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ABSTRACT OF THE DISSERTATION
Exact Diffusion Learning over Networks
by

Kun Yuan
Doctor of Philosophy in Electrical and Computer Engineering
University of California, Los Angeles, 2019
Professor Ali H. Sayed, Chair

In this dissertation, we study optimization, adaptation, and learning problems over connected
networks. In these problems, each agent k collects and learns from its own local data and is
able to communicate with its local neighbors. While each single node in the network may not
be capable of sophisticated behavior on its own, the agents collaborate to solve large-scale

and challenging learning problems.

Different approaches have been proposed in the literature to boost the learning capabili-
ties of networked agents. Among these approaches, the class of diffusion strategies has been
shown to be particularly well-suited due to their enhanced stability range over other methods
and improved performance in adaptive scenarios. However, diffusion implementations suffer
from a small inherent bias in the iterates. When a constant step-size is employed to solve
deterministic optimization problems, the iterates generated by the diffusion strategy will
converge to a small neighborhood around the desired global solution but not to the exact
solution itself. This bias is not due to any gradient noise arising from stochastic approxima-
tion; it is instead due to the update structure in diffusion implementations. The existence of
the bias leads to three questions: (1) What is the origin of this inherent bias? (2) Can it be
eliminated? (3) Does the correction of the bias bring benefits to distributed optimization,

distributed adaptation, or distributed learning?

This dissertation provides affirmative solutions to these questions. Specifically, we design

a new exact diffusion approach that eliminates the inherent bias in diffusion. Exact diffusion
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has almost the same structure as diffusion, with the addition of a “correction” step between
the adaptation and combination steps. Next, this dissertation studies the performance of
exact diffusion for the scenarios of distributed optimization, distributed adaptation, and dis-
tributed learning, respectively. For distributed optimization, exact diffusion is proven to con-
verge exponentially fast to the exact global solution under proper conditions. For distributed
adaptation, exact diffusion is proven to have better steady-state mean-square-error than dif-
fusion, and this superiority is analytically shown to be more evident for sparsely-connected
networks such as line, cycle, grid, and other topologies. In distributed learning, exact dif-
fusion can be integrated with the amortized variance-reduced gradient method (AVRG) so
that it converges exponentially fast to the exact global solution while employing stochastic
gradients per iteration. This dissertation also compares exact diffusion with other state-of-
the-art methods in literature. Intensive numerical simulations are provided to illustrate the

theoretical results derived in the dissertation.
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CHAPTER 1

Introduction

In this dissertation, we study optimization, adaptation, and learning problems over connected
networks. In these problems, each agent k collects and learns from its own local data and is
able to communicate with its local neighbors. While each single node in the network may not
be capable of sophisticated behavior on its own, it is the interaction among the constituents
that leads to a powerful system that is able to solve large-scale and more challenging problems
[1,4].

Different approaches have been proposed in the literature to boost the learning capabili-
ties of networked agents. Among them, the class of diffusion strategies [5-13] has been shown
to be particularly well-suited due to their improved stability range over other methods and
enhanced performance in adaptive scenarios. In particular, references [1,/4] study diffusion
closely and explain how the diffusion strategy (a) performs distributed optimization over
networks; (b) performs distributed adaptation over networks; (c¢) and performs distributed
learning over networks. By quantifying the behavior of the algorithm, it is shown that

diffusion will improve the averaged performance across the network.

It is known that diffusion implementations suffer from a small inherent bias [14]. When
employing a constant step-size to solve a deterministic optimization problem, the iterates
generated by the diffusion strategy will converge to a small neighborhood around the desired
global solution but not to the exact solution itself. This inherent bias is not due to any
gradient noise arising from stochastic approximation; it is instead due to the update structure
in diffusion implementations [15,/16]. The existence of the bias in diffusion leads to three

questions:

1. What is the origin of the bias?



2. Can we eliminate the bias?

3. Does the correction of the bias bring benefits to distributed optimization, distributed

adaptation, or distributed learning?

In the coming chapters, we will present results that allow us to answer the above useful
questions in the affirmative. To be specific, we will propose a new method exact diffusion
that eliminates the inherent bias in Chapter [J] Furthermore, we will show whether, when
and why exact diffusion can outperform diffusion for optimization, adaptation, and learning
scenarios in Chapters 2-5. We will also compare the performance of exact diffusion to other

state-of-the-art algorithms in the literature.

In this chapter, we will briefly discuss the problem formulation in distributed optimiza-
tion, distributed adaptation and online learning, and distributed empirical machine learning,
respectively. Next we will review the diffusion strategy in detail and present its various forms

when solving problems in each of the above scenarios.

1.1 Problem Formulation

Consider a connected and undirected network G = (V, £) where V is the set of all networked
nodes with |V| = K while £ is the set of all edges. The optimization problem defined over

this network is to let each agent operate cooperatively to solve a problem of a form

weRM

min  J°(w) = %Z Ji(w), (1.1)

where M is the dimension of the variable, J(w) : RM — R is a convex and differentiable cost
function at agent k, and J°(w) : R — R is the global cost function. We let w® denote the
global minimizer of problem ([1.1). While each agent can only access the local cost function
Jp(w), the target of the network is to let all agents collaborate to seek the global solution w?®.
Different from the centralized network topology, e.g., the parameter server [17,[18], where
there is a central node connected to all computing agents that is responsible for aggregating

and scattering local variables, the network topology considered in the dissertation can take
2



arbitrary form such as line, cycle, grid, or random geometric graphs. There exists no central
node in the considered network topology, and each agent will exchange information with
their directly-connected neighbors rather than with a central agent. An illustration of such

multi-agent network is shown in Fig. [1.1

There are many advantages to distributed processing. First, the communication in dis-
tributed algorithms is more balanced. With each agent exchanging information with its
neighbors, the communication load is evenly distributed over the edges. This is in contrast
to centralized algorithms that usually induce great traffic jam on the central node. When the
bandwidth around the central server is limited, the performance of centralized algorithms
can be significantly degraded. Second, distributed algorithms are more robust to failure of
agents. Note that each agent in a distributed strategy plays the same role by conducting
the same operations — they update local variables and exchange information with neighbors.
When one agent is down, the other agents can still work normally provided the network re-
mains connected. In comparison, centralized strategies are more sensitive to the collapse of
the central node which coordinates the computation and communication of all agents. Third,
in real-time applications where agents collect data continuously, the repeated exchange of
information back and forth between the agents and the fusion center can be costly especially
when these exchanges occur over wireless links or require nontrivial routing resources. Fi-
nally, in some sensitive applications, agents may be reluctant to share their data with remote

centers for various reasons including privacy and secrecy considerations.

Problem (1.1 is quite general and it covers various important scenarios by choosing

different forms for Ji(w). We next discuss these scenarios and their applications.

1.1.1 Distributed Optimization

When each local cost function Ji(w) is known and its gradient V.J;(w) can be accessed easily,
we regard (|1.1)) as a distributed optimization problem. This is a deterministic setting and
no gradient noise exists to pollute VJi(w). Distributed Optimization is the foundation to

distributed adaptation and learning problems, and its study usually provides strong insights



Figure 1.1: An illustration of the network. The network is connected, and each agent holds a local
cost function Ji(w). The arrow refers to communication. For example, agent k can send/receive
information to/from its immediate neighbors {1, 4, 7}. The yellow shadow indicates the neighboring

set of agent k.

into the latter scenarios. Distributed optimization finds applications in a wide range of areas
in signal processing, control and communication including wireless sensor networks [19-23],
event detection [24}25], spectrum sensing of cognitive radios [26}27], multi-vehicle and multi-
robot control systems [28,129], cyber-physical systems and smart grid implementations |30}

33|, and many others.

1.1.2 Distributed Adaptation and Online Learning

If Ji(w) is defined as the expectation of some loss function, then problem (|1.1)) falls into
the scenario of distributed adaptation and online learning. To be concrete, distributed

adaptation and online learning consider problems of the form

K
1
min J(w) = ; Je(w), where Ji(w) =E Q(w;xy). (1.2)
The random variable xj;, represents the streaming data observed by agent k, and Q(w; )
is some loss function such as least-squares or the logistic function. Since the distribution of

data xj, is generally unknown in advance, we cannot access the cost function Ji(w) and its

gradient V.Ji(w); instead, we can only access Q(w; xy;) and VQ(w;xy,;) where xy; is the
4



realization of data @, at iteration 7. Also, throughout the adaptation setting we assume data
samples xj; keep streaming in and the underlying distribution may drift with time. Such
drifting distribution may cause a shift in the location of the global minimizer w®, and one

has to design strategies that enable agents to respond in real-time to drifts in data.

Problems of the form are prevalent in adaptation and online learning contexts.
Typical applications can be found in distributed estimation [1,4,14,34-36], dictionary learn-
ing [37H39], clustering [40,41], multi-task learning [42], distributed feature learning [43],
multi-target tracking [44},45], social learning [46,/47], and multi-agent reinforcement learn-

ing [4851].

1.1.3 Distributed Empirical Machine Learning

Many machine learning problems can be modeled as the empirical risk minimization

min — 5" Q(ws ) (1.3)

where z,, is the n-th data, N is the size of the dataset, and Q(w;z,) is some loss function
as we discussed in Sec. [[.1.2l When the data size N is very large, it is usually intractable
or inefficient to solve problem (|1.3) with a single machine. To relieve this difficulty, one
solution is to divide the N data samples across multiple machines and solve problem in
a cooperative manner. To this end, we consider K agents that are connected over the graph
G = (V,€&). For each agent k, we assign L = N/K data samples to it, which we denote by
{xptE_,. That is, it holds that {x,}_, = {{z1.}t;, - , {xn}E_;}. One can verify that

the empirical risk minimization problem ([1.3)) is equivalent to

K L
min % Z Je(w) where Ji(w) = % Z Q(w; T (1.4)
k=1 n=1

weRM
We regard problem (|1.4)) as the distributed empirical machine learning problem because it
deals with finite, non-streaming, data samples. Since the data samples are fixed, the solution

to problem ([1.4]) is also static.

In large-scale machine learning problems with enormous data to be processed, the number

of computing agents K is usually far less than the sample size N. In this case, the size of
5



the local dataset L can still be very large. Note that each Ji(w) in is the average
of L local loss functions, and its gradient VJi(w) = %Zﬁzl VQ(w;zk,) is expensive to
calculate especially for large L. Therefore, one usually employs the gradient over a single
data sample VQ(w; xy,), or the gradient over a batch of data samples % Zle VQ(w; zkp),
to approximate the real gradient V.Ji(w). This constitutes the major difference between

algorithms in distributed optimization and in distributed empirical machine learning.

Distributed machine learning over the centralized network, i.e., a network with a central
node that is connected to all nodes, is well-studied to speed up training efficiency when large
data samples exist. Many useful algorithms exist such as parallel stochastic gradient descent
(SGD) methods [52,53], distributed second-order methods [54-56], parallel dual coordinate
methods [57,58], and distributed alternating direction method of multipliers (ADMM) [59,
60]. However, the information congestion around the central node limits the speedup of
these centralized methods, and this motivates great interest in distributed algorithms. For
example, references [61,/62] find distributed algorithms, by eliminating the central node, are
empirically shown to converge faster than centralized counterparts in deep learning when

the network has limited bandwidth or high latency.

Another attractive emerging application for distributed empirical machine learning is fed-
erated learning [63.,/64]. Federated learning is a distributed training approach which enables
personal devices, e.g., mobile phones, tablets, and the wearables, located at different geo-
graphical positions to collaboratively learn a global machine learning model while keeping all
the private data on the device. Current research mainly employs the centralized approaches
for federated learning, see [63-66]. However, the convergence time for the federated learning
process is significantly slow due to the limited communication bandwidth around the central
server and the long communication latency between server and clients. As a result, dis-
tributed approaches without central server are introduced for federated learning [67-69] to
speed up the convergence with more balanced communication load and short communication

ranges.



1.2 Diffusion Learning

Research in distributed optimization dates back several decades (see, e.g., [70] and the ref-
erences therein). In recent years, various centralized optimization methods such as (sub-
)gradient descent, proximal gradient descent, (quasi-)Newton method, dual averaging, alter-
nating direction method of multipliers (ADMM), and many other primal-dual methods have
been extended to the distributed setting.

Distributed algorithms that are based on gradient-descent methods are effective and easy
to implement. There are at least two prominent variants under this class: the consensus
strategy [5H13] and the diffusion strategy [1}|4,134,36,71]. There is a subtle but critical
difference in the order in which computations are performed under these two strategies. In
the consensus implementation, each agent runs a gradient-descent type iteration, albeit one
where the starting point for the recursion and the point at which the gradient is approximated
are not identical. This construction introduces an asymmetry into the update relation, which
has some undesirable instability consequences (described, for example, in Secs. 7.2-7.3,
Example 8.4, and also in Theorem 9.3 of [1] and Sec. V.B and Example 20 of [4]). The
diffusion strategy, in comparison, employs a symmetric update where the starting point for
the iteration and the point at which the gradient is approximated coincide. This property

results in a wider stability range for diffusion strategies [1,4].

In this section we review the diffusion learning algorithm and its recursions in various
problem settings. In particular, we will reveal that diffusion, similar to consensus, suffers
from an inherent limiting bias which may deteriorate its steady-state performance. This

motivates us to study approaches that remove bias.

1.2.1 Diffusion for Distributed Optimization

To proceed, we consider solving problem ([1.1)) over a connected network of agents. The
standard diffusion strategy [1},/4,34] is listed in Algorithm 1.1 where the first step (1.5
conducts local gradient descent with constant step-size p, and the second step (|1.6]) conducts

weighted averaging for received information with ag to scale variables flowing from agent ¢
7



Algorithm 1.1 Diffusion strategy for distributed optimization at agent k

Setting: Initialize wy _; arbitrarily.

Repeat for : =0,1,2,---

wk,i = wm_l — /VLVJk(wkﬂ'_l), (adaptation) (15)
Wy = Z aoktei- (combination) (1.6)
fGNk

to k. The weights {ax}/S, ,—, are nonnegative and they satisfy

> 0 if agents ¢ and k are connected,
Qo Qg = Ay, and Z Ayl — 1 (17)
=0 if agents ¢ and k are not connected, LeN;,

With condition ([1.7)), it follows that the weight matrix A = [a,] € RF*X is a symmetric

and doubly-stochastic matrix, i.e.,
A=A" and Alg = 1g. (1.8)

Moreover, N}, in ((1.6) denotes the set of neighbors of agent & (including agent k itself), and
VJi(-) denotes the gradient vector of Ji(:) relative to w. The combination step (1.6)) is
illustrated in Fig. [1.2]

Remark 1.1 (Combination matrix) While we consider the symmetric and doubly stochas-
tic combination matriz satisfying condition for simplicity in this section, this is not a
requirement for diffusion to converge to preferable solutions. In fact, diffusion can employ
more relazed left-stochastic combination matrices as explained in [1,4)]. We will examine the

combination matrices employed in diffusion more closely in Chapter[J |

When sufficiently small step-sizes are employed to drive the optimization process, the
diffusion strategy is able to converge exponentially fast when J°(w) is strongly convex,

albeit only to an approzimate solution [1,9]. Specifically, it is proved by Theorem 3 in [14]

8
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Figure 1.2: An illustration of the combination step (1.6) in diffusion method.  Since

Ni = {1,4,7,k}, it holds that wy; = >y pnr aktei = a1kb1i + aarai + antri + appr.i-
that iterates wy; generated through the diffusion recursion (1.5)-(1.6|) will approach w?, i.e.,

lir.nsupro—wk,iH2 =0, Vk=1,--- K, (1.9)

1— 00

where wy; denotes the local iterate at agent k and iteration ¢. Result implies that the
diffusion method will converge to a neighborhood around w?, and that the square-error bias
is small (since p is usually small) and on the order of O(u?). Note that this limiting bias
O(1?) is not due to any gradient noise arising from stochastic approximations; it is instead
due to the inherent structure of the diffusion updates. The existence of the limiting bias can

be justified by the following simple example.

Example 1.1 (Diffusion has inherent bias) We assume all iterates {wy; 1}~ | are stay-

ing at the global solution w’ at current iteration 7 — 1, and we examine the next iterate wy ;.

Substituting recursions (1.5]) into ((1.6)), we get

W = Z ag (Wei—1 — V Jp(wei—1))

feN’k

— o o @ o o 0

= Z age (W — pVJp(w®)) = w’ — p Z apVJ(w°) # w (1.10)
LEN}, LeENY



Algorithm 1.2 Diffusion strategy for distributed adaptation and online learning

Setting: Initialize wy _; arbitrarily.

Each agent k will repeat for : =0,1,2,---

Yy, = Wki1 — pVQ(wWy—1; Th), (adaptation) (1.11)
Wy = Z Aoy ;- (combination) (1.12)
LEN,

where equality (a) holds since ) ,c\. an = 1 and the last inequality holds since

Z angJg(wo) 7£ 0

ZEN]C
in general. This implies that even if all iterates have converged to w® at some iteration, they
will jump away from w? at the next iteration. As a result, exact diffusion cannot converge

to the exact solution w? in the steady-state stage. [

1.2.2 Diffusion for Distributed Adaptation and Online Learning

Now we employ the diffusion strategy to solve the distributed adaptation and online learning
problem ([1.2). Since Ji(w) is constructed as the expectation of the random loss Q(w; ) and
the distribution of @ is unknown in general, the real gradient V.J;(w) cannot be accessed.
For this scenario, exact diffusion will employ the stochastic gradient VQ(w; xy ;) where xj; is
the realization of x;, at iteration ¢ to approximate the real gradient. The recursion of diffusion
for distributed adaptation and online learning is listed in Algorithm 1.2. Comparing
with (L.5), it is observed that diffusion employs stochastic gradient descent (SGD) in the
combination step. For adaptation and online learning, we employ a constant step-size u to
enable continuous adaptation and learning in response to drifts in the location of the global

minimizer due to changes in the statistical properties of the data.

Previous studies have shown that diffusion methods (1.11)—(1.12)) are able to solve prob-

lems of the type (1.2)) well for sufficiently small step-sizes. In particular, when each Jy(w)
10



is smooth with Lipschitz continuous gradient, the global cost function J°(w) is strongly
convex, and the stochastic gradient noise is unbiased with controllable variance, it is proved
in, for example, Lemma 5 in [72] or Theorem 9.1 in [1] that
limsup E[|w® — wy||* = O(uo® + p?6*), Vk=1,--- K (1.13)
1—+00
for sufficiently small step-sizes, where o2 is the magnitude of the gradient noise, and b? =

Z,[f:l |V Ji.(w?)]|? is a bias constant. Result (1.13]) has two important implications:

e When there is no gradient noise, i.e., 02 = 0, the adaptive diffusion recursions (1.11])—
(1.12) reduce to the deterministic diffusion recursions ([1.5)—(1.6). In this scenario,

result ([1.13)) becomes

limsup E([w” — wy||* =0W??), Vk=1,---,K (1.14)

11— 00

which is consistent with the convergence property shown in (1.9). The term O(u*b*)

is exactly the inherent limiting bias suffered by diffusion.

e When step-size is sufficiently small, the O(uo?) limiting bias will dominate the inherent

bias O(pu?b?). That is,

limsup E|w® — wy;||* = O(uo®), Vk=1,--- K. (1.15)

11— 00

This is a well-known result for the steady-state performance for diffusion. Note that

the O(uo?) limiting bias arises from the gradient noise.

1.2.3 Diffusion for Distributed Empirical Machine Learning

In this subsection we extend diffusion to solve the empirical machine learning problem (|1.4))
in a distributed manner. The diffusion recursion can be easily derived by interpreting (|1.4))
as a special form of the adaptation problem (|1.2]) [73]. Recall that each agent k stores data

samples {zy,}2_,. We introduce a discrete random variable x; having these samples as

11



realizations and a uniform probability mass function (pmf) defined by

(
if L = Tk,1,

pler) = + (1.16)

il

y if Ly = Tk,L-

il

\

With the uniform pmf in (1.16)), it holds that

% Z Q(w; k) = E Q(w; xy) (1.17)

n=1
and hence problem ({1.4]) can be rewritten as

1 & 1 <&

min 174 Z Jp(w) where Ji(w) =E Q(w;xy) = 17 ZQ(w,xkn) (1.18)
k=1 n=1

and the distribution of @y is defined in (1.16]). This implies that the distributed empirical

machine learning problem (|1.4]) is essentially a special form of adaptation and online learning

problem (|1.18)).
We know from Sec. that diffusion can solve problem ({1.18) with recursions

Wi = Whi1 — pVQ(Wri1; Tri), (adaptation) (1.19)
Wy, = Z agy ;- (combination) (1.20)
LEN,

where the notation @y ; represents the realization of x;, that streams in at iteration ¢. Since

xy,; is selected from {xi,z9, -+ ,xy} at iteration i according to the pmf (1.16), we can
rewrite @y ; as o, and replace (1.19) by

Yyi = Wri—1 — pVQ(Wri—1; Tim,)- (1.21)

Here, the variable n; is a uniform discrete random variable indicating the index of the sample
that is picked at iteration i. The diffusion strategy for the distributed empirical learning

problem (|1.4) can therefore be summarized as Algorithm 1.3.

With equivalence between ((1.19) and ([1.21]), we conclude that the diffusion recursions

(1.22)—(1.24) are essentially the recursion ((L.11))—(1.12) applied to problem ([1.18). This
12



Algorithm 1.3 Diffusion strategy for distributed empirical learning at agent k

Setting: Initialize wy _; arbitrarily.

Repeat for i =0,1,2,---

n; ~U[1, L] (uniformly sample integer from 1 to L) (1.22)
Yy = Wei—1 — pVQ(Wri—1; Thn,), (adaptation) (1.23)
wy,; = Z APy ;- (combination) (1.24)

ZENk

interpretation is useful because we can now call upon results from Sec and apply them
to characterize the performance of recursions ([1.22)—(1.24). Following this analysis, we can

show that the iterates wy; generated by (1.22])—(1.24) satisfy

limsup E[Jw® — wy,||* = O(uo® + p?0*), Vk=1,--- K (1.25)

1—00

for sufficiently small step-sizes 1 under the same assumptions as in Sec|1.2.2

1.3 Objectives and Organization

In future chapters, we will answer the three questions listed in the beginning of Sec[I] To
be concrete, we will identify the origin of the bias suffered by diffusion and develop a new
exact diffusion learning strategy to correct it. We will study its convergence condition and
performance for the scenarios of distributed optimization, distributed adaptation and online
learning, and distributed empirical learning, respectively. Specifically, we will compare the
behavior of diffusion and exact diffusion in each scenario to corroborate the benefits of
removing the inherent bias. Furthermore, we will also compare exact diffusion with other
well-known distributed methods and show its superiority in stability range, convergence rate,

steady-state performance, or memory cost.
The organization of the dissertation is summarized as follows.

13



e Chapter 2. In this chapter, we clarify the origin of the O(y?) inherent bias in the
standard diffusion strategy. It turns out that diffusion relies on reformulating the aggre-
gate optimization problem as a penalized problem and resorting to a diagonally-
weighted incremental construction. Since the achieved penalized problem is just an ap-
proximation to problem , diffusion can only converge to an approximate solution
rather than the desired w®. We next develop the exact diffusion method that directly
solves the real problem and thus eliminates the limiting bias. We also show in this
chapter that the exact diffusion method is applicable to locally-balanced left-stochastic
combination matrices which, compared to the conventional doubly-stochastic matrix,
are more general and able to endow the algorithm with faster convergence rate, more
flexible step-size choices and better privacy-preserving properties. In particular, the
simulation shows exact diffusion with a locally-balanced combination matrix converges
much faster than the benchmark method EXTRA [74] using the doubly-stochastic

matrix.

e Chapter 3. In this chapter, we examine the convergence and stability properties of
exact diffusion in detail and establish its linear convergence rate. We also show that
it has a wider stability range than the EXTRA [75] consensus solution even if both
algorithms employ the same symmetric and doubly-stochastic combination matrices,
meaning that it is stable for a wider range of step-sizes and can, therefore, attain
faster convergence rates. Analytical examples and numerical simulations illustrate the

theoretical findings.

e Chapter 4. While the convergence property of exact diffusion is studied when solving
distributed deterministic optimization problems in Chapters 2 and 3, its performance
under adaptation and online learning settings remains unclear. It is still unknown
whether the bias-correction is necessary over adaptive networks. By studying exact
diffusion and examining its steady-state performance under stochastic scenarios, this
chapter provides affirmative results. It is proved that the correction step in exact

diffusion leads to a better steady-state performance than standard diffusion strategies
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under mild conditions. It is also analytically shown the superiority of exact diffusion
becomes more evident over sparse or badly-connected network topologies such as line,
cycle, grid, and many others. This chapter also explores situations where exact diffusion
and diffusion do perform similarly. These conclusions will provide a guideline on how

to employ exact diffusion effectively in various applications.

Chapter 5. In this chapter we extend exact diffusion to the empirical learning scenario
with finite data samples. The problem considered in this chapter is more general than
in which the amount of data observed/collected by the individual agents may
differ drastically, i.e., it is possible that L, # L, for different agents k& and ¢. To
guarantee linear convergence to the exact solution w®, we integrate exact diffusion with
an amortized variance-reduced gradient (AVRG) algorithm developed in [76]. AVRG
is a stochastic variance-reduced method. Its memory cost is trivial compared to SAGA
and it has a balanced gradient computations in comparison to SVRG. These two key
advantages enable AVRG amenable to decentralized implementations. The resulting
diffusion-AVRG algorithm is shown to have linear convergence to the exact solution
which is opposed to the diffusion strategy that just converges to the neighborhood, see
equation (1.25). Diffusion-AVRG is also shown much more memory efficient than the
other alternative algorithms such as DSA [77]. In addition, we propose a mini-batch
strategy to balance the communication and computation efficiency for diffusion-AVRG.
When a proper batch size is selected, it is observed in simulations that diffusion-AVRG
is more computationally efficient than exact diffusion or EXTRA while maintaining

almost the same communication efficiency.

Chapter 6. This chapter will summarize all derived results in the dissertation and

discuss future work on exact diffusion learning.
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1.4 Notation

Throughout the dissertation we use diag{x1,- - , 2k} to denote a diagonal matrix consisting
of diagonal entries xy,--- ,zg, and use col{zy, - ,zr} to denote a column vector formed
by stacking xq,--- ,xr. For symmetric matrices X and Y, the notation X <Y or Y > X

denotes Y — X is positive semi-definite. For a vector x, the notation x > 0 denotes that
each element of x is non-negative, while the notation x > 0 denotes that each element of z
is positive. For a matrix X, we let range(X) denote its range space, and null(X) denote its

null space. The notation 1y = col{l,---,1} € R¥.

16



CHAPTER 2

Exact Diffusion for Distributed Optimization:

Algorithm Development

2.1 Context and Background

This chapter deals with deterministic optimization problems where a collection of K net-

worked agents operate cooperatively to solve an aggregate optimization problem of the form:

K
w* =argmin  J*(w) = quJk(w). (2.1)
weRM 1
In this formulation, each risk function Jy(w) is convex and differentiable, while the aggregate
cost J(w) is strongly-convex. Note that problem is more general than the original
problem (L.1)). The weights {q;}/, are given positive constants to scale each local cost
function. When ¢; = -+ = g = 1/K, problem (2.1) is equivalent to (L.1)). All agents seek
to determine the unique global minimizer, w*, under the constraint that agents can only
communicate with their neighbors. This distributed approach is robust to failure of links

and/or agents and scalable to the network size. Optimization problems of this type find

applications in a wide range of areas, see the discussion in Sec. [1.1.1]

2.1.1 Related Work

Research in distributed optimization dates back several decades (see, e.g., [70] and the ref-
erences therein). In recent years, various centralized optimization methods such as (sub-
)Jgradient descent, proximal gradient descent, (quasi-)Newton method, dual averaging, al-
ternating direction method of multipliers (ADMM), and many other primal-dual methods

have been extended to the distributed setting. In this section, we review several classes of
17



distributed algorithms that can be used to solve problem ({1.1)).

2.1.1.1 Distributed Primal Methods

In the primal domain, implementations that are based on gradient-descent methods are
effective and easy to implement. There are at least two prominent variants under this class:
the consensus strategy [5-13] and the diffusion strategy [1,/4}34,36}(71]. A brief description of
these two primal strategies is given in Appendix[2.A] There is a subtle but critical difference in
the order in which computations are performed under these two strategies. In the consensus
implementation, each agent runs a gradient-descent type iteration, albeit one where the
starting point for the recursion and the point at which the gradient is approximated are
not identical. This construction introduces an asymmetry into the update relation, which
has some undesirable instability consequences (described, for example, in Secs. 7.2-7.3,
Example 8.4, and also in Theorem 9.3 of [1] and Sec. V.B and Example 20 of [4]). The
diffusion strategy, in comparison, employs a symmetric update where the starting point for
the iteration and the point at which the gradient is approximated coincide. This property
results in a wider stability range for diffusion strategies [1,/4]. Still, when sufficiently small
step-sizes are employed to drive the optimization process, both types of strategies (consensus
and diffusion) are able to converge exponentially fast, albeit only to an approzimate solution
[1,19]. Specifically, it is proved in |1,/9,/14] that both the consensus and diffusion iterates
under constant step-size learning converge towards a neighborhood of square-error size O(u?)

| = O(p?) as i — oo, where p denotes the

around the true optimizer, w*, i.e., ||w* — wy,;
step-size and wy,; denotes the local iterate at agent k and iteration i. This limiting O(u?)
bias is not due to any gradient noise arising from stochastic approximations; it is instead due

to the inherent structure of the consensus and diffusion updates as clarified in the sequel.

Second-order information such as the Hessian matrix can also be introduced to the pri-
mal methods, see the distributed Newton method [78,/79], Quasi-Newton method [80] and
references therein. While the Hessian matrix helps accelerate the convergence rate, these

second-order algorithms still suffer from the O(u?) inherent limiting bias. There is another
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type of methods that employ multi-consensus inner loop [81H83| and thus improves the con-
sensus of the variables at each outer iteration. While these two-time scale methods can
reduce the limiting bias, the inner consensus loop incurs more communication rounds be-
tween agents, and hence slows down the processing of new data received in the outer loop.

For this reason, they are not well-suited for the adaptation and online learning problems.

2.1.1.2 Distributed Primal-Dual Methods

Another important class of distributed algorithms are based on the primal dual strategies. A
brief analytical derivation of various popular primal-dual methods is given in Sec. A well-
known family of distributed primal dual methods are those based on alternating direction
method of multipliers (ADMM) [74,|84-86] and its variants [87-90]. In particular, work [74]
proves that distributed ADMM with constant parameters converges exponentially fast to the
exact global solution w*, which is in contrast to the purely primal methods we discussed in
Sec. that only converge to an approzimate solution close to w* with constant step-
sizes. However, distributed ADMM solutions are computationally more expensive since they
necessitate the solution of optimal sub-problems at each iteration. Some useful variations
of distributed ADMM [87-89] may alleviate the computational burden, but their recursions
are still more difficult to implement than consensus or diffusion due to their primal dual

structures.

In more recent work [75,91], a modified implementation of consensus iterations, referred
to as EXTRA, is proposed and shown to converge to the exact minimizer w* rather than to
an O(p?)—neighborhood around w*. The modification has a similar computational burden as
traditional consensus and is based on adding a step that combines two prior iterates to remove
bias. While EXTRA does not explicitly employ a dual variable, it is essentially a primal dual
saddle point algorithm |77]. Motivated by [75], other variations with similar properties were
proposed in [92-98]. These variations rely instead on combining inexact gradient evaluations
with a gradient tracking technique. The resulting algorithms, compared to EXTRA, have

two information combinations per recursion, which doubles the amount of communication
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variables compared to EXTRA, and can become a burden when communication resources
are limited. Distributed primal-dual second-order methods are also studied in [89,99] to
reduce communication rounds but they suffer from the expensive construction of the Hessian
matrix. Due to their easy implementations and fast convergences, EXTRA and tracking
methods have been extended to other important scenarios for directed [93,97,98,/100,(101]
and asynchronous [102] networks. There is also another family of primal-dual methods that
are related to EXTRA and utilize the network structure to further accelerate the convergence

and reduce the communication rounds [103-105].

When local cost function Ji(w) is not smooth and has the structure Ji(w) = sgp(w) +
rr(w) where s(w) is smooth with Lipschitz continuous gradients and ry(w) is a possibly
non-smooth regularization term, one can integrate the proximal gradient descent with the
above primal-dual methods, see [88,91},106-109]. In particular, [109] proposes a distributed
proximal gradient method that endows with exponential convergence to w* when each agent

shares the same regularization term , i.e., ri(w) = -+ = rg(w) = r(w).

2.1.1.3 Distributed dual methods

A third class of distributed algorithms are purely dual methods, see [110-113]. A short
description on dual methods is provided in Sec[2.Cl They first derive the unconstrained
dual problem of problem and then solve it by gradient descent. In particular, the
algorithms of [110,[111}/113] can reach the optimal convergence rate by introducing Nesterov’s

acceleration to their recursions.

2.1.2 Motivation and Contributions

The current chapter is motivated by the following considerations. The result in [75] shows
that the EXTRA technique resolves the bias problem in consensus implementations. How-
ever, it is known that traditional diffusion strategies outperform traditional consensus strate-
gies. Would it be possible then to correct the bias in the diffusion implementation and attain

an algorithm that is superior to EXTRA (e.g., an implementation that is more stable than
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EXTRA)? This is one of the contributions in Chapter 2 and 3. In this chapter, we shall
indeed develop a bias-free diffusion strategy that will be shown in chapter 3 to have a wider
stability range than EXTRA consensus implementations. Achieving these objectives is chal-
lenging for several reasons. First, we need to understand the origin of the bias in diffusion
implementations. Compared to the consensus strategy, the source of this bias is different
and still not well understood. In seeking an answer to this question, we will initially observe
that the diffusion recursion can be framed as an incremental algorithm to solve a penalized
version of and not directly — see expression further ahead. In other words,
the local diffusion estimate wy;, held by agent k£ at iteration ¢, will be shown to approach

the solution of a penalized problem rather than w*, which causes the bias.

We have four main contributions in this chapter and the accompanying chapter 3 relating
to: (a) developing a distributed algorithm (which we refer to as exact diffusion) that ensures
exact convergence based on the diffusion strategy; (b) showing that exact diffusion has wider
stability range and enhanced performance than EXTRA [75]; (¢) showing that exact diffusion
works for the larger class of locally balanced (rather than only doubly-stochastic) matrices;
and (d) showing that neither EXTRA nor exact diffusion can be extended to the general
directed network by constructing counter examples, which helps illustrate the significance of

the proposed locally balanced conditions.

More specifically, we will first show in this chapter how to modify the diffusion strategy
such that it solves the real problem directly. We shall refer to this variant as exact
diffusion. Interestingly, the structure of exact diffusion will turn out to be very close to the
structure of standard diffusion. The only difference is that there will be an extra “correc-
tion” step added between the usual “adaptation” and “combination” steps of diffusion —
see the listing of Algorithm 1 further ahead. It will become clear that this adapt-correct-
combine (ACC) structure of the exact diffusion algorithm is more symmetric in comparison
to the EXTRA recursions. In addition, the computational cost of the “correction” step is
trivial. Therefore, with essentially the same computational efficiency as standard diffusion,
the exact diffusion algorithm will be able to converge ezponentially fast to w* without any
bias. Secondly, we will show in Chapter 3 that exact diffusion has a wider stability range
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than EXTRA. In other words, there will exist a larger range of step-sizes that keeps exact
diffusion stable but not the EXTRA algorithm. This is an important observation because

larger values for u help accelerate convergence.

Our third contribution is that we will derive the exact diffusion algorithm, and establish
its convergence property for the class of locally balanced combination matrices (see Definition
. This class does not only include symmetric doubly-stochastic matrices as special cases,
but it also includes a range of widely-used left-stochastic policies as explained further ahead.
First, we recall that left-stochastic matrices are defined as follows. Let ay, denote the weight
that is used to scale the data that flows from agent ¢ to k. Let A = [age] € REXK denote
the matrix that collects all these coefficients. The entries on each column of A are assumed

to add up to one so that A is left-stochastic, i.e., it holds that
K
AMg =1k, or > agp=1, Vk=1- K (2.2)
=1

The matrix A will not be required to be symmetric. For example, it may happen that
age 7 are. Using these coefficients, when an agent k£ combines the iterates {i,;} it receives

from its neighbors, that combination will correspond to:

K K
Wk i1 = Z ageei, Where Z ag, = 1. (2.3)
=1 =1

Obviously, wg ;+1 is a convex combination of {t;}.

It should be emphasized that condition (2.2)), which is repeated in (2.3, is different
from all previous algorithms studied in [5,74} (75,184, 85,188,195,96], which require A to be
symmetric and doubly stochastic (i.e., each of its columns and rows should add up to one).
For undirected networks, although symmetric doubly-stochastic matrices are commonly used,
balanced left-stochastic policies can have significant practical value — they can speed up con-
vergence, a more relaxed selection of the step-size parameter, reach better mean-square-error
(MSE) performance over adaptive networks, and enjoy better privacy-preserving properties

— gee the extended discussions in Sec. 2.2.3

We also explain in this chapter the significance of the proposed locally balanced condi-

tions. If the combination matrix does not satisfy these conditions, we show that one can
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construct counter examples where both exact diffusion and EXTRA diverge for any given
step-size (see Sec. . This implies an interesting conclusion: exact diffusion and EXTRA
may not always work for general directed networks (see the discussions in Secs. and .
This seems to be a disadvantage in comparison with DIGing-based methods [92-96] which
are designed for directed network. However, for scenarios where the locally balanced condi-
tion is satisfied, exact diffusion is shown in simulations to have a wider range of step-sizes
and is more communication efficient than DIGing methods [92-96] (recall that in DIGing

there are two information combinations per iteration).

In this chapter we derive the exact diffusion algorithm, while in next chapter we establish
its convergence properties and prove its stability superiority over the EXTRA algorithm.
This article is organized as follows. In Sec. we review the standard diffusion algorithm,
introduce locally-balanced left-stochastic combination policies, and establish several of their
properties. In Sec. we identify the source of bias in standard diffusion implementations.
In Sec. we design the exact diffusion algorithm to correct for the bias. In Sec[2.5]
we illustrate the necessity of the locally-balanced condition on the combination policies by

showing that divergence can occur if it is not satisfied. Numerical simulations are presented

in Sec. 3.3

2.2 Diffusion and Combination Policies

2.2.1 Standard Diffusion Strategy

To solve problem ([2.1)) over a connected network of agents, we consider the standard diffusion

strategy [1}4}34]:

Vi = Wit — eV Ip(Wriz1), (2.4)
W, = Z ks (2.5)
ZENk

where {u;} | are positive step-sizes. Compared to the diffusion method we present i Al-
gorithm 1.1, Recursions (2.4)—(2.5) employ different local step-size py for each agent k.

These step-size setting will enable diffusion to converge towards the optimal solution w* to
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the weighted consensus problem in . Moreover, in this chapter we will consider using
a more relaxed combination policy in diffusion than the symmetric and doubly-stochastic
matrix used in Sec. Specifically, we assume {a, < 1 k=1 are nonnegative combination
weights satisfying

> ag =1 (2.6)

ZENk
It follows from (2.6 that A = [an] € RE*K is a left-stochastic matrix, i.e., ATlg = 1.

Note that we do not assume A is symmetric here. The benefits of left-stochastic combination

matrix over symmetric and doubly stochastic matrix is discussed in Sec. [2.2.3]

It is assumed that the graph is strongly-connected in this chapter, which means that at
least one diagonal entry of A is non-zero [1] (this is a reasonable assumption since it simply
requires that at least one agent in the network has some confidence level in its own data).
In this case, the matrix A will be primitive. This implies, in view of the Perron-Frobenius

theorem [1,|114], that there exists an eigenvector p satisfying
Ap=p, 1ip=1, p=0. (2.7)
We refer to p as the Perron eigenvector of A. Next, we introduce the vector

¢ £ co{q, o, ... qx} € RY, (2.8)

where g, is the weight associated with Ji(w) in (2.1)). Let the constant scalar 5 be chosen
such that

q = Bdiag{u1, pi2, -+, pixc }p- (2.9)

where 5 > 0 is some constant, then it was shown by Theorem 3 in [14] that under ({2.9)), the
iterates wy; generated through the diffusion recursion (1.5)-(1.6) will approach w*, i.e.,

limsupr*_wk7’iH2 :O(:urznax)7 Vk= 17 7K7 (210)

1— 00

where fimax = max{pu, -, pux}. Result implies that the diffusion algorithm will
converge to a neighborhood around w*, and that the square-error bias is on the order of
O(p2 ). We discuss a simple example in Sec[2.2] that justifies the existence of the inherent
limiting bias.
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Remark 2.1 (Scaling) Condition (2.9) is not restrictive and can be satisfied for any left-
stochastic matriz A through the choice of the parameter 5 and the step-sizes. Note that
should satisfy

_ a1
Pr Kk

(2.11)
for all k. To make the expression for [ independent of k, we parameterize (select) the
step-sizes as

;= (%> o (2.12)

Dk

for some small p, > 0. Then, 5 = 1/p,, which is independent of k, and relation (2.9)) is
satisfied. [ |

Remark 2.2 (Perron entries) FEzpression suggests that agent k needs to know the
Perron entry pr in order to run the diffusion strategy f. As we are going to see in
the next section, the Perron entries are actually available beforehand and in closed-form for
several well-known left-stochastic policies (see, e.g., expressions , , and
further ahead). For other left-stochastic policies for which closed-form expressions for the
Perron entries may not be available, these can be determined iteratively by means of the

power iteration — see, e.g., the explanation leading to future expression ([2.37)). [ |

2.2.2 Combination Policy

Result is a reassuring conclusion: it ensures that the squared-error is small whenever
[max 1S small; moreover, the result holds for any left-stochastic matrix. Moving forward, we
will focus on an important subclass of left-stochastic matrices, namely, those that satisfy a
mild local balance condition (we shall refer to these matrices as balanced left-stochastic poli-
cies) [115]. The balancing condition turns out to have a useful physical interpretation and, in
addition, it will be shown to be satisfied by several widely used left-stochastic combination
policies. The local balance condition will help endow networks with crucial properties to
ensure exact convergence to w* without any bias. In this way, we will be able to propose
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distributed optimization strategies with exact convergence guarantees for this class of left-
stochastic matrices, while EXTRA [75] is limited to (the less practical) doubly-stochastic
policies; balanced left-stochastic matrices have many benefits as explained before, which is

the main motivation for focusing on them in our treatment.

Definition 1 (Locally balanced Policies) Letp denote the Perron eigenvector of a prim-
itive left-stochastic matriz A, with entries {p,}. Let P = diag(p) correspond to the diagonal
matriz constructed from p. The matriz A is said to satisfy a local balance condition if it

holds that
Qo Pk = Qe pe, kl=1,--- K (2.13)
or, equivalently, in matrix form:
PAT = AP. (2.14)
|

Relations of the form ([2.13)) are common in the context of Markov chains. They are used there
to model an equilibrium scenario for the probability flux into the Markov states [116,/117],
where the {as } represent the transition probabilities from states ¢ to k and the {p,} denote

the steady-state distribution for the Markov chain.

We provide here an interpretation for in the context of multi-agent networks by
considering two generic agents, k and ¢, from an arbitrary network, as shown in Fig. 2.1]
The coefficient ay is used by agent k to scale information arriving from agent ¢. Therefore,
this coefficient reflects the amount of confidence that agent k has in the information arriving
from agent ¢. Likewise, for ag,. Since the combination policy is not necessarily symmetric,
it will hold in general that a, # age. However, agent k can re-scale the incoming weight ag
by pk, and likewise for agent ¢, so that the local balance condition (2.13]) requires each pair
of rescaled weights to match each other. We can interpret ag, to represent the (fractional)
amount of information flowing from ¢ to k£ and pj to represent the price paid by agent k
for that information. Expression is then requiring the information-cost benefit to be

equitable across agents.
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Figure 2.1: Tlustration of the local balance condition ([2.13)).

It is worth noting that the local balancing condition (2.13)) is satisfied by several important
left-stochastic policies, as illustrated in four examples below. Thus, let 7, = g/ fimax for
agent k. Then condition (2.9) becomes

q = 5/fbmax diag{ﬁ, T, 7TK}p7 (215)
where 7, € (0, 1].

Policy 1 (Hastings rule) The first policy we consider is the Hastings rule. Given {qx}_,

and {u}_,, we select ag, as [1,[118]:

.

,uk;/Qk .
. if 0 e N\{k},
maX{nkMk/Qk, WME/CM} k\{ }
A =91— > if ¢ =k, (2.16)
meN;\{k}
0, if ( ¢ N

\
where ny = |Nk| (the number of neighbors of agent k). It can be verified that A is

left-stochastic, and that the entries of its Perron eigenvector p are given by

g A W (2.17)
> iy Qe/ e

Let

K 1 K
B=>aq/m=—> /> 0. (2.18)
(=1

,umax /=1

With (2.16)) and (2.17)), it is easy to verify that
1

B maX{nkMk/Qk, WW/Q@}
27
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If ¢ = k, it is obvious that (2.13]) holds. If £ ¢ N, then k ¢ N,. In this case, appr = arepr =

0.

Furthermore, we can also verify that when {g,}Y , and {u.}2_, are given, {an} are

generated through ([2.16)), and 3 is chosen as in ([2.18)), then condition ([2.9) is satisfied.

Policy 2 (Averaging rule) The second policy we consider is the popular average combi-

nation rule where ay; is chosen as

1/ng, if £ €N,
Qi =
0, otherwise.

The entries of the Perron eigenvector p are given by

K -1
Pr = T (Z nm) .
m=1
With (2.20) and (2.21)), it clearly holds that

K -1
QyPr = (Z nm) = QkePr,
m=1
which implies (2.13)).

We can further verify that when py is set as

for some positive constant step-size u, and 3 is set as

p= (é%) /uo>0,

then condition ([2.9)) will hold.

(2.20)

(2.21)

(2.22)

(2.23)

(2.24)

Policy 3 (Relative-degree rule) The third policy we consider is the relative-degree com-

bination rule [119] where ay is chosen as

ny (ZmENk nm)f1 . if e N,

Qe =

0, otherwise,
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and the entries of the Perron eigenvector p are given by

D men; Tom

o p— . (2.26)
et (e D meN, Mn)
With (2.25)) and ([2.26)), it clearly holds that
g1
APk = —J = QrePe, (2.27)
> ke (nk zmeNk ”m)
which implies (2.13)).
We can further verify that when gy is set as
4k
i = o, YVhk=12--- K, (2.28)
ng ZmENk Nm
and [ is set as
K
B=>" (nk nm> /uo, (2.29)
k=1 meN;,
then condition ([2.9)) will hold. [ |

Policy 4 (Doubly stochastic policy) If matrix A is primitive, symmetric, and doubly

stochastic, its Perron eigenvector is p = %]l k- In this situation, the local balance condition
(2.13) holds automatically.

Furthermore, if we assume each agent employs the step-size up = qx K 1, for some positive

constant step-size fi,, it can be verified that condition (2.9)) holds with

B =1/, (2.30)

There are various rules to generate a primitive, symmetric and doubly stochastic matrix.
Some common rules are the Laplacian rule, maximum-degree rule, Metropolis rule and other

rules that listed in Table 14.1 in [1]. |

Policy 5 (Other locally-balanced policies) For other left-stochastic-policies for which
closed-form expressions for the Perron entries need not be available, the Perron eigenvector

p can be learned iteratively to ensure that the step-sizes u; end up satisfying (2.12). Before
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we explain how this can be done, we remark that since the combination matrix A is left-
stochastic in our formulation, the power iteration employed in push-sum implementations

cannot be applied since it works for right-stochastic policies. We proceed instead as follows.

Since A is primitive and left-stochastic, it is shown in [1,|120] that

lim A® = pl . (2.31)
71— 00
This relation also implies
lim (A7) = 1xp". (2.32)
71— 00

Now let ej, be the k-th column of the identity matrix Ix € RY*X. Furthermore, let each

agent k keep an auxiliary variable z;, € RY with each zj_; initialized to e,. We also

introduce
z; = col{z14, 204, ,2Ni} € RNQ, (2.33)
A2 A® Ik (2.34)
By iterating z; according to
i = Az, (2.35)

we have

hm Z; = hm (AT)H—lZ_l
1—00 1—00

= lim [(AT)H_l X ]K]Z—l (]leT & ]K)Z—l

1—>00

= [(1x @ Ix)(p" @ Ik)]z_1. (2.36)

Since z_; = col{ey, - .ex}, it can be verified that (p" ® Ix)z_, = p. Substituting into
(2.36), we have lim; , 2;; = p. In summary, it holds that

lim 2, ;(k) = py (2.37)

1—00
where 2 ;(k) is the k-th entry of the vector zj ;. Therefore, if we set

Lhei = qilto
52 Zk7z(l{) 9
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then it follows that

1 g5 = qrfto/pr (2.39)

Finally, to guarantee z,;(k) > 0 for i = 0,1,2,---, it is enough to assume ay; > 0 for each

agent k=1,2,--- , N, i.e., each agent has to assign positive weight to itself.

symmetric balanced

_— . left-stochastic
doubly-stochastic/ left-stochastic

\\\ ’///

Figure 2.2: Tllustration of the relations among the classes of symmetric doubly-stochastic, balanced left-s-

tochastic, and left-stochastic combination matrices.

We illustrate in Fig. the relations among the classes of symmetric doubly-stochastic,
balanced left-stochastic, and left-stochastic combination matrices. It is seen that every sym-
metric doubly-stochastic matrix is both left-stochastic and balanced. We indicated earlier
that the EXTRA algorithm was derived in [75] with exact convergence properties for sym-
metric doubly-stochastic matrices. Here, in the sequel, we shall derive an exact diffusion
strategy with exact convergence guarantees for the larger class of balanced left-stochastic
matrices (which is therefore also applicable to symmetric doubly-stochastic matrices). We
will show in Chapter 3 that the exact diffusion implementation has a wider stability range
than EXTRA consensus; this is a useful property since larger step-sizes can be used to attain

larger convergence rates.

2.2.3 Values of Balanced Left-stochastic Policies

For undirected networks, though it is quite common to employ symmetric and doubly-

stochastic combination policies such as in [5}[741[75,[84}85.88495,/96], balanced left-stochastic
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policies can still be of great significant value. Some of the key benefits of these policies are

as follows.

First, balanced left-stochastic policies can speed up convergence. For example, in highly
unbalanced networks (e.g., the coauthorship network) where the degrees of neighboring nodes
differ drastically, the averaging rule enables faster convergence than doubly-stochastic poli-
cies (see the discussions in Sec. [2.6.3). The second scenario where balanced left-stochastic
policies help is when the Lipschitz constant associated with each local cost function differs
drastically — the Lipschitz constants ¢ in some nodes are much larger than the other nodes.
Note that d, can be regarded as an importance measure of node ¢, and it is helpful for agent &
to assign more (less) weights to neighboring node ¢ if J, is large (small). One such weighting

policy is the Hastings rule

;

1/6g )
, if 0 e Ni\{k},
max{nk/ék,ng/&} k\{ }
ap=1= Y am, 0=k, (2.40)
meN\{k}
0, if ¢ ¢ N

\
which is balanced left-stochastic. The Hastings rule (2.40]) performs similar to importance
sampling in the machine learning literature [73}|121}|122] where data samples with larger

magnitude are assigned larger sampling probability. We illustrate the benefit of the Hastings

rule (2.40) in Sec. [2.6.3|

Second, balanced left-stochastic policies enable more flexible step-size choices — each
agent k can choose a different local step-size ui. For example, suppose each agent k sets
a proper local step-size puy, the exact convergence can be guaranteed if the combination
policy is generated according to the Hastings rule , see the explanation in Policy 1. In
contrast, EXTRA with a doubly-stochastic matrix has to enforce that all agents choose the
same step-size p. Note that such flexible step-size choices have many benefits. It avoids the
communication costs to coordinate step-sizes. Moreover, each agent can choose step-sizes
purely according to its own local cost functions. If the condition number of Ji(w) is small

(or large), agent k can set a relatively large (or small) step-size, which can speed up the
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converge of the algorithm.

Third, balanced left-stochastic policies can have better privacy-preserving properties than
doubly-stochastic policies. For example, the averaging rule (2.20) can be constructed from
the agent’s own degree, and no neighbors’ degree is required. In contrast, the doubly-
stochastic matrices generated by the maximum-degree rule or Metropolis rule 1] will require

agents to share their degrees with neighbors.

Fourth, it is shown in Chapters 12 and 15 of [1] that the Hastings rule and the relative-
degree rule (see (2.25])) achieve better mean-square-error (MSE) performance over adaptive

networks than doubly-stochastic policies.

2.2.4 Necessity of Locally Balanced Condition

One may wonder whether exact convergence can be guaranteed for general left-stochastic
matrices that are not necessarily balanced (i.e., whether the convergence property can be
extended beyond the middle elliptical area in Fig. . It turns out that one can provide
examples of combination matrices that are left-stochastic (but not necessarily balanced)
for which exact convergence occurs and others for which exact convergence does not occur
(see, e.g., the examples in Section and Figs. and . In other words, exact
convergence is not always guaranteed beyond the balanced class. This conclusion is another
useful contribution of this work; it shows that there is a boundary inside the set of left-
stochastic matrices within which convergence can be always guaranteed (namely, the set of

balanced matrices).

It is worth noting that the recent works [100}123] extend the EXTRA method to the case
of directed networks by employing a push-sum technique. These extensions do not require the
local balancing condition but they establish convergence only if the step-size parameter falls
within an interval (Ciower, Cupper) Where Clower and cypper are two positive constants. However,
it is not proved in these works whether this interval is feasible, i.e., whether cypper > Clower. In
fact, we will construct examples in Section for which both exact diffusion and push-sum

EXTRA will diverge for any step-size p. In other words, both exact diffusion and EXTRA
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methods need not work well for directed networks. This is a disadvantage in comparison

with DIGing-based methods [92-96].

In summary, when locally-balanced policies is employed, exact diffusion is more com-
munication efficient and also more stable than other techniques including DIGing methods
(because the communicated variables required in each iteration of DIGing is twice as much as
that in exact diffusion) and EXTRA. However, just like EXTRA, the exact diffusion strategy

is applicable to undirected (rather than directed) graphs.

2.2.5 Useful Properties

We now establish several useful properties for primitive left-stochastic matrices that satisfy

the local balance condition (2.13]). These properties will be used in the sequel.

Lemma 2.1 (Properties of AP — P+ Ix) When A satisfies the local balance condition
(2.13), it holds that the matrix AP — P + I is primitive, symmetric, and doubly stochastic.

Proof: With condition (2.13), the symmetry of AP — P + Ik is obvious. To check the
primitiveness of AP — P + I, we need to verify two facts, namely, that: (a) at least one
diagonal entry in AP — P + I is positive, and (b) there exists at least one path with
nonzero weights between any two agents. It is easy to verify condition (a) because A is
already primitive and P < Ix. For condition (b), since A is connected and all diagonal
entries of P are positive, then if there exists a path with nonzero coefficients linking agents k
and ¢ under A, the same path will continue to exist under AP. Moreover, since all diagonal
entries of —P + [x are positive, then the same path will also exist under AP — P + Ig.

Finally, AP — P + I is doubly stochastic because

1 (AP—P+1Ig)=p" —p' +1 =1p, (2.41)
|
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Lemma 2.2 (Nullspace of P — AP) When A satisfies the local balance condition (2.13]),
it holds that P — AP is symmetric and positive semi-definite. Moreover, it holds that

null(P — AP) = span{lx}, (2.43)

where null(+) denotes the null space of its matriz argument.

Proof: Let A\, denote the k-th largest eigenvalue of AP — P + Ix. Recall from Lemma [2.1
that AP — P + Ik is primitive and doubly stochastic. Therefore, according to Lemma F .4
from [1] it holds that

It follows that the eigenvalues of AP — P are non-positive so that P — AP > 0.

Note further from (2.44)) that the matrix AP — P+ I has a single eigenvalue at one with
multiplicity one. Moreover, from (2.42) we know that the vector 1 is a right-eigenvector

associated with this eigenvalue at one. Based on these two facts, we have
(AP—P+Ig)r=2<+= 2 =clg (2.45)
for any constant c. Relation is equivalent to
(AP - P)z =0 <=z = clg, (2.46)

which confirms ([2.43)). [

Corollary 2.1 (Nullspace of P — AP) Let P S Py and A £ A®Iy. When A
satisfies the local balance condition (2.13)), it holds that

null(P — AP) = nuu((P —AP)® IM>

= span{]lK X ]M} (247)

Moreover, for any block vector x = col{xy, Ty, ,xr} € RMY in the nullspace of P — AP
with entries i, € RM | it holds that

(P—AP)x =0<= 11 =129 = -+ = Ikg. (2.48)
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Proof: Since P — AP + Ik has a single eigenvalue at 1 with multiplicity one, we conclude
that (P — AP + I) ® Iy will have an eigenvalue at 1 with multiplicity M. Next we denote
the columns of the identity matrix by Iy = [e1, s, , ex| where e, € RM. We can verify

that 15 ® ey is a right-eigenvector associated with the eigenvalue 1 because

Now since any two vectors in the set {1x ® ej}1, are mutually independent, we conclude

that

(P—AP)x =0 <= (P — AP + Iyn)x = x
<= x espan{[lg ®e1, -, 1x @enl}

< x espan{lyx ® I/} (2.50)
These equalities establish (2.47)). From (2.47) we can also conclude ([2.48]) because

x € span{lyx ® I}

=x=(1xg®Iy) z=col{z,z, -z} (2.51)
from some x € R™. The direction “<” of (2.48) is obvious. [

Lemma 2.3 (Real eigenvalues) When A satisfies the local balance condition (2.13)), it

holds that A is diagonalizable with real eigenvalues in the interval (—1,1], i.e.,
A=YAY !, (2.52)
where A = diag{\1(A), -+, A\g(A)} € REXK gnd

1= 2 (A) > Ma(A) > Ag(A) > - > Age(A) > —1. (2.53)

Proof: According to the local balance condition (2.14]), PAT is symmetric. Using the fact
that P > 0 is diagonal, it holds that

PT2AP: = PT3(AP)P ™ (2.54)



which shows that the matrix on the left-hand side is symmetric. Therefore, P~2 AP can be

decomposed as

N
S\i»—l
R

= YIAY], (2.55)

where Y] is an orthogonal matrix and A is a real diagonal matrix. From (2.55)), we further

have that
A= PzY,AY, P 2. (2.56)

If we let Y = P%Yh we reach the decomposition (2.52)). Moreover, since A is a primitive
left-stochastic matrix, according to Lemma F.4 in [1], the eigenvalues of A satisfy (2.53)).
[

For ease of reference, we collect in Table the properties established in Lemmas
through for balanced primitive left-stochastic matrices A.

Properties of balanced primitive left-stochastic matrices A

A is diagonalizable with real eigenvalues in (—1, 1];

A has a single eigenvalue at 1;

AP — P + I is symmetric, primitive, doubly-stochastic;
P — AP is positive semi-definite;

null(P — AP) = span(1g);

null(P — AP) = span{lx ® Ip}.

Table 2.1: Properties of balanced primitive left-stochastic matrices A

2.3 Penalized Formulation of Diffusion

In this section, we employ the properties derived in the previous section to reformulate the
unconstrained optimization problem (2.1 into the equivalent constrained problem (12.69)),
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which will be solved using a penalized formulation. This derivation will help clarify the

origin of the O(p2,,.) bias from (2.10) in the standard diffusion implementation.

2.3.1 Constrained Problem Formulation

To begin with, note that the unconstrained problem (2.1 is equivalent to the following

constrained problem:

K
?ﬂil}} ZQka(wk),
W

k=1
st. w; =wy == wg. (2.57)
Now we introduce the block vector w 2 col{wy, - -+ ,wx} € REM and
K
. A
T (w) = ZQka(wk), (2.58)
k=1
With (2.48) and ([2.58]), problem ([2.57)) is equivalent to
1
' * 2. (P — =0. 2.59
yin o TW), st 5 (P - AP)w (2.59)

From Lemma [2.2] we know that P — AP is symmetric and positive semi-definite. Therefore,
we can decompose

P— AP

5= UsuT, (2.60)

where ¥ € REXK is a non-negative diagonal matrix and U € R¥*¥ is an orthogonal matrix.

If we introduce the symmetric square-root matrix

vV 2 UsUT e REXK, (2.61)
then it holds that
P— AP
— =V2 (2.62)
2
Let V 2 V ® Iy so that
# = V2 (2.63)
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Lemma 2.4 (Nullspace of V) With V defined as in ([2.61), it holds that
null(V) = null(P — AP) = span{1x}. (2.64)
Proof: To prove null(V') = null(P — AP), it is enough to prove
(P—AP)x =0<=Vz =0. (2.65)
Indeed, notice that

(P—AP)x=0=V*=0=2"V' V=0

= |[Vz|? =0= Vz =0. (2.66)

The reverse direction “<” in (2.65)) is obvious. [

Remark 2.3 (Nullspace of V) Similar to the arguments in (2.47) and (2.48), we have

null(V) = null(P — AP) = span{lx ® Iy}, (2.67)

and, hence,
V=0« (P-AP)x=0<= 12, =+ = 2. (2.68)
|

With (2.68)), problem (2.59)) is equivalent to

min  J*(w), st. Yw=0. (2.69)

WERNM
In this way, we have transformed the original problem (2.1)) to the equivalent constrained
problem ([2.69)).

2.3.2 Penalized Formulation

There are many techniques to solve constrained problems of the form (2.69)). One useful and
popular technique is to add a penalty term to the cost function and to consider instead a

penalized problem of the form:

1
min T (w) + ~ [V, (2.70)
WERNM a
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where o > 0 is a penalty parameter. Problem is not equivalent to but is a useful
approximation. The smaller the value of « is, the closer the solutions of problems
and become to each other [124-126]. We now verify that the diffusion strategy —
follows from applying an incremental technique to solving the approximate penalized
problem , not the real problem . It will then become clear that the diffusion

estimate wy; cannot converge to the exact solution w* of problem (2.1 (or (2.69)).

Since (2.63) holds, problem (2.70]) is equivalent to

min T )+ —wT (P — AP)w. (2.71)

weRNM 2c
This is an unconstrained problem, which we can solve using, for example, a diagonally-

weighted incremental algorithm, namely,

Vi =wi1 — aP IV T (wiy),

1 (2.72)
wi = — aP (P — AP):),
The above recursion can be simplified as follows. Assume we select
a2 g (2.73)

where [ is the same constant used in relation (2.9). Recall from (2.18]), (2.24), (2.29)) and
(2.30) that 6 = O(1/pmax) and hence o = O(fimax). Moreover, from the definition of J*(w)

in (2.58)), we have

@V (wr)
VI*(w) = : (2.74)
qrx VI (wi)
Using (2.9, namely,
Qx = Bk, (2.75)

we find that

1V Ji(wyi-1)
aP VT (wiy) = : : (2.76)
ik VI (Wk i-1)
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We further introduce the aggregate cost (which is similar to (2.58)) but without the weighting

coefficients):
K
J°w) = ZJk(wk), (2.77)
k=1
and note that
VJl (wl)
VI°(w) = : . (2.78)
VJK(wK)

Let M 2 diag{p1, pto, -+, i} ® Iy Using (2.76]) and (2.78]), the first recursion in (2.72)

can be rewritten as
Vi = w1 — MVT?(wi). (2.79)
For the second recursion of , it can be rewritten as
w; = AT (2.80)

because AP = PAT. Relations (2.79)—(2.80) are equivalent to (2.4)—(2.5). Specifically, if we
collect all iterates from across all agents into block vectors {w;,¥;}, then (2.4)—(2.5) would

lead to —. From this derivation, we conclude that the diffusion algorithm —
(2.5) can be interpreted as performing the diagonally-weighted incremental construction
to solve the approximate penalized problem . Since this construction is not
solving the real problem , there exists a bias between its fixed point and the real solution
w*. As shown in , the size of this bias is related to fimax. When iy is small, the bias
is also small. This same conclusion can be seen by noting that a small . corresponds to
a large penalty factor 1/a under which the solutions to problems and approach

each other.

2.4 Development of Exact Diffusion

We now explain how to adjust the diffusion strategy (2.4)—(2.5)) to ensure exact convergence

to w*. Instead of solving the approximate penalized problem ([2.71]), we apply the primal-dual
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saddle point method to solve the original problem (2.69) directly. We continue to assume

that the combination policy A is primitive and satisfies the local balancing condition (2.13]).

To solve (2.69)) with saddle point algorithm, we first introduce the augmented Lagrangian
function:

_ Lor 1 2
Low,9) = T W) + =3V + o~ [V

. 1 1
T W)+ =3Vw+—nT(P—PAT)w, (2.81)

where ¥y = col{y1, - ,yx} € RM is the dual variable. The standard primal-dual saddle
point algorithm has recursions

Wi = Wi—1 — avW£a<Wi—la 3’1’-1),

1 (2.82)
Vi =Yi—1 t Q& (EVWZ) =y;_1+ Vw,.

The first recursion in (2.82)) is the primal descent while the second recursion is the dual

ascent. Now, instead of performing the descent step directly as shown in the first recursion

in (2.82), we perform it in an incremental manner. Thus, let

1 1
D(w) = @WT(P—’PAT)W, Clw,y) 2 ayTVw, (2.83)

so that

LW, i 1) = T (W) + Dw) + C(w, y;_1). (2.84)

The diagonally incremental recursion that corresponds to the first step in (2.82)) is then:

(

92' = W;—1 — OCP_IVJ*(Wi—1>7

1 T —
6= b, — P VD(8) = A g Ty, (2.85)

| Wi = ¢i—aP ' VwC(¢s, vim1) = ¢i—P Vy;_1,

where in the second recursion of (2.85) we introduced

A2 (g + A2 (2.86)

42



We know from (2.53)) that the eigenvalues of A are positive and lie within the interval (0, 1].
In ([2.85)), if we substitute the first and second recursions into the third one, and also recall
(2.76) that aP*VIT*(wi—1) = MV T°(w;_1), then we get

w; = .,TlT (Wi_l—MVjo(Wi_1)> P Wy_,. (2.87)

Replacing the first recursion in (2.82)) with (2.87)), the previous primal-dual saddle point
recursion (2.82)) becomes

wi=A" (WH—MVJO(Wi—l)) ~P Vv
(2.88)
Vi =Yio1+ Vw;

Recursion (|2.88)) is the primal-dual form of the exact diffusion recursion we are seeking. For

the initialization, we set y_; = 0 and w_; to be any value, and hence for + = 0 we have

Wo = ./TtT (W_l—MVjO(W_1)>, (2 89)
Yo = VWO.

We can rewrite (2.88) in a simpler form by eliminating the dual variable ¥ from the first

recursion. For ¢ =1,2,--- | from (2.88]) we have

—T

wi —wi1=A (Wi—l_Wi—2_M(Vjo(wi—1>_vjo(wi—2))> — PV (yii1 — vi_2). (2.90)

From the second step in ([2.88) we have

j — T I — AT
PV (vi1 — via) = P Vw4 Pt (%) Wi1 = <%) Wi_1.

(2.91)

Substituting (2.91)) into (2.90)), we arrive at

Wi:ZT <2W¢,1 —Wi_o—M (V‘_’]O(Wi,l) _vjo(Wi—Q))> (2.92)

Recursion (2.92)) is the primal version of the exact diffusion.

We can rewrite (2.92)) in a distributed form that resembles (2.4)—(2.5) more closely, as

listed below in Algorithm 1, where we denote the entries of A by @y. It is observed in
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Algorithm 2.1 Exact diffusion strategy for agent k

Setting: Let A = (Ix + A)/2, and wy—1 arbitrary. Set ¢y _1 = wg 1. Let up = qrfio/ P
Repeat for : =0,1,2,---

Qﬂkﬂ' = Wk,i—1 — ukVJk(wm_l), (adaptation) (293)

G = Yri + Weim1 — Yk, (correction) (2.94)

W = Z Qi (combination) (2.95)
LEN,

Algorithm 1 that the exact diffusion strategy resembles (2.4)—([2.5) to great extent, with
the addition of a “correction” step between the adaptation and combination step. In the
correction step, the intermediate estimate 1)y ; is “corrected” by removing from it the dif-
ference between wy;_1 and vy ;_1 from the previous iteration. Moreover, it is also observed
that the exact and standard diffusion strategies have essentially the same computational
complexity, apart from 2M (M is the dimension of wy ;) additional additions per agent in
the correction step of the exact implementation. Also, there is one combination step in each

iteration, which reduces the communication cost by about one half in comparison to recent

DIGing-based works [92-96].

One can directly run Algorithm 1 when the Perron entries {p;} are known beforehand,
as explained in Section II-B. When this is not the case, we can blend iteration (2.35]) into

the algorithm and modify it as follows.

2.5 Significance of Balanced Policies

The stability and convergence properties of the exact diffusion strategy (12.93])—(2.95)) will be
examined in detail in Chapter 3. There we will show that exact diffusion is guaranteed to
converge for all balanced left-stochastic matrices for sufficiently small step-sizes. The local

balancing property turns out to be critical in the sense that convergence may or may not
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Algorithm 2.2 Exact diffusion strategy when p is unknown

Setting: Let A = (Ix + A)/2, and wg—1 arbitrary. Set vy 1 = wi_1 and 2z, 1 = e
Repeat for : =0,1,2,---

i = Z AokZ0i-1, (power iteration) (2.96)
(6/\/‘}@
o dito .
Vri = Wgi—1 — VJi(wk-1), (adaptation) (2.97)
Ori = Vki + Wric1 — Yhio1, (correction) (2.98)
Wy = Z Qo hui- (combination) (2.99)

eGNk

occur if we move beyond the set of balanced policies. We can illustrate these possibilities here
by means of examples. The two examples discussed in the sequel highlight the importance

of having balanced combination policies for exact convergence.

Thus, consider the primal recursion of the exact diffusion algorithm (2.92)), where A is
a general left-stochastic matrix. We subtract w* from both sides of (2.92)), to get the error

recursion

—T

Wi = A (21 = Wit M (VT i) =V T (Wis)) | (2.100)

where w; = w* —w;. When VJi(w) is twice-differentiable, we can appeal to the mean-value

theorem from Lemma D.1 in 1], which allows us to express each difference
1
VJk(wk,i_l) — ij(w*) = — </ V2Jk(w*—r@k7i_1)d7’) 117]“-_1. (2101)
0
If we let
N
Hyi :/ V2 Jy (W =1ty )dr € RMM, (2.102)
0

and introduce the block diagonal matrix:

Hi 2 diag{Hy ;_1,Ha;—1, - ,Hni-1}, (2.103)
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then we can rewrite
Vjo(Wl;l) - VJO(W*) = —Hifﬂl/v\/i,l. (2.104)
Notice that

Vja(Wi—l) —Vjo(Wi—2)
= VI’ W) =VIT° W )+VIT W)=V T (Wi-2)
Hi—oWi—g — HimiWi1. (2-105)

Combining (2.100]), (2.105]) and the fact w;_; = W;_1, we have

W; {/VVZ’—I
~ = (F=Gia1) | _ , (2.106)
Wi_1 Wi—2
where
[ —T —T
24 —-A
Fs € R2MNX2MN, (2.107)
Tun 0
AT MH, . —A MH,
Gy = o TP e RIMN2MN, (2.108)
0 0

In the next two examples, we consider the simple case where the dimension M = 1,

qe =1 for k€ {1,--- , K}, and the step-size M = uP~!, where
P = diag{py,--- ,px} € RF*K. (2.109)

In this situation, the matrix F — G,_; reduces to

—T —T
A" (2L—pPH,_|) —A (Ix—pP~H,_
F—Gi1= (Rl 2 Ure=p 2) | (2.110)
I 0

Moreover, we also assume H; is iteration independent, i.e.,

Hi=H, VYi=12,-- (2.111)
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This assumption holds for quadratic costs Ji(w). Under the above conditions, we have

—T
1 A1 1

F-G | “ = lo TR (2.112)
Tk 1k 1k

which implies that A; = 1 is one eigenvalue of F — G;_; no matter what the step-size p is.
However, since wy is initialized as Vy and, hence, lies in range(V), the eigenvalue A\; = 1 will
not influence the convergence of recursion (the detailed explanation is spelled out in
Secf3.1] and 3.2 in Chapter 3). Let {\;}?X, denote the remaining eigenvalues of F — G; 1,

and introduce
p(F —Giit) 2 max{| |, | As], -+, [ Norc|}- (2.113)

It is p(F — G;—1) that determines the convergence of recursion (2.106)): the exact diffusion
recursion ([2.106)) will diverge if p(F — G;_;) > 1, and will converge if p(F — G;—1) < 1.

Example 1 (Diverging case). Consider the following left-stochastic matrix A:

00 0 1
0 05 0.5 0
A= . (2.114)
1 0 05 0

005 0 0|

It can be verified that A is primitive, left-stochastic but not balanced. For such A, its Perron
eigenvector p can be calculated in advance, and hence P is also known. Also, H; 1 is assumed

to satisfy
P~ 'H; ; = diag{20,1,1,1} € R*** (2.115)
Substituting the above A and PH;_; into F — G;_; shown in (2.110), it can be verified that
p(F=Gia) > 1 (2.116)

for any step-size . > 0. The proof is given in Appendix by appealing to the Jury test for
stability. In the top plot in Fig. 2.9, we show the spectral radius p(F — G;_1) for step-sizes

p € [1e7% 3]. Tt is observed that p(F — G;_1) > 1.
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By following similar arguments, we can find a counter example such that EXTRA will
also diverge for any step-size u > 0, even if we assume the Perron eigenvector p is known in

advance. For example, if

(036 099 0 0 0
0 001 0 06 0

A=| 0 0 002 0 095 |€R” (2.117)
0 0 098 04 0

(064 0 0 0 005

and
P H;_; = diag{20,1,1,1,1} € R>*, (2.118)

one can verify that EXTRA will diverge for any p > 0 by following the arguments in
Appendix [2.D] As a result, the push-sum based algorithms [100,[123] that extend EXTRA to
non-symmetric networks cannot always converge. This example indicates that the stability

range (Cower, Cupper) Provided in [100L{123] may not always be feasible. [ |

Example 2 (Converging case). Consider the following left-stochastic matrix A:

(0.3 06 02 0 0
02 02 0 03 0
A=101 01 05 03 02 |- (2.119)
0 01 03 04 0.1
04 0 0 0 07

It can be verified that A is primitive and not balanced. Also, H; i is assumed to satisfy
P~ H;_, = diag{10, 10, 10, 10,10} € R>*®, (2.120)

Substituting the above A and P~'H, ; into (2.110), it can be verified that p(F) = 0.9923.
Therefore, when p is sufficiently small, F will dominate in F —G,;_; and p(F—G;_1) < 1. The
simulations in Fig. confirm this fact. In particular, it is observed that p(F — G;_1) <1

when p < 0.2. As a result, the exact diffusion will converge when p < 0.2 under this setting.

|
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Figure 2.3: Network topology used in the simulations.

2.6 Numerical Experiments

In this section we illustrate the performance of the proposed exact diffusion algorithm. In
all figures, the y-axis indicates the relative error, i.e., |[w; — w*[|?/|wo — w*||?, where w; =

col{wy 4, ,wy;} € RY and w* = col{w*,--- ,w*} € RVM,

2.6.1 Distributed Least-squares

In this experiment, we focus on solving the least-squares problem over the network shown in

2.3

K
1
w’ = argmin  — Usw — di||*. 2.121
min i 30w | 2.121)
where the network size N = 20 and the dimension M = 30. Each entry in both U, € R30*30

and dj € R is generated from the standard Gaussian distribution N'(0, 1).

We compare the convergence behavior of standard diffusion and the exact diffusion algo-
rithm in the simulation. The left-stochastic matrix A is generated through the averaging rule

(see (2.20))), and each agent k employs step-size p = po/ny (see (2.23))) where p, is a small

constant step-size. The convergence of both algorithms is shown in Fig. where we set
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- —— Diffusion (6)—(7)

Relative error

100 200 300 400 500 600 700 800
iteration

Figure 2.4: Convergence comparison between standard diffusion and exact diffusion for the distributed

least-squares ([2.121)).

1o = 0.01. It is observed that the standard diffusion algorithm converges to a neighborhood
of w® on the order O(u?), while the exact diffusion converges exponentially fast to the exact

solution w?. This figure confirms that exact diffusion corrects the bias in standard diffusion.

2.6.2 Distributed Logistic Regression

We next consider a pattern classification scenario. Each agent k holds local data samples
{Prj, Ve o1, where hy ; € RM is a feature vector and 4;; € {—1,+1} is the corresponding
label. Moreover, the value L is the number of local samples at each agent. All agents will
cooperatively solve the regularized logistic regression problem over the network in Fig. [2.3
KoL p
w? = argmin’y [Z Y (1—|—exp(—’yk73h;€w>)—i—§HwHQ} . (2.122)
weR™ 1 =1
In the experiments, we set N = 20, M = 30, and L = 50. For local data samples
{Pij,ve;}io) at agent k, each hy; is generated from the standard normal distribution

N(0;101y). To generate 7 ;, we first generate an auxiliary random vector wy € RM with
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Figure 2.5: Convergence comparison between standard diffusion and exact diffusion for distributed logistic

regression ([2.122)).

each entry following A/ (0,1). Next, we generate v, ; from a uniform distribution 2/(0,1). If
Vi < 1/[1 + exp(—(hg;)Two)] then v ; is set as +1; otherwise 4 ; is set as —1. We set
p=0.1.

We still compare the convergence behavior of the standard diffusion and exact diffusion.
The left-stochastic matrix A is generated through the averaging rule, and each agent k
employs step-size pp = po/ni. The convergence of both algorithms is shown in Fig. [2.5]
The step-size u, = 0.05. It is also observed that the exact diffusion corrects the bias in

standard diffusion.

2.6.3 Benefits of Balanced Left-stochastic Policies

In this subsection we illustrate one of the benefits of balanced left-stochastic combination

matrices — they can speed up the convergence.

In the first experiment, we consider a network with a highly unbalanced topology as

shown in Fig. 2.6l Nodes 1 and 2 are “celebrities” with many neighbors, while the other
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48 nodes just have two neighbors each. Such a network topology is quite common in social

networks.

Interestingly, both the maximum degree rule and the Metropolis rule will generate the
same doubly-stochastic combination matrix for this network. Let L be the Laplacian matrix

associated with that network, then the generated doubly-stochastic combination matrix is
A=1-1L/49. (2.123)

This combination matrix A merges information just slightly better than the identity matrix
I because the term L/49 is quite small, which is not efficient. In contrast, the normal agent
k (where 3 < k < 50) will assign 1/3 to incoming information from agents 1 and 2 if the
averaging rule is used, which combines information more efficiently and hence leads to faster
convergence. In Fig. 2.7 we compare exact diffusion and EXTRA methods over the dis-
tributed least-square problem ([2.121f). The experimental setting is the same as in Sec. m
except for the combination rules. Exact diffusion employs the left-stochastic matrix gener-
ated by the averaging rule while EXTRA employs a doubly-stochastic combination matrix
(recall that EXTRA [75] has convergence guarantees only for doubly-stochastic matrices).
The step-sizes are carefully chosen such that each algorithm reaches its fastest convergence.
As expected, it is observed that exact diffusion with the averaging rule is almost three times

faster than EXTRA with doubly-stochastic combination matrices.

In the second experiment, we consider the distributed least-square problem and
assume the Lipschitz constants associated with each local cost function differs drastically.
In this experiment, we set N = 20, and the network topology is the same as in Fig. [2.3]
Among all nodes, we assume for 4 random nodes that the local data Uy and dj, are gener-
ated from N(0,100) while in the remaining nodes they are generated from A(0,1). Under
such setting, each local Lipschitz constant is quite different. We again compare the conver-
gence between exact diffusion and EXTRA where the combination rule for exact diffusion
is generated according to the Hastings rule while EXTRA employs the Metropolis
combination matrix, which is doubly stochastic. Fig. depicts the convergence for each
algorithm. Again, the step-sizes are carefully chosen such that each algorithm reaches its

52



Figure 2.6: A highly unbalanced network topology.

fastest convergence. As expected, it is observed that exact diffusion with Hastings rule is

almost four times faster than EXTRA with the doubly-stochastic matrix.

2.6.4 Exact Diffusion for General Left-Stochastic A

In this subsection we test exact diffusion for the general left-stochastic A shown in Section
. In Fig. w we test the setting of Example 1 in which A is in the form of and
H is . We introduce p = p(F — G;—1). In the top plot, we illustrate how p varies
with step-size p. In this plot, the step-size varies over [107% 3], and the interval between
two consecutive p is 107, Tt is observed that p > 1 for any p € [1079, 3], which confirms
with our conclusion that exact diffusion will diverge for any step-size p under the setting in
Example 1. In the bottom plot of Fig. we illustrate the standard diffusion converges to

a neighborhood of w* on the order of O(u?) for u = 0.01, while the exact diffusion diverges.

In Fig. We test the setting of Example 2 in which A is in the form of and H is
of . In the top plot, we illustrate how p varies with . It is observed that p < 1 when
1 < 0.2, which implies that the exact diffusion recursion (2.106)) will converge when p < 0.2.
In the bottom figure, with ¢ = 0.001 it is observed that exact diffusion will converge exactly

to w*. Figures. and confirm that general left-stochastic A cannot always guarantee
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Figure 2.7: Convergence comparison between exact diffusion and EXTRA for highly unbalanced network.

Exact diffusion is with the averaging rule while EXTRA is with the doubly stochastic rule.

—a=— Exact diffusion
——EXTRA

Relative error

500 1000 1500 2000 2500 3000 3500 4000 4500 5000
iteration

Figure 2.8: Convergence comparison between exact diffusion and EXTRA for the scenario in which local
Lipschitz constants differ drastically. Exact diffusion is with the Hastings rule (2.40) while EXTRA is with

the doubly stochastic rule.
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Figure 2.9: Exact diffusion under the setting of Example 1 in Section Top: p > 1 no matter what

value p is. Bottom: Convergence comparison between diffusion and exact diffusion when p = 0.01.
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Figure 2.10: Exact diffusion under the setting of Example 2 in Section Top: p < 1 when u < 0.2.

Bottom: Convergence comparison between standard diffusion and exact diffusion when p = 0.001.

convergence to w*.

2.7 Concluding Remarks

This chapter developed a diffusion optimization strategy with guaranteed exact convergence
for a broad class of combination policies. The strategy is applicable to the locally-balanced
left-stochastic combination matrices which are able to endow the algorithm with faster con-
vergence rate, more flexible step-size choices and better privacy-preserving properties com-

pared to doubly-stochastic combination matrices. Chapter 3 establishes analytically, and
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by means of examples and simulations, the superior convergence and stability properties of

exact diffusion implementations.

2.A Formulation of Primal Methods

In this section we formulate two prominent primal methods that are based on gradient
descent: consensus [5-H13| and diffusion [1}4,34,36,71]. For simplicity, we assume the network
is strongly connected, undirected, and the associated combination matrix A is symmetric

and doubly-stochastic (see equation ([1.8))). For such combination matrix A, it holds that
L=XM(A) > X(A) > > Ag(A) > -1 (2.124)

and hence the matrix I — A is positive semi-definite.

We introduce the eigenvalue decomposition (I — A)/2 = UXU where ¥ is a diagonal
matrix with nonnegative diagonal entries. We also define V = UXY2U and note that V7 =

V, V%= (I - A)/2, and more importantly,
Vw=0<<= w(l) =w(2) = =w(K) (2.125)

which is established in Lemma [2.4] In the above expression, the notation w(k) refers to the

k-th element in w. If we define

w 2 col{wy, - ,wg} € RFM, (2.126)

A2 ATy e RFM, (2.127)

V £ V®IlyeREM (2.128)
Al e

Tw) = 2 ) Ju(w), (2.129)
k=1

it then follows that V? = (I — A)/2 and
YWw=0<= w; =wy =+ = Wg. (2.130)
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Using ([2.129)) and (2.130]), we find that problem (1.1)) can be rewritten as the constrained

problem
min J°(w),
st. Vw=0. (2.131)

One common approach to solve such problems is the penalty method [127, Sec. 4.1, 4.3],
[124][pp. 277 and Ch.6], [128, Ch.9], |[126]. We penalize the constraints and transform

(2.131]) to the unconstrained problem
: o 1 2
min  J°(w) + —||Vw|| (2.132)
w H

where p > 0 is a constant coefficient. Using V? = (I —.A)/2, problem (2.132) is equivalent

to

. 1.
min J°(w) + ﬂw (I —Aw (2.133)

2.A.1 Consensus Strategy
If we solve problem ([2.133) with gradient descent, we get
o 1
Wir1 = Wy — ,u(VJ (wy) + ;([ - .A)Wi>
= Aw; — uVI°(w;) (2.134)

which is exactly the consensus approach for solving the distributed optimization problem

D).

2.A.2 Diffusion Strategy

If we solve problem ([2.133)) with incremental gradient descent, we get

@y =wi — uVIT (W),
Wiyl = @; — fi - ,%(I —A)p;, = Ag;.

(2.135)
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By substituting the first equation into the second one, we have
Wit1 = A(Wl — /LVJO(WZ)) (2136)

A more generalized version of diffusion is derived in Sec. [2.3]

2.A.3 Other Primal Methods

There are still approaches that solve the unconstrained problem (2.133)) using other primal
methods such as Newton or quasi-Newton methods. Similar to the consensus or diffusion
strategies, the resulting distributed Newton [78]/79,129] and Quasi-Newton methods [80] only
have primal variables in their recursions. Since all of these methods focus on solving the
penalized problem (2.133)) rather than the real problem , they cannot converge to the

exact global solution unless a decaying step-size p is used.

2.B Formulation of Primal-Dual Methods

Different from the above-mentioned primal methods, primal-dual methods aim at solving

the constrained problem ([2.131]) directly.

2.B.1 EXTRA Method

Several of primal-dual methods are based on the augmented Lagrangian technique [130-
132], [133, Sec.17.4]. Different from the Lagrangian method, which focuses on the standard

Lagrangian function:
1
L(w,») =T°(w) + ;JJT(VW) (2.137)

where v is the dual variable (also known as the Lagrangian multiplier), the augmented
Lagrangian method introduces an extra quadratic term to the standard Lagrangian function:

o 1 T 1 2

La(w,») = J°(w) + =" (VW) + —|[Vw||

H H
o 1 T 1 T
=J%°(w) + Ey (Vw) + EW (I —A)w. (2.138)
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The introduction of the quadratic term ||[Vw]||* will impose strong convexity to L(w, ) (in

terms of w) and hence will ensure a wider stability range and faster convergence.

The primal-descent and dual-ascent approach to determining the saddle-point of the

above augmented Lagrangian function is

Wit1 = W; — /LVJO(Wz) —Vy; — (I — A)Wz = .AWz — ,U/VJO(WZ) — Vyi7

(2.139)
Vi1 = Vi + VWi
From the first recursion, we have
Wit1 — Wi = Aw; —wi—1) — (VI (i) = VI (Wiz1)) — V(¥ — vi1) (2.140)
Substituting the second recursion in ([2.139)) into the above recursion, we reach
Wir1 = A(le — Wz;l) — M(Vjoo/\/z) - Vjo(Wz;l)) (2141)

where A = (I+ A)/2. Recursion (2.141)) is the EXTRA algorithm proposed in [74]. Different
from consensus or diffusion, EXTRA will converge to the exact global solution with constant
step-size u. To see it, we observe the fixed point (W™, y>°) of recursion ([2.139) satisfies the

following condition

uV I (W) + Vy™ = 0,
o) (2.142)

Yw> = 0.

which is essentially the optimality condition of problem ({1.1)) |75, Proposition 2.1].

2.B.2 Exact Diffusion Method

When the first recursion in (2.139)) is updated in an incremental manner, we will reach exact
diffusion; see the derivation in Sec.
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2.B.3 Tracking Method

The tracking method [92-98] is another variant of primal-dual approach. The DIGing method

(which is one of the tracking approaches) was originally proposed as follows:

w; = Aw;_4 — HXi—1
(2.143)
X; = AXZ'_l + Vjo(Wl) — VJO(WZ'_l)
where x; is the auxiliary variable that aims to track the gradient %(]lk ® Iy)VI°(w;) =

= S VJi(wy,). In fact, the second recursion (2.143) falls into the family of the dynamic

average algorithm [134,(135]:
X; = .AXZ'_l + 71— T (2144)

where r; is a dynamic and time-varying signal. When r; converges, it is proved in |134-136]
that x,; — % Zszl rki. Inspired by this result, it holds that xy, — % Zszl VI (wg ;)
as iteration ¢ increases. Next we explain how the tracking method converges to the opti-

mal solution. When the iteration ¢ is large enough, the first recursion in (2.143) can be

approximated by

K
1
W; = AWZ‘_l — ,u]lK ® ? Z VJk(w]w) (2.145)

k=1

Suppose each wy,; generated by the above recursion converges to a fixed point w*, it then
holds that % Zle VJi(w*) = 0 and, hence, the fixed point w* is the optimal solution to
problem (1.1)). A formal proof of convergence for DIGing is presented in [93].

The DIGing method can also be interpreted as a primal-dual algorithm. Note that

problem (|1.1)) can be reformulated as the following constrained problem
min T (w)
st. {—Aw=0 (2.146)

which is equivalent to (2.131]) since Yw = 0 <= (I — A)w = 0. The augmented Lagrangian

function associated with the above problem is given by
1 1
La(w,») = J°(w) + ;yT(I — Aw + ﬂy|w|\§_A2, (2.147)

60



where y is the dual variable. The primal-descent and dual-ascent approach to solve the

saddle-point of the above Lagrangian function is
Wit1 = Wi —uNVIT°(w;) — (I — A)y; — (I — A)w; = 2w, —puVT°(wi) — (I — Ay,
Vier =Y + (I — A)win
(2.148)

The above recursion is essentially equivalent to DIGing. To see that, we substitute the

second recursion of ([2.148]) into the first one and remove the dual variable to reach
Wir1 = 2AWZ - A2Wi_1 — M(Vj"(wz) — Vjo(Wi_l)). (2149)

On the other hand, if we substitute the second recursion of the DIGing method (2.143) into
the first one and remove the auxiliary variable x;, we will get the same recursion as in ([2.149)).

In this sense, the primal-dual recursion (2.148)) is equivalent to the DIGing recursion ([2.143]).

Tracking methods, as reported in [93,(97,98,137], work well in time-varying or directed
networks. However, they require twice the amount of communications per iteration than
EXTRA or exact diffusion. Tracking methods also have variants that fall into the adapt-
then-combine (ATC) framework. These variants can also be interpreted as the primal-dual

method as described in [138].

2.B.4 Distributed ADMM

Distributed ADMM is among the first algorithms that were proved to converge linearly to the
global solution under the assumption that each local cost function Ji(w) is strongly convex
with Lipschitz-continuous gradient. Instead of solving the constrained problem or
, distributed ADMM solves an alternative constrained problem

1 K
k=1
st wr = wy V(Z,]) eé& (2150)

where &£ is the set of all edges in the graph. We remark that problem (2.150)) is essentially

equivalent to the constrained problem (2.131f) and ([2.146)). However, the ADMM approach
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requires an explicit constraint w; = w; while the formulations in (2.131]) and (2.146) just
imply w; = w; and they do not have such constraints explicitly. We introduce an auxiliary
variable z;; to decouple w; and w; in the constraints. As a result, problem (2.150) can be

reformulated as
| X
min - Z e (wi)
k=1
st wy=zr, wp=zg Y(i,j)€E (2.151)
which can be further rewritten as

g T

st. Cw+z=0 (2.152)
where z = col{z;;}, C = C ® Iy, C = [Cy; C] € R?P*E and C; and Cy are defined as

=1, ife=(k0), =1, ife=(k0),
[Ch ek [Caler (2.153)

=0, otherwise, =0, otherwise,

Problem ([2.152)) falls into the framework of Alternating Direction Method of Multipliers

(ADMM). Now we introduce the augmented Lagrangian function associated with problem

(2.152) as
La(w, 2,¥) = T°(w) + y"(Cw + 2) + §||CW + 22 (2.154)

Compared with the augmented Lagrangian function used in EXTRA and DIGing method,
the function in (2.154)) involves two primal variables w and z. The ADMM approach to find
the saddle-point of the Lagrangian function ([2.154]) is

4
Wip1 = arg miny,, L(w, 25, ;) = arg miny,{ 7°(w) + »] (Cw) + glICw + zi||*1,

\ Zi41 = argming L(w;, 2,y;-1) = argminz{y] z + £||Cwi1 + 2|°}, (2.155)

| Yit1 = Vi T P(CWir1 + Ziy1).

Note that the second subproblem related to z is a quadratic problem and it has a closed-

form solution. Substituting the special structure of the matrix C and removing the variable
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z from the above recursion, we reach a distributed implementation of the recursion (also see

Algorithm 1 in [74]):
find wy ;41 by solvingV Jy(wii11) + B + 20| Ne|wkip1 — p(’Nk’wk,i + ZEeNk wm’) =0,

Brit1 = Bri + p<|Nk|wk,i+1 + Zéej\/k wé,z‘ﬂ).

(2.156)
2.C Formulation of Dual Methods
The Lagrangian function of problem (2.131)) is
Lw,») = J°(W) +»"Vw. (2.157)
The Lagrangian dual function is
9(») = inf{L0w, )} = AT (W) + ¥"Vw} = —sup{—=(Vy)'w — T°(w)}
w
=-J"(=Vy) (2.158)

where J*(2) = supy,(2"w — J°(w)) is the conjugate of the function J°(w). In this section,
we only consider the family of problems where J*(:) has a closed-from. For example, if
J°(w) is affine, negative logarithm, exponential, strictly convex quadratic, log-determinant,

then the conjugate function J*(-) has a closed-form, see [124, Sec. 3.1].

Since problem ([2.131)) is feasible (with at least the quantity 1 x ® I as a feasible solution)
and the constraints are all linear equations, the Slater condition [124, Sec. 5.2.3] implies that

strong duality holds for problem (2.131]). In other words, it holds that
TW*) = g(3") = inf{T°(w) + () 'V} (2.159)

where w* and y* are the optimal primal and dual solution respectively. The first equality

holds because of strong duality and the second equality holds because of the definition of

the Lagrangian dual function in (2.158]). Relation (2.159) implies
w* = argmin{J7°(w) + (*)TVYw}. (2.160)
w
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As a result, one can solve for w* with the following two steps. First, we calculate y* according

to
»* = argmax{g(y)}. (2.161)
Yy
Second, we calculate w* according to (2.160f). This approach is named as the dual method
[110,111].
Now we derive a dual method that can solve problem (1.1]) in a distributed manner. Note
that since g(y) = —J*(—Vv) as derived in (2.158)), we can therefore reach ¥* by solving
m)%n T (=Vy). (2.162)

There are many approaches to solve the above unconstrained problem. For example, the

gradient descent method is
Vi = Vi1 + pVVI* (=Vyi_1). (2.163)

Multiplying —V to both sides of the above recursion, we reach

-A)
2

—Vyi=—-Vyi1—p VI (=Vvi1) (2.164)

which is equivalent to

(I-A

Zi =21 — U——F— 9

VI (2i-1) (2.165)
where we defined z = Vy;. Note that

J*(2) = sup{z"w — T°(w)}
w

= S}/lvp{z Zpwy, — ?Jk(wk)]}

k=1
K
=> Ji(=) (2.166)
k=1
where we defined J;(z,) = sup,, {zfw; — % Ji(wg)} and it has a closed- formﬂ With the
above relation, we have
VI*(2) = co{VJj(#1), VI3 (22), -+ ,VIi(2K)} (2.167)

1Recall that we only consider special form of Ji(w) in this section such that the conjugate J;(-) has a
closed-form
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and hence the update in (2.165)) can be conducted in a decentralized manner. Finally, once

the optimal dual solution z* is reached, we can derive the primal optimal solution w* as

T

w* = argmin{J7°(w) + () ' w}
w

. 1 .
— argyf}mn{Z[EJk(wk) + (25) Twg)} (2.168)
k=1
which implies that
wi = arg min{Jy (wy) + K (z5) Twy } (2.169)

Wi

The dual method is summarized in Algorithm 2.3. It is observed that all communication
occurs when solving the dual problem , see the recursion . If the gradient de-
scent recursion is accelerated, we can reduce the communication cost. An important
observation is that the dual problem ([2.162]) is unconstrained, which exactly falls into the
Nesterov’s acceleration framework. As a result, the authors in [110] propose to solve the

dual problem (2.162)) with Nesterov’s recursion |139):

Xi = Zi_1— ﬂ%v‘j*@ifl)’ (2.170)

z; = x; + B(x; — xi1)
where x; is an auxiliary variable and [ is the momentum coefficient. This accelerated dual
method is listed in Algorithm 1 of [110]. According to [110,[111], the above accelerated dual
method reaches the theoretical lower communication bound for distributed algorithms, and
is theoretically better than the other accelerated algorithms based on EXTRA and DIGing.
However, one should note that The dual methods usually require the conjugate function
J*(2) to have a closed-form, which significantly limits the application of this family of

methods.

2.D Proof of (2.116))

The characteristic polynomial of F — G;_; is given by
7
QM) =(A=1)D(), where D) =) aA* (2.172)
k=0
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Algorithm 2.3 Basic dual approach

Setting: Each agent k derives the closed-form of the conjugate function Ji(z;) =
sup,,, {24 wy — = Ji(wi)}
Repeat until z,, — z;:

Zk,i = Zki-1— g(VJ;(zk,i,l) — Z (lngJ;(Zgﬂ;l)) (2171)
fENk

Output: Each agent k derives wj according to wj = argmin,, {Ji(wy) + K(z) Twy}.

and

ar =32, ag=384u — 128, a5 = 682u*—15124+248,
ay = 42907 — 2458% + 27124 — 288,

as = 80u* — 134643 + 3672u% — 26924 + 210, (2.173)

as = —240p* 4+ 164943 — 29044% + 1593 — 98,
ay = 240p* — 976> 4+ 12604 — 5524 + 28,

ap = —80u* + 244 — 2524 4 92 — 4. (2.174)

It is easy to observe from that A = 1 is one eigenvalue of F — G;_;. As mentioned in
and its following paragraph, this eigenvalue A = 1 does not influence the convergence
of recursion because of the initial conditions. It is the roots of D()) that decide the
convergence of the exact diffusion recursion (2.106). Now we will prove that there always
exists some root that stays outside the unit-circle no matter what the step-size p is. In other

words, D()) is not stable for any p.

Since D(A) is a 7-th order polynomial, its roots are not easy to calculate directly. Instead,

we apply the Jury stability criterion [140] to decide whether D()) has roots outside the unit-
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circle. First we construct the Jury table as shown in Fig. [2.11] where

Qo Qr—k

by, = = apa, — arar—p, k=0,---,06 (2.175)
ay Qg
by bs_

co=| | =boby — bebsg, k=0, 5 (2.176)
be bk
(& €3_

fo=| " T = eoer —eses g, k=0, 2. (2.177)
€3 €L

According to the Jury stability criterion, D(\) is stable (i.e., all roots of D(\) are within

the unit-circle) if, and only if, the following conditions hold:

D(1) >0, (=1)"D(=1)>0, lao|<ar, |bo| > |bs|

lcol > |esl,  |do|l > |da|, |eo|l > les], |fo] > |fal- (2.178)

If any one of the above conditions is violated, D()) is not stable. Next we check each of the

conditions:

(1) D(1) > 0 is satisfied for any p > 0 since

7
D(1) = ay=251>0. (2.179)
k=0

(2) (=1)"D(—1) > 0. To guarantee this condition, we need to require that

(=1)"D(-1)

= 640" — 46443 + 11228% — 9537 + 1036 > 0. (2.180)
With the help of Matlab, we can verify that

(=1)"D(=1) > 0 when pu < 0.1265 or u > 3.0410. (2.181)

(3) |ag| < ay. To guarantee this condition, we need

|—80p* + 2444% — 2524% + 92 — 4] < 32, (2.182)
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an le ,};2

Figure 2.11: The Jury table for the 7-th order system.

which is equivalent to requiring
—0.1884 < p < 1.6323. (2.183)
With , and , we conclude that when
0 < p < 0.1265, (2.184)

conditions (1), (2) and (3) will be satisfied simultaneously. Moreover, with the help of
Matlab, we can also verify that the step-size range (2.184]) will also meet conditions (4)

|bo| > |bg], (B) |co| > |cs| and (6) |do| > |ds|. Now we check the last two conditions.

(7) leo| > |es|. To guarantee this condition, the step-size u is required to satisfy

0.0438 < p1 < 0.1265. (2.185)

(8) |fol > | f2|]- To guarantee this condition, the step-size p is required to satisfy

0 < p <0.0412. (2.186)

Comparing (2.184)), (2.185) and (2.186]), it is observed that the intersection of these three

ranges is empty, which implies that there does not exist a value for 4 that makes all conditions

(1)—(8) hold. Therefore, we conclude that D(\) is not stable for any step-size f.
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CHAPTER 3

Exact Diffusion for Distributed Optimization:

Convergence Analysis

In this chapter, we will establish the linear convergence of exact diffusion using its primal-
dual form . This is a challenging task due to the coupled dynamics among the agents.
To facilitate the analysis, we first apply a useful coordinate transformation and characterize
the error dynamics in this transformed domain. Then, we show analytically that exact
diffusion is stable, converges linearly, and has a wider stability range than EXTRA consensus
strategy [75]. We also compare the performance of exact diffusion to other existing linearly
convergent algorithms besides EXTRA, such as DIGing [93] and Aug-DGM [95]96] with

numerical simulations.

3.1 Convergence of Exact Diffusion

The purpose of the analysis in this section is to establish the exact convergence of wy; to
w*, for all agents in the network, and to show that this convergence attains an exponential

rate.

3.1.1 The Optimality Condition

Lemma 3.1 (Optimality Condition) If condition (2.9)) holds and block vectors (w*, y*)

exist that satisfy:

AT MV T + Pyt =0, (3.1)

YW = 0. (3.2)
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then it holds that the block entries of w* satisfy:

where w* is the unique solution to problem (2.1)).

Proof. From ([2.67)), we have

YW =0<4<= w] =w; = = wg. (3.4)
Next we check wj = w*. Since P > 0, condition (3.1) is equivalent to

PA MV T(W) + Vy* = 0. (3.5)
Let T = 1x ® Iy € RMEXM N\ultiplying by Z7 gives
0= IT(PA MVI°(W*) + Vy*) L TTPAT MV T°(w*)

K
> @V Ji(wp), (3.6)

where equality (a) holds because V is symmetric and . Since # # 0, we conclude that
S @ VJk(wh) = 0, which shows that the entries {w}}, which are identical, must coincide
with the minimizer w* of Observe that since J*(w) is assumed strongly-convex, then
the solution to problem , w*, is unique, and hence w* is also unique. However, since
V is rank-deficient, there can be multiple solutions y* satisfying . Using an argument
similar to [74,75], we can show that among all possible »*, there is a unique solution y? lying

in the column span of V.

Lemma 3.2 (Particular solution pair) When condition (2.9) holds and J°(w) defined
by (L.1) is strongly-convex, there exists a unique pair of variables (W*, %), in which v lies
in the range space of V, that satisfies conditions ([3.1])-(3.2]).

Proof. First we prove that there always exist some block vectors (W*, »*) satisfying (3.1))—

(3.2). Indeed, when J°(w) is strongly-convex, the solution to problem (2.1)), w*, exists and

70



is unique. Let w* = 1 ® w*. We conclude from Lemma that condition (3.2)) holds.

Next we check whether there exists some y* such that
Py = — A MVT (W), (3.7)
or equivalently,

Vy* = —PA MVT° (W)

— 1—
= —APMVT°(W*) = —B.AVJ*(W*), (3.8)
where the last equality holds because
pap1 VJi (w*) %le(@U*>
PMYT°(w") = s & s B v, 69
quKVJK(w*) qFKVJK@U*)

To prove the existence of y*, we need to show that AV7*W*) lies in range(V). Indeed,

observe that
o K
TTAVT* W) =TTV T (W) > @ Vi(w*) =0 (3.10)
k=1

where the equality (a) holds because of equation ([2.74] m ). Equality (3.10) implies that AV 7*(w*)
is orthogonal to span(Z), i.e., span(lx ® Ip). With (2.67) we have

AVT*W*) L null(V) & AVJ*(W*) € range(V7)
& AVI* (W) € range(V), (3.11)

where the last “<” holds because V' is symmetric.

We now establish the existence of the unique pair (W*,¥%). Thus, let (W*,»*) denote an
arbitrary solution to (3.3). Let further % denote the projection of y* onto the column span

of V. It follows that V(y* —»%) = 0 and, hence, Vy* = Vy%. Therefore, the pair (w*,y%) also

satisfies conditions (3.1))-(3.2)).

Next we verify the uniqueness of ¥ by contradiction. Suppose there is a different yj lying

in R(V) that also satisfies condition (3.1). We let y% = Va% and »y} = Vaj. Substituting v*
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and y} into condition (3.1, we have
AT MV T + P12 =0, (3.12)
AT MVTO W) + PV =0, (3.13)
Subtracting from and recall P > 0, we have V?(x* — x7) = 0, which leads to
V(xs — x7) = 0 <= y; = »}. This contradicts the assumption that ¥} # »}. n

Using the above auxiliary results, we will show that (w;, »;) generated through the exact

diffusion (2.88)) will converge exponentially fast to (W*, ¥%).

3.1.2 Error Recursion

Let w* = 1 g ®w™*, which corresponds to a block vector with w* repeated K times. Introduce
further the error vectors
{/v\/i :W*—WZ‘, 52 :yZ—yi. (314)
The first step in the convergence analysis is to examine the evolution of these error quantities.
Multiplying the second recursion of (2.88)) by V from the left gives:
1
Vy, = Vy;_1 + §(P — PA)WZ (3.15)

Substituting (3.15)) into the first recursion of (2.88)), we have
ATy = AT (W +MYT (1) ) +P Vo,

(3.16)
371' = i’—l - VWi.
Subtracting optimality conditions (3.1)—(3.2)) from (3.16|) leads to
ATy = AT (B MV T (wi) =TT (W)]) =P~ V3,
(3.17)

Vi = YVi—1 + YWy
Next we examine the difference V.J7°(w;—1) — VI°(W*). To begin with, we get from (22.78))
that
VJi(wy-1)—V Iy (w*)
VI (Wiz1) =V T°(W*)= : (3.18)
VJk(wk,i—1)—VJg(w*)
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When VJj(w) is twice-differentiable (see Assumption [3.1)), we can appeal to the mean-value
theorem from Lemma D.1 in [1], which allows us to express each difference in (3.18)) in the

following integral form in terms of Hessian matrices for any k =1,2,... N:
1
VJk(wk,i_l)—VJk(w*) =— </ VQJk(w*—r@M_l)dr) ak,i—l-
0
If we let
A !
Hyi = / V2 (W* =1ty )dr € RMM, (3.19)
0

and introduce the block diagonal matrix:

Hi 2 diag{Hl,i—b H2,i—17 T, HK,i—l}a (3-20)
then we can rewrite (3.18)) in the form:

VJD(Wi_l) - VJO(W*) = —7‘[2‘_117\/@_1. (321)

Substituting into (3.17)) we get

A=A (I — MHi_ 1 )Wiot — PV,

(3.22)
Vi =Yi_1+ VW,
which is also equivalent to
A pw | | W A Ly — MH;) 0 Wi
= _ . (3.23)
=V Iux Vi 0 Ik Vi1
Using the relations ZT = W and V? = P_TPAT, it is easy to verify that
i 1 - 1
A PV 1 PV
= | M . (3.24)
-V Iyx )% IMK—VP‘W
Substituting into ((3.24]) gives
- —T ~
Wi ./4 1 - MHZ_ —P_IV Wi;—
_| A U ) 1 (3.25)

Vi VJTlT(IMK - MH;1) Iyx — VPV Vi1
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That is, the error vectors evolve according to:

lf/VVi {/sz‘—l
A T AN (3.26)
Vi Yi—1
where
Al A ey
B = . 7 (3.27)
i VA Iyx — VPV
A [ ZTMHZ 0
T, 2 . (3.28)
i VA MH; O

Relation ((3.26)) is the error dynamics for the exact diffusion algorithm. We next examine its

convergence properties.

3.1.3 Proof of Convergence

We first introduce a common assumption.

Assumption 3.1 (Conditions on cost functions) FEach Ji(w) is twice differentiable, and

its Hessian matrix satisfies
V2 Je(w) < 61y (3.29)
Moreover, there exists at least one agent k, such that Jy, (w) is v-strongly convez, i.e.
V2 Ik, (W) > viyy. (3.30)
|

Note that when Ji(w) is twice differentiable, condition is equivalent to requiring each
VJi(w) to be d-Lipschitz continuous [1]. In addition, condition ([3.30]) ensures the strong
convexity of J°(w) and J*(w), and the uniqueness of w® and w*. It follows from (3.29)-
(3-30) and the definition that

Hk,i—l S (S[M, Vk and Hk’o,i—l Z I/IM. (331)
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The direct convergence analysis of recursion ([3.26)) is challenging. To facilitate the anal-
ysis, we identify a convenient change of basis and transform (3.26)) into another equivalent
form that is easier to handle. To do that, we first let

A PV

VA Ix—-VPV

12

B € R2Ex2E (3.32)

It holds that B = B ® I,;. In the following lemma we introduce a decomposition for matrix

B that will be fundamental to the subsequent analysis.

Lemma 3.3 (Fundamental Decomposition) The matriz B admits the following eigen-

decomposition
B=XDX", (3.33)
where
I 0
D= (3.34)
0 Dy

and D; € REE=2xCK=2) 45 o diagonal matriz with complex entries. The magnitudes of the

diagonal entries satisfy

|Dy(2k—3,2k—3)| = |D1(2k—2,2k—2)| = \/ M(4) < 1,

VEkE=223,---N. (3.35)
Moreover,
—1 L
X:[R‘XR}, X=|—], (3.36)
XL

where Xp € R¥#XCE=2) gng X, € RCK=2x2K and R and L are given by

i}
r= |0 |erooe 2|7

0 1k 0

€ R¥2K, (3.37)

14T
wlik

Proof See Appendix |
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Remark 3.1 (Other possible decompositions) The eigendecomposition (3.33) for B is
not unique because we can always scale X and X' to achieve different decompositions. In

this paper, we will study the following family of decompositions:
B=X'D(X"), (3.38)

where

/ n—1 L
X=[Rr | xa ] ()= , (3.39)
CXL

and ¢ can be set to any nonzero constant value. We will exploit later the choice of ¢ in

identifying the stability range for exact diffusion. [ |

For convenience, we introduce the vectors:

1 0 0
rn = " , g = agl = g a£2 = ) (340)
0 g 0 L1y
so that
o
R = [7”1 7’2], L= . (341)
ET
2

Using ([3.33)—(3.41]), we write
/ n—1 A / n—1
B=(X"®Iy) (D& ILy) (X)) ®Iy) = X'DX')
Iy 0 0 2l

:[Rl Ro %XR] 0 Iy O £l |, (3.42)
0 0 Dl CXL

where Dy = D1 ® Iy,

0
Rl — c RQKMXM’ RQ — c RQKMXM, (343)
0 A
P 2KMxM 0 2KMxM
Ll = eR , £2 = eR , (344)
0 17
K
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while Xp = Xp @ Iy € REEMXAK-DM and X, = z; ® I, € REE-DMX2KM - \oreover, we

are also introducing

I=1x @ I); € REM*M DP_p® I, € REMXM (3.45)

where the variable P defined above is different from the earlier variable P = PRI, ¢ KM*xNM

Multiplying both sides of (3.26) by (X) "

O B B RO -E ARG O R (3.46)
Vi Vi—1
leads to
X; Iy 0 0 i1
x| = 0 Iy 0 | =8 Xi1 | (3.47)
X; 0 0 D Xi1
where we defined
X; N L] B
wl2at | = ] (3.49)
%, Vi X, Vi
and
LIT ARy LITaRs LLTT &
S = (X)'TaX= | LIT Ry LITaRs L1751 Xk (3.49)
cXTi ARy cXpTiaiRa XiTi 1 Xg
To evaluate the block entries of S;_1, we partition
o (3.50)

XR = )
Xr.d

where Xp,, € REM>X2(E=DM and Xy, € REM>2(K=DM Then it can be verified that

LIT Ry =P MM,_\T, (3.51)
LITi 1Ry =0, (3.52)
(3.53)

1 1
LT = 2P MM X

7



While

—T
AMH; 1 0| @er
LT =0 227 || 7 =Moo, (3.54)
VA MH;—; 0
Therefore, it follows that
1
LITiaR1=0, LITi_iRo =0, —L3T;_1Xp =0. (3.55)
c
Substituting (3.49)), (3.51)—(3.53) and (3.55)) into (3.47)), we have
X, Iy—P MH; T 0 AP MH; A Xpw ||
}i - 0 Iy 0 27;,1 (356)
X; —cXLTiciR1 —cXpTicaRe  Di—XLTiaXr | |Xia
From the second line of (3.56)), we get
Xi= X;_1. (3.57)

As a result, x; will stay at 0 only if the initial value Xy = 0. From the definition of L5 in

(3.40) and (3.48) we have

~ Wo 1 4~
Xg = Eg _ = EITJJ()
Yo
1) 1 89 1
=TT — o) = =TT — Vo). (3.58)

Recall from Lemma [3.2| that 7 lies in the range()V), so that ¥ — Vwy also lies in range(V).
From Lemma we conclude that Xy = 0. Therefore, from ([3.57)) we have

=0, Vi>0 (3.59)

With (3.59)), recursion (3.56)) is equivalent to

%o |I-P MHAT 1P MM X, | | %
X —cXpTica R4 Dy — X, Tio1 xR Xiq

(3.60)

The convergence of the above recursion is stated as follows.
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Theorem 3.1 (Linear Convergence) Suppose each cost function Ji(w) satisfies Assump-
tion the left-stochastic matriz A satisfies the local balance condition (2.13)), and also
condition (2.9)) holds. The exact diffusion recursion (2.88)) converges exponentially fast to

(w*, %) for step-sizes satisfying

pkoTkol/(l — )\)

,umax — 2\/pn’l:ad52 ) (3-61)
where A=1/ Ay (A) <1, Tk, =4k, / imax, Pmax=mmaxy{py} and
A Al Ao
ag = [|X|TalllXell, where Ta = | : (3.62)
VA 0
The convergence rate for the error variables is given by
2
Wi 4
< Cp', (3.63)
Vi
where C' is some constant and p =1 — O(lmax), namely,
2/ Pmax a0 12
p =max {1 — Pk, TkoV Umax + P 1 d/\ Mmax,
- 02 2028242
A Y max@d0 Fmax . “AmaX} <1 (3.64)
Pko TV -
Proof. See Appendix [3.B] [

With similar arguments shown above, we can also establish the convergence property of
the exact diffusion algorithm 2.2 in Chapter 2. Compared to the above convergence analysis,
the error dynamics for algorithm 1’ will now be perturbed by a mismatch term caused by
the power iteration. Nevertheless, once the analysis is carried out we arrive at a similar

conclusion.

Theorem 3.2 (Linear convergence of Algorithm 2.2) Under the conditions of Theo-
rem there exists a positive constant i1 > 0 such that for step-sizes satisfying p < fi, the

exact diffusion Algorithm 2.2 will converge exponentially fast to (w*,¥%).

Proof. See Appendix 3.C] [
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3.2 Stability Comparison with EXTRA

3.2.1 Stability Range of EXTRA

In the case where the combination matrix A is symmetric and doubly-stochastic, and all
agents choose the same step-size pu, the exact diffusion recursion (2.88)) reduces to

wi = A(wia—pV I (wir) ) =P~ Wi, (3.65)

Vi = Vi1 + VWi
where P = I /K. In comparison, the EXTRA consensus algorithm [75] has the following
form for the same P (recall though that exact diffusion was derived and is applicable
to a larger class of balanced left-stochastic matrices and is not limited to symmetric doubly
stochastic matrices; it also allows for heterogeneous step-sizes):
wi = Awi =V I (wi,) =PV,
(3.66)
Yi = Yi Wi,
where we are using the notation w¢ and »§ to refer to the primal and dual iterates in the
EXTRA implementation. Similar to , the initial condition for is
wo = A — VI (W),
(3.67)
Yo = Ywg.

Comparing and we observe one key difference; the diffusion update in ([3.65))
involves a traditional gradient descent step in the form of w;_y — uV.J°(w;_1). This step
starts from w;_; and evaluates the graduate vector at the same location. The result is then
multiplied by the combination policy A. The same is not true for exact consensus in (13.66));
we observe an asymmetry in its update: the gradient vector is evaluated at w¢ ; while the
starting point is at a different location given by jwf_l. This type of asymmetry was shown
in [1,4] to result in instabilities for the traditional consensus implementation in comparison
to the traditional diffusion implementation. It turns out that a similar problem continues to
exist for the EXTRA consensus solution . In particular, we will show that its stability

range is smaller than exact diffusion (i.e., the latter is stable for a larger range of step-sizes,
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which in turn helps attain faster convergence rates). We will illustrate this behavior in the
simulations in some detail. Here, though, we establish these observations analytically. The
arguments used to examine the stability range of EXTRA consensus are similar to what
we did in Sec. for exact diffusion; we shall therefore be brief and highlight only the

differences.

As already noted in [75], the optimality conditions for the EXTRA consensus algorithm

require the existence of block vectors (W*, »*) such that

uNV T (W) + P Vv =0, (3.68)

Yt = 0. (3.69)

Moreover, as argued in Lemma , there also exists a unique pair of variables (W*,y%), in
which % lies in the range space of V, that satisfies (3.68)-(3.69). Now we introduce the

block error vectors:

Wy =wr—wi, Y =, — 5, (3.70)

and examine the evolution of these error quantities. Using similar arguments in Section
3.1.2, and recalling the facts that A is symmetric doubly-stochastic, and M = ulyx, we
arrive at the error recursion for EXTRA consensus (see Appendix [3.D)):

e

wW; — ,UHifl —P_IV 17\/;3_1

’375 V(./Tl — HHi—l) Iy — VPV ’)7:_1

pN

e

Wi

S BT | T, (3.71)
3’:71
where
A —P-ly H, 0
B2 | e A | . (3.72)
VA Iyr—VP~ VY pVH; 0

It is instructive to compare (3.71)—(3.72)) with (3.26))—(3.28). These recursions capture the

error dynamics for the exact consensus and diffusion strategies. Observe that B¢ = B when

A is symmetric and M = ulyx. Therefore, B¢ has the same eigenvalue decomposition as in
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(3.42)—(3.45). With similar arguments to (3.33)—(3.60)), we conclude that the reduced error
recur-sion for EXTRA consensus takes the form (see Appendix [3.E|):

®

X6 ]M—ufTHz‘_lz —%7_7THi—1XR,u X
x$ —cX TRy Dy — XLTE X | |3,

~

(3.73)

Following the same proof technique as for Theorem we can now establish the following

result concerning stability conditions and convergence rate for EXTRA consensus.

Theorem 3.3 (Linear Convergence of EXTRA) Suppose each cost function Ji(w) sat-
isfies Assumption [3.1], and the combination matriz A is primitive, symmetric and doubly-

stochastic. The EXTRA recursion (3.71) converges exponentially fast to (w*,¥%) for step-

sizes | satisfying

v(l—\)
<A 3.74
HE Ve (3
where A = 1/ Xa(A) < 1 and
Iykg O
ae = | XL Tl | Xrll, where Te = (3.75)
V 0
The convergence rate for the error variables is given by
2
WS ,
| <cn 370
where C'is some constant and p = 1 — O(lmax), namely,
{1 v N 20,0212
e = IMax — 7-Mmax T =
g KM TR =)
K 652 e 2 2(52 2
A+ VEadp 4 e ”max} < 1. (3.77)
v 1—A
Proof. See Appendix [3.F] [
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3.2.2 Comparison of Stability Ranges

When A is symmetric and M = plyx, from Theorem we get the stability range of exact

diffusion:
< v1—A) , (3.78)
2VK || XL ||| Tall|| Xr]|62
where
A 0
Ta=| _ : (3.79)
VA 0

Comparing (3.78) with (3.74]), we observe that the expressions differ by the terms ||7.|| and

| 7a]|. We therefore need to compare these two norms.

Notice that

||7;||2 = )‘max( eT7;) = /\max(IMK + VQ), (3.80)
H%HZ = )\max(,]ZlT,]:l) = )\max(Z(IMK + V2>~/71) (381)

It is easy to recognize that Apa(Inrgx + V?) = Amax(Ix + V?). Now, since A is assumed

symmetric doubly-stochastic and P = %[ K, we have

P—PA
2
Ix—A (K+1)Ix—A

=1 = 3.82

Ix +V?=Ig+

Moreover, since A is primitive, symmetric and doubly stochastic, we can decompose it as
A=UAUT, (3.83)
where U is orthogonal, A = diag{\(A),---, Ax(A)} and

With this decomposition, expression (3.82)) can be rewritten as

(2K + 1)Ix — A
2K
83
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from which we conclude that

(2K +1) — Ag(A)
2K

)\max(IK + V2) - (386)

Similarly, Apax(A(Inr + V2 A) = Anax (A(Ix + V?2)A). Using A = %, and equations
(3.83) and (3.85)), we have

Al + VA
_ (]K;LA) ((2K+21[)<IK—A> <1K2+A> (3.87)
o <1K 2+ A) ((zK +21[)<IK - A) <1K 2+ A> T (3.58)

Therefore, we have

Amax (A(Ig +V?)A)

_ mgx{(xk(AQ)H)? <2K+12[;>\k(,4))}

(a) Ae(A) + 1) 2K + 1 — \(A)
< Ay
()| e
2K +1— Ag(A)
3 — . (3.89)
It is worth noting that the “=" sign cannot hold in (a) because
2
arg max { <M> } =1, (3.90)
h 2
arg max G = N. (3.91)
k 2K

2
Ar(A)+1 2K 41—\ (A . .
In other words, (—k(2)+ > and 28 _2el2) i 54 cannot reach their maximum values at the same

k. As a result,
17all* < I7e)1? = aa < @ (3.92)

This means that the upper bound on g in (3.74) is smaller than the upper bound on p in

B79).
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We can also compare the convergence rates of EXTRA consensus and exact diffusion
when both algorithms converge. When A is symmetric and M = ulyx, from Theorem

we get the convergence rate of exact diffusion:

2 52 2 K 52 e 2 252 2
QAqO~ M ax A \/_ad 2 + Qg :U’max}. (393)

v
=max 1 — — fimax )
pa { K" VE(1 =\ v 1— A\

It is clear from (3.93)) and (3.77) that EXTRA consensus and exact diffusion have the same

convergence rate to first-order in fiyay, namely,

~ 14 ~
Pd = 1— E,umax = Pe (394)

More generally, when higher-order terms in p,. cannot be ignored, it holds that pg < pe

because ag < . (see (3.92))). In this situation, exact diffusion converges faster than EXTRA.

3.2.3 An Analytical Example

In this subsection we illustrate the stability of exact diffusion by considering the example
of mean-square-error (MSE) networks [1]. Suppose K agents are observing streaming data

{dy (i), us,} that satisfy the regression model
dy. (i) = uy w’ + v (i), (3.95)

where w° is unknown and wg(7) is the noise process that is independent of the regression
data wy; for any k,j. Furthermore, we assume wy; is zero-mean with covariance matrix
Ry = Eugiug; > 0, and vg(i) is also zero-mean with power o7, = Evi(i). We denote
the cross covariance vector between d (i) and wy; by 74ur = Edi(i)uy,;. To discover the
unknown w?, the agents cooperate to solve the following mean-square-error problem:

min 1K E(dy (i) — ufw)’. (3.96)

weRM .

It was shown in Example 6.1 of [1] that the global minimizer of problem (3.96] coincides

with the unknown w? in ([3.95]).

When R, and rg, ) are unknown and only realizations of wy,; and dj (i) are observed

by agent k, one can employ the diffusion algorithm with stochastic gradient descent to solve
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Figure 3.1: A two-agent network using combination weights {a,1 — a}

(3.96). However, when R, and 74, are known in advance, problem (3.96) reduces to
deterministic optimization problem:

1 K

min = (0" Rypw — 2rj, ,w). (3.97)

weRM 24—
We can then employ the exact diffusion or the EXTRA consensus algorithm to solve ([3.97)).

To illustrate the stability issue, it is sufficient to consider a network with 2 agents (see

Fig. and with diagonal Hessian matrices, i.e.,
Ry1 = Rys = 0?1y (3.98)
We assume the agents use the combination weights {a,1 — a} with a € (0,1), so that

a 1l—a oo
A= e R**%, (3.99)
1—a a
which is symmetric and doubly stochastic. The two agents employ the same step-size p (or
p€ in the EXTRA recursion). It is worth noting that the following analysis can be extended
to K agents with some more algebra.
Under (3.98), we have H; = Hy = 02I; and H = diag{ H,, H,} = 0*I5);. For the matrix
Ain (3.99), we have

MA) =1, MA)=2a—1€(-1,1), (3.100)
and p = [0.5;0.5], P = 0.515.

e e

Let z; = [wy; 3] € R*M and Z{ = [W}; ;] € R*M. The exact diffusion error recursion
(3.26) and the EXTRA error recursion (3.71)) reduce to
2 = QuZi 1, (3.101)
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where

Qd: _ ®]M7

(3.102)

(3.103)

(3.104)

To guarantee the convergence of z; and z7, we need to examine the eigenstructure of the

4 x 4 matrices Qg and ).. The proof of the next lemma is quite similar to Lemma |3.3}; if

desired, see Appendix F of the arXiv version [16].

Lemma 3.4 (Eigenstructure of Q;) The matriz Qq admits the following eigendecompo-

sition
Qd = X@dxia
where
_ 1 0
d p—
0 E,
and
1 — po? 0 0
By = 0 (1 — po?)a —V2 —2a
0 (1 — po?)ay /52 a

Moreover, the matrices X and X~ are given by

ET
X = [ r Xg } ., X l'= :
X
where Xp € RY3, X, € R34, and
11 0 0
r=- eR, (= eR’
211, 1y

87

(3.105)

(3.106)

(3.107)

(3.108)

(3.109)



It is observed that ()4 always has an eigenvalue at 1, which implies that )4 is not stable no

matter what the step-size p is. However, this eigenvalue does not influence the convergence
of recursions (3.101)). To see that, from Lemma we have

Qi=X0uX ™' = |R Xy | e 0

(3.110)
0 & XL
where XR :XR®[M7 XL :XL®[M7 8d: Ed®[M7 and

. (3.111)
1o ® Iy
Let

I~ L7z
=Xz = . (3.112)

éz‘ XLEZ
The exact diffusion recursion (3.101)) can be transformed into

Iy O z

Zi_
= e (3.113)
0 & Zi 1

which can be further divided into two separate recursions:

2 =221, 2zi=E&Zi1.

(3.114)

Therefore, z; = 0 if Z5 = 0. Since y9 = Vwy and ¥} € range(V), we have Yy = ¥} — ¥y €
range(V). Therefore,

~ (3.112) ~ {/VVO (2.67)
ZOLTZO—[O (]12®IM)T 07

N (3.115)
Yo
As a result, we only need to focus on the other recursion:

ZVZZ' = gdéi—la where gd = Ed & ]M

(3.116)

If we select the step-size u such that all eigenvalues of E,; stay inside the unit-circle, then we
guarantee the convergence of Z; and, hence, z;.

88



Lemma 3.5 (Stability of exact diffusion) When u is chosen such that

0 < po® <2, (3.117)
all eigenvalues of E4 will lie inside the unit-circle, which implies that z; in converges
to 0, i.e., z; — 0.
Proof. See Appendix . Next we turn to the EXTRA error recursion (3.102)). |

Lemma 3.6 (Instability of EXTRA) When pu° is chosen such that
peo® >a+1, (3.118)

it holds that Z; generated through EXTRA (3.102)) will diverge.

Proof. See Appendix [3.H] |

Comparing the statements of Lemmas [3.5] and [3.6] and since 1 + a < 2, exact diffusion
has a larger range of stability than EXTRA (i.e., exact diffusion is stable for a wider range
of step-size values). In particular, if agents place small weights on their own data, i.e., when

a =~ 0, the stability range for exact diffusion will be almost twice as large as that of EXTRA.

3.3 Numerical Experiments

In this section we compare the performance of the proposed exact diffusion algorithm with
existing linearly convergent algorithms such as EXTRA [75], DIGing [93], and Aug-DGM
[95,/96]. In all figures, the y-axis indicates the relative error, i.e., |[w; — w°||?/|[wo — w°||?,
where w; = col{wy ;, -+ ,wr;} € REM and w° = col{w®,--- ,w’} € REM_ All simulations

employ the connected network topology with N = 20 nodes shown in Fig. in Chapter 2.

3.3.1 Distributed Least-squares
In this experiment, we focus on the least-squares problem:
1 K
o __ : - _ 2
w’ =argmin - ; | Urw — di||”. (3.119)

weRM
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The simulation setting is the same as Sec. in Chapter 2.

In the simulation we compare exact diffusion with EXTRA, DIGing, and Aug-DGM.
These algorithms work with symmetric doubly-stochastic or right-stochastic matrices A.
Therefore, we now employ doubly-stochastic matrices for a proper comparison. Moreover,
there are two information combinations per iteration in DIGing and Aug-DGM algorithms,
and each information combination corresponds to one round of communication. In compar-
ison, there is only one information combination (or round of communication) in EXTRA
and exact diffusion. For fairness we will compare the algorithms based on the amount of
communications, rather than the iterations. In the figures, we use one unit amount of com-
munication to represent 2M E communicated variables, where M is the dimension of the
variable while E' is the number of edges in the network. The problem setting is the same as
in the simulations in Chapter 2, except that A is generated through the Metropolis rule [1].
In the top plot in Fig. [3.2] all algorithms are carefully adjusted to reach their fastest con-
vergence. It is observed that exact diffusion is slightly better than EXTRA, and both of
them are more communication efficient than DIGing and Aug-DGM. When a larger step-size
= 0.02 is chosen for all algorithms, it is observed that EXTRA and DIGing diverge while
exact diffusion and Aug-DGM converge, and exact diffusion is much faster than Aug-DGM

algorithm.

We also compare exact diffusion with Push-EXTRA [100,123] and Push-DIGing [93] for
non-symmetric combination policies. We consider the unbalanced network topology shown
in Fig. in chapter 2. The combination matrix is generated through the averaging rule.
Note that the Perron eigenvector p is known beforehand for such combination matrix A,
and we can therefore substitute p directly into the recursions of Push-EXTRA and Push-
DIGing. In the simulation, all algorithms are adjusted to reach their fastest convergence.
In Fig. [3.3] it is observed that exact diffusion is the most communication efficient among
all three algorithms. This figure illustrates that exact diffusion has superior performance for

locally-balanced combination policies.
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100 & : ‘ ‘ ‘
—a— Exact Diffusion (3)-(5)
——EXTRA [18]
—o—DIGing [19]
5 : - |—*=Aug-DGM [20]

Relative error
S
T

10 - 8
10_20 I I I I I I I I
100 200 300 400 500 600 700 800 900 1000
amount of communication
10%°
—a— Exact Diffuion (3)-(5)
10 | ——EXTRA[18] |

—e—DIGing [19]
—<— Aug-DGM [20,21]

Relative error

100 200 300 400 500 600 700 800 900 1000
amount of communication

Figure 3.2: Convergence comparison between exact diffusion, EXTRA, DIGing, and Aug-DGM for dis-
tributed least-squares problem ([3.119)). In the top plot, the step-sizes for Exact diffusion, EXTRA, DIGing

and Aug-DGM are 0.013, 0.007, 0.0028 and 0.003. In the bottom plot, all step-sizes are set as 0.04.
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—a— Exact Diffusion (3)-(5)
—4— Push-EXTRA [15, 25]
Push-DIGing [19]

Relative error
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T

0 100 200 300 400 500 600
amount of communication

Figure 3.3: Convergence comparison between exact diffusion, EXTRA, DIGing, and Aug-DGM for dis-

tributed least-squares problem ([3.119)) with non-symmetric combination policy.

3.3.2 Distributed Logistic Regression

We next consider a pattern classification scenario. Each agent k£ holds local data samples
{Pij, Vet iey, where hy; € RM is a feature vector and y; € {—1,+1} is the corresponding
label. Moreover, the value L is the number of local samples at each agent. All agents will
cooperatively solve the regularized logistic regression problem:

K L

) 1
w® = arg mmz [z Z In (1+exp(—fyk7ghg,ew))+gHw||2} : (3.120)
k=1 =1

The simulation setting is the same as Sec. in Chapter 2.

In this simulation, we also compare exact diffusion with EXTRA, DIGing, and Aug-
DGM. A symmetric doubly-stochastic A is generated through the Metropolis rule. In the
top plot in Fig. [3.4] all algorithms are carefully adjusted to reach their fastest convergence.
It is observed that exact diffusion is the most communication efficient among all algorithms.
When a larger step-size p = 0.04 is chosen for all algorithms in the bottom plot in Fig. [3.4]
it is observed that both exact diffusion and Aug-DGM are still able to converge linearly to
w?, while EXTRA and DIGing fail to do so. Moreover, exact diffusion is observed much

92



more communication efficient than Aug-DGM.

3.A Proof of Lemma 3.3

Define V' 2 V 4+ 1xp’ € RE*K e claim that V' is a full rank matrix. Suppose to the
contrary that there exists some z # 0 such that V'z = 0, i.e.,(V+1gpT)x = Va+(p'a)lg =

0, which requires
Vr=—(p'a)lg. (3.121)

When pTx # 0, relation (3.121)) implies that 1x € range(V'). However, from Lemma we
know that

null(V) = span{l g} <= range(V")" = span{1x}

<= range(V)" = span{lx}, (3.122)

where the last “<” holds because V' is symmetric. Relation is contradictory to
1x € range(V). Therefore, V'x # 0. When p'z = 0, relation implies that Va = 0,
which together with Lemma [2.4] implies that x = ¢l for some constant ¢ # 0. However,
since p'1x = 1, we have p'x = ¢ # 0, which also contradicts with p'z = 0. As a result, V’

has full rank and hence (V')™" exists.

With V! =V + 1k and the fact V1g = 0 (see Lemma , we also have

VV' =V(V +1gp") = Vi Vigp' =V (3.123)

Vlg —1gp" )= (V+1gp )(Ix —1gp") =V. (3.124)

With relations (3.123) and (3.124]), we can verify that

T

Ix 0 a —py? Ix 0
0 V' {(V)WA Le—(v)WVPVE [0 (V)

@ |Ix O A A Ik | Ik 0

@ . . (3.125)
0 V' | |A —1xpT A 0 (V)
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—a— Exact Diffusion (3)-(5)
——EXTRA [18]
—o—DIGing [19]
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Figure 3.4: Convergence comparison between exact diffusion, EXTRA, DIGing, and Aug-DGM for problem
(13.120]). In the top plot, the step-sizes for Exact Diffusion, EXTRA, DIGing and AUG-DGM are 0.041, 0.028,

0.014 and 0.033. In the bottom plot, all step-sizes are set as 0.04.
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where in (a) we used V?=(P—PA)/2 and ZT:(IK+AT)/2. Using A = YAY ! from Lemma
[2.3] we have

—T

A= (Y HAYT, A —Ix= YT (A-Ix)YT" (3.126)
where A 2 (Ix +A) /2. Obviously, A > 0 is also a real diagonal matrix. If we let
A = diag{\(A), -, Ag(A)}, it holds that

M(A) = (M(A)+1)/2>0, Yk=1,--- N, (3.127)
and A;(A) = 1. Moreover, we can also verify that
A —1xp’ =Y HTAYT, (3.128)

where A; = diag{0, \2(A),---, Ax(A)}. This is because the vectors 1} and p are the left-
and right-eigenvectors of A. Combining relations (3.127) and (3.128)), we have

[ —T

A A — I

Yy-HT o A A—1Ix | [YT O
= o o ) (3.129)
0 (y-Ht Ay A 0 YT
With permutation operations, it holds that
B0 0 ]
A AT 0 Ey -+ 0
R ’ mn, (3.130)
0 0 - Er |
where II € Rf*K ig a permutation matrix, and
10 Me(A) A(A) —1
By = Ep— ’“(_) wl >_ Wk =2 N. (3.131)
01 Ae(A) Ak(A)

Now we seek the eigenvalues of Ej. Let d denote an eigenvalue of Ej. The characteristic
polynomial of Ej, is
d* — 20,(A)d + A\.(A) = 0. (3.132)
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Therefore, we have

@)= \/4)\2 — (A
. (3.133)
Since A\i(A) € (0,1) when k =2,3,---, N, it holds that 4)\?(A) < 4\x(A). Therefore, d is a

complex number, and its magnitude is y/Ax(A). Therefore, E; can be diagonalized as

di 0
Bo=2 | Z (3.134)

0 dio

where dj; and dj 2 are complex numbers and
|di 1| = ldial = \/ M(A) < 1. (3.135)
Define Z and X as

Z 2 diag{ls, Zs, 73, , Zc} (3.136)

1z (3.137)
0 Vv 0o (YT

Since each factor in X is invertible, X ' must exist. Combining (|3.125)) and (3.129)—(3.135)),

we finally arrive at

— I, 0
B=XDX °, where D = : (3.138)

0 D

and D; has the structure claimed in ((3.35)).

Therefore, we have established so far the form of the eigenvalue decomposition of B.
In this decomposition, each k-th column of X is a right-eigenvector associated with the
eigenvalue D(k, k), and each k-th row of X s the left-eigenvector associated with D(k, k).
Recall, however, that eigenvectors are not unique. We now verify that we can find eigenvec-
tor matrices X and X  that have the structure shown in and . To do so, it is
sufficient to examine whether the two columns of R are independent right-eigenvectors asso-

ciated with eigenvalue 1, and the two rows of L are independent left-eigenvectors associated
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with 1. Let

1 0
R = [7’1 o ] , where 7 E . T 2 (3.139)
0 1k
Obviously, r; and ry are independent. Since
Bry =11, Brg=ry, (3.140)

we know 7 and 7y are right-eigenvectors associated with eigenvalue 1. As a result, an
eigenvector matrix X can be chosen in the form X = [ R ‘ Xr ] , where each k-th column
of Xg corresponds to the right-eigenvector associated with eigenvalue D;(k, k). Similarly,

we let

a 0
L=| " | where ¢, 2 |P | 0, 2 1 . (3.141)
o 0 =1
It is easy to verify that ¢; and ¢, are independent left-eigenvectors associated with eigenvalue

1. Moreover, since LR = I, X! has the structure

L

X = : (3.142)

XL
where each k-th row of X corresponds to a left-eigenvector associated with eigenvalue

Di(k, k).

3.B Proof of Theorem (3.1

From the first line of recursion ((3.60)), we have
_ =T _ 17 -
X;= (IM—P MHZ_1I> Xi_l—zp MHi—IXR,uXi—L (3143)

Squaring both sides and using Jensen’s inequality [124] gives

2

_ 1—
| :))*= H(IM—PTMHi1I> E(ifl_zlpTMHifl XruXi

1 —T 2 9
< g TP MHaT]

11,7 ]
+ <P MM X | % | (3.144)
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for any t € (0,1). Using 7% = g/ ftmax, We obtain

K
P MH, T = pmax ®_ PeThHiia
k=1
(13.31) A
2 NmaxpkoTkoVIM - O-ll,ulmax]Ma (3145)

where 011 = pg, 7, v. Similarly, we can also obtain

K
=T
P MH; AT = pinax Y piTiHii

k=1
E3) (& (a)
S (Zpkﬂc) 5,umaXIM§ 5,umax[M7 (3146)
k=1

where inequality (a) holds because 7, < 1 and Zszl pr = 1. It is obvious that § > o11. As

a result, we have
(1= 6 o) Lnt < Tng =P MH; 1T < (1=011 ) [t (3.147)
which implies that when the step-size satisfy
Hmax < 1/0, (3.148)
it will hold that
1T =P MH; A Z|J> < (1= 011 ftmax) - (3.149)
On the other hand, we have

1 —7 1, —1
C—2||7’ MH; _ Xp|? < gHP MP | Hia P Xrll?

@ 1 (&
< (Z(Tk%ﬁ) 0| Xr |

c2
k=1

(2 pmax52 2 2
— CQ ||XR,UH Mmax (3150)

where inequality (b) holds because 7, < 1, p? < PrPmax (Where pp.. = maxg{ps}) and

Z?Zl pr = 1. Inequality (a) follows by noting that PM = Hmax[P1T1, s PETK] @ Lar.
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Introducing s = [p171, pa72, - - - 7pK7'K]T € R¥, we have

=T
1P M2 57 T2 M (5 @ Tar) (57 © L)

:lur2nax>\max (SST ® IM> = ILLIQIIB,X)\maX(SsT)
K
s I51° = 1> (Pr7H)*. (3.151)

k=1
Recall (3.50) and by introducing £ = [ Tur Omk ], we have Xr, = EXR. Therefore, it
holds that

[Xrull? < | EIPIXR] = || Xkl (3.152)

Substituting (3.152)) into (3.150]), we have

pmax A
_HPMHZ IXRu||2 ||XR|| /‘Lmax - 0-12:umax (3153)

where o5 = /Pmax0||Xr||/c. Notice that oy5 is independent of fiyay. Substituting (3.149)

and ( into m, we get
I < 1 (1 = onaae Pl + 02 P
=(1 =011 ) [ 1|+ (075 /011 x| ¥ | (3.154)
where we are selecting t = 011 f4max-
Next we check the second line of recursion (|3.60)):
Y= —cXLTiaRixiq + (D — X TiaXR)&ia
=D1x; 1 — X T 1(cR1xi1 + XrXi1). (3.155)

Squaring both sides and using Jensen’s inequality again,

||5€7,||2 =Dy &1 — XL Tio1(cRyx—1 + XRki—1)|l2

D, |2 - 5
H 1|| 1% 1 +—”XLT Ry 1+ X )|
D)%, . -
<Py, e R
2 y
+m||XL7;—1XRH2HXi—1||2~ (3.156)
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where ¢t € (0,1). From Lemma we have that A\ 2 |D1]| = 4/X2(A) < 1. By setting

t = A\, we reach

101" < Al | + 22| X T Ra 2| 2 [/ (1 = A)

+ 2| XL T Xr || 21 |2/ (1 — N). (3.157)
We introduce the matrix I' = diag{7 5, - - , Tk [y }, and note that we can write M = o[-
Substituting it into ((3.28§)),
ATH, 1 0
7;—1 = Mmax T
VATH; 1 0
A" o | TH 0
i | , (3.158)
VA 0 0 TH;,
S ——
£ T
which implies that
T < s Tl (s, Vi) < 12002 (3.159
We also emphasize that ||73||* is independent of piymax. With inequality (3.159)), we further
have
XL T R < 21X PN Tal 1R 1%0% = 031120 (3.160)
1A Ti 1 Xl < r2 | XL T RIS = 03opi2 (3.161)
since | R1|| = 1, and where 09; and g9y are defined as
on = | XL Talld, o2 = ([ XLl Talll|Xrl]0. (3.162)

With (3.160) and (3.161]), inequality (3.157) becomes

N 20 max 20 max || =
%1% < (A+122—“;)|| Zia| +121—“;‘|| il (3.163)
Combining (3.154)) and (3.163|), we arrive at the inequality recursion

_ ()'2 —
||Xi||2 1— 011 Hmax Ull’umax ||Xi—1||2 (3 164)

© - 202 fnax 202 ax . ’
1112 httes )4 Mt | |17y

sg
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Now we check the spectral radius of the matrix G. Recall the fact that the spectral radius
of a matrix is upper bounded by any of its norms. Therefore,
2O-gllur2nax
1—X 7
2

o 202,12
A 2z, 2000 e ma"} 3.165
o Hma T (3.165)

p(G) < 1IG ] = max {1 = 11y +

where we already know that A < 1. To guarantee p(G) < 1, it is enough to select the

step-size parameter small enough to satisfy

2 2 ,,2
1-— 011 Mmax + % < ]-, (3166)
o2 202,112
A 22y 4 T2 3.167
+ 0'11'u & + 1-— )\ ( )

To get a simpler upper bound, we transform (3.167)) such that

o? 202,12
A + O__i:umax + %
2 2 2 2 2,2 2 2
— )\_i_ﬂ/ubmax_ (@MmaX—M> < /\+&Nmaxa (3.168)
o11 o11 1—A o11

where the last inequality holds when

2
oix(1 =)
max < ——————, 3.169
If, in addition, we let (3.168)) be less than 1, which is equivalent to selecting
011(1 — )\)
max S a9 3170
p 207, (3.170)
then we guarantee equality (3.167). Combing (3.166)), (3.169)) and (3.170)), we have
1—-X) o%(1 =\ 1—A
Hmax < min { JH( 2 )7 012< ) )7 Ull( ) >} (3171)
This together with (3.148), i.e.
fimax < 1/6 (3.172)
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will guarantee |G|y to be less than 1. In fact, the upper bound in (3.171)) can be further

simplified. From the definitions of 011, 012, 091 and 099, we have

O'11<1 — )\) . pkoTkoI/(l — )\)

_ , 3.173
0t 2| IT (3.173)
2 1 - )\ max 1 - )\
=N Pl (3.174)
201109 2k, T V|| XL |12 Tal|?c
1— A 1—\)c?
0'11( _ ) _ pkoTkol/< )C ‘ (3.175)
207, 2Prmax|| Xr||?0
First, notice that
1—)\ 2 (1—\ 2
011( ) 012( ) _ (pkoTkoV) <1 (3.176)

203, 201103, Prmax0?
because pr, < Pmax, Tk, < 1 and v < 0. Therefore, the inequality in (3.171]) is equivalent to

fimax < min{ ProThoV (1= A Pr, Tho V(1 = A)CQ}
e S 2 [ PITPS 2pa| Xl

Pr, Tk V(l — )\) . { 1 C2 }
== min , . 3.177
257 EAEA R N (3.177)

It is observed that the constant value c affects the upper bound in (3.177)). If ¢ is sufficiently
large, then the first term in dominates and pi,. has a narrow feasible set. On the
other hand, if ¢ is sufficiently small, then the second term dominates and pi,. will also
have a narrow feasible set. To make the feasible set of un.. as large as possible, we should

optimize ¢ to maximize

1 2
min{ , } 3.178
TR prel Xl (3.178)

Notice that the first term 1/(]| X [|?||7a||*c?) is monotone decreasing with ¢, while the second

term ¢?/||Xr||* is monotone increasing with ¢?. Therefore, when

1 2 max X
1 ¢ e Vel ] (3.179)
XL Tall*e®  pmaxl| Xl XL Tal

we get the maximum upper bound for fiyay, i-e.

" < P, Tr, V(1L — A)
T 2 Do | XL Tl | X 02

(3.180)
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Next we compare the above upper bound with 1/§. Recall that for any matrix A, its spectral

radius is smaller than its 2—induced norm so that
BI58) —
17all = p(Ta) == p(A) = 1. (3.181)

Moreover, recall from Lemma that X, Xp = Iyk-1), so that X Xgr = X Xp ® Iy =

I>pi(k-1), which implies that

XLl XR] = ([ XL XR] = 1. (3.182)

Using relations (3.181)) and (3.182)), and recalling that pr, < Pmax < +/Pmaxs Tk, < 1, 1—=A < 1

and v < 9, we have

Dro Tk, V(1 — A) v 6 1
o0 < =< = = —, 3.183
NS EA L Lk R (3.183)

Therefore, the upper bounds in (3.171)), (3.172)) are determined by

" < PrTe, V(1 — )
T 2 Do | XL Tl | X 02

In other words, when fin.y satisfies (3.184)), ||G||; will be guaranteed to be less than 1, i.e.,

(3.184)

20—%1”?11&){
1—X 7
o? 202, 112
)\ ~12 e 22 max}
+ Ulllu + 1—A
22| XL |11 Tal 0% pia
1—A
pmax“XRHQ(SQIu +2||XL||2||771||2IIXR||252M?M}
P TV 1—A
2\/ pmaxad(SQMimx
1—A ’
maxa 62 max 2 252 2
Aot Y max@d? Pmax | 20 “ma"} <1, (3.185)
Dk, Tk, V 1—A

1G I = max {1 = 011t +

= max {1 — Dk, TV hmax +

A+

(3-179)
= max 1 — Pk, Tk, V/max +

A
where ag = || XL||||7all|| Xr]|. Let

(3.186)



and note from that
2 < Gzi_q. (3.187)
Computing the 1-norm of both sides gives
12+l =zl < (Glllzizalls = (1@ [P+ 2imn ),
<p' (%o +]|%ol*), (3.188)

where we define p 2 |G||1. Inequality (3.188)) is equivalent to

2 2

3.189)

IA
b@.

2 2
7 %o
<o R 2 Cop'. (3.190)
551 -550
From (3.48) we conclude that
2
77 Xi
<1l E ||| <o (3.191)
Vi .
where the constant C' = || X||*Cy.
3.C Proof of Theorem [3.2]
We define
A :
Mi 2 podiag{aIn/z1:(1), -+ axc D /24 (K) - (3.192)

Substituting recursions (2.97) and (2.98)) into expression (2.99) we obtain (compare with
2.92)):

Wi :ZT [21/\/2'_1 — Wi 9 — (MQVJO(Wi_l) - M;_1VJO(WZ‘_2))} , (3193)
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which can be rewritten into a primal-dual form (compare with (2.88)):

w; = ZT (Wi—l —M;Vjo(wi_1)> —P_lVyi_l,
(3.194)
Vi = Vi1 + Vw;.

For the initialization, we set y_; = 0 and w_; to be any value, and hence for ¢ = 0 we have

wy = A" (wa - My Ow) ). (3.195)
Yo = Vwy.

Recursions ([3.194)) and ([3.195)) are very close to the standard exact diffusion recursions (2.88))
and ([2.89)), except that the step-size matrix M} is now changing with iteration i. Following

the arguments (3.14) — (3.16)), we have

./_4T17Vi :ZT (17\11;1 +M;VJO(WF1)) +P_1Vyi,

(3.196)
Vi =Yio1 — YWy
Subtracting optimality conditions — from leads to
A=A (Vvi,ﬁ/\/t (VT (W) —VjO(W*)D _p-1y3,
+ A (M, — M)VT(wi_1), (3.197)

Vi = YVi—1 + Vw,.

Comparing recursions (3.197)) and (3.17)), it is observed that recursion (3.197)) has an extra
“mismatch” term, ZT(MQ — M)V J°(w;—1). This mismatch arises because we do not know
the perron vector p in advance. We need to run the power iteration to learn it. Intuitively,

since M, — M as i — 00, we can expect the mismatch term to vanish gradually. Let

>

(M = M)VT°(Wi-1). (3.198)

€;

By following arguments (3.18])—(3.23)), recursion (3.197)) is equivalent to

A Py | | Wy
I -V Iuxk Vi
(A (L — MM, ) 0 | [ A
_ MK i S e;. (3.199)
I 0 Ik Vi1 0
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By following (13.24))—(3.28)), recursion (3.199)) can be rewritten as

Wi Wi—1
_ = (B — 7;71> _ + Bye; (3200)
Yi Yi—1

where B and 7; are defined in (3.28)), and

i
By = . (3.201)

VA
Relation ((3.200)) is the error dynamics for the exact diffusion algorithm 1’. Comparing ((3.200))
with (3.26)), we find that algorithm 1’ is essentially the standard exact diffusion with error

perturbation. Using Lemma (3.3]) and by following arguments from (3.40)) to (3.60]), we can
transform the error dynamics (3.200]) into

| | I=P MHAT —YP MM X, | |2

X —cXpTioa R4 D, — X T 1 Xg Xiq
o
+ e (3.202)
CXLBZ

Next we analyze the convergence of the above recursion. From the first line we have

1%:]1*= H (IM_fTM,Hi—II> Xi1

1_ B 2
—E,PTMHifl.XR’u?VCi,l + PTei (3203)
1 2
o L P s
21 2 T2 2
4 2P M P+ P Pl
_ g max 2 ei 2
< (1= o) o2 T2 52 2l (3.204)

)
011 HMmax
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where the last inequality follows the arguments in (3.143])—(3.154)). From the second line of

recursion (|3.202)), we have

%]
_HDle 1 XLT (C,Rq/?i_l + XR/‘/i—l) + CXLBgQH

202
i Ra || Zima |

2 [
< .
e
2 2c2
+—|!XL7271XRH2|!5Q71|!2+1 I [le:
205511 202, 12 2¢%d||e; ||?
A 22 max X 21 max i 2 ? 3.205
S L e (3.205)
where d = ||XpB||? is independent of iteration i. Moreover, the last inequality holds
because of arguments in . Combining ((3.204) and m we arrive at the
inequality recursion (compare with (3.164))):
_ 0'2 _
”-XiH2 ~ 1— 011 Hmax Cfli Hmax ||Xi—1||2
Y - 202 t2r1ax 20 max Y
Al Bohites ) 4 2ol %31
sg
2
011 HMmax . 2 2
I (3.206)
1-X
Next let us bound the mismatch term ||e;||*. From (3.198)) we have
= (M = M) (VI (Wi1) = VI (W)
+ (M, = M)V T°(W")
B2D _ A MYH, i1+ (M — M)VT (). (3.207)
(3.208)

which implies that
lezll* < 207 M} — MIP[Wia]|* + 2| M5 — M|,
)||? is a constant independent of iteration. Recall that M = M ® I,

where g 2 | T°(w
and M) = M! ® Ip; where
M = diag{:ulnu%' : 7:UK}7
q1to 4K Ko
L KR L 3.209
i) 200

M! = dia, { ,
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Using the relation yu, = gipto/pi (see (2.9)), we have
M- M,
s e (1= <) S (- i) )
s (1= i) o (1= )
IR )

where 7, = i/ fimax < 1.

Now we examine the convergence of 1 — py/z;;(k). From the discussion in Policy 5 form
from Chapter 2, it is known that z; generated from the power iteration (see equation ([2.36]))

will converge to [(1x ® Ix)(p" ® Ix)]z_1. Therefore,

i~ (L & TGT & Tl
= [(ATYH — (g Ig)(p' ® [K)} z,
_ { [(AT)m _ ]1KpT} ® IK} .

_ { (AT —1,p"] ' ® IK} 71, (3.211)
Recall from the discussion in Chapter 2 that
(1 @ Ix)(p" ® Ix)]z_1 = col{p,--- ,p} € RE". (3.212)

As a result,

2ei(k) — pil® < |20 — [(1x ® I)(p" @ Ik )]z |)?
< AT = 1gpT |2 |2y 2

—h-p Y VE=1,--- N (3.213)

where h 2 |z_1||* is a constant, and p4 is the second largest eigenvalue magnitude of
matrix A, ie., pa = max{|A2(A)|, |[Ax(A)|}. Since A is locally balanced, we know A is
diagonalizable with real eigenvalue in (—1,1], and it has a single eigenvalue at 1 (see Table

2.1), we conclude that py < 1. Also, recall from the discussion at the end of Policy 5 in
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Chapter 2 that zj;(k) > 0 is guaranteed when ag; > 0. Let
ap 2 min{z,(k)} >0, Vk=1,--- N (3.214)

Combining (3.213]) and (3.214)), it holds that for k =1,--- | N,

2
D h aa+1) 2(i+1)
1— < — =h 21
( zm(k:)) < o K04 (3.215)

where we define by = h/ay. Substituting (3.215)) into (3.210)), it holds that

M) — M| = ||M] — M|]* < g2, WY, (3.216)

where B/ 2 max{72h;} is a constant independent of iterations. Substituting (3.216)) into
k g

(13.208]), we have

leil|* < 267 MG = M Wi || + 2[|M; — M[%g

< 2022, WV Wi 1P+ 202 gy

< 20212 W P (Wi 2 + [55-1]12)

o2 o, (3217)
Recall from (3.48) that
. X
Wi
AR (3.218)
Vi
Xi

We therefore have

il + 195l < 1271 (el + 12 + 1%0%)
= (121" (1l + Nl 2:017) (3.219)
where the last equality holds because ¥; = 0 for ¢ = 0,1,--- (see ) Substituting
into , we have
leill? < 2022 1122V (1% 1P+ i |2
22, W g (3.220)
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Substituting (3.220)) into (3.206]), we have

1212 . 1= 011+ U oy Z—%umaﬁb’umaxpif”l)
Jeill? | | s XY A T 2 Y
Il | Pitnass (3.221)
leal? | | et | |
where V', ¢, d’', ¢ are constants defined as
B2 45%H || X2 o, 248K | X2/ (1-N), (3.222)
d 2 4k g/on, ¢ £ 4 gcd/(1— \). (3.223)

These constants are independent of iterations. It can be verified that when iteration ¢ is
large enough such that
2 2

2
2(i41) . J o1 Oip 921 022 3994
Pa _mm{Qb”anb”(l—A)c”(1—>\)c’ ’ (3:224)

the inequality (3.221)) becomes

2
||5(iH2 1_0'11/;max 2;112Mmax H;(i—1||2
— 2 2 2 2

| %11 e SRS o S [

WV

G/

d }
+ IU/maX pi(z—‘rl)? (3225)

/.2
€ :umax

where we can prove p = |G'l|1 = 1=O(fimax) < 1 by following arguments (3.185)). Inequality
(3.225)) further implies that

(1% P+l1%:02) < p (1% P12 ]1?) + £p5 (3.226)
where [’ 2 d fmax + €' 12, > 0. Let 8 =max{p, pa} < 1. Inequality (3.226]) becomes

(I 1P+H1E0P) < 8 (R [P |P)+ 26, (3.227)
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By adding v f/3%*4, where v can be any positive constant to be chosen, to both sides of the

above inequality, we get
(Il + (1)) + 57+
< B ([|Riall? + [[Fima]?) + f1827F2 + oy f52H

_ 5 1+ ~32 ‘
=5 (Hw\? Tl ? + 22 f’ﬁmﬂ)

B
By setting
! >0
v = )
B — p?
it can be verified that
N e
5

Substituting (3.230)) into (3.228]), we have

(3l|* + [lF3%) + . f520+

< B (1R ? + i |* + 7820V

(3.228)

(3.229)

(3.230)

(3.231)

As a result, the quantity (||x;]|>+ [|&]|?) + vf'8%? converges to 0 linearly. Since f' >

0,7 > 0 and 8 > 0, we can conclude that ||x;||> + || &;||?, and hence ||w;||* + ||3%]|?, converges

to 0 linearly.

3.D Error Recursion for EXTRA Consensus

Multiplying the second recursion of (3.66) by V gives:

P—PA .
— W

Vy§ =Vyi | + 5 ¢

Substituting into the first recursion of (3.66) gives

ZW? :waq_#vJO(Wf—l)_P_lvye

79
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From (13.233) and the second recursion in (3.66) we conclude that
AW = AW +uV T W) +P Ve,
(3.234)
5;? = 37/?,1 - VWZe
Subtracting the optimality condition (3.68)—(3.69)) from (3.234]) leads to
AW = (A=pHi )W — PV,
(3.235)

S;f = ,37:_1 + Vl’/v\/f

which is also equivalent to
A PV | [W A—pHiy 0 Wiy
. (3.236)

-V Iuxk i 0 I | | Y54

P—27> A it is easy to verify that

Using relations A = IMKTJ“A and V? =

-1

A Py I —Py
M . (3.237)

2 [MK )% IMK—VP_IV

Substituting (3.237)) into (3.236|) gives (3.71)—(3.72]).

3.E Error Recursion in Transformed Domain

Multiplying both sides of (3.71)) by (X’)~%:

Wi we_
@7 = )T B - T ()T (3.238)
Vi Vi1
leads to
x¢ Iy 0 0 X,
x| = 0 Iy O | =S| |2, | (3.239)
¥ 0 0 D X,
where we defined
x5 . Ll |1,
w; w;
=@ =] (3.240)
Vs Vs
x5 XL
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and

Sty 2 ()T A
LITE Ry LIT Ry LLTTE Xr
= | LITERe LITE Ry tL3TE Xr
cXp TS Ry cXTE Ry AT XR

To compute each entry of §f |, we let

XRu
XR = e ;
Xr.d

(3.241)

(3.242)

where Xp, € REMX2E-DM and X, € REM2(K=UM  For the first line of S¢ |, it can be

verified that

AC—1|—7;€,1R1 :MfTHifll-,
£I773—1R2 :Ov

1 -
~LTTE X :%PTHHXRM.

Likewise, noting that

M’Hiq 0 [2.67)
0],

LTS, = [0 %IT] L o 2
i—1

we find for the second line of S; ; that

C£-2r7;e_1R1 = 0, C£-2r7;8_1R2 = 0, Eg'ﬁe_lXR = 0

Substituting (3.241)), (3.243]) and (3.247)) into (3.239)), we rewrite (3.239)) as

/'?f IM—/.LﬁT,Hi_ll- O — %ﬁT,Hi_l XR,u
:\f - 0 IM 0
X5 —cXL TSR —cXLTS1Re Dy — XLTS 1 Xr

From the second line of (3.248|), we get

€
X
~e

Xia

x,e
Xia

(3.243)
(3.244)

(3.245)

(3.246)

(3.247)

(3.248)

(3.249)



As a result, 2% will converge to 0 only if the initial value x5 = 0. To verify that, from the

definition of L, in (3.40) and (3.240)) we have

w 1
~e T 0 T~e
e
Yo

) 1
=l LT = Vwp). (3.250)

!

* ey
KIT(yo _y())

Recall that ¥} lies in the R(V), so that 5 — Vwy also lies in R(V). Recall further from
Lemma that Z'V = 0, and conclude that x; = 0. Therefore, from (3.249)) we have

=0, Vi>0 (3.251)

With (3.251)), recursion (3.248)) is equivalent to (3.73)).

3.F Proof of Theorem (3.3

From the first line of recursion (3.73)), we have
Xff = (]M—ufTHi_1I> /{’S_l—%fTHi_1X37ué?§_l. (3252)

Squaring both sides and using Jensen’s inequality gives

2

e =T e —T e
| % ”2 = H <[M—M7D /Hin) X1 — %7) Hi 1 Xp iy

1 —T 2 e
] Lt AT
1, =T »
T @””P Hia X151 || (3.253)

for any t € (0,1). For the term ;H_DTHi_ll, we have

K

- AL

WP H; 11 = p E peHpio1 > %V]M = of 1l (3.254)
k=1

where 017 = v/N. Similarly, we can obtain the upper bound

K K
=T a

k=1 k=1
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where equality (a) holds because Zszl pr = 1. It is obvious that § > of,. As a result, we

have
(1=0p) Ing < Ing— P Hir T < (1—05y) g,
which implies that when the step-size is sufficiently small to satisfy
p<1/9,
it will hold that
ST 2 e 2
| =P HAT| < (1= oty
On the other hand, we have

1, =7
EHHP Hi—l/YR,uHQ

K
1
<3 (Zpi) || Xrul*p?
k=1

52 E152) 52 A
= H/"fﬁzull2 ‘s ||/"51L;t||2/¢t2 = (0%,)"1,

2
JT—
< gHP [ 1P| X )

(3.256)

(3.257)

(3.258)

(3.259)

where 0%, = ||Xz||/(cv/K) and the “=" sign in the third line holds because p, = 1/N.
Notice that o¢, is independent of p. Substituting (3.258]) and ( into - we get

1511

1 € —€ e ~
< 1— t(l - ‘711/1)2HXZ'71||2 + ;(012)2/12”’(1‘71”2

(052)2
€

11

= (1 — o) *, [I* + w17,

3 — €
where we are selecting t = o{, .

Next we check the second line of recursion (3.73)), which amounts to

= — X T RIXS |+ (D) — XL T XR) %,
=D x| — X T (CRixi_ + Xrki_).
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Squaring both sides of (3.261]), and using Jensen’s inequality again,

125]] =Dy — XL T (CR1XS_y + Xrii_y)|°

<le“2||5( P AT (R + X))
=" i—1 1_¢ L/ti—1 14,1 R
1D, 2¢ . .
< ||Xi—1||2+ ||XL7;—1R1||2||X1'—1||2
t 1-—t¢
b AT AP (3.262)
1_¢ L7i—17R i—11l - .

where t € (0,1). From Lemmawe have that A = ID;]| = 1/As(A) < 1. By setting

t = \, we reach

2¢2
1—A
2

T1 )\|VXL7§31XR\|2|!56171|!2- (3.263)

1211 < Al |* + 16T Rl 15, I

From the definition of 7%, in (3.72)), we have

Hi-1 O 1 0 Hi 0
TEa=n 1 = | " 1 , (3.264)
VH,—1 O yV 0 0 His
27
which implies that
I < TP (s W) < ITE10% (3.265)

We also emphasize that || 7||? is independent of . With inequality (3.265)), we further have

X TR < S| XL P Te )P Ra 20
A .
= (05,)*? (3.266)

1L T2 Xl < | X[ Tel ]| X107

= (oh)"n" (3.267)
notice that [|R4]| = 1, 0§, and o5, are defined as
oy = XL Tello, o5 = (XL Tell[|Xxllo. (3.268)
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With (3.266)) and (3.267)), inequality (3.263) becomes

e 2(05,)°1%\ 2(0%,)°1% | .
||Xi||2 S ()\‘{'% ||Xi—1||2+%”xi—1”2' (3269)

Combining (3.260)) and (3.269)), we arrive at the inequality recursion:

e I v B [P
cen2 | T | 2005)%2 2(05,) %> ce |12 (3.270)
| %] e Y e v el I || E Y |

NS

From this point onwards, we follow exactly the same argument as in (3.166))—(|3.191) to arrive

at the conclusion in Theorem [3.3]

3.G Proof of Lemma [3.5]

It is observed from expression (3.107)) for E,; that one of the eigenvalues is 1 — uo?. It is easy
to verify that when p satisfies ([3.117)), it holds that —1 < 1 — uo? < 1. Next, we check the
other two eigenvalues. Let 6 denote a generic eigenvalue of E;. From the right-bottom 2 x 2

block of Ey in (3.107)), we know that 6 will satisfy the following characteristic polynomial
0* — (2 —po*)ad + (1 — po*)a =0, (3.271)

where a € (0, 1) is a combination weight (see the expression for A in (3.99))). Solving (3.271]),

the two roots are

fr0 = . (3.272)
Let
A = (2—po?)?a* —4(1—po?)a. (3.273)

Based on the value of uo? and a, A can be negative, zero, or positive. Recall from (3.117))
that 0 < po? < 2. In that case, over the smaller interval 1 < po? < 2, it holds that
(1—po?) > 0 and, from ([3.273)), A > 0. For this reason, as indicated in cases 1 and 2 below,

the scenarios corresponding to A < 0 or A = 0 can only occur over 0 < puo? < 1:
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Case 1: A < 0. It can be verified that when

4(1 — po?)

2
]_—,LLO' >0, and a<m,

(3.274)
it holds that A < 0. In this situation, both #; and 5 are imaginary numbers with magnitude

yel|—|ezy—}L (2 j0®a®+(—A)) = (1—po)a < 1, (3.275)

where the last inequality holds because 0 < po? < 1 (see (3.117) and (3.274)) and a € (0, 1).

Case 2: A = 0. It can be verified that when

4(1 — po?)
2 _
1—po* >0, and a= m, (3276)
it holds that A = 0. In this situation, from ([3.272)) we have
2 _ 2
0, =g, = 2H)a (3.277)

2

where the last inequality holds because 0 < puo? < 1 (see ([3.117)) and (3.274)) and a € (0, 1).

Observe further that the upper bound on a in (3.274]) is positive and smaller than one when

0 < puo? < 1.

Case 3: A > 0. It can be verified that when

1 —po*>0, and a > gl__—lg;;), (3.278)
or when 1 < po? < 2, it holds that A > 0. In this situation, € is real and
6, — (2—po?)a +\/(2—;;02)2a2—4(1—/102)a’ (3.279)
R T T Tty 3250
Moreover, since (2—puo?)a > 0, we have
02| < |61] = 0. (3.281)

We regard 6, as a function of a, i.e., §; = f(a). It holds that f(a) is monotone increasing

with a. To prove it, note that

2 —po?  2(2— po?)a —4(1 — po?)

2 4v/A
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Now since

A = (2—po?)?a*—4(1—po?)a > 0
< (2—po?)?a > 4(1—puo?) (because a > 0)

— 2(2 — po?)a > 4(1—po?), (3.283)
we conclude that f’(a) > 0. Since a < 1, it follows that
0= fla) < f(1) = 1. (3.284)

In summary, when p satisfies (3.117)), for any a € (0,1) it holds that all three eigenvalues of
E; stay within the unit-circle, which implies that p(E,) < 1, and also p(&;) < 1. As a result,

%; in (3.116]) will converge to 0. Since z; = 0 for any 7, we conclude that z; converges to 0.

3.H Proof of Lemma [3.6

Similar to the arguments used to establish Lemma and (3.110)—(3.116)), the EXTRA
error recursion (3.102)) can also be divided into two separate recursions

where & = E, ® I, and
1 — pco? 0 0
E. = 0 a— po? —V2—-2a |- (3.286)
0 (a — po?)y /152 a

Also, since both y§ and ¥ lie in the range()), it can be verified that 25 = 0. Therefore,
we only focus on the convergence of z{. Let 6° denote a generic eigenvalue of E,. From

the right-bottom 2 x 2 block of E, in (3.286)), we know that ¢ will satisfy the following

characteristic polynomial
(0°)* — (2a — pco?) (0°) + (a — po®) = 0. (3.287)
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Solving it, we have

95,2 = 9
Now we suppose 0% > a + 1 as noted in (3.118)), it then follows that

a—pfo? < —1

and hence both 6f and 65 are real numbers with

2a—p°o?++/(2a — pco?)2+4(uco? — a)

o; =
1 2 ’

ge 2a—pco?—/(2a — pco?)2+4(pco? — a)
2 h— .
2

Moreover, with p¢o? > a + 1 we further have
20 — pfo* <a—-1<0,

which implies that

05] = peo?—2a++/(2a — pco?)2+4(pco? — a)
ol =
2

> 1

2a — po? £ 1/(2a — pco?)? — 4(a — pco?)

(3.288)

(3.289)

(3.290)

(3.291)

(3.292)

(3.293)

where the last inequality holds because of ([3.289) and (|3.292)). Therefore, when u¢ is chosen

such that p¢c? > 1+ a, there always exists one eigenvalue 6¢ such that |#¢| > 1 which implies

that z§ diverges, and so does z;.
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CHAPTER 4

Exact Diffusion For Distributed Adaptation and

Online Learning

4.1 Introduction

This chapter considers stochastic optimization problems where a collection of K networked

agents work cooperatively to solve an aggregate optimization problem of the form:
K
W — argé]g]lv}n Z Je(w), where Ji(w) = E Q(w; xx) (4.1)
w k=1
The local risk function Ji(w) held by agent k is assumed to be differentiable and v-strongly
convex, and it is constructed as the expectation of some loss function Q(w; xy). The random
variable x;, represents the streaming data received by agent k, and the expectation in Jy(w)
is over the distribution of ;. While the cost functions Ji(w) may have different local
minimizers, all agents seek to determine the common global solution w* under the constraint
that agents can only communicate with their direct neighbors. Problem can find

applications in a wide range of areas including wireless sensor networks [20}21], distributed

statistical learning [13], and distributed adaptation and learning [1,4}/14].

There are several techniques that can be used to solve problems of the type such
as diffusion [1,/4] and consensus (also known as decentralized gradient descent) [5,9,141}
142| strategies. The latter class of strategies has been shown to be particularly well-suited
for stochastic and adaptive learning scenarios from streaming data due to their enhanced
stability range over other methods, as well as their ability to track drifts in the underlying
models and statistics [1,/4]. We therefore focus on this class of algorithms since we are

mainly interested in methods that are able to learn and adapt from data. For example, the
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adapt-then-combine (ATC) formulation [1,4] of diffusion takes the following form:

Yy = Wei—1 — pVQ(Wri1;Tr;), (Adapt) (4.2)
Wi ; = Z agk¢é7i, (Combine) (43)
Ee/\/k

where the subscript k£ denotes the agent index and ¢ denotes the iteration index. The variable
xy; is the data realization observed by agent k at iteration i. The nonnegative scalar ay
is the weight used by agent k to scale information received from agent ¢, N, is the set of
neighbors of agent k (including k itself), and it is required that ), . an = 1 for any k.
In (4.2)-(4.3), variable ¥y, is an intermediate estimate for w* at agent k, while wy,; is the
updated estimate. Note that step uses the gradient of the loss function, Q(-), rather
than the gradient of its expected value Ji(w). This is because the statistical properties of
the data are not known beforehand. If Ji(w) were known, then we could use its gradient
vector in (4.2). In that case, we would refer to the resulting method as a deterministic
rather than stochastic solution. Throughout this chapter, we employ a constant step-size u
to enable continuous adaptation and learning in response to drifts of the global minimizer
due to changes in the statistical properties of the data. The adaptation and tracking abilities

are crucial in many applications, as already explained in [1].

Previous studies have shown that both consensus and diffusion methods are able to solve
problems of the type well for sufficiently small step-sizes. That is, the squared error
E||wy, ;||* approaches a small neighborhood around zero for all agents, where wy,; = w*—wy, ;.
These methods do not converge to the exact minimizer w* of but rather approach a
small neighborhood around w* with a small steady-state bias under both stochastic and deter-
ministic optimization scenarios. For example, in deterministic settings where the individual
costs Ji(w) are known, it is shown in [1,[14] that the squared errors ||wy ;||* generated by the
diffusion iterates converge to a O(u?)-neighborhood. Note that, in the deterministic case,
this inherent limiting bias is not due to any gradient noise arising from stochastic approxi-
mations; it is instead due to the update structure in diffusion and consensus implementations

— see the explanations in Sec. III.B in [15]. For stochastic optimization problems, on the

other hand, the size of the bias is O(u) rather than O(u?) because of the gradient noise.
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When high precision is desired, especially in deterministic optimization problems, it would
be preferable to remove the O(u?) bias altogether. Motivated by these considerations, the
works [15,|16] showed that a simple correction step inserted between the adaptation and
combination steps and is sufficient to ensure ezact convergence of the algorithm
to w* by all agents — see expression further ahead. In this way, the O(u?) bias is

removed completely, and the convergence rate is also improved.

While the correction of the second order O(p?) bias is critical in the deterministic setting,
it is not clear whether it can help in the stochastic and adaptive settings. This motivates
us to study exact diffusion under these settings in this paper and compare against standard
diffusion. To this end, we carry out a higher-order analysis of the error dynamics for both
methods, and derive their steady-state performance as an expansion in the first two powers
of the step-size parameter, i.e., u and p?. In contrast, traditional analysis for diffusion and
consensus focus mainly on performance expressions that depend on a first-order expansion
in g [1,/4]. Our analysis will reveal conditions under which bias correction improves the

performance of diffusion.

4.1.1 Main Results

In particular, we will prove in Theorem that, with small step-sizes, the exact diffusion
strategy will converge exponentially fast, at a rate p = 1 — O(uv), to a neighborhood around
w* where v is the strong convexity constant. Moreover, the size of the neighborhood will be

characterized as

1 X I po?  p2o?
hmsupg ;]Eﬂwk,iﬂed =0 <7 +1 )\> (4.4)

1—00

where the quantity o2 is a measure of the variance of the gradient noise, and A € (0,1) is
the second largest magnitude of the eigenvalues of the combination matrix A = [ag] which
reflects the level of network connectivity. The subscript ed indicates that wy,; is generated

by the exact diffusion method. In comparison, we will show that the traditional diffusion
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strategy converges at a similar rate albeit to the following neighborhood:

2 2/\2 2 2)\2()2
po”  WAOT
K " 1—-X (1-)\)2

K
1 ~
thUPEE E|wy |3 =0 (4.5)

1— 00 k=1

where the subscript d indicates that wy; is generated by the diffusion method (4.2)-(4.3)),

and
B = (1/K) S IV ()| (16)

is a bias constant independent of the gradient noise. Observe that the expressions on the
right-hand side of and depend on p and p?. These are therefore more refined
performance expressions, which are more challenging to derive than earlier expressions that
just depend on p (see [1,4,[5,9.14,141]). The terms that depend on p? in and help

reveal the following important insights that arise from using the exact diffusion strategy.

First, it is obvious that diffusion suffers from an additional bias term p?A2b?/(1 — \)?,
which is independent of the gradient noise o2, while exact diffusion removes it completely.
In the deterministic setting when the gradient noise o? = 0, it is observed from and
that diffusion converges to an O(u?)-neighborhood around the global solution w* while

exact diffusion converges exactly to w*. This result is consistent with |1.|141|16].

Second, it is further observed that the performance of diffusion and exact diffusion differs
only on the O(u?) terms inside and ((£.5). When the step-size is moderately small so
that these O(u?) terms are non-negligible, the superiority of exact diffusion or diffusion will
highly depend on the network topology. In particular, when the network topology is sparsely-
connected (in which case A approaches 1), the bias term p?A%b?/(1 — \)? will be significantly
large and the correction of this term will greatly improve the steady-state performance. It
should be emphasized that the bias-correction property of exact diffusion is particularly
critical for large-scale linear or cyclic networks where 1 — A = O(1/K?) and grid networks
where 1 — A = O(1/K) since the bias term will grow rapidly on these network topologies
as the size K increases. On the other hand, when the network is well-connected (in which
case A approaches 0), one can find that the O(u?) terms in diffusion diminishes while

the O(p?) term in exact diffusion (4.4)) still exists. This implies that for well connected
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Moderately small step-size 1
Scenario Network Diffusion Exact Diffusion Better Algorithm
b2 = 0,02 £0 Sparse (A — 1) O(po? + ";z_a:) O(po? + "ja_a:) Similar performance
Dense (A — 0) O(ua?) O(pa? + p2o?) Diffusion
< p* o’ act diffusi
B2 £0,02 =0 Sparse (A — 1) O(l—;\)g) 0 Exact diffusion
Dense (A — 0) O(p 262 %) 0 Exact diffusion?
.‘ # ub* ) 2 pio” et diffiie
B2 £ 0,02 £ 0 Sparse (A — 1) | O ( 24 e + =2 O (o= + =X Exact diffusion
Dense (A — 0) O (,LLO' ) O (po? + B2 Diffusion
Sufficiently small step-size p
Scenario Network Diffusion Exact Diffusion Better Algorithm
b2 £0,02 =0 Sparse or dense O(p?b2 22 /(1 — A\)?) 0 Exact diffusionT
All other scenarios | Sparse or dense O(uc?) O(uo?) Similar performance

T Exact diffusion performs better unless A = 0

Figure 4.1: Performance of Exact Diffusion and Diffusion under different scenarios

networks and moderatly-small step-sizes, diffusion will perform better than exact diffusion.
The comparison between (4.4) and (4.5) provides guidelines on the proper choice of diffusion

or exact diffusion in various application scenarios.

Third, the difference between exact diffusion and diffusion will vanish as the step-size u
approaches 0. This is because O(uo?/K) will dominate the O(u?) terms when i is sufficiently

small. — \)*** where x

The “sufficiently” small p can be roughly characterized as p < ¢(1
is any positive constant. This shows that diffusion and exact diffusion have the same upper
bound for the steady-state performance (ignoring higher order step-sizes). However, sharing
the same upper bound may not necessarily imply both algorithms perform the same. To

more accurately characterize the steady-state performance of diffusion and exact diffusion

when p is sufficiently small, we shall establish the precise MSD expression defined as [1]

K
MSD = p (}L%hriigp_ZEHwkl” ) (4.7)
for exact diffusion and find that it matches that of diffusion:
MSDy= MSDd——Tr (Z Hk.> (Z Sk> , (4.8)
k=1

where Hj, = V?Ji(w*) and Sy is the covariance matrix of gradient noise. Obviously, the

MSD expression (4.7)) is exact to first order in x and ignores all higher-order terms. Equality
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(4.8) states that when p is sufficiently small, both diffusion and exact diffusion perform
ezxactly the same during the steady-state stage. The main results derived in this chapter are

summarized in Fig. where we omit constant K for clarity.

4.1.2 Related work

In addition to exact diffusion, there exist some other useful bias-correction methods such
as EXTRA [75,91], gradient-tracking methods [93,97,98,/143,144], Aug-DGM [95}96] and
NIDS [106]. All these methods converge linearly to the exact solution under the deter-
ministic setting, but their performance (especially their advantage over diffusion or con-
sensus) in the stochastic and adaptive settings remains unexplored and/or unclear. The
recent work [2| studies the gradient-tracking method (referred to as DIGing in [93]) under
the stochastic setting and shows that it can outperform the decentralized gradient descent
(DGD) [5,9] via numerical simulations. However, it does not analytically discuss when and
why bias-correction methods can outperform consensus. Similarly, the work [3] also studies
the stochastic gradient-tracking method [97,98] and shows that it converges linearly around
a neighborhood of the minimizer. No comparison with diffusion or consensus is presented
in [3]. Another useful work is |145], which establishes the convergence property of exact
diffusion with decaying step-sizes in the stochastic and non-convex setting. It proves ex-
act diffusion is less sensitive to the data variance across the network than diffusion and is
therefore endowed with a better convergence rate when the data variance is large. Different
from [145], our bound in shows that even small data variances (i.e., b*) can be signifi-
cantly amplified by a bad network connectivity — see the example graph topologies discussed
in Sec. [£.4.2] This observation implies that the superiority of exact diffusion does not just
rely on its robustness to data variance, but more importantly, on the network connectivity as
well. In addition, different from the works |2,{145], which claim or suggest that the gradient-
tracking method [2] or exact diffusion |145] always converges better than traditional DGD or
diffusion, our current work disproves this statement and clarifies analytically that there are
important scenarios where exact diffusion performs similarly or even worse than diffusion.

Simulations also suggest that gradient tracking methods [2,3] may also degrade the perfor-
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mance of traditional diffusion, which was not explored prior to this work. Finally, we remark
that work [146] showed that diffusion outperforms traditional primal-dual methods in the
stochastic setting for b = 0 and quadratic problems only, and is hence more restricted than
our result. Our results recover this case (see Remark and show that exact diffusion,

which is also a primal-dual method, can outperform diffusion when b% # 0.

Notation. Throughout the paper we use col{xy, - - ,xx } or col{z; }1* | and diag{zy,- -+ , 7k}
or diag{z;}X | to denote a column vector and a diagonal matrix formed from z;,--- , 7.
The notation 1x = col{l,---,1} € RX and Ix € RE*K is an identity matrix. The Kro-

necker product is denoted by “®”. For two matrices X and Y, the notation X > Y denotes

X —Y is nonnegative.

4.2 Exact Diffusion Strategy

The exact diffusion strategy from [15,|16] was originally proposed to solve deterministic
optimization problems. We adapt it to solve stochastic optimization problems by replacing
the gradient of the local cost Jip(w) by the stochastic gradient of the corresponding loss

function. That is, we now use:

Yyi = Wrio1 — VQ(wyi—1; %), (Adapt) (4.9)

¢k,i = ¢kz + W1 — 17/)]671'—1? (Correct) (4-10)

Wy, = Z Aok Py ;- (Combine) (4.11)
LEN,

For the initialization, we let w1 = %, _; = 0. Observe that the fusion step (4.11) now
employs the corrected iterates from rather than the intermediate iterates from (4.9)).
Note that the weight ay is different from ay, used in the diffusion recursion . If we let
A = [ag) € REXE and A = [ag] € RE*K denote the combination matrices used in diffusion
and exact diffusion respectively, then the relation between them is A = (A + I)/2. In the
paper, we assume A (and, hence, A) to be symmetric and doubly stochastic (see Assumption

19).

As explained in [15}/16], exact diffusion is essentially a primal-dual method. To rewrite
127



the update (4.9)—(4.11) in a compact primal-dual form, we collect the iterates and gradients

from across the network into global vectors. Specifically, we introduce

w; = col{wy i}, € REM, (4.12)

VQ(Wz;l; X) = COl{VQ(UJk’i,l; mk,i)}f:l S RKM, (413)

A=A® Iy, and A = (A + Ixp)/2. Since the combination matrix A is symmetric and
doubly stochastic, it holds that I — A is positive semi-definite. By introducing the eigen-
decomposition I—A = ULUT and defining V = USY2UT € REXK where ¥ is a non-negative
diagonal matrix, we know that V is also positive semi-definite and V2 = I — A. We further

let V =V & I, which implies V? = I — A. With these relations, it can be veriﬁe that
recursion (4.9)—(4.11)) is equivalent to [15]

wi = A(wi_1 — pVO(wi_1; x;)) — Vyi_1,
(Wit (Wi ) ! (4.14)
Yi=¥i—1+ Vw,,

fori > 0 with y_; = 0 where y; € REM is a dual variable. The analysis in [15,16] explains how
the correction term in (4.10]) guarantees exact convergence to w* by all agents in deterministic
optimization problems where the true gradient VJi(w) is available. In the following sections,

we examine the convergence of exact diffusion in the stochastic setting.

4.3 Error Dynamics of Exact Diffusion

To establish the error dynamics of exact diffusion, we first introduce some standard assump-

tions. These assumptions are common in the literature (e.g, [1,2]).

Assumption 4.1 ( Conditions on cost functions) Fach Jy(w) is v-strongly conver and

twice differentiable, and its Hessian matriz satisfies
viy < V2J(w) <61y, Yk (4.15)

where § > v > 0. [ |

ITo verify it, one can substitute the second recursion in (4.14) into the first recursion to remove y; and
arrive at (4.9)—(4.11).
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We remark that the twice differentiability assumption is necessary to derive the MSD ex-

pression in Sec. [4.5

Assumption 4.2 ( Conditions on combination matrix) The network is undirected and
strongly connected, and the combination matriz A is symmetric and doubly stochastic, i.e.,

it satisfies A= AT, Alg = 1g. [ |

Assumption implies that A = (I + A)/2 is also symmetric and doubly-stochastic. Since

the network is strongly connected, it holds that 1 = A;(A) > Aa(A) > -+ > Ag(A4) > 0.

To establish the optimality condition for problem (4.1f), we introduce the following nota-

tion:

w = col{wy, - ,wg} € REM (4.16)

VI W) = col{VJy(w), -, VIg(wg)} € REM, (4.17)

where wy, in (4.16)) is the k-th block entry of vector w. With the above notation, the following

lemma from [16] states the optimality condition for problem (4.1)).

Lemma 4.1 ( Optimality Condition) Under Assumption[{.1], if some block vectors (w*, y*)

exist that satisfy:

pAV T (W) + Vy* =0, (4.18)

Yw* = 0. (4.19)
then it holds that each block entries in w* satisfy:
w

where w* is the unique solution to problem (4.1)). [ |

4.3.1 Error Dynamics

We define the gradient noise at agent k£ as

Sk,i(wk,i—l) 2 VQ(wk,i—l;mk,i) - VJk(wk,i—l) (4-21)
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and collect them into the network vector

8i(Wi-1) = col{sri(wii1),  , Ski(Wrki1)} (4.22)
VJ(Wi_l) = COl{VJl (10171‘_1), RN VJK(’lUKJ‘_l)} (423)

It then follows that
VQ(Wi_l; X,') = Vj(wz_l) + si(Wi—1>- (4.24)

Next, we introduce the error vectors

*

Wi =w—w;, Y=Y - (4.25)

where (W*, »*) are optimal solutions satisfying (3.1)—(3.2)). By combining (4.14)), (3.1), (3.2)),
(4.24]) and (4.25)), we reach

(
{/VVi = A[VNVZ‘_1 + M(Vj(wi_l) - Vj(W*))}

—V/&ifl + /LZSi(Wifl), (426)

\ Yi=Yi1+Vw;.
Since each Ji,(w) is twice-differentiable (see Assumption [3.1]), we can appeal to the mean-

value theorem from Lemma D.1 in [1], which allows us to express each difference in (4.26))

in terms of Hessian matrices for any £ =1,2,..., N:
Vi(wg,i—1) = VI (w*) = —H . 1Wp i1,
where H,; 1 2 fol V2 J (w* = 1wy ;1) dr € RM*M We introduce the block diagonal matrix
Hi 2 diag{ H1,;_1,Ho;1,- - ,Hg, 1} (4.27)
so that
VIWi—1) =VIW) = —H;i_1Wi_1. (4.28)
Substituting into the first recursion in , we reach

VViZZ(IKM—Hin—l)Vvi—l—V§i—1+Mzsi (wi_1),
(4.29)

Vi=Yi_1 + Vw;.
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Next, if we substitute the first recursion in (4.29)) into the second one, and recall that

V2 = Ixam — A, we reach the following error dynamics.

Lemma 4.2 ( Error Dynamics) Under Assumptz'on the error dynamics for the exact

diffusion recursions (4.9)—(4.11)) is as follows

Wi .71 % H,_1 O Wz;l
= o (IQKM — i B
Vi VA A 0 0 Yi—1
25 ST,
A
+ 1% o Si(wi—l)a (430)
VA
—_———’
25,
and H; is defined in (4.27)). [

4.3.2 Transformed Error Dynamics

The direct convergence analysis of recursion (4.30)) is challenging. To facilitate the analysis,
we identify a convenient change of basis and transform (4.30]) into another equivalent form
that is easier to handle. To this end, we introduce a fundamental decomposition from [16]

here.

Lemma 4.3 ( Fundamental Decomposition) Under Assumptions and the ma-
triz B defined in (4.30) can be decomposed as

Iy 0 0 cl
B= [R1 Ra cXp 0 Iy O Ll (4.31)
X 0 0 D 1,
N ~~ 7 N——
D X1

where ¢ can be any positive constant, and D € R2EM>2KEM 45 o diagonal matriz. Moreover,
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we have

0
Rl — c R2KM><M’ R2: c RQKMXM’ (432)
0 T
17 [0
L= € REFMM - py = € REKM>M (4.33)
0 17
L | K

Xp € REEMXAK-DM  y c RAK-DM2KM yyhore T =1, @ Iy € REMXM - Also, the matriz
D1 is a diagonal matriz with complex entries. The magnitudes of the diagonal entries in Dy

are all strictly less than 1. [ |

By multiplying X! to both sides of the error dynamics (4.30)) and simplifying we arrive

at the following result.

Lemma 4.4 ( Transformed Error Dynamics) Under Assumption|3.1 and[{.3, the trans-
formed error dynamics for exact diffusion recursions (4.9)—(4.11)) is as follows

Z; In—% szl H; —%IT’Hz‘—l-XR,u
Z _%DIXLTi—lRl Dy — uDy X T i1 &XR
Zi =I7
X + u Si<Wi_1). (434)
Zi %D1XL3£

c REMx2(K-1

where Xg, M s the upper part of matriz Xp = [Xr.u; Xral. The relation

between the original and transformed error vectors are

w; Z;

. :[Rl cXR] n . (4.35)

4.4 Mean-square Convergence

Using the transformed error dynamics derived in (4.34]), we can now analyze the mean-square

convergence of exact diffusion (4.9)—(4.11)) in the stochastic and adaptive setting. To begin
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with, we introduce the filtration
fi,1 = ﬁltration{wk,,l, Wk o, ", Wki—1, all k} (436)

The following assumption is standard on the gradient noise process (see [1,2]) and is satisfied

in many situations of interest such as linear and logistic regression problems.

Assumption 4.3 ( Conditions on gradient noise) [t is assumed that the first and second-

order conditional moments of the individual gradient noises for any k and i satisfy

E[sgi(wgi—1)|Fi-1] =0, (4.37)

Elllski(wri-1)I*|Fia] < Billwni1l*+03 (4.38)

for some constants By, and oy,. Moreover, we assume the sy ;(wy;—1) are independent of each

other for any k,i given F;_1. |
With Assumption [4.3] it can be verified that

E[Si(Wiflﬂfifl] = 0, A i, (439)

E

K 2 2

1 2 B2~ 9. O

| X i |71 < o+ 440
k=1

where 2 £ max,{#2}/K and 62 £ K 52/K.

Theorem 4.1 (Mean-Square Convergence) Under Assumptions(3.1H4.3, if the step-size
W satisfies

(I-=MNv _ (1= A
= (32+1601c2+8\/@)(52+5gmz)—O (m) (4.41)

where A = max{|Xa(A)|, A (A)|}, B2.. = maxi{B7}, and c1, co are constants defined in
(4.96), then the wy,; generated by exact diffusion recursion (4.14) converges exponentially
fast to a neighborhood around w*. The convergence rate is p = 1 — O(uv), and the size of

the neighborhood can be characterized as follows:

1 & ) po? 6% plo?
li — Ellwy;|lF =0 | —+— - 4.42
oy g S Bl =0 (437 175 (1)
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Proof. See Appendix [4.A] ]

Theorem indicates that when g is smaller than a specified upper bound, the exact
diffusion over adaptive networks is stable. The theorem also provides a bound on the size of
the steady-state mean-square error. To compare exact diffusion with diffusion, we examine

the mean-square convergence property of diffusion as well.

Lemma 4.5 (Mean-square stability of Diffusion) Under Assumptions[3.1H4.3, if i sat-

1sfies

(1-Mv (=M
g S (12+46162+\/66—162>(52+6r2naz> _O <52+Br2nax) (443)

where A = max{|X\a(A)|, A (A)|}, B2.. = maxp{S7}, e1 and ey are constants that are
independent of X\, 6, v and B, then wy,; generated by the diffusion recursions (4.2])—(4.3)

converge exponentially fast to a neighborhood around w*. The convergence rate is 1 —O(uv),

and the size of the neighborhood can be characterized as follows

1—00

1 K
lim sup — ’; 1]

2 $2 2y2 2 2 24272
o 0°  piAo 0% ucAb
_ o, 07 WAL 4.44
O(Ku+y2 1—X 2 (1=-XN)2)° (444)
where b* = (1/K) S0 |V Je(w*)||? is a bias term.
Proof. See Appendix for proof detail. [

Comparing (4.42)) and (4.44)), it is observed that the expressions for both algorithms
consist of two major terms — one O(p) term and one O(u?) term. However, diffusion suffers

from an additional bias term O(p2A?6?/(1 — \)?).

Remark 4.1 (Deterministic case) When o? = 0, both diffusion and exact diffusion re-
duce to the deterministic scenario in which the real gradient V.Ji(w) is available. In this
scenario, it is observed from and that the error wy,; in exact diffusion con-
verges to 0 while that in diffusion converges to O(ub?), which is consistent with the results
presented in |9,|14-10]. |
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Remark 4.2 (Zero bias) When b*> = 0, it holds that each local minimizer w} coincides
with the global minimizer w*, i.e., wi = w* for any k. In this scenario, it is observed from
(4.44) that diffusion has the steady-state error bound

o 52 M2>‘202
lim sup Z w13 = (KV t T (4.45)

1—00

which is smaller than the error bound (4.42)) for exact diffusion especially when \ approaches
0. This result is consistent with [146], which finds diffusion outperforms primal-dual dis-

tributed adaptive methods when w;, = w* in terms of steady-state performance. [

Remark 4.3 (Large bias) When b? is sufficiently large so that the bias term (i.e., the third
term) in ) dominates the entire error bound, it is observed from (4.42) and (4.44) that
exact diffusion performs better than diffusion since it removes the bias term completely. This
result is consistent with [145)], which claims exact diffusion is endowed with faster convergence

rate when the data variance across the network is large. [ |

In the following subsections, we will focus on the scenario where o > 0 and the bias b
is a small positive constant. In this scenario, we will study how the step-size p and topology

A influence the diffusion and exact diffusion algorithms.

4.4.1 Well-connected Network

When the network is well-connected, it holds that A approaches 0. For example, the fully-
connected network has A = 0. In this scenario, the O(p?) terms inside diffusion’s error bound

will vanish and (4.44)) becomes

pio?
hmsup—ZmeHd - (E) (4.46)

11— 00

In comparison, the error bound (4.42)) for exact diffusion is

125257
o 0°o
ed—O<K —l— 2 > (4.47)

lim sup — ZE”U’M

1—00 k! 1
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as A — 0. When p is moderately small such that the term O(u?620%/1?) is non-negligible, we
conclude that diffusion works better than exact diffusion. To roughly characterize the “mod-
erately” small step-size, we assume O(p26%0?/1?) is non-negligible if 26?02 /v* > po?/(Kv),
from which we get u > v/(K§?). Combining it with we conclude that if p satisfies
(note that A — 0)

Lo
K62 62 + 32

max

where d; = 1/(32 + 16¢1c2 + 8,/c1¢z), it holds that O(pu?6%02/v?) is non-trivial and diffusion

(4.48)

has better steady-state performance than exact diffusion. To make the interval in (4.48))

valid, it is enough to let K be sufficiently large.

However, if the step-size p is chosen sufficiently small, then the second term in (4.47)
is also negligible and hence both diffusion and exact diffusion will perform similarly. An
example for “sufficiently” small step-size is when p = v/(K??). By substituting p =
v/(K?§?) into , we reach limsup,_, % Zszl Ellwy |2, = O(KUTQ(SpLK"T;) = O(Kf&z) =

O(‘;(Lj) in which the O(u?) term is negligible.

4.4.2 Sparsely-connected Network

When the network is sparsely-connected, it holds that A approaches 1. In this scenario, even
a trivial bias constant b* can be significantly amplified by the coefficient 1/(1 — X\)?. When
A approaches 1, the first two terms in (4.44]) will be the same as those in . As a result,
when 1 is moderately small and \ is close to 1 such that the bias term O(p202A%0% /(1 — X\)?v?)
is non-negligible, we conclude that exact diffusion works better than diffusion. Furthermore,
the advantage of exact diffusion will be more evident if the bias gets more significant as

A — 1. In the following example, we list several network topologies in which the bias
O(p?v?/(1 — \)?) dominates ([4.5) easily.

Example (Linear, Cyclic, and Grid networks). A linear or cyclic network with K
agents is a network where each agent connects with its previous and next neighbors. On the
other hand, a grid network with K agents is a network in which each node connects with its

neighbors from left, right, top, and bottom. The grid and cycle networks are illustrated in
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Figure 4.2: Illustration of the grid topology and cyclic topology.

Fig. 4.2l For these networks, it is shown in [110,/147] that

1-X=0(1/K?) (linear or cyclic network) (4.49)

1-A=0(1/K) (grid network) (4.50)

and therefore, the bias term O(u?b?/(1 — X)?) in diffusion over linear (or cyclic) graph and
grid graph becomes O(p?b*K?) and O(u*b*K?) respectively, which increases rapidly with
the size of the network. As a result, exact diffusion, by correcting the bias term, is evidently

superior to diffusion over these network topologies. [ |

To roughly characterize the “moderately” small step-size, we assume O(u?62A26% /(1 — \)*v/?)
is non-trivial if

P s 1102
v2 (1-X)?2~ Kv

(4.51)

from which we get u > (1 — \)?0?v/K§*b*. Combining it with (4.43)), we conclude that if p
satisfies

(1—X\)?20%v << dy(1 — N)v
Koe M =Teripp

where dy = 12 + 4eje5 + \/6e1e5 is a constant, then the bias term in (4.44)) is significant and

(4.52)

exact diffusion is expected to have better performance than diffusion in steady-state. To
make the interval in (4.52) valid, it is enough to let A be sufficiently close to 1 and K be
sufficiently large such that

(1-X)20%v  do(1 — N)v PN b? - (6% + 52)02
K02 3 1 B2 1=\ K&
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On the other hand, if p is adjusted to be sufficiently small, the O(x) term in both
expressions (4.42) and (4.44) will eventually dominate for any fixed * and A. In such

scenario, it holds that

1 & o>
I = ENZ-2:O(—> 454
HZgSngKI; [ @il12 ) (4.54)
1 & o’
I =~ SNTE||w izz()(—). 4
ﬂiﬁpz{; w13 o (4.55)

It is observed that both diffusion and exact diffusion will have the same mean-square error
order, which implies that diffusion and exact diffusion will perform similarly in this scenario.

Such “sufficiently” small step-size can be roughly characterized by the range
p < ds(1— A" where x> 0. (4.56)

for some ds > 0. The comparison between exact diffusion and diffusion is listed in Fig. [4.1]

4.5 Mean-square Deviation Expression

In the last section, we showed that when p is sufficiently small, the steady-state mean-square
deviation of both diffusion and exact diffusion will be dominated by a term on the order of
O(uo?/v), as illustrated by (4.54)—(4.55). However, the hidden constants inside the big-O
notation are still unclear. In this section, we show that, when p is approaching 0, i.e., u — 0,
diffusion and exact diffusion will have exactly the same MSD expression in steady state. To
this end, we recall the definition of mean-square deviation (MSD) from [1] as follows:
| X

MSD :M(}L%hﬂi})lpu_K;EH@kZHQ) (4.57)

Note that the MSD defined above is precise to the first-order in the step-size. All higher

order terms are ignored.

4.5.1 Approximate Error Dynamics

It is generally difficult to derive the MSD performance of exact diffusion with the original

transformed error dynamics developed in Lemma 4.4, We therefore propose an approximate
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error dynamics and employ it to assess the MSD performance. To this end, we define

H O
H,=V?J,(w*), H=diag{H,,--- , Hg}, T= . (4.58)
0 0

Obviously, it holds that Hy; — H, H; — H and T; — T if w; — w*. Next, we consider

the approximate error dynamic as follows.

zZ, In—% w1 Hi ~ %L HXR Zio1
é; —%Dl.XLTRl Dl - ,U,DIXLTXR 2271
<4
ny si(Wi_1). (4.59)
%'Dl.)(LBg

Note that we replace Hy; 1, H;_1 and T;_; in with Hy, H and 7 in ([£.59). We can
show that the iterates 2, and z, generated through the approximate error dynamic
are close enough to z; and Z; generated from the original recursion — see Lemma
below. This implies that we can employ recursion rather than to establish the
MSD performance. To this end, we first introduce a few more assumptions on cost functions

and the gradient noise. These assumptions are adapted from [1].

Assumption 4.4 (Smoothness condition in the limit) For each cost function Ji(w),

it 1s assumed that
||V2Jk(w* + Aw) — VQJk(w*)H < K||Aw|| (4.60)

for small perturbations ||Aw|| < €, where k > 0 is a constant.

Assumption 4.5 (Forth-Order Moment) It is assumed for each k and i that
Elllswi(wri-0)|*1Fia] < Bipllwni||*+0o5 . (4.61)

where By and o4y, are some positive constants. [

By following the proof of Theorem 10.2 from [1], we can prove in the following lemma
that difference between the original iterates (4.34]) and the transformed iterates (4.59) is

small.
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Lemma 4.6 (Approximation Error) Under Assumptions it holds for sufficiently

small step-sizes that

/
limsup E - ‘ = O(u?) (4.62)
|
4.5.2 Deriving the MSD expression
Recall from (4.35)) that
- z;
w; = [ T cXpy } : (4.63)
Z
This together with ZT Xz, = OF| implies that
T
_ Z; Kk 0 Z;
532 = (4.64)
éi 0 CZX;%:UXR# 27,
[\ é’r
For simplicity, in the following we let
Z; |z

and it holds that E|w;||*> = E||2;||2. The following lemma shows that E| z;||# is close to

AR

Lemma 4.7 (Approximation Scaled Error) Under Assumptions it holds for

sufficiently small step-sizes that

limsup E||zi[|? - E| 2|} = O(1*?) (4.66)

1—00

2Since X 71X = I with X and X~! defined in (4.31)), we have cL] Xp = %ITXRM =0.
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Figure 4.3: Diffusion v.s. exact diffusion over grid networks for problem (4.73]).
Proof. It holds that

E||z|} =Ellz; — zi + =illf

< Ellz; — 2|t + Ellzf + 2E[(2] — 2:) Tz

< E|lz}~zi|}+E| zi[2+2y/Ellz} — 2/ 2E]| =]
which implies that

E||zj[lr — Ell=:r

< Bl|zi-z} + 2y/E|2, - z]3E| =2

< )‘maX(F)E”Z;_Zinz + 2 max (1) \/E”ZQ_ZZ'HZE”ZZ'HQ

where Apax(I') is the largest eigenvalue of I'. From (4.65) we know it holds for sufficiently

141



K=9, mu=0.005 K =64, mu = 0.005

-5 -15
1o —@— diffusion —@— diffusion
—B- exact diffusion —207 —B- exact diffusion
—~ —151 —
m m —25
S -20] )
_30<
a) i [a)
n % 9
2 3. 2%
—35 —40
—-40 - - - - —45 . . ; ;
0 1000 2000 3000 4000 5000 0 1000 2000 3000 4000 5000
iteration iteration
) K =100, mu = 0.005 15 K =400, mu = 0.005
—@— diffusion —@— diffusion
=201 —- exact diffusion —20 —- exact diffusion

0 1000 2000 3000 4000 5000 0 1000 2000 3000 4000 5000
iteration iteration

Figure 4.4: The superiority of exact diffusion is more evident as the grid network becomes

larger when solving problem (4.73]).

small p that

lim sup E||z;]|* = limsup E||2;||* + lim sup E|| Z|?
(Z50N1)
= O(p) +O(p*) = O(p). (4.67)

Also, from (4.62) we have limsup,_, . E||2; — 2]|> = O(u?). Since T is independent of p, it
therefore holds that

limsup (E| |2 — El|z:[}) = O(4*?). (4.68)

1—00

Now we establish the MSD expression for exact diffusion. Since E||lw;||* = E|| ;|2 is close

to E| 2}||2 as proved in Lemma [4.7 we will first derive the MSD expression for E|/ 2|2 and

use it to facilitate the derivation of the MSD for exact diffusion, i.e., E|w;||?. To proceed,

we assume that, in the limit, the following covariance matrix evaluated at the global solution
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w* exists

Sp 2 lim Efsy(w*)sp:(w*)]. (4.69)

1—00

The following theorem establishes the MSD expression of the approximate error dynamics.

Theorem 4.2 (MSD expression) Under Assumptions it holds for exact diffusion
that

MS Dy = —Tr (Z Hk> (i Sk) : (4.70)

Proof. See Appendix [£.C] |

Recall the MSD expression for standard diffusion is |1, Equation (11.140)]:

It is observed that the MSD expression for diffusion (4.71)) is equal to that of exact diffusion
(4.70). This implies that diffusion and exact diffusion will perform exactly the same in steady

state for sufficiently small step-sizes.

4.6 Numerical Simulation

4.6.1 Mean-square-error Network

In this subsection we consider the scenario in which K agents observe streaming data

{di(7), us,;} that satisfy the regression model
dy, (i) = uy wi + vi(i) (4.72)

where wf is the local optimal solution at agent k, and the noise process, v(7), is independent
of the regression data, uy;. The cost over the mean-square-error (MSE) network is defined

by

min ZE (di (i) — uf w)”. (4.73)

weRM
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To generate {dy (i), ux;}, we first generate the local optimal solution following a standard
Gaussian distribution, i.e., w; ~ N(0,I). Next we generate ug; ~ N(0,A;) where Ay is
a positive diagonal matrix and vy (i) ~ N (0,0.17y,). With w}, uy,; and vg(i), we generate

dy(i) according to (4.72)). Also, we can verify that the global solution to (4.73)) is given by

K -1 K
w* = (Z Ak> > Ay (4.74)
k=1 k=1

In all figures below, the y-axis indicates the MSD performance | Eljwy; — w*||?/K.

We first compare the performance of exact diffusion and diffusion over a grid topology
— see the first plot in Fig[d.3] We first let K = 9 and p = 0.005 and compare exact
diffusion and diffusion. With these two parameters, it is shown in the first plot in Figl4.3]
that both methods perform almost the same, and the steady-state MSD performance of both
methods coincide with the derived MSD expression . In the second plot in Fig, we
maintain z = 0.005 but increase the network size to 100 nodes. As we explained in Sec[4.4.2]
a grid topology with larger network size has A closer to 1, which amplifies the inherent
bias O(p?b?/(1 — N)?) suffered by diffusion. It is observed that exact diffusion has a clear
advantage over diffusion during the steady-state stage. Note that in the second plot both
diffusion and exact diffusion do not coincide with the derived theoretical MSD expression.
This is because the theoretical MSD expression in is only precise to first-order in pu.
When A approaches 1 as the grid network gets larger, the second-order term of x4 is amplified
by 1/(1 — X) and becomes non-negligible. In the third plot, we maintain K = 100 and
teg = 0.005 for exact diffusion while decreasing the step-size of diffusion to (g = 0.003)
so that it has the same steady-state MSD performance as diffusion. It is observed that in
this scenario exact diffusion converges faster than diffusion to reach the same steady-state
performance, which implies that exact diffusion has faster adaptive and tracking abilities
than diffusion over large grid graphs. In the fourth plot of Figld.3] we adjust p = 0.0001
for both methods while keeping K = 100. Since p gets much smaller, the inherent bias in
diffusion becomes trivial and both methods perform similarly again, and they coincide

with the derived MSD expression.

To further show how superior the exact diffusion can be compared to diffusion over the
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Figure 4.5: Diffusion v.s. exact diffusion over a fully connected network for problem (4.73)).
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Figure 4.6: Diffusion v.s. exact diffusion over cyclic networks for problem [4.75

grid network, we depict the performance of diffusion and exact diffusion for different network
sizes in Figld.4] Tt is observed that the superiority of exact diffusion becomes more evident as
the grid network gets larger, and exact diffusion performs much better than diffusion when

K = 400.

In the third experiment, we compare diffusion with exact diffusion over a fully connected
network with K = 30. Since A = 0 for this scenario, it is expected diffusion has better steady-
state performance than exact diffusion when p is moderately small, see the discussion in Sec.
[4.4.1] Also, the superiority of diffusion should vanish as the step-size becomes sufficiently
small. The comparison results shown in Fig[4.5] are consistent with our discussion in [£.4.1]
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Figure 4.7: The superiority of exact diffusion gets more evident as the cyclic networks gets

larger when solving problem [4.75]
4.6.2 Distributed Logistic Regression

In this subsection we compare the performance of exact diffusion and diffusion when solving
a decentralized logistic regression problem of the form:

K
min E {ln <1 + e"’kh;w>} + g||w||2, (4.75)

RM
we 1

where (hy,~y,) represent the streaming data received by agent k. Variable h;, € RM is the
feature vector and «, € {—1,+1} is the label scalar. In all experiments, we set M = 20
and p = 0.001. To make the Jx(w)’s have different minimizers, we first generate K different
local minimizers {w}}. All w} are normalized so that ||wf||* = 1. At agent k, we generate
each feature vector hy; ~ N(0, Is). To generate the corresponding label v, (), we generate
a random variable z,; € U(0,1). If z,, < 1/(1+ exp(—hgﬂ-w;)), we set v, (i) = 1; otherwise
¥i(i) = —1.
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Figure 4.8: Diffusion v.s. exact diffusion over a fully connected network for problem (4.75)).
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Figure 4.9: Comparison between diffusion , exact diffusion (proposed), and gradient track-
ing over cyclic networks for problem (4.73]).

We first compare these two methods over a cyclic network, see the simulation in Figs.
and [4.7] Similar to Sec. VI.A, the simulation results shown in Figs. and [£.7) are also
consistent with our discussions in Sec[4.4.2] In the third plot in Fig[.6] we set pq = 0.003
and peq = 0.006 so that both diffusion and exact diffusion have the same MSD performance.
Next, we compare diffusion with exact diffusion over a fully connected network in Fig[.§

It is observed that the results are consistent with the discussion in Sec[4.4.1]

4.6.3 Comparison with Gradient Tracking Methods

In this subsection we compare exact diffusion with the distributed stochastic gradient track-
ing method [2,/3]. While [2] shows stochastic gradient tracking has better steady-state MSD
performance than decentralized gradient descent (DGD) via numerical simulations, it does

not study when and why gradient tracking can be better DGD. In fact, since gradient tracking
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can also be used to correct the bias suffered by diffusion, we can expect the gradient tracking
method to have roughly a similar behavior to exact diffusion. In other words, gradient track-
ing will have better MSD performance than diffusion when the network is sparsely-connected
and worse MSD performance when the network is well-connected. Moreover, the difference
between diffusion and gradient tracking will diminish for small step-sizes. In this subsection,
we verify this conclusion using simulations. We first consider the MSE-network over a
cyclic network (which is a sparsely-connected network). The results in Fig. show stochas-
tic gradient tracking behaves as we expected, and it has almost the same performance as
exact diffusion in all scenarios. Note though that the gradient tracking method [2}3] requires
twice the amount of communication that is required by exact diffusion, which implies exact
diffusion is more communication efficient. In the third plot in Figld.9] we set pq = 0.003 and

Led = Mrack = 0.006 to endow the algorithms with the same steady-state MSD performance.

We next compare diffusion, exact diffusion, and gradient tracking method over a fully-
connected network (which is a well-connected network). It is observed in Fig[4.10] that
diffusion has the best MSD performance compared to exact diffusion and gradient tracking,
which confirms our conclusion. While reference [2] suggests that gradient tracking is supe-
rior to consensus, we observe from the analytical results in the current manuscript and from
the simulations in Fig[4.10] that there are situations when gradient tracking cannot outper-
form the traditional diffusion; their performance measures match each other and sometimes

gradient tracking can be worse.

4.7 Conclusion

This chapter studies the convergence property of exact diffusion under the stochastic and
adaptive setting and compares it with traditional diffusion strategy, which illustrates the
influence of bias-correction on distributed stochastic optimization. Conditions are established
when exact diffusion can improve, match, or even degrade the performance of diffusion.
In particular, it is analytically proven that the superiority of exact diffusion will be more

evident over sparsely-connected network topologies. Future work includes improving the
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Figure 4.10: Comparison between diffusion [1], exact diffusion (proposed), and gradient

tracking [2,[3] over a fully connected network when solving problem (4.73]).
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current exact diffusion structure so that it can match, or even outperform diffusion over

well-connected networks.

4.A Proof of Theorem [4.1]
From the first line in the transformed error dynamics (4.34)), we know that

K
- H - CH T .
z <M K,;_l ki1 ) Zio1 KI’H 1XRuZi1

+ %ITSi(WZ'_l). (476)

By squaring and taking conditional expectation of both sides of the recursion and recalling

(14.37), we get
E[|z:]*Fi-1] =

K
M - CH 1 . 2
]——gH,;) i1——L ' H; 1 Xru2Zi_ H
H( Kk:l k=l ) Ei1T e Hi1Aruio

K
1
B[ 2 st
k=1

2

J-'H} . (4.77)

Next note that

2

K
1% ~ CH T <
[ Y Hpi)2a- T Ha Xn2ic
H( K; k,131K'H1R,31

(@ 1 T 2
< — || [—=— H;, ., Z_ 2
< 1—tH KE kiet || [1Zial]
k=1
U2 |2 a2l 21
+K2t” ([t 7 P2 9 -7
O (1—w)? _ 5 AP0 Xeu® .
<= 7 gz A s N
e N e
2 <2 2
(©) _ pc0? || Xrull? .
D (1 )P+ LR (4.78)

where (a) holds for ¢ € (0,1) because of Jensen’s inequality, and (b) holds since v? <
[Hia]? <82, || Z))? = K, and |1 — &30 Hy; > < (1 — uw)? when p < 1/8. Moreover,
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equality (c) holds if we choose t = pv. In addition, recall from (4.40]) that
K
1 2 g o, o
| X i || < Rl

Moreover, we can bound ||w;_1||* as

@35) |- .
? 1Z2i-1 + cXpuZial

[Wi1
< 2|Z2i|® + 26| XpuZia|®

< 2K||Zia|* + 267 X |*l| 2o |1

Substituting (4.78]), (4.79)) and (4.80) into (4.77)), we reach

E[|| 2] Fi-1]

< (1= +24°8%)|| 2|

2S2 2 .22 2 2
ped 2N0ﬁ> 2| 2 [ MO
Xru i
+ (5 + ) 1l Pz 2 + 52
< (1= + 22824
252 2.2122 2 2
peo 2#65) 25 2, MO
X i— 9
+ (5 + Pz +

where the last inequality holds since
[Xrall? =1 Zieas 0 | Xal?
< I T 0 ] 121N = ]2
By taking expectation over the filtration, we get

E|z:l2 < (1 — u + 202 8)E)| 24 |
120

7

62(52 2 2C2 2
+<u L 2es

Xr|’E| 21|
1Kl 2| +

On the other hand, from the second line in (4.34]) we have

zi=D12,_; — %DleTifl(Rléifl + cXRpZ;_1)
+ %DleBESKWifl).
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By squaring and taking conditional expectation of both sides of the above recursion and

recalling (4.37)), we get

E[]| 2| Fi-1]
= ||D12;-1 — HDIXLTi—l(RIZi—l + CXR2¢—1)||2

D 2
T oy ) (1.85)

Note that

D121 — (/)X Tio1(R1Zio1 + cXrZi1)|)?

5 2y K *|| Dy | 2
< —||D Zia|” + 21— )HXLTz 1(R12i_1 + cXrzi1)||
2# HD1H2
< —leH 1Zi1]* + —<1 )HXLH 1T lP RPNz
2# ||D1||2
+ P T PP, (456

where ¢ € (0,1). To simplify the above inequality, we denote

Aa(A), N 2 (A, (4.87)

max{[A2(A)], | Ak (A)[}- (4.88)

Iz

A2

=

Since A = (A + Ix)/2 and A is doubly-stochastic, we have
N = (1+X\)/2 € (0,1). (4.89)
From Lemma 4 in [16] we know that
D1l = VN € (0,1). (4.90)
Also, from the definition of T; in , we have

H; O

1T]1? = 52, (4.91)
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By substituting (#.91)) into (&.86)), setting t = v/ and recalling || R, ||> = ||Z||> = K, we get

D121 — %XLTifl(Rléifl + CXRZ’A)W

20252 N || XL )1? ]| Xl
< (VT EENIAPIRY

1—vVN
2K 1282 || X)) N
|Zial” (4.92)
(1 —/N)

In addition, it also holds that

E[|| X Besi(wi-1)||*| Fi-1]
< XL Bel PE[|| 85 (Wi-1)]1?|Fii]

(a) _
< K| XL|?82[Wial* + K| X |*0”

) ]
< 2K XL BR1 2P + 2K | Xrul P X252 2|

+K\|XLH202
) 2K X2 57| 254 ||? N 2¢° K || Xg 1P| XL|1? %] Zi -1 |)?
1—VN 1—VN
+K|| X ||*0? (4.93)

<

(

IN

where (a) holds because of inequality (4.40)) and the fact
2

T

1Be|* = || B <|B*=1

in which the last equality holds because of Lemma [4.3] The inequality (b) holds since
1—+/X € (0,1) and inequality (#.82)). By substituting (4.92) and (#.93) into (#.85)), we have

E[||z:]*| Fi-1]
2N (6% + KB%)|| L2 (| Xkl | -
< )\I + Zi_ 2
- ( 1— VN >” 3

NEp* (8% + KO XLl o
5 12|
(1—+vVN)c

2/\/K X 2 2
+ B “2 ol (4.94)

c
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By taking expectation over the filtration, we get

E||z;*
2N p?(6° + KB%)|| X0 [1* (| Xrll®
< (VN +
a ( 1—VN
QKN p? (0% + K52 || X0 ||?
(1 —VN)e2
N 2K

JE

A

+ X ||20? (4.95)

To simplify notation, we introduce the constants

o = Al?, 2 = || Xx| (4.96)

Combining (4.83)) and (4.95)), we have

Bz | _| 1wzt (M2 e,

> 112 | 2K 2 52+Kﬁ2 C1 2/.1,2)\ 52+Kﬁ2)8102
EHZZH (1— \ﬁ)cz \/_+ 1—vV N
Blzal? | [ e .
E|l2i Kery2o? |

Note that c is a parameter that can be set to any positive value. If we let ¢2 = Kc¢;, then
the above inequality becomes

El|z:|? < 1 — pw + 2p° B (“—52 + 2M252)0102

o - 2\ 2 52 2 )\/ 2 52 2
]E||Zz||2 %\/‘%Kﬂ) \/__+_ 2 +\/@ )eice

Efzi|? N o’

(4.98)
Efzi|? Nto?
If we choose u sufficiently small such that
2 22 1
1—pv+2u°p°<1-— SHY; (4.99)
52 2110%
(“— + 2u252>0102 < Hrae (4.100)
v v
2N 1% (62 + K32 1
WO+ KS) Ly, (4.101)
1—VXN 4
2\ 2(82 K 2 1 /
Vg 0T K Jee, 14 ‘/X, (4.102)

1—VN -2
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then inequality (4.98]) becomes

El|z: < 1 —3pv 2“62% Ell 21|
El| 2| POVIZE s M R
S
1,242
L E . (4.103)
)‘//1’20-2
To satisfy (4.99)—(4.102)), it is enough to let p satisfy
u< (1= VX (4.104)
o (84—46102 +\/46162)((52 —FK/BQ) ’

Also, note that 1 — v X = (1 — N)/(1 ++vN). Since 0 < XN < 1, we have (1 —\)/2 <
1 — VXN < 1— ). Moreover, since X' = (1 + \y)/2 (see ([#.89)), we have

1—A 1—\
42<1—¢W< 5 2 (4.105)

From (4.88) we have |Ay] < A, which further implies —A < Ay < A. This together with

(4.105)) leads to

1— A 1+ A
— < 1—-v53<:—{;—. (4.106)

With relation (4.106)), we know that if u satisfies

(I=XAv
32416¢1c+8/c162) (02 + K 32)

< ( (4.107)

then ;o must also satisfy (4.104). Recall that 5% = %{52}7 we have K32 = 32, =
maxy{ 07}

Next we examine the spectral radius of the matrix C. Note that A" € (0,1), it is easy to

verify that

2 4
1 N 2u6?
< max{l—ﬁ, +\/_Jr 7 6102}

N 1 N 2062
p(C) < |IClly = max{l—&-k 'uy, +2\/_+ iz V0102}

4 2 v
@109) 1
< 1- < 1, (4.108)
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and therefore C is a stable matrix, and p(C) = 1 — O(uv) is the convergence rate of E|[w;]|?.

Next we examine:

(I-¢)
—1
p _2#620102
o 2 v
N uv 11—V
4 2
4 1—vV/ N 2u52clcg
o 2 v
(1 = VN)uv — 2N u262c1c9 %/\' w
(a) 8 1=VN 2ud%cic
< 2 v
(= VX)X
4 1652c; co
— j0% V2(1—W)
2\ 4 ’
11—V 11—V

where inequality (a) holds since

(1= VN
>

when p satisfies (4.104]). By iterating (4.103]), we conclude that

(1-— \/Y)/uw — 2N 6% >

EAE 122
lim sup =l <{I-0)! Kk
inoo” | Bz Np2o?

4po? + 16X 8%¢c1cop’o?

14.1:09) Kv ,/2(1_\/y)
2\ p2o? AN 2o

K(1-V/X) -V
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As a result, we obtain

lim sup E|w;]|
1—00
< limsup (2KE||2¢||2 + 2KC102E||21‘||2)

B 1—00
8o N (32K 6% + 4v% + 8Kv?) N eycop®o?

- v v2(1 — V)

< Suo? N 44K 6% N e copo?
v v2(1 —V/N)

Suo? 176 KN cicyd*po?

< +

v v2(1—\)

(a) 8u02+88K(1 + A)cred? it o?

<
v v2(1—\)
2 2,2 2
(b) uo® K& pro
= . 4.112
O( v i v? 1—)\> ( )

where (a) holds because X = (1+X2(A))/2 < (1+))/2 and (b) holds because A < 1. Result
(4.112) leads to (4.42) by dividing K to both sides of (4.112]).

4.B Proof of Lemma [4.5|

This section establishes the mean-square convergence of diffusion. With definition (4.12]),
we can rewrite diffusion recursions (4.2))—(4.3) as

wi = A(wi_1 — nVO(wi_1; x;)). (4.113)
With relation , the above recursion becomes
wi = A(wio1 — pVT (Wis1) — pusi(wis1)), (4.114)
which also leads to

wi = AW + VT (Wi1) + psi(wi—1))
= AWi1 + uVI (i) — uVI (W)
+ AV I (W*) 4+ pAs;(wi-1)
A((I — uHi )W+ ph + usi(wi_l)) (4.115)
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where w; = w* — w; and h 2 VI (w*). Note that A = A ® I, is symmetric and doubly

stochastic, it holds that

Iy 0| | LT7

A= [z cXR] , (4.116)
0 al]
X | S —
x-1

where T = 1 @ Iy and A 2 [|A] = max{|A2(A)], [Ax(A)[} < 1. Note that Xy and X, are

different matrices from the ones defined in (4.31)). Now we define

Wi -
2 x (4.117)
w;

and multiply X! to both sides of (4.115)), it holds that

Wi _ Iy — % 25:1 Hyi —%IT'HZ‘AXR
Wi —%AXL%Z',LZ A — IUAXL?'LileR
Wi_ LTTh LT
x N R siwi). (4.118)
W;_q %AXL}L %AXL

For notational simplicity, we further define

1

h & “AXph, (4.119)
c
1 ~

S; = EITSi(W,;,l), (4.120)
1 ~

S; é EAXLSi(Wi—l)a (4121)

Recalling that h = VJ(W*) and, thus, Zh = Y n | VJi(w*) = 0. Therefore, recursion

(4.118]) becomes

wi | I — % Z?:l H;,; —%IT'HiAXR
Wi —%AXL’Hi_lI A — MAXLHi—l/YR
W;_ 0 S;
X O IS R I R (4.122)
Wi_1 ph uSi



In the first line of the above transformed recursion, we have

wi =(In — 2 ZHk,i—l)V_Vi—l
k=1

— %ITHZ‘_l‘)(RVVVi_l + ,uéi. (4123)

By following arguments in (4.76])—(4.83)), we reach

Elwill* < (1 — pw + 242 8°)E|wi 4 ||
252 202 2,,2
2 B

(c plo?
Kv K

7

) XRIPElWii |* + (4.124)

In the second line of (4.122)), we have

wi =(A — pAXLH; 1 Xr)Wiq

- %AXL’Hi_lIv‘vi_l + b+ ps;. (4.125)
By following arguments similar to the ones in (4.84)—(4.95)), we have

E|lwi|*
\ L BN 4 KB | A X
(r+ =
BE 2N (62 + K %) || X ||?
(1 —X)c?
AL
(1 —X)c? c?

< JElWia?

E[[wi_1|?

Xz (%0 (4.126)
To simplify notation, we introduce the constants
er = [|)?, e = ||XR)?, 0 =|h|?/K. (4.127)

Meanwhile, we also set ¢ = ¢, K in (4.124)) and (4.126]). With these notations and operations,
we combine (4.124]) and (4.126)) to get

Elwil? | _ | 1w 2tst (4428 eres

o - 2312 52 2 232 52 2 ere
]EHWlHQ 3 ﬁjm ) A 22X ( ;{\fﬁ Jeie2
Ellwi-|? who’
A 2 * 2\2,,2 | 3pPA%0? (4.128)
E[[W;_1|| PN 0" 4
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If we choose sufficiently small p such that

1
1— v 421232 <1 — SH; (4.129)
52 21162
(“— + zu%?) erey < MO G1C2 (4.130)
12 14
BN (2 + KpB?) 1
< —puA 4.131
3uN\2(6% 4+ K52 1+ A
A g BN KF)erey 1EA (4.132)
1—A 2
then inequality (4.128) becomes
E[jw;|? < -5 W% El[w;_1?
~ - 21/ ~
Ellw;|” wr o 42 Elwi-1|?
it
1,2,2
|, QKQM e | (4.133)
PN+ TS

To make inequalities (4.129)—(4.132)) hold, it is enough to set

(1= _O((l—/\)y)
12+4€1€2+)\\/661€2)(62 -+ KB2) B 52 + K62 .

Note that Kf3* = 32,,. Similar to (4.108)), it can be easily verified that when u satisfies
(4.134]), we have that p(C) < 1. Moreover, we also have

p< : (4.134)

-1

pv _2#526162
I—C -1 _ 2 v
(/-0C) ot 1
1 2
1 1= 2pb2eier
. 2 v
T ouw(1-)) _ p28%X%eie pAZy i
4 2 4 2
26 e
@ 8 5 e
T (1l =X) | wx pwy
1 2
4 166%e1es
— | m =N (4.135)
222 4
I-x  I-a
where step (a) denotes entry-wise inequality, which holds because
v(l— )\ 25%2X\2%¢ e v(l—\

4 2 - 8
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when p satisfies (4.134]). By iterating (4.133]), we get

. E[wll?
lim sup
i | El[wilf?

1,2 2
=Moo
_ wH
= (I-0)" L e
puo —l——”—l_/\
4 165%e1e0 1,22
V2(1—N) KHO
2)\2 4 3u2)\2p?
A ,LL2)\20'2+ #1_)\

1-X 1-X
4;102 + 16626162u2A202 + 48626162u2A2b2
2(1— 2(1—N)2
Kv v2(1-X) v2(1-X) (4137)
2u?A202 + 4P X302 + 1212 )22p2
K(1-X) 1-X (1=X)2

Therefore,

lim sup E[|w;||?

11— 00

i _ 12 112
< limsup (2KE|w;||* + 2K e1e:E | w?)

12— 00
_ 8uo? N (4% + 32K 6% + 8Kv?) e eau® N2o?
v v2(1—\)
(9662 + 24v°) K eyea > \2b?
v2(1— \)2
8uo?  44Keiead il 20? 120K e ea0? 2 \2b?
- v v2(1—A) v2(1 — \)?
2 52 212 2 52 21272
o 0 Kuléo 0 Ku“X°b
—o(tr 0 BRAT 0 RIEATT 4.138
<V T Ty T oy (4.138)

This leads to (4.43)) by dividing K to both sides of (4.138)).
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4.C Proof of Theorem 4.2

The derivation of the MSD expression adjusts the arguments from |1, Ch. 11] to our case.

We start by introducing

Iy—L£ 5K Hy  —LTTHXg,
¢ & | P 2 B K o , (4.139)
i —%91XL7R1 D, — uD X, T Xr
- -
g é K N S; é Si(wi—1)7 (4140)
D\ X.B,

With these definitions, we can rewrite the approximate error dynamics (4.59)) as 2, = Cz}_,+

1Gs;. By squaring and taking conditional expectation over the filtration F,;_;, we have
E[l| 2% Fi-1] = |2 _1lGract#Elllsil Greg| Fi-il- (4.141)

where X is any positive semi-definite matrix to be decided later. By taking expectation

again, we have
E||)|% = El|z)_, [Zrse + 1°Ellsill3rss- (1.142)
Now we analyze the gradient noise term. To do that, we introduce the network noise quantity
S 2 diag{Si, Sy, -, Sk}. (4.143)

where S}, is defined in (4.69). Note that p°E| s;||Zryg = #°Tr (ZQE[sisiT]gT>. By following |1,

(11.72) — (11.76)], it holds that u’E||s;[|%ry,, can be well approximated by p?Tr(XGSGT). To
be more precise, we have
lim sup 12 i 2y = ETHEY) + Te(S) - o(4?), (4.144)

1—00

where Y 2 GSGT and o(u?) = O(u**) with € > 0. By substituting (4.144]) into (4.142)

and taking the limit, we have

tim sup B 2% crse = 1B :lrsg

= (*Tr(ZY) + Tr(X) - o(1?). (4.145)
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Note that from (4.64]), we are interested in limsup,_, . ||w;||* = E|£}||2. Thus, we need
Y—-C'SC=T. (4.146)

We now recall two block Kronecker product properties that are useful in the following deriva-

tions 1, Appendix FJ:

bvec(ACB) = (BT ®;, A)bvec(C) (4.147a)
Tr(AB) = [bvec(BT)]"bvec(A) (4.147b)

for any A, B, and C of appropriate dimensions. To solve for ¥ in (4.146|), we apply property
(4.147a)) to both sides of (4.146|) and reach

bvec(3) — (CT @, CT)bvec(X) = bvec(T), (4.148)

where ®, is block Kronecker operation. Now we define F = CT®,CT € REK-1)*M*x(2K-1)*M*
Since C is stable for sufficiently small step-sizes, we know F is also stable and hence I — F

is invertible. Therefore, it holds that
bvec(X) = (I — F) 'bvec(I). (4.149)
Next we evaluate the right-hand side in (4.145)). From property (4.147h|), we have

pATe(XY) = pP[bvec(YT)] Tbvec(X)

(.149) 12[bvec(Y)T(I — F) " bvec(T). (4.150)

To examine the above quantity, we have to evaluate (I — F)~! first. We recall from ([4.139)

that
Iy — 45K H, —LRITTXID
T — M KZk_l k ¢’V L1 (4.151)
—BX] HI Dy — pXiT XD,
With definition F = C" ®, CT, we partition F into four blocks
Fu F
F= |70 " (4.152)
For Fa
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where

It can be verified that

(I—-F)*!

(I @ 4 3 Het &30 Hy @ Iy) ™ 0

- +O(1)

0 0

g

- " ]ZI[IMQ 0}+O(1)

where Z =" £ (Iny® Hy+ Hy @ Iny). With ([{154), we have

(I — F) bvec(T)

By substituting

[ Iy2 0 } bvec(T)

= <[IM 0]®b[1M Ovaec(F)

(2]

= Kbvec(Iy) = Kvec(Iy)

into (4.155)), we have

Next we let
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where the last equality can be verified by following similar arguments to [1, Equations

(11.123)—(11.129)]. Substituting (4.158) into (4.157)), we have

IMQ

(I —F) 'bvec(I') = K bvec(P) 4+ O(1). (4.159)
0
Substituting (4.159) into (4.150]), we have
2 2 T | 12 2
p Tre(XY)=p" Kbvec(Y")] bvec(P)+O0(u*) (4.160)
0

11>

a
To examine p2Tr(X)) in the previous expression, we need to evaluate ). Since ) = GSGT,
we have

17T
K

y=1, S| Lz 18]

~XBy

17T 17T opRT T

=X BST X BSBIX]

Note that from (4.143)), we have Z'ST = Zszl Sk. With the expression of ) in (4.161)), we

have
; Iy
a = p*KTr |unbvec bvec(P) » Y
0
a [M [
Lwrnl| P 0]V
O L

:gTr (;Hk) (;Sk) . (4.162)

where step (a) follows from property (4.147a) and in the last step we used (4.158]) and
(4.161). With the same technique as above, we can also derive that

T(X) - o(u?) = o(p). (4.163)



Substituting (4.160)—(4.163) into (4.145)), we have
1/ Kk
hmsupEuz;H%——Tr (Z Hk> (Z k) +o(p). (4.164)
k=1

1—00

With relation (4.66) in Lemma we also have

lim sup B 2|2
i—00

— _Tr (Z Hk) (Z Sk> + o(p). (4.165)

Recalling the facts that E[w;||*> = Z,I::lIEHfI)kAF and lim,_,oo(p)/pn = 0, we therefore

derive the MSD expression of exact diffusion as follows

1 ~
MSD = pu (lim lim sup _E||Wz”2>
K

=0 oo

1—00

— _Tr (Z Hk> B (g Sk> . (4.166)

[@59) . 1 112
= M(}}L%hmsup MKEHZZHF)
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CHAPTER 5

Exact Diffusion for Distributed Empirical Learning

5.1 Context and Background

This chapter considers empirical risk minimization under the decentralized network setting.
For most traditional machine learning tasks, the training data are usually stored at a single
computing unit [148-151]. This unit can access the entire data set and can carry out training
procedures in a centralized fashion. However, to enhance performance and accelerate con-
vergence speed, there have also been extensive studies on replacing this centralized mode of
operation by distributed mechanisms [54./63,/152-154]. In these schemes, the data may either
be artificially distributed onto a collection of computing nodes (also known as workers), or
it may already be physically collected by dispersed nodes or devices. These nodes can be
smart phones or tablets, wireless sensors, wearables, drones, robots or self-driving automo-
biles. Each node is usually assigned a local computation task and the objective is to enable
the nodes to converge towards the global minimizer of a central learning model. Neverthe-
less, in most of these distributed implementations, there continues to exist a central node,
referred to as the master, whose purpose is to regularly collect intermediate iterates from
the local workers, conduct global update operations, and distribute the updated information

back to all workers.

(Clearly, this mode of operation is not fully decentralized because it involves coordination
with a central node. Such architectures are not ideal for on-device intelligence settings
[63,/155] for various reasons. First, the transmission of local information to the central node,
and back from the central node to the dispersed devices, can be expensive especially when

communication is conducted via multi-hop relays or when the devices are moving and the
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network topology is changing. Second, there are privacy and secrecy considerations where
individual nodes may be reluctant to share information with remote centers. Third, there is a
critical point of failure in centralized architectures: when the central node fails, the operation
comes to a halt. Moreover, the master/worker structure requires each node to complete its
local computation before aggregating them at the master node, and the efficiency of the

algorithms will therefore be dependent on the slowest worker.

Motivated by these considerations, in this chapter we develop a fully decentralized solu-
tion for multi-agent network situations where nodes process the data locally and are allowed
to communicate only with their immediate neighbors. We shall assume that the dispersed
nodes are connected through a network topology and that information exchanges are only
allowed among neighboring devices. By “neighbors” we mean nodes that can communicate
directly to each other as allowed by the graph topology. For example, in wireless sensor
networks, neighboring nodes can be devices that are within the range of radio broadcasting.
Likewise, in smart phone networks, the neighbors can be devices that are within the same
local area network. In the proposed algorithm, there will be no need for a central or master
unit and the objective is to enable each dispersed node to learn exactly the global model

despite their limited localized interactions.

5.1.1 Problem Formulation

In a connected network with K nodes, if node k stores local data samples {xk,n}nNil, where

Ny, is the size of the local samples, then the data stored by the entire network is:

{oabs 2 {{ona b {men i, o zica i |, (5.1)

where N = " | N;. We consider minimizing an empirical risk function, J(w), which is

defined as the sample average of loss values over all observed data samples in the network:

N
. A : al .
w* = argmin J(w) = N;Q(w,wn)

weM

K N

1
= NZZQ@;;@@. (5.2)

k=1 n=1
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Here, the notation Q(w;x,) denotes the loss value evaluated at w and the n-th sample, x,,.
We also introduce the local empirical risk function, Ji(w), which is defined as the sample

average of loss values over the local data samples stored at node k, i.e., over {z,}o%,:

A

Je(w) = EZ@(w,mk,n). (5.3)
Using the local empirical risk functions, {Ji(w)}, it can be verified that the original global
optimization problem (5.2)) can be reformulated as the equivalent problem of minimizing the

weighted aggregation of K local empirical risk functions:

* A

w argmin J(w) 2 qujk(w). (5.4)

weM

where gy, 2 Ni/N. The following assumptions are standard in the distributed optimization
literature, and they are automatically satisfied by many loss functions of interest in the
machine learning literature (such as quadratic losses, logistic losses — see, e.g., [1,/4]). For
simplicity in this article, we assume the loss functions are smooth, although the arguments

can be extended to deal with non-smooth losses, as we have done in [156,157].

Assumption 5.1 The loss function, Q(w;x,), is convex, twice-differentiable, and has a
d-Lipschitz continuous gradient, i.e., for any wy,ws € RM and 1 <n < N:

IVw@(wi; &) = ViQ(ws; ) || < 0wy — ws (5.5)
where § > 0. Moreover, there exists at least one loss function Q(w;x,,) that is strongly
cOnver, 1.e.,

V2Q(w;x,,) > viy >0, for some n,. (5.6)

5.1.2 Related Work

There exists an extensive body of research on solving optimization problems of the form
in a fully decentralized manner. Some recent works include techniques such as ADMM
[74,85], DLM [87], EXTRA [75], ESOM [158], DIGing [93], Aug-DGM [95] and exact diffusion
[15,/16]. These methods provide linear convergence rates and are proven to converge to the

exact minimizer, w*. The exact diffusion method, in particular, has been shown to have a
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wider stability range than EXTRA implementations (i.e., it is stable for a wider range of
step-sizes, i), and is also more efficient in terms of communications than DIGing. However,
all these methods require the evaluation of the true gradient vector of each Ji(w) at each
iteration. It is seen from the definition , and depending on the size Ng, that this

computation can be prohibitive for large-data scenarios.

One can resort to replacing the true gradient by a stochastic gradient approximation, as
is commonplace in traditional diffusion or consensus algorithms [1,4-6,,8}9,|12,[142]. In these
implementations, each node k approximates the true gradient vector V.Ji(w) by using one
random sample gradient, VQ(w;zy ), where n € {1,2,--- | Ny} is a uniformly-distributed
random index number. While this mode of operation is efficient, it has been proven to
converge linearly only to a small O(u)—neighborhood around the exact solution w* [36]
where 1 is the constant step-size. If convergence to the exact solution is desired, then
one can employ decaying step-sizes instead of constant step-sizes; in this case, however,
the convergence rate will be slowed down appreciably. An alternative is to employ variance-
reduced techniques to enable convergence to the exact minimizer while employing a stochastic
gradient approximation. One proposal along these lines is the DSA method [77], which is
based on the variance-reduced SAGA method [149,/151]. However, similar to SAGA, the
DSA method suffers from the same huge memory requirement since each node k£ will need to
store an estimate for each possible gradient {VQ(w; ) nNL. This requirement is a burden

when Ny is large, as happens in applications involving large data sets.

5.1.3 Contribution

This chapter derives a new fully-decentralized variance-reduced stochastic-gradient algorithm
with linear convergence guarantees and with significantly reduced memory requirements. We
refer to the technique as the diffusion-AVRG method (where AVRG stands for the “amor-
tized variance-reduced gradient” technique proposed in the related work [76] for single-agent
learning). Unlike DSA and SAGA, this method does not require extra memory to store
gradient estimates. The method is also different from the well-known alternative to SAGA
known as SVRG [150,|159]. The SVRG method has an inner loop to perform stochastic
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variance-reduced gradient descent and an outer loop to calculate the true local gradient.
These two loops introduce imbalances into the gradient calculation and complicate decen-
tralized implementations. In comparison, the AVRG construction involves balanced gradient
calculations and is amenable to fully distributed solutions, especially when the size of the
data is unevenly distributed across the nodes. More comparisons between diffusion-AVRG
and diffusion-SVRG are discussed in Section [5.4.1] This paper also proposes to use the

mini-batch technique to save communications in diffusion-AVRG.

Notation Throughout this paper we use diag{x1,--- ,xy} to denote a diagonal matrix
consisting of diagonal entries z1, - -+ , xy, and use col{xy, -+ ,xy} to denote a column vector
formed by stacking x1,--- ,xy. For symmetric matrices X and Y, the notation X <Y

or Y > X denotes Y — X is positive semi-definite. For a vector x, the notation x > 0
denotes that each element of z is non-negative. For a matrix X, we let ||X|| denote its
2-induced norm (maximum singular value), and A(X) denote its eigenvalues. The notation
T1g =col{l,---,1} € R and 0x = col{0,---,0} € RE. For a nonnegative diagonal matrix

A = diag{\;, -+, g}, we let A2 = diag{)\}/z, e ,)\%2}-

5.2 Two Key Components

In this section we review two useful techniques that will be blended together to yield the
diffusion-AVRG scheme. The first technique is the exact diffusion algorithm from [15,/16],
which is able to converge to the exact minimizers of the decentralized optimization problem
. The second technique is the amortized variance-reduced (AVRG) algorithm proposed
in our earlier work [764|160], which has balanced computations per iteration and was shown
there to converge linearly under random reshuffling. Neither of the methods alone is sufficient
to solve the multi-agent optimization problem in a decentralized and efficient manner.
This is because exact diffusion is decentralized but not efficient for the current problem,

while AVRG is efficient but not decentralized.
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Algorithm 5.1 (Exact diffusion strategy for each node k)

Let A= (In + A)/2 and Gy, = [ A]g. Initialize wy o arbitrarily, and let 1y o = wgo.

Repeat iteration:=1,2,3---

Vr,it1 = Wei — pqeVIp(wes),  (adaptation) (5.8)

Phyit1 = Vhip1 + Wri — Yk iy (correction) (5.9)

W it1 = Z Tk Deit1- (combination) (5.10)
EE./\/’k

End

5.2.1 Exact Diffusion Algorithm

Thus, consider again the aggregate optimization problem over a strongly-connected
network with K nodes, where the {g;} are positive scalars. FEach local risk Ji(w) is a
differentiable and convex cost function, and the global risk J(w) is strongly convex. To
implement the exact diffusion algorithm, we need to associate a combination matrix A =
[agk]szl with the network graph, where a positive weight ag is used to scale data that flows
from node ¢ to k if both nodes happen to be neighbors; if nodes ¢ and k are not neighbors,
then we set ay = 0. In this paper we assume A is symmetric and doubly stochastic, i.e.,
ag = ape, A= AT and Alg = 1 (5.7)
where 1 is a vector with all unit entries. Such combination matrices can be easily generated
in a decentralized manner through the Laplacian rule, maximum-degree rule, Metropolis rule
or other rules (see, e.g., Table 14.1 in [1]). We further introduce p as the step-size parameter

for all nodes, and let N denote the set of neighbors of node k (including node k itself).

The exact diffusion algorithm [15] is listed in ((5.8)—(5.10|). The subscript k refers to the
node while the subscript i refers to the iteration. It is observed that there is no central node
that performs global updates. Each node performs a local update (see equation (5.8))) and

then combines its iterate with information collected from the neighbors (see equation ((5.10))).
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The correction step (5.9) is necessary to guarantee exact convergence. Indeed, it is proved
in [16] that the local variables wy; converge to the exact minimizer of problem , w*, at
a linear convergence rate under relatively mild conditions. However, note from that it
is expensive to calculate the gradient V.Ji(w) in step , especially when N is large. In
the proposed algorithm derived later, we will replace the true gradient VJi(w) in by

an amortized variance-reduced gradient, denoted by ﬁ(wm,l).

5.2.2 Amortized Variance-Reduced Gradient (AVRG) Algorithm

The AVRG construction [76] is a centralized solution to optimization problem ({5.2)). It
belongs to the class of variance-reduced methods. There are mainly two families of variance-
reduced stochastic algorithms to solve problems like : SVRG [150,/159] and SAGA
[149,/151). The SVRG solution employs two loops — the true gradient is calculated in the
outer loop and the variance-reduced stochastic gradient descent is performed within the
inner loop. For this method, one disadvantage is that the inner loop can start only after the
calculation of the true gradient is completed in the outer loop. This leads to an unbalanced
gradient calculation. For large data sets, the calculation of the true gradient can be time-
consuming leading to significant idle time, which is not well-suited for decentralized solutions.
More details are provided later in Sec. In comparison, the SAGA solution has a single
loop. However, it requires significant storage to estimate the true gradient, which is again

prohibitive for effective decentralization on nodes or devices with limited memory.

These observations are the key drivers behind the introduction of the amortized variance-
reduced gradient (AVRG) algorithm in [76]: it avoids the disadvantages of both SVRG and
SAGA for decentralization, and has been shown to converge at a linear rate to the true
minimizer. AVRG is based on the idea of removing the outer loop from SVRG and amortizing
the calculation of the true gradient within the inner loop evenly. To guarantee convergence,
random reshuffling is employed in each epoch. Under random reshuffling, the algorithm is run
multiple times over the data where each run is indexed by ¢ and is referred to as an epoch.

For each epoch ¢, a uniform random permutation function o' is generated and data are
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Algorithm 5.2 (AVRG strategy)

Initialize w{ arbitrarily; let g° = 0, VQ(w}; x,,) « 0 for n € {1,2,--- ,N}.
Repeat epoch t =0,1,2,---:
generate a random permutation function o? and set gt*t! = 0;

Repeat iteration ¢ =0,1,--- ,N — 1:

n! =ol(i+1) (5.11)
Wi = Wi — M(VQ(W§; Tpt) = VQ(whi ) + gt) (5.12)
gt gttt 4 %VQ(wﬁ; Tn,) (5.13)
End
set w6+1 = wﬁv;
End

sampled according to it. AVRG is listed in Algorithm 2, which has balanced computation
costs per iteration with the calculation of two gradients VQ(wi; x,,) and VQ(wf; zy,).
Different from SVRG and SAGA, the stochastic gradient estimate ﬁ(wf) = VQ(wi; zy,) —
VQ(wh; 2n,) + g is biased. However, it is explained in [76] that E||V.J(w!) — VJ (w!)||? will
approach 0 as epoch t tends to infinity, which implies that AVRG is an asymptotic unbiased

variance-reduced method.

5.3 Diffusion-AVRG Algorithm for Balanced Data Distributions

We now design a fully-decentralized algorithm to solve ([5.4)) by combining the exact diffusion

strategy (5.8)—(5.10) and the AVRG mechanism (5.11))—(5.13). We consider first the case in

which all nodes store the same amount of local data, i.e., Ny = --- = Ny = N = N/K.
For this case, the cost function weights {gx} in problem (5.4 are equal, ¢ = -+ = qx =

1/K, and it makes no difference whether we keep these scaling weights or remove them
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from the aggregate cost. The proposed diffusion-AVRG algorithm to solve is listed in
Algorithm 3 under Eqgs. f. Since each node has the same amount of local data
samples, Algorithm 3 can be described in a convenient format involving epochs ¢ and an inner
iterations index ¢ within each epoch. For each epoch or run ¢ over the data, the original
data is randomly reshuffled so that the sample of index ¢ + 1 at agent k becomes the sample
of index mj ; = o (i + 1) in that run. Subsequently, at each inner iteration i, each node k
will first generate an amortized variance-reduced gradient ﬁk(wfm) via (5.14)-(5.16)), and
then apply it into exact diffusion (5.17)-(5.19) to update wy, ;. Here, the notation wy,;
represents the estimate that agent k has for w* at iteration ¢ within epoch ¢t. With each node
combining information from neighbors, there is no central node in this algorithm. Moreover,
unlike DSA [77], this algorithm does not require extra memory to store gradient estimates.

The linear convergence of diffusion-AVRG is established in the following theorem.

Theorem 5.1 (Linear Convergence) Under Assumption[5.1} if the step-size p satisfies
p<cC (V(;—;\_[A)) , (5.20)
then, for any k € {1,2,--- K}, it holds that
Ellwt — | < D, (5.21)
where B
11— %a/w

= = < 1.
1 — 8bu3diN3/v
The constants C, D, a,b are positive constants independent of N, v and §; they are defined

p (5.22)

in the appendices. The constant X = Ay(A) < 1 is the second largest eigenvalue of the

combination matriz A.

Proof: The derivation of this result is lengthy and is given in Appendix [5.Al The proof
is by no means trivial for various reasons. One source of complication is the decentralized
nature of the algorithm with nodes only allowed to interact locally. Moreover, due to the bias
in the gradient estimate, current analyses used for SVRG [150], SAGA [151], or DSA [77]
are not suitable; these analyses can only deal with uniform sampling and unbiased gradient
constructions. In our setting, the gradient constructions are biased and sampling is random

with reshuffling (rather than uniform). The detailed proof is given in the appendix. [
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Algorithm 5.3 (diffusion-AVRG at node k for balanced data)

Initialize 'wg’o arbitrarily; let 7,b270 = wg,ov g? =0, and VQ(wl; zxn) + 0, 1 <n < N, where
N =N/K.
Repeat epoch t =0,1,2,---
generate a random permutation function 0'2 and set gffl =0.
Repeat iteration i =0,1,--- ,N — 1:
nj; =op(i+1), (5.14)
VIk(w}) = VQ(uwh sty )~V Qwh i 2y ) + b (5.15)
1
gitt gttt 4 ﬁVQ(w',;’i; Thomi ) (5.16)
update wz 41 With exact diffusion:
'lwbllfc,i—i-l = ,wllfc,i - MVJk(wZ,z% (5.17)
¢2,i+1 = 7/’2@—}—1 + wfc,i - ¢§W (5.18)
wz,i+1 = Z 5@k¢2i+1-

End
t+1 _ .t t+1 _ ot
set w, 'y = Wy § and ¢k70 = 1[)k7N

End

5.4 Diffusion-AVRG Algorithm for Unbalanced Data Distribu-

tions

When the size of the data collected at the nodes may vary drastically, some challenges arise.
For example, assume we select N = maxy{ Ny} as the epoch size for all nodes. When node
k with a smaller N, finishes its epoch, it will have to stop and wait for the other nodes to
finish their epochs. Such an implementation is inefficient because nodes will be idle while

they could be assisting in improving the convergence performance.

We instead assume that nodes will continue updating without any idle time. If a partic-

ular node k finishes running over all its data samples during an epoch, it will then continue
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Figure 5.1: Tllustration of the operation of diffusion-AVRG for a two-node network.

2

its next epoch right away. In this way, there is no need to introduce a uniform epoch. We
list the method in Algorithm 4; this listing includes the case of balanced data as a special
case. In other words, we have a single diffusion-AVRG algorithm. We are describing it in
two formats (Algorithms 3 and 4) for ease of exposition so that readers can appreciate the

simplifications that occur in the balanced data case.

In Algorithm 4, at each iteration 7, each node k will update its wy; to wy11 by exact
diffusion — with stochastic gradient. Notice that ¢, has to be used to scale
the step-size in because of the spatially unbalanced data distribution. To generate
the local stochastic gradient ﬁk(wkvi), node k will transform the global iteration index
1 to its own local epoch index t and local inner iteration s. With ¢t and s determined,
node k is able to generate ﬁk(wkz) with the AVRG recursions f. Note that
t,s, o, 02’0, n! are all local variables hidden in node & to help generate the local stochastic
gradient ﬁk('w;“) and do not appear in exact diffusion f. Steps f
are all local update operations within each node while step needs communication with
neighbors. It is worth noting that the local update f for each node k at each
iteration requires the same amount of computations no matter how different the sample sizes
{N} are. This balanced computation feature guarantees the efficiency of diffusion-AVRG
and reduces waiting time. Figure [5.1|illustrates the operation of Algorithm 4 for a two-node
network with N; = 2 and Ny = 3. That is, the first node collects two samples while the
second node collects three samples. For each iteration index ¢, the nodes will determine the
local values for their indices ¢t and s. These indices are used to generate the local variance-

reduced gradients ﬁk('wm) Once node k finishes its own local epoch t, it will start its next
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epoch t+1 right away. Observe that the local computations has similar widths because each

node has a balanced computation cost per iteration. Note that w; = [wy;;ws;] in Figure

L.l

5.4.1 Comparison with Decentralized SVRG

AVRG is not the only variance-reduced algorithm that can be combined with exact diffusion.
In fact, SVRG is another alternative to save memory compared to SAGA. SVRG has two
loops of calculation: it needs to complete the calculation of the true gradient before starting
the inner loop. Such two-loop structures are not suitable for decentralized setting, especially
when data can be distributed unevenly. To illustrate this fact assume, for the sake of
argument, that we combine exact diffusion with SVRG to obtain a diffusion-SVRG variant,
which we list in Algorithm 5. Similar to diffusion-AVRG, each node k will transform the
global iteration index ¢ into a local epoch index ¢ and a local inner iteration s, which are then
used to generate ﬁ(wkz) through SVRG. At the very beginning of each local epoch ¢, a true
local gradient has to be calculated in advance; this step causes a pause before the update of
@y.;+1- Now since the neighbors of node k will be waiting for ¢, ;. in order to update their
own w41, the pause by node k£ will cause all its neighbors to wait. These waits reduce
the efficiency of this decentralized implementation, which explains why the earlier diffusion-
AVRG algorithm is preferred. Fig. illustrates the diffusion-SVRG strategy with N; = 2
and Ny = 3. Comparing Figs. and [5.2] the balanced calculation resulting from AVRG

effectively reduces idle times and enhances the efficiency of the decentralized implementation.

5.5 Diffusion-AVRG with Mini-batch Strategy

Compared to exact diffusion [15/16], diffusion-AVRG allows each agent to sample one gra-
dient at each iteration instead of calculating the true gradient with N, data. This property
enables diffusion-AVRG to be more computation efficient than exact diffusion. It is observed

in Figs. [5.6) and from Section that in order to reach the same accuracy, diffusion-
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AVRG needs less gradient calculation than exact diffusion.

However, such computational advantage comes with extra communication costs. In the
exact diffusion method listed in Algorithm 1, it is seen that agent k& will communicate after
calculating its true gradient V.J(w) = NL}@ Zgﬁ | Q(w; z,,,). But in the diffusion-AVRG listed
in Algorithms 2 and 3, each agent will communicate after calculating only one stochastic
gradient. Intuitively, in order to reach the same accuracy, diffusion-AVRG needs more it-
erations than exact diffusion, which results in more communications. The communication

comparison for diffusion-AVRG and exact diffusion are also shown in Figs. and [0.7] in
Section

In this section we introduce the mini-batch strategy to balance the computation and
communication of diffusion-AVRG. For simplicity, we consider the situation where all local
data size N, are equal to N, but the strategy can be extended to handle the spatially
unbalanced data distribution case. Let the batch size be B, and the number of batches

L2 N/B. The local data in agent k can be partitioned as

{iCk N}n 1_{{$l(cl,n n= 17{ kQZL}n 10777 ’{xl(frz 7?:1} ) (535)
where the superscript (¢) indicates the ¢-th mini-batch. In addition, the local cost function

Jr(w) can be rewritten as

1 & Bgal ®
=5 Z Q(w; xpp) = ~ Z B Z Q(w; xy ;)
n=1 =1 n=1
1 L
- > w), (5.36)
/=1

where the last equality holds because L = N / B and

ZQ w;zy)) (5.37)

is defined as the cost function over the /-th batch in agent k. Note that the mini-batch
formulations ([5.36) and (5.37) are the generalization of cost function (5.3). When B =
1, formulations (5.36)) and (5.37) will reduce to (5.3)). Moreover, it is easy to prove that

{Q4(w) Yok =1 satisfy Assumption .
Since the mini-batch formulations (5.36]) and (5.37)) fall into the form of problem (5.3)
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Figure 5.2: Tllustration of what would go wrong if one attempts a diffusion-SVRG implementation

for a two-node network, and why diffusion-AVRG is the recommended implementation.

and (5.4), we can directly extend Algorithm 3 to the mini-batch version with the convergence
guarantee. The only difference is for each iteration, a batch, rather than a sample will be
picked up, and then length of batches is L rather than N. We also list the mini-batch

algorithm in Algorithm 6.

Diffusion-AVRG with mini-batch stands in the middle point between standard diffusion-
AVRG and exact diffusion. For each iteration, Algorithm 6 samples B gradients, rather
than 1 gradient or N gradients, and then communicates. The size of B will determine the
computation and communication efficiency, and there is a trade-off between computation and
communication. When given the actual cost in real-world applications, we can determine the
Pareto optimal for the batch-size. In our simulation shown in Section |5.6] when best batch-
size is chosen, diffusion-AVRG with mini-batch can be much more computation efficient

while maintaining almost the same communication efficiency with exact diffusion.

5.6 Simulation Results

In this section, we illustrate the convergence performance of diffusion-AVRG. We consider

problem (5.4) in which Ji.(w) takes the form of regularized logistic regression loss function:
N

Ny
A Piwl2 — T
* 37 2 (5ol +in (+exp(=rumhf )

with g, = Ni/N. The vector hy, is the n-th feature vector kept by node k and v, (n) € {£1}

J}(uﬁ

is the corresponding label. In all experiments, the factor p is set to 1/N, and the solution w*
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Figure 5.3: Comparison between diffusion-AVRG and DSA over various datasets. Top: data are
evenly distributed over the nodes; Bottom: data are unevenly distributed over the nodes. The
average sample size is Nyye = Zszl Ni/K.
to is computed by using the Scikit-Learn Package. All experiments are run over four
datasets: covtype.binaryﬂ rcvl.binaryEL MNIS'IEL and CIFAR—l(ﬁ The last two datasets
have been transformed into binary classification problems by considering data with labels 2
and 4, i.e., digital two and four classes for MNIST, and cat and dog classes for CIFAR-10. All
features have been preprocessed and normalized to the unit vector [159]. We also generate a
randomly connected network with K = 20 nodes, which is shown in Fig. The associated
doubly-stochastic combination matrix A is generated by the Metropolis rule [1].

In our first experiment, we test the convergence performance of diffusion-AVRG (Algo-
rithm 3) with even data distribution, i.e., Ny, = N/K. We compare the proposed algorithm
with DSA [77], which is based on SAGA [151] and hence has significant memory require-

ment. In comparison, the proposed diffusion-AVRG algorithm does not need to store the

'http://www.csie.ntu.edu.tw/~cjlin/libsvmtools/datasets/
?http://www.csie.ntu.edu.tw/~cjlin/libsvmtools/datasets/
3http://yann.lecun.com/exdb/mnist/

‘http://www.cs.toronto.edu/~kriz/cifar.html
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Figure 5.4: A random connected network with 20 nodes.

=—a Diffusion-AVRG (Alg. 3)
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Figure 5.5: Diffusion-AVRG is more stable than DSA.
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gradient estimates and is quite memory-efficient. The experimental results are shown in the
top 4 plots of Fig. [5.3] To enable fair comparisons, we tune the step-size parameter of each
algorithm for fastest convergence in each case. The plots are based on measuring the aver-
aged relative square-error, + S |w}, o —w*|*/[|w*|*. Tt is observed that both algorithms

converge linearly to w*, while diffusion-AVRG converges faster (especially on Covtype and

CIFAR-10).

In our second experiment, data are randomly assigned to each node, and the sample sizes
at the nodes may vary drastically. We now compare diffusion-AVRG (Algorithm 3) with
DSA. Since there is no epoch for this scenario, we compare the algorithms with respect to
the iterations count. In the result shown in bottom 4 plots of Fig. it is also observed
that both algorithms converge linearly to w*, with diffusion-AVRG converging faster than
DSA.

In our third experiment, we test the stability of DSA and diffusion-AVRG. For simplicity,
this experiment is conducted in the context of solving a linear regression problem with
synthetic data. Each feature-label pair (h,,~(n)) is drawn from a Gaussian distribution.
We generate N = 100,000 data points, which are evenly distributed over the 20 nodes. We
set the same step-size to both algorithms and check which one of them exhibits a wider
step-size range for stability. For example, in Fig. [5.5] it is observed that DSA diverges while
diffusion-AVRG still converges when p = 0.13. It has been observed during these experiments
that diffusion-AVRG is more stable than DSA. This improved stability is inherited from the
structure of the exact diffusion strategy [4,15,/16]. The improved stability range also helps
explain why diffusion-AVRG is faster than DSA in Fig. 5.3

In our fourth experiment, we test how the mini-batch size B influences the computa-
tion and communication efficiency in diffusion-AVRG. The experiment is conducted on the
MNIST and RCV1 datasets. For each batch size, we run the algorithm until the relative error
reaches 10710, The step-size for each batch size is adjusted to be optimal. The communica-
tion is examined by counting the number of message passing rounds, and the computation
is examined by counting the number of VQ(w;z,) evaluations. The exact diffusion is also

tested for comparison. In Fig. [5.6] we use “AVRG” to indicate the standard diffusion-
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Figure 5.6: Performance of diffusion-AVRG with different batch sizes on MNIST dataset. Each

agent holds N = 1200 data.

AVRG method. It is observed that standard diffusion-AVRG is more computation efficient
than exact diffusion. To reach 10710 relative error, exact diffusion needs around 2 x 10°
gradient evaluations while diffusion-AVRG just needs around 2 x 10* gradient evaluations.
However, exact diffusion is much more communication efficient than diffusion-AVRG. To see
that, exact diffusion requires around 200 communication rounds to reach 1071° error while

diffusion-AVRG requires 2 x 10* communication rounds. Similar observation also holds for

RCV1 dataset, see Fig. [5.7]

It is also observed in Fig. that mini-batch can balance the communication and
computation for diffusion-AVRG. As batch size grows, the computation expense increases
while the communication expense reduces. Diffusion-AVRG with appropriate batch-size is
able to reach better performance than exact diffusion. For example, diffusion-AVRG with
B = 200 will save around 60% computations while maintaining almost the same amount of

communications. Similar observation also holds for RCV1 dataset, see Fig.
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Figure 5.7: Performance of diffusion-AVRG with different batch sizes on RCV1 dataset. Each

agent holds N = 480 data.

5.A Proof of Theorem [5.1]

In this section we establish the linear convergence property of diffusion-AVRG (Algorithm
2). We start by transforming the exact diffusion recursions into an equivalent linear error
dynamics driven by perturbations due to gradient noise (see Lemma 2). By upper bounding
the gradient noise (see Lemma 3), we derive a couple of useful inequalities for the size of
the inner iterates (Lemma 4), epoch iterates (Lemma 5), and inner differences (Lemma 6).
We finally introduce an energy function and show that it decays exponentially fast (Lemma
7). From this result we will conclude the convergence of E[lwy}, , — w*||* (as stated in (5.21)
in Theorem 1). Throughout this section we will consider the practical case where N > 2.
When N = 1, diffusion-AVRG reduces to the exact diffusion algorithm whose convergence

is already established in [16].
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5.A.1 Extended Network Recursion

Recursions (5.17)-(5.19) of Algorithm 2 only involve local variables w}, ;, ¢ ; and ;. To
analyze the convergence of all {wfm-}f:l, we need to combine all iterates from across the

network into extended vectors. To do so, we introduce

L= col{wl ;- wi,} (5.44)

¢l = col{@) .+ Pl } (5.45)

P! = col{4p! ;.- )} (5.46)

VI (W) = col{ Vi (w!,), -, Vik(wl )} (5.47)
VI W) = col{ Vs (wh), -, Vi (wie,)} (5.48)
A=A Iy (5.49)

where ® is the Kronecker product. With the above notation, for 0 <i < N —1 and ¢t > 0,

recursions ([5.17)—(5.19) of Algorithm 2 can be rewritten as
(
¢§+1 =w; — uVI (W),
bi1 = Wi + W — by, (5.50)

t A At
\Wi-i-l =Ad; i,

and we let 1!)6“ = 9’ and whtt = w%,. In particular, since wg is initialized to be equal to

w), for t = 0 and ¢ = 0, it holds that

(
Y =w) — uVIT (wp),

q ¢ =, (5.51)
\W[l) =Ag),

Substituting the first and second equations of ([5.50]) into the third one, we have that for

1<i<Nandt>0:

Wiy = A (20l -wl —u[VT (W) =TT (W) (5.52)
and we let wit! = W}, and wit! = W?V 4 for each epoch t. Moreover, we can also rewrite
(5-51)) as

w? = A (wg - w?(wm) . (5.53)
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It is observed that recursion (5.52)) involves two consecutive variables w! and w!_;, which
complicates the analysis. To deal with this issue, we introduce an auxiliary variable y!
to make the structure in (5.52)) more tractable. For that purpose, we first introduce the

eigen-decomposition:

1

— (g —A)=UsUT 5.54
S~ A) , (5.54)
where ¥ is a nonnegative diagonal matrix (note that Ix—A is positive semi-definite because

A is doubly stochastic), and U is an orthonormal matrix. We also define
V 2UsSYUT, V2 Vel (5.55)
Note that V' and V are symmetric matrices. It can be verified (see Appendix |5.B]) that
recursion (5.52)) is equivalent to
Wi = A(w - uVT (W) ~ KV
(5.56)
Yig =Y+ Vwi,
where 0 < ¢ < N—1and ¢ > 0, ») is initialized at 0, and wi™ = w', (! = o' after epoch
t. Note that recursion ((5.56)) is very close to recursion for exact diffusion (see equation (93)
in [15]), except that ﬁ(wf) is a stochastic gradient generated by AVRG. We denote the

gradient noise by
s(wh) = VI (wh) — VI (W)). (5.57)

Substituting into ([5.56)), we get
Wi = X(Wﬁ—ﬂV.ﬂWﬁ)) — KVy, — pAs(wh)
(5.58)

t ot t
Vi1 =¥ T VWi

In summary, the exact diffusion recursions (5.17)—(5.19) of Algorithm 2 are equivalent to
form ([5.58)).

5.A.2 Optimality Condition

It is proved in Lemma 4 of |[16] that there exists a unique pair of variables (W*, ¥%), with ¥

lying in the range space of V, such that

pAVI W) + KVys =0 and Vw* =0, (5.59)
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where we partition w* into block entries of size M x 1 each as follows: w* = col{w}, w3, -+ ,wi} €
REM For such (w*, »*), it further holds that the block entries of w* are identical and coincide
with the unique solution to problem (4), i.e.

wi =wy = =wp = w. (5.60)
In other words, equation (5.59)) is the optimality condition characterizing the solution to

problem ([5.4)).

5.A.3 Error Dynamics

Let W) = w* —w! and 3, = ¥* — »! denote error vectors relative to the solution pair (W*, y%).
It is proved in Appendixthat recursion ([5.58]), under Assumption , can be transformed

into the following recursion driven by a gradient noise term:

~1 ~1

W, 147
T B | | eisov)), (5.61)
Yit1 Y;

where 0 <i< N —1,¢ >0, and W, = wh, ¥, = ¥ after epoch t. Moreover, B, B; and

T are defined as

A —KV A AHE 0
Bé - 781é _77'5% _Z ’ (562)
VA A VA VAH! 0
where
H: = diag{Hi,i? e ’Hi(,i} € RKMXKM? (563)
1
H., = / VI (w* —rawy,; ) dr € RMM. (5.64)
0

To facilitate the convergence analysis of recursion (5.61)), we diagonalize B and transform
(5.61)) into an equivalent error dynamics. From equations (64)—(67) in [16], we know that B

admits an eigen-decomposition of the form

B £ xpx!, (5.65)
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where X', D and X~ ! are KM by KM matrices defined as

[y 0 0
DE| o 1, 0 |ecR¥MEM (5.66)
0 0 D
x £ [Rl R, XR] € R2HM2KM. (5.67)
o
X2 | LT | e REKMERM, (5.68)
AL

In (5.66), matrix D; = D; ® Iy and D; € R2HE-Dx2(K=1) j5 5 diagonal matrix with ||D;|| =
Ao (A) 2 \<1.In (5.67) and (5.68]), matrices R1, Ro, L1 and L, take the form

1g

R = @Iy, Ro=
Ok
1
=1

L= 5 e, L=
Ok

Ok

® I (5.69)
1g
0
“ e (5.70)
1
xli

Moreover, Xg € RZEM2K-DM and x; € R2E-DMX2EM g1 gome constant matrices. Since

B is independent of N, ¢ and v, all matrices appearing in (5.65)(5.68) are independent of
these variables as well. By multiplying X! to both sides of recursion (5.61]), we have

~ 1

Xfl Wi—l—l
Vit
~ ¢
wW;
B x|
Y;

~ 1

<D . M*rgx) X

Now we define

=t
x; i
w;,
—~ A _ i (5-63)
| = x! =
¢ ~t
y.
“t 7
X;
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+uX1Bis(wh). (5.71)
Ll »
Wi
LT R (5.72)
Y;
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as transformed errors. Moreover, we partition Xz as
Xru KMx2(K—1)M
Xp = ,  where Xg,€R ) (5.73)
XR.a

With the help of recursion (5.71)), we can establish the following lemma.

Lemma 5.1 (Useful Transformation) When 3 is initialized at 0, recursion (5.61]) can
be transformed into

—t wTTayt wT gt 1[5t 17T

= N s (5.74)
x| | —pXTiRe Di—pX TiXe | || |ALB,
where T = 1 @ Iyy. Moreover, the relation between Wi, . and %, &% in (5.71) reduces to
x! _
~t i
Wi
=X | 0y |- (5.75)
Vi
i’t

i

Notice that Xy, Xg, Xr, and X are all constant matrices and independent of N,§ and v.

Proof. See Appendix The proof is similar to the derivations in equations (68)—(82)

from [16] except that we have an additional noise term in (5.61)). |

Starting from ([5.74]), we can derive the following recursions for the mean-square errors

of the quantities ! and .

Lemma 5.2 (Mean-square-error Recursion) Under Assum-ption (5.1), ¥§ =0 and for
step-size p < 1/6, it holds that

Bl || l—ayp 2 E||;]|*

El| %4 ap*d® A+ agp’s” ey

2E|s(wi)? (5.76)
asp” Bl s(w;)|?

where the scalars a;,1 < 1 < 5 are defined in (5.152); they are positive constants that are
independent of N, § and v.

Proof. See Appendix [5.E| [

192



It is observed that recursion (5.76) still mixes gradient noise E|/s(w!)||* (which is corre-
lated with wt) with iterates & and x!. To establish the convergence of E| 2!||? and E||x%||?,
I

we need to upper bound E||s(w!)||? with terms related to 2! and &!. In the following lemma

we provide such an upper bound.

Lemma 5.3 (Gradient Noise) Under Assumption the second moment of the gradient

noise term satisfies:
Ells(w))]*

< 600°E|| 2! — 2L||* + 1200°E|| %)% + 18b0°E|| 252

3p62 N2 6b6? A
+TZEH&TI—R’FH%TZEH&?*HQ, (5.77)
j=0 j=0

where b = || X||? is a positive constant that is independent of N, v and 6.

Proof. See Appendix [

In the following subsections, we will exploit the error dynamic (3.164) and the upper
bound (5.77)) to establish the convergence of E||%!||* and E||&!||?, from which we will conclude

later the convergence of E||w!|>.

5.A.4 Useful Inequalities

To simplify the notation, we define

¢ a1 - —t  =t2
A" = N Ellx} — &7, (5.78)
7=0
1 N-1
B! 2 < O Elx - P, (5.79)
7=0
N—1
a1 |2
C' £ =D E| (5.80)

=0
All these quantities appear in the upper bound on gradient noise in ((5.77)), and their recur-

<

sions will be required to establish the final convergence theorem.
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Lemma 5.4 ( E|x!||*> Recursion) Suppose Assumption 1 holds. If the step-size ju satisfies

[1T— A

where Cy > 0, which is defined in (5.173), is a constant independent of N, v and §, it then
holds that

C' < o p*SNE|| 2} ||*+ ME|| 2 ||* +cop’ > NA'
+ c3p?SENB T oy’ NCH (5.82)
E|l 25| < c1y26* NE| 2| P+ M\E| 24| +cop 26> N A"
+esp? 0’ NB ™ eyl NCH (5.83)
where the constants Ay < 1, A3 < 1, and {¢;}}_,, which are defined in Appendz'x are all

positive scalars that are independent of N, v and §.
Proof. See Appendix [5.G| [

Lemma 5.5 ( E||x|*> Recursion) Suppose Assumption 1 holds. If the step-size ju satisfies

vv1—A
where Cy > 0, which is defined in (5.190)), is a constant independent of N, v and 6, it then
holds that
E[l 25|
N _ dipé*N
< (1- Faw ) Bl + 22 Sp)w P
do6? N ds6% N ds6% N
+ 207 1L At+ 307 Btfl_i_ 407 [ thl (585)
v v v

where {d;}}_,, which are defined in (5.188), are positive constants that are independent of

N, v and$.
Proof. See Appendix [5.H] |

Lemma 5.6 (Inner Difference Recursion) Suppose Assumption 1 holds. If the step-size
1 satisfies

1—A
62N’

< Cy (5.86)
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where Cs > 0, which is defined in (5.205)), is a constant independent of N, v and 6, it then
holds that

A'<12p28 N2E|| 2L ||*Fesp?0° N?E|| &5 ||>+-2e3p20° N2 A
+ 24?2 N*B ! 4 2e5p% 62 N2CH Y (5.87)
B! <124°6* N?E|| &} ||* +-esu? 2 N2E| 25| +2e32 62 N2 A
+ 2e42 2 N?B! 4 2e51262 N2CH! (5.88)
where {e;}?_, which are defined in (5.198), are positive constants that are independent of
N, v and .

Proof. See Appendix [5.J} |

5.A.5 Linear Convergence

With the above inequalities, we are ready to establish the linear convergence of the trans-

formed diffusion-AVRG recursion ([5.74]).

Lemma 5.7 (Linear Convergence) Under Assumption[5.1] if the step-size p satisfies

ugc(ﬂéiﬁ>, (5.89)

where C > 0, which is defined in (5.246), is a constant independent of N, v and &, and

A = X\y(A) is second largest eigenvalue of the combination matriz A, it then holds that
(B 25| + B[ 257 )12) + % (A" 4 B!+ C)
<p{ (IR} + E|l%|?) + J(A'+ B + C'7)} (5.90)

where v = 8f56*uN /v > 0 is a constant, and
1- %al,uy
— < 1.
1 —8f1fsu3d*N3 /v

The positive constants a1, f1 and fs are independent of N, v and 6. Their definitions are in

nd (E253).

p= (5.91)

Proof. See Appendix p.K] [

Using Lemma 5.7} we can now establish the earlier Theorem [5.1]
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Proof of Theorem [5.1| From recursion ([5.90)), we conclude that

(]EHXt—i-lHQ_i_E”vt—o—lH )+%(At+1+Bt+Ct)

_ . g
< o' { (Bl + Ellh?) + S (A + B*+C")}.

Since v > 0, it also holds that

E||Xt+1||2 + EH vt+1||2

_ . Y
< o { (BIIZH* + Elb)?) + J(A' + B+ C) }.

On the other hand, from (5.75)) we have

~t+1 ~t+1
1P+ 1136 17 < 0 (=651 + 1267]17) -

By taking expectation of both sides, we have

~ ~t+1 .«
Elwe 17 +EI5 17 < 1X)1* (El 25 + Ell£5)7) -

Combining (5.93) and (5.95)), we have

E[w" (I +E[35" (1

o (I P{EIRIP+BI =)+ S (AT+B+C) )

V

2p

Since E|wi |2 = S8 Eljw* — w 'l |? < E| witH 12 + E[|3572, we conclude (5.21)).

5.B  Proof of recursion ([5.56))

Since V = ULY2UT, it holds that

v2—usuT € (1, — 4ok,
which implies that

VE=V2 @Iy = Ixyu—A)/2K.
Moreover, since Al = 1x we get

Vg = (Ixy — A)lg /2K = 0.
By noting that ||[V1gl||? = 1k V?1x = 0, we conclude that

Vig =0, and VI =0,

where T 2 1 x ® Ipr. Result ((5.100]) will be used in Appendix
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Now, for t = 0 and i = 0, substituting ¥ = 0 into (5.56)) we have
W = A(wg - nTTw)))
(5.101)
yi = VYw!
The first expression in ([5.101)) is exactly the first expression in (5.52)). For t > 0 and

1 < i < N, from the first recursion in ((5.56) we have

Wi = =A (Wi=wi = (VT (W) = T (W)

—KV(¥; —¥i_1), (5.102)
We let witt = wi.  and wi™ = wk after epoch t. Recalling from the second recursion in
1 N+1 0 N
(5.56) that ¥t — ¥i_; = VWi, and substituting into (5.102)) we get
Wit — W,
= A (Wi = (VT W) = VT (W) ) — KV
B A (Wil (VT ) - VT (W)
1

o (5.103)

Using A = (I + A)/2, the above recursion can be rewritten as
Wi = A (2 =W = p(TT (W) =TT (W) (5.104)
which is the second recursion in (5.52)).

5.C Proof of recursion (5.61))

The proof of is similar to (36)—(50) in [16] except that we have an additional gradient

noise term s(w!). We subtract w* and v} from both sides of respectively and use the
fact that Anw* = %(IMK + A)w* = w* to get

Wi = AW+ VT (W) ) + KV -+ p A s(w))

(5.105)

~t o~ "
Vit1 =Y~ VWi
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Subtracting the optimality condition from gives
Wiy = A(W 4+ u[VT (W) = VT ()]
+ KV, —}) + pAs(w)) (5.106)
Vi1 = ¥ = V(Wi =)
Recall that V.7 (w) is twice-differentiable (see Assumption [5.1)). We can then appeal to the

mean-value theorem (see equations (40)—(43) in |16]) to express the gradient difference as
VI (W) = VT (W) = —Hiw;, (5.107)
where ! is defined in (2.102). With (5.107)), recursion ([5.106)) becomes

W, :Z(JMK - ;m;)vv; ~ KV 4 A s(wh)
(5.108)

377;Jrl = 372 + VV~V§+1

From relations (5.54) and (5.55)), we conclude that V? = (Ix — A)/2K, which also implies

that V? = (Iyx —A)/2K. With this fact, we substitute the second recursion in ([5.108]) into

the first recursion to get

AW, = A Dngie—pHE) W~ KV, + A s(w1)

(5.109)
§§+1: 52 +V‘7V§+1
which is also equivalent to
A KV Wi
=V Iuxk Vit
71(1 . 7{5) 0o || w A
= e | s(wh). (5.110)
0 Iuk || ¥ 0
Also recall (5.54) that A = Iy — 2KUXUT. Therefore,
— A
A= K;L — Ix—KUSUT =U(Ix—KX)UT. (5.111)
This together with the fact that V = UXY2UT leads to
VA=USY2UTU(Ix - KX)UT (5.112)
—USV2(Ix — KLU =U(Ix — KX)SV2UT = AV, (5.113)
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which also implies that VA = AV. As a result, we can verify that
-1

A KV Iuk —KV
= | (5.114)
-V Iyxk V A
Substituting the above relation into (5.110]), we get
Wi Al =) -6V | [ W
Vit VA <[MK - M'Hf) A Y
A
+u| | sw) (5.115)
VA

which matches equations (5.61))—(3.28)).

5.D Proof of Lemma [5.1]

Now We examine the recursion (5.71)). By following the derivation in equations (71)—(77)
from [16], we have
=I"HT 0 =TT H XR,
X Tix= 0 0 0 , (5.116)
XeTiRy X TRy X TiXg

where T 2 1 k ® Iy It can also be verified that

LT _ ITA/K /K
A
a5 | 7B vy = o0 |, (5.117)
VA
Xr X1B XLB
where the last equality holds because
TTA=1, Ay =151y =1", (5.118)
TVA = 1LVA) @ I,y &2 o, (5.119)
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Substituting (5.116)) and (5.117)) into recursion ([5.71)), and also recalling the definition in
(5.72), we get

i Iu—(I™HI 0 —LT"H! X,
:‘\'ZH = 0 Ly 0
Xl —pXy TRy —pX TRy Di—puX T XR
x! 177
x| tul o0 | sw) (5.120)
] XLB,

)

Notice that the second line of the above recursion is
R = X, (5.121)

As a result, X’f 41 will stay at 0 if the initial value 3'8 = 0. From ([5.72)) we can derive that

~ 0

0 E w ) 1 a) 1
o i e A R AL} (5.122)
Yo

where equality (a) holds because ¥3 = 0. Equality (b) holds because y, lies in the range space

of V (see Section [5.A.2)) and ZTV = 0 (see (5.100))). Therefore, with (5.121)) and (5.122)), we

conclude that

=0, 0<i<N-1¢t>0. (5.123)
With ((5.123)), the transformed error recursion (3.47)) reduces to
X, Iy —LT"HT —LT"H Xy, ||X
X —pXTiR1  Di—pXTiXR || %
17T
T N P (5.124)
XB
while (5.72) reduces to
xt
Nt ?
=X o | (5.125)
7 ‘iot
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5E Proof of Lemma 5.2

Since Q(w; x,,) is twice-differentiable, it follows from (5.5)) that V2 Q(w;x,) < 61 for 1 <

n < N, which in turn implies that
2 1 &
V2 I(w)=—Y VQ(w;zy,) < 61y, ¥V k€ {1, | K} (5.126)
Nk n=1

Moreover, since all Q(w;x,) are convex and at least one Q(w;z,,) is strongly convex (see

equation ([5.6)), there must exist at least one node k, such that
N,

V2 I, (w ZW w; T, ) > vy, (5.127)

which implies that the global risk functlon, J (w), is v-strongly convex as well. Substituting

(5.126]) and (j5.127)) into Hfm defined in (2.102)), for t > 0 and 0 < i < N — 1 it holds that

!
H;/ V(0 — @l )dr S 6Lk € {1, K} (5.128)
0
1 G127)
H, / V2, (W —rw), Ydr > vy, (5.129)
(5.128|)
1! O Giag(H!, . HY} < L. (5.130)

Now we turn to derive the mean-square-error recursion. From the first line of error recursion

(5.74]), we have

x,, = (IM— %IT?-GI) x!

. % (TTH!Xp,) & + %ZTs(wg). (5.131)
Recalling that Z = 1x ® I/, it holds that
1 1 &
—TIT"HIT = — H .. 132
K %z K kz:; ki (5 3 )
Substituting relations (5.128]) and ((5.129)) into (5.132), it holds that
v 1
— Iy < —T"HIT <41 5.133
K M > K 7{1 = M, ( )
which also implies that
2 2
H]M— %IT’HEI ‘ < max { (1— %) ,(1— ,u5)2}
J11%
1— _) 5.134
<(1-5) (5.134)
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where the last inequality holds when the step-size p is small enough so that

w<1/é. (5.135)
Now we square both sides of equation (5.131]) and reach
[Emy

KT ot Pt vty KT

2

(a) 1 < Tyt )—t
=(1—t I ——I A
( )1_ =L H,

[ ot Mo t ’
b | (T HIXn,) & T s(w))]
| = (T HXRa) X+ 2T s(W))

2
< || || R

(T ) & st
t K O i

I — %ITMI

202
B4l

ST _t\
HIT’HtXRuH %017+

(d) 1

ST (1 ) e

205°0%| X all® | oy 2087 NIE
TH&H +7tH3(W¢)H

(e)( W) iz, 200 | XRull? e 21 NIt
= (1 -2 A laaan b ULIINIB Y - .
i) 17+ ==&+ =~ [|s(wh)|

24 ot

(5.136)
where equality (a) holds for any constant ¢ € (0,1), inequality (b) holds because of the
Jensen’s inequality, inequality (c) holds because ||a+0b[|* < 2||al|?+2]|b||* for any two vectors
a and b, and inequality (d) holds because of relation and
IZ7|* = K, (5.137)
[ | <IN N < K62 (5.138)
Equality (e) holds when ¢t = uv/K.

Next we turn to the second line of recursion (5.74)):

R =Dix— (X TR R+ X, T ! — X, Bis(w) ) (5.139)
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By squaring and applying Jensen’s inequality, we have
. 1 . 3u? _
£l < S IDuP I+ (TR 2
1L Tl P&+ 2B 2l s (w1 (5.140)
for any constant ¢t € (0,1). From the definition of 77 in (3.28) and recalling from (5.111))
that AV = VA, we have
A 0 I 0O H! 0

T = . : (5.141)
0 A Vv o0 0 H!
It can also be verified that
2
I O
V 0
- T
\ Ixm 0 Ixnm 0
v oo Vv 0
= /\max IKM " V2 0
0 0
Ixny—A
/\max (IKM + 2K ) ~ 2 (5 142)

where the last inequality holds because 0 < A(A) < 1. With (5.141)), (5.142) and the facts
that Amax(A) = 1, Amax(HL) < 6, we conclude that

2 2 2
A0 Ixy 0 H! 0
IT1?< - Y Z <26?. (5.143)
Vv 0 0 H!
Similarly, using AV = VA we can rewrite B; defined in (3.28) as
A 0 I
B = S (5.144)
0 1%
and it can be verified that
Trem Trem
V 1%
= max IKM + V
Igy—A
— A [ T KM <o 5.145
( KM+ 2K ) ( )
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As a result,

2 2
A0 I
1B < N <. (5.146)
0 A vV
Furthermore,
2
1k
IR4|1* = ® Iy
0
T
1 1
= Ao ® "leom| =k (5.147)
0 0
With (5.143)—(5.147]), we have
I TR < LI ITEP IR < 2K 6% Az 1%, (5.148)
XL T3 XR]* < 207 X |1*]| KR, (5.149)
X8 |* < 2| &L (5.150)
Substituting (5.148) into (5.140) and recalling that | D] = A < 1, we have
1% 4411”
1., 3p _
e B e G CH B A AT

+252HXLW!IXR\!2!Iffﬂ!2+2HXLHQHS(W§)\!2>
6 252 X 2 X 2
(e DOPIBY

1—A

7 QTR | 7 | P o] | P 7 -
S U e W e 151
R T s (5.151)

where the last equality holds by setting t = \. If we let
6/l X2 || Xr|1?
a1 = 1/K’ az = ||XR,U||27 az = %”)\RH7
GAC|| X )| 6| x|

DU - 152
1—x T (5.152)

and take expectations of inequalities ([5.140) and (5.151)), we arrive at recursion ({3.164]),

where q;, 1 <1 <5 are positive constants that are independent of N, § and v.
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5F Proof of Lemma [5.3

We first introduce the gradient noise at node k:

sp(wh ;) = VIp(wh )~ VJ(wh),). (5.153)
With (5.153) and ([5.57)), we have
s(w}) = col{si(w,), s2(wh ), -, sn(why,)}. (5.154)

Now we bound the term ||s;(wj};)||>. Note that

= VJi(w},) = VJi(wl,)
B2 VQw) i thmy )~ VQwh i Ty ) + gl — V()
= VQ(w kz?ajk:n ) VQ(w}th;xknt )
| N2
+ﬁZVQ (w}i,‘ﬁ,ﬂfk . 1>——ZVQ (wh ;20 (5.155)
=0
Since ] = o'71(j + 1) is sampled by random reshuffling without replacement, it holds
that
N-1
VQ <w21\1p ) ZVQ< kNaxk:n>
=0
© Z VQ (whgi ) (5.156)
n=1
where equality (a) holds because wy, , = w’];_]% With relation ([5.156f), we can rewrite ((5.155))
as
t
Sk(wk,i)
= VQ(wllfm; xk,ni) VQ(wk 0 Tk,n! Z)
1 N-1 1 N-1
+ I Z VQ <’w}t€7j17 kaz’—jl) N V@ (’UJZT]\II, Xy, nzf)
=0 =0
1 & 1 &
+ i Z VQ (W} Tn) — v Z VQ (W} Thn) (5.157)
n=1 n=1
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By squaring and applying Jensen’s inequality, we have
Ik (w} ;) II?

2
<3| VQwL i tin )~ QWi i)

A5 90 )@ o)

362
< 667wl ; —wh o + Z el (5.158)

where the last inequality holds because of the Llpschltz inequality (5.5) in Assumption 1.

Consequently,

K 352 N-1 K 9
<652 Y Jlwh —wh o+ S D0 D ||l |
k=1 j=0 k=1
1112
= 60°[|w! wo||2+—ZHw —wi'|l

:652||~t ~0||2+_2H~t 1 ~t 1||

< 60°(|wi = woll* +113 =0 1%)

N—1

362 ~ ~ b1 1112
+ 5 3 (I w5 -5 (5.159)

Jj=0
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Now note that

Wi =Wl I*+ 115 =3 |I?
2
» TR x! x})
wW; Wy 67
I' P e o | - o
; Yo
l ; g

= 121" (Il — 2o 11” + I|%; — &5]1°)
< 1115 = 2o |1 + 201X 207 + 201X 201
Similarly, it holds that
1~ 1 2 il ~t—1|2
w5 =35 =35
< (1Pl =2 P2 X7 P20 2]
Substituting (5.160)) and (5.161)) into (5.159) and letting b = ||X'||?, we have
Is(WII* < 6b8% | 2; — 2p1” + 1260° | ;1* + 18b0° | 5|

3p52 N b5z N1
e e T (- S Tl
N N
j=0 7=0

By taking expectations, we achieve inequality (5.77)).
5.G  Proof of Lemma [5.4]

It is established in Lemma that when step-size u satisfies

<1
/"L 67
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(5.161)

(5.162)

(5.163)



the dynamic system (3.164) holds. Using Jensen’s inequality, the second line of (3.164])

becomes
Ef %1
< (Atasp®6?) B[ #)> 42042 5°E || % — &) |°
+2a4p*0°E|| 2 ||* + as i *E || s(wh) |7
E77)

(A + (a3 + 12a50)20% ) E | 24)?

+ (2&4 + 6(15[))/12(521[3”;?’? _26”2 + 2&4N252EH"?6H2

3 3asbuo? X L
+ 18asbp20°E| &4 |2 + =28 “ ZEth RSP

6a5b,u252 Z ]E” 3= 1||2

(5.164)

Now we let A\; = (1+\)/2 < 1. It can be verified that when the step-size i is small enough

so that

g 1— A
P20 2(ag + 12a50)02°

A+ (a3 + 12a5b)u2(52 <)\ <1

Substituting (5.166)) into (5.164f), we have
El|; ]

it holds that

< ME||%[|* +(2a4+6a5b) 1”6 E|| 2} — 2|

+2a4p*0°E|| 2 ||* + 18asbu*6°E| & ||*

3 b 252 6asbp26>
= ZEHx“ R Sl
7=0
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Iterating (5.167), for 0 <i < N — 1, we get
E|l &7,

< NE|| X512 + (2a4 + 6asb) p?s? Z NUE||® - ®)?

J=0

+ (20, BB &P + 18a50207E ] 252) D7 AT

J=0

Sasbu2s? N~
+ (—5]5 Y OB -&?
j=0

6asbu>s? R e i
+ =5 D_EIET) 0
=0

j=0

(@) :

< NPE[ 212 + (2a4 + 6a5b) p?6> ZEH;?; Ak
j=0

+ 2a4p°0% (i + DE|| 2 ||> + 18azbu®5 (i + 1)E| 2]

3asbu?0%(i + 1)
BB S g
]:0
6asbu?62(i + 1) =
+ asop <Z+ ) E||.i‘§_1||2
N par

- (Aiﬁl + 18asbu2d2(i + 1)>EH5(6||2

+ (2a4 + 6asb)p?0* > El|x — &>

J=0

+ 2a4125% (i + 1DE|| 25|

3asby?6%(i + 1) N~
i asop N<Z ) ZEH‘;%fl_X%FIHQ

6a5b,u252 Z+1 ZEH}(‘t 1H2

where (a) holds because A\; < 1 and hence Z =0 A7 <i+1. Next we let Ay =

If the step-size p is chosen small enough such that

N 4 20282 (i4+1) < Xy, Vi=0,--- ,N—1
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(1+A1)/2 < 1.

(5.169)



then it follows that

E||%;, ]

< ME[&G|1® + (2a4 + 6ash)*6® Y ||, — g

7=0
+ 2a4%6% (i + DE|| 252
3asbpd%(i + 1) Ner oo
g |7 - P
7=0
Gasbp282(i + 1) A=
4 S DS et
N J
7=0
N-1
< M| 2h||*+ (2as+6as5b) p*0% Y El|x}— 20|
j=0
+2a4p26° NE|| 25 ||?
B 1 N-1
+ 3asbp*6* N (N > EH;{;—l_X’;V*H?)
7=0
B 1 N-1 -
+ 6asbu’0* N (N E||k§.‘1||2>, Vi=0,--- ,N—1
j=0

Notice that

)\Zﬁl + 2a4ﬂ252(i +1) <\ + 2a4,u252N, Vi=0,--- ’N -1

Therefore, to guarantee (5.169)), it is enough to set

_ Ao — M\
A 4 2a4020°N < Ny <= 1 < L
LTSNS A S o 2N
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From ([5.170]) we can derive
N-1
> B
i=1
< Xo(N — DE| %
+(2a4+6asb)p*0*(N — 1) Y E||2— 2|
+2a42° N(N - 1)E|| 25|

N-1
_ 1
+ 3asbp* >N (N — 1) < ZEHiﬁ_l—ii\?lnz)

J
_ 1 N-
+6asbp* > N(N — 1) (N E||5c;—1||2) .

=0
As a result,
N-1
1 .
= S EP
i=0
1 N-1
- 5 (S v i)
i=1
Mo(N—1)+1_
< —E[ %

- N
(1 N-1
+(2a4+6a5b)u252N ( = EHX‘_XOHQ)

+ 204026 NE| %

N-1
(1 o
+3asbp** N (ﬁ g E|| %} 1—2(3\[1||2>
J=0

N-1
_ (1 e
+ 6asbu6*N (ﬁ > E|¥ 1||2> .
§=0
To simplify the notation, we let
A(N —1)+1
Ng= 2 T
N

cl = 2@4, Cy = 2a4+6a5b, C3 = 3&5(), Cy = 60,5[).

Using Ay < 1, we have

Ao(N —1)+1 _ N—-1+1
N N

1.

(5.173)

(5.174)

(5.175)

(5.176)



In summary, when p satisfies (5.163)), (5.165) and (5.172), i.e.

(1 1-\ Ao — i
< Z — 5.177
f = i { 5 \/2(a3 + 12a50)0% \/2a452N} ’ (5.177)

we conclude recursion ((5.82)). To get a simple form for the step-size, with Ay —A; = (1—)\)/4

we can further restrict p as

o 1 1) /1-2X
min A — —_—
= '\ 2(as + 12a50)"  8aq [V 92N

A 1—\
2 c . 5.178
"Voeen (5.178)

It is obvious that all step-sizes within the range defined in (5.178)) will also satisfy (5.177)).
Moreover, recursion ([5.83) holds by setting i = N — 1 in (5.170).

5H Proof of Lemma [5.5

Substituting ((5.77)) into the first line of (3.164)), we have

E[| %]
2a2/u5 24
< (1— ay)E| 2} |*+ ——E| x}|*+ ]EH (W)l
(e 2&2/L5 .
< (1 - ayw)E||%|* + ——E| x|

12562 2466
+ “E||5«§—5«0||2+T“E||5«§||2

36b5u . 6662u _
+ E| %5]1* + ZEH R

12b52u 3
Z Ell& )

= (1 — aypw)El|2[|* + E|l %"

12662

(2&2 + 24[))#52
14

_ 36bc5,u .
x|l + ——E| x/”

+ E| 2! —

6652 121)(52
:UJZEH U 1”2 ILLZE”"t 1||2 (5179)
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Iterate (5.179), then for 0 < i < N — 1 it holds that
Exi.?

< (1 ay) E|
Qg+ 24b) 1162 < R
# P S 0 aup) B
J:

12b52ﬂ i—jml =t =t ()2
+ S (U ) R 7 - 2|

§=0

366620 6662,u .
+< E| %5]* + ZEH xR

7

12002 =2 |
RS a2 ) SO0 - gy
=0

Nv =

T 2as + 24b) 62 o~ .
< (- aywy P By 2 + BT 2O S g

J=0

E||%5]”

: 36b02 1
1%

12662 P
+ v ZE||X§'—X0||2+(

665,u .
ZEH R

12b52u — 12 )
5 jZOEij 12] (i + 1), (5.180)

where the last inequality hold when we choose i small enough such that
(5.181)

1
O0<l—aqyw<l<s=p<<—.
a v
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Let i = N — 1 in (5.180]). It holds that

E| 2

S (2a2+24b )
< (1= arpv)VE||25]* + ZEH 5I?

126(52,u B 36662 N 1
ZEnt 2+ ( E|l )

2N1 9 N-1

L 6b8% i 1266% )
Z]E” t=1_ pt— 1||2 ZEH t— 1”2)

N 2ay + 24b) 6> N .
= (1—ayw) E| x5 + Gos ( ZEH tH)

12002uN (182 | SO0 N
+—< E| %} — ;) +———E|% xol1?

12062 (1 =
Ml < ZEH vl 1||2> (5.182)
According to Lemma [5.4 E the 1nequahty ) holds when step-size u satisfies
1—
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Substituting ((5.82)) into (5.182)), we get

E| 2"

E||%5]”

_ 2 24 3 4N2
< ((1 —ayw)N + a1(2a; + 240)70 )
14
36052 N As(2 24b) ud: N
+( ; B As(2a +V ) )

N (121)52,& N c2(2ay + 24b)u364N2)

E||%5]”

14 14

(1 N—-1
- —zEux;—xauz)
N =

N (6b52,uN N c3(2as + 24b)p354N2)

14 14

1 N-1
. (ﬁ Z EH;?;_I _21}»\71”2>
§=0

12002 uN Qa5 + 24b) P64 N2
N ( pN c4(2ay )i )

14 14

1 «— St—1)|2
: <ﬁ;1@y\xj I ) : (5.184)
For the term (1 — ayuw)Y, it is established in Appendix [5.1] that if
uw< 1,
~ aNv’
then the inequality (1 — al/w)N < 1 —a;Npuv/2 holds. Furthermore, if the step-size p is

(5.185)

chosen small enough such that

- a1 Npv N c1(2ag + 24b) 354 N? <1 a1 N pv
125522MN N ca(2ag + 2V45)N354N2 < 24b5>N 1
6bc5y2uN N c3(2as + QIZLb);ﬁé“NZ < 12b5VZMN
1265V2V;LN N ca(2as + 2;46)u354]\72 < 24b5;2,uN (5.186)
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recursion ([5.184)) will imply
E|l x5
N _
< (1- Jaw) Bl

(36 + 2X3a9 + 24\3b) >N .
; ( a0z + 24)s E|l )

v
24b6°uN (1 32
+ | = D_Elx— x|
v N =
12062uN (1 =2
L L
v N =
24682y N (1 =2
+ 7 = E||5(§.’1H2 i (5.187)
v N =
To simplify the notation, we let
d1 = 36b + 2/\3(12 + 24)\3(), d2 = 24(), d3 = 12(), d4 = 24b, (5188)

then recursion ([5.85)) is proved. To guarantee (5.181)), (5.183), (5.185)) and ([5.186)), it is

enough to set
1 1—A 1
<min{ —, C -, —
= {aly VRN o Ny

ay (1) 12b
61 (2ay + 24b)N \62/ 7\ cy(2ay + 24b)62N’

60 12D (5.189)
c3(2ag + 24b)52N " \| c4(2ay + 24b)52N '

Note that v?/6% < 1 and 1 — X < 1. To get a simple form for the step-size, we can further

restrict u as

< . C 1 aq 126
min —
= Y\ 261 (2a0 + 240) " \| e2(2a5 + 240)°

6b 120 /1= X
c3(2ay + 24b) " \| c4(2aq + 24b) 52N

A vv1— A

= 02 —_— 5
02N

where C5 is independent of v, § and N.

(5.190)
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5.1 Upper Bound on (1 — aluV)N

We first examine the term (1 — )™ where z € (0,1). Using Taylor’s theorem, (1 — z)V can

be expanded as

11—z =1-Nz+ NN - 1)51 - T)]Hx% (5.191)

where 7 € (0,z) is some constant, and hence, 7 < 1. To ensure (1 —z)¥ <1 — INz, we

require
_ N(N-=1)(1—7)N-2 N
- Na ( )1 —1) 21N
2 2
1
<—— < — . 5.192
T(N=-1)(1—7)N2 ( )
Note that

1 - 1 - 1
N N-1 (N-1)(1-7)N-2
If we choose x < 1/N, then it will also satisfy (5.192). By letting = a;pv, it holds that

(5.193)

v N
1-au)¥<1-2 2“”. (5.194)
when 1 < 1/(a;Nv).
5.J Proof of Lemma [5.6
From the first line in recursion (5.74)), we have
o B L
X§+1_X§:_KIT'H§IX§ - ?ITHEXR,uXE—FKITS(WZT) (5.195)
By squaring and applying Jensen’s inequality, we have
|50 — 23]
1 2
< 37 || =TTHIZ|| || %
< | LTTHE |

31 .
TR ] %P
32
+ I P s o)
3u?

(a) B 32 §
< 300 &P + S0 X PR + S s (0w (5.196)
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where inequality (a) holds because of equations ((5.133)) and (5.137)). By taking expectations,

we have
E|%,, —#!|>
32 3u?

< 3207 |2 )? + T 62| X PR £ + ZEE s (w2
K K

< 6u28%E||%5||> + 61 20%E | %L — =5

31 . 31
+ S0 | Xrl PE 2! + S=Ells(w)?

©.77) 54bp2o*
< 6B % |” + ——E x|
3| Xr.ull? + 360
+< H R, “ + ),u252]E||k§||2
K
180
+ <6 + ?) /L252EH2_{§—}‘6H2
9b52 2 (1 &
(5 e i
=0
1868222 E i .
+ N;EHXJ. 12],0<i<N -1 (5.197)
For simplicity, if we let
o 54b o 3|| Xr.ul|? + 360
1 — K 9 2 — K )
18b 9b 18b
63:64-?, 64:?’ 65:?, (5198)
inequality ([5.197)) becomes
El|%;,, — %|*

< 6170 E || 2p” + e1p® 0B &g || + eaps®0"El| |

+ e3*0°E| 2 — xg |

1 N-1
+ equ®6? (N Z]EHX;_l—X%?lH?)
j=0
1 N-1
+ esu’d? <N EH;};—lH?). (5.199)
j=0
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For 1 <i < N — 1, we have

E||% - x|
7
<iY E|x &P
j=1
< 6UPPE|| R + euss?PE )

+eop®6%i Y Bl & | +esp?0% Y B[ X, — x|
j=1 j=1

N—
+€4/L2(52i2 ( Z — 7t 1||2)

]:

N—1
+ esp?%i? (ﬁ IE||5(§1H2>
7=0

< 6P NE||2L|)? + e p?0° N2E|| 2h|2

—_

B 1 N—-1
+€2M262N2 N E||évt’t||2>

N-1
+ e3p?6*N? E||;‘v§—;?6||2)

B 1 N—-1
+ eq 292 N*? ~ E||.if§_1—.i'§\71||2>
j=0
B 1 N-1
+ e5p*6*N? N E||5(;—1||2) : (5.200)
=0
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From the above recursion, we can also derive
| N
=Y E|x -z’
N
< 6u°0*N2E||%5]* + e1p** N*E| 2|

—1
+ eou?0* N*? ( E||;i'§||2)

+ egp62N*?
+ e5p’6*N*?

B 1 N-1
+ eqi? 62 N? (ﬁ A E||5(§_1—(?§V_1||2>

1 i
<Y Bl 1|!2>

0
According to Lemma , the inequality ([5.82)) holds when step-size u satisfies

1—A
p<Cy 2N
Substituting into (5.201)), we have
1 N-1
5 E||%; — x|

Il
=)

< (64°8°N? + creop 0" N°) E 25|

+ (61 + )\362)#252N2EH)}'0H2

N-1
_ _ 1 _ _
+ (e30°0° N? + coeap ' N?) I E| ! —XBHQ)
=0
B B 1 N-1
+ (e4p®0* N? + czeap* ' N?) I EHx;_l—gi—_lHQ)
=0

N-1
- - 1 e
+ (e50°0° N + caeap ' N?) v E|]x§ 1H2> .
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If the step-size u is chosen small enough such that

61°0° N2 + crequ*6* N? < 12u°6° N?,

63,u252N2 + 0262,u454N3 < 263u252]\72,

eatt?02N? + cgeap 0P N3 < 2e4u26° N2,

espt?02N? + cpeau6* N3 < 2e51?62N2. (5.204)
then recursion (5.201]) can be simplified to equation (5.87)), where we define eg 2 e1+ Aqes.

To guarantee ((5.202]) and ([5.204)), it is enough to set
. 6 €3 €4 €5 1—A
< O ) Y ) ) N T
o= mln{ ! V cires \/6262 \/0362 \/0462} V 02N
A 1—A
= C —. 5.205
VN (5205)
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Next we establish the recursion for 32~ v "E||x!— & ||>/N. Note that for 0 <i < N — 1, it

holds that

!

If-"lllfff—??ﬁvl\2

2 |

< (N—i)» E|

J

t 2
J+1 ||

7

(5.199) _ ) B ) 5
< 6p20% (N — i) °E|| %[> + eypi?0*(N — i)El| 2|
N—
+ 20} (N ZEHW
1\7—1
+egp* (N —i) Yy El|l&]_ — x|
j=t
N-1
1
et 7 (3wl -
j=0
N-1
_ 1
+ 50 (N—i)? (ﬁ Euﬁcz—lu?)
j=0

N <
1 N-1
+ esp?62N? (N E| %} —20||2>
7=0
1 N-1
+ eq 262 N*? (N E||§ej_1 x’;1||2>
=0

—1
+ esp’6* N2 ( ZEH vl 1||2> (5.206)
Since the right-hand side of inequality (5.2006]) is the same as inequality ([5.200]), we can follow

(5.201)—(|5.205)) to conclude recursion ([5.88)).
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5.K Proof of Theorem 5.7

With Lemmas [5.4] and [5.6], when the step-size p satisfies

. 1-— )\ vv1— A\ 1—A
< mlﬂ{cl 52 Cy ((SQ—N)7 Cs 2N }7

it holds that
_ N ~ di 10N .
Bl P < (1 o) EIIE + 2Bl

d25 [LNAt d35 [LNBt 1 d45 /LN

14 14

Ctl

E|l%5H))* < c1p®0” NE|| 251 + AE| &5

+ P’ NA + c3p*° NB ! + ¢y 262 NCH!

At+1 < 12 2(52N2EHX15+1H2_'_6 H2(52N2EH t+1H2

1265120 N2AT 26,1262 N2 Bt + 2e51126* N2C

B' < 124°6° N’E|| %) + eo)s0* NE||

+2e5 02 N*Al +-2¢,4 1 20°N?B 4 2e5 1 %0* N2 CH

C' < e1p®0* NE|| x5 + AsE|| x5

+ PO’ NA + cap®*NB' ™ + ¢y’ NCH!
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Let v be an arbitrary positive constant whose value will be decided later. From the above

inequalities we have

]E||.’_€'6+1||2+E|’i’6+1||2—|—’y(At+1—i—Bt—i-Ct)

dméQN .
E||%5]”

- d302uN -
—|—cg,u252N) A+ (i + C3/,I,252N> B!
v

N _
< (1—§a1/ﬂ/+cl,u252]\7> E| 2>+ ()\2—1—

do0?uN
+<2M
v

2 N _
i <d45V,u + C4/,,L252N) Ct—l

+ 7 fip*6° N? (Bl 2671”4 B 25" )

4 ’Yf2M252N2(AtH + Bt + Ct) + 7f3M252N2EH26”2

+ (A3 + egu® 6> N?)E| 25|

+ v fal N (A + B CY, (5.213)

where the constants {f;}_, are defined as

f1 = max{12, e}, fo = 2max{es, ey, €5}, (5.214)
fz3 =12+ ¢4, fa=max{2e3+cy, 2e4+c3, 26544} (5.215)
If the step-size p is chosen small enough such that
1— galuu + e p?6iN <1 — galuy, (5.216)
Ny BN EAQ 2 <1, (5.217)
dQ(i“N F 28N < w, (5.218)
d35i’“‘N + e3p282N < M, (5.219)
Mi” N cap22N < w, (5.220)
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recursion ([5.213]) can be simplified to
(1 =7 fir?a*N?) (Ell25" 1 + B[ 257])

+ 7(1 o f2M252N2) (At+1 + Bt + Ct)

N _ .
< (1= Jauw ) EIIE + MEI?
2d20°uN 2d36* 1N 2d46* 1IN
i 207 1 Al + 3071 B! 4 407 Ci-1
14 14 v

R NEE R 2 4 2 (s + o ENDE| &)
+yfu’ N (Al + B 4 C)
N _ ~
< (1 N+ vf3u252N2) E|l )

+ [)\4 + (A3 + €6M252N2)] ]EH)%Hz
52uN

i (f5 I
v

+ 7f4ﬂ252N2) (A"+ B+ Ch, (5.221)

where f5 £ 2max{ds,ds,ds}. To guarantee (5.217)—(5.220)), it is enough to set

. av (1 — )\2)1/ d2 d3 d4
< - — — 5. 5.222
fi = { 12¢1027 2d102N ' cov’ v’ cuv ( )
Since v/§ < 1, it holds that
2
o, d v v oy (5.223)

cv - Cl_V§2N N 01(52N’ -
Also recall that 1 — Ay = (1 — \)/4. Therefore, if 11 satisfies

. aq 1 dg dg d4 V(l — )\) A V(l — )\)
< == 2\ 2o 5.224
'LL_Inln{]_ch7 8d1’ Co ’ C3 ’ Cy (SQN 4 52N ( )
it also satisfies ([5.222)). Next we continue simplifying recursion ([5.221)). Suppose p and -y

are chosen such that

N — N
1-— el + yfapt6iN? <1 — 5 Mk, (5.225)
_ 1+ A
M+ 73 + egu?d®N?) < J; 12 <, (5.226)
5?uN —y _ 2f50°uN
J50°p Ay fup262N? < f50°1 : (5.227)
v v
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recursion ([5.221)) can be further simplified to
(1 =7 fip*N?) (El|l25" 1> + B[l 257()
+ ,7(1 _ f2“252N2) (At+1 + Bt + Ct)
N
< (1= ouw) Bl

21562 uN
+ A || 25|12 + J%T“(At + B 4+ Ch. (5.228)
Now we check the conditions on p and ~ to satisfy (5.225)—(5.227). Since A3 < 1, if we

choose p and v such that

As + egu62N? < 1, (5.229)
14+ A
e (5.230)
then inequality (5.226]) holds. To guarantee (5.225)), ((5.227) and ({5.230)), it is enough to set
11—\ 1—2A3 . a v s
< < _ < = — 5. 5.231
VSRS 66521\72’7“—mln{8f352N’f4uN ( )
Moreover, if we further choose step-size p such that
N 8(1— A
A <1 — —ajuv < p < (—_5), (5.232)
8 avN
recursion ([5.228]) becomes
(1 =7 fin?6*N?) (Bl 25" 1 + El|l 2" (1%)
+ 7(1 . f2M252N2) (At+1 + Bt + Ct)
N 2 Tt |2
< (1= gamw ) (Elx]" +Elx]°)
2f502uN
2N pr B oy (5.233)
v
When p and ~y are chosen such that
_ 1
1-— 282N% > 0 = i < ———, 5.234
vhip S (5.234)
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recursion ([5.233)) is equivalent to

(261 + Ell 2" 17)
1 — fou?6>N? .
_ A +1 Bt Ct
+7(1—7f1u252N2 (AT 4B+ C)
11— %aluyi

1 — 7 fiu?02 N2
2f552,uN
v(l —a;Nuv/8)

If we also choose p such that

{(Ellxo]* + Ell 25]*)

(At 4 Btfl 4 Ctl)}

— 1 1
1 — fou6*N? > 37 and 1— galN,u
recursion ([5.235]) can be simplified as
(EHXH-IH2 + E||‘5(6+1H2) + % (At+1 + Bt + Ct)

l\DI»—t

11— %alN[U/
T 1= fipd2N?

_—
+4f55 /'LN(At +Bt_1 + Ct—l)} .

{Ell ] + Ell %))

v

To guarantee ([5.236]), it is enough to set
< 1 4
min - .
o= 2f2(52N27 alyN

v = 8f56°uN /v > 0,
then recursion ([5.237)) is equivalent to
<E||Xt+1||2 + EH vt+1|| ) + % (At—i-l + Bt + Ct)

1— N

If we let

CLLILV
S TS f o N

+ J(AT+BT O]

{Ellzo]* + Bl £5])

If 1 is small enough such that

_Sffst 0N

a1

>1——a1Nw/ = u<

y ) 64f, f5 02N

v
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it then holds that
(EHXH-IHQ + EH vt+1|| ) 4 % (At+1 + Bt 4 Ct)
< p{(BlIZE)1? + Ell%)?) + 2(A'+ B+ C' 7Y} (5.242)

where

1- %aluy

= <1
1 —8f1fsu?0*N3 /v
Finally, we decide the feasible range of step-size pu. Substituting v into (5.231)) and (5.234)),

< min 1— )\4 14 1-— )\3 1 ay ( 14 )
H= 16f5 (52]\7, V €6 V (SQJV7 64f3f5 (52N
I 1 v 1/3
B (R . 5.244
V8fioN (8f1f554N3) } (5:244)

Note that 1 — Ay = (1 —\)/8 and 1 — A3 > /8 and hence if we restrict p as

"= mm{128f5 V Seo \/64f3f5 \/

1/3 v(I=X) a C’51/1—/\)
(57) } PN~ eN :28)

it can be verified that such p satisfies (5.244). Combining all step-size requirements in
(5.207)), (5.224), (5.232)), (5.238)), (5.241) and ([5.245)) recalling 1 — A5 = (1 — A)/16, we can

(5.243)

p:

it requires

always find a constant C.

A 1 [ 1 4 ay
- = .24
¢ mln{C17027037C47057 26L17 2f2’ a17 64f1f5} (5 6)

such that if step-size u satisfies

Cr(l—))
52N
then all requirements in ((5.207)), (5.224)), (5.232)), (5.238)), (5.241)) and ([5.245)) will be satisfied.

(5.247)

Note that C' is independent of v, § and N.
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Algorithm 5.4 (diffusion-AVRG at node k for unbalanced data)

Initialize wy, o arbitrarily; let g, = N /N, ¥ o = w, gy =0, and VQ(Gg’O;ka) +—0,1<n<

N,

Repeat 1 =0,1,2,---

calculate ¢ and s such that i=tNp+s, where ¢t € Z; and s= mod(i, N);

If s=0:
generate a random permutationo?t; let g?jl =0, 0};’0 = Wy i;
End

generate the local stochastic gradient:

End

n, = o(s + 1),

s =

ﬁk(wk,i) = VQ(Wii Tpmt) — VQ(O) 05 Thomt ) + Ghs

t+1 t+1
g, < g,

1
+ EVQ(wk,i; Thnt),

update wy, ;1 with exact diffusion:

Vi iv1 = Whi — 1qe VI e (Wi ),

Prit1 = Vvt T Wki — Y,

W it1 = Z g Pyiy-

LeEN},

(5.23)
(5.24)

(5.25)

(5.26)
(5.27)

(5.28)
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Algorithm 5.5 (diffusion-SVRG at node & for unbalanced data)

Initialize wy, o arbitrarily; let gz = Ny /N, ¥y, o = wip
Repeat ¢ =0,1,2,---
calculate ¢ and s such that i=tNp+s, where t € Z; and s= mod(i, Ni);
If s=0:
generate a random permutation function a",;, set 9’,;’0 = wg;

and compute the full gradient:

1
¢ t .
9= N, n§—1 VQ(0% 05 Tk n),

End

generate the local stochastic gradient:

ng = o(s+ 1),

s —

ﬁk('wk,i) = VQ(Whi; Ty nt) — VQ(Oh,0: Thmet ) + Gl

update wy, ;1 with exact diffusion:

Vi iv1 = Whi — 1qeVJIp(wr ),
Prit1 = Vriiv1 T Wki — Y,

Wi it1 = Z Ak Py g1 -
eGNk

End

(5.29)

(5.30)

(5.31)

(5.32)
(5.33)

(5.34)
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Algorithm 5.6 (diffusion-AVRG with mini-batch at node k)

Initialize wg’o arbitrarily; let 1,02,0 = w%o, gg = 0; equally partition the data into L batches, and
each batch has size B. Set VQ,(f) (wd) 0, 1<¢<L
Repeat epoch t =0,1,2,---

generate a random permutation function 0'2 and set gfjl =0.

Repeat iteration:=0,1,---,L —1:

€, =op(i+1), (5.38)
VI (w ) = i)t oy i)t t
k(wy ;) = VO, " (wy,;)-VQ, ™" (w) + g, (5.39)
1 )
gk =g+ VR (why), (5.40)

update wfm‘ 41 with exact diffusion:

Yhipr = Wiy — pV Jp(w),), (5.41)
¢§f,i+1 = 7,!)27241 + 'wll;i - ¢§c7i7 (5.42)
Wiy = Z kPl i

CEN, (5.43)

End
1 _ ¢ t+1 _ ot
set wy 'y =wy and z/;k,o = ¢k,L

End
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CHAPTER 6

Conclusion and Future Work

In this dissertation, we proposed an exact diffusion strategy and studied its performance for
distributed optimization, adaptation and learning over networks. The main results can be

summarized as follows:

e Diffusion strategy solves an approximate problem of the target problem ([1.1]), which
explains why diffusion converges to a small neighborhood around, rather than converges

exactly to, the global solution w* to problem (|1.1]).

e We proposed an exact diffusion method to eliminate the bias. Exact diffusion has the
same computational complexity as diffusion, and it converges exponentially fast to w*
under standard assumptions. Furthermore, exact diffusion works for broader family of
combination matrices than EXTRA [75], namely, locally-balanced combination matri-
ces. When symmetric and doubly stochastic matrices are employed, exact diffusion is
proved to have a wider stability range and hence an improved convergence rate than

EXTRA.

o We extended exact diffusion to the distributed adaptation and online learning scenario.
Under this stochastic setting, we provide conditions under which exact diffusion has
superior steady-state mean-square deviation (MSD) performance than traditional al-
gorithms without bias-correction. In particular, it is proven that this superiority is

more evident over sparsely-connected network topologies such as lines, cycles, or grids.

e We extended exact diffusion to the distributed empirical learning scenario. Under
this setting, we integrate the amortized variance-reduced learning algorithm to ex-

act diffusion and enable it to converge exponentially fast to the global solution. We
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also proposed algorithms that work for the unbalanced data scenario and non-smooth

scenario.

While exact diffusion has been extended to various useful scenarios, there are several

open issues that deserve further investigation:

e Exact diffusion is studied for undirected network in this dissertation. However, there
are applications in which the network is directed. For example, it is very common
in practice that agent k can send information to agent ¢ while agent ¢ cannot send
information to agent k. In this case, the link between agent £ and /¢ is directed. How
to modify the exact diffusion strategy so that it fits into this important scenario is
still an open question. One possible solution is to use the push-sum technique [161] to
correct the bias incurred by the directed network topology. Another possible solution

is to employ the push-pull strategy proposed by [97,98].

e Exact diffusion is studied for smooth objective functions in this dissertation. How-
ever, there are applications that have a composite problem structure that involve
both the smooth and non-smooth terms in the objective function. Various algorithms
have been proposed to solve the composite distributed optimization problems such
as [88,91},106,/108]. While convergence of these algorithms is studied in literature, it is
still unknown whether exits a distributed algorithm that can solve the composite opti-
mization problem with linear convergence rate. Very recently, it is proved in [109] that
a new distributed primal-dual algorithm can converge linearly to the global solution
when all agents share the same non-smooth regularization term. This is an encouraging
result since it is very common for all agents to have the same regularization under the
machine learning setting. Can one prove linear convergence of proximal exact diffusion

under the same assumption?

e Exact diffusion is studied for convex objective functions in this dissertation. However,
there are applications that have a non-convex problem structure such as deep learning.

It is important to answer questions such as whether exact diffusion can escape from
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saddle points and converge to a local minimum of the non-convex problem, and whether
the collaboration among the agents is beneficial to finding the global solution of the
non-convex problem. Some insightful work appear recently that study the performance
of diffusion for non-convex optimization, see [162,|163]. These results may help clarify

the behavior of exact diffusion for distributed non-convex optimization.
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