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Introduction 

In this supplement a.comparison of the many different elastic phase shift 

analyses is made. 

The dynamics of the interaction of a pion with a nucl~on are contained in 

the partial wave amplitudes Tt (j= L + k). These T-matrix elements are reiated 
L -c. 

. to the centre-of-mass scattering amplitude through the. following relations(l) 

where 

and 

M = fee) + gee) cr·n 

. + 1 
gee) = i ~(TL - T~) PL(cose) 

L 

fee) and gee) are the spin non-flip and spin flip scattering amplitudes. 

and 

where 

The differential cross-section and polarization are then given by: 

dcr~ ()'" dO P = 2 Ref*g n 

The partial wave amplitude is then parameterized by a phase shift, 0, 

and an absorption parameter, ~, according to 

~ = i e
2i&E -1 

L 2i 

The object of an elastic phase shift analysis is to determine the values 

of ~. and ° as a function of energy. This is accomplished by adjusting the values 

of ~ and ° until the predicted cross-sections and polarizations give a reasonable 

fit to the observed experimental distributions. There are two main types of 

phase shift analysis--energy-independent and energy-dependent, which are 

-discussed in turn. 



Energy Independent 

In an energy-:independent analysis fits to the experimental data are 

undertaken at each energy where ~easurements have been made. Unfortuantely, 

a large 'number of 'good' fits are often obtained at each energy and some selection 

has then to be made. This selection is made in a different manner in each of 

three major energy-independent analyses. 

(i) SaClay(2) 

Smooth variation of the 11 and 5 are required together with smoothness in 

other functions of.the partial wave amplitudes. 

(ii) Berkeley( 3) 

In this case a distance function is defined for the change· in the value of 

a partiai wave amplitude from one energy to the adjacent energy point. Their 

final solution is then that set of solutions which has the smallest 'total 

distance' throughout the whole energy range. 

(iii) Cern Experimental and TheOiy(4) 

In this analysis ~ontinuity is applied through partial wave dispersion 

relations. After first making an energy-independent analysis at each energy 

the parameters are used in a partial wave dispersion relation to predict the 

partial wave amplitudes at all energies. These are then fed in as 'data' 

together with the experimental measurements and a new fit performed. Using 

the results of this fit new partial wave amplitudes can be determined from the 

dispersion relations and the whole process iterated until consistency is 

achieved. When the final step of the process is a-fit to the experimental 

data the CERN Experimental Phase Shifts are obtained, and when the last step 

is a calculation of the partial wave amplitudes through dispersion relations 

CERN Theory Phase Shifts result. 
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Energy Dependent 

In this type of analysis a smooth variation of the partial wave amplitudes 

is ensured by making a parameterization of the phase shift etc. All experimental 

data are then fitted at the same time, the parameters describing the phase 

shifts etc. being determined. The various analyses of this type differ in 

their parameterizations. 

(i) Roper(5) 

In this case polynomial expansions of the 5's and ~'s are used for the 

non-resonant contributions to each partial wave. The .resonances are parameterized 

by a Breit-Wigner Amplitude. In all cases the correct threshold dependence is 

ensured. One drawback of this analysis is that it simply adds resonant and non-

resonant amplitudes in a given partial wave, leading to the possibility of 

violating unitarity. 

(ii) Chilton(6) 

In this analysis a parameterization of the partial wave amplitudes is used 

which is consistent with a partial wave dispersion relation. The analysis is 

performed in two parts, the first for pion kinetic energies less than 700 MeV 

and the second for the range above 700 MeV, resulting in some discontinuity at 

the break. 

(iii) GlaSgow(7) 

The analysis used here contains some features of the energy independent 

method. The phase shift 5 and inelastiCity parameter ~ are expanded as a series 
2 

5 = ~ a (k2 _ k2)n 
n=O n 0 

over a limited range of the data ego 100 MeV. The only restriction impoSed is 

that the value 6f the phase shift and inelasticity shOUld be continuous in moving 

from one energy region to the next. The requirement of a continuous first 

..:. 3-
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derivative is also made but not strictly enforced. In this manner a continuous 

set of phase shifts are obtained over the whole range. A fit is then madEZ tg 

thissolutiori with partial wave ~plitudes which contain both background and 

resonances, some partial waves containing more than one resonance. Finally 

a fit is then made to·all of the data allowing the background and resonance 

parameters to vary. This method leads to the solution GLASGOW- A. If ·the CERN 

Theory values for the partial wave ampli tude·s are used to allow an initial 

determination of the background and resonance parameters before the final fit 

is attempted, GLASGOW B results. 

The properties of these different analyses are summarized in the figures; 

the elastic and inelast c partial cross-sectionS being calculated as 

. aLIJ 

elastic 

LIJ a 
inelastic 

= 

= 

where L - orbital angular momentum 

J - total angular momentum 

I - total isospin 

Comments 

We would like to add the following remarks; 

(i) All of the six methods are biassed against the existence of narrow resonances. 

(ii) In many diagrams the small scale obscures the differences in value~ of T) 

and particularly 5. However, although these differences are small they do corres-

pond to the differences in the eiastic and inelastic cross-sections indicated. 

(iii) A comparison of these phase shifts results with experimental data can be 

found in the paper(8) to which this is a supplement. 

(iv) In these graphs the solution described as CERN-EXP. corresponds to that 

described as CERN-KIRSOPP in another compilation(9). 
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