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ABSTRACT OF THE DISSERTATION

Latent Order Logistic Models for Social Network Analysis
&

Causal Inference for Stochastic Networks

by

Duncan Andrew Clark
Doctor of Philosophy in Statistics
University of California, Los Angeles, 2022
Professor Mark Stephen Handcock, Chair

This dissertation considers credible models for social network data. In the classical social
network analysis setting, nodes are connected to each other with the connections between the
nodes stochastic and interdependent. As a result social network modeling has a sample size
of one, where each network observed must be regarded as a single realization of a stochastic

process. I consider three distinct but related topics in this field in each of the chapters.

I first consider the Latent Order Logistic (LOLOG) model, a recently proposed model class
for social network modeling. I take the data centric viewpoint, that is, how does the LOLOG
model perform in terms of fit, qualitative interpretation and scientific conclusions on data

that practitioners fit with commonly used exponential-family random graph models (ERGM).

I also propose a method for Bayesian inference for the LOLOG model. This method also
yields insight into the posterior distribution of the latent edge ordering, which is fundamental
to the LOLOG model. This approach allows for deeper insight into the LOLOG process, as

well as insight into the reasons for LOLOG’s desirable properties for social network analysis.

The final chapter of the thesis considers a separate topic. I consider an approach for causal

inference with observational data in a network setting. Current approaches assume the

ii



network is observed and exogenous. The main contribution of this chapter is to regard the
edges and nodal covariates as jointly distributed in a causal model. We consider the causal
structure of this problem, and provide an extension to current approaches to account for

this.

Throughout this dissertation, I use real-data networks to demonstrate the ideas and method-
ology. Examples include the National Longitudinal Study of Adolescent to Adult Health and

a well known network of New England Lawyers.

il



The dissertation of Duncan Andrew Clark is approved.
Yingnian Wu
Mason Alexander Porter
Qing Zhou

Mark Stephen Handcock, Committee Chair

University of California, Los Angeles

2022

v



TABLE OF CONTENTS

List of Figures . . . . . . . . . . ix
List of Tables . . . . . . . . . . . xiii
Acknowledgments . . . . . ... xvi
Vita . . . . xvii
Introduction . . . . . . .. 1

1 Comparing the real-world performance of exponential-family random

graph models and latent order logistic models for social network analysis . 3

1.1 Introduction . . . . . . . . ... 3
1.2 ERGM and LOLOG Model Classes . . . . . . . ... .. .. ... .. .... 7
1.2.1 Model Specification . . . . . . . .. ... Lo 7
1.2.2  Model Interpretation . . . . . . . ... ... ... ... 9
1.2.3  Model Identifiability . . . .. .. ... ... oL 9
1.2.4 Model Estimation . . . . . . . ... ... oo 10
1.2.5 Model Discussion . . . . . . . ... 10
1.2.6  Assessing Goodness of Fit . . . . . . . ... ... L. 12
1.3 Description of the Ensemble . . . . . . ... ... ... ... ... ..., . 13

1.4 Case Study of LOLOG and ERGM fits: Complex networks where ERGM is

insufficient . . . . . . . 15

1.4.1 Model Fits . . . . . . . 16



1.4.2 Goodnessof Fit . . . . . . . . . 20

1.4.3 Model Comparison . . . . . . .. . .. ... 24
1.5 Summary of Results for the Ensemble . . . . . . .. ... ... .. ... ... 25
1.6 Discussion . . . . . .. . e 28
1.7 Acknowledgements . . . . ... .o 30
1.8 Appendix . . . . .. 31
1.8.1 Additional Goodness of Fit Figures . . . . . .. ... ... ... ... 31
1.8.2 Links to publically available data . . . . . .. .. ... ... ... .. 34
Bayesian Inference for Latent Order Logistic Network Models . . . . . . 36
2.1 Introduction . . . . . . ..o 36
2.2 LOLOG Model Formulation . . . . . ... ... ... ... .. ... ..... 38
2.3 Bayesian Inference for LOLOG Models . . . . . .. ... ... .. ... ... 40
2.3.1 Sampling from Posterior Edge Permutation Distribution . . . . . .. 41

2.4

2.5

2.3.2 Sampling from Posterior Parameter Distribution Conditional on Edge

Permutation . . . . . . . . 43

2.3.3 Assessing Convergence of MCMC for posterior parameter distribution 46

2.3.4 Simulating from Full Posterior Distribution. . . . . . . ... ... .. A7
2.3.5 Assessing Model Fit . . . ... .. ... 48
Pseudo Conjugate Priors . . . . . . . . . . ... ... ... 49
Examples . . . . . . 52
2.5.1 New England Lawyers . . . . . .. .. ... .. ... .. ..., 52
2.5.2 Adolescent Health . . . . . ... .. .. ... ... ... ... ... . 60
2.5.3 Imterpretation . . . . . . .. ..o 63

vi



2.6 Discussion . . . . . .. L 65
2.7 Appendix . . ... 68
2.8 New England Lawyers Additional LOLOG Model Fits . . . . . .. ... ... 68
2.8.1 Comparing Priors . . . . . . .. ... 68
2.8.2  Assessing Convergence of MCMC . . . . . ... ... ... ... ... 68
2.8.3 Sampling Permutations . . . . . . ... ... ... 70
2.8.4 Sampling from the posterior . . . . . . ... ... 70
285 Goodnessof Fit . . . . . . . . ... 74
2.8.6 Interpretation . . . . . . .. ..o 74

3 An Approach to Causal Inference over Stochastic Networks . . . . . . . . 77
3.1 Imtroduction . . . . . . . .. 7
3.2 Notation and Setting . . . . . . . . . ..o 80
3.3 Network Potential Outcomes and Causal Estimands of Interest . . . . . . . . 82
3.4 Causal Framework . . . . . .. .. ..o 84
3.5 Estimation and Identifying Assumptions . . . . . . . . ... ... ... ... 89
3.5.1 Structural Assumptions . . . . ... ... 89
3.5.2 Modelling . . . . . . . 91

3.6 Example : Simulation Study . . . . . .. ..o 95
3.6.1 A DAG compatible data generating process . . . . .. ... .. ... 95
3.6.2 Model Specification . . . . . . . ... L 97
3.6.3 Results. . . . .. .. 99

3.7 Case-Study of Smoking Behavior within a High School . . . . . .. ... .. 101
3.8 Discussion . . . . . .. 104

vii



3.9

3.10

3.11

3.12

3.13

3.14

3.15

3.16

Acknowledgements . . . . . ... 108

Supplementary Materials . . . . . . .. ... oo 109
Chain Graph Introduction . . . . . . . .. . .. ... ... ... ... .... 109
3.11.1 Graph Definitions . . . . . . . . ..o L 109
3.11.2 Chain Graph Markov Property . . . . ... ... ... ... ..... 110
3.11.3 Chain Graph Example Comparison with DAG . . . . . ... ... .. 112
Four Node Chain Graph Example . . . . . . ... ... ... ... ... .. 113
Exponential-family Random Network Models . . . . . . . . ... .. .. ... 114

Goodness of Fit for National Longitudinal Study of Adolescent Health High
School Smokers . . . . . ..o 119

MCMC Convergence Checks for National Longitudinal Study of Adolescent
Health High School Smokers Network . . . . . ... .. ... ... ... ... 120

Gender Peer Effects for Addolescent Health Network . . . . . . . . . .. .. 126

viil



1.1

1.2

1.3

1.4

1.5

1.6

2.1

2.2

2.3

LIST OF FIGURES

In-degree goodness of fit comparison plot for Office layout networks. The com-
parison is between ERGM and LOLOG fits both using the published ERGM

TEermsS . . . . e

In-degree goodness of fit comparison plot for Office layout networks. The com-
parison is between the published ERGM and LOLOG fits with GWESP and stars

terms included. . . . .. L

Out-degree goodness of fit comparison plot for Office layout networks. The com-
parison is between ERGM and LOLOG fits both using the published ERGM

LIS . . . . e e e e e e

ESP goodness of fit comparison plot for Office layout networks. The comparison

is between ERGM and LOLOG fits both using the published ERGM terms . . .

Out-degree goodness of fit comparison plot for Office layout networks. The com-
parison is between the published ERGM and LOLOG fits with GWESP and stars

terms included. . . . . . L,

ESP goodness of fit comparison plot for Office layout networks. The comparison
is between the published ERGM and LOLOG fits with GWESP and stars terms

included. . . . . .

Plot of MCMC trace and density for edge permutation sampler for LOLOG model

for New England Lawyers network . . . . . . .. .. ... ... ... ......

Plot of Gelman diagnostics for edge permutation sampler for LOLOG model for

New England Lawyers network . . . . . . . . .. .. ... . .. ... ... ...

Plot of MCMUC traces for triangle parameter using RMHMC sampler for LOLOG

model for New England Lawyers network . . . . . . . . .. ... ... ... ...

X

32



24

2.5

2.6

2.7

2.8

2.9

2.10

2.11

2.12

2.13

2.14

2.15

3.1

Gelman variance ratio plot for triangle parameter for LOLOG model for New

England Lawyers network . . . . . . . . .. ...

Triangle change statistic for posterior edge permutation distribution using edge

triangle prior for LOLOG model for New England Lawyers network . . . . . . .

Degree and ESP goodness of fit plot for posterior simulations using edge triangle

prior for LOLOG model for New England Lawyers network . . . . . . . . .. ..
Goodness of fit plots for Add Health LOLOG on logarithmic scale . . . . . . ..
Goodness of fit plots for Add Health bayesian LOLOG on logarithmic scale . . .

Triangle change statistic distribution comparison for posterior edge permutation

samples for LOLOG model for New England lawyers network . . . . ... ...

Two-star change statistic distribution comparison for posterior edge permutation

samples for LOLOG model for New England lawyers network . . . . . ... ..
Three-Star change statistic distribution comparison for Lazega’s Lawyers . . . .
ESP goodness of fit plot for flat prior for New England Lawyers . . . . . . . ..
ESP goodness of fit plot for edge prior New England Lawyers . . . . .. .. ..
ESP goodness of fit plot for edge tri prior for New England Lawyers . . . . . . .

ESP goodness of fit plot for mom prior for New England Lawyers . . . . . . ..

Full DAG of temporal network formation feedback process, in the three node
network case. Treatment variables Z; are permitted to causally effect all of the
other variables. Outcomes Y;" and Y} are permitted to causally effect edges A ;,
as well as outcomes Y™ and Yf“. Edges A;j are permitted to causally effect
edges A}Zrll with no restrictions on k£ and [. In practice the functional form of
models will usually restrict the causal impact of node i’s outcome and treatment

to only the set of neighbouring nodes {j}, that is, where there is an edge present

between node ¢ and j. . . . . ... Lo



3.2

3.3

3.4

3.5

3.6

3.7

3.8

3.9

3.10

3.11

3.12

3.13

3.14

3.15

3.16

3.17

3.18

3.19

Chain graph approximation of a three node temporal social network process with

treatment . . . .. L L L, 88

Plot comparing the posteriors distribution of the ERNM, MRF and logistic re-
gression estimated k-peer outcome effect. The MRF with parameters equal to

the maximum pseduo likelihood esimtate is also shown . . . . . .. . . ... .. 105
Full chain graph example and moral graph . . . . . . . ... .. ... ... ... 112

Example DAGs representing different Markov properties to the Chain graph in
Figure 3.4a . . . . . . Lo 113

Chain graph approximation of a 4 node temporal social network process with pre

process treatment and the Markov assumption for edge dependence . . . . . . . 114
ERNM and ERGM simulated posterior degree distribution . . . . . . . .. . .. 120
ERNM and ERGM simulated posterior ESP distribution . . . . . ... ... .. 121
ERNM and ERGM simulated posterior geodesic distance distribution . . . . . . 122
ERNM and ERGM simulated posterior degree distribution for smoker nodes only 123
Distribution of proportion of smoker triads . . . . . . . . ... ... ... .... 124
Distribution of proportion smoker edges . . . . . . . ... ... ... ... ... 125
Trace plot for edge parameter . . . . . . . . . .. ... 126
Trace plot for GWESP parameter . . . . . . . .. . . .. ... ... ....... 127
Trace plot for smoker neighbor parameter . . . . . . ... ... ... ...... 128
Plot of Gelman diagnostics for edge parameter . . . . . . . . .. ... ... ... 129
Plot of Gelman diagnostics for GWESP parameter . . . . . . . ... ... ... 130
Plot of Gelman diagnostics for smoker neighbors parameter . . . . . . . . .. .. 131
Plot of k-gender effects for Addolescent Health network, split by node gender and

neighbour gender . . . . . . ... Lo 134

xi



3.20 Plot of k-gender marginal effects for Addolescent Health network, split by node

gender and neighbour gender . . . . . . ... ... oL

3.21 ERNM model barplot of mean smoker status, for each proportion of neighsbours
of each gender, for each ego gender. We see that the proportion of neighbors of

either particular gender does notimpact the likelihood of smoking. . . . . . . ..

xii



1.1

1.2

1.3

1.4

1.5

1.6

1.7

1.8

LIST OF TABLES

Properties of each network contained in the ensemble. The ensemble includes

directed and undirected networks from various applications ranging in size from

16 nodes to 1681 nodes . . . . . . . .,

Office layout ERGM fits as per the published results. In all cases the selected
measure of distance is negative and significant suggesting that close office workers,
are more likely to interact, even after allowing for team, floor, usefulness as well

as social structure in the form of reciprocity and transitivity. . . . . . . . . . ..

Office layout LOLOG fit with the same terms as the published ERGM. Model fits
show broad quantitative agreement with the published results using the ERGM
in Table 1.2 . . . . . . . . e e e

Office layout LOLOG fit with GWESP and 2- and 3- in- and out-stars. Signif-
icant out-star terms may suggest there is social structure unaccounted for with
just the published ERGM terms. Despite additional significant structural terms,
the LOLOG models still show broad quantitative agreement with the published
results using ERGM . . . . . . . oo

Office Layout LOLOG fit with triangles instead of gwesp term, shows broad
quantitative agreement with the published results on nodal covariates, however,

suggests little tendency for reciprocity and transitivity in the university networks.

Summary of GOF for ERGM and LOLOG with published terms for Office lay-
out networks. For all networks neither the LOLOG model nor ERGM provide

satisfactory fit. . . . . . .. L

Summary table for LOLOG and ERGM Fits. Criteria a-g are defined and ex-

plained in the text and broadly address general modelling concerns. . . . . . . .

Links to publicly available datasets . . . . . . .. .. ... ... .. .......

xiii

20

27



2.1

2.2

2.3

24

2.5

2.6

2.7

2.8

2.9

2.10

2.11

2.12

2.13

3.1

3.2

3.3

MOM fit for LOLOG model to New England Lawyers Network . . . . . . . . ..
Edge Triangle prior distribution summary for New England Lawyers . . . . . . .
Edge Triangle posterior distribution summary for Lazega’s Lawyers . . . . . . .
Add Health LOLOG MOM fit . . . . . ... ... .. ... .. ... ... ...,
Edge Triangle posterior distribution summary for Add Health network . . . . .
Edge prior distribution summary for LOLOG model for New England Lawyers .

Edge Triangle prior distribution summary for LOLOG model for New England

Lawyers . . . . . . .
MOM prior distribution summary for LOLOG model for New England Lawyers
Tuning summary of New England Lawyers . . . . . . . .. ... ... ... ...
Flat posterior distribution summary for New England Lawyers . . . . . . . . ..
Edge posterior distribution summary for New England Lawyers . . . . . .. ..
Edge Triangle posterior distribution summary for New England Lawyers

MOM posterior distribution summary for New England Lawyers . . . . . . . ..

Data Generating Process Summary. First block is parameter values for the edge
model, second block is the parameter values for the node model, which in the case
of the ERNMs are not separable. The third block gives a basic summary of the
model classes. We consider networks generated by the ERNM and fit with the
other DGPs, the parameter values for the other DGPs are shown to demonstrate

the terms included in those models, not for model fitting. . . . . . . ... .. ..

Mean mean a-posteriori causal estimands fitted to 100 network simulations from
ERNM. The coverage of the true mean by the 100 estimated 95% credible intervals

is shown in brackets. . . . . . . . L

Mean KL divergence of relative rank distributions of posteriors for causal esti-

mands across 100 network simulations from the ERNM . . . . . .. .. ... ..

Xiv



3.4

3.5

Summary of posterior distributions of network models, posterior means are shown

with posterior standard errors in parentheses . . . . . . . . . .. ... ... ...

Posterior means of the k peer smoker outcome effect ATEs, for various methods.

The pseudo MRF value is the mean simulated from the parameter estimate.

XV

105



ACKNOWLEDGMENTS

I would like to thank Mark S. Handcock for advising me throughout the course of my
studies. His exceptionally broad knowledge of statistiscal concepts always held an answer
or new direction of approach, whilst his deep knowledge of the theory of social network
modeling, as well practical implementation issues have guided me throughout this work. On
account for his reading of this dissertation I will not add more for the sake of his modesty.
Though I wish to thank him greatly for his patience with me and unending optimism, which
always left me believing whichever problems I or the world in general was experiencing in

that moment, were unlikely to be insurmountable.

I would also like to acknowledge that both the models studied in this disseration were
innovations of lan Fellows and Mark S. Handcock. I particularly wish to thank Ian for
writing code for the ERNM and LOLOG models without which the work in this dissertation

would not have been possible.

Lastly, I would like to thank Elizabeth for loving me, always being by my side, reminding

me to smell the roses whilst balancing out my many shortcomings.

xvi



VITA

20112015 MSci Mathematics 1st Class Honours, University College London

2015-2017 Actuarial Analyst, Xafinity Consulting

2017-2018 Grader, Department of Statistics, UCLA

2018-2020 Teaching Fellow, Department of Statistics, UCLA

2020 Research Data Science Intern, Facebook Inc.
2021-2022 Graduate Student Researcher, Departments of Health Policy, UCLA
2021 Research Data Science Intern, Facebook Inc.

PUBLICATIONS

Comparing the real-world performance of exponential-family random graph models and la-
tent order logistic models for social network analysis. Journal of the Royal Statistical Society:

Series A, with Mark S. Handcock (2021)

Xvil



Introduction

This dissertation consists of three self contained articles, on separate but related topics.
The general theme binding them is the need for credible models, for inference from social
network data. In these cases the primary feature of the process, is the lack of an often
assumed statistical property: independently distributed data. For network data where ties
between nodes are regarded as random, the “sociality” of such settings dictates that assuming
independence between dyads is implausible. For example, friendships between people are
universally understood to be related to other friendships of both prospective friends. As a
result social network analysis must be regarded as an extreme case of small data, where the
whole network is one observation, not many observations of independent dyads. As a result
credible generative models for social network data have proven challenging to develop. It is

to this literature that this dissertation primarily contributes.

The first chapter of the dissertation considers the recently proposed Latent Order Logistic
(LOLOG) model for modelling social network data. We assess the real-world performance
of these models when applied to typical networks modelled by researchers. Specifically,
we model data from an ensemble of articles in the journal Social Networks with published
Exponential Random Graph Model (ERGM) fits, and compare the ERGM fit to a comparable
LOLOG fit. ERGMs are widely used in social network analysis and are typically interpreted
as a snapshot of a network at a given point in time or in a final state whereas LOLOG directly
allows for a latent network formation process. This chapter demonstrates that the LOLOG
models are, in general, in qualitative agreement with the ERGM models, and provide at
least as good a model fit. In addition, they are typically faster and easier to fit to data,
without the tendency for degeneracy that plagues ERGMs. The results support the general

use of LOLOG models in circumstances where ERGMs are considered.



In the second chapter, we derive a Bayesian approach for inference with LOLOG mod-
els, which requires consideration of the posterior distribution of a random edge ordering.
Bayesian methods have been derived and shown to be useful for ERGM, however due to
the latent edge ordering formulation of LOLOG, different methods are required to facilitate
Bayesian inference for LOLOG models. The chapter gives example analyses on the well
known Kapferer’s Tailors network, Lazega’s New England lawyers network and one of the
schools in the Add-Health survey of adolescent health behaviours in schools. Sampling from
the posterior distribution of edge orderings also yields the Maximum Likelihood Estimator

(MLE) operationalized through the variational estimate of the MLE.

The third chapter of this dissertation connects the tools developed for social network analysis,
to a rigorous framework for causal inference. This chapter extends an existing chain graph
approximation to a directed acyclic graph (DAG) to express a possible causal structure for
the evolution of a social network over time. The connection to social network modeling is
made by noting that the chain graph may be modeled as an Exponential Random Network
Model (ERNM). Bayesian machinery is employed to infer missing potential outcomes to

estimate causal quantities of interest.



CHAPTER 1

Comparing the real-world performance of
exponential-family random graph models and latent

order logistic models for social network analysis

Exponential-family Random Graph models (ERGM) are widely used in social network anal-
ysis when modelling data on the relations between actors. ERGMs are typically interpreted
as a snapshot of a network at a given point in time or in a final state. The recently proposed
Latent Order Logistic model (LOLOG) directly allows for a latent network formation pro-
cess. We assess the real-world performance of these models when applied to typical networks
modelled by researchers. Specifically, we model data from an ensemble of articles in the
journal Social Networks with published ERGM fits, and compare the ERGM fit to a compa-
rable LOLOG fit. We demonstrate that the LOLOG models are, in general, in qualitative
agreement with the ERGM models, and provide at least as good a model fit. In addition,
they are typically faster and easier to fit to data, without the tendency for degeneracy that
plagues ERGMs. Our results support the general use of LOLOG models in circumstances
where ERGMs are considered.

1.1 Introduction

Social network analysis has become increasingly important in recent decades, with particular
need in the social sciences to elucidate relational structure (Goldenberg et al., 2010). How-
ever, developing generative models for social networks has proven challenging (Chatterjee

and Diaconis, 2013). Here we consider a social network a collection of fixed nodes, each with

3



fixed covariates and with edges stochastically present or absent between every pair of nodes.
The chief problems for modelling such data are the vast space of possible networks and likely

highly complex dependence structures of the network edges.

The Exponential-family Random Graph Models (ERGM) framework is widely used to repre-
sent the stochastic process underlying social networks (Frank and Strauss, 1986; Hunter and
Handcock, 2006). ERGMs allow researchers to quantitatively evaluate the impact of local
social processes and nodal attributes on the probability of edges between nodes forming.
However, these models are prone to near-degeneracy (Handcock, 2003) and can not naively
be applied to large networks (Schweinberger, 2011; Chatterjee and Diaconis, 2013). Model
degeneracy is the application specific tendency of the model to concentrate probability mass
on a small subset of graphs, especially those which are not similar to realistic networks for

that application.

Much progress has been made on managing model degeneracy by introducing local neigh-
bourhood structures (Schweinberger and Handcock, 2015) or tapering (Fellows and Hand-
cock, 2017). The presence of degeneracy in many fitted ERGMs motivates the search for
alternative model classes with similar or complementary modelling capacity that are less

susceptible to these challenges.

While ERGMs are descriptive, they are often embedded as the equilibrium distribution of
a social process. The Latent Order Logistic model (LOLOG) (Fellows, 2018b) is a related
model that uses an edge formation process to develop a general probability model over the
space of graphs. It is motivated by using the so-called change statistics, the change in
the specified graph statistics resulting from toggling an edge on or off, as predictors in a
sequential logistic regression for each possible edge. Noting that an ERGM specified with
independent edge variables, reduces to a sequential logistic regression on its change statistics,
ERGM and LOLOG are equivalent in the independent dyad case (Fellows, 2018b). LOLOG
models also allow non-independent dyads, and graph statistics that depend on the order of

edge formation, which result in models different than ERGM.

LOLOG models have the advantage that they are straightforward to sample from, and

4



can be used with simpler model terms, that would for an ERGM almost certainly result
in near-degeneracy. This allows for a fast and user-friendly fitting procedure, with easily

interpretable model terms.

How can we assess and compare differing model classes? Both ERGM and LOLOG are fully
general and able to represent arbitrary distributions over the set of graphs (Fellows, 2018b,
Theorem 1). As ERGMs are the equilibrium distribution of a relatively general Markov
chain Monte Carlo (MCMC) process, there are many mechanisms that can lead to them,
as there are for LOLOG. Hence both model classes have strong theoretical and modelling
motivations, although the ERGM class to this point has been much more extensively explored
(Schweinberger and Stewart, 2020; Schweinberger et al., 2020). In this paper, we provide
a separate and novel contribution to the assessment on the model classes. Our objective
is to compare the models by a pairwise assessment on the population of networks that the
research community would choose to fit them on. The idea here is to move the perspective
from that of the model viewpoint (i.e., given we have a model, what can we fit with it?) to a
data-centric viewpoint (i.e., given that this is the data we have, what are the best modelling
approaches?). The latter is the question facing the real-world users of these models, while
the“inverse problem’’ addressed by the former is commonly taken as it does not require the

population of networks to be specified.

However, to take the data-centric viewpoint, we need to specify the population. We oper-
ationalised this in this paper by taking a population of networks that ERGM models have
been applied to in the premier journal for publishing social network analyses, Social Networks
(Everett and Valente, 2020). Social Networks is an interdisciplinary journal for those with
“interest in the study of the empirical structure of social relations and associations that may
be expressed in network form’’. While the sub-population of networks in Social Networks
for which ERGMs have been fit is a sample of the population of interest, we believe that it

is a salient and (non-statistical) representative sub-population of the broader population.

Our selection of ERGM papers was at first a census of papers in the journal Social Networks

using the ERGM framework, published from the journal’s founding in 1979 up to and in-



cluding the January 2016 issue. Note that we have chosen a population of networks that
are biased toward ERGM. These networks have successfully completed the peer-review pro-
cess of Social Networks. In particular, the ERGM fit and analyses have passed peer-review
and are deemed of sufficient scientific interest to appear in this premier journal. Clearly
this is not sufficient to ensure the fit and models are appropriate for the data, although
they represent a strong selectiveness relative to the population of networks that researchers
would consider for analysis (without regard to a model class choice). Hence a comparable
or competitive fit for LOLOG models to this sub-population presents stronger evidence for
the value of LOLOG models than a comparison to the broader population. In particular
it seems likely that in published papers that fit an ERGM model, ERGM performs well on
this data set. Thus we expect a publication bias towards networks that suit ERGM well,
which may not necessarily suit LOLOG well. We therefore suggest that good performance
on data published with ERGM fits is a conservative indicator that LOLOG is a useful model

for analysing social networks.

Identifying, assembling and fitting ERGMs and LOLOGs to an ensemble of networks,
analysing their goodness of fit (GOF) and interpreting the results, is a significant undertak-
ing. For brevity we give the fit of networks from a case-study (Sailer and McCulloch, 2012)

in detail and provide summaries for the remaining networks in the supplement.

The structure of this paper is as follows. In Section 1.2 we briefly introduce ERGMs and
LOLOG models, reviewing work in Fellows (2018b) as well as discussing the theoretical
similarities and differences. Section 1.3 gives a description of the ensemble of networks and
discusses the motivation for selecting such an ensemble. Section 1.4 shows both the LOLOG
and ERGM fit of office layout networks with the data from Sailer and McCulloch (2012).
Section 1.5 presents a summary of all the LOLOG and ERGM fits to each of the networks
in the ensemble. Section 1.6 discusses the results of the fitting, as well as its implications

regarding the utility of the LOLOG model.



1.2 ERGM and LOLOG Model Classes

Let Y be a random graph whose realisationisy € # = {a e R™" | Vi,j v, =0 vy, €
{0,1}}. We regard the number of nodes and any nodal covariates as fixed and known. For
undirected networks, the additional restriction that y;; = y;; Vi,j can be added. Let
ly| = n(n — 1) denote the number of possible edges in y (|y| = n(n — 1)/2 for undirected
graphs). A dyad in a graph is a sub-graph of two nodes and any edges between them.

1.2.1 Model Specification

LOLOG and ERGM are alternative specifications of the distribution of Y. An ERGM for

the network can be expressed as

pe(ylo) = ) yevw (1.1)

where g(y) is a d—vector valued function defining a set of sufficient statistics; € R? is a
vector of parameters; and ¢(6) the normalising constant. Each ERGM family is defined by

the choice of sufficient statistics.

These are chosen by the researcher, depending on domain knowledge, to specify the gen-
erating social processes. They can be any statistical summary of network properties and
are typically motivated by social theory (Goodreau et al., 2009) or symmetry arguments
(Strauss, 1986). In this way, ERGMs constitute a family of models across different choices
of the sufficient statistics. Typically graph statistics are the density and degree counts, as
well as nodal or edge covariate terms such as sociability and homophily (Morris et al., 2008).
Geometrically weighed edgewise shared partner (GWESP) and geometrically weighted de-
gree (GWDEG) terms are often included (Snijders et al., 2006) as they capture complex
structure while reducing the effects of near degeneracy (Handcock, 2003). A very large num-
ber of terms are used by researchers in applications. Explicit definitions of almost all terms

used in this paper can be found in Morris et al. (2008) or the documentation of Handcock



et al. (2018). Regardless of which sufficient statistics are used, the ERGM will have the
maximal entropy of any distribution satisfying the d-dimensional mean constraints placed
on ¢(y), Elg(Y)] = p. LOLOG models posit the existence of a latent discrete temporal
dimension, t = 1,...,|y| so that the edges form in a sequence. Fellows (2018b) defines the
latent random variables Y;, t = 1,...,|y| representing the sequential formation of Y. Y; has
exactly t edges and is formed from Y;_; by the addition of an edge. A LOLOG model is
specified by two components, the first is the probability of observing a graph given a specified

order of edge formation, s:

y
1
s,0) = exp (0 - C; 1.2
where s = {51, 59,..., 5y} € 7y is the set of possible edge formation orders with |y| dyads,
and
Cst = 9(Yr, 5<t) — 9(Y1—1, 5<4-1) (1.3)

where s<; denotes the first ¢ elements of s € .#},|. The C;; are the difference in the graph
statistics from the y;_; network to the 1y, network and are informally called the “change
statistics” of the formation process. The Z;(s) sequentially specify the normalising constants.

Let 3,7 be the graph y,_; with the edge s; added, then

Zi(s) = exp (9(u 5<0) = 9(ye1,5<11)) + 1 (1.4)

The second component is the model for the edge order permutations, p(s). The LOLOG

distribution for Y is:

pr(yl0) =D p(yls, 0)p(s)

=) (p(s) l:[1 Ztl(s) exp (6 - Cs,t)) (1.5)



1.2.2 Model Interpretation

For the LOLOG model, conditioning on an edge permutation s, at each step ¢, we have
logit (p(yt+ |s<t, Yi—1. 9)) =6 - Cs;. Thus, at each time ¢, conditional on the network already
formed by that point, each dyad is a logistic regression on the change statistics associated

with the edge. For ERGMs, equation (1.1) yields the auto-logistic interpretation of the 6

parameter log (W) = 0-(9(yi;;)—9(y:;)), where y ; is y\yij, vi'; = 5 ;U{yi; = 1} and
Yii =Yi; U {yij = O} Thus, conditional on the rest of the graph, each dyad can be thought
of as an (auto)-logistic regression on change statistics. This gives a helpful interpretation
for the parameters but does not help interpret the probability distribution of each edge

unconditional of the rest of the graph.

1.2.3 Model Identifiability

Conditional on an edge ordering, p(y|s, ) is an exponential family distribution, with 0 iden-
tifiable subject to our chosen statistics g(y) not containing any statistics that are linear

combinations of each other (Barndorff-Nielsen, 1978, Corollary 8.1).

The edge ordering itself, whilst not the focus of our inference, is also identifiable. Proposition
1 in Ye et al. (2022), establishes identifiability of the causal structure of a DAG, under mild
conditions, if the nodes are parametrized as generalized linear models (GLMs). Each edge
in the LOLOG model is a Bernoulli family GLM with a logit link function, and predictors
the change statistics (see equations 1.2 and 1.3). These change statistics only depend on the
previous edges in the ordering (see equation 1.3). The LOLOG model is therefore a special
case of the setting of Ye et al. (2022) where nodes in the DAG are the edge variables (y;)

and the ancestors are the previous edges in the edge ordering (s<;).

However we note that for practical applications in the social network domain, we almost
never observe enough data to make use of the methods of Ye et al. (2022). Each edge is a
realization from a GLM and we typically observe a single realization of a network and thus

observe each edge once. There are also a large number of edges, and hence nodes in the DAG



to be identified; for a network with n nodes & (n?) edges. These properties of the typical

social network analysis setting limit the applicability of DAG identification methods.

1.2.4 Model Estimation

Due to the intractability of summing over all possible edge permutations in the LOLOG
model, the likelihood or likelihood ratio, cannot be evaluated and the maximum like-
lihood estimate (MLE) is intractable. Fellows (2018b) proposed a method of moments
(MOM) approach to estimate model parameters. The idea is to seek Oyom such that
9(y) — Egyon [9(Y)] = 0. Fellows (2018b) developed a Newton-Raphson approach as
it is possible to differentiate the Eg,,.,, [¢(Y)] with respect to # and approximate its
value by sampling from the LOLOG model. Along with introducing LOLOG models in
Fellows (2018b), the lolog R package (Fellows, 2018a) provides a sophisticated, fast and
user-friendly method to fit LOLOG models to data.

ERGM parameters are typically estimated using an MCMC procedure to compute the MLE
(Snijders, 2002; Hunter and Handcock, 2006). This is computationally demanding and there

are sophisticated R packages available to perform this estimation (Handcock et al., 2018).

For both LOLOG and ERGM models we approximate standard errors derived from MCMC

estimated inverse Fisher information matrices.

1.2.5 Model Discussion

A key advantage of the LOLOG model is the ease of simulation from the model. To simulate
a network, we simply draw s from p(s) and perform a sequential logistic regression simulation
on the change statistics (Fellows, 2018a). The ERGM by comparison requires a full MCMC

procedure to simulate networks (Handcock et al., 2018).

For LOLOG models we are required to model p(s), the probability mass function (PMF) on
the space of possible edge permutations. In the absence of strong substantive reason for a

particular partial ordering of the edges, a uniform PMF can be used. However, many natural
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reasons exist to constrain the edge ordering. For example, in schools that welcome a new
cohort each year, edges in upper years could reasonably be constrained to have been formed

before edges in lower years.

For ERGMs the interpretation is conditional on the entire rest of the network, whilst for
LOLOG models with a specified edge ordering, the interpretation is conditional only on the
network formed up until that point. We emphasise that the network formed up until that
point will depend on the particular edge permutation. We note that in the case where the tie
variables are independent, the edge ordering s does not matter (as the dyads do not depend

on each another) and LOLOG reduces to logistic regression on change statistics, as does

ERGM and to the same model.

We may also compare dyad-dependent ERGM and LOLOG models through their simulation
algorithms A network from an ERGM is simulated through an MCMC procedure where
dyads are considered conditional on the rest of the network. Often many thousands of steps
are required to converge to the stationary distribution. As noted in Section 1.2.2, the log
odds is equal to the inner product of the parameter and the change statistics of that dyad.
The LOLOG model is formed by first sampling a dyad ordering, then starting with an empty
network, adding an edge based on the log odds (being the inner product of the parameter
and the change statistic). Each dyad is considered for edge formation and then the process

is terminated leaving the simulated graph.

LOLOG considers each dyad exactly once, whereas the ERGM process can consider dyads
multiple times for both edge formation and dissolution. We suggest a reason that LOLOG
models do not suffer from the same degeneracy is that, in the simulation, each dyad is
considered exactly once. This limits the scope for the explosive edge formation or deletion

that often occurs when simulating from ERGM models.

More broadly, we argue that the LOLOG, motivated as a model with an easy simulation
method with parameters that remain interpretable, is more desirable than ERGM. Whilst
ERGMs are straightforward to write down, the MCMC procedures required to sample from

them are more problematic.
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Whist the LOLOG model has a latent temporal mechanism, through the edge ordering, it
does not directly model temporal network dynamics. We primarily consider LOLOG as a
method to draw inferences from a single observation of a social process, where the intermedi-
ate steps are unobserved. There has been much work on models for the temporal dynamics
of networks. Utilizing exponential family models there are temporal exponential-family ran-
dom graph models (TERGM) (Hanneke et al., 2010), and their widely used, special case
separable exponential-family random graph models (STERGM) (Krivitsky and Handcock,
2014). There are also agent based models, particularly the widely used stochastic actor
oriented models (SOAM) (Snijders, 1996). Outside of the statistical network modeling lit-
erature, there has also been significant interest in temporal dynamics of so called kinetic
network models from statistical physics (Krapivsky et al., 2010), though this area focuses
on large networks and their properties, rather than our focus on statistical inference of so-
cial processes in this dissertation. In addition, in recent years neural networks have been
adapted for graph inputs (Scarselli et al., 2009), which removes the need for specification
of statistics. Such latent representations are not dissimilar to the latent space modeling of
Hoff et al. (2002), though the neural network framing allows for additional flexibility and
computational advantages. These topics are not the focus of this dissertation, so we do not

consider them further.

1.2.6 Assessing Goodness of Fit

For the interpretation of model parameters to be valid, we must show that the model is a
plausible generating process for the observed network. In Section 1.4 we follow the goodness
of fit procedure in Hunter et al. (2008). That is, we graphically compare the simulated
distribution of chosen graph statistics to the observed values of those graph statistics. Whilst
our models are highly parsimonious representations of complex social processes, the goodness
of fit method highlights, that at a minimum, we should expect the observed statistics to be

plausible realisations from a well-fitting model.
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1.3 Description of the Ensemble

We considered papers in the journal Social networks where ERGMs were fit to data. We
included papers up to and including the January 2016 issue. There were 45 such papers,
of which we selected 18 papers as follows. First, we excluded bipartite ERGMs (5), we
then included all networks with publicly available data (7) and selected a further 11 papers
out of the remaining 33 based on their, subjectively assessed, novelty as well as the likely
availability and ability to share data. We contacted the authors of the 11 papers and received
the data for 7 of the papers. This gave an ensemble of 137 networks in 14 peer reviewed
published papers, as many papers contained multiple networks. We note that 102 of these
networks were from a single paper (Lubbers and Snijders, 2007), which were omitted from

our analyses, leaving 35 networks. Table 1.1 shows a brief summary for each of the networks.

Our selection of ERGM papers was at first a census of papers in the journal Social Networks
using the ERGM framework. The conclusions drawn from this study should be considered
stronger than if the networks selected were sampled at random or through convenience. We
do note that we did take a selective sample as described above as a first wave of networks
to request data for, though this was also chosen based on our thoughts on which networks

the authors would be able and willing to share.

We considered papers that used ERGMs for their statistical analyses as the ERGM class of
models is arguable the most widely used descriptive statistical model for network analyses
(Amati et al., 2018). Both LOLOG models and ERGMs are typically used to model global
network structure using local network structure, thus comparing the two models is appealing.
While both LOLOG and ERGM can represent any given PMF over the space of networks
(Fellows, 2018b), specifying interpretable models that fit the data is often the practical
challenge. There is no obvious reason to suspect similar performance in terms of fit and
interpretability, when fit with similar network statistics, on the same network. In particular
it seems likely that in papers published that fit an ERGM, ERGM should perform well

thus we expect a publication bias towards networks that suit ERGM well compared to
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Table 1.1: Properties of each network contained in the ensemble. The ensemble includes
directed and undirected networks from various applications ranging in size from 16 nodes to
1681 nodes
Description Network Nodes Edges Directed Citation
Add Health 1681 1236 Undirected Harris et al. (2007b)
School Friends Various Varies Directed Lubbers and Snijders (2007)
Kapferer’s Tailors 39 267 Undirected Robins et al. (2007)
Florentine Families 16 15 Undirected Robins et al. (2007)
German Schoolboys 53 53 Directed Heidler et al. (2014)
Employee Voice 1 27 104 Directed Pauksztat et al. (2011)
Employee Voice 2 24 53 Directed Pauksztat et al. (2011)
Employee Voice 3 30 126 Directed Pauksztat et al. (2011)
Employee Voice 4 31 139 Directed Pauksztat et al. (2011)
Employee Voice 5 37 149 Directed Pauksztat et al. (2011)
Employee Voice 6 39 155 Directed Pauksztat et al. (2011)
Office Layout University 67 211 Directed Sailer and McCulloch (2012)
Office Layout University 69 203 Directed Sailer and McCulloch (2012)
Office Layout Research 109 458 Directed  Sailer and McCulloch (2012)
Office Layout Publisher 119 872 Directed ~ Sailer and McCulloch (2012)
Disaster Response 20 148 Directed Doreian and Conti (2012)
Company Boards 2007 808 1997  Undirected Wong et al. (2015)
Company Boards 2008 808 1740 Undirected Wong et al. (2015)
Company Boards 2009 808 1682  Undirected Wong et al. (2015)
Company Boards 2010 808 1622  Undirected Wong et al. (2015)
Swiss Decisions Nuclear 24 282 Directed Fischer and Sciarini (2015)
Swiss Decisions Pensions 23 294 Directed Fischer and Sciarini (2015)
Swiss Decisions Foreigners 20 169 Directed Fischer and Sciarini (2015)
Swiss Decisions Budget 25 224 Directed Fischer and Sciarini (2015)
Swiss Decisions Equality 24 248 Directed Fischer and Sciarini (2015)
Swiss Decisions Education 20 227 Directed Fischer and Sciarini (2015)
Swiss Decisions Telecoms 22 256 Directed Fischer and Sciarini (2015)
Swiss Decisions Savings 19 138 Directed Fischer and Sciarini (2015)
Swiss Decisions Persons 26 280 Directed Fischer and Sciarini (2015)
Swiss Decisions Schengen 26 316 Directed Fischer and Sciarini (2015)
University Emails 1133 10903 Undirected Toivonen et al. (2009)
School Friends grade 3 22 177 Directed Anderson et al. (1999)
School Friends grade 4 24 161 Directed Anderson et al. (1999)
School Friends grade 5 22 103 Directed Anderson et al. (1999)
Online Links Hyperlinks 158 1444 Directed Ackland and O’Neil (2011)
Online Links Framing 150 1382 Undirected  Ackland and O’Neil (2011)
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LOLOG. We therefore suggest that good performance on data published with ERGM fits,

is a conservative indicator that LOLOG is a useful model for analysing social networks.

We also note that the LOLOG model allows for the consideration of information on the
order of the edge formation within a network the researcher may have. This is currently
implemented by allowing edge orderings to be constrained to those orderings compatible
with the sequential adding of nodes to the network, followed by the consideration of all
possible new edges. This is not possible in ERGM and few of the available networks had
plausible ordering mechanisms. However, this may not be entirely due to the lack thereof:
without the ability to model such an ordering process with ERGM, it seems likely that even
if there is a compelling sequential node adding process the data would not be reported or

even collected.

1.4 Case Study of LOLOG and ERGM fits: Complex networks
where ERGM is insufficient

In this section we consider a case study from a single published paper where the networks in
question are sufficiently complex to demonstrate that ERGM can be insufficient and LOLOG

can help in modelling social network data.

We consider four networks of daily social interactions between workers within four different
office spaces. An ERGM based analysis was originally carried out in Sailer and McCulloch
(2012). Ties are present between person i and person j if person i reported daily social
interaction with person j. Two of the networks are of a British university faculty before
and after an office refurbishment, the remaining two are a German research institute and
a corporate publishing company. The networks are directed and have 69, 63, 109 and 120

people/nodes, respectively.

The research question of interest in Sailer and McCulloch (2012) is the effect of spatial
distance in the formation of social interactions within an office environment. The authors

specified an ERGM with terms to represent the potential complex structure. These are listed
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in the first column of Table 2 and detailed here.

The edges term models the overall propensity for social interactions, it has a similar role
to an intercept term in regression. The reciprocity term measures the propensity for both
people in a dyad to report social interaction with the other. The GWESP term, with decay
parameter 0.5, is an integrated measure of the transitivity of social interactions (See Snijders
et al., 2006, for a detailed explanation). The usefulness term is an edge-covariate term, with
value equal to the sum over edges of the usefulness measure: for dyad (i, j) being person i’s
self-reported perception of the usefulness of person j. It measures the direct dependence of
the propensity to have a social interaction on the usefulness of the person nominated. The
team match term is the number of ties between people from the same team. It measures
the propensity of teams to influence the density of social interaction. The floor match term
is similar to team match, except it measures the importance of being on the same floor for
social interaction. The metric distance term is the sum of the shortest walking distance in
meters between the socially interacting peoples normal place of work. Similarly, the topo
distance is the sum of measures of how far the desks could be perceived to be apart given
the topography of the office (See Sailer and McCulloch, 2012, for precise definitions). The
coefficients of the metric and topo distances measure the increase in log-odds of a social
interaction given the distance they are apart. These coefficients are generally negative,

indicating that social interactions become less common as the distance increases.

The best fitting model was then selected using the Akaike Information Criterion (AIC) and
then a variety of different distance metrics were added individually as edge-covariates. The
best model in terms of AIC was once again selected and analysed. Notably, no analysis of

the goodness of fit for the models was provided.

1.4.1 Model Fits

We were able to recreate the selected ERGM fit for all four networks, shown in Table 1.2.

The reciprocity coefficient is positive in two of the networks, indicating that the conditional
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Table 1.2: Office layout ERGM fits as per the published results. In all cases the selected
measure of distance is negative and significant suggesting that close office workers, are more
likely to interact, even after allowing for team, floor, usefulness as well as social structure in
the form of reciprocity and transitivity.

University 2005 University 2008 Research Institute Publisher

Edges 3.4 (0.37)%F% 441 (0.2)%F 4.1 (0.12)%** 15,07 (0.15)***
Reciprocity 0.38 (0.45) 0.62 (0.31)**  2.39 (0.2)%+* 11.26 (0.19)***
GWESP(0.5)  1.36 (0.14)***  1.24 (0.11)**  0.92 (0.07)%** 2.09 (0.09)***
Usefulness 0.7 (0.15)%** 0.54 (0.11)***  0.81 (0.04)*** 1.31 (0.05)***
Team Match 0.78 (0.18)*** ~ 0.56 (0.1)*** NA NA

Floor Match  0.15 (0.26) 0.58 (0.14)***  NA NA

Metric Distance -0.04 (0.01)***  -0.01 (0)*** -0.01 (0)*** NA

Topo Distance ~ NA NA NA -0.06 (0)***

*** p-value < 0.001 , ** p-value < 0.01, * p-value < 0.05

log-odds of a social interaction is positive if the social interaction is mutual. The GWESP
coefficient is positive for all four networks, indicating that the log-odds of a social interac-
tion existing is positive if the social interaction increases this measure of transitivity. The
usefulness coefficient is positive for all four networks, indicating that the log-odds of a social
interaction existing is positively related to the usefulness of the nominated person. The team
match coefficient is positive for all four networks, indicating that the log-odds of a social
interaction existing is positive if the social interaction is within the same team (as distinct
from between people in different teams). Floor match coefficients are also positive, indicating
that the log-odds of a social interaction existing is positive if the social interaction is within
the same floor (as distinct from between people in different floors). The metric and topo
coefficients are generally negative, indicating that social interactions become less common

as the distance increases.

Overall, the Sailer and McCulloch (2012) concluded that daily social interactions of people
in offices exhibit a tendency for mutuality and social closure. Interactions are also more
likely to occur where there is a high level of usefulness of the receiver to the sender as well as
within teams. While being on the same floor plays a role in some cases, the distance apart

plays a role in all cases, with social interactions more likely for people closer together.
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Table 1.3: Office layout LOLOG fit with the same terms as the published ERGM. Model
fits show broad quantitative agreement with the published results using the ERGM in Table
1.2

University 2005 University 2008 Research Institute Publisher

Edges 11.69 (0.38)%**  _3.67 (0.36)*** -3.18 (0.13)***  -1.63 (0.09)***
Reciprocity 1.99 (0.34)***  1.96 (0.31)*** 3.9 (0.25)*** 0.64 (0.2)%**
GWESP(0.5)  0.55 (0.12)***  0.87 (0.13)%**  0.73 (0.09)%** 20.22 (0.06)***
Usefulness 1.02 (0.15)™*%  0.81 (0.14)***  1.21 (0.05)*** 1.89 (0.06)***
Team Match 1.29 (0.19)***  0.72 (0.19)***  NA NA

Floor Match ~ -0.28 (0.3) 1.08 (0.20)***  NA NA

Metric Distance -0.07 (0.01)***  -0.02 (0.01)***  -0.02 (0)*** NA

Topo Distance ~ NA NA NA -0.1 (0)***

¥ p-value < 0.001 , ** p-value < 0.01, * p-value < 0.05

We were able to obtain LOLOG fits with the same covariates, as the ERGM fits for all
networks, we summarise the fits in Table 1.3. In addition, we show the LOLOG fit using
GWESP, 2- and 3- in- and out-stars, together with all covariate matches and metric distance
in Table 1.4. For k = 1,2, ..., a k-out-star centred on a node 7 and a set of k different nodes
{i1,..., 4} such that the tie from ¢ to i; exists for j = 1,..., k. The k-out-star statistic is
the number of distinct k-out-stars in the network (i.e., summing over the centring nodes).
The k-in-star statistic is the same except the ties from ¢; to ¢ must exist for j = 1,...,k
(rather than the out-ties from 7). As noted in Section 2.2, the qualitative interpretation of
the LOLOG coefficients is similar to ERGM with the primary difference being the log-odds
is conditional on the network at the point the edge is added. We directly compare the

qualitative fits in Section 4.3.

We were also able to fit LOLOG models to each of the networks when the GWESP term
is replaced with a triangle term. This is not possible with ERGM due to near-degeneracy.
We summarise this in Table 1.5. The estimated standard errors for the Publisher network
are very high, suggesting there is great uncertainty in the data generating process. The
estimated standard errors for the mutual and triangle terms for the University in 2005 and

2008 are also high though not as severe and they fall out of significance for these model fits.
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Table 1.4: Office layout LOLOG fit with GWESP and 2- and 3- in- and out-stars. Significant
out-star terms may suggest there is social structure unaccounted for with just the published
ERGM terms. Despite additional significant structural terms, the LOLOG models still show
broad quantitative agreement with the published results using ERGM

University 2005 University 2008 Research Institute Publisher

Edges 3.2 (0.67)%% 504 (0.59)%** -4.04 (0.22)%**  _4.87 (1.19)***
Reciprocity 2.03 (0.77)%%%  1.11 (0.45)%* 4.7 (0.52)*** 3.16 (1.27)%**
GWESP(0.5)  0.33 (0.2) 0.49 (0.16)*** 0.7 (0.11)%** 0.01 (0.26)
Out-2-Star 1.39 (0.26)%**  0.65 (0.16)***  0.41 (0.07)%** 0.69 (0.15)%**
Out-3-Star 20.28 (0.07)%%*  -0.07 (0.03)***  _0.04 (0.01)***  -0.02 (0)***
In-2-Star 0.26 (0.22) 0.25 (0.15) 0.21 (0.12) 0.73 (0.54)
In-3-Star -0.04 (0.05) -0.03 (0.02) 20.09 (0.03)%**  -0.18 (0.1)
Usefulness 1.07 (0.2)*** 0.75 (0.16)***  1.28 (0.07)*** 2.98 (0.61)***
Team Match 1.93 (0.31)™F*  1.14 (0.25)*** NA NA

Floor Match  -0.24 (0.47) 1.35 (0.43)**  NA NA

Metric Distance -0.09 (0.01)***  -0.02 (0.01)***  -0.02 (0)*** NA

Topo Distance ~ NA NA NA -0.24 (0.06)***

FxE p-value < 0.001 , ** p-value < 0.01, * p-value < 0.05

As the triangle term increases the estimated standard errors and does not improve the GOF

(see next section), we suggest using the GWESP term.

We also fitted the LOLOG model where the people are added in the order of their average
usefulness, as reported by the other people. As we suspect more useful people may have been
in the office longer or should be the first point of contact for new employees, we suggest this
as a plausible ordering mechanism. The fit was comparable to the fit without the ordering,

and the GOF was not improved, so we do not consider it further.

We tried to fit an ERGM model with the in- and out- geometrically weighted degree
(GWDEG) terms but this was degenerate for the University 2005 and 2008 networks. The
in-GWDEG term adds one network statistic to the model equal to a weighted sum of the
in-degree counts with weights decreasing geometrically. The out-GWDEG is similar with the
out-degree counts (See Hunter, 2007, for a detailed explanation). For the Research institute
and Publisher out-GWDEG was negative and significant, in line with the LOLOG model

positive 2-star and negative 3-star parameters. However, the fit was still poor and inferior
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Table 1.5: Office Layout LOLOG fit with triangles instead of gwesp term, shows broad
quantitative agreement with the published results on nodal covariates, however, suggests
little tendency for reciprocity and transitivity in the university networks.

University 2005 University 2008 Research Institute Publisher

Edges 22,05 (0.82)%*%  -3.9 (0.67)**  -3.36 (0.15)%**  -5.4 (49.3)
Reciprocity 12.96 (5.83) 20.08 (1.6) 3.34 (0.36)%*  -24.8 (367.3)
Triangles 2.69 (2.95) 1.2 (0.73) 0.61 (0.13)%** 3.71 (50.63)
Usefulness 1.35 (0.53)***  0.83 (0.16)***  1.21 (0.06)*** 6.57 (88.39)
Team Match 1.8 (0.85)*** 0.9 (0.35)*** NA NA

Floor Match  -0.29 (0.88) 1.07 (0.46)%**  NA NA

Metric Distance -0.1 (0.05)***  -0.02 (0.01)*** -0.02 (0)*** NA

Topo Distance ~ NA NA NA -0.39 (5.82)

¥ p-value < 0.001 , ** p-value < 0.01, * p-value < 0.05

to the LOLOG model. We do not comment further on this, though it is reassuring that
the ERGM with GWDEG gives similar interpretations to LOLOG with star terms. The
GWDEG terms were not discussed in Sailer and McCulloch (2012).

We note the computation time difference in the LOLOG and ERGM parameter estimation.
We ran each with a single core with Intel(R) Xeon(R) Platinum 8160 CPU @ 2.10GHz
processor. The recreated ERGM took around 35 seconds, and the LOLOG took around 8
seconds. For larger networks, we found parallelisation in the network simulation step of the
fit to be extremely helpful for both the LOLOG and ERGM models. From our experience
for larger networks the performance differential between LOLOG and ERGM can be much

greater, in particular when the ERGM MCMC simulation is computationally expensive.

1.4.2 Goodness of Fit

Firstly, we consider the goodness of fit for the published ERGM model, and the LOLOG
model with the same terms. Figures 1.1 show the comparison of simulated distribution of the
in-degree with the observed network statistics. Figures 1.3 and 1.4 contained in Appendix

1.8.1 show the same comparison for edgewise shared partners (ESP) and out-degree.
Table 1.6 shows comments on the goodness of fit for each network, using the recreated
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Table 1.6: Summary of GOF for ERGM and LOLOG with published terms for Office layout
networks. For all networks neither the LOLOG model nor ERGM provide satisfactory fit.

Network ERGM LOLOG

2005 University Fits poorly on out-degree Fits poorly on in-degree

Fits poorly on ESP Fits poorly on ESP but much better than ERGM

ERGM convex, LOLOG concave on in-degree
Fits poorly on out-degree
Fits poorly on ESP

Fits poorly on out-degree

2008 University Fits poorly on ESP

Fits poorly on in-degree
Fits poorly on out-degree
Fits poorly on ESP

Fits poorly on out-degree

Research Institute Fits poorly on ESP

Fits poorly on in-degree  Fits poorly on in-degree
Publisher Fits poorly on out-degree Fits poorly on out-degree
Fits poorly on ESP Fits poorly on ESP

published ERGM and the LOLOG model with published ERGM terms. Where no comment

is made for any of the goodness of fit terms or any model, the model fits well on that statistic.

All models for all networks have a least one of the in-degree, out-degree or ESP statistic of
the observed network not being a typical value for the fitted models. As a result, the models
do poorly on recreating networks similar to the observed, and thus inference based on the
parameter estimates and standard errors should be treated with caution. In particular we
note that the LOLOG model with identical terms to the published ERGM does not seem to

help improve the fit for any of the networks in question here.

We also show the GOF for in-degree the LOLOG model with GWESP and 2- and 3- in- and
out-stars for each model in Figure 1.2. Figures 1.5 and 1.6 contained in Appendix 1.8.1 show
the plots for out-degree and ESP. We note here that all models fit the in-degree distribution
well, all models except for the Publisher network fit the out-degree distribution well and the
University 2005 and 2008 models fit well on the ESP distribution. This is an improvement
in all cases versus the ERGM models published in Sailer and McCulloch (2012).
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1.4.3 Model Comparison

These networks are of particular interest as they represents a real world-cases of applied
researchers seeking a statistical tool to represent and test their social hypotheses and analyse
their collected data. Good performance in such settings for the LOLOG model suggests the
model could be of real use to the applied social network research community. Using these
four complex networks as an example, helps us to present the the utility of the LOLOG
model. The ERGM and LOLOG models with the terms as in Sailer and McCulloch (2012)

produced the same qualitative interpretation.

However, it is important to note that neither the specific LOLOG or the ERGM fitted the
data well in terms of all in-degree, out-degree and ESP distributions. Therefore, the models
are not capturing basic aspects of the observed network data and the above interpretation
should be treated with caution. In particular, the Publisher network proved especially hard

to fit.

Using the triangle term in the LOLOG model in place of the GWESP term did not improve
the fit. Including 2- and 3- in- and out-star terms yields models that fit much better on
the in- and out-degree distribution as well and the ESP distribution. We therefore have a
stronger belief that inferences from these models are valid. They show similar conclusions
to the published ERGM, though in addition we observe a significant positive out-2-star
coefficient and a significant negative out-3-star coefficient, suggesting that there is a tendency
for some people to have social interactions with many more people than others. This tendency
for super-daily interactors was not captured in the published ERGM fit. We also note
that the lack of a significant in-2-star parameter suggests that there is not a corresponding
tendency for some people to attract more interactions, when their usefulness had already
been accounted for. We can infer that perhaps there is a surplus of unwanted daily interaction
due to people with a tendency for high out-degree. Thus, the LOLOG model allowed for a

better fit, as well as a deeper interpretation of the social interaction process.
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1.5 Summary of Results for the Ensemble

The comparison of the value of models rarely will come down to a quantitative measure on
a single dimension. The social processes that produce network data are typically complex
and our choice of which data to analyse tends to favour complex structures. The models
typically only approximate that structure and some features of the data are not represented
in the models. Scientists that model social network data typically have multiple objectives,
with some models more suited to some of those objectives rather than others. Having said
this, we constructed a rubric of criteria to assess the models, both relatively and absolutely.

We follow each criterion with a brief justification for why it was included.

1. Are we able to recreate the published ERGM qualitatively?
We asked this to screen out network data where our usage differs qualitatively from the
original, for whatever reason. This is to help ensure we were using the data correctly,

so that our comparison is valid.

2. Do the recreations of the published ERGM fit the network well?
This is to assess the validity of the published ERGM results, and to assess if ERGM

is a good model for the published case study.

3. Are we able to fit the LOLOG with the published ERGM terms?
This is to assess the LOLOG on terms likely favourable to the ERGMs. Typically,
published ERGMs will have undergone model selection criteria to choose terms that
had better fit compared to other possible ERGMs. This criterion assesses the flexibility
of the LOLOG model class.

4. Does the LOLOG model with the published ERGM terms fit well?
This is an absolute measure of the LOLOG goodness-of-fit with the ERGM terms.

5. Are we able to fit the LOLOG model with ERGM Markov terms (that are often
degenerate in ERGM)?

Markov terms, such as k-stars and triangles, often lead to near-degenerate models
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despite their conceptual appeal (Frank and Strauss, 1986). This criterion assesses if
the LOLOG can aid in interpretability by using simpler terms that are not possible in
ERGM.

. Is a better fit achieved with LOLOG than the published ERGM?
This is a direct comparison to judge if the LOLOG is a better model for the observed
data than the published ERGM.

. Do the published ERGM and best-fitting LOLOG models have consistent interpreta-
tions?

This assesses if qualitative substantive conclusions drawn from each model are consis-
tent with the other. If affirmative, this gives some confidence that qualitative conclu-

sions are not simply an artifact of the chosen modelling approach.

. Which model do we believe to be more useful?

This is a subjective judgement criterion. A major component is the goodness-of-fit
criteria (Section 2.5). These criteria measure the degree to which important statistical
characteristics of the network data are reproduced by the model. These focus on
characteristics not explicitly in the model. A second component is the substantive
interpretability of the terms (i.e., are they socially salient?). A third is the complexity

of the model terms (i.e., the value of simplicity).

Table 1.7 provides a summary of the ERGM and LOLOG model fits for the networks in

our ensemble, the columns are binary answers (1=Yes, 0 = No), to the above criteria. The

fits were carried out in R using the ergm package (Handcock et al., 2018), and the lolog
package (Fellows, 2018a). For the GWESP, GWDSP and GWDEG terms decay parameters

were used as stated. If they were not available, @ = 0.5 was used.

Finally, we make some general comments regarding the significant amount of information

on the hundreds of models fitted to the data that we gathered, more detailed summaries for

each individual network are contained the supplement. More detailed overall comments on

the study are in the discussion in Section 1.6.
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Table 1.7:

Summary table for LOLOG and ERGM Fits.

Criteria a-g are defined and
explained in the text and broadly address general modelling concerns.

Description Network Nodes a b ¢ d e f g h

Add Health 1618 1 1 1 1 1 LOLOG
School Friends Various

Kapferer’s Tailors 39 1 0 1 0 1 1 0 LOLOG
Florentine Families 16 1 1 1 1 1 1 0 ERGM
German Schoolboys 53 1 1 0 NA 1 1 1 Both
Employee Voice 1 27 0 NA 1 1 1 1 NA LOLOG
Employee Voice 2 24 1 1 0 NA 0 0 NA ERGM
Employee Voice 3 30 0 NA 1 1 1 1 NA LOLOG
Employee Voice 4 31 0 NA 1 1 1 1 NA LOLOG
Employee Voice 5 37 0 NA 1 1 1 1 NA LOLOG
Employee Voice 6 39 0 NA 1 1 1 1 NA LOLOG
Office Layout University 67 1 0 1 0 1 1 1 LOLOG
Office Layout University 69 1 1 1 0 1 1 1 LOLOG
Office Layout Research 109 1 1 1 0 1 1 1 LOLOG
Office Layout Publisher 119 1 0 1 0 1 1 1 LOLOG
Disaster Response 20 0 0 0 0 1 1 0 LOLOG
Company Boards 2007 808 0 0 0 0 1 1 NA LOLOG
Company Boards 2008 808 0 0 0 0 1 1 NA LOLOG
Company Boards 2009 808 0 0 0 0 1 1 NA LOLOG
Company Boards 2010 808 0 0 0 0 1 1 NA LOLOG
Swiss Decisions Nuclear 24 0 1 0 NA 1 1 1 ERGM
Swiss Decisions Pensions 23 0 1 1 0 1 0 0 ERGM
Swiss Decisions Foreigners 20 0 1 0 NA 1 0 0 ERGM
Swiss Decisions Budget 25 0 1 0 NA 1 1 0 ERGM
Swiss Decisions Equality 24 0 0 0 NA 1 1 0 LOLOG
Swiss Decisions Education 20 0 0 1 0 1 1 NA LOLOG
Swiss Decisions Telecoms 22 0 0 0 NA 1 1 NA LOLOG
Swiss Decisions Savings 19 1 1 0 NA 1 1 0 ERGM
Swiss Decisions Persons 26 0 1 0 NA 1 1 0 ERGM
Swiss Decisions Schengen 26 0 0 0 0 1 1 NA LOLOG
University Emails 1133 0 0 0 0 0 0 NA Neither
School Friends grade 3 22 1 0 0 0 1 1 NA LOLOG
School Friends grade 4 24 1 0 0 0 1 1 NA ERGM
School Friends grade 5 22 1 0 0 0 1 1 NA ERGM
Online Links Hyperlinks 158 1 0 1 0 1 1 1 LOLOG
Online Links Framing 150 1 0 1 0 1 0 1 LOLOG
Column Proportion NA NA 0.43 0.37 0.46 0.23 0.94 0.86 0.5 NA




Overall, we see that in many cases, we were not able to recreate the published ERGM (Table
1.7 column a), and often when we could, the model did not fit the data well using the GOF
methodology of Hunter et al. (2008) (Table 1.7 column b). We were sometimes able to use
the same terms as the published ERGM to fit a LOLOG model, however there were also
some networks where we could not fit the LOLOG model with ERGM terms.

Where it was possible to fit a LOLOG model with the published ERGM terms,the model
usually did not fit the data well (Table 1.7 column c¢). However, in almost all cases, we were
able to fit the LOLOG model, with terms that usually result in degenerate ERGMs e.g.,
triangles and stars (Table 1.7 column e), and usually could achieve at least as good a fit as
the published ERGM (Table 1.7 column f). Where it was possible to fit both a LOLOG and
ERGM model the qualitative interpretations were equivalent on all parameters for half of

the networks (Table 1.7 column g).

In general, our experience in fitting the LOLOG model was that it was easier and faster
to fit than ERGM (Table 1.7 column h). The MOM estimation typically required little to
no tuning, in contrast to MLE computation for ERGM models. In addition, the triangles
and star terms that can be readily fit with LOLOG models provide a simple and intuitive

interpretation for users of the model.

1.6 Discussion

We have shown that the LOLOG model can be fit to most members of an ensemble of
network data sets that have published ERGM fits in the journal Social Networks. We report
a case-study of a complex data set and show that the LOLOG model is at least the equal
of the ERGM, in terms of goodness of fit and interpretability. We carried out fits to 35
networks in total and provided a summary of each of the networks’ fits. We regard this as
strong evidence that the LOLOG model is a useful model for modelling real social network
data, as journal articles with published ERGM fits likely have a selection bias towards data
sets that are well suited to ERGMs.
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In carrying out this study, we have gained a great deal of practical experience in the types of
tasks for which ERGMs are used, as well as practical problems in fitting them, in particular
code run time and degeneracy issues. We have found the LOLOG model to be in general
more user-friendly and faster to fit, leading to easier identification of poor models, and a
much faster data analysis procedure. These benefits should not be overlooked, in particular,
when social network analyses are often of interest to applied researchers whose expertise is
not statistical modelling. As a result, LOLOG models seem particularly better suited to
feasibly analysing larger networks, which whilst possible to fit with ERGMs (Stivala et al.,

2020), often require significant tuning and computational resources.

LOLOG models can usually be fit with terms that are almost always degenerate for ERGMs
on even small networks. Using this greater flexibility of specification, we were often able to
achieve a better fit. In addition, the need to use complex geometrically weighted statistics is
reduced, aiding interpretability of the LOLOG model. In practice we also believe LOLOG
models could facilitate more robust model selection procedures. The degeneracy issues of
ERGM as well as the time taken to fit the model, can result in researchers omitting terms
based on their degeneracy, as well as considering fewer models than they would want. The
fast fit and robust to degeneracy properties of the LOLOG model should help alleviate these
practical issues. This should increase the scope of terms that researchers use, as they can
focus on their representation of the underlying social processes rather than being restricted

by computational and class specific representation issues.

We have also seen that qualitative interpretations of analyses carried out with both ERGMs
and LOLOG models are generally in agreement. We do note, however, from our experiences
that the LOLOG model applied to small networks can result in parameter estimates with
high variance, where the ERGM model parameters have lower variances, more amenable to

interpretation.

The goodness of fit of the LOLOG models also compare favourably with the ERGMs, with
little drop in quality, for the same terms. In particular with the ability to use simpler terms

for the LOLOG model we were often able to achieve improved fit over the published ERGMs

29



in the ensemble of networks that we fit.

The LOLOG model has the advantage of being able to account for edge orderings. We
believe that this may be helpful for analysing network data, although we have not seen clear
benefits in the ensemble of network data in this study. It is worth noting that there are
many settings where the ability to model the edge ordering process is a great advantage
of the LOLOG model. A clear case is citation networks where the temporal directional is
fundamental (McLevey et al., 2018). Another case is where preferential attachment type
processes are thought to be strong. A third is where the edge ordering is known exactly or
thought to be strongly influenced by a covariate or contingency. The further consideration of
edge ordering processes is beyond the scope of this paper. However, we hope the availability
of a latent ordering network model like LOLOG, will spur the development of edge ordering
processes models. We also note that the LOLOG model is a fully general model in the sense
that it can represent any distribution over the space of networks. Therefore, even if it is
hard to justify such an edge formation procedure, the LOLOG model may still be a useful

approach to understanding the social processes producing network data.

All analysis was done in the R environment (R Core Team, 2020) primarily with the lolog
(Fellows, 2018a) and ergm packages (Handcock et al., 2018). The code and available data
to reconstruct the analyses of this paper are available at https://github.com/duncan-clark/

lolog_ catalog_paper/tree/main/example_ fit.
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1.8.2 Links to publically available data

Table 1.8 provides hyperlinks to the publicly available datasets used in our ensemble.

Table 1.8: Links to publicly available datasets

Network Links

Add Health addhealth.cpc.unc.edu/

Elementary School — moreno.ss.uci.edu/data.html#children

Florentine Families — sites.google.com/site/ucinetsoftware/datasets/padgettflorentinefamilies
Kapferer’s Tailors  sites.google.com/site/ucinetsoftware/datasets/kapferertailorshop

Natural Disasters vlado.fmf.uni-lj.si/pub/networks/data/GBM /kansas.htm

German Schoolboys github.com/gephi/gephi/wiki/Datasets
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Company Boards

corp.boardex.com

35



CHAPTER 2

Bayesian Inference for Latent Order Logistic Network

Models

The Latent Order Logistic (LOLOG) model is a flexible model class for modelling social
network data. Likelihood based parameter estimation is challenging due to the complex
likelihood function. Bayesian methods have been shown to be useful for the related Ex-
ponential Random Graph Model (ERGM). We develop a Bayesian approach for inference
using the LOLOG model. We give detailed example analysis on the well known Lazega’s
New England lawyers network. We also demonstrate the method’s feasibility for networks of

1000s of nodes using the Add-Health survey data of adolescent health behaviours in schools.

2.1 Introduction

Fully Bayesian approaches to modelling social network data are not yet widely used in real
data social network analyses. Perhaps not due to a lack of appeal of such methods, but
to practical implementation difficulties when the likelihood for most realistic social network
models are mathematically intractable. Bayesian methods provide a axiomatically consis-
tent framework for inference on the parameters of interest, that do not violate the likelihood
principle O’'Hagan and Kendall (1993). In contrast, the classical argument for inference on
the quantities of interest, often derived from model parameters, is based on the assertion that
the true data generating process and its parameters are fixed. Thus following the classical
approach it is impossible to attach uncertainty to one’s inference in the way that practition-

ers intuitively desire, that is explicit uncertainty in the parameters of the data generating
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process, not randomness in the observations derived from a fixed generating process. Conse-
quently classical inference requires somewhat shoe-horned arguments for confidence interval
interpretation, that are often ignored by researchers wanting to arrive practical conclusions
for their particular problem. In particular in the field of social network analysis, where the
primary questions of interest are posed by social scientists, the shortcomings of classical

inference are likely under appreciated.

We also suspect that in the majority of social network problems researchers have strong
priors on the types of relationships that are likely to form. For example homophilly on nodal
attributes or social closure in friendship networks, are almost always observed. Therefore any
analysis of social network data should build in the researchers’ prior knowledge derived from
many years developing expertise in their field. The difficulty in specifying prior knowledge
should not obscure its importance, or excuse a researcher from using this knowledge. Indeed
ignoring prior information in the Bayesian paradigm is as egregious as, say ignoring difficult

to deal with features of the data.

The Exponential-family Random Graph Models (ERGM) framework is widely used to repre-
sent the stochastic process underlying social networks [Frank and Strauss (1986); Hunter and
Handcock (2006)]. Bayesian approaches to ERGMs have been developed recently, [Caimo
and Friel (2011), Caimo and Friel (2014), Wang (2011)], which use a Markov Chain Monte
Carlo (MCMC) method, for doubly intractable distributions [Murray et al. (2006), Mgller
et al. (2006)], so called due to the dual difficulties of sampling as well as the evaluation of
the likelihood.

In this paper, we present a Bayesian inferential framework for the LOLOG model. We discuss
choices of priors for social network models and present a class of pseudo conjugate priors
for the LOLOG model Fellows (2018b), with a practical empirical Bayes flavoured suggested
prior. We note that conditional on a specified edge ordering, the LOLOG model is a logistic
regression on change statistics of the partial network, to sample for the posterior, we first
sample for the posterior edge ordering distribution, followed by sampling from the posterior

parameter distribution conditional on that edge ordering. This allows us to sample from
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the full posterior parameter distribution of LOLOG model parameters conditional on the

observed data.

The computational burden is significantly less than a comparable Bayesian fit to an ERGM
model as conditional on the edge ordering the LOLOG model is a logistic regression. In
addition the method is “embarrassingly parallel” and our examples show that the method

can be applied to networks with 1000s nodes with reasonably many model parameters.

The structure of this paper is as follows. In Section 2.2 we briefly introduce the LOLOG
model, as per Fellows (2018b). In Section 2.3 we introduce the MCMC algorithm for the two
stages of sampling from the LOLOG posterior. In Section 2.4 we discuss the possible prior
distributions for the parameters in the LOLOG model, and introduce the pseudo conjugate
prior for the LOLOG model as well as its practical empirical Bayes implementation. Section
2.5 shows an example with the well known New England lawyers data set (S. Kraatz et al.,
2003), with full discussion of tuning parameters and diagnostics for the fit, we also present
the fit to a larger network of friendships in adolescents using the Add-Health data set (Harris

et al., 2007b). We conclude with discussion in Section 2.6.

2.2 LOLOG Model Formulation

We introduce the LOLOG model and define the standard notation that will be used hence-

forth. We define y to be a graph, in particular a graph realised from the random variable

Y. Since we regard any nodal covariates as fixed, for a network of size n, Y takes values

in the space # = {a € R™" | Vi,j a;; =0 a;; € {0,1}}. For undirected networks

the additional restriction that a;; = a;; Vi,7 is added. Note that the sample space, even
n(n—1)

in the restricted undirected case is finite and size 27 2z | this become astronomically large

even for small networks.

To develop models which account for partially formed networks Fellows (2018b) introduced
new notation. The random variable Y; takes values in %/, realisations 1, denote the partial

graph formed at time t. That is, the first t edges have been considered in the LOLOG
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generating process. Let .7, be the set of possible edge orderings on a network with ngy

dyads. For a time t, s<; is used to denote the first t elements of s.

The first step in specifying the LOLOG model is to state the probability of observing a graph

given a specified order of edge formation s i.e.:

nd

plols.0) = 11 Zl exp (6 Cay) (2.1)

Where, for g a function giving specified graph statistics we define the change statistics
Cst = 9(Ys, 5<t) — 9(Yr-1,5<t-1) (2.2)

The change statistics are the difference in the graph statistics, between the y; network and
the 3, 1 network. The Z; are the usual normalising constants so the sum of the probabilities
of the edge forming and not forming are 1. That is letting 1;~ be the graph 1,_; with the
edge s; added and ¥y, the graph without the edge added i.e. unchanged. Then we have Z;

as follows:

Z = exp (CF1) +exp (C5) = exp (90 5<0) = 9w, 5201 ) +1 (2:3)

That is each edge is considered in turn as a formal logistic regression with the so-called
change statistics used as predictors. To obtain the full unconditional distribution we sum

over the space of possible edge permutations as follows.

p(yl0) =D p(yls,0)p(s)

= Z (p(S) 11 theXp CE Cs,t)> (2.4)

t=1

A key advantage of the LOLOG model is the ease of simulation from the model, to simulate
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a network we simply draw s from p(s) and then do a sequential logistic regression simulation

on the change statistics.

The intractability of ERGMs, is due to the normalizing constant being a sum over the
space of all possible graphs, the intractability in LOLOG is summing over all possible edge
permutations. As the likelihood or a likelihood ratio (as is used for ERGMs), cannot be
evaluated, the maximum likelihood estimate (MLE) for LOLOG is intractable, See Fellows
(2018b) for details of a method of moments (MOM) approach to estimate model parameters
in a frequentist sense. We note that the general idea is leverage the ease of simulation
to estimate quantities required in the fitting procedure, something which we will use to

efficiently explore the posterior parameter distribution also.

We also note that the MOM estimate approximates the MLE only asymptotically as the
size of the network become large, and its finite sample distribution is unknown. As the
size of a network is considered a fixed property of the network, the notion of the MOM
estimate’s asymptotic approximation to the MLE is not appealing. In addition since every
LOLOG model (and ERGM) places non zero mass on the empty and full graph, for which
both the MLE and MOM do not exist, the expectations and standard errors of the MLE and
MOM parameter distributions do not exist either. The Bayesian approach we present has
no such theoretical problems, as inference is based on a sample from the posterior parameter

distribution.

Along with developing LOLOG models in Fellows (2018b), the lolog R package Fellows
(2018a) has been developed. It provides a sophisticated, fast and user friendly method to fit
LOLOG models to data utilising the Rcpp package to leverage the speed of pure C++ code.

2.3 Bayesian Inference for LOLOG Models

Typically the researcher fitting LOLOG to a network likely has an understanding of the
possible values of the parameters, if a LOLOG model generated the data, that is they have

a prior as in the standard Bayesian approach. As is usually the case, the analytic posterior
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distribution is intractable, and we resort to sampling from the posterior using an MCMC

approach.

As the application of Bayes’ theorem on the full sum in Equation 2.4 is intractable, we

proceed conditional on a selected edge ordering. We have:

p(6ly) = >_p(0, sly) (2.5)
= > n(0]s,y)p(sly) (2.6)

To draw a sample of # unconditional on the edge ordering i.e. from p(f|y), we first draw 6;
from the prior p(f) then we draw samples {s1,...s,} from the edge ordering distribution

p(sily, ;) and sample from each of p(f|y, s;).

Fellows (2018b) noted that the distribution of p(S|y, ) is intractable, sampling from p(S|y, 0)
is non trivial, and of interest. The distribution represents the types of orderings that are

likely to have formed the network, which may be of interest to the researcher.

2.3.1 Sampling from Posterior Edge Permutation Distribution

We can sample from p(S|y,#) using the Metropolis Hastings (MH) algorithm (Hastings,
1970), the acceptance ratio between two permutations s and s, using a symmetric proposal

step is as follows:

A(s',s) = min (1, Py, 9)h(s’\s)> (2.7)

(s
i (1 PO OB(OR( 15
e
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assuming all permutations are equally likely a priori, and a symmetric step

= min (1, W) (2.9)

p(yls,0)
n 1 —1
vy —reap (0 clygly' ™, s,)

=min |1, = 2.10
[T om0 vl 1 520) (210
~ 72" t—1 =1
=min (1, ][ 7 62D (c(yst|y yS<t) — c(ysly ™, sgt)) (2.11)
t=1

This acceptance probability is easy and fast to calculate. The main computational burden
of the acceptance probability calculation and hence sampling from the distribution P(S|y, 6)

is the calculation of the change statistics for each of the permutations s’ and s.

As with most applications of the MH algorithm, the choice of proposal step is important.
With a simple random sample of the space of edge permutations, we experienced very poor
exploration of the space. The sampler would become stuck on a edge permutation of high
probability and take a very long time to move away, i.e. the chain took a very long time to
converge to its stationary distribution and samples where highly correlated with each other.
As a result a local sampler was considered, the approach was to select a small subset of edges

in s and permute their position at random to get to s'.

The remaining choice is that of what proportion of the edges to switch, there are two com-
peting problems. Switch too many, and the sampler will not explore the space, since random
samples are likely to be rejected once the sampler reaches a permutation with high prob-
ability. Switch too few and the sampler will not explore the space of permutations very
well, and the permutations will be heavily auto correlated. Thus we expect there to be an
optimal proportion for a given network. We examine the required burnin length; the number
of chains required before we claim that the chain is at it’s stationary distribution, using the
method due to Gelman and Rubin (1992). This considers the variance within and between
several Monte Carlo Markov chains, little difference in between chain and within chain vari-
ation suggests that the chain is at its stationary distribution. We show a full example of the

tuning procedure in Section 2.5.1.
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As a distribution of permutations on the edges it is a discrete distribution on a sample space
of order @'((n?)!). Edge permutation distributions are hard to visualise and understand, in
our examples we present different edge permutations distributions in terms of their change
statistic distribution since this is the only thing that impacts the LOLOG model. We also
show the distributions of formation locations for structures of interest. That is, if permuta-
tion s did generate y the time t at which each observed structure would have formed. The
distribution of formation locations gives the researcher insight into whether complex struc-
tures in the network where more or less likely to have formed earlier or later in the network

formation process.

2.3.2 Sampling from Posterior Parameter Distribution Conditional on Edge

Permutation

Applying Bayes’ theorem and assuming the prior distribution of  is independent of s we

have:

p(Bly, s) o< p(yl0, s)p(6]s) (2.12)

= p(y]0, s)p(0) (2.13)

So the Metropolis Hastings ratio for a proposal function h(6s|6;) stepping from 6; to 65 is

as follows:

(2.14)

A(63,6,) = min (1, plyl6e s)p(egh(ezyel))

p(yl01, s)p(01)h(01]02)

Assuming the symmetry of the proposal distribution

i (1. 2162, 5)p(0)
A0 = (Lp(ywl,s)p(m) (2.15)

. o Z(t,y, 01, )
- MLz 6, ' — 0 2.1
mm( t:Hl Z(t,y, 05 5) " (02 - Cypse — 01 Cy,s,t)> (2.16)
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This can be computed and utilised to sample from the posterior, it could even be estimated
with a sampled version for speeding up computations in large networks. Next we note that
the set of change statistics {C} .}, does not depend on §. The calculation of the change
statistics for large networks can be a computational burden, however for each permutation
s it needs to be calculated once only, and can be reused as the sampler steps around the 6

parameter space.

Adding parameters to the model only increases computation time in the time taken to
explore the parameter space. We have found in our examples it does not greatly increase
the computation time required to calculate the acceptance probabilities, thus we expect
this method to be suitable for LOLOG models with a reasonable number of parameters of

interest.

Typically LOLOG parameters are on different scales and cannot be directly compared, intu-
itively since there are many more possible complex structures than simple ones. As a result
the parameter space can be hard to sample from with a random walk. We consider 3 MCMC

methods for sampling from the posteriors

1. Random Metropolis Hastings walk with a Gaussian step with a diagonal covariance

matrix scaled ad hoc with the total possible number of each parameter’s structure

2. Hamiltonian Monte Carlo (HMC) (Duane et al., 1987) with leapfrog integrator, with
momentum as estimated Fisher information estimated with simulated networks and

their change statistics and tuned step number and step size.

3. Riemannian Manifold Hamiltonian Monte Carlo (RMHMC) (Girolami and Calderhead,
2011). Hessian as estimated Fisher information which is estimated with simulated
networks and their change statistics. One Step is used as we wish to minimise the
number of required steps since every subsequent step requires the estimation of the

Hessian with the burden of simulating networks.

For larger networks the scaling issues in the parameter space are more acute and we expect

the random walk to be ineffective and HMC and RMHMC methods to be necessary to
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achieve feasible sampling. In particular some second order knowledge as used in the RMHMC
method is required to step around parameter spaces in any kind of efficient manner. For large
networks we suggest an initial estimation of the Fisher information matrix to be used in the
HMC algorithm as the momentum matrix, which can be estimated through simulation as in
Equation 2.23. While an initial calculation to be used for all HMC steps will not capture the
curvature of the space as the parameter values change, it will at least capture some notion
of the different scales in different dimensions for which we have no a priori knowledge. This

is particularly a problem fitting models with more than a few terms to larger networks.

To implement HMC we require the calculation of the gradient of the negative log likelihood
of the LOLOG posterior, this is referred to as the gradient of the energy function in the
jargon of HMC. Letting the prior on 6 be 7(0) we can express the negative energy function

as:

—U(0ly, s) = —log (p(ly, s)) = —log(p(y|0, s)m(0)) + C (2.17)

= —log(n Zlog ( 9'%) (2.18)

we can simply take the gradient

d K v/
Vlog(p(dly, s)) = 0 Z = Zt (2.19)
= t=1 <t
Vr(0) - C:tee'cj’t
— _— 2.2

This is relatively simple to calculate, although it does require a n,; dimensional sum for the
last term. We note that ng grows with (n?)! where n is the number of nodes. For large
networks, sampling this sum to calculate the gradient may be desirable, that is employing

the Stochastic Gradient RMHMC Ma et al. (2015).

For RMHMC, we attempt to use second order information of the parameter space in order
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to improve the sampling properties. In the Bayesian setting the natural matrix is the Fisher

information matrix, we estimate this as the expected Hessian of the likelihood.
I(0|s) = Exjo,s [H(0|, 5)] (2.21)
= Exjo.0 [(VU(O]2,5) VU (0], 5)] (2.22)

Method 3 simulates k£ new networks from the distribution X6, s to obtain

k
Z (VU (8|4, 5) VU (0|23, 5) (2.23)

ww

This requires the simulation of k& networks from the LOLOG model, which requires the
calculation of the change statistics for those networks. These change statistics are also used

in computing the required gradients.

2.3.3 Assessing Convergence of MCMC for posterior parameter distribution

As with any MCMC approach checking the convergence of the MCMC chain to the stationary
distribution is crucial to the validity of the analysis. This is an inherently difficult question
and to some degree cannot be completely answered. Attempting to ensure the chains are
close to their stationary distributions we follow the approach of Gelman and Rubin (1992).
This approach requires a real number to represent each state of the Markov chain. As we have
two MCMC procedures, one for the edge distribution and one for the parameter distribution

we require a numerical value for each state of both of these Markov chains.

For edge permutation samples, we propose using a weighted sum, that is if a permutation of

e edges s is represented as a vector i.e s € R™. With s; = j implying that the i*" edges to
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be considered is that indexed with a j we have:
f(s)=>kxs; (2.24)
k=1

Note that the space of permutations is & (e!) but the maximum value for the function f(s) is

the sum of squares which is %

, which is much smaller than e! for even small graphs.
For illustration a 10 node undirected network has 45 possible edges, 45! ~ 105 whereas
45% 2 10°. Thus there will be multitudes of permutations that take the same value of f(s).

In our examples we noted that the simple weighted sums did occasionally produce duplicate

values for different permutations in examples we sampled but not at a high rate.

For the posterior parameter distribution, we considered each parameter value individually

in the convergence checking proceedure.

For the edge permutations we initialised 8 chains at random permutations, for the pos-
terior parameters we initialised at the variational LOLOG fit (Fellows, 2018b). We have
experimented with adding additional dispersion, these required longer burn-in times but not
excessively. We computed the ratio of within to between variance as per Gelman and Rubin
(1992), values close to 1 indicate convergence of the Markov chain. We also visually inspect

the trace plots for each of the MCMC chains.

2.3.4 Simulating from Full Posterior Distribution

Simulating from the posterior requires the drawing of a parameter # and an edge permutation
s from the joint posterior given the observed graph y. Once these are drawn the usual

sequential logistic regression simulation can be carried out.

Once we have samples from the posterior parameter distribution, we have several choices
when it comes to simulating new networks. Noting that since p(0, sly) = p(0|y, s)p(s|y), so
we could simulate from p(s|y) and then from p(f|y, s). Or we have p(0, s|y) = p(s|y, 8)p(0]y)
so could simulate from p(f|y) and then from p(s|y, ).
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1. Sample from p(f|y), then run additional MCMC proceedure to sample from p(s|y, 6)

2. Use the samples from the fitting proceedure. Sample from the {si,...s,} and then

from the corresponding sample from p(|s;,y).

3. Sample independently. Sample from p(f|y) given from fitting proceedure. Sample from

p(sly) from fitting proceedure.

Method (a) is valid assuming our sample from p(6|y) has low dependence on the permutations
used to generate it, the downside of this method is it requires a further MCMC proceedure to
sample from p(s|y, #). Method (b) samples preserving the dependence of § and s, it assumes
that we sampled enough permutations to have a plausible sample from the distribution of s|y.
Method (c) disregards that the samples from p(f|y) and p(s|y) were formed by combining
samples, throwing away the knowledge of coupling of s and € essentially assuming they are

independent.

We use Method (b) for simulating from the fitted model, to minimise the computational

burden while accounting for the joint distribution of # and s conditional on y.

2.3.5 Assessing Model Fit

To assess goodness of fit of our model, with only one observed network, we use Bayesian
posterior prediction goodness of fit graphics in the style of Hunter et al. (2008). The difference
in the Bayesian case being that the simulations now are derived from the posterior, that is
new networks are simulated by first drawing # and s from the posterior distribution sample
derived via MCMC and then simulating a network with that § and s. The distribution of
the simulated networks’ statistics is then compared to the observed network statistics. Here

we consider the degree and edgewise shared partner distribution, though others are possible.
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2.4 Pseudo Conjugate Priors

Prior probability distributions are subjective probabilities distributions that require specify-
ing the probability distribution of the parameters conditional on the total of all the knowledge
the researcher has, excepting the data itself (O’Hagan and Kendall, 1993). This is, at best,
challenging, but likely impossible. In particular, often uninformative priors are used (Jeffreys,
1946), as a means to specify little prior knowledge, though also likely due to the difficulty in
formalising one’s prior knowledge. In the context of ERGMs Caimo and Friel (2011) utilised
a flat Gaussian prior in their analysis and Wang (2011) discussed the advantages of using the
conjugate prior distribution. A flat prior is dissatisfying as it places significant mass on areas
of the natural parameter space that are near degenerate (Handcock, 2003), the researcher
likely has strong prior knowledge that the model producing the observed network was not
near degenerate. Indeed a non degeneracy prior may be a useful, i.e. specifying the prior to
place mass on parameter values that do not produce degenerate models, though this is at
present an open area of research. The conjugate prior is a convenient method of specifying
useful prior information, but does still leave the researcher highly constrained in their input

of the sum total of their knowledge.

Specifying the conjugate prior in the case of an exponential family is well understood (Dia-
conis and Ylvisaker, 1979), however due to the summing over all possible edge permutations
in the LOLOG model, developing a conjugate prior for the full unconditional likelihood is
intractable. We suggest considering the distribution of graphs conditional on a particular
edge permutation. Since the LOLOG model reduces to a logistic regression on the change
statistics (which depend on the edge permutation), we can use exponential family priors to
specify a conjugate prior distribution, conditional on the edge permutation. We can then
sample permutations and take an average of the conjugate priors to form a pseudo-conjugate

prior.

In particular given the density of the graph, one can place the prior that every edge is equally

likely to form. Clearly this prior depends on the observed data, so cannot be interpreted as
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the researcher’s knowledge prior to seeing any of the data. However it only depends on the

density statistic of the network, which is at best weakly informative of the structure of the

network, which is usually of interest. Indeed this is a form of the general empirical Bayes

methodology,which can be framed in terms of hierarchical model prior|Casella (1985), Efron

(2010)].

Chen and Ibrahim (2003) specify conjugate priors for generalised linear models (GLMs)

in terms of a prior guess of each data point y; for each of the observed covariate vector

x;. Proceeding as in Chen and Ibrahim (2003) for an exponential family with dispersion

parameter 7:

P(y;|0:, 7) = exp (7 (yimi — b(n;)) + (v, 7))
Letting n; = n(X;3) for some link function 7
= o (r (yn(XiB) — B (XB)) + el 7))
As per Diaconis and Ylvisaker(1979) the conjugate prior is
= P(n|7,y0, a0) o explaor (yg -1~ b(1)))
Noting that for exponential families we have E(y|n) = Vb(n). We have

Ely] = E, [E [y|0]
= Ey [Vb(n)]

Using (Diaconis and Ylvisaker(1979)) Theorem 2

= E[y] = yo

20

(2.25)

(2.26)

(2.27)

(2.28)

(2.29)

(2.30)



Thus the specification of the prior parameter y, can be thought of as specifying a prior guess
for E [y]. The ay parameter corresponds to the effective sample size of hypothetical data that
was used to formulate this prior guess, in particular ag = "¢ where ng is the prior sample
size and n is the number of observations in the data. So an ag parameter equal to 1 would
correspond to the prior being derived from data the same size as the observed data. In the

context of the LOLOG model with change statistics as the predictors, n is the number of

edges in the network.

Rewriting 7 as a function of the regression parameters [ results in a proper conjugate prior

for § Chen and Ibrahim (2003)

P(B|7,yo, a0) o exp (ao7 (yg - n(XB) — b(n(XB)))) (2.31)

For the LOLOG model, since only the distribution conditional on the edge permutation is
an exponential family distribution, we cannot form such a conjugate prior. However we form
a pseudo conjugate prior by simulating k matrices of change statistics of the model to be
fit {X;}% | with permutations {s;}¥_,. For each row of a matrix X; we need corresponding
guess vector y;. We then combine these matrices and guesses to form the X* and y; for the
GLM conjugate prior. For rows of X that are repeated, we retain a single row, and take
the mean of the guesses for that row as the value for 3. This forms the LOLOG pseudo

conjugate prior setting b and 7 to be the standard functions for logistic regression:

* T * = *
9(0) = e (a0 ()" 5 = S tow (1 + 0 (X°5))) ) (2.52)
i=1
Specifying the pseudo conjugate prior essentially means choosing a guess yo for different
change statistics. As a default prior we recommend specifying the y as equal to the density
of the observed network, and tuning the aq to obtain a prior distribution that aligns with the

researcher’s uncertainty in the model parameters. Following the empirical Bayes paradigm,
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we also consider using a MOM fit on the network with just the edge and triangle parameters

to generate predictions .

We also emphasise that as in equation 2.13 we are assuming that p(6) = p(6|s) that is that
the prior on the parameter does not depend on the permutation. This necessarily results
in a poor prior since we expect the parameters and the permutations to be correlated in a
complex way, however specifying that relationship a priori is essentially impossible so is not

attempted.

2.5 Examples

We present two examples of Bayesian fitting of the LOLOG model. We fit the well known
New England lawyers data set (S. Kraatz et al., 2003) as well as a larger network of friendships
in adolescents using the Add-Health data set (Harris et al., 2007b). We show the Lawyer fit
with a fuller discussion of tuning and diagnostics and show the Add-health fit to demonstrate

the method’s ability to fit larger networks.

2.5.1 New England Lawyers

The network is undirected with 36 nodes. Ties in the networks represent collaboration
between lawyers in a law firm in New England spread across 3 offices in different geographic
locations. The data has nodal covariates for seniority, type of law practice, gender, and office

location.

We show the Bayesian LOLOG fit using the empirical Bayes style pseudo conjugate edge-
triangle prior, that is we carry out a MOM fit just using the edge and triangle term and use
this to generate predictions gy, for simulated change statistics. Further fits with a variety of

priors can be found in Appendix 2.8.
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Table 2.1: MOM fit for LOLOG model to New England Lawyers Network

Parameter Estimate Std. Error P-value

Edges -7.6589 1.0777  0.0000
Triangles 1.0585 0.4400  0.0161
Node Seniority 0.0280 0.0108  0.0099
Node Practice 0.7118 0.1838  0.0001
Dyad Gender Match 1.1633 0.4313  0.0070
Dyad Practice Match 0.9434 0.2761  0.0006
Dyad Office Match 1.6142 0.3028  0.0000

2.5.1.1 MOM fit

We fit the same LOLOG model as in Fellows (2018b) using the Bayesian approach and com-
pare the results. We fit using an edges term as usual, together with the triangle term to
account for social transitivity. We also include main covariate effects for seniority and prac-
tice, since different practices and seniorities could conceivably be associated with different
levels of collaboration, as well as matching effects on gender, practice and office location. For
discussion details see Fellows (2018b). In addition we also specify a constraint to the edge
ordering, we add the vertices sequentially in order of their seniority, that is, as each step
the next most senior node is added, then all possible new edges are considered in a random

ordering, repeated until all nodes have been added. Table 2.1 shows the MOM fit.

2.5.1.2 Prior Distribution

Table 2.2 shows a summary of a sample of 1000 draws from the pseudo conjugate prior based

on predictions using the MOM fit to the data using only the edges and triangles term.

2.5.1.3 Assessing Convergence of MCMC

We consider a convergence checking proceedure for the RMHMC sampler, for the edge-

triangle prior. As there are separate MCMC proceedures for the distributions of S|y and
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Table 2.2: Edge Triangle prior distribution summary for New England Lawyers

Prior Mean Prior Std. Error Prior P-value

Edges -2.0421 1.9310 0.1466
Triangles 1.6272 0.3101 0.0000
Node Seniority -0.0023 0.0201 0.4483
Node Practice -0.0418 0.3829 0.4584
Dyad Gender Match -0.0608 0.7469 0.4644
Dyad Practice Match -0.0135 0.5601 0.4863
Dyad Office Match -0.0233 0.5661 0.4868

0|y, s we show diagnostics for both.

As we constrained the edge permutations to be permutations achieved by adding nodes in
order of seniority, there are two parameters for the local sampler, the number of nodes in
which edges were swapped and the proportion of these edges that were swapped. We tuned
the edge permutation sampler, to swap a number of edge positions to achieve a median step
probability of around 50% this resulted in a sampler swapping 30% of the edges within 10%

of the nodes.

For the RMHMC proceedure we used 10 network simulations to estimate the fisher informa-
tion matrix and, with a step size of 0.3. We note that a higher number of network simulations
can be used to facilitate a higher acceptance rate with a step size of close to 1, however sim-
ulating networks is the computationally burdensome portion of the proceedure, so we often
preferred a smaller step size with a higher variance estimate of the Fisher information matrix

in practice.

We examine the trace plots of each MCMC proceedure and following the approach in Gelman
and Rubin (1992) we also consider the ratio of the between chain variance to the within chain
variance for 19 MCMCs. A ratio of close to 1 suggests that the chain has converged to its

stationary distribution.

Figure 2.1 shows the trace plot and MCMC density for the posterior edge distribution sam-
pler. Figure 2.2 shows the progression of the Gelman shrinkage ratio for the same distribu-

tion. They suggest the MCMC procedure for the S|y distribution is likely converged after
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Figure 2.1: Plot of MCMC trace and density for edge permutation sampler for LOLOG
model for New England Lawyers network
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Figure 2.2: Plot of Gelman diagnostics for edge permutation sampler for LOLOG model for
New England Lawyers network
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Figure 2.3: Plot of MCMC traces for triangle parameter using RMHMC sampler for LOLOG

model for New England Lawyers network
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Figure 2.4: Gelman variance ratio plot for triangle parameter for LOLOG model for New

England Lawyers network
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around 1000 steps.

For the posterior parameter distribution, we only show the trace and Gelman diagnostics
plot for the triangle parameter, when examining the convergence we also looked at the other
model parameters but omit them for brevity here. Figure 2.3 shows the trace plot and
Figure 2.4 shows the Gelman shrinkage ratio. The figures suggest convergence after around

500 iterations.

2.5.1.4 Sampling Permutations

Visualising distributions of edge permutations is challenging, we obtain the change statistic
distributions derived from samples from p(s|y,f). Figure 2.5 compares the distribution of
triangle change statistics for the edge-triangle prior sample and an unconditional sample
from p(s). The difference in distribution for other complex structures such as 2- and 3- stars
is similar. We show each distribution in comparison to the change statistics of the uncon-
ditional permutation distribution. We can see that the triangle change statistic distribution
conditional on the observed graph and the using the edge triangle prior is different from the
unconditional sample distribution. This suggests the distribution of edge permutations is

important.

2.5.1.5 Goodness of Fit

Figures 2.6 show the observed values of the network edgewise shared partners (ESP) and

degree statistics, with the boxplot derived from simulations of the fitted posterior model.

Noting that as a majority of the observed values fall within the models’ simulated networks’
statistics, we consider the model to fit the data well. Further goodness of fit plots for the

MOM fit and fits using other priors are included in Appendix 2.8
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Figure 2.5: Triangle change statistic for posterior edge permutation distribution using edge
triangle prior for LOLOG model for New England Lawyers network

2.5.1.6 Posterior Interpretation

Table 2.3 shows the summary of our sample from the posterior distribution.

Our interpretation of the MOM fit summarised in Table 2.1, is as follows:

e The triangle parameter is positive and significant suggesting social transitivity in the

collaboration network.

e All the included covariate main and matching parameter estimates are positive and
significant suggesting that each covariate, and matching covariate increases the chance

of an edge forming.
e The matching effect for office is likely larger than that of gender and practice, suggesting

that geographic location is more important in determining likely collaborations.

Using the edge triangle prior, which is not a true prior distribution our interpretation of the
Bayesian fit is in agreement with the MOM interpretation, and the same qualitative con-

clusions can be made, without the need to invoke asymptotic arguments regarding standard
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Figure 2.6: Degree and ESP goodness of fit plot for posterior simulations using edge triangle
prior for LOLOG model for New England Lawyers network
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Table 2.3: Edge Triangle posterior distribution summary for Lazega’s Lawyers

Posterior Mean Posterior Std. Error Posterior P-value

Edges -7.9979 0.6904 0.0000
Triangles 1.4612 0.2519 0.0000
Node Seniority 0.0418 0.0067 0.0000
Node Practice 0.8076 0.1211 0.0000
Dyad Gender Match 0.9116 0.3503 0.0044
Dyad Practice Match 0.6311 0.2502 0.0088
Dyad Office Match 1.1939 0.2679 0.0000

error estimation which do not hold. In addition in the Bayesian framework we can comment
directly on the uncertainty of parameter estimates. We stress that the MOM interpretation
is theoretically suspect, as the parameter uncertainty estimates rely on asymptotic results,

with a network size of only 36 nodes.

2.5.1.7 Computational Performance

We tuned the RMHMC sampling procedure to obtain samples from the posterior parameter
distribution. We utilised 20 cores with Intel(R) Xeon(R) Platinum 8160 CPU @ 2.10GHz
processor on our departmental server, sampling 6 from 19 different s, samples from p(s|y).
For the edge triangle prior run we used an s swap rate of 30% of the edges within 10% of the
nodes, with 10000 burn-in s samples. We used 10 RMHMC network simulations per step of

size 0.3, with 500 burn-in theta samples. The total run time was approximately 5 minutes.

2.5.2 Adolescent Health

We next consider fitting models a network of high school students, obtained from the well
studied National Longitudinal Study of Adolescent to Adult Health (Harris et al., 2007b).
Networks from the survey have been fit using ERGMs (Goodreau (2007), Hunter et al.
(2008)). There are multiple networks available but the particular network in this case ob-

tained from Harris et al. (2007a) has 1681 nodes with covariates for grade, gender and race
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Table 2.4: Add Health LOLOG MOM fit

Parameter Std. Error P-value

Edges -9.6693 0.0945 0
Triangles 4.2779 0.1715 0
2-Star 0.3828 0.0413 0
3-Star -0.1865 0.0266 0
Dyad Gender Match 0.6755 0.0634 0
Dyad Grade Match 2.7549 0.0716 0
Dyad Race Match 1.0902 0.0608 0

provided, this matches the data used in the detailed ERGM fit in Goodreau (2007).

2.5.2.1 MOM fit

It is natural to consider students to be added to the network in the order of their grade, for
fitting the LOLOG model we constrain edge orderings to orderings, such that all students
from each grade are added and then all the new possible edges considered before adding the

next grade and considering the new possible edges.

Table 2.4 shows the MOM fit of the model with the edges, triangle, 2-star and 3-star struc-

tural terms, as well as matching covariates for race, sex and grade.

Figure 2.7 shows the goodness of fit plot of the degree, ESP and geodesic distance distribu-
tion. We note that the MOM estimated LOLOG fits poorly on the ESP distribution and
does not recreate the exact shape of the geodesic distance distribution. This is similar to

the ERGM fitting issues observed on the network in Goodreau (2007).

2.5.2.2 Bayesian Fit

For smaller networks it is possible to sample from the distribution S|y, for example in
the Lawyers network there were 36 nodes so 630 edges so the space was discrete of or-
der 630!. Note that using Stirling’s approximation n! =~ \/ﬁ(%)n we have 630! >
V271 - 630 (232)%° ~ 63 (102" > 10150, The sample space was enormously large, yet
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Figure 2.7: Goodness of fit plots for Add Health LOLOG on logarithmic scale
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Table 2.5: Edge Triangle posterior distribution summary for Add Health network

Posterior Mean Posterior Std. Error Posterior P-value

Edges -9.5266 0.0830 0
Triangles 3.3955 0.0602 0
2-Star 0.2832 0.0306 0
3-Star -0.1238 0.0196 0
Dyad Gender Match 0.6548 0.0594 0
Dyad Grade Match 2.7244 0.0663 0
Dyad Race Match 1.0627 0.0607 0

as each edge permutation is of length 630 we are able to assess the burnin and step until
convergence as in section 2.5.1.3. However with a network of 1681 nodes we have 1412040
edges. Stepping around this edge permutation space becomes impossible. In addition assess-
ing the burnin of a chain of objects each of size ~ 10° also becomes difficult, not to mention

storing such a chain of any length.

As aresult, in order to utilise the Bayesian methodology for LOLOG,we make the assumption
that p(s|y) = p(s). We suspect that as the network becomes large the impact of the network
on possible edge permutations is reduced as the dependence between edges is likely reduced,

but we have no theoretical results regarding this.

We still sample from 6|y, s using the RMHMC method outlined above. Table 2.5 shows a
summary of a sample from posterior LOLOG model taken using the edge triangle prior. It

is qualitatively consistent with the MOM estimated LOLOG model.

Figure 2.8 shows the goodness of fit plot of the degree, and ESP distribution. We note
that the Bayesian LOLOG fits similarly to the MOM LOLOG, struggling with the ESP and

geodesic distance distribution.

2.5.3 Interpretation
Our interpretation of the MOM fit and the Bayesian fit are consistent and as follows:

e There is a tendency for social closure due to the positive significant triangle term.
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e The positive significant 2 star and negative 3 star term suggest there is a tendency for
popular nodes to form, but with some limiting process on the number of ties a node

can maintain.
e There is a tendency for edges to form in dyads that match on grade, race and sex.

e The matching tendency from strongest to weakest is as follows: grade, race, sex.

2.6 Discussion

We have developed a fully Bayesian approach to fitting the LOLOG model to social network
data sets. We have justified the use of the pseudo conjugate prior for such analysis both the-
oretically and practically. We have demonstrated that it is possible to fit the fully Bayesian
LOLOG model to a network of 36 nodes and with a plausible relaxation to a network of
~ 1000s of nodes. Through the two examples we able to show consistent interpretation of

the posterior distribution with the MOM estimation proceedure.

For smaller networks, it is possible to sample from p(s|y, 8) the distribution of edge orderings
conditional on the observed graph and the model parameter. We showed examples where
samples of edge permutations from this distribution, differ in the distribution of change
statistics. This suggests that at least for small networks generated by the LOLOG model,
the edge ordering has some effect on the nature of the networks generated. Indeed sampling
from p(s|y,0) may itself be of interest to the applied researcher interested in the order of

formation of complex structures in a social network.

The Bayesian approach is theoretically appealing, as classical estimates of parameter estimate
uncertainty are only asymptotically valid. In the context of network data, this means as
the number of nodes increases the distribution of the estimates converge in distribution
to the normal distribution with covariance equal to the fisher information matrix. However
modelling with the LOLOG model, as with other generative network models, we assume that

the number of nodes is fixed, therefore asymptotic notions are not appealing. The Bayesian
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approach allows for clear, theoretically consistent interpretation of parameter uncertainty,

subject to the specified prior.

Specification of the prior is challenging but most researchers using a network model to study
their data likely have some idea, based on previous literature and empirical experience, of
what they believe. However specifying this in terms of a probability distribution over the
parameters of a complex model is likely not possible, we proposed using an Empirical Bayes
approach, using some features of the data to form our prior, whilst not strictly Bayesian, it
does help include prior information which could be conditional on the observed graph. We
proposed using the so called edge and edge triangle prior to represent the priors that the
model should produce the same edge density and edge and triangle density of the observed
network respectively. We showed examples where such a prior produces a well fitting model
as well as providing consistent interpretation with the MOM parameters for nodal attribute
effects. We note that as researchers are often interested in nodal attribute effects, a prior on

the structure which provides interpretation on the attribute effect is a valuable tool.

For larger networks e.g. ~ 1000s nodes sampling from p(s|y, #) proved impossible as the size
of each edge permutation balloons rapidly with &(n?), resulting in an inability to assess
MCMC convergence as well as practical storage issues. However we suspect that p(s|y, ) —
p(s) as n — o0, since as the network grows the observed networks likely gives less information
about the ordering that formed it. We justify this by thinking conversely, consider a small
network with a LOLOG model with a strong triangulation effect but also a strong ceiling
effect on degree nodes, triangles in this kind of network are likely to have formed early in the
edge formation process as the ceiling effect likely prevents late forming triangles, therefore
the observed network and model parameter have a strong bearing on possible edge formation
orders. For a large network assuming p(s|y, 8) = p(s), we were able to fit to a network of size
1681 nodes. We obtained the approximate posterior distribution using the edge triangle prior

and demonstrated a good fit as well as consistent interpretation with the MOM approach.

The Bayesian approach allows for a natural extension for Bayesian model averaging which

could be explored, as has been developed for the Bayesian ERGM Caimo and Friel (2013).
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This could be particularly useful for smaller networks where asymptotic arguments for MOM
parameter estimates are not valid, as it is often easy to under or over fit due to the lack
of data. We note that as the RMHMC proceedure for exploring the parameter space often
works well with a step size of close to 1 when simulating sufficiently many networks for
an accurate Fisher information matrix estimation, the posterior parameter space may be in
many cases approximately Gaussian, this may lend itself to a variational Bayes approach
which could speed up the model fitting procedure, or even be used as an informative prior

for the fully Bayesian approach.

It is also possible to pursue an approximate Bayesian computation (Sisson et al., 2018; Marjo-
ram et al., 2004) method. This method is useful when the likelihood of a model is intractable
as in LOLOG, but the model can be simulated from with relative ease. Ease of simulation is
one of the great strengths of the LOLOG model, we believe this to be a promising method for
the LOLOG model, and in particular note that it has been implemented successfully in the
related ERGM models Yin and Butts (2020), despite the difficulty in simulating networks
from ERGMs.

We note that the computational bottleneck for large networks is the cost of storing the edge
permutation of size n? which is not sparse. One possible relaxation is to require all edge
permutations to be obtained from a sequential node added procedure, thus we could consider
edge permutations equivalent if they have the same node ordering, this only require storing

node permutations, which would be of size n which would be much more feasible.
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2.7 Appendix

2.8 New England Lawyers Additional LOLOG Model Fits

In this section include details on Bayesian LOLOG model fits with a variety of priors that

we considered for the for New England lawyers network.

2.8.1 Comparing Priors

We consider the following priors:

e Flat : Uniform distribution over a wide range for each parameter

e Edge : Empirical Pseudo conjugate prior, predicting with equal probabilty for each

edge equal to the density of the observed network.

e Edge Triangle : Empirical Pseudo conjugate prior, using MOM fit with just edges and

triangles to predict edges

e MOM : Empirical Pseudo conjugate prior, using MOM fit with all terms to predict
edges

Summaries of the priors are shown in tables 2.6, 2.2 and 2.8. We note that the flat prior is not
preferred, since it does not capture any of the scale differences between the parameters unlike
the edge prior. The MOM prior uses the data pervasively and is therefore not considered

suitable as a true prior but is shown for comparison.

2.8.2 Assessing Convergence of MCMC

We omit our assessment of the convergence of the MCMC procedures for each prior, as the

prior did not strongly effect the rate of convergence.
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Table 2.6: Edge prior distribution summary for LOLOG model for New England Lawyers

Prior Mean Prior Std. Error

Prior P-value

Edges

Triangles

Node Seniority
Node Practice

Dyad Gender Match

Dyad Practice Match
Dyad Office Match

-1.6975 1.9183
-0.0115 0.1768
0.0000 0.0190
0.0185 0.3847
0.0284 0.7316
-0.0280 0.5400
0.0145 0.5460

0.1819
0.4804
0.5022
0.4840
0.4962

0.4807
0.4895

Table 2.7:
Lawyers

Table 2.8:

Edge Triangle prior distribution summary for LOLOG model for New England

Prior Mean Prior Std. Error

Prior P-value

Edges

Triangles

Node Seniority
Node Practice

Dyad Gender Match

Dyad Practice Match
Dyad Office Match

-2.0421 1.9310
1.6272 0.3101
-0.0023 0.0201
-0.0418 0.3829
-0.0608 0.7469
-0.0135 0.5601
-0.0233 0.5661

0.1466
0.0000
0.4483
0.4584
0.4644

0.4863
0.4868

MOM prior distribution summary for LOLOG model for New England Lawyers

Prior Mean Prior Std. Error

Prior P-value

Edges

Triangles

Node Seniority
Node Practice

Dyad Gender Match

Dyad Practice Match
Dyad Office Match

-7.4394 1.3385
1.0432 0.4493
0.0269 0.0114
0.6903 0.2111
1.0926 0.4741
0.9178 0.2835
1.5780 0.3285

0.0001
0.0113
0.0122
0.0080
0.0213

0.0016
0.0004
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2.8.3 Sampling Permutations

From these priors we obtain the change statistic distributions derived from samples from
p(sly,0). The histograms in Figures 2.9, 2.10 and 2.11 show the different distributions in
terms of the triangle, two-star and three-star change statistics. We show each distribution
in comparison to the change statistics of the unconditional permutation distribution. We
can see that the triangle change statistic distributions become progressively more different
to the unconditional sample as the priors use more of the data, suggesting the distribution

of edge permutations may be important.

Triangle Change Statistic Distribution Comparison
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Figure 2.9: Triangle change statistic distribution comparison for posterior edge permutation
samples for LOLOG model for New England lawyers network

2.8.4 Sampling from the posterior

For each prior we tuned the sampling procedure to obtain samples from each posterior.
Table 2.9 summarises the values of the tuning parameters used. We note that different
priors require different tuning parameters to fit in a reasonable time. We suggest this shows
that the shape of the posterior parameter space for both 8 and s can be different for different

priors. For each run we utilised 20 cores on our departmental compute node, sampling 6
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Two—Star Change Statistic Distribution Comparison
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Figure 2.10: Two-star change statistic distribution comparison for posterior edge permuta-
tion samples for LOLOG model for New England lawyers network

Three-Star Change Statistic Distribution Comparison
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Figure 2.11: Three-Star change statistic distribution comparison for Lazega’s Lawyers
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Table 2.9: Tuning summary of New England Lawyers

Prior s swap s burn RMHMC sims RMHMC step Theta burn

flat NA NA 200 0.9 100
edge 25% 5000 100 0.5 1000
edge tri 4% 2000 50 0.3 200
MOM 4% 2000 200 0.9 200

Table 2.10: Flat posterior distribution summary for New England Lawyers

Posterior Mean Std. Error P-value

Edges -7.6902 0.9535  0.0000
Triangles 0.4255 0.1382  0.0000
Node Seniority 0.0391 0.0095  0.0000
Node Practice 0.7560 0.1638  0.0000
Dyad Gender Match 0.9956 0.3493  0.0005
Dyad Practice Match 0.8117 0.2434  0.0000
Dyad Office Match 1.5110 0.2595  0.0000

from 19 different s, samples from p(s|y).

We show summaries for the posteriors sampled using each of the priors, in tables 2.10, 2.11,

2.12 , and 2.13.

Table 2.11: Edge posterior distribution summary for New England Lawyers

Posterior Mean Std. Error P-value

Edges -6.4434 0.4873  0.0000
Triangles 0.2355 0.0823  0.0023
Node Seniority 0.0292 0.0053  0.0000
Node Practice 0.6274 0.0922  0.0000
Dyad Gender Match 0.7974 0.2916  0.0000
Dyad Practice Match 0.6913 0.2033  0.0000
Dyad Office Match 1.2185 0.2183  0.0000

72



Table 2.12: Edge Triangle posterior distribution summary for New England Lawyers

Posterior Mean Std. Error P-value

Edges -7.9979 0.6904  0.0000
Triangles 1.4612 0.2519  0.0000
Node Seniority 0.0418 0.0067  0.0000
Node Practice 0.8076 0.1211  0.0000
Dyad Gender Match 0.9116 0.3503  0.0044
Dyad Practice Match 0.6311 0.2502  0.0088
Dyad Office Match 1.1939 0.2679  0.0000

Table 2.13: MOM posterior distribution summary for New England Lawyers

Posterior Mean Std. Error P-value

Edges -7.6296 1.0406  0.0000
Triangles 1.1066 0.3431  0.0000
Node Seniority 0.0261 0.0089  0.0001
Node Practice 0.7348 0.1632  0.0000
Dyad Gender Match 1.1459 0.3468  0.0000
Dyad Practice Match 0.9367 0.1873  0.0000
Dyad Office Match 1.5675 0.2290  0.0000
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2.8.5 Goodness of Fit

We next show the goodness of fit plots for each of the priors using the ESP terms. All the
models fitted well on degree terms. Figures 2.12, 2.13, 2.14 and 2.15 show the goodness of
fit on the ESP terms. We show the goodness of fit utilising the sample from p(s|y).

ESP goodness of fit plot for posterior simulations using flat prior for LOLOG
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Figure 2.12: ESP goodness of fit plot for flat prior for New England Lawyers

Clearly the flat and edge priors produce models that do not produce the observed graph’s
esp as a typical observation. The edge triangle and MOM prior produce better fitting models
on the esp distribution. Comparing the box plots we can see that in edge triangle prior fit,

the observed graph is a less extreme observation than it would have been for the MOM fit.

2.8.6 Interpretation

In this case all priors produced fits that had the same interpretation, this need not be the
case. The edge triangle prior LOLOG model fits the ESP distribution best out of the priors
considered. This suggests that careful specification of the prior can be important in terms

of the fitted model being a likely model to have generated the observed data. We note that
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ESP goodness of fit plot for posterior simulations using edge prior for LOLO
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Figure 2.13: ESP goodness of fit plot for edge prior New England Lawyers

ESP goodness of fit plot for posterior simulations using edge triangle prior fc
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Figure 2.14: ESP goodness of fit plot for edge tri prior for New England Lawyers
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ESP goodness of fit plot for posterior simulations using MOM prior for LOLC

304

°
20 A )

10 °

!
0- LJ;‘I‘-o':I-i- -;--S--S--S--o--o--o--.-

T T T T T T T T T T T T T T T T T T T T T
Q 3 ) Q N $% > ™ 2] © A ) &) Q
> R A : J ; . . h ’ R N N N N N N N N N %
AN A S S S L S S A S SSRSRARARARRR K

Figure 2.15: ESP goodness of fit plot for mom prior for New England Lawyers

we needed to use some information contained in the data to develop a prior that allowed for

tractable inference.
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CHAPTER 3

An Approach to Causal Inference over Stochastic

Networks

Claiming causal inferences in network settings necessitates careful consideration of the often
complex dependency between outcomes for actors. Of particular importance are treatment
spillover or outcome interference effects. We consider causal inference when the actors are
connected via an underlying network structure. Our key contribution is a model for causal-
ity when the underlying network is unobserved and co-evolves with the actor covariates
stochastically over time. We develop a joint model for the relational and covariate gener-
ating process that avoids restrictive separability and deterministic network assumptions as
these rarely hold realistic social network settings. Our framework utilizes the highly general
class of Exponential-family Random Network models (ERNM) of which Markov Random
Fields (MRF) and Exponential-family Random Graph models (ERGM) are special cases.
We present potential outcome based inference within a Bayesian framework, and propose a
modification to the exchange algorithm to allow for sampling from ERNM posteriors. We
present results of a simulation study demonstrating the validity of the approach. Finally, we
demonstrate the value of the framework in a case-study of smoking over time in the context

of adolescent friendship networks.

3.1 Introduction

Causal inference is difficult, especially in systems with partially known and likely complex

structure. There is an extensive literature on causal inference methods for so called “network
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settings” from a variety of perspectives (Hudgens and Halloran, 2008; Shalizi and Thomas,
2011; Ogburn and VanderWeele, 2014; van der Laan, 2014; Sofrygin and van der Laan, 2017;
DeAmour, 2016; Aronow and Samii, 2017; Shpitser et al., 2021; Tchetgen et al., 2021; Ogburn
et al., 2020).

There are recent empirical studies claiming strong causal results in network settings that have
been controversial. For example, claims about social contagion (Christakis and Fowler, 2007,
2008, 2010) with corresponding methodological criticism from others (e.g. Ogburn et al.,
2020). Such results are controversial due not only to their surprising and perhaps provocative
substantive nature, for example, statements such as “obesity is socially contagious”, but also

due to the strong assumptions required to justify the methodology.

Much of the problem stems from the unknown underlying social processes. For example,
as explicitly noted in Shalizi and Thomas (2011), contagion is often confounded with ho-
mophily. They consider Directed Acyclic Graphs (DAGs) (Pearl, 1995; Spirtes et al., 2000)

and demonstrate that contagion can be confounded when latent homophily is present.

In this paper we consider social structures represented by networks with stochastic links
and covariates that stochastically co-evolve over time. We present a generalized chain graph
approximation to a credible social process DAG, which allows for a dependence structure that
we believe to be compatible with such problems. We then frame causal inference in terms
of network equilibrium potential outcomes, that is, potential outcomes derived from the
chain graph structure, and use an augmented variable Markov Chain Monte Carlo (MCMC)
algorithm to sample from their posterior distributions. The key contribution of our approach
is to allow for uncertainty in the network structure and for codependence of edges and nodal

covariates in the underlying social process over time.

Chain graphs have been posited as a possible representation of this causal structure (Tchetgen
et al., 2021; Shpitser et al., 2021). By considering a DAG of a network generating process
over time, Ogburn et al. (2020) suggest that estimating causal effects in this setting is not

viable unless fine grained temporal data is available and the causal structure is simple.

We consider the situation where we observe a single network, considered a realization of a
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random social process over both nodes and edges. Causal inference in this setting cannot be
reduced to an independent and identically distributed (IID) problem in the same fashion as
Sofrygin and van der Laan (2017). The chain graph approximation employed in Tchetgen
et al. (2021) and Ogburn et al. (2020) cannot be used as it does not allow for stochastic
connections. There have been efforts to allow for network uncertainty (Toulis and Kao,
2013; Kao, 2017). However these methods require unconfoundedness of the edges and the
random nodal covariates, given enough fixed information about the nodes. In not making
such an assumption we require a joint probability model for the random edges and nodal

covariates in the graph.

We note that the literature of network causal inference is at present sharply disconnected
from the literature concerning generative models for social networks. As most approaches
have considered the networks as fixed, there has been little interest in placing a probability
distribution over the space of possible networks. Typically generative models for social net-
works for example the commonly used Exponential-family Random Graph Models (ERGM)
(Frank and Strauss, 1986) consider the edges as the random variables to be modelled and
nodal covariates as fixed. There has been much sophisticated work on understanding such
models (Handcock, 2003; Robins et al., 2007; Schweinberger and Handcock, 2015), and well
developed MCMC based fitting procedures (Snijders, 2002; Handcock, 2002) with associated
complex software (Handcock et al., 2018). However due to the assumed fixed nature of the
nodal covariates, these are of limited use for causal inference on nodal outcomes. Markov
random field (MRF) models treat the nodal covariates as stochastic but the connections
between nodes fixed. Encompassing both model classes are the novel Exponential-family
Random Network Model (ERNM) (Fellows and Handcock, 2012). ERNM are a class of ex-
ponential family models that encompasses ERGMs and MRF as special cases. ERNM allows
for the edges and nodal covariates to be stochastic, thus the nodal covariates and the edges
can be co-dependent. The focus of this paper is causal inference based on the plausible

representation of complex social structure via ERNM.

We utilize a Bayesian framework for the causal quantities and the network model. This
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allows for the incorporation of prior information, as well the automatic accounting of un-
certainty in a theoretically consistent manner. The Bayesian approach does not require
appeals to asymptotic arguments for its validity. Indeed, asymptotics for causal quantities
in our setting are conceptually difficult as there is no single asymptotic framework that is
compelling. In particular, the number of nodes, N, is a fundamental characteristic of the
social process and not a sampling design characteristic, as it is in most of Statistics. For
example, the interactions of a class with 5 students will be quite different from a class of
size 75. Hence asymptotic approximations must identify credible invariant parametrisations
(Krivitsky et al., 2011). Different values of N change the fundamental structure of the so-
cial network, as dependent edge behaviour is strongly related to the number of nodes in
a network. We develop a modification to the exchange algorithm (Murray et al., 2006) to
allow for sampling from ERNM posteriors, which we use to infer the posterior distributions

of potential outcomes and, hence, estimate causal estimands of interest.

This paper is structured as follows. Section 3.2 introduces our general network setting and
our notation. Section 3.4 considers the DAG of a network process over time allowing for
network uncertainty with a chain graph approximation. Section 3.3 defines causal quantities
of interest in terms of equilibrium potential outcomes. Section 3.6 briefly describes a simu-
lation study, the details of which are contained in the supplement. Section 3.7 considers a
case-study of a network from the National Longitudinal Study of Adolescent Health (Harris
et al., 2007b) and gives estimates of unknown causal quantities. Section 3.8 provides general

discussion of the method, and its ability to generate credible causal inference.

3.2 Notation and Setting

We consider a known fixed set of N nodes. Each node has a random nodal outcome Y;, thus
the whole network outcome is Y = (Y7, ...Yy). Realizations of the random nodal covariates
Y; and Y are denoted with lower case y; and y. For this paper we only consider binary

outcomes (although the ideas are easily extended to non-binary outcomes). Each node is also
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permitted to have further multivariate nodal covariates similarly denoted X = (X7,... Xy)

with X; € R? for some p.

We denote the random edges between nodes as the random variable A = {AiJ}iJ\Ll, j=1, With
realizations a. A can be considered a random adjacency matrix. We also restrict A;; to be
binary with 1 indicating a connection and 0 representing the absence of a connection. For

this paper, we make the restriction that our networks are undirected i.e. A;; = A;; Vi, .

A network realization is defined to be a set {y, a,z}. When considering the dynamic network
of the process over time we indicate the outcomes at time ¢ with superscript, for example, the
outcome random variable for node ¢ at time ¢ is ;' and the whole network random variable
at time t is {Y*, A", X'}, If the temporal dynamics result in an equilibrium distribution, we

denote it by lim (Yt AY X' = (Y, A, X).

As the node set is fixed, the nodal covariates X are often in practice fixed throughout the
evolution of the social process. Going forward we omit X from our notation, that is for

clarity, we consider our networks as realizations of (Y, A) | X = Zopservea but write (Y, A).

We represent the treatment of nodes via the treatment vector Z = (z1, ... zy) with realiza-
tions z. For the purposes of this paper we consider the treatment to be applied prior to the
evolution of the network process though perhaps conditional on the fixed nodal covariates.
We leave allowing for time varying treatments assignments and outcome evolution to future

research, though we believe it to be compatible with our approach.

In the following section we will introduce a DAG to represent the dependence structure of
the social network. We emphasize that the nodes in the DAGs represent random variables
in the stochastic social process underlying the above described social network setting (rather
than actors in the social network). That is, nodes in the DAG represent random variables
in the social process generating the network, they may either be treatments, random nodal

covariates, or random edges.
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3.3 Network Potential Outcomes and Causal Estimands of Inter-

est

Hudgens and Halloran (2008), Toulis and Kao (2013) and Aronow and Samii (2017) all
considered potential outcome-based frameworks of assumptions and definitions as a basis for
causal inference for nodal covariates. We consider network potential outcomes as realizations

of an equilibrium distribution of a social process that evolved over time.

Our causal estimands should be interpreted as the effect of an intervention on the equilibrium
distribution, this is implicit in Toulis and Kao (2013) and Aronow and Samii (2017). Esti-
mands in Tchetgen et al. (2021) and Ogburn et al. (2020) are based interventions on nodal
statuses prior to the evolution of the social process, and estimate network effects, rather
than nodal effects. We note that these whole network direct or spillover treatment outcomes
for pre social processes interventions, the ERNM (Fellows and Handcock, 2012) presented in
Section 3.5.2 is still fully compatible with such regimes, and indeed a generalization of the

MRF models used in Tchetgen et al. (2021) and Ogburn et al. (2020).

We set Y;(Z, A, Y_;) to be the equilibrium potential outcome of node i, given the treatment
vector of all nodes Z, the network A, and the outcomes of all the other nodes Y_;. In this
definition, each potential outcome i depends fully on the entire rest of the edges and nodal
potential outcomes in the network. However as our estimands of interest relate to one-step

neighbourhoods of nodes, we make the following assumption.

The one-step neighbourhood, assumptions also allows us to dramatically reduce the required

number of simulations to estimate missing potential outcomes in section 3.5.

Assumption 1. One Step Neighbourhoods

Vi Yi(Z,AY.) =YiZi, Zaay, Ni(A), Yoai) (3.1)

where N;(A) is the neighbourhood of node i in the network A. That is, the individual out-

comes only depend on treatments, edges and outcomes in their own one-step neighbourhood.
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We next state the causal estimands that we will pursue in their full generality. In section 3.5

we will consider models, and simplifying assumptions that allow for inference in practice.

Definition 1. Primary Effects

1
(Z75, A, Y1)

5@' = Z }/Z(Z’L =1, Zaaay) - Y;(ZZ =0,z,a, y) (32)

(z7hay=)Ee(Z7HAY )

a'ue_ 1 al
N; (3.3)

where (Z7%, A,Y) are all possible combinations of edges, outcomes and treatments excluding

the outcome and treatment of node 1.

Definition 2. k-peer Treatment Effect

1
5f:ﬁ Y Yi(zi=0,z0,y) = Yi(z =0,(z,a) € (Z,A)%,y) (3.4)
|( ) )/Vz (z,a7y)€(Z7A)f€/Vi
1 N
1, (3.5)
Nizl

where (Z, A)fj% is the set of combinations of node-i-local edge realizations and treatment

assignments such that node i is exposed to k other treated nodes.

Definition 3. k-peer Outcome Effect For Binary Outcomes

1
5f — m Z k Yi(z; =0, 2,a,y) — Yi(z;, =0, 2, (a,y) € (A, Y)OM) (3.6)
) i (z,a,y)G(A,Y)JVi
1 ZN: N
— 3y (3.7)
N3

where (A, Y)ﬁ,/ is the set of combinations of node-i-local edge and outcome realizations such

that node v is exposed to k other nodes with outcome 1.

We note that the k-peer outcome effect could be considered as a special case of a k-peer

treatment effect where the treatment results in outcome 1, almost surely. However we find it
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convenient to express the estimand separately as it is often of substantive interest in networks

where some other treatment is administered, but the k-peer outcome effect is important.

3.4 Causal Framework

DAGs provide a means for precisely specifying the structure of relationships between random
variables (see Pearl (2009) for an introduction). Pearl (1995) developed strict criteria for
identification of causal effects.Formal equivalence with the potential outcome framework in

Richardson and Robins (2013)

Nodes in the DAG represent random variables, with edges drawn between nodes being strictly
uni-directional, and cycles of edges prohibited, so that so called “feedback” loops are not
permitted. The interpretation of a directed line from node 7 to node j is that i causally effects
j. For a node indexing set V', denote the corresponding random variables {z,},ey. This
graphical structure encodes the following factorization of their joint probability distribution
p(x) = Tlyev P(To|Tpa(v)), Where pa(v) are the parents of v, that is the nodes in the DAG

without edges into v.

The causal effect of X on Y is represented by p(y|do(X = z)), the distribution of the random
variable Y when X has been externally set to x.Pearl (2009) provides transformations for
expressing this new distribution p(y|do(X = x)) in terms distribution on observed random

variables e.g. p(y|z) or p(y|x, z) for z some other variable in the system.

Chain graphs permit undirected as well as directed edges, which allow for different Markov
properties from DAGs. In fact chain graphs can represent dependence structures that are
not possible under a DAG. We include some discussion in the supplement however we omit
subtleties of their Markov properties discussed in Frydenberg (1990) and utilized for causal
analysis in Lauritzen and Richardson (2002). In their full generality, chain graphs can express
complex dependence structures. However, in our case, our example chain graph only has
one chain component which results in none of the outcomes being rendered conditionally

independent, thus we do not require an in-depth review for the purposes of this paper.
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Practically, one possible interpretation of the undirected edges in a chain graph is that the

two variables interact in a causal feedback sense over time.

DAGs representing the causal structure of outcomes of nodes in networks under both inter-
ference and contagion are given a clear and detailed treatment in Ogburn and VanderWeele
(2014). We generalize the related conjecture in Ogburn et al. (2020) for a chain graph ap-
proximation of causal structure of a social network, which slowly evolves over time. This
is based on an interpretation of causality with feedback relationships over time which chain
graphs can be used to explain (Lauritzen and Richardson, 2002). Our generalization is to
consider a social network where the connections are not fixed and are motivated by the
empirical observation that social connections are often strongly dependent on other nodes’

connections as well as other nodes’ covariates, treatments and outcomes.

As an illustration for our chain graph approximation, Figure 3.1 represents the structure
of a network evolving over time for a three node network similar to that of Ogburn et al.
(2020) and Tchetgen et al. (2021). Note the analogous connections between node 3 and 1 are
omitted for clarity. Block arrows denote multiple arrows into the variables described therein.
The full DAG with all arrows becomes quickly unwieldy. In the notation of Section 3.2, the
nodal treatments are {7, Z,, Z3}, nodal outcome variables {Y7, Y5, Y3}, and we denote the
undirected edges between nodes 7 and j as A;;. Directed network edges as well as fixed
nodal covariates can also be built-in but are omitted here for clarity. Superscripts denote

the status of a variable at that time step e.g. Yy is the outcome for node 2 at time t.

Under this DAG, each of the treatment variables Z; are permitted to causally effect all of

the other outcome variables, as well as edges involving j. Outcomes Y;" and th are permitted

t

i.;» as well as outcomes Y/t and Y}tﬂ. Edges Aj ; are permitted

to causally effect edges A

to causally effect edges Af;“ll with no restrictions on k and [.

We note that there are key edges that are not present in this DAG. Edges and outcomes,
from time step ¢ can only influence edges and outcomes at time step t 4+ 1, not others. We
argue that this is plausible under slow evolution of a network process over time. In general,

it is exceedingly rare that enough data are available to identify all the relationships posited
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o Similarly for other
edgese.g. 1,3

Figure 3.1: Full DAG of temporal network formation feedback process, in the three node
network case. Treatment variables Z; are permitted to causally effect all of the other vari-

ables. Outcomes Y} and Y} are permitted to causally effect edges A; ;, as well as outcomes

Y/ and Y/*!. Bdges A!; are permitted to causally effect edges A}}' with no restrictions

on k and [. In practice the functional form of models will usually restrict the causal impact
of node #’s outcome and treatment to only the set of neighbouring nodes {j}, that is, where
there is an edge present between node ¢ and j.

in Figure 3.1.

The DAG for our system is highly complex, and we usually observe little incremental
time data on the social process. Thus operations as introduced in Pearl (1995) to reduce
p(y|do(X = z)) to expressions involving only distributions, from which we have realizations,
e.g., p(y|z), are not possible. That is the true causal effect is unidentifiable. We pursue
“approximate causal inference” through approximating the DAG for our social process over

time with a chain graph.

As noted in Lauritzen and Richardson (2002), the equilibrium distribution of a so called
infinite DAG can be represented as a chain graph. Similarly to Ogburn et al. (2020), but
modelling edges as random, the DAG in Figure 3.1 can be approximated by the chain graph
shown in Figure 3.2. The chain component (undirected component) of this chain graph is

close to being complete since we allow every nodal outcome to influence every other nodal
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outcome, however we only allow outcomes Y; and Y; to influence edge A; ;. In the full DAG,

backdoor paths through previous time steps result in this not being the case.

This suggests that the complex structure of such a DAG can be approximated with the chain

graph factorization:

n

p(Y, A, Z) = <Hp(zz~)> p(Y, A|Z) (3.8)
i=1
As an approximation to the true temporal DAG a chain graph model of causality serves to
render the causal effects tractable in practice. See Ogburn et al. (2020) and Lauritzen and

Richardson (2002) for a fuller explanation.

As an illustration of the generality of this chain graph’s dependence structure we define a
conditional independence property, that we refer to as local conditional independence as

follows:

VI uy!r z; | Al,=0, Z, {Y,":A], =1} (3.9)

That is, nodal outcomes are conditionally independent given all neighbours, and that they
are not connected. Equation (3.9) does not hold a priori due to the dependence induced by
the random edge A, ; unlike in the fixed network case where it does. That is, the chain graph
retains dependencies between outcomes of non-connected nodes, even when conditioning on
neighbours. In fact, due to the close-to-complete nature of the chain component, there
are few conditional independence assumptions that can be concretely made. Indeed the
complexity of such systems is the reason why social network modelling has proven to be

difficult.

Conditional independence properties have been considered for ERGMs (Snijders et al., 2006).

Common properties induced by model choice in ERGMs are the so-called Markov assumption
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Variables '.I':IT, 1‘:1

Figure 3.2: Chain graph approximation of a three node temporal social network process with
treatment

(Frank and Strauss, 1986) and the so called social circuit assumption that requires the
Markov assumption condition in addition to a cycle condition (Snijders et al., 2006). Both
of these commonly imposed assumptions severely limit possible dependence structures. In
practice the social network modelling community has found the social circuit assumption to

yield well fitting models in a wide variety of situations (Goldenberg et al., 2010).

We do not comment on the validity of the approximation of the DAG by the chain graph.
Ogburn et al. (2020) gave simulations supporting their version of this approximation. We
will only consider recovering causal estimands based on the assumption that the chain graph

approximation holds.

The remainder of this paper concerns modelling P(Y, A|Z) in order to estimate causal quan-

tities. We specify our causal estimands using equilibrium distribution potential outcomes.
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Implicitly the assumption we make in the DAG formulation, under some intervention on the

equilibrium denoted with a superscript .

Pequa(Yi = y|(A, 2,Y) = (A, Z,Y])") = Pequa(Yi = yldo((A, Z,Y") = (A, Z,Y)")  (3.10)

We note that intervening on an equilibrium distribution is not possible in practice. However
in order to claim the estimation of causal quantities, which are intertwined with social
processes, we believe it to be necessary as well as implicit in current potential outcome
based approaches (Aronow and Samii, 2017; Toulis and Kao, 2013). We interpret our causal
estimands as an average, of the possible treatments, and social processes that led to a given

treatment in equilibrium.

The lack of conditional independence assumptions that we are able to make in Section 3.5,

is the direct consequence of the nearly complete chain graph model specified in this section.

3.5 Estimation and Identifying Assumptions

Section 3.3 introduced network potential outcomes and our estimands of interest. Section
3.4 justified that they have a casual interpretation. In this section we will introduce models
that can be practically used to infer the missing potential outcomes, to produce concrete

estimates of causal effects.

Our strategy is to pursue model-based Bayesian imputation of potential outcomes (Imbens

and Rubin, 2015).

3.5.1 Structural Assumptions

We next state possible assumptions restricting the dependence structure of the process that

will enable us to feasibly impute missing potential outcomes from network simulations. In
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our assumptions we explicitly include fixed nodal covariates X.

Assumption 2. Unconfounded Treatment Assignment Assumption Under Network Assign-

ment

P(Z|X,AY) = P(Z|X,AY) VZ,X,AY and Y

where A is a network, X is a set of nodal covariates on the nodes, and Y are the potential

outcomes.

To account for uncertainty in the network it is possible to make the assumption, as in Kao
(2017), that the causal link between the network and outcomes can be broken by the inclusion

of nodal covariates. Specifically:

Assumption 3. Unconfounded Network Assumption under Network Interference

P(A|X,Y) = P(A|X,Y') VA, X,Y and Y

We note that Assumption 2 also follows as a consequence of the chain graph approximation,
as in the three node example in Figure 3.2 (See Lauritzen and Richardson, 2002, for discussion

on this).

Assumption 3 essentially assumes away the main problem of network causal inference, that
the network structure and the potential outcomes are related. The idea is that after includ-
ing enough nodal covariates, the association between the network and the nodal potential
outcomes breaks down. Note that this assumption trivially holds if the network is considered

fixed.

Denoting the missing potential outcomes as Y,,;ss and the observed as Y. Using Assump-

tions 1 and 2, Kao (2017) show that :

P(Ymiss|Xa Za Aa Yobs) = P<Ymiss|X7 Yobs) (311)
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Kao (2017) propose choosing covariates X to include so that Assumption 3 is met, and
suggest that the addition of covariates derived from modelling the network A may be included

to achieve this.

We require only Assumptions 1 and 2, and modelling the potential outcomes jointly with the
network. We argue that this is more realistic in most situations, and forces the researches

into more realistic modelling choices to arrive at causal inference for nodal outcomes.

The relaxation of Assumption 3 breaks down the proof of Equation (3.11), with the analogous

result under the relaxed assumption being;:

P(Ymiss|X7 Z) Aa Yobs) - P(Ymiss|X7 Aa Yobs) (312)

The retention of the network A in the conditioning variables, requires that we model its

posterior distribution in the imputation of the missing potential outcomes.

3.5.2 Modelling

To facilitate modelling when the network is not fixed, we use the ERNM (Fellows and
Handcock, 2012). The ERNM model can be viewed as a generalization of ERGM to allow
for random nodal covariates, alternatively and equivalently it can be viewed as generalization
of Markov Random Fields (MRF) that allows for random edges. The basic formulation is

an exponential family for network a with nodal covariates y:

P(A=a,Y = ylo) = (91/) exp (0 g(a, ) (3.13)

The sample space .4 is the space of all possible binary edge realizations together with all of
the possible random nodes, e.g., A4 C 2% x %™, where 2" is the power set of all the dyads
and 2™ is the joint sample space of the nodal covariates. For formal details see Fellows and

Handcock (2012).
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MRF models can be seen as the ERNM conditional on the network in Equation (3.14), and
ERGMs the ERNM conditional on the nodal attributes. The normalising for the condi-
tional distribution constant for the MRF is written ¢(0, .4 (a),a) to reflect summing over

the restricted space (Fellows and Handcock, 2012).
1
P(Y =ylA =a.6) = _ g - 3.14
(Y =ylA=a,b) 0 @) exp (0 - g(a,y)) (3.14)

For example a typical MRF model on a network with treatment effect, outcome homophily

as well as outcome and treatment neighbour effects can be written as:

1 N N
pY=ylA=a,Z=2)=————exp(01-> yi+02-)> yizi+ (3.15)
FO IR CIPI DS

N
05 - Z Iy = y;)+ (3.16)
Z‘,jil,ai7j:1
N N
i,jzl,a@j:l l‘,jil,ai’jil

The full ERNM, however, is permitted to include terms typically included to account for
common social phenomenon, e.g. social transitivity - the tendency for edges to complete
triangles of edges, or social popularity - the tendency for some nodes to have many more
connection than others. For example the number of edges, triangles, two-stars and three-
stars may used. A typical ERNM model which in addition the the MRF terms in equation
3.15 accounts for transitivity, and centralisation with triangles and two-stars can be written

as:
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1 N

WY =yld=aZ=2) = oy e (b X et 19
N
92 : Z ]I(am‘ =k = A5 = 1)—|— (319)
ivj k=1
N N
O3- > Lai;=aip=1)+0s-> yit
ivj k=1 =1

(3.20)

N N

i=1 ij=1,a; ;=1
N N
b > oyl > Yizj) (3.22)

ij=1,a; ;=1 ij=l,a; ;=1
Tchetgen et al. (2021) utilized Markov random field (MRF) models with coding or pseudo
likelihood estimators to power a Gibbs sampling procedure, from which they estimated causal
effects of treatment in situations where a single network was observed and the observed
data treatment was permitted to be affected by covariates. It is not clear why modern
MCMC methods were not used, as pseudo likelihood methods are known to have undesirable
properties (Duijn et al., 2009). Ogburn et al. (2020) gave an example with parameters
estimated from multiple observations from a MRF using the to “maximize penalized node-

conditional likelihoods.”

Fellows and Handcock (2012) extended extensive work on MCMC MLE estimation for ERGM
(Snijders, 2002; Hunter and Handcock, 2006) to ERNM. However following the Bayesian
paradigm and we simulate from the posterior distribution of the missing potential outcomes
conditional on the observed data. This accounts for uncertainty in a theoretically consistent
manner O’Hagan and Kendall (1993), and removes the need for asymptotic assumptions on

the node set which are unrealistic, or bootstrapping Efron (1979) as in Ogburn et al. (2020).

Toulis and Kao (2013) also followed this paradigm, allowing for edge uncertainty with a

Poisson edge model, and a linear outcome model. We note that their model does not account
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for the dyad dependent nature of real social processes, which is perhaps the most important

feature of social network data.

We note that sampling from the posterior distribution of an ERNM is non-trivial, details
are contained in the supplement, which require the use of a the exchange algorithm for so

called doubly intractable distributions (Murray et al., 2006).

With a suitably simple MRF model with a fixed network or a separable network and outcome
model, the causal effects can usually be computed directly from the realized parameter
values. For an ERNM this is not the case. Noting that, in full generality, each of the nodal
potential outcomes depends on the whole network and all other nodal potential outcomes.

The equilibrium distribution of a missing binary potential outcome for node ¢ can be written:

P(Ymiss,i(av yil) |X7 A0b57 Y;bs) = /@ P(Ymiss,i<a7 yil) |07 X7 A0b57 Yvobs)p(va A0557 Y:)bs>d9

(3.23)

We can then approximate this by simulating a large number of networks {(A,Y); }j]‘il, letting
M(a,y™") = {(d,y) € {(A,Y);}}L, : d = a,y"~" = y~'} be the number of these networks

with the required network a and other nodal covariates y~¢. This yields

1

P(¥omii(a,y™) = 11X, Ao, Your) = 17

Z Ymiss,i ((I, y) (324>

(a,y)eM(a,y=?)

Simulating enough networks that have the required network and nodal covariates is infeasible
for networks of realistic size. We consider one-step neighbourhoods, that is we allow only
nodes connected to the ego to effect the nodal outcome. Thus we dramatically reduce the
number of unique potential outcomes for any given node, by requiring that only the treatment
assignment, edges involving a node and outcomes of the neighbours of the nodes matter, not

the whole network.We note that this is, in fact, a highly restrictive assumption, though is
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required to feasibly simulate the missing potential outcomes.

Concretely to estimate the potential outcome for the k peer effect estimand, for each i,
instead of restricting to M(a,y~ ") we restrict to Mf (a,y™") = {(d',y/) € {(A,Y);}M, :
(a,y) € (A Y)f }. Where (A,Y)f is defined in Definition 3. That is we only restrict to
simulations where the correct neighbourhood is achieved to estimate the expected value of

the missing potential outcomes.

‘ 1
P(Ymiss’i(a, y—z) — 1|X7 A0b57§/obs) =~ W Z Ymi887i<a7y) (325)
N\ (a:y)EMS, (ay~")

We can then use these expected potential outcomes, to estimate (Bayesian) expected versions

of the causal estimands conditional on the observed data.

3.6 Example : Simulation Study

3.6.1 A DAG compatible data generating process

In this section we consider simulating from a 100 node network, with a procedure that follows
the true DAG for a social process. Letting A now be the edge random variables, and Y the

outcome random variable. We propose the following simulation procedure.
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Algorithm 1: Figure 3.2 DAG simulation procedure
Result: (A,Y) sampled from 24 x #™

Assign treatments 7
Let ;=0 V 1
Let Ai,j =0 V Z,j

fort=1,2,...T do
Simulate Y from p(Y*|Y*™1 A= 7Z)

Simulate A? from p(A!|Y*, A1 7)

end

The algorithm specified in Algorithm 1 is deliberately abstract, we do not specify the prob-
ability functions p(Y!|Y'™1, A= 7) or p(AHY?E, AL, Z) yet.

For our simulations we suggest that choosing p(Y*|Y*™1 A1 Z) and p(AY|Y, A1 Z) as a
logistic regression, using change statistics as predictors. That is we allow for a proposed tie
or node change to be more or less probable based the corresponding change to some specified
network statistics. We suggest choosing change statistics in line with our intuition on social
processes, for example edges that complete triangles of edges are, all else equal, more likely

to form than other edges.

We make a slight simplification: we only allow a single edge or node to toggle at each time
step. This results in the probability of a step being exactly the acceptance probability that
would be used if we were using a Markov chain to sample from an ERNM, with a simple 1
edge or 1 vertex toggle proposal step. Thus sampling from the DAG with this kind of model
for a large enough T is equivalent to sampling from a Markov chain for the corresponding

ERNM.

The purpose of implementing simulations is to provide empirical evidence to convince the
reader that our method can recover causal effects in the real world case where the true
data generating process (DGP) is complex and unknown. The credibility generated by the
exercise depends on the credibility of the chosen DGP. If a simplistic DGP is chosen that
deliberately fits the method well, the simulations generate less credibility. The fact that
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an ERNM sampling procedure can well represent the suggested DAG, should not dissuade
the reader of the value of the simulations, in fact that the DAG is compatible with ERNM

suggests that our model may in fact be less mis-specified than feared.

In particular with the ERNM DGP it is possible to generate networks with transitivity,
homophily and contagion, yet still know the posterior distribution of the causal estimands,
for a given network simulation. Other generating processes could have been selected, but
would limit the scope of understanding the performance of our method as the true posterior

would not be available.

3.6.2 Model Specification

We consider 4 possible DGPs for 100 node networks where 50% for the nodes are treated
before the social process evolves. We simulate networks from the ERNM DGP then fit
the posterior distributions under that DGP which generates the ground truth posterior
distribution. We then fit the posteriors of the remaining three mis-specified DGPs to the

simulated networks, and compare the resulting posteriors to the ground truth posteriors.

Table 3.1 shows the proposed parameter values and key properties of the model classes for
the 4 DGPs. These ERNM parameters were chosen for simplicity and to achieve a mean
degree of close to 3, which might be reasonable in for example a friendship network. We
only present the results of simulation from the ERNM model, as it is the only model that
represents the DAG.

The ERNM includes a mild spill over through a peer treatment effect, and contagion through
a peer outcome effect, where in addition to homophily, peer outcomes and treatments also
increase the chance of a positive nodal outcome. We also include a homophilous GWESP
term on outcome, that is a GWESP term where edgewise shared partners are only creditted
if they match on outcome. This term represents outcome transitivity. We suggest that in
many cases a researcher would often believe that these effects are present in a social network

formation process, and would fit such an ERNM to observed data.
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Table 3.1: Data Generating Process Summary. First block is parameter values for the edge
model, second block is the parameter values for the node model, which in the case of the
ERNMs are not separable. The third block gives a basic summary of the model classes.
We consider networks generated by the ERNM and fit with the other DGPs, the parameter
values for the other DGPs are shown to demonstrate the terms included in those models,
not for model fitting.

ERNM MRF ERGM-+Logistic Logistic

Edges 4.5 NA 45 NA
GWESP 1 1 1 NA
GWDEG 1 NA 1 NA
Outcome Homophily 1 NA 1 NA
Intercept 1 1 1 1

Treatment 1 1 1 1

Neighbors Treated 0.1 0.1 0.1 0.1
Neighbors Outcomes 0.1 0.1 0.1 0.1
Stochastic Edges Yes No Yes No
Separable Likelihood No NA Yes NA

The MRF formulation assumes a fixed network with parameters for outcome GWESP, out-
come homophily, number of treated neighbours, positive outcome neighbours, main effect
and intercept. This may represent a model that a researcher assuming a fixed network, with
the simplistic chain graph approximation may adopt. Note that the MRF model can include
terms that are functions of both edges and nodes, e.g., outcome GWESP and outcome ho-
mophily, but the calculation of these statistics only changes due to the nodes changing, not

the edges changing.

The ERGM augmented with logistic regression accounts for network uncertainty with the

ERGM, and the nodal outcomes with the logistic regression.

We also consider a pure logistic regression model where the network is only allowed for

through the neighbour covariates in the logistic regression.
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3.6.3 Results

The causal estimands we consider are the treatment main effect, 1 to 5 peer outcome effects,
1 to 5 peer treatment effect. We simulate 100 network realizations from the ERNM. For
each of these realizations we generated samples from the posterior parameter distribution
for each of the 4 models. For each of the 400 posterior parameter distributions we sampled
100 parameter realizations and estimated the causal estimands for those realizations. Thus
the output of the simulation was 100 simulated networks with 4 posterior distributions for

each network, for each of the causal estimands.

We note that this was a computationally demanding simulation. For each of 4 DGPs, we
fit 100 posterior distributions to simulated networks from the ERNM. For each of these 100
distributions we then drew 100 samples from the posterior, for each of which we simulated
100 networks to infer the missing potential outcomes. The fitting of each of the posterior dis-
tributions typically required of the order of 10* burn-in simulations with each step requiring
a new ERNM MCMC, which required a toggle burn-in of order 10*. So each posterior fitting
procedure required, the 108 ERNM toggles with associated change statistic calculation. As
there were 4 x 10% posterior distribution required to be fit, the posterior fitting step required
4 x 10 ERNM network toggles. Simulating and inferring the missing potential outcomes
also requires MCMC burn-ins, though as multiple steps were not required it is a lower order

component of the computation time.

Ordinarily the researcher would observe one network, fit one posterior and simulate networks

to infer the causal effect, which is feasible for networks of the order of hundreds of nodes.

Table 3.2 shows the mean posterior-mean and the Frequentist coverage rates of the 95%
Bayesian credible intervals, together with the true causal estimands of the DGP. The coverage
rates are included to enable calibration of the credible intervals (Little, 2011). We also show
the mean mean-a-posteriori to justify that, on average, the posteriors are centred around the

true value.

We note that the ERGM logistic and pure logistic models recover some outcome effects on
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Table 3.2: Mean mean a-posteriori causal estimands fitted to 100 network simulations from
ERNM. The coverage of the true mean by the 100 estimated 95% credible intervals is shown
in brackets.

True ERNM MRF ERGM+Logistic  Logistic
main 0.28 0.27 (65%) 0.28 (67%) -0.03 (0%) -0.17 (0%)
l-peer-out  0.28 0.27 (69%) 0.36 (31%) 0.18 (59%) 0.16 (8%)
o-peer-out  0.50 0.5 (68%) 0.64 (21%) 0.45 (98%) 0.39 (53%)
3-peer-out  0.66 0.65 (63%) 0.77 (34%) 0.66 (97%) 0.58 (72%)
4-peer-out  0.77 0.74 (57%) 0.82 (52%) 0.76 (95%) 0.7 (77%)
B-peer-out  0.82 0.8 (58%)  0.83 (62%) 0.8 (95%) 0.76 (81%)
l-peer-treat  0.13 0.14 (80%) 0.16 (69%) -0.06 (0%) 0 (11%)
2-peer-treat  0.27 0.27 (77%) 0.28 (70%) -0.12 (0%) 0 (13%)
3-peer-treat  0.39 0.39 (71%) 0.4 (70%) -0.16 (0%) 0 (14%)
4-peer-treat  0.50 0.48 (72%) NA -0.2 (0%) 0.01 (15%)
5-peer-treat  0.56 0.54 (70%) NA -0.23 (1%) 0.01 (14%)

average, but perform very poorly on treatment effects. The ERNM and MRF posteriors seem
to broadly be centred close to the true effects, though the MRF posteriors have much lower
Frequentist coverage than the ERNM model, perhaps suggesting optimistically low variance
in the posterior distribution. This is as expected as the MRF model does not account for
randomness in the edges of the network. In addition the MRF model was unable to identify
higher order peer treatment effects, denoted as NA in table 3.2. This is because 4 and 5 peer

treatments were not observed in any of the simulated networks.

However if we work consistently in the Bayesian framework, for the networks were generated
from an ERNM, the posterior causal estimand distribution derived from the ERNM posterior,
is the “ground truth” in the Bayesian sense. Thus the correct assessment of the performance
of any given method should be comparing its posterior causal estimand distribution to the
ground truth distribution. The comparison for a given method is to compare its posterior fit
based on each of the 100 simulated networks to the corresponding posterior derived from the
true DGP. Therefore understanding the performance of each method reduces to comparing
distributions. We use the relative distribution (Handcock and Morris, 1999) to this end.

We consider the relative rank distribution of each of the pairs of models, using boundary
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Table 3.3: Mean KL divergence of relative rank distributions of posteriors for causal esti-
mands across 100 network simulations from the ERNM

ERNM MRF ERGM+Logistic Logistic

main 0 1.09 3.77 4.44
1-peer-out 0 2.45 2.18 3.33
2-peer-out 0 2.59 1.18 1.88
3-peer-out 0 2.2 1.08 1.26
4-peer-out 0 1.56 1.03 1.13
5-peer-out 0 1.22 0.93 1.08
1-peer-treat 0 1.24 4.23 3.52
2-peer-treat 0 1.25 4.24 3.52
3-peer-treat 0 1.34 4.23 3.48
4-peer-treat 0 NA 4.21 3.44
5-peer-treat 0 NA 4.19 3.41

adjusted kernel density estimation using the reldist package (Handcock, 2015).

Table 3.3 shows the estimated Kullback-Leibler (KL) divergences between the relative rank
distribution and the uniform distribution. To calibrate the size of the divergences, the
KL divergence between two unit variance Gaussian distributions is equal to one-half the
squared difference between their means. On this scale, a KL divergence of d corresponds to
a v2d mean difference. As the ERNM model is being compared against itself, the expect
the divergence to be 0. The others have large KL divergences from the ERNM posterior,
suggesting that they are not able to recreate the true posterior distribution of important

causal estimands when misspecified.

3.7 Case-Study of Smoking Behavior within a High School

In this section we give a real data case-study utilizing ERNM to relax the fixed network
assumption as well as conditional unconfoundedness of the edges and nodal potential out-
comes. In this case we do not know the ground truth, so the purpose of this section is to

demonstrate that our method produces plausible posterior estimand distributions and to
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highlight the differences between methods for these data. We also performed a simulation

study with known data generating processes which is contained in the supplement.

We consider one of the school social networks from the National Longitudinal Study of
Adolescent Health (Harris et al., 2007b). The network we used for this example has 869
nodes of which 462 were male and 407 were female, with 344 having reported trying a
cigarette at least once. For consistency with Fellows and Handcock (2012), gender was
coded as 1 for male and 0 for females, hence the gender coefficients reported correspond to

males.

We consider the following estimands and estimate them under different frameworks:

1. k-peer effect of the gender of peers on smoker status of the ego

2. k-peer outcome effect of peer smoker status on smoker status of the ego.

Within our Bayesian framework we consider the following models for imputing the required

potential outcomes to claim causal inference:

1. Full ERNM model with potential outcome as a random nodal covariates.
2. Markov random field model with fixed network

3. Logistic regression.

In our framing the outputs are posterior distributions of causal estimands. For information
we also show the results of the MRF model, with parameters estimated through maximum
pseudo-likelihood estimation and potential outcomes derived from these as in Tchetgen et al.
(2021). In line with the known bias of pseudo likelihood estimates for ERGM (Duijn et al.,

2009) we believe this method will perform poorly.

We used a version of the exchange algorithm (Murray et al., 2006), with an extension which
allows for efficient sampling from the ERNM posterior. The development is given in the

supplement. While informative priors are compatible with the computational framework,
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Table 3.4: Summary of posterior distributions of network models, posterior means are shown
with posterior standard errors in parentheses

ERNM MRF Logistic Regression
Edges -4.93 (0.03) NA NA
Grade GWESP 0.11 (0) NA NA
GWDEG -1.67 (0.36)  NA NA
Grade Homophily 4.13 (0.05) NA NA
Sex Homophily 0.67 (0.08) NA NA
Smoke Homophily 0.48 (0.06) 0.43 (0.07) NA
Intercept 0.95 (0.11) 0.75 (0.12) -1.07 (0.2)
Gender -0.07 (0.03) 0.02 (0.04) 0.47 (0.16)
Female neighbors 0.11 (0.02) 0.08 (0.02) -0.17 (0.05)
Smoker neighbours -0.64 (0.12) -0.46 (0.12) 0.54 (0.06)
Stochastic Edges Yes No No
Stochastic Covariates Smoker Status Smoker Status Smoker Status
Separable Likelihood No NA NA

here we report based on a uniform prior over all parameters. The results do not appear to

be sensitive to the choice of prior.

Table 3.4 gives a summary of the posterior distributions each of the models, showing the
posterior means with the posterior standard errors in parentheses. We note that parameters
should not be compared across models, as the functional forms are different, we show this

table to summarize the posteriors, but to also highlight the differences between the models.

For GWESP and GWDEG terms decay parameters were fixed at 0.5. The use of these
geometrically weighted terms is in part necessary to avoid degeneracy issues (Handcock, 2003;
Snijders et al., 2006), but also implicitly induces the social circuit dependence assumption
for the ERGM, rather than the more restrictive Markov assumption. However we used the
ERNM style homophily terms (Fellows and Handcock, 2012) for both the ERNM and ERGM
model, which in fact induce non local dependencies. Thus the dependence structures of the
edges in these models are unknown and best described as “complex.” In addition we enforce

homogeneity in school grade for the edgewise shared partners in the GWESP term as there
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is a very strong grade structure to transitivity in this network.

We do not interpret the posterior parameter distributions directly, rather we make compar-

ison through the smoker peer effect on the smoker status of a node.

Table 3.5 and Figure 3.3 show the the k-smoker-peer effect estimates. These are is estimated
as the additional chance of smoking that having k smoker friends has over having no smoker
friends. The ERNM and MRF model are in agreement for peers one to three, with some
divergence after this. The logistic regression model is markedly different from the ERNM
for one and two peer effects, while for higher effects the estimates are closer to the ERNM
estimates. The pseudo likelihood estimated MRF model, as expected, are quite different.
This helps confirms our prior belief that this estimation method is likely biased in the Fre-
quentist sense, consequently the fitted model does not fit the data well, and does accurately

estimate causal estimands.

We believe the ERNM to be most plausible from a theoretical perspective. Whilst in this
example the effect size difference from the MRF model was not large, we believe it to be
a more robust approach when estimating network causal effects. In particular where there
is strong transitivity interacting with nodal outcomes as well as for smaller networks, we

expect the effect would be larger.

In addition we show Bayesian posterior prediction goodness-of-fit graphics in the style of
Hunter et al. (2008) in the supplement. These demonstrate that networks simulated from

the ERNM model posterior, correspond closely to the observed data.

3.8 Discussion

In this paper we model causality when the underlying population is networked and that
network is unobserved. Our approach jointly stochastically models the links and nodal

covariates in the network, better representing our state of knowledge and their codependency.

Considering a DAG, we suggest that the estimating true causal effects in this setting, is

104



Table 3.5: Posterior means of the k peer smoker outcome effect ATEs, for various methods.

The pseudo MRF value is the mean simulated from the parameter estimate.

ERNM MRF pseudo_ MRF  Logistic Regression

0.12 (0.01) 0.13 (0.01) 0.17 (0.02) 0.08 (0)

0.22 (0.02) 0.23 (0.02) 0.28 (0.02) 0.18 (0.01)

0.35 (0.02) 0.33 (0.02) 0.35 (0.02) 0.3 (0.02)

0.48 (0.04) 0.42 (0.03) 0.4 (0.02) 0.42 (0.03)

0.59 (0.04) 0.5 (0.03)  0.45 (0.02) 0.53 (0.04)

0.68 (0.05) 0.57 (0.04) 0.49 (0.02) 0.63 (0.04)

0.75 (0.04) 0.63 (0.04) 0.52 (0.02) 0.7 (0.04)

k—smoker—peer effects
0.75-
-~ method
(&}
S ERNM
()]
4 050- — logistic
o)
G?J_ — MRF
=< pseudo_MRF
0.25-
1 2 3 4 5 6 7 8 9 10

peers
Figure 3.3: Plot comparing the posteriors distribution of the ERNM, MRF and logistic re-

gression estimated k-peer outcome effect. The MRF with parameters equal to the maximum
pseduo likelihood esimtate is also shown
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almost always intractable due to the usual lack of fine grained temporal data, as well as the
highly complex causal structure. We present a chain graph approximation to the DAG, which
allows for a dependence structure that we believe to be compatible with such problems. We
then frame the approximate causal inference in terms of network equilibrium potential out-
comes, that is, potential outcomes that are free to depend on nodes in the neighbourhood of
the node in question. We propose the use of ERNMs to jointly model both random edges and
nodal covariates. We also develop a simple modification to the exchange algorithm allowing
for a feasible sampling from the posterior distribution. We use the posterior distribution,
through simulation, to impute the distribution of the missing potential outcomes, allowing
the consideration of the distribution of the causal estimands. We showed, using a school
network from the National Longitudinal Study of Adolescent Health, that failing to account
for the network structure of the problem could lead to misleading qualitative conclusions, in

particular when considering the one- and two- peer outcome effect.

Our primary contributions lie in considering the consequences of relaxing of the commonly
made fixed network assumption and proposing the use of suitable social network models to
estimate causal effects. This relaxation complicates the causal structure considerably and
necessitates the use of complex models to derive causal estimands. Clearly the relaxation
of this assumption also allows for greater generalizability. Our inferences hold for the given
node set and social process, whereas assuming the fixed network narrows the scope to that
observed network only. Our method is only applicable to the given node set. However we
suggest that the posteriors derived from the given network can serve as strong priors for
“similar” networks. In general, qualitative features of the posteriors from the given network
can useful inform other analyses. It is not possible to make further statements than this for

networks of different sizes.

We believe that in the context of social network analysis, where individual attributes are
heavily influenced by social context, such covariation of edges and nodal covariates is over-
whelmingly more representative of many social processes. That is, in many social networks

we believe it highly likely that individual characteristics and the connections that form be-
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tween individuals are strongly dependent. This is especially true if the network evolves over
time. We also note that avoiding such issues by letting the size of the network become
large and invoking asymptotic arguments, fundamentally mis-interprets the problem. The
phenomenon of interest; the inter dependencies of actors, is a result of the small size of
the network, for example dependence assumptions implicitly made in modelling a 30 node
network usually do not make sense to apply to say a network of 3000 nodes. Thus arguments
that rely on the number of nodes being large, are incoherent, as they rely on changing the
structure of the problem itself, to understand uncertainty. As our approach is fully Bayesian
on the fixed node set, we do not require asymptotic arguments on the number of nodes in a

network.

Notable by its absence is discussion of suitable prior distributions for ERNMs. We note there
has been some work developing conjugate prior distributions for ERGMs (Wang, 2011) and
strongly suspect that such an approach may also be applicable in our setting. In practice
flat Gaussian prior are often used for ERGMs (Caimo and Friel, 2011). For the purpose of
demonstrating our approach, we used uniform priors, which make no account for the geome-
try of exponential families, but allow us defer careful consideration of possible priors to future
work, while demonstrating the utility of our method. We note that we performed similar

posterior fits with flat Gaussian priors, which did not effect the posteriors substantially.

The cost of our approach is the strong assumption that such a complex process, can be
adequately modelled by an ERNM. This is in general the main criticism of model based
causal inference approaches, that models are mis-specified with unknown consequences. In a
network setting this mis-specification is often acute e.g. constant marginal effect of additional
smoker friends in the linear potential outcomes model. Our central argument is that a
complex model is much less mis-specified than current approaches. We have sought to
justify this with real data and simulations, though propose this as a future area of research.
For example, how dependent do outcomes in networks need to be to invalidate conclusions

made with unrealistic models?

The mis-specification may seem to be cause for pessimism, however we emphasize that
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network settings are indeed the extreme case of small data, as we usually only have one
observations of a network on a fixed set of nodes. Thus intuitively we should expect strict
functional form assumptions to be required to generate any meaningful statistical, and es-
pecially causal inference. In fact we argue that approaching network problems with simpler
assumptions is problematic, whilst potentially less prone to mis-specification in the sense
that simple models can be used, this easily glosses over the inherent difficulty of dealing

with network data where nodes and edges are strongly dependent on other nodes and edges.

we also note that specifying a model for the full network data generation process also allows
inference in cases where only a subset of the network is sampled. Accounting for such
sampling structure is likely analogous to the method for ERGMs in Gile and Handcock

(2016). Accounting for this is not possible with the other methods considered in this work.

We believe that meaningful steps can be made towards causal inference on networks, through
careful consideration of the complex causal structure of such problems. Whilst we make
strict assumption on the function form of this, if the researcher is unwilling to make such
assumptions, we opine casual inference is out of reach. We suggest it is better to acknowledge
the complexity of the situation, and therefore claim that causal inference is not possible, than
employing highly restrictive assumptions on the dependence structure of the data generating

process, to allow simpler models to be employed.
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3.10 Supplementary Materials

Supplement The supplement contains an additional chain graph approximation diagram,
a review of ERNM and Bayesian computation for them and a goodness of fit analysis
for the modelling of the adolescent health network, including a MCMC convergence

analysis. (pdf)

3.11 Chain Graph Introduction

This section gives a very brief introduction to chain graphs, to help understand why they
are appropriate for approximating the structure of a social process that evolves over time.
This section exclusively repeats material from Frydenberg (1990), Lauritzen and Richardson

(2002), and is included for completeness as the entire article relies on chain graph concepts.

3.11.1 Graph Definitions

We first define a graph ¢ as a set {V, E(V)} where V is a finite set of vertices, and E(V) is
a set of edges between the vertices contained in V', both directed — and undirected — edges

are permitted. We denote the subgraph induced by a vertex a as ¢,

A partially directed cycle is defined as subset of {v;, ..., v} €V, re-indexing as necessary,
such that for each i, v; — v;11 or v; — v; 11 with at least one of the edges directed. A chain

graph is defined as a graph with at no partially directed cycles.

There exists a path between u and v if u = v or if v and v are connected by a sequence of
edges through vertices {vy,...,vx}. A path is directed if any of edges between v; and v; 41

are directed and in the same direction i.e. v; to v;41 or v; to v;_1.

For vertices v,u € V' we define u as a parent of v if u — v and write u € pa(v) for undirected
edges we define u and v neighbours if v — v and write u € ne(v) and v € ne(u). The
boundary of v is defined as the union of the neighbours and the parents, the closure cl(v) is

the v U bd(v)
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A subgraph induced by a vertex set A is denoted ¢4 and contains all vertices in A and all
edges involving vertices in A. For vertices a and b minimal complex is an induced subgraph

of the form a — vy — --- —vr < b.

The chain components .7 of a chain graph G are the connected components of G with all

directed edges deleted.

We define the future ¢(U) and past 7(U) for a vertex u as ¢(u) = {v € V|3 a path from u to v}
and 7(u) = {v € V|3 a path from v to u}. The future and past of a vertex set U is defined

as the union of the futures and past of all the nodes in the set. A set is terminal if ¢(U) = ()
and initial if 7(U) = 0.

A subset of vertices U is anterior if it can be generated by removing terminal chain com-
ponents. This allows us to finally define the moral graph, which will be used to define the
Markov property for chain graphs. The moral graph 4™ is the graph formed by considering
the chain components of the graph, and completing their boundaries, i.e. replacing directed
edges with undirected edges between chain components and their parents, and connecting

all parents with undirected edges.

3.11.2 Chain Graph Markov Property

Graphical models serve to encode the structure of conditional independence relationships
between variables. The Markov property of a graphical model is this encoding. The chain

graph Markov property was defined and investigated in Frydenberg (1990).

We restate Theorem 3.3 of Frydenberg (1990) which establishes the equivalence of 4 proposed

Markov properties.

Theorem 1. Chain Graph Markov Property Equivalences Theorem 3.8 of Frydenberg (1990)

For a chain graph 4 and probability measure P such that:
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(ALBIDUC and ALC|DUB) implies AL BUCI|D

The following are equivalent:

1. Global 4-Markovian : A L B|C whenever C separates A and B in (%Cm(Auguc)) - the

moralization of the anterior set of the union.
2. Local 9-Markovian : w L [V \ ¢(u)] \ cl(u)|bd(u) ¥V u
3. Pairwise 4-Markovian u L v|[V \ ¢(uw)]\ {u, v} forv & ¢(u), and u and v not adjacent

4. G -Markovian for every anterior set A of 4. Where 4" -Markvoian refers to the

undirected Markov property in Frydenberg (1990)

These Markov properties lead to the factorization of all chain graph models in Theorem 4.1

of Frydenberg (1990).

Theorem 2. Chain Graph Factorizations (Partial Version of Theorem 4.1 of Frydenberg
(1990))

For a distribution P with positive density p w.r.t. some product measure j = X on

UEV’UU

space €. If P is 4-Markovian then p can be factorized as :

p(x) = [T II ¢ (Xe) (3.26)

€7 CEC,

Where 7 denotes the set of chain components in 4 and €, denotes the set of cliques in

(gcl(f))m

This theorem provides that factorisation of chain graphs as described in Lauritzen and

Richardson (2002) as a “DAG of boxes” where the boxes are the set of chain components.
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3.11.3 Chain Graph Example Comparison with DAG

In this section we follow the example given in Section 5 of Lauritzen and Richardson (2002).
We give a simple example of conditional dependence structures that cannot be represented

with a DAG, but can be with a chain graph.

Figure 3.4a shows a simple chain graph. The density can be factorised under the chain graph
factorisation theorem as f(a, b, c,d) = f(c,d|a,b)f(a)f(b). However the chain graph markov

property places restrictions on the form of f(c,d|a,b).

A—C A———C
B——D B——D
(a) Full chain graph (b) Moralization of smallest anterior set contain-

ing {a,b,c,d}. Moralization, connects the largest
chain component to its parents with undirected
edges, and connects these parents with undirected
edges also

Figure 3.4: Full chain graph example and moral graph

Figure 3.4b shows the transformation to the moralization of the anterior set of the union, so
we can use the global Markov property. As the sets {b, c} and {a,d} separate a and d and b

and c respectively we have:

a L d|{b,c} bl cl{a,d} (3.27)

In addition using the pairwise Markov property and noting that ¢(a) = {¢,d} we have that:
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a L|[V\ ¢(a)]\ {a,b} (3.28)
a1 b0 (3.29)

—a Lb (3.30)

Figure 3.11.3 shows 2 DAGs that one might think encode the Markov property as Figure
3.4a. Figure 3.5a shows of which is an common parent for vertices ¢ and d the second of
which is a common child of vertices ¢ and d. We note that following Pearl (1995) since
vertices ¢ and d are colliders, conditioning on them leads to dependence so that a £ d|{b, ¢}
and b [ a|{a,d}. Figure 3.5a shows a DAG where we have a [ b there is conditioning on a

common child.

A—C A——C
Parent Child
B——D B——D
(a) DAG with common parent (b) DAG with conditioning on common child

Figure 3.5: Example DAGs representing different Markov properties to the Chain graph in
Figure 3.4a

3.12 Four Node Chain Graph Example

Figure 3.6 shows a chain graph approximation to the true DAG for a four node social process.
Although there are six edge variables A; ;, each edge variable is only connected to four other
edges. In general the full deletion of connections in the chain graph is regarded as a very
restrictive assumption on the network dependence structure in the social networks literature.
We note that for networks of larger size the proportion of connections missing compared to

the complete chain graph grows. Thus for networks of size in the hundreds of nodes, as in our
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examples, the chain graph approximation strongly restricts the full dependence structure. It

is this restriction that allows for the modelling of the complete network.

AT,

Variahles 1'; . [:ﬂ P

Variahles };T. .I_-‘;'.r

» ©® ©

|

A3,4

Figure 3.6: Chain graph approximation of a 4 node temporal social network process with
pre process treatment and the Markov assumption for edge dependence

3.13 Exponential-family Random Network Models

In this section we briefly introduce the Exponential-family Random Network model (Fellows
and Handcock, 2012) and explain the exchange algorithm (Murray et al., 2006). This section

gives a brief introduction to a complex method, this paper uses the ERNM and exchange
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algorithm machinery, though it is not the primary purpose, so the unfamiliar reader should
consult the above citations. The exchange algorithm is used for sampling from ERNM poste-
rior distributions, sampling from ERNMs is completely analogous to the exchange algorithm

for ERGM (Wang, 2011; Caimo and Friel, 2011).

The ERNM model can be viewed as a generalization of ERGM to allow for random nodal
covariates, alternatively and equivalently it can be viewed as generalization of Markov Ran-
dom Fields (MRF) that allows for random edges. The basic formulation is an exponential

family as follows, for network y with nodal covariates X.

P(Y =, X = aln) = Mexp (n- g(y.2) (3.31)

The sample space .4 is the space of all possible binary edge realizations together with all
of the possible random nodes, i.e A4 C 2¥ x 2™, where 2V is the power set of all the dyads
and 2™ is the joint sample space of the n nodal covariates. For formal details see Fellows

and Handcock (2012).

In the ERGM framework it is usual to include statistics that are counts of specific sub graph
realizations, for example the number of triangles and stars in a network. This accounts
for the social structure of many real networks, which often exhibit more social closure or
transitivity than can be explained by covariates alone. In addition one can include terms
typically included in a MRF models e.g. the number of neighbours a node has with a given

covariate.

Similar to ERGMs, ERNMs have problems with degeneracy (Handcock, 2003). Fellows and
Handcock (2012) comment on this, in particular they propose the use of a somewhat unusual
term for homophily which is usually required to be able to fit ERNMs. We use this term in
our examples, as well as geometrically weighted edgewise shared partner and degree terms

(Snijders et al., 2006) to allow us to fit models that are not degenerate.
ERGMs have well defined dependence structures due to the Hammersley-Clifford Theorem
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(Besag, 1974). The dependence structure of an ERGM is directly related to the choices of
sufficient statistics. A version of the Hammersley-Clifford Theorem is applicable to ERNM
models, though we do not prove it here. Thus, though we consider a close to complete
chain graph to represent the true dependence structure of the network, we implicitly impose
strict dependence structure on the edges of the network, through our choice of statistics
in the ERNM. However in practice the required choice of homophily statistic for ERNM
renders the dependence structure complex. See Snijders et al. (2006) for a discussion of the

dependence structures associated with various sufficient statistics in the related ERGMs.

Sampling from ERNMs directly is intractable due to the normalizing constant ¢(n, .4") which
is in fact a astronomically high dimensional sum over the space of all possible graph realiza-
tions 3=, syeavx 2 exXp(n-g(y, z)). As with ERGMs an MCMC routine is required to sample

from the distribution.

ERNMs also have the so called “doubly intractable” property that both the likelihood and the
posterior contain intractable normalizing constants. This renders a fully Bayesian approach
challenging. As a result we use MCMC sampling with the exchange algorithm analogously
to the procedure developed for ERGM. That is instead of sampling from the distribution
p(y,x|n), we sample from an augmented distribution as following. Going forward we abuse
notation and denote (y,z) and simply y, here y are now realizations of random edges and

nodal covariates.

(', ¥, 0 Yobs) < D(Yors|m) (1 I0)p(y' V') (3.32)

The idea is to at each step propose a v/ from some proposal distribution ¢, simulate 3’ from

p(y'|n’) and then accept 1’ with probability:

p(1")p(Yors|n')a (| )p(y'|n) )
(M) (Yors|m)a(n' |mp(y'|7')

a =min(1, (3.33)
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We note that simulating ¢’ from p(y/|n’) is not simple, as sampling from an ERNM itself
requires an MCMC procedure, thus the exchange algorithm for ERNM is computationally

demanding.

We note that often the challenge with achieving plausible convergence to the stationary
distribution with this method has been framed as a difficulty in choosing a “good” the
proposal distribution ¢(n’|n) (Caimo and Friel, 2011). Here “good” in this case relates to the
number of steps before the claim of reaching the stationary distribution is made, though of
course in infinite time generic proposal step will theoretically lead to convergence. Indeed
naive approaches to adapting the exchange algorithm to ERGMs result in inability to achieve
so called “burn-in.” Poor proposals can be viewed as proposals that produce extreme values
p((y/’ln)

of o) either extremely large, or close to 0.

We believe this is often observed as a consequence of the non obvious geometry of the param-
eter space, coupled with the degenerate nature of ERNMs outside areas of high probability.
Outside plausible areas the models produce pathological graphs, for example full or empty
graphs, and therefore such proposals are rarely accepted. However if the sampler does ever
end up or even start in these locations, it often rarely escapes in a practical time. Intuitively
we imagine this as the shape of the posterior parameter space being like a knife edge ridge,
to explore we need to move back and forth along the ridge. The procedure will rarely accept
a proposal falling far of the ridge, but if we get close to the edge, the sampler can easily fall
off and then rarely be able to get back on to the ridge. Sampling naively, is like trying to
explore the ridge without any knowledge of how wide it is, inevitably the intrepid explorer

falls off and is lost for ever in low posterior probability land.

The theoretically natural approach to accounting for this geometry is to enforce a strict prior
to this effect. The problem is specifying such a prior is itself intractable. Some efforts have
been made to specify better priors for this problem (Wang, 2011), using conjugate priors,
or so called non-degeneracy priors. However these approaches by themselves have not yet

yielded a practical sampling methodology.

With the absence of the ability to specify better priors, there have been efforts to choose
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the proposal distribution, so that practical burn in can be achieved. The current state of
the art as proposed in Wang (2011) and Caimo and Friel (2011), use adaptive techniques
to learn the geometry. However we have not achieved efficient sampling with these methods
in networks in the with one-hundred or more nodes with complex models and 10 or more

parameters.

We found it to be very helpful to let ¢(7/|n) to be the multivariate Gaussian centred at 7
with covariance matrix ¥ set to be a scaled inverse Fisher information matrix with tuning

parameter « as follows:

E=a-Im) (3.34)
=a- (—E Kaanl g(p(y!n))> \UD_ (3.35)
=a (-E[(96) ~Elgw) (o) ~Elg@))]) (3.36)

(3.37)

We can estimate this as the sample version, utilizing the simulations {y;}", generated from
the MCMC, which we already had to run to the stationary distribution to generate 3/, so

there is little additional computational cost.

We do not explore principled methods of tuning o (Hummel et al., 2012). Typically we found
an « between 0.1 and 0.5 to facilitate fast exploration of the space. We found that this pro-
posal distribution allowed us to sample from the posterior ERNM and ERGM distributions

for our 869 node example in the order of minutes.
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3.14 Goodness of Fit for National Longitudinal Study of Adoles-
cent Health High School Smokers

In this section we present a goodness of fit analysis for the real data example of smoking

behaviour in adolescents in a high school.

In social network analyses usually only one network is observed, we use Bayesian posterior
prediction goodness of fit graphics in the style of Hunter et al. (2008), where simulated distri-
butions of network summary statistics are compared to the observed values. The simulations
are derived from the posterior, that is new networks are simulated by first drawing 7 from
the posterior distribution sample and then simulating a network with that n. The choice
of the statistics of interest is subjective, in the social networks literature degree, edgewise

shared partner, and geodesic distance distributions are often considered.

Figures 3.7, 3.8 and 3.9 compare the fits of the ERNM and ERGM models, for the degree,
ESP and geodesic distance distributions respectively. In the case of the logistic regression
and MRF models, we do not assess the goodness of fit of summary statistics involving edges
only, as the edges are not considered random. We note that both models do not fit very
well on ESP, but do well on the degree distribution. In our experience the fit on geodesic
distance distribution is comparable to fits often observed when fitting these models to social

network data.

We note that all these models are in fact highly parsimonious for a complex social process
and suffer from degeneracy issues when additional terms are added, thus we expect achieving
good fit to be very challenging. It may be the case that tapering (Fellows and Handcock,
2017), which would allow for more realistic terms without degeneracy may be required to

obtain a well fitting model.

In the context of our problem, we suspect the particular advantage of ERNM is that for
simulated networks the smoker nodes are observed within network sub-structures consistent
with the observed network. Figure 3.10 compares the degree distribution of smoker nodes

for the ERNM and ERGM models, with the ERNM model capturing this distribution better
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than the fixed node ERGM. Figures 3.12 and 3.11 compare the distributions of the proportion
of smoker edges and triads in the networks simulated from each model. We consider the
proportion of smoker triads, as all models’ simulations underestimate the absolute number
of triads, as expected when considering the ESP goodness of fit in Figure 3.8. We note that
the ERNM model and the full MRF fits considerably better that the pseudo MRF and the

logistic regression model.

Simulated Posterior Degree Distribution for ERNM and ERGM
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Figure 3.7: ERNM and ERGM simulated posterior degree distribution

3.15 MCMC Convergence Checks for National Longitudinal
Study of Adolescent Health High School Smokers Network

We examine the trace plots of the MCMC procedure. Figures 3.13, 3.14 and 3.15 show the

trace plots for the edge, GWESP and smoker neighbours terms respectively. We can see that
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Simulated Posterior ESP Distribution for ERNM and ERGM
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Figure 3.8: ERNM and ERGM simulated posterior ESP distribution
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Figure 3.9: ERNM and ERGM simulated posterior geodesic distance distribution
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Simulated Posterior Degree Distribution for Smoker Nodes for ERNM and E|
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Figure 3.10: ERNM and ERGM simulated posterior degree distribution for smoker nodes
only
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Figure 3.12: Distribution of proportion smoker edges
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after around 2500 proposals for these parameters the chains appear to vary independently
of their starting point, suggesting the convergence of the MCMC procedure. We show only

three parameters for brevity.

We also follow the approach in Gelman and Rubin (1992) and consider the ratio of the
between chain variance to the within chain variance for 8 MCMCs. A ratio of close to 1
suggests that the chain has converged to its stationary distribution. Figures 3.16, 3.17 and
3.18 show the ratio plots for the edge, GWESP and smoker neighbours terms respectively.
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Figure 3.13: Trace plot for edge parameter

3.16 Gender Peer Effects for Addolescent Health Network

We consider the k-peer-gender effect on the ego smoking of having k£ additional friends

has over having no friends of specified gender. We note that the causal effect of gender
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Figure 3.15: Trace plot for smoker neighbor parameter
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Figure 3.16: Plot of Gelman diagnostics for edge parameter
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Figure 3.17: Plot of Gelman diagnostics for GWESP parameter
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Figure 3.18: Plot of Gelman diagnostics for smoker neighbors parameter
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is controversial to interpret, however considering say the k-female-peer effect, may prove
insightful, as one of the consequences of being female is a significantly higher liklihood of

having many female friends.

Figure 3.19 shows the estimated effects, where the gender of the nodes and gender of the
neighbours considered is varied. We concentrate on the female neighbours for female nodes,
and male neighbours for male nodes, since there is strong homophily on gender, these out-
comes are most likely to occur in the social process that generated the network. Interventions
that set a node to have more friends of the opposite gender are likely to need to be extreme

to counteract the overall social forces, inherent in the network formation process.

We note that little difference is shown between the effect of male neighbours on male nodes
and the effect of female neighbours on female nodes. We suggest that this shows the effect
of more neighbours in general is the driving force behind increased likelihood of smoking
adoption among nodes with many friendships. Figure 3.20 shows the is little difference in

the marginal increase in effect from each additional friend under all models.

Clearly the logistic regression model performs poorly here, suggesting that more neighbours
has a negative effect on smoking. This is due to the confounding of the number of female
neighbours, with the number of smoker neighbours, which results in a negative estimate
for this coefficient. We suggest that this could be mitigated with a different specification,
allowing for interactions, however we include this model as precautionary tale against using
naive models for network data. The ERNM and MRF are statistically indistinguishable,

whilst the pseudo MRF also seems similar.

However as the raw number of friendships a female node has is highly correlated with the
number of female friendships a node has, we caution interpreting the effect, as that of
gendered friends, rather that of friends in general. In particular Figure 3.21 shows the effect
of the proportion of genders an egos friends are for the ERNM model. The proportion of an
egos friends that are homogeneous on gender does not seem to greatly effect the likelihood of
smoking. We note the top right panes on this have lower overall smoking levels as observed

for male nodes in the data. This shows that there is limited evidence that the gender of a
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nodes friends has an effect on the likelihood of smoking.
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