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ABSTRACT OF THE DISSERTATION

Random Matrix Theory for Linearized Neural Networks

by

Collin Cranston

Doctor of Philosophy in Mathematics, with Specialization in Statistics

University of California San Diego, 2026

Professor Todd Kemp, Chair

Non-linear Random Matrix Theory (RMT) has recently emerged as a powerful paradigm
for the theoretical understanding of deep learning theory. Throughout recent works, a universality
principle, the Gaussian Equivalence Theorem (GET), has become an indispensable tool allowing
for the behavior of complex nonlinear neural networks to be understood through tractable linear
kernel models. This thesis contributes to this emerging field, first by using the GET universality
principle to derive a novel scaling law in Neural Tangent Kernel (NTK) regression, and second by
studying the implications of this idealized linear equivalence on a high-dimensional nonlinearly
separable dataset. The main contributions can be summarized as follows.

We study finite-width NTK regression under a dual-power law model, in which the

X1V



training data covariance spectrum exhibits a power-law decay and the labels are generated with
deterministic signal whose source-exponent measures the difficulty of the learning task. We
introduce a technique novel to RMT in deep learning theory, combining partial differential
equations (PDE) and stochastic matrix calculus. This technique allows for the extension of
previous results beyond the isotropic Gaussian setting and a deterministic equivalent for the
generalization risk of the NTK to be derived under general data assumptions. Using this
deterministic equivalence, we obtain a novel scaling-law exponent for the excess risk of finite-
width NTK regression.

Motivated by the question of whether the idealized Gaussian equivalence principle
remains meaningful beyond the isotropic Gaussian setting, we study the Conjugate Kernel (CK)
on a non-linearly separable dataset, which induces spiked eigenvalues that isolate from the
bulk. We develop a quadratic equivalent to the CK that enables precise analysis of emergent
informative spikes, eigenvalues whose eigenvectors asymptotically align with task-relevant
directions. Using this quadratic equivalent, we derive phase transitions governing the emergence
of such informative spikes in various settings that are relevant to machine learning practice,
helping translate the power of deterministic equivalence tools to practical relevance in machine

learning.
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Chapter 1

Introduction

Modern deep learning models have achieved increasingly impressive benchmarks in a
wide variety of applications, such as computer vision, video generation, and large language
models. Spurred by the success of deep learning methods, significant effort has been made to
bridge the growing gap between theoretical understanding and empirical observations, some
of which seemingly contradict conventional statistical wisdom [BHMM19]. Random Matrix
Theory (RMT) and Free Probability have emerged as powerful frameworks that provide insights
into high-dimensional data structures and statistical properties of deep learning models.

In the era of big data, where both the number of training samples and the size of ambient
dimension grow at proportional rates, RMT provides a powerful theoretical paradigm for the
characterization of both the spectral properties of datasets and the asymptotic alignment of
their eigenvectors to target learning directions. In the context of machine learning, nonlinear
RMT has been utilized to demonstrable success in the study of nonlinear kernel matrices that
arise from the propagation of data through neural networks. Moreover, RMT naturally extends
to the notion of over-parameterization in machine learning models, wherein the number of
model parameters exceeds the size of training dataset. A precise theoretical understanding of
the powerful generalization ability of highly over-parameterized models, a phenomena often
referred to as benign overfitting [BLLT20, CCBG22], remains elusive and is an active area of

research in deep learning theory.



The study of the spectrum of nonlinear kernel matrices originated in the pioneering work
of [EK10], in which a careful entry-wise Taylor expansion of inner-product kernel matrices
on high-dimensional data revealed that a broad class of kernel matrices essentially become
linear in the proportional asymptotic regime. Subsequent work [FW20, MM19b, PW17] has
extended upon this linearization phenomena, leading to a universality principle for a wide class
of nonlinear feature models and their associated learning problems, which have been shown
to be asymptotically indistinguishable from that of linear Gaussian covariate models, in both
training and test behavior. Much of the modern technical analysis of neural network performance
in the proportional-width regime relies on this equivalence, which has been dubbed the Gaussian
Equivalence Theorem (GET) [GLR 22, HL22b].

In Chapter 2, we utilize this universality principle to study a tractable model that ap-
proximates the training dynamics of an ultra-wide neural network, under a dataset that exhibits
a power-law spectrum decay. Indeed several interesting phenomena exhibited in deep neural
networks, such as double-descent risk curves [BHMM19] and neural scaling laws [KMH™120],
can be observed in the analytically tractable problem of high-dimensional ridge regression on
a suitable kernel model. We also introduce a novel technique, in the context of RMT in deep
learning, drawing upon tools from partial differential equations (PDE) and stochastic matrix
calculus, which we expect to generalize to greater applicability in linearized neural network
models.

In Chapter 3, we test the robustness of this Gaussian equivalence under the study of a
random two-layer neural network on a canonical nonlinearly separable dataset, the XOR. We
use the location of spike eigenvalues, ones that asymptotically separate from the bulk of the
spectrum, and the alignment of their corresponding eigenvectors to binary XOR-labels as a
proxy for the learnability of the classification task. The remainder of this chapter is dedicated to
introducing the background of RMT in application to deep learning theory, and the PDE and

stochastic differential equations (SDE) methods used to derive the main results of this thesis.



1.1 Neural Tangent Model
1.1.1 Motivation and connection to Neural Networks

In this section, we introduce and motivate the neural tangent model [JGH18, MM23]
through its connection to the training and test dynamics of neural networks. The primary focus
of Chapter 2 is to study an analytically tractable model that approximates a two-layer neural

network fg(x) with hidden-layer width N, which we define as

folX) = ——wio(Wix), 0:= W w(w, ) € RV (1.1.1)

VN

where x € R? is the input data, and o : R — R is the nonlinear activation function applied
entry-wise which we assume to be differentiable almost everywhere. The first layer weights
W € RV*? are initialized with entries i.i.d. .#'(0,}), while the \/LN factor in (1.1.1) is due to
LeCun/NTK normalization [JGH18, LBOM12] and ensures the model output stays O(1) as the
width increases. The second layer weights w € RY are initialized as w; R4 (0,0%), where
the variance O'V2V is a hyper-parameter that will tune the behavior of the underlying kernel models
derived below. Let 6y denote the parametrized weights at their random initialization. Under
certain settings, which have been dubbed lazy training [COB19], it has been observed that the
weights 0 stay close to their initialization 6y throughout training, and the network output is

well approximated by a first-order Taylor expansion around 6. As a first step in the analysis

therefore, we perform a first order Taylor expansion of fy around 6y:
T
fo(x) = f(x;60) + (6 —6p) Vof(x;60). (1.1.2)

We refer to [BMR21, COB19] for a rigorous treatment of this expansion, and instead focus on

the implications when it remains valid. A quick calculation of gradients with respect to first and



second layer weights results in the following:

1 N (1,0) 1 il 0) s (1,0) (1)
~ ;6 i W, ) N ; W, ’ , ; 1.1.3
fo(x) ~ f(x o)+\/]vi21Aw o((x,w >)+\/Nizlw o ((x,w; 7)) (x,Aw; ") (1.1.3)

(0)

where Aw = w — wy, and w(%) and w; "’ denote the first and second layer weights respectively
at their initialization. For simplicity we set f(x, 6y) = 0, which is referred to as centering by
[AP20]. This can be achieved by either doubling the number of neurons in the network, or by
subtracting the initial network value throughout training, and does not affect the analysis made
in subsequent chapters. The expansion (1.1.3) motivates the definition of the following model

classes.

Random Features (RF) Model

By freezing the first layer weights at initialization, i.e Awl) =0, the only learnable
parameters are the second layer weights w. In this case, (1.1.3) reduces to the Random Feature
(RF) model

N
RE () = %\/ wio ((x,w")) = w Prr(x) (1.1.4)
i=1

where we define the feature map ¢rp : R? — RV with entries given by

($rE)i(x) = ﬁ6(<x,w§”>), for i € [N] (1.1.5)

Learning the second layer weights w € RV through ridge regression yields Random
Feature Ridge Regression (RFRR), which was originally introduced in [RR0O7] as a random
approximation to kernel methods. As a statistical model at fixed width N, RFRR has garnered
extensive independent research interest, in part due to its connection to neural networks. The
asymptotic training error, and generalization properties of (1.1.4) have been, at this point, fully
characterized in the isotropic dataset setting [MM19b, DL20, LLC18, ALP19], with extensions to

more general datasets [WZ23, AZVP26, LGC™'21], and dimension-free deterministic equivalent



analysis as well [DLM24, SCDL23]. In particular, the RF model (1.1.4) exhibits both double-
descent risk curves [MM19b], and scaling-law phenomena under power-law data [MRS22], and
therefore marks an attractive analytically tractable model that approximates fg (1.1.1) (in the

sense of (1.1.3)).

Neural Tangent Kernel (NTK) Model

By allowing the weights 0 to change throughout training, but taking the linearization
(1.1.3) as the model definition, we arrive at the Neural Tangent Kernel (NTK) model. Re-
parameterizing by the weight displacements b = (b,b,) = 6 — 6, we define the NTK predictor

as

T () Zbl,c <xw > —f—TZW o’ <xw ’ >)<x by;) (1.1.6)

where b; € RN and b, = (b271 yern ,b27N) € RVP are learnable parameters. Here we define the

NTK feature map ¢ntk : R” — RV? with rows given by

1

(onTk)i(¥) = mc’«x,wgl’o)»xT, for i € [N] (1.1.7)

With a suitable re-definition of b = (b}, b,), namely absorbing the second-layer weights into b,

the NTK predictor fgITK can be written in the following compact form:

F5T8(x) = b ¢re(x) + /Dby OnTK (X) (1.1.8)

The parameters b = (b, b;) € RV x RV? are learned through the NTK regression problem, with

ridge parameter A > 0

~ . 1
(1) = argmin{. |ly — ®b[5-+ 4B 3+ A[|b2l 3 | (1.19)



Here y € R” are the training labels, and ® € R"*N(+1) denotes the combined feature matrix

-—¢RF(X1)— —/PONTK (*1)—

® = _(PRF_(XZ)_ _\/ﬁ(PN_TK(xz)_ . (1.1.10)
| —9RE(Xn)—  —/PONTK (Xn)— |
The ridge solution (1.1.9) takes the following closed form
b(A)= (@ ®@+nAl) '@y. (1.1.11)
With this, the NTK predictor at a test point x € R” is given by
HE)=0x)TBA)=9(x)T (@ ®@+nAl) '@y (1.1.12)

where ¢ (x) = (Prr(x), \/POnTK (X)) is the combined feature vector.

Since its initial derivation as a bridge between wide neural networks trained in the
lazy regime to kernel ridge regression (KRR) on a deterministic kernel [JGH18], the statistical
properties of NTK regression and the spectral properties of its related kernel have been studied
in various settings [FW20, NMM21, GDZ*22, LHY25]. The generalization error of ﬁ was
characterized in [AP20] in the isotropic setting, where non-monotonic risk curves of NTK

regression were analyzed.

Kernel Ridge Regression (KRR) Model

In the infinite-width limit N — oo the neural tangent model (1.1.12) simplifies to Kernel
Ridge Regression (KRR) on a rotationally-invariant deterministic kernel. The specific kernel in
this limit is often referred to as the NTK in literature, however throughout this thesis we refer to
the RF and NTK models in their finite-width realizations, and instead refer to their deterministic

limit kernels as the infinite-width NTK and RF models respectively.



The asymptotic performance of KRR has been studied in the proportional regime for
general inner-product kernels [HMRT22, AKM ™17, MS24a], and the infinite-width NTK [AP20,
WHS22]. Extensions past the proportional regime to polynomial-scaling regime [Mis22, HL.22a],
and beyond the isotropic setting to power-law data [WL25], have revealed several interesting

phenomena unobserved in the isotropic proportional regime.

1.1.2 Kernel Matrices

In this section, we introduce the kernel matrices that are studied in this thesis. The two
kernels of main interest, the Conjugate Kernel (CK) and the Neural Tangent Kernel (NTK), are
pXn

motivated through the Neural Tangent model introduced in Section 1.1.1. We will let X € R

denote the training sample matrix.

Conjugate Kernel (CK)
The Conjugate Kernel (CK) is defined to be the empirical gram matrix of the hidden-layer

activations in the network (1.1.1).

Definition 1 (Conjugate Kernel). We define the CK as

1
KK = NG(W1X)TG(W1X). (1.1.13)

Furthermore, define the feedforward map F = \/LNG (W1X). Then the CK can be written as
K“=F'F.

The spectral distribution of the CK governs the training dynamics and generalization
behavior of RFRR, both of which were computed in [MM19b] and [HL22b] for isotropic
Gaussian input. The CK can be viewed as a scalable approximation to the infinite-width limit
kernel, wherein regression on KX approximates regression in the reproducing kernel Hilbert
Space (RKHS) defined by limit kernel [RRO7].

The spectrum of the CK has been studied in [ALP19, FW20, LC18, LLC18], where an



equivalence on the order of bulk statistics has been established between the CK and a linear
Gaussian covariates model under suitable smoothness assumptions. We will explore both the

consequences and failures of this equivalence in both Chapters 2 and 3.

Neural Tangent Kernel (NTK)
The Neural Tangent Kernel (NTK) is defined as the gram matrix of the Jacobian of the

network (1.1.1) with respect to the parameter-weights 6.

Definition 2 (Neural Tangent Kernel). We define the NTK to have entries given by

KNTK (3 /) = (Vefg (x))T <V9f9 (x’)). (1.1.14)

Letting J = Vg fo(X), the NTK can be written as KN'X = JTJ.

Partitioning the gradient over first and second layer weights, we have

KN (x. xX) =V, fo(x) TV, fo(x)) +Vw, fo (x)"Vw, fo (x). (1.1.15)

-

Kl (xﬂx/) Kz(x,x’)

The first and second layer kernels can be written as

X'x 5 (F")"diag(w)?F’

K{(X.X)=F'F =K% K, (X.X)=
l( 9 ) Y 2( Y ) p N

(1.1.16)

where ® denotes the Hadamard (entry-wise) product. Here F = ——¢(W X), F' = /(W X)

VN VN
are the feed-forward feature maps of ¢ and ¢’ respectively. We recognize the first layer kernel
K| as the CK.
The NTK was introduced in [JGH18] to study the training dynamics of ultra-wide
neural networks. Its origins follows a long line of works connecting infinite-width networks

to kernel methods, originating with the observation that single-layer infinite-width networks

converge to Gaussian processes [Nea95, Wil96]. This observation has since been extended to



deep infinite-width neural networks via the Neural Network Gaussian Process (NNGP) kernel
[MHR " 18, LBN*18]. Moving beyond random initialization, the NTK governs the optimization
dynamics of ultra-wide networks trained under gradient descent. Indeed, under LeCun/NTK
normalization the weights of an infinite-width network stay infinitesimally close to their random
initialization throughout training. Specifically, under gradient-flow training dynamics with an
{>-squared loss, i.e gradient descent with infinitesimal step size, the model fg;) evolves as
a linear-model in the tangent feature space, and satisfies the following ordinary differential

equation (ODE) [DZPS19, LXS20]

P)
;o) (X) = —nK TR (@) - (fon (X) —y). (1.1.17)

Here 6(t), KN (¢) denote the parameter weights, and the NTK at gradient-descent step ¢, and

n > 0 denotes the learning rate parameter of gradient descent.

1.2 Random Matrix Theory (RMT)

In this section, we briefly introduce the background of the main tools from Random
Matrix Theory (RMT) which are of interest to deep learning theory, and in particular the results
presented in this thesis. This section is not a comprehensive review and we refer the reader to

[CL22] for more background on RMT in machine learning.

1.2.1 Empirical Spectral Distributions and Stieltjes Transform

A primary object of interest in RMT is the distribution of the eigenvalues of symmetric
random matrices in high dimensions, and the weak convergence of their empirical spectral
distribution (ESD). Throughout this section, let M € R"*" denote a symmetric random matrix
with eigenvalues 6(M) = {1, (M) < ... < A,(M)}. The ESD of M is given by

1 n

Uy = 225&.@4). (1.2.1)
=1



Of interest is the weak limit of (1.2.1), which we refer to as the limiting spectral measure of M
and denote it by

lim specM = . (1.2.2)

This can be understood as the almost sure convergence of the following

n

LY F (M) = Eomylf(0)] (123

i3

as n — oo, for every bounded, continuous function f : R — R. This is also referred to as
convergence of the bulk of the spectrum of M, and does not guarantee the convergence of the
outlier eigenvalues of M to the support of .

A classical tool to characterize the limiting spectral measure is the Stieljtes transform.
For a probability distribution y on R with support supp(u ), define the Stieltjes transform of u

for z € C\ supp(u)
1

Observe that the ESD L, is also a probability measure, which motivates the empirical Stieltjes

transform
1

n
my,(2) ==Y

i=1

WM (1.2.5)

:

We also introduce the resolvent, which is another foundational object in RMT used to characterize

the ESD of symmetric random matrices. Define the resolvent R of M as
R(z)=(M—zL,)"', z€C\o(M) (1.2.6)

where I,, denotes the n x n identity matrix. The ESD, resolvent, and limiting spectrum of M are

related through the following observation.

1 _



The pointwise almost sure convergence of my,, — my over the upper-half complex plane 7+
is equivalent to the weak convergence of , to u, i.e that lim specM = u ( Theorem 8.11 in
[Kem11] ). The Stilejtes transform thereby uniquely encodes the weak convergence of u, to
. Moreover, the Stieltjes-inversion formula allows one to recover the density g of the limiting
measure U, should it exist

g(x) = %yllr& Im [mu(x—l—iy)]. (1.2.8)

1.2.2 Deterministic Equivalents

While the classical resolvent methods introduced in Section 1.2.1 allow for the study
of asymptotic eigenvalue behavior, they do not directly provide information about their eigen-
vectors. Indeed, by characterizing only the normalized trace of the resolvent in (1.2.7), one
loses information of M encoded in its resolvent. Here we introduce the modern approach of
characterizing the asymptotic spectral behavior of M through deterministic equivalents, which
are finite dimensional deterministic matrices that approximate M asymptotically (in the sense of
scalar functionals). In particular, we say M € R"*" is a deterministic equivalent of M € R"*",
and write M =< M, if the following holds uniformly over a class of deterministic test matrices A
of bounded operator norm and unit-norm vectors a,b € R"

ltr(A(M—JTJ)) -0, a' (M—M)b—0 (1.2.9)

n

almost surely, as n — co. We note that (1.2.9) is just one way to define the notion of deterministic
equivalence, which does not admit a standard definition in the literature. One advantage of
(1.2.9) is it naturally encodes traces and bilinear forms of M, which are essential to studying
its asymptotic spectral distribution and eigenvectors. The notion of deterministic equivalence

originated in [GirO1], and will be of particular use for deriving scaling-laws in Chapter 2.
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1.2.3 Marchenko-Pastur Law

As an example of the resolvent method and deterministic equivalence, we consider
the foundational Marchenko-Pastur law [MP67], which characterizes the spectra of sample
covariance matrices. Let X € RP*" have i.i.d .4(0, 1) entries, and let R(z) = (1XX " — zIp)_l
denote the resolvent of the sample covariance §, = %XX T € RP*P. Then, as n, p — oo at rate
7 v€(0,)

R(z) < R(z), R(z) =m(2)I, (1.2.10)

where m(z) is given by the unique analytic solution in " to the Marchenko-Pastur equation
zym(z)? — (1 —y—z)m(z)+1=0. (1.2.11)

Here m(z) is the Stieltjes transform of the Marchenko-Pastur distribution p%y“), which has explicit

density

1 Ap—x)(x—A_
dply\“’(x):§\/< * yi( )-1XE[Lde, A = (14 /7) (1.2.12)

when y < 1, with an additional point mass (1 —7y~!) at 0 when y > 1. In particular, the ESD s,
of the sample covariance S, converges weakly to p%}’IP with probability one.

A line of works culminating in [SB95] extends this beyond i.i.d Gaussian entries to
general sample covariance matrices of X = $2Z € RP *", where Z;; Sy (0,1) and £ € RP*P
is a deterministic positive semi-definite matrix with limiting spectral measure lim spec¥X = v
as n — oo, Let R(z) = (ixTx —z1,) ! denote the resolvent of the n x n sample covariance
S, = %XTX; then

R(D) = R(e) = — (7 (DE+1,)" -

R(z) = R(2) = ifip ()

12



where m,(z) is the unique solution in 7 to the general Marchenko-Pastur equation
1 1 -1
mp(z) = (—Z+Ztr2(lp+ﬁ1p(z)2‘.) ) : (1.2.14)

In particular, the empirical spectra measures Ug, and [g, of S, and S, respectively converge
weakly to 1 and fi, which are characterized by their Stieltjes transforms m(z) and m(z).
1 -y

m(z) = —m(z) + —, m(z) = (—z+ Y

Adv(A) )1
Y ¥z

1+7L—I71(Z) (1.2.15)

The limiting spectral measures [, fi can also be characterized through free multiplicative convo-
lution X, which was introduced in [Voi87] and allows for the asymptotic study of products of

free random matrices,

u=p)"®/v,  f=yu+(1-7)&. (1.2.16)

In particular, the Stieltjes-transform m(z) satisfies the following self-consistent Marchenko-Pastur

equation.
1

m(2) :/ﬂ,(l —7—7ym(z)) —z

dv(p). (1.2.17)

The main tool for analyzing free convolution is the S-transform [Voi87], which has recently been
used to study the asymptotics of high-dimensional regression in [AZVP26]. We refer the reader

to the book [MS17] for more background on Free Probability and the S-transform.

1.2.4 Hermite Orthogonal Polynomials

We next introduce Hermite orthogonal polynomials, which are an essential tool in the
asymptotic analysis of nonlinear kernel matrices. The defining property of Hermite polynomials
is that they form an orthogonal basis of L?(R,T"), where I is the standard Gaussian probability

distribution.

Definition 3 (Normalized Hermite Polynomials). The r—th normalized Hermite polynomial is

13



given by

hy(x) = —(—1)’ex2/2%e"2/2. (1.2.18)
X

The {h}?_o form an orthonormal basis of L*(R,T), where I denotes the standard Gaussian dis-

tribution. Consequently, every function ¢ € L>(R,T") can be expanded as a Hermite polynomial

expansion

dm:igwmw

where {.(0) is the r—th Hermite coefficient, defined by

Hermite expansions of the entry-wise nonlinear functions in kernel matrices have been
widely used to characterize both the spectra of these kernels [FW20, WZ21, WWEF24], and also
the performance of kernel and random feature models [MM19b, PW17, WZ23, NM20]. As an

illustrative example, consider the infinite-width limit of the CK (1.1.13)
KX =E,[ocw'X)Tow'X)], w~A4(01,). (1.2.19)

Assuming o is Lipschitz, and centered and normalized to unit second moment with respect to

the standard Gaussian, a Hermite expansion of ¢ leads to the following:

XgXp

k
— (1.2.20)
PRI

mnggm%mwx

where x4, xg € R” are columns of X and {; are coefficients defined by

&k(0a) =E[o(§ - |IxalDm(S)],  G(op) =E[o(& - [lxp|)/u(S)] (1.2.21)

for o, B € [n]. Further assumptions on the approximate orthonormality of the columns of X lead
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to control of the higher-order terms in the Hermite expansion (1.2.20) [WZ21, WWF24].

1.3 Partial and Stochastic Differential Equations

We introduce tools from partial differential equations (PDE) and stochastic differential
equations (SDE) that underpin the derivations made in Chapter 2. Section 1.3.1 first provides the
stochastic matrix calculus machinery required to derive a PDE that models the asymptotics of
NTK regression. The necessary PDE tools, introduced in Section 1.3.2, consist of Method of

Characteristics applied to first order nonlinear PDEs of Hamilton-Jacobi type.

1.3.1 Ito Calculus

A central technical tool in Chapter 2 is stochastic matrix calculus, which we use to derive
a SDE governing the log-determinant potential of the NTK (1.1.14) with Brownian motion
embedded entries. We provide a very brief background on Itd-calculus in this section, and refer
the reader to [@ks98] for a more thorough treatment.

Throughout, fix a filtered probability space (Q,.%,(:%);>0,P) and let (B;) > denote

standard adapted Brownian motion. We begin by defining an Itoprocess, also known as a

stochastic integral.

Definition 4 (Itd-process). An Ito process is a real-valued stochastic process (Xt) +~0 adapted to

(%), written as

t t
X; :X0+/ Usds—f—/ VsdBg (1.3.1)
0 0

where U,V are progressively measurable processes satisfying
t t
/ U |ds < oo, /Vfds<oo as (132)
0 0
for every t > 0. We adopt the stochastic differential notation and write (1.3.1) as
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U,V in (1.3.1) are referred to as the drift and diffusion coefficients, respectively. We
next define the quadratic variation process, which measures the path oscillation of a stochastic

process and is useful in motivating 1t6’s Formula.

Definition 5 (Quadratic Variation). Let (X,) be a stochastic process, and let T1 = {0 =1y <

t>0

t) < -+ <ty(g) =1} be a partition of [0,t]. The quadratic variation of X is the process given by

2
X],:= lim Z(th.+1 —X,l.> (1.3.4)

mesh(7)—0"

for all t > 0, whenever this limit (1.3.4) holds in probability. Moreover, if X, Y are two stochastic

processes on the same probability space, define the quadratic covariation process (X,Y) =

<<X,Y>,)l20 by

(X,Y):= lim Z(Xfm _Xti) (th _Yti)

mesh(7)—0"5

1 | (1.3.5)
= (Y] = [x=7]) =S (X +¥] - [X] - ]

provided the quadratic variation processes on the right of (1.3.5) exist, in the sense of the limit

(1.3.4).

The It0 integral fé VsdBy in (1.3.1) differs from a classical Riemann-Stieltjes integral in
that the Brownian motion integrator B; has non-trivial quadratic variation. Indeed, an alternate
characterization of standard Brownian motion is a local martingale B; whose quadratic variation
process is [B], =t. This fact is responsible for the second-order correction in It6’s formula,

which is the foundational technical tool in It6 Calculus and stated below.

Proposition 6 (I1t6’s Formula). Let X; be an Ité-process, i.e dX; = U,;dt +V;dB,, and let f € c? (R)
be a twice continuously differentiable function. Then Y; = f(X;) is also an Ité-process satisfying

the following
192%f
2 dx?

0
av, = 2L (x,)ax, +

Ox (X:)(dX:) - (dX;) (1.3.6)
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where (dX;) - (dX;) = d[X]; is computed using the following rules

dt-dt=dt-dB; =dB,-dt =0, dB;-dB; =dt. (1.3.7)

[t6’s Formula is the stochastic analogue of the chain rule, and can be viewed as a second-
order Taylor expansion in which the second-order term survives due to the square Brownian
motion increment (dB;)? scaling on the same order as the first-order term d¢. Using the shorthand

notation dX; = U,dt + V;dB; and the stochastic rules (1.3.7), 1t6’s formula can be written as

af
ox

10%f
2 0x2

(Xt)V2>dt+ 9 (x\ViaB,. (1.3.8)

(X)Ui + = I

dY,:(

Here Y, is an Itd process with drift (X, )U; + 3 f” (X;)V;? and diffusion f'(X;)V;. While the Mar-
tingale term f'(X,)V;dB; vanishes in expectation for all , the extra Itd correction 3 " (X;)V;*dt
remains and is the distinguishing feature of stochastic calculus.

For the matrix-valued stochastic calculus setting of Chapter 2, we require the multi-
dimensional formulation of It6’s Formula, in which a vector-valued It6 process is driven by a

vector of independent Brownian motions.

Proposition 7 (Multi-Dimensional Itd’s Formula [(Jks98]). Let

B(t) = (Bl(t>7"' 7Bm(t))

be an m—dimensional vector of independent Brownian motions adapted to (5‘}) ~¢ Define the
vector-valued It6 process dV; = U,dt + H,;dB;, where U, € R™ and H, € R"*"™ are progressively
measurable with L* entries. Suppose g : R™ — R is a twice continuously differentiable function,

then Y, = g(V,) is a vector-valued Ito6 Process

m. o az
de:Ea_i(Vf)'dV” Zla T (V) dVi;-dVi, (1.3.9)
1= 7]
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where the quadratic covariation dVi;-dV;; = d(Vi;, Vj7t> is computed according to the following:

dB,'-dBjZ&jdt, and dB;-dt = dt - dB; = 0. (1.3.10)

1.3.2 Hamilton-Jacobi and Method of Characteristics

In Chapter 2, we derive a deterministic first-order nonlinear PDE of Hamilton-Jacobi
type, and analyze its solution through the method of characteristics. Here we provide a brief
introduction to Hamilton-Jacobi PDEs, referring the reader to the book [EvalO] for a more
thorough background.

We study first order Hamilton-Jacobi PDEs of the form

9S(t,u) + H(u,VuS) = 0
(1.3.11)

S(0,up) = f

where S = S(¢,u) is the unknown function of independent variables u = (uy,...,u,) € R", and
Vu= (8u1 ey 8un). The initial function f : R” — R and the Hamiltonian H : R” x R” — R are
both given. The dependence of the nonlinear H on V,S makes (1.3.11) a genuinely nonlinear
PDE, and explicit closed-form solutions are generally unavailable.

A powerful technique arises, however, for first-order Hamilton-Jacobi PDEs. Namely the
method of characteristics, which reduces the PDE (1.3.11) into a system of ordinary differential
equations (ODEs) in R” called characteristic equations. The solutions to these ODEs are called
characteristic curves, which we denote by u(t) = (u1(¢),...,u,(t)) € R". Auxiliary momentum
variables p(r) are identified with the derivatives V,S(f,u) along the curve u(t). With this
identification, differentiating (1.3.11) in u, and applying the chain-rule results in Hamiltonian
equations, which govern the evolution of particles. In the following, u represent the location

of the particles and p their momentum. Hamiltonian equations are defined to be the following

18



system of ODEs that arise from the characteristic equations of H.

94 — 9pH (u, p)

o P (1.3.12)
J

3_1;:_ uH(uap)

with initial conditions #(0) = ug chosen freely, which in turn determine the initial momentum
conditions p(0) =V, f(up). When H does not depend on ¢, as is the case in Chapter 2, the

Hamiltonian is conserved along characteristic curves.

H(u(r),p(t)) = H(uo, py) (1.3.13)

In this case, the solution S(z,u) to the PDE (1.3.11) is given by the following

du

d 1.3.14
P ( )

S(1,u1)) = 5(0,u0) — H(uo,po)t + [ p(s)

The method of characteristics thereby reduces solving (1.3.11) to a two-step procedure:

(i) Solve the coupled system of ODEs given by Hamilton’s equations (1.3.12) together with

(1.3.14) for arbitrary initial conditions.

(ii) Given a target point (u*,7*) € R" x R, identify the unique initial conditions uy € R”" that

ensure the characteristic curves emanating from (uo, p,) satisfy (u(t*);uo) = u*.

This procedure yields a classical smooth solution to (1.3.11) for all time # > 0, provided the
characteristic curves u originating from distinct initial values #y do not intersect. In this case, the
mapping ugy — (u(t*);uo) is a diffeomorphism, wherein the inverse function theorem guarantees
the inversion required in Step (ii). Otherwise if characteristic curves cross, the gradient V,,§
becomes multi-valued, and one must pass to the theory of viscosity solutions to solve the PDE
(1.3.11). Fortunately, the Hamilton-Jacobi PDE derived in Chapter 2 has characteristic curves

that yield local diffeomorphisms, and we work exclusively with classical smooth solutions.
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1.4 Contributions

Recent works have used Random Matrix Theory and Free Probability to analyze the
spectral properties of kernel models associated to Neural Networks [ALP19, FM19, FW20,
LC18], and the performance of their associated learning problems [AP20, WZ23, MM19b,
MMM22]. Through these works, a universality principle has emerged in which the kernel
matrices and their learning problems are asymptotically equivalent to that of a linear Gaussian
covariate model [HL22b, MM19b]. This thesis contributes to the growing field of nonlinear
RMT in deep learning theory by utilizing this Gaussian Equivalence universality for a precise
study of NTK regression under anisotropic power-law training data. We then further probe the
robustness of this equivalence under nonlinear data and examine its implications in the context
of applicability to machine learning practitioners. We summarize the contributions of this thesis

as follows.

NTK Regression under dual power-law model in Chapter 2

In Chapter 2, we study NTK regression under a dual power-law model, which we define
as follows. The input data is given by X = Z%Z, where Z;; Sy (0,1) and the population
covariance follows a power-law decay X;; = j~% for some « € (0,0) called the capacity
exponent. The training labels are generated via a deterministic signal y = x" B + €, where
B, =" for some r € (0,0) called the source exponent, and &; -y (0,02) is the label
noise. The study of of NTK regression under power-law spectral decay data is motivated by
two empirical observations. First, the covariance and learned-feature spectra of real datasets,
such as images and text representations, often exhibit power-law decay [Rud97]. Moreover,
the decay exponent provides a controllable knob on the effective dimensionality of the dataset
[SK20]. Second, a remarkable recent body of work has established neural scaling laws; wherein
the performance of large models has been shown to exhibit power-law scaling in training-set

size, model parameters, and compute [KMH 120, PPXP25, HBM"22]. A leading hypothesis is

the model performance exponent is governed by the decay exponent in the training data. While

20



theoretical explorations of this hypothesis have mostly focused on high-dimensional linear ridge
and random feature regression models, we derive a novel scaling law for the excess risk of
finite-width NTK regression. Our work introduces a new technique involving PDE and SDE
methods to derive an asymptotic deterministic PDE whose characteristic curves yield closed
form expressions for the trace resolvents that form deterministic equivalents to the prediction
risk of KRR on the finite-width NTK. This technique extends previous works past the isotropic
Gaussian setting allowing for general data assumptions, and gives deterministic equivalents for
both standard and signal-weighted resolvents. Specializing to the dual-power law model, we use
these deterministic equivalents to establish a scaling law for optimally-tuned finite-width NTK
model, and derive a closed-form excess-risk exponent in terms of source-capacity parameters

(a,r).

Spike eigenvalue analysis under nonlinear data in Chapter 3

In Chapter 3, we probe the Gaussian Equivalence universality principle [HL22b, MM19b,
GLR 22, BPH23] under various knobs that are commonly used in machine learning practice:
sample complexity, signal-to-noise-ratio (SNR), choice of activation function, and the use
of pretrained features. While the Gaussian Equivalence Theorem (GET) is a highly useful
theoretical tool, as it allows for the translation of the performance of complex nonlinear neural
networks into tractable kernel models, it leaves open the question whether the idealized linear
equivalence remains meaningful when dealing with high-dimensional nonlinearly separable
data. Motivated by this question, we study the CK under a canonical nonlinearly separable high
dimensional dataset: the XOR. We use the informative spike eigenvalues of the CK and their
asymptotic alignment with XOR-labels as a proxy for nonlinear learnability. To study this, we
develop a RMT framework for the CK that is based on a quadratic equivalent. Namely, by

writing the XOR dataset X = M + Z into a rank-2 perturbation M of noise Z, we derive

cWX)~ oWZ) + T, + T, (1.4.1)

uninformative bulk  linear spikes  quadratic spikes
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where only the eigenvectors corresponding to the spiked eigenvalues of T, asymptotically align
with XOR-labels. Based on this quadratic equivalent (QE), we derive precise BBP (Baik—Ben
Arous—Péché) phase transitions for each of the four settings: linear-width regime, large SNR
regime, pretrained features, and quadratic sample size regime. We conclude with an experiment
with pretrained features from a deep neural network on CIFAR-10 training data, exhibiting a
phase transition in the steps of gradient descent wherein the XOR task becomes learnable via the

principal components of the pretrained CK.

1.5 Notation

Throughout this thesis, unless explicitly stated otherwise, any limit will denote with high
probability. We will use upper case trace of a square n X n matrix A to denote Tr(A) =Y" | A;
while lower case trace denotes the normalized trace, i.e tr(A) = %Tr. Throughout, || - || will
denote the Euclidean ¢, norm of a vector, and operator norm for matrices || M| = supy,;—; [|[MV||.
We will let || - || denote the Frobenius norm, i,e | M||r = \/Tr(M*M), where M* denotes the
conjugate transpose of M.

Let A ® B denote the Hadamard (entry-wise) product of matrices, i.e (A ©® B); i=A;jOB;;
fori € [n], where [n] = {i = 1,...,n}. Let E,[-] denote expectation with respect to the random
vector w only, and let 0, p(-) denote little-o in probability as n — co. Define the distance between

a point and set as dist(x,A) = inf{|x —y| : y € A}. For a probability measure p on R, define its

support supp(it) as

supp(u) = {x € R: u(U) > 0 for any open neighborhood U > x}

Then define the € —neighborhood of the support as

supp(i) + (—€,€) = {x € R : dist(x,supp(tt)) < €}
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Chapter 2

NTK Regression under dual Power-law
model

2.1 Introduction

Understanding the generalization performance of over-parameterized neural networks
(NNs) remains an active and open area of research in deep learning theory. An especially
productive line of works proceed by linearizing NNs around their random initialization, leading
to the Neural Tangent Kernel (NTK) [JGH18] and Random Feature (RF) [RRO7] models. The
NTK has garnered particular attention due to its connection to the training dynamics of wide
NNs under gradient descent. Under certain settings, which have been termed the lazy training
regime [COB19], the training dynamics and generalization risk of ultra-wide NNs are well
approximated by those of kernel ridge regression (KRR) on the NTK [JGH18, LXS*20, AP20).
In the high-dimensional regime where the number of training samples n, ambient features p, and
width of the network N grow proportionally, Random Matrix Theory (RMT) and Free Probability
have been used to provide sharp asymptotic characterization of KRR risk and kernel spectra, for
both RF [MM19b, MMM?22, WZ23] and the NTK [AP20, FW20, MIBM?22].

Much of the existing analysis relies upon the assumption of isotropic features, that is data
drawn from a distribution with identity covariance. With significant effort, the generalization
risk of KRR has been explicitly characterized in the isotropic feature setting for various Kernel

models. [MM19b] derived formula for exact asymptotic risk curves of RF regression, and
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identified both the double-descent peak location and shape. [AP20] then extended this analysis
to explicitly characterize the non-monotonic friple-descent risk curves of NTK regression, and
identified two over-parameterization transitional phases. However the isotropic setting fails to
capture empirical phenomena observed in real-world data, where singular values of inputs from
image, text, and audio representations roughly follow a power-law decay [Rud97]. Moreover,
recent work on neural scaling laws has shown the exponent controlling this decay governs
the risk curve rate, location of double-descent peaks, and optimal tuning of regularization
[KMH™'20, BAP24, MRS22, PPXP25]. It remains an open question to determine the exact class
of models that support scaling laws.

This motivates a precise study of NTK regression under the anisotropic power law setting.
A central question we aim to answer in this chapter is the following: What is scaling limit for
Sfinite-width NTK regression under power-law dataset?

The primary challenge in extending the previous findings on the isotropic dataset lies
in the inability of the employed techniques to readily generalize to anisotropic features. The
majority of analysis relies first upon a Gaussian Equivalence universality result [HL.22b], which
translates the non-linear feature model to an equivalent Gaussian covariates model with matching
first and second moments. The asymptotic risk of the Gaussian equivalent model is explicitly
determined by several specific random matrix functionals. Classical RMT and Free Probability
tools such as linear pencil methods from operated-valued free probability [AP20] and the replica
method from statistical physics [BCP21], can then be applied to derive asymptotic formulae for
these functionals.

Though our current approach relies on the Gaussian Equivalence Theorem (GET), for-
mally stated as Conjecture (C1) in Section 2.2.5, we derive a new RMT method that extends
to NTK regression for general datasets, including anisotropic power-law structured features
and labels. Our method is motivated by [DHK22] which derives the large-n limit density of
eigenvalues of certain matrix-valued stochastic processes. This result was further developed

for non-commutative stochastic calculus in [JKN26]. We embed the Gaussian entries of the
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NTK kernel with independent Brownian motions, and derive a finite-n Stochastic PDE using
entry-wise Itd calculus. The primary technical tool in our analysis is the time-parameterized log
determinant potential, %, (¢, k,y) = ,11 logdetK (¢, a,y), where K (¢, ct, ) is the Brownian-motion
embedded NTK matrix with auxiliary scalar parameters o and y corresponding to the additive
shifts of the sample covariance matrix and resolvent shift in the NTK. Our main technical result
is the derivation of a deterministic, first-order Hamilton-Jacobi (HJ) PDE whose characteristic
curve solutions explicitly determine the asymptotic risk of NTK regression in the dual power-law

covariance and signal decay setting.

2.1.1 Related Works

Random feature models were introduced as a scalable approximation to kernel methods
[RRO7]. NTK is a special case of random feature model, derived by wide neural networks
trained in the lazy regime to kernel regression at initialization [JGH18, COB19, LXS"20]. In
high-dimensional proportional limits, RMT has yielded precise spectral and risk characterizations
for random feature regression and kernel methods, including double-descent phenomena and
kernel-matrix concentration [MM19b, MMM?22, ALP19, JSS*20, WZ23]. For NTK regression
at linear width, [AP20] and [FW20] derived sharp descriptions of the NTK spectrum and
generalization behavior, while related work analyzes spectra of nonlinear kernel matrices and
random feature maps [EK10, LC18, WZ21, MJBM22]. Our work differs from this line by
studying anisotropic, dual power-law data with a deterministic source vector, and by deriving the
ordinary and signal-weighted resolvent traces through a Hamilton-Jacobi characteristic system.

A common route for analyzing nonlinear random feature and NTK models is to replace
nonlinear features by a Gaussian surrogate with matching low-order moments. This Gaussian-
equivalence principle underlies several precise asymptotic analyses of random features and
kernel matrices [MM19b, Péc19, HL.22b, LY22, HLL.22a]. Recent deterministic-equivalent results
provide characterizations of for kernel ridge regression and random feature ridge regression,

including non-asymptotic test-error and GCV guarantees for KRR [MS24a] and dimension-free
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deterministic equivalents for random feature regression [DLM24]. These works typically express
risk through kernel or feature-map eigenvalues and self-consistent equations. Our contribution
is complementary: for the Gaussian-equivalent finite-width NTK/RF model, we obtain a scalar
fixed point for the resolvent traces and introduce a source-dependent signal resolvent for general
anisotropic data via PDE method.

Classical kernel learning theory relates KRR rates to source and capacity assumptions,
formulated through the eigendecay of the kernel integral operator and the alignment of the target
function with its eigenbasis [CDV07a, CLKZ22]. Related spectral learning-curve analyses show
that kernel regression and wide networks can exhibit rates governed by the data/task spectrum
[BCP21]. More recent neural scaling laws [KMH™20] have been proved for random feature mod-
els, gradient dynamics, and compute constraints [WHS22, MRS22, BAP24, PPXP25]. Closest to
our power-law data setting, [WL25] study high-dimensional KRR with anisotropic Gaussian data
whose covariance follows a power law, showing how the data spectrum is transferred to the kernel
spectrum and affects excess risk. In contrast, we keep the finite-width random-feature/NTK
structure and analyze how both the capacity exponent of the input covariance and the source

exponent of the teacher function.

2.1.2 Contributions

We summarize our main contributions as follows. We derive an asymptotic deterministic
PDE whose characteristic curves yield closed form expressions for the trace resolvents that
form deterministic equivalents to the prediction risk of KRR on the finite-width NTK. This PDE
holds under general data assumptions, and gives deterministic equivalents for both standard and
signal-weighted resolvents.

Specializing to the dual-power law model, we use these deterministic equivalents to
establish a scaling law for optimally-tuned finite-width NTK model, and derive a closed-form

excess-risk exponent in terms of source and capacity parameters (o, r).
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2.2 Main results
2.2.1 Problem setup

Consider a two-layer neural network fg(x) with hidden-layer width N

1
fo(x) = WWTG(WLX), 0:= (wgl),...,wl(vl),wl,...,w;v) e RN(P+1) (2.2.1)

where x € R” is the input data, and o : R — R is the non-linear activation function applied
entry-wise. The first layer weights W € RV*? are initialized as i.i.d. .4 (0, 1—17) while the \/LN
factor in (2.2.1) is due to the LeCun/NTK normalization [JGH18, LBOM12], which ensures the
model output remains O(1) as the width grows. The second layer weights w € R" are initialized
as w; Sy (0, G‘%,), where the variance GVZV is a hyperparameter that will tune the NTK behavior.
Let 6 denote the weights at their random initialization. For simplicity we set fg(x;0¢) =0,
which is referred to as centering by [AP20]. This either amounts to doubling the number of
neurons in the network or subtracting the initial network value throughout training, and does
not alter our analysis. Under the lazy training regime [COB19, LXS120], the weights @ remain
close to initialization O for large NV, and the network output is well approximated by a first-order
Taylor expansion around 6. While this connection motivates our study of the NTK, our primary
focus is on NTK regression as a problem of independent interest, especially in the fast-growing

literature of neural scaling laws.

NTK is the defined as the gram matrix of the Jacobian of the network with respect to 0:
KN™(x,x') = Vg fo(x;00) Vo fo(x';00). (2.2.2)
Following [AP20], we can partition into first and second layer weights

KN (x,x') = Vi fo (x:00) ' Vinfo (1 60) + Vv, fo (x:60) ' Vi, fo (x': 80)

Ki(xx') K> (x.x')
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The first and second layer kernels can be written as

X'X (F)Tdiag(w)*F’
® :
p N

Ki(X,X)=F'F, K)XX)= (2.2.3)

where F = ﬁG(WlX )and F' = \/LNG/ (W X) are the feed-forward feature maps of ¢ and ¢’
respectively. We study the problem of learning an unknown target function f* : R — R from n

training samples {(x;,y;)}?; € R? xR, where
vi= i) +e, &= (0,02 2.2.4)

The predictor of the kernel ridge regression problem on the NTK is given by

= ~1

@) =kntk(x) T (KNTE+AL,) "y (2.2.5)
where knTk(x) € R”" has entries KNT¥(x,x,) for a € [n]. Note the ridge parameter A > 0
corresponds to an ¢ penalty on the weights @ towards their initialization. The training error and

prediction risk of estimator (2.2.5) are given by

Ewin(h) = (b= @B 20 =E](Fi0)-y)") 226

Here the expectation in Z(A) is over an independent test point x, conditional on the training
dataset and randomness from the weights 8. We note the risk is thereby a random variable,
however it will concentrate around its mean in the asymptotic, proportional regime. Deriving
asymptotic deterministic equivalents to the two random variables (2.2.6) constitutes the principal

technical goal of this chapter.
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2.2.2 Gaussian Equivalence

The training error and prediction risk (2.2.6) involve large random matrices with non-
linear dependencies, which fall outside the immediate scope of classical RMT tools. To make
analysis tractable, we invoke the Gaussian Equivalence Theorem [HL22b, Péc19, MM19b], a
universality result that reduces the KRR problem (2.2.5) to regression on a linear Gaussian
surrogate model with matching first and second moments.

As an illustrative example, consider the non-linear feature matrix F = \/LNG(WIX ). By
matching first and second order mixed moments of entries, we have the following approximation

(W X)~ bW X+b:0,  ©; "~ #(0,1) 2.2.7)
for a suitable choice of b,b, which arise from a Hermite polynomial expansion of ¢. The
approximation =~ holds on the order of bulk statistics.

When the input data is given by X = $2Z for Zj RS (0,1) independent from W, a
straight-forward central limit theorem argument shows the entries of WX are marginally normal,

with mean zero and variance 72 := %Trz. Therefore, (2.2.7) arises from a Hermite polynomial

expansion of ¢ against .4 (0,7?). We define these Hermite coefficients for ', ¢’ as follows.

b= g o) =El'(g), 1 =Elo(ef -7

where g ~ .4 (0, 72). Further, define the following
c1 =E[6'(g)’],  p=E[o(g)’] =b3+7b
We note that T = 7(p) is p-dependent, and therefore so too are the Hermite coefficients by, b;.

While this is non-standard, our goal is to derive deterministic equivalents for functionals of

KNTK and our analysis directly encodes the p-dependence in b;,b,. One can avoid dimension-
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dependent Hermite coefficients by normalizing X to have unit trace.
We make the following simplifications on the two kernels K| and K, which preserve

bulk statistics asymptotically. Specifically, for K, one has
Ky~ bioyp ' XX + o (c1 — b}, (2.2.8)
We collect the substitutions (2.2.7) and (2.2.8) into the linearized kernel Kj;,.

1
Kiin = F|,Fiin + 07 <p-1b%XTX +7%(c — b%)ln) +2l,,  Fiin= N (b1W/1X + b,@)
(2.2.9)
For simplicity, we drop the subscript /in and directly study the linearized model K under the

substitutions.

2.2.3 Generalized Cross Validation (GCYV)

The full prediction risk formula (2.2.6) involves functionals of random matrices W, ®,
the resolvent K, and the population covariance E. Since X is typically unknown, we introduce

the GCV metric, which is an estimator accessible from training data alone:

Etrain (A)
(A ur(RNTE +Mn)1>2

GCV(A) = (2.2.10)
Initially derived as a rotationally-invariant variant of leave-one-out cross validation (LOOCYV)
by [GHW79], the GCV has been shown to be a consistent estimator of prediction risk across
a wide variety of high-dimensional ridge regression [WHS22, HMRT22, PRT22], and KRR
models [AP20, JSS*20]. It has also been called the Kernel Alignment Risk Estimator (KARE)
in the setting of KRR [JSS*20]. Most relevant to our setting, [AP20] proved the asymptotic
equivalence of the GCV to the prediction risk of the NTK in the isotropic Gaussian setting.

We conjecture, and empirically verify in Figures 2.2 and 2.3, this equivalence extends to the
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anisotropic power-law setting studied here. More numerical experiments are presented in Section
2.4.
The training error Eq,in (A ) concentrates around its expectation over label noise. A quick

calculation gives the following
_22( &2 =2 TyT -2
Egain(1) = A (og tr(K + AL,) —|—tr(X/3B XT(K+ L) )) tonp(l). (2.1
This motivates the definition of the following trace functionals

mV@) =w(K+a,) ", mV@)=u(p X X(K+,)") (2.2.12)

my) (z) = %(BTXT(K+zIn)1XB). (2.2.13)

Under an isotropic signal vector B ~ .4(0, p‘llp), an application of the Hanson-Wright con-
centration inequality gives mgl) = mg") +0,p(1) as n — co. However, the structured signal case
of Assumption (A0) necessitates the separate treatment of the quadratic form mg. Using (2.2.11),

we define the GCV in terms of derivatives of these trace functionals.

—(c2aum"” (A) +dpmg” (1))
(m{"(2))?

GCV(A) = (2.2.14)

The GCV can be understood as a correction to train error to account for model complexity,
wherein the denominator of (2.2.10) accounts for the train-test gap. For some intuition behind

this, write
Atwr(KNTK42AL,) =1t (KNTK (KNTK + M,Z)*l) =1 —dfnte (1)

Here dfgntk(A) :=tr (KNTK (KNT® +11,) 71) provides an effective degrees of freedom of a
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linear estimator on the NTK matrix, and is closely related to the Signal Capture Threshold (SCT)

introduced in [JSS*20]. We refer to Section 7.6 of [HTF09] for further reading on this measure.

2.2.4 Dual power-law model

In order to study NTK under a dataset that allows for scaling laws, we restrict to the
power-law covariance. Our methodology however extends to very general data assumptions on

X. We make the following dual power-law assumption on the train data and train labels.

(A0) Dual power-law model. The training data xy,...,x, are drawn i.i.d from .4 (0,X) where

o

X =diag(oy, -+ ,0p), oj=j% j=1,...p (2.2.15)
for some fixed @ € (0,). The labels are generated as a linear power-teacher.

yi=x; B+, Bi=j", j=1,...p (2.2.16)

where ¢; R (0, 62) is independent of x and r > 0 is a fixed constant.
The exponents & and r are referred to as capacity and source in power-law literature [CDVO7b,
CLKZ22]. Roughly speaking & controls the effective dimensionality of the data, with a larger
o causing the data to concentrate into lower effective dimensions. The source r controls the
difficulty of the learning problem, as it measures the alignment of the signal along the top
eigenvectors of X£. We make further restrictions on r in the following section. These are to ensure
the GET approximations in Section 2.2.2 are still valid.

A quick remark about the choice of scaling on the power-law covariance eigenvalues. Fol-
lowing classic source-capacity convention [CDV07b] we study NTK regression under population
eigenvalues 6; = j~%, which we will refer to as unscaled power-law. While extreme eigenvalues
of the unscaled power-law remain O(1) in the proportional limit, the bulk eigenvalues collapse

to a delta point mass at zero. [WL25] study a trace-scaled power-law in the context of KRR,
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i.e population covariance ¥j; = c, () j~%, where c,(a) = (L, k*“)fl ensures TrX = 1. For

o > 1 these two normalizations are equivalent up to a scalar.

2.2.5 Assumptions

We make the following general assumptions throughout the rest of this chapter.

(A1) Proportional Regime. n, p, N — oo at rates 1% — ¢ and %] — y for some @, y € (0,0).
(A2) Capacity Exponent. We take X;; = j~% with ot > 0.

(A3) Source Exponent. The ground truth vector satisfies §; = j~" with r > %

(A4) Nonlinearity. The non-linearity ¢ : R — R is Lipschitz, centered with respect to .4 (0, 72),

and has finite Gaussian moments of all order.

Assumption (A3) ensures ||B||2 < o as p — oo, which would otherwise cause the GCV consis-
tency conjecture stated below to be violated.

We state the two ansatz, whose formal verification is delegated to future work but are
expected to hold under the current setting and are verified empirically in Section 2.4 and by

Figures 2.2 and 2.3.

(C1) Generalized Gaussian Equivalence. The GET holds under the power-law covariance:
|% (%) — Zce(A)| = 0,p(1) (2.2.17)
pointwise for each fixed A > 0. Here Zgg(A) denotes prediction risk of KRR on the

linearized NTK kernel (2.2.9).

(C2) GCYV Estimator. The GCV estimator (2.2.10) is a uniformly consistent estimator of NTK

risk %), over any bounded, compact interval away from 0.

sup  |Z(A)—GCV(4)| = o0,p(1) (2.2.18)
AE[A'rﬂianInaX]
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We further conjecture (2.2.18) extends to A, = O for the NTK, as was shown in [MS24a]

for KRR in the the benign-overfitting regime.

Conjectures (C1)- (C2) extend to NTK under power-law covariance a well developed line of
work. Gaussian equivalence for random feature and NTK models have been established in
[HXAP20, GLR 22, MM19b, MS22], and consistency of the GCV estimator for KRR was
established in [AP20, MS24a, JSS*20, WHS22]. Furthermore, uniform consistency of the GCV
over ridge penalty has been established in [PWRT21, MS24a, XMRH21]. While we make no
statement on the rate of convergence of (2.2.18), [MS24a] proved a bound at rate &), p <n’%>
uniformly over A € [0, Amax] under general assumptions. We conjecture the analogues for the

finite-width NTK and verify them empirically in Section 2.4.

2.2.6 Outline of approach

We outline our novel technical approach , which we expect to generalize to deriving
deterministic equivalents for a large class of random matrix functionals that characterize the
risk of linearized NNs and associated kernel models. The key component in our analysis is the

log-determinant Brownian-motion embedded kernel matrix K (¢, u):
1
Fn(t,u) = —logdetK(t,u) (2.2.19)
n

where u = (u;) is a finite number of additional scalar auxiliary parameters alongside a time
parameter ¢ for the Brownian motions of entries of K(¢,u). The motivation of (2.2.19) is to

recover the trace functionals discussed in Section 2.2.3 as partial derivatives of .%,:

1
Oy Tn = tr(K(t,ur) ) =\ (t,u1), Oy T = tr (=X XK(t,u2) ") = m\" (1, ur)
p
(2.2.20)
for appropriately chosen u;,u,. At time ¢ = 0 the log-potential .%,(0,ug) and its partial deriva-

tives are pure linear kernels in the sample covariance S, = 1—17X TX. These trace functionals
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have deterministic equivalents through the anisotropic generalization of the Marchenko-Pastur
Theorem [SB95]. Using Ito-matrix calculus and PDE methods, we evolve the entries of Gaussian
matrices K as i.i.d Brownian motions, and derive a deterministic Hamilton-Jacobi type PDE in

the proportional limit. We outline these steps as follows.

Step 1: Finite Dimensional Stochastic PDE.
Z(t,u) is C? in the entries of K(¢,u), and therefore amenable to Stochastic calculus via
a multi-dimensional variant of It6’s formula (2.3.2). With some matrix calculus and bookkeeping,

we derive a SDE of the form

d.Fn(t,u) = dMy(t,u) + Du(t,u)dt + Ep(1) (2.2.21)

where the Martingale terms .#,(¢) and remainder E,,(¢) will vanish uniformly inz € [0, 1]. Details
of this derivation are presented in Section 2.3.2. The next step involves a careful tracking of
vanishing order terms, and then differentiating the left over terms in (2.2.21) with respect to the

time parameter ¢.

Step 2: Asymptotic Deterministic PDE.

The martingale terms in (2.2.21) satisfy .#,(¢,u) — 0 uniformly in probability, while the
remainder E, (1) — 0 uniformly in 7 as well. The drift terms Z,(¢,u) can be realized as partial
derivatives of .7, (t,u) with respect to the spatial parameters u, after interchanging limit and
derivative. By controlling the vanishing order terms, and then differentiating the surviving terms
in (2.2.21) we have

0 Foo(t,u) + H (1,04 Fos) =0 (2.2.22)

where H is a function of the spatial parameters u#; and partial derivatives of .%., with respect to
u; only. In our setting H is a polynomial in its arguments, and therefore the PDE (2.2.22) has a

unique analytic solution due to the C-K Theorem, given the initial condition .%.(0).
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Step 3: Hamilton-Jacobi PDE.
The PDE (2.2.22) is a first-order, nonlinear PDE, which can prove to be difficult to solve
analytically in general. However, we recognize (2.2.22) as a Hamilton-Jacobi type PDE of the

form

0r Foo(t,u) + H (u, pu) =0 (2.2.23)

where H is the Hamiltonian function obtained from replacing partial derivatives d, ; with momen-
tum variables p; in (2.2.22). The remainder of our analysis is built upon the solution to (2.2.23),

and in particular the solutions to its characteristic curves.

Step 4: Solution via Method of Characteristics

Hamilton’s equations for H give a system of coupled ODEs

uj = 8ij, pj= —9u,-H (2.2.24)

where x = d;x. The initial conditions to (2.2.24) are given by the limit of .%,(0,u) and its partial
derivatives along u, which are given by the general Marchenko-Pastur Theorem.

The motivation behind (2.2.24) is that the momentum variables p; will correspond to
derivatives of S; along the curves u;(t). Therefore, an apt choice parameters u;(t) and their

initial conditions u;(0) will allow the recovery of the target NTK traces, as in (2.2.20).

2.2.7 Statement of main results

The results presented in this section rest on a closed-form characterization of three NTK
random matrix functionals that jointly determine asymptotic training and test error of NTK
regression. The first two are the resolvent traces, characterized in the isotropic setting by linear
pencil methods in [AP20], and for general data assumptions for the RF kernel model in [ALP19]
using resolvent methods. The third is a novel object, which we call the signal resolvent. We

work throughout in the proportional limit, and take in probability limits. Under the Assumptions
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(A0)-(A4), each functional below will concentrate onto a deterministic equivalent quantity. We
define the following two traces
m7 (z) = lim tr (K NTK(Ktarget, YViarget) 1)

n—oo

) (2.2.25)
i3 (2) = lim tr (XX (K™ (Kiager, Yarger) ™))

n—oo p

where Kiarget = b% szv and Yarget = 2+ ‘Ezc%,(c 1 — b%) are chosen to match the scalar parameters

in (2.2.9) for z € 27 ". We next define the signal resolvent to be
1 _
mgl) (Z) = ZBTXT(KNTK(KtargeU %arget) ]Xﬁ (2.2.26)

with Limit g (z) = limy e m;),”) (z). The signal-resolvent mg measures the strength of alignment
of the signal B with the resolvent of the NTK. Theorem 2 makes this connection explicit,
expressing mé") as a discrete integral against the signal-weighted measure vg =} ; sz 56,--

A quick remark about reduction to isotropic labels. In the case that B is drawn uniform
randomly on the sphere, such as in [ALP19, MM19b], mg reduces to my by an application

of Hanson-Wright concentration inequality (Theorem 6.2.1 in [Ver18]). This reduction fails,

however, under the structured label assumption made in (2.2.16).

SDE and PDE
Our first main results are the explicit form of the finite-dimensional SDE and asymptotic

HJ PDE introduced in Section 2.2.6. Write

1
Tt x,y) =~ logdetK(t, k7).

Proposition 8 (Finite SDE). Under Assumptions (Al) and (A4), the potential %, satisfies the
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It6 SDE

d%(z):[(b%a,cﬁwgayy)((l— )+%(Kakf+yayﬁ)) dt +d My (t) + En(t)

<le

(2.2.27)

where we adopt the Stochastic differential notation dY, = f -dV,; + hdt, which is shorthand for

Y(1)—Y(0) = /Otf-st +/0th(s)ds.

The remainder term satisfies sup;c(y |En(2)| = O(n 1), and the Martingale terms .#,(t) — 0
in probability uniformly over # € [0,1]. As a consequence, the in-probability limit potential

Foo(t) := im0 %, (1) satisfies the following deterministic Hamilton-Jacobi (HJ) PDE.

Proposition 9. Under Assumptions (Al) and (A4), the limiting potential ¥, satisfies the
following deterministic PDE

)+ = (KO Foo + Yay%o)] (2.2.28)

<ls

9
y
The passage from the finite SDE (2.2.27) to the PDE (2.2.28), closing the non-linear drift and
interchanging limits with spatial derivatives, is discussed in the remark below and justified in

Section 2.3. We solve the PDE (2.2.28) via the Method of Characteristics. The initial condition is

given by the t = 0 potential, which is a pure linear kernel in the sample covariance S, := %X X
1

7 (0,%,%) = lim ~log det(kop™ ' X "X + pLy). (2.2.29)
n—oo p

where (kp, ) are initial values of the (k(¢),(r)) characteristic curves, chosen to reach NTK

specific target values at t = 1.

(k(1),7(1)) = (bioi.z+ 7204 (1 — b))
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Differentiating .%,(t, k,¥) in k and 7y at t = 0 yields the initial momenta

1 B B
e Tn(0, Ko, Y0) = nlgg;Tr(p XX (kop~' XX + L) 1) (2.2.30)
1 B B
Oy F(0,5%0,3) = lim —Tr(xop XTX +0L,) (2.2.31)

We first summarize the explicit solution to the PDE (2.2.28) in the following Theorem
for general data assumptions, and then explain their connection to limit trace resolvents m{’,m7,
and m°ﬁ° Following this theorem, we state the power-law specific trace resolvent characterization,

which then allows for the derivation of scaling law in NTK regression.

General Data Assumptions
For the next Theorem, we make the following general assumption on the dataset X and

isotropic signal B ~ .4(0,p~'1,,).

(B1) Data (general). Assume the columns of X € R?*" satisfy, for every o # B € [n]
H|xa||2—1}§8n, }x;xﬁ‘gen

in high probability, where snn% — 0. Moreover, assume the ESD of %X TX converges

weakly to a probability measure p on [0, o).

(B2) Labels (isotropic): Assume labels are generated y; = x; B + ¢;, where B ~ .4(0, p*IIp)

iid.
~Y

and Var(e), "= A4 (0,02). Lety = (y1,-..,yn) € R" denote the training labels vector.

Assumption (B1) imposes an approximate orthonormality on the columns of X, and ensures it
has a limiting ESD. The same assumption was made in [FW20], while a similar assumption was
made in [ALP19].

Before presenting the main result of this section, we introduce formulas and terms
that will be used to characterize the prediction error of the NTK regression under the general

assumption (B1).
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Definition 10. Denote the sample covariance matrix by S, = %X "X, and let p = limspec (S p)
be limiting spectral measure of S,,. For parameters b,s > 0, define the following Stieltjes-type

integrals

) )
Gulb.s) = [0 Hk(b,s)_/m keN (2.2.32)

and the function

nb,s)=1— % (b%GO(b,s) +H3G (b,s)> (2.2.33)

For positive real numbers (K,v) define N* > 0 to be the unique positive solution to the fixed-point

equation

Wz1—%@%ﬁmmmmmﬂww%mmmmwmw} (2.2.34)

where

K
Ko = Ko(1) = b3+ — (2.2.35)
n
W =n0)=h+ (2:236)
Moreover, for the solutions Ky, Y, define the quantities
Gy = Gi(ko, W), Hi = Hy(Ko, 1) (2.2.37)
My = b5Hy+biH|, 4 = b3H, + btH, (2.2.38)

With these formulas, we can introduce our main theoretical result, which is a novel

characterization of the two trace functionals m and m,.

Theorem 1. Define Kiarger = b%GVZV and Yiarget = 2+ ‘L'ZG%,(CI — b%) and let n* > 0 be the unique
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positive solution to (2.2.34), where Ky, Y are defined as

Ki
Ko = b7+ t;rfet, Yo = b3 4 et (2.2.39)

*

Then under Assumptions (B1), and (Al) - (A4), we have

mi(z) = M7 my(z) =

. (2.2.40)
n

Moreover, if the resolvent R(z) := (%X X+ ) ! admits a deterministic equivalent R(z) then

m() = —— R, )= (1— 0 g1 )). (2.2.41)

~ ko¢n* Ko¢ ~ kon* Ko¢ Ko¢

Remark The fixed point equation (2.2.34) can be solved numerically using a standard
root-finding algorithm, e.g brentq in SciPY [Bre73]. In the isotropic setting where u is the
Marchenko-Pastur law with aspect ratio ¢, the fixed point equations become quartic with unique
physical root. Moreover, by restricting to the isotropic setting the two trace functionals m,m,
satisfy the coupled polynomial equations derived in [AP20] for z > 0. Note that by sending
ow — 0, which can be achieved by setting the initial condition Ky = b%, we recover the pure RF

kernel results of [ALP19] for m; and m, exactly.

Infinite Width KRR Limit

As an immediate application, we consider the infinite width N — o limiting kernel

K*:=E,[ocw'X)'ocw'X)], w~(0,p'L). (2.2.42)

¢

To achieve this, we send V= 5 — 0 by taking y — oo. The correct interpretation of this

is the width N grows faster than any constant times n, p. The fixed-point solutions from the

characteristic curves defined in Theorem 1 simplify to linear equations, and become explicitly

¢

invertible. By sending v 0 and GVZV — 0, we have the following fully explicit asymptotic
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prediction risk for KRR.

Proposition 11 (KRR Risk). Let /X (x) = K (x,X) (K™ + lln)fly denote the optimal kernel
ridge predictor onto the kernel K=. Under Assumptions (B1)-(B2), and (A1), (A4), the asymptotic

prediction risk * of ff is given by

H (l) + ngH()(l)

K —
72 == o (2.2.43)
where
x*u(dx) / xFu(dx)
Hi (L) = k=0,1. 2.2.44
/b2x+b2+k K(4) (B2x+ b3+ A)% ! (2249

Proposition 11 is a limiting case of Theorem 2. The asymptotic risk (2.2.43) is fully
explicit in terms of Stieltjes-type integrals against y = lim spec(X ' X /p), and requires no

fixed-point or root solver.

Power-law Assumption
The following result is an application of Theorem 1 on the dual-power law model

Assumption (A0), as well as a characterization of the signal-resolvent mg.

Theorem 2 (Power-law Resolvent Traces). Suppose Assumptions (A0)-(A4) hold. Define the

following

D, =z+ 1203 (c1 — b?). (2.2.45)
For n > 0, define the rational functions

b3n + D,

) = P(n+oy)

2 2
bl(n+Gw)) (¢TI—‘I’(1_TI)(TI+G‘%/))’ t(n) = (2.2.46)

n(D.— b0y,
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Let n* > 0 be the unique positive solution to the fixed point equation

*\ * * ¥\ 4 _l 2 N
(") =Fu(s(m")) +E(M")s(M") =9 =0,  Fuls)= pj_leﬂ.a. (2.2.47)
Then we have
mi(z) < : s(n®) m()v;F (s(m®)) (2.2.48)
N o) M o) -
Moreover,
1 P ij(oc+2r)
mg(2) F(s(n*), F(s)=) ——— (2.2.49)

" 9bi(n"+ o7) =RVl

Remark. Several remarks are in order. Theorem 2 characterizes the resolvent traces as the
momentum curves of the HJ PDE (2.2.28) m| = py,my = p, with initial momenta py(0), p«(0)
given by the deterministic equivalents of the sample covariance resolvent at t = 0. The signal
weighted resolvent mg arises as a rank-one augmented PDE, and inherits the same fixed-point
scalar equation n*.

The fixed point equation (2.2.47) has a unique physical root 1 > 0, corresponding to
s(n) > 0, found via Newton’s method with details deferred to Section 2.4. Theorem 2 thereby
reduces the joint asymptotic problem of computing m,m; and mg to a single scalar-root finding
one, a strict simplification of the coupled-polynomial system in [AP20], and self-consistent
equations of [MM19b].

The full rigorous justification of the identifications m7 = my,m5’ = my and mg = mg,
and more generally passing solutions from the finite-dimensional Itd SDE to the limiting PDE, is
of independent mathematical interest and beyond the scope of this work. We state this conjecture
as an ansatz in Section 2.3, and refer the reader to the works by [JKN26] for a treatment of this
conjecture in the square, self-adjoint matrix setting. From here on, we will refer to the relevant

traces as my,nmy,mg with the understanding the ansatz is assumed.
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Train Error and Prediction Risk

Under Ansatz (C1) and (C2), the asymptotic training error and risk of NTK regression are
fully determined by m;,mg along with the derivatives ', m;} with respect to ridge parameter A.
Implicit differentiation of the fixed-point equation in Theorem 2 yield closed-form expressions

for the derivatives.

Proposition 12 (Asymptotic Train Error and Prediction Risk). Under assumptions (A0)-(A4),

suppose the GET Conjecture (C1) holds as well. Then, the training error is given by
Eirain(A) = =A% [Oamg(A) + 62 dm1(A)] +0ap(1) (2.2.50)

Under the GCV consistency Conjecture (C2) the prediction risk admits a deterministic equivalent

with bias-variance decomposition
HA)=<BA,a,r)+ 7V (A;a,r) (2.2.51)

where the bias and variance terms are given by

oy amp(A) o Geomi(R)
@(k,a,r)——m, %(A,a,l’)-—W (2.2.52)
where . . -
s
(3 =m®)(5 - 5= 57)
Fl(s)s' 1 dn*
mé(l):mz(l)( 1?05((2) _77*‘|‘(72 8111) (2.2.53)
%
B F!(s)s' 1 adn*
and
b? on* op
S/A: 1 W (pn*_wl_n* n*+62
() = by ] ar e O v =)+ o) ass
* 2 % 2 _ s(4) h
+(n*+ o) (9 + v + i 1)) | Dy~ o]
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Finally,
on*  (Fy(s)+&)se+Cos

= — 2.2.55
ox ~ (Fals)+ E)set s (2233
where we define the auxiliary terms
=S Gem L g oD
Doy TR TR ror

. —hiow(en* —w(1—n")(n" +o5)) + n"bi(n" + o) (& + w20 + o — 1))
¢ (n*)*(Dy —byoy)

(2.2.56)

By optimizing the GCV-DE (2.2.51) in A, we derive an implicit equation for the optimal
ridge parameter A *. Note this is only valid under the further conjecture of the uniform consistency

of the GCV estimator extending to A € [0, Ajax|, as made in Conjecture (C2).

Proposition 13 (Optimal Ridge Parameter). Under the setup of Theorem 2, assume the GCV
uniform consistency conjecture (C2) extends to Ayin = 0. Then the optimal ridge parameter

A* = argminy > % (A) satisfies the following implicit equation
(o2m](2%) + mig (A))my(A*) —2(czm} (1Y) +mig (A*))m (A*) =0 (2.2.57)

While Proposition 13 does not admit a closed form optimal ridge parameter, (2.2.57) can be

solved numerically using standard bracketing methods.

2.2.8 Finite-width NTK scaling law under unnormalized power-law
spectra
Throughout this subsection, for two positive sequences a,, b,, we write a, < by, if there
exist constants 0 < ¢ < C < oo, independent of n, p, N and of the ridge parameter in the scaling
window, such that cb, < a,, < Cb,,.
We use the same Gaussian-equivalent NTK notation as in Section 2.2.2, but for unnor-

malized power-law spectra we replace the LeCun factor p‘l/ 2 by the trace normalization Tpfl/ 2,
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where

Equivalently, every occurrence of p~!X "X in the HJ potential is replaced by
. —1lyT
Sp=T, X X.

This normalization keeps the pre-activations non-degenerate when o; = j~%.

Assumption 1 (Unnormalized dual power law). Let
Z.Zdiag(O'l,...,Gj), oi=j o> 1.

The training inputs are X; Lid- A(0,X), with X = [x1,...,x,] € RP*". The teacher is linear,
fu(x) =x"B, with

ﬂj =cpari s Cp, 06 r— Z ke,
Thus BT EB = 1. We assume o.+2r > 1 to ensure f* € L%

Let
~ Gj 2 2
Gpji=7,  entk:=bi(l+oy) >0,
p
where b; and G%, are the constants from the Gaussian-equivalent NTK. For an effective ridge

u > 0, define the effective dimension and the source-bias profile by

=y NIKOp (2.2.58)
=1 CNTKOp, j +u’

p 2
Z (*) (2.2.59)

CNTKOp,j + U

The constants cnTk and 7), only affect multiplicative constants and not the exponents below.
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Assumption 2 (Local HI/GCV deterministic equivalent). Let R, v (1) = Ex[(f3 (x) — fx(x))?]
denote the finite-n, p,N prediction risk in the sense of Section 2.2.1, i.e. without adding an

independent test-label noise. Let

Uy, = A+ ldiag

be the effective ridge appearing in the HJ fixed point, where Agiyg is the deterministic diagonal
shift in the Gaussian-equivalent NTK. Assume either that the diagonal-corrected kernel is used,
50 that Agiag = 0, or that Agiag = 0(Uy,) in the scaling window.

There exist constants Cg,Cy € (0,00), depending only on the NTK constants and the noise

variance, such that uniformly for uy | 0 with A,(1,) =o(nAN) and u/{l/a =o(p),

Rasip ) = oyl ) + € () At ol ) + (43 ) Ayt ). 22:60)

Theorem 3 (Finite-width NTK scaling under unnormalized power-law spectra). Assume As-

sumptions 1 and 2. Define

) a+2r—1 I 1
Jo,r = mln{Z, T}, Op N i= - + N

Suppose 0.+ 2r #200+ 1, 8, y — 0, and

p> 8, et (2.2.61)

Then the optimally tuned finite-width NTK risk satisfies

aqa,r
/{I%IBRn,N,p(M = 6n71‘(, . (2.2.62)
Moreover, any ridge parameter satisfying
w, =<8 (2.2.63)
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attains the rate in (2.2.62).

In the non-saturated source regime o, +2r <20+ 1,

o+2r—1 - Nt i
qo,r — T; Alllf(‘)Rn,N,p(l) = 6,171?] ’ Hy, = 5n0jN .

In the saturated source regime o0+ 2r > 20 + 1,

g%Rn,N,p(l) X Sn%‘;‘\,%, Uy, = 5,2’}‘:,%.
Finally, if N < n’ for some € > 0, then
Sy = pmin{ 1.0
and hence
inf Ry p(A) = n~ 0@ g (o r ) = min{1, 0} —4%T
A>0 oqo,r+1

Remark (Logarithmic boundary). At the boundary o 4 2r =20 + 1,

Bp(u) = ulog(1/p),  Ap(u)=pu /%

Consequently,

- 5n,N
H = log(1/8,)

Y

>(x/(2(x+1)

and
| > 1/(2a+1)

‘ 20/(2a+1
){g%Rn,N,p(M = 6"7?\/( ) )(log%
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2.3 Proofs of Main Results
2.3.0 Preliminaries

We first introduce the following auxiliary results, which will be used throughout the
proofs presented in this chapter. The first is the ansatz introduced in Step 2. The log-determinant
potential .%,(r) satisfies the finite SDE (2.2.21), plus vanishing-order terms. This is shown
explicitly through the It6 calculations handled in Section 2.3.2. The ansatz is that the limit
log-determinant .%.,(¢) is also solution to the deterministic limit PDE (2.2.22). We summarize

this below.

(C3) Ansatz. The limit log-determinant potential .%.(f,u) is a solution to the deterministic
PDE

O Foo(t,u) + H (U, 0y Foo ) (2.3.1)

We will assume (C3) holds throughout the proofs, without explicitly stating it. The main technical

tool needed to derive (2.2.21) is the multi-dimensional Itd’s formula.

Proposition 14 (Multi-Dimensional 1t6’s Formula [@ks98]). Let

B(t) = (Bi(t),...,Bu(t))

be an m—dimensional vector of independent Brownian motions adapted to (54}) Define the

t>0°
vector-valued It6 process dV; = U,dt + H;dB;, where U; € R™ and H,; € R"*™ are progressively
measurable with L* entries. Suppose g : R™ — R is a twice continuously differentiable function,
then Y, = g(V,) is a vector-valued It Process

1 & d%g

m ag
dY, =) —(V;)-dVi;+=
t l_Zl axi( t) ,l+2ijz_l aXiaxj

(V[) d‘/i,l‘ N de,l‘ (232)
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where
dBi-dBj = 5,'jdl‘, and dB;-dt =dt-dB; =0 (2.3.3)

Note that the “stochastic differential” notation dY; = f-dV; + hdt as above, which we use

throughout the calculations below, is shorthand for the stochastic integral equation

Y(1)—Y(0) = /Otf-st +/Othds (2.3.4)

The next lemma is necessary to handle the martingale terms .#,(¢) in Step 2.

Lemma 15. Let {.#,(t),t € [0,T]} be a sequence of continuous L*>-martingales with .#,(0) = 0.

Suppose the quadratic variation (.# ), satisfies
T
(M), < C(ﬁ) (2.3.5)
almost surely, for some absolute constant C > 0. Then the following holds

sup | 4(1)] = 0. (2.3.6)
t€[0,T]

In other words, #,(t) — 0 in probability, uniformly overt € [0,T)].

Proof of Lemma 15. This is a direct consequence of Doob’s L? maximal inequality. In-

deed, since .#,(t) is square integrable with .#,(0) = 0, |.#,(t)|? is a sub-Martingale and

E[|.#,(t)?] = E[(.#,);]. By Doob’s maximal inequality, for any & > 0

E[|.#,(1)]?] E[(A4)1] T
P t 0) < = <C 2.3.7
(tes[‘(‘)}}]“///”( )1>8) <=5 5 <C(50) 2.3.7)
Therefore, setting 8 = n~'*€ for any € > 0 concludes the proof.
O
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As an aside, throughout the proofs we will impose the unnormalized scaling [W];; Wy (0,1)

. . 1 . .
on the first layer weight matrix W, and track the p~2 scaling as an explicit factor throughout all
calculations. For notational simplicity, we also drop the | subscript and refer to W as the first

layer weights.

2.3.1 Application: Anisotropic Sample Covariance

In order to introduce the HJ PDE approach, and verify its validity, we first demonstrate
the approach on the simpler case of the log-determinant potential of the sample covariance
S, = %X TX. In the case that X = Z%Z, with Z; iy (0,1), we recover the Stieltjes transform
of the general Marchenko-Pastur law (Theorem 2.6 in [CL22]), as well as a population covari-

ance resolvent functional. We make this data assumption X = X2Z explicit in the following

assumption.

(B3) Data (Anisotropic Gaussian). Assume X = 7 € RP*" where £ € RP*P is symmetric,
non-negative definite and Z;; R4 (0,1). Further, assume the ESD of X converges to a
probability measure vg on [0, ).

The Marchenko-Pastur theorem holds for more general assumptions on Z, but we restrict to the
i.i.d Gaussian entry setting in order to embed Z +— Z(¢) with Brownian motion entries.

Define the empirical Stieltjes transform 7(")(z) : #* — C and its companion transform

T st - Cas
(n) 1 e -1 ~ (n) 1 T “1
T (z)zl—)Tr(p XX'+,) , 71 (z)ZETr(p X'X+zl,) (2.3.8)

Moreover, define the population-resolvent ‘L'z(") (z): ¢t = C

n 1 - -
7l )(z):;Tr<Z(p 'xXx"+,)"") (2.3.9)

We state the main result of this section, which explicitly characterizes the limit of the trace
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(n) = (n) (n)

functionals 7,77, 71", and 7, ’.

Proposition 16. Let n,p — oo withn/p = ¢, and define for z > 0

1(z) = imE[z(2)], ()= lim E[7}” (z)] (2.3.10)

n—soo n—yo0

Then under Assumption (B3),

_1-9 __9 _
T1(z) = . +5¢(2), T(z) = 250 1 (2.3.11)
where 54(z) solves the fixed point equation
0 —z50(2) = Fe(5p(2)),  Frls) = / s;i ~dvs(0) (2.3.12)
Moreover,
71(2) = ¢ s (2) (2.3.13)

Note that (2.3.13) follows immediately from the companion Stieltjes transform relation-
ship

T1(z) = ¢71(2) + % (2.3.14)

Remark. As an immediate corollary, we specialize to the scaled power-law X;; = (lj—;)_o‘ for
o € (0,1). The scaling is chosen here to ensure the limit ESD vy is a non-degenerate measure on

the real line. Indeed, a straightforward Riemann-sum argument results in the fixed point equation

¢ — 250 (2) = Fo (59(2)), Fa(s):/ol > _dx (2.3.15)

s+ x&

As a sanity check, we can send o — 0™ in (2.3.15) to recover the isotropic Marchenko-
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Pastur law. In this case, Fy(s) = SJ%I, and the fixed point equation (2.3.15) becomes

S

2.3.16
I +s¢ ( )

O —z59 =

Equivalently,

255 (2)+ (z+(1—9))ss(z) —9 =0 (2.3.17)

Substituting s4(z) = ¢ 71 (z) recovers the usual Marchenko-Pastur fixed point equation. As a quick
aside, while the scaled power-law covariance X does not satisfy the uniformly bounded operator
norm condition of Assumption (B3), the proof below only requires limsup,,_,., % TrX < oo, which
is satisfied when o < 1. This, in addition to the numerical experiments in Section 2.4, provides
evidence towards the validity of ansatz (C3).
Proof of Proposition 16. To prove Proposition 16, we follow the steps outlined in Section 2.3.0.
Step 1 involves embedding the Gaussian matrix Z <+ Z(¢) with i.i.d Brownian motion entries,
and applying It6’s formula (Proposition 14).

For a parameter @ > 0, define the time-parameterized log-determinant potential of the

sample covariance as

.
Gy(t,0,2) = p~ logdet(£3 (ZWZ0)_ | op )5 +41,). (2.3.18)
p

The choice to include this auxiliary parameter @ > 0 is motivated by the observation

29, xx'

S lomo= (ERE)),  RG) = (Z—+al,) . (2.3.19)

Indeed, this will allow the recovery of 7, as a partial derivative with respect to @. Define the

limit log-determinant as

T

91, .2) = lim p'E [mg det (L (Z(t)% +ol,)E +z1,,)} (2.3.20)
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With the following partial derivatives

aa% = lim E [tr(ZRo(1,2) | (2.3.21)
aa% = lim E [tr(Ro(1,2))] (23.22)

where we define
Ro(t,2) == (B (p7'2(nZ(0) + 01, B} +1,) o (2.3.23)

Let C = (c;j) be an auxiliary matrix of the same shape as Z(z), and define the function f :

RP*" —5 R by
.

f(vee(cy)) = p~ logdet (22 (Cg +ol,)E3 +1,) (2.3.24)

with f(vec(Z;j(t))) = %,(t,®,z). We proceed by deriving a finite dimensional SDE that is
satisfied by (2.3.18).
Step One: Finite Dimensional Stochastic PDE

The first step is to compute first and second order partial derivatives of f with respect to
the entries of ¢;;. For notation, let R, (z) denote (2.3.23) with the auxiliary matrix C in place of
Z(1).

We compute first order partial derivatives with respect to the entries ¢;; of C. We will
make repeated use of the following matrix calculus rules. For a symmetric matrix Y, whose

entries possibly depend on some variable x

d _10Y
= logdet(¥ +A1) = Tr((¥ +A1) ' 5-) (2.3.25)
%logdet(Y%-lI) = Tr(Y+7LI)7l (2.3.26)
Moreover, if Y is invertible.
Jd _ L 9Y
aY —_Y gY (2.3.27)
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First, by applying the cyclic property of the trace and some algebra, we find that

af

o1y Ll
Se =20 (Rw(z)):zCEﬂZz) (2.3.28)

Collecting all It0 integral terms as a martingale, define

)4 a 2
~Y Y zy0)-az, - S Y (BRe(ZZy(0)) (2.3.29)
i=1j=1 Cij p ij ij

We verify explicitly that ./ (1) 5o uniformly over ¢ € [0, 1] in Proposition 18 and Lemma 15.
Next, we compute second order partial derivatives for the drift term in Itd’s formula. For
notation, define the matrix

M) =CE;; (2.3.30)

Applying the third derivative rule (2.3.27) to the resolvent Ry,

0 1\ E;;C" CE;, _1

R = —Ry(2)X2 (&L= 4+ Z=L)232R 2.3.31
G o(2) o(2)E2( St JZ2R(2) ( )
Next, by differentiating (2.3.28) with respect to ¢;;, we have

9% f
8c,~j8c,~j

— 2plu (Ra,(z)z% (MY + (Mgc’)T)z%Rw(z)z%Mgc)z%)
(2.3.32)
+ 2p_1 '[I'(Rw (z)ZﬁE,,)ﬁ)

We now sum each term in (2.3.32) over the entries ¢;; of C. First,

P n
Y Y 20 2 (Ro(E MY T R ()2 MY 22 )

i=1j=1 . (2.3.33)
=25 r(Ro(92H S 2Ry (8.
)4

Observe (2.3.33) is the normalized trace of matrices that are each normalized to have O(1)
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entries. Therefore, the p~! factor will cause this term to vanish in the asymptotic limit. Indeed,

for a symmetric psd matrix A € R", the resolvent bound gives

1
A+zL | < <
lA+2L]| < dist(—z,spec(A)) ~ |Re(z)]

(2.3.34)

Evaluating (2.3.33) at C = Z(t), and applying the resolvent bound we have

1 Z(O)Z(t) T

25" tr(Ro(2)22 E2Ro(2)E] <

OZ@) |=0(p™") (2335

where the last equality follows from ||p~!Z(¢)Z(¢) " || = ¢- O(1) with high probability, uniformly

overt € [0,1].
Next,
SR (O\ Tyl (o)
Y Y 2p tr(Rw )22 (M) 2R (2)Z2 M }:z)
=1=1 ccr (2.3.36)
= 2u(ER (2)) -tr( ; iRo(2))
Finally,
2&, 1ol n
Y Yo tr(Rw(z)Zin,~22>:2]—)tr(ZRw(z)) (2.3.37)

With some further algebra, namely adding and subtracting both @I, and zI, in (2.3.36), we can

express the finite—p SDE as follows

d9,(t) = (1) + | —tr(ZRp(2)) (1 — 0tr(ZRy(z)) — ztr(Rw(z)))

(23.38)
+ gtr(ERw( 2)+0(p )] dt.

Recognizing %%p(t, ®,z) = tr(ZRy(z)) and a%gp(t, ®,z) = trRy(z) allows us to build the
asymptotic PDE, which we accomplish in the next step.

Step 2: Asymptotic Deterministic PDE Sending .. () — 0 in probability, we then differen-
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tiate (2.3.38) with respect to #. Controlling the vanishing-order terms, we obtain the following

deterministic PDE

0% 09 9 09 0%
_ 02 %7

W__%(l_ = az>+¢%' (2.3.39)

Under the ansatz (C3), the solution to (2.3.39) will recover the two limit traces 7;, 7.
Step 3: Hamilton Jacobi Solution
We solve this PDE using Hamilton-Jacobi Theory and the Method of Characteristics.

First, write our PDE (2.3.39) in the form

09 09,2 09 0¥ 09
W_co(%) “(a_z'%)_(l_m% (2.3.40)

Define the Hamiltonian to be the right hand side of (2.3.40) with an overall negative sign, and

partial derivatives with respect to m, z replaced with corresponding momentum variables pg, p;.

H(®,2,po,p:) = —(0pg+2(p:- Pa)) + (1 — $) P (2.3.41)

Hamilton’s equations define the following system of coupled ODEs

Jo OJoH

F T P —20py—zp;+(1—9) (2.3.42)
% _ g_lz — pe (2.3.43)
a(f;% = —g_g =p} (2.3.44)
% _ _aa_’;’ = pove (2.3.45)

with arbitrary initial conditions @(0) = @y and z(0) = z for @ and z. These determine the initial

momenta through the limits (2.3.21) and (2.3.22). Under Assumption (B3), weak convergence
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of the ESD of X implies

1 odvs
0) = lim — /— 2.3.46
Po(0) = pee p 1(000'1‘I'Z0 000 + 20 ( )
1 & 1 dvg(0o)
O)=1lm-—-) — = /— 2.3.47
P:(0) p—mpl.zz1 K0Oi + 20 W0 + 20 ( )

We make note of the following identity, which is immediate from the integral representa-

tions in (2.3.62) and (2.3.63).

®opo(0)+2z0p(0) = 1. (2.3.48)

The characteristic curve for pg, is uncoupled, and can be solved immediately. We use its solution

to solve the characteristic curve for p, as well.

Polt) = - ;wo(i))t (2.3.49)
p:(t) = % (2.3.50)
Note along characteristic curves, we have the following constant of motion.
d
3, (@z(1)) = (=zpw)p:(t) +2(pzpo) = 0 (2.3.5D)

Thus, zp(z) = zop,(0) along characteristic curves. This allows us to solve the characteristic

curve for z(z) as well.

2(t) = 20(1 — pe(0)t) (2.3.52)

On the other hand, plugging this constant of motion into (2.3.42) allows us to solve the resulting

ODE using an integrating factor.
o(r) = (1 —1pe(0)) [600(1 —1p(0)) + ((1—9) —Zopz(O))t] (2.3.53)
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Note that taking @y = @¢ and applying (2.3.48), we have () = 0. Moreover by (2.3.23),

sending @(¢) — 0 is necessary to recover the two traces

71(z) = im E[tr(R(z))],  m(z) = lim E[tr(ZR(2))]. (2.3.54)

n—oo n—oo

Under o(t) = ¢t, the initial momentum variables become

_ [odvg(o)
(2.3.55)
(0) = dvz(c).
Pz Ot + 20

Here zj is defined implicitly through the characteristic equation for p(z), again with wy = ¢@z.

odvy (o
2(r) = z0(1- —¢toJ£zo)> (2.3.56)
Now plug in t = 1. For zo > 0 denote sy = Z%, which is implicitly a function of z through

70 = 20(z). We therefore take s (z) = 5¢(20) as the solution to the following

¢ —s5¢(2)z= /%dw(c). (2.3.57)

Under this, the initial momenta can be expressed as

Po(0)=1— s“’f]f)Z (2.3.58)
pz(0) = S");Z) (1—¢+54(2)2) (2.3.59)
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Plugging these into (2.3.55), we finally recover the two sample covariance trace functionals

(1-9)

T1(z) = p +5¢(2) (2.3.60)
o) = -2 (2.3.61)
s¢(2)z
[
For the power-law covariance X ;; = ([i;)’“ specifically, (2.3.46) and (2.3.47) become
1 & 1 L dx

0) = lim — = / (23.62)

Pol0) IH“’P_,; % +200/p)* Jo @o+zx*
- 1$& (/) b x%dx

0) = lim — - z/ (2.3.63)

P:(0) P%mpj; a+2z20j/p)* Jo oo+ z0x*

The second equality arises from recognizing the two sums in (2.3.62) and (2.3.63) as Riemann-

sums for x; = 1% on [0,1].

2.3.2 Finite Dimension SDE

In this section, we derive a finite n, p, N Stochastic Differential Equation (SDE) for the
log-determinant potential of the NTK. Following the Gaussian equivalent simplifications derived
in 2.2.2, we follow the same general steps as in Section 2.3.1 and derive a SDE that models the
trajectory of the time-parameterized NTK viewed as a function of multi-dimensional Brownian
Motions.

First, X is independent from the other random matrices W and ®. Therefore we condition
on X and treat it as deterministic with respect to the It6 calculations made below. For a matrix A

with Gaussian entries A;; EOs (0,1), let A() denote the matrix of the same shape with i.i.d
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Brownian motion entries A;;(t) o BM(0, 1). We then define K (¢, k, y)

K(t,5,7)=F(t) ' F(t)+xp ' XX + 11,

F(t)= %(bm%W(t)X +b,0(1))

(2.3.64)

where we introduce parameters k, Y, with the explicit goal of substituting Karget = szvb% and

Yearget = 2+ 72 szv (c1— b%) For fixed n, p, N, define the following

Fn(t,k,7) =n" ogdetK(t,x,7). (2.3.65)

The main goal of this section is to prove the following proposition.

Proposition 17 (Finite dimension SDE). The potential %, = %#,(t, K, V) satisfies the following

1t6 SDE
dFy, = [b%(l—%)axﬁﬁb%(l—%)ayﬁn (2.3.66)
n 2 a \2 2 a )2 2 2 ar ar
+N( b1 (0xFn)” + ¥b3 (9yF) +(Kb1+yb2)<8xfn-8yfn>)] dt - (2.3.67)
+d.#y(t)+ Ey(1)

where M, (t) is a collection of Martingale terms, which will vanish in probability uniformly over

t € 10, 1], and the remainder term satisfies supco 11 |En(t)| = o(n= ).

In our setting, we take V; = vec(W;(t),®;;(r)) to be the vector of the m = Np + Nn
independent Brownian motions corresponding to entries of W(z) and (7). Applying the

Stochastic Calculus rules (2.3.3), It6’s formula simplifies to the following.

0 1 9?
8 g (Vl‘) 'dVCij,t+_ a ag
Cij 2 cew @) 9CiioCi]

(V,)-dt (2.3.68)

dY[: Z

cij€[W,0]
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where the summations are taken over all entries of W, ©.
Proof of Proposition 17. Let w;; and 6;; denote the (i, j)-th entries of W and @ respectively.
Then define the function g : R™ — R by g(vec(w;;),vec(6;;)) = F,. In other words, g is a
function of all m = N(p + n) entries of W and ©.

To apply It6’s formula to g(V;), we define the matrices A = (a;;) € RV*P and B = (b;;) €

RV*" a5 auxiliaries for W and @ respectively. Then by applying (2.3.68) to g(V;), we obtain

dg dg
J\ - ° 7 S . ..
djn |:lj aal] (Vt) dWl]J + abl] (V[) dBl_]/[:|
’ (2.3.69)
1 azg aZg
+§ i,j [aaijaaij (Vt) di+ &bijab,-j (Vt) 'dt} '

Here the partial derivatives of g are taken with respect to the entries a;;,b;; of A and B, and then
evaluated at the entries of W (7) and O () respectively. Furthermore, the summations in (2.3.69)
are understood to be over all entries of the corresponding matrix.

To compute partial derivatives, we will make repeated use of the matrix derivative rules
(2.3.25)-(2.3.27). For convenience, we restate them here. Let ¥ be a symmetric matrix, whose

entries possibly depend on x, and let A > 0.

d _,0Y
=~ logdet(¥ + A1) _Tr<(Y+M) %) (2.3.70)
%logdet(Y-l-lI) = Tr(Y + A1) (2.3.71)
Moreover, if Y is invertible
do 1 y19Y
EY =-Y gY (2.3.72)
Observe that by (2.3.70) and (2.3.71)
d —1yT —1 d ~1
d—Kﬁn(t,K, y)=t(p”' X XK(r,k,7)""), E/L%(t,x, y)=ukK(,Kk,y) . (2.3.73)

Throughout the proof, let E;; denote the matrix that is O everywhere except in the (i, j) —th
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entry where it is 1. Further, let Tr(-) denote the trace operator, and tr(M) = %Tr(M ) denote the

normalized trace of a square matrix M € R"*" by its dimension. For notational simplicity, we

define the parameters
a=bNp)~', b=bboN 'p~2, and c=bN"!
Then denote the following
g(vec(aij),vec(b;;)) =n~'logdet (d!' +xkp XX+ yIn>
where we define

® = a(AX)TAX +b ((AX)TB +B' (AX)) +¢B'B.

Jg
8b,-j'

The first step is to compute the partial derivatives % and
a; J

Step 1: Compute first order partial derivatives By (2.3.70), we have

Jg

aa,-j

~1 a<I>>
8al~j

=t((®+xkp 'X X +711L,)

where

e

5 =a(X"E;AX +X"A"E;X) +b(X E;B+B'E;X)
aijj

By a similar calculation, we have
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(2.3.74)

(2.3.75)

(2.3.76)

(2.3.77)

(2.3.78)

(2.3.79)



where

5; =b((AX)"E;j+E;AX)+c(E;B+BE;;). (2.3.80)
ij
We now collect terms

(1) g
AN (1) = o (V(1)-dWi;(1) (2.3.81)

aijG[A] L

0

(1) = %(V(z)) .d®;;(1) (2.3.82)

bijc(B] 7Y

Observe both ., 1(") (t) and ///2(") (¢) are finite sums of Itd-integrals against Brownian motions.
It is classical that [to-integrals against Brownian Motions are martingales, provided that the
integrand is square integrable and adapted.

We will verify both .# 1(n) () and ///2(") (t) are indeed square integrable, and therefore
My (t) = iR (1) + s () will vanish in probability uniformly over 7 € [0, 1], as shown in
Proposition 18.
Step 2: Compute second order partial derivatives

Following the discussion above, the second order partial derivative terms in (2.3.69) are
the only terms that will survive in the asymptotic limit. We proceed by differentiating both

(2.3.77) and (2.3.79). For ease of notation, let us further define
Q(x,7) = (@+xp ' X X +11,) " (2.3.83)

By repeatedly applying (2.3.72) to (2.3.77), we have

— —tr (Q(K, y)a—QQ(K, }/)g—q>> —Hr(Q(K, Y)

daij ij

P8
8au8au

PRL )

W (2.3.84)
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The second term is relatively straight-forward. Using E ;;E;; = E ;;, we find that

2%®

=24X"E ;X 2.3.85
8a,-j8a,-j a I ( )
In this case, the second term can be written as
R -

The first term in (2.3.84) is more involved. To avoid cumbersome notation, we define

MY .=X"EAX, M =X'E;B (2.3.87)
We can then write gTq; as
a¢ a a a a
5= =a(M” + (")) 1My + (M) (2.3.88)
ij

Then, expanding both % terms, and making use of various properties of the trace, we
1

arrive at

i (Q(K, y)a—q>ﬂ(1(7 y)(%’) =2d%tr (2.3.89)

8al~j

(2.3.91)

+24? tr<g( . 7)M\"Q(k,7) (MY‘))T) +2b (Q( K, 7MY Q(x, y)Mg“)> (2.3.90)
2P (Q(K, MQ (k) (Mg‘”)T) + dabte (Q( . 7)M\Q(k, y)Mga>)

(2.3.92)

For second order partials with respect to b;;, we perform a similar computation.

2%g 0d 0P 22°®
Tbdby —tr<9(7<, Y)EQ(K, Y)%) +tr(ﬂ(1<, ?’)W> (2.3.93)
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Again, the second term simplifies. Indeed, note that

02d

= _9¢E:;
dbidby;

Thus,
2
tr(Q(K, y)%) = ZCtr(Eij(K, }/))

For notational brevity, let us also define the following matrices.

MY =EAx, MY =E;B

In this case, g [:D can be written as
0P
5, — P )T (M) ()]
ij

We again expand both % in the first term of (2.3.93).
ij

~(Qxn g 0l y)jf; ) =20 (Qr.y M)
+2b2tr(ﬂ(1<, Mk, 7) (M) )+2€2U<9 (i, y Mgz)
—I—2€2tr<Q(K, ?’)MS)Q(K V) (M > +4bctr<9 (.7) Mgz )

)

+4bctr< (K, 7)M )"

Step 3: Construct the PDE

(2.3.94)

(2.3.95)

(2.3.96)

(2.3.97)

(2.3.98)

(2.3.99)
(2.3.100)

(2.3.101)

We are now ready to construct the PDE (2.3.66). Our approach can be outlined as

follows: First sum all terms in (2.3.84) and (2.3.93) over the entries of A, B . We then collect any

non-vanishing terms, and recognize them as partial derivatives with respect to the parameters

(x,7) via (2.3.73). Finally, we recover the resulting SDE (2.3.66).

For the following calculations, we will make repeated use of the following Stochastic
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Calculus rules. For an n X p Brownian motion matrix B, and matrices M and N of appropriate

sizes

(dB) "M "M (dB) = Tr(M "M)1-dt (2.3.102)

(dB)N(dB) = (dB)'N(dB)" =N" -dr (2.3.103)

We begin by summing each term in (2.3.89) over the indices i € [N], j € [p]. By applying
the element-wise versions of (2.3.102) and (2.3.103), and by the linearity of trace we have
3 () (@)
y 2a2tr<Q(K, Mk, )M\ )
=1 (2.3.104)
— 24N tr(Q(K, Ny ' XTXQ(x,y)(Np) ! (AX)TAx)

M=

i=1j

Here we used a = b% (Np)~!. Note (2.3.104) is the normalized trace of matrices that are normal-
ized to have order O(1) entries, with an additional O(N~!) prefactor. Therefore, an application
of the resolvent bound (2.3.34) and a similar argument made in the proof of Proposition 16 case
shows that this term vanishes uniformly over ¢ € [0, 1] as n — oo under Assumption (A1). In fact,
we will see that only products of two-trace terms will survive in the large n limit. These will
correspond to terms computed via the rule (2.3.102), and are the finite-dimensional analogue of

the following Free Brownian Motion stochastic calculus rule

(db)a(db) =0 (2.3.105)

and refer the reader to [DHK?22] for more details on stochastic calculus. We proceed similarly

with the other terms. Using the rule (2.3.102), we collect all non-vanishing order terms from

67



(2.3.89) as follows.

" v (@) (@
Y Y 22 u( @k, pM7 Q) (M) )
i=1j=1 (2.3.106)

= 26i S te(pTXTXQ(ky) ) - ((Vp) ! (AX)TAXQ(x.7))

N
Y Y 20 (@ My Qe (M)
P (2.3.107)

— 2b%b%]% tr (p*IXTXQ(K, y)) tr (N*IBTBQ(’Q 7))

p
Z 4abtr< M&”)Q(K, 7) (Mg“))T>
=1 (2.3.108)

RTINS —1yT ) —Ia—1pT
—4b1b2Ntr(p X XQ(K,y)) tr(p IN"'B AXQ(K,y))

Mz

~.

After some algebra, namely adding and subtracting kp~'X " X and 71, these terms sum to the

following expression.
2b%]%tr(p*1XTXQ(K, y)) [1 - mr(p”XTXQ(K, y)) - ytr(Q(K, y))} (2.3.109)

We also sum (2.3.86) over i € [N], j € [p].

A 2¢ 2 1y T
y Ztr(ﬂ(lc, }/)W> - 2b1tr<p_ X'XQ(x, y)) (2.3.110)
i=1j=1 ijodi

On the other hand, we collect all vanishing order terms in (2.3.89) using (2.3.103).

o & (@) (@)
YY) 2b2tr< )M Q (%, y) M )
i=1 j=1 2.3.111)

= 2B2BAN "t (g( K,7)p X XQ(x, y)N’lBTB>
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Mz

Z4abtr(ﬂ(1< M\ )Q(K,}/)Mg"))
1j=1 (2.3.112)

= 4b3bN ! tr(Q(K, Np ' XTXQ(x,7)p N (AX)TB>

i

Indeed, each term in (2.3.111) and (2.3.112) is the normalized trace of matrices normalized to
have O(1) entries. By the resolvent bound (2.3.34), and similar argument made in the sample
covariance case, the N~! prefactor forces both terms to be O(N~!) in operator norm, uniformly

in . We collect these vanishing order terms under the remainder E,(ll) () In summary,

1| & n
5[22 A.B)| =i Lu(p X XQ(x, 7)) x (23.113)

[1 - mr(p—leXQ(x, y)) - ytr(Q(K, y))] (23.114)

+ b2 tr(p*IXTXQ(K, y)) +EN (1) (2.3.115)

We proceed with a similar computation for ba b, . First we collect all non-vanishing

order terms from summing (2.3.98) over i € [N], j € [n].

" v ) (2
Y Y 20 u( Qe pM Qv (M)
i=1j=1 (2.3.116)

:2b%b%]£vtr(ﬂ(1<, ) ~tr((Np)*1(Ax>TAxg(1<, y)>

N

Y Y 2 (@ M Q. ) (ME)T)
i=1j=1 (2.3.117)

=204 u(@(x.7) (N 'BTBO(x. 7))

Mz

Z 4bctr(ﬂ(1< y)M( )Q(K, Y)(Mgz))T>
= (2.3.118)

= 4b1b%]%tr(ﬂ(1<, 7)) -tr(N_lp_%BTAXQ(K‘, y))

N
I
—_
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Again, after some algebra these terms can be combined as follows.

2%19%&(9(;9 ") [1 - Ktr(p_IXTXQ(K, y)) — ytr(Q(x, y))} (2.3.119)

On the other hand, the rest of the terms from (2.3.98) are order O(N~!), which we collect

under E.” ().
N n
Y ) 2b2tr< MYQ (k. y)MEY))
=1 j=1 (2.3.120)
— 202N tr((Np)*l (AX)TAXQ(x, y)z)
N
)3 Z2c2tr< (k. MY Q(ic, 7) M >) - 2b‘2‘N—1tr(N—1BTBQ(K, y)2> (2.3.121)

i

1j=1

Mz

214bctr( (x,7)M ()Q(Km)Mga))
Jj= (2.3.122)

— 4 B3N tr(zvfl p2(AX) BQ(x, y)2>

—

i

Finally, the sum of the last term from (2.3.93) over the indices of B is given by

N n
yY 2ctr(E“Q (k y)) =263 tr(Q(k, 7)) (2.3.123)

i=1j=1

—

Collecting all terms from the above computations, we have

1| ¥ 0’%g
2 [Z L db;;0b;j A4.B)

i=1j=1

= —yhu(@y) [1 —xku(p ' XTXQ(ky))  (23.124)

—

—yr(Q(i, 7)) | +B3tr(Q(k, 7)) +EX () (23.125)

Now, we substitute V; = (Vec(Wij(t)),Vec(®,~j(t))> into (2.3.113) and (2.3.124). We

also apply the the partial derivatives 2.3.73
J T —1yT T
ST = tr<p X"XQ(x, y)), 2y =tr(Q(x,7)) (2.3.126)
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With some further algebra we arrive at the following SDE

7 209 5 2 M9 4
n 2 2 0
+5 (Kb%(a’(ﬂn) +¥b3 (=) +(Kb§+yb%)(8’(ﬁn-wﬁ)> -dt +E(t)
(2.3.128)

We complete the proof of Proposition 17 by controlling .#,(t) — 0 in probability uniformly in
t € [0, 1], differentiating the result with respect to ¢, and passing through the limit to recover the
PDE (2.3.66). L
In order to build the deterministic asymptotic PDE, we first verify the Martingale terms .#,(t)

vanish uniformly in probability. We state this as a proposition.

Proposition 18. Let .#,(t) denote the Martingale terms in Propositions 16 and 17. Then the
following holds

sup | #,(t)] = Ogp(n") (2.3.129)
+€[0,1]

In particular, #,(t) 50 uniformly over t € [0,1].

Proof of Proposition 18. We provide the full proof for the martingale terms in the PDE of
main interest (2.3.66). The sample covariance case (2.3.29) follows from a similar, but simpler
calculation and application of Lemma 15.

Recall the two Martingales (2.3.81) and (2.3.82)

dg

0= T SEwe)awy 0. 40= S5

(V(1)-d®:;(1) (23.130)
a;;€[A] aaij ’

bij€|B]

Both .//1(") (t) and .//2(") () are continuous L2-martingales, with //ll(n) (0)= 2(n) (0) =0. We

compute the quadratic variation of ./ l(n) (1), as the computation is similar for ,//lz(n) (t). Note the
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entries W;;(¢) are standard BM’s. Therefore, the quadratic variation of ., 1(") (1) is given by

("), = ¥ / Juys8)” (2.3.131)
(i,/)E[N]xp
where d,,;;¢ denotes the partlals evaluated at V(s) = (W;j(s),0;j(s)). We recall the first

order partials W,j

- 2atr<XTATElJXQ(K y)) —i—2btr(BTE”XQ(K y)) (2.3.132)
aa,]

Summing and squaring (2.3.133) over (i, j) € [N] x [p] results in a Frobenius norm. Indeed

evaluate (2.3.133) at A — W (s) and B — O(s), and recall F(s) = \/LN (p*%an(s)X +b,0(s)).

Writing aW (s)X +bO(s) = \/b—]\‘TPF (s), we then have

2
¥(21,)" = - IF ()90 7Y

ij

_ 4
~ n3Np
b2

- nlep Tr (goc, NX'XQ(x, Y)‘I’(S))

Tr(F(5)Q(k, )X XQ(k, F(s)") (2.3.134)

where ||A||F = \/Tr(ATA) denotes the Frobenius matrix norm, and the last equality follow
from the cyclic property of the trace and @(s) = F(s) F(s). We control the right hand side
of (2.3.134) in two steps. First apply monotonicity of the trace under the Loewner partial
ordering on symmetric real matrices, which we denote A < B < B — A is psd. Moreover, for two
symmetric matrices A < B and a psd B > 0 of appropriate sizes, we have Tr(AC) < Tr(BC).
Indeed,

Tr((B-A)C) =Tr(C? (B~ A)C?) >0 — Tr(BC) > Tr(AC)
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Next observe ®(s) < Q! uniformly in s € 0,t], as Q' =®(s)+ Kp*IXTX + 71, is a sum
y

of symmetric psd matrices plus a resolvent shift. Using QX 'XQ = (XQ)'(XQ) = 0 and

monotonicity of the trace, we then have
Tr(g(;c,y)xTxg(K, y)cb(s)) < Tr<£2(1<, y)xTx)

Similarly, we have

PIXTX<Q ! = XTX <k 1pQ!
Combining these,

n

Tr(Q(x, )X XQ(k,7)@(s) ) < ETr(Q(xy) '@k, = 22

Plugging this back into (2.3.134), we find

(™) — 4_”%/’Tr<g(1< X XQ(x y)<l>(s))
L7t n2Np Jo ’ ,
by ['np  _ 4b7 T
= - - - < )
< n2Np/0 =Wt <03

(2.3.135)

(2.3.136)

(2.3.137)

2
uniformly forz € [0,7|, where C = 19 A similar calculation applied to .. ") Shows
v 2

(A7), <)

for an absolute constant C > 0. We finally invoke Lemma 15 to conclude the proof.

2.3.3 Asymptotic PDE

(2.3.138)

Define Foo(t,K,7) = 1i_r>n Fn(t,x,7y), where the in-probability limit is taken under the
n—roo

proportional regime of Assumption (Al). In this section, we derive a PDE that uniquely
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determines .Z.(t,k,7y) under the ansatz (C3). We summarize this result in the following

proposition.

Proposition 19 (Asymptotic PDE). Suppose the general data assumption Assumption (BI),
and Assumptions (Al), (A4) hold. Then .F e = Fo(t,K,7) is the unique analytic solution to the

following first-order, non-linear PDE

8 a 12 (p a a 2 (P 8 o
atfoo—bl(l 1//)81<J°°+b2(1 IV)Q}/JDO (2.3.139)
Ol 1209 52 29 72 2 Zia*.ia‘
ty Kbl(aKJm) +’}/b2(ay/°o) +(Kb2+yb1)(ayfw aKJM) (2.3.140)
with the initial condition
Fo(0, K0, Y0) = li_r>n Fn(0,K0,%) (2.3.141)

Two remarks before the proof. The right hand side of PDE (2.3.139) is an analytic
function in Fe, dx-F e, dy-Fw, and the Cauchy data (2.2.29) is analytic in (k,y). The Cauchy-
Kovalevskaya (C-K) Theorem therefore guarantees the unique analytic solution to (2.3.139),
given the initial conditions %« (0) = lim, - %,(0, ko, J). Next observe the partial derivatives
of the finite order quantities (2.3.65) are given by

J -1
wﬁn(t,x,y):tr(K(t,K,y) )

a _ 1y T —1
S Falt ) = (p” X XK (k7))

(2.3.142)

Both functions in (2.3.142) are jointly analytic in (k,¥), when ¥ = z+ 720, (c; — b}) and
z € F. As a consequence of Vitali’s theorem from Complex Analysis, we can commute

derivative and limit

mT(t,K,y) = n1_r>1°10 aa—yﬁn(t, K,Y), m3 (t,K,Y) = r}l_r& %ﬁn(t, K,7Y) (2.3.143)
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where the convergence is locally uniformly in probability, with

m:o(z) = m;ou» Ktarget, ytarget); i=1,2

recovering the target NTK traces of Section 2.2.7.

Proof of Proposition 19. The PDE in Proposition 19 follows from first controlling the
Martingale terms .#,, of the finite-dimensional SDE (2.3.38) via Proposition 18. Writing the
finite-dimensional SDE

d.Z,(t) = Dn(t)dt + M, (t) + Ex(1)

By Proposition 18, .#,(t) — 0 in probability uniformly in 7 € [0, 1]. By the proof of Proposi-
tion 17, the remainder term converges to 0 uniformly in 7 € [0, 1]. Furthermore by (2.3.143), the
gradients converge locally uniformly in probability. Since Z,(r) is a polynomial in (k, 7, di, dy)

the limits pass through the products. Bounded convergence then yields, the limit

P AN 201_9,9
dﬁzw(mc,y)_[bl(l W)aK%erz(l W)ay% (2.3.144)

¢ J 2 J 2 d d
+V—I(xb%(—K%) +yb§($/%) +(Kb%+yb%)(%ﬁw-£§w) -t (2.3.145)

Differentiating (2.3.144) with respect to t recovers (2.3.139), concluding the proof. [l

2.3.4 Hamilton-Jacobi System

The PDE (2.3.139) is a first-order non-linear PDE, which prove difficult to solve analyti-
cally in general. However, the solution of (2.3.139) can be analyzed by recognizing the PDE as
a Hamilton-Jacobi (HJ) PDE, and applying the Method of Characteristics. We refer the reader to
the book [Eval0], Chapter 3 for further background.

Before stating the main result of this section, we define some terms and set up the
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Hamilton-Jacobi approach. Consider our PDE

(2.3.146)
0 0 0 0
(_a )W)+ (R0 1) (5 5 7

We define the Hamiltonian to be the right hand side of (2.3.146) with an overall negative sign

and the replacement of each partial derivative dy, dy with the corresponding momentum variables

Px,Py-
H(s.1.pr.p) = =5} (1= D) p =831~ Sy
0 (2.3.147)
2 2
- ‘l_/ Kb% (PK) + ?’b% (Py) + (Kb% + Yb%) (Py'PK)

We now formulate (2.3.146) as a HJ PDE.

d

—Zw+H(K,Y,px,Py) =0 (2.3.148)

ot

The main goal of this section is to derive the solution to (2.3.148) using the Method of

Characteristics, under the general data assumption Assumption (B1).

Proposition 20 (HJ Solution). The functions y(t),k(t), p«(t) and py(t) are given by the solutions

to Hamilton’s equations, which are the following coupled ordinary differential equations (ODE's).

Jdy oH i)

=y = ) 3 2637y + (B + B3K)pi] (2.3.149)
o jf = —}(1=$) = % [2bipe+ (ir+ By (2:3.150)
aa_”ty _ ?;;1 ipy[bzpy—l—blp,c] (2.3.151)
a;t,c _ g’z zpk[bzpy+b1pk] (2.3.152)
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The initial conditions for K and y are chosen arbitrarily x(0) = ko, ¥(0) = Y. With these, the

initial momenta are given by

1 (dx)
0) = 2.3.153
p}’( ) K()x—f—’}/()’ ( )
_ [ xu(dx)
pK(O)—/KoxHO (2.3.154)

where | = limspec(S)) is the limiting spectral measure of the sample covariance matrix
_1yT
S, = pX X.
Define py = b3py(0) +b%p,((0). Then for the initial conditions (’}/0, Ko,py(O),pK(O)),

the solutions to Hamilton’s equations are given by

0
py(t) = —pyi : (2.3.155)
1 — = pot
v
piclt) = p,(_;o) (2.3.156)
1 — = pot
v
7(0) = (1(0) = B30 (1 = & por) (23.157)
x(1) = (x(0) = b3r) (1 — l%p()t) (2.3.158)
Finally, the solution 7 (t,K,7) to (2.3.148) is given by
Z(t,%x,7) = F(0,%, 1) — pot + ¢TTW (1n|po—l — %z\ +1n\p0\> (2.3.159)

Proof of Proposition 20.

For notational simplicity, we introduce the notation x(¢) = % in this proof. The charac-
teristic curves (2.3.149)- (2.3.152) are a direct consequence of differentiating the Hamiltonian
(2.3.147) with respect to py, px, ¥, k respectively. These form a system of four coupled ODEs,

which can be solved using elementary methods. We outline the calculations of the solutions of

each ODE as follows.
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The initial conditions for Ky, ¥ are to be chosen freely. These inform the initial conditions
for the momentum curves (2.3.153), (2.2.30), which are a direct consequence of the weak
convergence of the ESD of §, = Il)X "X to the measure L.

First, the momentum characteristic ODEs (2.3.151) and (2.3.152) uncouple from the
characteristic curves for(x(¢),y(7T)), and can be solved directly.

Define the following affine transformation of py, and py as p(t) = b3p,(t) + bip«(t). By
applying a linear transformation to (2.3.151) and (2.3.152) we find p(¢) satisfies the following
ODE

dp _ ¢

_ 9 2
5 = l[/p(t) (2.3.160)

This is a separable first order ODE, and can be solved using elementary methods.

p(t) = (py" —%)‘1 (2.3.161)

On the other hand, by adding (2.3.151) to (2.3.152) we have

2 A0+ o) = &) [yt + ) 23162

Substituting the solution for p(z), this ODE is also straightforward to solve.

pr(t) + putt) = 1P g1

-1 2.3.163
p(0) ") ( )

9
%

Equations (2.3.161) and (2.3.163) define a linear system for py(t), pi(t).

L1 pyl0) i O )1 py(0) + p«(0)

b3 b} \ p«(t) Po

(2.3.164)

We can invert (2.3.164), and perform some linear algebra to recover the solutions (2.3.155) and

(2.3.156).
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Plugging in the solutions for py, pk into the coupled ODEs (2.3.149) and (2.3.150), we

can define the system as a first-order matrix ODE.

P)x(t)—(1—2) (2.3.165)

where x(1) = (x(1), }/(t))T, and

b2 b3p,
P(r) = 2P0+ P (D) 2Px(1) (2.3.166)

bipy(t)  bipk(t)+p(t)

P(¢) diagonalizes, so we can write

ry=vi| " O v v [P b 23167

0 2p(r) bipy(t)  bipy(t)

In order to uncouple the ODE (2.3.165), define the transformation y(t) = V(¢t)~!x(t). By

differentiating and some algebra, we observe y(¢) satisfies the following ODE

0
o 1) =— Pl y(t)—V(t)_l(%V(t))y (2.3.168)

We claim the second term of (2.3.168) is also diagonal, and therefore the ODE for y(¢) uncouples.

To see this, write out the product V (¢) ! (%V(I))

« dp
| by (1) (2250 4 362 py (1) (223
Py

) 53y (e) () + B363py (1) (242
b2 py(t)p(t) —b‘l‘py(t)(ap’f())erlpK()( (1) Py

) B3y (2B 4 b pclr) (21

N

The (1,2)— entry of this matrix immediately cancels to zero. On the other hand, entry (2,1)
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vanishes as a consequence of the following relation

Ipx(1) 91?7(0)

prlt)(=357) = PyO)pc(D)p(1) = p(t) (—5, (2.3.169)

After some further simplification to the diagonal entries, we find (2.3.168) simplifies to following

0
(1) = 2Pt 0 (o) + ’ » (2.3.170)
0 =3p() (1= $)(py(0))

This matrix ODE (2.3.170) decouples into two ODEs

==2=p(t)yi1(t) (2.3.171)

8y82t(t) = —3%P(l)yz(t) ~(pyl0) (1~

) (2.3.172)

with initial conditions given by y(0) = V(0)~!x(0). The first ODE (2.3.171) is separable, and

can immediately be solved.

1 _
yi(t) = p(0>2y1(0) (py' - l%t)2 (2.3.173)

The second ODE (2.3.172) can be solved using an integrating factor u(z) = ( Po I %Z) 71, which

results in

yz(t)z(P%/(p(O) Vg -2

2
py(0) V) " <p8y2(0) "

N———
VS
<
—
(@)
S—
|
|
|-

3
1)’ (23.174
v )" ( )

Translating back to x— coordinates, and performing some algebra, we recover the solutions
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(2.3.157) and (2.3.158)

b1 -2
X(0) = V(1)y(t) = (7(0) = b31) (1 = pot) 23.175)

(K(0) = b1)(1 = % pot)

Finally, the solution (2.3.159) is a consequence of Proposition 6.3 in [DHK22] along with the

observation of that the initial value of the Hamiltonian is Hy = —b3py(0) — b?py(0).

2.3.5 Proof of Theorem 2

In this section, we Prove Theorem 2, which we state below for convenience with a general

population covariance X.

Theorem 4 (Anisotropic Resolvent Traces). Suppose Assumptions (B3) and (Al)-(A4) hold, and

let 0 denote the eigenvalues of E. Define the following
D, =z +1%0p (c; — b7) (2.3.176)

For n > 0, define the rational functions

bi(n + oiy) 2 b3n +D;
s(N)=—F——> 5~ @n—v(l-n)n+oy)), ‘M)=7—"—"H7v (23177
= o, —pgog) 1V MOTRA): 0y o
Let n* > 0 be the unique positive solution to the fixed point equation
* * * * 1 >
W(n") =Fe(s(n")) +EM")s(n") — ¢ =0, :EZ (23.178)
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Then we have

1 * - 1 *
M= G rany O S G gy R @379
Moreover,
_ 1 . 5 sG]
mpg(z) < —¢b%(n* " G‘%,)FB (s(n*)), Fg(s) = .:E Bi——— pre—— (2.3.180)

Proof of Theorem 4. The deterministic equivalents (2.3.179) are an application of Theo-
rem 1 under the more specific data assumption (A0), with some minor modifications. The
signal-resolvent mg is then derived using an augmented HJ PDE, which arises from a rank-one
perturbation of the kernel K(z, 7, k) by X B BTX . Details of the derivation of mg are provided
in Section 2.3.5.

Recall the initial momentum conditions of the HJ (2.3.148) are given by

py(0) = lim tr(kop ™' XX + wl,) ! (2.3.181)
p(0) = lim tr<p—1XTx(;<0p—1XTX+y01n)*1 (2.3.182)
n—co
Re-write (2.3.182) as
1y T 1y T -nN_1 % 1y T -1
w(p ' X X (kop ' XX + pl,) = K_O(Kop X'X+pl,) (2.3.183)

We recognize both (2.3.181) and (2.3.182) as trace functionals of the resolvent of the sample
covariance S, = %X TX to p. In the proof of Theorem 1, we invoked weak convergence of the
ESD of S, to the limiting measure t, as both integrands in (2.3.181) and (2.3.182) are bounded
and continuous away from the spectrum of §,.

i.id.

However under the specific data assumption X = $2Z with Z;; j ~"(0,1), we can

apply the general Marchenko-Pastur theorem (see Theorem 2.6 of [CL22]), which gives the
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deterministic equivalent for the resolvent of the gram matrix ﬁ(z) = (%X X - zIn) ! as the

following.

_ _ _ 1 _ -1\ !
R(z) < mp(2)1,, my(z) = (—z+ ;tr):(lp +mp(z)Z) )
Writing (kK 1X X +0L,) ' = J5R(—5). (2.3.184) implies

1 _ .
(KTO;XTX—i— YOIn) ! = LK_I,I, S = mp(_ﬂ)

where s = s(Kp, %) solves the fixed-point equation

% 1 & o
K¢  ¢p = 1+50;

1
s

Re-arranging (2.3.186) gives

Y 1 & SO;
= —5+ — - <
0 Ko pj_z’lscj—i—l

In particular, the equivalence < implies the almost sure convergence of the following

’]E[tr(l(osp +l,) - ﬁ‘ —0
Ew(p™X X (op™ X X +0L) )| - %(1 = ;—7;00) -0
Therefore, we can write
s 1 Y
py(0) =< Frs px(0) =< o oK2

where s = 5(kp, %) solves (2.3.187).

(2.3.184)

(2.3.185)

(2.3.186)

(2.3.187)

(2.3.188)

(2.3.189)

(2.3.190)

Working with the finite—p fixed point equation (2.3.187) rather than the limiting integral

against vy is advantageous for two reasons. First, it allows for a more explicit tracking of the
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capacity exponent & in the formulas for m; and m;. Second, the limit ESD of the unscaled
power-law o; = j~ collapses to a point mass at zero, and therefore loses the bulk structure that
will determine the test error scaling.

Recall from the proof of Theorem 1, the solutions to the momentum curves py, p take

the form
_ 0 _ (0
py(t) = L p0) p(t) =& (0 (2.3.191)
where
k(1) = (ko — b7)(1 —%p(o)f), ¥(t) = (W —b3)(1— %p(o)t) (2.3.192)

Solving for target values k(1) = Kiarget = b%cvzv and ¥(1) = Yarget = 2+ ‘Ezcvzv(cl — b%), we

choose initial values

Ktarget Yiarget [
Ky = b7 + —£= — b3+ D& =1——p(0 (2.3.193)
0 1 1 Yo 2 - n " (0)
Now, under (2.3.190)
1 SY
0) = b2py(0) + B2 p(0) = b2 4 p2(— — 20 (2.3.194)
P( ) 2P}/( ) 1P1<( ) 2¢Ko I(Ko ¢K§)

Therefore, we define 1™ > 0 to be the solution to the fixed point equation,

9 bi . sw(n) .

Isolating for s = s(n) in (2.3.195), we have

b}(n + o)

)= D, 8203

(on—w(1—n)(n+o0oy)) (2.3.196)
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where D, = z+ 12063 (c| — b?). Next, defining { (1) = ,Z?)((Z)) we have

w(n)  bn+D;

= = (2.3.197)
U= b (n+op)
The fixed-point definition of s (2.3.187) then becomes
Cms(m) +Fes(m) 6 =0, Fa(s) =+ Y % (2.3.198)
n 77 p T’ - Y p - p j:1 st + 1 D

which recovers the fixed-point equation ¥(n*). To conclude the proof, we simply recognize
Kon* = ¢b3(n* + on) (2.3.199)

]
As an immediate corollary when 6; = j~% is the power-law, and f8; = j~", we denote the two

functionals Fy, and Fg by Fy and Fj respectively, which are defined as

14 14 Sj—(OH-Zr)

1 s
-y —, F.(s) = - 2.3.200
pLire PO L (2:3:200

Fo(s) =
Thereby recovering the forms of my,m;,mg presented in Theorem 2.

Signal-resolvent mg

In this section, we derive a deterministic equivalent for the Signal-resolvent mg?) (z). We

state the main result of this section in the following proposition.
Proposition 21. For B € R? deterministic, such that ||B|| = O(1), define

my () = }lﬁTX (KN +21,) 'xTB (2.3.201)
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Then under the set up of Theorem 4

1 SFp(s),  Fp(s)= ZBZ 59/ (2.3.202)

(m)\ —
"p (2) = KoM & /5041

Proof of Proposition 21. Let & > 0, then consider the augmented log-determinant potential
Tt A, 5, E) = n~logdet (K(t, K,7) + éXTﬁﬁTX> (2.3.203)

Note that setting & = 0 we recover our original log-determinant potential .%,. Moreover, by

taking partial derivatives

9 7, = u(BTX (KN (1,x,7) +6X BB X)X TB)

3@%‘520 = mﬁ;")(t,% K)

(2.3.204)

where mgi) (t,7,K) = % B'XK NTK (¢ x,7)"'B "X . This motivates applying our HJ PDE approach

to derive a limiting deterministic PDE for the augmented log-determinant .%,. The characteristic

curves for & and its momentum variable fpvg can then be used to recover the limit m;;’(z) =

lim, . Efm ) (2)].

Defineu=X' B €R", then EX BB X = Euu" is a rank-one perturbation of K (¢, k, )
in (2.3.203). This, combined with the fact that Euu ' is deterministic with respect to the Ito-
calculations on the Brownian motion-embedded matrices made in the proof of Proposition 17
will greatly simplify the computations that follow. Indeed, by the matrix-determinant lemma we

have

det(K(t,k,y)+Eun’") = (1+Eu"K(t,x,7)" 'u) det(K (1, k,7)) (2.3.205)
Taking the normalized log of (2.3.205) then results in

Fa(t,K,7) = Fnlt, K, 7) + l1og(1+§uTK(t, K,y) u). (2.3.206)
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Denote the quadratic form by Q@ = Q(¢, k,Y) = u' K(t, k,y)u. The momentum variables of the

augmented potential .%,, are related to the corresponding original momentum variables of .%,, as

follows.

- 1 89,0

Y

1o
10
PE= T4 20

Therefore, at & = 0 we recover the original momentum variables py, p

~ ~ ~ 1
Prle=o=py: Prle=o=px, Pele=o=_0Q

Now define pg (1) = pe(t)|e—o. We proceed by finding the initial condition

pe(0) = lim p” (0)

n—oo

where .

; 1 1 .
Pt (0) = ZtrﬁTX(K‘ol—)XTX +l,) X8

Recalling §, = %XX T, the push-through identity gives us

P (0) = % B'S, (xS, +11,) " B.

Now, apply the algebraic identity S, = &’ ! ((K‘oS »+ yOIp) — }/OIP).

p{" () = Licg (IIBIF —20B" (xS, +nL,) ')

(2.3.207)

(2.3.208)

(2.3.209)

(2.3.210)

(2.3.211)

(2.3.212)

(2.3.213)

Note S, is the sample covariance of the matrix X with i.i.d .47(0,X) columns. To determine

87



the asymptotic limit of the quadratic form 8 T (K'OS »t }/()Il,,)f1 B, we can again appeal to the
deterministic equivalent form of the general Marchenko-Pastur Theorem. This time we use the

p x p the resolvent R(z) = (%XX T—z1,) !, which admits a deterministic equivalent

_ oz . 1 _
R(z) <R(z): —zI = —-Tr(XR(z)). 2.3.214
.. 1 1
Writing (K0S, +701p) = ¢ 5R(—%), this becomes
-1 1 -1 KO¢
S,+1l) = —(sZ+L,) ", si= 0T 23215
(K0Sp +101,) ),0( ») 1(1+93) ( )
where s = s(kp, %) solves the same fixed point defined in (2.3.187).
1 Y 1 & Oj
—=——4-) (2.3.216)

s Ko ni= 1 +s0;

In particular, this implies for deterministic a € R” with ||a||; = O(1),
a’ (ko+l,) 'a—y'a (sT+1,) a0 as (23217

We apply this to the deterministic power-signal B, which satisfies the asymptotic bounded norm
condition when r > % Using the fact that £ = diag(o;) is diagonal, the deterministic equivalent

term in (2.3.217) becomes

—1pT —1 2
o B (sZ+1,) - % gﬁ] sc,+1 (2.3.218)
Substituting this back into (2.3.213),
1 P SO ;
0 x—( 2—1) 23219
pe(0) = o ;ﬁsa]H (2.3219)
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In order to derive the full momentum curve pg, we must now derive a limiting determinis-
tic PDE for the augmented potential % proceeding in the manner as in Proposition 17. However,
as discussed at the beginning of this section, the computation is significantly simplified by the
fact that the rank-one perturbation Euu' is deterministic with respect to the Ito calculations.

To avoid redundancy, we will trace the derivation of the finite—n PDE in the proof of
Proposition 17 and make note of where the rank-one perturbation arises, as the calculations are
almost identical.

Defining, as in Proposition 17 the function g(vec(a;;), vec(b;;)) as
g(vec(aij), vec(bij)) = %log det <<I> +xkp ' XTX +91,+ éuuT> (2.3.220)
where we recall the definition of ®
® :a(AX)TAX+b((AX)TB+BT(AX)) +cB'B (2.3.221)

with

— b2 —1 _ B — _ 121
a=bi(Np)~", b=biboN 'p 2, c=b3N (2.3.222)
Since Euu' has no dependence on a;; or b;;, the partial derivatives 98 98 % 0% are
p L L p 8a,~j ’ 8b,-j ) aa,-j(?a,-j ? 8bij<9bij

computed identically to that of g. Therefore, by defining
~ ~1
Q(x,7,6) = <<I>+ Kp"XTX+yIn+§uuT> (2.3.223)

we have

14 82§
1 861,']'861,']‘

%[i (4.B)| = —Xptu(p XXk, 7.6) ) (®R(x,7.8))

=1 j=

+htu(p X TXQ(k,7,6)) +O(N )
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Therefore, applying the same algebraic trick as in (2.3.109) and (2.3.119), namely adding and

subtracting each of kp~'X "X, 7L, and now Euu', we have

AB)] =52 u(p ' XTXA(x7.6)) [1 —xir(p” XTXQ(k7.8))

—yie(@(x,7.8)) — - Eu k. 7. Eu| +5u(p X XAk, 7,6)) + O )

. . . 023
By an identical calculation to 5,95, we also have

— _]%b%tr(ﬁ(x,y,é)) [1 — Ktr(p‘lXTXﬁ(’Q %5))

—ytr(Q(x,7,€)) — %guTﬁ(K, v, E)u| +b3u(Q(x,y,E)) +O(NT")

We can therefore form the finite—n SDE for %(r, K,7,E).

d.F, = ||b3(1 - ¢)8kjn+b2( "’)am (2.3.224)
v v

+ % (b%x(a,(%)z +3Y(0y.F)* + (DY + b%x)(ay%a,c%)) (2.3.225)

+ %(b%&YJ,, + bza,cy,,)gag Tn | -dt + My (1) + En(1) (2.3.226)

where ,/Z/; (t) are the Martingale terms that will also vanish in probability thanks to Lemma 15.
Similarly, the remainder terms £, (¢) will vanish uniformly in ¢. Note that the form of (2.3.224)

matches the original SDE, except for the 685 % term. Passing through the limit, using the same
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arguments made in Section 2.3.3 we arrive at

& ¢ ¢ ¢

0, T = b3(1 — a)am% +b3(1— a)ay% +5 V2K (9e )+ D2y(3,Fn)*  (2.3.227)

¢

+(B3y+ b3K) (3 T Fy) +a(b%8y%+b%8,c%)§85% (2.3.228)

We can write this as a HJ PDE for the augmented momentum variables py, px and pe
O Ft H(K,Y,&, P, Py, Pe) =0 (2.3.229)

where H is given by the right-hand side of (2.3.227), with an overall negative sign and momentum
variables replacing the corresponding partial derivatives with respect to k,7v,&. We can now
define the characteristic curve ODEs of the augmented HJ (2.3.229). For the momentum

characteristic ODEs, define p(t) = b3py(t) + b3 pi(t)

o7 S

ap: ~ o~

Dt~ ayi = % 50)5,(0) (2.3.231)
aﬁ;{ o -~ - EN ~

57 = 0 = U p0)pe() (2.3.232)

06 . =~ .

~> = OpH = v p(r)E (2.3.233)
) . N N N

o = O, = —b3(1 - %) - % 2637y + (bly+ b3 )+ b3E e | (2:3.234)
K 5 A —b3(1— 9) _¢ [21;2@“ + (B3y+b3K)py+ bIED, } (2.3.235)
at Px 1 v v 1 K 1 b Y 1 ?g’ .
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We can solve (2.3.231) and (2.3.232) in the same way as in the un-augmented case.

~1
A1) = (5(0)‘1 - %r)
~ py(0)
G T
R
PO o

This allows us to solve the ODE for &(z), which gives

E(r) = éo(l —%ﬁ(oy).

This leads to

(2.3.236)

(2.3.237)

(2.3.238)

(2.3.239)

(2.3.240)

The upside of (2.3.240) is that we can send &(7) — 0 by beginning the & —characteristic curve at

o = 0.
o

Now let n(r) =1— I%ﬁ(O)t, we will show 11(t)|¢—o = n(t) = 1 — ;p(0)t recovers the

fixed point equation from the un-augmented H. First, by (2.3.207), the initial conditions for

pe(0), py(0), pic(0) are all given by

- 1 &yo
py(0) = py(0) + ZléOTYOQQOO
- 1 &ox
pK‘(O) :PK(()) ‘I’r_llég_TOQQOO
- B 1 [N

O e,
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where Q) = Q(0, kp, 1) Then, by taking &y = 0 and thereby sending & (7) — 0 we have

_ - - 1
Pyle=o =py(0);  Px(0)|e—o = Px(0), pe(0)le—o= ;Qo- (2.3.244)

Further, the characteristic curves for (x(z),y()), (2.3.235) and (2.3.234), return the original
un-augmented solutions on the & = 0 slice. Therefore, on the & = 0 slice the augmented system
(ﬁ ,K,7, Px, Py) fully reduces to the original Hamiltonian (H, k,7, px,py). Combined with
matching initial conditions (2.3.244), uniqueness of ODEs gives pi(t)|g—o = p«(t), py(t)]|e—o =

py(t) for all £ € [0,1]. As a consequence, we must also have p(t)|z—o = p(t), and N (t)|e—o =

n(r).
Finally using the deterministic equivalent for pg (0) = Qp (2.3.219) , this gives us
1 2 SO;
= F, 2.3.245
mg(z) pyme B(s), ;ﬁ, pre ( )
which concludes the proof. 0

As an immediate corollary under the dual-power law assumption (A0), we have

' g F sl 2.3.246
P (), r(S)—j_Zlm (2.3.246)

mg (Z) =

Proof of NTK Scaling Law
Proof. The proof has three steps. First we estimate the effective dimension .4}, (1 ); then we

estimate the source-bias profile %,(u); finally we optimize the deterministic equivalent (2.2.60).

Step 1: effective dimension.

Since a > 1,
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50 6 j = Tp’lj*“ = j~%uniformly in j < p. Let

Ju = Lu‘l/aJ.

The constants cnTk and 7}, only change J,; by a multiplicative constant, so they are suppressed

in the comparison estimates. Assume J,, = o(p). For j < J, one has j~% 2> i, and therefore

CNTK Op,j
CNTKOp,j + U

For j > Jy, one has J~% < u, and therefore

cNTKOp; ¢

CNTKOp,j + 1 U

Consequently,
VAES Y RETRD M
TSI Ju<j<p
=Ju+ /.flJﬁlfa =y Ve
Thus

Np(u) = /e (2.3.247)

whenever i | 0 and J,;, = o(p).

Step 2: source-bias profile.
By Assumption 1,

R2_ 2 —(a+2r
G]ﬁj - cp,(x,r] ( )
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Since o + 2r > 1, the normalizing constants cj, o , converge to a positive finite limit. Hence

Gjﬁ? = j~(@+2r) Splitting the bias at Ju gives

By = Y, ojﬁi(L)Z y c,ﬁi(#)z — B () + B ().

= CNTKOp,j +H = CNTKOp,j + H

For j <Jyu, u/(entkGp,j + 1) =< pj%, and therefore

Bo(u)=p* Y jo7. (2.3.248)

J<u

For j > Jy, 1/ (enTkOp,j + 1) < 1, and therefore

Bo(u)= Y jlet?), (2.3.249)

J>Jy

If o« —2r > —1, equivalently o +2r < 20 + 1, then

(a+2r—1)/a

2 700—=2r+1 __
Ju ' =H ’

B<(p) =

B>(u) lel;aer — N(OH*ZV*I)/OC‘

Thus
By(u) = plot2r=Dle if a4 2r <2041, (2.3.250)

If @ —2r < —1, equivalently ot +2r > 200+ 1, then ;< j%72"=0(1), so B<(u) =< p?, while

B () = plet2r=0/¢ — 4(142). Hence

By(p)=p?  ifo+2r>20+1. (2.3.251)
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Combining (2.3.250) and (2.3.251), and excluding the logarithmic boundary o +2r =20 + 1,

we have

By(n) = pier, (2.3.252)

Step 3: optimization.
Substituting (2.3.247) and (2.3.252) into the local deterministic equivalent (2.2.60) gives,

uniformly in the scaling window,
a,r —1
Ruwp(A) = 1 + 8,y 1. (2.3.253)

The two terms in (2.3.253) balance when

o,r -1/
,uqqy = n,N“;L / )
that is,
1 +1/a o/(0ge r+1
‘u;L* - 6}15\5%" /) - 6n]</( e )

At this value,

a.r -1 o o.r o a.r+1
/"L?‘t]; = Sunl, /axénf{,'/( qart1)
This proves the upper bound in (2.2.62). For the matching lower bound, let i, := S:f K,(aq“”ﬂ).
If u > u,, then the bias term in (2.3.253) is at least a constant multiple of u/®". If u < u,,

/

then the variance term in (2.3.253) is at least a constant multiple of &, y L, % Both quantities

Joo _

5:5 ]‘\I,"‘"’/ (#4er 1) The condition (2.2.61) is exactly u, Ve o(p), so the estimates

are of order
above apply at the optimizer and in the neighboring scaling window. This proves (2.2.62) and
(2.2.63). The special cases (2.2.64) and the saturated-source formula follow by substituting the
two possible values of gq,. Finally, if N < n’, then &, y = n~! +n~¢ < n~ ™ML} which gives

(2.2.66). [l
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Remark.At the boundary o 4 2r = 20 + 1, the proof gives

By(u) = ulog(1/p),  Ap(u)=pu /%

Consequently,

5n,N

o/(20+1)
.= (log<1/6n,N>>

Y

and

1/(2a+1)
. _ s20/(20+1) 1
/{g{)RmN,p(M =<8,y (log 5n7N> .

2.4 Numerical Experiments

In this section, we present figures and experiments validating the main results presented

in Section 2.2.7.

2.4.1 Numerical root solver

The fixed-point equation (2.2.34) can be solved using a standard root solving algorithm,
e.g brentq. Here we present details on the algorithm implementation. Recall the fixed point

equation defining 7n(s) to be

*\ * * * _ _1 4 SO
F(n") = Fe(s(n7) +E(n")s(n") ¢ =0, FE(S)‘E;so,-H (24.1)
where D, = z+ 1263 (c; —b?) and
stmy = AHGW) ey, cm= 2 g4
n(D: - b30) e bi(n+ o) -

The fixed point equation (2.4.1) admits a unique physical root n* > 0 corresponding to s =

s(n*) > 0. Define the quadratic term in (1) as N(n) := yn*+ (¢ — y + yoy, )N — yop, and
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the denominator D := D, — b%cr‘%,. Then we can write

_ B(n+op) N()

n D
————
Ko(1)>0

s(n) (2.4.3)

The first term in (2.4.3) is positive for 11 > 0, therefore the sign of s is controlled by the sign
of N(n)/D. We handle each in separate cases. First the quadratic N(n) has two real roots of
opposite sign Mg < 0 < M < 1. Indeed, the product of the two roots is negative non; = _szv <O0.
Further N(0) = —yoj, < 0 and N(1) = ¢ > 0, forcing 0 < 11 < 1. Therefore N(1) < 0 on
(0,m1) and N(n) > 0 on (7N, 0).
Case one: D <0

In this case s(n) > 0 for n € (0,m;). It is straightforward to verify that ¥ is strictly

decreasing on (0,7;), with

Y(n,)——¢ <0, P(0) = +o00 >0

Hence there is exactly one root of (2.4.1) in (0,7;) corresponding to s(1n) > 0.
Case two: D > 0 Now the physical root lies in (1;,%), where s(n) is positive. ¥ is strictly

increasing in this interval, with

Y() = -9 <0,  Y(eo)—eo

As in the first case, there is a unique root of (2.4.1) in (1;,0) corresponding to s(1) > 0.

Scaling law of NTK regression

Figure 2.1 evaluates the unnormalized trace-class scaling of a finite-width Gaussian-
equivalent NTK surrogate. The simulation uses a data spectral decay of o = 1.5 and a teacher
complexity of » = 0.5, with both the network width N and input dimension d scaling propor-

tionally to the sample size. By testing sample sizes n ranging from 384 to 1500 across 10
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Figure 2.1. Test risk scaling of a finite-width Gaussian-equivalent NTK on unnormalized power-law
data (¢ = 1.5,r =0.5).
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Figure 2.2. NTK risk at optimally-tuned ridge A* versus sample size n with log-log axis. Empirical test
loss reported as markers £=SE over 20 trials. Theoretical curves from (2.2.51) plotted as solid lines. (Left)
slowly-decaying spectrum o = 0.2, with visible curvature on log-log plot. (Right) rapidly-decaying
spectrum « = 0.8, exhibiting a power-law decay in n. Plots generated with r = 1.5, p = 1200, 672 =
03,04 = 1.0
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Optimally-tuned NTK risk vs n (p = 2000) Optimally-tuned NTK risk vs n (p = 2000) Optimally-tuned NTK risk vs N (p = 2000,)

Figure 2.3. Optimally-tuned Risk: Excess NTK risk of optimally-tuned ridge A = A* (markers with
+SE over 10 trials) on log-log axes. Theoretical curves from (2.2.51) plotted in solid lines, showing close
alignment across all regimes.Left: excess risk vs training samples n with varying capacity exponent ¢ and
fixed N =5000,r = 1.0. As « increases, curves straighten out to follow power-law decay. Middle: Varying
values of source exponent r. Right: risk against width N for sweeping o, and fixed n = 2000,r = 0.7.
Throughout oy = 1,62 = 0.01, p = 2000.

random seeds, the experiment successfully demonstrates a power-law decay in test risk. The
resulting empirical risk exponent of Otk ~ 0.687 aligns closely with the theoretical prediction

of 0.6, confirming that the Gaussian-equivalent model accurately captures the scaling behavior

of finite-width neural networks in this regime.
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Figure 2.4. Isotropic vs power-law: (Left) Optimal-tuned excess NTK risk plotted for varying o
against isotropic baseline. Isotropic case exhibits curve in log-log axes plot, while power law
curve straightens as « increases. (Right) excess risk against n for various ridge A with fixed
o = 0.6. Both plots generated with p = 2000, 682 =0.3,r=1.5,N =2500, szv = 1.0. Error bars
are plotted with marker + SE over 20 trials.
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Figure 2.5. Theory vs empirical a = 0.5: plots for m; (left), m, (middle), and GCV, (right)
against ridge A. All three show strong agreement across. Plots generated with n = 2400, N =
1800, p = 1200, Gg =0.3, G‘%, = 1.0 and isotropic labels.
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Figure 2.6. Theory vs empirical @ = 1.5: Same setup as Figure 2.5,
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exponent. Test loss (right) is noisier, but still tracked by theoretical curve.

ml, m2, and mg with power covariance, and power teacher labels

Train loss first-order: my, mp

GCV Theory and Test Loss
10° 4 m — GCVth
. @ m # Test Loss (emp)
10! 4
& ms
1071
0
= 10 6x1071
= 1072
|
>
-1
—— Hjtotal 10
1073 4
AHg
-1
252 4%10
----- A202Hy 10-2
1074 ® emp
1072 107! 100 10! 1072 107} 100 10t 10!
A A

Figure 2.7. Signal resolvent: All three trace resolvents my,my,mg plotted against ridge A
(middle). mg shows divergence from my. Theoretical curves for all three trace resolvents
track empirical plots well. Right shows GCV estimator against test MSE. Plots generated with
n=12250,N = 3000, p = 1500, 067 = 0.3, 03 = 1.0, = 0.5, r = 0.8 and error bars over 20 trials
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In conclusion, we study finite-width NTK regression under anisotropic dual power-law
data, where both the input covariance spectrum and the teacher vector exhibit polynomial decay.
By combining Gaussian-equivalent reductions with a Brownian embedding of the linearized NTK
Gram matrix, we derive a Hamilton—Jacobi PDE for the limiting log-determinant potential and
use its characteristic curves to obtain deterministic equivalents for the resolvent traces governing
generalization. Under the stated Gaussian-equivalence and GCV-consistency assumptions, our
formulas yield source—capacity scaling laws for optimally tuned NTK ridge regression and
recover the infinite-width KRR behavior as a limiting case. Numerical experiments validate the
predicted resolvent traces, GCV risk curves, and scaling exponents, supporting the proposed
Hamilton—Jacobi approach as a flexible tool for studying neural scaling laws in anisotropic kernel

models.
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Chapter 3

Eigen-spike emergence for Nonlinear Data

3.1 Introduction

Spectral information—{from weight matrices, kernel matrices, and Hessians—provides
a quantitative window into representation learning and efficient optimization in neural net-
works (NNs): e.g., eigenvalues in weight matrices of NNs capture the strength of learned
directions, while corresponding eigenvectors indicate which features in the data are amplified
or extracted during training [MM21, MM19a, MM20, MPM21, YTH"22, LM21, WES™'23,
BES*22, SBL16, GKX19]. A major direction in deep learning theory is to use spectral tools
to understand when a network can propagate, preserve, transform, and amplify task-relevant
structure that may be hidden in high-dimensional datasets.

A concrete and widely used spectral mechanism is the emergence of spikes (outlier
eigen/singular values) and the alignment of their eigen/singular vectors with signal directions
in the dataset. Random matrix theory (RMT) provides a powerful tool to analyze such eigen-
spike emergence. In high-dimensional spiked models where a low-rank signal is embedded in
Gaussian noise, BBP (Baik—Ben Arous—Péché) transitions characterize when an informative
outlier separates from the bulk spectrum and when its associated eigenvector becomes correlated
with the underlying signal [BAPOS, Nad08]. Recent work has developed nonlinear counterparts
for random-feature and kernel-type matrices, providing sharp predictions for outlier locations

and eigenvector alignment [WZ21, Fel23, BES'23, WWF24]. Such nonlinear RMT can be
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applied to study deep learning theory, e.g., the infinite-width Neural Tangent Kernel (NTK) and
the Conjugate Kernel (CK) [JGH18, PW17, AP20] for multi-layer NNs. Their high-dimensional
spectra have been studied extensively [LM25, WZ21, LCM20, LCM20]. In this work, we focus
on the CK, and we study emergent spikes induced by nonlinear structure in the data. Concretely,
we consider the following spectral question for the CK: When can NNs transfer a nonlinear
pattern in the data into a linearly accessible direction (an aligned eigen-spike) that enables
linear classification?

In this chapter, the CK is defined by a one-hidden-layer random NN: Y = \/Lﬁ oc(WX) e
RN*" with nonlinear activation ¢, random weights W € RN*d and data X € R?*", The
CK matrix is the Gram matrix of hidden activations, K = Y'Y € R™ " for n data points.
The spectral distribution of K is particularly useful for generalization error of random feature
regression, as demonstrated in [MM19b, HL22b] for isotropic Gaussian data X. However, real
datasets often contain low-rank or nonlinear structure that may be hard to analyze using PCA
[Jol02, SSM98, TdSLO00, RS00, BNO3, CL06, JL09]. To highlight genuinely nonlinear structure,
we instead take X to be the high-dimensional XOR Gaussian mixture dataset (formally defined in
Section 3.2.1). This dataset is a balanced four-component Gaussian mixture whose two classes
are unions of opposite components [RGKZ21]. The key property is that XOR is not linearly
separable in first-order statistics: the class means vanish, and any method that only “sees” linear
correlations cannot recover labels. However, XOR is quadratically separable, so a second-order
feature can potentially make the task linearly solvable. Heuristically, the eigenvalues of K
describe the spectrum of learned similarities, while the alignment of leading eigenvectors with
task structure (e.g., labels or cluster indicators) may lead to spectral methods solving the task.
Therefore, this chapter aims to answer the following spectral question for K: When do outlier
eigenvalues emerge in the CK spectrum, and when do their spiked eigenvectors align with the
XOR labels and enable linear classification?

In practice, NN performance is affected by hyperparameters, dataset structure, and

architecture; and, as a practical matter, machine learning (ML) practitioners typically fiddle
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(quite aggressively) with various “knobs” of the ML training process in order to improve model
performance. Motivated by this, we consider properties of the CK matrix for the XOR problem,
as various “knobs” for K are varied; and, depending on their values, we observe very different
spectral behavior. Concretely, we vary the following knobs (which are among the standard
parameters that are tuned in ML practice): sampling size scaling n with input features d and
NN width N; signal-to-noise ratio (SNR) in the data X; the pretrained weight matrix W; and
the choice of nonlinear activation o. We show that, depending on the values of these “knobs,”
one can obtain qualitatively different spectral properties, various phase transitions, and the

emergence of quadratic informative spikes in the CK matrix. Importantly, the emergence of

these quadratically informative spikes makes the nonlinear XOR linearly classifiable.

3.1.1 Related works
Simplicity bias and low-rank structure.

Recent work suggests that deep networks and transformers exhibit an implicit distribu-
tional simplicity bias, learning simpler (lower-order) statistical structure of the data earlier in
training [BPQ™ 24, RGLG24]. Complementarily, [HMZ*23] report a low-rank simplicity bias in
deep networks, arguing that depth/over-parameterization can implicitly favor low effective-rank
feature representations. From a broader perspective, [Wil25] argues that many generalization
phenomena often viewed as “mysterious” in deep learning can be reconciled with classical theory

via soft inductive biases.

Spectrum of kernel random matrices.

The study of kernel random matrices and their spectral distributions has become a major
topic in RMT. Global convergence of the empirical spectral distribution (ESD) is known for
broad classes of nonlinear kernels [EK10, CS13, DV13]. In the proportional regime, [CS13] and
[DV13] characterize limiting spectra of inner-product kernels. The CK and NTK can be viewed as
random kernels, whose spectra were further studied [FW20, AP20, Péc19, PW17, DM24, GP26]

and connected to generalization in random feature regression [MM19b, AP20] and memorization
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of spurious features [BM24] .

Nonlinear spiked covariance matrices.

Spiked models exhibit phase transitions where informative eigenvalues separate from
the bulk [BAPOS5, Péc06]. Recent work extends this to nonlinear random matrices, i.e., ma-
trices whose entries are nonlinear functions of high-dimensional random projections (such as
o(WX)), leading to nonlinear analogues of BBP transitions and alignment formulas [WZ21,
Fel23, BES'23, WWF24, GKK 23, BP22]. Outlier eigen-structure of CK and NTK have been
studied [LHY25], using the deterministic equivalence from [GDZ"22]. Although they can deal
with random deep networks and general Gaussian mixture datasets, their CKs and NTKs are

expected kernels (namely first take width N — o) and only equivalent to linear kernels.

Polynomial sample-size regimes.

In the proportional regime (n < d), LE/Gaussian-equivalence phenomena often imply
linear-kernel behavior for broad families of kernels. Moving to polynomial regimes (n = d*),
several works show that many kernel matrices behave like polynomial kernels of degree k (with
rigorous deterministic equivalents and sharp asymptotics) [XHM 22, LY22, CM24, MS24b)].
In the quadratic regime (k = 2), nonlinear kernels can reduce in operator norm to quadratic
polynomial kernels [GMMMI19, PWZ24], enabling classification of quadratically separable data
such as XOR [RGKZ21]. [WHL"25] recently proved a conditional Gaussian equivalence for
random feature model at quadratic regime to show the asymptotic generalization error in this

case.

Gaussian mixtures and XOR problem.

Gaussian mixture classification, specifically the XOR mixture has become an important
testbed for statistics and ML to evaluate various algorithms. [RGKZ21] documented a sharp
contrast between trained two-layer networks and kernel methods on such mixtures, motivating a
spectral analysis of when (and why) kernels can succeed. Related RMT analyses for mixture

classification with kernels appear in [LC19, Coul9]. [Gla23] showed how training two layer
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NNs with SGD can learn this XOR problem even with a sample complexity O(d). Recently,
[TGM25] analyzed continual learning by studying one-hidden-layer quadratic NNs trained with
gradient descent on an XOR dataset. [DD25] analyzed two-layer networks after one gradient step
on W with Gaussian-mixture data using higher-order polynomial equivalence. This motivates
our spiked feature case in Section 3.2.5, while our result focuses on label-aligned outliers for

linear classification on XOR, unlike trained feature regression tasks in [DD25].

3.1.2 Contributions

We develop a RMT framework for the CK that is based on a quadratic equivalent (QE)
that captures precisely when nonlinear learnability emerges for XOR, in regimes where the linear
equivalence (LE) behavior is insufficient. We are particularly interested in this emergence as a

function of the following four “knobs” that are widely-used by ML practitioners.

1. Finite-SNR proportional limit (n < d): two negative results. In the proportional regime
with SNR = O(1), CK can exhibit outlier eigenvalues, but their eigenvectors do not align
with XOR labels; hence spectral methods with linear readouts on CK features fail to classify
XOR (Theorem 5; Figure 3.1). We also prove failure for Euclidean distance kernel spectral

clustering.

2. Large-SNR proportional limit: emergence of quadratic informative spike. We show
that with increasing SNR scaling and with proper activation choice, a pair of informative
outliers separates and aligns with the XOR class direction, enabling linear spectral cluster-

ing/classification (Theorem 7).

3. Pretrained/spiked features: test-time BBP transition. A low-rank perturbation of a random
W can yield the emergence of an outlier whose eigenvector aligns with the induced task
direction (Theorem 8) even for finite-SNR and proportional limit. Then, empirically, we show
that linear spectral clustering occurs for CK matrix with weights from a pretrained NN on

CIFAR-2.
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4. Quadratic sample-size regime (1 =< d°): a quadratic kernel. We prove an operator-norm
reduction of the CK to a quadratic polynomial kernel in this regime for ultra-wide NNs; with
proper activation choice, the reduced model has an informative outlier direction to recover

XOR labels (Theorem 9).

We summarize these results in the following table.

Table 3.1. Summary of different knobs. From Case 24, ¢ # 0 is necessary in all these cases. If cc =0
(e.g., tanh after centering/normalization), linear classification via CK is impossible.

Regime SNR  Sample Weights Linear Label Align?
Case 1 (Baseline) O(1) n=d Random No
Case 2 (Large SNR) ®(n'%) n=d Random Yes
Case 3 (Trained weight W;)  ©O(1) nx=d  Spiked Yes
Case 4 (Quad. sample size) ®(1) n=d*> Random Yes

3.1.3 Approach

Much of the existing RMT literature on the CK matrix analysis lies in a proportional
regime (n < d < N), and it often involves the assumption of isotropic Gaussian data Z € R¢*".
In this setting, a standard tool is a linear equivalent (LE) for the feature matrix c(WZ). This
approach replaces the nonlinear features with an affine Gaussian surrogate and an independent
Gaussian noise term N':

6(WZ) ~ boWZ + agN,  Ny'& .(0,1), 3.1.1)

for constants aq, b determined by o. This approximation is also called Gaussian equivalence
in prior work [MM19b, HL22b, GLR 21, BPH23]. When applying the LE, one can show that
the spectra of nonlinear CK matrices are asymptotically equivalent to a linear random matrix

model, thus making classical RMT directly applicable. However, the LE also suggests that
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the induced kernel behaves essentially like a linear kernel plus isotropic noise; this can hide
important nonlinear task structure; see Figure 3.1.

For the XOR problem, the nonlinearity o is essential: it can transform a nonlinear
classification task into one that is linearly accessible. To understand this, we vary the ML “knobs”
listed above to identify regimes in which the LE approximation works, versus when it breaks
down. To go beyond the classical LE in (3.1.1), we develop a refined (quadratic) equivalent
model that captures emergent spiked eigenvalues and eigenvectors carrying nonlinear information
about CK and the dataset, thereby enabling linear classification on the nonlinear XOR problem.
We refer to such spikes as quadratic informative spikes. Addressing these questions will clarify
the regimes in which NN, and in particular various choices for training knobs of the ML training

process, can recover and even amplify beneficial nonlinear features concealed in the dataset.

Quadratic Equivalents (QE) .

We model the XOR data as a low-rank perturbation X = Z + M, where Z is Gaussian
noise and M is a rank-two signal that encodes the XOR structure. Our goal is to understand how
this signal shows up in the CK spectrum. We go beyond the LE in (3.1.1), which captures only
the bulk spectrum, and derive a QE that precisely tracks all spikes via a second-order Taylor

approximation of o. At a high level, this yields the decomposition

c(WX) ~ c(WZ) + T + T, (3.1.2)

bulk+uninformative spikes ~ linear spikes  quadratic spikes
where T and T, are finite-rank contributions induced by the signal M and & (see (3.3.78) and
Proposition 35). In this QE, there are three terms. The first term, 6(WZ), determines the bulk
spectrum; and it may also possibly induce uninformative outliers, solely due to the architecture
[BP22]. The second term, T 1, corresponds to a linear transformation of the signal M; while it
can induce outliers, their eigenvectors turn out not to be aligned with the XOR labels, meaning

that they are not useful for nonlinear XOR classification. The third term, T, captures quadratic
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properties: depending on the correct tuning of the ML training “knobs,” this quadratic term T,
can dominate and create quadratic informative spikes (see (3.3.78)). This effectively provides a
“quadratic feature channel” that makes the nonlinear XOR problem analyzable with RMT and

linearly separable.

3.2 Main Results

3.2.1 Notations and Preliminaries
Settings of One-layer NN model.

We study the output of one-layer NNs when fed a dataset X € R?*". Here, d is the input
dimension and 7 is the sample size. We consider different scalings between n and d to determine

the sample complexity of the model. Let the weight matrix at random initialization be W € RV¥*¢

with [W];; EOs (0,1) for i € [N],j € [d], where N is the width of NN. Denote the output of

our one-layer NN and the CK matrix as

1
Y = —o(WX), K=Y'"Y, 3.2.1
N (WX) (3.2.1)

where o is a nonlinear activation. Our target is the eigenstructure of this CK when X has a

nonlinear separable pattern. We now introduce the assumptions of the activation function o.

Assumption 3. Assume G is three-times differentiable with sup . |6’ (x)|,|6” (x)],|6" (x)| < Ao,

for some As € (0,0), and is centered and normalized with respect to & ~ A (0,1):

E[6(§)] =0,  E[o(§))]=1. (32.2)

Define the Hermite coefficients of ¢ as

o =E[c'(§)]| =E[§o(§)] €R, (3.2.3)

co :=E[c"(§)] =E[(§* - 1)o (&) € R. (3.2.4)
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Many smooth activations satisfy Assumption 3, after centering and normalization (e.g.,
tanh, erf, smoothed-ReLU, GELU). The condition b4 can be zero, which is needed for the pure-
quadratic-channel regime in Theorem 7. While ReLU is not C, it can be handled by smoothing

or by approximation arguments; we keep Assumption 3 to avoid technical distractions.

XOR Dataset.

The XOR dataset is a binary class Gaussian Mixture dataset with four balanced clus-
ters. We denote the collection of n data points by X = [x{,...,x,] € R¥*", where x; ik
%22:1 N (\/LE u,, éld). Without loss of generality, we reorder the data points so that we can
define

X=M+2Z, (3.2.5)

where Z € R?*" has i.i.d. entries with distribution .4 (0, é) and

M=r %(ul-vlT—l—uz-va), (3.2.6)

for some r > 0, with unit-norm vectors

1n/4 0n/2
) 1| Lap ; 1 |1ap , \/5 . , \/5 .
1= —F= ) 2= = ) 1= - —An/a|> 2= - n/4
vd —Ly2 vd Ly " "
0,/ —1,4
(3.2.7

Here, the signal-to-noise ratio (SNR) is defined as SNR := r2. In this case, the mean of each

data point is defined by

I“ll:r'uh “ZZr'u27 “3:_“17 “4:_“27
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Following the above definition of X, we consider a binary classification dataset

{(x,yi) e, yie{£l}

We assume the dataset is not linearly separable in the input space, i.e., there do not exist w € R?
and b € R such that

yi(w'xi+b) >0 Vie[n].

For simplicity, in this case, the labels of data X are defined by
y' = =1, -1, (3.2.8)

Our goal is to study the emergence of outlier eigenvalues in the spectrum of K = ¥ 'Y defined
by (3.2.1) and (3.2.5), and verify whether the corresponding eigenvectors (spikes) are aligned to

this label vector y, in order to (partially) recover the classes of X.

Marchenko-Pastur law.

Given sample covariance § = Z'Z € R™" defined in (3.2.5), assume d,n — o with
% — y € (0,%0). Then the ESD of § converges weakly almost surely to the Marchenko—Pastur
(MP) law [MP67], denoted p}!*. Leta = (1—/¥)* and b = (1+,/y¥)%. When y < 1, the

MP law has an absolutely continuous part on [a, b] with density

PMP() = -0 (= a) 1 (),

© 2myx
and, when y > 1, an additional atom at zero plll\,/IP = (1 — V%) 0o+ pvl\,/lp(x) dx.

Stieltjes transform.
The Stieltjes transform provides an analytical tool for studying the ESD in RMT. For

z € C\[0,00), define the Stieltjes transform of pj¥ by my(z) = [p w2z Py (dx). This Stieltjes
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transform fully captures the spectral distribution p},\,/[P, as we can recover the density from an

inversion formula: pglp (x) = Llimg oImmy(x+in).

Limiting spectral distribution of CK.

From [LLC18, BP21, FW20], we know the limiting ESD of K is a deformed MP law,
under certain conditions of X and in the proportional regime. In general, we denote the deformed
MP law as

pi=pyPRv, vi=(1-bg)+bgpy", (3.2.9)

where pg/lp is a standard MP law with parameter ¢ € (0,0) and V is a shift of MP law plll\fIP with
aspect ratio ¥ € (0, 00) which is compactly supported in [0, ). Here X denotes free multiplicative
convolution. We can fully characterize this deformed MP law u by its Stieltjes transform
m(z)=[ x%zd 1 (x). Notice that YY7 and K =Y 'Y share the same non-zero eigenvalues. Hence,
we can also define a limit measure for the ESD of Y¥7 by ji whose the Stieltjes transform is
denoted by #(z), which we will refer to as the companion Stieltjes transform of m(z). Moreover,
we have that m(z) = %1 + ¢m(z). We refer to [BS10, FW20, WWF24] for more details of free

multiplicative convolution and these Stieltjes transforms. We denote the following transforms:

e [ v g 520

) == 40 [ v, o) == (3210)
_2s)s® = (¢~ D)s P t(1—yb3t)

T =" R (AT Tl

(3.2.11)

which will determine the outliers of K. More properties of these transforms are introduced in

Section 3.3.4.

3.2.2 Statement of Main Results

In this section, we present our main results on the outlier eigenvalues and eigenvectors of

the CK K across several regimes. In the first three regimes, we consider proportional limit, where

113



d,n,N — oo with fixed aspect ratios, while varying other “knobs” discussed in the introduction
of this chapter. In particular: Section 3.2.3 treats the finite SNR = (1) regime; Section 3.2.4
analyzes large SNR = @(nl/ #); and Section 3.2.5 replaces the random weight matrix W with a
“pretrained” weight matrix modeled as a rank-one perturbation, still with SNR = ©(1). Then, in
Section 3.2.6, we consider the quadratic sample-size regime n < d?, with finite SNR and random
weights. In each of these cases, we predict the emergence of outlier eigenvalues and whether

their associated eigenvectors enable linear classification.

3.2.3 Proportional Limit with Finite SNR Case

Here, we consider a baseline regime in which all dimensions grow proportionally and
the SNR is finite. We show that the outlier eigenvectors cannot be used to linearly classify the
dataset, even partially. When SNR = ©@(1), the structured XOR signal is too weak for quadratic

informative spikes to emerge in the CK spectrum under proportional scaling.

Assumption 4 (Proportional limit). Let n,d,N — oo such that n/N — ¢ € (0,4o0) and n/d —

v € (0,+o0) for some fixed constants ¢ and .

We denote some constants used to define the BBP thresholds in the following theorem:

2 2 2 2
c b5t c rey
Ti= 261//7 Ar = (1 _b%r) +7T+ ﬁll» Bmean = 761//7 ﬁlin = Tb%f' (3.2.12)

Define scoy := —1/Az, Smean := T~ (1/Bmean) and sjin := T~ (1/Bjin) where T~1(-) is given by
(3.2.11). Denote Tyit := b3 /Y (1 + /¥).

Theorem 5. Under Assumptions 3 and 4, we further assume that r is a constant. Consider the
K with XOR data X defined in Section 3.2.1. Recall the probability measure | with transforms
2(+),@(-) and T(-) defined by (3.2.10) and (3.2.11). Denote u = \/Lﬁln and m:=E[c(w'Z) |

Z) € R", where w ~ A (0,1;) independent of Z. Then, the CK matrix K satisfies the following:

(i) (Bulk.) The ESD of K converges weakly to I defined in (3.2.9).
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(ii) (BBP for covariance spike.) If T > Tcijt and 7' (scoy) > 0, then K has an outlier eigenvalue
Iy . . . E . E ]P
Ar = 2(scov) +0p(1) and the corresponding unit-norm eigenvector vy satisfies [V, u* —

O (Scov)- If T < Teri 0or 7 (Scov) < 0, then K has no such type of outlier eigenvalue.

(iii) (BBP for mean spike.) If 7/ (Smean) > 0, then K has an outlier eigenvalue given by

Amean = Z(Smean) + 0p(1), and its unit-norm eigenvector Vinean satisfies

B (0] (Smean)
ﬁr%eans rznean T’ (Smean)

|</‘;meanam/||m||>|2: +op(1)

when Smean # Stin- If ' (Smean) < 0, K has no such type of outlier eigenvalue.

(iv) (BBP linear spikes from XOR.) If 7' (s;in) > 0, K has two outlier eigenvalues both satisfy-
ing /)\Llin, 1 7/ilin72 = z(s1in) + 0p(1), and the projector of the corresponding two-dimension
eigenspace ‘A/hn satisfies

) Soo2 @ (stin)
Proispanty o Vil = 2= gy s v (1), (32.13)
m-ln

when smean 7 Stin, Where Projgpancy, 1,1 = viv{ +vov) . If 7 (siin) < 0, K has no such type

of outlier eigenvalues.

(v) (No label alignment.) For the XOR labels y, every outlier eigenvector of K is asymp-
totically orthogonal to'y, i.e., the orthogonal projector I/}Out onto the direct sum of all

separated outlier eigenspaces of K described above satisfies:

1 -~
~[IVouy|* = op(1). (3.2.14)
Theorem 5 exhibits a BBP-type phase transition for the CK matrix with XOR data: e.g.,

7Z(—1/Az) > 0 is the threshold showing when a spike separates from the deformed MP bulk u;

in the separated case, the associated eigenvectors have nontrivial asymptotic overlap with the

115



spike directions.

There are up to four candidate spikes outside supp(u): two outliers (Theorem 5(iv))
induced by the linear Hermite component of ¢ and spike strength sj;, depending on r, and two
potential “architectural” outliers (Theorem 5(ii)&(iii)) corresponding to ¢ # 0. The latter is
“uninformative” in the sense that it persists even in the null model r = 0 (pure noise data). See
Section 3.4 for further discussion. This is why some earlier analyses impose ¢ = 0 [WWEF24];
see also [BP22] for related phenomena. The proof of Theorem 5 is given in Section 3.3.8.
Remark.The uninformative spike in Theorem 5(ii) can be removed if 7 < 7. holds, namely
\/W(% — b%,) < bZ. Hence, this provides a necessary condition for the absence of an uninfor-
mative spike, e.g., the second Hermite coefficient ¢/ v/2 is smaller than the first b in absolute

value (for instance, a centered and normalized GELU function in Section 3.3.5).

Remark.From the final statement of Theorem 5 in (3.2.14), the separated outlier eigenvectors
are asymptotically orthogonal to the label vector y. Thus, these outliers cannot be used for linear
classification. Although the spikes induced by Aj;, carry information about the within-class
structure (alignment with v{,v; in (3.2.13)), they do not recover the XOR labels without an

additional nonlinear transform.

Kernel Clustering also fails

We also consider classical kernel spectral clustering with an Euclidean distance kernel.
We focus in particular on the kernel spectral clustering algorithm introduced by [NJWO01], using
the leading (nontrivial) eigenvectors of the normalized Laplacian for clustering. [CBG16]
studied this kernel clustering for general Gaussian mixture data. The conclusion is similar as
above. Results in this section on kernel spectral clustering are applications of the main results of
[CBG16].

Recall the four-component XOR Gaussian mixture data X € R4*" defined in (3.2.5),
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with cluster means

P I TR
1 \/g _1d/2 9 2 \/C_i ld/2 ’ 3 1> 4 2

and common covariance C = I;. Define the matrix of cluster means M := [f|, lU,, i3, Uy] €

R4 and cluster-indicator matrix J

J e {0,174, Jia = 1 < x; belongs to cluster a,

so that each cluster a € [4] has size n, = n/4. For an affinity function f : R — R, define the

Kernel matrix K/) € R™" ag
(K(f))ij:f(Hxi—xsz); i,j € [n] (3.2.15)
We consider the normalized Laplacian, which is defined as
L:=nD '?K)D712 D =diag(kK''1,)

where D = diag(K (f )ln) is the degree matrix. Similar to the results on the spectra of the CK in
Section 3.2.2, the analysis of the eigenvalues on L relies on a LE for L. We refer to Theorem 1
of [CBG16] for more details.

It is not difficult to prove that under Assumption 4, the pairwise distances between distinct
samples x; and x; of the XOR dataset concentrate around T = 2 (see Lemma 24 for details). The
core of the analysis of L then relies upon a careful entry-wise Taylor expansion of the Kernel
K'Y around the limiting value 7. We therefore make the following assumption on the kernel

function f: R — R.

Assumption 5. Let T = 2. The kernel function f € C° is three-times differentiable in some
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neighborhood of . Further, f(t) > 0 and f'(t) # 0.
Theorem 6. Suppose SNR r> = (1) and let Assumptions 4 and 5 hold.

(i) (BBP for two linear informative outliers.) If r> > 2+/w~1, then there exists two isolated

eigenvalues of L, which are asymptotically approximated by

C2f'(%) | f(0) — £(2)+1/'(2)

i 3.2.16
G £(7) (210
where
B 2 2+r2
p=vyl(l E) 3 (3.2.17)

(ii) (BBP for additional non-informative outlier.) Let (, = ZJ;I((Z)) — J}l,l((:)) . If, in addition,

(1—£,)% >y, then there is an additional corresponding isolated eigenvalue of L, which
is approximated by
h 2f'(r) . f(0) = f(z) + /(1)

T~ T () ’

in probability, where py = (l// - ﬁ) These and the trivial eigenvalue n represent all

isolated eigenvalues of L.

(iii) (Eigenvector alignment.) Moreover, if p is such an isolated eigenvalue of L corresponding
to (3.2.16), let I1,, denote the orthogonal projection onto the two-dimensional eigenspace

corresponding to p. Then we have

- 1
—-J HPJ—>H_—2(1[/—

ANr2 1 —1
d r )
2

— = I 3.2.18
/)16 1 1 ®% ( )

where @ denotes the Kronecker product. In particular, in probability
1 T
Ey I,y — 0.
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where y denotes the XOR-labels.

Remark. The trivial eigenvalue n, and the possible additional isolated eigenvalue of L
corresponding to A, carry no relevant clustering information. The other non-trivial isolating
eigenvalues of L characterized in Theorem 6 (i) turn out to be the only eigenvalues that carry
relevant clustering information. Similar to the eigenvectors of the CK matrix, the last statement of
Theorem 6 implies that the outlier eigenvectors of the Laplacian L are asymptotically orthogonal

to the XOR-labels y.

3.2.4 Large-SNR Proportional Limit Case

Theorem 5 shows that spectral methods based on outlier eigenvectors fail to linearly
classify XOR in the finite-SNR proportional regime. Linear informative spikes may still emerge,
but a purely linear approximation of ¢ cannot capture the quadratic feature channel needed for
XOR. To make XOR linearly learnable, we can increase the SNR so that the quadratic Hermite
component of ¢ becomes non-vanishing. Here, we confirm this: in the large-SNR regime, the
additional two outliers created by the quadratic component become label-informative, enabling

linear classification.

Theorem 7. Under Assumptions 3 and 4, r = ronl/ 4 for constant ry € (0,0), recall T in (3.2.12),

and let

4.2
rgy 5
u: .= ln/\/ﬁ, Ko = 04 ) ﬁquad = C(Z).Ko, ﬁquad = Bquad + 7.

Let Py, = vlvlT + vzva, P, =1—Py,,and K| := P | KP . Then, we have the following:
(i) (Bulk.) The ESD of K converges weakly to L.

(ii) (Two diverging linear outliers.) If bs # 0, then the top two eigenvalues satisfy

M(K) =02y -n'(1+0p(1),  Ja(K)=bErgy-n'/*(1+0p(1)),
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and the associated 2D eigenspace projector IA)lin satisfies ||i\3'1in — Ppinl|r Zo.
(iii) (BBP for mean spike.) Same BBP result of Theorem 5 (iii) holds for K | .

(iv) (Quadratic u-spike.) Denote Squaq = T-1(1/ ﬁquad). If 7 (Squada) > O, then K | has an outlier

Zul = 2(Squad) +op (1) outside supp(i) and the corresponding unit eigenvector v, satisfies

Squad 4 (SNquad)

~T 2
vV, U|©- — -
| u | ﬁquad T (Squad)

in probability.

(v) (Quadratic y-spike; label alignment.) Denote squad = T-'(1/ Bquad)- If 7 (Squad) > O, then
K| has an outlier 7Lyi = 2(Squad) +op(1) outside supp(i) and the corresponding unit

eigenvector /\Fy satisfies
/
2 P Squad? (Squad)

1 7
—v — > 0. (3.2.19)
n ’ Y y‘ Bquad Tl<squad)

In this case (and in contrast to Theorem 5), when r = ®(n'/*) the linear outliers char-
acterized by Theorem 5 become diverging. Although Theorem 7 yields two diverging linear
outliers, their eigenvectors remain asymptotically orthogonal to the label vector y. Meanwhile,
the quadratic component of ¢ is no longer negligible, and instead it produces two additional O(1)
outliers (Theorem 7(iv)&(v)). Here, (3.2.19) gains a positive alignment with labels y because the
quadratic features v?z and v;az are preserved. Hence, a linear readout on the y-spike eigenspace
in (3.2.19) can classify XOR. The proof of Theorem 7 is in Section 3.3.15.

When bs = 0, the diverging linear outliers vanish, simplifying spectral classification.
In contrast, if ¢ = 0, the quadratic component is absent, and linear classification is no longer

possible, thus highlighting the role of the activation knob in preserving nonlinear structure. For

further discussion about the role of non-linearity choice, we refer the reader to Section 3.4.

3.2.5 Pretrained / Spiked Weight Matrix Case

Empirically, pretrained weight matrices in well-trained NNs often exhibit spectral spikes
(and even heavy-tailed) [MM21, MM19a, MM20, MPM21, YTH22]. Such spectral behavior

suggests that training induces nontrivial feature structure in the weights [BES™22, BEST23,
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DD25]. However, the above theorems consider only random features, and therefore they do not
capture task-dependent structure embedded in the weight W. As a toy (but principled) model
for feature learning, we consider a simple but nontrivial spiked model in which the weight is a

rank-one perturbation of the random initialization:
Wi=W+0ab', (3.2.20)

where a and b are independent of the test dataset X. A related rank-one structure arises, for
example, after one-step gradient descent in certain teacher—student settings [BES 22, DD25],
and it is also connected to LoRA [HSW™'21]. Below, we analyze a test-time BBP transition,
i.e., we evaluate the CK built from W on independent XOR test data X, and we characterize
the emergence and alignment of the induced spike. Empirical simulations of test-time BBP are

presented in Section 3.4.

Theorem 8. Assume that © = 6yN'/* for some constant 6y >0, b=1,, and a ~ N (0, Il\,I )
in (3.2.20). Under Assumptions 3 and 4, consider CK computed from K =YY and Y =

o(W1X)/V/N on test data X independent of (W ,a,b). Suppose that r is a fixed constant. Define

4

r
0f § K\, K| = 2—{—2r2—i—z, sy=T"'(1/By).

r 3¢2
—|—2, B, 1

Then we have the following:
(i) (Bulk.) The ESD of K converges to L.

(ii) (One giant outlier.) The top eigenvalue satisfies A1 (K) = b%62 ¢ k /N (1+0p(1)) and

its eigenvector V| asymptotically orthogonal to y.
(iii) (Order-one spikes orthogonal to y.) All outliers captured by Theorem 5 still hold here.

(iv) (Additional order-one spike.) If 7' (sy) > 0, K exhibits one additional outlier eigenvalue

~

Ay = z(sy) 4+ op(1) separating from the bulk. If 7' (sy) < 0, no such separation occurs.
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(v) (Label alignments.) In the supercritical case 7' (sy) > 0, let V, be the unit eigenvector of K
4

‘ ~ . 2P I 4
associated to A,. Then %‘V;)I— y | - /;} ZTV((S; )) % > 0.
y L7(Sy

This result shows that the large spike in the pretrained matrix W amplifies the signals in
XOR and alters the CK approximation: the usual LE is no longer sufficient, and a QE appears to
capture the induced quadratic feature channel. Theorem 8(v) shows this quadratic eigenvector
aligns with the labels. However, if c¢5 = 0, then this quadratic channel is absent and we do not

obtain label alignment.

3.2.6 Quadratic Sample-size Case

In many ML settings, sample complexity dictates how many data points are sufficient
for an algorithm to succeed in high dimensions. In Section 3.2.3, sample complexity n = O(d)
implies that LE washes out higher-order structure, so the kernel behaves like a “linear” model.
This makes the XOR problem difficult to learn, because it is not linearly separable in first-order
statistics.

Here, we retain the same data model as in Section 3.2.3, but we change into the quadratic
sample-size regime n = @(d?). Under this regime, broad kernel classes admit operator-norm
reductions to quadratic polynomial kernels [XHM 122, WHL"25]. Below we show that the CK

behaves like a quadratic kernel and thus becomes label-informative for XOR even at finite SNR.

Theorem 9. Assume 2n/d* — y € (0,%), n?/N — 0, and Assumption 3 holds with cs # 0.
Let { = r* /4. We further assume that there exists some fixed &' > 0 such that E[Ec(s&)] =
Elo(s&)] =0 forall s € [1 — &', 1+ &) where & ~ A (0,1). Recall P:=1,— 11,1}, H. =
P(X"X)®?P, and K. = PKP. Then we have

(A) Bulk.

The ESD of K converges to MP law p}MP whose upper edge is A4 (y) := (1+/7)* And
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(B) BBP for H...
1. (Subcritical) If ¢ < 1/./7 (equivalently 8 < y'/*), then

Mmax(He) A0 (), | (vmax(He) ¥/ V) |* 55 0.

2. (Supercritical) If ¢ > 1/./7 (equivalently 6 > }/1/ 4), then H, has a unique outlier:

1
A (H2) 55 Aout(7,0) = (1+ 62) (1 ¥ 9—2) = 1+7+7+ 5,

and the top eigenvector aligns with the label:

2P _l—y/et oyt —1
‘(Vmax(Hc)ay/\/ﬁ>‘ _>Ahgn(%£) T 1_|_},/92 - ,},g(g_'_l)

(C) Transfer to centered CK.

With o = ¢ /2 and oy = 1 — &y (since bg = 0),
Anax (K ) = 0o+ 0 Amax (He) +05(1), | (Wnax (Ke), /v > = | (max (He), v/ /) | +0p(1).

Hence K. exhibits the same BBP threshold and the same label-alignment curve.

For the full proof, see Section 3.3.19. In addition to quadratic sample complexity,
Theorem 9 also assumes an ultra-wide network, leading to the concentration of the random
kernel K around a fixed kernel conditional on the dataset. This simplifies the analysis. We leave
the case N < n (linear width) for future work [WHL125], as this would involve additional spikes.

Moreover, we assume bgs = 0 to remove the linear term X x , which contributes rank-d spikes.
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3.3 Proofs of Main Results
3.3.1 Preliminaries

Throughout this chapter, we utilize the stochastic domination notation introduced by

[EKY13].

Definition 22 (Stochastic domination). Consider any two families of random variables
X={Xy(u):neNuecUy,}, Y ={Y,(u):neN,uecU,},

with parameter u € U, where U, is a possibly n-dependent deterministic set. Let & = {Ep},en

be a sequence of measure subsets, where each E, is related to X,(u) and Y,(u).

1. We denote |X| <Y or X = O<(Y) as the stochastic domination of X by Y uniformly in
u € Uy: iffor all small € > 0 and large D > 0, there exists some Ny(&,D), such that for all

sup P(|1X,,(u)| > nfY,(u)) <n~P.
uclU,

2. For simplicity, for a family of random matrices A and a family of non-negative random
variables §, A = O ({) represents |(v,Au)| < {||v||||u|| uniformly for all deterministic

vectors v and u.

If {A,} are random matrices, we interpret
P
|Anllop =0p(1) <= [|An[lop = 0.

For simplicity, in the proofs, we use ||A,|| to represent operator norm ||Ay ||op-
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3.3.2 Properties of XOR Data

We introduce the following notion of (7,, B)—orthonormality for our feature matrix

[FW20].

Definition 23. A matrix X € R¥" is (1,, B)—orthonormal if the columns {x4}",_, of X satisfy
xall =1 < T, [l = 1] < T, |x0xp5] < T (3.3.1)
for all pairs oo # B € |n], and also

n
Y (kal -1)*<B%,  |X|<B

a=1

Lemma 24. Let X € R?*" be the XOR data matrix:

X=Z+M, (Z)ijl’fl\'g'g/V(O,c—l>7 M:6u1v1T+6u2v2T, QSNR:”H%a
where uj,uy € R? and vi, v € R" are orthonormal vectors defined by (3.2.7). Assume either
(Al) n=<dandr=0n"*), or

(A2) n=0(d?) and r = O(1).

Then there exist constants c¢,C > 0 such that with probability at least 1 — n™¢, the matrix X

satisfies (3.3.1) with
2

lo
T, = C( §”+%). (3.3.2)
Moreover, on the same event,
< ! n nr* nrt
Zl el 1) Z] (Ixal>=1) C(E+ﬁ+?), (3.3.3)
o= o=
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and also
n
1X| < C(l +(1 —l—r)\/g). (3.3.4)

In particular, in regime (Al) one may take t, = C logn na B = C(14r), and in regime (A2)

n

one may take T, = C 1°§" and B = C\/" such that X is (t,, B)—orthonormal with probability

at least 1 —n~¢.

Proof. Throughout the proof, ¢,C > 0 denote constants that may change from line to line. This
proof is basically following the proof of Proposition 3.3 of [FW20].

Write the columns as xq = Zo + My, Where z, is the a-th column of Z and my, is the
o-th column of M. Since M = Osnr u 1v1T + OsnR uzva and supp(vy) Nsupp(v,) = 0, for each

o exactly one of vi[a], v2[e] is nonzero, and we have
my = GSNR uivy [OC] or GSNR u2V2[OC].
Using |vi[a]| = |v2[a@]| = 1/2/n on the support, we obtain for all o

2 n [2 r , 1P g
mall =02 = [ 2= T P =T = 039

Now we verify the four requirements in the (7,, B)-orthonormal definition: (i) maxg |||x¢| — 1| <

T, (i) Maxgzp [XgXg| < T, (iii) Lo (|2 ]| — 1)* < B, (iv) || X||op < B.

Step 1: Uniform control of column norms.

For each o € [n],
xal® = llzal® +224ma + [Ima|*. (3.3.6)

(1a) Noise norm term. Since zq ~ .4 (0,1,/d), we have d||zq||* ~ 3. By Lemma 1 of [LMOO]:
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forallt > 0,
P(\Hzauz—l\ 22\/§+2§) <2 (3.3.7)
Go

Taking r = Cylogn and union bounding over a € [n] yields: with probability at least 1 —2n-n~0,

i.e. 1 —n~¢ for Cy large enough,

lo
max ||zo|> — 1] < Cy/ —=. (3.3.8)
aeln] d

In particular, on the same event, maxg ||z¢||> < 2 for all large 7.

(1b) Cross term. Conditioning on m, the scalar zgma is Gaussian with

using (3.3.5). Hence for t = Cylogn,
P<|z;ma| > 2\@) <2e7".

A union bound over a € [n] yields: with probability at least 1 —n~¢,

V1
max |z, mg| < c Vo'
aeln) d

(3.3.9)

(1c) Combine. Plugging (3.3.8), (3.3.9), and ||my]||> = r?/d into (3.3.6) gives, with probability

atleast 1 —n—°¢,

1 Jogn 12
max |[xq|? — 1| < C( oenr T Og”+r—>. (3.3.10)
o€ln) d d d

We now simplify the RHS under regimes (A1) and (A2). In both regimes, for large n,

ry/logn < logn_f_ﬁ
d - d d’
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Indeed:

R 2 rv/logn 2
If = > y/logn, then ~—== < %.

e If 2 < \/Togn, then r < (logn)"/4 so f\/lc?@ < (10g3)3/4 < 105" for all large d.

Therefore (3.3.10) implies

logn 12

2

max |[lxg|2 — 1 <c(\/ +—). 3311
ae[iﬁ|‘| allP—1] < - ( )

Finally, convert squared-norm deviation to norm deviation: since ||xq ||+ 1> 1,

[[[xa|* — 1]

1l =
el =11 = T

< |llxall> 1],

so (3.3.11) yields
2

logn r
%ﬁ\nxaﬂ—l\ < C(,/T+Z>. (3.3.12)

This verifies the column-norm part of (7,, B)-orthonormality with 7, as in (3.3.2).

Step 2: Uniform control of pairwise inner products.

Fix o # B € [n]. Expand
x]x—xﬁ = zgzﬁ +z$mﬁ + m;zﬁ +m$mﬁ. (3.3.13)

(2a) Noise-noise term. The scalar zgzﬁ is not exactly Gaussian, but it is conditionally Gaussian:
conditioning on zq,

2
24,26 | Za ~ W(O,@).

On the event maxy [|z¢ | < 2 from Step 1, we have conditional variance < 2/d and hence

2

dt
P(Iz;z/ﬂ >t ‘ za> < 2exp <— —2> < 2exp <—cdt2>.
4|[zall
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Taking ¢ = Cy/™%¢" and union bounding over all o #+ B € [n] (at most n? pairs) yields with
g d g

logn
ezl < Cyf ——. 3.3.14
gl;gkazm < J ( )

(2b) Noise-signal terms. For o # f3, conditional on mg,

probability at least 1 —n~¢,

simy < (00) =4 (0.7).

and similarly mjzg ~ .#'(0,r*/d*). A union bound over all & # 8 gives, with probability at

least 1 —n—¢,

T rv/logn T r/logn
max |z,mg| < C , max m,zg| < C . 3.3.15
a;éﬁl o /3| = d a;éﬁ| o B| d ( )

(2¢) Signal-signal term. Each m equals i\/Lgul or i\/Lauz. By Cauchy—Schwarz inequality,

2
T r
jmomg| < [me|[jmg]| = —.

Hence

r2

-
max |\m, mg| < —. 3.3.16

(2d) Combine. Combining (3.3.13)—(3.3.16) and using the same simplification as in Step 1, we

obtain with probability at least 1 —n~¢,

logn 12
wxgl < C(/——+=). 3.3.17
g%uaxm < < ¥ +d> ( )

This verifies the pairwise-inner-product part of (1,, B)-orthonormality with 7, as in (3.3.2).
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Step 3: Sum of squared squared-norm deviations.

From (3.3.6),
e l® — 1= (lzall® = 1) +22gma + |Ima|*.
; 2 2 2 2
Using (a+b+c¢)” < 3(a”+b"+c*), we get
(lrell® = 1)* < 3(lzall* = 1)* + 12(2gma)* +3|Ima | *.

Summing over o and using (3.3.5) gives

n

n n ,,.4
(Ixal*—1*<3 Y (lzal? - 1)*+12 )} (z}ma)2+3nﬁ (3.3.18)
a=1 a=1 a=1

(3a) Control of Y (||z«||> — 1)%. Set gq := Vdzg ~ A (0,1;) s0 that ||z¢||> = ||g«||>/d and

HgOCH2 ~ xg. Define
Ug := ||ga\|2—d, Xa 1:(Hzoc||2—1)2:—

Then E[Xq] = Var(||z¢||*) = 2/d, hence EY",_ | Xq = 2n/d.
Moment bound. Write Ug, = Y& (E2, — 1) with & ik A4(0,1). For any integer p > 2,

Rosenthal’s inequality (Theorem 3 of [Ros70]) yields
EUa/* < Cp(dEIER — 117+ (dVar(E}, ~1))") < Cpa?, (3.3.19)

where C p,C;, depend only on p (not on d,n). Consequently,

]EU 217 Cl C//
E|Xa|p:_’ o] <z E|Xy —EXq|? < d_Z'

T < o (3.3.20)
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Concentration of the sum. Let Xo = Xo —EXy s0 that EXy = 0. Applying Rosenthal’s

inequality again (now over & = 1,...,n) gives, for any integer p > 2,

"<c (n]E|X1 yf’+(nEX2)1’/2) <c (dz)p/z,

using (3.3.20) and EX 12 < d~2. Therefore, by Markov’s inequality, for any fixed ¢ > 0,

& 2n  n LIPS n E|Y"_, Xq|? Y —p/2
]P( Xo > t—):P( X, >t—><L<C”t PpP/2,
L Xa> Tt O;la_d =" (mnjay —rt "

Taking r = 1 and p large enough (so that p/2 > ¢) yields, for some constants ¢,C > 0,

n
Y (lzal?—1)? <cg with probability at least 1 — . (3.3.21)

a=1

This bound is uniform in (n,d) and in particular covers both regimes n < d and n = O(d?).
(3b) Control of ¥ (z,my)?. Conditioning on mg, the random variable z),mg is Gaussian

N (0,72 /d?), hence (z,mg)? is sub-exponential with mean r?/d?. By the Bernstein inequality,

n 2
(2hme)? c’% with probability at least 1 — 7 (3.3.22)

a=1

(3¢c) Combine. Plugging (3.3.21), (3.3.22) into (3.3.18) gives, w.h.p.,

n 2 4
5 nr-  nr
1) c( —>.
azl Ixal et
This proves (3.3.3) since
([[xal|® = 1)
(HxOCH_l)z (H O;“-i—l)z S (||xa||2_1>2
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Step 4: Operator norm bound.
We bound
1X[I < l|Z][+ || M]].

A standard Gaussian operator norm bound states that for all # > 0,

n 2
> — < _ X
]P’(HZH > 1+ \/;th) < 2exp(—cds?)

Taking t = \/10% yields || Z|| < C(1+ /n/d) with probability at least 1 —n~¢. Since u;,uy

are orthonormal and vy, v; are orthonormal, |M|| = Osxg = r\/75 < Cry/5. Therefore, with

c

probability at least 1 —n™°,

1| < C<1+\/§) +Cr\/g§ c(1 +(1+r)\/g>.

This completes the proof. 0

3.3.3 Properties of CK Matrix

The following intermediary results are necessary to construct the QE in Section 3.3.6.

Proposition 25. Let y; denote the chi distribution with d degrees of freedom. Then, as d — oo,

Epa _ 1, 1
Vd 4d " 30L

- +0(d™).

12843

Proof. It is classical that

B = vaLUE).

r(s)

(See, e.g., [AS64, Ch. 6], [DLM, Sec. 5.11].) Set m := d /2. Then

Blga) _ [2 Dlmty) Llmtsy)
Vd 2m T(m) — T(m)ym ="
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We use the Stirling series for logI" (with Bernoulli numbers), valid as z — oo in |argz| < 7:

1 1
logD(z) = (z— 1) logz —z+ Llog(2m) + — — 0(z™), (3.3.23)

12z 36073

see [DLM, (5.11.2)] or [AS64, §6.1, §6.3]. Write
log O = (logI'(m+ %) —logI'(m)) — %logm.
Using (3.3.23) with z = m+ } and z = m, we obtain

log Oy = mlog(m+ 1) — (m+ %) — (m—3)logm+m
1 1 1 N
12(m+%)  12m 360(m+3)3  360m?

%logm+0(m_5).

The logarithmic terms simplify to

log| 1+ ! !
m — ) —=.
8\ T om) 2

Expanding with the binomial and Taylor series log(1 +x) = x— %2 + %3 +0(*) and (1+x)~! =

1 —x+x* =3 +0(x*), we get

1y 111 1
log(l+—)=r——t-— - Om™
mog( +2m) 2 " 8m T 2am oans O,

and

1 1 P L om
— = — m .
12(m+1)y 12m 24m? " 48m3

1
360(m+%)
remainder begins at order m~*). Collecting terms, we find

Further, the difference — ;13 6ém3 is O(m™*) (since the leading term cancels and the

1 1
logQy = ———+

—4
sm + Toom3 1O ).
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Exponentiating and using exp(u) = 1 +u + % + % +O0(u*) withu = — g+ m, we obtain
1 1 5 4
=1 — .
¢ Sm " 128m2 | 10243 7O
Finally, substituting m = d/2 yields
E[Xd] 1 1 —4
S R I A T/
Vd 4d * 32d? * 12843 +0(d™),
as claimed. U

Remark. The same expansion follows immediately from the general ratio formula

I'(z4+a) ,_ (a—b)la+b—1)
e b(” 2 *)

for z — oo (take a = %,b =0); see [TET51, DLM].

Let us define the null model as

Yo:= %G(WZ), (3.3.24)

where in this case, the dataset is pure standard noise.

Lemma 26. Under the Assumption 3, we know that

Yol 7,

as n,d — oo,

Proof. Notice that E[Y(] = 5—%1;\;1; where C; := E[o(<=w'z)] where z,w S A(0,1y).

S
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Hence,
IE[Yo]|| = vn|Cal. (3.3.25)

Denote & ~ .4#7(0,1) which is independent with w. Applying E[c(&)] =0, E[c’(§)E] =

E[c”(&)] = cg, and a Taylor approximation of & at &, we can get

¢, ZE[G(%HWHQ] ~E[o(£)]

_ / L wll — " 2 L wll — 2
= Blo/ (©)& (Wl — D] +Elo” () (= Iwl - 1))
:cG(E[%HWIH—1)+E[6”(n)52(%HWH—1)2],

for some 1 between & and \/LE ||w||§. Notice that \/Lg |lw|| ~ \/LEJ Xa Where Y is chi distribution

with degree d. Thus,

1 _VAN(3(d+1)) 1 N »
]E[ﬁHwH]— Var(la) _,/1—2d+o(d )=1 4d—i—o(d ). (3.3.26)

Then, we can get

Cal S 5 +E( Pl

1
—wl|-1)? < -,
\/EII | y

where we apply the Assumption 3 and the fact ]E[(\/LEHWH —1)]=2- QE[\/LEHWH] =0(1). O

Lemma 27. Under the Assumption 3, we know that

Blo’ (w0l —bol <

and
El0"(——w'2)] o] S
Va |7

where Z,w ik A(0,1y).
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Proof. Denote & ~ .47(0,1) which is independent with w. Recall that E[o’(&)] = bs and
E[o’(&)E] = E[6”(€)] = c¢5. Similarly to the proof of Lemma 26, we can apply a Taylor

approximation of ¢’ at &:

1 1
Elo'(—=w'z)] — bs| = |[E[0’(—= —E[o’ 3.3.27
|E[ (\/EW 2)] = bo| = [E| (\/—HWHﬁ)] [0°(8)]] (33.27)
< [E[6"(£)E]|- | =ElIwl] — 1]+ [Elo” (m)E [E(— [w] — 1)?
N \/_ Vd
(3.3.28)
S =Bl — 1|+ E(—=ga— 12 S & (3.3.29)
Vi vk S g
for some 1 between & and \/Lg||w||§ Similarly, for 6”, we have
1 1
!E[G"(ﬁWTZ)] —¢o| = IE[G"(WHWH@] —E[c"(&)]] (3.3.30)
1
< |[E[¢” —E —1 3.3.31
< |E[ (71)5(\/3 [liwll] =D (3.3.31)
1 1
SE[6”(n)*E)V2E[(—=xa — DV S —. 3.3.32
SE[e"(n)"¢7 [(\/C—iXd )’] ST (3.3.32)
Then, we complete the proof. [
Lemma 28. Consider g ~ A (0,1y). Then we have ||g|| < v/210gN.
Proof. Apply Proposition 2.7.6 of [Ver18] and use the fact that E[[|g||-] = E[max;cy [gi]]. O

Lemma 29. Consider a matrix M € RY*" and two vectors a € RN, b € R". We have the
following identity
M® (ab") = diag(a)M diag(b).

This is a classical linear algebra result, so we will omit the proof here.

Lemma 30. Assume o is globally L-Lipschitz: |6(a) — o (b)| <
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. . e o2
exist absolute constants C,c > 0 such that for every t > 0, with probability at least 1 —6e™"",

Hﬁ(c(WZ)—E[a(WZ)])H < CL(H—\/g%—ﬁ) (1+ %+ﬁ)

Proof. Letz; € R? denote the jth column of Z and define

1
Yo=—=0(WZ)eRV",  m:=FEy_y01,), zor (01,0 W' 2)].

VN

By exchangeability, EYy = \/ﬂﬁ Iyl .

Firstly, condition on Z. Define p(Z) € R" whose entries are
Wi(Z) =By rorylow'z)],  j=1....n
Then each row of ¥ has conditional mean g (Z) ", hence
Bw[¥o| 2] =~ lvu(2)"
w 0 - \/]T[ N .

Write

1Yo —EYo| = \H (Yo—Ew[Yo | Z]) Hﬁ\” (Ew[Yo | Z] - EY)) }|J. (3.3.33)

T Ib)

We then control 77 and 75 separately.

Step 1: Bound 75 (fluctuation of the conditional mean). We have

B | () - | = @ -,
Define u(z) := Ey[o(w'z)]. For any z,7/ € R?,

u(z) — (@) <Ewlo(w'z)—o(w'Z)| <LE,|lw' (z—2)| = L\/%I!Z—Z’Hz-
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Thus u(-) is (Ly/2/m)-Lipschitz. Write z; = gj/\/g with g; ~ .47(0,1;). Then f(g) :=
1(g/+/d) is Lipschitz with constant O(L/+/d). By Gaussian concentration for Lipschitz func-
tions (e.g., Chapter 5 of [Ver18]), each coordinate u(z;) —Eu(zj) = p(z;) —m is subgaussian

with subgaussian norm

L
[1(z;) —ml|y, gcﬁ.

Since (z;) are independent across j, the coordinates of pt(Z) —m1, are independent subgaussian.
A standard concentration bound for the Euclidean norm of an i.i.d. subgaussian vector (e.g., see

Sec. 3.1 of [Ver18]) yields: for every ¢t > 0, with probability at least 1 — 26*“2,

L n t
= ||u(Z)—m1n|]2§Cﬁ(\/ﬁ+t):CL<\/£+W>. (3.3.34)

Step 2: Bound 7 (fluctuation around the conditional mean). Let
A:=c(WZ)—1yu(2)".

Then Ty = ||A/+/N||. Conditional on Z, the rows A; € R" are i.i.d. (over rows w; of W) and

mean-zero. Fix any x € S"~! and define the scalar function of w € R?
n
F(w):=Y xjow'z))=x'oc(w'Z) €R.
j=1

Then A x = Fy(w;) — E[Fy(w;) | Z]. Moreover, Fy is Lipschitz with constant at most L||Z||: for

any w,w,

n n
|Fx(w) —Fe(wW)| < Y |xjllo(w'zj) oW Tz))| LY |xj||(w—w') "zl
j=1 J=1

< Llxl2-1Z" (w—w)l2 < LIZ|| [w— w2,

since ||x||» = 1. Therefore, by Gaussian concentration for Lipschitz functions, conditional on Z
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we have for all u > 0,

2

P(|A,Tx| > u)z) < 2exp (— cﬁ) (3.3.35)

Now fix x € S" ! and y € S¥~!. Then

N
(Ax,y) =Y yi(A]x)
i=1

is a sum of independent (over i) centered subgaussian random variables. Using (3.3.35) and

|l¥|l2 = 1, we obtain the conditional tail bound

2

z) §2€Xp<— “ ) (3.3.36)

]P( Ax,y)| > v
(Ax.9)] > 0 .

Next, take 1/4-nets .4, C S"~! and Ay C SV~1 with [4,| < 9" and | 45| < 9V. By the

standard net reduction for operator norms, one has

|lA] = sup (Ax,y) < 2 max (Ax,y). (3.3.37)
xeSr—1, yeSN-1 xeNn, YENy

Combining (3.3.36)—(3.3.37) with a union bound yields, for any u > 0,

2 u?

u
IP’(HAH > u c—) §26Xp<(n—|—N)log9—c—>.
L?|z|]? L?|z|]?

z) <2| A | x| exp

Choosing u = CL||Z||(/n+ v/N + 1) and taking C large enough (absorbing (n+ N)log9) gives:

for every t > 0, with conditional probability at least 1 — 2e‘C’2,

IA|l < CL|Z||(Va+VN+1), hence Tj= H%H <cL||z| (1 + \/%+ ﬁ)

Since the bound holds conditionally on Z with failure probability < 2e‘“2, it also holds uncon-

ditionally.
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Step 3: Bound ||Z|| and conclude. By the norm bound for Gaussian matrices, with probability

n t
Z §1+\/j+—.
L

On the intersection of the three high-probability events (3.3.34), the 77 bound above, and the

2
at least 1 —2¢~ <",

|Z|| bound, we get

Z|=

TISCL(l—F\/g—l—é)(l-i—\/i—i—ﬁ)
nea(fy i) <linyas @0 )

and then (3.3.33) yields the desired bound. A union bound over the three events gives total

1

failure probability at most 6e~ ¢ 2, which completes the proof. [

3.3.4 The z-transform and the T-transform

Let v be a compactly supported probability measure on [0,00) and ¢ € (0,0). Recall for

s € R such that 1 +As # 0 for all A € supp(V),

1 A . 1 A2
2(s) =~ +¢/ T 7s v(da),  Z(s)=5- ¢/mv(d/l), (3.3.38)
the alignment map
o(s) = —SZZ(S), (3.3.39)

and the additive transfer function

(3.3.40)

Lemma 31. Let v be a compactly supported probability measure on [0,00) and let ¢ € (0,0).
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Let u = pgﬂj X v be the deformed MP law, and define its companion probability measure

fi=¢u+(1-9)d.

Let my(z) = [(x—2) "' u(dx) and mg(z) = [(x —z) ! fi(dx) be the Stieltjes transforms, defined
on C\ supp(u) and C\ supp(ft) respectively. Then for all z € C\ (supp(u)U{0}),

my(z) = ry(z) = T+¢mu(2)‘ (3.3.41)
Define the set of singularities
T = {0}U{—1/A: A €supp(v)}.

Fors € C\T, z(s) and 7 (s) in (3.3.38) are well defined.

Then, we have

(i) Forany real A € R\ supp(fi), the quantity s := my(A) belongs to R\ .7 and satisfies

A =zs), and Z(s) > 0. (3.3.42)

Equivalently, since supp(l) and supp(il) may differ only at {0}, the same conclusion
holds for any real A € R\ (supp(u) U{0}) with s = iy (A).

(if) Conversely, if s € R\ T satisfies 7' (s) > 0, then A := z(s) belongs to R\ supp(fi) and
mg(A) =s.

Moreover, let I be a maximal open interval contained in R\ 7 on which 7' (s) > 0. Then z is

strictly increasing on I and maps I bijectively onto a connected component of R\ supp( 1)
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(an exterior component or an internal gap). Finally, every nonzero boundary point A, # 0

of supp(ft) can be written as A, = 7(s,) for some s, € R\ 7 satisfying 7' (s,) = 0.

Proof. This is exactly the classical result of Silverstein—Choi (Theorems. 4.1-4.2 of [SC95]);
see also Proposition 8 in Appendix A.2 of [WWF24]. [

Lemma 32. With the same notation as Lemma 31, recall the T -transform defined by (3.3.40).

For any real A € R\ (supp(u) U{0}), let s = iy (A) = mp(A). Then A = z(s) and
Asmy(A) = T(s). (3.3.43)

Proof. Since A # 0 and s =71y (A) = % + ¢my (L), we can solve for my (A):

1 —1
mu(l):$<s—¢T>.
Therefore
1 —1 As2—(p—1
lsmu(l):ls-$<s—¢l ): i (¢¢ )s‘

By Lemma 31(i), A = z(s), so the right-hand side equals T'(s) by definition. This proves
(3.3.43). [

Lemma 33 (Strict monotonicity of 7 on each analytic branch). On any real interval I C R that
does not cross a pole s = —1/ A with A € supp(Vv), the function T is C' and strictly decreasing:

T'(s) <0, sel. (3.3.44)

Hence, T is invertible on this interval.

Proof. For s € I, we define

12

I(s) ;zfljmv(d/l), h(s) ::/mv(dl).

142



Then I; € C'(I) and I;(s) = —L(s). Using T(s) = —s+s°I;(s) (equivalent to (3.3.40) and
(3.3.38)) we compute
T'(s) = —1 4251 (s) — s*I(s). (3.3.45)

Let F(A) := ﬁ Then I, (s) = Ey[F] and I(s) = E, [F?]. Hence

T'(s) = —142sE[F] — s’E[F*] = —(1 — sE[F])* — s*Var(F).

If v is not a single atom, then Var(F) > 0 for all s € I, so T’(s) < 0. In the degenerate atomic

case, T’ < 0 still holds since (1 —sE[F])? > 0. This proves (3.3.44). O

Remark (Relation to the classical D-transform in [BGN12]). If one defines
D(A) := Amy (M), (A) (3.3.46)

then by Lemma 32, D(A) = T (s) whenever A = z(s) and s = i1, (4). Thus all additive outlier
equations BD(A) = 1 are exactly BT (s) = 1 in z-coordinates. This D-transform and BD(A) = 1
are used by [BGN12] to characterize the outlier singular values in additive spiked random matrix

models.

Lemma 34 (Closed-form inverse of T for a shifted MP bulk). Fix y € (0,0) and let b% € [0, 1].
Define the shifted MP law

vi= (1-bg)+bzpy"

and define, for any s € C\ {0} such that 1 + As # 0 for all A € supp(V), T transform defined by

(3.3.40) can be written as

T(s) = —s+s2/ lfhv(dzl). (3.3.47)

Let myip,y () denote the Stieltjes transform of plll\,/IP.
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(i) (Closed form of T in terms of myp ) Let

1+ (1—h2
E(s) = +(b2s o)$ (3.3.48)
Then
1
T(s) = —b—zme(&j(s)). (3.3.49)

Ifbs =0, then T(s) = —s/(1+3s).

(ii) (Exact formula for T~') Let t € C be such that the denominator in (3.3.50) below is

nonzero. Define

t(1—ybit)
14 (1—wb3 )t — wbi (1 —b3)1%

T7Yr) = — (3.3.50)

Then T(T_1 (t)) =t. In particular, on any real monotone branch of T (e.g. s <0), (3.3.50)

is the functional inverse of T.

Proof. Write o := 1 — b2 and B := b2 for short, so that v = o + 8 pvl\,’IP. Let X ~ p}l\,’[P and set

A =a+ BX. Then

A p
/1+Asv(‘m - E[#ﬁm}

Now note the following exact algebraic identity:

a+px 1

1
1+s(o+pX) s( _1+s(oc+[3X)>' (3:3.51)

Taking expectations in (3.3.51) gives

/13%””%(“@@])- (3.3.52)
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Insert (3.3.52) into the definition (3.3.47):

T(s) = —s+s2-§<1 —E[MD - —s+s—sE[m .
Hence
T(s) = —@[ﬁ] (3.3.53)

Now rewrite the expectation in Stieltjes form. Factor out sf3:

1+sa+s[3X:s[3<X+l—;Bsa> :sﬁ<X—<— l—l—[gsa>>'

Therefore

E[ﬁ] :éE[x_;g(sﬂ’ () =5

By definition of the MP Stieltjes transform, E [)(%5] = mmp,y(§), so

1 1
E [m] = E mMPw(g (S)) .

Plug this into (3.3.53):

T(s)=—s" %mMP’W(ﬁ (s)) = —%mMP’w(é(s)).

Recalling B = b2 and & (s) = —(1+ (1 —b2)s)/(b2s) gives (3.3.49).

Lemma 33 shows T is invertible on certain intervals. Let = T(s). By (3.3.49), this is

equivalent to

mmp (& (s)) = —PBt. (3.3.54)
Set m := —Bt. For MP, m = mwp (&) satisfies the exact quadratic identity
vEm +(E+y—1)m+1=0. (3.3.55)
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Solve (3.3.55) for & in terms of m:

1+ (y—Dm

(l//m2+m)§+(l//—l)m+120 = &= ()

Thus, with m = —t,

E=— = (3.3.56)

By definition of &(s),
14+ os
() =~
Hence, we have
1
§=————.
o+ Bé

Substituting & from (3.3.56) yields the claimed closed form

N t(1—ypr)
L+ (1—yP)t—yB(1—p)r*

S =

Recalling B = b2 proves (3.3.50). Let s = T~ !(¢) given by (3.3.50). The above computation is
reversible: from 7 we obtain & via (3.3.56), then s vias = —1/(a+ B&), and finally myp y (&) =
— Bt by construction. Plugging into (3.3.49) gives T'(s) = —(1/B)mwmp,y (&) = t. This shows

T(T~'(t)) =t whenever the algebra is well-defined. O

3.3.5 Centered and Normalized GELU

Let & ~ .47(0,1) and denote the standard normal PDF and CDF by

0(x) = e P2 B(x) = /_xooqo(t)dt.
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The GELU activation function [HG16] is

g(x) :=xP(x).

We construct a centered and normalized version of GELU (w.r.t. &) by

1 :=E[g(S)], Vézy := Var(g(§)), o(x) =22 "F%

Then E[c(&)] = 0 and E[o(£)?] = 1 by construction.

Assumption 3 is satisfied for o (&).

A direct calculation gives

g =2 +xp(x), ') =02-)owx), V=

Since 0 < ®(x) < 1 and |x|¥¢(x) is bounded for any fixed k, we have

sgp{lg’(X)I, ")), 8% ()]} < oo

(3.3.57)

(x3 —4x)@(x).

Hence the same holds for ¢ (with an extra factor 1/v,). Therefore o satisfies Assumption 3.

Compute the centering constant i, = E[g(&)].

We have

~E[E®()] = [ x®(x) pla)dv.

Using ¢ (x) = —x@(x), we write x¢(x) dx = —d@(x) and integrate by parts:

e = [ @(x)x0(x)dr =~ [ D) dolx

= [cb(x)(p(x _m+/<p )dP(x /fp
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. 42 .
Since @ (x)? = %e **, we obtain

1
U= | ——e " dx= —n\/fz —— (3.3.58)

Compute the variance v; = Var(g(&)).

Let
mag = Elg(£)?) = E[E2D(E)?] = /R PD(x) 20 (x) dx.

Define the antiderivative

V(x) = /_xmtz(p(t)dt.

A standard identity gives V (x) = —x¢(x) +®(x) (differentiate to check V' (x) = x?¢(x)). Inte-

grating by parts with u = ®(x)? and dv = x> @(x) dx yields

o = [PV - / V(@) d(@()?)

—1—2/V )P(x) @ x—1—2/ —x@(x) +P(x))P(x)p(x)dx
= 1+2/x(I) dx — 2/ d(x
The last term equals E[®(&)?]. Since U := ®(&) ~ Unif(0, 1), we have

/ B(x)2(x)dx = E[UY] = 1. (3.3.59)
R 3

. 2
For the mixed term, note ¢(x)? = 5-¢*, hence

/Rxcb(x)(p(x)zdx: %/Rxcb(x)exzdx.
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Integrate by parts with u = ®(x) and dv = xe ™ dx (so v = —%e’)‘z and du = ¢@(x)dx):

/Rx@(x)e_xzdx: [—%CD(x)e_xzr_om+%/Re_xz(p(x)dx

1 —XZ 1 —X2/2 1 / -3 2 2
=— [ e —e¢ dx= —— [ 3 /24x
2/R V21 221 JR

1 2r 1
227V 3 23
Therefore
/xcp(x) (x)?dx = L (3.3.60)
R ¢ 2r 2V/3  4nV3 o
Plugging (3.3.59)—(3.3.60) into the expression for m; ¢ gives
! + ! (3.3.61)
my = — . 3.
2873 2713
Finally, by (3.3.58) and (3.3.61),
V2 = Var(g(€)) = my o — 2—1—}— L L (3.3.62)

Numerically, v§ ~ 0.3456440110 and v, ~ 0.5879149692.

Compute bs and cg.
Recall your definitions by =E[c6'(£)] and ¢ = E[c”(&)]. Since o (x) = (g(x) — lg) /.

centering does not change derivatives and we have

g'x) _ P(x)+x0(x)
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Hence

b =E[0(6)] = . BIO(E) +E0(E)] = - (BI(E)] + EEQ(E)]) = -5 = 5., (3363)
g 4 4 4
o =Blo"(§)] = S E[2-E)9(&)] = - [ (2~ P)p(xPdx (3:3.64)
Vg ve JR
To evaluate the last integral, use ¢ (x)? = ﬁe”‘z and the standard Gaussian integrals [ e dx =

/T and foze_xz dx = ‘/T%:

/R(Z—xz)qo(x)zdx: %/R(Z—xz)e_xzdx: %(2\/_—?> = %

Plugging back into (3.3.64) yields

1 3 3

=—- = . 3.3.65
ve 4T 4Ty, ( )

Co

Numerically,

bs ~ 0.8504631217, ce ~0.7197336517.
Therefore, GELU does not spike in Theorem 5(ii) since T < Tcrj¢ and /¥ (% — b%,) < b%,.

3.3.6 Quadratic Equivalence for Proportional Limit

Let us recall the null model:

and QE model of the random feature matrix on XOR dataset:

OsnrD 02\ R C
Yop =Yg+ R0 (glvlT +gv) ) 4 SNRZO (g?%?ﬂ +g§2v§ﬂ> ,

VN VN
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where g, = Wuy, g, = Wuy, and Osng 1= 1y, 3

Proof of Proposition 35. In this proof, we aim to prove a more precise statement:

Y —Yog| < n~ V4 (3.3.66)
Let us define
._ OsnrOs T T QSZNRCO' ©2,,02T ©2,,02T
YqE = YO+W(81V1 +gzvz)+W(81 Vit g (3.3.67)

where g := Wu, and g, := Wuy. Assume that r = O(n]/4). Then, under Assumptions 3 and 4,
we can show that

1
1Y Yol < 7. (3.3.68)

Recall that Y = \/LNG (WZ+WM) where Z and M are defined by (3.2.6). Then, we can

take Taylor approximations for each entry of ¥ around Y:

1

1
Y=Yo+—=0'(WZ)o (WM —=0
o+ =0/ (WZ) & (WM) R

7 (WZ) o (WM)*2 +

1 " " ®3
+——=0 O)o(WM)-~,
N (©)© (W)
(3.3.69)

for some random matrix ® € RV*" such that ©;; is between [WZ]; ; and [WX]; ; for all i € [N]
and j € [n]. Notice that

WM = 6snr(g,v] + 855 ), (3.3.70)

and g,,8, ik A4 (0,1y). By the definitions of v and v, € R", we have

(WM)P? = 04\ (87 V72T + 85257 + (810 8) (vi ©v2) 1) = 04\ (87v7T +852v52T).

(3.3.71)

151



Thus, from (3.3.69), we have that

Elo’(L-w'z)]6 Elo”"(Lw'z)]62
Y=Y+ —Yd i " (i +gavi)+ f N S (g i g5t
(3.3.72)
1 " ®3 L / . /
HEYo] + 50" (€) 0 (WM™ (o' (WZ) ~Elo/(WZ)) o (WM) (3373
L " . " ©2
oo ' WZ) ~Elo"WZ)) o (WM), (3.3.74)

where z, w Sy (0,1;). Next, we address the terms on the right-hand side of (3.3.74) individu-
ally.

(a) Since ||6”]| = O(1), we have that

|simo" @0 wmM)?| 5 6°| o @) i il gl

X 19l o
—3/4 3
S oo (@) el

1
<7 (3.3.75)

where we apply Lemmas 28 and 29.
(b) Next, notice that

1

IIW(G'(WZ) —E[0’'(WZ)]) © (WM)|

( '(WZ) —E[c'(WZ)])||- Osxr - (l|g1[|e=[[V1]le + [ 82l IV2]le)  (3.3.76)

aT

< “1/4 (W2 B W) <

where we utilize Lemma 30 in the last line since ¢’ is Lipschitz.
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(c) Analogously, we have that

(0" W2)~Elo W2 (W) < -

(d) Lastly, we apply Lemma 27 to obtain that

GSNRb 92 c _
Y=Y+ % (g1v] +8yv] )+ —SNRT (902 02T 4 gE2y02T) L O (n /4.

VN 2VN
(3.3.77)

Combining all these together, we proved (3.3.66). Then, if ||Y||,||¥Y gg| < 1, we can conclude
that

|IK — Kqg|| < n~'/*

and they have asymptotically same outlier eigenvalues and eigenvector alignments. [

Remark.The adove proof can be extended to the case when ¢ (x) is a piece-wise linear function
defined by

ax+b, x>0,
o(x) =

cx+b, x<0,

for some constants a,b,c € R such that (3.2.2) holds. In this case, instead of taking Taylor

approximation, we need the Hermite decomposition of ©.

3.3.7 Proof Strategy for Main Results

Before proceeding to the main proofs, we briefly outline the strategy. Recall X =Z + M,
where M is a rank-2 XOR signal and Z is isotropic noise. The main idea is to decompose the CK
into a bulk component (driven by Z) and low-rank signal components (driven by M). We first

identify any uninformative spikes, then analyze the signal-induced spikes by improving standard
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tools from random matrix theory [BGN12].

In the proportional limit, for Theorems 5, 7, and 8, we expand 6(W (Z+ M)) around WZ
and retain Hermite components of ¢ up to second order. This yields a bulk term o(WZ) and a
low-rank spike decomposition for Y. Let Yo = -~ 6(WZ) and 65, = r\/% . Consider Gaussian

VN
random vectors g, = Wuy, g, = Wu,. Theorems 5, 7, and 8 repeatedly use the following QE:

GsnrbO' T T 92 Co 2.02T 2.,02T
Yor =Y +—< v 4 g,V )+&< ©2,02T | g®2,,0 ) 3.3.78
QE 0 \\/]V 81V1 T &2 \/N 81 Vi 8 V; ( )

T (linear spikes) T, (quadratic spikes)

Proposition 35 (QE for XOR in Proportional Regime). Assume r = O(n'/*) and Assumptions 3
and 4 hold. Let Yqg be (3.3.78). Then, in probability,

Y —Yqe|| — 0. Consequently, if
1Y, 1¥oEll <1, then K =YY and Kok = Y(EEYQE have asymptotically matching outlier

eigenvalues and eigenvector alignments.

After this proposition, we can analyze informative spikes from T'| and T, although we
have to carefully consider the uninformative spikes from the null model Y ¢, which gives more
technical difficulty. The magnitude of T scales like 8s,:bs, while T, scales like 02 .cs/ /7.
For finite SNR (or when c¢s = 0), the quadratic spikes T, are negligible relative to the bulk.
In this case, only the linear spikes in T| contribute; but these are uninformative for linear
clustering. In the large-SNR regime (with cs # 0), T, becomes comparable to the bulk. Then
sincey € span{v?z, vgz}, the corresponding outlier eigenvectors become label-informative.

In Section 3.2.6, due to the additional assumption of ultra-wide scaling N >> n, the random

kernel concentrates around a deterministic quadratic polynomial kernel, which depends solely on

the first two Hermite coefficients of 0. In particular, we have the following concentration result:

Proposition 36 (Concentration of CK for Quadratic Regime; informal). Let a2 = 1—b% —c% /2.

Assume that 2n/d*> — vy € (0,%0) and n*> /N — 0. Under Assumption 3, we have that

HK— (a2P+b2X X + % (x"x)o (x7x)) H L) (3.3.79)
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3.3.8 Proofs for Finite-SNR and Proportional Limit Regime

In this section, we present the proof for Theorem 5 when we consider proportional limit

and finite SNR regime. In this case, the rank-two XOR signal satisfies

n
M = Osnr (u1v1T+u2v2T), OsNR (= ry/ ﬁ — 14/ %

Furthermore, we know that both u;,u; € R? and vi,v2 € R" are deterministic orthonormal

vectors satisfying

1
v v, =0, lvi|l = [[v2] = 1, u'vi=u'vy =0, u=—~. (3.3.80)

v

Recall that Z € R¥*" have i.i.d. .#(0,1/d) entries, and W € RV*? have i.i.d. .#/(0,1)

entries, independent of Z. Recall the null feature matrix

1
Yo= —G(WZ),

B

and its columnwise conditional mean
m:=E[oc(w'Z)|Z] eR",
whose entries are
m;=F(||zj%), F(s):=Eewronlo(VsE)], Jjeln).

Here z; denotes the j-th column of Z, and w ~ .47(0,1,) independent of Z. Notice that condi-
tioning on Z, Y has independent and identical distributed rows. However, when cs # 0, the
mean of rows in Y, m, is not vanishing which will potentially give us some uninformative

spike, see [BP22, WWF24]. Hence, we fist need to subtract the mean vector m to make all rows
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centered and to apply theorems in [WWZF24]. Then we consider the effect the mean vector m.

Define the centered null feature matrix by

1
G =Y,— —NleT (3.3.81)

v

and the null model of CK matrix by
Ko:=G'G.

3.3.9 Analysis of the Population Covariance Matrix

Conditional on Z, the rows of G are i.i.d. centered vectors in R”. Letg ' :=o(w'Z)—m "'

for w ~ .47(0,1,) independent of Z, and define the conditional population covariance
r:=FE[gg' |Z] e R™". (3.3.82)
Lemma 37 (Approximation of £). Let S := Z" Z. Under Assumptions 3 and 4, we have
2
T = (1—b?,)1,,+bf,S+7"(S®2—In) +Ry, (3.3.83)

such that ||Rg|| = Op(n='/?).

Proof. With Lemma 5.2 of [WZ21] and Lemma 24, we have
2 2 C%r ©2 2 Q@3 -1/2
L= (1-b3)l,+b=8+ E(S —1,) +d5(8° —1I,,) + Op(n~"/?),
where d 1s the third-order Hermite coefficient of 6. Note that under event of Lemma 24,
1(Z72)** ~ 1| < ||diag((Z7Z)*3 —1,) || + ||offdiag(Z"Z) ** ||

< max||zq®—1|+n- max |z4z5]° < C(1,+n7,) <2Cy/(log’n)/n (3.3.84)
a€[n] a#PeE(n]
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for some constant C > 0. This completes the proof. O

Lemma38. LetS=Z"Z and u=1,/\/n. Then

§2_J, = guuT VEy,  |Es| =op(1). (3.3.85)

Proof. The proof is directly derived from the proof of Theorem 2.1 of [EK10], where $°2 is the

quadratic term in the Taylor expansion of the inner-product kernel of Z. 0

Corollary 39. Define

To:=(1-b3)1,+b5S,  T:= LN ui= 21 (3.3.86)
0= on o .—2d 21[/, .—\/ﬁ. .
Then
T=Xo+tuu' +R,  ||R|=o0p(1). (3.3.87)
Moreover the limiting ESD of Xy (and of ) equals
v=(1-bg)+bgpy". (3.3.88)

Thus, the right edge of v is AY = (1 —b%) + b3 (1 + /W)~

Proof. Combine Lemma 37 with Lemma 38 and absorb all op(1) terms into R. The rank-one
term Tuu ' does not change the limiting ESD. The limiting ESD of £ = (1 —b2)I +b2Z' Z is
the shifted MP law v in (3.3.88). []

3.3.10 Analysis of Spike in Population Covariance

Lemma 40 (Population outlier from X+ tuu'). Let A := o and consider A+ tuu'. For

T > 0, any deterministic limit point A; > A of an isolated eigenvalue of A + Tuu' must satisfy

1+ Tmy(As) =0, (3.3.89)
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where my is the Stieltjes transform of v. Moreover, such a solution exists iff

T> Toic 1= b2VY (14 V). (3.3.90)
Proof. For any A ¢ spec(A), the rank-one perturbation identity gives
A €spec(A+tuu')\spec(Ad) <= 1+tu' (A—AD) 'u=0. (3.3.91)

Write A = (1 —b2%)I +b%S with § = Z" Z. For 2 > AY + k (fixed & > 0), define

gi= 22U Ve) s 1 g er,

so that

(A-AD"' = biz (S—¢nt.

The isotropic MP local law [BEK ™ 14] yields, uniformly for such ¢,

u' (S— D) 'u=mupy({) +op(l),

hence

u' (A—AD"tu= bizmMPJI/(C) +op(1) = my(A) +op(1). (3.3.92)

Define F(A) := 14 tmy(A) for A > AY. Since my(A4) < 0 and is strictly increasing on (1), ),
F is strictly increasing and limy ., F(A) = 1. Thus a solution exists iff F(1}) <0, i.e. 7>

—1/my(AY). Atthe MP edge, myp y ((1+/¥)?) = —m. Using my (1) = émMp,w(C),

at A = A} we get

1
AY) = — .
my(A) by Y(1+ V)
Hence the critical 7 is Ty = —1/my (1)) = b2 /W (1 + /), proving (3.3.90). o
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Lemma 41 (Closed form for A; when V is shifted MP). Let v = (1—b%) +b%py!* and assume

T > Terit. Then the unique solution Az > LY of 1+ tmy(Az) = 0 equals

Ae=(1—B2)+1+ Ll (3.3.93)
T _— G T _ bzo-w. . .
Proof. Write A = (1 —bg) +bg{. Then my(A) = rmmp y(§), and
b2
mMPJI/(C) = —76. (3394)
The Stieltjes transform m = myp,y () satisfies the quadratic equation
vim*+({+y—1)m+1=0. (3.3.95)
Solving (3.3.95) for { in terms of m yields
1 —1 1 1
o 1Fy=lm_ 1, , (3.3.96)
m(1+ ym) m 1+ym
Substitute m = —bg/’c from (3.3.94) into (3.3.96):
¢ = T n 1 T n T
b2 1—wybi/t  bE T—ybi'
Therefore, we have
Ae=(1—b2)+b2L = (1—b2 b
T_( - 6)+ c —( - 6)+T+T—b%.l/!7
which is (3.3.93). Uniqueness follows from strict monotonicity of my(A4) on (A} ,00). O

Corollary 42 (Subcritical case: no population outlier). If T < T, then X has no isolated

eigenvalue outside supp(V) and Amax(X) = AY +op(1).
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Proof. If T < Ty, then Lemma 40 shows the limiting secular equation has no root in (1}, o).
Using (3.3.91)—(3.3.92) and [BS98], no separated eigenvalue exists and Amax (Z) = A +op(1).

]

3.3.11 BBP Transition for Null Model

Let z, ¢ be defined from (v, ¢) by (3.3.38)—(3.3.39) where v is defiend by (3.3.88). In
this section, we analyze the uninformative spike of K derived from the potential spike in the

population covariance matrix X.
Lemma 43 (Bulk of K\ and multiplicative BBP outlier from Az). Let Ky = G'G.

(i) (Bulk.) The ESD of Ko converges weakly in probability to i = pgﬂj Xv.

(ii) (BBP for covariance outlier.) If T > T, let A be the population outlier of X in (3.3.93).
Then:

1 1
If additionally 7 ( > >0, K has a separated outlier at QLT = z( — —) +op(1),

Aq Aq

where Az lies in a connected component of R\ supp(u). If 7/ (—1/A;) <0 or T < Ty, the

corresponding eigenvalue sticks to supp(u) and K has no outlier.

(iii) (Alignment.) In the separated case, if V¢ is a unit eigenvector of K associated to A, then

viu? 5 ( A%) (3.3.97)

In general, any fixed unit vectors v € R" (potentially Z dependent),
~ 1
BIvP? - <p( . A—) w2 B oo, (3.3.98)
T

Proof. This lemma is an application of Theorem 12 of [WWF24]. It suffices to verify Assump-

tions 5 and 6 of [WWF24]. Assumption 6 is verified by Lemmas 40 and 41, and Corollary 42:
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¥ has bulk law v and at most one population spike A; (in the u direction), present iff T > ;.

Notice that from Corollary 3.5 of [WZ21], we have
g§'Ag—TrAZ < |A|F,
for any deterministic matrix A € C"*". Then, Assumption 5 can be verified based on Lemmas

32, 33, and 34 in [WWF24]. We ignore the details here for simplicity. [

3.3.12 BBP Transition for Rank-three Additive Deformation

First, we prove that, in the finite-SNR regime r = ©(1), the explicit quadratic term in

Proposition 35 is negligible.

Lemma 44 (Finite-SNR: the explicit quadratic spike is negligible). Assume r = (1) and the

assumptions of Proposition 35. Recall

OARC
Ty = B (g7 g5

Then ||T2|| = O<(n~'/?). Furthermore,

YoE|| < 1 and
[(Yor —T2) " (Yqr — T2) — Y e¥ o[ <n /2.

Proof. We bound
2

|62 ol
T2 < RN g2 vl

VN &
Since g ~ ¥ (0,1, 821> = £V, gt = O~(N), hence [|g5%] = O~ (/). Also 2P =
1 vjj = 2/n for XOR sign vectors, so Hv?2|| — /2/n. Therefore || T5|| = O<(n~/?).
By Lemmas 26 and 30, we have 6(WZ)/+/N < 1. And since g,,g, < v/N and ||v{| =

|v2|| = 1, we have that Y gg < 1 by the definition of ¥ gg in (3.3.78). The Gram difference bound
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follows by expansion:
(Yoe—T2) (Yoe—T2) — YYo= ~Y T2~ T7 Yqe + T, T,

hence, applying ||Y gl < 1 and || T2 = O<(n~'/?) we can get the final result. O

In the next proposition, we demonstrate that, in addition to the potential spike in G
characterized in Lemma 43, the matrix ¥ may exhibit further potential spikes arising from a

rank-three additive perturbation of G.

Proposition 45 (Rank-three additive deformation of G). Assume r = ©(1). Define

1 Osnrbs (T T
Yi=G+—1ym' + v +8vy). 3.3.99
\\/]T[ N \ \/N (gl 1 82v) )J ( )
mea;gpike two XOR B;ear spikes

Denote a new kernel matrix by K ©.= YY" Then
Y —Y*| <n~Y*  andhence  ||K—K*|| <n"'/4. (3.3.100)

In particular, all the isolated eigenvalues and their eigenvectors of K and K “ are asymptotically

the same.

Proof. By the proof of Proposition 35 and Lemma 44, in finite SNR, we can further drop T, to
get ||Y —Y*¥|| < n~ /4. From the proof of Lemma 44, we also know that ||¥ ||, ||¥ qgl|, ||¥*|| < 1.

Hence we have
IK—K*| =YY =Y TY?)| <||Y —Y?||(|Y||+|[¥*]) < n~ /4,

which implies asumptotic matching of isolated eigenvalues/eigenspaces by Weyl’s inequality

and Davis—Kahan Theorem [DK70, Wed72]. L]
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Orthogonal Decomposition of Weight

Next, to analyze two XOR linear spikes in (3.3.99), we need to make bulk matrix G

independent with the vectors g, g, by the following decomposition.

Lemma 46 (Orthogonal decomposition and independence). Let P| :=1,; — u1u1T — 142142T and
define

W, =WP,, 81 =Wu, 8 =Wuy.
Then:

i) W=W, +gul +gu.
(ii) g,,8, are independent N (0,1y) vectors and are independent of W | .

Proof. For each row w,T of W, decompose in R?:
— (T T
w; = (w; up)u;+ (w; up)uy + P, w;.

Stacking over i yields W =W | + glulT + g2u2T . Since w; ~ .47(0,1,), the scalar components

T T

w; uj, w; up, and the vector P w; are independent Gaussians because they are orthogonal linear

functionals of a Gaussian vector. Stacking over i gives independence of g;,8, and W | . [

Lemma 47 (The null bulk is asymptotically independent of g;,8,). Define

- 1 _ _ _ ~ -1
YO:ZWG(WLZ), m:=E[c(w' Z)|Z], w~ ¥ (0,P)), G::Yo—ﬁleT.

Then
|m—m||,||G—G|| < 1/VN, (3.3.101)

and G is independent of (g,,8,)-

Proof. By Lemma 46,
WZ=W.Z+g (uZ)+8u,Z).
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Lett| :=u/Zandt, :=u, Z. Each t; € R" has i.i.d. .#'(0,1/d) entries and is independent of
W.SetA:=W,Zand A:=gt| +g,t),50 6(WZ)=0(A+A)and (W Z) = 5 (A).
Following the same proof of Proposition 35, we can entrywisely a apply the following

Taylor approximation, with a = A;;, 6 = A;;, bounded o) gives

o(a+8) = o(a)+ ()5 + %c"(g-)az

for some & between a and a + 8. Therefore

Yo—Yo=—~(c(A+A)~0(A)) =T +T>,

é_

where

First, we have

1Tl < —= Y I diag(g:)|l o' (A)] || diag(e:)| < 1/v/n.

f Z |
where we apply Lemmas 28 and 29, and ||6’(A)|| = O (v/N) because ¢’ is bounded and A has
i.i.d. bounded sub-Gaussian norm of rows. Similarly we have || T, || < 1/+/n since ||6”; (E)|| =
O<(1). A parallel argument applies to the conditional mean vectors, giving |m —m| < 1//n

since ||m — m| < E[||¥o — Yol||Z]. Therefore we complete the proof. O
Mean Spike Strength and Orthogonality
Lemma 48 (Mean spike strength and orthogonality). Under the Assumptions 3 and 4, we have

2

P C
||mH2 — Bmean 1= 761,[/, (3.3.102)

and

u'm=op(l), vim=op(l), vym=op(l). (3.3.103)
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Proof. Fix j € [n] and condition on z;. Since w ~ .47(0,1;) is independent of z;, w'z; ~

A (0,]|z;]|?). Define for s > 0

F(s):=Egoy01)[0(VsE)],

so that m; = F(||z;||*). By E[o(&)] = 0 we have F(1) = 0.
Under Assumption 3, F is C? on a neighborhood of 1 and we may differentiate under the

expectation:

F(5) = 5 2Elo(V5E) €]

Hence, using Stein’s identity E[& f(&)] = E[f'(&)] with f = o',
! 1 / 1 !/
F/(1) = 3E[0"(§)€] = S Elo"(£)] = 2.
Therefore, for s in a fixed neighborhood of 1, Taylor expansion of F" at s = 1 gives us
F(s) = %’(S—l)JrR(s), IR(s)] < C(s—1)%, (3.3.104)

for some constant C depending only on sup,¢(;_g 14.5) |[F" (£)].

Then let A; := ||z;||* — 1. By (3.3.104),

Co

2
mj = 2Aj+Rj, |Rj|§CAj

on the event ||z;|* € [1 — 8,1 + 8], which holds w.h.p. since ||z;||> = (1/d)x3. Then

2
mj = ZNj+ AR R, ej| <C(IA +47).
N’

=€
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Summing over j gives

2 n n
|m||*> = IZ Zlej. (3.3.105)
: J:

Since Aj = (32 — d)/d has moments E|A;|3 = 0(d—3/?) and E[A‘}] =0(d?),and n/d — v,
we have

Sp

_1|e,] <Cn(Eja;P +E[AY]) = 0(d3/2+ ) =ol1),

~.

hence }i_, e; = op(1) by Markov inequality. Thus (3.3.105) reduces to

2 n
C
ml? =2 ¥ A7 +op(1). (3.3.106)
=

Lastly, we give the concentration of ZA?. Because z; ~ .4(0,1;/d), we have A; =

(%3 —d)/d withi.id. %7 ;. Then

E[A]] = Var(||zj|*) ==,  Var(A7)=0(d?).

ISWS)

Therefore
n
2\ _ 2\ ny _
Var(j;Aj> = nvar(8}) = 0(=5) =0(5) =0,

so the Chebyshev inequality implies

Plugging into (3.3.106) yields

2 2
c= 2n c
Iml> =22t op(1)

proving (3.3.102).

Let v € R" be any deterministic unit vector (in particular u, v, v>). Since m; are indepen-
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dent and Var(m;) = O(1/d) (from m; = (c5/2)A; + O(A?) and Var(A;) =2/d),

Var(v'm) = i V?Var(mj) =0(1/d)— 0.
j=1

Also E[m;] = O(1/d) (because E[A] = 0 and the remainder is O(Aﬁ)), hence

n
B m = | Y vElm]| < Wl 0(1/d) < VrO(1/d) = 0(d~"/2) —0.
j=1
Thus v' m — 0 in L? and hence in probability. Taking v = u, v, v, yields (3.3.103). [

Lemma 49. Let g, = Wuy, for fixed orthonormal uy,u;. Then

2 T
1
lgell™ 818

N N’ N UN

Consequently, the two XOR additive spikes in (3.3.99) have asymptotic strength

2
’
ﬁlinear = eszNRb%y — waé- (3.3.107)

Proof. Each g, ~ A4(0,Iy) and (g,,8,) is jointly Gaussian with Cov(g;,8,) = 0. Therefore,

we can directly apply Proposition 2.6.6 and Theorem 3.1.1 of [Ver18] to get conclusion. [l

Resolvent Quadratic Forms for the Spike Analysis

Fix a compact set 2 C R such that Z Nsupp(i) = 0. For A € &, define s(1) € R by the
unique relation

A=z2),  Z(s(1)) >0, (3.3.108)

which is well-defined by Lemma 31.

Define the left and right resolvents

QL()“) = (GGT _)’IN)_I’ QR(A’) = (KO—A‘I}’L)_]-
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Lemma 50 (Left resolvent limits for quadratic forms). Uniformly for A € 9 C R\ {0},

llVl]T,QL(?L)lN =s(A)+op(1), (3.3.109)
1
81 Q1(A)ge = dius(A) +op(1), (3.3.110)
1
v INQL(A)gr = op(1). (3.3.111)

Proof. First, for (3.3.109), we can employ rowwise Lindeberg replacement for G to transform it
into a Gaussian Wishart equivalent model and subsequently apply the classical anisotropic local
law. Nevertheless, for the sake of simplicity, we can directly utilize Theorem 2.10 of [FMPW26]

to derive the anisotropic local law of GG ' :

1 1
NI;QL(MIN —s(4) < N

uniformly for A € 2 C R\ {0} where & C Ris a fixed compact set such that 2 N (supp(u) U

{0}) =0.

Second, we can replace G by an independent copy of the bulk. By Lemma 47, |G — é|| <

~ T
1/\/n, hence |GG' — GG || < 1/+/n. Resolvent stability gives, uniformly on 2,

10.A)— QM) < 1/va,  Qu(A):=(GG —AI)~".

Thus it suffices to prove (3.3.110)—(3.3.111) with Q; replaced by éL.

By Lemma 46, g,,g, are independent standard Gaussian random vectors in R and
independent of G, hence independent of QL(QL). Conditional on QL(/I), fork # 4, g, QL(A) 8/
is centered with variance O(N), so N~ !g/[ 0, (A)g, = op(1). For k = ¢, conditional expectation
gives

1 +~ ~ 1 ~
B8l QMg | Qu(h)| = 5 Tr 0 (2),

and Hanson—Wright inequality yields concentration around this trace at Op(N -1/ 2), uniformly
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on 7 since |Q, (A)[| < 1/dist(A,spec(GG )) < C(2). Similarly, N-117 0, (A)g, = op(1).
]

Lemma 51 (Wishart resolvent quadratic form with a column-dependent vector). Let Z € R?*"

have i.i.d. entries Zyj ~ A (0,1/d), and set
$:=Z'"ZcR™ G :=(8-¢I,)"', (eC\R
Assume n/d — y € (0,0) and define MP edges
a:=(1-yy)?  b:=(1+Jy)~
Fix ¥ > 0 and o € (0,1), and consider the outside-spectrum domain
o 1= {g —E+in: dist(E,[a,b]) >k, n 1t <n < 1}.

Let f: Ry — R be Lipschitz with f(1) = 0 and polynomial growth, and define the column-

separable random vector
meR",  mj:=flz]*), Jjeln]
Let myp,y(8) be the Stieltjes transform of pyl\;[P. Then uniformly for § € Sou,
m'G({)m = myp.y(0) ||m|* + O=(d™'/?). (3.3.112)
In particular, for any fixed real E with dist(E,[a,b]) > K,

m' (S—EI~"'m = myp , (E) |m|*+op(1).
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Proof. Since ||z;||> = 1+0<(d~"/?) and f is Lipschitz with f(1) =0,

mj=0-(d""*)  uniformly in j. (3.3.113)
Hence ||m||*> = 1 m% = 0«(n/d) = O<(1), and moreover
|lm| = 0<(1). (3.3.114)

We first recall isotropic local law of [BEK™14] for §. By the entrywise local law for

sample covariance matrices and its minor-stability [BEK' 14, KY17], we have

max |G;;(§) — &;mmpy(8)| < W(§) :=n""/2, (3.3.115)

i,j€n]

and the same holds for all resolvent minors GY) () := (§) — ¢I)~!, uniformly in j € [n]),
where §U/) denote the (n— 1) x (n— 1) minor of § obtained by removing j-th row and column.

We will also use the standard resolvent comparison identity between G and GY): for any

i,k# J,

Gy () =GY Gij(6)Gi(é) 3.3.116
«(8) =Gy (&) + G0 ( )
Since G;j = O(n~'/?) fori # jand G;; = O<(1) on Ly,

max |Gy ($) =GP (§)] < ¥ =n". (3.3.117)

ik# ]

Write the block form of § — {1 w.r.t. index j:

§—¢I= o a=lgllP o= gk R
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Denote vector G;,_j(C) = (Gjk(£))ij € R'"*("=1)_ The Schur complement identities give

1
Gjj(¢) = . : (3.3.118)
Ji qj—C—roG(])(C)’j
G- j(§)==Gj;(§)r]GY({). (3.3.119)
Let mY) be m with the j-th component removed, and define
a;(¢):=r; GV ({)m\V). (3.3.120)

Then (Gm); = Gjj(m;—a;({)), so

n

m G(()m=Y mGji(C) - ilmj G(O)a () =T(O)-T(Q).  (3121)

J=1

Now we control 73 () and 7> (&) separately.
For T1(§) term, by (3.3.115) with i = j, G;;(§) = mmp () + O<(n~1/?). Using
Im||> = 0«(1),
Ti(§) = mypy(C) [m||* + 0~ (n~'72). (33.122)

Hence, it suffices to control the dependence term 7>({) in the rest of proof. Write
Xi(§):=m;Gjj({)a;j({),so Tr({) =Y"_,X;({). We follow the fluctuation average idea from
[WWF24] to show that 75({) is vanishing.

Firstly, we compute the mean of this 7>({). Let E;[-] be conditional expectation over the
single column z; (i.e. conditioning on Z\)). Then: (i) m; = f(||z;||?) is even in z;; (ii) G;;({) is
even in z; by (3.3.118); (iii) aj(?;) is odd in z; because r; = Z(j)sz 18 linear in z;, while GY)

and m/) are Z\/)-measurable, independent with z ;. Hence X;({) is odd in z;, so

E;[X;(&)] =0. (3.3.123)
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Next, we control the size of a; and X;. Conditional on A% ), we have r; = zU )Tz j» with
zj ~ A4 (0,1;/d) independent of ZU). Thus r; is centered Gaussian with Cov(r;) = (1/d) SW.

Therefore a;(§) = mU TG ; is centered Gaussian with conditional variance

1 . . N . C
Varj(a;(€)) = 5 mTGY(§) SV G )mD < = |m?

because on .Zpu, ||GY) ()| < C(x) and ||SY)|| = O~(1). Using ||m|| = O(1), we get

aj(§) =0<(d1/?). (3.3.124)
Combining (3.3.113), G;;({) = O<(1), and (3.3.124) yields

X;(§)=0<@"). (3.3.125)

Finally, we take high-moment fluctuation averaging for 7;. Fix an integer p > 1. We

claim

BT < c,,(%)p = C,d™",  uniformly for { € Sy (3.3.126)

This implies 75(§) = O~ (v/n/d) = O~ (d~'/?).

We can expand moments and classify by the number of distinct indices. Notice that

ELP= ) EX;Xp]
Jlyeess szE[ﬂ]

For any fixed multi-index j = (ji,..., j2p), let Z(j) be the set of distinct values in j, and write

r:=|4(j)|. Foreacht e Z(j), let v; be its multiplicity in the list j, so Y,c » Vi = 2p. Let
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FL(j):={t € £(j): v = 1} be the set of singleton indices, and write g := |.¥(j)|. Notice that

2p=YY vi> ) 1+ Y 2=q+2(r—q)=2r—q,
tes tes t¢.s

hence g > 2r —2p for any fixed multi-index j.
Fix a monomial Xj, ---Xj, and pick a singleton index 7 € (). Write the product as

X; - F;, where F; is the product of the remaining 2p — 1 factors. Define Ft([)

by replacing in F;
every resolvent entry of G (and of any minors) by the corresponding entry of a resolvent/minor
with index ¢ removed whenever the indices allow. Formally, F,([) is constructed so that it is

Z\ )—measurable, hence independent of z;, and such that
FE=F"+a, & < ¥ [] Xl (3.3.127)
at

The estimate (3.3.127) follows by repeated use of the resolvent identity (3.3.116) and the
replacement bound (3.3.117): each replacement introduces at least one factor G;; G, /Gy, hence
a factor O (W?), and the total number of replacements is O, (1) since p is fixed. Hence, (3.3.127)
decouples each singleton index and gains a factor ¥({)? per singleton.

Now take [E,;[]. Since F,(t) is Z()_measurable, by (3.3.123), we have
E[XF" = FYE[X]=o0.

Hence

E[X,F;] = E[X,A]. (3.3.128)

Using (3.3.125) and (3.3.127), we obtain

XA < w<c>2E[|xtrg|Xja|} < W),
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Then, we can repeat this decoupling for each singleton index in .#(j), and each repetition

contributes an additional factor ¥({)2. Therefore, for the monomial with ¢ singleton indices,
[EX, X, ]| < d72P¥(E)*. (3.3.129)

For fixed r = |.¥

, the number of multi-indices with r distinct values is O(n"). Using

(3.3.129) and g > 2r — 2p, we get

Y |EX),--Xp,]| < n d=P ()22,
ji12 G)l=r

On You, (&) = n V2 son" d PP = 20"~ = 4~ Summing over r = 1,...,2p
gives

2p
EILQE)1?” < Yd " <d.
r=1

This is already o(1), but we need the sharper d 7 scaling. For that, we treat separately the case

r < p, where there are no (or few) singletons and pairing dominates:

o If r < p, then trivially ¢ > 0 and we use the crude size bound |X j| < d~ ! there are
O(n") < O(n”) such monomials, each of size O~ (d~2"), so their total contribution is

O~ (nPd=2P) =0.(d7P).

e If r > p+1, then g > 2r —2p > 2, and the singleton-decoupling bound above yields a

total contribution O<(Y,>,41d" ") < d ~(P*1) | which is negligible compared to d 7.

Combining both regimes yields (3.3.126), proving T»({) = O~ (d—'/?). By (3.3.121), (3.3.122),

and T»(¢) = 0<(a’_1/2), we can conclude that
m" G(§)m = myp,y(§) [|m|* + 0= (n™'/?) + 0 (a7/?).

Since n < d, this is exactly (3.3.112). []
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Lemma 52 (Right resolvent limits for quadratic forms). Uniformly for A € 2,

Vi Qr(A)vy = Seemu (M) +op(1), (3.3.130)
m' Qr(A)m = [|m|> my(4) + op(1), (3.3.131)
v, Qr(A)m = op(1). (3.3.132)

Proof. Conditional on Z, Ky = G' G is a general sample covariance matrix with population
covariance X and aspect ratio ¢ = n/N. Similar as the proof of Lemma 43, we can verify that
Assumption 5 of [WWF24] is satisfied for G. Hence, we can apply Theorem 10 of [WWF24] to
obtain a deterministic equivalence of quadratic form of the resolvent Qr(A). Precisely for any

deterministic unit vectors b, b’ (possibly Z-measurable),
-1
b (Ko—AD)"'b =b" ( — A (A)Z — M) b+ 0 (N2, (3.3.133)

uniformly for A € .
By Corollary 39, £ = o+ tuu' +R with |R|| = op(1). Let A := —As(A)Zo — AL Then

“As(A)E— AL =A— As(A)tuu’ +op(1).

By Woodbury identity, we have

AsST

1, T a—1
I—AsruTA’luA uu A

(A—Astuu' ) '=A"14

Ifb'u=0and b’ 'u=0,thenb' (A 'u)=0(1)-(b"u) =0, hence the rank-one correction
vanishes:

b"(A—Astuu')"'' =b"A" D

Applying this with b = vy, b’ = v, (note v/ u = 0 by (3.3.80)) yields that the 7-spike does not
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affect (3.3.130). Also, Lemma 48 implies that b' (A — Astuu')~'6' = b"A~'b' + op(1) for
b=b'=m/|m||.

For v[ A~'v,, since £o = (1 — b3 )1 + b%S is orthogonally invariant (shifted Wishart),
the anisotropic local law from [KY17] implies v,inlvE = Opmy (A) +op(1), giving (3.3.130).
Here, we have removed the rank-one tuu' term in £ when applying (3.3.133).

For the quadratic from with respect to m, we apply (3.3.133) with b = b’ = m/||m|| and

then show that m"A~'m = ||m||>my (1) + op(1) even though m depends on Z. Write
-1
Al = (—As(?t)((l — b2)I+B2S) —u) = a(A)(S— A,

for explicit scalars &¢(A) and {(A) depending on A (and bounded away from supp(pul\,/lp) for

A € 2). From Lemma 51, we can derive that
m' (S— LD ~"'m = myp y(C) |m|> +o0p(1), (3.3.134)

uniformly for { = {(A) in the relevant domain.
For the cross term vaQR(k)m, we use (3.3.133) with b = v, b’ = m. The deterministic
equivalent reduces to vaAflm since v; L u. Because v} m = op(1) (Lemma 48) and A7 =

O(1) on 7, we get vaA_lm = op(1), yielding (3.3.132). O
Analyses of Additive Spikes and Alignments

Define the rank-three spike matrix

1 GSNRbG T T 2 T
P:=—1ym' + v +g,v,) =Y /Beaib, , 3.3.135
/N N VN (81 1 T &2 2) sz) Braxby ( )
where
1y m 81 8
aj) .= ——, b() =, aj = -, bl =V, a):=-—-7, b2 =V3,
VN ||| &l 82l
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and (by Lemmas 48 and 49), asymptotically,

6‘2 r2
Bo = |Im||* = Buean = SV, Bi=p= 03xrD% — Biinear = 7"%3,. (3.3.136)

Then, we recall Y* = G+ P and K* = Y*TY* defined by Proposition 45.
Lemma 53. Let G € RV*" and Ky := G ' G. Assume Ky has an isolated outlier eigenvalue /711(0)
with unit-norm eigenvector u; € R" so that for any € > 0,

Kotir =25, 219 ¢ supp(u) + (—¢,¢)

for all large n. Define the associated unit left singular vector of G as

Bem O% CRY =1
.00
T

Consider the rank=3 additive spike matrix P = Y_o\/Brawb, with |la;| = ||bi|| = 1
and By = O(1), Y* = G+ P, and K* = Y*Y*. Assume the decoupling conditions:

max |b; u:| = op(1), max |a; we| = op(1). 3.3.137
ke{0,1,2}| k T| OP( ) ke{0,1,2}| k T| O]P( ) ( )

Then:

(i) (Eigenvalue stability.) There exists an eigenvalue ﬁi e spec(K?) such that
2: =20 = op(1).

Hence, /?Lg is an outlier eigenvalue of K'

(ii) (Eigenvector-alignment stability.) Fix any constant 6 > 0. Let Ilg be the spectral projector
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~

of K* onto I5 = (/l\f(o) — 5,11(0) + ). Then
(I —Ts)uc|| = op(1).

In particular, the normalized vector

~

~ IMsu;
u. .= —
[Tsuc||

€ Range(Ils)

satisfies | (W5, :)|? = 1 — op(1). Thus @ inherits the same eigenvector alignment limit as

ur (e.g. alignment with u = 1,,/\/n in Lemma 43).
(iii) (Projected resolvents remove the singularity at /711(0). ) Define the orthogonal projectors
Py :=I,—tm,, P :=Iy—ww,,

and the spike-removed resolvents

Qx (1) := Pi(Koy—AI)"'Pg,

Q1 (A):=PL(GG' —AI)~'PL,
which admit a continuous extension to A = ZEO). For each fixed k,¢ € {0,1,2},
b Qi (") b and al Q1 (") ar
are well-defined and remain Op(1). Hence, applying (3.3.137), we have

b 0r (A" by = b] @k (ALV) by +0p(1) (3.3.138)
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and

al 0, (A" a; = a] @F A )as+op(1). (3.3.139)

Proof. We can expand K* as a low-rank perturbation of K. By definition,

K*=(G+P)"(G+P)=Ky+G P+P'G+P'P.
— A

Thus A has rank at most 9 and ||A|| = Op(1) (since ||G|| = Op(1) and ||P|| = Op(1)).

Part (i). Let A be symmetric, A € R, and v a unit vector. Then
dist(A,spec(A)) < [(A—AI)v]. (3.3.140)

Indeed, considering eigen-decomposition A =Y ; liqiq? and v =) ;c;q;, we have

1

(A= ADv|*> = Z(/l,- —2)?|ci|* > min(4; — A)ZZ |ci|? = dist(2, spec(A))?
Since Kou; = /Q\LT(O)iiT, we have
(K~ 29D = (Ko — AOD) i + Aty = Ay

Therefore,

dist(A\” spec(K*)) < [|AGic]].

It remains to show ||Au;|| = op(1).

Write P=A®B' withA = [a(),a],az], B= [b(),bl,bz] and ®@ = diag(\/ﬁo, \/ﬁl, \/ﬁz).
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Then

G'Pu.=G"'A® (B"u,),
P'Pi.=BO®A'A)®(B'u,),

o~

P Gu. =BOA (Gu;) = /1" BO(A w.),
where we used Gu; = 1/ ZT(O) wz. Hence,
|Adic|| < ||GTA®||-||BTac| + /A" | BO|- |ATWc|| + | BOATA)O|- || B iic].

Now |G'A@| < |G|l ||A]|[|®] = Op(1), |BO|| = O(1), and |BO(A'A)®| = O(1). By the

decoupling assumptions (3.3.137),
IB || = op(1),  [|A"We|| = om(1).
Therefore ||Au|| = op(1), and combining with (3.3.140) yields
dist(/ir(o),spec(Kﬁ)) = op(1),

which proves (i).

Part (ii). Let K = Zﬁf?ﬁ? be an eigen-decomposition, and write #; = ¥ ; ¢;v;. Then

-~

1K =20 D | = Y (4 = 20) ey = || Atic > = op(1).

i
i

Split the sum into indices with 11.” € I5 and those with jliﬁ ¢ I5. For Xiﬁ ¢ I5 we have |7Ll-ﬁ _11(0) | >0,
hence

Y Jel’ < ¥ A=A c < 1K =2 Diic| > = op(1).
Arels Arels

1 1
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2 _ . A~ _ . oo .
Therefore Ziiﬁ¢]5 lci|= = op(1), ie. ||(I —IIg)uz|| = op(1), proving (ii). This argument makes
no assumption about how many eigenvalues lie inside /g, so it remains valid under collisions
when there are more than one eigenvalues of K* in /5.

2.(0)

Part (iii). Let {711.(0),350)} be an eigen-decomposition of Ky with A;’ corresponding to

u;. Then for A # 11(0),

- I 7 NON
(Kg—AD)'= —wu, + Y = Ju
202 ; 05"

Multiplying by PI% on both sides removes the pole term, giving

Z ‘ (O)T

w l l )

i#T 10 -1

which is continuous at A = 7L (smce the sum is over i # 7). The same argument applies to
Q7 (M) using the eigen-decomposition of GG . Hence the quadratic forms in (iii) are well-
defined and Op(1). This is exactly what is needed to write the additive outlier determinant

equation in a way that still makes sense at the collision point A = AT(O). O

Lemma 54 (Verification of the decoupling conditions (3.3.137) for K). Under the assumptions
of Lemma 43, additionally suppose the separated regime, that is, T > T and 7/ (—1/A;) > 0.
Under these conditions, the matrix Ko = G' G possesses a unique isolated outlier eigenvalue,
denoted by A, associated with a unit-norm eigenvector u;. Define the associated left singular

vector wg := Gu /\/Ar. Recall the spike directions

m Ly 81 :P)
by=—, bi=v, by=v, ay=—, a;= a)=—=.
]| VN llg: " 18
Then the decoupling conditions (3.3.137) hold:
max |b; u;| = op(1), max |a; we| = op(1).

ke{0,1,2} ke{0,1,2}
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Proof. We prove right and left decoupling conditions separately.

Part I: right decoupling condition maxy |b; u;| = op(1).

By the XOR construction, vlTu = va u =0 where u = -1,. Applying (3.3.98) in

n

Lemma 43 with v = v; gives
viur =op(1), ke {l1,2}.

Moreover, Lemma 48 gives u' m = op(1) and ||m|| — \/Bmean > 0. Therefore, we can obtain

mTu

)
=R (1)
bo s = Ty = rV)

Applying Lemma 43 again with v = by in (3.3.98) yields
b u; = op(1).

Taking the maximum over k € {0,1,2} completes Part L.

Part II: left decoupling condition max; |a] w| = op(1).
Let G¢ be G defined in Lemma 47, so Lemma 47 indicates that |G —G°|| < N~1/?
and G* is independent of (g,,g,). Define K¢ := (G°) " G° and let (A1¢,u¢) denote the isolated

eigenpair of K{, corresponding to the outlier of K. In fact, Lemma 43 holds for K{) as well. Set

ws = G°u$/+/Af. Since
1Ko~ K5l = IG"G—(G)'G°| < (|G| +G°|) |G~ G|| = Op(1) - O=(N~"/?) = 08 (1),

we can claim that

lwe —wi| = op(1). (3.3.141)

by Davis—Kahan Theorem. Also, we have ||u; —u$|| = op(1) and |A; — A¢| = op(1).
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Fix k € {1,2}. Since a is unit,
g we| < |af we|+|we —w | = |a; we| +op(1)

by (3.3.141). Condition on w¢ (which is measurable w.r.t. G). By Lemmas 46 and 47, g; ~
A(0,Iy) is independent of G°, hence independent of w¢. Therefore g/ wé ~ .#/(0,1) and

lgell = VN +0p(VN). so0

g we| 1

T AR/ )

g we| =

= 0]}»(1).

Hence |a] w¢| = op(1) for k € {1,2}.
Lastly, we consider ag = 1y/+/N. Let IT5 be the spectral projector of GG onto interval
(At — 8,A; + 6) for some fixed and small 6 > 0. On the event that the outlier is simple,

II5 = wTwI, SO

1

lagw:|* =agMsag = — a) 0, (z)aodz, 0, (z) = (GGT —zy)

27wi Jr

where I':= {z € C: |z— A;| = §/2} and a] Q; (z)ao is well-defined on I'. Following the proof

of Lemma 50 we can apply Theorem 2.10 in [FMPW26] to get: uniformly for z € T,

ag Q;(z)ao = 5(z) +op(1),

where s(z) = i1, (z) is analytic in a neighborhood of A; containing I'. Therefore §-s(z)dz =10

and we obtain |aj we|* = op(1). O

Lemma 55 (Master equation for additive outliers of K ﬁ). Fix A € C such that

A ¢ supp(u)U{0}. (3.3.142)
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Define @, (A) = (GG — AIy) " and Qr(A) = (Ko — A1,)~'. Let us define three 3 x 3 matrices

as

A= (a{ @ (Mar),, o BA):= (b r(A)br); (3.3.143)

and © := diag(~/Bo, /B1,/Bz). Then A is an outlier eigenvalue of K' if
det (13 2 ®A(7L)®~B(7L)> —0. (3.3.144)

Moreover, (3.3.144) characterizes all outlier eigenvalues of K ! induced by {ak,bk},%zo, that lie

in any compact set 9 C C satisfying (3.3.142).

Proof. Notice that from the last part of Lemma 53, we know all the entries of A(A) and B(A) are
well-defined and finite, even if A = 711(0) ¢ supp(u)U{0} where 11(0) is characterized by Lemma
43.

Define

0 Y? 0 G
H' .= , Hy =

YT 0 G' 0

If p # 0, then p € spec(H*) iff p2 € spec(K*). Set A := p2. We now consider the low rank

matrix P :AOQBJ where Ag := [ag,a1,a;] € RV*3 and By := [bg, b1, by] € R™3. Then

0 P
H*=Hy+A, A:=
P 0
Factor A= UCU " with
U-— Ao 0 e RV+m%6. C— 0 c R6*6
0 B ® 0
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Under (3.3.142), p ¢ spec(Hy) so (Hy — pI) is invertible and
det(H' — pI) = det(Ho — pI) det (16 +CUT (Hy—pI)! U) .

Hence p € spec(H®) \ spec(Hy) iff the 6 x 6 determinant above vanishes. For A = p? ¢
spec(K¢) Uspec(GG ") we have

Ho—pp) ' — | PG AN GEo-ADT [ -p@iA) GOk

(Ko—AI)"'G"  —p(Ko—AD)"! Qr(1)G' —pQr(2)

Using the identity Q; (A)G = GQg(A), the 6 x 6 determinant reduces (by an explicit

Schur complement) to the equivalent 3 x 3 condition
det (13 _1O@AJQ,(1)A;® B} QR</1)BO) —0,

which is exactly (3.3.144). The final uniform statement over & follows because all steps are

analytic in A on the domain (3.3.142). O

Lemma 56 (Scalar additive outlier equations). Let A € & and s = s(A) satisfy (3.3.108). Then

the determinant equation (3.3.144) reduces to three scalar equations:
1 =B T(s) =op(l), ke {0,1,2}. (3.3.145)

Equivalently, each additive spike of strength B € {Bo,B1,B2} produces a separated outlier

eigenvalue at
A =z(s)+op(1) forany real s with 7 (s) > 0 satisfying BT(s) = 1.

Proof. Fix A € 2 and let s = s(A). By Lemma 50, using ap = 1/v/N, a; = g,/||g;

» @) =
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, we have

82/||82
Ay(A)=al @ (Mag=Ss+op(1),  kLe{0,1,2}.

Thus A(A) = sIz +op(1).

By Lemma 52 and orthogonality v} u = 0, v} m = op(1), we obtain
Bi(A) = by Qr(A)by = Somu() +op(1), k0 €{0,1,2}.

Thus B(A) = my (L) I3 +op(1).

Plugging the above approximations of A(A) and B(1) into (3.3.144) gives
det (13 —Asmy (L) diag(ﬁm&ﬁz)) = op(1),
so A satisfies at least one of the following equations
1 —BrAsmy(A) =op(1),

for k=0,1,2. By Lemma 32, Asmy (A) = T (s), proving (3.3.145). O

Lemma 57 (Eigenvector alignment for additive outliers). Fix a distinct spike strength value

B« € {Bo,B1, B2}, and define
Jo:={k€{0,1,2} : B = B}, re i=|Jy|.

Let

. T . T
HB7* = Z bkbk 5 HA7* .= Z akak .
keJ, kel
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Assume that s, € R satisfies
BI(si)=1,  Z(s)>0,  Ac:=z(ss) €R\ (supp(u)U{0}).

Then, there exists a sufficiently small 8 > 0 with interval I§ = (A, — 6,Ac+06) C R\ (supp(u)U
{0}) such that the spectral projector IA’* of K ® onto interval ls and the corresponding spectral

~(L
projector Pi ) onﬁYjjT onto Ig satisfy:

Teo(P.00p,) = ry- Yr(s.) +op(1), (3.3.146)

and
Tr(f’iL)HA*) =1+ V(%) +op(1), (3.3.147)

where

_omu(a(s)Z(s) — T(s) _ ()

W= e P T BT (3:3.148)

and
_s2ls) ) (3.3.149)

s) = = — s).
R FUOR NEOMY
In particular, if r, = 1 and J, = {k}, then the unique outlier eigenvalue inside Ig is simple,

and if vy, denotes its unit right eigenvector, then
| (Wi, bi) |2 = Yr(54) +0p(1). (3.3.150)

Proof. By Lemma 56, every additive outlier of K Yin 2 is asymptotically described by a real

solution s of

for some B € {Po, B1, B} Since 7/ (s,) > 0, Lemma 31 implies that A, = z(s,) lies in a connected

component of R\ supp(ut), and s(A) is real-analytic near A,.
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Define
Je(A) :=1=B.T(s(1)).

Then f,(As) =0, and

ds T’ (s5)

fi(A) = =BT (s,) (k)= —B*m. (3.3.151)

Hence f](A.) # 0 whenever T'(s,) # 0, so f, has a simple zero at A,. Now choose a sufficient
small constant 6 > 0 such that: I C Z; A, is the only zero of f; inside I5; and for every B # B,
the function 1 — BT (s(A)) does not vanish on I5. By Lemma 56, the eigenvalues of K* inside /5
are precisely the outlier cluster associated with the repeated block J,; its total multiplicity is 7,.

Let
RYA):=(K*—AL)™',  Qr(A):=(Ko—AL)"',  0Q,(A):=(GG" —AIy)~".
Recall from Lemma 55 that
Y*=G+P, P=A\®B], Ay=ag,ai,a], By=|by, b, b,

Introduce the linearizations

0 Y* 0 G
Hf — , H,:= ;
YT o0 G' 0
and
U= Ao 0 e RIN+n)x6 C:= 0 ® € RO*®
0 By ® 0

so that H* = Hy+UCU .
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Fix p with p? = A, and set
Ro(p):= (Ho—pInia)~',  S(p):=U'Ro(p)U.
By the Woodbury identity,
(H*—pI)~" = Ro(p) — Ro(p)UC(Is +S(p)C) U " Ro(p). (3.3.152)

Multiplying (3.3.152) on the left by U " and on the right by U, we obtain the exact identity

1

U'(H —pI)™'U = (I +S(p)C) "S(p), (3.3.153)

since

S—SC(Is+S8C)~'8= (I, +SC)"'S.

Now write A = p2. Using the block formula for (Ho — pI)~! from Lemma 55, we have

—pA(A A
sp)=| " X ., X(1):=A;GQg(1)By = A; Q;(1)GBy.
X(A)" —pB(A)

Here A(A) and B(A) are defined by (3.3.143). Also, the lower-right block of (H* — pI)~! equals
—p (K*—AI,) "' = —p R (2).

Therefore, taking the lower-right 3 x 3 block in (3.3.153), there exists a 3 x 3 matrix-valued

function Hpg(A), analytic on a neighborhood of &, such that

BjR*(A\)By=B(A)M(AL) ' +Hp(A), M(A):=1—A@AL)®B(1). (3.3.154)
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Hence every pole of B) R*(A)By inside 2 comes from a zero of detM(A), that is, from an
additive outlier of K*.

By Lemmas 50 and 52, uniformly for A € 2 C C,
A(A) =s(AM)z+op(1),  B(A)=myu(A)I5+o0p(1).
Therefore, uniformly on &, we have
M(2) = diag(1—BoT (s(1)), 1 = BiT(s(1)), 1 = B2T(s(A))) +op(1), (3.3.155)

because of As(A)my(A) =T(s(A)).

Restrict now to the block J,. and let

E.:=) ere, € RV,
kel,

where e, e, e, are the standard basis vectors of R3. Since B = Bx for all k € J,,
EMM(A)E, = (1-B.T(s(A))Ec+op(1), A€Z.

Hence,
1

1=B.T(s(2))
Combining (3.3.154), B(1) = my (A)I3+op(1), and (3.3.156), we obtain

EMA)'E, = E.+op(l), Ac2. (3.3.156)

E,Bj R*(A)ByE, = E,+H,(A)+op(l), A€, (3.3.157)

where H,(A) := E,Hp(A)E, is analytic on a neighborhood of 2.
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By the contour formula for spectral projectors,

- 1
P,——— ¢ RYA)dA
* 2mi Jr, (R)d,

for some circle I'y C 2 with I, "R = {4, — §, A, + 8}. Therefore

T(Ply,) = —5 - § Ti(TTs RE(A)) dA

mi Jr,

1
- fﬁ Te(E.B] R (A)BoE) 2. (3.3.158)

Insert (3.3.157). The analytic term H,(A) has zero contour integral, and Tr(E,) = ry, so

To(PIp,) = lf romu (A dA +op(1). (3.3.159)

)
2w Jr, 1= B.T(s(A))
Now 1 — B, T (s(1)) has a simple zero at A, and by (3.3.151)

d

ﬁ(l —ﬁ*T(S(/l)))‘ I'(sy)

Z(s4)

_B*

A=A B

Hence, —Resy _;, 1_;;1‘}((%)) = m‘b(j;*,)(zs;(;*) and Cauchy Residue Theorem implies that

5 _ o mu(A) 7 (s)
Tl‘(P*HB7*> =Ts —ﬁ*T/(S*) +0[p(1),
which is (3.3.146). By Lemma 32, T (s) = 2(s) smy(2(s)) and my (2(s)) = Z52. Substituting into
(3.3.146),
_T@s)  Zs) . elss)
") =Bty )~ BTG
since @(s) := —Si—g) and BT (s,) = 1.

The proof on the left singular vectors is identical, replacing K : by Y#¥*T, By by Ao, and
B(A) by A(A). Since A(A) = s(A)I3+ op(1), the numerator becomes s(A ) instead of my (1),
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yielding

5(L) 542 (54)
Tr(P* I-IA7*) = Iy B*T(s*) +0[P>(1)

If r, = 1, then P, = ?k/\?,j, SO
|V, i) |* = Te(PI1p) = Yr(si) +op(1),

proving (3.3.150). [l

Proposition 58 (No label alignment of outliers). Under the assumptions of Theorem 5, let Vout
denote the orthogonal projector onto the direct sum of all separated outlier eigenspaces of K.
Specifically, we can define Vou as the spectral projector of K on (0,00) \ (supp(u) + (—¢€,€))
for any small € > 0. Then

Vouy|* = -y Vouy = 0. (3.3.160)

Proof. Recall from Proposition 45 that
|K —K*| <n~'/%,

where K* = Y#T¥? is the rank-three additive deformation model. Since the number of separated
outlier clusters is finite and each cluster stays at positive distance from the bulk with probability
tending to one, Weyl’s inequality and Davis—Kahan theorem imply that the spectral projector

?out of K and the corresponding outlier projector Viut of K* satisfy
S S
||V011t - Vout” = OIP’(l)'

Hence
I 1.5 i = St
=1y (Vou = Vou)¥| < IVour — Voull = 0p(1),

n
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because ||y||> = n. Therefore it suffices to prove

1 ~
;yTVﬁuty 5o (3.3.161)

By Lemmas 43, 53, and 57, the only possible separated outliers of K ® are:

the covariance-spike outlier inherited from K (the t-outlier),

the additive mean-spike outlier corresponding to by = m/||m||,

the two additive linear XOR outliers corresponding to by = vy, by = v,.

Set y := %ﬁ and ||y|| = 1. From the XOR construction, y'u =0, ' v; =0, ' v, = 0. Here,

u =1,/+/n. Next, Lemma 48 shows that
P
uTmzo]p(l), vle:OP(l), VZTMZO[[D(I), ||m|]2—>ﬁmean€ (0,00).

Moreover, the same variance computation as in the proof of Lemma 48 gives y ' m = Op(1).

Hence

.
T m y m

3 _ — op(1). (3.3.162)
lm]l - /nlm|

Thus the normalized label direction y is asymptotically orthogonal to all three additive spike

directions
bozl, by = vy, by =v,.
|m|
We can claim that uniformly for A € 2,
¥ Or(A)y =my (L) +op(1), ¥ Qr(A)br=o0p(1), k=0,1,2, (3.3.163)

where Qz(1) = (Ko —AI,)~". The proof of (3.3.163) is exactly followed by the proof Lemma 52.

Hence, we ignore the details here.
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Recall that scoy = —1/Az, Smean = T~ (1/Bimean) and sjin = T~ (1/Byin). Denote Ay =
Z(Smean)s A1 = A2 = z(S1in), and A3 = z(scov). Fix any distinct spike value A € {Ag, 41,42, 43}.
Then, by Lemmas 53 and 56, there exists a small constant § > 0 such that for sufficiently large n,
dist(Is,supp(p) U{0}) > & and all eigenvalues of K* inside 5 will converge to A in probability,
where I5 := (A — 8,4+ ). Let ‘7& be the spectral projector of K onto outlier cluster in I5, and

let I';, C C be a small contour enclosing that cluster and no other part of spec(K ﬁ). Then

Hence

Y 1
yTviy = ——,7{ y' (K —z) 'ydz. (3.3.164)

Now use the same linearization trick as in Lemma 57. Recall that Ay = [ag,a;,a3], By =
[bo,b1,bs], and ® = diag(+/Bo,/B1,v/B2)- Then one obtains the exact projected-resolvent

representation

(K* —zI)™" = Qg(z) + Q(z)Bo S(z) By Qx(2), (3.3.165)

where §(z) = z0A(z)@(I; — z@A(z)®B(z)) ~!is a 3 x 3 matrix-valued meromorphic function,
and all poles inside & come from the additive outlier equation described by Lemma 56. Hence,

S(z) is analytic and bounded on Iy Insert (3.3.165) into (3.3.164). The possible pole term is
_Tob - _ _
y' Viy= ——.ﬁ y' Or(2)ydz— —]{ (2)BoS(z) By Qr(2)¥dz.
A
By (3.3.163), yQr(2)y = my(z) +op(1) and

by Or(2)7
B 0r(2)3= |b! Qr(2)3| = 0r(1)
b, Ox(2)y
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uniformly on the contour z € I'y . Since my(z) is analytic on Iy, its contour integral vanishes.

Hence

This completes the proof of this proposition. [

3.3.13 Proof of Theorem 5

By Proposition 45,
1K —K*|| = op(1)

Therefore isolated eigenvalues and their eigenspaces coincide up to op(1). It suffices to analyze
K.

Lemma 43 gives: (i) the bulk ESD of Ky is u; (ii) the population spike A; exists if
T > Teit, and the associated outlier eigenvalue of K exists if Z/(—1/A;) > 0 and T > Ty, at
location z(—1/A¢), with eigenvector alignment ¢ (—1/Az) for unit vector u. Then by Lemmas 53
and 54, K* has a vanishing perturbation of the this outlier eigenvalue and eigenvector derived
from K, and they have the same limiting bulk distribution , which proves item (i) and (ii)
of Theorem 5. Lemma 43 gives an exact outlier condition for K* outside the limiting bulk
distribution .

Next, Lemmas 55 and 56 show that each additive spike of K # yields an outlier eigenvalue
T = z(sx) +op(1) if the condition Z'(s;) > 0 holds, where s satisfies B 7 (s) = 1 for k =0, 1,2.
Here 59 = Smean and 51 = 52 = s1j, defined by Theorem 5. This proves item (iii) and (iv), including
multiplicities via B; = B,. Lemma 57 gives the formulas for eigenvector alignments for all these
outliers in item (iii) and (iv) of Theorem 5 if Smean 7 Siin.

The covariance spike contributes at most one separated outlier, and the additive deforma-
tion has rank three, so it contributes at most three separated outliers (counting multiplicities).
Because the additive right directions by, v}, v, are orthogonal to u (exactly for vi,v,, and op(1)

for by), Lemmas 53 and 54 show that the covariance-spike eigenspace does not mix with the
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additive spikes at leading order; thus the covariance outlier persists at the stated location. Then,
by Theorem 9 of [WWF24], there is no other outlier eigenvalues except for what we discussed
above.

Finally, Lemma 58 proves item (v) of Theorem 5.

3.3.14 Proof of Kernel Spectral Clustering

Proof of Theorem 6. The common covariance C = I; of the XOR dataset greatly simplifies
the analysis of the spectrum of L. We apply Corollary 1 from [CBG16], which gives the
isolating eigenvalues of L in terms of the isolated eigenvalues of C +M % (c)M ", where M =
[y, o, s Wy, € = (%)‘&:1 is the vector of class proportions, and Z(-) is the diagonal operator.

For the XOR dataset, this matrix becomes

.
- 1 4 - ﬁ 1%1% 0
C+MZ(c)M' =1+ Y wp, =L+~ (3.3.166)
k=1 0 1%1,1
2

The eigenvalues of (3.3.166) are / =1+ é of multiplicity two, and the rest are equal to 1. The

phase transition in Corollary 1 can therefore be restated as:

2
r
(—1l=—> -1,
1€ —1] 5 v

In this case, by Corollary 1 of [CBG16] the isolating eigenvalues of L are asymptotically well

approximated via
_2f’(f)p L O = f(7) +2/(7)
f(7) f(7) ’

—

in probability, where p = y(1+% ) + 25 Similarly, define ¢, = 3212 — LT The additional

isolating eigenvalue of L corresponding to p4 = ¢4 (1// — ﬁ) emerges if

(1—ty) >y
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in which case, the corresponding outlier eigenvalue of L converges to, in probability,

@O -+t ()
ot

3.3.167
(7) (33167

For eigenvector alignment of the eigenvalues relevant for clustering, we observe the two-
dimensional eigenspace corresponding to £ = 1+ % is spanned by the unit-norm eigenvectors
{Y1,Y,}, where

1 1 1 0
4/2 Y, = a2 | (3.3.168)

T =——= ; 2= =
NGATY /2 Vaz\q, /2

Let Y, = (Y1,Y3) € R?*2 be the column-concatenated eigenvectors, then we apply Corollary 2

of [CBG16] to obtain

1 1
14T L Ty vT
Lym,J g(‘lf (I_E)Z)Q(C)M YY) MZ(c) +op(1) (3.3.169)
Or equivalently,
1.+ r? 4 I -1

in probability. We conclude the proof by observing the XOR-labels y can be written as
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Applying this to (3.3.170), we have

-
1 1
1+ 2 4. | -1 1 -1 —1
Z N — V- I =0
2 oy = g2 (V=) ©h
1 -1 1 1
—1 —1
in probability. Hence, we complete the proof of this theorem. 0

3.3.15 Proof for Large-SNR Regime

In this section, we prove Theorem 7 when SNR is increasing with n as n,d,N — oo

proportionally. Recall that Proposition 35 implies that

¥ ~ ¥l = 0~ (n /%) (3:3.171)
where
Yor— ¥ Osnrbs T T\ B8NRCo [ oo oaT | o2 o7
Qe =Yoo+ JN (81"1 +82V2)+W(81 vi© t+&V; )

However since Osnr = ©(n!/4), we observe that ¥ o is no longer O (1). To study the order-one

spikes, we require an orthogonal projection P from the following lemma.

Lemma 59 (QE for Projected Feature YP | ). Let
Plin = V1V1T+V2V2T, PL ::In_Plin-

Define g; := Wuy, and the centered squares g, := g,?z — 1y. Then (3.3.78) is equivalently

OsNR bo T T GSZNR Co(~ 2T, ~ 2T 2 2\ T
Yor=Yo+ v, +8,v +—< v g vt Iy (VO VS )
QE 0 JN (81 1 T&2 2) 2 /N 81V 8>2V; N(1 2)

(3.3.172)
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Assume r = O(n'/*). Then
[YP, ~YoeP. | = O~(n"'4).
Recall K = YTY, and define
K, =P KP, =(YP,)' (YP)), Koe = (YoeP, )" (YQrP)).
We have ||YQeP || = O<(1) and
IKL — Kok 1 || = O<(n~'/4).
Moreover, since P v, =0, we have
YoeP) = YoP, + Onrco (872727 + 85252 )P (33.173)

2VN

In the XOR construction used below, one has v,?z L vy forall k,l € {1,2}, hence P Lvl?z = v,?z

and the quadratic term in (3.3.173) is unchanged by P | .

Proof. The first claim follows Proposition 35 and ||P || = 1:
IYP, —YqeP || < ||Y —YoE| [IPL] = O<(n"/*).
For the Gram matrices, write
K, —Koe =(YP,) (YP)— (YqeP,) (YQeP.).

Hence

IKi —Kqg, 1 || < (|YPL|[+[|[YQePL|) |[YPL —YqeP.|-
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One can easily check ||Y orP, || = O<(1) based on (3.3.173). Since YP| = YqeP, +0(n" /%)
in operator norm, we also have ||[YP_ || = O~(1). Therefore |[K | — Kqg, 1 || = O<(n~'/*). The
identities (3.3.172) and (3.3.173) are algebraic consequences of g,?z =g, +1lyand P v, =

0. ]

Lemma 60 (Quadratic spikes in the XOR model). Let u:=1,/+/n, lety € {1} with ||y||> =n,

and define y :=y/+/n. For the XOR choice of vi,v,, one has the identities

1 1
W=ty W= (1i-y) (33.174)
equivalently
1 1
02 _ v 92— (u—%). 3.3.175
Vi \/ﬁ(u‘i‘y), &) \/ﬁ(u y) ( )
Consequently,
1 _
gV e vt = (e et (81" g . (3:3.176)

If we center squares by g; := g,?z — 1y and define
h=8 +8=8"+8" 2y, h:=8 -8 =8"-8"
then (3.3.176) becomes

1
gy + 855t = — | (hy +215)u’ +hyy' . (3.3.177)

i

Proof. The identities (3.3.174)—(3.3.175) are verified entrywise using the XOR definition. Plug-
ging (3.3.175) into g7%v?" 4 g52v52T yields (3.3.176). Finally, (3.3.177) follows from

g2 =8+ 1y ie g2 +85% =h,+21y and g7 — g5% = h,. O

Lemma 61 (Normalization of centered quadratic features). Let g, 8, Ry (0,1y) and define
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hy,hy as in Lemma 60. Then

1 _ 1 _ 1 _
Sl =40 (N12), SR =440 (N, Chlk =0 (N2,

(3.3.178)
Defining the unit vectors a, = h, /| h,|| and a, := h
of Theorem 7 so that egNR /n — Ko, the random part of the quadratic spike satisfies
02\ rC -
;Ij}i_c = [h u' +hy } v/ Bauad @utt” + 1/ Bouaa @3 | +o0(1), (3.3.179)

where Bguad 1= c2 ko and the op(1) is in operator norm.

Proof. Since g,8, have i.i.d. standard normal coordinates, each coordinate of h, and hy, is i.i.d.

with mean O and

E[(g%,i + 8%,;’ —2)% =4, E[(é’%i - g%,i)z] =4, E[(g%,i + g%,i - 2)(8%,:’ - g%,i)] =0,

which yields (3.3.178) by the law of large numbers. For h, and h,, all the entries are are i.i.d.
mean 0 and variance 4 with sub-exponential tails; apply norm concentration (see [GSS21]),
we can get the norm control of h, and h,. Cross terms hljhy are sums of i.i.d. centered sub-
exponential variables, hence we can apply Hanson—Wright inequality (see Proposition 1.1 of
[GSS21)).

Hence the coefficient in front of a,u' has squared magnitude

GSZNRCG 2 2 _ GSNRC 9 |h ”
h c h 2 ~“SNR | u
() halP = SR Il = =3 20 5 ko = B
and the same holds for the h, term. This gives (3.3.179). ]

Lemma 62 (Left-resolvent quadratic forms). Recall G =Yy — \/LNI vm'. Fix a compact set
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D C R such that DNsupp(i) = @ and 0 ¢ D. For A € D, define
0,(A)=((GP.)(GP\)" —AIy)™",  s(A):=mu(2).
Let ay := 1y/+/N, and let a,,a, be as in Lemma 61. Then uniformly for A € D,
al 0, (X)a; =s(A)&;j+op(l),  i,j€{0,uy}. (3.3.180)

Proof. As in the proof of Lemma 50, replace GP | by an independent copy G with |GP | — E}H =
O (n~1/2), so resolvent stability gives [|@; — Q;|| = O(n'/2) uniformly on D. It therefore
suffices to prove (3.3.180) with Q; replaced by éL, which is independent of g, g,, hence
independent of a,, a,.

Conditional on QL(/”L), the coordinates of h,, h, are independent, centered, and subexpo-

nential, so a Hanson—Wright inequality [GSS21] yields concentration of quadratic forms:

1

1 ~ ~ 1
NhIQL()L)hM = NTTQL()“) : NHhuuz +op(1),

uniformly for A € D, and similarly for hy. Using (3.3.178) and %Tr QL(X) — (1), we obtain

a;tl—éL(A)au_ Hh Hz :S()“)_}—O]P’(l):

and similarly for a,. Cross-terms a,, QL()»)ay vanish by the same argument (using %hlhy —0
and concentration of bilinear forms), and a QL(l)ao — (1) is the deterministic-vector case

already proved in Lemma 50. This yields (3.3.180). [

Lemma 63 (Right-resolvent quadratic forms and the T-correction along u). Fix D as in Lemma 62.

For A € D, define the bulk Gram matrix Ko := (GP )" (GP ),

Qr(A) == (Ko — Ad) ",
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2
and T = ¢ . Then uniformly for A € D,

T __ mu(d)
u Qpr(Au= 1—TT(s(?L))+OP(1)’ (3.3.181)
and for any deterministic unit vector b | u,
b' Qr(A)b=my(A)+op(1), b’ Qg(A)u=op(1). (3.3.182)

Proof. We follow the same proof as Lemma 52. Set

A= —As(A)Zg— AL, = —A(L+s(1)Zo).

By (3.3.87),
CASA)E AL, =A— As(A)tuu" +op(1).

Ignoring the op(1) term for the moment (it will be absorbed into the final op(1)), Woodbury—

Sherman—Morrison identity yields

_ AstT
A—Astuu') ' =A 4 A 'uu'A! 3.3.183
( ) 1—AstuTA 'u ( )
Multiplying left/right by " and u,
Tyl
- Ty 1 u'A u
u' (A—Astuu u= . 3.3.184
( ) 1-AstuTA 'u ( )
We now identify u' A~ 'u. Since A™' = —(1/A)(I,, +5Zo) ", an anisotropic local law gives
1
u' (I, +sZ0) tu= —Tr(I, +5Zo) " +op(1). (3.3.185)
n
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Let v denote the limiting ESD of Xy. Then

%Tr(zﬁszo)—l s / list v(di) = l—s/ﬁv(dt) — —@.
Thus (3.3.185) implies
' (I, +5Zo) 'u= —Tis) +op(1),
and therefore
w A lu= —%(— Ti”) +op(1) = T)Ei) +op(1). (3.3.186)

Using Lemma 34, we obtain u" A~ 'u = m, (1) +op(1). Plugging into (3.3.184) gives

myu(A)

uT(A—QLsTuuT)flu = T eT ()

+0]P’(1)7

and this yields (3.3.181).
If b | u, the rank-one correction term in (3.3.183) does not contribute in the limit for

b"(:)band b' (-)u, and the same anisotropic law gives (3.3.182). O

Proof of Theorem 7. Notice that

2 4 4,2
> a2 iV ogp Osnr VY 1

Define u := 1,/1/n, the label vector y € {£1}" with ||y||> = n, and the orthogonal projectors

Pi,:=viv{ +vvy, P, :=I1,—P;, K, =P KP,.

Recall also the uninformative covariance-spike parameter

T=—V, (3.3.188)
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and define

Bquad = C2c Ko, ﬁquad = ﬁquad +T. (3.3.189)

Step 1: QE reduction on P, and spike decomposition.

By Proposition 35 and Lemma 59,
1K, — K| qel =0«(n"%), K| qp:= (YoeP1) (YQePL). (3.3.190)

Therefore, it suffices to analyze outliers of K| gg and transfer them to K| by perturbation
stability.

Next, we split the null feature matrix into a centered bulk plus a mean spike. Recall that

1
m=E[oc(w'Z)|Z]cR", G=Y,-— ﬁleT,

soYg=G+ \/LNINmT. Hence

1
YoP, =GP, + —1y(P.m)". 3.3.191
oP. LS N(P m) ( )

Combining (3.3.173) and (3.3.191),

1 02\ C
YorPL =GP, + —=1y(P m)" + SNR_7 (gD2y02T 4 g02),02T) (3.3.192)

VN 2VN

where in the last term we used the XOR property P ka®2 = vk®2.

Step 2: Reallocating quadratic spike mass into - and y-channels.

By Lemma 60,

1
g7V + g5t = — (b +21N)u" +hyy' . (3.3.193)

i
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Thus, the quadratic term in (3.3.192) decomposes into a deterministic rank-one part o< 1yu ' and
a random rank-two part. By Lemma 61, the random part satisfies (3.3.179).

Let ag := 1y/+/N and by := (P m)/||P m||. Then

1
WIN(PJ_’")T =V ﬁmeanaobga Brean = HPJ_m||27

and (as in the finite-SNR analysis) Brean — ¢ /2. Collecting terms, on P,

YoEP) =GP + /Brean @by + 1/ Bouad@utt’ + 1/ Bguaa@yy' + op(1), (3.3.194)
—~— —— N

bulk mean spike

~
random quadratic spikes

where the op(1) is in operator norm.
Denote the bulk Gram matrix Ko := (GP, )" (GP ). Its ESD converges to u and it
admits the same deterministic resolvent limits as in the finite-SNR analysis, with the same

transforms my, and m,.

Step 3: Bulk ESD of XK.

Part (i) of the theorem states that the ESD of K converges weakly to . This follows from
the fact that K = Y 'Y differs from the null kernel K, := Y g Y by a finite-rank perturbation
plus a bounded operator-norm error: indeed, |[¥ 'Y — YEEYQEH <X+ 1Yel)|Y =Ygkl
and ||Y||,||Y gl = O<(n'/*) while ||Y — Yqg|| = O<(n'/*), hence the difference is O(1).
Moreover, ¥ gg = Yo+ (rank-4 matrix), so YgEYQE differs from Y g Y by rank O(1). Therefore
the ESD of K equals that of K,,;; up to O(1/n) in Kolmogorov distance, and since the ESD of

K, converges to U, the same is true for K. This proves (i).

Step 4: Two diverging linear outliers and their eigenspace.

Assume bs # 0. The linear part of (3.3.78) is

T, = OsNR o
- VN

(81v] +8v7)
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Since ||g||*/N — 1 and g/ g,/N — 0 in probability,
T{ T = 6dxrbe (Viv] +v2vy ) +0p(63r)-

In particular, T| T has two nonzero eigenvalues 82\gzb2 (1 +op(1)), diverging as n'/2 by
(3.3.187), and its top-2 eigenspace equals span{vy,v,} up to op(1).

Now write K = TITTl + R where R collects all remaining terms (Y, the quadratic part,
and the QE error). A direct operator-norm bound using (3.3.78) shows ||R|| = O(1), whereas

1/2

the two nonzero eigenvalues of T1TT1 are of order n'/~. Hence, by Weyl’s inequality,

M(K) = 03rbE(1+0p(1),  Ma(K) = 4rb2(1+0p(1)),

which gives the claimed divergence rate after substituting (3.3.187). Moreover, since the spectral
gap between the diverging eigenvalues and the rest is of order n'/2, Davis—Kahan yields conver-
gence of the corresponding spectral projector: if IA’hn denotes the top-2 eigenspace projector of

K, then

This proves (ii). (In particular, since y L vy, v,, these diverging eigenvectors carry no label

alignment.)

Step 5: Deterministic equivalents for resolvent quadratic forms.

Fix a compact set D C R such that D Nsupp(u) = &. For A € D, define
Qr(A):= (Ko—AL)~",  Qu(A):=((GP)(GP.)' —AIN)™",  s(A):=myu(A).
By Lemma 62 and Lemma 63, uniformly for A € D,
al Qi (M)a;=s(A)&j+op(1),  i,je{0,uy},
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myu(A)

=Ty TP b" Qr(A)b = myu(A)+op(1) (b Lu).

u' Qr(A)u

Step 6: Outlier equations for additive spikes (determinant reduction).

Consider the rank-r perturbation P in (3.3.194):

P = /Brmean aobg+ ﬁquadauuT+ ,Bquadayj’T (r=3).

Define the spiked Gram matrix K, := (GP +P)"(GP, + P). By (3.3.190) and (3.3.194),
|K | g — K|l = op(1), so it suffices to analyze outliers of K.

Let A € D. Standard linearization/determinant lemmas for additive finite-rank defor-
mations (see also Remark 25 in the draft relating 7 to the classical D-transform) show that

A ¢ supp(u) is an eigenvalue of K iff
det (I, _ABTQx(A)B DATQL(/I)A> —0, (3.3.195)

where A = [aO,auaay]’ B = [b07u75’]’ and D = diag(Bmean7ﬁquad7Bquad>-
By the resolvent limits in Step 5, the r x r matrix inside (3.3.195) is asymptotically

diagonal. More precisely, uniformly for A € D,

1-2 (b(—)rQR(A)b()) ﬁmean (a(—l)—QL()“)aO) =1 _Bmeanlmu()t S()L) +O]P’(1)’

1 =4 (u' Qr(A)u) Bauad (@, @r(A)au) = 1~ Bguaa

~

Amy

)
1—1T(s(2))
1-2 (S’TQR(A')}_’) ﬁquad (ayTQL()“)ay) =1- ﬁquadlmu(l)s()’) +OIP’(1>-
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Using Lemma 33 and (3.3.43), i.e. Amy(A)s(A) =T (s(A)), the outlier equations become:

mean: 1 — Brean T'(s) =0, (3.3.196)
quadratic y: 1 — Bquaa T'(s) =0, (3.3.197)
T(s)

quadratic u: 1 — Bguad =0 <= 1—(Bquaa+7)T(s)=0. (3.3.198)

1—1T(s)

This is the key place where the deterministic equivalent (3.3.181) is used: it modifies the usual
additive-spike equation by the factor (1 — 77 (s))~!, and therefore adds 7 to the effective spike
strength, yielding Equad = Bquad + 7.

Let

Squad = Tﬁl(ﬁquad); SNquad = Til (Bquad)7 Smean = Tﬁl(ﬁmean)-

By the monotonicity of T on the relevant real branch and the characterization of outliers in
z-coordinates, each of the equations (3.3.196)—(3.3.198) yields an outlier at A = z(s) precisely

when 7/(s) > 0. Therefore:
* The mean spike yields the same BBP transition as in Theorem 3(iii) for K | , proving (iii).

* If 2/ (Squaa) > 0, then K | has an outlier XML = 2(Squad) + 0p(1), proving the location part of

(iv).

* If 2/ (squad) > O, then K | has an outlier /Q\LyL = 2(Squad) +op(1), proving the location part of

(v).

Step 7: Eigenvector alignments (residue/derivative computation).
We now compute overlaps with u and y. Let v, be the unit eigenvector of K | associated
with Z} and similarly v, for iyL

For a rank-one additive spike with strength 8 and right-direction b (unit), the standard
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Benaych-Georges—Nadakuditi outlier-eigenvector formula gives

57 (s)

BT'(s)’

v B> — where s = T~ (B) and Z/(s) > 0.

In our setting, the y-outlier satisfies Byuaa7 (s) = 1, so (3.3.199) yields

Squad 4 (squad)

~T-2 P
vyt o
| Y | ﬁquad T/(Squad)

2, this is exactly the claimed label alignment in (v).

Since [3, y|> = (1/n)[v, y

(3.3.199)

For the u-outlier, the effective spike strength is Equad because of (3.3.198); applying the

same residue/derivative argument with the modified equation fB,.47 (s) = 1 gives

P %uad 4 (SNquad)

~ ~ )
,Bquad T/<Squad)
which proves the eigenvector statement in (iv).

Step 8: Conclusion and transfer from QE to X | .

All outlier locations and alignments above were derived for K,. By (3.3.190) and stan-

dard outlier stability (continuity of isolated eigenvalues/eigenvectors under vanishing operator-

norm perturbations with nonzero spectral gap), the same limits hold for K |, completing the

proof of (iii)—(v). Together with Steps 3—4, this finishes the proof of Theorem 7.

3.3.16 Proof for Spiked Weight Regime

]

In this section, we prove Theorem 8. At the beginning, we give a comprehensive version

of Theorem 8 below and prove this theorem instead.

Theorem 10 (Theorem 8). Assume Assumptions 3 and 4, and the linear-width scaling n/N —

¢ € (0,00) and n/d — y € (0,0). Let X = M +Z € R™" be the XOR data matrix with fixed
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SNR r = ©(1) as in Section 3.2.1, with label vector y € R" (half +1, half —1) and y'u =0
where u =1, //n. Let W € RVN*? have i.i.d. .4 (0,1) entries, and let the spiked (“pretrained”)

weight matrix be
W, :=W+6ab', a~.#(0Iy/N), b:=1,;, 6=6,N"* (3.3.200)

independent of (W ,X), where 6y > 0 is fixed. Define the random feature matrix and (uncentered)

conjugate kernel

1
Y =— oW X)eRV"  K:=Y'YeR™. (3.3.201)
VN
Let

s:=X"beR", q:=s%cR", q,:=q—(u'queRk", (3.3.202)

and the constants

}’2 ’,4

Ki=l+o, K ::2+2r2—|—z. (3.3.203)

Recall the limiting bulk law W of Theorem 5 and the functions z(-) and T () from Section 3.3.4

(with T strictly monotone on each branch of 7 outside supp(lL)). Define the spike strength

2
e

By := 1 0 ¢ K. . (3.3.204)

Then the following hold:

(i) Bulk. The empirical spectral distribution of K converges weakly in probability to |L.

(ii) Giant outlier. The top eigenvalue of K diverges at rate \/N:

A1 (K) =b% 63 ¢k VN (1+0p(1)). (3.3.205)

211



Moreover, if ¥y, 1 is the associated unit eigenvector, then

1
—=1  and -V, 1y\2—>0, in probability. (3.3.206)
n ?

(iii) Order-one outliers orthogonal to y. All O(1) outliers already present in the random-weight

model of Theorem 5 (e.g. the linear outliers and the possible “u-outlier”) remain O(1) and have
eigenvectors asymptotically orthogonal to y. (Their locations and overlaps are as in Theorem 5,

up to op(1) perturbations.)

(iv) Additional quadratic (label-aligned) outlier. Let s, be any real solution to the additive BBP
equation

BT (sy) =1, (3.3.207)

on a branch such that z(sy) ¢ supp(u) and Z'(sy) > 0. Then K has an additional outlier

eigenvalue at

A

Ay(K) = z(sy) +op(1), (3.3.208)
whose unit eigenvector Vy, , satisfies the alignment limit
‘A'lIqu g
g |

/
LTS obabiliny, (3.3.209)

ByT'(sy)

Consequently, the label alignment of this outlier satisfies

1

1 syZ(sy) /4
n

ByT'(sy) ®i°

T2
vb7yy| —

in probability. (3.3.210)

3.3.17 Step 1: A QE for spiked weights.

We follow the proof strategy of Theorem 5 in Section 3.3.8, with the key difference that
the spiked weight & = 6yN'/* forces a quadratic Taylor term to remain O(1) and creates an

additional outlier aligned with q | .
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We first show the concentration of s and g | , and correlations with labels. We record the

limiting norms and the key correlation qu.

Lemma 64 (Concentration of s and q | ). Under the assumptions of Theorem 10, as n — o,
1, 1 2 . e
—||s| =«  and g, |7 — xL, in probability, (3.3.211)
n n

with K, K, as in (3.3.203). Moreover,

1 2 1 4/4
_qu N - and —(qu)z/HqJ_H2 — r/ , in probability. (3.3.212)
n 2 n K|

Finally, y's = Op(y/n).

Proof. Recall s =X " b with b = 1,. By the XOR construction, each coordinate s j 1s (up to the
deterministic class-dependent shift) a sum of d independent .4 (0, 1/d) entries, hence s; has
variance 1 in the first half and 1+ 72 in the second half, and the mixture gives E[sf] =1+r?/2=xk
and E[s‘}] = 343724 r*/4. A law of large numbers yields ||s||?/n — k.

Next, ¢ = s has mean E[g;] =k, sou'q = \/Lﬁzjqj = /nk+op(y/n). Thus g, =

q — (u" q)u satisfies

1 1 )
;Htﬂll2 = Zl(q]- —q)* = Var(s?) = E[s}] — E[s7]?
j:
4 2.2 4
r r r
= (3432 —)—(1 —> —2+22+ 0 — k.
( 3+ ) T =KL

This proves (3.3.211).
Since y'u =0, wehave gy =¢q'y. Butq'y =Y ;<257 — ¥ j=n/2 55, 50 by the law of

large numbers

1

1 1
Zqu — EE[S? | class +] — 5]E[s§ |class =] ==-1—=-(14+7%) = —%.

| =
SR

213



Dividing by ||q, || and using ||q ||*/n — k| yields the second limit in (3.3.212).

Finally, y's = Yj<n/25j — Lj>n/25; 18 @ sum of n i.i.d. centered terms (by symmetry

within each class), hence is Op(1/n) by the central limit theorem. O
Write
WiX=WZ+ WM +0a(b'X) = WZ+A;,+Ay, (3.3.213)
~ ———
(data signal) (weight spike)

where Aji, := WM and Ay, := Oas’ with s =X "h. As in the proof of Proposition 35 and

Section 3.3.12, we expand 6(WZ + Ay, + Agp) to second order around WZ:

1
=0(WZ)+0'(WZ)® (Ain +Asp) + Ec”(WZ) ® (Ajin+Agp) 2 +R, (3.3.215)

where R is the third-order remainder.
The next lemma records the operator-norm sizes of the terms in (3.3.214) under the

finite-SNR regime = @(1) and the spiked-weight scaling 6 = 6oN'/*.

Lemma 65 (Finite-SNR QE under spiked weights). Under the assumptions of Theorem 10,

define
1 1 bs® 1 0% ., 7
Yoo = —0(WZ)+ —0'(WZ) O A, + ——=as' + a“’q', 3.3.216
sp \/N ( ) \/N ( ) lin \/]T/ 2\/N q ( )
where q = s©2. Then
Y —Y || <n /% (3.3.217)

Proof. We bound each discarded contribution in (3.3.214) after division by v/N.
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(a) The Agp, linearization. By definition, Ag, = 6 as', hence

ﬁa”(WZ) OAp = %(a’(WZ) ®as').

Since ¢ is bounded (Assumption 1), ||6'(WZ) ®as || < ||06'||«|las" || = ||6”||-||al| ||s||. Using

|al|?> — 1 and ||s|*/n — K in probability (Lemma 64),

| e wea,

027 lsl) = 0x(6/n/) = 0"

which is precisely the “giant” spike term. To obtain the QE form in (3.3.216), we replace 6’ (W Z)

by its Hermite coefficient bs:

1 bs6
WGI(WZ)QASI’:W“S +Esp,17

and standard concentration plus boundedness of 6" yields || Esp,1|| < n~'/* (the same argument
as in Proposition 35, but with perturbation size ||Agp||. = Op(N —1/4) and Taylor remainder order
O(J|AlIZ)-

(b) The quadratic term (Asp) 2. We have (Agp)®? = 02a®?q" with g = s®2. Thus

1

SR WD) = (W2 00 ).

2VN

Replacing 6”(WZ) by its Hermite coefficient ¢, yields the rank-one term ;‘\’/@a@qu plus

an error Egp» with ”ESP’QH <n /4 (again by boundedness of o) and the entrywise size
1(Asp) 2| = Or(N~1/2)).

(¢) Mixed and purely-data quadratic terms. Expand (A, + Asp)®2 = (Afin)9? +2(Ajin © Agp) +
(Asp)@z. In the finite-SNR regime, Section 3.3.8 (Lemma 44) shows that the contribution
6" (WZ) ® (Ajin)®? has operator norm < n~'/2 and is negligible. For the mixed term, using

Zf
| Ain o = OP(n_l/z) and [|Agplle = O]p(N_l/4), we have ||Ajip © Agplle = OP(n_l/ZN_1/4).
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Since ¢” is bounded,

!
< —HGA‘lw'\/W-O]p(n_]/ZN_IM) = Op(N~'*) < n /4,

Z) O] (Alin O] Asp) \/—

1 1
—0 ' (W
va (

(d) The third-order remainder. Since 63 is bounded and ||Aji, + Agpllee = Op(N~1/4), the

remainder satisfies |R||. = Op(N—3/4). Therefore
|R/VN|| < VNn-0Op(N3*)/VN = Op(n'?N73/%) = Op(N"V/*) < n7V/4.

Combining (a)—(d) yields (3.3.217). [
3.3.18 Proof of Theorem 10

Define the “spiked-QE” Gram matrix
Ky =YY (3.3.218)
By Lemma 65 and the basic inequality |[A'A —B'B| < (||A|| + ||B]|)||A — B||, we obtain
K —Kg|| < (Y] +|¥gl)n /. (3.3.219)

The operator norms satisfy |¥ || + ||¥ || = Op(N'/*) because of the giant spike term, hence
|K — Ksp|| = op(v/N). This will be sufficient to transfer the asymptotics of the diverging top

eigenvalue and to keep all O(1) outliers stable.

Proof of Bulk limit (part (i)).
The matrix Ky differs from the random-weight kernel (Theorem 5) by a finite-rank

perturbation: it contains (i) the same null bulk term \/LNG(WZ) plus the same O(1) finite-rank
bs0

. .92 ..
terms from Aj;,, and additionally (ii) the rank-one spike terms bsY 45T and ﬂaqu. Finite-

VN 2VN
rank perturbations do not affect the limiting ESD, so the ESD of K, converges to the same
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u as in Theorem 5. Since ||[K — Kp|| = op(1) on compact spectral scales (from (3.3.219) and

|Y || = Op(N'/4)), the ESD of K also converges to i.

Proof of Giant outlier (part (ii)).

Let
bs0 bs6
P, = % as' NGT/‘(‘) as'. (3.3.220)
Then P has rank one and
b2 62
P P, = (;V (a"a)ss'.

Hence its unique nonzero eigenvalue equals

PTP _b%ez T 2
onan (PY Py) = 2% (" a) 5|

Usinga'a — 1 and ||s||?/n — & (Lemma 64), and 62 = §2N'/? with n/N — ¢, we obtain
Amax (P Py) = b5 65 ¢ K VN (1+0p(1)).

All other terms in K, have operator norm Op(1) (the random-weight CK and the O(1) finite-rank

linear terms), so by Weyl’s inequality,
A (Ksp) = b263 ¢ VN (1+0p(1)).

Since ||K — Kyp|| = op(v/N), the same asymptotic holds for 21 (K), proving (3.3.205).

For the eigenvector, note that P, P has eigenvector s/||s|| and an eigen-gap of order v/N
to the rest of the spectrum (which is O(1)). Therefore, by Davis—Kahan, the top eigenvector
¥p.1 of K satisfies ‘f),IIS/ IIs]| |2 — 1, and stability under the op(+/N) perturbation from Ky, to
K yields the same for K. Finally, y's = Op(y/n) by Lemma 64, while ||s|| = ®p(+/n), hence
(1/n)[9} 1y* — 0, proving (3.3.206).
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Proof of the additional quadratic outlier (part (iv)).

Define the “quadratic” rank-one term

2 2
. Cob a2 = cs6)

=9 a®?q". 3.3.221

Since y " u = 0, only the component of g orthogonal to u can correlate with labels; therefore we
decompose ¢ = (u' q)u+q, as in (3.3.202) and retain the g, channel.

We now compute the spike strength associated with q,. Let @ := a®?/||a®?|| and

G, :=q,/llq,|. Then

cs 03 - . 6672
hargl=\[pagl  win  B=(00) 0P

Since a; ~ .A4(0,1/N) i.i.d., we have ||a®?||?> = ¥;a} — 3/N in probability, and by Lemma 64,

HqLHz/n — K. Thus

B (B2 e (1-+0n(1)) = 22 60, (1-+05(1).
which matches (3.3.204).

At this point we invoke the additive outlier theory for spiked sample covariance matrices
(Lemmas 53, 55, 56, and 57 in Section 3.3.8): condition on X so that g | is deterministic, and use
independence of a from the null bulk. Then, on any branch where 7/(s) > 0 and z(s) ¢ supp(u),
the existence of an outlier associated with the rank-one spike \/[Ty&QI is governed by the scalar
equation B,7(s) = 1 (Lemma 55), i.e. (3.3.207). If s, is a solution on such a branch, then the
corresponding outlier eigenvalue converges to z(sy), giving (3.3.208).

Moreover, Lemma 46 yields the eigenvector overlap with the spike direction:

/
AT =~ |2 syZ (sy)
\% —
b7qu_ ﬁyT/ (Sy) )
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which is (3.3.209).

Finally, since y | u we have qu =gq'yand

2
Lor 2 11 2 (q1y)
n Vb,y)’| = Vpydi| - PR +op(1),

and Lemma 64 gives 1 (qTy)?/|lq . ||2 = r*/(4%.). Combining with (3.3.209) proves (3.3.210).

Proof of remaining order-one outliers (part (iii)).

The spiked-weight terms P and P, have ranks one, hence they do not alter the existence
criteria or locations of the pre-existing O(1) outliers from Theorem 5 beyond op(1) perturbations
(standard finite-rank stability, cf. Section 3.3.12). All such eigenvectors remain asymptotically
orthogonal to y by the same arguments as in Theorem 5 (they align with u, v;,v,-type directions),

while y is orthogonal to those directions. This completes the proof.

3.3.19 Proof of Quadratic Sample-size Regime

In this section we proof Theorem 9 when n =< d? and N >> n’. Let w ~ .4#(0,1;) and

define the population CK matrix
®(X) = EyJow'X) oc(w'X)|X] eR”",  &(X);;=Eu[oc(w'x)o(w'x))|X].
In this section, we consider the empirical CK with projection as
K.:=PKP,

where P =1, — %IIT.

Proposition 66 (Ultra-wide CK concentration with bounded column norms). Under the assump-
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tions of Theorem 9, there exist constants C,c > 0 such that

nZ
IP( 1K —®(X)| > q/%‘x) < 2exp(—cn).

Consequently,

IK-®X) S0, ||k —PRX)P|So0.

Proof. Lemma 24 shows that

n

Z [xalla—1)* <d,

with high probability. Also, we know || X || < ||M|| +||Z|| < v/d where |M|| = 8snr < v/'d and
|\Z|| < y/n/d+ 1. Hence, we can directly apply Theorem 2.3 of [WZ21] and conclude the

proof. 0
3.3.20 Analysis of the Population CK for Quadratic Sample-size Regime

Let (hy)x>0 be the orthonormal Hermite polynomials w.r.t. & ~ .47(0,1):

Bl (S)he(8)] = e

with hg =1, h(E) =&, and hy (&) = (E2—1)/V/2.
For each i € [n], set 5; := ||x;|| and define the scaled activation o(;(7) := o (s;t). Define

its Hermite coefficients

¢t = Eloy(E)m(E)], keN,

and the diagonal matrices Dy, := diag(é’k(l)7 ey (:(”)).

Define the Gram and correlation matrices

G:=X'X, D:=diag(s;,...,s,), R:=D'GD.

-
Note R;; = 1 and Rij =%

Sisj "
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Lemma 67 (Hermite expansion of ®(X)). Condition on X. Then
‘D(X) = Z DkRQka, (RQk),'j = (R,'j)k.
k>0

Equivalently, entrywise,

o(X); =Y ¢ (Rip)*.

k>0

Proof. This lemma is derived in the proof of Lemma 5.2 in [WZ21]. []

Define the Hadamard-square matrix H := G ® G. For k =0, 1,2, define the following

objects:
P n . 1 Cl(l) Cl(n) nxn P M CZ(I) CZ(n) nxn
U :=Dyl e R", A.-dmg(T,..., sn)ER , C.—dlag<?,...,—%)€R .

Lemma 68. Condition on X. Then:

DyR*°Dy = (Dy1)(Dp1)" = ppu',
DRD, =AGA,

D,R’D, =C(G®G)C=CHC.
Proof. The first identity uses R®° = 11" . For the second,

NN () ()
(DiRD));; = Cl(l)Cl(j)ﬁ = (i) <C1—> Gij = (AGA);;.

SiS;j Si S

Similarly,
; Gl2 C(i) C(j)
00,6050 - (5) ()61 - omn,
i°j i

O

Let t; := x;/||xi||2 so that ||#;]], = 1 and R;; = t,'t ;. For each integer k > 1, define lifted
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features

v =k e R ve=pW L ) eI,
Then R®% = V[V, because of kernel trick (¢ t,)* = (t?k,t;@k>.

Lemma 69. Assume n < Cd? and the XOR model with r = O(1). Fix any integer k > 3. Then,
as d — oo,

|PR®*P — P|| = op(1).

Moreover one may take the quantitative bound

|PRP— P = op(\g) — 0s(d ),

Proof. The proof is based on the proof of Lemma 5.2 of [WZ21]. We sketch a standard Gram-
matrix concentration argument in the regime d* >> n.

k)

Step 1 (Gram form). As noted, R“* = V[V, with columns vl( of unit norm. Hence R — I,

has zero diagonal and off-diagonal entries (¢, ¢ ;)*.

Step 2 (nearly isotropic, high dimension). Under the XOR model with r = O(1), the normal-
ized directions ¢; are i1.i.d. and (uniformly in d) subgaussian with nearly isotropic covariance.

(k) _ pok

Consequently, the tensor features v, are also i.i.d., subgaussian in dimension d*, with

1

(One can formalize this by restricting to the symmetric tensor subspace; the effective dimension
is still < d*.)
Step 3 (operator-norm concentration). For i.i.d. subgaussian isotropic vectors in dimension

p = d*, a standard sample-covariance concentration inequality implies

dk 1 1
—OP( z)ﬁ—oﬁ”( W)
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Multiplying by n and using that nonzero eigenvalues of V,ij coincide with those of VkV,j, we
obtain

IViVi—L] = 08( 1/ 2 ).

Finally, since P(R®* —I)P = P(V V; —I)P and ||P|| = 1,

n _
|PR*P—P| < |R* ~1] = 05(y/ 5 ) = 0@ 7).
which tends to 0 for k > 3 since n < Cd>. O
Define the variance-1 Hermite weights
2 2
c c
=1-b: -2 =2,
(0% o 5 (0%} )

(Recall E[6(£)?] = 1 and bs = {1(0), &(0) = c6/V/2.)

Lemma 70 (Tail (k > 3) collapses to ¢ P after centering). Assume the XOR model with n < Cd>
and r = O(1), and & is Lipschitz with E[c(E)] = 0, E[c(E)?] = 1. Then

:Op(l).

P <Z DkR®"Dk> P—oyP

k>3

Proof. LetT>3:= Y>3 D(R“*Dy,. Write

T>3=Y D; + Y Di(R**—I)D,.
k>3 k>3

We treat the two pieces.

Step 1 (diagonal piece). By Parseval in L2(.4(0,1)),
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Since o is Lipschitz and s; = ||x;||2 = 1 + op(1) uniformly (by Lemma 24), we have
m?XUE[G(Sié)Z] — 1| =op(1)

Also &\ = E[o(s:€)] and ¢\ = E[o(5:€)&] and &\” = E[o(s,€)ha(&)] are uniformly Op(1).
Therefore

max
i€n] kZZ%(C

which implies

<

Y D — ol
k>3

= op(1),

P(ZD,%)P—aOP

k>3

since the LHS is a centered diagonal perturbation and the operator norm of a diagonal matrix is

its maximum entry.

Step 2 (off-diagonal piece). Fix an integer K > 3 (later K = K(d) — oo slowly). Split

K
Y DR 1Dy = Y D(R™* —I)Di+ Y, Dy(R** —I)Dy.
k>3 k=3 k>K

For the finite sum: ||Dy|| < max; |Ck(l)\ < max;||o(si&)||;2 = Op(1), and Lemma 69 implies

|[P(R“* —IP|| = Op(d'~*/?). Hence, for fixed K,
K K

P < Y 0p(d' %) = 05 (

= k=3

Di(R®* — 1D P

).

Sl

k=3

Choose K(d) = |logd| to get K /+/d — 0.

For the tail k > K(d), use the crude bound |R;;| < max;.;|R;;| < 7, w.h.p. and 7, — 0
(Lemma 24), so entrywise |(R;;)¥| < ¥ for i # j. Since R”* — I has zero diagonal, Gershgorin
yields

IR ~1I|| < ny.
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Also ||Di|| < Op(1). Hence

K(d)+1
T
P Y Dy(R*—DDP| <0p(1) Y ntt=0p(1)- Z— = op(1)
k>K(d) k>K(d) T
because K (d) < logd and 1, — 0.
Combining Steps 1-2 yields the claim. 0

Theorem 11 (QE for the centered population CK, general bs # 0). Assume the XOR model with
n < Cd* and r = O(1), and o is Lipschitz with E[c(E)] =0, E[6()?] = 1. Let u, A, C be as in

Lemma 68, and let o, 0y be as above. Then
HPQ(X)P— <P/,tuTP+PAGAP+PCHCP+ ocoP> H — op(1).

Proof. By Lemma 67,

P®(X)P=P ( Y DkR®’<Dk> P+P ( Y DkRQka> P.

k=0 k>3

The k =0, 1,2 part equals Pup ' P+ PAGAP + PCHCP by Lemma 68. The k > 3 part equals

0P + op(1) by Lemma 70. Combining yields the claim. O
The following proposition is the formal statement of Proposition 36.

Proposition 71 (QE for centered empirical CK, general bs # 0). Assume the hypotheses of
Theorem 11 and additionally n? /N — 0. Then, with K. = PKP,

HKC ~ (Pun"P+PAGAP+ PCHCP + oy P) H — op(1).
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Proof. Triangle inequality:

HK . (P/,LuTP+PAGAP+PCHCP+ aop) H

<|K.— P®X)P| + HPd)(X)P— (Pun"P+PAGAP+ PCHCP + o P) H

The first term is op(1) by Proposition 66 (since n/N — 0). The second term is op(1) by

Theorem 11. Hence we complete the proof. [

Corollary 72 (QE in the quadratic regime when bs = 0). Assume the hypotheses of Proposi-

tion 71. Assume in addition that
El(o(E)]|=bs=0 and E[Eo(s)]=0foralls<[l1—3,1+ 3]
for some fixed & > 0 (e.g. this holds if o is even). Then A = 0 and
HKC - (PuuTP+PCHCP+ ocoP> H — op(1).
If furthermore E[c(s&)] =0 forall s € [1 — 8,1+ 6] (e.g. 0 is odd), then p = 0 and
K. — (PCHCP+ 0y P) || = op(1).

Finally, by Lemma 24, C = {;(0)I,, 4+ op(1) and PCHCP = o H .+ op(1) with H. := PHP,
vielding the simplified QF

IKe — (00 P+ o He)|| = op(1).

Proof. If E[Eo(s&)] = 0 for all relevant s, then Cl(i) =0 for all i, hence D; =0 and A = 0, so

Proposition 71 reduces to the first displayed statement.

If also E[o(s&)] = 0 for all relevant s, then Céi) =0 for all i, hence g = 0, giving the

second statement.
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Finally, if max; |s; — 1| = op(1), then by Lipschitz continuity of s — {(o(s-)) in L?,
we have max; |l — & (o) = op(1) and max;|s; 2 — 1| = op(1), hence ||C — & (0)I|| = op(1).

Since ||H || = Op(1) in the quadratic regime (it is a centered Gram matrix in dimension < d?),
IPCHCP — (3(0)* PHP|| < |[C — &y(0)I|| - Op(1) = op(1),

and {»(0)? = ap = ¢2 /2. This yields the last claim. O

Remark.Lemma 5.2 of [WZ21] shows ||® — ®,|| < Be2\/n under (g,, B)-orthonormality and
bounded || X|| < B, where ® is a degree-3 Hermite-truncation polynomial in X ' X (with f;(x) =
x* entrywise). In our quadratic regime, by Lemma 24, &, = \/W and B = \/d, which
is increading as d — o. Hence, we instead: (i) work with the correlation matrix R (bounded
diagonals), (ii) keep the degree-2 term explicitly, and (iii) show degrees k > 3 collapse to P on

the centered subspace. This is the regime-adapted version of the same Hermite-expansion idea.

3.3.21 Deterministic Equivalent of Spiked Kernel Model

Let svec : SY — R? be the Frobenius-isometric symmetric vectorization, with p = d(d +

1)/2 and
(svec(A),svec(B)) = (A,B)r.

Define the lifted data matrix
0:=[q-..,q,] € R q;:= svec(x,-xiT).

Then
H=Q'Q, H.=(QP) (QP).

This above formula is also called kernel trick, see Section 3.7 of [Ver18]. Kernel trick helps us

make the nonlinear matrix (quadratic kernel matrix) into a linear sample covariance matrix/Gram
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matrix. Then we can apply standard random matrix results to analyze spikes and ESD.

Lemma 73 (Unique label-dependent direction in the quadratic lift for XOR). Define

1
S:= —svec(ululT —uzuzT) €RP, sl =1.

V2

Then there exists a deterministic ¢ € RP and a scalar 6; > 0 such that for all i,

Elg; |y]=g+y-Ls 6—r2\/1+1
q;1Yil=4g yl\/ﬁa d—2 d’

In particular, §; — & = r*/2 as d — oo, and one may write

_ 1)
Elg; | yi|=q+yi—=s+riq, |rialla <C

1
NG d\p’

Moreover, centering removes q:

Proof. Fix i and condition on y; (equivalently, on a(i) € {1,2}). Expand

.
xix;| =ziz; +zm] +miz] +mm. .

Taking conditional expectation given y;:
* Elziz | = jla.
* Since z; is mean-zero and independent of m;, ]E[z,-miT + m,~ziT | yi] = 0.

* Since m; = ni\/LEua(i) and n? =1,

2
r r r
E[mm; |y = Eua(,-)ul(i) = g(ululT +u2u2T) +y,-g(u1u1T - uzuzT).
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Hence

1 r? r
Elxix; | vi] = (Eld + ﬁ(ululT —|—u2u2T)> +yi (ﬁ (urn] — u2u2T)> :
s — AT

Apply the linear map svec:

Elg; | yi] = svec(X) +yisvec(AL).

Define g := svec(Z). For the label-dependent part,

2 . PR 2
svec(AX) = % svec(uju; —uriy ) = 2 V2s= ms.

Since p =d(d +1)/2, we have
1 V2 . 22 /1 N 1 1 8y
_— — S _— —_— = —,
VP d\/1+1/d V2d 2 d /b /P
This proves the exact identity with J;. Since §; — 6 = O(1/d) and |[s||> = 1, the residual 7; 4

bound follows.

Finally, P1 = 0 implies g1 ' P = 0, hence

(Q—g1")P=QP.

Lemma 74 (Lifted noise is asymptotically isotropic). Define the centered lifted noise

€i:=q,—Elg;|yi]= svec(xixiT —Elxx; | yi]>.
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Then (€;)"_, are independent, mean-zero, and for each fixed i,

2. 4

Eleig; | yi] = 2l T 3 Ua,

where U ,; € RP*P is a deterministic PSD matrix (depending on u, ;) satisfying
rank(Ua(i)) <d, ||Ua(i) lop < 1.

Equivalently,

1. 27 1y .
]E[Eisl?r |yi] = ;Ip—f— 7Ua(i) +0(ﬁ> n || ) HOp.

In particular, the covariance is isotropic up to a rank-O(d) perturbation of size ®(1/p) in
operator norm. If I1,;y denotes the orthogonal projector onto Im(U a(l-)), then on the orthogonal

complement Im(Ua(,-))L,

2
(I, — M) Elgig] | yi] (I, — T, ;) = 2 Ip — L),

Proof. Step 1 (independence and centering). The columns x; are independent across i, hence so
are g; and €;. By construction, E[€; | y;] = 0.

Step 2 (explicit centered matrix representation). Fix i and condition on y; (so u 1= u,;
is fixed) and on 1;. Write m := ni\/L;lu and z := z; so that x = z+m. Using Efxx" | y;] =

T, we obtain

2
%Id—i— Suu

1
x| — ]E[xxT | yi| = (zzT - (_lld> + (zmT +sz>.

Therefore,

1
€ = svec:(zzT — EId) + svec(zmT +sz) .
Step 3 (covariance in test-matrix form). Let A, B € S and set @ := svec(A), b := svec(B).
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By the svec isometry,

1
(€i,a) = <zzT -~ Eld7A>F +(zm" +mz" A)p.

Since A is symmetric,
(zm" +mz" A)r =tr((zm' +mz")A) =2z"Am.

Hence

1
R O T
(€;,a) (z Az dtr(A)>+2z Am.
e d :ZTl(A)
=T (A)

Here T>(A) is a centered quadratic form in z (2nd chaos) and 77 (A) is linear in z (1st chaos). By

symmetry of Gaussian moments, E[7>(A)T;(B)] = 0 for all A, B. Therefore

E[(&i,a)(€;,b) | yi| = E[T2(A)T»(B)| +E[T1(A)T1(B)].

Step 4 (compute each covariance term). Since z ~ A (0,1,/d), a standard Wick/Isserlis

computation gives
E[T(A)T:(B)] = Cov(z'Az,z' Bz) = dz—ztr(AB).
Also,
E[T;(A)T;(B)] = 4E[(z'Am)(z' Bm)] = 4 (Am) "E[zz"] (Bm) = ngABm.
Since m = ni\/Lgu and n? = 1,
4

T _ar T
Em ABm—ﬁu ABu.
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Altogether,
2

2 4
E[{e:,a)(€:.b) | v] = S5tr(AB)+ d_r2 u' ABu.

Step 5 (identify U ;) and its rank bound). Define the linear operator %, : S? — s by
(U (A),B)r -=u'ABu  (A,BeS?),
and let U ;) be its matrix representation in svec coordinates: for a = svec(A), b = svec(B),
aTUa(i)b =u'ABu.

Then the covariance identity becomes exactly

2 4r?
Eleig; | yi] = 2l 3 Uai)
The map A — Au has range in R4, so %, has rank at most d, hence rank(Ua(l-)) <d.

Moreover, for any A € S? with lA|lF =1,
T 42 2 21140112
u Au=||Aulz < [|A|[F[lullz =1,

50 ||%u||op < 1 as an operator on (S%,]| - || ), which implies U 4y llop < 1 in svec coordinates.
Finally, since p =d(d+1)/2, we have d% = % : % = % + O(pid)’ yielding the stated

equivalent form. [

Proposition 75 (Decomposition of the centered lifted matrix). Lety = (y1,...,y,) " be balanced
(y'1=0), and define
E:=[gy,...,&,|P € RP*"
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Then

o)
QPZES)’TJFEJFRQa [Rollop = op(1),

where 8§ = r? /2 and s is as in Lemma 73. In fact, one may take the explicit remainder

_ 64— 0 T 0y — 0 < 1 n_
Ro=(2=2)0". IRollw < |22 sl lbll 5 3+ /5 =o(0)

since 8;— 0 = O(1/d) andn/p — y € (0,).

Proof. For each i, by definition of g;,

q;=Elg; | yi] +&:.

By Lemma 73,

_ S,
Elg; | yi] = 4+yi—ds«

VP

Stacking columns yields

5
0=g1"+Lsy" +1]e,,....&.

VP

Right-multiply by P. Using 1"P=0" andy"P=y" (balanced labels),

(Sd T 5 T Sd—(s T
QP =—sy +1&1,...,&|P=——ysy +E+< )sy .
N | ¢ N NG
Define Ry := (‘S"—\/_;)syT. The displayed operator-norm bound follows since ||s]|> = 1, ||y||> =
Vv, \/p=d,and §;— 6 = O(1/d). O

From the deterministic equivalence in Proposition 75, we obtain the spiked-rectangular
form

5
QP = ﬁsyT+E+0P(1), E :=[e,,...,&,)P.

Thus H. = (QP) " (QP) behaves like a rank-one deformation of an isotropic Wishart Gram
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matrix.

3.3.22 BBP Transition for Quadratic Regime
Let
4

s =L ok L=F= 0=8/7=V1

Let A4 (y) := (1+./7)* denote the MP upper edge.

Proof of Theorem 9. By Lemmas 73-74, QP = \%)syT + E + op(1), with E having asymptot-
ically isotropic columns. Therefore H. = (QP)" (QP) is an op(1) perturbation of an isotropic
spiked-Wishart Gram matrix. Hence, we can consider an equivalent model, spiked rectangular
random matrix model, Q = (1/ VP)G+0s(y/\/n)". Hence, by [PWZ24], the limiting ESD
of K and H will become MP law p}MP whose upper edge is A+ (y) := (1+,/7)%. Also, from
[BGN12], if @ > y'/4, with outlier location Ay (7,¢) and overlap Align(y,¢). Then applying
standard Weyl’s inequality yields the eigenvalue convergence; and Davis—Kahan Theorem yields
the eigenvector overlap stability in the supercritical regime (where the outlier is separated from
the bulk by a constant gap).

By Corollary 72,

Kc - (X()P+ a2H0+0P(1>7

so on Im(P) this is an affine spectral map and preserves eigenvectors up to op(1). This completes

the proof of K. O

3.4 Numerical Experiments

The theorems presented in this chapter highlight several control parameters (“knobs”)
that govern whether outlier eigenvalues appear and whether the associated eigenvectors align

with the XOR labels y: (/) SNR r, (2) nonlinearity ¢ through parameters (bg,cg) in (3.2.3)
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and (3.2.4), (3) weight structure W and W (random/pretrained), and (4) scaling regime relating
(n,d,N). In this section, we present the numerical experiments and figures verifying each of the
BBP phase transition results presented in Section 3.2.2. We also include an experiment with

pre-trained CIFAR-10 features fed into the CK and used to linearly classify the XOR dataset.

0.40 7
Positive Class Negative Class BN Empirical histogram
0.351
X  Theoretical prediction
0.30
Eigenvectors 1(green)&2(blue)
>
30.25
5
5 0.20
8 o
% Lois
0.10 ‘ ‘ .
0.051 \
0.00- : , % .
PC 1 4 6 8 10
eigenvalues

Figure 3.1. Finite-SNR proportional regime: failure of linear classification for XOR. We consider
the CK matrix K in the regime n < d < N with a finite SNR. Left: kernel-PCA visualization of the
samples using the top two principle components (PCs) of K (each point is one sample, colored by its true
binary label). The four visible clouds form the canonical XOR geometry: positive and negative classes
occupy alternating clusters, so the leading two-dimensional spectral representation is still not linearly
separable. Right: empirical eigenvalue histogram of K (blue bars) together with the theoretical prediction
by Theorem 5 (red curve). The red x marks the predicted location of the two outlier eigenvalues of K
with the same value by Theorem 5; the arrow links the sub-figure of the first two outlier eigenvectors
plotted against sample index, whose four-block pattern tracks mixture components rather than the binary
labels. Thus the outlier eigenspace is asymptotically orthogonal to the XOR label vector y. Simulation
parameters: n = 5000, N = d = 15000, SNR r = 6.0, and activation &(x) o< ReL.U.

3.4.1 Baseline Case in Section 3.2.3
Finite-SNR regime with random weights and proportional limits.

Figure 3.1 depicts the random CK spectra with XOR in the finite-SNR regime and
proportional limit (Assumption 4), with theoretical spike predictions from Theorem 5. Notice
that in this simulation, because of the choice of o, there are no uninformative spikes from
Theorem 5 (ii) and(iii). Consistent with Theorem 5 (iv) and(v), two leading eigenvectors are
outliers and the sub-figure of Figure 3.1 exhibits non-trivial alignment with v, v, defined in

(3.2.7), but remains orthogonal to the XOR-labels y. Consequently, although we can apply
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additional nonlinear transforms for leading eigenvectors to classify the data, linear classification
of XOR via the eigenvectors of the CK fails in this regime. This case is our baseline and then we

vary one knob at a time, reporting how the CK spectra change.

3.4.2 Knob I: Increase SNR

From Theorem 7, we generate the CK of XOR with r = @(n'/*) under & (x) o< VX2 + 1 —
1, which satisfies b = 0,cs # 0. Figure 3.2 depicts the CK spectra and the principal component
plots. CK has two O(1) quadratic outliers. Since bs = 0, the diverging linear outliers are not
present. Moreover, the second eigenvector exhibits two-class structure, and XOR becomes

linearly classifiable via the CK eigenvectors.

Positive Class Negative Class 0.251 Empirical histogram

0.20 x  Theoretical prediction

9

5 0.15 Eigenvectors 3(blue)&4(green)

>

m o I
0.00 a % & 5 T 10
PC4

eigenvalues

Figure 3.2. Large-SNR proportional regime: informative CK spikes recover the XOR labels. We
consider the same proportional limit as in Figure 3.1, but now at large SNR r = 35, where the spectral
predictions of Theorem 7 imply the emergence of quadratic informative outliers. All other parameters are
the same as in Figure 3.1. Left: kernel-PCA visualization of the samples using the 3rd and 4th PCs of
CK matrix K (each point is one sample, colored by its true binary label). In contrast to the finite-SNR
case, these two spectral coordinates clearly separate the positive and negative classes by a linear boundary,
showing that the informative outlier eigenspace now aligns with the XOR labels. Right: empirical
eigenvalue histogram of K (blue bars) together with the predicted curve from Theorem 7 (red curve).
The red x markers indicate the theoretical locations of the order-one informative outliers, and the arrows
link the sub-figure of the 3rd and 4th empirical eigenvectors (blue and green) plotted against sample
index. The block structure of the 4th eigenvector of K matches the binary label split, explaining why the
associated outlier eigenspace is informative for linear classification of XOR. To focuAs on the order-one
Eigenvalues, we do not display the first two extremely large eigenvalues here for K: A; = 155.6265 and
Ay = 152.6605.
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Spectral/algorithmic phase transition as r increases.

The results of Section 3.2.4 imply that there is a phase transition when the SNR surpasses
the critical value of r = ®(n% ). In this case, the quadratic component of & is no longer negligible,
and two further eigenvalues emerge from the bulk with eigenvectors that asymptotically align
with XOR-labels. To support this, we simulate the CK under increasing SNR in Figure 3.3. Plots
are drawn with o (x) o< Vx2 41— 1, which has by = 0 and ¢ # 0. Since by = 0, the two linear
eigenvalues are not present. Instead only the two O(1) quadratic eigenvalues isolate from the
bulk. Figure 3.3 depicts the CK principal component plots of XOR exhibiting a phase transition
in SNR, during which XOR becomes linearly separable. This transition roughly coincides with
the two quadratic eigenvalues with XOR-label aligned eigenvectors emerging from the bulk of

the CK, depicted on the right of Figure 3.3.

3.4.3 Knob II: Activation nonlinearity o
Varying cs with b5 = 0: uninformative spikes can emerge.
In order to emphasize the role of non-linearity ¢ on the possible emergence of uninfor-

mative spikes in the CK, we consider the single-parameter family of activation functions

cos(ax) — e /2

\/e—"‘2 ((cosh(a?) —1)

fa(x) = (3.4.1)

from [BP22]. These functions satisfy Assumption 3, with b5 = 0 for all choices of o while
cq varies with a. Figure 3.4 plots the spectra of the CK under f, and the null model r = 0
for decreasing values of . As a decreases two outlier spikes emerge in the CK. These two
uninformative spikes correspond to the covariance spike and mean spike from Theorem 5. The

bulk distribution remains MP, which is plotted in red.
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SNR r=6

Positive Class Negative Class 0.10
Bl Empirical histogram
0.081 X  Theoretical prediction
>
£ 0.06 Eigenvector 1(blue)&2(green)
~ g
g © 0.041
Y
0.02+
0.00- . ; , .
4 6 8 10
PC1 eigenvalues
0.10- SNR r=25
Bl Empirical histogram
0.081 X  Theoretical prediction
>
2 0.06 Eigenvector 1(blue)&2(green)
o~
o g
© 0.041
Y—
0.021 / \
0.00- . — ; *—
PC 1 4 6 8 10

eigenvalues

Figure 3.3. CK Spectra Phase Transition: (Top) CK spectra under finite SNR regime (r = 6), no
eigenvalues separate from the bulk. (Bottom) CK spectra under large SNR regime (r = 25). Two
quadratic eigenvalues separate from bulk, with the second leading eigenvector aligning with XOR-labels.
Plots generated with n = 5000, N = d = 15000 and o (x) «< Vx> + 1 — 1, which satisfies by = 0,cs # 0.
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Figure 3.4. CK spectra under activation function fi(x) defined in (3.4.1) and null model SNR r = 0. As
a decreases, ¢ increases and two (uninformative) spikes emerge. The bulk remains close to MP (plotted
in red). Plots are generated with n = 6000, N = d = 1000.

Switching off the quadratic channel (c; = 0): XOR remains non-separable even at large
SNR.

On the other hand, if the activation function o satisfies ¢ = 0 the quadratic feature
channel in the CK is absent. As discussed in Theorem 7, this implies the CK cannot be used to
linearly classify XOR for any SNR. Figure 3.5 depicts the principal components of the CK under
o o tanh for increasing SNR. Even in the large-SNR regime, the two classes in the CK space
do not linearly separate. Indeed by Theorem 7, only two eigenvalues from the linear channel of
the CK will isolate from the bulk in the large SNR regime. Moreover, their eigenvectors remain

asymptotically orthogonal to XOR-labels y, as depicted in the right side of Figure 3.5.

3.4.4 Knob III: Weight structure
Spiked weight case: controlled feature injection into W ;.

We generate a rank-one spike to the random initialized weights W =W 4 Bab ', and
plot the CK and its principal components in Figure 3.6, under o(x) < ReLU and XOR with SNR
r = 6.0. As Theorem 8 predicts, the leading eigenvalue is O(v/N). The second and third spiked
eigenvalues remain O(1), with the second leading eigenvector exhibiting two-class structure,

which allows for linear classification of XOR in the CK space.
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Figure 3.5. Large-SNR regime with an odd activation: separated CK spikes can appear
without revealing the XOR labels. We consider the CK matrix K with activation & (x) o< tanh(x),
for which the quadratic Hermite coefficient vanishes (¢ = 0). All settings are the same as in
Figure 3.2 except 0. In this case Theorem 7 predicts only linear outliers, with no quadratic
label-aligned spike. Left: kernel-PCA visualization of the samples using the 2nd and 3rd PCs of
K (one point per sample, colored by its binary XOR label). The samples split into four vertical
clusters: the two outer clusters belong to the positive class and the two inner clusters belong to the
negative class. Thus the leading nontrivial spectral coordinates remain not linearly separable with
respect to the XOR labels, despite the presence of isolated spikes. Right: empirical eigenvalue
histogram of K (blue bars) together with the theoretical locations of the two isolated linear
outliers predicted by the large-SNR asymptotic theory (red x markers).Two spikes appears with
very large order and the arrows connect these predicted outlier locations to the corresponding
empirical outlier eigenvectors plotted against sample index. Their approximately piecewise-
constant four-block pattern reflects the four Gaussian-mixture components (equivalently, the two
underlying coordinate-sign directions) rather than the binary XOR partition. Consequently, the
outlier eigenspace is spectrally visible but asymptotically orthogonal to the XOR label vector y.
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Figure 3.6. Spiked weight regime: a dominant weight-induced spike coexists aligned with
XOR labels. We consider the CK matrix K built from the spiked weight W; = W + Bab'.
where the rank-one perturbation creates an additional large spectral direction for XOR linear
classification. Left: kernel-PCA visualization of the samples using the 2nd and 3rd PCs of
K (each point is one sample, colored by its true binary label). These two coordinates linearly
separate the positive and negative classes, indicating that the informative label-aligned structure
is carried by the second and third spectral directions. Right: empirical eigenvalue histogram
of K (blue bars) together with the isolated eigenvalue locations predicted by Theorem 8 (red x
markers). The arrows link the two informative outliers to the empirical eigenvectors shown in
the sub-figure: empirical eigenvectors 2 (green) and 3 (blue) plotted against sample index. The
far-right red marker corresponds to the largest spike induced by the rank-one perturbation in
the weights; this dominant direction is separated from the two lower informative spikes and is
therefore not used in the left-panel embedding. Simulation parameters: N = n = 8000, d = 4000,
SNR r = 6.0, activation o (x) e ReLU, and weight spike 6 = 18.0, b =14, a ~ A4 (0, ]%,IN).
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CIFAR-10 Pretrained Weights Experiment

From the spiked weight studied in Section 3.2.5, we consider the CK under pretrained
weights extracted from a 20-layer NN trained on the CIFAR-2 (40 epochs with final test accuracy
88%). Figure 3.7 depicts 1st layer trained weight and its CK spectra tested on XOR. The
emergence of spikes in the spectra of weights during the training process suggests the model is
learning task-dependent features, a phenomena known as feature learning [FCB22] in NNs. In
contrast to Theorem 5, the pretrained CK exhibits four spikes, with the fourth leading eigenvector
aligning with XOR-labels. After sufficient training, the fourth leading eigenvector transitions
from pure noise to near-perfect alignment with XOR-labels, enabling linear classification. Our
experiment suggests that under certain training dynamics and parameter tuning, there exists a

critical phase transition in learning parallel to a spectral transition.
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Figure 3.7. CIFAR-2 pretrained model: (Left) ESD of layer FC1 weights after 40 epochs. Overlaid in
red is the MP distribution. (Right) ESD of CK with pretrained weights. Plots in this section are generated
with n = 10000,d = 3072, N = 512 and XOR with SNR r = 5.25 under o(x) o< ReLU.

A recent line of works [MM21, MM19a] have tracked the evolution of the Empirical
Spectral Distribution (ESD) of weight matrices throughout the training process of Deep Neural
Networks. We focus on two main phases of ESD during training: the so-called "Bulk+Spikes”
model, and Bulk-Decay model. The emergence of spikes in the weight spectra is strongly
related to the feature-learning ability of neural networks [FCB22], and suggests the spikes carry

task-relevant information.

In order to study the spectra of the CK under pretrained weights, we trained a L = 20-
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layer fully connected Neural Network on the CIFAR image dataset, with input dimension
dy = 3072 and hidden dimensions Ny = 512, for / = 1,--- L. To extract binary-classification
relevant features from the trained weights, we restrict the CIFAR-10 dataset to two classes. The
model was trained using stochastic gradient descent (SGD) with momentum, with a learning
rate Ir = 0.05 and batch size b = 128. Our model achieved approximately 88% accuracy on
an independent test set after 40 epochs of training. Figure 3.8 depicts the spectra of FC1 layer
weights, tracked over each pass of the training dataset. Early phases of training exhibit the
”Bulk+Spikes” model: the bulk distribution remains close to random MP initialization, with
several outlier spikes beginning to emerge past the right edge of the MP distribution. In later
training phases, the bulk begins to bleed out from the MP distribution, with significant outlier
spikes emerging.

Our results empirically suggest that the LE approximation of the CK breaks down even
during the early stages of training. Indeed, XOR becomes almost linearly separable in the CK
component space after just one epoch of training. After further training, a spiked eigenvalue
emerges with XOR-label aligned eigenvector. Figure 3.9 depicts the fourth leading eigenvector
of the CK under weights frozen after each epoch of training, with a phase transition occurring
between Epoch 20 and 30. The results of these experiments suggests that under certain training
regimes and parameter tuning, there exists a critical phase transition in the learning process for
which the emergence of spikes in weights becomes sufficient for quadratic channels in the CK
to become non-negligible. One possible explanation is that training the neural network induces
spiked eigenvalues with eigenvectors that align with XOR labels, even though the model is not
trained on the XOR problem directly. Theorem 8 models this by artificially introducing a large
spike in the weights, which induces a spiked CK eigenvalue with XOR-label aligned eigenvector.

In conclusion, we have introduced a quadratic equivalent framework and illustrated its
use by characterizing when nonlinear structure becomes spectrally visible in the CK matrix. For
the nonlinear XOR problem, we show that in the proportional limit with finite SNR, the CK

can exhibit outliers, but their eigenvectors are asymptotically unaligned with labels. In contrast,
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by increasing SNR, sample complexity, or adding pretrained structure in weight, the quadratic
nonlinearity contributes emergence of quadratic informative outliers that enable linear spectral
classification. Our results highlight the complex and subtle relationship between common ML
training “knobs” and the emergence of spikes in the spectrum of ML models. Extending these
quadratic equivalents to more general scalings, deeper networks, and other forms of structured

data is an interesting direction.
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