {3 88 - cosB 
813 

· (23] 

Using a cylindrical Green's function one may solve this equation for the Hz produced by a cylin-

drically symmetric velocity profile, 

Hz-symm(r,B) = HoRmcosBJ(/3) [24] 

where f(/3) is zero at f3 = 1. Substituting Hz-SJJmm into the MHD force density and integrating 

over the cross section of the tube results in a zero total fviHD retarding force. This result predicts 

that a cylindrically symmetric flow profile will experience no magnetohydrodynamic slowing, con-

tradicting the prediction of Eq. [22]. 
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Comparison with Data of Hartman and Lazarus 

The classic experimental data for magnetohydrodynamic fluid flow in circular tubes was ob

tained by Hartman and Lazarus with mercury in 1937 (2). The exact and approximate solutions . 
are compared in Fig. 4, where the parameters {e, {a. and the Hartman and Lazarus data are plotted. 

Both {e and {a approach the value expected for Poiseuille flow as the Hartman number goes to 

zero. It is apparent from Fig. 4 that 'Ya rapidly diverges from 'Ye and the mercury data. Gold shows 

that his solution is valid up to Hartman numbers around twenty, at which point the series in 'Ye 

ceases to converge. 

Experiments 

Experiments to verify that the exact solution predicts the magnetohydrodynamic behavior of 

ionic fluids in magnetic fields in the range used for NMR were performed with 15 percent saline 

flowing in a 22m length of0.013 m I.D. flexible PVC tubing under constant pressure heads ranging 

from 0.002 to 0.08 m (Fig. 5). The density, viscosity, and conductivity of the saline were taken 

to be p = 1106.51 kg/m3, 1J = 1.354 cp, and f7 = 17.1 s/m respectively. The tubing had a 4.5 

m straight section and a 17.5 meter section coiled into 30 loops each with a radius of curvature 

of 0.09 m. The pressure heads give rise to flows with Reynold's number, Re = 2{YVR/ry, ranging 

from 250 to 950. Since flows with Reynold's numbers below 2000 are in the laminar range, it is 

appropriate to assume the fluid flow in this experiment is laminar. 
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Two magnets were used: a 2.35 Tesla superconducting magnet with 30 centimeter bore and a 

4.70 Tesla superconducting magnet with 25 centimeter bore (with gradient and shim sets installed). 

The magnetic field applied to the fluid in the tube was changed from <0.01 to 2.35 or 4.70 Tesla by 

placing the coil of tubing 2 m away from the superconducting magnet and then placing the coil in 

the bore of the superconducting magnet. With the coil in the magnet, the fluid in the coiled tubing 

flowed transverse to the magnetic field and the fluid in the straight tubing flowed parallel to the 

magnetic field. Fluid flow parallel to the direction of the magnetic field does not produce an MHD 

effect. The Hartman numbers are 1.7 and 3.4 at 2.35 and 4.7 Tesla, respectively. 

Outflow was collected in a graduated cylinder for periods of 2 to 10 minutes. Fluxes were 

calculated by dividing the volume collected by the sampling time. For each pressure head, the 

flux was measured repeatedly with a standard deviation of less than one percent, and the pressure 

heads were measured with an accuracy of one millimeter. Using the 2.35 Tesla magnet, the flow 

was reduced by less than one percent The observed flow reductions using the 4. 7 Tesla magnet 

are shown in Fig. 6. 

The hydrodynamic equation of motion of the experimental apparatus needed to interpret the 

data is 

[25] 

where: 8P entrance is the pressure drop on entering the tube, 

[26] 
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Gpois is the Poiseuille pressure gradient and Lpois is the length of the straight tube, 

(
8777r) Gpois = A2 Q; [27] 

and G curve is the pressure gradient in the helical coil and Lcurve is the length of the curved tube, 

(
87]7r) 1 

Gcurve = A2 Q [ .45]2:222• 
1 - 1 - e·3~t¥) 

[28] 

Rc is the radius of curvature of the helix, h is the pressure head height, and A is the cross-sectional 

area of the tube. The entrance pressure drop and the curved pressure gradient are empirical relations 

(9). The theoretical predictions for hydrodynamic flow in the experimental apparatus are plotted 

in Fig. 6. 

No solution for MHD flow in curved tubes currently exists. An approximate relation between 

flux and pressure head for the MHD case may be obtained by including the pressure drop due to 

MHD effects in a straight tube in the hydrodynamic equation: 

pQ2 
pgh-

2
A2 = 8Pentrance + Gpois [Lpoi., + ('Ye- 1)Lcurve] + GcurveLcurve· (29] 

This relation is plotted in Fig. 6. The predicted flow agrees well with the data at low fluxes, but it 

begins to diverge for flows larger than 0.3 Vmin. This is attributed to secondary flows (10) which 

are expected to be similar to the induced currents produced in the MHD effect. These secondary 

flows may disturb the MHD induced currents and reduce the MHD effect in curved tubes. Fig. 6 

also shows that the predictions based on the approximate solution do not agree with the experi

mental results. 
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Discussion and Conclusion 

The exact solution can be used to predict an upper bound for the magnetohydrodynamic vas

cular pressure of a human in a 10 Tesla magnetic field. The predicted change between the total 

hydrodynamic vascular pressure and the total magnetohydrodynamic vascular pressure is less than 

0.2 percent. The relative MHD pressure increase is independent of the velocity of the fluid, thus the 

fractional pressure increase is the same during systole and diastole. The theory of magnetohydro

dynamic flow discussed above assumes steady laminar flow in a non-conducting tube. Large and 

small vascular conduits in the human body are generally laminar (11). In addition, the presence of 

a magnetic field tends to suppress turbulence and encourage laminar flow so that any parts of the 

circulation near turbulence are expected to move towards the laminar flow range. Vascular tissue 

is nearly six orders of magnitude more resistive than blood, thus it is a good approximation to treat 

the vascular conduits as non-conducting. Estimates of the upper bound on MHD pressure change 

in a typical human vasculature predicted by the exact solution are shown in Table 1, assuming a 10 

Teslamagnetic field. The properties of the vasculature were obtained from tabulated data (12, 13). 

The hydrodynamic pressure drop through each section of the vascular system is calculated using 

Eq. [17] and {p = 8. The magnetohydrodynamic pressure drop is calculated using Eq. [17] and 

Eq. [18]. 

This estimate of the pressure increase is expected to be an upper bound because the estimate 

assumes that the magnetic field is everywhere perpendicular to the flow, that all of the conduits 

are straight, and that all of the flow is fully developed. Aow parallel to the magnetic field does 

not experience an increase in pressure. The predicted pressure increase in straight tubes is larger 
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than the pressure increase observed in curved tubes. Flow in the aorta evolves from a cylindrically 

symmetric velocity profile which experiences no net retarding force into the asymmetric MHD 

velocity profile which experiences a net retarding force. The estimate ignores this evolution in the 

retarding force. This last point is particularly critical since it is in the aorta where the pressure 

change is most significant. 

Calculations using Eq. [16] predict that at a peak flow of 10 Vmin a 10 Tesla magnetic field 

will induce< 100 mV MHD potentials across the aorta. The MHD induced potentials are large 

enough to be observed at the surface of the body and are comparable with the potentials associated 

with the ECG. An increase in the amplitude of the T- wave in the presence of a static magnetic 

field has been observed (14). The current density associated with these potentials is predicted to 

be·< 0.5 mA/cm2 in the aorta. The effects of this current density on blood as well as the effect of 

the MHD electric fields upon surrounding tissue remains to be determined. 

In summary, an exact solution for flow in a non-conducting, circular, straight tube has been 

applied to predict changes in pressure and electrical potential in the vasculature due to static mag

netic fields. This solution was experimentally verified for flows of saline in fields of 2.35 and 4. 7 

Tesla. An approximate solution was demonstrated to produce incorrect results. Calculations based 

on the exact solution predict that a 10 Tesla magnetic field will have an insignificant effect on vas

cular pressure and will produce electrical potentials and current densities that are observable and 

whose biological significance remains to be determined. 
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Variables 

H = uppercase h 

a = lower case greek symbol alpha 
" 

v = lowercase vee 

Vo -· lowercase vee sub lowercase oh 

Q = uppercase q 

G = uppercase g 

B = uppercase. b 

BI = uppercase b sub uppercase i 

Bo = uppercase b sub lowercase oh 

E = uppercase~ 

7] = lowercase greek symbol eta 

(f = lowercase greek symbol sigma 

{3 = lowercase greek symbol beta 

p = lowercase greek symbol rho 

1r = lowercase greek symbol pi 

, = lowercase greek symbol gamma 

Ia = lowercase greek symbol gamma sub lowercase A 

le = lowercase greek symbol gamma sub lowercase E 

8Pentrance = lowercase greek delta symbol uppercase p sub entrance 

.i 
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Variables - continued 

R = uppercase r 

A = uppercase a 

Rc = uppercase R sub lowercase C 

h = lowercaseH 

r = lowercase R 

z = lowercase Z 

(} = lowercase greek symbol theta 

In = uppercase i sub lowercase N 

€n = lowercase greek symbol epsilon sub lowercase N 

Re = uppercase r sub lowercase E 

Rm = uppercase r sub lowercase M 

J = lowercase J 

JJ = lowercase greek symbol mu 

n = lowercase N 

1/J = lowercase greek symbol psi 

v = uppercase v 

s = uppercases 

Gpois = uppercase g sub pois 

Lpois = uppercase L sub pois 

Gcurve = uppercase g sub curve 
\.· 

Lcurve = uppercase L sub curve 
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Figure Captions 

Figure 1 Dimensionless plot of the velocity profile forH = 0. Eq. [12] is plotted by equally 

spaced contour lines ranging from 0.00 at the perimeter to -1.00 at the center of the 

plot. 

Figure 2 Dimensionless plot of the velocity profile for H = 4. Eq. [12] is plotted by equally 

spaced contour lines ranging from 0.00 at the perimeter to -0.70 at the center of the 

plot. 

Figure 3 Dimensionless plot of the induced magnetic field forH = 4. Eq. [14] is plotted by 

equally spaced contour lines ranging from 0 at the perimeter to -0.12 at the center of 

each lobe. 

Figure 4 Theoretical predictions for "Y = ~ ~ as a function of the Hartman number com

pared with the mercury data of Hartman and Lazarus. The solid line is the exact so

lution, the dotted line is the approximate solution, the dashed line is Poiseuille flow, 

and the circles are the Hartman and Lazarus data. 

Figure 5 Diagram of the experimental apparatus for measuring decrease in flow in the pres

ence of a magnetic field. 

Figure 6 The flux of 15 percent NaCl versus pressure head height. The dotted line is the 

theoretical flow with no magnetic field, the solid line is the theoretical flow in a 4. 7 

Tesla magnetic field using the exact solution, the dashed line is the theoretical flow 

in a 4. 7 Tesla magnetic field using the approximate solution. The asterisks are the 

experimental data in no magnetic field and the solid dots are the experimental data in 
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a 4. 7 Tesla magnetic field. The error bars are smaller than the dots used to plot the 

points. 

Table Captions 

Table 1 This table shows the maximum vascular pressure increase resulting from the MHD 

effect. R, L, and N are the radius, length, and number of the conduits. H is the Hartman 

number. ~HOP is the hydrostatic pressure drop and ~MHDP is the magnetohydro

dynamic pressure drop through the conduit. The viscosity of blood is assumed to be 

4.5 cp and the conductivity is assumed to be 0.6 s/m. 
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Figure 1 
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Figure 2 

20 



B-field 

Figure 3 
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Part of Vasculature R(cm) H Ji 
"Y'P 

L(cm) N ~ HDP(torr) ~MHDP(torr) 

Aorta 1.30 1.50 1.05 40 1 0.28 0.30 

Large Arteries 0.20 0.23 1.00 20 20 12.10 12.12 

Main Arteries 0.07 0.08 1.00 10 260 36.04 36.04 

Secondary Arteries 0.06 0.06 1.00 0.4 800 1.06 1.06 

Large Veins 0.14 0.16 1.00 10 600 0.80 0.80 

Main Veins 0.35 0.40 1.00 20 40 0.66 0.66 '. :~~ 

Vena Cava 1.50 1.73 1.06 45 1 0.18 0.18 

Table 1 
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