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1.3.1 Itô Calculus . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15
1.3.2 Hamilton-Jacobi and Method of Characteristics . . . . . . . . . . . . . . . . . . . . . 18

1.4 Contributions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20
1.5 Notation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

Chapter 2 NTK Regression under dual Power-law model . . . . . . . . . . . . . . . . . . . . . . . . 23
2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

2.1.1 Related Works . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25
2.1.2 Contributions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26

2.2 Main results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27
2.2.1 Problem setup . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27
2.2.2 Gaussian Equivalence . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29
2.2.3 Generalized Cross Validation (GCV) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30
2.2.4 Dual power-law model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32
2.2.5 Assumptions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33

vi



2.2.6 Outline of approach . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34
2.2.7 Statement of main results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36
2.2.8 Finite-width NTK scaling law under unnormalized power-law spectra . . 45

2.3 Proofs of Main Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49
2.3.0 Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49
2.3.1 Application: Anisotropic Sample Covariance . . . . . . . . . . . . . . . . . . . . . . . 51
2.3.2 Finite Dimension SDE . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60
2.3.3 Asymptotic PDE . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73
2.3.4 Hamilton-Jacobi System . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75
2.3.5 Proof of Theorem 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81

2.4 Numerical Experiments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 97
2.4.1 Numerical root solver . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 97

Chapter 3 Eigen-spike emergence for Nonlinear Data . . . . . . . . . . . . . . . . . . . . . . . . . . . 103
3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103

3.1.1 Related works . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 105
3.1.2 Contributions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 107
3.1.3 Approach . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 108

3.2 Main Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 110
3.2.1 Notations and Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 110
3.2.2 Statement of Main Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 113
3.2.3 Proportional Limit with Finite SNR Case . . . . . . . . . . . . . . . . . . . . . . . . . . 114
3.2.4 Large-SNR Proportional Limit Case . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 119
3.2.5 Pretrained / Spiked Weight Matrix Case . . . . . . . . . . . . . . . . . . . . . . . . . . . 120
3.2.6 Quadratic Sample-size Case . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 122

3.3 Proofs of Main Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 124
3.3.1 Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 124
3.3.2 Properties of XOR Data . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 125
3.3.3 Properties of CK Matrix . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 132
3.3.4 The z-transform and the T-transform . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 140
3.3.5 Centered and Normalized GELU . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 146
3.3.6 Quadratic Equivalence for Proportional Limit . . . . . . . . . . . . . . . . . . . . . . 150
3.3.7 Proof Strategy for Main Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 153
3.3.8 Proofs for Finite-SNR and Proportional Limit Regime . . . . . . . . . . . . . . . 155
3.3.9 Analysis of the Population Covariance Matrix . . . . . . . . . . . . . . . . . . . . . . 156
3.3.10 Analysis of Spike in Population Covariance . . . . . . . . . . . . . . . . . . . . . . . . 157
3.3.11 BBP Transition for Null Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 160
3.3.12 BBP Transition for Rank-three Additive Deformation . . . . . . . . . . . . . . . . 161
3.3.13 Proof of Theorem 5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 195
3.3.14 Proof of Kernel Spectral Clustering . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 196
3.3.15 Proof for Large-SNR Regime . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 198
3.3.16 Proof for Spiked Weight Regime . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 210
3.3.17 Step 1: A QE for spiked weights. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 212
3.3.18 Proof of Theorem 10 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 216

vii



3.3.19 Proof of Quadratic Sample-size Regime . . . . . . . . . . . . . . . . . . . . . . . . . . . 219
3.3.20 Analysis of the Population CK for Quadratic Sample-size Regime . . . . . 220
3.3.21 Deterministic Equivalent of Spiked Kernel Model . . . . . . . . . . . . . . . . . . . 227
3.3.22 BBP Transition for Quadratic Regime . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 234

3.4 Numerical Experiments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 234
3.4.1 Baseline Case in Section 3.2.3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 235
3.4.2 Knob I: Increase SNR . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 236
3.4.3 Knob II: Activation nonlinearity σ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 237
3.4.4 Knob III: Weight structure . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 239

Bibliography . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 246

viii



LIST OF FIGURES

Figure 2.1. Finite-width NTK Scaling-law . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 99

Figure 2.2. Excess risk of NTK regression at optimally-tuned ridge parameter . . . . . . . 99

Figure 2.3. Optimally-tuned excess NTK risk against sample size risk under various
regimes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 100

Figure 2.4. Excess NTK risk under isotropic vs power-law data . . . . . . . . . . . . . . . . . . . 100

Figure 2.5. Theory vs empirical for trace resolvents where capacity α < 1 . . . . . . . . . . 101

Figure 2.6. Theory vs empirical for trace resolvents where capacity α > 1 . . . . . . . . . . 101

Figure 2.7. Theory vs empirical for signal resolvent . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 101

Figure 3.1. Finite-SNR proportional regime CK Spectra: Failure case . . . . . . . . . . . . . . 235

Figure 3.2. Large-SNR proportional regime CK Spectra: Informative spikes . . . . . . . . 236

Figure 3.3. CK Spectra SNR Phase Transition . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 238

Figure 3.4. CK Spectra under single-parameter family of activation function . . . . . . . . 239

Figure 3.5. CK Spectra under Large-SNR regime with odd activation function . . . . . . . 240

Figure 3.6. CK Spectra under spiked weights: informative task-aligned spike . . . . . . . . 241

Figure 3.7. CIFAR-2 Pretrained Model CK Spectra . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 242

Figure 3.8. Pretrained weights spectra phase transition over training . . . . . . . . . . . . . . . 243

Figure 3.9. Pretrained weights eigenvector alignment phase transition over training . . 243

ix



LIST OF TABLES

Table 3.1. Summary of phase transitions for CK outlier spikes . . . . . . . . . . . . . . . . . . . . 108

x



ACKNOWLEDGEMENTS

First and foremost I want to thank my PhD advisor Todd Kemp. I am deeply indebted

to the support, guidance, and advice he has given me throughout my PhD studies. I was first

introduced into the world of random matrices as an undergraduate attending one of his talks at

UCLA. Since then he has helped shaped my research journey through his mathematical expertise

and heartfelt words of encouragement. I mark myself incredibly fortunate to have an advisor

who was so patient and genuinely invested in my growth as a mathematician. Second, I want to

thank my collaborator and peer Zhichao Wang, who was, in all practical purposes, a co-advisor

in my research journey. I extend my deepest gratitude to him for sharing his expertise in random

matrix theory and deep learning theory through countless hours of meetings and discussions. He

has left a profound impact on my research growth, and I am extremely privileged to have had the

opportunity to work with him.

I also want to thank my committee members, Mikhail Belkin, Alexander Cloninger, and

Ioana Dumitriu for their valued feedback and guidance throughout during my research journey.

I extend particular thanks to Mikhail Belkin for his talks and discussions, which led me to

the path of deep learning theory. I thank David Jekel for his mentorship during my time as

an undergraduate at UCLA, and for introducing me to Free Probability. I also thank Dimitri

Shlyakhtenko for directing my research interest into research in Free Probability and Random

Matrix Theory, and for his guidance in my pursuit of graduate studies in mathematics.

To my parents for their everlasting love, support, and constant belief. To my brother, for

our coffee runs and tennis matches which provided much needed balance to my life as a graduate

student. To my girlfriend Katie Gulick, who has provided immeasurable amounts of support and

affirmation from the beginning of my PhD. The completion of this thesis would not have been

possible without their encouragement.

Chapter 2 is extracted from the paper “Collin Cranston, Zhichao Wang, Todd Kemp.

NTK Regression under dual power-law model: Deterministic Equivalents via SDE and PDE

Methods.” Currently under review. The dissertation author is the co-author of this paper.

xi



Chapter 3 is extracted from the paper “Collin Cranston, Zhichao Wang, Todd Kemp,

Michael W. Mahoney. Eigen-Spike Emergence and Quadratic Equivalents for Conjugate Kernels

on Nonlinearly Separable Data, Proceedings of the 39th Annual Conference on Learning The-

ory, Proceedings of Machine Learning Research (PMLR). arXiv:2605.29669” To appear. The

dissertation author is co-author of this paper.

xii



VITA

2019 Bachelor of Science, University of California, Los Angeles

2020–2026 Teaching Assistant, Department of Mathematics
University of California San Diego

2023 Masters of Science, University of California San Diego

2023 Teaching Assistant, MSRI Machine Learning Summer School

2026 Doctor of Philosophy, University of California San Diego

PUBLICATIONS

“Collin Cranston, Zhichao Wang, Todd Kemp. NTK Regression under dual power-law model:
Deterministic Equivalents via SDE and PDE Methods.” Currently under review.

“Collin Cranston, Zhichao Wang, Todd Kemp, Michael W. Mahoney. Eigen-Spike Emergence
and Quadratic Equivalents for Conjugate Kernels on Nonlinearly Separable Data, Proceedings of
the 39th Annual Conference on Learning Theory, Proceedings of Machine Learning Research
(PMLR). arXiv:2605.29669” To appear.

xiii



ABSTRACT OF THE DISSERTATION

Random Matrix Theory for Linearized Neural Networks

by

Collin Cranston

Doctor of Philosophy in Mathematics, with Specialization in Statistics

University of California San Diego, 2026

Professor Todd Kemp, Chair

Non-linear Random Matrix Theory (RMT) has recently emerged as a powerful paradigm

for the theoretical understanding of deep learning theory. Throughout recent works, a universality

principle, the Gaussian Equivalence Theorem (GET), has become an indispensable tool allowing

for the behavior of complex nonlinear neural networks to be understood through tractable linear

kernel models. This thesis contributes to this emerging field, first by using the GET universality

principle to derive a novel scaling law in Neural Tangent Kernel (NTK) regression, and second by

studying the implications of this idealized linear equivalence on a high-dimensional nonlinearly

separable dataset. The main contributions can be summarized as follows.

We study finite-width NTK regression under a dual-power law model, in which the

xiv



training data covariance spectrum exhibits a power-law decay and the labels are generated with

deterministic signal whose source-exponent measures the difficulty of the learning task. We

introduce a technique novel to RMT in deep learning theory, combining partial differential

equations (PDE) and stochastic matrix calculus. This technique allows for the extension of

previous results beyond the isotropic Gaussian setting and a deterministic equivalent for the

generalization risk of the NTK to be derived under general data assumptions. Using this

deterministic equivalence, we obtain a novel scaling-law exponent for the excess risk of finite-

width NTK regression.

Motivated by the question of whether the idealized Gaussian equivalence principle

remains meaningful beyond the isotropic Gaussian setting, we study the Conjugate Kernel (CK)

on a non-linearly separable dataset, which induces spiked eigenvalues that isolate from the

bulk. We develop a quadratic equivalent to the CK that enables precise analysis of emergent

informative spikes, eigenvalues whose eigenvectors asymptotically align with task-relevant

directions. Using this quadratic equivalent, we derive phase transitions governing the emergence

of such informative spikes in various settings that are relevant to machine learning practice,

helping translate the power of deterministic equivalence tools to practical relevance in machine

learning.
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Chapter 1

Introduction

Modern deep learning models have achieved increasingly impressive benchmarks in a

wide variety of applications, such as computer vision, video generation, and large language

models. Spurred by the success of deep learning methods, significant effort has been made to

bridge the growing gap between theoretical understanding and empirical observations, some

of which seemingly contradict conventional statistical wisdom [BHMM19]. Random Matrix

Theory (RMT) and Free Probability have emerged as powerful frameworks that provide insights

into high-dimensional data structures and statistical properties of deep learning models.

In the era of big data, where both the number of training samples and the size of ambient

dimension grow at proportional rates, RMT provides a powerful theoretical paradigm for the

characterization of both the spectral properties of datasets and the asymptotic alignment of

their eigenvectors to target learning directions. In the context of machine learning, nonlinear

RMT has been utilized to demonstrable success in the study of nonlinear kernel matrices that

arise from the propagation of data through neural networks. Moreover, RMT naturally extends

to the notion of over-parameterization in machine learning models, wherein the number of

model parameters exceeds the size of training dataset. A precise theoretical understanding of

the powerful generalization ability of highly over-parameterized models, a phenomena often

referred to as benign overfitting [BLLT20, CCBG22], remains elusive and is an active area of

research in deep learning theory.
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The study of the spectrum of nonlinear kernel matrices originated in the pioneering work

of [EK10], in which a careful entry-wise Taylor expansion of inner-product kernel matrices

on high-dimensional data revealed that a broad class of kernel matrices essentially become

linear in the proportional asymptotic regime. Subsequent work [FW20, MM19b, PW17] has

extended upon this linearization phenomena, leading to a universality principle for a wide class

of nonlinear feature models and their associated learning problems, which have been shown

to be asymptotically indistinguishable from that of linear Gaussian covariate models, in both

training and test behavior. Much of the modern technical analysis of neural network performance

in the proportional-width regime relies on this equivalence, which has been dubbed the Gaussian

Equivalence Theorem (GET) [GLR+22, HL22b].

In Chapter 2, we utilize this universality principle to study a tractable model that ap-

proximates the training dynamics of an ultra-wide neural network, under a dataset that exhibits

a power-law spectrum decay. Indeed several interesting phenomena exhibited in deep neural

networks, such as double-descent risk curves [BHMM19] and neural scaling laws [KMH+20],

can be observed in the analytically tractable problem of high-dimensional ridge regression on

a suitable kernel model. We also introduce a novel technique, in the context of RMT in deep

learning, drawing upon tools from partial differential equations (PDE) and stochastic matrix

calculus, which we expect to generalize to greater applicability in linearized neural network

models.

In Chapter 3, we test the robustness of this Gaussian equivalence under the study of a

random two-layer neural network on a canonical nonlinearly separable dataset, the XOR. We

use the location of spike eigenvalues, ones that asymptotically separate from the bulk of the

spectrum, and the alignment of their corresponding eigenvectors to binary XOR-labels as a

proxy for the learnability of the classification task. The remainder of this chapter is dedicated to

introducing the background of RMT in application to deep learning theory, and the PDE and

stochastic differential equations (SDE) methods used to derive the main results of this thesis.

2



1.1 Neural Tangent Model

1.1.1 Motivation and connection to Neural Networks

In this section, we introduce and motivate the neural tangent model [JGH18, MM23]

through its connection to the training and test dynamics of neural networks. The primary focus

of Chapter 2 is to study an analytically tractable model that approximates a two-layer neural

network fθθθ (xxx) with hidden-layer width N, which we define as

fθ (xxx) =
1√
N

www⊤
σ(WWW 1xxx), θ :=

(
www(1)

1 , . . . ,www(1)
N ,w1, . . . ,wN

)
∈ RN(p+1) (1.1.1)

where xxx ∈ Rp is the input data, and σ : R → R is the nonlinear activation function applied

entry-wise which we assume to be differentiable almost everywhere. The first layer weights

WWW 1 ∈ RN×p are initialized with entries i.i.d. N (0, 1
p), while the 1√

N
factor in (1.1.1) is due to

LeCun/NTK normalization [JGH18, LBOM12] and ensures the model output stays O(1) as the

width increases. The second layer weights www ∈ RN are initialized as wi
i.i.d.∼ N (0,σ2

W ), where

the variance σ2
W is a hyper-parameter that will tune the behavior of the underlying kernel models

derived below. Let θ0 denote the parametrized weights at their random initialization. Under

certain settings, which have been dubbed lazy training [COB19], it has been observed that the

weights θ stay close to their initialization θ0 throughout training, and the network output is

well approximated by a first-order Taylor expansion around θ0. As a first step in the analysis

therefore, we perform a first order Taylor expansion of fθ around θ0:

fθ (xxx)≈ f (xxx;θ0)+
(
θ −θ0

)⊤
∇θ f (xxx;θ0). (1.1.2)

We refer to [BMR21, COB19] for a rigorous treatment of this expansion, and instead focus on

the implications when it remains valid. A quick calculation of gradients with respect to first and
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second layer weights results in the following:

fθ (xxx)≈ f (xxx;θ0)+
1√
N

N

∑
i=1

∆wiσ
(〈

xxx,www(1,0)
i
〉)

+
1√
N

N

∑
i=1

w(0)
i σ

′(〈xxx,www(1,0)
i
〉)〈

xxx,∆www(1)
i
〉

(1.1.3)

where ∆www = www−www0, and www(1,0) and www(0)
i denote the first and second layer weights respectively

at their initialization. For simplicity we set f (xxx,θ0) = 0, which is referred to as centering by

[AP20]. This can be achieved by either doubling the number of neurons in the network, or by

subtracting the initial network value throughout training, and does not affect the analysis made

in subsequent chapters. The expansion (1.1.3) motivates the definition of the following model

classes.

Random Features (RF) Model

By freezing the first layer weights at initialization, i.e ∆www(1) = 0, the only learnable

parameters are the second layer weights www. In this case, (1.1.3) reduces to the Random Feature

(RF) model

f RF
w (xxx) =

1√
N

N

∑
i=1

wiσ
(〈

xxx,www(1)
i
〉)

= www⊤
φRF(xxx) (1.1.4)

where we define the feature map φRF : Rp → RN with entries given by

(φRF)i(xxx) =
1√
N

σ
(〈

xxx,www(1)
i
〉)
, for i ∈ [N] (1.1.5)

Learning the second layer weights www ∈ RN through ridge regression yields Random

Feature Ridge Regression (RFRR), which was originally introduced in [RR07] as a random

approximation to kernel methods. As a statistical model at fixed width N, RFRR has garnered

extensive independent research interest, in part due to its connection to neural networks. The

asymptotic training error, and generalization properties of (1.1.4) have been, at this point, fully

characterized in the isotropic dataset setting [MM19b, DL20, LLC18, ALP19], with extensions to

more general datasets [WZ23, AZVP26, LGC+21], and dimension-free deterministic equivalent
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analysis as well [DLM24, SCDL23]. In particular, the RF model (1.1.4) exhibits both double-

descent risk curves [MM19b], and scaling-law phenomena under power-law data [MRS22], and

therefore marks an attractive analytically tractable model that approximates fθ (1.1.1) (in the

sense of (1.1.3)).

Neural Tangent Kernel (NTK) Model

By allowing the weights θ to change throughout training, but taking the linearization

(1.1.3) as the model definition, we arrive at the Neural Tangent Kernel (NTK) model. Re-

parameterizing by the weight displacements bbb = (bbb1,bbb2) = θ −θ0, we define the NTK predictor

as

f NTK
θ (xxx) =

1√
N

N

∑
i=1

b1,iσ
(〈

xxx,www(1,0)
i
〉)

+
1√
N

N

∑
i=1

w(0)
i σ

′(〈xxx,www(1,0)
i
〉)〈

xxx,bbb2,i
〉

(1.1.6)

where bbb1 ∈ RN and bbb2 =
(
bbb2,1, . . . ,bbb2,N

)
∈ RN p are learnable parameters. Here we define the

NTK feature map φNTK : Rp → RN p with rows given by

(φNTK)i(xxx) =
1√
N p

σ
′(〈xxx,www(1,0)

i
〉)

xxx⊤, for i ∈ [N] (1.1.7)

With a suitable re-definition of bbb = (bbb1,bbb2), namely absorbing the second-layer weights into bbb2,

the NTK predictor f NTK
θ

can be written in the following compact form:

f NTK
θ (xxx) = bbb⊤1 φRF(xxx)+

√
pbbb⊤2 φNTK(xxx) (1.1.8)

The parameters bbb = (bbb1,bbb2) ∈ RN ×RN p are learned through the NTK regression problem, with

ridge parameter λ > 0

b̂bb(λ ) = argmin
bbb

{1
n
||yyy−ΦΦΦbbb||22 +λ ||bbb1||22 +λ ||bbb2||22

}
. (1.1.9)
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Here yyy ∈ Rn are the training labels, and ΦΦΦ ∈ Rn×N(p+1) denotes the combined feature matrix

ΦΦΦ :=



φRF(xxx1)
√

pφNTK(xxx1)

φRF(xxx2)
√

pφNTK(xxx2)

...
...

φRF(xxxn)
√

pφNTK(xxxn)


. (1.1.10)

The ridge solution (1.1.9) takes the following closed form

b̂bb(λ ) =
(
ΦΦΦ

⊤
ΦΦΦ+nλ I

)−1
ΦΦΦ

⊤yyy. (1.1.11)

With this, the NTK predictor at a test point xxx ∈ Rp is given by

f̂λ (xxx) = φ(x)⊤b̂bb(λ ) = φ(x)⊤
(
ΦΦΦ

⊤
ΦΦΦ+nλ I

)−1
ΦΦΦ

⊤yyy (1.1.12)

where φ(xxx) =
(
φRF(xxx),

√
pφNTK(xxx)

)
is the combined feature vector.

Since its initial derivation as a bridge between wide neural networks trained in the

lazy regime to kernel ridge regression (KRR) on a deterministic kernel [JGH18], the statistical

properties of NTK regression and the spectral properties of its related kernel have been studied

in various settings [FW20, NMM21, GDZ+22, LHY25]. The generalization error of f̂λ was

characterized in [AP20] in the isotropic setting, where non-monotonic risk curves of NTK

regression were analyzed.

Kernel Ridge Regression (KRR) Model

In the infinite-width limit N → ∞ the neural tangent model (1.1.12) simplifies to Kernel

Ridge Regression (KRR) on a rotationally-invariant deterministic kernel. The specific kernel in

this limit is often referred to as the NTK in literature, however throughout this thesis we refer to

the RF and NTK models in their finite-width realizations, and instead refer to their deterministic

limit kernels as the infinite-width NTK and RF models respectively.
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The asymptotic performance of KRR has been studied in the proportional regime for

general inner-product kernels [HMRT22, AKM+17, MS24a], and the infinite-width NTK [AP20,

WHS22]. Extensions past the proportional regime to polynomial-scaling regime [Mis22, HL22a],

and beyond the isotropic setting to power-law data [WL25], have revealed several interesting

phenomena unobserved in the isotropic proportional regime.

1.1.2 Kernel Matrices

In this section, we introduce the kernel matrices that are studied in this thesis. The two

kernels of main interest, the Conjugate Kernel (CK) and the Neural Tangent Kernel (NTK), are

motivated through the Neural Tangent model introduced in Section 1.1.1. We will let XXX ∈ Rp×n

denote the training sample matrix.

Conjugate Kernel (CK)

The Conjugate Kernel (CK) is defined to be the empirical gram matrix of the hidden-layer

activations in the network (1.1.1).

Definition 1 (Conjugate Kernel). We define the CK as

KKKCK =
1
N

σ(WWW 1XXX)⊤σ(WWW 1XXX). (1.1.13)

Furthermore, define the feedforward map FFF = 1√
N

σ(WWW 1XXX). Then the CK can be written as

KKKCK = FFF⊤FFF.

The spectral distribution of the CK governs the training dynamics and generalization

behavior of RFRR, both of which were computed in [MM19b] and [HL22b] for isotropic

Gaussian input. The CK can be viewed as a scalable approximation to the infinite-width limit

kernel, wherein regression on KKKCK approximates regression in the reproducing kernel Hilbert

Space (RKHS) defined by limit kernel [RR07].

The spectrum of the CK has been studied in [ALP19, FW20, LC18, LLC18], where an

7



equivalence on the order of bulk statistics has been established between the CK and a linear

Gaussian covariates model under suitable smoothness assumptions. We will explore both the

consequences and failures of this equivalence in both Chapters 2 and 3.

Neural Tangent Kernel (NTK)

The Neural Tangent Kernel (NTK) is defined as the gram matrix of the Jacobian of the

network (1.1.1) with respect to the parameter-weights θ .

Definition 2 (Neural Tangent Kernel). We define the NTK to have entries given by

KKKNTK(xxx,xxx′) :=
(

∇θ fθ (xxx)
)⊤(

∇θ fθ (xxx′)
)
. (1.1.14)

Letting JJJ = ∇θ fθ (XXX), the NTK can be written as KKKNTK = JJJ⊤JJJ.

Partitioning the gradient over first and second layer weights, we have

KKKNTK(xxx,xxx′) = ∇www fθ (xxx)⊤∇www fθ (xxx′)︸ ︷︷ ︸
KKK1(xxx,xxx′)

+∇WWW 1 fθ (xxx)⊤∇WWW 1 fθ (xxx′)︸ ︷︷ ︸
KKK2(xxx,xxx′)

. (1.1.15)

The first and second layer kernels can be written as

KKK1(XXX ,XXX) = FFF⊤FFF = KKKCK, KKK2(XXX ,XXX) =
XXX⊤XXX

p
⊙ (FFF ′)⊤diag(www)2FFF ′

N
(1.1.16)

where ⊙ denotes the Hadamard (entry-wise) product. Here FFF = 1√
N

σ(WWW 1XXX), FFF ′ = 1√
N

σ ′(WWW 1XXX)

are the feed-forward feature maps of σ and σ ′ respectively. We recognize the first layer kernel

KKK1 as the CK.

The NTK was introduced in [JGH18] to study the training dynamics of ultra-wide

neural networks. Its origins follows a long line of works connecting infinite-width networks

to kernel methods, originating with the observation that single-layer infinite-width networks

converge to Gaussian processes [Nea95, Wil96]. This observation has since been extended to
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deep infinite-width neural networks via the Neural Network Gaussian Process (NNGP) kernel

[MHR+18, LBN+18]. Moving beyond random initialization, the NTK governs the optimization

dynamics of ultra-wide networks trained under gradient descent. Indeed, under LeCun/NTK

normalization the weights of an infinite-width network stay infinitesimally close to their random

initialization throughout training. Specifically, under gradient-flow training dynamics with an

ℓ2-squared loss, i.e gradient descent with infinitesimal step size, the model fθ(t) evolves as

a linear-model in the tangent feature space, and satisfies the following ordinary differential

equation (ODE) [DZPS19, LXS+20]

∂

∂ t
fθ(t)(XXX) =−ηKKKNTK(t) ·

(
fθ(t)(XXX)− yyy

)
. (1.1.17)

Here θ(t),KKKNTK(t) denote the parameter weights, and the NTK at gradient-descent step t, and

η > 0 denotes the learning rate parameter of gradient descent.

1.2 Random Matrix Theory (RMT)

In this section, we briefly introduce the background of the main tools from Random

Matrix Theory (RMT) which are of interest to deep learning theory, and in particular the results

presented in this thesis. This section is not a comprehensive review and we refer the reader to

[CL22] for more background on RMT in machine learning.

1.2.1 Empirical Spectral Distributions and Stieltjes Transform

A primary object of interest in RMT is the distribution of the eigenvalues of symmetric

random matrices in high dimensions, and the weak convergence of their empirical spectral

distribution (ESD). Throughout this section, let MMM ∈ Rn×n denote a symmetric random matrix

with eigenvalues σ(MMM) = {λ1(MMM)≤ . . .≤ λn(MMM)}. The ESD of MMM is given by

µn =
1
n

n

∑
i=1

δλi(MMM). (1.2.1)
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Of interest is the weak limit of (1.2.1), which we refer to as the limiting spectral measure of MMM

and denote it by

lim specMMM = µ. (1.2.2)

This can be understood as the almost sure convergence of the following

1
n

n

∑
i=1

f
(
λi(MMM)

)
→ Eσ∼µ [ f (σ)] (1.2.3)

as n → ∞, for every bounded, continuous function f : R → R. This is also referred to as

convergence of the bulk of the spectrum of MMM, and does not guarantee the convergence of the

outlier eigenvalues of MMM to the support of µ .

A classical tool to characterize the limiting spectral measure is the Stieljtes transform.

For a probability distribution µ on R with support supp(µ), define the Stieltjes transform of µ

for z ∈ C\ supp(µ)

mµ(z) =
∫ 1

x− z
µ(dx). (1.2.4)

Observe that the ESD µn is also a probability measure, which motivates the empirical Stieltjes

transform

mµn(z) =
1
n

n

∑
i=1

1
λi(MMM)− z

(1.2.5)

We also introduce the resolvent, which is another foundational object in RMT used to characterize

the ESD of symmetric random matrices. Define the resolvent R of MMM as

R(z) =
(
MMM− zIn

)−1
, z ∈ C\σ(MMM) (1.2.6)

where In denotes the n×n identity matrix. The ESD, resolvent, and limiting spectrum of MMM are

related through the following observation.

mµn(z) =
1
n

n

∑
i=1

∫ 1
x− z

δλi(MMM)(x) =
1
n

n

∑
i=1

1
λi(MMM)− z

=
1
n

Tr
(
MMM− zIn

)−1
. (1.2.7)
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The pointwise almost sure convergence of mµn → mµ over the upper-half complex plane H +

is equivalent to the weak convergence of µn to µ , i.e that lim specMMM = µ ( Theorem 8.11 in

[Kem11] ). The Stilejtes transform thereby uniquely encodes the weak convergence of µn to

µ . Moreover, the Stieltjes-inversion formula allows one to recover the density g of the limiting

measure µ , should it exist

g(x) =
1
π

lim
y→0+

Im
[
mµ(x+ iy)

]
. (1.2.8)

1.2.2 Deterministic Equivalents

While the classical resolvent methods introduced in Section 1.2.1 allow for the study

of asymptotic eigenvalue behavior, they do not directly provide information about their eigen-

vectors. Indeed, by characterizing only the normalized trace of the resolvent in (1.2.7), one

loses information of MMM encoded in its resolvent. Here we introduce the modern approach of

characterizing the asymptotic spectral behavior of MMM through deterministic equivalents, which

are finite dimensional deterministic matrices that approximate MMM asymptotically (in the sense of

scalar functionals). In particular, we say MMM ∈ Rn×n is a deterministic equivalent of MMM ∈ Rn×n,

and write MMM ≍ MMM, if the following holds uniformly over a class of deterministic test matrices AAA

of bounded operator norm and unit-norm vectors aaa,bbb ∈ Rn

1
n

tr
(

AAA(MMM−MMM)
)
→ 0, aaa⊤

(
MMM−MMM

)
bbb → 0 (1.2.9)

almost surely, as n → ∞. We note that (1.2.9) is just one way to define the notion of deterministic

equivalence, which does not admit a standard definition in the literature. One advantage of

(1.2.9) is it naturally encodes traces and bilinear forms of MMM, which are essential to studying

its asymptotic spectral distribution and eigenvectors. The notion of deterministic equivalence

originated in [Gir01], and will be of particular use for deriving scaling-laws in Chapter 2.
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1.2.3 Marchenko-Pastur Law

As an example of the resolvent method and deterministic equivalence, we consider

the foundational Marchenko-Pastur law [MP67], which characterizes the spectra of sample

covariance matrices. Let XXX ∈ Rp×n have i.i.d N (0,1) entries, and let R(z) =
(1

nXXXXXX⊤− zIp
)−1

denote the resolvent of the sample covariance SSSp =
1
nXXXXXX⊤ ∈ Rp×p. Then, as n, p → ∞ at rate

p
n → γ ∈ (0,∞)

R(z)≍ R(z), R(z) = m(z)Ip (1.2.10)

where m(z) is given by the unique analytic solution in H + to the Marchenko-Pastur equation

zγm(z)2 − (1− γ − z)m(z)+1 = 0. (1.2.11)

Here m(z) is the Stieltjes transform of the Marchenko-Pastur distribution ρMP
γ , which has explicit

density

dρ
MP
γ (x) =

1
2π

√
(λ+− x)(x−λ−)

γx
·1x∈[λ−,λ+]dx, λ± = (1±

√
γ)2 (1.2.12)

when γ ≤ 1, with an additional point mass (1− γ−1) at 0 when γ > 1. In particular, the ESD µSSSp

of the sample covariance SSSp converges weakly to ρMP
γ with probability one.

A line of works culminating in [SB95] extends this beyond i.i.d Gaussian entries to

general sample covariance matrices of XXX = ΣΣΣ
1
2 ZZZ ∈ Rp×n, where ZZZi j

i.i.d.∼ N (0,1) and ΣΣΣ ∈ Rp×p

is a deterministic positive semi-definite matrix with limiting spectral measure lim specΣΣΣ = ν

as n → ∞. Let R̃(z) =
(1

nXXX⊤XXX − zIn
)−1 denote the resolvent of the n× n sample covariance

SSSn =
1
nXXX⊤XXX ; then

R(z)≍ R(z) =−1
z
(m̃p(z)ΣΣΣ+ Ip)

−1

R̃(z)≍ R̃(z) = m̃p(z)
(1.2.13)
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where m̃p(z) is the unique solution in H + to the general Marchenko-Pastur equation

m̃p(z) =
(
−z+

1
n

trΣΣΣ
(
Ip + m̃p(z)ΣΣΣ

)−1
)−1

. (1.2.14)

In particular, the empirical spectra measures µSSSp and µSSSn of SSSp and SSSn respectively converge

weakly to µ and µ̃ , which are characterized by their Stieltjes transforms m(z) and m̃(z).

m(z) =
1
γ

m̃(z)+
1− γ

γz
, m̃(z) =

(
−z+ γ

∫
λdν(λ )

1+λ m̃(z)

)−1

(1.2.15)

The limiting spectral measures µ, µ̃ can also be characterized through free multiplicative convo-

lution ⊠, which was introduced in [Voi87] and allows for the asymptotic study of products of

free random matrices,

µ = ρ
MP
γ ⊠ν , µ̃ = γµ +(1− γ)δ0. (1.2.16)

In particular, the Stieltjes-transform m(z) satisfies the following self-consistent Marchenko-Pastur

equation.

m(z) =
∫ 1

λ
(
1− γ − γm(z)

)
− z

dν(λ ). (1.2.17)

The main tool for analyzing free convolution is the S-transform [Voi87], which has recently been

used to study the asymptotics of high-dimensional regression in [AZVP26]. We refer the reader

to the book [MS17] for more background on Free Probability and the S-transform.

1.2.4 Hermite Orthogonal Polynomials

We next introduce Hermite orthogonal polynomials, which are an essential tool in the

asymptotic analysis of nonlinear kernel matrices. The defining property of Hermite polynomials

is that they form an orthogonal basis of L2(R,Γ), where Γ is the standard Gaussian probability

distribution.

Definition 3 (Normalized Hermite Polynomials). The r−th normalized Hermite polynomial is

13



given by

hr(x) =
1√
r!
(−1)rex2/2 dr

dxr e−x2/2. (1.2.18)

The {hr}∞
r=0 form an orthonormal basis of L2(R,Γ), where Γ denotes the standard Gaussian dis-

tribution. Consequently, every function σ ∈ L2(R,Γ) can be expanded as a Hermite polynomial

expansion

σ(x) =
∞

∑
r=0

ζr(σ)hr(x)

where ζr(σ) is the r−th Hermite coefficient, defined by

ζr(σ) =
∫

∞

−∞

σ(x)hr(x)
e−x2/2
√

2π
dx.

Hermite expansions of the entry-wise nonlinear functions in kernel matrices have been

widely used to characterize both the spectra of these kernels [FW20, WZ21, WWF24], and also

the performance of kernel and random feature models [MM19b, PW17, WZ23, NM20]. As an

illustrative example, consider the infinite-width limit of the CK (1.1.13)

KKKCK
∞ = Ewww[σ(www⊤XXX)⊤σ(www⊤XXX)], www ∼ N (0,Id). (1.2.19)

Assuming σ is Lipschitz, and centered and normalized to unit second moment with respect to

the standard Gaussian, a Hermite expansion of σ leads to the following:

(
KKKCK

∞

)
αβ

=
∞

∑
k=0

ζk(σα)ζk(σβ )
( xxx⊤α xxxβ

||xxxα ||||xxxβ ||
)k (1.2.20)

where xxxα ,xxxβ ∈ Rp are columns of XXX and ζk are coefficients defined by

ζk(σα) = E[σ(ξ · ||xxxα ||)hk(ξ )], ζk(σβ ) = E[σ(ξ · ||xxxβ ||)hk(ξ )] (1.2.21)

for α,β ∈ [n]. Further assumptions on the approximate orthonormality of the columns of XXX lead
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to control of the higher-order terms in the Hermite expansion (1.2.20) [WZ21, WWF24].

1.3 Partial and Stochastic Differential Equations

We introduce tools from partial differential equations (PDE) and stochastic differential

equations (SDE) that underpin the derivations made in Chapter 2. Section 1.3.1 first provides the

stochastic matrix calculus machinery required to derive a PDE that models the asymptotics of

NTK regression. The necessary PDE tools, introduced in Section 1.3.2, consist of Method of

Characteristics applied to first order nonlinear PDEs of Hamilton-Jacobi type.

1.3.1 Itô Calculus

A central technical tool in Chapter 2 is stochastic matrix calculus, which we use to derive

a SDE governing the log-determinant potential of the NTK (1.1.14) with Brownian motion

embedded entries. We provide a very brief background on Itô-calculus in this section, and refer

the reader to [Øks98] for a more thorough treatment.

Throughout, fix a filtered probability space
(
Ω,F ,(Ft)t≥0,P

)
and let

(
Bt
)

t≥0 denote

standard adapted Brownian motion. We begin by defining an Itôprocess, also known as a

stochastic integral.

Definition 4 (Itô-process). An Itô process is a real-valued stochastic process
(
Xt
)

t≥0 adapted to

(Ft), written as

Xt = X0 +
∫ t

0
Usds+

∫ t

0
VsdBs (1.3.1)

where U,V are progressively measurable processes satisfying

∫ t

0
|Us|ds < ∞,

∫ t

0
V 2

s ds < ∞ a.s (1.3.2)

for every t ≥ 0. We adopt the stochastic differential notation and write (1.3.1) as

dXt =Utdt +VtdBt . (1.3.3)
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U,V in (1.3.1) are referred to as the drift and diffusion coefficients, respectively. We

next define the quadratic variation process, which measures the path oscillation of a stochastic

process and is useful in motivating Itô’s Formula.

Definition 5 (Quadratic Variation). Let
(
Xt
)

t≥0 be a stochastic process, and let Π = {0 = t0 <

t1 < · · ·< tm(π) = t} be a partition of [0, t]. The quadratic variation of X is the process given by

[X ]t := lim
mesh(π)→0

∑
i

(
Xti+1 −Xti

)2
(1.3.4)

for all t ≥ 0, whenever this limit (1.3.4) holds in probability. Moreover, if X ,Y are two stochastic

processes on the same probability space, define the quadratic covariation process ⟨X ,Y ⟩ =(
⟨X ,Y ⟩t

)
t≥0 by

⟨X ,Y ⟩ := lim
mesh(π)→0

∑
i

(
Xti+1 −Xti

)(
Yti+1 −Yti

)
=

1
4

([
X +Y

]
−
[
X −Y

])
=

1
2

(
[X +Y ]− [X ]− [Y ]

) (1.3.5)

provided the quadratic variation processes on the right of (1.3.5) exist, in the sense of the limit

(1.3.4).

The Itô integral
∫ t

0 VsdBs in (1.3.1) differs from a classical Riemann-Stieltjes integral in

that the Brownian motion integrator Bt has non-trivial quadratic variation. Indeed, an alternate

characterization of standard Brownian motion is a local martingale Bt whose quadratic variation

process is [B]t = t. This fact is responsible for the second-order correction in Itô’s formula,

which is the foundational technical tool in Itô Calculus and stated below.

Proposition 6 (Itô’s Formula). Let Xt be an Itô-process, i.e dXt =Utdt+VtdBt , and let f ∈C2(R)

be a twice continuously differentiable function. Then Yt = f (Xt) is also an Itô-process satisfying

the following

dYt =
∂ f
∂x

(Xt)dXt +
1
2

∂ 2 f
∂x2 (Xt)(dXt) · (dXt) (1.3.6)
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where (dXt) · (dXt) = d[X ]t is computed using the following rules

dt ·dt = dt ·dBt = dBt ·dt = 0, dBt ·dBt = dt. (1.3.7)

Itô’s Formula is the stochastic analogue of the chain rule, and can be viewed as a second-

order Taylor expansion in which the second-order term survives due to the square Brownian

motion increment (dBt)
2 scaling on the same order as the first-order term dt. Using the shorthand

notation dXt =Utdt +VtdBt and the stochastic rules (1.3.7), Itô’s formula can be written as

dYt =
(

∂ f
∂x

(Xt)Ut +
1
2

∂ 2 f
∂x2 (Xt)V 2

t

)
dt +

∂ f
∂x

(Xt)VtdBt . (1.3.8)

Here Yt is an Itô process with drift f ′(Xt)Ut +
1
2 f ′′(Xt)V 2

t and diffusion f ′(Xt)Vt . While the Mar-

tingale term f ′(Xt)VtdBt vanishes in expectation for all t, the extra Itô correction 1
2 f ′′(Xt)V 2

t dt

remains and is the distinguishing feature of stochastic calculus.

For the matrix-valued stochastic calculus setting of Chapter 2, we require the multi-

dimensional formulation of Itô’s Formula, in which a vector-valued Itô process is driven by a

vector of independent Brownian motions.

Proposition 7 (Multi-Dimensional Itô’s Formula [Øks98]). Let

BBB(t) = (B1(t), · · · ,Bm(t))

be an m−dimensional vector of independent Brownian motions adapted to
(
Ft
)

t≥0. Define the

vector-valued Itô process dVVV t =UUU tdt+HHHtdBBBt , where UUU t ∈Rm and HHHt ∈Rn×m are progressively

measurable with L2 entries. Suppose g : Rm → R is a twice continuously differentiable function,

then YYY t = g(VVV t) is a vector-valued Itô Process

dYYY t =
m

∑
i=1

∂g
∂xi

(VVV t) ·dVi,t +
1
2

m

∑
i, j=1

∂ 2g
∂xi∂x j

(VVV t) dVi,t ·dV j,t (1.3.9)
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where the quadratic covariation dVi,t ·dV j,t = d⟨Vi,t ,V j,t⟩ is computed according to the following:

dBi ·dB j = δi jdt, and dBi ·dt = dt ·dBi = 0. (1.3.10)

1.3.2 Hamilton-Jacobi and Method of Characteristics

In Chapter 2, we derive a deterministic first-order nonlinear PDE of Hamilton-Jacobi

type, and analyze its solution through the method of characteristics. Here we provide a brief

introduction to Hamilton-Jacobi PDEs, referring the reader to the book [Eva10] for a more

thorough background.

We study first order Hamilton-Jacobi PDEs of the form


∂tS(t,uuu)+H(uuu,∇uuuS) = 0

S(0,uuu0) = f
(1.3.11)

where S = S(t,uuu) is the unknown function of independent variables uuu = (u1, . . . ,un) ∈ Rn, and

∇uuu =
(
∂u1, . . . ,∂un

)
. The initial function f : Rn → R and the Hamiltonian H : Rn ×Rn → R are

both given. The dependence of the nonlinear H on ∇uuuS makes (1.3.11) a genuinely nonlinear

PDE, and explicit closed-form solutions are generally unavailable.

A powerful technique arises, however, for first-order Hamilton-Jacobi PDEs. Namely the

method of characteristics, which reduces the PDE (1.3.11) into a system of ordinary differential

equations (ODEs) in Rn called characteristic equations. The solutions to these ODEs are called

characteristic curves, which we denote by uuu(t) = (u1(t), . . . ,un(t)) ∈ Rn. Auxiliary momentum

variables ppp(t) are identified with the derivatives ∇uuuS(t,uuu) along the curve uuu(t). With this

identification, differentiating (1.3.11) in uuu, and applying the chain-rule results in Hamiltonian

equations, which govern the evolution of particles. In the following, uuu represent the location

of the particles and ppp their momentum. Hamiltonian equations are defined to be the following
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system of ODEs that arise from the characteristic equations of H.


∂uuu
∂ t = ∂pppH(uuu, ppp)

∂ ppp
∂ t =−∂uuuH(uuu, ppp)

(1.3.12)

with initial conditions uuu(0) = uuu0 chosen freely, which in turn determine the initial momentum

conditions ppp(0) = ∇uuu f (uuu0). When H does not depend on t, as is the case in Chapter 2, the

Hamiltonian is conserved along characteristic curves.

H
(
uuu(t), ppp(t)

)
= H

(
uuu0, ppp0

)
(1.3.13)

In this case, the solution S(t,uuu) to the PDE (1.3.11) is given by the following

S
(
t,uuu(t)

)
= S(0,uuu0)−H(uuu0, ppp0)t +

∫ t

0
ppp(s) · duuu

ds
ds (1.3.14)

The method of characteristics thereby reduces solving (1.3.11) to a two-step procedure:

(i) Solve the coupled system of ODEs given by Hamilton’s equations (1.3.12) together with

(1.3.14) for arbitrary initial conditions.

(ii) Given a target point (uuu∗, t∗) ∈ Rn ×R, identify the unique initial conditions uuu0 ∈ Rn that

ensure the characteristic curves emanating from (uuu0, ppp0) satisfy
(
uuu(t∗);uuu0) = uuu∗.

This procedure yields a classical smooth solution to (1.3.11) for all time t ≥ 0, provided the

characteristic curves uuu originating from distinct initial values uuu0 do not intersect. In this case, the

mapping uuu0 7→
(
uuu(t∗);uuu0

)
is a diffeomorphism, wherein the inverse function theorem guarantees

the inversion required in Step (ii). Otherwise if characteristic curves cross, the gradient ∇uuuS

becomes multi-valued, and one must pass to the theory of viscosity solutions to solve the PDE

(1.3.11). Fortunately, the Hamilton-Jacobi PDE derived in Chapter 2 has characteristic curves

that yield local diffeomorphisms, and we work exclusively with classical smooth solutions.
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1.4 Contributions

Recent works have used Random Matrix Theory and Free Probability to analyze the

spectral properties of kernel models associated to Neural Networks [ALP19, FM19, FW20,

LC18], and the performance of their associated learning problems [AP20, WZ23, MM19b,

MMM22]. Through these works, a universality principle has emerged in which the kernel

matrices and their learning problems are asymptotically equivalent to that of a linear Gaussian

covariate model [HL22b, MM19b]. This thesis contributes to the growing field of nonlinear

RMT in deep learning theory by utilizing this Gaussian Equivalence universality for a precise

study of NTK regression under anisotropic power-law training data. We then further probe the

robustness of this equivalence under nonlinear data and examine its implications in the context

of applicability to machine learning practitioners. We summarize the contributions of this thesis

as follows.

NTK Regression under dual power-law model in Chapter 2

In Chapter 2, we study NTK regression under a dual power-law model, which we define

as follows. The input data is given by XXX = ΣΣΣ
1
2 ZZZ, where ZZZi j

i.i.d.∼ N (0,1) and the population

covariance follows a power-law decay ΣΣΣ j j = j−α for some α ∈ (0,∞) called the capacity

exponent. The training labels are generated via a deterministic signal yyy = xxx⊤βββ + ε , where

βββ j = j−r for some r ∈ (0,∞) called the source exponent, and εi
i.i.d.∼ N (0,σ2

ε ) is the label

noise. The study of of NTK regression under power-law spectral decay data is motivated by

two empirical observations. First, the covariance and learned-feature spectra of real datasets,

such as images and text representations, often exhibit power-law decay [Rud97]. Moreover,

the decay exponent provides a controllable knob on the effective dimensionality of the dataset

[SK20]. Second, a remarkable recent body of work has established neural scaling laws; wherein

the performance of large models has been shown to exhibit power-law scaling in training-set

size, model parameters, and compute [KMH+20, PPXP25, HBM+22]. A leading hypothesis is

the model performance exponent is governed by the decay exponent in the training data. While
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theoretical explorations of this hypothesis have mostly focused on high-dimensional linear ridge

and random feature regression models, we derive a novel scaling law for the excess risk of

finite-width NTK regression. Our work introduces a new technique involving PDE and SDE

methods to derive an asymptotic deterministic PDE whose characteristic curves yield closed

form expressions for the trace resolvents that form deterministic equivalents to the prediction

risk of KRR on the finite-width NTK. This technique extends previous works past the isotropic

Gaussian setting allowing for general data assumptions, and gives deterministic equivalents for

both standard and signal-weighted resolvents. Specializing to the dual-power law model, we use

these deterministic equivalents to establish a scaling law for optimally-tuned finite-width NTK

model, and derive a closed-form excess-risk exponent in terms of source-capacity parameters

(α,r).

Spike eigenvalue analysis under nonlinear data in Chapter 3

In Chapter 3, we probe the Gaussian Equivalence universality principle [HL22b, MM19b,

GLR+22, BPH23] under various knobs that are commonly used in machine learning practice:

sample complexity, signal-to-noise-ratio (SNR), choice of activation function, and the use

of pretrained features. While the Gaussian Equivalence Theorem (GET) is a highly useful

theoretical tool, as it allows for the translation of the performance of complex nonlinear neural

networks into tractable kernel models, it leaves open the question whether the idealized linear

equivalence remains meaningful when dealing with high-dimensional nonlinearly separable

data. Motivated by this question, we study the CK under a canonical nonlinearly separable high

dimensional dataset: the XOR. We use the informative spike eigenvalues of the CK and their

asymptotic alignment with XOR-labels as a proxy for nonlinear learnability. To study this, we

develop a RMT framework for the CK that is based on a quadratic equivalent. Namely, by

writing the XOR dataset XXX = MMM+ZZZ into a rank-2 perturbation MMM of noise ZZZ, we derive

σ(WWWXXX)≈ σ(WWWZZZ)︸ ︷︷ ︸
uninformative bulk

+ TTT 1︸︷︷︸
linear spikes

+ TTT 2︸︷︷︸
quadratic spikes

(1.4.1)
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where only the eigenvectors corresponding to the spiked eigenvalues of TTT 2 asymptotically align

with XOR-labels. Based on this quadratic equivalent (QE), we derive precise BBP (Baik–Ben

Arous–Péché) phase transitions for each of the four settings: linear-width regime, large SNR

regime, pretrained features, and quadratic sample size regime. We conclude with an experiment

with pretrained features from a deep neural network on CIFAR-10 training data, exhibiting a

phase transition in the steps of gradient descent wherein the XOR task becomes learnable via the

principal components of the pretrained CK.

1.5 Notation

Throughout this thesis, unless explicitly stated otherwise, any limit will denote with high

probability. We will use upper case trace of a square n×n matrix AAA to denote Tr(AAA) = ∑
n
i=1 AAAii

while lower case trace denotes the normalized trace, i.e tr(AAA) = 1
nTr. Throughout, || · || will

denote the Euclidean ℓ2 norm of a vector, and operator norm for matrices ||MMM||= sup||v||=1 ||MMMvvv||.

We will let || · ||F denote the Frobenius norm, i,e ||MMM||F =
√

Tr(MMM∗MMM), where MMM∗ denotes the

conjugate transpose of MMM.

Let AAA⊙BBB denote the Hadamard (entry-wise) product of matrices, i.e (AAA⊙BBB)i j =AAAi j⊙BBBi j

for i ∈ [n], where [n] = {i = 1, . . . ,n}. Let Ewww[·] denote expectation with respect to the random

vector www only, and let on,P(·) denote little-o in probability as n → ∞. Define the distance between

a point and set as dist(x,A) = inf{|x− y| : y ∈ A}. For a probability measure µ on R, define its

support supp(µ) as

supp(µ) = {x ∈ R : µ(U)> 0 for any open neighborhood U ∋ x}

Then define the ε−neighborhood of the support as

supp(µ)+(−ε,ε) = {x ∈ R : dist(x,supp(µ))< ε}
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Chapter 2

NTK Regression under dual Power-law
model

2.1 Introduction

Understanding the generalization performance of over-parameterized neural networks

(NNs) remains an active and open area of research in deep learning theory. An especially

productive line of works proceed by linearizing NNs around their random initialization, leading

to the Neural Tangent Kernel (NTK) [JGH18] and Random Feature (RF) [RR07] models. The

NTK has garnered particular attention due to its connection to the training dynamics of wide

NNs under gradient descent. Under certain settings, which have been termed the lazy training

regime [COB19], the training dynamics and generalization risk of ultra-wide NNs are well

approximated by those of kernel ridge regression (KRR) on the NTK [JGH18, LXS+20, AP20].

In the high-dimensional regime where the number of training samples n, ambient features p, and

width of the network N grow proportionally, Random Matrix Theory (RMT) and Free Probability

have been used to provide sharp asymptotic characterization of KRR risk and kernel spectra, for

both RF [MM19b, MMM22, WZ23] and the NTK [AP20, FW20, MJBM22].

Much of the existing analysis relies upon the assumption of isotropic features, that is data

drawn from a distribution with identity covariance. With significant effort, the generalization

risk of KRR has been explicitly characterized in the isotropic feature setting for various Kernel

models. [MM19b] derived formula for exact asymptotic risk curves of RF regression, and
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identified both the double-descent peak location and shape. [AP20] then extended this analysis

to explicitly characterize the non-monotonic triple-descent risk curves of NTK regression, and

identified two over-parameterization transitional phases. However the isotropic setting fails to

capture empirical phenomena observed in real-world data, where singular values of inputs from

image, text, and audio representations roughly follow a power-law decay [Rud97]. Moreover,

recent work on neural scaling laws has shown the exponent controlling this decay governs

the risk curve rate, location of double-descent peaks, and optimal tuning of regularization

[KMH+20, BAP24, MRS22, PPXP25]. It remains an open question to determine the exact class

of models that support scaling laws.

This motivates a precise study of NTK regression under the anisotropic power law setting.

A central question we aim to answer in this chapter is the following: What is scaling limit for

finite-width NTK regression under power-law dataset?

The primary challenge in extending the previous findings on the isotropic dataset lies

in the inability of the employed techniques to readily generalize to anisotropic features. The

majority of analysis relies first upon a Gaussian Equivalence universality result [HL22b], which

translates the non-linear feature model to an equivalent Gaussian covariates model with matching

first and second moments. The asymptotic risk of the Gaussian equivalent model is explicitly

determined by several specific random matrix functionals. Classical RMT and Free Probability

tools such as linear pencil methods from operated-valued free probability [AP20] and the replica

method from statistical physics [BCP21], can then be applied to derive asymptotic formulae for

these functionals.

Though our current approach relies on the Gaussian Equivalence Theorem (GET), for-

mally stated as Conjecture (C1) in Section 2.2.5, we derive a new RMT method that extends

to NTK regression for general datasets, including anisotropic power-law structured features

and labels. Our method is motivated by [DHK22] which derives the large-n limit density of

eigenvalues of certain matrix-valued stochastic processes. This result was further developed

for non-commutative stochastic calculus in [JKN26]. We embed the Gaussian entries of the
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NTK kernel with independent Brownian motions, and derive a finite-n Stochastic PDE using

entry-wise Itô calculus. The primary technical tool in our analysis is the time-parameterized log

determinant potential, Fn(t,κ,γ) = 1
n logdetKKK(t,α,γ), where KKK(t,α,γ) is the Brownian-motion

embedded NTK matrix with auxiliary scalar parameters α and γ corresponding to the additive

shifts of the sample covariance matrix and resolvent shift in the NTK. Our main technical result

is the derivation of a deterministic, first-order Hamilton-Jacobi (HJ) PDE whose characteristic

curve solutions explicitly determine the asymptotic risk of NTK regression in the dual power-law

covariance and signal decay setting.

2.1.1 Related Works

Random feature models were introduced as a scalable approximation to kernel methods

[RR07]. NTK is a special case of random feature model, derived by wide neural networks

trained in the lazy regime to kernel regression at initialization [JGH18, COB19, LXS+20]. In

high-dimensional proportional limits, RMT has yielded precise spectral and risk characterizations

for random feature regression and kernel methods, including double-descent phenomena and

kernel-matrix concentration [MM19b, MMM22, ALP19, JSS+20, WZ23]. For NTK regression

at linear width, [AP20] and [FW20] derived sharp descriptions of the NTK spectrum and

generalization behavior, while related work analyzes spectra of nonlinear kernel matrices and

random feature maps [EK10, LC18, WZ21, MJBM22]. Our work differs from this line by

studying anisotropic, dual power-law data with a deterministic source vector, and by deriving the

ordinary and signal-weighted resolvent traces through a Hamilton-Jacobi characteristic system.

A common route for analyzing nonlinear random feature and NTK models is to replace

nonlinear features by a Gaussian surrogate with matching low-order moments. This Gaussian-

equivalence principle underlies several precise asymptotic analyses of random features and

kernel matrices [MM19b, Péc19, HL22b, LY22, HL22a]. Recent deterministic-equivalent results

provide characterizations of for kernel ridge regression and random feature ridge regression,

including non-asymptotic test-error and GCV guarantees for KRR [MS24a] and dimension-free
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deterministic equivalents for random feature regression [DLM24]. These works typically express

risk through kernel or feature-map eigenvalues and self-consistent equations. Our contribution

is complementary: for the Gaussian-equivalent finite-width NTK/RF model, we obtain a scalar

fixed point for the resolvent traces and introduce a source-dependent signal resolvent for general

anisotropic data via PDE method.

Classical kernel learning theory relates KRR rates to source and capacity assumptions,

formulated through the eigendecay of the kernel integral operator and the alignment of the target

function with its eigenbasis [CDV07a, CLKZ22]. Related spectral learning-curve analyses show

that kernel regression and wide networks can exhibit rates governed by the data/task spectrum

[BCP21]. More recent neural scaling laws [KMH+20] have been proved for random feature mod-

els, gradient dynamics, and compute constraints [WHS22, MRS22, BAP24, PPXP25]. Closest to

our power-law data setting, [WL25] study high-dimensional KRR with anisotropic Gaussian data

whose covariance follows a power law, showing how the data spectrum is transferred to the kernel

spectrum and affects excess risk. In contrast, we keep the finite-width random-feature/NTK

structure and analyze how both the capacity exponent of the input covariance and the source

exponent of the teacher function.

2.1.2 Contributions

We summarize our main contributions as follows. We derive an asymptotic deterministic

PDE whose characteristic curves yield closed form expressions for the trace resolvents that

form deterministic equivalents to the prediction risk of KRR on the finite-width NTK. This PDE

holds under general data assumptions, and gives deterministic equivalents for both standard and

signal-weighted resolvents.

Specializing to the dual-power law model, we use these deterministic equivalents to

establish a scaling law for optimally-tuned finite-width NTK model, and derive a closed-form

excess-risk exponent in terms of source and capacity parameters (α,r).
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2.2 Main results

2.2.1 Problem setup

Consider a two-layer neural network fθθθ (xxx) with hidden-layer width N

fθθθ (xxx) =
1√
N

www⊤
σ(WWW 1xxx), θθθ :=

(
www(1)

1 , . . . ,www(1)
N ,w1, . . . ,wN

)
∈ RN(p+1) (2.2.1)

where xxx ∈ Rp is the input data, and σ : R → R is the non-linear activation function applied

entry-wise. The first layer weights WWW 1 ∈ RN×p are initialized as i.i.d. N (0, 1
p), while the 1√

N

factor in (2.2.1) is due to the LeCun/NTK normalization [JGH18, LBOM12], which ensures the

model output remains O(1) as the width grows. The second layer weights www ∈ RN are initialized

as wi
i.i.d.∼ N (0,σ2

W ), where the variance σ2
W is a hyperparameter that will tune the NTK behavior.

Let θθθ 0 denote the weights at their random initialization. For simplicity we set fθθθ (xxx;θθθ 0) = 0,

which is referred to as centering by [AP20]. This either amounts to doubling the number of

neurons in the network or subtracting the initial network value throughout training, and does

not alter our analysis. Under the lazy training regime [COB19, LXS+20], the weights θθθ remain

close to initialization θθθ 0 for large N, and the network output is well approximated by a first-order

Taylor expansion around θθθ 0. While this connection motivates our study of the NTK, our primary

focus is on NTK regression as a problem of independent interest, especially in the fast-growing

literature of neural scaling laws.

NTK is the defined as the gram matrix of the Jacobian of the network with respect to θθθ :

KKKNTK(xxx,xxx′) = ∇θθθ fθθθ (xxx;θθθ 0)
⊤

∇θθθ fθθθ (xxx
′;θθθ 0). (2.2.2)

Following [AP20], we can partition into first and second layer weights

KKKNTK(xxx,xxx′) = ∇www fθθθ (xxx;θ0)
⊤

∇www fθθθ (xxx
′;θ0)︸ ︷︷ ︸

KKK1(xxx,xxx′)

+∇WWW 1 fθθθ (xxx;θ0)
⊤

∇WWW 1 fθθθ (xxx
′;θθθ 0)︸ ︷︷ ︸

KKK2(xxx,xxx′)
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The first and second layer kernels can be written as

KKK1(XXX ,XXX) = FFF⊤FFF , KKK2(XXX ,XXX) =
XXX⊤XXX

p
⊙ (FFF ′)⊤diag(www)2FFF ′

N
. (2.2.3)

where FFF = 1√
N

σ(WWW 1XXX) and FFF ′ = 1√
N

σ ′(WWW 1XXX) are the feed-forward feature maps of σ and σ ′

respectively. We study the problem of learning an unknown target function f ∗ : R→ R from n

training samples {(xxxi,yi)}n
i=1 ∈ Rp ×R, where

yi = f ∗(xxxi)+ εi, εi
i.i.d.∼ N (0,σ2

ε ) (2.2.4)

The predictor of the kernel ridge regression problem on the NTK is given by

f̂λ (xxx) = kkkNTK(xxx)⊤
(
KKKNTK +λ In

)−1yyy (2.2.5)

where kkkNTK(xxx) ∈ Rn has entries KKKNTK(xxx,xxxα) for α ∈ [n]. Note the ridge parameter λ > 0

corresponds to an ℓ2 penalty on the weights θθθ towards their initialization. The training error and

prediction risk of estimator (2.2.5) are given by

Etrain(λ ) =
1
n
||yyy− f̂λ (xxx)||22, R(λ ) = Exxx

[(
f̂λ (xxx)− yyy

)2
]. (2.2.6)

Here the expectation in R(λ ) is over an independent test point xxx, conditional on the training

dataset and randomness from the weights θθθ . We note the risk is thereby a random variable,

however it will concentrate around its mean in the asymptotic, proportional regime. Deriving

asymptotic deterministic equivalents to the two random variables (2.2.6) constitutes the principal

technical goal of this chapter.
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2.2.2 Gaussian Equivalence

The training error and prediction risk (2.2.6) involve large random matrices with non-

linear dependencies, which fall outside the immediate scope of classical RMT tools. To make

analysis tractable, we invoke the Gaussian Equivalence Theorem [HL22b, Péc19, MM19b], a

universality result that reduces the KRR problem (2.2.5) to regression on a linear Gaussian

surrogate model with matching first and second moments.

As an illustrative example, consider the non-linear feature matrix FFF = 1√
N

σ(WWW 1XXX). By

matching first and second order mixed moments of entries, we have the following approximation

σ(WWW 1XXX)≈ b1WWW 1XXX +b2ΘΘΘ, ΘΘΘi j
i.i.d.∼ N (0,1) (2.2.7)

for a suitable choice of b1,b2 which arise from a Hermite polynomial expansion of σ . The

approximation ≈ holds on the order of bulk statistics.

When the input data is given by XXX = ΣΣΣ
1
2 ZZZ for ZZZi j

i.i.d.∼ N (0,1) independent from WWW 1, a

straight-forward central limit theorem argument shows the entries of WWW 1XXX are marginally normal,

with mean zero and variance τ2 := 1
p TrΣΣΣ. Therefore, (2.2.7) arises from a Hermite polynomial

expansion of σ against N (0,τ2). We define these Hermite coefficients for σ ,σ ′ as follows.

b1 =
1
τ2E[g ·σ(g)] = E[σ ′(g)], b2

2 = E[σ(g)2]− τ
2b2

1

where g ∼ N (0,τ2). Further, define the following

c1 = E[σ ′(g)2], ρ = E[σ(g)2] = b2
2 + τ

2b2
1

We note that τ = τ(p) is p-dependent, and therefore so too are the Hermite coefficients b1,b2.

While this is non-standard, our goal is to derive deterministic equivalents for functionals of

KKKNTK, and our analysis directly encodes the p-dependence in b1,b2. One can avoid dimension-
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dependent Hermite coefficients by normalizing ΣΣΣ to have unit trace.

We make the following simplifications on the two kernels KKK1 and KKK2, which preserve

bulk statistics asymptotically. Specifically, for KKK2 one has

KKK2 ≈ b2
1σ

2
W p−1XXX⊤XXX + τ

2
σ

2
W
(
c1 −b2

1
)
In. (2.2.8)

We collect the substitutions (2.2.7) and (2.2.8) into the linearized kernel KKKlin.

KKKlin = FFF⊤
linFFF lin +σ

2
W

(
p−1b2

1XXX⊤XXX + τ
2(c1 −b2

1)In

)
+ zIn, FFF lin =

1√
N

(
b1WWW 1XXX +b2ΘΘΘ

)
(2.2.9)

For simplicity, we drop the subscript lin and directly study the linearized model KKK under the

substitutions.

2.2.3 Generalized Cross Validation (GCV)

The full prediction risk formula (2.2.6) involves functionals of random matrices WWW 1,ΘΘΘ,

the resolvent KKK−1, and the population covariance ΣΣΣ. Since ΣΣΣ is typically unknown, we introduce

the GCV metric, which is an estimator accessible from training data alone:

GCV(λ ) =
Etrain(λ )(

λ tr
(
KKKNTK +λ In

)−1
)2 . (2.2.10)

Initially derived as a rotationally-invariant variant of leave-one-out cross validation (LOOCV)

by [GHW79], the GCV has been shown to be a consistent estimator of prediction risk across

a wide variety of high-dimensional ridge regression [WHS22, HMRT22, PRT22], and KRR

models [AP20, JSS+20]. It has also been called the Kernel Alignment Risk Estimator (KARE)

in the setting of KRR [JSS+20]. Most relevant to our setting, [AP20] proved the asymptotic

equivalence of the GCV to the prediction risk of the NTK in the isotropic Gaussian setting.

We conjecture, and empirically verify in Figures 2.2 and 2.3, this equivalence extends to the
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anisotropic power-law setting studied here. More numerical experiments are presented in Section

2.4.

The training error Etrain(λ ) concentrates around its expectation over label noise. A quick

calculation gives the following

Etrain(λ ) = λ
2
(

σ
2
ε tr
(
KKK +λ In

)−2
+ tr
(

XXXββββββ
⊤XXX⊤(KKK +λ In)

−2
))

+on,P(1). (2.2.11)

This motivates the definition of the following trace functionals

m(n)
1 (z) = tr

(
KKK + zIn

)−1
, m(n)

2 (z) = tr
(

p−1XXX⊤XXX(KKK + zIn)
−1) (2.2.12)

m(n)
β
(z) =

1
n

(
βββ
⊤XXX⊤(KKK + zIn)

−1XXXβββ
)
. (2.2.13)

Under an isotropic signal vector βββ ∼ N (0, p−1Ip), an application of the Hanson-Wright con-

centration inequality gives m(n)
β

= m(n)
2 +on,P(1) as n → ∞. However, the structured signal case

of Assumption (A0) necessitates the separate treatment of the quadratic form mβ . Using (2.2.11),

we define the GCV in terms of derivatives of these trace functionals.

GCV(λ ) =
−
(
σ2

ε ∂λ m(n)
1 (λ )+∂λ m(n)

β
(λ )
)

(
m(n)

1 (λ )
)2 (2.2.14)

The GCV can be understood as a correction to train error to account for model complexity,

wherein the denominator of (2.2.10) accounts for the train-test gap. For some intuition behind

this, write

λ tr
(
KKKNTK +λ In

)−1
= 1− tr

(
KKKNTK(KKKNTK +λ In

)−1
)
= 1−dfKKKNTK(λ )

Here dfKKKNTK(λ ) := tr
(

KKKNTK(KKKNTK +λ In
)−1
)

provides an effective degrees of freedom of a
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linear estimator on the NTK matrix, and is closely related to the Signal Capture Threshold (SCT)

introduced in [JSS+20]. We refer to Section 7.6 of [HTF09] for further reading on this measure.

2.2.4 Dual power-law model

In order to study NTK under a dataset that allows for scaling laws, we restrict to the

power-law covariance. Our methodology however extends to very general data assumptions on

XXX . We make the following dual power-law assumption on the train data and train labels.

(A0) Dual power-law model. The training data xxx1, . . . ,xxxn are drawn i.i.d from N (0,ΣΣΣ) where

ΣΣΣ = diag
(
σ1, · · · ,σp

)
, σ j = j−α , j = 1, . . . , p (2.2.15)

for some fixed α ∈ (0,∞). The labels are generated as a linear power-teacher.

yyyi = xxx⊤i βββ + εi, β j = j−r, j = 1, . . . , p (2.2.16)

where εi
i.i.d.∼ N (0,σ2

ε ) is independent of xxx and r > 0 is a fixed constant.

The exponents α and r are referred to as capacity and source in power-law literature [CDV07b,

CLKZ22]. Roughly speaking α controls the effective dimensionality of the data, with a larger

α causing the data to concentrate into lower effective dimensions. The source r controls the

difficulty of the learning problem, as it measures the alignment of the signal along the top

eigenvectors of ΣΣΣ. We make further restrictions on r in the following section. These are to ensure

the GET approximations in Section 2.2.2 are still valid.

A quick remark about the choice of scaling on the power-law covariance eigenvalues. Fol-

lowing classic source-capacity convention [CDV07b] we study NTK regression under population

eigenvalues σ j = j−α , which we will refer to as unscaled power-law. While extreme eigenvalues

of the unscaled power-law remain O(1) in the proportional limit, the bulk eigenvalues collapse

to a delta point mass at zero. [WL25] study a trace-scaled power-law in the context of KRR,
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i.e population covariance Σ j j = cp(α) j−α , where cp(α) =
(
∑

α
k=1 k−α

)−1 ensures TrΣΣΣ = 1. For

α > 1 these two normalizations are equivalent up to a scalar.

2.2.5 Assumptions

We make the following general assumptions throughout the rest of this chapter.

(A1) Proportional Regime. n, p,N → ∞ at rates n
p → φ and N

p → ψ for some φ ,ψ ∈ (0,∞).

(A2) Capacity Exponent. We take ΣΣΣ j j = j−α with α > 0.

(A3) Source Exponent. The ground truth vector satisfies β j = j−r with r > 1
2 .

(A4) Nonlinearity. The non-linearity σ : R→R is Lipschitz, centered with respect to N (0,τ2),

and has finite Gaussian moments of all order.

Assumption (A3) ensures ||βββ ||2 < ∞ as p → ∞, which would otherwise cause the GCV consis-

tency conjecture stated below to be violated.

We state the two ansatz, whose formal verification is delegated to future work but are

expected to hold under the current setting and are verified empirically in Section 2.4 and by

Figures 2.2 and 2.3.

(C1) Generalized Gaussian Equivalence. The GET holds under the power-law covariance:

∣∣R(λ )−RGE(λ )
∣∣= on,P(1) (2.2.17)

pointwise for each fixed λ ≥ 0. Here RGE(λ ) denotes prediction risk of KRR on the

linearized NTK kernel (2.2.9).

(C2) GCV Estimator. The GCV estimator (2.2.10) is a uniformly consistent estimator of NTK

risk Rλ over any bounded, compact interval away from 0.

sup
λ∈[λmin,λmax]

∣∣R(λ )−GCV(λ )
∣∣= on,P(1) (2.2.18)
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We further conjecture (2.2.18) extends to λmin = 0 for the NTK, as was shown in [MS24a]

for KRR in the the benign-overfitting regime.

Conjectures (C1)- (C2) extend to NTK under power-law covariance a well developed line of

work. Gaussian equivalence for random feature and NTK models have been established in

[HXAP20, GLR+22, MM19b, MS22], and consistency of the GCV estimator for KRR was

established in [AP20, MS24a, JSS+20, WHS22]. Furthermore, uniform consistency of the GCV

over ridge penalty has been established in [PWRT21, MS24a, XMRH21]. While we make no

statement on the rate of convergence of (2.2.18), [MS24a] proved a bound at rate On,P

(
n−

1
2

)
uniformly over λ ∈ [0,λmax] under general assumptions. We conjecture the analogues for the

finite-width NTK and verify them empirically in Section 2.4.

2.2.6 Outline of approach

We outline our novel technical approach , which we expect to generalize to deriving

deterministic equivalents for a large class of random matrix functionals that characterize the

risk of linearized NNs and associated kernel models. The key component in our analysis is the

log-determinant Brownian-motion embedded kernel matrix KKK(t,uuu):

Fn(t,uuu) =
1
n

logdetKKK(t,uuu) (2.2.19)

where uuu = (uuu j) is a finite number of additional scalar auxiliary parameters alongside a time

parameter t for the Brownian motions of entries of KKK(t,uuu). The motivation of (2.2.19) is to

recover the trace functionals discussed in Section 2.2.3 as partial derivatives of Fn:

∂uuu1Fn = tr
(
KKK(t,uuu1)

−1)=: m(n)
1 (t,uuu1), ∂uuu2Fn = tr

(1
p

XXX⊤XXXKKK(t,uuu2)
−1)=: m(n)

2 (t,uuu2)

(2.2.20)

for appropriately chosen uuu1,uuu2. At time t = 0 the log-potential Fn(0,uuu0) and its partial deriva-

tives are pure linear kernels in the sample covariance SSSp = 1
pXXX⊤XXX . These trace functionals
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have deterministic equivalents through the anisotropic generalization of the Marchenko-Pastur

Theorem [SB95]. Using Itô-matrix calculus and PDE methods, we evolve the entries of Gaussian

matrices KKK as i.i.d Brownian motions, and derive a deterministic Hamilton-Jacobi type PDE in

the proportional limit. We outline these steps as follows.

Step 1: Finite Dimensional Stochastic PDE.

Fn(t,uuu) is C2 in the entries of KKK(t,uuu), and therefore amenable to Stochastic calculus via

a multi-dimensional variant of Itô’s formula (2.3.2). With some matrix calculus and bookkeeping,

we derive a SDE of the form

dFn(t,uuu) = dMn(t,uuu)+Dn(t,uuu)dt +En(t) (2.2.21)

where the Martingale terms Mn(t) and remainder En(t) will vanish uniformly in t ∈ [0,1]. Details

of this derivation are presented in Section 2.3.2. The next step involves a careful tracking of

vanishing order terms, and then differentiating the left over terms in (2.2.21) with respect to the

time parameter t.

Step 2: Asymptotic Deterministic PDE.

The martingale terms in (2.2.21) satisfy Mn(t,uuu)→ 0 uniformly in probability, while the

remainder En(t)→ 0 uniformly in t as well. The drift terms Dn(t,uuu) can be realized as partial

derivatives of Fn(t,uuu) with respect to the spatial parameters uuu, after interchanging limit and

derivative. By controlling the vanishing order terms, and then differentiating the surviving terms

in (2.2.21) we have

∂tF∞(t,uuu)+H(uuu,∂uuuF∞) = 0 (2.2.22)

where H is a function of the spatial parameters uuu j and partial derivatives of F∞ with respect to

uuu j only. In our setting H is a polynomial in its arguments, and therefore the PDE (2.2.22) has a

unique analytic solution due to the C-K Theorem, given the initial condition F∞(0).
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Step 3: Hamilton-Jacobi PDE.

The PDE (2.2.22) is a first-order, nonlinear PDE, which can prove to be difficult to solve

analytically in general. However, we recognize (2.2.22) as a Hamilton-Jacobi type PDE of the

form

∂tF∞(t,uuu)+H
(
uuu, puuu

)
= 0 (2.2.23)

where H is the Hamiltonian function obtained from replacing partial derivatives ∂uuu j with momen-

tum variables p j in (2.2.22). The remainder of our analysis is built upon the solution to (2.2.23),

and in particular the solutions to its characteristic curves.

Step 4: Solution via Method of Characteristics

Hamilton’s equations for H give a system of coupled ODEs

u̇uu j = ∂p jH, ṗ j =−∂uuu jH (2.2.24)

where ẋ = ∂tx. The initial conditions to (2.2.24) are given by the limit of Fn(0,uuu) and its partial

derivatives along uuu j, which are given by the general Marchenko-Pastur Theorem.

The motivation behind (2.2.24) is that the momentum variables p j will correspond to

derivatives of St along the curves uuu j(t). Therefore, an apt choice parameters uuu j(t) and their

initial conditions uuu j(0) will allow the recovery of the target NTK traces, as in (2.2.20).

2.2.7 Statement of main results

The results presented in this section rest on a closed-form characterization of three NTK

random matrix functionals that jointly determine asymptotic training and test error of NTK

regression. The first two are the resolvent traces, characterized in the isotropic setting by linear

pencil methods in [AP20], and for general data assumptions for the RF kernel model in [ALP19]

using resolvent methods. The third is a novel object, which we call the signal resolvent. We

work throughout in the proportional limit, and take in probability limits. Under the Assumptions
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(A0)-(A4), each functional below will concentrate onto a deterministic equivalent quantity. We

define the following two traces

m∞
1 (z) = lim

n→∞
tr
(
KKKNTK(κtarget,γtarget)

−1)
m∞

2 (z) = lim
n→∞

tr
(1

p
XXX⊤XXX

(
KKKNTK(κtarget,γtarget)

−1)) (2.2.25)

where κtarget = b2
1σ2

W and γtarget = z+ τ2σ2
W (c1 −b2

1) are chosen to match the scalar parameters

in (2.2.9) for z ∈ H +. We next define the signal resolvent to be

m(n)
β
(z) =

1
n

βββ
⊤XXX⊤(KKKNTK(κtarget,γtarget)

−1XXXβββ (2.2.26)

with limit m∞

β
(z) = limn→∞ m(n)

β
(z). The signal-resolvent mβ measures the strength of alignment

of the signal βββ with the resolvent of the NTK. Theorem 2 makes this connection explicit,

expressing m(n)
β

as a discrete integral against the signal-weighted measure νβ = ∑ j β 2
j δσ j .

A quick remark about reduction to isotropic labels. In the case that βββ is drawn uniform

randomly on the sphere, such as in [ALP19, MM19b], mβ reduces to m2 by an application

of Hanson-Wright concentration inequality (Theorem 6.2.1 in [Ver18]). This reduction fails,

however, under the structured label assumption made in (2.2.16).

SDE and PDE

Our first main results are the explicit form of the finite-dimensional SDE and asymptotic

HJ PDE introduced in Section 2.2.6. Write

Fn(t,κ,γ) =
1
n

logdetKKK(t,κ,γ).

Proposition 8 (Finite SDE). Under Assumptions (A1) and (A4), the potential Fn satisfies the
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Itô SDE

dFn(t) =

[(
b2

1∂κF +b2
2∂γF

)(
(1− φ

ψ
)+

φ

ψ

(
κ∂κF + γ∂γF

))]
·dt +dMn(t)+En(t)

(2.2.27)

where we adopt the Stochastic differential notation dYYY t = f ·dVVV t +hdt, which is shorthand for

YYY (t)−YYY (0) =
∫ t

0
f ·dVVV s +

∫ t

0
h(s)ds.

The remainder term satisfies supt∈[0,1]|En(t)|= O(n−1), and the Martingale terms Mn(t)→ 0

in probability uniformly over t ∈ [0,1]. As a consequence, the in-probability limit potential

F∞(t) := limn→∞ Fn(t) satisfies the following deterministic Hamilton-Jacobi (HJ) PDE.

Proposition 9. Under Assumptions (A1) and (A4), the limiting potential F∞ satisfies the

following deterministic PDE

∂tF∞ =
(
b2

1∂κF∞ +b2
2∂γF∞

)[
(1− φ

ψ
)+

φ

ψ

(
κ∂κF∞ + γ∂γF∞

)]
(2.2.28)

The passage from the finite SDE (2.2.27) to the PDE (2.2.28), closing the non-linear drift and

interchanging limits with spatial derivatives, is discussed in the remark below and justified in

Section 2.3. We solve the PDE (2.2.28) via the Method of Characteristics. The initial condition is

given by the t = 0 potential, which is a pure linear kernel in the sample covariance SSSp := 1
pXXX⊤XXX

F (0,κ0,γ0) = lim
n→∞

1
n

logdet
(
κ0 p−1XXX⊤XXX + γ0In

)
. (2.2.29)

where (κ0,γ0) are initial values of the
(
κ(t),γ(t)

)
characteristic curves, chosen to reach NTK

specific target values at t = 1.

(
κ(1),γ(1)

)
=
(
b2

1σ
2
W ,z+ τ

2
σ

2
W (c1 −b2

1)
)
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Differentiating Fn(t,κ,γ) in κ and γ at t = 0 yields the initial momenta

∂κFn(0,κ0,γ0) = lim
n→∞

1
n

Tr
(

p−1XXX⊤XXX
(
κ0 p−1XXX⊤XXX + γ0In

)−1
)

(2.2.30)

∂γFn(0,κ0,γ0) = lim
n→∞

1
n

Tr
(
κ0 p−1XXX⊤XXX + γ0In

)−1
. (2.2.31)

We first summarize the explicit solution to the PDE (2.2.28) in the following Theorem

for general data assumptions, and then explain their connection to limit trace resolvents m∞
1 ,m

∞
2 ,

and m∞

β
. Following this theorem, we state the power-law specific trace resolvent characterization,

which then allows for the derivation of scaling law in NTK regression.

General Data Assumptions

For the next Theorem, we make the following general assumption on the dataset XXX and

isotropic signal βββ ∼ N (0, p−1Ip).

(B1) Data (general). Assume the columns of XXX ∈ Rp×n satisfy, for every α ̸= β ∈ [n]

∣∣||xxxα ||2 −1
∣∣≤ εn,

∣∣xxx⊤α xxxβ

∣∣≤ εn

in high probability, where εnn
1
4 → 0. Moreover, assume the ESD of 1

pXXX⊤XXX converges

weakly to a probability measure µ on [0,∞).

(B2) Labels (isotropic): Assume labels are generated yi = xxx⊤i βββ + εi, where βββ ∼ N (0, p−1Ip)

and Var(ε)i
i.i.d.∼ N (0,σ2

ε ). Let yyy = (y1, . . . ,yn) ∈ Rn denote the training labels vector.

Assumption (B1) imposes an approximate orthonormality on the columns of XXX , and ensures it

has a limiting ESD. The same assumption was made in [FW20], while a similar assumption was

made in [ALP19].

Before presenting the main result of this section, we introduce formulas and terms

that will be used to characterize the prediction error of the NTK regression under the general

assumption (B1).
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Definition 10. Denote the sample covariance matrix by SSSp =
1
pXXX⊤XXX, and let µ = limspec

(
SSSp
)

be limiting spectral measure of SSSp. For parameters b,s > 0, define the following Stieltjes-type

integrals

Gk(b,s) =
∫ xkµ(dx)

bx+ s
, Hk(b,s) =

∫ xkµ(dx)(
bx+ s

)2 k ∈ N (2.2.32)

and the function

η(b,s) = 1− φ

ψ

(
b2

2G0(b,s)+b2
1G1(b,s)

)
(2.2.33)

For positive real numbers (κ,γ) define η∗ > 0 to be the unique positive solution to the fixed-point

equation

η
∗ = 1− φ

ψ

[
b2

2G0
(
κ0(η

∗),γ0(η
∗)
)
+b2

1G1
(
κ0(η

∗),γ0(η
∗)
)]

(2.2.34)

where

κ0 = κ0(η) = b2
1 +

κ

η
(2.2.35)

γ0 = γ0(η) = b2
1 +

γ

η
(2.2.36)

Moreover, for the solutions κ0,γ0, define the quantities

Gk = Gk(κ0,γ0), Hk = Hk(κ0,γ0) (2.2.37)

H0 = b2
2H0 +b2

1H1, H1 = b2
2H1 +b2

1H2 (2.2.38)

With these formulas, we can introduce our main theoretical result, which is a novel

characterization of the two trace functionals m1 and m2.

Theorem 1. Define κtarget = b2
1σ2

W and γtarget = z+ τ2σ2
W (c1 −b2

1) and let η∗ > 0 be the unique
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positive solution to (2.2.34), where κ0,γ0 are defined as

κ0 = b2
1 +

κtarget

η∗ , γ0 = b2
2 +

γtarget

η∗ . (2.2.39)

Then under Assumptions (B1), and (A1) - (A4), we have

m1(z) =
G0(κ0,γ0)

η∗ , m2(z) =
G1(κ0,γ0)

η∗ . (2.2.40)

Moreover, if the resolvent RRR(z) :=
( 1

pXXX⊤XXX + zIn
)−1 admits a deterministic equivalent RRR(z) then

m1(z)≍
1

κ0φη∗RRR
(
− γ0

κ0φ

)
, m2(z)≍

1
κ0η∗

(
1− γ0

κ0φ
RRR
(
− γ0

κ0φ

))
. (2.2.41)

Remark The fixed point equation (2.2.34) can be solved numerically using a standard

root-finding algorithm, e.g brentq in SciPY [Bre73]. In the isotropic setting where µ is the

Marchenko-Pastur law with aspect ratio φ , the fixed point equations become quartic with unique

physical root. Moreover, by restricting to the isotropic setting the two trace functionals m1,m2

satisfy the coupled polynomial equations derived in [AP20] for z ≥ 0. Note that by sending

σW → 0, which can be achieved by setting the initial condition κ0 = b2
1, we recover the pure RF

kernel results of [ALP19] for m1 and m2 exactly.

Infinite Width KRR Limit

As an immediate application, we consider the infinite width N → ∞ limiting kernel

KKK∞ := Ewww
[
σ(www⊤XXX)⊤σ(www⊤XXX)

]
, www ∼ N

(
0, p−1Id

)
. (2.2.42)

To achieve this, we send φ

ψ
= n

N → 0 by taking ψ → ∞. The correct interpretation of this

is the width N grows faster than any constant times n, p. The fixed-point solutions from the

characteristic curves defined in Theorem 1 simplify to linear equations, and become explicitly

invertible. By sending φ

ψ
→ 0 and σ2

W → 0, we have the following fully explicit asymptotic
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prediction risk for KRR.

Proposition 11 (KRR Risk). Let f̂ KKK
λ
(xxx) = KKK∞(xxx,XXX)

(
KKK∞ +λ In

)−1yyy denote the optimal kernel

ridge predictor onto the kernel KKK∞. Under Assumptions (B1)-(B2), and (A1), (A4), the asymptotic

prediction risk Rkkk of f̂ KKK
λ

is given by

RKKK(λ ) =
H1(λ )+σ2

ε H0(λ )

G0(λ )2 (2.2.43)

where

Gk(λ ) =
∫ xkµ(dx)

b2
1x+b2

2 +λ
, Hk(λ ) =

∫ xkµ(dx)
(b2

1x+b2
2 +λ )2 , k = 0,1. (2.2.44)

Proposition 11 is a limiting case of Theorem 2. The asymptotic risk (2.2.43) is fully

explicit in terms of Stieltjes-type integrals against µ = lim spec(XXX⊤XXX/p), and requires no

fixed-point or root solver.

Power-law Assumption

The following result is an application of Theorem 1 on the dual-power law model

Assumption (A0), as well as a characterization of the signal-resolvent mβ .

Theorem 2 (Power-law Resolvent Traces). Suppose Assumptions (A0)-(A4) hold. Define the

following

Dz = z+ τ
2
σ

2
W (c1 −b2

1). (2.2.45)

For η > 0, define the rational functions

s(η) =
b2

1(η +σ2
W )

η
(
Dz −b2

2σ2
W
)(φη −ψ(1−η)(η +σ

2
W )
)
, ζ (η) =

b2
2η +Dz

b2
1
(
η +σ2

W
) . (2.2.46)
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Let η∗ > 0 be the unique positive solution to the fixed point equation

Ψ(η∗) = Fα

(
s(η∗)

)
+ζ (η∗)s(η∗)−φ = 0, Fα(s) =

1
p

p

∑
j=1

s
s+ jα

. (2.2.47)

Then we have

m1(z)≍
1

φb2
1(η

∗+σ2
W )

s(η∗), m2(z)≍
1

φb2
1(η

∗+σ2
W )

Fα

(
s(η∗)

)
. (2.2.48)

Moreover,

mβ (z)≍
1

φb2
1(η

∗+σ2
W )

Fr(s(η∗)), Fr(s) =
p

∑
j=1

s j−(α+2r)

s j−α +1
. (2.2.49)

Remark. Several remarks are in order. Theorem 2 characterizes the resolvent traces as the

momentum curves of the HJ PDE (2.2.28) m1 = pγ ,m2 = pκ , with initial momenta pγ(0), pκ(0)

given by the deterministic equivalents of the sample covariance resolvent at t = 0. The signal

weighted resolvent mβ arises as a rank-one augmented PDE, and inherits the same fixed-point

scalar equation η∗.

The fixed point equation (2.2.47) has a unique physical root η > 0, corresponding to

s(η)> 0, found via Newton’s method with details deferred to Section 2.4. Theorem 2 thereby

reduces the joint asymptotic problem of computing m1,m2 and mβ to a single scalar-root finding

one, a strict simplification of the coupled-polynomial system in [AP20], and self-consistent

equations of [MM19b].

The full rigorous justification of the identifications m∞
1 = m1,m∞

2 = m2 and m∞

β
= mβ ,

and more generally passing solutions from the finite-dimensional Itô SDE to the limiting PDE, is

of independent mathematical interest and beyond the scope of this work. We state this conjecture

as an ansatz in Section 2.3, and refer the reader to the works by [JKN26] for a treatment of this

conjecture in the square, self-adjoint matrix setting. From here on, we will refer to the relevant

traces as m1,m2,mβ with the understanding the ansatz is assumed.
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Train Error and Prediction Risk

Under Ansatz (C1) and (C2), the asymptotic training error and risk of NTK regression are

fully determined by m1,mβ along with the derivatives m′
1,m

′
β

with respect to ridge parameter λ .

Implicit differentiation of the fixed-point equation in Theorem 2 yield closed-form expressions

for the derivatives.

Proposition 12 (Asymptotic Train Error and Prediction Risk). Under assumptions (A0)-(A4),

suppose the GET Conjecture (C1) holds as well. Then, the training error is given by

Etrain(λ ) =−λ
2[

∂λ mβ (λ )+σ
2
ε ∂λ m1(λ )

]
+on,P(1) (2.2.50)

Under the GCV consistency Conjecture (C2) the prediction risk admits a deterministic equivalent

with bias-variance decomposition

R(λ )≍ B(λ ;α,r)+V (λ ;α,r) (2.2.51)

where the bias and variance terms are given by

B(λ ;α,r) =−
∂λ mβ (λ )

m1(λ )2 , V (λ ;α,r) =−σ2
ε ∂λ m1(λ )

m1(λ )2 (2.2.52)

where

m′
1(λ ) = m1(λ )

(s′

s
− 1

η∗+σ2
W

∂η∗

∂λ

)
m′

2(λ ) = m2(λ )
(F ′

α(s)s
′

Fα(s)
− 1

η∗+σ2
W

∂η∗

∂λ

)
m′

β
(λ ) = mβ (λ )

(F ′
r (s)s

′

Fr(s)
− 1

η∗+σ2
W

∂η∗

∂λ

) (2.2.53)

and

s′(λ ) =
b2

1

η∗
(
Dλ −b2

2σ2
W
) ∂η∗

∂λ

{
−

σ2
W

η∗
(
φη

∗−ψ(1−η
∗)(η∗+σ

2
W )
)

+(η∗+σ
2
W )
(
φ +ψ(2η

∗+σ
2
W −1)

)}
− s(λ )

Dλ −b2
2σ2

W

(2.2.54)
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Finally,
∂η∗

∂λ
=−

(
F ′

α(s)+ζ
)
sℓ+ζℓs(

F ′
α(s)+ζ

)
se +ζes

(2.2.55)

where we define the auxiliary terms

sℓ :=− s
Dλ −b2

2σ2
W
, ζℓ :=

1
b2

1(η
∗+σ2

W )
, ζe :=

b2
2σ2

W −Dλ

b2
1(η

∗+σ2
W )2

se :=
−b2

1σ2
W
(
φη∗−ψ(1−η∗)(η∗+σ2

W )
)
+η∗b2

1(η
∗+σ2

W )
(
φ +ψ(2η∗+σ2

W −1)
)

(η∗)2
(
Dλ −b2

2σ2
W
)

(2.2.56)

By optimizing the GCV-DE (2.2.51) in λ , we derive an implicit equation for the optimal

ridge parameter λ ∗. Note this is only valid under the further conjecture of the uniform consistency

of the GCV estimator extending to λ ∈ [0,λmax], as made in Conjecture (C2).

Proposition 13 (Optimal Ridge Parameter). Under the setup of Theorem 2, assume the GCV

uniform consistency conjecture (C2) extends to λmin = 0. Then the optimal ridge parameter

λ ∗ := argminλ≥0 R(λ ) satisfies the following implicit equation

(
σ

2
ε m′′

1(λ
∗)+m′′

β
(λ ∗)

)
m1(λ

∗)−2
(
σ

2
ε m′

1(λ
∗)+m′

β
(λ ∗)

)
m′

1(λ
∗) = 0 (2.2.57)

While Proposition 13 does not admit a closed form optimal ridge parameter, (2.2.57) can be

solved numerically using standard bracketing methods.

2.2.8 Finite-width NTK scaling law under unnormalized power-law
spectra

Throughout this subsection, for two positive sequences an,bn we write an ≍ bn if there

exist constants 0 < c <C < ∞, independent of n, p,N and of the ridge parameter in the scaling

window, such that cbn ≤ an ≤Cbn.

We use the same Gaussian-equivalent NTK notation as in Section 2.2.2, but for unnor-

malized power-law spectra we replace the LeCun factor p−1/2 by the trace normalization T−1/2
p ,
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where

Tp := TrΣΣΣ =
p

∑
j=1

j−α .

Equivalently, every occurrence of p−1X⊤X in the HJ potential is replaced by

Sp := T−1
p XXX⊤XXX .

This normalization keeps the pre-activations non-degenerate when σ j = j−α .

Assumption 1 (Unnormalized dual power law). Let

ΣΣΣ = diag(σ1, . . . ,σ j), σ j = j−α , α > 1.

The training inputs are xxxi
i.i.d.∼ N (0,ΣΣΣ), with XXX = [xxx1, . . . ,xxxn] ∈ Rp×n. The teacher is linear,

f⋆(xxx) = xxx⊤βββ , with

βββ j = cp,α,r j−r, c−2
p,α,r =

p

∑
k=1

k−(α+2r).

Thus βββ
⊤

ΣΣΣβββ = 1. We assume α +2r > 1 to ensure f ∗ ∈ L2.

Let

σ̄p, j :=
σ j

Tp
, cNTK := b2

1(1+σ
2
W )> 0,

where b1 and σ2
W are the constants from the Gaussian-equivalent NTK. For an effective ridge

µ > 0, define the effective dimension and the source-bias profile by

Np(µ) :=
p

∑
j=1

cNTKσ̄p, j

cNTKσ̄p, j +µ
, (2.2.58)

Bp(µ) :=
p

∑
j=1

σ jβββ
2
j

(
µ

cNTKσ̄p, j +µ

)2

. (2.2.59)

The constants cNTK and Tp only affect multiplicative constants and not the exponents below.
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Assumption 2 (Local HJ/GCV deterministic equivalent). Let Rn,N,p(λ ) = Ex[( f̂λ (x)− f⋆(x))2]

denote the finite-n, p,N prediction risk in the sense of Section 2.2.1, i.e. without adding an

independent test-label noise. Let

µλ := λ +λdiag

be the effective ridge appearing in the HJ fixed point, where λdiag is the deterministic diagonal

shift in the Gaussian-equivalent NTK. Assume either that the diagonal-corrected kernel is used,

so that λdiag = 0, or that λdiag = o(µλ⋆
) in the scaling window.

There exist constants CB,CV ∈ (0,∞), depending only on the NTK constants and the noise

variance, such that uniformly for µλ ↓ 0 with Np(µλ ) = o(n∧N) and µ
−1/α

λ
= o(p),

Rn,N,p(λ ) =CBBp(µλ )+CV

(
1
n
+

1
N

)
Np(µλ )+o

(
Bp(µλ )+

(
1
n
+

1
N

)
Np(µλ )

)
. (2.2.60)

Theorem 3 (Finite-width NTK scaling under unnormalized power-law spectra). Assume As-

sumptions 1 and 2. Define

qα,r := min
{

2,
α +2r−1

α

}
, δn,N :=

1
n
+

1
N
.

Suppose α +2r ̸= 2α +1, δn,N → 0, and

p ≫ δ
−1/(αqα,r+1)
n,N . (2.2.61)

Then the optimally tuned finite-width NTK risk satisfies

inf
λ≥0

Rn,N,p(λ )≍ δ

αqα,r
αqα,r+1

n,N . (2.2.62)

Moreover, any ridge parameter satisfying

µλ⋆
≍ δ

α

αqα,r+1
n,N (2.2.63)
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attains the rate in (2.2.62).

In the non-saturated source regime α +2r < 2α +1,

qα,r =
α +2r−1

α
, inf

λ≥0
Rn,N,p(λ )≍ δ

α+2r−1
α+2r

n,N , µλ⋆
≍ δ

α

α+2r
n,N . (2.2.64)

In the saturated source regime α +2r > 2α +1,

inf
λ≥0

Rn,N,p(λ )≍ δ

2α

2α+1
n,N , µλ⋆

≍ δ

α

2α+1
n,N . (2.2.65)

Finally, if N ≍ nℓ for some ℓ > 0, then

δn,N ≍ n−min{1,ℓ},

and hence

inf
λ≥0

Rn,N,p(λ )≍ n−θNTK(α,r,ℓ), θNTK(α,r, ℓ) = min{1, ℓ}
αqα,r

αqα,r +1
. (2.2.66)

Remark (Logarithmic boundary). At the boundary α +2r = 2α +1,

Bp(µ)≍ µ
2 log(1/µ), Np(µ)≍ µ

−1/α .

Consequently,

µλ⋆
≍
(

δn,N

log(1/δn,N)

)α/(2α+1)

,

and

inf
λ≥0

Rn,N,p(λ )≍ δ
2α/(2α+1)
n,N

(
log

1
δn,N

)1/(2α+1)

.
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2.3 Proofs of Main Results

2.3.0 Preliminaries

We first introduce the following auxiliary results, which will be used throughout the

proofs presented in this chapter. The first is the ansatz introduced in Step 2. The log-determinant

potential Fn(t) satisfies the finite SDE (2.2.21), plus vanishing-order terms. This is shown

explicitly through the Itô calculations handled in Section 2.3.2. The ansatz is that the limit

log-determinant F∞(t) is also solution to the deterministic limit PDE (2.2.22). We summarize

this below.

(C3) Ansatz. The limit log-determinant potential F∞(t,uuu) is a solution to the deterministic

PDE

∂tF∞(t,uuu)+H
(
uuu,∂uuuF∞

)
(2.3.1)

We will assume (C3) holds throughout the proofs, without explicitly stating it. The main technical

tool needed to derive (2.2.21) is the multi-dimensional Itô’s formula.

Proposition 14 (Multi-Dimensional Itô’s Formula [Øks98]). Let

BBB(t) = (B1(t), . . . ,Bm(t))

be an m−dimensional vector of independent Brownian motions adapted to
(
Ft
)

t≥0. Define the

vector-valued Itô process dVVV t =UUU tdt+HHHtdBBBt , where UUU t ∈Rm and HHHt ∈Rn×m are progressively

measurable with L2 entries. Suppose g : Rm → R is a twice continuously differentiable function,

then YYY t = g(VVV t) is a vector-valued Itô Process

dYYY t =
m

∑
i=1

∂g
∂xi

(VVV t) ·dVi,t +
1
2

m

∑
i, j=1

∂ 2g
∂xi∂x j

(VVV t) dVi,t ·dV j,t (2.3.2)
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where

dBi ·dB j = δi jdt, and dBi ·dt = dt ·dBi = 0 (2.3.3)

Note that the “stochastic differential” notation dYYY t = fff · dVVV t + hdt as above, which we use

throughout the calculations below, is shorthand for the stochastic integral equation

YYY (t)−YYY (0) =
∫ t

0
fff ·dVVV s +

∫ t

0
hds (2.3.4)

The next lemma is necessary to handle the martingale terms Mn(t) in Step 2.

Lemma 15. Let {Mn(t), t ∈ [0,T ]} be a sequence of continuous L2-martingales with Mn(0) = 0.

Suppose the quadratic variation ⟨M ⟩t satisfies

〈
Mn
〉

t ≤C
( T

n2

)
(2.3.5)

almost surely, for some absolute constant C > 0. Then the following holds

sup
t∈[0,T ]

∣∣Mn(t)
∣∣ P→ 0. (2.3.6)

In other words, Mn(t)→ 0 in probability, uniformly over t ∈ [0,T ].

Proof of Lemma 15. This is a direct consequence of Doob’s L2 maximal inequality. In-

deed, since Mn(t) is square integrable with Mn(0) = 0, |Mn(t)|2 is a sub-Martingale and

E[|Mn(t)|2] = E[⟨Mn⟩t ]. By Doob’s maximal inequality, for any δ > 0

P
(

sup
t∈[0,T ]

|Mn(t)|> δ
)
≤ E[|Mn(t)|2]

δ 2 =
E[⟨Mn⟩T ]

δ 2 ≤C
( T

δ 2n2

)
(2.3.7)

Therefore, setting δ = n−1+ε for any ε > 0 concludes the proof.
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As an aside, throughout the proofs we will impose the unnormalized scaling [WWW 1]i j
i.i.d.∼ N (0,1)

on the first layer weight matrix WWW 1, and track the p−
1
2 scaling as an explicit factor throughout all

calculations. For notational simplicity, we also drop the 1 subscript and refer to WWW as the first

layer weights.

2.3.1 Application: Anisotropic Sample Covariance

In order to introduce the HJ PDE approach, and verify its validity, we first demonstrate

the approach on the simpler case of the log-determinant potential of the sample covariance

SSSp =
1
pXXX⊤XXX . In the case that XXX = ΣΣΣ

1
2 ZZZ, with ZZZi j

i.i.d.∼ N (0,1), we recover the Stieltjes transform

of the general Marchenko-Pastur law (Theorem 2.6 in [CL22]), as well as a population covari-

ance resolvent functional. We make this data assumption XXX = ΣΣΣ
1
2 ZZZ explicit in the following

assumption.

(B3) Data (Anisotropic Gaussian). Assume XXX = ΣΣΣ
1
2 ZZZ ∈ Rp×n, where ΣΣΣ ∈ Rp×p is symmetric,

non-negative definite and ZZZi j
i.i.d.∼ N (0,1). Further, assume the ESD of ΣΣΣ converges to a

probability measure νΣΣΣ on [0,∞).

The Marchenko-Pastur theorem holds for more general assumptions on ZZZ, but we restrict to the

i.i.d Gaussian entry setting in order to embed ZZZ 7→ ZZZ(t) with Brownian motion entries.

Define the empirical Stieltjes transform τ(n)(z) : H + → C and its companion transform

τ̃(n) : H + → C as

τ
(n)
1 (z) =

1
p

Tr
(

p−1XXXXXX⊤+ zIp
)−1

, τ̃1
(n)(z) =

1
n

Tr
(

p−1XXX⊤XXX + zIn
)−1 (2.3.8)

Moreover, define the population-resolvent τ
(n)
2 (z) : H + → C

τ
(n)
2 (z) =

1
p

Tr
(

ΣΣΣ
(

p−1XXXXXX⊤+ zIp
)−1
)

(2.3.9)

We state the main result of this section, which explicitly characterizes the limit of the trace
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functionals τ
(n)
1 , τ̃1

(n), and τ
(n)
2 .

Proposition 16. Let n, p → ∞ with n/p = φ , and define for z > 0

τ1(z) = lim
n→∞

E[τ(n)1 (z)], τ2(z) = lim
n→∞

E[τ(2)n (z)] (2.3.10)

Then under Assumption (B3),

τ1(z) =
1−φ

z
+ sφ (z), τ2(z) =

φ

zsφ (z)
−1 (2.3.11)

where sφ (z) solves the fixed point equation

φ − zsφ (z) = FΣΣΣ

(
sφ (z)

)
, FΣΣΣ(s) =

∫ sσ

sσ +1
dνΣΣΣ(σ) (2.3.12)

Moreover,

τ̃1(z) = φ
−1sφ (z) (2.3.13)

Note that (2.3.13) follows immediately from the companion Stieltjes transform relation-

ship

τ1(z) = φ τ̃1(z)+
1−φ

z
(2.3.14)

Remark. As an immediate corollary, we specialize to the scaled power-law ΣΣΣ j j = ( j
p)

−α for

α ∈ (0,1). The scaling is chosen here to ensure the limit ESD νΣΣΣ is a non-degenerate measure on

the real line. Indeed, a straightforward Riemann-sum argument results in the fixed point equation

φ − zsφ (z) = Fα

(
sφ (z)

)
, Fα(s) =

∫ 1

0

s
s+ xα

dx (2.3.15)

As a sanity check, we can send α → 0+ in (2.3.15) to recover the isotropic Marchenko-
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Pastur law. In this case, F0(s) = s
s+1 , and the fixed point equation (2.3.15) becomes

φ − zsφ =
sφ

1+ sφ

(2.3.16)

Equivalently,

zs2
φ (z)+(z+(1−φ))sφ (z)−φ = 0 (2.3.17)

Substituting sφ (z) = φ τ̃1(z) recovers the usual Marchenko-Pastur fixed point equation. As a quick

aside, while the scaled power-law covariance ΣΣΣ does not satisfy the uniformly bounded operator

norm condition of Assumption (B3), the proof below only requires limsupp→∞
1
p TrΣΣΣ < ∞, which

is satisfied when α < 1. This, in addition to the numerical experiments in Section 2.4, provides

evidence towards the validity of ansatz (C3).

Proof of Proposition 16. To prove Proposition 16, we follow the steps outlined in Section 2.3.0.

Step 1 involves embedding the Gaussian matrix ZZZ ↔ ZZZ(t) with i.i.d Brownian motion entries,

and applying Itô’s formula (Proposition 14).

For a parameter ω > 0, define the time-parameterized log-determinant potential of the

sample covariance as

Gp(t,ω,z) = p−1 logdet
(

ΣΣΣ
1
2
(ZZZ(t)ZZZ(t)⊤

p
+ωIp

)
ΣΣΣ

1
2 + zIp

)
. (2.3.18)

The choice to include this auxiliary parameter ω > 0 is motivated by the observation

∂Gp

∂ω

∣∣
ω=0= tr

(
ΣΣΣRRR(z)

)
, RRR(z) :=

(XXXXXX⊤

p
+ zIp

)−1
. (2.3.19)

Indeed, this will allow the recovery of τ2 as a partial derivative with respect to ω . Define the

limit log-determinant as

G∞(t,ω,z) = lim
p→∞

p−1E
[
logdet

(
ΣΣΣ

1
2
(ZZZ(t)ZZZ(t)⊤

p
+ωIp

)
ΣΣΣ

1
2 + zIp

)]
(2.3.20)
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With the following partial derivatives

∂G∞

∂ω
= lim

n→∞
E
[
tr
(
ΣΣΣRRRω(t,z)

)]
(2.3.21)

∂G∞

∂ z
= lim

n→∞
E
[
tr(RRRω(t,z))

]
(2.3.22)

where we define

RRRω(t,z) :=
(

ΣΣΣ
1
2
(

p−1ZZZ(t)ZZZ(t)⊤+ωIp
)
ΣΣΣ

1
2 + zIp

)−1
. (2.3.23)

Let CCC = (ci j) be an auxiliary matrix of the same shape as ZZZ(t), and define the function f :

Rp×n → R by

f
(
vec(ci j)

)
= p−1 logdet

(
ΣΣΣ

1
2
(CCCCCC⊤

p
+ωIp

)
ΣΣΣ

1
2 + zIp

)
(2.3.24)

with f
(
vec(ZZZi j(t))

)
= Gp(t,ω,z). We proceed by deriving a finite dimensional SDE that is

satisfied by (2.3.18).

Step One: Finite Dimensional Stochastic PDE

The first step is to compute first and second order partial derivatives of f with respect to

the entries of ci j. For notation, let RRRω(z) denote (2.3.23) with the auxiliary matrix CCC in place of

ZZZ(t).

We compute first order partial derivatives with respect to the entries ci j of CCC. We will

make repeated use of the following matrix calculus rules. For a symmetric matrix YYY , whose

entries possibly depend on some variable x

∂

∂x
logdet

(
YYY +λ I

)
= Tr

(
(YYY +λ I

)−1 ∂YYY
∂x

)
(2.3.25)

∂

∂λ
logdet

(
YYY +λ I

)
= Tr

(
YYY +λ I

)−1 (2.3.26)

Moreover, if YYY is invertible.
∂

∂x
YYY−1 =−YYY−1 ∂YYY

∂x
YYY−1 (2.3.27)
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First, by applying the cyclic property of the trace and some algebra, we find that

∂ f
∂ci j

= 2p−1 tr
(

RRRω(z)ΣΣΣ
1
2CCCEEE jiΣΣΣ

1
2

)
(2.3.28)

Collecting all Itô integral terms as a martingale, define

M 0
n (t) =

p

∑
i=1

n

∑
j=1

∂ f
∂ci j

(ZZZi j(t)) ·dZZZi j,t =
2
p2 ∑

i j

(
ΣΣΣ

1
2 Rω(z)ΣΣΣ

1
2 ZZZi j(t)

)
i j

(2.3.29)

We verify explicitly that M 0
n (t)

P→ 0 uniformly over t ∈ [0,1] in Proposition 18 and Lemma 15.

Next, we compute second order partial derivatives for the drift term in Itô’s formula. For

notation, define the matrix

M(c)
2 =CCCEEE ji (2.3.30)

Applying the third derivative rule (2.3.27) to the resolvent RRRω ,

∂

∂ci j
RRRω(z) =−RRRω(z)ΣΣΣ

1
2
(EEE i jCCC⊤

p
+

CCCEEE ji

p

)
ΣΣΣ

1
2 RRRω(z) (2.3.31)

Next, by differentiating (2.3.28) with respect to ci j, we have

∂ 2 f
∂ci j∂ci j

=−2p−1 tr
(

RRRω(z)ΣΣΣ
1
2 p−1(MMM(c)

2 +(MMM(c)
2 )⊤

)
ΣΣΣ

1
2 RRRω(z)ΣΣΣ

1
2 MMM(c)

2 ΣΣΣ
1
2

)
+2p−1 tr

(
RRRω(z)ΣΣΣ

1
2 EEE iiΣΣΣ

1
2

) (2.3.32)

We now sum each term in (2.3.32) over the entries ci j of CCC. First,

p

∑
i=1

n

∑
j=1

2p−2 tr
(

RRRω(z)ΣΣΣ
1
2 MMM(c)

2 ΣΣΣ
1
2 RRRω(z)ΣΣΣ

1
2 MMM(c)

2 ΣΣΣ
1
2

)
= 2p−1 tr

(
RRRω(z)ΣΣΣ

1
2
CCCCCC⊤

p
ΣΣΣ

1
2 RRRω(z)ΣΣΣ

)
.

(2.3.33)

Observe (2.3.33) is the normalized trace of matrices that are each normalized to have O(1)
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entries. Therefore, the p−1 factor will cause this term to vanish in the asymptotic limit. Indeed,

for a symmetric psd matrix AAA ∈ Rn, the resolvent bound gives

∥AAA+ zIn∥ ≤
1

dist
(
−z,spec(AAA)

) ≤ 1
|Re(z)|

(2.3.34)

Evaluating (2.3.33) at CCC = ZZZ(t), and applying the resolvent bound we have

∥2p−1 tr
(

RRRω(z)ΣΣΣ
1
2

ZZZ(t)ZZZ(t)⊤

p
ΣΣΣ

1
2 RRRω(z)ΣΣΣ∥ ≤

2p−1

z2 ∥ΣΣΣ∥2∥p−1ZZZ(t)ZZZ(t)⊤∥= O(p−1) (2.3.35)

where the last equality follows from ∥p−1ZZZ(t)ZZZ(t)⊤∥= t ·O(1) with high probability, uniformly

over t ∈ [0,1].

Next,
p

∑
i=1

n

∑
j=1

2p−2 tr
(

RRRω(z)ΣΣΣ
1
2 (MMM(c)

2 )⊤ΣΣΣ
1
2 RRRω(z)ΣΣΣ

1
2 MMM(c)

2 ΣΣΣ
1
2

)
= 2tr

(
ΣΣΣRRRω(z)

)
· tr
(

ΣΣΣ
1
2
CCCCCC⊤

p
ΣΣΣ

1
2 RRRω(z)

) (2.3.36)

Finally,
p

∑
i=1

n

∑
j=1

2p−1 tr
(

RRRω(z)ΣΣΣ
1
2 EEE iiΣΣΣ

1
2

)
= 2

n
p

tr
(
ΣΣΣRRRω(z)

)
(2.3.37)

With some further algebra, namely adding and subtracting both ωIp and zIp in (2.3.36), we can

express the finite−p SDE as follows

dGp(t) = M 0
n (t)+

[
− tr
(
ΣΣΣRRRω(z)

)(
1−ω tr

(
ΣΣΣRRRω(z)

)
− z tr

(
RRRω(z)

))
+

n
p

tr
(
ΣΣΣRRRω(z)

)
+O(p−1)

]
·dt.

(2.3.38)

Recognizing ∂

∂ω
Gp(t,ω,z) = tr

(
ΣΣΣRRRω(z)

)
and ∂

∂ zGp(t,ω,z) = trRRRω(z) allows us to build the

asymptotic PDE, which we accomplish in the next step.

Step 2: Asymptotic Deterministic PDE Sending M
(0)
n (t)→ 0 in probability, we then differen-
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tiate (2.3.38) with respect to t. Controlling the vanishing-order terms, we obtain the following

deterministic PDE

∂G

∂ t
=−∂G

∂ω

(
1−ω

∂G

∂ω
− z

∂G

∂ z

)
+φ

∂G

∂ω
. (2.3.39)

Under the ansatz (C3), the solution to (2.3.39) will recover the two limit traces τ1,τ2.

Step 3: Hamilton Jacobi Solution

We solve this PDE using Hamilton-Jacobi Theory and the Method of Characteristics.

First, write our PDE (2.3.39) in the form

∂G

∂ t
= ω

(∂G

∂ω

)2
+ z
(∂G

∂ z
· ∂G

∂ω

)
− (1−φ)

∂G

∂ω
(2.3.40)

Define the Hamiltonian to be the right hand side of (2.3.40) with an overall negative sign, and

partial derivatives with respect to ω,z replaced with corresponding momentum variables pω , pz.

H(ω,z, pω , pz) =−
(
ω p2

ω + z(pz · pω)
)
+(1−φ)pω (2.3.41)

Hamilton’s equations define the following system of coupled ODEs

∂ω

∂ t
=

∂H
∂ pω

=−2ω pω − zpz +(1−φ) (2.3.42)

∂ z
∂ t

=
∂H
∂ pz

=−zpω (2.3.43)

∂ pω

∂ t
=−∂H

∂ω
= p2

ω (2.3.44)

∂ pz

∂ t
=−∂H

∂ z
= pz pω (2.3.45)

with arbitrary initial conditions ω(0) = ω0 and z(0) = z0 for ω and z. These determine the initial

momenta through the limits (2.3.21) and (2.3.22). Under Assumption (B3), weak convergence
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of the ESD of ΣΣΣ implies

pω(0) = lim
p→∞

1
p

p

∑
i=1

σi

ω0σi + z0
=
∫

σdνΣΣΣ(σ)

ω0σ + z0
(2.3.46)

pz(0) = lim
p→∞

1
p

p

∑
i=1

1
κ0σi + z0

=
∫ dνΣΣΣ(σ)

ω0σ + z0
(2.3.47)

We make note of the following identity, which is immediate from the integral representa-

tions in (2.3.62) and (2.3.63).

ω0 pω(0)+ z0 pz(0) = 1. (2.3.48)

The characteristic curve for pω is uncoupled, and can be solved immediately. We use its solution

to solve the characteristic curve for pz as well.

pω(t) =
pω(0)

1− pω(0)t
(2.3.49)

pz(t) =
pz(0)

1− pω(0)t
(2.3.50)

Note along characteristic curves, we have the following constant of motion.

∂

∂ t
(zpZ(t)) = (−zpω)pz(t)+ z(pz pω) = 0 (2.3.51)

Thus, zp(z) ≡ z0 pz(0) along characteristic curves. This allows us to solve the characteristic

curve for z(t) as well.

z(t) = z0(1− pω(0)t) (2.3.52)

On the other hand, plugging this constant of motion into (2.3.42) allows us to solve the resulting

ODE using an integrating factor.

ω(t) = (1− t pω(0))
[
ω0
(
1− t pω(0)

)
+
(
(1−φ)− z0 pz(0)

)
t
]

(2.3.53)
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Note that taking ω0 = φ t and applying (2.3.48), we have ω(t) = 0. Moreover by (2.3.23),

sending ω(t)→ 0 is necessary to recover the two traces

τ1(z) = lim
n→∞

E
[
tr
(
RRR(z)

)]
, τ2(z) = lim

n→∞
E
[
tr
(
ΣΣΣRRR(z)

)]
. (2.3.54)

Under ω(t) = φ t, the initial momentum variables become

pω(0) =
∫

σdνΣΣΣ(σ)

φ tσ + z0

pz(0) =
∫ dνΣΣΣ(σ)

φ t + z0
.

(2.3.55)

Here z0 is defined implicitly through the characteristic equation for p(z), again with ω0 = φ t.

z(t) = z0

(
1−

∫
σdνΣΣΣ(σ)

φ tσ + z0

)
(2.3.56)

Now plug in t = 1. For z0 > 0 denote sφ = φ

z0
, which is implicitly a function of z through

z0 = z0(z). We therefore take sφ (z) = sφ (z0) as the solution to the following

φ − sφ (z)z =
∫ sφ (z)σ

sφ (z)σ +1
dνΣΣΣ(σ). (2.3.57)

Under this, the initial momenta can be expressed as

pω(0) = 1−
sφ (z)z

φ
(2.3.58)

pz(0) =
sφ (z)

φ

(
1−φ + sφ (z)z

)
(2.3.59)

59



Plugging these into (2.3.55), we finally recover the two sample covariance trace functionals

τ1(z) =
(1−φ)

z
+ sφ (z) (2.3.60)

τ2(z) =
φ

sφ (z)z
−1 (2.3.61)

For the power-law covariance ΣΣΣ j j = ( j
p)

−α specifically, (2.3.46) and (2.3.47) become

pω(0) = lim
p→∞

1
p

p

∑
j=1

1
α0 + z0( j/p)α

=
∫ 1

0

dx
ω0 + z0xα

(2.3.62)

pz(0) = lim
p→∞

1
p

p

∑
j=1

( j/p)α

α0 + z0( j/p)α
=
∫ 1

0

xαdx
ω0 + z0xα

(2.3.63)

The second equality arises from recognizing the two sums in (2.3.62) and (2.3.63) as Riemann-

sums for x j =
j
p on [0,1].

2.3.2 Finite Dimension SDE

In this section, we derive a finite n, p,N Stochastic Differential Equation (SDE) for the

log-determinant potential of the NTK. Following the Gaussian equivalent simplifications derived

in 2.2.2, we follow the same general steps as in Section 2.3.1 and derive a SDE that models the

trajectory of the time-parameterized NTK viewed as a function of multi-dimensional Brownian

Motions.

First, XXX is independent from the other random matrices WWW and ΘΘΘ. Therefore we condition

on XXX and treat it as deterministic with respect to the Itô calculations made below. For a matrix AAA

with Gaussian entries AAAi j
i.i.d.∼ N (0,1), let AAA(t) denote the matrix of the same shape with i.i.d
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Brownian motion entries AAAi j(t)
i.i.d.∼ BM(0,1). We then define KKK(t,κ,γ)

KKK(t,κ,γ) = FFF(t)⊤FFF(t)+κ p−1XXX⊤XXX + γIn,

FFF(t) =
1√
N
(b1 p−

1
2WWW (t)XXX +b2ΘΘΘ(t)

) (2.3.64)

where we introduce parameters κ,γ , with the explicit goal of substituting κtarget = σ2
W b2

1 and

γtarget = z+ τ2σ2
W (c1 −b2

1). For fixed n, p,N, define the following

Fn(t,κ,γ) = n−1 logdetKKK(t,κ,γ). (2.3.65)

The main goal of this section is to prove the following proposition.

Proposition 17 (Finite dimension SDE). The potential Fn = Fn(t,κ,γ) satisfies the following

Itô SDE

dFn =

[
b2

1(1−
n
N
)∂κFn +b2

2(1−
n
N
)∂γFn (2.3.66)

+
n
N

(
κb2

1
(
∂κFn

)2
+ γb2

2
(
∂γFn

)2
+(κb2

1 + γb2
2)
(

∂κFn ·∂γFn

))]
·dt (2.3.67)

+dMn(t)+En(t)

where Mn(t) is a collection of Martingale terms, which will vanish in probability uniformly over

t ∈ [0,1], and the remainder term satisfies supt∈[0,1] |En(t)|= O(n−1).

In our setting, we take VVV t = vec
(
WWW i j(t),ΘΘΘi j(t)

)
to be the vector of the m = N p+Nn

independent Brownian motions corresponding to entries of WWW (t) and ΘΘΘ(t). Applying the

Stochastic Calculus rules (2.3.3), Itô’s formula simplifies to the following.

dYYY t = ∑
ci j∈[WWW ,ΘΘΘ]

∂g
∂ci j

(VVV t) ·dVVV ci j,t +
1
2 ∑

ci j∈[WWW ,ΘΘΘ]

∂ 2g
∂ci j∂ci j

(VVV t) ·dt (2.3.68)
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where the summations are taken over all entries of WWW ,ΘΘΘ.

Proof of Proposition 17. Let wi j and θi j denote the (i, j)-th entries of WWW and ΘΘΘ respectively.

Then define the function g : Rm → R by g
(
vec(wi j),vec(θi j)

)
= Fn. In other words, g is a

function of all m = N(p+n) entries of WWW and ΘΘΘ.

To apply Itô’s formula to g(VVV t), we define the matrices AAA= (ai j)∈RN×p and BBB= (bi j)∈

RN×n as auxiliaries for WWW and ΘΘΘ respectively. Then by applying (2.3.68) to g(VVV t), we obtain

dFn =
[
∑
i, j

∂g
∂ai j

(VVV t) ·dWWW i j,t +
∂g

∂bi j
(VVV t) ·dBBBi j,t

]
+

1
2 ∑

i, j

[
∂ 2g

∂ai j∂ai j
(VVV t) ·dt +

∂ 2g
∂bi j∂bi j

(VVV t) ·dt
]
.

(2.3.69)

Here the partial derivatives of g are taken with respect to the entries ai j,bi j of AAA and BBB, and then

evaluated at the entries of WWW (t) and ΘΘΘ(t) respectively. Furthermore, the summations in (2.3.69)

are understood to be over all entries of the corresponding matrix.

To compute partial derivatives, we will make repeated use of the matrix derivative rules

(2.3.25)-(2.3.27). For convenience, we restate them here. Let YYY be a symmetric matrix, whose

entries possibly depend on x, and let λ > 0.

∂

∂x
logdet(YYY +λ I) = Tr

(
(YYY +λ I)−1 ∂YYY

∂x

)
(2.3.70)

∂

∂λ
logdet(YYY +λ I) = Tr(YYY +λ I)−1 (2.3.71)

Moreover, if YYY is invertible
∂

∂x
YYY−1 =−YYY−1 ∂YYY

∂x
YYY−1 (2.3.72)

Observe that by (2.3.70) and (2.3.71)

d
dκ

Fn(t,κ,γ) = tr
(

p−1XXX⊤XXXKKK(t,κ,γ)−1), d
dγ

Fn(t,κ,γ) = trKKK(t,κ,γ)−1. (2.3.73)

Throughout the proof, let EEE i j denote the matrix that is 0 everywhere except in the (i, j)− th
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entry where it is 1. Further, let Tr(·) denote the trace operator, and tr(MMM) = 1
n Tr(MMM) denote the

normalized trace of a square matrix MMM ∈ Rn×n by its dimension. For notational simplicity, we

define the parameters

a = b2
1(N p)−1, b = b1b2N−1 p−

1
2 , and c = b2

2N−1 (2.3.74)

Then denote the following

g
(
vec(ai j),vec(bi j)

)
= n−1 logdet

(
ΦΦΦ+κ p−1XXX⊤XXX + γIn

)
(2.3.75)

where we define

ΦΦΦ = a(AAAXXX)⊤AAAXXX +b
(
(AAAXXX)⊤BBB+BBB⊤(AAAXXX)

)
+ cBBB⊤BBB. (2.3.76)

The first step is to compute the partial derivatives ∂g
∂ai j

and ∂g
∂bi j

.

Step 1: Compute first order partial derivatives By (2.3.70), we have

∂g
∂ai j

= tr
(
(ΦΦΦ+κ p−1XXX⊤XXX + γIn

)−1 ∂ΦΦΦ

∂ai j

)
(2.3.77)

where

∂ΦΦΦ

∂ai j
= a
(
XXX⊤EEE jiAAAXXX +XXX⊤AAA⊤EEE i jXXX

)
+b
(
XXX⊤EEE jiBBB+BBB⊤EEE i jXXX) (2.3.78)

By a similar calculation, we have

∂g
∂bi j

= tr
(
(ΦΦΦ+κ p−1XXX⊤XXX + γIn

)−1 ∂ΦΦΦ

∂bi j

)
(2.3.79)
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where

∂ΦΦΦ

∂bi j
= b
(
(AAAXXX)⊤EEE i j +EEE jiAAAXXX

)
+ c
(
EEE jiBBB+BBB⊤EEE i j

)
. (2.3.80)

We now collect terms

M
(1)
n (t) := ∑

ai j∈[AAA]

∂g
∂ai j

(VVV (t)) ·dWWW i j(t) (2.3.81)

M
(2)
n (t) := ∑

bi j∈[BBB]

∂g
∂bi j

(VVV (t)) ·dΘΘΘi j(t) (2.3.82)

Observe both M
(n)
1 (t) and M

(n)
2 (t) are finite sums of Itô-integrals against Brownian motions.

It is classical that Itô-integrals against Brownian Motions are martingales, provided that the

integrand is square integrable and adapted.

We will verify both M
(n)
1 (t) and M

(n)
2 (t) are indeed square integrable, and therefore

Mn(t) := M
(1)
n (t)+M

(2)
n (t) will vanish in probability uniformly over t ∈ [0,1], as shown in

Proposition 18.

Step 2: Compute second order partial derivatives

Following the discussion above, the second order partial derivative terms in (2.3.69) are

the only terms that will survive in the asymptotic limit. We proceed by differentiating both

(2.3.77) and (2.3.79). For ease of notation, let us further define

ΩΩΩ(κ,γ) :=
(
ΦΦΦ+κ p−1XXX⊤XXX + γIn

)−1 (2.3.83)

By repeatedly applying (2.3.72) to (2.3.77), we have

∂ 2g
∂ai j∂ai j

=− tr

(
ΩΩΩ(κ,γ)

∂ΦΦΦ

∂ai j
ΩΩΩ(κ,γ)

∂ΦΦΦ

∂ai j

)
+ tr
(

ΩΩΩ(κ,γ)
∂ 2ΦΦΦ

∂ai j∂ai j

)
(2.3.84)
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The second term is relatively straight-forward. Using EEE jiEEE i j = EEE j j, we find that

∂ 2ΦΦΦ

∂ai j∂ai j
= 2aXXX⊤EEE j jXXX (2.3.85)

In this case, the second term can be written as

tr
(

ΩΩΩ(κ,γ)
∂ 2ΦΦΦ

∂ai j∂ai j

)
= 2a tr

(
XXX⊤EEE j jXXXΩΩΩ(κ,γ)

)
(2.3.86)

The first term in (2.3.84) is more involved. To avoid cumbersome notation, we define

MMM(a)
1 := XXX⊤EEE jiAAAXXX , MMM(a)

2 = XXX⊤EEE jiBBB (2.3.87)

We can then write ∂ΦΦΦ

∂ai j
as

∂ΦΦΦ

∂ai j
= a
(
MMM(a)

1 +(MMM(a)
1 )⊤

)
+b
(
MMM(a)

2 +(MMM(a)
2 )⊤

)
(2.3.88)

Then, expanding both ∂ΦΦΦ

∂ai j
terms, and making use of various properties of the trace, we

arrive at

− tr

(
ΩΩΩ(κ,γ)

∂ΦΦΦ

∂ai j
ΩΩΩ(κ,γ)

∂ΦΦΦ

∂ai j

)
= 2a2 tr

(
ΩΩΩ(κ,γ)MMM(a)

1 ΩΩΩ(κ,γ)MMM(a)
1

)
(2.3.89)

+2a2 tr
(

ΩΩΩ(κ,γ)MMM(a)
1 ΩΩΩ(κ,γ)(MMM(a)

1 )⊤
)
+2b2 tr

(
ΩΩΩ(κ,γ)MMM(a)

2 ΩΩΩ(κ,γ)MMM(a)
2

)
(2.3.90)

+2b2 tr
(

ΩΩΩ(κ,γ)MMM(a)
2 ΩΩΩ(κ,γ)(MMM(a)

2 )⊤
)
+4ab tr

(
ΩΩΩ(κ,γ)MMM(a)

1 ΩΩΩ(κ,γ)MMM(a)
2

)
(2.3.91)

+4ab tr
(

ΩΩΩ(κ,γ)MMM(a)
1 ΩΩΩ(κ,γ)(MMM(a)

2 )⊤
)

(2.3.92)

For second order partials with respect to bi j, we perform a similar computation.

∂ 2g
∂bi j∂bi j

=− tr
(

ΩΩΩ(κ,γ)
∂ΦΦΦ

∂bi j
ΩΩΩ(κ,γ)

∂ΦΦΦ

∂bi j

)
+ tr
(

ΩΩΩ(κ,γ)
∂ 2ΦΦΦ

∂bi j∂bi j

)
(2.3.93)

65



Again, the second term simplifies. Indeed, note that

∂ 2ΦΦΦ

∂bi j∂bi j
= 2cEEE j j (2.3.94)

Thus,

tr
(

ΩΩΩ(κ,γ)
∂ 2ΦΦΦ

∂bi j∂bi j

)
= 2c tr

(
EEE j jΩΩΩ(κ,γ)

)
(2.3.95)

For notational brevity, let us also define the following matrices.

MMM(z)
1 = EEE jiAAAXXX , MMM(z)

2 = EEE jiBBB (2.3.96)

In this case, ∂ΦΦΦ

∂bi j
can be written as

∂ΦΦΦ

∂bi j
= b
(
MMM(z)

1 +(MMM(z)
1 )⊤

)
+ c
(
MMM(z)

2 +(MMM(z)
2 )⊤

)
(2.3.97)

We again expand both ∂ΦΦΦ

∂bi j
in the first term of (2.3.93).

− tr
(

ΩΩΩ(κ,γ)
∂ΦΦΦ

∂bi j
ΩΩΩ(κ,γ)

∂ΦΦΦ

∂bi j

)
= 2b2 tr

(
ΩΩΩ(κ,γ)MMM(z)

1 ΩΩΩ(κ,γ)MMM(z)
1

)
(2.3.98)

+2b2 tr
(

ΩΩΩ(κ,γ)MMM(z)
1 ΩΩΩ(κ,γ)(MMM(z)

1 )⊤
)
+2c2 tr

(
ΩΩΩ(κ,γ)MMM(z)

2 ΩΩΩ(κ,γ)MMM(z)
2

)
(2.3.99)

+2c2 tr
(

ΩΩΩ(κ,γ)MMM(z)
2 ΩΩΩ(κ,γ)(MMM(z)

2 )⊤
)
+4bc tr

(
ΩΩΩ(κ,γ)MMM(z)

1 ΩΩΩ(κ,γ)MMM(z)
2

)
(2.3.100)

+4bc tr
(

ΩΩΩ(κ,γ)MMM(z)
1 ΩΩΩ(κ,γ)(MMM(z)

2 )⊤
)

(2.3.101)

Step 3: Construct the PDE

We are now ready to construct the PDE (2.3.66). Our approach can be outlined as

follows: First sum all terms in (2.3.84) and (2.3.93) over the entries of AAA,BBB . We then collect any

non-vanishing terms, and recognize them as partial derivatives with respect to the parameters

(κ,γ) via (2.3.73). Finally, we recover the resulting SDE (2.3.66).

For the following calculations, we will make repeated use of the following Stochastic
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Calculus rules. For an n× p Brownian motion matrix BBB, and matrices MMM and NNN of appropriate

sizes

(dBBB)⊤MMM⊤MMM(dBBB) = Tr(MMM⊤MMM)I ·dt (2.3.102)

(dBBB)NNN(dBBB) = (dBBB)⊤NNN(dBBB)⊤ = NNN⊤ ·dt (2.3.103)

We begin by summing each term in (2.3.89) over the indices i ∈ [N], j ∈ [p]. By applying

the element-wise versions of (2.3.102) and (2.3.103), and by the linearity of trace we have

N

∑
i=1

p

∑
j=1

2a2 tr
(

ΩΩΩ(κ,γ)MMM(a)
1 ΩΩΩ(κ,γ)MMM(a)

1

)
= 2b4

1N−1 tr
(

ΩΩΩ(κ,γ)p−1XXX⊤XXXΩΩΩ(κ,γ)(N p)−1(AAAXXX)⊤AAAXXX
) (2.3.104)

Here we used a = b2
1(N p)−1. Note (2.3.104) is the normalized trace of matrices that are normal-

ized to have order O(1) entries, with an additional O(N−1) prefactor. Therefore, an application

of the resolvent bound (2.3.34) and a similar argument made in the proof of Proposition 16 case

shows that this term vanishes uniformly over t ∈ [0,1] as n → ∞ under Assumption (A1). In fact,

we will see that only products of two-trace terms will survive in the large n limit. These will

correspond to terms computed via the rule (2.3.102), and are the finite-dimensional analogue of

the following Free Brownian Motion stochastic calculus rule

(dbbb)aaa(dbbb) = 0 (2.3.105)

and refer the reader to [DHK22] for more details on stochastic calculus. We proceed similarly

with the other terms. Using the rule (2.3.102), we collect all non-vanishing order terms from
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(2.3.89) as follows.

N

∑
i=1

p

∑
j=1

2a2 tr
(

ΩΩΩ(κ,γ)MMM(a)
1 ΩΩΩ(κ,γ)(MMM(a)

1 )⊤
)

= 2b4
1

n
N

tr
(

p−1XXX⊤XXXΩΩΩ(κ,γ)
)
· tr
(
(N p)−1(AAAXXX)⊤AAAXXXΩΩΩ(κ,γ)

) (2.3.106)

N

∑
i=1

p

∑
j=1

2b2 tr
(

ΩΩΩ(κ,γ)MMM(a)
2 ΩΩΩ(κ,γ)(MMM(a)

2 )⊤
)

= 2b2
1b2

2
n
N

tr
(

p−1XXX⊤XXXΩΩΩ(κ,γ)
)
· tr
(

N−1BBB⊤BBBΩΩΩ(κ,γ)
) (2.3.107)

N

∑
i=1

p

∑
j=1

4ab tr
(

ΩΩΩ(κ,γ)MMM(a)
1 ΩΩΩ(κ,γ)(MMM(a)

2 )⊤
)

= 4b3
1b2

n
N

tr
(

p−1XXX⊤XXXΩΩΩ(κ,γ)
)
· tr
(

p−
1
2 N−1BBB⊤AAAXXXΩΩΩ(κ,γ)

) (2.3.108)

After some algebra, namely adding and subtracting κ p−1XXX⊤XXX and γIn, these terms sum to the

following expression.

2b2
1

n
N

tr
(

p−1XXX⊤XXXΩΩΩ(κ,γ)
)[

1−κ tr
(

p−1XXX⊤XXXΩΩΩ(κ,γ)
)
− γ tr

(
ΩΩΩ(κ,γ)

)]
(2.3.109)

We also sum (2.3.86) over i ∈ [N], j ∈ [p].

N

∑
i=1

p

∑
j=1

tr
(

ΩΩΩ(κ,γ)
∂ 2ΦΦΦ

∂ai j∂ai j

)
= 2b2

1 tr
(

p−1XXX⊤XXXΩΩΩ(κ,γ)
)

(2.3.110)

On the other hand, we collect all vanishing order terms in (2.3.89) using (2.3.103).

N

∑
i=1

p

∑
j=1

2b2 tr
(

ΩΩΩ(κ,γ)MMM(a)
2 ΩΩΩ(κ,γ)MMM(a)

2

)
= 2b2

1b2
2N−1 tr

(
ΩΩΩ(κ,γ)p−1XXX⊤XXXΩΩΩ(κ,γ)N−1BBB⊤BBB

) (2.3.111)
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N

∑
i=1

p

∑
j=1

4ab tr
(

ΩΩΩ(κ,γ)MMM(a)
1 ΩΩΩ(κ,γ)MMM(a)

2

)
= 4b3

1b2N−1 tr
(

ΩΩΩ(κ,γ)p−1XXX⊤XXXΩΩΩ(κ,γ)p−
1
2 N−1(AAAXXX)⊤BBB

) (2.3.112)

Indeed, each term in (2.3.111) and (2.3.112) is the normalized trace of matrices normalized to

have O(1) entries. By the resolvent bound (2.3.34), and similar argument made in the sample

covariance case, the N−1 prefactor forces both terms to be O(N−1) in operator norm, uniformly

in t. We collect these vanishing order terms under the remainder E(1)
n (t) In summary,

1
2

[
N

∑
i=1

p

∑
j=1

∂ 2g
∂ai j∂ai j

(AAA,BBB)
]
=−b2

1
n
N

tr
(

p−1XXX⊤XXXΩΩΩ(κ,γ)
)
× (2.3.113)

[
1−κ tr

(
p−1XXX⊤XXXΩΩΩ(κ,γ)

)
− γ tr

(
ΩΩΩ(κ,γ)

)]
(2.3.114)

+b2
1 tr
(

p−1XXX⊤XXXΩΩΩ(κ,γ)
)
+E(1)

n (t) (2.3.115)

We proceed with a similar computation for ∂ 2g
∂bi j∂bi j

. First we collect all non-vanishing

order terms from summing (2.3.98) over i ∈ [N], j ∈ [n].

N

∑
i=1

n

∑
j=1

2b2 tr
(

ΩΩΩ(κ,γ)MMM(γ)
1 ΩΩΩ(κ,γ)(MMM(z)

1 )⊤
)

=2b2
1b2

2
n
N

tr
(
ΩΩΩ(κ,γ)

)
· tr
(
(N p)−1(AAAXXX)⊤AAAXXXΩΩΩ(κ,γ)

) (2.3.116)

N

∑
i=1

n

∑
j=1

2c2 tr
(

ΩΩΩ(κ,γ)MMM(z)
2 ΩΩΩ(κ,γ)(MMM(z)

2 )⊤
)

= 2b4
2

n
N

tr
(
ΩΩΩ(κ,γ)

)
· tr
(

N−1BBB⊤BBBΩΩΩ(κ,γ)
) (2.3.117)

N

∑
i=1

n

∑
j=1

4bc tr
(

ΩΩΩ(κ,γ)MMM(z)
1 ΩΩΩ(κ,γ)(MMM(z)

2 )⊤
)

= 4b1b3
2

n
N

tr
(
ΩΩΩ(κ,γ)

)
· tr
(

N−1 p−
1
2 BBB⊤AAAXXXΩΩΩ(κ,γ)

) (2.3.118)
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Again, after some algebra these terms can be combined as follows.

2
n
N

b2
2 tr
(
ΩΩΩ(κ,γ)

)[
1−κ tr

(
p−1XXX⊤XXXΩΩΩ(κ,γ)

)
− γ tr

(
ΩΩΩ(κ,γ)

)]
(2.3.119)

On the other hand, the rest of the terms from (2.3.98) are order O(N−1), which we collect

under E(2)
n (t).

N

∑
i=1

n

∑
j=1

2b2
2 tr
(

ΩΩΩ(κ,γ)MMM(γ)
1 ΩΩΩ(κ,γ)MMM(γ)

1

)
= 2b2

1b2
2N−1 tr

(
(N p)−1(AAAXXX)⊤AAAXXXΩΩΩ(κ,γ)2

) (2.3.120)

N

∑
i=1

n

∑
j=1

2c2 tr
(

ΩΩΩ(κ,γ)MMM(z)
2 ΩΩΩ(κ,γ)MMM(z)

2

)
= 2b4

2N−1 tr
(

N−1BBB⊤BBBΩΩΩ(κ,γ)2
)

(2.3.121)

N

∑
i=1

n

∑
j=1

4bc tr
(

ΩΩΩ(κ,γ)MMM(a)
1 ΩΩΩ(κ,γ)MMM(a)

2

)
= 4b1b3

2N−1 tr
(

N−1 p−
1
2 (AAAXXX)⊤BBBΩΩΩ(κ,γ)2

) (2.3.122)

Finally, the sum of the last term from (2.3.93) over the indices of BBB is given by

N

∑
i=1

n

∑
j=1

2c tr
(

EEE j jΩΩΩ(κ,γ)
)
= 2b2

2 tr
(
ΩΩΩ(κ,γ)

)
(2.3.123)

Collecting all terms from the above computations, we have

1
2

[
N

∑
i=1

n

∑
j=1

∂ 2g
∂bi j∂bi j

(AAA,BBB)

]
=− n

N
b2

2 tr
(
ΩΩΩ(κ,γ)

)[
1−κ tr

(
p−1XXX⊤XXXΩΩΩ(κ,γ)

)
(2.3.124)

−γ tr
(
ΩΩΩ(κ,γ)

)]
+b2

2 tr
(
ΩΩΩ(κ,γ)

)
+E(2)

n (t) (2.3.125)

Now, we substitute VVV t =
(

vec(WWW i j(t)),vec(ΘΘΘi j(t))
)

into (2.3.113) and (2.3.124). We

also apply the the partial derivatives 2.3.73

∂

∂κ
Fn = tr

(
p−1XXX⊤XXXΩΩΩ(κ,γ)

)
,

∂

∂γ
Fn = tr

(
ΩΩΩ(κ,γ)

)
(2.3.126)
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With some further algebra we arrive at the following SDE

dFn = Mn(t)+

[
b2

1(1−
n
N
)

∂

∂κ
Fn +b2

2(1−
n
N
)

∂

∂γ
Fn (2.3.127)

+
n
N

(
κb2

1
( ∂

∂κ
Fn
)2

+ γb2
2
( ∂

∂γ
Fn
)2

+(κb2
2 + γb2

1)
( ∂

∂κ
Fn ·

∂

∂γ
Fn
))]

·dt +En(t)

(2.3.128)

We complete the proof of Proposition 17 by controlling Mn(t)→ 0 in probability uniformly in

t ∈ [0,1], differentiating the result with respect to t, and passing through the limit to recover the

PDE (2.3.66).

In order to build the deterministic asymptotic PDE, we first verify the Martingale terms Mn(t)

vanish uniformly in probability. We state this as a proposition.

Proposition 18. Let Mn(t) denote the Martingale terms in Propositions 16 and 17. Then the

following holds

sup
t∈[0,1]

∣∣Mn(t)
∣∣= Od,P

(
n−1) (2.3.129)

In particular, Mn(t)
P→ 0 uniformly over t ∈ [0,1].

Proof of Proposition 18. We provide the full proof for the martingale terms in the PDE of

main interest (2.3.66). The sample covariance case (2.3.29) follows from a similar, but simpler

calculation and application of Lemma 15.

Recall the two Martingales (2.3.81) and (2.3.82)

M
(n)
1 (t) := ∑

ai j∈[AAA]

∂g
∂ai j

(VVV (t)) ·dWWW i j(t), M
(n)
2 (t) := ∑

bi j∈[BBB]

∂g
∂bi j

(VVV (t)) ·dΘΘΘi j(t) (2.3.130)

Both M
(n)
1 (t) and M

(n)
2 (t) are continuous L2-martingales, with M

(n)
1 (0) = M

(n)
2 (0) = 0. We

compute the quadratic variation of M
(n)
1 (t), as the computation is similar for M

(n)
2 (t). Note the

71



entries WWW i j(t) are standard BM’s. Therefore, the quadratic variation of M
(n)
1 (t) is given by

〈
M

(n)
1
〉

t = ∑
(i, j)∈[N]×p

∫ t

0

(
∂ai jg

)2ds (2.3.131)

where ∂ai jg denotes the partials ∂g
∂ai j

evaluated at VVV (s) =
(
WWW i j(s),ΘΘΘi j(s)

)
. We recall the first

order partials ∂g
∂ai j

∂g
∂ai j

= 2a tr
(

XXX⊤AAA⊤EEE i jXXXΩΩΩ(κ,γ)
)
+2b tr

(
BBB⊤EEE i jXXXΩΩΩ(κ,γ)

)
(2.3.132)

=
2
n

[
a
(
AAAXXXΩΩΩ(κ,γ)XXX⊤)

i j +b
(
BBBΩΩΩ(κ,γ)XXX⊤)

i j

]
(2.3.133)

Summing and squaring (2.3.133) over (i, j) ∈ [N]× [p] results in a Frobenius norm. Indeed

evaluate (2.3.133) at AAA 7→WWW (s) and BBB 7→ ΘΘΘ(s), and recall FFF(s) = 1√
N

(
p−

1
2 b1WWW (s)XXX +b2ΘΘΘ(s)

)
.

Writing aWWW (s)XXX +bΘΘΘ(s) = b1√
N pFFF(s), we then have

∑
i j

(
∂ai jg

)2
=

4b2
1

n2N p
∥FFF(s)ΩΩΩ(κ,γ)XXX⊤∥∥2

F

=
4b2

1
n2N p

Tr
(

FFF(s)ΩΩΩ(κ,γ)XXX⊤XXXΩΩΩ(κ,γ)FFF(s)⊤
)

=
4b2

1
n2N p

Tr
(

ΩΩΩ(κ,γ)XXX⊤XXXΩΩΩ(κ,γ)ΦΦΦ(s)
)

(2.3.134)

where ∥AAA∥F =
√

Tr
(
AAA⊤AAA

)
denotes the Frobenius matrix norm, and the last equality follow

from the cyclic property of the trace and ΦΦΦ(s) = FFF(s)⊤FFF(s). We control the right hand side

of (2.3.134) in two steps. First apply monotonicity of the trace under the Loewner partial

ordering on symmetric real matrices, which we denote AAA ⪯ BBB ⇔ BBB−AAA is psd. Moreover, for two

symmetric matrices AAA ≺ BBB and a psd BBB ⪰ 0 of appropriate sizes, we have Tr
(
AAACCC
)
≤ Tr

(
BBBCCC
)
.

Indeed,

Tr
((

BBB−AAA
)
CCC
)
= Tr

(
CCC

1
2
(
BBB−AAA

)
CCC

1
2

)
≥ 0 =⇒ Tr

(
BBBCCC
)
≥ Tr

(
AAACCC
)
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Next observe ΦΦΦ(s) ⪯ ΩΩΩ
−1 uniformly in s ∈ [0, t], as ΩΩΩ

−1 = ΦΦΦ(s)+κ p−1XXX⊤XXX + γIn is a sum

of symmetric psd matrices plus a resolvent shift. Using ΩΩΩXXX⊤XXXΩΩΩ =
(
XXXΩΩΩ)⊤

(
XXXΩΩΩ
)
⪰ 0 and

monotonicity of the trace, we then have

Tr
(

ΩΩΩ(κ,γ)XXX⊤XXXΩΩΩ(κ,γ)ΦΦΦ(s)
)
≤ Tr

(
ΩΩΩ(κ,γ)XXX⊤XXX

)
(2.3.135)

Similarly, we have

p−1
κXXX⊤XXX ⪯ ΩΩΩ

−1 =⇒ XXX⊤XXX ⪯ κ
−1 pΩΩΩ

−1

Combining these,

Tr
(

ΩΩΩ(κ,γ)XXX⊤XXXΩΩΩ(κ,γ)ΦΦΦ(s)
)
≤ p

κ
Tr
(
ΩΩΩ(κ,γ)−1

ΩΩΩ(κ,γ) =
np
κ

(2.3.136)

Plugging this back into (2.3.134), we find

〈
M

(n)
1
〉

t =
4b2

1
n2N p

∫ t

0
Tr
(

ΩΩΩ(κ,γ)XXX⊤XXXΩΩΩ(κ,γ)ΦΦΦ(s)
)

<=
4b2

1
n2N p

∫ t

0

np
κ

ds =
4b2

1
Nn

t ≤C
( T

n2

) (2.3.137)

uniformly for t ∈ [0,T ], where C =
4b2

1φ

ψ
. A similar calculation applied to M

(n)
2 shows

〈
M

(n)
2
〉

t ≤ C̃
( T

n2

)
(2.3.138)

for an absolute constant C̃ > 0. We finally invoke Lemma 15 to conclude the proof.

2.3.3 Asymptotic PDE

Define F∞(t,κ,γ) = lim
n→∞

Fn(t,κ,γ), where the in-probability limit is taken under the

proportional regime of Assumption (A1). In this section, we derive a PDE that uniquely
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determines F∞(t,κ,γ) under the ansatz (C3). We summarize this result in the following

proposition.

Proposition 19 (Asymptotic PDE). Suppose the general data assumption Assumption (B1),

and Assumptions (A1), (A4) hold. Then F∞ = F∞(t,κ,γ) is the unique analytic solution to the

following first-order, non-linear PDE

∂

∂ t
F∞ = b2

1(1−
φ

ψ
)

∂

∂κ
F∞ +b2

2(1−
φ

ψ
)

∂

∂γ
F∞ (2.3.139)

+
φ

ψ

[
κb2

1
( ∂

∂κ
F∞

)2
+ γb2

2
( ∂

∂γ
F∞

)2
+(κb2

2 + γb2
1)
( ∂

∂γ
F∞ · ∂

∂κ
F∞

)]
(2.3.140)

with the initial condition

F∞(0,κ0,γ0) = lim
n→∞

Fn(0,κ0,γ0) (2.3.141)

Two remarks before the proof. The right hand side of PDE (2.3.139) is an analytic

function in F∞,∂κF∞,∂γF∞, and the Cauchy data (2.2.29) is analytic in (κ,γ). The Cauchy-

Kovalevskaya (C-K) Theorem therefore guarantees the unique analytic solution to (2.3.139),

given the initial conditions F∞(0) = limn→∞ Fn(0,κ0,γ0). Next observe the partial derivatives

of the finite order quantities (2.3.65) are given by

∂

∂γ
Fn(t,κ,γ) = tr

(
KKK(t,κ,γ)−1)

∂

∂κ
Fn(t,κ,γ) = tr

(
p−1XXX⊤XXXKKK(t,κ,γ)−1

) (2.3.142)

Both functions in (2.3.142) are jointly analytic in (κ,γ), when γ = z+ τ2σ2
W
(
c1 − b2

1
)

and

z ∈ H +. As a consequence of Vitali’s theorem from Complex Analysis, we can commute

derivative and limit

m∞
1 (t,κ,γ) = lim

n→∞

∂

∂γ
Fn(t,κ,γ), m∞

2 (t,κ,γ) = lim
n→∞

∂

∂κ
Fn(t,κ,γ) (2.3.143)
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where the convergence is locally uniformly in probability, with

m∞
i (z) = m∞

i (1,κtarget,γtarget), i = 1,2

recovering the target NTK traces of Section 2.2.7.

Proof of Proposition 19. The PDE in Proposition 19 follows from first controlling the

Martingale terms Mn of the finite-dimensional SDE (2.3.38) via Proposition 18. Writing the

finite-dimensional SDE

dFn(t) = Dn(t)dt +Mn(t)+En(t)

By Proposition 18, Mn(t)→ 0 in probability uniformly in t ∈ [0,1]. By the proof of Proposi-

tion 17, the remainder term converges to 0 uniformly in t ∈ [0,1]. Furthermore by (2.3.143), the

gradients converge locally uniformly in probability. Since Dn(t) is a polynomial in (κ,γ,∂κ ,∂γ)

the limits pass through the products. Bounded convergence then yields, the limit

dF∞(t,κ,γ) =

[
b2

1(1−
φ

ψ
)

∂

∂κ
F∞ +b2

2(1−
φ

ψ
)

∂

∂γ
F∞ (2.3.144)

+
φ

ψ

(
κb2

1
( ∂

∂κ
F∞

)2
+ γb2

2
( ∂

∂γ
F∞

)2
+(κb2

2 + γb2
1)
( ∂

∂γ
F∞ · ∂

∂κ
F∞

))]
·dt (2.3.145)

Differentiating (2.3.144) with respect to t recovers (2.3.139), concluding the proof.

2.3.4 Hamilton-Jacobi System

The PDE (2.3.139) is a first-order non-linear PDE, which prove difficult to solve analyti-

cally in general. However, the solution of (2.3.139) can be analyzed by recognizing the PDE as

a Hamilton-Jacobi (HJ) PDE, and applying the Method of Characteristics. We refer the reader to

the book [Eva10], Chapter 3 for further background.

Before stating the main result of this section, we define some terms and set up the

75



Hamilton-Jacobi approach. Consider our PDE

∂

∂ t
F∞ = b2

1(1−
φ

ψ
)

∂

∂κ
F∞ +b2

2(1−
φ

ψ
)

∂

∂γ
S

+
φ

ψ

[
κb2

1
( ∂

∂κ
F∞

)2
+ γb2

2
( ∂

∂γ
F∞

)2
+(κb2

2 + γb2
1)
( ∂

∂γ
F∞ · ∂

∂κ
F∞

)] (2.3.146)

We define the Hamiltonian to be the right hand side of (2.3.146) with an overall negative sign

and the replacement of each partial derivative ∂κ ,∂γ with the corresponding momentum variables

pκ , pγ .

H(κ,γ, pκ , pγ) =−b2
1(1−

φ

ψ
)pκ −b2

2(1−
φ

ψ
)pγ

− φ

ψ

[
κb2

1
(

pκ

)2
+ γb2

2
(

pγ

)2
+(κb2

2 + γb2
1)
(

pγ · pκ

)] (2.3.147)

We now formulate (2.3.146) as a HJ PDE.

∂

∂ t
F∞ +H(κ,γ, pκ , pγ) = 0 (2.3.148)

The main goal of this section is to derive the solution to (2.3.148) using the Method of

Characteristics, under the general data assumption Assumption (B1).

Proposition 20 (HJ Solution). The functions γ(t),κ(t), pκ(t) and pγ(t) are given by the solutions

to Hamilton’s equations, which are the following coupled ordinary differential equations (ODEs).

∂γ

∂ t
=

∂H
∂ pγ

=−b2
2(1−

φ

ψ
)− φ

ψ

[
2b2

2γ pγ +(b2
1γ +b2

2κ)pκ ] (2.3.149)

∂κ

∂ t
=

∂H
∂ pκ

=−b2
1(1−

φ

ψ
)− φ

ψ

[
2b2

1κ pκ +(b2
1γ +b2

2κ)pγ ] (2.3.150)

∂ pγ

∂ t
=−∂H

∂γ
=

φ

ψ
pγ

[
b2

2 pγ +b2
1 pκ ] (2.3.151)

∂ pκ

∂ t
=−∂H

∂κ
=

φ

ψ
pκ

[
b2

2 pγ +b2
1 pκ ] (2.3.152)
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The initial conditions for κ and γ are chosen arbitrarily κ(0) = κ0,γ(0) = γ0. With these, the

initial momenta are given by

pγ(0) =
∫

µ(dx)
κ0x+ γ0

, (2.3.153)

pκ(0) =
∫ xµ(dx)

κ0x+ γ0
(2.3.154)

where µ = lim spec(SSSp) is the limiting spectral measure of the sample covariance matrix

SSSp =
1
pXXX⊤XXX.

Define p0 = b2
2 pγ(0)+ b2

1 pκ(0). Then for the initial conditions
(
γ0,κ0, pγ(0), pκ(0)

)
,

the solutions to Hamilton’s equations are given by

pγ(t) =
pγ(0)

1− φ

ψ
p0t

(2.3.155)

pκ(t) =
pκ(0)

1− φ

ψ
p0t

(2.3.156)

γ(t) = (γ(0)−b2
2t)(1− φ

ψ
p0t) (2.3.157)

κ(t) = (κ(0)−b2
1t)(1− φ

ψ
p0t) (2.3.158)

Finally, the solution F (t,κ,γ) to (2.3.148) is given by

F (t,κ,γ) = F (0,κ0,γ0)− p0t +
φ −ψ

φ

(
ln
∣∣p−1

0 − φ

ψ
t
∣∣+ ln

∣∣p0
∣∣) (2.3.159)

Proof of Proposition 20.

For notational simplicity, we introduce the notation ẋxx(t) = ∂xxx
∂ t in this proof. The charac-

teristic curves (2.3.149)- (2.3.152) are a direct consequence of differentiating the Hamiltonian

(2.3.147) with respect to pγ , pκ ,γ,κ respectively. These form a system of four coupled ODEs,

which can be solved using elementary methods. We outline the calculations of the solutions of

each ODE as follows.
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The initial conditions for κ0,γ0 are to be chosen freely. These inform the initial conditions

for the momentum curves (2.3.153), (2.2.30), which are a direct consequence of the weak

convergence of the ESD of SSSp =
1
pXXX⊤XXX to the measure µ .

First, the momentum characteristic ODEs (2.3.151) and (2.3.152) uncouple from the

characteristic curves for(κ(t),γ(T )), and can be solved directly.

Define the following affine transformation of pγ , and pκ as p(t) = b2
2 pγ(t)+b2

1 pκ(t). By

applying a linear transformation to (2.3.151) and (2.3.152) we find p(t) satisfies the following

ODE
∂ p
∂ t

=
φ

ψ
p(t)2 (2.3.160)

This is a separable first order ODE, and can be solved using elementary methods.

p(t) =
(

p−1
0 − φ

ψ
t
)−1 (2.3.161)

On the other hand, by adding (2.3.151) to (2.3.152) we have

∂

∂ t

(
pγ(t)+ pκ(t)

)
=

φ

ψ
p(t)

[
pγ(t)+ pκ(t)

]
(2.3.162)

Substituting the solution for p(t), this ODE is also straightforward to solve.

pγ(t)+ pκ(t) =
pγ(0)+ pκ(0)

p(0)
(

p(0)−1 − φ

ψ
t
)−1 (2.3.163)

Equations (2.3.161) and (2.3.163) define a linear system for pγ(t), pκ(t).

 1 1

b2
2 b2

1


pγ(t)

pκ(t)

= p−1
0
(

p−1
0 − φ

ψ
t
)−1

pγ(0)+ pκ(0)

p0

 (2.3.164)

We can invert (2.3.164), and perform some linear algebra to recover the solutions (2.3.155) and

(2.3.156).
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Plugging in the solutions for pγ , pκ into the coupled ODEs (2.3.149) and (2.3.150), we

can define the system as a first-order matrix ODE.

∂

∂ t
xxx(t) =− φ

ψ
PPP(t)xxx(t)− (1− φ

ψ
)

b2
2

b2
1

 (2.3.165)

where xxx(t) =
(
κ(t),γ(t)

)⊤, and

PPP(t) =

b2
2 pγ(t)+ p(t) b2

2 pκ(t)

b2
1 pγ(t) b2

1 pκ(t)+ p(t)

 (2.3.166)

PPP(t) diagonalizes, so we can write

PPP(t) =VVV (t)

p(t) 0

0 2p(t)

VVV (t)−1, VVV (t) =

−b2
1 pκ(t) b2

2 pγ(t)

b2
1 pγ(t) b2

1 pγ(t)

 (2.3.167)

In order to uncouple the ODE (2.3.165), define the transformation yyy(t) = VVV (t)−1xxx(t). By

differentiating and some algebra, we observe yyy(t) satisfies the following ODE

∂

∂ t
yyy(t) =−

p(t) 0

0 2p(t)

yyy(t)−VVV (t)−1( ∂

∂ t
VVV (t)

)
yyy (2.3.168)

We claim the second term of (2.3.168) is also diagonal, and therefore the ODE for yyy(t) uncouples.

To see this, write out the product VVV (t)−1( ∂

∂ tVVV (t)
)

1
b2

1 pγ(t)p(t)

b4
1 pγ(t)

(
∂ pκ (t)

∂ t

)
+b2

1b2
2 pγ(t)

(∂ pγ (t)
∂ t

)
−b2

1b2
2 pγ(t)

(∂ pγ (t)
∂ t

)
+b2

1b2
2 pγ(t)

(∂ pγ (t)
∂ t

)
−b4

1 pγ(t)
(

∂ pκ (t)
∂ t

)
+b4

1 pκ(t)
(∂ pγ (t)

∂ t

)
b2

1b2
2 pγ(t)

(∂ pγ (t)
∂ t

)
+b4

1 pκ(t)
(∂ pγ (t)

∂ t

)


The (1,2)− entry of this matrix immediately cancels to zero. On the other hand, entry (2,1)
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vanishes as a consequence of the following relation

pγ(t)
(∂ pκ(t)

∂ t

)
= pγ(t)pκ(t)p(t) = pκ(t)

(∂ pγ(t)
∂ t

)
(2.3.169)

After some further simplification to the diagonal entries, we find (2.3.168) simplifies to following

ẏyy(t) =

−2 φ

ψ
p(t) 0

0 −3 φ

ψ
p(t)

yyy(t)+

 0

(1− φ

ψ
)
(

pγ(t)
)−1

 (2.3.170)

This matrix ODE (2.3.170) decouples into two ODEs

∂y1(t)
∂ t

=−2
φ

ψ
p(t)y1(t) (2.3.171)

∂y2(t)
∂ t

=−3
φ

ψ
p(t)y2(t)−

(
pγ(t)

)−1
(1− φ

ψ
) (2.3.172)

with initial conditions given by yyy(0) =VVV (0)−1xxx(0). The first ODE (2.3.171) is separable, and

can immediately be solved.

y1(t) =
1

p(0)2 y1(0)
(

p−1
0 − φ

ψ
t
)2 (2.3.173)

The second ODE (2.3.172) can be solved using an integrating factor u(t) =
(

p−1
0 − φ

ψ
t
)−1, which

results in

y2(t) =
φ −ψ

φ

( p(0)
pγ(0)

)(
p−1

0 − φ

ψ
t
)2

+
(

p3
0y2(0)+

φ −ψ

φ

p2
0

pγ(0)

)(
p(0)−1 − φ

ψ
t
)3 (2.3.174)

Translating back to xxx− coordinates, and performing some algebra, we recover the solutions
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(2.3.157) and (2.3.158)

xxx(t) =VVV (t)yyy(t) =

(γ(0)−b2
2t)(1− φ

ψ
p0t)

(κ(0)−b2
1t)(1− φ

ψ
p0t)

 (2.3.175)

Finally, the solution (2.3.159) is a consequence of Proposition 6.3 in [DHK22] along with the

observation of that the initial value of the Hamiltonian is H0 =−b2
2 pγ(0)−b2

1 pκ(0).

2.3.5 Proof of Theorem 2

In this section, we Prove Theorem 2, which we state below for convenience with a general

population covariance ΣΣΣ.

Theorem 4 (Anisotropic Resolvent Traces). Suppose Assumptions (B3) and (A1)-(A4) hold, and

let σ j denote the eigenvalues of ΣΣΣ. Define the following

Dz = z+ τ
2
σ

2
W (c1 −b2

1) (2.3.176)

For η > 0, define the rational functions

s(η) =
b2

1(η +σ2
W )

η
(
Dz −b2

2σ2
W
)(φη −ψ(1−η)(η +σ

2
W )
)
, ζ (η) =

b2
2η +Dz

b2
1
(
η +σ2

W
) (2.3.177)

Let η∗ > 0 be the unique positive solution to the fixed point equation

Ψ(η∗) = FΣΣΣ

(
s(η∗)

)
+ζ (η∗)s(η∗)−φ = 0, FΣΣΣ(s) =

1
p

p

∑
j=1

sσ j

sσ j +1
(2.3.178)
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Then we have

m1(z)≍
1

φb2
1(η

∗+σ2
W )

s(η∗), m2(z)≍
1

φb2
1(η

∗+σ2
W )

FΣΣΣ

(
s(η∗)

)
(2.3.179)

Moreover,

mβ (z)≍
1

φb2
1(η

∗+σ2
W )

Fβ (s(η
∗)), Fβ (s) =

p

∑
j=1

β
2
j

sσ j

sσ j +1
(2.3.180)

Proof of Theorem 4. The deterministic equivalents (2.3.179) are an application of Theo-

rem 1 under the more specific data assumption (A0), with some minor modifications. The

signal-resolvent mβ is then derived using an augmented HJ PDE, which arises from a rank-one

perturbation of the kernel KKK(t,γ,κ) by XXX⊤
ββββββ

⊤XXX . Details of the derivation of mβ are provided

in Section 2.3.5.

Recall the initial momentum conditions of the HJ (2.3.148) are given by

pγ(0) = lim
n→∞

tr
(
κ0 p−1XXX⊤XXX + γ0In

)−1 (2.3.181)

pκ(0) = lim
n→∞

tr
(

p−1XXX⊤XXX
(
κ0 p−1XXX⊤XXX + γ0In

)−1 (2.3.182)

Re-write (2.3.182) as

tr
(

p−1XXX⊤XXX
(
κ0 p−1XXX⊤XXX + γ0In

)−1
)
=

1
κ0

− γ0

κ0

(
κ0 p−1XXX⊤XXX + γ0In

)−1 (2.3.183)

We recognize both (2.3.181) and (2.3.182) as trace functionals of the resolvent of the sample

covariance SSSp =
1
pXXX⊤XXX to µ . In the proof of Theorem 1, we invoked weak convergence of the

ESD of SSSp to the limiting measure µ , as both integrands in (2.3.181) and (2.3.182) are bounded

and continuous away from the spectrum of SSSp.

However under the specific data assumption XXX = ΣΣΣ
1
2 ZZZ with ZZZi j

i.i.d.∼ N (0,1), we can

apply the general Marchenko-Pastur theorem (see Theorem 2.6 of [CL22]), which gives the
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deterministic equivalent for the resolvent of the gram matrix R̃(z) =
(1

nXXX⊤XXX − zIn
)−1 as the

following.

R̃(z)≍ m̃p(z)In, m̃p(z) =
(
−z+

1
n

trΣΣΣ
(
Ip + m̃p(z)ΣΣΣ

)−1
)−1

(2.3.184)

Writing
(
κ0

1
pXXX⊤XXX + γ0In

)−1
= 1

κ0φ
R̃
(
− γ0

κ0φ

)
, (2.3.184) implies

(
κ0

1
p

XXX⊤XXX + γ0In
)−1 ≍ s

φκ0
In, s := m̃p(−

γ0

κ0φ
) (2.3.185)

where s = s(κ0,γ0) solves the fixed-point equation

1
s
=

γ0

κ0φ
+

1
φ p

p

∑
j=1

σ j

1+ sσ j
(2.3.186)

Re-arranging (2.3.186) gives

φ =
γ0

κ0
s+

1
p

p

∑
j=1

sσ j

sσ j +1
(2.3.187)

In particular, the equivalence ≍ implies the almost sure convergence of the following

∣∣∣E[tr(κ0SSSp + γ0Ip
)−1

]− s
φκ0

∣∣∣→ 0 (2.3.188)∣∣∣∣∣E[tr(p−1XXX⊤XXX
(
κ0 p−1XXX⊤XXX + γ0In

)−1
)]

− 1
κ0

(
1− sγ0

φκ0

)∣∣∣∣∣→ 0 (2.3.189)

Therefore, we can write

pγ(0)≍
s

φκ0
, pκ(0)≍

1
κ0

− sγ0

φκ2
0

(2.3.190)

where s = s(κ0,γ0) solves (2.3.187).

Working with the finite−p fixed point equation (2.3.187) rather than the limiting integral

against νΣΣΣ is advantageous for two reasons. First, it allows for a more explicit tracking of the
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capacity exponent α in the formulas for m1 and m2. Second, the limit ESD of the unscaled

power-law σ j = j−α collapses to a point mass at zero, and therefore loses the bulk structure that

will determine the test error scaling.

Recall from the proof of Theorem 1, the solutions to the momentum curves pγ , pκ take

the form

pγ(t) =
pγ(0)

1− φ

ψ
p(0)t

, pκ(t) =
pγ(0)

1− φ

ψ
p(0)t

(2.3.191)

where

κ(t) = (κ0 −b2
1)(1−

φ

ψ
p(0)t), γ(t) = (γ0 −b2

2)(1−
φ

ψ
p(0)t) (2.3.192)

Solving for target values κ(1) = κtarget = b2
1σ2

W and γ(1) = γtarget = z+ τ2σ2
W (c1 − b2

1), we

choose initial values

κ0 = b2
1 +

κtarget

η
, γ0 = b2

2 +
γtarget

η
, η := 1− φ

ψ
p(0) (2.3.193)

Now, under (2.3.190)

p(0) = b2
2 pγ(0)+b2

1 pκ(0)≍ b2
2

s
φκ0

+b2
1
( 1

κ0
− sγ0

φκ2
0

)
(2.3.194)

Therefore, we define η∗ > 0 to be the solution to the fixed point equation,

η = 1− φ

ψ

(
b2

2
s

φκ0(η)
+

b2
1

κ0(η)

(
1− sγ0(η)

φκ0(η)

))
, s = s

(
κ0(η),γ0(η)

)
(2.3.195)

Isolating for s = s(η) in (2.3.195), we have

s(η) =
b2

1(η +σ2
W )

η(Dz −b2
2σ2

W )

(
φη −ψ(1−η)(η +σ

2
W )
)

(2.3.196)
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where Dz = z+ τ2σ2
W (c1 −b2

1). Next, defining ζ (η) = γ0(η)
κ0(η) , we have

ζ (η) =
γ0(η)

κ0(η)
=

b2
2η +Dz

b2
1(η +σ2

W )
(2.3.197)

The fixed-point definition of s (2.3.187) then becomes

ζ (η)s(η)+FΣΣΣ(s(η))−φ = 0, FΣΣΣ(s) =
1
p

p

∑
j=1

sσ j

sσ j +1
(2.3.198)

which recovers the fixed-point equation Ψ(η∗). To conclude the proof, we simply recognize

κ0η
∗ = φb2

1(η
∗+σ

2
W ) (2.3.199)

As an immediate corollary when σ j = j−α is the power-law, and β j = j−r, we denote the two

functionals FΣΣΣ and Fβββ by Fα and Fβ respectively, which are defined as

Fα(s) =
1
p

p

∑
j=1

s
s+ jα

, Fr(s) =
p

∑
j=1

s j−(α+2r)

s j−α +1
. (2.3.200)

Thereby recovering the forms of m1,m2,mβ presented in Theorem 2.

Signal-resolvent mβ

In this section, we derive a deterministic equivalent for the Signal-resolvent m(n)
β
(z). We

state the main result of this section in the following proposition.

Proposition 21. For βββ ∈ Rp deterministic, such that ||βββ ||= O(1), define

m(n)
β
(z) =

1
n

βββ
⊤XXX
(
KKKNTK + zIn

)−1XXX⊤
βββ (2.3.201)
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Then under the set up of Theorem 4

m(n)
β
(z)≍ 1

φκ0η∗Fβ (s), Fβ (s) =
p

∑
j=1

β
2
j

sσ j

sσ j +1
(2.3.202)

Proof of Proposition 21. Let ξ > 0, then consider the augmented log-determinant potential

F̃n(t,λ ,κ,ξ ) = n−1 logdet
(

KKK(t,κ,γ)+ξ XXX⊤
ββββββ

⊤XXX
)

(2.3.203)

Note that setting ξ = 0 we recover our original log-determinant potential Fn. Moreover, by

taking partial derivatives

∂ξ F̃n = tr
(

β
⊤XXX
(
KKKNTK(t,κ,γ)+ξ XXX⊤

ββββββ
⊤XXX
)−1XXX⊤

βββ

)
∂ξ F̃n

∣∣
ξ=0 = m(n)

β
(t,γ,κ)

(2.3.204)

where m(n)
β
(t,γ,κ)= 1

nβββ
⊤XXXKKKNTK(t,κ,γ)−1βββ

⊤XXX . This motivates applying our HJ PDE approach

to derive a limiting deterministic PDE for the augmented log-determinant F̃n. The characteristic

curves for ξ and its momentum variable p̃ξ can then be used to recover the limit m∞

β
(z) =

limn→∞E[m(n)
β
(z)].

Define uuu = XXX⊤
βββ ∈Rn, then ξ XXX⊤

ββββββ
⊤XXX = ξ uuuuuu⊤ is a rank-one perturbation of KKK(t,κ,γ)

in (2.3.203). This, combined with the fact that ξ uuuuuu⊤ is deterministic with respect to the Itô-

calculations on the Brownian motion-embedded matrices made in the proof of Proposition 17

will greatly simplify the computations that follow. Indeed, by the matrix-determinant lemma we

have

det
(
KKK(t,κ,γ)+ξ uuuuuu⊤

)
=
(
1+ξ uuu⊤KKK(t,κ,γ)−1uuu

)
det
(
KKK(t,κ,γ)

)
(2.3.205)

Taking the normalized log of (2.3.205) then results in

F̃n(t,κ,γ) = Fn(t,κ,γ)+
1
n

log
(
1+ξ uuu⊤KKK(t,κ,γ)−1uuu

)
. (2.3.206)
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Denote the quadratic form by QQQ = QQQ(t,κ,γ) = uuu⊤KKK(t,κ,γ)uuu. The momentum variables of the

augmented potential F̃n are related to the corresponding original momentum variables of Fn as

follows.

p̃γ = pγ +
1
n

ξ ∂γQQQ
1+ξ QQQ

(2.3.207)

p̃κ = pκ +
1
n

ξ ∂κQQQ
1+ξ QQQ

(2.3.208)

p̃ξ =
1
n

QQQ
1+ξ QQQ

(2.3.209)

Therefore, at ξ = 0 we recover the original momentum variables pγ , pκ

p̃γ |ξ=0 = pγ , p̃κ |ξ=0 = pκ , p̃ξ |ξ=0 =
1
n

QQQ (2.3.210)

Now define pξ (t) = p̃ξ (t)|ξ=0. We proceed by finding the initial condition

pξ (0) = lim
n→∞

p(n)
ξ
(0)

where .

p(n)
ξ
(0) =

1
n

trβββ
⊤XXX
(
κ0

1
p

XXX⊤XXX + γ0In
)−1XXX⊤

βββ (2.3.211)

Recalling SSSp =
1
pXXXXXX⊤, the push-through identity gives us

p(n)
ξ
(0) =

p
n

βββ
⊤SSSp

(
κ0SSSp + γ0Ip

)−1
βββ . (2.3.212)

Now, apply the algebraic identity SSSp = κ
−1
0

(
(κ0SSSp + γ0Ip

)
− γ0Ip

)
.

p(n)
ξ
(0) =

p
n

κ
−1
0

(
||βββ ||2 − γ0βββ

⊤(
κ0SSSp + γ0Ip

)−1
βββ

)
(2.3.213)

Note SSSp is the sample covariance of the matrix XXX with i.i.d N (0,ΣΣΣ) columns. To determine
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the asymptotic limit of the quadratic form βββ
⊤(

κ0SSSp + γ0Ip
)−1

βββ , we can again appeal to the

deterministic equivalent form of the general Marchenko-Pastur Theorem. This time we use the

p× p the resolvent R(z) =
(1

nXXXXXX⊤− zIp
)−1, which admits a deterministic equivalent

R(z)≍ R̄(z) :=
( ΣΣΣ

1+δ (z)
− zIp

)−1
, δ (z) =

1
n

Tr
(
ΣΣΣR̄(z)

)
. (2.3.214)

Writing
(
κ0SSSp + γ0Ip

)−1
= 1

κ0φ
R
(
− γ0

κ0φ

)
, this becomes

(
κ0SSSp + γ0Ip

)−1 ≍ 1
γ0

(
sΣΣΣ+ Ip

)−1
, s :=

κ0φ

γ0(1+δ )
(2.3.215)

where s = s(κ0,γ0) solves the same fixed point defined in (2.3.187).

1
s
=

γ0

κ0φ
+

1
n

p

∑
j=1

σ j

1+ sσ j
(2.3.216)

In particular, this implies for deterministic aaa ∈ Rn with ∥aaa∥2 = O(1),

aaa⊤
(
κ0 + γ0Ip

)−1aaa− γ
−1
0 aaa⊤

(
sΣΣΣ+ Ip

)−1aaa → 0 a.s (2.3.217)

We apply this to the deterministic power-signal βββ , which satisfies the asymptotic bounded norm

condition when r > 1
2 . Using the fact that ΣΣΣ = diag(σ j) is diagonal, the deterministic equivalent

term in (2.3.217) becomes

γ
−1
0 βββ

⊤(sΣΣΣ+ Ip
)−1

βββ = γ
−1
0

p

∑
j=1

β
2
j

1
sσ j +1

(2.3.218)

Substituting this back into (2.3.213),

pξ (0)≍
1

φκ0

( p

∑
j=1

β
2
j

sσ j

sσ j +1

)
(2.3.219)
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In order to derive the full momentum curve p̃ξ , we must now derive a limiting determinis-

tic PDE for the augmented potential F̃n proceeding in the manner as in Proposition 17. However,

as discussed at the beginning of this section, the computation is significantly simplified by the

fact that the rank-one perturbation ξ uuuuuu⊤ is deterministic with respect to the Itô calculations.

To avoid redundancy, we will trace the derivation of the finite−n PDE in the proof of

Proposition 17 and make note of where the rank-one perturbation arises, as the calculations are

almost identical.

Defining, as in Proposition 17 the function g̃
(
vec(ai j),vec(bi j)

)
as

g̃
(
vec(ai j),vec(bi j)

)
=

1
n

logdet
(

ΦΦΦ+κ p−1XXX⊤XXX + γIn +ξ uuuuuu⊤
)

(2.3.220)

where we recall the definition of ΦΦΦ

ΦΦΦ = a(AAAXXX)⊤AAAXXX +b
(
(AAAXXX)⊤BBB+BBB⊤(AAAXXX)

)
+ cBBB⊤BBB (2.3.221)

with

a = b2
1(N p)−1, b = b1b2N−1 p−

1
2 , c = b2

2N−1 (2.3.222)

Since ξ uuuuuu⊤ has no dependence on ai j or bi j, the partial derivatives ∂ g̃
∂ai j

, ∂ g̃
∂bi j

, ∂ 2g̃
∂ai j∂ai j

, ∂ 2g̃
∂bi j∂bi j

are

computed identically to that of g. Therefore, by defining

Ω̃ΩΩ(κ,γ,ξ ) =
(

ΦΦΦ+κ p−1XXX⊤XXX + γIn +ξ uuuuuu⊤
)−1

(2.3.223)

we have

1
2

[ N

∑
i=1

p

∑
j=1

∂ 2g̃
∂ai j∂ai j

(AAA,BBB)
]
=− n

N
b2

1 tr
(

p−1XXX⊤XXXΩ̃ΩΩ(κ,γ,ξ )
)

tr
(

ΦΦΦΩ̃ΩΩ(κ,γ,ξ )
)

+b2
1 tr
(

p−1XXX⊤XXXΩ̃ΩΩ(κ,γ,ξ )
)
+O(N−1)
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Therefore, applying the same algebraic trick as in (2.3.109) and (2.3.119), namely adding and

subtracting each of κ p−1XXX⊤XXX ,γIn, and now ξ uuuuuu⊤, we have

1
2

[ N

∑
i=1

p

∑
j=1

∂ 2g̃
∂ai j∂ai j

(AAA,BBB)
]
=−b2

1
n
N

tr
(

p−1XXX⊤XXXΩ̃ΩΩ(κ,γ,ξ )
)[

1−κ tr
(

p−1XXX⊤XXXΩ̃ΩΩ(κ,γ,ξ )
)

−γ tr
(
Ω̃ΩΩ(κ,γ,ξ )

)
− 1

n
ξ uuu⊤Ω̃ΩΩ(κ,γ,ξ )uuu

]
+b2

1 tr
(

p−1XXX⊤XXXΩ̃ΩΩ(κ,γ,ξ )
)
+O(N−1)

By an identical calculation to ∂ 2g̃
∂bi j∂bi j

, we also have

1
2

[
N

∑
i=1

n

∑
j=1

∂ 2g̃
∂bi j∂bi j

(AAA,BBB)

]
=− n

N
b2

2 tr
(
Ω̃ΩΩ(κ,γ,ξ )

)[
1−κ tr

(
p−1XXX⊤XXXΩ̃ΩΩ(κ,γ,ξ )

)
−γ tr

(
Ω̃ΩΩ(κ,γ,ξ )

)
− 1

n
ξ uuu⊤Ω̃ΩΩ(κ,γ,ξ )uuu

]
+b2

2 tr
(
Ω̃ΩΩ(κ,γ,ξ )

)
+O(N−1)

We can therefore form the finite−n SDE for F̃n(t,κ,γ,ξ ).

dF̃n =

[
]b2

1(1−
φ

ψ
)∂κF̃n +b2

2(1−
φ

ψ
)∂γF̃n (2.3.224)

+
φ

ψ

(
b2

1κ(∂κF̃n)
2 +b2

2γ(∂γF̃n)
2 +(b2

1γ +b2
2κ)(∂γF̃n∂κF̃n)

)
(2.3.225)

+
φ

ψ

(
b2

1∂γF̃n +b2
2∂κF̃n

)
ξ ∂ξ F̃n

]
·dt +M̃n(t)+ Ẽn(t) (2.3.226)

where M̃n(t) are the Martingale terms that will also vanish in probability thanks to Lemma 15.

Similarly, the remainder terms Ẽn(t) will vanish uniformly in t. Note that the form of (2.3.224)

matches the original SDE, except for the ξ ∂ξ F̃n term. Passing through the limit, using the same
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arguments made in Section 2.3.3 we arrive at

∂tF̃∞ = b2
1(1−

φ

ψ
)∂κF̃n +b2

2(1−
φ

ψ
)∂γF̃n +

φ

ψ

[
b2

1κ(∂κF̃n)
2 +b2

2γ(∂γF̃n)
2 (2.3.227)

+(b2
1γ +b2

2κ)(∂γF̃n∂κF̃n)

]
+

φ

ψ

(
b2

1∂γF̃n +b2
2∂κF̃n

)
ξ ∂ξ F̃n (2.3.228)

We can write this as a HJ PDE for the augmented momentum variables p̃γ , p̃κ and p̃ξ

∂tF̃∞ + H̃(κ,γ,ξ , p̃κ , p̃γ , p̃ξ ) = 0 (2.3.229)

where H̃ is given by the right-hand side of (2.3.227), with an overall negative sign and momentum

variables replacing the corresponding partial derivatives with respect to κ,γ,ξ . We can now

define the characteristic curve ODEs of the augmented HJ (2.3.229). For the momentum

characteristic ODEs, define p̃(t) = b2
2 p̃γ(t)+b2

1 p̃κ(t)

∂ p̃ξ

∂ t
=−∂ξ H̃ =

φ

ψ
p̃(t)p̃ξ (t) (2.3.230)

∂ p̃γ

∂ t
=−∂γH̃ =

φ

ψ
p̃(t)p̃γ(t) (2.3.231)

∂ p̃κ

∂ t
=−∂κH̃ =

φ

ψ
p̃(t)p̃κ(t) (2.3.232)

Similarly, the characteristic ODEs for the scalars κ,γ,ξ are given by

∂ξ

∂ t
= ∂pξ

H̃ =− φ

ψ
p̃(t)ξ (2.3.233)

∂γ

∂ t
= ∂pγ

H̃ =−b2
2(1−

φ

ψ
)− φ

ψ

[
2b2

2γ p̃γ +(b2
1γ +b2

2κ)p̃κ +b2
2ξ p̃ξ

]
(2.3.234)

∂κ

∂ t
= ∂pκ

H̃ =−b2
1(1−

φ

ψ
)− φ

ψ

[
2b2

1κ p̃κ +(b2
1γ +b2

2κ)p̃γ +b2
1ξ p̃ξ

]
(2.3.235)
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We can solve (2.3.231) and (2.3.232) in the same way as in the un-augmented case. This leads to

p̃(t) =
(

p̃(0)−1 − φ

ψ
t
)−1

(2.3.236)

p̃γ(t) =
p̃γ(0)

1− φ

ψ
p̃(0)t

(2.3.237)

p̃κ(t) =
p̃κ(0)

1− φ

ψ
p̃(0)t

(2.3.238)

Plugging (2.3.236) into (2.3.230), and solving the separable ODE we have

p̃ξ (t) =
p̃ξ (0)

1− φ

ψ
p̃(0)t

(2.3.239)

This allows us to solve the ODE for ξ (t), which gives

ξ (t) = ξ0

(
1− φ

ψ
p̃(0)t

)
. (2.3.240)

The upside of (2.3.240) is that we can send ξ (t)→ 0 by beginning the ξ−characteristic curve at

ξ0 = 0.

Now let η̃(t) = 1− φ

ψ
p̃(0)t, we will show η̃(t)|ξ=0 = η(t) = 1− φ

ψ
p(0)t recovers the

fixed point equation from the un-augmented H. First, by (2.3.207), the initial conditions for

p̃ξ (0), p̃γ(0), p̃κ(0) are all given by

p̃γ(0) = pγ(0)+
1
n

ξ0∂γQQQ0

1+ξ0QQQ0
(2.3.241)

p̃κ(0) = pκ(0)+
1
n

ξ0∂κQQQ0

1+ξ0QQQ0
(2.3.242)

p̃ξ (0) =
1
n

QQQ0

1+ξ0QQQ0
(2.3.243)
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where QQQ0 = QQQ(0,κ0,γ0). Then, by taking ξ0 = 0 and thereby sending ξ (t)→ 0 we have

p̃γ |ξ=0 = pγ(0), p̃κ(0)|ξ=0 = pκ(0), p̃ξ (0)|ξ=0 =
1
n

QQQ0. (2.3.244)

Further, the characteristic curves for (κ(t),γ(t)), (2.3.235) and (2.3.234), return the original

un-augmented solutions on the ξ = 0 slice. Therefore, on the ξ = 0 slice the augmented system

(H̃,κ,γ, p̃κ , p̃γ) fully reduces to the original Hamiltonian (H,κ,γ, pκ , pγ). Combined with

matching initial conditions (2.3.244), uniqueness of ODEs gives p̃κ(t)|ξ=0 = pκ(t), p̃γ(t)|ξ=0 =

pγ(t) for all t ∈ [0,1]. As a consequence, we must also have p̃(t)|ξ=0 = p(t), and η̃(t)|ξ=0 =

η(t).

Finally using the deterministic equivalent for pξ (0) = QQQ0 (2.3.219) , this gives us

mβ (z)≍
1

φκ0η∗Fβ (s), Fβ (s) =
p

∑
j=1

β
2
j

sσ j

sσ j +1
(2.3.245)

which concludes the proof.

As an immediate corollary under the dual-power law assumption (A0), we have

mβ (z)≍
1

φκ0η∗Fr(s), Fr(s) =
p

∑
j=1

s j−(α+2r)

s j−α +1
(2.3.246)

Proof of NTK Scaling Law

Proof. The proof has three steps. First we estimate the effective dimension Np(µ); then we

estimate the source-bias profile Bp(µ); finally we optimize the deterministic equivalent (2.2.60).

Step 1: effective dimension.

Since α > 1,

Tp =
p

∑
j=1

j−α −→ ζ (α) ∈ (0,∞),
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so σ̄p, j = T−1
p j−α ≍ j−α uniformly in j ≤ p. Let

Jµ :=
⌊

µ
−1/α

⌋
.

The constants cNTK and Tp only change Jµ by a multiplicative constant, so they are suppressed

in the comparison estimates. Assume Jµ = o(p). For j ≤ Jµ , one has j−α ≳ µ , and therefore

cNTKσ̄p, j

cNTKσ̄p, j +µ
≍ 1.

For j > Jµ , one has j−α ≲ µ , and therefore

cNTKσ̄p, j

cNTKσ̄p, j +µ
≍ j−α

µ
.

Consequently,

Np(µ)≍ ∑
j≤Jµ

1+µ
−1

∑
Jµ< j≤p

j−α

≍ Jµ +µ
−1J1−α

µ ≍ µ
−1/α .

Thus

Np(µ)≍ µ
−1/α (2.3.247)

whenever µ ↓ 0 and Jµ = o(p).

Step 2: source-bias profile.

By Assumption 1,

σ jβββ
2
j = c2

p,α,r j−(α+2r).
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Since α + 2r > 1, the normalizing constants cp,α,r converge to a positive finite limit. Hence

σ jβββ
2
j ≍ j−(α+2r). Splitting the bias at Jµ gives

Bp(µ) = ∑
j≤Jµ

σ jβββ
2
j

(
µ

cNTKσ̄p, j +µ

)2

+ ∑
j>Jµ

σ jβββ
2
j

(
µ

cNTKσ̄p, j +µ

)2

=: B≤(µ)+B>(µ).

For j ≤ Jµ , µ/(cNTKσ̄p, j +µ)≍ µ jα , and therefore

B≤(µ)≍ µ
2

∑
j≤Jµ

jα−2r. (2.3.248)

For j > Jµ , µ/(cNTKσ̄p, j +µ)≍ 1, and therefore

B>(µ)≍ ∑
j>Jµ

j−(α+2r). (2.3.249)

If α −2r >−1, equivalently α +2r < 2α +1, then

B≤(µ)≍ µ
2Jα−2r+1

µ = µ
(α+2r−1)/α ,

B>(µ)≍ J1−α−2r
µ = µ

(α+2r−1)/α .

Thus

Bp(µ)≍ µ
(α+2r−1)/α if α +2r < 2α +1. (2.3.250)

If α −2r <−1, equivalently α +2r > 2α +1, then ∑ j≤Jµ
jα−2r = O(1), so B≤(µ)≍ µ2, while

B>(µ)≍ µ(α+2r−1)/α = o(µ2). Hence

Bp(µ)≍ µ
2 if α +2r > 2α +1. (2.3.251)

95



Combining (2.3.250) and (2.3.251), and excluding the logarithmic boundary α +2r = 2α +1,

we have

Bp(µ)≍ µ
qα,r . (2.3.252)

Step 3: optimization.

Substituting (2.3.247) and (2.3.252) into the local deterministic equivalent (2.2.60) gives,

uniformly in the scaling window,

Rn,N,p(λ )≍ µ
qα,r
λ

+δn,N µ
−1/α

λ
. (2.3.253)

The two terms in (2.3.253) balance when

µ
qα,r
λ

≍ δn,N µ
−1/α

λ
,

that is,

µλ⋆
≍ δ

1/(qα,r+1/α)
n,N = δ

α/(αqα,r+1)
n,N .

At this value,

µ
qα,r
λ⋆

≍ δn,N µ
−1/α

λ⋆
≍ δ

αqα,r/(αqα,r+1)
n,N .

This proves the upper bound in (2.2.62). For the matching lower bound, let µ⋆ := δ
α/(αqα,r+1)
n,N .

If µ ≥ µ⋆, then the bias term in (2.3.253) is at least a constant multiple of µ
qα,r
⋆ . If µ ≤ µ⋆,

then the variance term in (2.3.253) is at least a constant multiple of δn,N µ
−1/α

⋆ . Both quantities

are of order δ
αqα,r/(αqα,r+1)
n,N . The condition (2.2.61) is exactly µ

−1/α

⋆ = o(p), so the estimates

above apply at the optimizer and in the neighboring scaling window. This proves (2.2.62) and

(2.2.63). The special cases (2.2.64) and the saturated-source formula follow by substituting the

two possible values of qα,r. Finally, if N ≍ nℓ, then δn,N = n−1 +n−ℓ ≍ n−min{1,ℓ}, which gives

(2.2.66).
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Remark.At the boundary α +2r = 2α +1, the proof gives

Bp(µ)≍ µ
2 log(1/µ), Np(µ)≍ µ

−1/α .

Consequently,

µλ⋆
≍
(

δn,N

log(1/δn,N)

)α/(2α+1)

,

and

inf
λ≥0

Rn,N,p(λ )≍ δ
2α/(2α+1)
n,N

(
log

1
δn,N

)1/(2α+1)

.

2.4 Numerical Experiments

In this section, we present figures and experiments validating the main results presented

in Section 2.2.7.

2.4.1 Numerical root solver

The fixed-point equation (2.2.34) can be solved using a standard root solving algorithm,

e.g brentq. Here we present details on the algorithm implementation. Recall the fixed point

equation defining η(s) to be

Ψ(η∗) = FΣΣΣ

(
s(η∗)

)
+ζ (η∗)s(η∗)−φ = 0, FΣΣΣ(s) =

1
p

p

∑
j=1

sσ j

sσ j +1
(2.4.1)

where Dz = z+ τ2σ2
W (c1 −b2

1) and

s(η) =
b2

1(η +σ2
W )

η
(
Dz −b2

2σ2
W
)(φη −ψ(1−η)(η +σ

2
W )
)
, ζ (η) =

b2
2η +Dz

b2
1
(
η +σ2

W
) . (2.4.2)

The fixed point equation (2.4.1) admits a unique physical root η∗ > 0 corresponding to s =

s(η∗)> 0. Define the quadratic term in s(η) as N(η) := ψη2 +
(
φ −ψ +ψσ2

W
)
η −ψσ2

W and
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the denominator D := Dz −b2
2σ2

W . Then we can write

s(η) =
b2

1(η +σ2
W )

η︸ ︷︷ ︸
κ0(η)>0

N(η)

D
(2.4.3)

The first term in (2.4.3) is positive for η > 0, therefore the sign of s is controlled by the sign

of N(η)/D. We handle each in separate cases. First the quadratic N(η) has two real roots of

opposite sign η0 < 0 < η1 < 1. Indeed, the product of the two roots is negative η0η1 =−σ2
W < 0.

Further N(0) = −ψσ2
W < 0 and N(1) = φ > 0, forcing 0 < η1 < 1. Therefore N(η) < 0 on

(0,η1) and N(η)> 0 on (η1,∞).

Case one: D < 0

In this case s(η) > 0 for η ∈ (0,η1). It is straightforward to verify that Ψ is strictly

decreasing on (0,η1), with

Ψ(η−
1 )→−φ < 0, Ψ(0+)→+∞ > 0

Hence there is exactly one root of (2.4.1) in (0,η1) corresponding to s(η)> 0.

Case two: D > 0 Now the physical root lies in (η1,∞), where s(η) is positive. Ψ is strictly

increasing in this interval, with

Ψ(η+
1 )→−φ < 0, Ψ(∞)→ ∞

As in the first case, there is a unique root of (2.4.1) in (η1,∞) corresponding to s(η)> 0.

Scaling law of NTK regression

Figure 2.1 evaluates the unnormalized trace-class scaling of a finite-width Gaussian-

equivalent NTK surrogate. The simulation uses a data spectral decay of α = 1.5 and a teacher

complexity of r = 0.5, with both the network width N and input dimension d scaling propor-

tionally to the sample size. By testing sample sizes n ranging from 384 to 1500 across 10
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Figure 2.1. Test risk scaling of a finite-width Gaussian-equivalent NTK on unnormalized power-law
data (α = 1.5,r = 0.5).
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Figure 2.2. NTK risk at optimally-tuned ridge λ ∗ versus sample size n with log-log axis. Empirical test
loss reported as markers ±SE over 20 trials. Theoretical curves from (2.2.51) plotted as solid lines. (Left)
slowly-decaying spectrum α = 0.2, with visible curvature on log-log plot. (Right) rapidly-decaying
spectrum α = 0.8, exhibiting a power-law decay in n. Plots generated with r = 1.5, p = 1200,σ 2

ε =
0.3,σ2

W = 1.0
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Figure 2.3. Optimally-tuned Risk: Excess NTK risk of optimally-tuned ridge λ = λ ∗ (markers with
±SE over 10 trials) on log-log axes. Theoretical curves from (2.2.51) plotted in solid lines, showing close
alignment across all regimes.Left: excess risk vs training samples n with varying capacity exponent α and
fixed N = 5000,r = 1.0. As α increases, curves straighten out to follow power-law decay. Middle: Varying
values of source exponent r. Right: risk against width N for sweeping α , and fixed n = 2000,r = 0.7.
Throughout σW = 1,σ2

ε = 0.01, p = 2000.

random seeds, the experiment successfully demonstrates a power-law decay in test risk. The

resulting empirical risk exponent of θNTK ≈ 0.687 aligns closely with the theoretical prediction

of 0.6, confirming that the Gaussian-equivalent model accurately captures the scaling behavior

of finite-width neural networks in this regime.

103 104

n

10 2

10 1

100

*
2

= 0.4
= 0.6
= 0.8

isotropic

103 104

n

10 2

10 1

(
)

2

= 1.0e 04
= 1.0e 03
= 1.0e 02
= 1.0e 01

Figure 2.4. Isotropic vs power-law: (Left) Optimal-tuned excess NTK risk plotted for varying α

against isotropic baseline. Isotropic case exhibits curve in log-log axes plot, while power law
curve straightens as α increases. (Right) excess risk against n for various ridge λ with fixed
α = 0.6. Both plots generated with p = 2000,σ2

ε = 0.3,r = 1.5,N = 2500,σ2
W = 1.0. Error bars

are plotted with marker ± SE over 20 trials.
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Figure 2.5. Theory vs empirical α = 0.5: plots for m1 (left), m2 (middle), and GCVλ (right)
against ridge λ . All three show strong agreement across. Plots generated with n = 2400,N =
1800, p = 1200,σ2

ε = 0.3,σ2
W = 1.0 and isotropic labels.
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Figure 2.6. Theory vs empirical α = 1.5: Same setup as Figure 2.5, with larger capacity
exponent. Test loss (right) is noisier, but still tracked by theoretical curve.

Figure 2.7. Signal resolvent: All three trace resolvents m1,m2,mβ plotted against ridge λ

(middle). mβ shows divergence from m2. Theoretical curves for all three trace resolvents
track empirical plots well. Right shows GCV estimator against test MSE. Plots generated with
n = 2250,N = 3000, p = 1500,σ2

ε = 0.3,σ2
W = 1.0,α = 0.5,r = 0.8 and error bars over 20 trials
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In conclusion, we study finite-width NTK regression under anisotropic dual power-law

data, where both the input covariance spectrum and the teacher vector exhibit polynomial decay.

By combining Gaussian-equivalent reductions with a Brownian embedding of the linearized NTK

Gram matrix, we derive a Hamilton–Jacobi PDE for the limiting log-determinant potential and

use its characteristic curves to obtain deterministic equivalents for the resolvent traces governing

generalization. Under the stated Gaussian-equivalence and GCV-consistency assumptions, our

formulas yield source–capacity scaling laws for optimally tuned NTK ridge regression and

recover the infinite-width KRR behavior as a limiting case. Numerical experiments validate the

predicted resolvent traces, GCV risk curves, and scaling exponents, supporting the proposed

Hamilton–Jacobi approach as a flexible tool for studying neural scaling laws in anisotropic kernel

models.
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Chapter 3

Eigen-spike emergence for Nonlinear Data

3.1 Introduction

Spectral information—from weight matrices, kernel matrices, and Hessians—provides

a quantitative window into representation learning and efficient optimization in neural net-

works (NNs): e.g., eigenvalues in weight matrices of NNs capture the strength of learned

directions, while corresponding eigenvectors indicate which features in the data are amplified

or extracted during training [MM21, MM19a, MM20, MPM21, YTH+22, LM21, WES+23,

BES+22, SBL16, GKX19]. A major direction in deep learning theory is to use spectral tools

to understand when a network can propagate, preserve, transform, and amplify task-relevant

structure that may be hidden in high-dimensional datasets.

A concrete and widely used spectral mechanism is the emergence of spikes (outlier

eigen/singular values) and the alignment of their eigen/singular vectors with signal directions

in the dataset. Random matrix theory (RMT) provides a powerful tool to analyze such eigen-

spike emergence. In high-dimensional spiked models where a low-rank signal is embedded in

Gaussian noise, BBP (Baik–Ben Arous–Péché) transitions characterize when an informative

outlier separates from the bulk spectrum and when its associated eigenvector becomes correlated

with the underlying signal [BAP05, Nad08]. Recent work has developed nonlinear counterparts

for random-feature and kernel-type matrices, providing sharp predictions for outlier locations

and eigenvector alignment [WZ21, Fel23, BES+23, WWF24]. Such nonlinear RMT can be
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applied to study deep learning theory, e.g., the infinite-width Neural Tangent Kernel (NTK) and

the Conjugate Kernel (CK) [JGH18, PW17, AP20] for multi-layer NNs. Their high-dimensional

spectra have been studied extensively [LM25, WZ21, LCM20, LCM20]. In this work, we focus

on the CK, and we study emergent spikes induced by nonlinear structure in the data. Concretely,

we consider the following spectral question for the CK: When can NNs transfer a nonlinear

pattern in the data into a linearly accessible direction (an aligned eigen-spike) that enables

linear classification?

In this chapter, the CK is defined by a one-hidden-layer random NN: YYY = 1√
N

σ(WWWXXX) ∈

RN×n, with nonlinear activation σ , random weights WWW ∈ RN×d , and data XXX ∈ Rd×n. The

CK matrix is the Gram matrix of hidden activations, KKK = YYY⊤YYY ∈ Rn×n for n data points.

The spectral distribution of KKK is particularly useful for generalization error of random feature

regression, as demonstrated in [MM19b, HL22b] for isotropic Gaussian data XXX . However, real

datasets often contain low-rank or nonlinear structure that may be hard to analyze using PCA

[Jol02, SSM98, TdSL00, RS00, BN03, CL06, JL09]. To highlight genuinely nonlinear structure,

we instead take XXX to be the high-dimensional XOR Gaussian mixture dataset (formally defined in

Section 3.2.1). This dataset is a balanced four-component Gaussian mixture whose two classes

are unions of opposite components [RGKZ21]. The key property is that XOR is not linearly

separable in first-order statistics: the class means vanish, and any method that only “sees” linear

correlations cannot recover labels. However, XOR is quadratically separable, so a second-order

feature can potentially make the task linearly solvable. Heuristically, the eigenvalues of KKK

describe the spectrum of learned similarities, while the alignment of leading eigenvectors with

task structure (e.g., labels or cluster indicators) may lead to spectral methods solving the task.

Therefore, this chapter aims to answer the following spectral question for KKK: When do outlier

eigenvalues emerge in the CK spectrum, and when do their spiked eigenvectors align with the

XOR labels and enable linear classification?

In practice, NN performance is affected by hyperparameters, dataset structure, and

architecture; and, as a practical matter, machine learning (ML) practitioners typically fiddle
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(quite aggressively) with various “knobs” of the ML training process in order to improve model

performance. Motivated by this, we consider properties of the CK matrix for the XOR problem,

as various “knobs” for KKK are varied; and, depending on their values, we observe very different

spectral behavior. Concretely, we vary the following knobs (which are among the standard

parameters that are tuned in ML practice): sampling size scaling n with input features d and

NN width N; signal-to-noise ratio (SNR) in the data XXX ; the pretrained weight matrix WWW ; and

the choice of nonlinear activation σ . We show that, depending on the values of these “knobs,”

one can obtain qualitatively different spectral properties, various phase transitions, and the

emergence of quadratic informative spikes in the CK matrix. Importantly, the emergence of

these quadratically informative spikes makes the nonlinear XOR linearly classifiable.

3.1.1 Related works

Simplicity bias and low-rank structure.

Recent work suggests that deep networks and transformers exhibit an implicit distribu-

tional simplicity bias, learning simpler (lower-order) statistical structure of the data earlier in

training [BPQ+24, RGLG24]. Complementarily, [HMZ+23] report a low-rank simplicity bias in

deep networks, arguing that depth/over-parameterization can implicitly favor low effective-rank

feature representations. From a broader perspective, [Wil25] argues that many generalization

phenomena often viewed as “mysterious” in deep learning can be reconciled with classical theory

via soft inductive biases.

Spectrum of kernel random matrices.

The study of kernel random matrices and their spectral distributions has become a major

topic in RMT. Global convergence of the empirical spectral distribution (ESD) is known for

broad classes of nonlinear kernels [EK10, CS13, DV13]. In the proportional regime, [CS13] and

[DV13] characterize limiting spectra of inner-product kernels. The CK and NTK can be viewed as

random kernels, whose spectra were further studied [FW20, AP20, Péc19, PW17, DM24, GP26]

and connected to generalization in random feature regression [MM19b, AP20] and memorization

105



of spurious features [BM24] .

Nonlinear spiked covariance matrices.

Spiked models exhibit phase transitions where informative eigenvalues separate from

the bulk [BAP05, Péc06]. Recent work extends this to nonlinear random matrices, i.e., ma-

trices whose entries are nonlinear functions of high-dimensional random projections (such as

σ(WWWXXX)), leading to nonlinear analogues of BBP transitions and alignment formulas [WZ21,

Fel23, BES+23, WWF24, GKK+23, BP22]. Outlier eigen-structure of CK and NTK have been

studied [LHY25], using the deterministic equivalence from [GDZ+22]. Although they can deal

with random deep networks and general Gaussian mixture datasets, their CKs and NTKs are

expected kernels (namely first take width N → ∞) and only equivalent to linear kernels.

Polynomial sample-size regimes.

In the proportional regime (n ≍ d), LE/Gaussian-equivalence phenomena often imply

linear-kernel behavior for broad families of kernels. Moving to polynomial regimes (n ≍ dk),

several works show that many kernel matrices behave like polynomial kernels of degree k (with

rigorous deterministic equivalents and sharp asymptotics) [XHM+22, LY22, CM24, MS24b].

In the quadratic regime (k = 2), nonlinear kernels can reduce in operator norm to quadratic

polynomial kernels [GMMM19, PWZ24], enabling classification of quadratically separable data

such as XOR [RGKZ21]. [WHL+25] recently proved a conditional Gaussian equivalence for

random feature model at quadratic regime to show the asymptotic generalization error in this

case.

Gaussian mixtures and XOR problem.

Gaussian mixture classification, specifically the XOR mixture has become an important

testbed for statistics and ML to evaluate various algorithms. [RGKZ21] documented a sharp

contrast between trained two-layer networks and kernel methods on such mixtures, motivating a

spectral analysis of when (and why) kernels can succeed. Related RMT analyses for mixture

classification with kernels appear in [LC19, Cou19]. [Gla23] showed how training two layer
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NNs with SGD can learn this XOR problem even with a sample complexity Õ(d). Recently,

[TGM25] analyzed continual learning by studying one-hidden-layer quadratic NNs trained with

gradient descent on an XOR dataset. [DD25] analyzed two-layer networks after one gradient step

on WWW with Gaussian-mixture data using higher-order polynomial equivalence. This motivates

our spiked feature case in Section 3.2.5, while our result focuses on label-aligned outliers for

linear classification on XOR, unlike trained feature regression tasks in [DD25].

3.1.2 Contributions

We develop a RMT framework for the CK that is based on a quadratic equivalent (QE)

that captures precisely when nonlinear learnability emerges for XOR, in regimes where the linear

equivalence (LE) behavior is insufficient. We are particularly interested in this emergence as a

function of the following four “knobs” that are widely-used by ML practitioners.

1. Finite-SNR proportional limit (n ≍ d): two negative results. In the proportional regime

with SNR = Θ(1), CK can exhibit outlier eigenvalues, but their eigenvectors do not align

with XOR labels; hence spectral methods with linear readouts on CK features fail to classify

XOR (Theorem 5; Figure 3.1). We also prove failure for Euclidean distance kernel spectral

clustering.

2. Large-SNR proportional limit: emergence of quadratic informative spike. We show

that with increasing SNR scaling and with proper activation choice, a pair of informative

outliers separates and aligns with the XOR class direction, enabling linear spectral cluster-

ing/classification (Theorem 7).

3. Pretrained/spiked features: test-time BBP transition. A low-rank perturbation of a random

WWW can yield the emergence of an outlier whose eigenvector aligns with the induced task

direction (Theorem 8) even for finite-SNR and proportional limit. Then, empirically, we show

that linear spectral clustering occurs for CK matrix with weights from a pretrained NN on

CIFAR-2.
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4. Quadratic sample-size regime (n ≍ d2): a quadratic kernel. We prove an operator-norm

reduction of the CK to a quadratic polynomial kernel in this regime for ultra-wide NNs; with

proper activation choice, the reduced model has an informative outlier direction to recover

XOR labels (Theorem 9).

We summarize these results in the following table.

Table 3.1. Summary of different knobs. From Case 2–4, cσ ̸= 0 is necessary in all these cases. If cσ = 0
(e.g., tanh after centering/normalization), linear classification via CK is impossible.

Regime SNR Sample Weights Linear Label Align?

Case 1 (Baseline) Θ(1) n ≍ d Random No

Case 2 (Large SNR) Θ(n1/4) n ≍ d Random Yes

Case 3 (Trained weight W1) Θ(1) n ≍ d Spiked Yes

Case 4 (Quad. sample size) Θ(1) n ≍ d2 Random Yes

3.1.3 Approach

Much of the existing RMT literature on the CK matrix analysis lies in a proportional

regime (n ≍ d ≍ N), and it often involves the assumption of isotropic Gaussian data ZZZ ∈ Rd×n.

In this setting, a standard tool is a linear equivalent (LE) for the feature matrix σ(WWWZZZ). This

approach replaces the nonlinear features with an affine Gaussian surrogate and an independent

Gaussian noise term NNN:

σ(WWWZZZ) ≈ bσ WWWZZZ + aσ NNN, NNNi j
i.i.d.∼ N (0,1), (3.1.1)

for constants aσ ,bσ determined by σ . This approximation is also called Gaussian equivalence

in prior work [MM19b, HL22b, GLR+21, BPH23]. When applying the LE, one can show that

the spectra of nonlinear CK matrices are asymptotically equivalent to a linear random matrix

model, thus making classical RMT directly applicable. However, the LE also suggests that
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the induced kernel behaves essentially like a linear kernel plus isotropic noise; this can hide

important nonlinear task structure; see Figure 3.1.

For the XOR problem, the nonlinearity σ is essential: it can transform a nonlinear

classification task into one that is linearly accessible. To understand this, we vary the ML “knobs”

listed above to identify regimes in which the LE approximation works, versus when it breaks

down. To go beyond the classical LE in (3.1.1), we develop a refined (quadratic) equivalent

model that captures emergent spiked eigenvalues and eigenvectors carrying nonlinear information

about CK and the dataset, thereby enabling linear classification on the nonlinear XOR problem.

We refer to such spikes as quadratic informative spikes. Addressing these questions will clarify

the regimes in which NNs, and in particular various choices for training knobs of the ML training

process, can recover and even amplify beneficial nonlinear features concealed in the dataset.

Quadratic Equivalents (QE) .

We model the XOR data as a low-rank perturbation XXX = ZZZ +MMM, where ZZZ is Gaussian

noise and MMM is a rank-two signal that encodes the XOR structure. Our goal is to understand how

this signal shows up in the CK spectrum. We go beyond the LE in (3.1.1), which captures only

the bulk spectrum, and derive a QE that precisely tracks all spikes via a second-order Taylor

approximation of σ . At a high level, this yields the decomposition

σ(WWWXXX) ≈ σ(WWWZZZ)︸ ︷︷ ︸
bulk+uninformative spikes

+ TTT 1︸︷︷︸
linear spikes

+ TTT 2︸︷︷︸
quadratic spikes

(3.1.2)

where TTT 1 and TTT 2 are finite-rank contributions induced by the signal MMM and σ (see (3.3.78) and

Proposition 35). In this QE, there are three terms. The first term, σ(WWWZZZ), determines the bulk

spectrum; and it may also possibly induce uninformative outliers, solely due to the architecture

[BP22]. The second term, TTT 1, corresponds to a linear transformation of the signal MMM; while it

can induce outliers, their eigenvectors turn out not to be aligned with the XOR labels, meaning

that they are not useful for nonlinear XOR classification. The third term, TTT 2, captures quadratic
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properties: depending on the correct tuning of the ML training “knobs,” this quadratic term TTT 2

can dominate and create quadratic informative spikes (see (3.3.78)). This effectively provides a

“quadratic feature channel” that makes the nonlinear XOR problem analyzable with RMT and

linearly separable.

3.2 Main Results

3.2.1 Notations and Preliminaries

Settings of One-layer NN model.

We study the output of one-layer NNs when fed a dataset XXX ∈ Rd×n. Here, d is the input

dimension and n is the sample size. We consider different scalings between n and d to determine

the sample complexity of the model. Let the weight matrix at random initialization be WWW ∈RN×d

with [WWW ]i j
i.i.d.∼ N (0,1) for i ∈ [N], j ∈ [d], where N is the width of NN. Denote the output of

our one-layer NN and the CK matrix as

YYY :=
1√
N

σ(WWWXXX), KKK := YYY⊤YYY , (3.2.1)

where σ is a nonlinear activation. Our target is the eigenstructure of this CK when XXX has a

nonlinear separable pattern. We now introduce the assumptions of the activation function σ .

Assumption 3. Assume σ is three-times differentiable with supx∈R |σ ′(x)|, |σ ′′(x)|, |σ ′′′(x)| ≤ λσ ,

for some λσ ∈ (0,∞), and is centered and normalized with respect to ξ ∼ N (0,1):

E[σ(ξ )] = 0, E[σ(ξ )2] = 1. (3.2.2)

Define the Hermite coefficients of σ as

bσ := E[σ ′(ξ )] = E[ξ σ(ξ )] ∈ R, (3.2.3)

cσ := E[σ ′′(ξ )] = E[(ξ 2 −1)σ(ξ )] ∈ R. (3.2.4)
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Many smooth activations satisfy Assumption 3, after centering and normalization (e.g.,

tanh, erf, smoothed-ReLU, GELU). The condition bσ can be zero, which is needed for the pure-

quadratic-channel regime in Theorem 7. While ReLU is not C3, it can be handled by smoothing

or by approximation arguments; we keep Assumption 3 to avoid technical distractions.

XOR Dataset.

The XOR dataset is a binary class Gaussian Mixture dataset with four balanced clus-

ters. We denote the collection of n data points by XXX = [xxx1, . . . ,xxxn] ∈ Rd×n, where xxxi
i.i.d.∼

1
4 ∑

4
a=1 N ( 1√

d
µµµa,

1
d Id). Without loss of generality, we reorder the data points so that we can

define

XXX = MMM+ZZZ, (3.2.5)

where ZZZ ∈ Rd×n has i.i.d. entries with distribution N (0, 1
d ) and

MMM = r
√

n
2d

(
uuu1 · vvv⊤1 +uuu2 · vvv⊤2

)
, (3.2.6)

for some r ≥ 0, with unit-norm vectors

uuu1 :=
1√
d

 1d/2

−1d/2

, uuu2 :=
1√
d

1d/2

1d/2

, vvv1 :=

√
2
n


1n/4

−1n/4

0n/2

, vvv2 :=

√
2
n


0n/2

1n/4

−1n/4

.
(3.2.7)

Here, the signal-to-noise ratio (SNR) is defined as SNR := r2. In this case, the mean of each

data point is defined by

µµµ1 = r ·uuu1, µµµ2 = r ·uuu2, µµµ3 =−µµµ1, µµµ4 =−µµµ2,
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Following the above definition of XXX , we consider a binary classification dataset

{(xxxi,yi)}n
i=1, yi ∈ {±1}

We assume the dataset is not linearly separable in the input space, i.e., there do not exist www ∈ Rd

and b ∈ R such that

yi(www⊤xxxi +b)> 0 ∀i ∈ [n].

For simplicity, in this case, the labels of data XXX are defined by

yyy⊤ = {yi}n
i=1 = [1⊤n/2,−1⊤n/2]. (3.2.8)

Our goal is to study the emergence of outlier eigenvalues in the spectrum of KKK = YYY⊤YYY defined

by (3.2.1) and (3.2.5), and verify whether the corresponding eigenvectors (spikes) are aligned to

this label vector yyy, in order to (partially) recover the classes of XXX .

Marchenko–Pastur law.

Given sample covariance SSS = ZZZ⊤ZZZ ∈ Rn×n defined in (3.2.5), assume d,n → ∞ with

n
d → ψ ∈ (0,∞). Then the ESD of SSS converges weakly almost surely to the Marchenko–Pastur

(MP) law [MP67], denoted ρMP
ψ . Let a = (1−√

ψ)2, and b = (1+
√

ψ)2. When ψ ≤ 1, the

MP law has an absolutely continuous part on [a,b] with density

ρ
MP
ψ (x) =

1
2πψx

√
(b− x)(x−a) 1[a,b](x),

and, when ψ > 1, an additional atom at zero ρMP
ψ =

(
1− 1

ψ

)
δ0 +ρMP

ψ (x)dx.

Stieltjes transform.

The Stieltjes transform provides an analytical tool for studying the ESD in RMT. For

z ∈ C\ [0,∞), define the Stieltjes transform of ρMP
ψ by mψ(z) =

∫
R

1
x−z ρMP

ψ (dx). This Stieltjes
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transform fully captures the spectral distribution ρMP
ψ , as we can recover the density from an

inversion formula: ρMP
φ

(x) = 1
π

limη↓0 Immφ (x+ iη).

Limiting spectral distribution of CK.

From [LLC18, BP21, FW20], we know the limiting ESD of KKK is a deformed MP law,

under certain conditions of XXX and in the proportional regime. In general, we denote the deformed

MP law as

µ := ρ
MP
φ ⊠ν , ν := (1−b2

σ )+b2
σ ρ

MP
ψ , (3.2.9)

where ρMP
φ

is a standard MP law with parameter φ ∈ (0,∞) and ν is a shift of MP law ρMP
ψ with

aspect ratio ψ ∈ (0,∞) which is compactly supported in [0,∞). Here ⊠ denotes free multiplicative

convolution. We can fully characterize this deformed MP law µ by its Stieltjes transform

m(z) =
∫ 1

x−zdµ(x). Notice that YYYYYY T and KKK =YYY⊤YYY share the same non-zero eigenvalues. Hence,

we can also define a limit measure for the ESD of YYYYYY T by µ̃ whose the Stieltjes transform is

denoted by m̃(z), which we will refer to as the companion Stieltjes transform of m(z). Moreover,

we have that m̃(z) = φ−1
z +φm(z). We refer to [BS10, FW20, WWF24] for more details of free

multiplicative convolution and these Stieltjes transforms. We denote the following transforms:

z(s) =− 1
s
+φ

∫ x
1+ xs

ν(dx), ϕ(s) =− sz′(s)
z(s)

, (3.2.10)

T (s) =
z(s)s2 − (φ −1)s

φ
, T−1(t) =−

t
(
1−ψb2

σ t
)

1+
(
1−ψb2

σ

)
t −ψb2

σ (1−b2
σ )t2 ,

(3.2.11)

which will determine the outliers of KKK. More properties of these transforms are introduced in

Section 3.3.4.

3.2.2 Statement of Main Results

In this section, we present our main results on the outlier eigenvalues and eigenvectors of

the CK K across several regimes. In the first three regimes, we consider proportional limit, where
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d,n,N → ∞ with fixed aspect ratios, while varying other “knobs” discussed in the introduction

of this chapter. In particular: Section 3.2.3 treats the finite SNR = Θ(1) regime; Section 3.2.4

analyzes large SNR = Θ(n1/4); and Section 3.2.5 replaces the random weight matrix W with a

“pretrained” weight matrix modeled as a rank-one perturbation, still with SNR = Θ(1). Then, in

Section 3.2.6, we consider the quadratic sample-size regime n ≍ d2, with finite SNR and random

weights. In each of these cases, we predict the emergence of outlier eigenvalues and whether

their associated eigenvectors enable linear classification.

3.2.3 Proportional Limit with Finite SNR Case

Here, we consider a baseline regime in which all dimensions grow proportionally and

the SNR is finite. We show that the outlier eigenvectors cannot be used to linearly classify the

dataset, even partially. When SNR = Θ(1), the structured XOR signal is too weak for quadratic

informative spikes to emerge in the CK spectrum under proportional scaling.

Assumption 4 (Proportional limit). Let n,d,N → ∞ such that n/N → φ ∈ (0,+∞) and n/d →

ψ ∈ (0,+∞) for some fixed constants φ and ψ .

We denote some constants used to define the BBP thresholds in the following theorem:

τ :=
c2

σ

2
ψ, Λτ := (1−b2

σ )+ τ +
b2

σ τ

τ −b2
σ ψ

, βmean :=
c2

σ

2
ψ, βlin :=

r2ψ

2
b2

σ . (3.2.12)

Define scov :=−1/Λτ , smean := T−1(1/βmean) and slin := T−1(1/βlin) where T−1(·) is given by

(3.2.11). Denote τcrit := b2
σ

√
ψ(1+

√
ψ).

Theorem 5. Under Assumptions 3 and 4, we further assume that r is a constant. Consider the

KKK with XOR data XXX defined in Section 3.2.1. Recall the probability measure µ with transforms

z(·),ϕ(·) and T (·) defined by (3.2.10) and (3.2.11). Denote uuu = 1√
n1n and mmm := E[σ(www⊤ZZZ) |

ZZZ] ∈ Rn, where www ∼ N (0, IIId) independent of ZZZ. Then, the CK matrix KKK satisfies the following:

(i) (Bulk.) The ESD of KKK converges weakly to µ defined in (3.2.9).
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(ii) (BBP for covariance spike.) If τ > τcrit and z′(scov)> 0, then KKK has an outlier eigenvalue

λ̂τ = z(scov)+oP(1) and the corresponding unit-norm eigenvector v̂vvτ satisfies |v̂vv⊤τ uuu|2 P−→

ϕ(scov). If τ ≤ τcrit or z′(scov)≤ 0, then KKK has no such type of outlier eigenvalue.

(iii) (BBP for mean spike.) If z′(smean) > 0, then KKK has an outlier eigenvalue given by

λ̂mean = z(smean)+oP(1), and its unit-norm eigenvector v̂vvmean satisfies

|⟨v̂vvmean,mmm/∥mmm∥⟩|2 =− ϕ(smean)

β 2
means2

meanT ′(smean)
+oP(1)

when smean ̸= slin. If z′(smean)≤ 0, KKK has no such type of outlier eigenvalue.

(iv) (BBP linear spikes from XOR.) If z′(slin)> 0, KKK has two outlier eigenvalues both satisfy-

ing λ̂lin,1, λ̂lin,2 = z(slin)+oP(1), and the projector of the corresponding two-dimension

eigenspace V̂VV lin satisfies

∥∥Projspan{vvv1,vvv2}V̂VV lin
∥∥2

F = 2 ·− ϕ(slin)

β 2
lins2

linT ′(slin)
+oP(1), (3.2.13)

when smean ̸= slin, where Projspan{vvv1,vvv2} = vvv1vvv⊤1 + vvv2vvv⊤2 . If z′(slin)≤ 0, KKK has no such type

of outlier eigenvalues.

(v) (No label alignment.) For the XOR labels yyy, every outlier eigenvector of KKK is asymp-

totically orthogonal to yyy, i.e., the orthogonal projector V̂VV out onto the direct sum of all

separated outlier eigenspaces of KKK described above satisfies:

1
n
∥V̂VV outyyy∥2 = oP(1). (3.2.14)

Theorem 5 exhibits a BBP-type phase transition for the CK matrix with XOR data: e.g.,

z′(−1/Λτ)> 0 is the threshold showing when a spike separates from the deformed MP bulk µ;

in the separated case, the associated eigenvectors have nontrivial asymptotic overlap with the
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spike directions.

There are up to four candidate spikes outside supp(µ): two outliers (Theorem 5(iv))

induced by the linear Hermite component of σ and spike strength slin depending on r, and two

potential “architectural” outliers (Theorem 5(ii)&(iii)) corresponding to cσ ̸= 0. The latter is

“uninformative” in the sense that it persists even in the null model r = 0 (pure noise data). See

Section 3.4 for further discussion. This is why some earlier analyses impose cσ = 0 [WWF24];

see also [BP22] for related phenomena. The proof of Theorem 5 is given in Section 3.3.8.

Remark.The uninformative spike in Theorem 5(ii) can be removed if τ ≤ τcrit holds, namely
√

ψ
(c2

σ

2 −b2
σ

)
≤ b2

σ . Hence, this provides a necessary condition for the absence of an uninfor-

mative spike, e.g., the second Hermite coefficient cσ/
√

2 is smaller than the first bσ in absolute

value (for instance, a centered and normalized GELU function in Section 3.3.5).

Remark.From the final statement of Theorem 5 in (3.2.14), the separated outlier eigenvectors

are asymptotically orthogonal to the label vector yyy. Thus, these outliers cannot be used for linear

classification. Although the spikes induced by λlin carry information about the within-class

structure (alignment with vvv1,vvv2 in (3.2.13)), they do not recover the XOR labels without an

additional nonlinear transform.

Kernel Clustering also fails

We also consider classical kernel spectral clustering with an Euclidean distance kernel.

We focus in particular on the kernel spectral clustering algorithm introduced by [NJW01], using

the leading (nontrivial) eigenvectors of the normalized Laplacian for clustering. [CBG16]

studied this kernel clustering for general Gaussian mixture data. The conclusion is similar as

above. Results in this section on kernel spectral clustering are applications of the main results of

[CBG16].

Recall the four-component XOR Gaussian mixture data XXX ∈ Rd×n defined in (3.2.5),
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with cluster means

µµµ1 =
r√
d

 1d/2

−1d/2

, µµµ2 =
r√
d

1d/2

1d/2

, µµµ3 =−µµµ1, µµµ4 =−µµµ2,

and common covariance CCC = Id . Define the matrix of cluster means MMM := [µµµ1,µµµ2,µµµ3,µµµ4] ∈

Rd×4, and cluster-indicator matrix JJJ

JJJ ∈ {0,1}n×4, Ji,a = 1 ⇔ xxxi belongs to cluster a,

so that each cluster a ∈ [4] has size na = n/4. For an affinity function f : R→ R, define the

Kernel matrix KKK( f ) ∈ Rn×n as

(KKK( f ))i j = f
(
∥xxxi − xxx j∥2

)
, i, j ∈ [n] (3.2.15)

We consider the normalized Laplacian, which is defined as

LLL := nDDD−1/2KKK( f )DDD−1/2, DDD = diag(KKK( f )1n)

where DDD = diag(KKK( f )1n) is the degree matrix. Similar to the results on the spectra of the CK in

Section 3.2.2, the analysis of the eigenvalues on LLL relies on a LE for LLL. We refer to Theorem 1

of [CBG16] for more details.

It is not difficult to prove that under Assumption 4, the pairwise distances between distinct

samples xxxi and xxx j of the XOR dataset concentrate around τ = 2 (see Lemma 24 for details). The

core of the analysis of LLL then relies upon a careful entry-wise Taylor expansion of the Kernel

KKK( f ) around the limiting value τ . We therefore make the following assumption on the kernel

function f : R→ R.

Assumption 5. Let τ = 2. The kernel function f ∈ C3 is three-times differentiable in some
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neighborhood of τ . Further, f (τ)> 0 and f ′(τ) ̸= 0.

Theorem 6. Suppose SNR r2 = Θ(1) and let Assumptions 4 and 5 hold.

(i) (BBP for two linear informative outliers.) If r2 > 2
√

ψ−1, then there exists two isolated

eigenvalues of LLL, which are asymptotically approximated by

−2 f ′(τ)
f (τ)

ρ +
f (0)− f (τ)+ τ f ′(τ)

f (τ)
(3.2.16)

where

ρ = ψ
(
1+

r2

2
)
+

2+ r2

r2 (3.2.17)

(ii) (BBP for additional non-informative outlier.) Let ℓ+ = 5 f ′(τ)
4 f (τ) −

f ′′(τ)
f ′(τ) . If, in addition,

(1−ℓ+)
2 > ψ−1, then there is an additional corresponding isolated eigenvalue of LLL, which

is approximated by

λ+ :=−2 f ′(τ)
f (τ)

ρ++
f (0)− f (τ)+ τ f ′(τ)

f (τ)
,

in probability, where ρ+ = ℓ+
(
ψ − 1

1−ℓ+

)
. These and the trivial eigenvalue n represent all

isolated eigenvalues of LLL.

(iii) (Eigenvector alignment.) Moreover, if ρ is such an isolated eigenvalue of LLL corresponding

to (3.2.16), let ΠΠΠρ denote the orthogonal projection onto the two-dimensional eigenspace

corresponding to ρ . Then we have

1
d

JJJ⊤ΠΠΠρJJJ → 1

1+ r2

2

(
ψ − 4

r4

) r2

16

 1 −1

−1 1

⊗ I2 (3.2.18)

where ⊗ denotes the Kronecker product. In particular, in probability

1
d

yyy⊤ΠΠΠρyyy → 0.
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where yyy denotes the XOR-labels.

Remark. The trivial eigenvalue n, and the possible additional isolated eigenvalue of LLL

corresponding to λ+ carry no relevant clustering information. The other non-trivial isolating

eigenvalues of LLL characterized in Theorem 6 (i) turn out to be the only eigenvalues that carry

relevant clustering information. Similar to the eigenvectors of the CK matrix, the last statement of

Theorem 6 implies that the outlier eigenvectors of the Laplacian LLL are asymptotically orthogonal

to the XOR-labels yyy.

3.2.4 Large-SNR Proportional Limit Case

Theorem 5 shows that spectral methods based on outlier eigenvectors fail to linearly

classify XOR in the finite-SNR proportional regime. Linear informative spikes may still emerge,

but a purely linear approximation of σ cannot capture the quadratic feature channel needed for

XOR. To make XOR linearly learnable, we can increase the SNR so that the quadratic Hermite

component of σ becomes non-vanishing. Here, we confirm this: in the large-SNR regime, the

additional two outliers created by the quadratic component become label-informative, enabling

linear classification.

Theorem 7. Under Assumptions 3 and 4, r = r0n1/4 for constant r0 ∈ (0,∞), recall τ in (3.2.12),

and let

uuu := 1n/
√

n, κ0 =
r4

0ψ2

4
, βquad = c2

σ κ0, β̃quad = βquad + τ.

Let PPPlin = vvv1vvv⊤1 + vvv2vvv⊤2 , PPP⊥ = III −PPPlin, and KKK⊥ := PPP⊥KKKPPP⊥. Then, we have the following:

(i) (Bulk.) The ESD of KKK converges weakly to µ .

(ii) (Two diverging linear outliers.) If bσ ̸= 0, then the top two eigenvalues satisfy

λ̂1(KKK) = b2
σ r2

0ψ ·n1/2 (1+oP(1)), λ̂2(KKK) = b2
σ r2

0ψ ·n1/2 (1+oP(1)),
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and the associated 2D eigenspace projector P̂PPlin satisfies ∥P̂PPlin −PPPlin∥F
P−→ 0.

(iii) (BBP for mean spike.) Same BBP result of Theorem 5 (iii) holds for KKK⊥.

(iv) (Quadratic uuu-spike.) Denote s̃quad = T−1(1/β̃quad). If z′(s̃quad)> 0, then KKK⊥ has an outlier

λ̂⊥
u = z(s̃quad)+oP(1) outside supp(µ) and the corresponding unit eigenvector v̂vvu satisfies

|v̂vv⊤u uuu|2 → s̃quad z′(s̃quad)

β̃quad T ′(s̃quad)
in probability.

(v) (Quadratic yyy-spike; label alignment.) Denote squad = T−1(1/βquad). If z′(squad)> 0, then

KKK⊥ has an outlier λ̂⊥
y = z(squad)+ oP(1) outside supp(µ) and the corresponding unit

eigenvector v̂vvy satisfies
1
n
|v̂vv⊤y yyy|2 P−→

squad z′(squad)

βquad T ′(squad)
> 0. (3.2.19)

In this case (and in contrast to Theorem 5), when r = Θ(n1/4) the linear outliers char-

acterized by Theorem 5 become diverging. Although Theorem 7 yields two diverging linear

outliers, their eigenvectors remain asymptotically orthogonal to the label vector yyy. Meanwhile,

the quadratic component of σ is no longer negligible, and instead it produces two additional O(1)

outliers (Theorem 7(iv)&(v)). Here, (3.2.19) gains a positive alignment with labels yyy because the

quadratic features vvv⊙2
1 and vvv⊙2

2 are preserved. Hence, a linear readout on the yyy-spike eigenspace

in (3.2.19) can classify XOR. The proof of Theorem 7 is in Section 3.3.15.

When bσ = 0, the diverging linear outliers vanish, simplifying spectral classification.

In contrast, if cσ = 0, the quadratic component is absent, and linear classification is no longer

possible, thus highlighting the role of the activation knob in preserving nonlinear structure. For

further discussion about the role of non-linearity choice, we refer the reader to Section 3.4.

3.2.5 Pretrained / Spiked Weight Matrix Case

Empirically, pretrained weight matrices in well-trained NNs often exhibit spectral spikes

(and even heavy-tailed) [MM21, MM19a, MM20, MPM21, YTH+22]. Such spectral behavior

suggests that training induces nontrivial feature structure in the weights [BES+22, BES+23,
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DD25]. However, the above theorems consider only random features, and therefore they do not

capture task-dependent structure embedded in the weight WWW . As a toy (but principled) model

for feature learning, we consider a simple but nontrivial spiked model in which the weight is a

rank-one perturbation of the random initialization:

WWW 1 =WWW +θ aaabbb⊤, (3.2.20)

where aaa and bbb are independent of the test dataset XXX . A related rank-one structure arises, for

example, after one-step gradient descent in certain teacher–student settings [BES+22, DD25],

and it is also connected to LoRA [HSW+21]. Below, we analyze a test-time BBP transition,

i.e., we evaluate the CK built from WWW 1 on independent XOR test data XXX , and we characterize

the emergence and alignment of the induced spike. Empirical simulations of test-time BBP are

presented in Section 3.4.

Theorem 8. Assume that θ = θ0N1/4 for some constant θ0 > 0, bbb = 1d, and aaa ∼ N (0, 1
N III)

in (3.2.20). Under Assumptions 3 and 4, consider CK computed from KKK = YYY⊤YYY and YYY =

σ(WWW 1XXX)/
√

N on test data XXX independent of (WWW ,aaa,bbb). Suppose that r is a fixed constant. Define

κ = 1+
r2

2
, βy =

3c2
σ

4
θ

4
0 φ κ⊥, κ⊥ = 2+2r2 +

r4

4
, sy = T−1(1/βy).

Then we have the following:

(i) (Bulk.) The ESD of KKK converges to µ .

(ii) (One giant outlier.) The top eigenvalue satisfies λ̂1(KKK) = b2
σ θ 2

0 φ κ
√

N (1+oP(1)) and

its eigenvector v̂vv1 asymptotically orthogonal to yyy.

(iii) (Order-one spikes orthogonal to yyy.) All outliers captured by Theorem 5 still hold here.

(iv) (Additional order-one spike.) If z′(sy)> 0, KKK exhibits one additional outlier eigenvalue

λ̂y = z(sy)+oP(1) separating from the bulk. If z′(sy)≤ 0, no such separation occurs.
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(v) (Label alignments.) In the supercritical case z′(sy)> 0, let v̂vvy be the unit eigenvector of KKK

associated to λ̂y. Then 1
n

∣∣v̂vv⊤y yyy
∣∣2 P−→ sy z′(sy)

βy T ′(sy)
· r4/4

κ⊥
> 0.

This result shows that the large spike in the pretrained matrix WWW 1 amplifies the signals in

XOR and alters the CK approximation: the usual LE is no longer sufficient, and a QE appears to

capture the induced quadratic feature channel. Theorem 8(v) shows this quadratic eigenvector

aligns with the labels. However, if cσ = 0, then this quadratic channel is absent and we do not

obtain label alignment.

3.2.6 Quadratic Sample-size Case

In many ML settings, sample complexity dictates how many data points are sufficient

for an algorithm to succeed in high dimensions. In Section 3.2.3, sample complexity n = Θ(d)

implies that LE washes out higher-order structure, so the kernel behaves like a “linear” model.

This makes the XOR problem difficult to learn, because it is not linearly separable in first-order

statistics.

Here, we retain the same data model as in Section 3.2.3, but we change into the quadratic

sample-size regime n = Θ(d2). Under this regime, broad kernel classes admit operator-norm

reductions to quadratic polynomial kernels [XHM+22, WHL+25]. Below we show that the CK

behaves like a quadratic kernel and thus becomes label-informative for XOR even at finite SNR.

Theorem 9. Assume 2n/d2 → γ ∈ (0,∞), n2/N → 0, and Assumption 3 holds with cσ ̸= 0.

Let ℓ = r4/4. We further assume that there exists some fixed δ ′ > 0 such that E[ξ σ(sξ )] =

E[σ(sξ )] = 0 for all s ∈ [1− δ ′,1+ δ ′] where ξ ∼ N (0,1). Recall PPP := IIIn − 1
n1n1⊤n , HHHc =

PPP(XXX⊤XXX)⊙2PPP, and KKKc = PPPKKKPPP. Then we have

(A) Bulk.

The ESD of KKK converges to MP law ρMP
γ whose upper edge is λ+(γ) := (1+

√
γ)2. And
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(B) BBP for HHHc.

1. (Subcritical) If ℓ≤ 1/
√

γ (equivalently θ ≤ γ1/4), then

λmax(HHHc)
P−→ λ+(γ),

∣∣⟨vvvmax(HHHc),yyy/
√

n⟩
∣∣2 P−→ 0.

2. (Supercritical) If ℓ > 1/
√

γ (equivalently θ > γ1/4), then HHHc has a unique outlier:

λmax(HHHc)
P−→ λout(γ, ℓ) := (1+θ

2)
(

1+
γ

θ 2

)
= 1+ γ + γℓ+

1
ℓ
,

and the top eigenvector aligns with the label:

∣∣⟨vvvmax(HHHc),yyy/
√

n⟩
∣∣2 P−→ Align(γ, ℓ) :=

1− γ/θ 4

1+ γ/θ 2 =
γℓ2 −1

γℓ(ℓ+1)
.

(C) Transfer to centered CK.

With α2 = c2
σ/2 and α0 = 1−α2 (since bσ = 0),

λmax(KKKc) =α0+α2 λmax(HHHc)+oP(1),
∣∣⟨vvvmax(KKKc),yyy/

√
n⟩
∣∣2 = ∣∣⟨vvvmax(HHHc),yyy/

√
n⟩
∣∣2+oP(1).

Hence KKKc exhibits the same BBP threshold and the same label-alignment curve.

For the full proof, see Section 3.3.19. In addition to quadratic sample complexity,

Theorem 9 also assumes an ultra-wide network, leading to the concentration of the random

kernel KKK around a fixed kernel conditional on the dataset. This simplifies the analysis. We leave

the case N ≍ n (linear width) for future work [WHL+25], as this would involve additional spikes.

Moreover, we assume bσ = 0 to remove the linear term XXX⊤XXX , which contributes rank-d spikes.
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3.3 Proofs of Main Results

3.3.1 Preliminaries

Throughout this chapter, we utilize the stochastic domination notation introduced by

[EKY13].

Definition 22 (Stochastic domination). Consider any two families of random variables

X = {Xn(u) : n ∈ N,u ∈Un}, Y = {Yn(u) : n ∈ N,u ∈Un},

with parameter u ∈Un where Un is a possibly n-dependent deterministic set. Let E = {En}n∈N

be a sequence of measure subsets, where each En is related to Xn(u) and Yn(u).

1. We denote |X | ≺ Y or X = O≺(Y ) as the stochastic domination of X by Y uniformly in

u ∈Un: if for all small ε > 0 and large D > 0, there exists some N0(ε,D), such that for all

n ≥ N0(ε,D),

sup
u∈Un

P(|Xn(u)| ≥ nεYn(u))≤ n−D.

2. For simplicity, for a family of random matrices AAA and a family of non-negative random

variables ζ , AAA = O≺(ζ ) represents |⟨vvv,AAAuuu⟩| ≺ ζ∥vvv∥∥uuu∥ uniformly for all deterministic

vectors vvv and uuu.

If {AAAn} are random matrices, we interpret

∥AAAn∥op = oP(1) ⇐⇒ ∥AAAn∥op
P−→ 0.

For simplicity, in the proofs, we use ∥AAAn∥ to represent operator norm ∥AAAn∥op.
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3.3.2 Properties of XOR Data

We introduce the following notion of (τn,B)−orthonormality for our feature matrix

[FW20].

Definition 23. A matrix XXX ∈ Rd×n is (τn,B)−orthonormal if the columns {xxxα}n
α=1 of XXX satisfy

∣∣∥xxxα∥−1
∣∣≤ τn,

∣∣∥xxxβ∥−1
∣∣≤ τn,

∣∣xxx⊤α xxxβ

∣∣≤ τn (3.3.1)

for all pairs α ̸= β ∈ [n], and also

n

∑
α=1

(
∥xxxα∥−1

)2 ≤ B2, ∥XXX∥ ≤ B.

Lemma 24. Let XXX ∈ Rd×n be the XOR data matrix:

XXX = ZZZ +MMM, (ZZZ)i j
i.i.d.∼ N

(
0,

1
d

)
, MMM = θ uuu1vvv⊤1 +θ uuu2vvv⊤2 , θSNR = r

√
n

2d
,

where uuu1,uuu2 ∈ Rd and vvv1,vvv2 ∈ Rn are orthonormal vectors defined by (3.2.7). Assume either

(A1) n ≍ d and r = O(n1/4), or

(A2) n = O(d2) and r = O(1).

Then there exist constants c,C > 0 such that with probability at least 1− n−c, the matrix XXX

satisfies (3.3.1) with

τn = C
(√ logn

d
+

r2

d

)
. (3.3.2)

Moreover, on the same event,

n

∑
α=1

(
∥xxxα∥−1

)2 ≤
n

∑
α=1

(
∥xxxα∥2 −1

)2 ≤ C
(n

d
+

nr2

d2 +
nr4

d2

)
, (3.3.3)

125



and also

∥XXX∥ ≤C
(

1+(1+ r)
√

n
d

)
. (3.3.4)

In particular, in regime (A1) one may take τn =C
√

logn
n and B =C(1+ r), and in regime (A2)

one may take τn =C
√

logn
d and B =C

√ n
d such that XXX is (τn,B)−orthonormal with probability

at least 1−n−c.

Proof. Throughout the proof, c,C > 0 denote constants that may change from line to line. This

proof is basically following the proof of Proposition 3.3 of [FW20].

Write the columns as xxxα = zzzα +mmmα , where zzzα is the α-th column of ZZZ and mmmα is the

α-th column of MMM. Since MMM = θSNR uuu1vvv⊤1 +θSNR uuu2vvv⊤2 and supp(vvv1)∩ supp(vvv2) = /0, for each

α exactly one of vvv1[α],vvv2[α] is nonzero, and we have

mmmα = θSNR uuu1vvv1[α] or θSNR uuu2vvv2[α].

Using |vvv1[α]|= |vvv2[α]|=
√

2/n on the support, we obtain for all α

∥mmmα∥= θSNR

√
2
n
= r
√

n
2d

√
2
n
=

r√
d
, ∥mmmα∥2 =

r2

d
, ∥mmmα∥4 =

r4

d2 . (3.3.5)

Now we verify the four requirements in the (τn,B)-orthonormal definition: (i) maxα |∥xxxα∥−1| ≤

τn, (ii) maxα ̸=β |xxx⊤α xxxβ | ≤ τn, (iii) ∑α(∥xxxα∥2 −1)2 ≤ B2, (iv) ∥XXX∥op ≤ B.

Step 1: Uniform control of column norms.

For each α ∈ [n],

∥xxxα∥2 = ∥zzzα∥2 +2zzz⊤α mmmα +∥mmmα∥2. (3.3.6)

(1a) Noise norm term. Since zzzα ∼N (000, IIId/d), we have d∥zzzα∥2 ∼ χ2
d . By Lemma 1 of [LM00]:
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for all t > 0,

P
(∣∣∥zzzα∥2 −1

∣∣≥ 2
√

t
d +2 t

d

)
≤ 2e−t . (3.3.7)

Taking t =C0 logn and union bounding over α ∈ [n] yields: with probability at least 1−2n ·n−C0 ,

i.e. 1−n−c for C0 large enough,

max
α∈[n]

∣∣∥zzzα∥2 −1
∣∣ ≤ C

√
logn

d
. (3.3.8)

In particular, on the same event, maxα ∥zzzα∥2 ≤ 2 for all large n.

(1b) Cross term. Conditioning on mmmα , the scalar zzz⊤α mmmα is Gaussian with

zzz⊤α mmmα

∣∣mmmα ∼ N
(

0,
∥mmmα∥2

d

)
= N

(
0,

r2

d2

)
,

using (3.3.5). Hence for t =C0 logn,

P
(
|zzz⊤α mmmα | ≥

r
d

√
2t
)
≤ 2e−t .

A union bound over α ∈ [n] yields: with probability at least 1−n−c,

max
α∈[n]

|zzz⊤α mmmα | ≤ C
r
√

logn
d

. (3.3.9)

(1c) Combine. Plugging (3.3.8), (3.3.9), and ∥mmmα∥2 = r2/d into (3.3.6) gives, with probability

at least 1−n−c,

max
α∈[n]

∣∣∥xxxα∥2 −1
∣∣ ≤ C

(√ logn
d

+
r
√

logn
d

+
r2

d

)
. (3.3.10)

We now simplify the RHS under regimes (A1) and (A2). In both regimes, for large n,

r
√

logn
d

≤
√

logn
d

+
r2

d
.

127



Indeed:

• If r2 ≥
√

logn, then r
√

logn
d ≤ r2

d .

• If r2 ≤
√

logn, then r ≤ (logn)1/4 so r
√

logn
d ≤ (logn)3/4

d ≤
√

logn
d for all large d.

Therefore (3.3.10) implies

max
α∈[n]

∣∣∥xxxα∥2 −1
∣∣ ≤ C

(√ logn
d

+
r2

d

)
. (3.3.11)

Finally, convert squared-norm deviation to norm deviation: since ∥xxxα∥+1 ≥ 1,

∣∣∥xxxα∥−1
∣∣= ∣∣∥xxxα∥2 −1

∣∣
∥xxxα∥+1

≤
∣∣∥xxxα∥2 −1

∣∣,
so (3.3.11) yields

max
α∈[n]

∣∣∥xxxα∥−1
∣∣ ≤ C

(√ logn
d

+
r2

d

)
. (3.3.12)

This verifies the column-norm part of (τn,B)-orthonormality with τn as in (3.3.2).

Step 2: Uniform control of pairwise inner products.

Fix α ̸= β ∈ [n]. Expand

xxx⊤α xxxβ = zzz⊤α zzzβ + zzz⊤α mmmβ +mmm⊤
α zzzβ +mmm⊤

α mmmβ . (3.3.13)

(2a) Noise–noise term. The scalar zzz⊤α zzzβ is not exactly Gaussian, but it is conditionally Gaussian:

conditioning on zzzα ,

zzz⊤α zzzβ

∣∣zzzα ∼ N
(

0,
∥zzzα∥2

d

)
.

On the event maxα ∥zzzα∥2 ≤ 2 from Step 1, we have conditional variance ≤ 2/d and hence

P
(
|zzz⊤α zzzβ | ≥ t

∣∣∣ zzzα

)
≤ 2exp

(
− dt2

4∥zzzα∥2

)
≤ 2exp

(
− cdt2

)
.

128



Taking t = C
√

logn
d and union bounding over all α ̸= β ∈ [n] (at most n2 pairs) yields with

probability at least 1−n−c,

max
α ̸=β

|zzz⊤α zzzβ | ≤ C

√
logn

d
. (3.3.14)

(2b) Noise–signal terms. For α ̸= β , conditional on mmmβ ,

zzz⊤α mmmβ ∼ N
(

0,
∥mmmβ∥2

d

)
= N

(
0,

r2

d2

)
,

and similarly mmm⊤
α zzzβ ∼ N (0,r2/d2). A union bound over all α ̸= β gives, with probability at

least 1−n−c,

max
α ̸=β

|zzz⊤α mmmβ | ≤ C
r
√

logn
d

, max
α ̸=β

|mmm⊤
α zzzβ | ≤ C

r
√

logn
d

. (3.3.15)

(2c) Signal–signal term. Each mmmα equals ± r√
d

uuu1 or ± r√
d

uuu2. By Cauchy–Schwarz inequality,

|mmm⊤
α mmmβ | ≤ ∥mmmα∥∥mmmβ∥=

r2

d
.

Hence

max
α ̸=β

|mmm⊤
α mmmβ | ≤

r2

d
. (3.3.16)

(2d) Combine. Combining (3.3.13)–(3.3.16) and using the same simplification as in Step 1, we

obtain with probability at least 1−n−c,

max
α ̸=β

|xxx⊤α xxxβ | ≤ C
(√ logn

d
+

r2

d

)
. (3.3.17)

This verifies the pairwise-inner-product part of (τn,B)-orthonormality with τn as in (3.3.2).
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Step 3: Sum of squared squared-norm deviations.

From (3.3.6),

∥xxxα∥2 −1 = (∥zzzα∥2 −1)+2zzz⊤α mmmα +∥mmmα∥2.

Using (a+b+ c)2 ≤ 3(a2 +b2 + c2), we get

(∥xxxα∥2 −1)2 ≤ 3(∥zzzα∥2 −1)2 +12(zzz⊤α mmmα)
2 +3∥mmmα∥4.

Summing over α and using (3.3.5) gives

n

∑
α=1

(∥xxxα∥2 −1)2 ≤ 3
n

∑
α=1

(∥zzzα∥2 −1)2 +12
n

∑
α=1

(zzz⊤α mmmα)
2 +3n

r4

d2 . (3.3.18)

(3a) Control of ∑
n
α=1(∥zzzα∥2 −1)2. Set gα :=

√
d zzzα ∼ N (0, Id) so that ∥zzzα∥2 = ∥gα∥2/d and

∥gα∥2 ∼ χ2
d . Define

Uα := ∥gα∥2 −d, Xα := (∥zzzα∥2 −1)2 =
U2

α

d2 .

Then E[Xα ] = Var(∥zzzα∥2) = 2/d, hence E∑
n
α=1 Xα = 2n/d.

Moment bound. Write Uα = ∑
d
i=1(ξ

2
iα −1) with ξiα

i.i.d.∼ N (0,1). For any integer p ≥ 2,

Rosenthal’s inequality (Theorem 3 of [Ros70]) yields

E|Uα |2p ≤ Cp

(
dE|ξ 2

11 −1|2p +(d Var(ξ 2
11 −1))p

)
≤ C′

pdp, (3.3.19)

where Cp,C′
p depend only on p (not on d,n). Consequently,

E|Xα |p =
E|Uα |2p

d2p ≤
C′

p

dp , E|Xα −EXα |p ≤
C′′

p

dp . (3.3.20)
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Concentration of the sum. Let X̃α := Xα −EXα so that EX̃α = 0. Applying Rosenthal’s

inequality again (now over α = 1, . . . ,n) gives, for any integer p ≥ 2,

E
∣∣∣ n

∑
α=1

X̃α

∣∣∣p ≤Cp

(
nE|X̃1|p +(nEX̃2

1 )
p/2
)
≤C′

p

( n
d2

)p/2
,

using (3.3.20) and EX̃2
1 ≲ d−2. Therefore, by Markov’s inequality, for any fixed t > 0,

P
( n

∑
α=1

Xα ≥ 2n
d

+ t
n
d

)
= P

( n

∑
α=1

X̃α ≥ t
n
d

)
≤

E|∑n
α=1 X̃α |p

(tn/d)p ≤C′′
p t−p n−p/2.

Taking t = 1 and p large enough (so that p/2 ≥ c) yields, for some constants c,C > 0,

n

∑
α=1

(∥zzzα∥2 −1)2 ≤C
n
d

with probability at least 1−n−c. (3.3.21)

This bound is uniform in (n,d) and in particular covers both regimes n ≍ d and n = O(d2).

(3b) Control of ∑(zzz⊤α mmmα)
2. Conditioning on mmmα , the random variable zzz⊤α mmmα is Gaussian

N (0,r2/d2), hence (zzz⊤α mmmα)
2 is sub-exponential with mean r2/d2. By the Bernstein inequality,

n

∑
α=1

(zzz⊤α mmmα)
2 ≤C

nr2

d2 with probability at least 1−n−c. (3.3.22)

(3c) Combine. Plugging (3.3.21), (3.3.22) into (3.3.18) gives, w.h.p.,

n

∑
α=1

(∥xxxα∥2 −1)2 ≤C
(n

d
+

nr2

d2 +
nr4

d2

)
.

This proves (3.3.3) since

(∥xxxα∥−1)2 =
(∥xxxα∥2 −1)2

(∥xxxα∥+1)2 ≤ (∥xxxα∥2 −1)2.
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Step 4: Operator norm bound.

We bound

∥XXX∥ ≤ ∥ZZZ∥+∥MMM∥.

A standard Gaussian operator norm bound states that for all t ≥ 0,

P
(
∥ZZZ∥ ≥ 1+

√
n
d
+ t
)
≤ 2exp(−cdt2).

Taking t =
√

logn
d yields ∥ZZZ∥ ≤ C(1+

√
n/d) with probability at least 1− n−c. Since uuu1,uuu2

are orthonormal and vvv1,vvv2 are orthonormal, ∥MMM∥ = θSNR = r
√ n

2d ≤Cr
√ n

d . Therefore, with

probability at least 1−n−c,

∥XXX∥ ≤C
(

1+
√

n
d

)
+Cr

√
n
d
≤C

(
1+(1+ r)

√
n
d

)
.

This completes the proof.

3.3.3 Properties of CK Matrix

The following intermediary results are necessary to construct the QE in Section 3.3.6.

Proposition 25. Let χd denote the chi distribution with d degrees of freedom. Then, as d → ∞,

E[χd]√
d

= 1− 1
4d

+
1

32d2 +
5

128d3 +O(d−4).

Proof. It is classical that

E[χd] =
√

2
Γ
(d+1

2

)
Γ
(d

2

) .

(See, e.g., [AS64, Ch. 6], [DLM, Sec. 5.11].) Set m := d/2. Then

E[χd]√
d

=

√
2

2m
Γ(m+ 1

2)

Γ(m)
=

Γ(m+ 1
2)

Γ(m)
√

m
=: Qm.
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We use the Stirling series for logΓ (with Bernoulli numbers), valid as z → ∞ in |argz|< π:

logΓ(z) = (z− 1
2) logz− z+ 1

2 log(2π)+
1

12z
− 1

360z3 +O(z−5), (3.3.23)

see [DLM, (5.11.2)] or [AS64, §6.1, §6.3]. Write

logQm =
(
logΓ(m+ 1

2)− logΓ(m)
)
− 1

2 logm.

Using (3.3.23) with z = m+ 1
2 and z = m, we obtain

logQm = m log(m+ 1
2)− (m+ 1

2)− (m− 1
2) logm+m

+
1

12(m+ 1
2)

− 1
12m

− 1
360(m+ 1

2)
3
+

1
360m3 −

1
2 logm+O(m−5).

The logarithmic terms simplify to

m log
(

1+
1

2m

)
− 1

2
.

Expanding with the binomial and Taylor series log(1+x) = x− x2

2 + x3

3 +O(x4) and (1+x)−1 =

1− x+ x2 − x3 +O(x4), we get

m log
(

1+
1

2m

)
=

1
2
− 1

8m
+

1
24m2 −

1
64m3 +O(m−4),

and
1

12(m+ 1
2)

− 1
12m

=− 1
24m2 +

1
48m3 +O(m−4).

Further, the difference − 1
360(m+

1
2 )

3
+ 1

360m3 is O(m−4) (since the leading term cancels and the

remainder begins at order m−4). Collecting terms, we find

logQm =− 1
8m

+
1

192m3 +O(m−4).
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Exponentiating and using exp(u) = 1+u+ u2

2 + u3

6 +O(u4) with u =− 1
8m + 1

192m3 , we obtain

Qm = 1− 1
8m

+
1

128m2 +
5

1024m3 +O(m−4).

Finally, substituting m = d/2 yields

E[χd]√
d

= 1− 1
4d

+
1

32d2 +
5

128d3 +O(d−4),

as claimed.

Remark. The same expansion follows immediately from the general ratio formula

Γ(z+a)
Γ(z+b)

∼ za−b
(

1+
(a−b)(a+b−1)

2z
+ · · ·

)

for z → ∞ (take a = 1
2 ,b = 0); see [TE+51, DLM].

Let us define the null model as

YYY 0 :=
1√
N

σ(WWWZZZ), (3.3.24)

where in this case, the dataset is pure standard noise.

Lemma 26. Under the Assumption 3, we know that

∥E[YYY 0]∥≲
√

n
d

,

as n,d → ∞.

Proof. Notice that E[YYY 0] =
Cd√

N
1N1⊤n where Cd := E[σ( 1√

d
www⊤zzz)] where zzz,www i.i.d.∼ N (0,Id).
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Hence,

∥E[YYY 0]∥=
√

n|Cd|. (3.3.25)

Denote ξ ∼ N (0,1) which is independent with www. Applying E[σ(ξ )] = 0, E[σ ′(ξ )ξ ] =

E[σ ′′(ξ )] = cσ , and a Taylor approximation of σ at ξ , we can get

Cd = E[σ(
1√
d
∥www∥ξ )]−E[σ(ξ )]

= E[σ ′(ξ )ξ (
1√
d
∥www∥−1)]+E[σ ′′(η)ξ 2(

1√
d
∥www∥−1)2]

= cσ (E[
1√
d
∥www∥]−1)+E[σ ′′(η)ξ 2(

1√
d
∥www∥−1)2],

for some η between ξ and 1√
d
∥www∥ξ . Notice that 1√

d
∥www∥ D∼ 1√

d
χd where χd is chi distribution

with degree d. Thus,

E[
1√
d
∥www∥] =

√
2Γ(1

2(d +1))
√

dΓ(1
2d)

=

√
1− 1

2d
+o(d−1) = 1− 1

4d
+o(d−1). (3.3.26)

Then, we can get

|Cd|≲
1
d
+E[(

1√
d
∥www∥−1)2]≲

1
d
,

where we apply the Assumption 3 and the fact E[( 1√
d
∥www∥−1)2] = 2−2E[ 1√

d
∥www∥] = O( 1

d ).

Lemma 27. Under the Assumption 3, we know that

|E[σ ′(
1√
d

www⊤zzz)]−bσ |≲
1
d

and

|E[σ ′′(
1√
d

www⊤zzz)]− cσ |≲
1√
d

where zzz,www i.i.d.∼ N (0,Id).
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Proof. Denote ξ ∼ N (0,1) which is independent with www. Recall that E[σ ′(ξ )] = bσ and

E[σ ′(ξ )ξ ] = E[σ ′′(ξ )] = cσ . Similarly to the proof of Lemma 26, we can apply a Taylor

approximation of σ ′ at ξ :

|E[σ ′(
1√
d

www⊤zzz)]−bσ |= |E[σ ′(
1√
d
∥www∥ξ )]−E[σ ′(ξ )]| (3.3.27)

≤ |E[σ ′′(ξ )ξ ]| · | 1√
d
E[∥www∥]−1|+ |E[σ ′′′(η)ξ 2]|E( 1√

d
∥www∥−1)2

(3.3.28)

≲ | 1√
d
E[χd]−1|+E(

1√
d

χd −1)2 ≲
1
d
, (3.3.29)

for some η between ξ and 1√
d
∥www∥ξ . Similarly, for σ ′′, we have

|E[σ ′′(
1√
d

www⊤zzz)]− cσ |= |E[σ ′′(
1√
d
∥www∥ξ )]−E[σ ′′(ξ )]| (3.3.30)

≤ |E[σ ′′(η)ξ (
1√
d
E[∥www∥]−1)]| (3.3.31)

≲ E[σ ′′(η)2
ξ

2]1/2E[(
1√
d

χd −1)2]1/2 ≲
1√
d
. (3.3.32)

Then, we complete the proof.

Lemma 28. Consider ggg ∼ N (0,IN). Then we have ∥ggg∥∞ ≺
√

2logN.

Proof. Apply Proposition 2.7.6 of [Ver18] and use the fact that E[∥ggg∥∞] = E[maxi∈[N] |gi|].

Lemma 29. Consider a matrix MMM ∈ RN×n and two vectors aaa ∈ RN , bbb ∈ Rn. We have the

following identity

MMM⊙ (aaabbb⊤) = diag(aaa)MMM diag(bbb).

This is a classical linear algebra result, so we will omit the proof here.

Lemma 30. Assume σ is globally L-Lipschitz: |σ(a)−σ(b)| ≤ L|a−b|, ∀a,b ∈ R. Then there
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exist absolute constants C,c > 0 such that for every t ≥ 0, with probability at least 1−6e−ct2
,

∥∥∥∥ 1√
N

(
σ(WWWZZZ)−E [σ(WWWZZZ)]

)∥∥∥∥ ≤ C L
(

1+
√

n
d
+

t√
d

)(
1+
√

n
N
+

t√
N

)
.

Proof. Let zzz j ∈ Rd denote the jth column of ZZZ and define

YYY 0 =
1√
N

σ(WWWZZZ) ∈ RN×n, m := Ewww∼N (000,IIId), zzz∼N (000,IIId/d)
[
σ(www⊤zzz)

]
.

By exchangeability, EYYY 0 =
m√
N

111N111⊤n .

Firstly, condition on ZZZ. Define µµµ(ZZZ) ∈ Rn whose entries are

µ j(ZZZ) := Ewww∼N (000,IIId)

[
σ(www⊤zzz j)

]
, j = 1, . . . ,n.

Then each row of YYY 0 has conditional mean µµµ(ZZZ)⊤, hence

EWWW [YYY 0 | ZZZ] =
1√
N

111N µµµ(ZZZ)⊤.

Write

∥YYY 0 −EYYY 0∥=
∥∥(YYY 0 −EWWW [YYY 0 | ZZZ]

)∥∥︸ ︷︷ ︸
T1

+
∥∥(EWWW [YYY 0 | ZZZ]−EYYY 0

)∥∥︸ ︷︷ ︸
T2

. (3.3.33)

We then control T1 and T2 separately.

Step 1: Bound T2 (fluctuation of the conditional mean). We have

T2 =

∥∥∥∥ 1√
N

111N(µµµ(ZZZ)−m111n)
⊤
∥∥∥∥= ∥µµµ(ZZZ)−m111n∥.

Define µ(zzz) := Ewww[σ(www⊤zzz)]. For any zzz,zzz′ ∈ Rd ,

|µ(zzz)−µ(zzz′)| ≤ Ewww
∣∣σ(www⊤zzz)−σ(www⊤zzz′)

∣∣≤ LEwww|www⊤(zzz− zzz′)|= L

√
2
π
∥zzz− zzz′∥2.
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Thus µ(·) is (L
√

2/π)-Lipschitz. Write zzz j = ggg j/
√

d with ggg j ∼ N (000, IIId). Then f (ggg) :=

µ(ggg/
√

d) is Lipschitz with constant O(L/
√

d). By Gaussian concentration for Lipschitz func-

tions (e.g., Chapter 5 of [Ver18]), each coordinate µ(zzz j)−Eµ(zzz j) = µ(zzz j)−m is subgaussian

with subgaussian norm

∥µ(zzz j)−m∥ψ2 ≤C
L√
d
.

Since (zzz j) are independent across j, the coordinates of µµµ(ZZZ)−m111n are independent subgaussian.

A standard concentration bound for the Euclidean norm of an i.i.d. subgaussian vector (e.g., see

Sec. 3.1 of [Ver18]) yields: for every t ≥ 0, with probability at least 1−2e−ct2
,

T2 = ∥µµµ(ZZZ)−m111n∥2 ≤C
L√
d
(
√

n+ t) =CL
(√n

d
+

t√
d

)
. (3.3.34)

Step 2: Bound T1 (fluctuation around the conditional mean). Let

AAA := σ(WWWZZZ)−111N µµµ(ZZZ)⊤.

Then T1 = ∥AAA/
√

N∥. Conditional on ZZZ, the rows AAAi ∈ Rn are i.i.d. (over rows wwwi of WWW ) and

mean-zero. Fix any xxx ∈ Sn−1 and define the scalar function of www ∈ Rd

Fxxx(www) :=
n

∑
j=1

x j σ(www⊤zzz j) = xxx⊤σ(www⊤ZZZ) ∈ R.

Then AAA⊤
i xxx = Fxxx(wwwi)−E[Fxxx(wwwi) | ZZZ]. Moreover, Fxxx is Lipschitz with constant at most L∥ZZZ∥: for

any www,www′,

|Fxxx(www)−Fxxx(www′)| ≤
n

∑
j=1

|x j| |σ(www⊤zzz j)−σ(www′⊤zzz j)| ≤ L
n

∑
j=1

|x j| |(www−www′)⊤zzz j|

≤ L∥xxx∥2 · ∥ZZZ⊤(www−www′)∥2 ≤ L∥ZZZ∥∥www−www′∥2,

since ∥xxx∥2 = 1. Therefore, by Gaussian concentration for Lipschitz functions, conditional on ZZZ
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we have for all u ≥ 0,

P
(
|AAA⊤

i xxx| ≥ u
∣∣∣ZZZ)≤ 2exp

(
− c

u2

L2∥ZZZ∥2

)
. (3.3.35)

Now fix xxx ∈ Sn−1 and yyy ∈ SN−1. Then

⟨AAAxxx,yyy⟩=
N

∑
i=1

yi (AAA⊤
i xxx)

is a sum of independent (over i) centered subgaussian random variables. Using (3.3.35) and

∥yyy∥2 = 1, we obtain the conditional tail bound

P
(
|⟨AAAxxx,yyy⟩| ≥ u

∣∣∣ZZZ)≤ 2exp
(
− c

u2

L2∥ZZZ∥2

)
. (3.3.36)

Next, take 1/4-nets Nn ⊂ Sn−1 and NN ⊂ SN−1 with |Nn| ≤ 9n and |NN | ≤ 9N . By the

standard net reduction for operator norms, one has

∥AAA∥= sup
xxx∈Sn−1, yyy∈SN−1

⟨AAAxxx,yyy⟩ ≤ 2 max
xxx∈Nn, yyy∈NN

⟨AAAxxx,yyy⟩. (3.3.37)

Combining (3.3.36)–(3.3.37) with a union bound yields, for any u ≥ 0,

P
(
∥AAA∥ ≥ 2u

∣∣∣ZZZ)≤ 2 |Nn| |NN | exp
(
− c

u2

L2∥ZZZ∥2

)
≤ 2exp

(
(n+N) log9− c

u2

L2∥ZZZ∥2

)
.

Choosing u =CL∥ZZZ∥
(√

n+
√

N + t
)

and taking C large enough (absorbing (n+N) log9) gives:

for every t ≥ 0, with conditional probability at least 1−2e−ct2
,

∥AAA∥ ≤CL∥ZZZ∥
(√

n+
√

N + t
)
, hence T1 =

∥∥∥ AAA√
N

∥∥∥≤CL∥ZZZ∥
(

1+
√

n
N
+

t√
N

)
.

Since the bound holds conditionally on ZZZ with failure probability ≤ 2e−ct2
, it also holds uncon-

ditionally.
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Step 3: Bound ∥ZZZ∥ and conclude. By the norm bound for Gaussian matrices, with probability

at least 1−2e−ct2
,

∥ZZZ∥ ≤ 1+
√

n
d
+

t√
d
.

On the intersection of the three high-probability events (3.3.34), the T1 bound above, and the

∥ZZZ∥ bound, we get

T1 ≤CL
(

1+
√

n
d
+

t√
d

)(
1+
√

n
N
+

t√
N

)
T2 ≤CL

(√n
d
+

t√
d

)
≤CL

(
1+
√

n
d
+

t√
d

)(
1+
√

n
N
+

t√
N

)
and then (3.3.33) yields the desired bound. A union bound over the three events gives total

failure probability at most 6e−ct2
, which completes the proof.

3.3.4 The z-transform and the T-transform

Let ν be a compactly supported probability measure on [0,∞) and φ ∈ (0,∞). Recall for

s ∈ R such that 1+λ s ̸= 0 for all λ ∈ supp(ν),

z(s) =−1
s
+φ

∫
λ

1+λ s
ν(dλ ), z′(s) =

1
s2 −φ

∫
λ 2

(1+λ s)2 ν(dλ ), (3.3.38)

the alignment map

ϕ(s) =−sz′(s)
z(s)

, (3.3.39)

and the additive transfer function

T (s) =
z(s)s2 − (φ −1)s

φ
. (3.3.40)

Lemma 31. Let ν be a compactly supported probability measure on [0,∞) and let φ ∈ (0,∞).
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Let µ := ρMP
φ

⊠ν be the deformed MP law, and define its companion probability measure

µ̃ := φ µ +(1−φ)δ0.

Let mµ(z) =
∫
(x− z)−1 µ(dx) and mµ̃(z) =

∫
(x− z)−1 µ̃(dx) be the Stieltjes transforms, defined

on C\ supp(µ) and C\ supp(µ̃) respectively. Then for all z ∈ C\ (supp(µ)∪{0}),

mµ̃(z) = m̃µ(z) :=
φ −1

z
+φ mµ(z). (3.3.41)

Define the set of singularities

T := {0}∪{−1/λ : λ ∈ supp(ν)}.

For s ∈ C\T , z(s) and z′(s) in (3.3.38) are well defined.

Then, we have

(i) For any real λ ∈ R\ supp(µ̃), the quantity s := mµ̃(λ ) belongs to R\T and satisfies

λ = z(s), and z′(s) > 0. (3.3.42)

Equivalently, since supp(µ) and supp(µ̃) may differ only at {0}, the same conclusion

holds for any real λ ∈ R\ (supp(µ)∪{0}) with s = m̃µ(λ ).

(ii) Conversely, if s ∈ R\T satisfies z′(s)> 0, then λ := z(s) belongs to R\ supp(µ̃) and

mµ̃(λ ) = s.

Moreover, let I be a maximal open interval contained in R\T on which z′(s)> 0. Then z is

strictly increasing on I and maps I bijectively onto a connected component of R\ supp(µ̃)
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(an exterior component or an internal gap). Finally, every nonzero boundary point λ⋆ ̸= 0

of supp(µ̃) can be written as λ⋆ = z(s⋆) for some s⋆ ∈ R\T satisfying z′(s⋆) = 0.

Proof. This is exactly the classical result of Silverstein–Choi (Theorems. 4.1–4.2 of [SC95]);

see also Proposition 8 in Appendix A.2 of [WWF24].

Lemma 32. With the same notation as Lemma 31, recall the T -transform defined by (3.3.40).

For any real λ ∈ R\ (supp(µ)∪{0}), let s = m̃µ(λ ) = mµ̃(λ ). Then λ = z(s) and

λ smµ(λ ) = T (s). (3.3.43)

Proof. Since λ ̸= 0 and s = m̃µ(λ ) =
φ−1

λ
+φmµ(λ ), we can solve for mµ(λ ):

mµ(λ ) =
1
φ

(
s− φ −1

λ

)
.

Therefore

λ smµ(λ ) = λ s · 1
φ

(
s− φ −1

λ

)
=

λ s2 − (φ −1)s
φ

.

By Lemma 31(i), λ = z(s), so the right-hand side equals T (s) by definition. This proves

(3.3.43).

Lemma 33 (Strict monotonicity of T on each analytic branch). On any real interval I ⊂ R that

does not cross a pole s =−1/λ with λ ∈ supp(ν), the function T is C1 and strictly decreasing:

T ′(s)< 0, s ∈ I. (3.3.44)

Hence, T is invertible on this interval.

Proof. For s ∈ I, we define

I1(s) :=
∫

λ

1+λ s
ν(dλ ), I2(s) :=

∫
λ 2

(1+λ s)2 ν(dλ ).
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Then I1 ∈ C1(I) and I′1(s) = −I2(s). Using T (s) = −s+ s2I1(s) (equivalent to (3.3.40) and

(3.3.38)) we compute

T ′(s) =−1+2sI1(s)− s2I2(s). (3.3.45)

Let F(λ ) := λ

1+λ s . Then I1(s) = Eν [F ] and I2(s) = Eν [F2]. Hence

T ′(s) =−1+2sE[F ]− s2E[F2] =−(1− sE[F ])2 − s2Var(F).

If ν is not a single atom, then Var(F)> 0 for all s ∈ I, so T ′(s)< 0. In the degenerate atomic

case, T ′ < 0 still holds since (1− sE[F ])2 > 0. This proves (3.3.44).

Remark (Relation to the classical D-transform in [BGN12]). If one defines

D(λ ) := λmµ(λ )m̃µ(λ ) (3.3.46)

then by Lemma 32, D(λ ) = T (s) whenever λ = z(s) and s = m̃µ(λ ). Thus all additive outlier

equations βD(λ ) = 1 are exactly βT (s) = 1 in z-coordinates. This D-transform and βD(λ ) = 1

are used by [BGN12] to characterize the outlier singular values in additive spiked random matrix

models.

Lemma 34 (Closed-form inverse of T for a shifted MP bulk). Fix ψ ∈ (0,∞) and let b2
σ ∈ [0,1].

Define the shifted MP law

ν := (1−b2
σ )+b2

σ ρ
MP
ψ ,

and define, for any s ∈ C\{0} such that 1+λ s ̸= 0 for all λ ∈ supp(ν), T transform defined by

(3.3.40) can be written as

T (s) = −s+ s2
∫

λ

1+λ s
ν(dλ ). (3.3.47)

Let mMP,ψ(·) denote the Stieltjes transform of ρMP
ψ .
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(i) (Closed form of T in terms of mMP,ψ ) Let

ξ (s) := −1+(1−b2
σ )s

b2
σ s

. (3.3.48)

Then

T (s) = − 1
b2

σ

mMP,ψ
(
ξ (s)

)
. (3.3.49)

If bσ = 0, then T (s) =−s/(1+ s).

(ii) (Exact formula for T−1) Let t ∈ C be such that the denominator in (3.3.50) below is

nonzero. Define

T−1(t) := −
t
(
1−ψb2

σ t
)

1+
(
1−ψb2

σ

)
t −ψb2

σ (1−b2
σ )t2 . (3.3.50)

Then T
(
T−1(t)

)
= t. In particular, on any real monotone branch of T (e.g. s < 0), (3.3.50)

is the functional inverse of T .

Proof. Write α := 1−b2
σ and β := b2

σ for short, so that ν = α +βρMP
ψ . Let X ∼ ρMP

ψ and set

λ = α +βX . Then ∫
λ

1+λ s
ν(dλ ) = E

[
α +βX

1+ s(α +βX)

]
.

Now note the following exact algebraic identity:

α +βX
1+ s(α +βX)

=
1
s

(
1− 1

1+ s(α +βX)

)
. (3.3.51)

Taking expectations in (3.3.51) gives

∫
λ

1+λ s
ν(dλ ) =

1
s

(
1−E

[ 1
1+ s(α +βX)

])
. (3.3.52)
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Insert (3.3.52) into the definition (3.3.47):

T (s) =−s+ s2 · 1
s

(
1−E

[ 1
1+ s(α +βX)

])
=−s+ s− sE

[ 1
1+ s(α +βX)

]
.

Hence

T (s) =−s E
[ 1

1+ sα + sβX

]
. (3.3.53)

Now rewrite the expectation in Stieltjes form. Factor out sβ :

1+ sα + sβX = sβ

(
X +

1+ sα

sβ

)
= sβ

(
X −

(
− 1+ sα

sβ

))
.

Therefore

E
[ 1

1+ sα + sβX

]
=

1
sβ

E
[ 1

X −ξ (s)

]
, ξ (s) =−1+ sα

sβ
.

By definition of the MP Stieltjes transform, E
[ 1

X−ξ

]
= mMP,ψ(ξ ), so

E
[ 1

1+ sα + sβX

]
=

1
sβ

mMP,ψ
(
ξ (s)

)
.

Plug this into (3.3.53):

T (s) =−s · 1
sβ

mMP,ψ
(
ξ (s)

)
=− 1

β
mMP,ψ

(
ξ (s)

)
.

Recalling β = b2
σ and ξ (s) =−(1+(1−b2

σ )s)/(b
2
σ s) gives (3.3.49).

Lemma 33 shows T is invertible on certain intervals. Let t = T (s). By (3.3.49), this is

equivalent to

mMP,ψ
(
ξ (s)

)
=−β t. (3.3.54)

Set m :=−β t. For MP, m = mMP,ψ(ξ ) satisfies the exact quadratic identity

ψ ξ m2 +(ξ +ψ −1)m+1 = 0. (3.3.55)

145



Solve (3.3.55) for ξ in terms of m:

(
ψm2 +m

)
ξ +(ψ −1)m+1 = 0 =⇒ ξ =−1+(ψ −1)m

m(1+ψm)
.

Thus, with m =−β t,

ξ =− 1+(ψ −1)(−β t)
(−β t)

(
1+ψ(−β t)

) = 1− (ψ −1)β t
β t(1−ψβ t)

. (3.3.56)

By definition of ξ (s),

ξ (s) =−1+αs
β s

.

Hence, we have

s =− 1
α +βξ

.

Substituting ξ from (3.3.56) yields the claimed closed form

s =− t(1−ψβ t)
1+(1−ψβ )t −ψβ (1−β )t2 .

Recalling β = b2
σ proves (3.3.50). Let s = T−1(t) given by (3.3.50). The above computation is

reversible: from t we obtain ξ via (3.3.56), then s via s =−1/(α +βξ ), and finally mMP,ψ(ξ ) =

−β t by construction. Plugging into (3.3.49) gives T (s) = −(1/β )mMP,ψ(ξ ) = t. This shows

T (T−1(t)) = t whenever the algebra is well-defined.

3.3.5 Centered and Normalized GELU

Let ξ ∼ N (0,1) and denote the standard normal PDF and CDF by

ϕ(x) :=
1√
2π

e−x2/2, Φ(x) :=
∫ x

−∞

ϕ(t)dt.

146



The GELU activation function [HG16] is

g(x) := xΦ(x).

We construct a centered and normalized version of GELU (w.r.t. ξ ) by

µg := E[g(ξ )], v2
g := Var(g(ξ )), σ(x) :=

g(x)−µg

vg
. (3.3.57)

Then E[σ(ξ )] = 0 and E[σ(ξ )2] = 1 by construction.

Assumption 3 is satisfied for σ(ξ ).

A direct calculation gives

g′(x) = Φ(x)+ xϕ(x), g′′(x) = (2− x2)ϕ(x), g(3)(x) = (x3 −4x)ϕ(x).

Since 0 ≤ Φ(x)≤ 1 and |x|kϕ(x) is bounded for any fixed k, we have

sup
x
{|g′(x)|, |g′′(x)|, |g(3)(x)|}< ∞

Hence the same holds for σ (with an extra factor 1/vg). Therefore σ satisfies Assumption 3.

Compute the centering constant µg = E[g(ξ )].

We have

µg = E[ξ Φ(ξ )] =
∫
R

xΦ(x)ϕ(x)dx.

Using ϕ ′(x) =−xϕ(x), we write xϕ(x)dx =−dϕ(x) and integrate by parts:

µg =
∫
R

Φ(x)xϕ(x)dx =−
∫
R

Φ(x)dϕ(x)

=−
[
Φ(x)ϕ(x)

]∞

−∞

+
∫
R

ϕ(x)dΦ(x) =
∫
R

ϕ(x)2 dx.
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Since ϕ(x)2 = 1
2π

e−x2
, we obtain

µg =
∫
R

1
2π

e−x2
dx =

1
2π

√
π =

1
2
√

π
. (3.3.58)

Compute the variance v2
g = Var(g(ξ )).

Let

m2,g := E[g(ξ )2] = E[ξ 2
Φ(ξ )2] =

∫
R

x2
Φ(x)2

ϕ(x)dx.

Define the antiderivative

V (x) :=
∫ x

−∞

t2
ϕ(t)dt.

A standard identity gives V (x) =−xϕ(x)+Φ(x) (differentiate to check V ′(x) = x2ϕ(x)). Inte-

grating by parts with u = Φ(x)2 and dv = x2ϕ(x)dx yields

m2,g =
[
Φ(x)2V (x)

]∞

−∞

−
∫
R

V (x)d(Φ(x)2)

= 1−2
∫
R

V (x)Φ(x)ϕ(x)dx = 1−2
∫
R
(−xϕ(x)+Φ(x))Φ(x)ϕ(x)dx

= 1+2
∫
R

xΦ(x)ϕ(x)2 dx−2
∫
R

Φ(x)2
ϕ(x)dx.

The last term equals E[Φ(ξ )2]. Since U := Φ(ξ )∼ Unif(0,1), we have

∫
R

Φ(x)2
ϕ(x)dx = E[U2] =

1
3
. (3.3.59)

For the mixed term, note ϕ(x)2 = 1
2π

e−x2
, hence

∫
R

xΦ(x)ϕ(x)2 dx =
1

2π

∫
R

xΦ(x)e−x2
dx.
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Integrate by parts with u = Φ(x) and dv = xe−x2
dx (so v =−1

2e−x2
and du = ϕ(x)dx):

∫
R

xΦ(x)e−x2
dx =

[
− 1

2
Φ(x)e−x2

]∞

−∞

+
1
2

∫
R

e−x2
ϕ(x)dx

=
1
2

∫
R

e−x2 1√
2π

e−x2/2 dx =
1

2
√

2π

∫
R

e−3x2/2 dx

=
1

2
√

2π

√
2π

3
=

1
2
√

3
.

Therefore ∫
R

xΦ(x)ϕ(x)2 dx =
1

2π
· 1

2
√

3
=

1
4π

√
3
. (3.3.60)

Plugging (3.3.59)–(3.3.60) into the expression for m2,g gives

m2,g =
1
3
+

1
2π

√
3
. (3.3.61)

Finally, by (3.3.58) and (3.3.61),

v2
g = Var(g(ξ )) = m2,g −µ

2
g =

1
3
+

1
2π

√
3
− 1

4π
. (3.3.62)

Numerically, v2
g ≈ 0.3456440110 and vg ≈ 0.5879149692.

Compute bσ and cσ .

Recall your definitions bσ = E[σ ′(ξ )] and cσ = E[σ ′′(ξ )]. Since σ(x) = (g(x)−µg)/vg,

centering does not change derivatives and we have

σ
′(x) =

g′(x)
vg

=
Φ(x)+ xϕ(x)

vg
, σ

′′(x) =
g′′(x)

vg
=

(2− x2)ϕ(x)
vg

.

149



Hence

bσ = E[σ ′(ξ )] =
1
vg
E[Φ(ξ )+ξ ϕ(ξ )] =

1
vg

(
E[Φ(ξ )]+E[ξ ϕ(ξ )]

)
=

1
vg

· 1
2
=

1
2vg

, (3.3.63)

cσ = E[σ ′′(ξ )] =
1
vg
E[(2−ξ

2)ϕ(ξ )] =
1
vg

∫
R
(2− x2)ϕ(x)2 dx. (3.3.64)

To evaluate the last integral, use ϕ(x)2 = 1
2π

e−x2
and the standard Gaussian integrals

∫
R e−x2

dx =
√

π and
∫
R x2e−x2

dx =
√

π

2 :

∫
R
(2− x2)ϕ(x)2 dx =

1
2π

∫
R
(2− x2)e−x2

dx =
1

2π

(
2
√

π −
√

π

2

)
=

3
4
√

π
.

Plugging back into (3.3.64) yields

cσ =
1
vg

· 3
4
√

π
=

3
4
√

π vg
. (3.3.65)

Numerically,

bσ ≈ 0.8504631217, cσ ≈ 0.7197336517.

Therefore, GELU does not spike in Theorem 5(ii) since τ ≤ τcrit and
√

ψ
(c2

σ

2 −b2
σ

)
≤ b2

σ .

3.3.6 Quadratic Equivalence for Proportional Limit

Let us recall the null model:

YYY 0 =
1√
N

σ(WWWZZZ).

and QE model of the random feature matrix on XOR dataset:

YYY QE = YYY 0 +
θSNRbσ√

N

(
ggg1vvv⊤1 +ggg2vvv⊤2

)
+

θ 2
SNRcσ√

N

(
ggg⊙2

1 vvv⊙2⊤
1 +ggg⊙2

2 vvv⊙2⊤
2

)
,

150



where ggg1 =WWWuuu1, ggg2 =WWWuuu2, and θSNR := r
√ n

2d .

Proof of Proposition 35. In this proof, we aim to prove a more precise statement:

∥YYY −YYY QE∥ ≺ n−1/4. (3.3.66)

Let us define

YYY QE := YYY 0 +
θSNRbσ√

N
(ggg1vvv⊤1 +ggg2vvv⊤2 )+

θ 2
SNRcσ√

N
(ggg⊙2

1 vvv⊙2⊤
1 +ggg⊙2

2 vvv⊙2⊤
2 ) (3.3.67)

where ggg1 :=WWWuuu1 and ggg2 :=WWWuuu2. Assume that r = O(n1/4). Then, under Assumptions 3 and 4,

we can show that

∥YYY −YYY QE∥ ≺
1

n1/4 . (3.3.68)

Recall that YYY = 1√
N

σ(WWWZZZ +WWWMMM) where ZZZ and MMM are defined by (3.2.6). Then, we can

take Taylor approximations for each entry of YYY around YYY 0:

YYY = YYY 0 +
1√
N

σ
′(WWWZZZ)⊙ (WWWMMM)+

1
2
√

N
σ
′′(WWWZZZ)⊙ (WWWMMM)⊙2 +

1
3!
√

N
σ
′′′(ΘΘΘ)⊙ (WWWMMM)⊙3,

(3.3.69)

for some random matrix ΘΘΘ ∈ RN×n such that Θi,i is between [WWWZZZ]i, j and [WWWXXX ]i, j for all i ∈ [N]

and j ∈ [n]. Notice that

WWWMMM = θSNR(ggg1vvv⊤1 +ggg2vvv⊤2 ), (3.3.70)

and ggg1,ggg2
i.i.d.∼ N (0,IN). By the definitions of vvv1 and vvv2 ∈ Rn, we have

(WWWMMM)⊙2 = θ
2
SNR(ggg

⊙2
1 vvv⊙2⊤

1 +ggg⊙2
2 vvv⊙2⊤

2 +(ggg1 ⊙ggg2)(vvv1 ⊙ vvv2)
⊤) = θ

2
SNR(ggg

⊙2
1 vvv⊙2⊤

1 +ggg⊙2
2 vvv⊙2⊤

2 ).

(3.3.71)
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Thus, from (3.3.69), we have that

YYY = YYY 0 +
E[σ ′( 1√

d
www⊤zzz)]θSNR
√

N
(ggg1vvv⊤1 +ggg2vvv⊤2 )+

E[σ ′′( 1√
d

www⊤zzz)]θ 2
SNR

2
√

N
(ggg⊙2

1 vvv⊙2⊤
1 +ggg⊙2

2 vvv⊙2⊤
2 )

(3.3.72)

+E[YYY 0]+
1

3!
√

N
σ
′′′(ΘΘΘ)⊙ (WWWMMM)⊙3 +

1√
N
(σ ′(WWWZZZ)−E[σ ′(WWWZZZ)])⊙ (WWWMMM) (3.3.73)

+
1

2
√

N
(σ ′′(WWWZZZ)−E[σ ′′(WWWZZZ)])⊙ (WWWMMM)⊙2, (3.3.74)

where zzz,www i.i.d.∼ N (0,Id). Next, we address the terms on the right-hand side of (3.3.74) individu-

ally.

(a) Since ∥σ ′′′∥∞ = O(1), we have that

∥∥∥ 1
3!
√

N
σ
′′′(ΘΘΘ)⊙ (WWWMMM)⊙3

∥∥∥≲ θ
3
∥∥∥ 1√

N
σ
′′′(ΘΘΘ)

∥∥∥ 2

∑
i, j,k=1

∥gggi∥∞∥ggg j∥∞∥gggk∥∞

×∥vvvi∥∞∥vvv j∥∞∥vvvk∥∞

≲ n−3/4
∥∥∥ 1√

N
σ
′′′(ΘΘΘ)

∥∥∥
F
∥ggg1∥3

∞

≺ 1
n1/4 , (3.3.75)

where we apply Lemmas 28 and 29.

(b) Next, notice that

∥ 1√
N
(σ ′(WWWZZZ)−E[σ ′(WWWZZZ)])⊙ (WWWMMM)∥

≤ ∥ 1√
N
(σ ′(WWWZZZ)−E[σ ′(WWWZZZ)])∥ ·θSNR · (∥ggg1∥∞∥vvv1∥∞ +∥ggg2∥∞∥vvv2∥∞)

≲

√
logn

n1/4 ∥ 1√
N
(σ ′(WWWZZZ)−E[σ ′(WWWZZZ)])∥ ≺ 1

n1/4

(3.3.76)

where we utilize Lemma 30 in the last line since σ ′ is Lipschitz.
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(c) Analogously, we have that

1
2
√

N
∥(σ ′′(WWWZZZ)−E[σ ′′(WWWZZZ)])⊙ (WWWMMM)⊙2∥ ≺ 1√

n
.

(d) Lastly, we apply Lemma 27 to obtain that

YYY = YYY 0 +
θSNRbσ√

N
(ggg1vvv⊤1 +ggg2vvv⊤2 )+

θ 2
SNRcσ

2
√

N
(ggg⊙2

1 vvv⊙2⊤
1 +ggg⊙2

2 vvv⊙2⊤
2 )+O≺(n−1/4).

(3.3.77)

Combining all these together, we proved (3.3.66). Then, if ∥YYY∥,∥YYY QE∥≲ 1, we can conclude

that

∥KKK −KKKQE∥ ≺ n−1/4

and they have asymptotically same outlier eigenvalues and eigenvector alignments.

Remark.The adove proof can be extended to the case when σ(x) is a piece-wise linear function

defined by

σ(x) =


ax+b, x > 0,

cx+b, x ≤ 0,

for some constants a,b,c ∈ R such that (3.2.2) holds. In this case, instead of taking Taylor

approximation, we need the Hermite decomposition of σ .

3.3.7 Proof Strategy for Main Results

Before proceeding to the main proofs, we briefly outline the strategy. Recall XXX = ZZZ +MMM,

where MMM is a rank-2 XOR signal and ZZZ is isotropic noise. The main idea is to decompose the CK

into a bulk component (driven by ZZZ) and low-rank signal components (driven by MMM). We first

identify any uninformative spikes, then analyze the signal-induced spikes by improving standard
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tools from random matrix theory [BGN12].

In the proportional limit, for Theorems 5, 7, and 8, we expand σ(WWW (ZZZ+MMM)) around WWWZZZ

and retain Hermite components of σ up to second order. This yields a bulk term σ(WWWZZZ) and a

low-rank spike decomposition for YYY . Let YYY 0 =
1√
N

σ(WWWZZZ) and θsnr = r
√ n

2d . Consider Gaussian

random vectors ggg1 =WWWuuu1, ggg2 =WWWuuu2. Theorems 5, 7, and 8 repeatedly use the following QE:

YYY QE := YYY 0 +
θsnrbσ√

N

(
ggg1vvv⊤1 +ggg2vvv⊤2

)
︸ ︷︷ ︸

TTT 1 (linear spikes)

+
θ 2

snrcσ√
N

(
ggg⊙2

1 vvv⊙2⊤
1 +ggg⊙2

2 vvv⊙2⊤
2

)
︸ ︷︷ ︸

TTT 2 (quadratic spikes)

. (3.3.78)

Proposition 35 (QE for XOR in Proportional Regime). Assume r = O(n1/4) and Assumptions 3

and 4 hold. Let YYY QE be (3.3.78). Then, in probability, ∥YYY −YYY QE∥ → 0. Consequently, if

∥YYY∥,∥YYY QE∥ ≲ 1, then KKK = YYY⊤YYY and KKKQE := YYY⊤
QEYYY QE have asymptotically matching outlier

eigenvalues and eigenvector alignments.

After this proposition, we can analyze informative spikes from TTT 1 and TTT 2, although we

have to carefully consider the uninformative spikes from the null model YYY 0, which gives more

technical difficulty. The magnitude of TTT 1 scales like θsnrbσ , while TTT 2 scales like θ 2
snrcσ/

√
n.

For finite SNR (or when cσ = 0), the quadratic spikes TTT 2 are negligible relative to the bulk.

In this case, only the linear spikes in TTT 1 contribute; but these are uninformative for linear

clustering. In the large-SNR regime (with cσ ̸= 0), TTT 2 becomes comparable to the bulk. Then

since yyy ∈ span{vvv⊙2
1 ,vvv⊙2

2 }, the corresponding outlier eigenvectors become label-informative.

In Section 3.2.6, due to the additional assumption of ultra-wide scaling N ≫ n, the random

kernel concentrates around a deterministic quadratic polynomial kernel, which depends solely on

the first two Hermite coefficients of σ . In particular, we have the following concentration result:

Proposition 36 (Concentration of CK for Quadratic Regime; informal). Let a2
σ = 1−b2

σ −c2
σ/2.

Assume that 2n/d2 → γ ∈ (0,∞) and n2/N → 0. Under Assumption 3, we have that

∥∥∥KKK −
(

a2
σ PPP+b2

σ XXX⊤XXX +
c2

σ

2

(
XXX⊤XXX

)
⊙
(

XXX⊤XXX
))∥∥∥ P−→ 0. (3.3.79)
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3.3.8 Proofs for Finite-SNR and Proportional Limit Regime

In this section, we present the proof for Theorem 5 when we consider proportional limit

and finite SNR regime. In this case, the rank-two XOR signal satisfies

MMM = θSNR (uuu1vvv⊤1 +uuu2vvv⊤2 ), θSNR := r
√

n
2d

→ r

√
ψ

2
.

Furthermore, we know that both uuu1,uuu2 ∈ Rd and vvv1,vvv2 ∈ Rn are deterministic orthonormal

vectors satisfying

vvv⊤1 vvv2 = 0, ∥vvv1∥= ∥vvv2∥= 1, uuu⊤vvv1 = uuu⊤vvv2 = 0, uuu :=
111n√

n
. (3.3.80)

Recall that ZZZ ∈ Rd×n have i.i.d. N (0,1/d) entries, and WWW ∈ RN×d have i.i.d. N (0,1)

entries, independent of ZZZ. Recall the null feature matrix

YYY 0 =
1√
N

σ(WWWZZZ),

and its columnwise conditional mean

mmm := E[σ(www⊤ZZZ) | ZZZ] ∈ Rn,

whose entries are

m j = F(∥zzz j∥2), F(s) := Eξ∼N (0,1)[σ(
√

sξ )], j ∈ [n].

Here zzz j denotes the j-th column of ZZZ, and www ∼ N (0, IIId) independent of ZZZ. Notice that condi-

tioning on ZZZ, YYY 0 has independent and identical distributed rows. However, when cσ ̸= 0, the

mean of rows in YYY 0, mmm, is not vanishing which will potentially give us some uninformative

spike, see [BP22, WWF24]. Hence, we fist need to subtract the mean vector mmm to make all rows
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centered and to apply theorems in [WWF24]. Then we consider the effect the mean vector mmm.

Define the centered null feature matrix by

GGG := YYY 0 −
1√
N

111Nmmm⊤ (3.3.81)

and the null model of CK matrix by

KKK0 := GGG⊤GGG.

3.3.9 Analysis of the Population Covariance Matrix

Conditional on ZZZ, the rows of GGG are i.i.d. centered vectors in Rn. Let ḡgg⊤ :=σ(www⊤ZZZ)−mmm⊤

for www ∼ N (0, IIId) independent of ZZZ, and define the conditional population covariance

ΣΣΣ := E[ḡgg ḡgg⊤ | ZZZ] ∈ Rn×n. (3.3.82)

Lemma 37 (Approximation of ΣΣΣ). Let SSS := ZZZ⊤ZZZ. Under Assumptions 3 and 4, we have

ΣΣΣ = (1−b2
σ )IIIn +b2

σ SSS+
c2

σ

2
(
SSS⊙2 − IIIn

)
+RRRΣ, (3.3.83)

such that ∥RRRΣ∥= ÕP(n−1/2).

Proof. With Lemma 5.2 of [WZ21] and Lemma 24, we have

ΣΣΣ = (1−b2
σ )IIIn +b2

σ SSS+
c2

σ

2
(
SSS⊙2 − IIIn

)
+d2

σ (SSS
⊙3 − IIIn)+OP(n−1/2),

where dσ is the third-order Hermite coefficient of σ . Note that under event of Lemma 24,

∥(ZZZ⊤ZZZ)⊙3 − In∥ ≤ ∥diag
(
(ZZZ⊤ZZZ)⊙3 − In

)
∥+∥offdiag

(
ZZZ⊤ZZZ

)⊙3∥F

≤ max
α∈[n]

∣∣|zzzα |6 −1
∣∣+n · max

α ̸=β∈[n]
|zzz⊤α zzzβ |3 ≤C

(
τn +nτ

3
n
)
≤ 2C

√
(log3 n)/n (3.3.84)
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for some constant C ≥ 0. This completes the proof.

Lemma 38. Let SSS = ZZZ⊤ZZZ and uuu = 111n/
√

n. Then

SSS⊙2 − IIIn =
n
d

uuuuuu⊤+EEE2, ∥EEE2∥= oP(1). (3.3.85)

Proof. The proof is directly derived from the proof of Theorem 2.1 of [EK10], where SSS⊙2 is the

quadratic term in the Taylor expansion of the inner-product kernel of ZZZ.

Corollary 39. Define

ΣΣΣ0 := (1−b2
σ )IIIn +b2

σ SSS, τ :=
c2

σ

2
n
d

→ c2
σ

2
ψ, uuu :=

111n√
n
. (3.3.86)

Then

ΣΣΣ = ΣΣΣ0 + τ uuuuuu⊤+RRR, ∥RRR∥= oP(1). (3.3.87)

Moreover the limiting ESD of ΣΣΣ0 (and of ΣΣΣ) equals

ν = (1−b2
σ )+b2

σ ρ
MP
ψ . (3.3.88)

Thus, the right edge of ν is λ ν
+ = (1−b2

σ )+b2
σ (1+

√
ψ)2.

Proof. Combine Lemma 37 with Lemma 38 and absorb all oP(1) terms into RRR. The rank-one

term τuuuuuu⊤ does not change the limiting ESD. The limiting ESD of ΣΣΣ0 = (1−b2
σ )III +b2

σ ZZZ⊤ZZZ is

the shifted MP law ν in (3.3.88).

3.3.10 Analysis of Spike in Population Covariance

Lemma 40 (Population outlier from ΣΣΣ0 + τuuuuuu⊤). Let AAA := ΣΣΣ0 and consider AAA+ τuuuuuu⊤. For

τ ≥ 0, any deterministic limit point Λτ > λ ν
+ of an isolated eigenvalue of AAA+ τuuuuuu⊤ must satisfy

1+ τ mν(Λτ) = 0, (3.3.89)
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where mν is the Stieltjes transform of ν . Moreover, such a solution exists iff

τ > τcrit := b2
σ

√
ψ(1+

√
ψ). (3.3.90)

Proof. For any λ /∈ spec(AAA), the rank-one perturbation identity gives

λ ∈ spec(AAA+ τuuuuuu⊤)\ spec(AAA) ⇐⇒ 1+ τ uuu⊤(AAA−λ III)−1uuu = 0. (3.3.91)

Write AAA = (1−b2
σ )III +b2

σ SSS with SSS = ZZZ⊤ZZZ. For λ > λ ν
++κ (fixed κ > 0), define

ζ :=
λ − (1−b2

σ )

b2
σ

> (1+
√

ψ)2 +κ
′,

so that

(AAA−λ III)−1 =
1

b2
σ

(SSS−ζ III)−1.

The isotropic MP local law [BEK+14] yields, uniformly for such ζ ,

uuu⊤(SSS−ζ III)−1uuu = mMP,ψ(ζ )+oP(1),

hence

uuu⊤(AAA−λ III)−1uuu =
1

b2
σ

mMP,ψ(ζ )+oP(1) = mν(λ )+oP(1). (3.3.92)

Define F(λ ) := 1+ τmν(λ ) for λ > λ ν
+. Since mν(λ )< 0 and is strictly increasing on (λ ν

+,∞),

F is strictly increasing and limλ→∞ F(λ ) = 1. Thus a solution exists iff F(λ ν
+) < 0, i.e. τ >

−1/mν(λ
ν
+). At the MP edge, mMP,ψ((1+

√
ψ)2) =− 1√

ψ(1+
√

ψ) . Using mν(λ ) =
1

b2
σ

mMP,ψ(ζ ),

at λ = λ ν
+ we get

mν(λ
ν
+) =− 1

b2
σ

√
ψ(1+

√
ψ)

.

Hence the critical τ is τcrit =−1/mν(λ
ν
+) = b2

σ

√
ψ(1+

√
ψ), proving (3.3.90).
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Lemma 41 (Closed form for Λτ when ν is shifted MP). Let ν = (1−b2
σ )+b2

σ ρMP
ψ and assume

τ > τcrit. Then the unique solution Λτ > λ ν
+ of 1+ τmν(Λτ) = 0 equals

Λτ = (1−b2
σ )+ τ +

b2
σ τ

τ −b2
σ ψ

. (3.3.93)

Proof. Write Λ = (1−b2
σ )+b2

σ ζ . Then mν(Λ) =
1

b2
σ

mMP,ψ(ζ ), and

mMP,ψ(ζ ) =−b2
σ

τ
. (3.3.94)

The Stieltjes transform m = mMP,ψ(ζ ) satisfies the quadratic equation

ψ ζ m2 +(ζ +ψ −1)m+1 = 0. (3.3.95)

Solving (3.3.95) for ζ in terms of m yields

ζ =−1+(ψ −1)m
m(1+ψm)

=− 1
m
+

1
1+ψm

. (3.3.96)

Substitute m =−b2
σ/τ from (3.3.94) into (3.3.96):

ζ =
τ

b2
σ

+
1

1−ψb2
σ/τ

=
τ

b2
σ

+
τ

τ −ψb2
σ

.

Therefore, we have

Λτ = (1−b2
σ )+b2

σ ζ = (1−b2
σ )+ τ +

b2
σ τ

τ −b2
σ ψ

,

which is (3.3.93). Uniqueness follows from strict monotonicity of mν(λ ) on (λ ν
+,∞).

Corollary 42 (Subcritical case: no population outlier). If τ ≤ τcrit, then ΣΣΣ has no isolated

eigenvalue outside supp(ν) and λmax(ΣΣΣ) = λ ν
++oP(1).
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Proof. If τ ≤ τcrit, then Lemma 40 shows the limiting secular equation has no root in (λ ν
+,∞).

Using (3.3.91)–(3.3.92) and [BS98], no separated eigenvalue exists and λmax(ΣΣΣ) = λ ν
++oP(1).

3.3.11 BBP Transition for Null Model

Let z,ϕ be defined from (ν ,φ) by (3.3.38)–(3.3.39) where ν is defiend by (3.3.88). In

this section, we analyze the uninformative spike of KKK0 derived from the potential spike in the

population covariance matrix ΣΣΣ.

Lemma 43 (Bulk of KKK0 and multiplicative BBP outlier from Λτ ). Let KKK0 = GGG⊤GGG.

(i) (Bulk.) The ESD of KKK0 converges weakly in probability to µ = ρMP
φ

⊠ν .

(ii) (BBP for covariance outlier.) If τ > τcrit, let Λτ be the population outlier of ΣΣΣ in (3.3.93).

Then:

If additionally z′
(
− 1

Λτ

)
> 0, KKK0 has a separated outlier at λ̂τ = z

(
− 1

Λτ

)
+oP(1),

where λ̂τ lies in a connected component of R\ supp(µ). If z′(−1/Λτ)≤ 0 or τ ≤ τcrit, the

corresponding eigenvalue sticks to supp(µ) and KKK0 has no outlier.

(iii) (Alignment.) In the separated case, if v̂vvτ is a unit eigenvector of KKK0 associated to λ̂τ , then

|v̂vv⊤τ uuu|2 P−→ ϕ

(
− 1

Λτ

)
. (3.3.97)

In general, any fixed unit vectors vvv ∈ Rn (potentially ZZZ dependent),

|v̂vv⊤τ vvv|2 −ϕ

(
− 1

Λτ

)
|uuu⊤vvv|2 P−→ 0. (3.3.98)

Proof. This lemma is an application of Theorem 12 of [WWF24]. It suffices to verify Assump-

tions 5 and 6 of [WWF24]. Assumption 6 is verified by Lemmas 40 and 41, and Corollary 42:
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ΣΣΣ has bulk law ν and at most one population spike Λτ (in the uuu direction), present iff τ > τcrit.

Notice that from Corollary 3.5 of [WZ21], we have

ḡgg⊤AAAḡgg−TrAAAΣΣΣ ≺ ∥AAA∥F ,

for any deterministic matrix AAA ∈ Cn×n. Then, Assumption 5 can be verified based on Lemmas

32, 33, and 34 in [WWF24]. We ignore the details here for simplicity.

3.3.12 BBP Transition for Rank-three Additive Deformation

First, we prove that, in the finite-SNR regime r = Θ(1), the explicit quadratic term in

Proposition 35 is negligible.

Lemma 44 (Finite-SNR: the explicit quadratic spike is negligible). Assume r = Θ(1) and the

assumptions of Proposition 35. Recall

TTT 2 =
θ 2

SNRcσ√
N

(
ggg⊙2

1 vvv⊙2⊤
1 +ggg⊙2

2 vvv⊙2⊤
2

)
.

Then ∥TTT 2∥= O≺(n−1/2). Furthermore, ∥YYY QE∥ ≺ 1 and

∥∥(YYY QE −TTT 2)
⊤(YYY QE −TTT 2)−YYY⊤

QEYYY QE
∥∥≺ n−1/2.

Proof. We bound

∥TTT 2∥ ≤
|θ 2

SNRcσ |√
N

2

∑
ℓ=1

∥ggg⊙2
ℓ ∥∥vvv⊙2

ℓ ∥.

Since gggℓ ∼ N (0, IIIN), ∥ggg⊙2
ℓ ∥2 = ∑

N
i=1 g4

ℓ,i = O≺(N), hence ∥ggg⊙2
ℓ ∥= O≺(

√
N). Also ∥vvv⊙2

ℓ ∥2 =

∑
n
j=1 v4

ℓ, j = 2/n for XOR sign vectors, so ∥vvv⊙2
ℓ ∥=

√
2/n. Therefore ∥TTT 2∥= O≺(n−1/2).

By Lemmas 26 and 30, we have σ(WWWZZZ)/
√

N ≺ 1. And since ggg1,ggg2 ≺
√

N and ∥vvv1∥=

∥vvv2∥= 1, we have that YYY QE ≺ 1 by the definition of YYY QE in (3.3.78). The Gram difference bound
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follows by expansion:

(YYY QE −TTT 2)
⊤(YYY QE −TTT 2)−YYY⊤

QEYYY QE =−YYY⊤
QETTT 2 −TTT⊤

2 YYY QE +TTT⊤
2 TTT 2,

hence, applying ∥YYY QE∥ ≺ 1 and ∥TTT 2∥= O≺(n−1/2) we can get the final result.

In the next proposition, we demonstrate that, in addition to the potential spike in GGG

characterized in Lemma 43, the matrix YYY may exhibit further potential spikes arising from a

rank-three additive perturbation of GGG.

Proposition 45 (Rank-three additive deformation of GGG). Assume r = Θ(1). Define

YYY ♯ := GGG+
1√
N

111Nmmm⊤︸ ︷︷ ︸
mean spike

+
θSNRbσ√

N

(
ggg1vvv⊤1 +ggg2vvv⊤2

)
︸ ︷︷ ︸

two XOR linear spikes

. (3.3.99)

Denote a new kernel matrix by KKK♯ := YYY ♯⊤YYY ♯. Then

∥YYY −YYY ♯∥ ≺ n−1/4, and hence ∥KKK −KKK♯∥ ≺ n−1/4. (3.3.100)

In particular, all the isolated eigenvalues and their eigenvectors of KKK and KKK♯ are asymptotically

the same.

Proof. By the proof of Proposition 35 and Lemma 44, in finite SNR, we can further drop TTT 2 to

get ∥YYY −YYY ♯∥ ≺ n−1/4. From the proof of Lemma 44, we also know that ∥YYY∥,∥YYY QE∥,∥YYY ♯∥ ≺ 1.

Hence we have

∥KKK −KKK♯∥= ∥YYY⊤YYY −YYY ♯⊤YYY ♯∥ ≤ ∥YYY −YYY ♯∥(∥YYY∥+∥YYY ♯∥)≺ n−1/4,

which implies asumptotic matching of isolated eigenvalues/eigenspaces by Weyl’s inequality

and Davis–Kahan Theorem [DK70, Wed72].
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Orthogonal Decomposition of Weight

Next, to analyze two XOR linear spikes in (3.3.99), we need to make bulk matrix GGG

independent with the vectors ggg1,ggg2 by the following decomposition.

Lemma 46 (Orthogonal decomposition and independence). Let PPP⊥ := IIId −uuu1uuu⊤1 −uuu2uuu⊤2 and

define

WWW⊥ :=WWWPPP⊥, ggg1 =WWWuuu1, ggg2 =WWWuuu2.

Then:

(i) WWW =WWW⊥+ggg1uuu⊤1 +ggg2uuu⊤2 .

(ii) ggg1,ggg2 are independent N (0, IIIN) vectors and are independent of WWW⊥.

Proof. For each row www⊤
i of WWW , decompose in Rd:

wwwi = (www⊤
i uuu1)uuu1 +(www⊤

i uuu2)uuu2 +PPP⊥wwwi.

Stacking over i yields WWW =WWW⊥+ggg1uuu⊤1 +ggg2uuu⊤2 . Since wwwi ∼ N (0, IIId), the scalar components

www⊤
i uuu1, www⊤

i uuu2, and the vector PPP⊥wwwi are independent Gaussians because they are orthogonal linear

functionals of a Gaussian vector. Stacking over i gives independence of ggg1,ggg2 and WWW⊥.

Lemma 47 (The null bulk is asymptotically independent of ggg1,ggg2). Define

ỸYY 0 :=
1√
N

σ(WWW⊥ZZZ), m̃mm := E[σ(w̃ww⊤ZZZ) | ZZZ], w̃ww ∼ N (0,PPP⊥), G̃GG := ỸYY 0 −
1√
N

111Nm̃mm⊤.

Then

∥mmm− m̃mm∥,∥GGG− G̃GG∥ ≺ 1/
√

N, (3.3.101)

and G̃GG is independent of (ggg1,ggg2).

Proof. By Lemma 46,

WWWZZZ =WWW⊥ZZZ +ggg1(uuu
⊤
1 ZZZ)+ggg2(uuu

⊤
2 ZZZ).
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Let ttt⊤1 := uuu⊤1 ZZZ and ttt⊤2 := uuu⊤2 ZZZ. Each tttk ∈ Rn has i.i.d. N (0,1/d) entries and is independent of

WWW . Set AAA :=WWW⊥ZZZ and ∆∆∆ := ggg1ttt⊤1 +ggg2ttt⊤2 , so σ(WWWZZZ) = σ(AAA+∆∆∆) and σ(WWW⊥ZZZ) = σ(AAA).

Following the same proof of Proposition 35, we can entrywisely a apply the following

Taylor approximation, with a = Ai j, δ = ∆i j, bounded σ (3) gives

σ(a+δ ) = σ(a)+σ
′(a)δ +

1
2

σ
′′(ξ )δ 2

for some ξ between a and a+δ . Therefore

YYY 0 − ỸYY 0 =
1√
N

(
σ(AAA+∆∆∆)−σ(AAA)

)
= T̃TT 1 + T̃TT 2,

where

T̃TT 1 :=
1√
N

(
σ
′(AAA)⊙∆∆∆

)
, T̃TT 2 :=

1
2
√

N

(
σ
′′(ΞΞΞ)⊙∆∆∆

⊙2).
First, we have

∥T̃TT 1∥ ≤
1√
N

2

∑
i=1

∥diag(gggi)∥∥σ
′(AAA)∥∥diag(ttt i)∥ ≺ 1/

√
n,

where we apply Lemmas 28 and 29, and ∥σ ′(AAA)∥= O≺(
√

N) because σ ′ is bounded and AAA has

i.i.d. bounded sub-Gaussian norm of rows. Similarly we have ∥T̃TT 2∥ ≺ 1/
√

n since ∥σ ′;(ΞΞΞ)∥=

O≺(1). A parallel argument applies to the conditional mean vectors, giving ∥mmm− m̃mm∥ ≺ 1/
√

n

since ∥mmm− m̃mm∥ ≤ E[∥YYY 0 − ỸYY 0∥|ZZZ]. Therefore we complete the proof.

Mean Spike Strength and Orthogonality

Lemma 48 (Mean spike strength and orthogonality). Under the Assumptions 3 and 4, we have

∥mmm∥2 P−→ βmean :=
c2

σ

2
ψ, (3.3.102)

and

uuu⊤mmm = oP(1), vvv⊤1 mmm = oP(1), vvv⊤2 mmm = oP(1). (3.3.103)
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Proof. Fix j ∈ [n] and condition on zzz j. Since www ∼ N (0, IIId) is independent of zzz j, www⊤zzz j ∼

N (0,∥zzz j∥2). Define for s > 0

F(s) := Eξ∼N (0,1)
[
σ(

√
sξ )
]
,

so that m j = F(∥zzz j∥2). By E[σ(ξ )] = 0 we have F(1) = 0.

Under Assumption 3, F is C2 on a neighborhood of 1 and we may differentiate under the

expectation:

F ′(s) =
1

2
√

s
E
[
σ
′(
√

sξ )ξ
]
.

Hence, using Stein’s identity E[ξ f (ξ )] = E[ f ′(ξ )] with f = σ ′,

F ′(1) =
1
2
E[σ ′(ξ )ξ ] =

1
2
E[σ ′′(ξ )] =

cσ

2
.

Therefore, for s in a fixed neighborhood of 1, Taylor expansion of F at s = 1 gives us

F(s) =
cσ

2
(s−1)+R(s), |R(s)| ≤C(s−1)2, (3.3.104)

for some constant C depending only on supt∈[1−δ ,1+δ ] |F ′′(t)|.

Then let ∆ j := ∥zzz j∥2 −1. By (3.3.104),

m j =
cσ

2
∆ j +R j, |R j| ≤C∆

2
j

on the event ∥zzz j∥2 ∈ [1−δ ,1+δ ], which holds w.h.p. since ∥zzz j∥2 = (1/d)χ2
d . Then

m2
j =

c2
σ

4
∆

2
j +

cσ

1
∆ jR j +R2

j︸ ︷︷ ︸
=:e j

, |e j| ≤C
(
|∆ j|3 +∆

4
j
)
.
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Summing over j gives

∥mmm∥2 =
c2

σ

4

n

∑
j=1

∆
2
j +

n

∑
j=1

e j. (3.3.105)

Since ∆ j = (χ2
d − d)/d has moments E|∆ j|3 = O(d−3/2) and E[∆4

j ] = O(d−2), and n/d → ψ ,

we have

E
[ n

∑
j=1

|e j|
]
≤Cn

(
E|∆ j|3 +E[∆4

j ]
)
= O

( n
d3/2 +

n
d2

)
= o(1),

hence ∑
n
j=1 e j = oP(1) by Markov inequality. Thus (3.3.105) reduces to

∥mmm∥2 =
c2

σ

4

n

∑
j=1

∆
2
j +oP(1). (3.3.106)

Lastly, we give the concentration of ∑∆2
j . Because zzz j ∼ N (0, IIId/d), we have ∆ j =

(χ2
d, j −d)/d with i.i.d. χ2

d, j. Then

E[∆2
j ] = Var(∥zzz j∥2) =

2
d
, Var(∆2

j) = O(d−2).

Therefore

Var
( n

∑
j=1

∆
2
j

)
= nVar(∆2

j) = O
( n

d2

)
= O

(1
d

)
→ 0,

so the Chebyshev inequality implies

n

∑
j=1

∆
2
j =

2n
d

+oP(1).

Plugging into (3.3.106) yields

∥mmm∥2 =
c2

σ

4
· 2n

d
+oP(1)→

c2
σ

2
ψ,

proving (3.3.102).

Let vvv ∈Rn be any deterministic unit vector (in particular uuu,vvv1,vvv2). Since m j are indepen-
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dent and Var(m j) = O(1/d) (from m j = (cσ/2)∆ j +O(∆2
j) and Var(∆ j) = 2/d),

Var(vvv⊤mmm) =
n

∑
j=1

v2
jVar(m j) = O(1/d)→ 0.

Also E[m j] = O(1/d) (because E[∆ j] = 0 and the remainder is O(∆2
j)), hence

|E[vvv⊤mmm]|=
∣∣∣ n

∑
j=1

v jE[m j]
∣∣∣≤ ∥vvv∥1 O(1/d)≤

√
nO(1/d) = O(d−1/2)→ 0.

Thus vvv⊤mmm → 0 in L2 and hence in probability. Taking vvv = uuu,vvv1,vvv2 yields (3.3.103).

Lemma 49. Let gggk =WWWuuuk for fixed orthonormal uuu1,uuu2. Then

∥gggk∥2

N
−1 ≺ 1√

N
,

ggg⊤1 ggg2

N
≺ 1√

N
.

Consequently, the two XOR additive spikes in (3.3.99) have asymptotic strength

βlinear := θ
2
SNRb2

σ → r2ψ

2
b2

σ . (3.3.107)

Proof. Each gggk ∼ N (0, IIIN) and (ggg1,ggg2) is jointly Gaussian with Cov(ggg1,ggg2) = 0. Therefore,

we can directly apply Proposition 2.6.6 and Theorem 3.1.1 of [Ver18] to get conclusion.

Resolvent Quadratic Forms for the Spike Analysis

Fix a compact set D ⊂R such that D ∩ supp(µ) = /0. For λ ∈ D , define s(λ ) ∈R by the

unique relation

λ = z(s(λ )), z′(s(λ ))> 0, (3.3.108)

which is well-defined by Lemma 31.

Define the left and right resolvents

QQQL(λ ) := (GGGGGG⊤−λ IIIN)
−1, QQQR(λ ) := (KKK0 −λ IIIn)

−1.
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Lemma 50 (Left resolvent limits for quadratic forms). Uniformly for λ ∈ D ⊂ R\{0},

1
N

111⊤N QQQL(λ )111N = s(λ )+oP(1), (3.3.109)

1
N

ggg⊤k QQQL(λ )gggℓ = δkℓ s(λ )+oP(1), (3.3.110)

1
N

111⊤N QQQL(λ )gggk = oP(1). (3.3.111)

Proof. First, for (3.3.109), we can employ rowwise Lindeberg replacement for GGG to transform it

into a Gaussian Wishart equivalent model and subsequently apply the classical anisotropic local

law. Nevertheless, for the sake of simplicity, we can directly utilize Theorem 2.10 of [FMPW26]

to derive the anisotropic local law of GGGGGG⊤:

1
N

111⊤N QQQL(λ )111N − s(λ )≺ 1√
N

uniformly for λ ∈ D ⊂ R\{0} where D ⊂ R is a fixed compact set such that D ∩ (supp(µ)∪

{0}) = /0.

Second, we can replace GGG by an independent copy of the bulk. By Lemma 47, ∥GGG−G̃GG∥≺

1/
√

n, hence ∥GGGGGG⊤− G̃GGG̃GG
⊤
∥ ≺ 1/

√
n. Resolvent stability gives, uniformly on D ,

∥QQQL(λ )− Q̃QQL(λ )∥ ≺ 1/
√

n, Q̃QQL(λ ) := (G̃GGG̃GG
⊤
−λ III)−1.

Thus it suffices to prove (3.3.110)–(3.3.111) with QQQL replaced by Q̃QQL.

By Lemma 46, ggg1,ggg2 are independent standard Gaussian random vectors in RN and

independent of G̃GG, hence independent of Q̃QQL(λ ). Conditional on Q̃QQL(λ ), for k ̸= ℓ, ggg⊤k Q̃QQL(λ )gggℓ

is centered with variance O(N), so N−1ggg⊤k Q̃QQL(λ )gggℓ = oP(1). For k = ℓ, conditional expectation

gives

E
[ 1

N
ggg⊤k Q̃QQL(λ )gggk

∣∣∣ Q̃QQL(λ )
]
=

1
N

Tr Q̃QQL(λ ),

and Hanson–Wright inequality yields concentration around this trace at OP(N−1/2), uniformly
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on D since ∥Q̃QQL(λ )∥ ≤ 1/dist(λ ,spec(G̃GGG̃GG
⊤
))≤C(D). Similarly, N−1111⊤Q̃QQL(λ )gggk = oP(1).

Lemma 51 (Wishart resolvent quadratic form with a column-dependent vector). Let ZZZ ∈ Rd×n

have i.i.d. entries Zℓ j ∼ N (0,1/d), and set

SSS := ZZZ⊤ZZZ ∈ Rn×n, GGG(ζ ) := (SSS−ζ IIIn)
−1, ζ ∈ C\R.

Assume n/d → ψ ∈ (0,∞) and define MP edges

a := (1−
√

ψ)2, b := (1+
√

ψ)2.

Fix κ > 0 and ω ∈ (0,1), and consider the outside-spectrum domain

Sout :=
{

ζ = E + iη : dist(E, [a,b])≥ κ, n−1+ω ≤ η ≤ 1
}
.

Let f : R+ → R be Lipschitz with f (1) = 0 and polynomial growth, and define the column-

separable random vector

mmm ∈ Rn, m j := f (∥zzz j∥2), j ∈ [n].

Let mMP,ψ(ζ ) be the Stieltjes transform of ρMP
ψ . Then uniformly for ζ ∈ Sout,

mmm⊤GGG(ζ )mmm = mMP,ψ(ζ )∥mmm∥2 + O≺(d−1/2). (3.3.112)

In particular, for any fixed real E with dist(E, [a,b])≥ κ ,

mmm⊤(SSS−EIII)−1mmm = mMP,ψ(E)∥mmm∥2 +oP(1).
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Proof. Since ∥zzz j∥2 = 1+O≺(d−1/2) and f is Lipschitz with f (1) = 0,

m j = O≺(d−1/2) uniformly in j. (3.3.113)

Hence ∥mmm∥2 = ∑
n
j=1 m2

j = O≺(n/d) = O≺(1), and moreover

∥mmm∥= O≺(1). (3.3.114)

We first recall isotropic local law of [BEK+14] for SSS. By the entrywise local law for

sample covariance matrices and its minor-stability [BEK+14, KY17], we have

max
i, j∈[n]

∣∣GGGi j(ζ )−δi j mMP,ψ(ζ )
∣∣ ≺ Ψ(ζ ) := n−1/2, (3.3.115)

and the same holds for all resolvent minors GGG( j)(ζ ) := (SSS( j)− ζ III)−1, uniformly in j ∈ [n]),

where SSS( j) denote the (n−1)× (n−1) minor of SSS obtained by removing j-th row and column.

We will also use the standard resolvent comparison identity between GGG and GGG( j): for any

i,k ̸= j,

GGGik(ζ ) = GGG( j)
ik (ζ )+

GGGi j(ζ )GGG jk(ζ )

GGG j j(ζ )
. (3.3.116)

Since GGGi j = O≺(n−1/2) for i ̸= j and GGG j j = O≺(1) on Sout,

max
i,k ̸= j

∣∣GGGik(ζ )−GGG( j)
ik (ζ )

∣∣ ≺ Ψ(ζ )2 = n−1. (3.3.117)

Write the block form of SSS−ζ III w.r.t. index j:

SSS−ζ III =

q j −ζ rrr⊤j

rrr j SSS( j)−ζ III

, q j := ∥zzz j∥2, rrr j := (zzz⊤k zzz j)k ̸= j ∈ Rn−1.
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Denote vector GGG j,− j(ζ ) = (GGG jk(ζ ))k ̸= j ∈ R1×(n−1). The Schur complement identities give

GGG j j(ζ ) =
1

q j −ζ − rrr⊤j GGG( j)(ζ )rrr j
, (3.3.118)

GGG j,− j(ζ ) =−GGG j j(ζ )rrr⊤j GGG( j)(ζ ). (3.3.119)

Let mmm( j) be mmm with the j-th component removed, and define

a j(ζ ) := rrr⊤j GGG( j)(ζ )mmm( j). (3.3.120)

Then (GGGmmm) j = GGG j j(m j −a j(ζ )), so

mmm⊤GGG(ζ )mmm =
n

∑
j=1

m2
j GGG j j(ζ )−

n

∑
j=1

m j GGG j j(ζ )a j(ζ ) =: T1(ζ )−T2(ζ ). (3.3.121)

Now we control T1(ζ ) and T2(ζ ) separately.

For T1(ζ ) term, by (3.3.115) with i = j, GGG j j(ζ ) = mMP,ψ(ζ ) + O≺(n−1/2). Using

∥mmm∥2 = O≺(1),

T1(ζ ) = mMP,ψ(ζ )∥mmm∥2 +O≺(n−1/2). (3.3.122)

Hence, it suffices to control the dependence term T2(ζ ) in the rest of proof. Write

X j(ζ ) := m j GGG j j(ζ )a j(ζ ), so T2(ζ ) = ∑
n
j=1 X j(ζ ). We follow the fluctuation average idea from

[WWF24] to show that T2(ζ ) is vanishing.

Firstly, we compute the mean of this T2(ζ ). Let E j[·] be conditional expectation over the

single column zzz j (i.e. conditioning on ZZZ( j)). Then: (i) m j = f (∥zzz j∥2) is even in zzz j; (ii) GGG j j(ζ ) is

even in zzz j by (3.3.118); (iii) a j(ζ ) is odd in zzz j because rrr j = ZZZ( j)⊤zzz j is linear in zzz j, while GGG( j)

and mmm( j) are ZZZ( j)-measurable, independent with zzz j. Hence X j(ζ ) is odd in zzz j, so

E j[X j(ζ )] = 0. (3.3.123)
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Next, we control the size of a j and X j. Conditional on ZZZ( j), we have rrr j = ZZZ( j)⊤zzz j, with

zzz j ∼ N (000, IIId/d) independent of ZZZ( j). Thus rrr j is centered Gaussian with Cov j(rrr j) = (1/d)SSS( j).

Therefore a j(ζ ) = mmm( j)⊤GGG( j)rrr j is centered Gaussian with conditional variance

Var j(a j(ζ )) =
1
d

mmm( j)⊤GGG( j)(ζ )SSS( j)GGG( j)(ζ )mmm( j) ≤ C
d
∥mmm∥2,

because on Sout, ∥GGG( j)(ζ )∥ ≤C(κ) and ∥SSS( j)∥= O≺(1). Using ∥mmm∥= O≺(1), we get

a j(ζ ) = O≺(d−1/2). (3.3.124)

Combining (3.3.113), GGG j j(ζ ) = O≺(1), and (3.3.124) yields

X j(ζ ) = O≺(d−1). (3.3.125)

Finally, we take high-moment fluctuation averaging for T2. Fix an integer p ≥ 1. We

claim

E
∣∣T2(ζ )

∣∣2p ≤ Cp

( n
d2

)p
≍ Cp d−p, uniformly for ζ ∈ Sout. (3.3.126)

This implies T2(ζ ) = O≺(
√

n/d) = O≺(d−1/2).

We can expand moments and classify by the number of distinct indices. Notice that

E|T2|2p = ∑
j1,..., j2p∈[n]

E
[
X j1 · · ·X j2p

]
.

For any fixed multi-index jjj = ( j1, . . . , j2p), let I ( jjj) be the set of distinct values in jjj, and write

r := |I ( jjj)|. For each t ∈ I ( jjj), let νt be its multiplicity in the list jjj, so ∑t∈I νt = 2p. Let
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S ( jjj) := {t ∈ I ( jjj) : νt = 1} be the set of singleton indices, and write q := |S ( jjj)|. Notice that

2p = ∑
t∈I

νt ≥ ∑
t∈S

1+ ∑
t /∈S

2 = q+2(r−q) = 2r−q,

hence q ≥ 2r−2p for any fixed multi-index jjj.

Fix a monomial X j1 · · ·X j2p and pick a singleton index t ∈ S ( jjj). Write the product as

Xt ·Ft , where Ft is the product of the remaining 2p−1 factors. Define F(t)
t by replacing in Ft

every resolvent entry of GGG (and of any minors) by the corresponding entry of a resolvent/minor

with index t removed whenever the indices allow. Formally, F(t)
t is constructed so that it is

ZZZ(t)-measurable, hence independent of zzzt , and such that

Ft = F(t)
t +∆t , |∆t | ≺ Ψ(ζ )2

∏
α ̸=t

|X jα |. (3.3.127)

The estimate (3.3.127) follows by repeated use of the resolvent identity (3.3.116) and the

replacement bound (3.3.117): each replacement introduces at least one factor GGGitGGGtk/GGGtt , hence

a factor O≺(Ψ
2), and the total number of replacements is Op(1) since p is fixed. Hence, (3.3.127)

decouples each singleton index and gains a factor Ψ(ζ )2 per singleton.

Now take Et [·]. Since F(t)
t is ZZZ(t)-measurable, by (3.3.123), we have

Et [XtF
(t)

t ] = F(t)
t Et [Xt ] = 0.

Hence

E[XtFt ] = E[Xt∆t ]. (3.3.128)

Using (3.3.125) and (3.3.127), we obtain

∣∣E[Xt∆t ]
∣∣ ≺ Ψ(ζ )2E

[
|Xt |∏

α ̸=t
|X jα |

]
≺ Ψ(ζ )2 d−2p.
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Then, we can repeat this decoupling for each singleton index in S ( jjj), and each repetition

contributes an additional factor Ψ(ζ )2. Therefore, for the monomial with q singleton indices,

∣∣E[X j1 · · ·X j2p]
∣∣ ≺ d−2p

Ψ(ζ )2q. (3.3.129)

For fixed r = |I |, the number of multi-indices with r distinct values is O(nr). Using

(3.3.129) and q ≥ 2r−2p, we get

∑
jjj: |I ( jjj)|=r

∣∣E[X j1 · · ·X j2p]
∣∣ ≺ nr d−2p

Ψ(ζ )2(2r−2p).

On Sout, Ψ(ζ ) = n−1/2, so nr d−2p Ψ4r−4p = n2p−r d−2p ≍ d−r. Summing over r = 1, . . . ,2p

gives

E|T2(ζ )|2p ≺
2p

∑
r=1

d−r ≺ d−1.

This is already o(1), but we need the sharper d−p scaling. For that, we treat separately the case

r ≤ p, where there are no (or few) singletons and pairing dominates:

• If r ≤ p, then trivially q ≥ 0 and we use the crude size bound |X j| ≺ d−1: there are

O(nr) ≤ O(np) such monomials, each of size O≺(d−2p), so their total contribution is

O≺( npd−2p) = O≺(d−p).

• If r ≥ p+ 1, then q ≥ 2r− 2p ≥ 2, and the singleton-decoupling bound above yields a

total contribution O≺(∑r≥p+1 d−r)≺ d−(p+1), which is negligible compared to d−p.

Combining both regimes yields (3.3.126), proving T2(ζ ) = O≺(d−1/2). By (3.3.121), (3.3.122),

and T2(ζ ) = O≺(d−1/2), we can conclude that

mmm⊤GGG(ζ )mmm = mMP,ψ(ζ )∥mmm∥2 +O≺(n−1/2)+O≺(d−1/2).

Since n ≍ d, this is exactly (3.3.112).
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Lemma 52 (Right resolvent limits for quadratic forms). Uniformly for λ ∈ D ,

vvv⊤k QQQR(λ )vvvℓ = δkℓmµ(λ )+oP(1), (3.3.130)

mmm⊤QQQR(λ )mmm = ∥mmm∥2 mµ(λ )+oP(1), (3.3.131)

vvv⊤k QQQR(λ )mmm = oP(1). (3.3.132)

Proof. Conditional on ZZZ, KKK0 = GGG⊤GGG is a general sample covariance matrix with population

covariance ΣΣΣ and aspect ratio φ = n/N. Similar as the proof of Lemma 43, we can verify that

Assumption 5 of [WWF24] is satisfied for GGG. Hence, we can apply Theorem 10 of [WWF24] to

obtain a deterministic equivalence of quadratic form of the resolvent QQQR(λ ). Precisely for any

deterministic unit vectors bbb,bbb′ (possibly ZZZ-measurable),

bbb⊤(KKK0 −λ III)−1bbb′ = bbb⊤
(
−λ m̃µ(λ )ΣΣΣ−λ III

)−1
bbb′+O≺(N−1/2), (3.3.133)

uniformly for λ ∈ D .

By Corollary 39, ΣΣΣ = ΣΣΣ0+τuuuuuu⊤+RRR with ∥RRR∥= oP(1). Let AAA :=−λ s(λ )ΣΣΣ0−λ III. Then

−λ s(λ )ΣΣΣ−λ III = AAA−λ s(λ )τuuuuuu⊤+oP(1).

By Woodbury identity, we have

(AAA−λ sτuuuuuu⊤)−1 = AAA−1 +
λ sτ

1−λ sτ uuu⊤AAA−1uuu
AAA−1uuuuuu⊤AAA−1.

If bbb⊤uuu = 0 and bbb′⊤uuu = 0, then bbb⊤(AAA−1uuu) = O(1) · (bbb⊤uuu) = 0, hence the rank-one correction

vanishes:

bbb⊤(AAA−λ sτuuuuuu⊤)−1bbb′ = bbb⊤AAA−1bbb′.

Applying this with bbb = vvvk, bbb′ = vvvℓ (note vvv⊤k uuu = 0 by (3.3.80)) yields that the τ-spike does not
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affect (3.3.130). Also, Lemma 48 implies that bbb⊤(AAA−λ sτuuuuuu⊤)−1bbb′ = bbb⊤AAA−1bbb′+ oP(1) for

bbb = bbb′ = mmm/∥mmm∥.

For vvv⊤k AAA−1vvvℓ, since ΣΣΣ0 = (1− b2
σ )III + b2

σ SSS is orthogonally invariant (shifted Wishart),

the anisotropic local law from [KY17] implies vvv⊤k AAA−1vvvℓ = δkℓmµ(λ )+oP(1), giving (3.3.130).

Here, we have removed the rank-one τuuuuuu⊤ term in ΣΣΣ when applying (3.3.133).

For the quadratic from with respect to mmm, we apply (3.3.133) with bbb = bbb′ = mmm/∥mmm∥ and

then show that mmm⊤AAA−1mmm = ∥mmm∥2mµ(λ )+oP(1) even though mmm depends on ZZZ. Write

AAA−1 =
(
−λ s(λ )

(
(1−b2

σ )III +b2
σ SSS
)
−λ III

)−1
= α(λ )(SSS−ζ (λ )III)−1,

for explicit scalars α(λ ) and ζ (λ ) depending on λ (and bounded away from supp(ρMP
ψ ) for

λ ∈ D). From Lemma 51, we can derive that

mmm⊤(SSS−ζ III)−1mmm = mMP,ψ(ζ )∥mmm∥2 +oP(1), (3.3.134)

uniformly for ζ = ζ (λ ) in the relevant domain.

For the cross term vvv⊤k QQQR(λ )mmm, we use (3.3.133) with bbb = vvvk, bbb′ = mmm. The deterministic

equivalent reduces to vvv⊤k AAA−1mmm since vvvk ⊥ uuu. Because vvv⊤k mmm = oP(1) (Lemma 48) and ∥AAA−1∥=

O(1) on D , we get vvv⊤k AAA−1mmm = oP(1), yielding (3.3.132).

Analyses of Additive Spikes and Alignments

Define the rank-three spike matrix

PPP :=
1√
N

111Nmmm⊤+
θSNRbσ√

N

(
ggg1vvv⊤1 +ggg2vvv⊤2

)
=

2

∑
k=0

√
βk aaakbbb⊤k , (3.3.135)

where

aaa0 :=
111N√

N
, bbb0 :=

mmm
∥mmm∥

, aaa1 :=
ggg1

∥ggg1∥
, bbb1 := vvv1, aaa2 :=

ggg2
∥ggg2∥

, bbb2 := vvv2,
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and (by Lemmas 48 and 49), asymptotically,

β0 = ∥mmm∥2 → βmean =
c2

σ

2
ψ, β1 = β2 = θ

2
SNRb2

σ → βlinear =
r2ψ

2
b2

σ . (3.3.136)

Then, we recall YYY ♯ = GGG+PPP and KKK♯ = YYY ♯⊤YYY ♯ defined by Proposition 45.

Lemma 53. Let GGG ∈ RN×n and KKK0 := GGG⊤GGG. Assume KKK0 has an isolated outlier eigenvalue λ̂
(0)
τ

with unit-norm eigenvector ûuuτ ∈ Rn so that for any ε > 0,

KKK0 ûuuτ = λ̂
(0)
τ ûuuτ , λ̂

(0)
τ /∈ supp(µ)+(−ε,ε)

for all large n. Define the associated unit left singular vector of GGG as

ŵwwτ :=
GGGûuuτ√

λ̂
(0)
τ

∈ RN , ∥ŵwwτ∥= 1.

Consider the rank–3 additive spike matrix PPP = ∑
2
k=0

√
βk aaakbbb⊤k with ∥aaak∥ = ∥bbbk∥ = 1

and βk = O(1), YYY ♯ = GGG+PPP, and KKK♯ = YYY ♯⊤YYY ♯. Assume the decoupling conditions:

max
k∈{0,1,2}

|bbb⊤k ûuuτ |= oP(1), max
k∈{0,1,2}

|aaa⊤k ŵwwτ |= oP(1). (3.3.137)

Then:

(i) (Eigenvalue stability.) There exists an eigenvalue λ̂
♯
τ ∈ spec(KKK♯) such that

∣∣λ̂ ♯
τ − λ̂

(0)
τ

∣∣= oP(1).

Hence, λ̂
♯
τ is an outlier eigenvalue of KKK♯.

(ii) (Eigenvector-alignment stability.) Fix any constant δ > 0. Let ΠΠΠδ be the spectral projector
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of KKK♯ onto Iδ := (λ̂
(0)
τ −δ , λ̂

(0)
τ +δ ). Then

∥(III −ΠΠΠδ )ûuuτ∥= oP(1).

In particular, the normalized vector

ûuu♯τ :=
ΠΠΠδ ûuuτ

∥ΠΠΠδ ûuuτ∥
∈ Range(ΠΠΠδ )

satisfies |⟨ûuu♯τ , ûuuτ⟩|2 = 1−oP(1). Thus ûuu♯τ inherits the same eigenvector alignment limit as

ûuuτ (e.g. alignment with uuu = 111n/
√

n in Lemma 43).

(iii) (Projected resolvents remove the singularity at λ̂
(0)
τ .) Define the orthogonal projectors

PPP⊥
R := IIIn − ûuuτ ûuu⊤τ , PPP⊥

L := IIIN − ŵwwτ ŵww⊤
τ ,

and the spike-removed resolvents

QQQ⊥
R (λ ) := PPP⊥

R (KKK0 −λ III)−1PPP⊥
R ,

QQQ⊥
L (λ ) := PPP⊥

L (GGGGGG⊤−λ III)−1PPP⊥
L ,

which admit a continuous extension to λ = λ̂
(0)
τ . For each fixed k, ℓ ∈ {0,1,2},

bbb⊤k QQQ⊥
R (λ̂

(0)
τ )bbbℓ and aaa⊤k QQQ⊥

L (λ̂
(0)
τ )aaaℓ

are well-defined and remain OP(1). Hence, applying (3.3.137), we have

bbb⊤k QQQR(λ̂
(0)
τ )bbbℓ = bbb⊤k QQQ⊥

R (λ̂
(0)
τ )bbbℓ+oP(1) (3.3.138)
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and

aaa⊤k QQQL(λ̂
(0)
τ )aaaℓ = aaa⊤k QQQ⊥

L (λ̂
(0)
τ )aaaℓ+oP(1). (3.3.139)

Proof. We can expand KKK♯ as a low-rank perturbation of KKK0. By definition,

KKK♯ = (GGG+PPP)⊤(GGG+PPP) = KKK0 +GGG⊤PPP+PPP⊤GGG+PPP⊤PPP︸ ︷︷ ︸
=: ∆∆∆

.

Thus ∆∆∆ has rank at most 9 and ∥∆∆∆∥= OP(1) (since ∥GGG∥= OP(1) and ∥PPP∥= OP(1)).

Part (i). Let AAA be symmetric, λ ∈ R, and vvv a unit vector. Then

dist
(
λ ,spec(AAA)

)
≤ ∥(AAA−λ III)vvv∥. (3.3.140)

Indeed, considering eigen-decomposition AAA = ∑i λiqqqiqqq
⊤
i and vvv = ∑i ciqqqi, we have

∥(AAA−λ III)vvv∥2 = ∑
i
(λi −λ )2|ci|2 ≥ min

i
(λi −λ )2

∑
i
|ci|2 = dist(λ ,spec(AAA))2

Since KKK0ûuuτ = λ̂
(0)
τ ûuuτ , we have

(KKK♯− λ̂
(0)
τ III)ûuuτ = (KKK0 − λ̂

(0)
τ III)ûuuτ +∆∆∆ûuuτ = ∆∆∆ûuuτ .

Therefore,

dist
(
λ̂
(0)
τ ,spec(KKK♯)

)
≤ ∥∆∆∆ûuuτ∥.

It remains to show ∥∆∆∆ûuuτ∥= oP(1).

Write PPP = AAAΘΘΘBBB⊤ with AAA = [aaa0,aaa1,aaa2], BBB = [bbb0,bbb1,bbb2] and ΘΘΘ = diag(
√

β0,
√

β1,
√

β2).
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Then

GGG⊤PPPûuuτ = GGG⊤AAAΘΘΘ(BBB⊤ûuuτ),

PPP⊤PPPûuuτ = BBBΘΘΘ(AAA⊤AAA)ΘΘΘ(BBB⊤ûuuτ),

PPP⊤GGGûuuτ = BBBΘΘΘAAA⊤(GGGûuuτ) =

√
λ̂
(0)
τ BBBΘΘΘ(AAA⊤ŵwwτ),

where we used GGGûuuτ =

√
λ̂
(0)
τ ŵwwτ . Hence,

∥∆∆∆ûuuτ∥ ≤ ∥GGG⊤AAAΘΘΘ∥ · ∥BBB⊤ûuuτ∥+
√

λ̂
(0)
τ ∥BBBΘΘΘ∥ · ∥AAA⊤ŵwwτ∥+∥BBBΘΘΘ(AAA⊤AAA)ΘΘΘ∥ · ∥BBB⊤ûuuτ∥.

Now ∥GGG⊤AAAΘΘΘ∥ ≤ ∥GGG∥∥AAA∥∥ΘΘΘ∥ = OP(1), ∥BBBΘΘΘ∥ = O(1), and ∥BBBΘΘΘ(AAA⊤AAA)ΘΘΘ∥ = O(1). By the

decoupling assumptions (3.3.137),

∥BBB⊤ûuuτ∥= oP(1), ∥AAA⊤ŵwwτ∥= oP(1).

Therefore ∥∆∆∆ûuuτ∥= oP(1), and combining with (3.3.140) yields

dist
(
λ̂
(0)
τ ,spec(KKK♯)

)
= oP(1),

which proves (i).

Part (ii). Let KKK♯ = ∑i λ̂
♯
i v̂vviv̂vv

⊤
i be an eigen-decomposition, and write ûuuτ = ∑i civ̂vvi. Then

∥(KKK♯− λ̂
(0)
τ III)ûuuτ∥2 = ∑

i
(λ̂ ♯

i − λ̂
(0)
τ )2|ci|2 = ∥∆∆∆ûuuτ∥2 = oP(1).

Split the sum into indices with λ̂
♯
i ∈ Iδ and those with λ̂

♯
i /∈ Iδ . For λ̂

♯
i /∈ Iδ we have |λ̂ ♯

i − λ̂
(0)
τ | ≥ δ ,

hence

δ
2

∑
λ̂
♯
i /∈Iδ

|ci|2 ≤ ∑
λ̂
♯
i /∈Iδ

(λ̂ ♯
i − λ̂

(0)
τ )2|ci|2 ≤ ∥(KKK♯− λ̂

(0)
τ III)ûuuτ∥2 = oP(1).
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Therefore ∑
λ̂
♯
i /∈Iδ

|ci|2 = oP(1), i.e. ∥(III −ΠΠΠδ )ûuuτ∥= oP(1), proving (ii). This argument makes

no assumption about how many eigenvalues lie inside Iδ , so it remains valid under collisions

when there are more than one eigenvalues of KKK♯ in Iδ .

Part (iii). Let {λ̂
(0)
i , ûuu(0)i } be an eigen-decomposition of KKK0 with λ̂

(0)
τ corresponding to

ûuuτ . Then for λ ̸= λ̂
(0)
τ ,

(KKK0 −λ III)−1 =
1

λ̂
(0)
τ −λ

ûuuτ ûuu⊤τ + ∑
i̸=τ

1

λ̂
(0)
i −λ

ûuu(0)i ûuu(0)⊤i .

Multiplying by PPP⊥
R on both sides removes the pole term, giving

QQQ⊥
R (λ ) = ∑

i̸=τ

1

λ̂
(0)
i −λ

ûuu(0)i ûuu(0)⊤i ,

which is continuous at λ = λ̂
(0)
τ (since the sum is over i ̸= τ). The same argument applies to

QQQ⊥
L (λ ) using the eigen-decomposition of GGGGGG⊤. Hence the quadratic forms in (iii) are well-

defined and OP(1). This is exactly what is needed to write the additive outlier determinant

equation in a way that still makes sense at the collision point λ = λ̂
(0)
τ .

Lemma 54 (Verification of the decoupling conditions (3.3.137) for KKK0). Under the assumptions

of Lemma 43, additionally suppose the separated regime, that is, τ > τcrit and z′(−1/Λτ)> 0.

Under these conditions, the matrix KKK0 = GGG⊤GGG possesses a unique isolated outlier eigenvalue,

denoted by λτ , associated with a unit-norm eigenvector uuuτ . Define the associated left singular

vector wwwτ := GGGuuuτ/
√

λτ . Recall the spike directions

bbb0 =
mmm
∥mmm∥

, bbb1 = vvv1, bbb2 = vvv2, aaa0 =
111N√

N
, aaa1 =

ggg1
∥ggg1∥

, aaa2 =
ggg2

∥ggg2∥
.

Then the decoupling conditions (3.3.137) hold:

max
k∈{0,1,2}

|bbb⊤k uuuτ |= oP(1), max
k∈{0,1,2}

|aaa⊤k wwwτ |= oP(1).
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Proof. We prove right and left decoupling conditions separately.

Part I: right decoupling condition maxk |bbb⊤k uuuτ |= oP(1).

By the XOR construction, vvv⊤1 uuu = vvv⊤2 uuu = 0 where uuu = 1√
n111n. Applying (3.3.98) in

Lemma 43 with vvv = vvvk gives

vvv⊤k uuuτ = oP(1), k ∈ {1,2}.

Moreover, Lemma 48 gives uuu⊤mmm = oP(1) and ∥mmm∥→
√

βmean > 0. Therefore, we can obtain

bbb⊤0 uuu =
mmm⊤uuu
∥mmm∥

= oP(1).

Applying Lemma 43 again with vvv = bbb0 in (3.3.98) yields

bbb⊤0 uuuτ = oP(1).

Taking the maximum over k ∈ {0,1,2} completes Part I.

Part II: left decoupling condition maxk |aaa⊤k wwwτ |= oP(1).

Let GGGe be G̃GG defined in Lemma 47, so Lemma 47 indicates that ∥GGG−GGGe∥ ≺ N−1/2

and GGGe is independent of (ggg1,ggg2). Define KKKe
0 := (GGGe)⊤GGGe and let (λ e

τ ,uuu
e
τ) denote the isolated

eigenpair of KKKe
0 corresponding to the outlier of KKK0. In fact, Lemma 43 holds for KKKe

0 as well. Set

wwwe
τ := GGGeuuue

τ/
√

λ e
τ . Since

∥KKK0 −KKKe
0∥= ∥GGG⊤GGG− (GGGe)⊤GGGe∥ ≤ (∥GGG∥+∥GGGe∥)∥GGG−GGGe∥= OP(1) ·OP(N−1/2) = oP(1),

we can claim that

∥wwwτ −wwwe
τ∥= oP(1). (3.3.141)

by Davis–Kahan Theorem. Also, we have ∥uuuτ −uuue
τ∥= oP(1) and |λτ −λ e

τ |= oP(1).
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Fix k ∈ {1,2}. Since aaak is unit,

|aaa⊤k wwwτ | ≤ |aaa⊤k wwwe
τ |+∥wwwτ −wwwe

τ∥= |aaa⊤k wwwe
τ |+oP(1)

by (3.3.141). Condition on wwwe
τ (which is measurable w.r.t. GGGe). By Lemmas 46 and 47, gggk ∼

N (0, IIIN) is independent of GGGe, hence independent of wwwe
τ . Therefore ggg⊤k wwwe

τ ∼ N (0,1) and

∥gggk∥=
√

N +oP(
√

N), so

|aaa⊤k wwwe
τ |=

|ggg⊤k wwwe
τ |

∥gggk∥
= OP(1) ·

1√
N +oP(

√
N)

= oP(1).

Hence |aaa⊤k wwwτ |= oP(1) for k ∈ {1,2}.

Lastly, we consider aaa0 = 111N/
√

N. Let ΠΠΠδ be the spectral projector of GGGGGG⊤ onto interval

(λτ − δ ,λτ + δ ) for some fixed and small δ > 0. On the event that the outlier is simple,

ΠΠΠδ = wwwτwww⊤
τ , so

|aaa⊤0 wwwτ |2 = aaa⊤0 ΠΠΠδ aaa0 =− 1
2πi

∮
Γ

aaa⊤0 QQQL(z)aaa0 dz, QQQL(z) :=
(
GGGGGG⊤− zIIIN

)−1
,

where Γ := {z ∈ C : |z−λτ |= δ/2} and aaa⊤0 QQQL(z)aaa0 is well-defined on Γ. Following the proof

of Lemma 50 we can apply Theorem 2.10 in [FMPW26] to get: uniformly for z ∈ Γ,

aaa⊤0 QQQL(z)aaa0 = s(z)+oP(1),

where s(z) = m̃µ(z) is analytic in a neighborhood of λτ containing Γ. Therefore
∮

Γ
s(z)dz = 0

and we obtain |aaa⊤0 wwwτ |2 = oP(1).

Lemma 55 (Master equation for additive outliers of KKK♯). Fix λ ∈ C such that

λ /∈ supp(µ)∪{0}. (3.3.142)
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Define QQQL(λ ) = (GGGGGG⊤−λ IIIN)
−1 and QQQR(λ ) = (KKK0−λ IIIn)

−1. Let us define three 3×3 matrices

as

AAA(λ ) :=
(
aaa⊤k QQQL(λ )aaaℓ

)2
k,ℓ=0, BBB(λ ) :=

(
bbb⊤k QQQR(λ )bbbℓ

)2
k,ℓ=0, (3.3.143)

and ΘΘΘ := diag(
√

β0,
√

β1,
√

β2). Then λ is an outlier eigenvalue of KKK♯ if

det
(

III3 −λ ΘΘΘAAA(λ )ΘΘΘ ·BBB(λ )
)
= 0. (3.3.144)

Moreover, (3.3.144) characterizes all outlier eigenvalues of KKK♯, induced by {aaak,bbbk}2
k=0, that lie

in any compact set D ⊂ C satisfying (3.3.142).

Proof. Notice that from the last part of Lemma 53, we know all the entries of AAA(λ ) and BBB(λ ) are

well-defined and finite, even if λ = λ̂
(0)
τ /∈ supp(µ)∪{0} where λ̂

(0)
τ is characterized by Lemma

43.

Define

HHH♯ :=

 000 YYY ♯

YYY ♯⊤ 000

, HHH0 :=

 000 GGG

GGG⊤ 000

.

If ρ ̸= 0, then ρ ∈ spec(HHH♯) iff ρ2 ∈ spec(KKK♯). Set λ := ρ2. We now consider the low rank

matrix PPP = AAA0ΘΘΘBBB⊤
0 where AAA0 := [aaa0,aaa1,aaa2] ∈ RN×3 and BBB0 := [bbb0,bbb1,bbb2] ∈ Rn×3. Then

HHH♯ = HHH0 +∆∆∆, ∆∆∆ :=

 000 PPP

PPP⊤ 000

.

Factor ∆∆∆ =UUUCCCUUU⊤ with

UUU :=

AAA0 000

000 BBB0

 ∈ R(N+n)×6, CCC :=

000 ΘΘΘ

ΘΘΘ 000

 ∈ R6×6.
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Under (3.3.142), ρ /∈ spec(HHH0) so (HHH0 −ρIII) is invertible and

det(HHH♯−ρIII) = det(HHH0 −ρIII) det
(

III6 +CCCUUU⊤(HHH0 −ρIII)−1UUU
)
.

Hence ρ ∈ spec(HHH♯) \ spec(HHH0) iff the 6 × 6 determinant above vanishes. For λ = ρ2 /∈

spec(KKK0)∪ spec(GGGGGG⊤) we have

(HHH0 −ρIII)−1 =

−ρ(GGGGGG⊤−λ III)−1 GGG(KKK0 −λ III)−1

(KKK0 −λ III)−1GGG⊤ −ρ(KKK0 −λ III)−1

=

−ρ QQQL(λ ) GGGQQQR(λ )

QQQR(λ )GGG
⊤ −ρ QQQR(λ )

.

Using the identity QQQL(λ )GGG = GGGQQQR(λ ), the 6× 6 determinant reduces (by an explicit

Schur complement) to the equivalent 3×3 condition

det
(

III3 −λ ΘΘΘAAA⊤
0 QQQL(λ )AAA0 ΘΘΘ ·BBB⊤

0 QQQR(λ )BBB0

)
= 0,

which is exactly (3.3.144). The final uniform statement over D follows because all steps are

analytic in λ on the domain (3.3.142).

Lemma 56 (Scalar additive outlier equations). Let λ ∈ D and s = s(λ ) satisfy (3.3.108). Then

the determinant equation (3.3.144) reduces to three scalar equations:

1−βk T (s) = oP(1), k ∈ {0,1,2}. (3.3.145)

Equivalently, each additive spike of strength β ∈ {β0,β1,β2} produces a separated outlier

eigenvalue at

λ = z(s)+oP(1) for any real s with z′(s)> 0 satisfying β T (s) = 1.

Proof. Fix λ ∈ D and let s = s(λ ). By Lemma 50, using aaa0 = 111/
√

N, aaa1 = ggg1/∥ggg1∥, aaa2 =
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ggg2/∥ggg2∥, we have

AAAkℓ(λ ) = aaa⊤k QQQL(λ )aaaℓ = δkℓ s+oP(1), k, ℓ ∈ {0,1,2}.

Thus AAA(λ ) = s III3 +oP(1).

By Lemma 52 and orthogonality vvv⊤k uuu = 0, vvv⊤k mmm = oP(1), we obtain

BBBkℓ(λ ) = bbb⊤k QQQR(λ )bbbℓ = δkℓmµ(λ )+oP(1), k, ℓ ∈ {0,1,2}.

Thus BBB(λ ) = mµ(λ ) III3 +oP(1).

Plugging the above approximations of AAA(λ ) and BBB(λ ) into (3.3.144) gives

det
(

III3 −λ smµ(λ ) diag(β0,β1,β2)
)
= oP(1),

so λ satisfies at least one of the following equations

1−βk λ smµ(λ ) = oP(1),

for k = 0,1,2. By Lemma 32, λ smµ(λ ) = T (s), proving (3.3.145).

Lemma 57 (Eigenvector alignment for additive outliers). Fix a distinct spike strength value

β⋆ ∈ {β0,β1,β2}, and define

J⋆ := {k ∈ {0,1,2} : βk = β⋆}, r⋆ := |J⋆|.

Let

ΠΠΠB,⋆ := ∑
k∈J⋆

bbbkbbb⊤k , ΠΠΠA,⋆ := ∑
k∈J⋆

aaakaaa⊤k .
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Assume that s⋆ ∈ R satisfies

β⋆T (s⋆) = 1, z′(s⋆)> 0, λ⋆ := z(s⋆) ∈ R\ (supp(µ)∪{0}).

Then, there exists a sufficiently small δ > 0 with interval Iδ = (λ⋆−δ ,λ⋆+δ )⊂R\ (supp(µ)∪

{0}) such that the spectral projector P̂PP⋆ of KKK♯ onto interval Iδ and the corresponding spectral

projector P̂PP
(L)
⋆ of YYY ♯YYY ♯⊤ onto Iδ satisfy:

Tr
(
P̂PP⋆ΠΠΠB,⋆

)
= r⋆ · γR(s⋆)+oP(1), (3.3.146)

and

Tr
(
P̂PP
(L)
⋆ ΠΠΠA,⋆

)
= r⋆ · γL(s⋆)+oP(1), (3.3.147)

where

γR(s) :=
mµ(z(s))z′(s)

β⋆T ′(s)
=− T (s)

β⋆s2T ′(s)
ϕ(s) =− ϕ(s)

β 2
⋆ s2T ′(s)

. (3.3.148)

and

γL(s) :=
sz′(s)

β⋆T ′(s)
=− z(s)

β⋆T ′(s)
ϕ(s). (3.3.149)

In particular, if r⋆ = 1 and J⋆ = {k}, then the unique outlier eigenvalue inside Iδ is simple,

and if v̂vvk denotes its unit right eigenvector, then

|⟨v̂vvk,bbbk⟩|2 = γR(s⋆)+oP(1). (3.3.150)

Proof. By Lemma 56, every additive outlier of KKK♯ in D is asymptotically described by a real

solution s of

β T (s) = 1, z′(s)> 0, λ = z(s),

for some β ∈ {β0,β1,β2}. Since z′(s⋆)> 0, Lemma 31 implies that λ⋆ = z(s⋆) lies in a connected

component of R\ supp(µ), and s(λ ) is real-analytic near λ⋆.
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Define

f⋆(λ ) := 1−β⋆T (s(λ )).

Then f⋆(λ⋆) = 0, and

f ′⋆(λ⋆) =−β⋆T ′(s⋆)
ds
dλ

(λ⋆) =−β⋆
T ′(s⋆)
z′(s⋆)

. (3.3.151)

Hence f ′⋆(λ⋆) ̸= 0 whenever T ′(s⋆) ̸= 0, so f⋆ has a simple zero at λ⋆. Now choose a sufficient

small constant δ > 0 such that: Iδ ⊂ D ; λ⋆ is the only zero of f⋆ inside Iδ ; and for every β ̸= β⋆,

the function 1−βT (s(λ )) does not vanish on Iδ . By Lemma 56, the eigenvalues of KKK♯ inside Iδ

are precisely the outlier cluster associated with the repeated block J⋆; its total multiplicity is r⋆.

Let

RRR♯(λ ) := (KKK♯−λ IIIn)
−1, QQQR(λ ) := (KKK0 −λ IIIn)

−1, QQQL(λ ) := (GGGGGG⊤−λ IIIN)
−1.

Recall from Lemma 55 that

YYY ♯ = GGG+PPP, PPP = AAA0ΘΘΘBBB⊤
0 , AAA0 = [aaa0,aaa1,aaa2], BBB0 = [bbb0,bbb1,bbb2].

Introduce the linearizations

HHH♯ :=

 0 YYY ♯

YYY ♯⊤ 0

, HHH0 :=

 0 GGG

GGG⊤ 0

,

and

UUU :=

AAA0 0

0 BBB0

 ∈ R(N+n)×6, CCC :=

0 ΘΘΘ

ΘΘΘ 0

 ∈ R6×6,

so that HHH♯ = HHH0 +UUUCCCUUU⊤.
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Fix ρ with ρ2 = λ , and set

RRR0(ρ) := (HHH0 −ρIIIN+n)
−1, SSS(ρ) :=UUU⊤RRR0(ρ)UUU .

By the Woodbury identity,

(HHH♯−ρIII)−1 = RRR0(ρ)−RRR0(ρ)UUUCCC
(
III6 +SSS(ρ)CCC

)−1UUU⊤RRR0(ρ). (3.3.152)

Multiplying (3.3.152) on the left by UUU⊤ and on the right by UUU , we obtain the exact identity

UUU⊤(HHH♯−ρIII)−1UUU =
(
III6 +SSS(ρ)CCC

)−1SSS(ρ), (3.3.153)

since

SSS−SSSCCC(III6 +SSSCCC)−1SSS = (III6 +SSSCCC)−1SSS.

Now write λ = ρ2. Using the block formula for (HHH0 −ρIII)−1 from Lemma 55, we have

SSS(ρ) =

−ρ AAA(λ ) XXX(λ )

XXX(λ )⊤ −ρ BBB(λ )

, XXX(λ ) := AAA⊤
0 GGGQQQR(λ )BBB0 = AAA⊤

0 QQQL(λ )GGGBBB0.

Here AAA(λ ) and BBB(λ ) are defined by (3.3.143). Also, the lower-right block of (HHH♯−ρIII)−1 equals

−ρ (KKK♯−λ IIIn)
−1 =−ρ RRR♯(λ ).

Therefore, taking the lower-right 3× 3 block in (3.3.153), there exists a 3× 3 matrix-valued

function HHHB(λ ), analytic on a neighborhood of D , such that

BBB⊤
0 RRR♯(λ )BBB0 = BBB(λ )MMM(λ )−1 +HHHB(λ ), MMM(λ ) := III3 −λ ΘΘΘAAA(λ )ΘΘΘBBB(λ ). (3.3.154)
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Hence every pole of BBB⊤
0 RRR♯(λ )BBB0 inside D comes from a zero of detMMM(λ ), that is, from an

additive outlier of KKK♯.

By Lemmas 50 and 52, uniformly for λ ∈ D ⊂ C,

AAA(λ ) = s(λ )III3 +oP(1), BBB(λ ) = mµ(λ )III3 +oP(1).

Therefore, uniformly on D , we have

MMM(λ ) = diag
(
1−β0T (s(λ )), 1−β1T (s(λ )), 1−β2T (s(λ ))

)
+oP(1), (3.3.155)

because of λ s(λ )mµ(λ ) = T (s(λ )).

Restrict now to the block J⋆. and let

E⋆ := ∑
k∈J⋆

eke⊤k ∈ R3×3,

where e0,e1,e2 are the standard basis vectors of R3. Since βk = β⋆ for all k ∈ J⋆,

E⋆MMM(λ )E⋆ =
(
1−β⋆T (s(λ ))

)
E⋆+oP(1), λ ∈ D .

Hence,

E⋆MMM(λ )−1E⋆ =
1

1−β⋆T (s(λ ))
E⋆+oP(1), λ ∈ D . (3.3.156)

Combining (3.3.154), BBB(λ ) = mµ(λ )III3 +oP(1), and (3.3.156), we obtain

E⋆BBB⊤
0 RRR♯(λ )BBB0E⋆ =

mµ(λ )

1−β⋆T (s(λ ))
E⋆+HHH⋆(λ )+oP(1), λ ∈ D , (3.3.157)

where HHH⋆(λ ) := E⋆HHHB(λ )E⋆ is analytic on a neighborhood of D .
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By the contour formula for spectral projectors,

P̂PP⋆ =− 1
2πi

∮
Γ⋆

RRR♯(λ )dλ ,

for some circle Γ⋆ ⊂ D with Γ⋆∩R= {λ⋆−δ ,λ⋆+δ}. Therefore

Tr
(
P̂PP⋆ΠΠΠB,⋆

)
=− 1

2πi

∮
Γ⋆

Tr
(
ΠΠΠB,⋆RRR♯(λ )

)
dλ

=− 1
2πi

∮
Γ⋆

Tr
(
E⋆BBB⊤

0 RRR♯(λ )BBB0E⋆

)
dλ . (3.3.158)

Insert (3.3.157). The analytic term HHH⋆(λ ) has zero contour integral, and Tr(E⋆) = r⋆, so

Tr
(
P̂PP⋆ΠΠΠB,⋆

)
=− 1

2πi

∮
Γ⋆

r⋆mµ(λ )

1−β⋆T (s(λ ))
dλ +oP(1). (3.3.159)

Now 1−β⋆T (s(λ )) has a simple zero at λ⋆, and by (3.3.151)

d
dλ

(
1−β⋆T (s(λ ))

)∣∣∣
λ=λ⋆

=−β⋆
T ′(s⋆)
z′(s⋆)

.

Hence, −Resλ=λ⋆

mµ (λ )
1−β⋆T (s(λ )) =

mµ (λ⋆)z′(s⋆)
β⋆T ′(s⋆)

and Cauchy Residue Theorem implies that

Tr
(
P̂PP⋆ΠΠΠB,⋆

)
= r⋆ ·

mµ(λ⋆)z′(s⋆)
β⋆T ′(s⋆)

+oP(1),

which is (3.3.146). By Lemma 32, T (s) = z(s)smµ(z(s)) and mµ(z(s)) =
T (s)
z(s)s . Substituting into

(3.3.146),

γR(s) =
T (s)

β⋆z(s)s
· z′(s)

T ′(s)
=− ϕ(s⋆)

β 2
⋆ s2

⋆T ′(s⋆)

since ϕ(s) :=− sz′(s)
z(s) and β⋆T (s⋆) = 1.

The proof on the left singular vectors is identical, replacing KKK♯ by YYY ♯YYY ♯⊤, BBB0 by AAA0, and

BBB(λ ) by AAA(λ ). Since AAA(λ ) = s(λ )III3 +oP(1), the numerator becomes s(λ ) instead of mµ(λ ),
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yielding

Tr
(
P̂PP
(L)
⋆ ΠΠΠA,⋆

)
= r⋆ ·

s⋆z′(s⋆)
β⋆T ′(s⋆)

+oP(1).

If r⋆ = 1, then P̂PP⋆ = v̂vvkv̂vv⊤k , so

|⟨v̂vvk,bbbk⟩|2 = Tr(P̂PP⋆ΠB,⋆) = γR(s⋆)+oP(1),

proving (3.3.150).

Proposition 58 (No label alignment of outliers). Under the assumptions of Theorem 5, let V̂VV out

denote the orthogonal projector onto the direct sum of all separated outlier eigenspaces of KKK.

Specifically, we can define V̂VV out as the spectral projector of KKK on (0,∞)\ (supp(µ)+ (−ε,ε))

for any small ε > 0. Then
1
n
∥V̂VV outyyy∥2 =

1
n

yyy⊤V̂VV outyyy
P−→ 0. (3.3.160)

Proof. Recall from Proposition 45 that

∥KKK −KKK♯∥ ≺ n−1/4,

where KKK♯ = YYY ♯⊤YYY ♯ is the rank-three additive deformation model. Since the number of separated

outlier clusters is finite and each cluster stays at positive distance from the bulk with probability

tending to one, Weyl’s inequality and Davis–Kahan theorem imply that the spectral projector

V̂VV out of KKK and the corresponding outlier projector V̂VV
♯
out of KKK♯ satisfy

∥V̂VV out −V̂VV
♯
out∥= oP(1).

Hence
1
n

∣∣∣yyy⊤(V̂VV out −V̂VV
♯
out)yyy

∣∣∣≤ ∥V̂VV out −V̂VV
♯
out∥= oP(1),
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because ∥yyy∥2 = n. Therefore it suffices to prove

1
n

yyy⊤V̂VV
♯
outyyy

P−→ 0. (3.3.161)

By Lemmas 43, 53, and 57, the only possible separated outliers of KKK♯ are:

• the covariance-spike outlier inherited from KKK0 (the τ-outlier),

• the additive mean-spike outlier corresponding to bbb0 = mmm/∥mmm∥,

• the two additive linear XOR outliers corresponding to bbb1 = vvv1, bbb2 = vvv2.

Set ȳyy := yyy√
n and ∥ȳyy∥ = 1. From the XOR construction, ȳyy⊤uuu = 0, ȳyy⊤vvv1 = 0, ȳyy⊤vvv2 = 0. Here,

uuu = 1n/
√

n. Next, Lemma 48 shows that

uuu⊤mmm = oP(1), vvv⊤1 mmm = oP(1), vvv⊤2 mmm = oP(1), ∥mmm∥2 P−→ βmean ∈ (0,∞).

Moreover, the same variance computation as in the proof of Lemma 48 gives yyy⊤mmm = OP(1).

Hence

ȳyy⊤
mmm

∥mmm∥
=

yyy⊤mmm√
n∥mmm∥

= oP(1). (3.3.162)

Thus the normalized label direction ȳyy is asymptotically orthogonal to all three additive spike

directions

bbb0 =
mmm

∥mmm∥
, bbb1 = vvv1, bbb2 = vvv2.

We can claim that uniformly for λ ∈ D ,

ȳyy⊤QQQR(λ )ȳyy = mµ(λ )+oP(1), ȳyy⊤QQQR(λ )bbbk = oP(1), k = 0,1,2, (3.3.163)

where QQQR(λ )= (KKK0−λ IIIn)
−1. The proof of (3.3.163) is exactly followed by the proof Lemma 52.

Hence, we ignore the details here.
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Recall that scov =−1/Λτ , smean = T−1(1/βmean) and slin = T−1(1/βlin). Denote λ0 =

z(smean), λ1 = λ2 = z(slin), and λ3 = z(scov). Fix any distinct spike value λ ∈ {λ0,λ1,λ2,λ3}.

Then, by Lemmas 53 and 56, there exists a small constant δ > 0 such that for sufficiently large n,

dist(Iδ ,supp(µ)∪{0})> δ and all eigenvalues of KKK♯ inside Iδ will converge to λ in probability,

where Iδ := (λ −δ ,λ +δ ). Let V̂VV
♯
λ be the spectral projector of KKK♯ onto outlier cluster in Iδ , and

let Γλ ⊂ C be a small contour enclosing that cluster and no other part of spec(KKK♯). Then

V̂VV
♯
λ =− 1

2πi

∮
Γλ

(KKK♯− zIII)−1 dz.

Hence

ȳyy⊤V̂VV
♯
λ ȳyy =− 1

2πi

∮
Γλ

ȳyy⊤(KKK♯− zIII)−1ȳyydz. (3.3.164)

Now use the same linearization trick as in Lemma 57. Recall that AAA0 = [aaa0,aaa1,aaa2], BBB0 =

[bbb0,bbb1,bbb2], and ΘΘΘ = diag(
√

β0,
√

β1,
√

β2). Then one obtains the exact projected-resolvent

representation

(KKK♯− zIII)−1 = QQQR(z)+QQQR(z)BBB0 SSS(z)BBB⊤
0 QQQR(z), (3.3.165)

where SSS(z) = zΘΘΘAAA(z)ΘΘΘ
(
III3 − zΘΘΘAAA(z)ΘΘΘBBB(z)

)−1 is a 3×3 matrix-valued meromorphic function,

and all poles inside D come from the additive outlier equation described by Lemma 56. Hence,

SSS(z) is analytic and bounded on Γλ . Insert (3.3.165) into (3.3.164). The possible pole term is

ȳyy⊤V̂VV
♯
λ ȳyy =− 1

2πi

∮
Γλ

ȳyy⊤QQQR(z)ȳyydz− 1
2πi

∮
Γλ

ȳyy⊤QQQR(z)BBB0 SSS(z)BBB⊤
0 QQQR(z)ȳyydz.

By (3.3.163), ȳyyQQQR(z)ȳyy = mµ(z)+oP(1) and

BBB⊤
0 QQQR(z)ȳyy =


bbb⊤0 QQQR(z)ȳyy

bbb⊤1 QQQR(z)ȳyy

bbb⊤2 QQQR(z)ȳyy

= oP(1)
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uniformly on the contour z ∈ Γλ . Since mµ(z) is analytic on Γλ , its contour integral vanishes.

Hence

ȳyy⊤V̂VV
♯
λ ȳyy = oP(1).

This completes the proof of this proposition.

3.3.13 Proof of Theorem 5

By Proposition 45,

∥KKK −KKK♯∥= oP(1)

Therefore isolated eigenvalues and their eigenspaces coincide up to oP(1). It suffices to analyze

KKK♯.

Lemma 43 gives: (i) the bulk ESD of KKK0 is µ; (ii) the population spike Λτ exists if

τ > τcrit, and the associated outlier eigenvalue of KKK0 exists if z′(−1/Λτ) > 0 and τ > τcrit, at

location z(−1/Λτ), with eigenvector alignment ϕ(−1/Λτ) for unit vector uuu. Then by Lemmas 53

and 54, KKK♯ has a vanishing perturbation of the this outlier eigenvalue and eigenvector derived

from KKK0, and they have the same limiting bulk distribution µ , which proves item (i) and (ii)

of Theorem 5. Lemma 43 gives an exact outlier condition for KKK♯ outside the limiting bulk

distribution µ .

Next, Lemmas 55 and 56 show that each additive spike of KKK♯ yields an outlier eigenvalue

λ̂k = z(sk)+oP(1) if the condition z′(sk)> 0 holds, where s satisfies βkT (s) = 1 for k = 0,1,2.

Here s0 = smean and s1 = s2 = slin defined by Theorem 5. This proves item (iii) and (iv), including

multiplicities via β1 = β2. Lemma 57 gives the formulas for eigenvector alignments for all these

outliers in item (iii) and (iv) of Theorem 5 if smean ̸= slin.

The covariance spike contributes at most one separated outlier, and the additive deforma-

tion has rank three, so it contributes at most three separated outliers (counting multiplicities).

Because the additive right directions bbb0,vvv1,vvv2 are orthogonal to uuu (exactly for vvv1,vvv2, and oP(1)

for bbb0), Lemmas 53 and 54 show that the covariance-spike eigenspace does not mix with the
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additive spikes at leading order; thus the covariance outlier persists at the stated location. Then,

by Theorem 9 of [WWF24], there is no other outlier eigenvalues except for what we discussed

above.

Finally, Lemma 58 proves item (v) of Theorem 5.

3.3.14 Proof of Kernel Spectral Clustering

Proof of Theorem 6. The common covariance CCC = Id of the XOR dataset greatly simplifies

the analysis of the spectrum of LLL. We apply Corollary 1 from [CBG16], which gives the

isolating eigenvalues of LLL in terms of the isolated eigenvalues of CCC+MMMD(c)MMM⊤, where MMM =

[µµµ1,µµµ2,µµµ3,µµµ4], ccc = (1
4)

4
α=1 is the vector of class proportions, and D(·) is the diagonal operator.

For the XOR dataset, this matrix becomes

CCC+MMMD(c)MMM⊤ = Id +
1
4

4

∑
k=1

µµµkµµµ
⊤
k = Id +

r2

d

1 d
2
1⊤d

2
0

0 1 d
2
1⊤d

2

 (3.3.166)

The eigenvalues of (3.3.166) are ℓ= 1+ r2

2 , of multiplicity two, and the rest are equal to 1. The

phase transition in Corollary 1 can therefore be restated as:

|ℓ−1|= r2

2
>
√

ψ−1.

In this case, by Corollary 1 of [CBG16] the isolating eigenvalues of LLL are asymptotically well

approximated via

−2 f ′(τ)
f (τ)

ρ +
f (0)− f (τ)+ τ f ′(τ)

f (τ)
,

in probability, where ρ = ψ
(
1+ r2

2

)
+ 2+r2

r2 . Similarly, define ℓ+ = 5 f ′(τ)
4 f (τ) −

f ′′(τ)
f ′(τ) . The additional

isolating eigenvalue of LLL corresponding to ρ+ = ℓ+
(
ψ − 1

1−ℓ+

)
emerges if

(1− ℓ+)
2 > ψ

−1
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in which case, the corresponding outlier eigenvalue of LLL converges to, in probability,

−2
f ′(τ)
f (τ)

ρ++
f (0)− f (τ)+ τ f ′(τ)

f (τ)
. (3.3.167)

For eigenvector alignment of the eigenvalues relevant for clustering, we observe the two-

dimensional eigenspace corresponding to ℓ= 1+ r2

2 is spanned by the unit-norm eigenvectors

{ϒ1,ϒ2}, where

ϒ1 =
1√
d/2

1d/2

0d/2

, ϒ2 =
1√
d/2

0d/2

1d/2

. (3.3.168)

Let ϒρ = (ϒ1,ϒ2) ∈ Rd×2 be the column-concatenated eigenvectors, then we apply Corollary 2

of [CBG16] to obtain

1
d JJJ⊤ΠΠΠρJJJ =

1
ℓ

(
ψ − 1

(1− ℓ)2

)
D(c)MMM⊤

ϒρϒ
⊤
ρ MMMD(c)+oP(1) (3.3.169)

Or equivalently,

1
d

JJJ⊤ΠΠΠρJJJ → r2

16+8r2

(
ψ − 4

r4

) 1 −1

−1 1

⊗ I2. (3.3.170)

in probability. We conclude the proof by observing the XOR-labels yyy can be written as

yyy = JJJ



1

−1

1

−1


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Applying this to (3.3.170), we have

1
d

yyy⊤ΠΠΠρyyy → r2

16+8r2

(
ψ − 4

r4

)


1

−1

1

−1



⊤ 1 −1

−1 1

⊗ I2



1

−1

1

−1


= 0.

in probability. Hence, we complete the proof of this theorem.

3.3.15 Proof for Large-SNR Regime

In this section, we prove Theorem 7 when SNR is increasing with n as n,d,N → ∞

proportionally. Recall that Proposition 35 implies that

∥YYY −YYY QE∥= O≺(n−1/4) (3.3.171)

where

YYY QE = YYY 0 +
θSNR bσ√

N

(
ggg1vvv⊤1 +ggg2vvv⊤2

)
+

θ 2
SNR cσ

2
√

N

(
ggg⊙2

1 vvv⊙2⊤
1 +ggg⊙2

2 vvv⊙2⊤
2

)
However since θSNR = Θ(n1/4), we observe that YYY QE is no longer O≺(1). To study the order-one

spikes, we require an orthogonal projection PPP⊥ from the following lemma.

Lemma 59 (QE for Projected Feature YYY PPP⊥). Let

PPPlin := vvv1vvv⊤1 + vvv2vvv⊤2 , PPP⊥ := IIIn −PPPlin.

Define gggk :=WWWuuuk and the centered squares g̃ggk := ggg⊙2
k −111N . Then (3.3.78) is equivalently

YYY QE = YYY 0 +
θSNR bσ√

N

(
ggg1vvv⊤1 +ggg2vvv⊤2

)
+

θ 2
SNR cσ

2
√

N

(
g̃gg1vvv⊙2⊤

1 + g̃gg2vvv⊙2⊤
2 +111N(vvv⊙2

1 + vvv⊙2
2 )⊤

)
.

(3.3.172)
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Assume r = Θ(n1/4). Then

∥YYY PPP⊥−YYY QEPPP⊥∥= O≺(n−1/4).

Recall KKK = YYY⊤YYY , and define

KKK⊥ := PPP⊥KKKPPP⊥ = (YYY PPP⊥)
⊤(YYY PPP⊥), KKKQE,⊥ := (YYY QEPPP⊥)

⊤(YYY QEPPP⊥).

We have ∥YYY QEPPP⊥∥= O≺(1) and

∥KKK⊥−KKKQE,⊥∥= O≺(n−1/4).

Moreover, since PPP⊥vvvk = 000, we have

YYY QEPPP⊥ = YYY 0PPP⊥+
θ 2

SNR cσ

2
√

N

(
ggg⊙2

1 vvv⊙2⊤
1 +ggg⊙2

2 vvv⊙2⊤
2

)
PPP⊥. (3.3.173)

In the XOR construction used below, one has vvv⊙2
k ⊥ vvvℓ for all k, ℓ ∈ {1,2}, hence PPP⊥vvv⊙2

k = vvv⊙2
k

and the quadratic term in (3.3.173) is unchanged by PPP⊥.

Proof. The first claim follows Proposition 35 and ∥PPP⊥∥= 1:

∥YYY PPP⊥−YYY QEPPP⊥∥ ≤ ∥YYY −YYY QE∥∥PPP⊥∥= O≺(n−1/4).

For the Gram matrices, write

KKK⊥−KKKQE,⊥ = (YYY PPP⊥)
⊤(YYY PPP⊥)− (YYY QEPPP⊥)

⊤(YYY QEPPP⊥).

Hence

∥KKK⊥−KKKQE,⊥∥ ≤ (∥YYY PPP⊥∥+∥YYY QEPPP⊥∥) ∥YYY PPP⊥−YYY QEPPP⊥∥.
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One can easily check ∥YYY QEPPP⊥∥=O≺(1) based on (3.3.173). Since YYY PPP⊥ =YYY QEPPP⊥+O≺(n−1/4)

in operator norm, we also have ∥YYY PPP⊥∥= O≺(1). Therefore ∥KKK⊥−KKKQE,⊥∥= O≺(n−1/4). The

identities (3.3.172) and (3.3.173) are algebraic consequences of ggg⊙2
k = g̃ggk + 111N and PPP⊥vvvk =

000.

Lemma 60 (Quadratic spikes in the XOR model). Let uuu := 111n/
√

n, let yyy ∈ {±1}n with ∥yyy∥2 = n,

and define ȳyy := yyy/
√

n. For the XOR choice of vvv1,vvv2, one has the identities

vvv⊙2
1 =

1
n
(111n + yyy), vvv⊙2

2 =
1
n
(111n − yyy), (3.3.174)

equivalently

vvv⊙2
1 =

1√
n
(uuu+ ȳyy), vvv⊙2

2 =
1√
n
(uuu− ȳyy). (3.3.175)

Consequently,

ggg⊙2
1 vvv⊙2⊤

1 +ggg⊙2
2 vvv⊙2⊤

2 =
1√
n

[
(ggg⊙2

1 +ggg⊙2
2 )uuu⊤+(ggg⊙2

1 −ggg⊙2
2 )ȳyy⊤

]
. (3.3.176)

If we center squares by g̃ggk := ggg⊙2
k −111N and define

hhhu := g̃gg1 + g̃gg2 = ggg⊙2
1 +ggg⊙2

2 −2111N , hhhy := g̃gg1 − g̃gg2 = ggg⊙2
1 −ggg⊙2

2 ,

then (3.3.176) becomes

ggg⊙2
1 vvv⊙2⊤

1 +ggg⊙2
2 vvv⊙2⊤

2 =
1√
n

[
(hhhu +2111N)uuu⊤+hhhyȳyy⊤

]
. (3.3.177)

Proof. The identities (3.3.174)–(3.3.175) are verified entrywise using the XOR definition. Plug-

ging (3.3.175) into ggg⊙2
1 vvv⊙2⊤

1 + ggg⊙2
2 vvv⊙2⊤

2 yields (3.3.176). Finally, (3.3.177) follows from

ggg⊙2
k = g̃ggk +111N , i.e. ggg⊙2

1 +ggg⊙2
2 = hhhu +2111N and ggg⊙2

1 −ggg⊙2
2 = hhhy.

Lemma 61 (Normalization of centered quadratic features). Let ggg1,ggg2
i.i.d.∼ N (000, IIIN) and define
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hhhu,hhhy as in Lemma 60. Then

1
N
∥hhhu∥2 = 4+O≺(N−1/2),

1
N
∥hhhy∥2 = 4+O≺(N−1/2),

1
N

hhh⊤u hhhy = O≺(N−1/2).

(3.3.178)

Defining the unit vectors aaau := hhhu/∥hhhu∥ and aaay := hhhy/∥hhhy∥, and assuming the large-SNR scaling

of Theorem 7 so that θ 4
SNR/n → κ0, the random part of the quadratic spike satisfies

θ 2
SNRcσ

2
√

N
· 1√

n

[
hhhuuuu⊤+hhhyȳyy⊤

]
=
√

βquad aaauuuu⊤+
√

βquad aaayȳyy⊤+oP(1), (3.3.179)

where βquad := c2
σ κ0 and the oP(1) is in operator norm.

Proof. Since ggg1,ggg2 have i.i.d. standard normal coordinates, each coordinate of hhhu and hhhy is i.i.d.

with mean 0 and

E[(g2
1,i +g2

2,i −2)2] = 4, E[(g2
1,i −g2

2,i)
2] = 4, E[(g2

1,i +g2
2,i −2)(g2

1,i −g2
2,i)] = 0,

which yields (3.3.178) by the law of large numbers. For hhhu and hhhy, all the entries are are i.i.d.

mean 0 and variance 4 with sub-exponential tails; apply norm concentration (see [GSS21]),

we can get the norm control of hhhu and hhhy. Cross terms hhh⊤u hhhy are sums of i.i.d. centered sub-

exponential variables, hence we can apply Hanson–Wright inequality (see Proposition 1.1 of

[GSS21]).

Hence the coefficient in front of aaauuuu⊤ has squared magnitude

(
θ 2

SNRcσ

2
√

N
√

n

)2
∥hhhu∥2 =

θ 4
SNRc2

σ

4Nn
∥hhhu∥2 = c2

σ

θ 4
SNR
n

· ∥hhhu∥2

4N
P−→ c2

σ κ0 = βquad,

and the same holds for the hhhy term. This gives (3.3.179).

Lemma 62 (Left-resolvent quadratic forms). Recall GGG = YYY 0 − 1√
N

111Nmmm⊤. Fix a compact set
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D ⊂ R such that D∩ supp(µ) =∅ and 0 /∈ D. For λ ∈ D, define

QQQL(λ ) := ((GGGPPP⊥)(GGGPPP⊥)
⊤−λ IIIN)

−1, s(λ ) := m̃µ(λ ).

Let aaa0 := 111N/
√

N, and let aaau,aaay be as in Lemma 61. Then uniformly for λ ∈ D,

aaa⊤i QQQL(λ )aaa j = s(λ )δi j +oP(1), i, j ∈ {0,u,y}. (3.3.180)

Proof. As in the proof of Lemma 50, replace GGGPPP⊥ by an independent copy G̃GG with ∥GGGPPP⊥−G̃GG∥=

O≺(n−1/2), so resolvent stability gives ∥QQQL − Q̃QQL∥= O≺(n−1/2) uniformly on D. It therefore

suffices to prove (3.3.180) with QQQL replaced by Q̃QQL, which is independent of ggg1,ggg2, hence

independent of aaau,aaay.

Conditional on Q̃QQL(λ ), the coordinates of hhhu,hhhy are independent, centered, and subexpo-

nential, so a Hanson–Wright inequality [GSS21] yields concentration of quadratic forms:

1
N

hhh⊤u Q̃QQL(λ )hhhu =
1
N

Tr Q̃QQL(λ ) ·
1
N
∥hhhu∥2 +oP(1),

uniformly for λ ∈ D, and similarly for hhhy. Using (3.3.178) and 1
N Tr Q̃QQL(λ )→ s(λ ), we obtain

aaa⊤u Q̃QQL(λ )aaau =
hhh⊤u Q̃QQL(λ )hhhu

∥hhhu∥2 = s(λ )+oP(1),

and similarly for aaay. Cross-terms aaa⊤u Q̃QQL(λ )aaay vanish by the same argument (using 1
N hhh⊤u hhhy → 0

and concentration of bilinear forms), and aaa⊤0 Q̃QQL(λ )aaa0 → s(λ ) is the deterministic-vector case

already proved in Lemma 50. This yields (3.3.180).

Lemma 63 (Right-resolvent quadratic forms and the τ-correction along uuu). Fix D as in Lemma 62.

For λ ∈ D, define the bulk Gram matrix KKK0 := (GGGPPP⊥)
⊤(GGGPPP⊥),

QQQR(λ ) := (KKK0 −λ IIIn)
−1,
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and τ =
c2

σ

2 ψ . Then uniformly for λ ∈ D,

uuu⊤QQQR(λ )uuu =
mµ(λ )

1− τT (s(λ ))
+oP(1), (3.3.181)

and for any deterministic unit vector bbb ⊥ uuu,

bbb⊤QQQR(λ )bbb = mµ(λ )+oP(1), bbb⊤QQQR(λ )uuu = oP(1). (3.3.182)

Proof. We follow the same proof as Lemma 52. Set

AAA :=−λ s(λ )ΣΣΣ0 −λ IIIn =−λ (IIIn + s(λ )ΣΣΣ0).

By (3.3.87),

−λ s(λ )ΣΣΣ−λ IIIn = AAA−λ s(λ )τ uuuuuu⊤+oP(1).

Ignoring the oP(1) term for the moment (it will be absorbed into the final oP(1)), Woodbury–

Sherman–Morrison identity yields

(
AAA−λ sτ uuuuuu⊤

)−1
= AAA−1 +

λ sτ

1−λ sτ uuu⊤AAA−1uuu
AAA−1uuuuuu⊤AAA−1. (3.3.183)

Multiplying left/right by uuu⊤ and uuu,

uuu⊤
(
AAA−λ sτ uuuuuu⊤

)−1uuu =
uuu⊤AAA−1uuu

1−λ sτ uuu⊤AAA−1uuu
. (3.3.184)

We now identify uuu⊤AAA−1uuu. Since AAA−1 =−(1/λ )(IIIn + sΣΣΣ0)
−1, an anisotropic local law gives

uuu⊤(IIIn + sΣΣΣ0)
−1uuu =

1
n

Tr(IIIn + sΣΣΣ0)
−1 +oP(1). (3.3.185)
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Let ν denote the limiting ESD of ΣΣΣ0. Then

1
n

Tr(IIIn + sΣΣΣ0)
−1 −→

∫ 1
1+ st

ν(dt) = 1− s
∫ t

1+ st
ν(dt) =−T (s)

s
.

Thus (3.3.185) implies

uuu⊤(IIIn + sΣΣΣ0)
−1uuu =−T (s)

s
+oP(1),

and therefore

uuu⊤AAA−1uuu =− 1
λ

(
− T (s)

s

)
+oP(1) =

T (s)
λ s

+oP(1). (3.3.186)

Using Lemma 34, we obtain uuu⊤AAA−1uuu = mµ(λ )+oP(1). Plugging into (3.3.184) gives

uuu⊤
(
AAA−λ sτ uuuuuu⊤

)−1uuu =
mµ(λ )

1− τT (s(λ ))
+oP(1),

and this yields (3.3.181).

If bbb ⊥ uuu, the rank-one correction term in (3.3.183) does not contribute in the limit for

bbb⊤(·)bbb and bbb⊤(·)uuu, and the same anisotropic law gives (3.3.182).

Proof of Theorem 7. Notice that

θ
2
SNR = r2 n

2d
=

r2
0ψ

2
n1/2,

θ 4
SNR
n

−→ κ0 :=
r4

0ψ2

4
. (3.3.187)

Define uuu := 111n/
√

n, the label vector yyy ∈ {±1}n with ∥yyy∥2 = n, and the orthogonal projectors

PPPlin := vvv1vvv⊤1 + vvv2vvv⊤2 , PPP⊥ := IIIn −PPPlin, KKK⊥ := PPP⊥KKKPPP⊥.

Recall also the uninformative covariance-spike parameter

τ =
c2

σ

2
ψ, (3.3.188)
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and define

βquad := c2
σ κ0, β̃quad := βquad + τ. (3.3.189)

Step 1: QE reduction on PPP⊥ and spike decomposition.

By Proposition 35 and Lemma 59,

∥KKK⊥−KKK⊥,QE∥= O≺(n−1/4), KKK⊥,QE := (YYY QEPPP⊥)
⊤(YYY QEPPP⊥). (3.3.190)

Therefore, it suffices to analyze outliers of KKK⊥,QE and transfer them to KKK⊥ by perturbation

stability.

Next, we split the null feature matrix into a centered bulk plus a mean spike. Recall that

mmm = E[σ(www⊤ZZZ) | ZZZ] ∈ Rn, GGG = YYY 0 −
1√
N

111Nmmm⊤,

so YYY 0 = GGG+ 1√
N

111Nmmm⊤. Hence

YYY 0PPP⊥ = GGGPPP⊥+
1√
N

111N(PPP⊥mmm)⊤. (3.3.191)

Combining (3.3.173) and (3.3.191),

YYY QEPPP⊥ = GGGPPP⊥+
1√
N

111N(PPP⊥mmm)⊤+
θ 2

SNR cσ

2
√

N

(
ggg⊙2

1 vvv⊙2⊤
1 +ggg⊙2

2 vvv⊙2⊤
2

)
, (3.3.192)

where in the last term we used the XOR property PPP⊥vvv⊙2
k = vvv⊙2

k .

Step 2: Reallocating quadratic spike mass into uuu- and yyy-channels.

By Lemma 60,

ggg⊙2
1 vvv⊙2⊤

1 +ggg⊙2
2 vvv⊙2⊤

2 =
1√
n

[
(hhhu +2111N)uuu⊤+hhhyȳyy⊤

]
. (3.3.193)
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Thus, the quadratic term in (3.3.192) decomposes into a deterministic rank-one part ∝ 111Nuuu⊤ and

a random rank-two part. By Lemma 61, the random part satisfies (3.3.179).

Let aaa0 := 111N/
√

N and bbb0 := (PPP⊥mmm)/∥PPP⊥mmm∥. Then

1√
N

111N(PPP⊥mmm)⊤ =
√

βmean aaa0bbb⊤0 , βmean = ∥PPP⊥mmm∥2,

and (as in the finite-SNR analysis) βmean → c2
σ ψ/2. Collecting terms, on PPP⊥,

YYY QEPPP⊥ = GGGPPP⊥︸︷︷︸
bulk

+
√

βmean aaa0bbb⊤0︸ ︷︷ ︸
mean spike

+
√

βquad aaauuuu⊤+
√

βquad aaayȳyy⊤︸ ︷︷ ︸
random quadratic spikes

+ oP(1), (3.3.194)

where the oP(1) is in operator norm.

Denote the bulk Gram matrix KKK0 := (GGGPPP⊥)
⊤(GGGPPP⊥). Its ESD converges to µ and it

admits the same deterministic resolvent limits as in the finite-SNR analysis, with the same

transforms mµ and m̃µ .

Step 3: Bulk ESD of KKK.

Part (i) of the theorem states that the ESD of KKK converges weakly to µ . This follows from

the fact that KKK = YYY⊤YYY differs from the null kernel KKKnull := YYY⊤
0 YYY 0 by a finite-rank perturbation

plus a bounded operator-norm error: indeed, ∥YYY⊤YYY −YYY⊤
QEYYY QE∥ ≤ (∥YYY∥+∥YYY QE∥)∥YYY −YYY QE∥,

and ∥YYY∥,∥YYY QE∥ = O≺(n1/4) while ∥YYY −YYY QE∥ = O≺(n−1/4), hence the difference is O≺(1).

Moreover, YYY QE = YYY 0+ (rank-4 matrix), so YYY⊤
QEYYY QE differs from YYY⊤

0 YYY 0 by rank O(1). Therefore

the ESD of KKK equals that of KKKnull up to O(1/n) in Kolmogorov distance, and since the ESD of

KKKnull converges to µ , the same is true for KKK. This proves (i).

Step 4: Two diverging linear outliers and their eigenspace.

Assume bσ ̸= 0. The linear part of (3.3.78) is

TTT 1 :=
θSNR bσ√

N
(ggg1vvv⊤1 +ggg2vvv⊤2 ).
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Since ∥gggk∥2/N → 1 and ggg⊤1 ggg2/N → 0 in probability,

TTT⊤
1 TTT 1 = θ

2
SNRb2

σ (vvv1vvv⊤1 + vvv2vvv⊤2 )+oP(θ
2
SNR).

In particular, TTT⊤
1 TTT 1 has two nonzero eigenvalues θ 2

SNRb2
σ (1+ oP(1)), diverging as n1/2 by

(3.3.187), and its top-2 eigenspace equals span{vvv1,vvv2} up to oP(1).

Now write KKK = TTT⊤
1 TTT 1 +RRR where RRR collects all remaining terms (YYY 0, the quadratic part,

and the QE error). A direct operator-norm bound using (3.3.78) shows ∥RRR∥= O≺(1), whereas

the two nonzero eigenvalues of TTT⊤
1 TTT 1 are of order n1/2. Hence, by Weyl’s inequality,

λ̂1(KKK) = θ
2
SNRb2

σ (1+oP(1)), λ̂2(KKK) = θ
2
SNRb2

σ (1+oP(1)),

which gives the claimed divergence rate after substituting (3.3.187). Moreover, since the spectral

gap between the diverging eigenvalues and the rest is of order n1/2, Davis–Kahan yields conver-

gence of the corresponding spectral projector: if P̂PPlin denotes the top-2 eigenspace projector of

KKK, then

∥P̂PPlin −PPPlin∥F ≤ 2∥RRR∥
gap(TTT⊤

1 TTT 1)
= oP(1).

This proves (ii). (In particular, since yyy ⊥ vvv1,vvv2, these diverging eigenvectors carry no label

alignment.)

Step 5: Deterministic equivalents for resolvent quadratic forms.

Fix a compact set D ⊂ R such that D∩ supp(µ) =∅. For λ ∈ D, define

QQQR(λ ) := (KKK0 −λ IIIn)
−1, QQQL(λ ) := ((GGGPPP⊥)(GGGPPP⊥)

⊤−λ IIIN)
−1, s(λ ) := m̃µ(λ ).

By Lemma 62 and Lemma 63, uniformly for λ ∈ D,

aaa⊤i QQQL(λ )aaa j = s(λ )δi j +oP(1), i, j ∈ {0,u,y},
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uuu⊤QQQR(λ )uuu =
mµ(λ )

1− τT (s(λ ))
+oP(1), bbb⊤QQQR(λ )bbb = mµ(λ )+oP(1) (bbb ⊥ uuu).

Step 6: Outlier equations for additive spikes (determinant reduction).

Consider the rank-r perturbation PPP in (3.3.194):

PPP =
√

βmean aaa0bbb⊤0 +
√

βquad aaauuuu⊤+
√

βquad aaayȳyy⊤ (r = 3).

Define the spiked Gram matrix KKKsp := (GGGPPP⊥+PPP)⊤(GGGPPP⊥+PPP). By (3.3.190) and (3.3.194),

∥KKK⊥,QE −KKKsp∥= oP(1), so it suffices to analyze outliers of KKKsp.

Let λ ∈ D. Standard linearization/determinant lemmas for additive finite-rank defor-

mations (see also Remark 25 in the draft relating T to the classical D-transform) show that

λ /∈ supp(µ) is an eigenvalue of KKKsp iff

det
(

IIIr −λ BBB⊤QQQR(λ )BBB DDD AAA⊤QQQL(λ )AAA
)
= 0, (3.3.195)

where AAA = [aaa0,aaau,aaay], BBB = [bbb0,uuu, ȳyy], and DDD = diag(βmean,βquad,βquad).

By the resolvent limits in Step 5, the r × r matrix inside (3.3.195) is asymptotically

diagonal. More precisely, uniformly for λ ∈ D,

1−λ (bbb⊤0 QQQR(λ )bbb0)βmean (aaa⊤0 QQQL(λ )aaa0) = 1−βmean λ mµ(λ )s(λ )+oP(1),

1−λ (uuu⊤QQQR(λ )uuu)βquad (aaa⊤u QQQL(λ )aaau) = 1−βquad
λ mµ(λ )s(λ )
1− τT (s(λ ))

+oP(1),

1−λ (ȳyy⊤QQQR(λ )ȳyy)βquad (aaa⊤y QQQL(λ )aaay) = 1−βquad λ mµ(λ )s(λ )+oP(1).

208



Using Lemma 33 and (3.3.43), i.e. λmµ(λ )s(λ ) = T (s(λ )), the outlier equations become:

mean: 1−βmean T (s) = 0, (3.3.196)

quadratic yyy: 1−βquad T (s) = 0, (3.3.197)

quadratic uuu: 1−βquad
T (s)

1− τT (s)
= 0 ⇐⇒ 1− (βquad + τ)T (s) = 0. (3.3.198)

This is the key place where the deterministic equivalent (3.3.181) is used: it modifies the usual

additive-spike equation by the factor (1− τT (s))−1, and therefore adds τ to the effective spike

strength, yielding β̃quad = βquad + τ .

Let

squad := T−1(βquad), s̃quad := T−1(β̃quad), smean := T−1(βmean).

By the monotonicity of T on the relevant real branch and the characterization of outliers in

z-coordinates, each of the equations (3.3.196)–(3.3.198) yields an outlier at λ = z(s) precisely

when z′(s)> 0. Therefore:

• The mean spike yields the same BBP transition as in Theorem 3(iii) for KKK⊥, proving (iii).

• If z′(s̃quad)> 0, then KKK⊥ has an outlier λ̂⊥
u = z(s̃quad)+oP(1), proving the location part of

(iv).

• If z′(squad)> 0, then KKK⊥ has an outlier λ̂⊥
y = z(squad)+oP(1), proving the location part of

(v).

Step 7: Eigenvector alignments (residue/derivative computation).

We now compute overlaps with uuu and yyy. Let v̂vvu be the unit eigenvector of KKK⊥ associated

with λ̂⊥
u , and similarly v̂vvy for λ̂⊥

y .

For a rank-one additive spike with strength β and right-direction bbb (unit), the standard
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Benaych–Georges–Nadakuditi outlier-eigenvector formula gives

|v̂vv⊤bbb|2 −→ sz′(s)
β T ′(s)

, where s = T−1(β ) and z′(s)> 0. (3.3.199)

In our setting, the yyy-outlier satisfies βquadT (s) = 1, so (3.3.199) yields

|v̂vv⊤y ȳyy|2 P−→
squad z′(squad)

βquad T ′(squad)
.

Since |v̂vv⊤y ȳyy|2 = (1/n)|v̂vv⊤y yyy|2, this is exactly the claimed label alignment in (v).

For the uuu-outlier, the effective spike strength is β̃quad because of (3.3.198); applying the

same residue/derivative argument with the modified equation β̃quadT (s) = 1 gives

|v̂vv⊤u uuu|2 P−→
s̃quad z′(s̃quad)

β̃quad T ′(s̃quad)
,

which proves the eigenvector statement in (iv).

Step 8: Conclusion and transfer from QE to KKK⊥.

All outlier locations and alignments above were derived for KKKsp. By (3.3.190) and stan-

dard outlier stability (continuity of isolated eigenvalues/eigenvectors under vanishing operator-

norm perturbations with nonzero spectral gap), the same limits hold for KKK⊥, completing the

proof of (iii)–(v). Together with Steps 3–4, this finishes the proof of Theorem 7.

3.3.16 Proof for Spiked Weight Regime

In this section, we prove Theorem 8. At the beginning, we give a comprehensive version

of Theorem 8 below and prove this theorem instead.

Theorem 10 (Theorem 8). Assume Assumptions 3 and 4, and the linear-width scaling n/N →

φ ∈ (0,∞) and n/d → ψ ∈ (0,∞). Let XXX = MMM +ZZZ ∈ Rd×n be the XOR data matrix with fixed
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SNR r = Θ(1) as in Section 3.2.1, with label vector yyy ∈ Rn (half +1, half −1) and yyy⊤uuu = 0

where uuu = 111n/
√

n. Let WWW ∈ RN×d have i.i.d. N (0,1) entries, and let the spiked (“pretrained”)

weight matrix be

WWW 1 :=WWW +θ aaabbb⊤, aaa ∼ N (000, IIIN/N), bbb := 111d, θ = θ0 N1/4, (3.3.200)

independent of (WWW ,XXX), where θ0 > 0 is fixed. Define the random feature matrix and (uncentered)

conjugate kernel

YYY :=
1√
N

σ(WWW 1XXX) ∈ RN×n, KKK := YYY⊤YYY ∈ Rn×n. (3.3.201)

Let

sss := XXX⊤bbb ∈ Rn, qqq := sss⊙2 ∈ Rn, qqq⊥ := qqq− (uuu⊤qqq)uuu ∈ Rn, (3.3.202)

and the constants

κ := 1+
r2

2
, κ⊥ := 2+2r2 +

r4

4
. (3.3.203)

Recall the limiting bulk law µ of Theorem 5 and the functions z(·) and T (·) from Section 3.3.4

(with T strictly monotone on each branch of z outside supp(µ)). Define the spike strength

βy :=
3c2

σ

4
θ

4
0 φ κ⊥. (3.3.204)

Then the following hold:

(i) Bulk. The empirical spectral distribution of KKK converges weakly in probability to µ .

(ii) Giant outlier. The top eigenvalue of KKK diverges at rate
√

N:

λ̂1(KKK) = b2
σ θ

2
0 φ κ

√
N
(
1+oP(1)

)
. (3.3.205)
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Moreover, if v̂vvb,1 is the associated unit eigenvector, then

∣∣∣∣ v̂vv⊤b,1sss

∥sss∥

∣∣∣∣2 → 1 and
1
n

∣∣v̂vv⊤b,1yyy
∣∣2 → 0, in probability. (3.3.206)

(iii) Order-one outliers orthogonal to yyy. All O(1) outliers already present in the random-weight

model of Theorem 5 (e.g. the linear outliers and the possible “uuu-outlier”) remain O(1) and have

eigenvectors asymptotically orthogonal to yyy. (Their locations and overlaps are as in Theorem 5,

up to oP(1) perturbations.)

(iv) Additional quadratic (label-aligned) outlier. Let sy be any real solution to the additive BBP

equation

βy T (sy) = 1, (3.3.207)

on a branch such that z(sy) /∈ supp(µ) and z′(sy) > 0. Then KKK has an additional outlier

eigenvalue at

λ̂y(KKK) = z(sy)+oP(1), (3.3.208)

whose unit eigenvector v̂vvb,y satisfies the alignment limit

∣∣∣∣ v̂vv⊤b,yqqq⊥
∥qqq⊥∥

∣∣∣∣2 → sy z′(sy)

βy T ′(sy)
in probability. (3.3.209)

Consequently, the label alignment of this outlier satisfies

1
n

∣∣v̂vv⊤b,yyyy
∣∣2 → sy z′(sy)

βy T ′(sy)
· r4/4

κ⊥
, in probability. (3.3.210)

3.3.17 Step 1: A QE for spiked weights.

We follow the proof strategy of Theorem 5 in Section 3.3.8, with the key difference that

the spiked weight θ = θ0N1/4 forces a quadratic Taylor term to remain O(1) and creates an

additional outlier aligned with qqq⊥.
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We first show the concentration of sss and qqq⊥, and correlations with labels. We record the

limiting norms and the key correlation qqq⊤⊥yyy.

Lemma 64 (Concentration of sss and qqq⊥). Under the assumptions of Theorem 10, as n → ∞,

1
n
∥sss∥2 → κ and

1
n
∥qqq⊥∥2 → κ⊥, in probability, (3.3.211)

with κ,κ⊥ as in (3.3.203). Moreover,

1
n

qqq⊤⊥yyy →−r2

2
and

1
n

(
qqq⊤⊥yyy

)2
/
∥qqq⊥∥2 → r4/4

κ⊥
, in probability. (3.3.212)

Finally, yyy⊤sss = OP(
√

n).

Proof. Recall sss = XXX⊤bbb with bbb = 111d . By the XOR construction, each coordinate s j is (up to the

deterministic class-dependent shift) a sum of d independent N (0,1/d) entries, hence s j has

variance 1 in the first half and 1+r2 in the second half, and the mixture gives E[s2
j ] = 1+r2/2= κ

and E[s4
j ] = 3+3r2 + r4/4. A law of large numbers yields ∥sss∥2/n → κ .

Next, qqq = sss⊙2 has mean E[q j] = κ , so uuu⊤qqq = 1√
n ∑ j q j =

√
nκ + oP(

√
n). Thus qqq⊥ =

qqq− (uuu⊤qqq)uuu satisfies

1
n
∥qqq⊥∥2 =

1
n

n

∑
j=1

(q j − q̄)2 → Var(s2
j) = E[s4

j ]−E[s2
j ]

2

=
(

3+3r2 +
r4

4

)
−
(

1+
r2

2

)2
= 2+2r2 +

r4

4
= κ⊥.

This proves (3.3.211).

Since yyy⊤uuu = 0, we have qqq⊤⊥yyy = qqq⊤yyy. But qqq⊤yyy = ∑ j≤n/2 s2
j −∑ j>n/2 s2

j , so by the law of

large numbers

1
n

qqq⊤⊥yyy → 1
2
E[s2

j | class +]− 1
2
E[s2

j | class −] =
1
2
·1− 1

2
· (1+ r2) =−r2

2
.
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Dividing by ∥qqq⊥∥ and using ∥qqq⊥∥2/n → κ⊥ yields the second limit in (3.3.212).

Finally, yyy⊤sss = ∑ j≤n/2 s j −∑ j>n/2 s j is a sum of n i.i.d. centered terms (by symmetry

within each class), hence is OP(
√

n) by the central limit theorem.

Write

WWW 1XXX =WWWZZZ + WWWMMM︸︷︷︸
(data signal)

+ θ aaa(bbb⊤XXX)︸ ︷︷ ︸
(weight spike)

= WWWZZZ +∆∆∆lin +∆∆∆sp, (3.3.213)

where ∆∆∆lin := WWWMMM and ∆∆∆sp := θ aaasss⊤ with sss = XXX⊤bbb. As in the proof of Proposition 35 and

Section 3.3.12, we expand σ(WWWZZZ +∆∆∆lin +∆∆∆sp) to second order around WWWZZZ:

σ(WWWZZZ +∆∆∆lin +∆∆∆sp) (3.3.214)

=σ(WWWZZZ)+σ
′(WWWZZZ)⊙ (∆∆∆lin +∆∆∆sp)+

1
2

σ
′′(WWWZZZ)⊙ (∆∆∆lin +∆∆∆sp)

⊙2 +RRR, (3.3.215)

where RRR is the third-order remainder.

The next lemma records the operator-norm sizes of the terms in (3.3.214) under the

finite-SNR regime r = Θ(1) and the spiked-weight scaling θ = θ0N1/4.

Lemma 65 (Finite-SNR QE under spiked weights). Under the assumptions of Theorem 10,

define

YYY sp :=
1√
N

σ(WWWZZZ)+
1√
N

σ
′(WWWZZZ)⊙∆∆∆lin +

bσ θ√
N

aaasss⊤+
cσ θ 2

2
√

N
aaa⊙2qqq⊤, (3.3.216)

where qqq = sss⊙2. Then ∥∥YYY −YYY sp
∥∥≺ n−1/4. (3.3.217)

Proof. We bound each discarded contribution in (3.3.214) after division by
√

N.
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(a) The ∆∆∆sp linearization. By definition, ∆∆∆sp = θ aaasss⊤, hence

1√
N

σ
′(WWWZZZ)⊙∆∆∆sp =

θ√
N

(
σ
′(WWWZZZ)⊙aaasss⊤

)
.

Since σ ′ is bounded (Assumption 1), ∥σ ′(WWWZZZ)⊙aaasss⊤∥ ≤ ∥σ ′∥∞∥aaasss⊤∥= ∥σ ′∥∞∥aaa∥∥sss∥. Using

∥aaa∥2 → 1 and ∥sss∥2/n → κ in probability (Lemma 64),

∥∥∥∥ 1√
N

σ
′(WWWZZZ)⊙∆∆∆sp

∥∥∥∥= OP

(
θ√
N
∥sss∥
)
= OP

(
θ
√

n/N
)
= OP

(
N1/4),

which is precisely the “giant” spike term. To obtain the QE form in (3.3.216), we replace σ ′(WWWZZZ)

by its Hermite coefficient bσ :

1√
N

σ
′(WWWZZZ)⊙∆∆∆sp =

bσ θ√
N

aaasss⊤+EEEsp,1,

and standard concentration plus boundedness of σ ′′ yields ∥EEEsp,1∥ ≺ n−1/4 (the same argument

as in Proposition 35, but with perturbation size ∥∆∆∆sp∥∞ = OP(N−1/4) and Taylor remainder order

O(∥∆∥2
∞)).

(b) The quadratic term (∆∆∆sp)
⊙2. We have (∆∆∆sp)

⊙2 = θ 2aaa⊙2qqq⊤ with qqq = sss⊙2. Thus

1
2
√

N
σ
′′(WWWZZZ)⊙ (∆∆∆sp)

⊙2 =
θ 2

2
√

N

(
σ
′′(WWWZZZ)⊙aaa⊙2qqq⊤

)
.

Replacing σ ′′(WWWZZZ) by its Hermite coefficient cσ yields the rank-one term cσ θ 2

2
√

N
aaa⊙2qqq⊤ plus

an error EEEsp,2 with ∥EEEsp,2∥ ≺ n−1/4 (again by boundedness of σ (3) and the entrywise size

∥(∆∆∆sp)
⊙2∥∞ = OP(N−1/2)).

(c) Mixed and purely-data quadratic terms. Expand (∆∆∆lin +∆∆∆sp)
⊙2 = (∆∆∆lin)

⊙2 +2(∆∆∆lin ⊙∆∆∆sp)+

(∆∆∆sp)
⊙2. In the finite-SNR regime, Section 3.3.8 (Lemma 44) shows that the contribution

1
2
√

N
σ ′′(WWWZZZ)⊙ (∆∆∆lin)

⊙2 has operator norm ≺ n−1/2 and is negligible. For the mixed term, using

∥∆∆∆lin∥∞ = OP(n−1/2) and ∥∆∆∆sp∥∞ = OP(N−1/4), we have ∥∆∆∆lin ⊙ ∆∆∆sp∥∞ = OP(n−1/2N−1/4).
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Since σ ′′ is bounded,

∥∥∥∥ 1√
N

σ
′′(WWWZZZ)⊙ (∆∆∆lin ⊙∆∆∆sp)

∥∥∥∥ ≤ ∥σ ′′∥∞√
N

·
√

Nn ·OP(n−1/2N−1/4) = OP(N−1/4) ≺ n−1/4.

(d) The third-order remainder. Since σ (3) is bounded and ∥∆∆∆lin +∆∆∆sp∥∞ = OP(N−1/4), the

remainder satisfies ∥RRR∥∞ = OP(N−3/4). Therefore

∥∥RRR/
√

N
∥∥ ≤

√
Nn ·OP(N−3/4)/

√
N = OP(n1/2N−3/4) = OP(N−1/4) ≺ n−1/4.

Combining (a)–(d) yields (3.3.217).

3.3.18 Proof of Theorem 10

Define the “spiked-QE” Gram matrix

KKKsp := YYY⊤
spYYY sp. (3.3.218)

By Lemma 65 and the basic inequality ∥AAA⊤AAA−BBB⊤BBB∥ ≤ (∥AAA∥+∥BBB∥)∥AAA−BBB∥, we obtain

∥∥KKK −KKKsp
∥∥ ≺ (∥YYY∥+∥YYY sp∥)n−1/4. (3.3.219)

The operator norms satisfy ∥YYY∥+ ∥YYY sp∥ = OP(N1/4) because of the giant spike term, hence

∥KKK −KKKsp∥ = oP(
√

N). This will be sufficient to transfer the asymptotics of the diverging top

eigenvalue and to keep all O(1) outliers stable.

Proof of Bulk limit (part (i)).

The matrix KKKsp differs from the random-weight kernel (Theorem 5) by a finite-rank

perturbation: it contains (i) the same null bulk term 1√
N

σ(WWWZZZ) plus the same O(1) finite-rank

terms from ∆∆∆lin, and additionally (ii) the rank-one spike terms bσ θ√
N

aaasss⊤ and cσ θ 2

2
√

N
aaa⊙2qqq⊤. Finite-

rank perturbations do not affect the limiting ESD, so the ESD of KKKsp converges to the same
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µ as in Theorem 5. Since ∥KKK −KKKsp∥= oP(1) on compact spectral scales (from (3.3.219) and

∥YYY∥= OP(N1/4)), the ESD of KKK also converges to µ .

Proof of Giant outlier (part (ii)).

Let

PPPs :=
bσ θ√

N
aaasss⊤ =

bσ θ0

N1/4 aaasss⊤. (3.3.220)

Then PPPs has rank one and

PPP⊤
s PPPs =

b2
σ θ 2

N
(aaa⊤aaa)ssssss⊤.

Hence its unique nonzero eigenvalue equals

λmax(PPP⊤
s PPPs) =

b2
σ θ 2

N
(aaa⊤aaa)∥sss∥2.

Using aaa⊤aaa → 1 and ∥sss∥2/n → κ (Lemma 64), and θ 2 = θ 2
0 N1/2 with n/N → φ , we obtain

λmax(PPP⊤
s PPPs) = b2

σ θ
2
0 φ κ

√
N (1+oP(1)).

All other terms in KKKsp have operator norm OP(1) (the random-weight CK and the O(1) finite-rank

linear terms), so by Weyl’s inequality,

λ̂1(KKKsp) = b2
σ θ

2
0 φ κ

√
N (1+oP(1)).

Since ∥KKK −KKKsp∥= oP(
√

N), the same asymptotic holds for λ̂1(KKK), proving (3.3.205).

For the eigenvector, note that PPP⊤
s PPPs has eigenvector sss/∥sss∥ and an eigen-gap of order

√
N

to the rest of the spectrum (which is O(1)). Therefore, by Davis–Kahan, the top eigenvector

v̂vvb,1 of KKKsp satisfies
∣∣v̂vv⊤b,1sss/∥sss∥

∣∣2 → 1, and stability under the oP(
√

N) perturbation from KKKsp to

KKK yields the same for KKK. Finally, yyy⊤sss = OP(
√

n) by Lemma 64, while ∥sss∥ = ΘP(
√

n), hence

(1/n)|v̂vv⊤b,1yyy|2 → 0, proving (3.3.206).
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Proof of the additional quadratic outlier (part (iv)).

Define the “quadratic” rank-one term

PPPq :=
cσ θ 2

2
√

N
aaa⊙2qqq⊤ =

cσ θ 2
0

2
aaa⊙2qqq⊤. (3.3.221)

Since yyy⊤uuu = 0, only the component of qqq orthogonal to uuu can correlate with labels; therefore we

decompose qqq = (uuu⊤qqq)uuu+qqq⊥ as in (3.3.202) and retain the qqq⊥ channel.

We now compute the spike strength associated with qqq⊥. Let ãaa := aaa⊙2/∥aaa⊙2∥ and

q̃qq⊥ := qqq⊥/∥qqq⊥∥. Then

cσ θ 2
0

2
aaa⊙2qqq⊤⊥ =

√
βy ãaa q̃qq⊤⊥ with βy =

(cσ θ 2
0

2

)2
∥aaa⊙2∥2∥qqq⊥∥2.

Since aaai ∼ N (0,1/N) i.i.d., we have ∥aaa⊙2∥2 = ∑i a4
i → 3/N in probability, and by Lemma 64,

∥qqq⊥∥2/n → κ⊥. Thus

βy =
(cσ θ 2

0
2

)2
· 3

N
·nκ⊥ (1+oP(1)) =

3c2
σ

4
θ

4
0 φ κ⊥ (1+oP(1)),

which matches (3.3.204).

At this point we invoke the additive outlier theory for spiked sample covariance matrices

(Lemmas 53, 55, 56, and 57 in Section 3.3.8): condition on XXX so that q̃qq⊥ is deterministic, and use

independence of aaa from the null bulk. Then, on any branch where z′(s)> 0 and z(s) /∈ supp(µ),

the existence of an outlier associated with the rank-one spike
√

βyãaaq̃qq⊤⊥ is governed by the scalar

equation βyT (s) = 1 (Lemma 55), i.e. (3.3.207). If sy is a solution on such a branch, then the

corresponding outlier eigenvalue converges to z(sy), giving (3.3.208).

Moreover, Lemma 46 yields the eigenvector overlap with the spike direction:

∣∣v̂vv⊤b,yq̃qq⊥
∣∣2 → syz′(sy)

βyT ′(sy)
,
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which is (3.3.209).

Finally, since yyy ⊥ uuu we have qqq⊤⊥yyy = qqq⊤yyy and

1
n

∣∣v̂vv⊤b,yyyy
∣∣2 = 1

n

∣∣v̂vv⊤b,yq̃qq⊥
∣∣2 · (qqq⊤⊥yyy

)2

∥qqq⊥∥2 +oP(1),

and Lemma 64 gives 1
n

(
qqq⊤⊥yyy

)2
/∥qqq⊥∥2 → r4/(4κ⊥). Combining with (3.3.209) proves (3.3.210).

Proof of remaining order-one outliers (part (iii)).

The spiked-weight terms PPPs and PPPq have ranks one, hence they do not alter the existence

criteria or locations of the pre-existing O(1) outliers from Theorem 5 beyond oP(1) perturbations

(standard finite-rank stability, cf. Section 3.3.12). All such eigenvectors remain asymptotically

orthogonal to yyy by the same arguments as in Theorem 5 (they align with uuu,vvv1,vvv2-type directions),

while yyy is orthogonal to those directions. This completes the proof.

3.3.19 Proof of Quadratic Sample-size Regime

In this section we proof Theorem 9 when n ≍ d2 and N ≫ n2. Let www ∼ N (000, IIId) and

define the population CK matrix

ΦΦΦ(XXX) := Ewww
[
σ(www⊤XXX)⊤σ(www⊤XXX) | XXX

]
∈ Rn×n, ΦΦΦ(XXX)i j = Ewww[σ(www⊤xxxi)σ(www⊤xxx j) | XXX ].

In this section, we consider the empirical CK with projection as

KKKc := PPPKKKPPP,

where PPP = IIIn − 1
n111111⊤.

Proposition 66 (Ultra-wide CK concentration with bounded column norms). Under the assump-
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tions of Theorem 9, there exist constants C,c > 0 such that

P

(
∥KKK −ΦΦΦ(XXX)∥ ≥ C

√
n2

N

∣∣∣ XXX

)
≤ 2exp(−cn).

Consequently,

∥KKK −ΦΦΦ(XXX)∥ P−→ 0, ∥KKKc −PPPΦΦΦ(XXX)PPP∥ P−→ 0.

Proof. Lemma 24 shows that
n

∑
α=1

(
∥xxxα∥2 −1

)2
≲ d,

with high probability. Also, we know ∥XXX∥ ≤ ∥MMM∥+∥ZZZ∥ ≺
√

d where ∥MMM∥= θSNR ≺
√

d and

∥ZZZ∥ ≺
√

n/d + 1. Hence, we can directly apply Theorem 2.3 of [WZ21] and conclude the

proof.

3.3.20 Analysis of the Population CK for Quadratic Sample-size Regime

Let (hk)k≥0 be the orthonormal Hermite polynomials w.r.t. ξ ∼ N (0,1):

E[hk(ξ )hℓ(ξ )] = δkℓ

with h0 ≡ 1, h1(ξ ) = ξ , and h2(ξ ) = (ξ 2 −1)/
√

2.

For each i ∈ [n], set si := ∥xxxi∥ and define the scaled activation σ(i)(t) := σ(sit). Define

its Hermite coefficients

ζ
(i)
k := E[σ(i)(ξ )hk(ξ )], k ∈ N,

and the diagonal matrices DDDk := diag(ζ (1)
k , . . . ,ζ

(n)
k ).

Define the Gram and correlation matrices

GGG := XXX⊤XXX , DDD := diag(s1, . . . ,sn), RRR := DDD−1GGGDDD−1.

Note RRRii = 1 and RRRi j =
xxx⊤i xxx j
sis j

.
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Lemma 67 (Hermite expansion of ΦΦΦ(XXX)). Condition on XXX. Then

ΦΦΦ(XXX) = ∑
k≥0

DDDk RRR⊙k DDDk, (RRR⊙k)i j := (RRRi j)
k.

Equivalently, entrywise,

ΦΦΦ(XXX)i j = ∑
k≥0

ζ
(i)
k ζ

( j)
k (RRRi j)

k.

Proof. This lemma is derived in the proof of Lemma 5.2 in [WZ21].

Define the Hadamard-square matrix HHH := GGG⊙GGG. For k = 0,1,2, define the following

objects:

µµµ := DDD0111 ∈ Rn, AAA := diag
(

ζ
(1)
1
s1

, . . . ,
ζ
(n)
1
sn

)
∈ Rn×n, CCC := diag

(
ζ
(1)
2
s2

1
, . . . ,

ζ
(n)
2
s2

n

)
∈ Rn×n.

Lemma 68. Condition on XXX. Then:

DDD0RRR⊙0DDD0 = (DDD0111)(DDD0111)⊤ = µµµµµµ
⊤,

DDD1RRRDDD1 = AAAGGGAAA,

DDD2RRR⊙2DDD2 =CCC (GGG⊙GGG)CCC =CCC HHH CCC.

Proof. The first identity uses RRR⊙0 = 111111⊤. For the second,

(DDD1RRRDDD1)i j = ζ
(i)
1 ζ

( j)
1

GGGi j

sis j
=
(

ζ
(i)
1
si

)(
ζ
( j)
1
s j

)
GGGi j = (AAAGGGAAA)i j.

Similarly,

(DDD2RRR⊙2DDD2)i j = ζ
(i)
2 ζ

( j)
2

GGG2
i j

s2
i s2

j
=
(

ζ
(i)
2
s2

i

)(
ζ
( j)
2
s2

j

)
GGG2

i j = (CCC HHH CCC)i j.

Let ttt i := xxxi/∥xxxi∥2 so that ∥ttt i∥2 = 1 and RRRi j = ttt⊤i ttt j. For each integer k ≥ 1, define lifted
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features

vvv(k)i := ttt⊗k
i ∈ Rdk

, VVV k := [vvv(k)1 , . . . ,vvv(k)n ] ∈ Rdk×n.

Then RRR⊙k =VVV⊤
k VVV k because of kernel trick (ttt⊤i ttt j)

k = ⟨ttt⊗k
i , ttt⊗k

j ⟩.

Lemma 69. Assume n ≤Cd2 and the XOR model with r = O(1). Fix any integer k ≥ 3. Then,

as d → ∞, ∥∥PPPRRR⊙kPPP−PPP
∥∥= oP(1).

Moreover one may take the quantitative bound

∥∥PPPRRR⊙kPPP−PPP
∥∥= OP

(√ n
dk

)
= OP

(
d1−k/2).

Proof. The proof is based on the proof of Lemma 5.2 of [WZ21]. We sketch a standard Gram-

matrix concentration argument in the regime dk ≫ n.

Step 1 (Gram form). As noted, RRR⊙k =VVV⊤
k VVV k with columns vvv(k)i of unit norm. Hence RRR⊙k − IIIn

has zero diagonal and off-diagonal entries (ttt⊤i ttt j)
k.

Step 2 (nearly isotropic, high dimension). Under the XOR model with r = O(1), the normal-

ized directions ttt i are i.i.d. and (uniformly in d) subgaussian with nearly isotropic covariance.

Consequently, the tensor features vvv(k)i = ttt⊗k
i are also i.i.d., subgaussian in dimension dk, with

E[vvv(k)i (vvv(k)i )⊤]≈ 1
dk IIIdk .

(One can formalize this by restricting to the symmetric tensor subspace; the effective dimension

is still ≍ dk.)

Step 3 (operator-norm concentration). For i.i.d. subgaussian isotropic vectors in dimension

p = dk, a standard sample-covariance concentration inequality implies

∥∥∥∥1
n

VVV kVVV⊤
k − 1

dk IIIdk

∥∥∥∥= OP

(√
dk

n

)
· 1

dk = OP

(√
1

ndk

)
.
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Multiplying by n and using that nonzero eigenvalues of VVV⊤
k VVV k coincide with those of VVV kVVV⊤

k , we

obtain

∥VVV⊤
k VVV k − IIIn∥= OP

(√ n
dk

)
.

Finally, since PPP(RRR⊙k − III)PPP = PPP(VVV⊤
k VVV k − III)PPP and ∥PPP∥= 1,

∥PPPRRR⊙kPPP−PPP∥ ≤ ∥RRR⊙k − III∥= OP

(√ n
dk

)
= OP(d1−k/2),

which tends to 0 for k ≥ 3 since n ≤Cd2.

Define the variance-1 Hermite weights

α0 := 1−b2
σ − c2

σ

2
, α2 :=

c2
σ

2
.

(Recall E[σ(ξ )2] = 1 and bσ = ζ1(σ), ζ2(σ) = cσ/
√

2.)

Lemma 70 (Tail (k ≥ 3) collapses to α0 PPP after centering). Assume the XOR model with n ≤Cd2

and r = O(1), and σ is Lipschitz with E[σ(ξ )] = 0, E[σ(ξ )2] = 1. Then

∥∥∥∥∥PPP

(
∑
k≥3

DDDkRRR⊙kDDDk

)
PPP−α0 PPP

∥∥∥∥∥= oP(1).

Proof. Let TTT≥3 := ∑k≥3 DDDkRRR⊙kDDDk. Write

TTT≥3 = ∑
k≥3

DDD2
k + ∑

k≥3
DDDk(RRR⊙k − III)DDDk.

We treat the two pieces.

Step 1 (diagonal piece). By Parseval in L2(N (0,1)),

∑
k≥0

(ζ
(i)
k )2 = E[σ(siξ )

2].
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Since σ is Lipschitz and si = ∥xxxi∥2 = 1+oP(1) uniformly (by Lemma 24), we have

max
i

|E[σ(siξ )
2]−1|= oP(1)

Also ζ
(i)
0 = E[σ(siξ )] and ζ

(i)
1 = E[σ(siξ )ξ ] and ζ

(i)
2 = E[σ(siξ )h2(ξ )] are uniformly OP(1).

Therefore

max
i∈[n]

∣∣∣∣∣∑k≥3
(ζ

(i)
k )2 −α0

∣∣∣∣∣= oP(1),

which implies ∥∥∥∥∥PPP

(
∑
k≥3

DDD2
k

)
PPP−α0PPP

∥∥∥∥∥≤
∥∥∥∥∥∑

k≥3
DDD2

k −α0III

∥∥∥∥∥= oP(1),

since the LHS is a centered diagonal perturbation and the operator norm of a diagonal matrix is

its maximum entry.

Step 2 (off-diagonal piece). Fix an integer K ≥ 3 (later K = K(d)→ ∞ slowly). Split

∑
k≥3

DDDk(RRR⊙k − III)DDDk =
K

∑
k=3

DDDk(RRR⊙k − III)DDDk + ∑
k>K

DDDk(RRR⊙k − III)DDDk.

For the finite sum: ∥DDDk∥ ≤ maxi |ζ (i)
k | ≤ maxi ∥σ(siξ )∥L2 = OP(1), and Lemma 69 implies

∥PPP(RRR⊙k − III)PPP∥= OP(d1−k/2). Hence, for fixed K,

∥∥∥∥∥PPP
K

∑
k=3

DDDk(RRR⊙k − III)DDDkPPP

∥∥∥∥∥≤ K

∑
k=3

OP(d1−k/2) = OP

( K√
d

)
.

Choose K(d) = ⌊logd⌋ to get K/
√

d → 0.

For the tail k > K(d), use the crude bound |RRRi j| ≤ maxi̸= j |RRRi j| ≤ τn w.h.p. and τn → 0

(Lemma 24), so entrywise |(RRRi j)
k| ≤ τk

n for i ̸= j. Since RRR⊙k − III has zero diagonal, Gershgorin

yields

∥RRR⊙k − III∥ ≤ nτ
k
n .
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Also ∥DDDk∥ ≤ OP(1). Hence

∥∥∥∥∥PPP ∑
k>K(d)

DDDk(RRR⊙k − III)DDDkPPP

∥∥∥∥∥≤ OP(1) ∑
k>K(d)

nτ
k
n = OP(1) ·

nτ
K(d)+1
n

1− τn
= oP(1),

because K(d)≍ logd and τn → 0.

Combining Steps 1–2 yields the claim.

Theorem 11 (QE for the centered population CK, general bσ ̸= 0). Assume the XOR model with

n ≤Cd2 and r = O(1), and σ is Lipschitz with E[σ(ξ )] = 0, E[σ(ξ )2] = 1. Let µµµ , AAA, CCC be as in

Lemma 68, and let α0,α2 be as above. Then

∥∥∥PPPΦΦΦ(XXX)PPP−
(

PPPµµµµµµ
⊤PPP+PPPAAAGGGAAAPPP+PPPCCCHHHCCCPPP+α0 PPP

)∥∥∥= oP(1).

Proof. By Lemma 67,

PPPΦΦΦ(XXX)PPP = PPP

(
2

∑
k=0

DDDkRRR⊙kDDDk

)
PPP+PPP

(
∑
k≥3

DDDkRRR⊙kDDDk

)
PPP.

The k = 0,1,2 part equals PPPµµµµµµ⊤PPP+PPPAAAGGGAAAPPP+PPPCCCHHHCCCPPP by Lemma 68. The k ≥ 3 part equals

α0PPP+oP(1) by Lemma 70. Combining yields the claim.

The following proposition is the formal statement of Proposition 36.

Proposition 71 (QE for centered empirical CK, general bσ ̸= 0). Assume the hypotheses of

Theorem 11 and additionally n2/N → 0. Then, with KKKc = PPPKKKPPP,

∥∥∥KKKc −
(

PPPµµµµµµ
⊤PPP+PPPAAAGGGAAAPPP+PPPCCCHHHCCCPPP+α0 PPP

)∥∥∥= oP(1).
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Proof. Triangle inequality:

∥∥∥KKKc −
(

PPPµµµµµµ
⊤PPP+PPPAAAGGGAAAPPP+PPPCCCHHHCCCPPP+α0 PPP

)∥∥∥
≤∥KKKc −PPPΦΦΦ(XXX)PPP∥+

∥∥∥PPPΦΦΦ(XXX)PPP−
(

PPPµµµµµµ
⊤PPP+PPPAAAGGGAAAPPP+PPPCCCHHHCCCPPP+α0 PPP

)∥∥∥.
The first term is oP(1) by Proposition 66 (since n/N → 0). The second term is oP(1) by

Theorem 11. Hence we complete the proof.

Corollary 72 (QE in the quadratic regime when bσ = 0). Assume the hypotheses of Proposi-

tion 71. Assume in addition that

E[ξ σ(ξ )] = bσ = 0 and E[ξ σ(sξ )] = 0 for all s ∈ [1−δ ,1+δ ]

for some fixed δ > 0 (e.g. this holds if σ is even). Then AAA = 000 and

∥∥∥KKKc −
(

PPPµµµµµµ
⊤PPP+PPPCCCHHHCCCPPP+α0 PPP

)∥∥∥= oP(1).

If furthermore E[σ(sξ )] = 0 for all s ∈ [1−δ ,1+δ ] (e.g. σ is odd), then µµµ = 000 and

∥KKKc − (PPPCCCHHHCCCPPP+α0 PPP)∥= oP(1).

Finally, by Lemma 24, CCC = ζ2(σ)IIIn + oP(1) and PPPCCCHHHCCCPPP = α2 HHHc + oP(1) with HHHc := PPPHHHPPP,

yielding the simplified QE

∥KKKc − (α0 PPP+α2 HHHc)∥= oP(1).

Proof. If E[ξ σ(sξ )] = 0 for all relevant s, then ζ
(i)
1 = 0 for all i, hence DDD1 = 000 and AAA = 000, so

Proposition 71 reduces to the first displayed statement.

If also E[σ(sξ )] = 0 for all relevant s, then ζ
(i)
0 = 0 for all i, hence µµµ = 000, giving the

second statement.
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Finally, if maxi |si − 1| = oP(1), then by Lipschitz continuity of s 7→ ζ2(σ(s·)) in L2,

we have maxi |ζ (i)
2 −ζ2(σ)|= oP(1) and maxi |s−2

i −1|= oP(1), hence ∥CCC−ζ2(σ)III∥= oP(1).

Since ∥HHHc∥= OP(1) in the quadratic regime (it is a centered Gram matrix in dimension ≍ d2),

∥PPPCCCHHHCCCPPP−ζ2(σ)2 PPPHHHPPP∥ ≤ ∥CCC−ζ2(σ)III∥ ·OP(1) = oP(1),

and ζ2(σ)2 = α2 = c2
σ/2. This yields the last claim.

Remark.Lemma 5.2 of [WZ21] shows ∥ΦΦΦ−ΦΦΦ0∥≲ Bε2
n
√

n under (εn,B)-orthonormality and

bounded ∥XXX∥ ≤ B, where ΦΦΦ0 is a degree-3 Hermite-truncation polynomial in XXX⊤XXX (with fk(x) =

xk entrywise). In our quadratic regime, by Lemma 24, εn ≍
√

log(n)/d and B =
√

d, which

is increading as d → ∞. Hence, we instead: (i) work with the correlation matrix RRR (bounded

diagonals), (ii) keep the degree-2 term explicitly, and (iii) show degrees k ≥ 3 collapse to PPP on

the centered subspace. This is the regime-adapted version of the same Hermite-expansion idea.

3.3.21 Deterministic Equivalent of Spiked Kernel Model

Let svec : Sd → Rp be the Frobenius-isometric symmetric vectorization, with p = d(d +

1)/2 and

⟨svec(AAA),svec(BBB)⟩= ⟨AAA,BBB⟩F .

Define the lifted data matrix

QQQ := [qqq1, . . . ,qqqn] ∈ Rp×n, qqqi := svec(xxxixxx⊤i ).

Then

HHH = QQQ⊤QQQ, HHHc = (QQQPPP)⊤(QQQPPP).

This above formula is also called kernel trick, see Section 3.7 of [Ver18]. Kernel trick helps us

make the nonlinear matrix (quadratic kernel matrix) into a linear sample covariance matrix/Gram
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matrix. Then we can apply standard random matrix results to analyze spikes and ESD.

Lemma 73 (Unique label-dependent direction in the quadratic lift for XOR). Define

sss :=
1√
2

svec(uuu1uuu⊤1 −uuu2uuu⊤2 ) ∈ Rp, ∥sss∥2 = 1.

Then there exists a deterministic q̄qq ∈ Rp and a scalar δd > 0 such that for all i,

E[qqqi | yi] = q̄qq+ yi
δd√

p
sss, δd =

r2

2

√
1+

1
d
.

In particular, δd → δ := r2/2 as d → ∞, and one may write

E[qqqi | yi] = q̄qq+ yi
δ
√

p
sss+ rrri,d, ∥rrri,d∥2 ≤C

1
d
√

p
.

Moreover, centering removes q̄qq:

QQQPPP = (QQQ− q̄qq111⊤)PPP.

Proof. Fix i and condition on yi (equivalently, on a(i) ∈ {1,2}). Expand

xxxixxx⊤i = zzzizzz⊤i + zzzimmm⊤
i +mmmizzz⊤i +mmmimmm⊤

i .

Taking conditional expectation given yi:

• E[zzzizzz⊤i ] =
1
d IIId .

• Since zzzi is mean-zero and independent of mmmi, E[zzzimmm⊤
i +mmmizzz⊤i | yi] = 000.

• Since mmmi = ηi
r√
d

uuua(i) and η2
i = 1,

E[mmmimmm⊤
i | yi] =

r2

d
uuua(i)uuu

⊤
a(i) =

r2

2d

(
uuu1uuu⊤1 +uuu2uuu⊤2

)
+ yi

r2

2d

(
uuu1uuu⊤1 −uuu2uuu⊤2

)
.
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Hence

E[xxxixxx⊤i | yi] =
(1

d
IIId +

r2

2d

(
uuu1uuu⊤1 +uuu2uuu⊤2

))
︸ ︷︷ ︸

=: Σ̄ΣΣ

+yi

( r2

2d

(
uuu1uuu⊤1 −uuu2uuu⊤2

))
︸ ︷︷ ︸

=: ∆ΣΣΣ

.

Apply the linear map svec:

E[qqqi | yi] = svec(Σ̄ΣΣ)+ yi svec(∆ΣΣΣ).

Define q̄qq := svec(Σ̄ΣΣ). For the label-dependent part,

svec(∆ΣΣΣ) =
r2

2d
svec(uuu1uuu⊤1 −uuu2uuu⊤2 ) =

r2

2d

√
2sss =

r2
√

2d
sss.

Since p = d(d +1)/2, we have

1
√

p
=

√
2

d
√

1+1/d
, so

r2
√

2d
=

r2

2

√
1+

1
d
· 1
√

p
=

δd√
p
.

This proves the exact identity with δd . Since δd −δ = O(1/d) and ∥sss∥2 = 1, the residual rrri,d

bound follows.

Finally, PPP111 = 000 implies q̄qq111⊤PPP = 000, hence

(QQQ− q̄qq111⊤)PPP = QQQPPP.

Lemma 74 (Lifted noise is asymptotically isotropic). Define the centered lifted noise

εεε i := qqqi −E[qqqi | yi] = svec
(

xxxixxx⊤i −E[xxxixxx⊤i | yi]
)
.
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Then (εεε i)
n
i=1 are independent, mean-zero, and for each fixed i,

E[εεε iεεε
⊤
i | yi] =

2
d2 IIIp +

4r2

d2 UUUa(i),

where UUUa(i) ∈ Rp×p is a deterministic PSD matrix (depending on uuua(i)) satisfying

rank(UUUa(i))≤ d, ∥UUUa(i)∥op ≤ 1.

Equivalently,

E[εεε iεεε
⊤
i | yi] =

1
p

IIIp +
2r2

p
UUUa(i)+O

( 1
pd

)
in ∥ · ∥op.

In particular, the covariance is isotropic up to a rank-O(d) perturbation of size Θ(1/p) in

operator norm. If ΠΠΠa(i) denotes the orthogonal projector onto Im(UUUa(i)), then on the orthogonal

complement Im(UUUa(i))
⊥,

(IIIp −ΠΠΠa(i))E[εεε iεεε
⊤
i | yi] (IIIp −ΠΠΠa(i)) =

2
d2 (IIIp −ΠΠΠa(i)).

Proof. Step 1 (independence and centering). The columns xxxi are independent across i, hence so

are qqqi and εεε i. By construction, E[εεε i | yi] = 000.

Step 2 (explicit centered matrix representation). Fix i and condition on yi (so uuu := uuua(i)

is fixed) and on ηi. Write mmm := ηi
r√
d

uuu and zzz := zzzi so that xxx = zzz+mmm. Using E[xxxxxx⊤ | yi] =

1
d IIId +

r2

d uuuuuu⊤, we obtain

xxxxxx⊤−E[xxxxxx⊤ | yi] =
(

zzzzzz⊤− 1
d

IIId

)
+
(

zzzmmm⊤+mmmzzz⊤
)
.

Therefore,

εεε i = svec
(

zzzzzz⊤− 1
d

IIId

)
+ svec

(
zzzmmm⊤+mmmzzz⊤

)
.

Step 3 (covariance in test-matrix form). Let AAA,BBB ∈ Sd and set aaa := svec(AAA), bbb := svec(BBB).
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By the svec isometry,

⟨εεε i,aaa⟩=
〈

zzzzzz⊤− 1
d

IIId,AAA
〉

F
+ ⟨zzzmmm⊤+mmmzzz⊤,AAA⟩F .

Since AAA is symmetric,

⟨zzzmmm⊤+mmmzzz⊤,AAA⟩F = tr((zzzmmm⊤+mmmzzz⊤)AAA) = 2zzz⊤AAAmmm.

Hence

⟨εεε i,aaa⟩=
(

zzz⊤AAAzzz− 1
d

tr(AAA)
)

︸ ︷︷ ︸
=:T2(AAA)

+2zzz⊤AAAmmm︸ ︷︷ ︸
=:T1(AAA)

.

Here T2(AAA) is a centered quadratic form in zzz (2nd chaos) and T1(AAA) is linear in zzz (1st chaos). By

symmetry of Gaussian moments, E[T2(AAA)T1(BBB)] = 0 for all AAA,BBB. Therefore

E[⟨εεε i,aaa⟩⟨εεε i,bbb⟩ | yi] = E[T2(AAA)T2(BBB)]+E[T1(AAA)T1(BBB)].

Step 4 (compute each covariance term). Since zzz ∼ N (000, IIId/d), a standard Wick/Isserlis

computation gives

E[T2(AAA)T2(BBB)] = Cov(zzz⊤AAAzzz,zzz⊤BBBzzz) =
2
d2 tr(AAABBB).

Also,

E[T1(AAA)T1(BBB)] = 4E[(zzz⊤AAAmmm)(zzz⊤BBBmmm)] = 4(AAAmmm)⊤E[zzzzzz⊤] (BBBmmm) =
4
d

mmm⊤AAABBBmmm.

Since mmm = ηi
r√
d

uuu and η2
i = 1,

4
d

mmm⊤AAABBBmmm =
4r2

d2 uuu⊤AAABBBuuu.
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Altogether,

E[⟨εεε i,aaa⟩⟨εεε i,bbb⟩ | yi] =
2
d2 tr(AAABBB)+

4r2

d2 uuu⊤AAABBBuuu.

Step 5 (identify UUUa(i) and its rank bound). Define the linear operator Uuuu : Sd → Sd by

⟨Uuuu(AAA),BBB⟩F := uuu⊤AAABBBuuu (AAA,BBB ∈ Sd),

and let UUUa(i) be its matrix representation in svec coordinates: for aaa = svec(AAA), bbb = svec(BBB),

aaa⊤UUUa(i)bbb = uuu⊤AAABBBuuu.

Then the covariance identity becomes exactly

E[εεε iεεε
⊤
i | yi] =

2
d2 IIIp +

4r2

d2 UUUa(i).

The map AAA 7→ AAAuuu has range in Rd , so Uuuu has rank at most d, hence rank(UUUa(i))≤ d.

Moreover, for any AAA ∈ Sd with ∥AAA∥F = 1,

uuu⊤AAA2uuu = ∥AAAuuu∥2
2 ≤ ∥AAA∥2

F∥uuu∥2
2 = 1,

so ∥Uuuu∥op ≤ 1 as an operator on (Sd,∥ · ∥F), which implies ∥UUUa(i)∥op ≤ 1 in svec coordinates.

Finally, since p = d(d + 1)/2, we have 2
d2 = 1

p ·
d+1

d = 1
p +O( 1

pd ), yielding the stated

equivalent form.

Proposition 75 (Decomposition of the centered lifted matrix). Let yyy = (y1, . . . ,yn)
⊤ be balanced

(yyy⊤111 = 0), and define

EEE := [εεε1, . . . ,εεεn]PPP ∈ Rp×n.
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Then

QQQPPP =
δ
√

p
sssyyy⊤+EEE +RRRQ, ∥RRRQ∥op = oP(1),

where δ = r2/2 and sss is as in Lemma 73. In fact, one may take the explicit remainder

RRRQ =
(

δd −δ
√

p

)
sssyyy⊤, ∥RRRQ∥op ≤

∣∣∣δd −δ
√

p

∣∣∣∥sss∥2 ∥yyy∥2 ≲
1
d
·
√

n
p
= o(1),

since δd −δ = O(1/d) and n/p → γ ∈ (0,∞).

Proof. For each i, by definition of εεε i,

qqqi = E[qqqi | yi]+ εεε i.

By Lemma 73,

E[qqqi | yi] = q̄qq+ yi
δd√

p
sss.

Stacking columns yields

QQQ = q̄qq111⊤+
δd√

p
sssyyy⊤+[εεε1, . . . ,εεεn].

Right-multiply by PPP. Using 111⊤PPP = 000⊤ and yyy⊤PPP = yyy⊤ (balanced labels),

QQQPPP =
δd√

p
sssyyy⊤+[εεε1, . . . ,εεεn]PPP =

δ
√

p
sssyyy⊤+EEE +

(
δd −δ
√

p

)
sssyyy⊤.

Define RRRQ :=
(

δd−δ√
p

)
sssyyy⊤. The displayed operator-norm bound follows since ∥sss∥2 = 1, ∥yyy∥2 =

√
n,

√
p ≍ d, and δd −δ = O(1/d).

From the deterministic equivalence in Proposition 75, we obtain the spiked-rectangular

form

QQQPPP =
δ
√

p
sssyyy⊤+EEE +oP(1), EEE := [εεε1, . . . ,εεεn]PPP.

Thus HHHc = (QQQPPP)⊤(QQQPPP) behaves like a rank-one deformation of an isotropic Wishart Gram
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matrix.

3.3.22 BBP Transition for Quadratic Regime

Let

p =
d(d +1)

2
, γ :=

n
p
→ 2κ, ℓ := δ

2 =
r4

4
, θ := δ

√
γ =

√
γℓ.

Let λ+(γ) := (1+
√

γ)2 denote the MP upper edge.

Proof of Theorem 9. By Lemmas 73–74, QQQPPP = δ√
psssyyy⊤+EEE +oP(1), with EEE having asymptot-

ically isotropic columns. Therefore HHHc = (QQQPPP)⊤(QQQPPP) is an oP(1) perturbation of an isotropic

spiked-Wishart Gram matrix. Hence, we can consider an equivalent model, spiked rectangular

random matrix model, Q̃QQ = (1/
√

p)GGG+θ sss(yyy/
√

n)⊤. Hence, by [PWZ24], the limiting ESD

of KKK and HHH will become MP law ρMP
γ whose upper edge is λ+(γ) := (1+

√
γ)2. Also, from

[BGN12], if θ > γ1/4, with outlier location λout(γ, ℓ) and overlap Align(γ, ℓ). Then applying

standard Weyl’s inequality yields the eigenvalue convergence; and Davis–Kahan Theorem yields

the eigenvector overlap stability in the supercritical regime (where the outlier is separated from

the bulk by a constant gap).

By Corollary 72,

KKKc = α0PPP+α2HHHc +oP(1),

so on Im(PPP) this is an affine spectral map and preserves eigenvectors up to oP(1). This completes

the proof of KKKc.

3.4 Numerical Experiments

The theorems presented in this chapter highlight several control parameters (“knobs”)

that govern whether outlier eigenvalues appear and whether the associated eigenvectors align

with the XOR labels yyy: (1) SNR r, (2) nonlinearity σ through parameters (bσ ,cσ ) in (3.2.3)
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and (3.2.4), (3) weight structure WWW and WWW 1 (random/pretrained), and (4) scaling regime relating

(n,d,N). In this section, we present the numerical experiments and figures verifying each of the

BBP phase transition results presented in Section 3.2.2. We also include an experiment with

pre-trained CIFAR-10 features fed into the CK and used to linearly classify the XOR dataset.

Figure 3.1. Finite-SNR proportional regime: failure of linear classification for XOR. We consider
the CK matrix KKK in the regime n ≍ d ≍ N with a finite SNR. Left: kernel-PCA visualization of the
samples using the top two principle components (PCs) of KKK (each point is one sample, colored by its true
binary label). The four visible clouds form the canonical XOR geometry: positive and negative classes
occupy alternating clusters, so the leading two-dimensional spectral representation is still not linearly
separable. Right: empirical eigenvalue histogram of KKK (blue bars) together with the theoretical prediction
by Theorem 5 (red curve). The red × marks the predicted location of the two outlier eigenvalues of KKK
with the same value by Theorem 5; the arrow links the sub-figure of the first two outlier eigenvectors
plotted against sample index, whose four-block pattern tracks mixture components rather than the binary
labels. Thus the outlier eigenspace is asymptotically orthogonal to the XOR label vector yyy. Simulation
parameters: n = 5000, N = d = 15000, SNR r = 6.0, and activation σ(x) ∝ ReLU.

3.4.1 Baseline Case in Section 3.2.3

Finite-SNR regime with random weights and proportional limits.

Figure 3.1 depicts the random CK spectra with XOR in the finite-SNR regime and

proportional limit (Assumption 4), with theoretical spike predictions from Theorem 5. Notice

that in this simulation, because of the choice of σ , there are no uninformative spikes from

Theorem 5 (ii) and(iii). Consistent with Theorem 5 (iv) and(v), two leading eigenvectors are

outliers and the sub-figure of Figure 3.1 exhibits non-trivial alignment with vvv1,vvv2 defined in

(3.2.7), but remains orthogonal to the XOR-labels yyy. Consequently, although we can apply
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additional nonlinear transforms for leading eigenvectors to classify the data, linear classification

of XOR via the eigenvectors of the CK fails in this regime. This case is our baseline and then we

vary one knob at a time, reporting how the CK spectra change.

3.4.2 Knob I: Increase SNR

From Theorem 7, we generate the CK of XOR with r = Θ(n1/4) under σ(x) ∝
√

x2 +1−

1, which satisfies bσ = 0,cσ ̸= 0. Figure 3.2 depicts the CK spectra and the principal component

plots. CK has two O(1) quadratic outliers. Since bσ = 0, the diverging linear outliers are not

present. Moreover, the second eigenvector exhibits two-class structure, and XOR becomes

linearly classifiable via the CK eigenvectors.

Figure 3.2. Large-SNR proportional regime: informative CK spikes recover the XOR labels. We
consider the same proportional limit as in Figure 3.1, but now at large SNR r = 35, where the spectral
predictions of Theorem 7 imply the emergence of quadratic informative outliers. All other parameters are
the same as in Figure 3.1. Left: kernel-PCA visualization of the samples using the 3rd and 4th PCs of
CK matrix KKK (each point is one sample, colored by its true binary label). In contrast to the finite-SNR
case, these two spectral coordinates clearly separate the positive and negative classes by a linear boundary,
showing that the informative outlier eigenspace now aligns with the XOR labels. Right: empirical
eigenvalue histogram of KKK (blue bars) together with the predicted curve from Theorem 7 (red curve).
The red × markers indicate the theoretical locations of the order-one informative outliers, and the arrows
link the sub-figure of the 3rd and 4th empirical eigenvectors (blue and green) plotted against sample
index. The block structure of the 4th eigenvector of KKK matches the binary label split, explaining why the
associated outlier eigenspace is informative for linear classification of XOR. To focus on the order-one
eigenvalues, we do not display the first two extremely large eigenvalues here for KKK: λ̂1 = 155.6265 and
λ̂2 = 152.6605.
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Spectral/algorithmic phase transition as r increases.

The results of Section 3.2.4 imply that there is a phase transition when the SNR surpasses

the critical value of r = Θ(n
1
4 ). In this case, the quadratic component of σ is no longer negligible,

and two further eigenvalues emerge from the bulk with eigenvectors that asymptotically align

with XOR-labels. To support this, we simulate the CK under increasing SNR in Figure 3.3. Plots

are drawn with σ(x) ∝
√

x2 +1−1, which has bσ = 0 and cσ ̸= 0. Since bσ = 0, the two linear

eigenvalues are not present. Instead only the two O(1) quadratic eigenvalues isolate from the

bulk. Figure 3.3 depicts the CK principal component plots of XOR exhibiting a phase transition

in SNR, during which XOR becomes linearly separable. This transition roughly coincides with

the two quadratic eigenvalues with XOR-label aligned eigenvectors emerging from the bulk of

the CK, depicted on the right of Figure 3.3.

3.4.3 Knob II: Activation nonlinearity σ

Varying cσ with bσ = 0: uninformative spikes can emerge.

In order to emphasize the role of non-linearity σ on the possible emergence of uninfor-

mative spikes in the CK, we consider the single-parameter family of activation functions

fα(x) =
cos(αx)− e−α2/2√

e−α2(
(cosh(α2)−1

) (3.4.1)

from [BP22]. These functions satisfy Assumption 3, with bσ = 0 for all choices of α while

cσ varies with α . Figure 3.4 plots the spectra of the CK under fα and the null model r = 0

for decreasing values of α . As α decreases two outlier spikes emerge in the CK. These two

uninformative spikes correspond to the covariance spike and mean spike from Theorem 5. The

bulk distribution remains MP, which is plotted in red.
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Figure 3.3. CK Spectra Phase Transition: (Top) CK spectra under finite SNR regime (r = 6), no
eigenvalues separate from the bulk. (Bottom) CK spectra under large SNR regime (r = 25). Two
quadratic eigenvalues separate from bulk, with the second leading eigenvector aligning with XOR-labels.
Plots generated with n = 5000,N = d = 15000 and σ(x) ∝

√
x2 +1−1, which satisfies bσ = 0,cσ ̸= 0.
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Figure 3.4. CK spectra under activation function fα(x) defined in (3.4.1) and null model SNR r = 0. As
α decreases, cσ increases and two (uninformative) spikes emerge. The bulk remains close to MP (plotted
in red). Plots are generated with n = 6000,N = d = 1000.

Switching off the quadratic channel (cσ = 0): XOR remains non-separable even at large
SNR.

On the other hand, if the activation function σ satisfies cσ = 0 the quadratic feature

channel in the CK is absent. As discussed in Theorem 7, this implies the CK cannot be used to

linearly classify XOR for any SNR. Figure 3.5 depicts the principal components of the CK under

σ ∝ tanh for increasing SNR. Even in the large-SNR regime, the two classes in the CK space

do not linearly separate. Indeed by Theorem 7, only two eigenvalues from the linear channel of

the CK will isolate from the bulk in the large SNR regime. Moreover, their eigenvectors remain

asymptotically orthogonal to XOR-labels yyy, as depicted in the right side of Figure 3.5.

3.4.4 Knob III: Weight structure

Spiked weight case: controlled feature injection into WWW 1.

We generate a rank-one spike to the random initialized weights WWW 1 =WWW +θaaabbb⊤, and

plot the CK and its principal components in Figure 3.6, under σ(x) ∝ ReLU and XOR with SNR

r = 6.0. As Theorem 8 predicts, the leading eigenvalue is O(
√

N). The second and third spiked

eigenvalues remain O(1), with the second leading eigenvector exhibiting two-class structure,

which allows for linear classification of XOR in the CK space.
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Figure 3.5. Large-SNR regime with an odd activation: separated CK spikes can appear
without revealing the XOR labels. We consider the CK matrix KKK with activation σ(x)∝ tanh(x),
for which the quadratic Hermite coefficient vanishes (cσ = 0). All settings are the same as in
Figure 3.2 except σ . In this case Theorem 7 predicts only linear outliers, with no quadratic
label-aligned spike. Left: kernel-PCA visualization of the samples using the 2nd and 3rd PCs of
KKK (one point per sample, colored by its binary XOR label). The samples split into four vertical
clusters: the two outer clusters belong to the positive class and the two inner clusters belong to the
negative class. Thus the leading nontrivial spectral coordinates remain not linearly separable with
respect to the XOR labels, despite the presence of isolated spikes. Right: empirical eigenvalue
histogram of KKK (blue bars) together with the theoretical locations of the two isolated linear
outliers predicted by the large-SNR asymptotic theory (red × markers).Two spikes appears with
very large order and the arrows connect these predicted outlier locations to the corresponding
empirical outlier eigenvectors plotted against sample index. Their approximately piecewise-
constant four-block pattern reflects the four Gaussian-mixture components (equivalently, the two
underlying coordinate-sign directions) rather than the binary XOR partition. Consequently, the
outlier eigenspace is spectrally visible but asymptotically orthogonal to the XOR label vector yyy.
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Figure 3.6. Spiked weight regime: a dominant weight-induced spike coexists aligned with
XOR labels. We consider the CK matrix KKK built from the spiked weight WWW 1 = WWW + θaaabbb⊤.
where the rank-one perturbation creates an additional large spectral direction for XOR linear
classification. Left: kernel-PCA visualization of the samples using the 2nd and 3rd PCs of
K (each point is one sample, colored by its true binary label). These two coordinates linearly
separate the positive and negative classes, indicating that the informative label-aligned structure
is carried by the second and third spectral directions. Right: empirical eigenvalue histogram
of KKK (blue bars) together with the isolated eigenvalue locations predicted by Theorem 8 (red ×
markers). The arrows link the two informative outliers to the empirical eigenvectors shown in
the sub-figure: empirical eigenvectors 2 (green) and 3 (blue) plotted against sample index. The
far-right red marker corresponds to the largest spike induced by the rank-one perturbation in
the weights; this dominant direction is separated from the two lower informative spikes and is
therefore not used in the left-panel embedding. Simulation parameters: N = n = 8000, d = 4000,
SNR r = 6.0, activation σ(x) ∝ ReLU, and weight spike θ = 18.0, b = 1d, aaa ∼ N (0, 1

N IIIN).
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CIFAR-10 Pretrained Weights Experiment

From the spiked weight studied in Section 3.2.5, we consider the CK under pretrained

weights extracted from a 20-layer NN trained on the CIFAR-2 (40 epochs with final test accuracy

88%). Figure 3.7 depicts 1st layer trained weight and its CK spectra tested on XOR. The

emergence of spikes in the spectra of weights during the training process suggests the model is

learning task-dependent features, a phenomena known as feature learning [FCB22] in NNs. In

contrast to Theorem 5, the pretrained CK exhibits four spikes, with the fourth leading eigenvector

aligning with XOR-labels. After sufficient training, the fourth leading eigenvector transitions

from pure noise to near-perfect alignment with XOR-labels, enabling linear classification. Our

experiment suggests that under certain training dynamics and parameter tuning, there exists a

critical phase transition in learning parallel to a spectral transition.
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Figure 3.7. CIFAR-2 pretrained model: (Left) ESD of layer FC1 weights after 40 epochs. Overlaid in
red is the MP distribution. (Right) ESD of CK with pretrained weights. Plots in this section are generated
with n = 10000,d = 3072,N = 512 and XOR with SNR r = 5.25 under σ(x) ∝ ReLU.

A recent line of works [MM21, MM19a] have tracked the evolution of the Empirical

Spectral Distribution (ESD) of weight matrices throughout the training process of Deep Neural

Networks. We focus on two main phases of ESD during training: the so-called ”Bulk+Spikes”

model, and Bulk-Decay model. The emergence of spikes in the weight spectra is strongly

related to the feature-learning ability of neural networks [FCB22], and suggests the spikes carry

task-relevant information.

In order to study the spectra of the CK under pretrained weights, we trained a L = 20-
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Figure 3.8. Spectra over training: Zoomed in ESD of the CIFAR-2 trained weights W̃WW 1 tracked through
training from Epoch 0 to Epoch 40. MP distribution overlaid in red. By epoch 40, significant spikes begin
to bleed out from the bulk distribution. Plots in this section are generated with n = 10000,d = 3072,N =
512.
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Figure 3.9. Eigenvector alignment over training: Fourth leading eigenvector of CK with pre-trained
weights W̃WW 1 and XOR with SNR r = 6 plotted over training. Weights are frozen after each step of gradient
descent, to emphasize phase transition that occurs around step 3, leading to non-trivial alignment with
XOR labels yyy.
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layer fully connected Neural Network on the CIFAR image dataset, with input dimension

d0 = 3072 and hidden dimensions Nℓ = 512, for ℓ = 1, · · · ,L. To extract binary-classification

relevant features from the trained weights, we restrict the CIFAR-10 dataset to two classes. The

model was trained using stochastic gradient descent (SGD) with momentum, with a learning

rate lr = 0.05 and batch size b = 128. Our model achieved approximately 88% accuracy on

an independent test set after 40 epochs of training. Figure 3.8 depicts the spectra of FC1 layer

weights, tracked over each pass of the training dataset. Early phases of training exhibit the

”Bulk+Spikes” model: the bulk distribution remains close to random MP initialization, with

several outlier spikes beginning to emerge past the right edge of the MP distribution. In later

training phases, the bulk begins to bleed out from the MP distribution, with significant outlier

spikes emerging.

Our results empirically suggest that the LE approximation of the CK breaks down even

during the early stages of training. Indeed, XOR becomes almost linearly separable in the CK

component space after just one epoch of training. After further training, a spiked eigenvalue

emerges with XOR-label aligned eigenvector. Figure 3.9 depicts the fourth leading eigenvector

of the CK under weights frozen after each epoch of training, with a phase transition occurring

between Epoch 20 and 30. The results of these experiments suggests that under certain training

regimes and parameter tuning, there exists a critical phase transition in the learning process for

which the emergence of spikes in weights becomes sufficient for quadratic channels in the CK

to become non-negligible. One possible explanation is that training the neural network induces

spiked eigenvalues with eigenvectors that align with XOR labels, even though the model is not

trained on the XOR problem directly. Theorem 8 models this by artificially introducing a large

spike in the weights, which induces a spiked CK eigenvalue with XOR-label aligned eigenvector.

In conclusion, we have introduced a quadratic equivalent framework and illustrated its

use by characterizing when nonlinear structure becomes spectrally visible in the CK matrix. For

the nonlinear XOR problem, we show that in the proportional limit with finite SNR, the CK

can exhibit outliers, but their eigenvectors are asymptotically unaligned with labels. In contrast,
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by increasing SNR, sample complexity, or adding pretrained structure in weight, the quadratic

nonlinearity contributes emergence of quadratic informative outliers that enable linear spectral

classification. Our results highlight the complex and subtle relationship between common ML

training “knobs” and the emergence of spikes in the spectrum of ML models. Extending these

quadratic equivalents to more general scalings, deeper networks, and other forms of structured

data is an interesting direction.
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[COB19] Lénaı̈c Chizat, Edouard Oyallon, and Francis Bach. On lazy training in dif-

248

https://zhenyu-liao.github.io/book/


ferentiable programming. Advances in Neural Information Processing Systems,
32:2937–2947, 2019.

[Cou19] Romain Couillet. High dimensional robust classification: A random matrix anal-
ysis. In 2019 IEEE 8th International Workshop on Computational Advances in
Multi-Sensor Adaptive Processing (CAMSAP), pages 420–424. IEEE, 2019.

[CS13] Xiuyuan Cheng and Amit Singer. The spectrum of random inner-product kernel
matrices. Random Matrices: Theory and Applications, 2(04):1350010, 2013.

[DD25] Samet Demir and Zafer Dogan. Asymptotic analysis of two-layer neural networks
after one gradient step under gaussian mixtures data with structure. In International
Conference on Learning Representations, 2025.

[DHK22] Bruce K. Driver, Brian C. Hall, and Todd Kemp. The brown measure of the
free multiplicative brownian motion. Probab. Theory Relat. Fields 184, 209–273
(2022), 2022.

[DK70] Chandler Davis and William Morton Kahan. The rotation of eigenvectors by a
perturbation. iii. SIAM Journal on Numerical Analysis, 7(1):1–46, 1970.

[DL20] Oussama Dhifallah and Yue M Lu. A precise performance analysis of learning
with random features. arXiv preprint arXiv:2008.11904, 2020.

[DLM] NIST Digital Library of Mathematical Functions. https://dlmf.nist.gov/, Release
1.2.4 of 2025-03-15. F. W. J. Olver, A. B. Olde Daalhuis, D. W. Lozier, ...

[DLM24] Leonardo Defilippis, Bruno Loureiro, and Theodor Misiakiewicz. Dimension-
free deterministic equivalents and scaling laws for random feature regression. In
Advances in Neural Information Processing Systems, volume 37, 2024.

[DM24] Issa Dabo and Camille Male. A traffic approach for profiled pennington-worah
matrices. arXiv preprint arXiv:2409.13433, 2024.

[DV13] Yen Do and Van Vu. The spectrum of random kernel matrices: universality
results for rough and varying kernels. Random Matrices: Theory and Applications,
2(03):1350005, 2013.

[DZPS19] Simon S Du, Xiyu Zhai, Barnabas Poczos, and Aarti Singh. Gradient descent prov-
ably optimizes over-parameterized neural networks. In International Conference
on Learning Representations, 2019.

[EK10] Noureddine El Karoui. The spectrum of kernel random matrices. Annals of
statistics, 38(1):1–50, 2010.

249

https://dlmf.nist.gov/
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