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Abstract of the Dissertation 

 

Fracture Mechanics of Polymers and Polymer Composites 

 

by 

Zhaoqiang Song 

 

Doctor of Philosophy in Engineering Sciences (Mechanical Engineering) 

University of California San Diego, 2021 

Professor Shengqiang Cai, Chair 

 

Vitrimers have recently emerged as a class of polymers combining great processability, 

self-healing capability and high-temperature mechanical properties. Most of those salient features 

of vitrimers originate from the existence of dynamic covalent bonds in the polymer network. 

Although intensive research has been conducted for understanding the constitutive properties of 

these new materials, their fracture behaviors have been largely unexplored. Moreover, improving 

the creep resistance and fracture toughness of vitrimers are critical for the commercial applications, 

which need to be addressed.  
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In this dissertation, we first experimentally show that, if the network with only regular 

covalent bonds and the network with dynamic covalent bonds are immiscible with each other, 

hybrid network can be synthesized with a low molar ratio of dynamic covalent bonds (less than 20 

mol%), which still maintains its reprocessing and self-healing capabilities. Our discoveries will 

enable much greater tunability of the thermo-mechanical properties of vitrimers such as stress 

relaxation, creep resistance and fracture toughness, which can be important in many of their 

applications. Additionally, we investigate the rate-dependent fracture of vitrimers, and we, for the 

first time, obtain the intrinsic fracture energy and bulk dissipation of vitrimers during crack 

extension. Then, we find that the transient nature of a vitrimer network yields peculiar fracture 

characteristics that cannot be understood from existing fracture theories. Crack propagation is a 

non-equilibrium process whose velocity depends on the interplay between external load, bond 

dynamics and network damage. To explain the transient life of a crack in the vitrimer, we extend 

the linear elastic fracture theory to a dynamic model that predicts the time-dependent evolution of 

a crack during loading. Finally, we propose that a combination of crack tilting and crack bridging 

determines the effective fracture toughness of the fiber-reinforced composite with the plywood 

structure. Based on our quantitative analysis, it is found that the effective fracture toughness of the 

composite can be maximized for a certain pitch angle of the oscillated/twisted plywood structure, 

which agrees well with experiments.
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Chapter 1   Introduction 

 

1.1 Background 

 While thermoplastics exhibit high commercial values for distinct advantages of 

processability and recyclability over thermosets, other applications such as coatings, implanted 

materials, additive manufacturing, and adhesives require covalently crosslinked networks, i.e., 

thermosets because of increased stiffness, on demand formation, and permanent network 

architecture that leads to chemical and solvent resistance, creep resistance, and thermal stability 

[1]. Despite of its benefits, the permanent network also prevents more pervasive use of thermosets 

because of the intractable product which prevents self-healing, recycling, reprocessing, and 

postpolymerization manipulation. Therefore, there is a gap between the promising advantages of 

thermosets and the processability of thermoplastics. Recently, a new class of polymers called 

“vitrimers” which are composed of covalent adaptable networks (CANs) bridge this gap while 

enabling new features such as wider control over the stimuli-responsive dynamic properties [2-4]. 

The mechanical properties, especially the fracture property, can be the essentials for the application 

of the vitrimers [5, 6]. 

Vitrimers behaves like viscoelastic fluid if the bond exchanging reactions are activated. 

From a theoretical aspect, the key to predict the fracture of viscoelastic fluid lies in an accurate 
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calculation of the energy release rate 𝐺 , defined as the decrease of total potential energy per 

increase in fracture surface area. The onset of crack propagation is set when 𝐺 is greater than a 

critical value defined as the intrinsic fracture toughness 𝐺!. Due to the thermally activated nature 

of bond dynamics, 𝐺  dependents on both the rate of external load and the rate of crack 

propagation [7]. Previous theoretical efforts on the viscoelastic fracture, including the initial work 

of Williams [8], Knauss [9, 10] and Schapery [11, 12] and more recently de Gennes [13], Hui [14] 

Persson [15] and Nguyen [16], have mostly focused on the mode I steady-state fracture. At the 

steady state, 𝐺 becomes a constant and has been successfully calculated by extracting the bulk 

viscous dissipation from external work. While these theories have been successful for linear 

viscoelastic materials (i.e., the relaxation rate does not depend on the load), their accuracy may 

fall short for transient networks, where several systems have shown a strong non-linear 

viscoelasticity (including the vitrimer). In this situation, the steady propagation is difficult to obtain 

since 𝐺 becomes nonconstant during propagation. Since a non-linear viscoelastic material model 

is not available until the very recent work of Guo et al., [17], a generally valid measurement 

technique accompanied with calculation for the rate-dependent energy release rate of transient 

networks is not yet available.  

The limitation of most polymers (including vitrimers) for the applications on the 

engineering structures is the low stiffness, strength and toughness, compared with the metals and 

alloys. Thanks to the unique microstructures, a lot of structural biomaterials have extraordinary 
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mechanical properties, i.e., a combination of the high strength and toughness. For example, the 

oysters and abalones develop a hard shell to protect themselves from their predators. Nacreous 

materials in such hard shell achieve outstanding mechanical properties [18, 19], including high 

stiffness, strength and toughness by the regular arrangement of their microstructures called ‘brick-

and-mortar’ structure [20-23]. Mantis shrimps as predators use their dactyl clubs as weapons to 

break the shell of oysters and abalones in a high-speed impact [24]. The dactyl clubs should have 

excellent mechanical properties [25, 26] in order to smash the hard shells of the prey. The high 

fracture toughness of dactyl clubs is attributed to the unique microstructure, called Bouligand 

structure [25, 27-30].  

1.2 Vitrimer overview 

Vitrimer network with dynamic covalent bonds has emerged, which combines the 

advantages of both thermoplastics and thermosets. It has been shown that vitrimer exhibits 

excellent high-temperature properties, solvent resistance, processability, self-healing capability 

and recyclability [31, 32]. Different from regular covalent bonds, dynamic covalent bonds possess 

dormant ability to be activated by one or more forms of stimuli. Upon application of a stimulus, 

the covalent adaptable network (CAN) responds by transforming to a state of temporal plasticity. 

Vitrimers are widely studied as reversible CANs. They are a class of thermally activated 

associative CANs that exhibit Arrhenius-like dependence on viscosity and are characterized by a 

specific, chemistry-dependent, “topology freezing temperature” (𝑇"). Vitrimers have steady state 
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chemical composition and network connection, i.e., crosslink density. Upon the thermal stimulus, 

vitrimers exhibit the solid-to-fluid transition. The stimuli-responsive solid-to-fluid transition of 

vitrimers provide the opportunity for additive manufacturing. The understanding of fracture of 

vitrimers is important for such applications. The additive manufacturing of vitrimers is highly 

dependent on their fracture properties, for instant, the limitations of printing speeds and 

temperatures of vitrimers without fracturing the printed fibrils rely on the fracture behavior of 

vitrimers. However, the understanding of the fracture of vitrimers is still lacking. 

1.3 Dissertation structure 

The main objective of my dissertation is to understand fracture behaviors of vitrimers and 

the biological polymer composites. To achieve this goal, we synthesis the vitrimers and vitirmer 

composites, and characterize their mechanical properties. For biological polymer composites, we 

propose the hybrid toughening mechanisms to explain their strong and tough performances. This 

dissertation is organized as follows: 

Chapter 1 introduces the background of the fracture of viscoelastic polymers and 

composites, and the overview of vitrimer. Chapter 2 describes the synthesis and characterizations 

of vitrimers with the hybrid networks. The vitrimers with the hybrid networks can be synthesized 

with a low molar ratio of dynamic covalent bonds (less than 20 mol%), which still maintains its 

reprocessing and self-healing capabilities. In Chapter 3, we investigate the rate-dependent fracture 

of vitrimers, and we, for the first time, obtain the intrinsic fracture energy and bulk dissipation of 
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vitrimers during crack extension. In Chapter 4, we find that the transient nature of a vitrimer 

network yields peculiar fracture characteristics that cannot be understood from existing fracture 

theories. Crack propagation is a non-equilibrium process whose velocity depends on the interplay 

between external load, bond dynamics and network damage. To explain the transient life of a crack 

in the vitrimer, we extend the linear elastic fracture theory to a dynamic model that predicts the 

time-dependent evolution of a crack during loading. In Chapter 5, we propose that a combination 

of crack tilting and crack bridging determines the effective fracture toughness of the fiber-

reinforced composite with the plywood structure. Based on our quantitative analysis, it is found 

that the effective fracture toughness of the composite can be maximized for a certain pitch angle 

of the oscillated/twisted plywood structure, which agrees well with experiments. In Chapter 6, we 

summary the dissertation and provide outlooks for the future works. 
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Chapter 2   Mechanics of Vitrimer with Hybrid Networks. 
 

2.1 Introduction 

Compared to thermoplastic polymers, thermosets have better performance at high 

temperature and higher resistance to solvent penetration; however, thermosets are much less 

processable and most of them are not recyclable [33]. Recently, vitrimer network with dynamic 

covalent bonds has emerged, which combines the advantages of both thermoplastics and 

thermosets. It has been shown that vitrimer exhibits excellent high-temperature properties, solvent 

resistance, processability, self-healing capability and recyclability [32, 34].  

Different from regular covalent bonds, dynamic covalent bonds can undergo bond 

exchanging reaction in certain conditions. Dynamic exchanging reactions are often realized 

through either associative mechanism or dissociative mechanism [2, 3, 35-37]. A crosslinked 

polymer network with dissociative dynamic covalent bonds shows an abrupt degradation of its 

mechanical properties when reaction is activated, whereas a polymer network with associative 

dynamic covalent bonds, also named as vitrimers, can maintain its crosslinking density unchanged 

during the exchanging reaction [38]. Consequently, most mechanical and chemical properties of 

vitrimers degrade slowly with the increase of temperature, and they can be easily reshaped and 

recycled at elevated temperature through dynamic exchanging reactions, similar to most 

thermoplastics. Examples of the dynamic exchanging reactions include transesterification [31, 38], 
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imine exchange [39], transcarbamoylation [40, 41], and silyl-ether exchange reaction [42], which 

have all been introduced into synthesizing vitrimer networks.  

Mechanical properties of vitrimers highly depend on the type of dynamic covalent bonds. 

The viscoelastic properties of vitrimers or so called transient network polymers have been 

intensively studied in recent years [43-46]. Quite a few of rheological models [46-50] have also 

been proposed to predict the viscoelastic behaviors of these materials.  

To further tailor the mechanical properties, polymers with hybrid networks of dynamic and 

regular covalent bonds have been synthesized [51-54]. It has been shown that the presence of 

monomers only with regular covalent bonds in vitrimers increases their resistance to creep [53, 

54]. However, in order to maintain the great reprocessability of vitrimers with hybrid networks, 

the molar concentration of dynamic covalent bonds has to be high enough [53]. 

In previous experiments, the monomers only containing regular covalent bonds and the 

monomers with dynamic covalent bonds are often miscible with each other and the two types of 

monomers are mixed homogenously in a crosslinked polymer network [53, 54]. Based on Flory-

Stockmayer theory [55, 56], it can be estimated that to maintain the reprocessability of the polymer 

network, the molar ratio between the monomers containing dynamic covalent bonds and the 

monomers with only regular covalent bonds has to satisfy the following inequality:  

 ,                                (2.1) 1
1 1
k
k f

<
+ -
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where k is the molar ratio of bifunctional monomers with only regular covalent bonds to the 

bifunctional monomers with dynamic covalent bonds, and f is the functionality of crosslinkers. For 

instance, if we use tetrafunctional crosslinkers (f=4), vitrimers with hybrid networks would be fully 

reprocessable if the bifunctional monomers with dynamic covalent bonds is higher than 66.7 mol%. 

The above theoretical prediction has shown to be consistent with experiments [53].  

In the current study, we mix two immiscible monomers with crosslinkers to synthesize a 

hybrid polymer network. One of the monomers contains dynamic covalent bonds while the other 

is only composed of regular covalent bonds as shown in Figure 2.1. We find that with as little as 

less than 20 mol% of monomers with dynamic covalent bonds, the hybrid polymer network 

behaves like a vitrimer. The hybrid polymer network can be easily reprocessed and self-healed, 

and its temperature-dependent rheological properties are Arrhenius-like. The minimal 

concentration of monomers with dynamic covalent bonds (less than 20 mol%) is significantly less 

than the value predicted by Flory-Stockmayer theory as shown in Eq. (2.1) (67 mol%). To explain 

the experiment results, we hypothesize that, due to the high contrast of the viscosity of the two 

monomers in liquid state during the mixing, after polymerization, the polymer chains containing 

dynamic covalent bonds form continuous phases in the network even when their concentration is 

less than 20 mol%. Based on the hypothesis, we further develop a theoretical model to predict 

stress relaxation and creep of the vitrimers with hybrid networks at different temperatures and with 

different molar ratios between the two monomers. Without a single fitting parameter, the 
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theoretical predictions agree well with experimental measurements. We further show that the 

fracture toughness of the polymer network reaches a maximum for a certain molar ratio of the two 

monomers. 

2.2 Results and discussion 

2.2.1 Synthesis of vitrimer with hybrid networks 

EPS25 (epoxy equivalent = 777 g/equiv) was kindly provided by Akzo Nobel Chemicals; 

DER732 (Dow Chemicals, epoxy equivalent = 303 g/equiv, Sigma Aldrich), pentaerythritol 

tetrakis(3-mercaptopropionate) (PETMP, Sigma Aldrich), 4-(dimethylamino)pyridine (DMAP, 

Sigma Aldrich), and Dithiothreitol (DTT, Sigma Aldrich) were used as received. 

We synthesized hybrid network with two monomers, EPS25 and DER732, by following 

the previous work [57]. For the synthesis of vitrimer containing 20 mol% of EPS25 (the molar 

ratio of EPS25 in the DER732 and EPS25 mixture), we added 8 mmol DER732 and 5 mmol 

PETMP into 2 mmol EPS25, and manually stirred the mixture until homogeneous. Then, we added 

1 wt% of DMAP as catalyst into the mixture. We stirred the mixture for 10 more minutes and 

degassed under vacuum. After that, we poured the mixture into a glass mold and heated at 60℃ 

for 2 hours. Finally, we obtained the vitrimer with hybrid networks. The epoxy group in EPS25 

and DER732 shown in Figure 2.1a reacted with the thiol group in PETMP under the catalyst 

DMAP, as shown in Figure 2.1b. This thiol-epoxy reaction is often categorized as a click reaction 

[58]. After polymerization, the hybrid network was formed as shown in Figure 2.1c. We 
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synthesized the samples with molar concentrations of 0 mol%, 5 mol%, 10 mol%, 50 mol% and 

100 mol% of EPS25 through the same procedure described above. We calculated the volumetric 

fraction of EPS25 for each sample based on its molar ratio and the density of EPS25 (1.2 g/cm3) 

and that of DER732 (1.06 g/cm3). 

 
Figure 2.1: Chemical component and synthesis of vitrimer with hybrid networks. a Chemical 
structure of the two monomers used in the study: EPS25 and DER732, and the crosslinker: 
tetrathiol. EPS25 contains disulfide bonds which are dynamic covalent bonds while DER732 only 
has regular covalent bonds. b Thiol-epoxy reaction for crosslinking (with DMAP (4-
Dimethylaminopyridine) as the catalyst). c Schematic of the polymer network with mixed 
monomers. 

2.2.2 Dissolution of vitrimers with hybrid networks 

We selected vitrimers containing 20 mol% of EPS25 and vitrimers containing 5 mol% of 

EPS25 to conduct dissolution tests. We immersed the samples (typically, with an initial mass, 20 
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mg) in methylene chloride (typically, 2 mL) at room temperature. After 24 hours, we rinsed the 

samples with methylene chloride three times. We put the samples into oven at 60℃ for 6 hours, 

and weighted them. 

We also immersed the samples in 0.1M DTT solution with the solvent of methylene 

chloride at room temperature. After 24 hours, if the sample was not completely dissolved, we 

immersed the sample in methylene chloride for 5 mins and then rinsed it with methylene chloride 

for three times. We finally dried and weighted the sample if it still existed. 

2.2.3 Mechanical characterization 

We prepared the samples of the vitrimer with hybrid networks with different molar ratios 

of EPS25 (molar ratios of EPS25 in the DER732 and EPS25 mixture): 0 mol%, 5 mol%, 10 mol%, 

20 mol%, 30 mol%, 50 mol% and 100 mol%. We conducted the stress relaxation and creep 

experiments using the dynamic mechanical analysis equipment RSA-G2 (TA instruments, New 

Castle). In the stress relaxation experiments, we applied a constant strain of 2% for pure DER732 

samples and 5% for all other samples and measured the stress as a function of time. In the creep 

experiments, we applied a constant stress of 500 Pa onto all samples and measured the strain as a 

function of time. We performed each test three times. 

We characterized the self-healing abilities of the vitrimers by measuring the strengths of 

the samples after self-healing. In the experiment, we introduced a precut into a sample by using a 

sharp blazer and then put the sample into an oven at 60℃ for different periods of time. The self-
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healing time for 20 mol% EPS25 samples in the oven was set to be 1 hour, 3 hours, 6 hours, and 

12 hours, and the time for 5 mol% EPS25 samples in the oven was 15 hours, 24 hours and 48 

hours. We conducted the tensile tests of both pristine and self-healed specimens at nominal strain 

rate of 0.005/s at room temperature (23.5℃) by using Instron 5965 (Instron, Norwood). 

To test the reprocessing capabilities of the hybrid network, we cut the sample into small 

pieces of submillimeter size. We then used heat press machine (Carver, Wabash) to compress the 

vitrimer pieces into a thin film. We conducted heat press experiment with 5 tons compression force 

(about 2 MPa pressure) at 70℃ for 4 hours. We measured the stress-strain curve of reprocessed 

sample at nominal strain rate of 0.005/s at room temperature by using Instron 5965 and compared 

it with the stress-strain curve of pristine sample.  

We measured the fracture toughness of the samples at room temperature through pure shear 

test by using Instron 5965. We first cut the samples to a rectangular shape with the dimension 50 

mm X 10 mm X 2 mm. We introduced a pre-crack into some of the samples with the length of 15 

mm by using a sharp blazer. We glued the samples onto two rigid acrylate plates which were then 

clamped by the tensile grips of the machine. We set the nominal strain rate be 0.01/s. The stress-

stretch curve of samples with and without pre-cracks were recorded. We also recorded the fracture 

process by using a digital camera (Cannon EOS 80D).  
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2.2.4 Stress relaxation and creep of the vitrimer with hybrid networks 

Figure 2.2a shows the stress relaxation of the vitrimer with only EPS25 at several different 

temperatures (20℃, 40℃, 60℃ and 80℃). The stress relaxation of the vitrimer  can be 

described by the simple form:  

,                          (2.2) 

where  is the instantly applied stress and  is the characteristic relaxation time. We further 

found that the dependence of the relaxation time on the temperature closely follows the Arrhenius 

law as 

,                       (2.3) 

which is shown in Figure 2.2(b). The universal gas constant R in Eq. (2.3) is 8.314 J/(K∙mol); the 

pre-exponential factor is  (according to collision theory,  is the frequency 

of collisions in correct orientation) [44]; and the activation energy is . It is 

noted that activation energy is comparable to the bond energy of disulfide bond (~51 kJ/mol) [59, 

60], which is consistent with pervious experiments on vitrimer [61, 62]. The stress relaxation of 

EPS25 given by Eq. (2.2) indicates that its rheological behavior can be described by a simple 

Maxwell model for viscoelasticity [44].  
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Figure 2.2: Stress relaxation of EPS25 vitrimer. a Stress relaxation of crosslinked EPS25 at 
different temperatures. b The dependence of the relaxation time on temperature. 

As a comparison, for the same temperature range, DER732 network shows purely elastic 

response and little stress relaxation can be observed when the applied strain is fixed as a constant 

as shown in Figure 2.3. 
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Figure 2.3: Stress relaxation of DER732 elastomer. 

Figure 2.4 shows the stress relaxation of the vitrimer network with different molar ratios 

of EPS25 at different temperatures. For the vitrimers with 20 mol% EPS25, 30 mol% EPS25 and 

50 mol% EPS25, the external stress finally relaxed to zero after certain periods of time. However, 

for the vitrimers with 5 mol% EPS25 and 10 mol% EPS25, their stress cannot relax to zero even 

after very long time. The stress relaxation of vitrimers with hybrid networks can be well fitted to 

a stretched exponential decay [63, 64]: 

,                (2.4) 

where  is the normalized stress at time t,  is a characteristic time,  ( ) 

determines the shape of the stretched exponential decay and reflects the breadth of the relaxation 

time distribution, with  indicating a single relaxation time, and  is the stress in the 
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polymer when time approaches infinite. The vitrimers with more than 20 mol% EPS25 can fully 

relax the stress to zero after long enough time, which we refer as fluid-like behavior. For the 

vitrimers with 5 mol% EPS25 and 10 mol% EPS25, its stress cannot relax to zero even after long 

time, which we refer as solid-like behavior. Such definitions of solid-like and liquid-like behavior 

are consistent with most of previous works [65]. The characteristic relaxation time of a stretched 

exponential decay is defined as  [53], where  is gamma function. The fitting 

parameters for the measured stress relaxation curves in Figure 2.4 are summarized in Table 2.1. 

We can further calculate relaxation time of the vitrimers with 20 mol% EPS25, 30 mol% EPS25 

and 50 mol% EPS25, , by fitting the stress relaxation curve at different temperatures using Eq. 

(2.4), as shown in Figure 2.5. The dependence of relaxation time  on the temperature also 

follows Arrhenius law with the same activation energy  of pure EPS25 in Eq. (2.2). 

In addition, fast stress relaxation can be found in the vitrimer with a high molar fraction of 

the EPS25 as shown in Figure 2.4. For example, the relaxation time of the vitrimer with 50 mol% 

EPS25 is about 4.1 s at 80℃, while the relaxation time of the vitrimer with 5 mol% EPS25 is about 

103 s at 80℃ as shown in Figure 2.4a and Table 2.1. For a fixed temperature, the vitrimers with 

the low molar concentration of EPS25 (e.g. 5 mol% EPS25) always have a longer relaxation time. 
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Figure 2.4: The stress relaxation of the vitrimer with different molar ratios of the two 
monomers (0 mol% EPS25, 5 mol% EPS25, 10 mol% EPS25, 20 mol% EPS25, 30 mol% 
EPS25, 50 mol% EPS25 and 100 mol% EPS25) at different temperatures. a 80℃, b 60℃, c 
40℃ and d 20℃. When the molar ratio of EPS25 is higher than 20%, the stress in the polymer 
can relax to zero in a finite time, behaving like fluid. When the molar ratio of EPS25 is 0 mol%, 5 
mol% and 10 mol%, the stress in the polymer cannot relax to zero even after long time, behaving 
like a solid.  
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Table 2.1: Parameters for fitting the measured stress relaxation curves (Figure 2.4) to the 
stretched exponential decay in Eq. (2.4). 

Percentage of 
EPS25 
(mol%) 

  (s)   (s) Adjusted  

T=80℃ 
5 0.2474 80.94 0.6930 103.3 0.997 
10 0.0694 62.29 0.6323 87.83 0.994 
20 0.0144 5.203 0.8289 5.753 0.999 
30 0.0048 4.194 0.8686 4.503 0.999 
50 0.0020 3.949 0.9276 4.089 0.999 

T=60℃ 
5 0.2831 119.1 0.6432 164.7 0.996 
10 0.0733 114.1 0.7033 143.8 0.996 
20 0.01675 11.56 0.7271 14.13 0.998 
30 0.0097 11.49 0.8124 12.88 0.999 
50 0.0081 7.198 0.8423 7.876 0.999 

T=40℃ 
5 0.2919 342.6 0.5895 527.7 0.994 
10 0.1410 296.4 0.7670 346.6 0.999 
20 0.0185 44.35 0.8098 49.82 0.999 
30 0.0082 18.04 0.7939 20.55 0.999 
50 0.0022 16.15 0.8328 17.81 0.999 

T=20℃ 
5 0.2316 2206 0.6967 2805 0.999 
10 0.0584 1369 0.6313 1934 0.997 
20 0.0096 120.3 0.6753 157.8 0.999 
30 0 95.88 0.8013 108.5 0.999 
50 0.005 92.32 0.7909 105.5 0.999 

 

Similar to pure EPS25, temperature also plays an important role in the rheology of vitrimers 

with hybrid networks. For instance, the average relaxation time of vitrimers with 20 mol% EPS25 

is 5.65 s at 80℃, 12.88 s at 60℃, 47.82 s at 40℃, and 123.64 s at 20℃, as shown in Figure 2.5. 

inf 0s s 0t b Rt 2R
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Figure 2.5: The relaxation time of the vitrimers with 20 mol% EPS25, 30 mol% EPS25, 50 
mol% EPS25 and 100 mol% EPS25 as a function of temperature. The dots are experimental 
data, and solid lines are fitting results based on Arrhenius law (error bars represent the standard 
deviation). 

 
Figure 2.6: Creep of EPS25, the polymer network with 20 mol% EPS25 and the polymer 
with 5 mol% EPS25 at 40℃ . The open dots are experimental data and the solid lines are 
theoretical predictions. 
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In addition to stress relaxation, we also measured the creep of pure EPS25, and the 

vitrimers with 20 mol% EPS25 and with 5 mol% EPS25 at 40℃, as shown in Figure 2.6. The 

presence of DER732 only containing regular covalent bonds can improve the creep resistance of 

the vitrimer. The improvement of creep resistance increases with the increase of the concentration 

of DER732. 

 

2.2.5 Phase separation in the vitrimer with hybrid networks 

As mentioned in the introduction, if the two monomers (EPS25 and DER732) were 

homogenously mixed with each other, based on Flory-Stockmayer theory [53], the vitrimer with 

hybrid networks could fully relax its stress only when the molar ratio of EPS25 which contains 

disulfide dynamic bonds is above 67 mol%. However, as shown in Figure 2.4, with as small as 20 

mol% of EPS25, the polymer network with a fixed strain can relax its stress to zero after a certain 

period of time. It will be further shown that the polymer network can be fully reprocessed as well 

as self-healed with such low molar concentration of EPS25.  

To explain the phenomena, we assume that in the hybrid polymer network, EPS25 and 

DER732 form two separated phases, and EPS25 is the continuous one and DER732 is dispersed 

as shown in Figure 2.7d. The underlying reason for the stable phase separation is that the viscosity 

of EPS25 (2.2 Pa∙s) is significantly higher than that of DER732 (0.1 Pa∙s). During the mixing, the 

highly viscous EPS25 does not break into small droplets (if its molar fraction is higher than 20%) 

and maintains its topological continuity, while the much less viscous DER732 breaks into small 
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droplets and embedded in the EPS25 matrix. Similar phenomenon has been reported in the 

experiments of blending two polymer melts [66]. Emulsion stabilized by high viscous liquid has 

also been widely known [67]. We have also shown in the experiments, the EPS25 and DER732 

can maintain as two separated layers for more than several weeks if we do not mechanically mix 

them together as shown in Figure 2.8.  

 
Figure 2.7: Phase separation in the vitrimer. a Liquid mixture of EPS25 and DER732. b 
Polymerized thin film of the liquid mixture. c Negligible light scattering in pure EPS25 and pure 
DER732 vs. strong light scattering in the mixture of EPS25 and DER732 (20 mol% EPS25 and 80 
mol% DER732). d Schematics of the phase separation in the 20 mol% EPS25 polymer network. 
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Figure 2.8: Aging effect on phase separation in the vitrimer. The liquid containing 20 mol% 
EPS25 and 80 mol% DER732 after resting for two weeks: a without mixing; b with mixing. 

To testify the phase separation assumption, we conducted the light scattering experiments 

of pure EPS25 liquid, pure DER732 liquid and the mixture with 20 mol% EPS25 and 80 mol% 

DER732 after stirring 10 minutes. As shown in Figure 2.7c, strong light scattering was observed 

in the mixture, while negligible light scattering can be observed in pure EPS25 and pure DER732. 

Such light scattering often indicates the phase separation in the liquid. 

Additionally, following the reference [51], we have also conducted the dissolution tests of 

the polymer network. It is known that disulfide bonds can be cleaved by DTT through reduction. 

We submerged the polymer with different volumetric fractions of EPS25 into 0.1M DTT solution 

with methylene chloride as the solvent. When the fraction of EPS25 was less than 5 mol%, after 

the polymer was submerged in the DTT solution, the sample became porous but still maintained 

its integrity, indicating EPS25 is embedded in the continuous DER732 matrix. The SEM image of 

a slightly etched surface of the sample containing 5mol% EPS25 is shown in Figure 2.9, where 

heterogenous etching can be clearly seen. However, as shown in Figure 2.10, the polymer with 20 

EPS25
DER732

a b
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mol% EPS25 could be completely dissolved in 0.1M DTT solution, indicating EPS25 forms a 

continuous phase in the hybrid network as sketched in Figure 2.7d.  

 
Figure 2.9: The scanning electronic microscopic image of 5 mol% EPS25 after etching. 5 
mol% EPS25 vitrimer is etched for 5 min by 0.1M DTT solution (solvent: dichloromethane). The 
scale bar is 10 µm. 

 
Figure 2.10: Dissolution of vitrimer with hybrid networks. a Polymer specimen was immersed 
in methylene chloride and 0.1M DTT methylene chloride solution. For the polymer with 20 mol% 
EPS25, the polymer could be completely dissolved in the DTT solution. For the polymer with 5 
mol% EPS25, the polymer was only partially dissolved in the DTT solution. b The weight loss of 
the polymers after they were immersed in methylene chloride and the DTT solution for 24 hours.  

In the following session, we will develop a quantitative rheological model for the vitrimer 

with hybrid networks and compare our predictions with the experimental measurements. 
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2.2.6 Rheological model for vitrimers with hybrid networks 

Based on the previous understanding, in the model, we simplify the morphology of the 

phase separation in the vitrimer as shown in Figure 2.11a. We assume that when the molar 

concentration of EPS25 is more than 20 mol%, small DER732 cubes of equal size are embedded 

in EPS25 matrix homogenously.  

As shown in Figure 2.11b, the ratio between the size of the cube (denoted by a) and the 

distance between each cube (denoted by b) can be simply determined by the volumetric fractions 

of the two phases as  

,                               (2.5) 

where  is volumetric fraction of EPS25.  

 
Figure 2.11: A simplified model for the vitrimer with more than 20 mol % of EPS25. a The 
schematic of the phase separation of the vitrimer with hybrid networks. b Representative volume 
element of the vitrimer. The size of DER732 cube is a, and the size of the representative volume 
element is b. c Spring-dashpot model of the vitrimer. DER732 is represented by a linear spring 
while the EPS25 is represented by a series connection of a spring and a dashpot.  

In a representative volume element as shown in Figure 2.11(c), based on the force balance, 

we have the following relationship 

3 1 V
a
b

f= -

Vf
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,                      (2.6) 

where  is the force applied onto the element,  and  are the forces applied on the 

EPS25 (branch 1 and branch 3) and  is the force applied on DER732 (branch 2). Based on 

the geometry of the representative volume element as shown in Figure 2.11b-c, we can obtain that:   

                            (2.7) 

                             (2.8) 

                             (2.9) 

in which  and  are the stresses applied on EPS25 of different branches (branch 1 and 

branch 3) in the representative volume element and  is the stress applied on DER732  

(branch 2).  

As shown in section 2.2.4, the rheological behaviors of EPS25 can be represented by a 

series connection of a spring and a dashpot (Maxwell model), while DER732 behaves like a linear 

spring. Consequently, the entire vitrimer with hybrid networks can be represented by a 

combination of springs and dashpots as shown in Figure 2.11c. 

The displacement of the representative volume element is 

,                        (2.10) 

where  is the displacement of branch 1 representing EPS25 and branch 2 representing 

DER732, and  is the displacement of branch 3 representing EPS25 on the bottom of the 

representative volume element, as shown in Figure 2.11c. So, we have 
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                             (2.11) 

                           (2.12) 

in which  is the strain of the parallel connection of the EPS25 and DER732, is the 

strain of EPS25 on the bottom of the representative volume element (branch 3). 

 The relationship between the stress and strain for EPS25 (branch 1 and branch 3) can be 

given by:  

                     (2.13) 

where i=1,3, and  and  are instantaneous modulus and relaxation time of pure EPS25, 

respectively. For DER732, the relation of stress and strain is simply, 

                           (2.14) 

where  is the elastic modulus of pure DER732 elastomer.  

 The stress  and strain  in the representative volume element are defined by:  

                            (2.15) 

                              (2.16) 

Combining Eqs. (2.6-2.16), we can obtain the relationship between the applied stress and strain of 

representative volume element in Laplace space as [68] 

,            (2.17) 
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                            (2.18) 

and s is a complex frequency variable. 

For stress relaxation, the strain of representative volume element in real space is a constant, 

 and in Laplace space, we have 

.                             (2.19) 

Relaxation modulus is defined as: 

.                             (2.20) 

Combining Eqs. (2.17), (2.19) and (2.20), we obtain the relaxation modulus by reverse Laplace 

transformation: 

,(2.21) 

where the first relaxation time 𝜏 defined in Eq. (2.13) follows the Arrhenius law given by Eq. 

(2.3), and the second relaxation time  is the function of the first relaxation time 𝜏 and the 

modulus ratio between 𝐸#$% and 𝐸&#' as 

.          (2.22) 
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The instantaneous modulus of the element can be obtained by letting t=0 in Eq. (2.21): 

.    (2.23)  

 
Figure 2.12: Comparisons between experiments and predictions of stress relaxation of the 
vitrimer. a Instantaneous modulus of the vitrimer as function of molar ratio of EPS25 at different 
temperatures: 20℃, 40℃, 60℃, and 80℃. The band plot of stress relaxation of the vitrimer b 20 
mol% EPS25, c 30 mol% EPS25 and d 50 mol% EPS25 at different temperatures. In a, the solid 
curves are theoretical predictions and open dots are the experimental results (the error bars 
represent standard deviation). In b, c and d, the line with dots are theoretical predictions; and the 
colored bands are the range of experimental results and their widths represent the dispersion 
between the fast and slowest stress relaxations.  

( )

( ) ( )
( ) ( ) ( )

0 2 3

2 3

2 3 2 3

2 1

1
1 1

1 1 2 1

EPS

V V

DER V
V

DER V V EPS V V

EE

E

E E

f f

f
f

f f f f

=
- - -

æ ö-ç ÷- - +ç ÷é ù é ùç ÷- - - + - - -ë û ë ûè ø

0 20 40 60 80 100
0

1

2

3

4

5

 

 

In
sta

nt
an

eo
us

 m
od

ul
us

 E
0 (M

Pa
)

Molar ratio of EPS25 (mol%)

 20oC
 40oC
 60oC
 80oC

a b

dc



29 
 

Figure 2.12a shows the prediction and experimental measurements of the dependence of 

the instantaneous modulus of the vitrimer network (at different temperatures) on the molar ratio 

between the two monomers: EPS25 and DER732. To make the predictions shown in Figure 2.12a, 

the instantaneous modulus of pure DER732 and pure EPS25 at different temperatures are given 

based on the experimental measurements. Without any fitting parameters, the agreements between 

the predictions of the relaxation modulus of the vitrimer given by Eq. (2.21) and the measurements 

shown in Figure 2.12b-d are satisfactory.  

Based on the results in Eq. (2.17), we can also predict the creep of the vitrimer. During the 

creep, stress applied onto the material is a constant, , which is 

,                              (2.24) 

in Laplace space.  

Creep compliance is defined as: 

.                              (2.25) 

Combining Eqs. (2.17), (2.24), (2.25), the creep compliance can be predicted as: 

,        (2.26) 

where  

.                   (2.27) 
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As shown in Figure 2.6, creep of vitrimer can be significantly slowed down by introducing 

monomers with only regular covalent bonds (DER732) into the monomers with dynamic covalent 

bonds. When the molar concentration of EPS25 is 20%, the theoretical predictions given by Eq. 

(2.26) also agree well with experimental measurement without any fitting parameters.    

2.2.7 Self-healing and reprocessing capability of the vitrimer with hybrid networks  

Self-healing capability is often regarded as one important feature of vitrimer. Figure 2.13 

shows the self-healing capability of the vitrimer network with two different molar ratios of EPS25: 

5 mol% and 20 mol%. As shown in Figure 2.13c, for the vitrimer with 20 mol% EPS25, the 

strength of a broken sample increases gradually with the increase of healing time. After 6 hours, 

the strength of the healed sample (0.217 MPa) almost recovers to the original strength of the 

pristine sample (0.226 MPa) (Figure 2.13d). However, as shown in Figure 2.13h, for the polymer 

with 5 mol% EPS25, its strength can only reach a tiny fraction of the strength of a pristine sample, 

even after 48 hours healing process. The self-healing testing results are consistent with the stress 

relaxation measurement shown in Figure 2.4 and our hypothesis. Once the molar ratio of EPS25 

can reach as high as 20 mol%, EPS25 forms the continuous phase, and thus the hybrid polymer 

network behaves like a viscous fluid as shown in Figure 2.4 and can be fully self-healed. However, 

if the molar ratio EPS25 is too low (e.g. 5 mol%), EPS25 cannot form a continuous phase, and 

thus the polymer network behaves like a solid as shown in Figure 2.4 and cannot be self-healed.  
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Figure 2.13: Self-healing capability of the polymer with two different molar ratios of EPS25. 
a The precut sample (20 mol% EPS25) after the healing time of 1 hour before and after tensile 
test. b The precut sample with the healing time of 6 hours before and after tensile test. c The stress- 
strain curve of the pristine sample and the precut samples with the healing time of 1 hour, 3 hours 
and 6 hours. d The strength of the pristine samples and the precut samples with healing time of 1 
hour, 3 hours, 6 hours and 12 hours. e The precut sample (5 mol% EPS25) with healing time of 15 
hours before and after tensile test. f The precut sample with the healing time of 48 hours before 
and after tensile test. g The stress-strain curve of the pristine sample and the precut samples with 
healing time of 15 hours, 24 hours and 48 hours. h The strength of the pristine samples and the 
precut samples with healing time of 15 hours, 24 hours and 48 hours. The scale bars in a, b, e and 
f are 1 cm. The strain rates in the experiments were 0.005/s. 
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The reprocessing capability is another highly desired feature of vitrimer in applications. 

The reprocessing experiments of the vitrimer with 20 mol% EPS25 are shown in Figure 2.14. The 

reprocessed sample of the vitrimer with 20 mol% EPS25 is a thin film with smooth surface as 

shown in Figure 2.14c. As shown in Figure 2.14d, the mechanical properties, e.g. modulus, 

strength and failure strain, of pristine and reprocessed samples are comparable. The vitrimer with 

20 mol% EPS25, similar to pure EPS25, have excellent reprocessing abilities. 

 
Figure 2.14: Reprocessing capability of the vitrimer with 20 mol% EPS25. a Photo of a 
pristine sample. b The vitrimer was fragmented to small pieces of size around 1 millimeter. c Photo 
of the reprocessed sample after heat pressing the fragmented pieces for 4 hours at 70℃ with 5 tons 
compression load. d The stress-strain curve of the pristine sample and the reprocessed sample. The 
scale bars are 1 cm in a, b and c. 
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2.2.8 Toughness enhancement in the vitrimer with hybrid network 

In the section, we show that the fracture energy of the vitrimer with hybrid network can be 

tailored by changing the molar ratio of EPS25 ranged from 5 mol% and 50 mol%. We conduct 

pure shear test on the vitrimer to measure the fracture energy. The fracture energy using pure shear 

test is calculated as 

,                          (2.28) 

where H is the height of sample in reference (unstretched) state,  is the stretch for crack 

propagation of precut sample as shown in Figure 2.15b, and  is the strain energy density 

of uncut sample at strain  as  

,                     (2.29) 

in which  is nominal stress and  is stretch as shown in Figure 2.15a. The fracture 

experiments are conducted at strain rate 0.01/s and room temperature. 

The fracture energy of vitrimers with hybrid networks as function of EPS25 content is 

shown in Figure 2.15c. We find that the fracture toughness of vitrimers with hybrid networks can 

be larger than the pure vitrimers (100 mol% EPS25) as well as the network only containing regular 

covalent bonds (0 mol% EPS25). The value of fracture energy attains its maximum (140.8 J/m2) 

when the concentration of EPS25 is 30 mol%. The fracture energy is 1.45 times that of the pure 

vitrimers only containing EPS25 (97.3 J/m2) and 1.7 times that of DER732 (82.9 J/m2). The 

toughening mechanism is similar to that of most particle reinforced composite [29, 69].  
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Figure 2.15: Fracture energy of vitrimers with hybrid networks. a Stress-stretch curve of pure 
shear test of a pristine sample. The strain energy density W is the area under the stress-stretch 
curve. b The stress-strain curve of the sample with a pre-crack. The failure stretch of the sample 
with a pre-crack is 𝜆(. The fracture energy of the sample can be calculated as Γ! = 𝑊(𝜆()𝐻, 
where H is the height of sample in reference (unstretched) state. c The dependence of fracture 
energy of the polymer on the molar ratio of EPS25 at room temperature. The strain rate of pure 
shear experiments was set to be 0.01/s. 

 

2.3 Conclusion 

In this work, we have synthesized a polymer network with mixed regular and dynamic 

covalent bonds. Because of the phase separation of the two monomers, the polymer network 

behaves like a vitrimer even with only 20 mol% of the monomers containing dynamic covalent 

bonds. The vitrimer with hybrid networks exhibits excellent self-healing and reprocessing 
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containing dynamic covalent bonds. We have also shown that by mixing the two monomers with 

and without dynamic covalent bonds, the creep of vitrimer can be greatly suppressed and its 

fracture toughness can be enhanced for a certain mixing ratio of the two monomers. Based on the 

assumption of phase separation and a spring-dashpot model, we have successfully predicted the 

stress relaxation and creep of the vitrimer with no freely adjustable parameters, which 

quantitatively agree well with experimental measurements. According to our knowledge, the 

specific model in this article for the vitrimer with hybrid network has been formulated for the first 

time. 

In addition, as we mentioned in the article, the phase separation of the two main 

components (EPS25 and DER732) in the system is due to their high viscosity contrast. The detailed 

microstructure of the vitrimer with hybrid network is beyond the scope of this article, which, 

however, can be very interesting for the future work. Moreover, we have measured the fracture 

energy of vitrimer by simply following the classical pure shear test with a constant strain rate. 

Systematical studies of the fracture in vitrimer, such as the measurement and modelling of the rate-

dependent fracture energy, is interesting and largely unexplored.    
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Chapter 2, in full, is a reprint of the material as it appears in “Mechanics of Vitrimer with 

Hybrid Networks”, Mechanics of Materials (2021) 153: 103687, by Zhaoqiang Song, Zhijian 

Wang, and Shengqiang Cai. The dissertation author was the primary investigator and first author 

of this paper. 
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Chapter 3   Force-dependent bond dissociation explains the rate-

dependent fracture of vitrimers 

 

3.1 Introduction 

 Vitrimers have recently emerged as a promising class of polymer for a variety of potential 

applications [1]. Due to the presence of associative exchange reactions in the polymer network, 

vitrimers combine desired features of both thermosets and thermoplastics, such as stable high-

temperature properties together with distinct reprocessability. Although intensive research has 

been conducted for understanding the constitutive properties of these new materials, their fracture 

behaviors have been largely unexplored. 

Continuous exchange reactions of dynamic covalent bonds make vitrimers “strong” 

viscoelastic materials [70], namely, the dependence of their viscosity on temperature can be 

described by Arrhenius law. Despite intense efforts made in the past, quantitative modeling or 

prediction of fracture in viscoelastic polymers remains challenging [10]. The difficulties are 

mainly two-fold: first, the molecular origin of the fracture process, together with its dependence 

on rate is still unclear; this both blurs the interpretation of experimental results and hinders the 

rational design of tough polymers [71]; second, during crack propagation, bulk dissipation often 

competes with the crack propagation process in a complex and rate-dependent manner [6]. To 

tackle the first challenge, either simple theoretical models such as the Lake-Thomas theory or 
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empirical cohesive laws have been adopted [71]. The issue with these models, however, is that 

they are usually based on the assumption that the intrinsic fracture energy or the cohesive law is 

rate independent. To overcome the second difficulty, a linear rheology model is often adopted for 

viscoelastic polymers when modelling its fracture [8, 10, 13-16]. As a result, the bulk dissipation 

in the material caused by crack propagation is often quite rate-sensitive [10, 15]. However, those 

simplifications are often not sufficient to accurately capture the complex fracture phenomenon 

observed in viscoelastic polymers [17]. 

In this section, we aim to reveal critical insights into the fracture process of viscoelastic 

vitrimers through a combined experimental study and theoretical analysis. For this, we first 

conduct tear experiments on thin vitrimer films. By varying the thickness of the film, we can 

experimentally measure the dissipated energy in the fracture process zone (also known as intrinsic 

fracture energy) as well as the bulk dissipation in the film accompanied with crack extension 

(Figure 3.1). We find that the intrinsic fracture energy is highly rate-dependent, which is in contrast 

with the (rate-independent) assumption adopted in most previous studies on the fracture of 

viscoelastic polymers[10, 15]. Using concepts from the classical Eyring theory, we are then able 

to successfully explain the scaling relationship between the vitrimer’s intrinsic fracture energy and 

the tearing speed. This study also reveals that the bulk dissipation in the vitrimer film is only 

weakly dependent on the tearing rate within a range that spans three orders of magnitude; this 

finding is in contrast to previous studies on conventional viscoelastic polymers and gels[72]. We 
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ascribe such weak rate-dependence of the bulk dissipation to the strong force sensitivity of the 

dynamic exchange reaction. Taken together, our study provides the first demonstration that thin-

film tear test can be used to reveal critical insights into the fracture behavior of vitrimers. 

 
Figure 3.1: Chemical component of vitrimer and schematic of tear test of vitrimer with 
fracture process zone, bulk dissipation zone and load-free zone. a Fracture process zone and 
bulk dissipation zone in the vitrimer in one of two arms of the specimen during the tearing test 
from side view. b Associative exchange reactions (thiol-disulfide exchange reactions) can happen 
in load-free zone. The thiol group is from the crosslinking molecules. c Associative bond exchange 
reactions occur more frequently in the bulk dissipation zone. d The formation of microcracks in 
fracture process zone reduces the areal density of elastically effective crosslinks (Σ)) and increases 
the density of elastically ineffective crosslinks. e Chemical structures of the monomer (EPS25) 
and the crosslinker (tetrathiol) for synthesizing the vitrimer in this study; crosslinking is achieved 
through thiol-epoxy reaction with DMAP (4-Dimethylaminopyridine) as the catalyst. 
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3.2 Results and discussion 

Figure 3.2a shows the schematic of the tear test adopted in our study, where a vitrimer film, 

glued to an inextensible backing layer, is introduced with a cut along its center line. More details 

of the material can be found in references [57, 73]. The two separated arms are then stretched 

vertically in the opposite directions by a constant relative speed 𝑣! = 2𝑣. Since the backing layers 

constrain the sample deformation, the crack is forced to propagate accordingly at a velocity 𝑣. 

Compared to many other fracture tests such as pure shear, single-edge notched tension, compact 

tension and center cracked tension, tear tests adopted in our experiment, similar to peeling test for 

measuring adhesion, have two advantages. First, the crack propagation speed can be easily 

controlled by the pulling speed. Second, by changing the sample thickness, the intrinsic fracture 

energy and the bulk dissipation can be simultaneously measured based on a simple scaling law 

without needing specific material models [65, 74].  

In the experiments, we measure the force-extension relation of thin vitrimer films with 

different thicknesses (ℎ =1 mm, 1.5 mm, 2 mm and 2.5 mm) and different tearing speeds 

(𝑣!/ℎ=0.01/s, 0.1/s, 1/s and 10/s) as shown in Figure 3.2c and Figure 3.3. To analyze our 

experiment results, we normalize the crack velocity by introducing the normalized crack velocity 

𝑉4 = 𝑣!𝜏 ℎ⁄ , where 𝜏=42 s is the characteristic relaxation time of the vitrimer determined by its 

stress relaxation measurement at a small strain (5%) as shown in Figure 3.4a, and ℎ is the film 

thickness as shown in Figure 3.2a. It is noted that the characteristic relaxation time of the vitrimer 
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is very close to the time scale obtained from creep tests (Figure 3.4b) and the small-amplitude 

oscillation shear test (Figure 3.4c).  In the experiment, the normalized crack velocity 𝑉	7 is varied 

between 0.42 to 420. When 𝑉	7 is larger than 1, the crack surface is smooth as shown in Figure 

3.2b, indicating quasi-brittle fracture. In each experiment, the pulling force oscillates around a 

plateau value (F) after an initial increase (Figure 3.2c), indicating the stick-slip crack growth[65]. 

Here we do not study the stick-slip dynamics, and simply use the average tear force on plateau F 

to estimate the energy release rate G. Because of the simple geometry and the inextensible backing 

layer, the energy release rate can be given by G=2F/h[65]. 

 
Figure 3.2: Results of tear test in vitrimer. a A schematic of tear test. b Tearing the vitrimer and 
the torn vitrimer with a smooth crack surface. c Force vs. Displacement of tear experiments with 
the film thickness of 1.5mm. d Energy release rate as a function of thickness of the films with 
different normalized crack velocities 𝑉	7 . 
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Figure 3.3: Force-displacement of tear experiments with different thickness. a 1mm, b 
1.5mm, c 2mm, d 2.5mm. 
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Figure 3.4: Rheology of vitrimer. a Stress relaxation of vitrimer at room temperature (23℃) with 
a small applied strain (5%), and the characteristic relaxation time predicted from Maxwell model 
is 42 s. b Creep of EPS25 at 23℃ with the characteristic time as 44 s; c The small-amplitude 
oscillation shear experiment with the terminal relaxation time 40 s.  

In Figure 3.2d, we plot the energy release rate 𝐺 as a function of the film thickness ℎ for 

four different crack velocities 𝑉	7 . We find that the relationship between the energy release rate 

	and the film thickness is linear for all of the four different crack velocities (𝑉	7 ). Such linear 

relationship indicates that the size of the fracture process zone or “fractocohesive length” is much 

smaller than the film thickness [65, 74], as shown in Figure 3.1a, so we can separate the fracture 

energy into two parts: 
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𝐺 = 𝐺* + 𝐺+,                             (3.1) 

where 𝐺* is the energy dissipation (intrinsic fracture energy) in the fracture process zone (Figure 

3.1d), and 𝐺+ is the energy dissipated by viscoelastic loss in the bulk of the film (Figure 3.1c).  

Based on de Gennes’s model for fracture in a viscoelastic materials [75], the size of bulk 

dissipation zone in the material is given by 𝑅+ =
#!
#"
𝑅!, where 𝑅! is the fractocohesive length, 

𝐸! is the instant modulus, and 𝐸, is the equilibrium modulus. For a vitrimer, the equilibrium 

modulus is zero, so the characteristic size of bulk dissipation in a vitrimer is infinitely large. As a 

result, the film thickness h is the only relevant length scale for bulk dissipation and thus 𝐺+ ∝ ℎ 

[74, 75]. Our experimental data in Figure 3.2d also suggests the linear dependency of 𝐺+ on ℎ, 

so 𝐺 = 𝐺* +𝑤-ℎ  , where 𝐺*  is independent of ℎ  and 𝑤-  is the average density of bulk 

dissipation [76]. Based on this equation, the intersection of the fitted linear relationship between 

G and h with the vertical axis gives the intrinsic fracture energy 𝐺*, as shown in Figure 3.2d. By 

measuring the slopes of the fitting lines relating the energy release rate G and the thickness h in 

Figure 3.2d, we can further measure the magnitude of 𝑤- .  

We envision different energy dissipation processes in the area near the crack tip and in the 

bulk. In the bulk, the energy dissipation is mainly through viscoelasticity resulted from dynamic 

exchange reactions. However, moving towards the crack tip, the chains are increasingly stretched 

due to the stress concentration. According to Eyring’s theory [7], this leads to an increase in the 

bond exchanging rate, facilitating the formation of cavities or microcracks. With associative bond 
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exchange, though the crosslink density remains unchanged in the vitrimer, the elastically effective 

chains may become elastically ineffective (such as loops as shown in Figure 3.1d). Therefore, 

within a small region near the crack tip, the network loses its integrity as damage occurs.  

Figure 3.5a plots the intrinsic fracture energy 𝐺* as a function of the normalized crack 

velocity (𝑉4). The strong rate-dependent intrinsic fracture energy of our vitrimer is in contrast to 

the assumption of rate-independent intrinsic fracture energy of viscoelastic polymers commonly 

adopted in previous studies [10, 15, 72]. It is also noted that the magnitude of 𝐺* is much larger 

than the value predicted from the Lake-Thomas model (see Supporting Information). As shown in 

Figure 3.1, we believe that a fracture process zone, which is much larger than the mesh size of the 

polymer network, exists near the crack tip during tearing. To explain the scaling relationship 

between 𝐺* 	and the crack velocity (𝑉4), we extend the theory developed by Chaudhury and Hui [7, 

77] and assume that in the fracture process zone, the energy dissipation is mainly caused by 

accelerated bond dissociation. Similar to the picture depicted by Lake and Thomas [78], the energy 

stored (denoted as 𝑊) in a polymer chain is entirely dissipated and we have 𝐺*~Σ𝑊 , where Σ 

is areal density of polymer chains.   
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Figure 3.5: Fracture energy and stress relaxation of vitrimer. a The intrinsic fracture energy 
as a function of the normalized crack velocity, where the intrinsic fracture energies are the 
interceptions of the lines with vertical axis in Figure 3.2d; b Bulk dissipation of vitrimer with 
different normalized crack velocities, where bulk dissipation is the slopes of the lines in Figure 
3.2d. c Stress relaxation of a vitrimer with different applied strains 𝜀. d Relaxation time as a 
function of the chain strain 𝜀*./01. 

According to Eyring theory, the force f applied to a chain modifies the energy landscape 

for bond dynamics. This leads to an increase of bond exchanging rate 𝑘+ = 𝜏23 exp B(∆#
5$6

C, where 

𝜏 is the natural frequencies for bond exchanging [79]. In the fracture process zone, we assume that 

polymer chains that experience exchange reaction become elastically ineffective and lose their 
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load-bearing capacity (Figure 3.1d). Consequently, the decrease in the areal density Σ)  of 

elastically effective crosslinks follows the rate equation: 

− &7%
&8

= 𝜏23 exp B(9#
5$6

C Σ),                         (3.2) 

where 𝑘: is the Boltzmann constant, ∆/ is the activation length of the covalent bond, T is the 

absolute temperature. The frequency of bond exchanging follows the Arrhenius law, 𝜏 =

𝑘! exp(
##
5$6

), in which 𝑘! is a precursor and 𝐸/  is the activation energy of bond exchanging 

without external force. Considering linear chains with spring stiffness 𝑘;, the force is related to 

deformation as 𝑓 = 𝑘;𝛿 = 𝑘;𝜀*./01𝐿! , where 𝛿 , 𝜀*./01  and 𝐿! = √𝑛𝑙  are respectively the 

extension, strain and end-to-end distance of the polymer chain in a free standing state with n and l 

the number and length of  Kuhn segments in a chain, respectively.  

The force-sensitivity of bonds described in Eq. (3.2) can be experimentally explored by 

subjecting the vitrimer to a stress relaxation test. Indeed, during the relaxation process, once a 

polymer chain dissociates at fixed strain it no longer contributes to the network mechanics since 

free chains reassociate in a stress-free state, and the chain reassociation does not contribute to the 

stress. Therefore, the characteristic relaxation time of the network when a force f is applied on a 

polymer chain in Eq. (3.2) is 𝜏' = 𝜏	exp	(− (9#
5$6

) . With the linear spring assumption of the 

polymer chain, we find that: 

ln B<&
<
C = − 5'=!9#

5$6
𝜀*./01.                         (3.3) 
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This implies that the force sensitivity (5'=!9#
5$6

) of the bond is a material parameter that remains 

constant during stress relaxation. The experimental results of the relaxation of vitrimer at different 

strains are shown in Figure 3.5c. We find that the stress reduction follows an exponential decay 

as: 𝜎/𝜎! = exp	(−𝑡/𝜏'). To extract the force sensitivity of dynamic covalent bond, we employ 

the eight-chain model [80] and extract the strain of the polymer chain as 𝜀*./01 = P𝐼3/3 − 1, 

where 𝐼3 is the first invariant of the left Cauchy-Green deformation tensor and 𝐼3 = (1 + 𝜀)> +

2/(1 + 𝜀) for uniaxial tension with 𝜀  the tensile strain. Figure 3.5d shows the experimental 

result of relaxation time as a function of the strain, where a linear relationship between ln	(𝜏'/𝜏) 

and 𝜀*./01 is found and can be fitted by Eq. (3.3). The slope of line can be used to extract the 

force-sensitivity of dynamic disulfide bonds as 𝑘;𝐿!Δ//(𝑘:𝑇) = 58.44. This force sensitivity 

can be also estimated as follows. The spring stiffness of a polymer chain can be estimated by the 

modulus of the elastomer 𝐸 and the mesh size of the network 𝐿! as 𝑘;~𝐸𝐿!, where 𝐸~1 MPa 

is Young’s modulus [73] and 𝐿!~10 nm of our vitrimer. So, the spring stiffness of polymer chain 

𝑘; is in an order of 0.01 N/m. With the consideration of the activation length of disulfide bonds 

𝛥/~0.3 nm and temperature 𝑇~300 K, we can estimate the force sensitivity is 5'	=!@#
5$	6

~10, 

which has the same order of the value of force sensitivity measured from stress relaxation in Figure 

3.5d. 

We next investigate how the role of the bond’s force sensitivity on the rate-dependent 

intrinsic fracture energy measured in the experiment (Figure 3.5a). We rewrite Eq. (3.2) as 
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𝑣*
+7%
+A

= − 3
<
Σ)exp	(

5'A9#
5$6

),                        (3.4) 

where the velocity of the chain stretch is 𝑣* = 𝑑𝛿/𝑑𝑡 . 𝑣*  can be estimated from the crack 

velocity as follows: due to the existence of a backing layer, the material deformation is constrained 

into a small region of length ℎ around the moving crack tip [65]. Therefore, a characteristic time 

for chain deformation is obtained as 𝑡! = ℎ/𝑣!. Furthermore, since the surface is fully separated 

at the end of the deformation zone, we assume that chains are elongated from their natural length 

√𝑛𝑙  to the contour length 𝑛𝑙  when they travel through the deformation zone. Based on this 

conceptual picture, the velocity of the chain stretch can be estimated as 𝑣* = \√𝑛 − 1]𝐿!𝑣!/ℎ in 

Eq. (3.4). An average dissociation length of polymer chain can be defined as 𝛿̅ = ∫ 7%
7!
𝑑𝛿,

! , where 

Σ! is total number of chains per unit area. By recalling Eq. (2.4) and following the derivation of 

Chaudhury [7], the integration can be obtained as 𝛿̅ = 5$6
5'9#

ln	(B√123D5'9#=!
5$6

𝑉4), if 𝑘;Δ/𝐿!𝑉4 ≫

𝑘:𝑇 [77, 81]. The average force on a chain before failure can be expressed as 𝑓)EF/5 = 𝑘;𝛿̅ and 

the average energy stored in a polymer chain before breakage is 𝑊 = 3
>
𝑘;𝛿̅>.	Invoking our scaling 

analysis, the intrinsic fracture energy 𝐺* therefore scales as: 

𝐺G ∝ aln B
B√123D5'9#=!

5$6
𝑉4Cb

>
,                      (3.5) 

or P𝐺* = 𝛼(ln(𝑉4) + 𝛽), where the coefficient 𝛼  is related to the thermally activated force-

sensitivity of dynamic covalent bonds and the size of the fracture process zone, coefficient 𝛽 is a 

rate-independent constant expressed as 

𝛽 = ln	(B√123D5'9#=!
5$6

).                        (3.6) 
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From Eq. (3.5), we know that P𝐺* ∝ ln𝑉4 , which agrees well with the result shown in Figure 3.5a. 

A good agreement between model and experiment is further obtained with 𝛽 = 4.2 as shown by 

the fitting shown in Figure 3.5a.  

We can also evaluate the coefficient 𝛽  defined in Eq. (3.6), based on that 

𝑘;𝐿!Δ//(𝑘:𝑇) = 58.44, determined from the stress relaxation measurements previously, and the 

number of Kuhn segments 𝑛. To estimate the number of Kuhn segments of the vitrimer for our 

experiment, we conducted uniaxial tension tests on a thin vitrimer strip with a strain rate of 100%/s. 

For such a strain rate, the bond exchange reaction is negligible during the deformation. We found 

that the rupture strain of the vitrimer strip is around 150% as shown in Figure 3.6. According to 

the eight-chain model [80], the chain locking stretch (defined as the stretch of a chain when it is 

fully extended) can be estimated from the rupture strain of the vitrimer strip as 𝜆= = 1.54, under 

the assumption that the polymer chain is fully extended at rupture. The number (𝑛) of Kuhn 

segments could further be related to the chain locking stretch (𝜆=) as 𝜆= = √𝑛, which yields 𝑛 =

2.4 . Consequently, we can obtain 𝛽 = 3.5 , which is close to the one estimated from the 

measurement of the rate-sensitivity of the intrinsic fracture energy shown in Figure 3.5a. 
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Figure 3.6: The uniaxial tension test of vitrimer strips. The strain rate is 100%/s and the strip 
length is 11.33 mm.  

Another notable result of this study pertains to the rate of bulk dissipation 𝑤-. Indeed, 

Figure 3.5b suggests that it is only weakly dependent of the tearing rate, varying between 65~98 

𝑘𝐽/𝑚H over the range of 𝑉4  from 0.42 to 420. This weak rate-dependence is in sharp contrast to 

the rate-dependent bulk dissipation of most viscoelastic polymers studied in the past [72]. For a 

linear viscoelastic material, it is expected that bulk dissipation should reach a maximum when the 

loading time is comparable to the single relaxation time of the material, and reach a minimum 

when the loading rate is too small or too large, as shown in Figure 3.7a-b. We postulate that such 

difference is caused by the nonlinear viscoelasticity of the vitrimer, where the rate of bond 

exchange increases at larger forces or strains (𝑉4) and thus there is no single relaxation time in the 

material. The stretch-stress curve of a strongly force-sensitive vitrimer (using the parameter 
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𝑘;𝐿!Δ//(𝑘:𝑇) = 58.44) experiencing loading-unloading history at different loading rates, is 

calculated by combining the classic transient network theory with Eyring’s theory and steady-state 

kinetics for chain dissociation and reassociation [6], as shown in Figure 3.7c. The strong force-

sensitivity of dynamic covalent bonds leads to large bulk dissipation even when 𝑉	7  is very large 

e.g. 𝑉	7=42, 420, as shown in Figure 3.7d. A more detailed study of 𝑤- in the tear test of a vitrimer 

film requires a full-field simulation of the tearing process with a nonlinear viscoelastic material 

model, which is a challenging task and has not been achieved in the literature yet. However, in this 

work, we circumvent this difficulty and simply extract the effect of 𝑤- on the fracture energy 

based on geometric scaling. 

 
Figure 3.7: Stress-strain responses of materials with force-insenstiviy and with a strong 
force-sensitivity. a Stress-strain curve of a force-insensitivity polymer experiencing loading-
unloading history at different loading rates (𝑉4). b The proportion of dissipation energy (𝑤-) in 
total strain energy (w) of a force-insensitivity polymer. c Stress-strain curve of a strong force-
sensitivity vitrimer experiencing loading-unloading history at different loading rates. d The 
proportion of dissipation energy (𝑤- ) in total strain energy (𝑤) of a strong force-sensitivity 
vitrimer. 
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3.3 Conclusion 

In summary, our study clearly shows that tear test of a vitrimer film is an effective way to 

explicitly reveal the molecular origins of rate-dependent energy dissipation associated with its 

fracture. Through the experiment, we find that the intrinsic fracture energy of vitrimers with 

disulfide bonds is highly rate-dependent while their bulk dissipation is rather rate-insensitive 

during fracture; this is significant contrast to most previously studied viscoelastic polymers. By 

assuming a small fracture process zone near the crack tip within which the acceleration of bond 

dissociation is the main energy dissipation mechanism, we could explain the scaling relationship 

between the intrinsic fracture energy and the normalized crack velocity based on the classical 

Eyring theory.   
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Chapter 3, in full, is currently being under review, “Force-dependent bond dissociation 

explains the rate-dependent fracture of vitrimers”, by Zhaoqiang Song, Tong Shen, Franck 

Vernerey and Shengqiang Cai. The dissertation author was the primary investigator and first author 

of this paper. 
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Chapter 4 Non-steady fracture of transient networks: the case of 

Vitrimer 

 

4.1 Introduction 

Understanding the conditions that lead to fracture in polymeric materials is an important 

problem of both industrial and fundamental interests. A common agreement is that fracture of 

polymer originates from successive chain scission resulting from the application of an excessive 

stress on the network[71]. This consideration leads to the early work of Griffith that predicts the 

onset of crack propagation based on the competition between two quantities: the crack tip driving 

force 𝐺80-  that provides the fuel for fracture, and the intrinsic fracture toughness 𝐺! , which 

represents the material’s resistance to fracture [82]. To propagate a crack, the former needs to reach 

or exceed the latter. This criterion further leads to deformation-based measurements such as the 

critical crack opening distance (COD) [83], critical stretch [84], or network damage models based 

on the chains’ stretch limit [85-87]. These models have so far been instrumental in predicting the 

fracture of covalent polymer networks that are both elastic [82, 88-90] and viscoelastic [10-13, 16, 

91, 92]. However, materials formed by weaker bonds (e.g., covalent adaptable bonds [93], ionic 

interaction [94, 95] or entanglements [96-98]) exhibit a much richer fracture behavior that do not 

only depend on deformation, but also greatly depend on the rate of loading [96, 97, 99]. Due to 

their inherent weakness, these bonds are prone to spontaneous dissociation and reassociation over 
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time, under the effects of thermal fluctuations. This leads to a wide spectrum of rate-dependent 

mechanical response wherein the networks behave like viscous fluid at slow loading rates (relative 

to the rate of bond exchange), while they exhibit elastic solid-like behavior at fast loading [96]. 

This coupling between deformation and network relaxation makes the prediction of fracture 

challenging, since the mechanical response becomes both time and rate dependent. In addition, the 

physical picture of chain scission at its stretch limit is no longer valid as a chain may dissociate in 

any conformation. This raises questions about the molecular origin of fracture and on its 

macroscopic manifestation and particularly, the conditions for its nucleation and its speed of 

propagation. Although some initial efforts were taken to understand the role of  loading rate on 

fracture [97, 100] in transient networks, a systematic study of the physical rules behind crack 

characteristics, initiation and propagation, is still not established.  

 
Figure 4.1: Bond dynamics in the transient network. A Schematic of the transient network, 
where bonds can spontaneously dissociate at rate 𝑘+ and associate at rate 𝑘/. B As a result of the 
bond dynamics, cracks in these networks are transient in nature as they nucleate and heal in time. 
C Stress relaxation experiment at different strain 𝜖 with uniaxial tensile loading.  
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To address these questions, we have carried out fracture experiments on a vitrimer network 

formed by disulfide bonds. In the presence of a catalyst, the bond exchange reaction (Figure 4.1B) 

can be triggered by thermal fluctuations at room temperature [101]. A full characterization of this 

network has been performed in our previous study [102]. In this paper, we are specifically 

interested in the stress relaxation experiment as it unveils the rate of bond exchange reaction (i.e, 

the bond dynamics). For this, we conducted a series of stress relaxation experiment at different 

stretch levels, in which the inverse of characteristic relaxation time is interpreted as the average 

rate of bond exchange at the applied deformation [103]. Our result shows that this rate, denoted as 

𝑘+, is particularly sensitive to the level of chain stretch 𝜆F. After calibration, we found that bond 

dissociation is well described by the relation 𝑘+ = 𝑘+! exp(𝛼𝜆F) where 𝑘+! is the spontaneous 

rate and 𝛼 = 58.4 is a sensitivity parameter, as shown by the relaxation results in Figure 4.1:C 

and the fitting in its inset. This exponential dependency agrees with Eyring’s model [48, 104] 

based on the transition state theory. To characterize the response of this vitrimer in fracture, we 

then devised a pure-shear fracture experiment, where a pre-cut sample of width 𝐿 = 35	𝑚𝑚, 

height 𝐻! (10	𝑚𝑚) which contains a pre-cut of length 𝑐! = 15	𝑚𝑚 was stretched vertically at 

constant nominal strain rate �̇� = �̇�/𝐻! (Figure 4.2A). In what follows, this variable is normalized 

by the bond dynamics rate 𝑘+! so that the ratio 𝑊! = �̇�/𝑘+! (denoted as the nominal Weissenberg 

number) describes the competition between network deformation and reconfiguration. 
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Figure 4.2: Pure shear experiments of transient networks. A A schematic of fracture of the 
specimen, the crack tip driving force 𝒢 measures the elastic energy infused to the crack tip. B 
Measurement of crack extension during the deformation history. C Experimental and finite 
element simulation snapshots of crack profile under different loading rates. The scale bars are 10 
mm.  

Our measurements of crack extension (Figure 4.2B and C) reveal three distinct 

characteristic regimes depending on the magnitude of 𝑊!. For a small loading rate (𝑊! = 0.065), 

the induced cut opens continuously and eventually becomes a curved edge. Over the course of the 

experiment, no observable fracture is recorded. For an intermediate rate (𝑊! = 0.13), a peculiar 

phenomenon occurs where a sharp crack first nucleates from the tip of the cut and quickly 

propagates with a characteristic trumpet-shaped profile (Figure 4.2C). However, the propagation 

stops at a finite time, after which the crack “dies” and gives rise to a blunted edge. We note that 

this phenomenon is observed in covalently crosslinked networks, since a propagating crack usually 
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travels continuously at constant velocity through the specimen [105] under monotonic loading. 

Finally, for fast loading (𝑊! = 0.26), we similarly observe an initial blunting of the cut, quickly 

followed by crack nucleation. In this case, this new-born crack accelerates and fully ruptures the 

specimen. We used image processing techniques and measured the crack extension as a function 

of stretch 𝜆 (Figure 4.2B), where we see that crack propagation is highly unsteady with varying 

velocity. The above observations cannot be explained by the current fracture theories for the 

following reasons. First, the onset of fracture highly depends on loading rate in addition to the 

level of deformation, therefore a criterion derived from the elastic theory such as the Crack 

Opening Distance (COD) or the critical stretch cannot be used. Second, the life of a propagation 

crack varies between loading conditions, where it may accelerate, decelerate or even stop under 

monotonic loading. 

To understand these observations, we have recently developed a theoretical framework that 

allows one to evaluate the energetic fracture criterion and calculate crack velocity based on the 

stress field and bond dynamics [6]. Combining this approach with Finite Element simulations, we 

were able to simulate the non-steady state fracture behavior of the vitrimer and qualitatively match 

the experimental crack profiles in Figure 4.2C. Predominantly, our simulations suggest that crack 

initiation and propagation are associated with the increase of strain energy density 𝜓 stored in 

the network, which itself is a function of nominal Weissenberg number 𝑊! and loading history. 

In addition, the speed of the crack depends on both the magnitude of 𝜓 and the sensitivity of bond 



60 
 

dynamics 𝑘+ upon deformation. In summary, our simulation work has allowed us to identify three 

kinetic rates that collectively govern fracture in transient networks: the rate of loading, the rate of 

bond dynamics and the rate of crack propagation. The way by which these rates compete during 

fracture is however unclear. This work’s objective is thus to combine theoretical analysis with 

experiment and extract the physical mechanisms behind these peculiar phenomena.  

 

4.2 Results and discussion 

4.2.1 Fracture controlled by non-equilibrium processes 

Recalling from the work of Griffith [82], the criterion for crack propagation relies on the 

competition between the crack tip driving force 𝐺80- and material’s fracture resistance 𝐺!. As 

shown by Rivlin and Thomas [88], 𝐺80- depends on both the stored elastic energy density 𝜓 in 

the specimen and its geometry. The former determines the energy stored in the system while the 

latter dictates the amount of energy fed to the crack tip. As shown by our previous serial work [6, 

106-108] on the Transient Network Theory (TNT), 𝜓 is directly related to the elastic distortion 

of the network. However, since the network constantly reconfigures, its distortion is usually 

different from the specimen deformation. To quantify the network distortion, the TNT introduced 

the so-called chain conformation tensor 𝝁 = 𝑭F𝑭F6  that measures the mean squared elastic 

deformation of chains in the network. At the stress-free state, 𝝁 is equal to the identity tensor 𝑰, 

indicating an undeformed state. Over the deformation history, the TNT allows us to track the chain 
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conformation and the stored elastic energy via their evolutions that read �̇� = 𝑳𝝁 + 𝝁𝑳6 −

𝑘+ B𝝁 −
H

8E(𝝁())
𝑰C  and �̇� = ;

>
(𝝁: 𝑳) − 𝑘+(𝜓 − 𝜓!) . The tensor 𝑳 = 𝑳(𝜖̇)  is the velocity 

gradient related to the Hencky or true strain rate 𝜖̇ [6], and 𝑠 is the shear modulus of the network. 

In both equations, the terms associated with 𝑳 describe the effect of external load while the terms 

associated with 𝑘+ are related to network reconfiguration. In what follows, we will explore the 

fracture criterion based on these two equations. 

4.2.2 Crack initiation and arrest  

In a pure-shear extension experiment, the specimen only deforms along 𝑥  and 𝑧 

directions (Figure 4.3A). Therefore, the chain conformation tensor 𝝁  simplifies to a diagonal 

form expressed in the 𝑥 − 𝑧 coordinate system with 𝝁 = [1/𝜆F>, 0; 0, 𝜆F>] where 𝜆F is the mean 

chain stretch along 𝑧 direction. During deformation, the evolution of 𝜆F and the stored elastic 

energy density 𝜓 become: 

 �̇�F =
𝜆F𝑘+
2 y2𝑊 +

2
(𝜆FL + 1)

− 1z (4.1a) 

 �̇� =
𝑠𝑘+
2 y2𝑊 {𝜆F> −

1
𝜆F>
| − 𝜓z (4.1b) 

where 𝑊 = 𝜖̇/𝑘+ is the true Weissenberg number. At the initial state, this quantity is equal to the 

nominal Weissenberg number 𝑊 = 𝑊!. We note that Eq. (4.1) can describe a wide spectrum of 

network response ranging from elastic solid to viscous fluid-like behavior. At extremely fast 

loading (𝑊 → ∞ ), Eq. (4.1) becomes 𝜆Ḟ = 𝜖̇𝜆F  and �̇� = M
>
𝜖̇(𝜆F> − 1/𝜆F>)  which are the 

evolution laws for Neo-Hookean elastic solid [106]. At the other extreme (𝑊 → 0), Eq. (4.1) 



62 
 

degenerates to  𝜆Ḟ = �̇� = 0 , showing that the chains remain unstretched regardless of 

macroscopic deformation, similar to the behavior of Newtonian fluid. In addition, our previous 

studies [6] show that when 𝑊 is held constant during deformation, the chains evolve towards a 

steady-state stretch 𝜆F; . As shown by Figure 4.3B, 𝜆F;  increases monotonically with 𝑊 , 

characterizing a more elastic solid-like behavior. When 𝑊 > 0.5 , the steady-state stretch 

diverges, implying that rate of elastic deformation is predominant over bond dynamics. We note 

here that our experiments (Figure 4.2) were conducted at constant 𝑊! = �̇�/𝑘+ , which is 

equivalent to a monotonically decreasing true Weissenberg number 𝑊 with stretch, given by 

𝑊 = 𝑊!/𝜆. As a result, the specimen response becomes more fluid-like during deformation and 

therefore fracture becomes less favorable. To relate the specimen’s energy state to fracture, we 

first note that the crack tip driving force is defined as the energy consumed by unit area of crack 

extension as 𝐺NOP = lim
AQ→!

(𝛿Π*/𝛿𝐴). The term 𝛿Π* is the energy consumed by crack propagation, 

which can be calculated from the conservation of energy: 

  𝛿Π* = 𝛿ΠS − 𝛿ΠF − 𝛿ΠT. (4.2) 

where 𝛿ΠS is the work done by external forces 𝛿ΠF the change in elastic energy and 𝛿Π+  the 

energy loss by viscous dissipations. Physically, 𝛿ΠS − 𝛿ΠF represents the system’s dissipative 

energy, either by bond dynamics or crack propagation. For fluid-like materials, 𝛿Π+ becomes the 

dominant term for dissipation and therefore fracture is unfavorable. Contrarily, for elastic network, 

𝛿Π+ = 0 and fracture becomes the only dissipative mechanism. In our previous work, Eq. (4.2) 
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was numerically evaluated by computing 𝛿ΠS, 𝛿ΠF and 𝛿Π+ from the finite element solution 

of the stress field [6]. In this work, to analytically investigate the problem, we simplify the problem 

by assuming a relatively sharp crack tip (small to moderate deformation) and apply a binary 

simplification to the stress field (i.e., the specimen is split into a uniformly loaded and a fully 

unloaded region) as shown in Figure 4.3A. Under such simplifications, a first order approximation 

of the crack tip driving force 𝒢 can be obtained as: 

 𝐺NOP =
𝜆
𝜆F
H!𝜓(𝑊!, 𝜆) (4.3) 

This expression takes a similar form as that its counterpart for elastic materials [88] with two major 

differences. First, due to bond dynamics, the strain energy 𝜓 is rate and history dependent as 

shown by Eq. (4.1). Second, there is a factor 𝜆/𝜆F due to the mismatch between chain stretch and 

the applied deformation. For elastic networks, 𝜆F = 𝜆 and Eq. (4.2) degenerates to its form for 

elastic solids [75]. To further simplify our analysis, we assume that the rate of bond dynamics 

remains constant as 𝑘+ = 𝑘+! in the specimen due to the low elastic deformation. However, we 

will show in next section that accelerated bond dynamics becomes critical in a small region near 

the crack tip, where the deformation is greatly amplified. Using Eqs. (4.1) and (4.3), Figure 4.4A 

plots the change of 𝐺 over the loading history for the three strain rates used in experiment. By 

comparing its value with the intrinsic fracture toughness 𝐺! (obtained as 70	𝐽/𝑚𝑚> by fitting 

with experiment on crack initiation), we split Figure 4.4A into two regimes, the flow regime 

(𝐺NOP < G!) shown in grey background and crack propagation regime (𝐺NOP > G!) with white 
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background. For a slow loading rate (𝑊! = 0.065), the 𝐺NOP − λ curve remains in the flow regime 

and no fracture occurs. Physically, this means that the elastic energy in the specimen is too low to 

break the chains and initiate crack propagation. At faster loading, we see a non-monotonic behavior 

where the specimen first enters the crack propagation regime but eventually drops towards the 

flow regime as it becomes increasingly fluid-like. This yields the peculiar crack arrest behavior, 

where the crack only propagates within a range of deformation. According to Eq. (4.3), this 

“propagation window” solely depends on the experimental control of the specimen height 𝐻!	（set 

as 10 mm in experiment） and the nominal Weissenberg number 𝑊!. Therefore, one way to 

regulate the fracture of the specimen is to control the propagation window via these two 

parameters. 

 
Figure 4.3: Bond dynamics at the crack tip. (A) A schematic of fracture of the specimen. (B) 
Under constant true Weissenberg number loading, the mean chain stretch 𝜆F  increases 
monotonically with 𝑊, the insets are the graphical visualization of chain stretch along vertical 
direction. (C) and (D) Schematics of cavity and loop chains formation when the network is under 
tension. 
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4.3.3 Load dependent crack velocity  

We note that the above analysis on crack arrest was carried out by assuming an infinitely 

large specimen (i.e., the crack never propagates through the sample). Since the experiments were 

conducted on a finite size specimen, the crack may travel through the specimen before it is arrested. 

To capture the effect of the specimen’s finite size, we thus introduce another nondimensional 

parameter, the extension parameter 𝑍 = �̇�/𝐿𝑘+! , where �̇�/𝑘+!  is a characteristic crack length 

derived from the Trumpet model by De Gennes [13, 91]. This length describes the size of a region 

around the crack tip within which the network behaves like an elastic solid due to the amplified 

strain rate. A large 𝑍  ( 𝑍 ≫ 1 ) indicates a rapid crack propagation such that network 

reconfiguration becomes negligible. In this scenario, phenomena observed in elastic fracture can 

be seen in transient networks, including a parabolic crack profile and steady crack velocity, as 

shown in the fracture experiment of complex fluid filaments [7, 96, 97] during extension. 

Contrarily, a small 𝑍 (𝑍 ≪ 1) indicates that network reconfiguration occurs at the same time scale 

as crack propagation, which leads to more complicated Trumpet-shaped crack profile and non-

steady crack propagation . In our experiment, the maximum value of 𝑍  is calculated from 

experiment as = 0.12 , implying that the elastic fracture theory cannot be used to describe crack 

propagation. To address this, we need to look closely at the crack tip region and understand the 

local processes. A physical picture of this process can be shown by the time sequence of Figure 

4.3C-D and explained as follows. When energy is infused to the crack tip, it leads to an 
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amplification of chain stretch in the tip neighborhood and an increase in rate of bond dynamics. 

This facilitates the formation of elastic ineffective chains (such as loops shown in Figure 4.3D) as 

chain reassociation occurs more likely at the stress-free configuration than at a stretched state. This 

further facilitates the formation of cavities or microcracks within the fracture process zone during 

propagation. Based on this physical picture, our previous work [103] showed that the crack 

velocity (�̇�) – crack tip driving force (𝐺NOP) obeyed the following relationship  

 

�̇� =

⎩
⎪
⎨

⎪
⎧
�̇�! exp��

𝐺NOP
𝛽 �																𝐺NOP ≥ 𝐺!

															
																			0																										𝐺NOP < 𝐺!		

 (4.4) 

where �̇�! = 𝛼ℓ!𝑘+!  is a characteristic chain velocity that depends on chain length ℓ! , bond 

dynamics 𝑘+! and its sensitivity 𝛼. The parameter 𝛽 is a characteristic crack driving force that 

increases with the size of damage zone. In this work, 𝛽 is set as the fitting parameter since the 

damage zone size cannot be accurately measured. Physically, Eq. (4.4) suggests that as energy is 

fed to the crack tip, bonds cannot sustain the stretch and dissociate more frequently, leading to a 

faster crack propagation. It also provides insight on the effect of the damage zone size where for a 

larger damage zone (i.e., larger 𝛽), more energy is needed to maintain the crack velocity. As 

discussed in the literature [17, 109-111], the size of damage zone (i.e., the magnitude of 𝛽) can 

be tuned by modifying the microscopic properties of the network, such as varying the bond 

connectivity, having a higher polydispersity, or increasing the bond sensitivity. To control crack 

velocity, one may also tune the characteristic parameter �̇�!, which changes linearly with bond 
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sensitivity, chain length and natural bond dissociation rate. To sum up, over the deformation 

history, one can track the mechanical state of the specimen via Eq. (4.1). Using this information, 

one can determine the evolution of the crack based on Eqs. (4.3) and (4.4).  

4.4.4 Non-steady state fracture of vitrimer  

To check whether this model is consistent with experimental observations, we used Eqs. 

(4.1), (4.3) and (4.4) to predict the stability and the velocity of a crack subjected to our 

experimental conditions. By matching predictions with experiment measurements on crack 

extension history (Figure 4.4A and B), we found that our model accurately captured the non-steady 

extension of the crack by using the fitting parameter 𝛽 = 4.8	𝐽/𝑚>. We however noticed that the 

model tended to underpredict the crack velocity 𝑐 when as it approaches the right boundary of 

the specimen (this was especially apparent for the case 𝑊! = 0.26). We used finite element 

simulations and found the discrepancy to be caused by boundary effect when the crack interacted 

with the free edge, producing complicated stress patterns that are not captured by the analytical 

model. To inform the experimental design, we then theoretically explore the crack arrest length 

𝑐/EEF;8 under different conditions. Since modifying the molecular properties is out of the scope of 

this work, we keep the extension parameter 𝑍 constant, and tune the crack tip driving force by 

varying the loading rate (the normalized Weissenberg number 𝑊! = �̇�/𝑘+!) and the specimen’s 

normalized height 𝐻!𝑘+!/�̇�! . By performing large numbers (~ 2000 simulations) of virtual 

experiments using Eqs. (4.1), (4.3) and (4.4), we summarize our result in a contour map (units in 
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mm) shown in Figure 4.4C. We see that increasing both the specimen height and loading rate 

favors crack propagation, as shown by the increase of 𝑐/EEF;8 . To verify this prediction, we 

performed additional fracture tests on a specimen of width 50	𝑚𝑚 and overlayed contour plots 

with scatter points representing the experimental results with squares (flow), cross (crack arrest) 

and circles (rupture). We note that rupture occurs when the crack arrest length is greater than the 

specimen width. When the cracks were arrested, we experimentally measured their final length as 

represented by the numbers on top of the crosses in Figure 4.4C. We see that the model accurately 

captures each regime as well as provides reasonable predictions on the crack arrest length. 

 
Figure 4.4: Phase map of three characteristic fracture phenomena. A 𝒢 − 𝜆  relation for 
different loading rates conducted in experiment. B Comparison between model prediction (lines) 
and experimental measurement (scattered symbols) on the evolution of crack length over loading 
history. C A contour map with unit of mm that relates experimental conditions to the three 
characteristic fracture phenomena (flow, crack arrest and rupture). Scatter points are experimental 
results for flow (square), crack arrest (cross) and rupture (circle).  
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Furthermore, while the results of Figure 4.4C are generated under relatively simple loading 

conditions (constant 𝑊!), one may ask if this quantitative understanding can be used to mitigate 

or even control fracture using more complicated loading processes. For instance, can we tune the 

loading history such that the material preserves its mechanical integrity during most of its life? To 

illustrate this, we designed a pure-shear experiment with the loading pattern (Figure 4.5A), 

alternates between fast (𝑊! = 0.5) and slow stretch rates (𝑊! = 0.05). Our model shows that this 

oscillatory loading leads to sharp spike and decrease of 𝐺NOP over time (Figure 4.5B), leading to 

multiple crack propagation events. Although a crack initiates and propagates rapidly during the 

fast-loading stage, it decelerates immediately once the loading rate changes and is eventually 

arrested. Over the course of two cycles, our model shows that the specimen maintains its integrity, 

although the majority of its deformation is applied during the fast-loading stage. We then 

performed experiment under the same condition and found that the measurement on crack 

extension 𝑐 agrees very well with the semi-analytical model (Figure 4.5C). In addition to crack 

extension, the change of crack profile also distinguishes the flow and elastic solid response of the 

specimen. At fast loading, the crack tip advances in a relatively sharp parabolic shape (i and ii), 

after which it becomes a curved edge after arrest (iii). Notably, during the second loading stage, 

fracture occurs by the nucleation of a new crack at the curved edge (iv), instead of propagating the 

arrested one. This phenomenon illustrates well the transient nature of cracks in transient network. 

When a crack is arrested, its life comes to an end as the singular stress fields around its tip gradually 
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relax in time. While the detailed profile and its evolution over time cannot be captured by the 

analytical model, finite element simulation under the same conditions clearly show the “death” of 

a crack as the energy level decreases, as well as the “birth” of the secondary crack during the 

second fast loading (Figure 4.5E). Notably, Figure 4.5C shows that finite element (dash line) 

agrees very well with both the semi-analytical model and experiment on the crack propagation. 

This again verifies the applicability of the semi-analytical model even when for complicated 

loading history. From a practical viewpoint, this example illustrates a strategy on fracture control 

of materials made of transient networks. For instance, in 3D printing applications, this example 

provides ideas towards a new technique to “program” the fracture of ink during extrusion to 

achieve very thin filaments. A relevant idea on varying printing resolution by rate control was 

proposed by Yuk and Zhao [111]. We foresee the capacity of “fracture on demand” will further 

enrich the design space. In addition, the combined crack propagation and flow may be related to 

observations in other experimental studies. For instance, in the probe tack experiments of soft 

adhesives, a micro-defect on the interface may first grows horizontally (fracture) into a 

microscopic crack, after which it grows vertically (blunting) and leads to cavitation. This crack 

arrest phenomenon was discussed as an early stage of cavitation failure in adhesives [112, 113]. 
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Figure 4.5: Programming of crack propagation. (A) Schematic of experimental geometry and 
loading history, where the specimen is stretched by two alternating rates. (B) The 𝒢 − 𝜆 path of 
the specimen during loading, we see that the path enters and leaves crack propagation regime 
repeatedly. (C)The crack speed �̇� as a function of deformation 𝜆. The red-blue line is analytical 
model prediction, scatter square is experimental measurement and black dash line is FEM 
prediction. (D)&(E) Snapshots of experiments (D) and FEM simulation (E) taken at three time 
frames in experiment. 

 
 

4.3 Conclusion 

We have identified a peculiar form of fracture that occurs in polymer networks formed by 

transient crosslinks in which a propagating crack evolves in a highly non-steady manner. As a 

result, the specimen can continue to deform without catastrophic rupture at low loading rate. We 

identified that such phenomenon originates form the nonequilibrium nature of the network, where 

it constantly reconfigures and dissipates energy. To understand the physical laws behind this 

process, we combined the rate-dependent crack tip driving force 𝐺80-  and the local network 
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damage near the crack tip, and identified two parameters that govern this problem. The nominal 

Weissenberg number 𝑊!  that controls the onset of crack propagation and arrest, and the 

propagation parameter  𝑍 = *̇
=
𝑘+!  that provides information about how far a crack can extend 

during propagation. Between these two parameters, the former can be controlled by varying 

experimental condition (loading rate and specimen height), while the latter can be tuned by the 

molecular structure of the polymer. We further showed how one may control the life of cracks by 

simply varying the loading condition. 

In summary, this work enriches the field of quasi-brittle fracture by introducing a new way of 

analyzing the fracture in nonequilibrium systems. This opens the door to the prediction and control 

of non-steady fracture of transient networks that are crucial in engineering applications and 

scientific research. For instance, some of the example problems explored in this paper can be 

related to the combined fracture and cavitation of adhesives [112, 114], the blunting-advancing of 

cracks in physical crosslinked polymers [115] and the fracture-flow transition of transient fluids 

made of associated polymers [98]. Application-wise, this model can be used to provide control 

guidance on the material extrusion in additive manufacturing [111], polymer coating [116] and 

rheological regulating [117]. Due to the simplicity of this model, one may even be able to use it 

for real time experimental optimization. As a first attempt, this model employs coarse-grained 

approximations on both the macroscopic stress field and the crack tip damage profile. Therefore, 

the applicability of this model remains in small to moderate deformation with a small damage zone 
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compared to specimen size. For ductile fracture (i.e., damage zone is comparable to specimen 

size), more complicated damage mechanisms, including cavitation, fibrillation become non-

negligible, where discrete modeling approaches may be supplemental to understand the damage 

kinetics of these processes.  
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Chapter 4, in full, is currently being under review, “Non-steady fracture of transient 

networks: the case of vitrimer”, by Tong Shen, Zhaoqiang Song, Shengqiang Cai and Franck 

Vernerey. The dissertation author was the primary investigator and co-first author of this paper. 
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Chapter 5   Fracture Modes and Hybrid Toughening Mechanisms 

in Oscillated/Twisted Plywood Structure  

 

5.1 Introduction 

Fiber-reinforced composites can be widely seen in nature and diverse engineering 

applications. In most engineering applications, unidirectional and cross-ply fiber-reinforced 

composites have been adopted to achieve high tensile, compressive and torsional strengths and 

stiffnesses [118]. However, in many biological composites, the orientation of reinforced fibers in 

the matrix changes continuously, forming so-called plywood structure or Bouligand structure. 

Such fiber alignment can be found in exoskeleton of crabs [119], claws of lobsters [120], bone of 

mammals [121], exoskeleton of beetles [122], and dactyl club of mantis shrimps [123] as shown 

in Figure 5.1, though the compositions of the fiber and the matrix vary for those different 

biomaterials. Recent studies have shown that the fiber-reinforced composites with plywood 

structure may lead to superior mechanical properties, including extraordinarily high impact 

resistance [24] and fracture toughness [25, 27, 119].  

To understand the significant enhancement of the mechanical properties of a composite 

with plywood structure, several mechanics models have been recently proposed [25, 27, 28]. In 

most of the previous studies, crack deflection has been regarded as the main toughening 

mechanism of a composite with twisted plywood structure [27, 28, 123, 124]. Based on the 
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principle of maximizing the motive force of the crack [125], a crack in twisted plywood structure 

usually propagates between layers with the crack front parallel to the fibers and gradually deflects 

from the initial crack plane, if the fracture toughness of the interface between fiber and matrix is 

much smaller than that of the fibers [27]. Because of the twisted and enlarged crack surface, it has 

been shown that the fracture toughness of the composite can be greatly enhanced [27, 69, 124]. 

More detailed studies have found that the fracture toughness of those materials can be affected by 

the pitch angle, defined as the rotational angle of two adjacent twisted plywood layers [25, 27]. 

For example, Fischer et al. [25] treated the twisted plywood structure as an isotropic material with 

periodically varied elastic properties, resulting in spatial variation of the driving force for the crack 

propagation. Such variation can also increase the effective fracture toughness of the materials. 

Some recent experimental studies have further confirmed [120, 122, 126] that the magnitude of 

pitch angle plays an important role in determining the energy absorption before catastrophic failure 

of the composite.  
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Figure 5.1: Twisted or oscillated plywood structure in biological materials. Twisted or 
oscillated plywood structure can be found in exoskeleton of beetles [122], claw of lobsters [120], 
bone of mammals [121], claw of crabs [119] and dactyl club of mantis shrimps [123]. 

However, all the previous studies provide little insight into the optimized pitch angle for 

maximizing the fracture energy of the composite. Whereas, it has been found that the pitch angle 

in beetle exocuticle always falls in a narrow range: 12-18  [122]. Recent experiments have also 

shown that the fracture toughness of a biomimetic twisted plywood composite constructed by 

hydroxyapatite mineral microfibers and sodium alginate, reaches a maximal value with the pitch 

angel around 10  [127]. 

°

°
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Figure 5.2: The crack propagation in a twisted plywood structure. (A) The schematic of 
twisted plywood structure [123]; (B) An SEM fractography in stomatopod dactyl club [123]; (C) 
Schematic of two fracture modes (crack tilting zone with green color and crack bridging zone with 
red color) in the twisted plywood structure. 

It has been known that for a fiber-reinforced composite, during its fracture, a crack usually 

propagates either along the interface between the fiber and matrix (named as crack tilting) or in 

the matrix across the fibers (named as crack bridging), both of which can result in the increase of 

the effective fracture toughness of the material. In this article, we try to reveal that a combination 

of both crack tilting and crack bridging determines the effective fracture toughness of the 

composite with a twisted plywood structure (Figure 5.2 and Figure 5.3) or an oscillated plywood 

structure. During the fracturing process, a crack plane in the composite may first propagate 

following the twisted fiber orientation till the local energy release rate drops below a value (a 

purely geometrical consequence), which is too small to drive the crack to further propagate along 

the fiber-matrix interface. As a consequence, the crack propagates into the matrix crossing the 

fibers, conventionally termed as crack bridging (as shown in Figure 5.3). Based on our modelling, 
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we find out that with certain material properties, the effective fracture toughness of the composite 

is maximized for a certain pitch angle of the twisted plywood structure, which agrees well with 

the measurements in previous experiments [122]. We hope the model developed in the article will 

be useful for designing fiber-reinforced composites with tailorable mechanical properties. 

 
Figure 5.3: A 3D schematic of fractography in twisted plywood structure. Three fracture zones 
are defined in the schematic: initial crack zone (pink), crack tilting zone and crack bridging zone. 
In the figure, only the fibers near the crack surface are shown, and all the other fibers are hidden.  
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5.2 Results and discussion 

In our model, we make the following assumptions to simplify the analysis. For the 

modelling of crack tilting, we assume that fibers and matrix have the same elastic properties 

including elastic modulus and Poisson’s ratio [69], and the model is based on linear elastic fracture 

mechanics with only mode I loading as shown in Figure 5.3. The solution used in the paper is 

accurate to the first order [128]. A few more assumptions are then adopted in the modelling of 

crack bridging. First, the crack bridging occurs in the composite where the fibers are nearly parallel 

to the loading direction, and the toughening factor of crack bridging is a constant and independent 

of pitch angle. Second, the crack propagation direction in crack bridging zone is parallel to the 

initial crack plane. Additionally, to predict the effective fracture toughness, in oscillated plywood 

structure, we assume the crack bridging zone continuously connects two crack tilting zones. In 

twisted plywood structure, we assume the crack will propagate from the crack bridging zone to the 

tilting zone discontinuously. The criterion for determining the crack propagation path is given by 

the maximization of local energy release rate [129].  

5.2.1 Model of crack tilting 

We first review the approach proposed by Faber and Evans [69] for modelling crack tilting, 

taking into consideration a modification made by N. Suksangpanya et al. [27] later on. The increase 

in the fracture toughness caused by crack deflection can be evaluated from local stress intensity 

factors at the tilted and twisted portions of crack front. The local stress intensity factors, ,  1k¢ 2k¢
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and , are assumed to be functions of the deflection angles as shown in Figure 5.4. The crack is 

represented as a rotated flat plane with a straight crack front. Based on the results of B. Cotterell 

and J. Rice [128], the local stress intensity factors are then obtained by transforming the local stress 

field of kinked crack with tilted angle 𝛼 onto the twisted plane by a twisted angle of 𝜙, namely 

[27, 69]: 

,        (5.1) 

where  is the global applied stress intensity factor of mode I fracture,  is Poisson’s ratio of 

the materials (we set for later calculation), and the twisted angle  and tilted angle  

can be rewritten as [27]  

,                        (5.2) 

where the dimensionless coordinates are given by  and  is the 

fiber diameter; 𝛾 is pitch angle. 

The advancement of the tilted crack is assumed to be governed by the local energy release 

rate , which can be calculated based on the local stress intensity factor 𝑘3V , 𝑘>V , and 𝑘3V  [69], 

namely, 

,              (5.3) 
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where E is Young’s modulus of the composite. The critical value of local energy release rate  

for steady-state crack propagation is the intrinsic fracture energy  which is taken as a material 

constant reflecting the energy dissipated by the breakage of matrix material to form a void ahead 

of the crack tip. The normalized local energy release rate with crack titling is defined as 

, where  is global energy release rate. Without considering 

the toughening mechanism of crack tilting ( ), the local energy release rate  is 

equal to the gobal energy release rate . Thus, the critical energy release rate  is equal to 

intrinsic fracture energy  for steady-state crack propagation. If considering the crack tilting 

and steady-state crack propagation, local energy release rate  must equal the intrinsic fracture 

energy , and the global energy release rate measured from experiments is the fracture 

toughness of the composite with crack tilting, . 

 
Figure 5.4: The model of the crack tilting defined by Faber and Evans [13]. The kinked crack 
is represent by a twisting surface with the tilted angle  and twisted angle of  and the angles 
are mathematically defined by Eq. (5.2). 
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A combination of Eqs. (5.1)-(5.3) allows us to compute the local energy release rate  

at each point with the coordinate  as shown in Figure 5.4. The tilted crack shape in one 

period can be described by  

               (5.4) 

for twisted plywood structure, and  

           (5.5) 

for oscillated plywood structure, where  is dimensionless fiber length. The crack shape 

and its corresponding local energy release rate of oscillated and twisted plywood structure is shown 

in Figure 5.5A-B, respectively.  
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A 

 

B 

Figure 5.5: The shape of crack surface and local energy release rate as the crack propagates 
along fibers. A oscillated plywood structure; B twisted plywood structure. The pitch angle is 𝛾 =
15W.  Double-headed arrows represent the fiber direction and dashed single-headed arrows 
represent the propagation direction of initial crack. The color represents the value of local energy 
release rate. The line of x=0 is boundary of initial crack and propagated crack.  
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In oscillated plywood structure shown in Figure 5.5A, the oscillated angle ranges from  

to . The energy release rate dramatically decreases as the crack is significantly titled toward 

the direction parallel to the loading direction. Similar result is shown in twisted plywood structure 

in Figure 5.5B. The decrease of local energy release rate and the increase of twisting of crack 

surface could both increase the effective fracture toughness of the composite.  

5.2.2 Model of crack bridging 

When the crack surface is tilted to the direction almost parallel to the loading direction, its 

local energy release rate can reduce dramatically as shown in Figure 5.5 calculated by Eq. (5.3), 

which may not be large enough to drive further crack propagation along the twisted fiber alignment. 

Instead, the crack can propagate perpendicular to the loading direction and cross the fibers to form 

crack bridging or branching [28]. To simplify the analysis, in the model, we only consider crack 

bridging. As a matter of fact, experimental investigations showed that the main toughening 

mechanisms are crack tilting and crack bridging in many plywood structures, such as claws of 

lobsters [130], exoskeleton of beetles [131], dactyl club of mantis shrimps [123], scales of fishes 

[132] and cellulose nanocrystal (CNC) composites [126].  

We adopted a two-dimensional discontinuous crack bridging model developed by S. Yue 

et al [133, 134]. In steady-state crack propagation, if neglecting any toughening mechanisms (e.g. 

crack bridging), the global stress intensity factor  is equal to the intrinsic fracture toughness 

 (fracture toughness of matrix material), i.e. . Otherwise, with considering the 
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crack bridging (shown in Figure 5.6), the fracture toughness of the composite  measured from 

most experiments can be written as,  

,                               (5.6) 

where  is the stress intensity factor for crack bridging which denotes the stress intensity factor 

induced by the bridging forces from the fibers, which is calculated by [133, 135, 136], 

,                        (5.7) 

in which  is crack bridging length and  is the normal stress of crack bridging. Here, we 

assume the fibers distribute in densest packing in 2D, as shown in Figure 5.6. The distance between 

neighboring fibers is . As a result, the bridging length is 

,                               (5.8) 

where N is the number of the discrete bridging forces in crack bridging zone.  

0
IK

0 int b
I I IK K K= +

b
IK

( )
0

2 brl brb
I

br

x
K dx

l x
s

p
=

-ò

brl brs

0d

02br
Nl d=



87 
 

 
Figure 5.6: Schematic of 2D discontinuous crack bridging. 𝑙)E presents the bridging length, 
𝜉0 presents the location of i, 𝑣(𝑥) presents the crack opening displacement, and 𝑓(𝜉0) presents 
the discretized concentrated force in crack bridging zone.  

The toughening ratio at the stage of steady-state crack propagation due to the bridging 

traction is calculated by Yue S. et al. [133] as 

,                                (5.9) 

which is a function of fiber length , volume fraction of fiber , modulus of fiber , fiber 

diameter d, interfacial strength , and fracture toughness of fiber , estimated by Meng et 

al. [137], 

 ,                   (5.10) 
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.                           (5.11) 

The critical energy release rate with crack bridging is  [133, 137], where  

is the intrinsic fracture energy.  

The local stress intensify factor is equal to the intrinsic fracture toughness in the case of 

steady-state crack propagation. Based on Eqs. (5.6) and (5.9), the local energy release rate with 

crack bridging for steady-state crack propagation could be given by, 

,               (5.12) 

where  is the energy release rate determined by the remote loading.  

5.2.3 Transition from crack tilting to crack bridging 

We assume that if the local energy release rate for a crack propagating along the tilted path 

given by Eq. (5.3) is lower than the local energy release rate for crack bridging given by Eq. (5.12), 

crack bridging happens. Based on this assumption, the local energy release rate in a plywood 

structure can be calculated as . Therefore, the shape of the crack plane can be 

determined by comparing the magnitude of the local energy release rate along the tilted path and 

the local energy release rate in the matrix with crack bridging. In the following calculations, we 

consider two cases with  and , corresponding to  and 

 in Eq. (5.12), respectively. As shown in the later session,  is indeed very 

( )
2

2
f m

fiber
Ic

V El

K d

t
F =

( )2 int1c
br SSG h= + G intG

( )( )
( )

22 int

02

1 1
1

I
br

SS

K
G G

E
n

h

-
= =

+

( )( )22 0
0 1 IG K En= -

( )max ,tilt brG G G=

0 0.2brG G = 0 0.4brG G = 0.581SSh =

1.236SSh = 0 0.2brG G =



89 
 

close to the value for exoskeleton of beetles and the fabricated cellulose nanocrystal (CNC) 

composites.  

In Figure 5.7, the crack propagates along fibers at the beginning, because the initial crack 

plane is perpendicular to the loading direction and the energy release rate is large for crack tilting, 

compared to the crack bridging. With the increase of tilting angle of crack plane, the energy release 

rate decreases. When the local energy release rate of crack tilting is smaller than that of crack 

bridging, the crack propagates across the fibers, forming crack bridging zone. With the further 

growth of the crack plane, the fracture mode goes back to crack tilting if the local energy release 

rate of crack bridging is smaller than that of crack tilting. With the increase of the local energy 

release rate for crack bridging, the area of crack bridging zone shrinks as shown in Figure 5.7 (A) 

and (B).  

Similarly, the crack path selection in twisted plywood structure is also determined by 

maximizing the local energy release rate. However, the connection between crack tilting and crack 

bridging is discontinuous as shown in Figure 5.8 (A) and (B). In the following analysis, we ignored 

the effect of such discontinuous transition, which may actually cause additional energy dissipation.  
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A 

 

B 

Figure 5.7: The shape of crack surface and local energy release rate in oscillated plywood 
structure. The shape of crack surface and local energy release rate as the crack propagates along 
fibers and across fibers in oscillated plywood structure with different critical energy release rate 
of crack bridging. A 𝐺)E/𝐺! = 0.4 and B	𝐺)E/𝐺! = 0.2. The pitch angle is 𝛾 = 15°. Black line 
of 𝐺)E/𝐺! = 0.4 and 𝐺)E/𝐺! = 0.2  in figure A and figure B, respectively, is the boundary 
between crack tilting zone and crack bridging zone. The crack front could be curved by contour 
line of local energy release rate (e.g.	𝐺/𝐺! = 0.9) in figure B.  
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A 

 

B 

Figure 5.8: The shape of crack surface and local energy release rate in twisted plywood 
structure. The shape of crack surface and local energy release rate as the crack propagates along 
fibers and across fibers in twisted plywood structure with different critical energy release rate of 
crack bridging. A 𝐺)E/𝐺! = 0.4 and B	𝐺)E/𝐺! = 0.2. The pitch angle is 𝛾 = 15°. The black line 
is the boundary between the crack tilting zone and crack bridging zone.  
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5.2.4 Effective fracture energy of the composite with oscillated or twisted plywood structure 

We have calculated the crack shape and local energy release rate of oscillated plywood 

structure and twisted plywood structure in sessions 5.2.1 and 5.2.2. Considering both the crack 

shape and local energy release rate, the normalized fracture energy with respect to the area of the 

undeflected crack plane can be given by [69], 

,             (5.13) 

where  is the area of undeflected crack plane (e.g. yellow plane shown in Figure 

5.4), S is the area of deflected crack plane (e.g. green plane shown in Figure 5.4),  is the 

effective fracture energy and  is the kinking angle between the normal to the deflected crack 

plane and the normal to the undeflected crack plane. So, the dimensionless effective fracture 

energy is 

,                     (5.14)                             

where . 

The dimensionless effective fracture energy of the composite depends on the length of 

fibers, pitch angle, and fracture energy of crack bridging. In the discussion section, we will fix the 

fracture energy of the crack bridging zone to investigate the effects of fiber length and pitch angle 

on the effective fracture energy of the composite.  
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5.2.5 Optimized pitch angle in biological materials 

The results obtained in the previous section are in dimensionless forms, so they are generic. 

In this section, we plug real dimensional numbers measured from the exoskeleton of beetles [122] 

and cellulose nanocrystal (CNC) composites [126] into the dimensionless equations obtained in 

the previous section. Therefore, we can compare the predictions of our theory to real experiments.  

Table 5.1 shows the parameters of two types of nanofibers: chitin-protein fibers which can 

be found in many biomaterials such as exoskeleton of beetles, and cellulose nanocrystal (CNC) 

fibers which widely exist in wood, tunicate, et al.  

Table 5.1: Parameters of chitin-protein fibers in exoskeleton of beetles and cellulose 
nan0crystal fibers. 

 chitin-protein fibers cellulose nanocrystal fibers 

Length l (μm) ~1 [138] ~1 [126] 

Diameter d (nm) 20 [122, 138] 10 [126] 

Modulus E (GPa) 8 [139] 120 [126] 

Strength 𝜎X (MPa) 200 [139] 1000 [140] 

Interfacial strength 
𝜏X (MPa) 

10 20 

Volumetric fraction 
in composite 𝑉( 0.5 0.5 

Fracture toughness 

𝐾Y*
(0)FE(𝑀𝑃𝑎 ∙ 𝑚3/>) 

2 [20] 10 [141] 
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As the parameters of chitin-protein fibers in exoskeleton of beetles listed in table 1, the 

length is around 1 μm [139], the diameter is 20 nm [122, 139], the modulus is 8 GPa [138], the 

strength is 140 MPa [138], and the fracture toughness is 2 𝑀𝑃𝑎 ∙ 𝑚3/> [20]. We estimate the 

volumetric fraction of the fiber in composite is 0.5 and interfacial strength between chitin-protein 

fibers and matrix material is 10 MPa. According to Eq. (5.11), the corresponding dimensionless 

parameter is . The steady-state toughening ratio for crack bridging calculated by Eq. (5.10) 

is . Substituting these parameters into Eq. (5.12), we can get fracture energy of crack 

bridging of exoskeleton of beetles: .  

Recently, cellulose nanocrystal (CNC) composites with twisted plywood structure have 

been synthesized by J. W. Gilman et al [126]. As the parameters of CNC fibers listed in Table 5.1, 

the length is around 1 μm, the diameter is 10 nm, the modulus is 120 GPa, the strength is 1 GPa, 

and the fracture toughness is 10 𝑀𝑃𝑎 ∙ 𝑚3/>. We estimate the volumetric fraction in composite is 

also around 0.5 and the interfacial strength between CNC fibers and matrix material is 20 MPa. 

According to Eq. (5.11), the corresponding dimensionless parameter is . The steady-state 

toughening ratio for crack bridging calculated by Eq. (5.10) is . Substituting the 

parameters into Eq. (5.12), we can get the fracture energy of crack bridging of CNC composites to 

be around .  

As shown above, the dimensionless fracture energies of crack bridging for exoskeleton of 

beetles containing chitin-protein fibers ( ) and the synthesized composite containing 
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cellulose nanocrystal fibers ( ) are close, though the dimensionless fiber lengths are quite 

different for these two fibers,  for chitin-protein fibers and  for cellulose 

nanocrystal fibers. In order to investigate the length effect of fibers on effective fracture energy, 

we choose a unique value ( ) for chitin-protein fibers and CNC fibers. We first study the 

effective fracture energy of the plywood structure as a function of dimensionless fiber length with 

different pitch angles in Figure 5.9. If we fix the fracture energy of crack bridging ( ) and 

pitch angle (e.g. ) in Figure 5.9, there is an optimal fiber length, , to achieve the 

maximal effective fracture energy. If fiber length departs from the optimal value, the effective 

fracture energy drops rapidly. With the increase of pitch angles in Figure 5.9, the optimal fiber 

length decreases. The peak value of effective fracture energy in Figure 5.9 is about , 

which is significantly larger than the fracture energy of the composite with only crack bridging 

. It has been measured in the experiments that the pitch angle in exoskeleton of beetles 

ranged from  to  with the dimensionless fiber length  [122], which agrees well 

with our computation as shown in Figure 5.9.  
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Figure 5.9: The effective fracture energy of oscillated/twisted plywood structure as a function 
of fiber lengths. The effective fracture energy of oscillated/twisted plywood structure as a function 
of different dimensionless fiber length with different pitch angle 𝛾 in consideration of the fracture 
energy of crack bridging �̅�)E* = 2.5. 

We next consider the chitin-protein fiber-reinforced composite of exoskeleton of beetles 

[122], in which the fracture energy of crack bridging is around . As observed in the 

experiments, the pitch angle of twisted plywood structure is around in the exoskeleton 

of beetles. Figure 5.10 plots the effective fracture energy against the pitch angle with . 

For chitin-protein fibers of the exoskeleton of beetles, the fiber length is around , and thus 

the optimized pitch angle for the largest fracture energy is 15° , which also agrees with the 

experimental measurements.  

The toughness of CNC composites is also measured as a function of pitch angle in the 

experiments [126]. The largest toughness is 1.01 𝑀𝑃𝑎 ∙ 𝑚2H, when the pitch angle of plies in 
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CNC composites is 9.7°. As shown in Table 5.1, the dimensionless fiber length for the CNC 

composites is around 100. Figure 5.10 shows that, the largest fracture energy is achieved for the 

composite when the pitch angle is , which also agrees reasonably well with the experimental 

measurements.  

 
Figure 5.10: The effective fracture energy of oscillated/twisted plywood structure as a 
function of pitch angles. The effective fracture energy of the plywood structure as a function of 
the pitch angle with different dimensionless fiber lengths 𝑙 ̅ = 25, 50, 100 with a fixed fracture 
energy of crack bridging zone �̅�)E* = 2.5.  

The enhancement of fracture toughness in oscillated/twisted plywood structures is caused 

by the decrease of the local energy release rate and the enlargement of crack surface. Compared to 

the toughening mechanism of crack bridging only, the combination of crack bridging and crack 

tilting can dramatically enlarge the crack surface. As shown in Figure 5.7 and Figure 5.8, when 

the fracture energy of crack bridging is increased from  to , the area of the 
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twisted crack surface is increased, and consequently, the effective fracture toughness of the 

composite also increases. With the increase of the pitch angle, the area of the crack surface is 

decreased, but the local energy release rate is also decreased. Consequently, the competition 

between the shrinkage of the area of crack surface and the decrease of local energy release rate 

leads to an optimized pitch angle for the maximal effective fracture energy as shown in Figure 

5.10. Similarly, with the increase of fiber length, the normalized area of the crack surface and local 

energy release rate decrease. Such competition results in an optimized fiber length for the maximal 

effective fracture energy as shown in Figure 5.9.   

 

5.3 Conclusion 

There has been mounting experimental evidence that both crack tilting and crack bridging 

could occur in the fiber-reinforced composites with twisted or oscillated plywood structure during 

its fracturing process. In this article, we develop a fracture mechanics model combining crack 

bridging and crack tilting to predict effective fracture toughness of the composite with plywood 

structure. In the model, we assume that whether crack tilting or crack bridging occurs during crack 

propagation is determined by the relative magnitude of the energy release rate for the two 

mechanisms. Our calculations further reveal that an optimized fiber length and pitch angle exist 

for achieving maximal fracture toughness of the composite, which agrees well with experimental 

observations.  
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Despite the uncovered insights into the fracturing process of the composite with twisted or 

oscillated plywood structure, the current model has several limitations and can be further improved 

in the future study. As shown in the model development, a large number of simplifying 

assumptions are adopted, among which we want to restate the most critical ones. First, we assume 

the fiber and matrix have identical elastic properties, which is usually not the case for most fiber-

reinforced composites. Second, we ignore the possibility of crack branching during the crack 

growth, which may be in contrast to the fracturing process in some fiber-reinforced composite 

materials. Third, as shown in the Figure 5.3 and Figure 5.6, we assume the composite is a stack of 

laminates with embedded long fibers, which may be not true for many biological composites. Last, 

in the modelling of crack bridging, we assume the crack plane is perpendicular to the fiber direction, 

which is also an idealized scenario. These simplifying assumptions may result in inaccurate 

predictions of the fracture toughness of a composite with plywood structure. However, we do not 

see any intrinsic difficulties in developing more complex or realistic models with abandoning some 

or even all those assumptions mentioned above, which will be our research of interest for the next 

step.  
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Chapter 5, in full, is a reprint of the material as it appears in “Fracture Modes and Hybrid 

Toughening Mechanisms in Oscillated/Twisted Plywood Structure”, Acta biomaterialia 91 (2019): 

284-293, by Zhaoqiang Song, Yong Ni and Shengqiang Cai. The dissertation author was the 

primary investigator and first author of this paper. 
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Chapter 6   Conclusion 

 

6.1 Summary of the dissertation 

Vitrimers have emerged as a class of polymers combining great processability, self-healing 

capability and high-temperature mechanical properties. Most of these salient features of vitrimers 

originate from the existence of dynamic covalent bonds in the polymer network. We exploit the 

rate-dependent fracture properties of vitrimers which are originated from the bond exchanging 

exchange reaction. We find that the strong force-sensitivity of dynamic covalent bond leads to the 

rate-dependent fracture toughness and the rate-independent bulk dissipation. Moreover, we study 

the mechanical properties, especially the fracture toughness, of the polymer composites, i.e. 

vitrimers with hybrid networks and biocomposites. The strong and tough polymer composites are 

essential for the commercial applications. The toughening mechanism in polymer composites can 

guide the design of strong and tough polymers. The main results of each chapter are summarized 

as follows: 

In Chapter 2, we describe the synthesis and characterizations of vitrimers with the hybrid 

networks. The vitrimers with the hybrid networks can be synthesized with a low molar ratio of 

dynamic covalent bonds (less than 20 mol%), which still maintains its reprocessing and self-

healing capabilities. We develop a theoretical model to predict stress relaxation and creep of the 

vitrimers with hybrid networks at different temperatures and with different molar ratios between 
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the two monomers. The vitrimers with hybrid networks exhibit maximum fracture energy at a 

certain molar ratio.  

In Chapter 3, we investigate the rate-dependent fracture of vitrimers, and we, for the first 

time, obtain the intrinsic fracture energy and bulk dissipation of vitrimers during crack extension. 

The intrinsic fracture energy strongly depends on tear speed, and such dependence can be well 

explained by Eyring theory. In contrast, the bulk dissipation only weakly depends on tear speed, 

which is drastically different from observations on traditional viscoelastic polymers. 

In Chapter 4, we find that the transient nature of a vitrimer network yields peculiar fracture 

characteristics that cannot be understood from existing fracture theories. Crack propagation is a 

non-equilibrium process whose velocity depends on the interplay between external load, bond 

dynamics and network damage. To explain the transient life of a crack in the vitrimer, we extend 

the linear elastic fracture theory to a dynamic model that predicts the time-dependent evolution of 

a crack during loading.  

In Chapter 5, we propose that a combination of crack tilting and crack bridging determines 

the effective fracture toughness of the fiber-reinforced composite with the plywood structure. 

Based on our quantitative analysis, it is found that the effective fracture toughness of the composite 

can be maximized for a certain pitch angle of the oscillated/twisted plywood structure, which 

agrees well with experiments. 
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6.2 Outlook for future work 

A lot of challenges are still existed in the study of polymers and polymer composites. First, 

a more detailed study of bulk dissipation 𝑤- in the tear test of a vitrimer film requires a full-field 

simulation of the tearing process with a nonlinear viscoelastic material model, which is a 

challenging task and has not been achieved in the literature yet. Second, a theoretical model is 

required to understand the toughening mechanism of the vitirmers with hybrid networks. Third, 

the complex fracture behaviors can exist in the fracture process of polymer composites, e.g., crack 

branching, et al., which are ignored in our study. Also, we assume the composite is a stack of 

laminates with embedded long fibers, which may be not true for many biological composites. Last, 

in the modelling of crack bridging, we assume the crack plane is perpendicular to the fiber 

direction, which is also an idealized scenario.  
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