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~ A PERSPECTIVE ON NUMERICAL ANALYSIS
OF THE DIFFUSION EQUATION*

T. N. Narasimhan
Department of Civil Engineering
and
Lawrence Berkeley Laboratory
University of California
Berkeley, California 94720

ABSTRACT

The diffusion equation is encountered in many branches of science
and engineering. In recent years powerful integral formulations have
been developed to numerically solve the diffusion equation under complex
boundary conditions. Although the customary starting point for their
development is the differential equation, it is shown that these integral
equations can be developed directly from the basic concepts of sets, par-
titions and measures. The partitioning of the flow region can be explicit
or implicit and the integration of fluxes in the space domain can be
achieved by evaluating surface integrals or volume 1ntegfaTs. -As a conse-
quence of this dﬁrect approach, the weighting function of the method of
~ weighted residuals takes on the physical meaning of a spatial partition
function. It is seen in this context that for the d{ffusion problem, the
Galerkin weighting function is a natural choice. The intergral equation
.developed by the direct approach is compared with the Galerkin equations
“developed from theclassical partial differential equation. It is shown
" that the substitution of the spatial approximating funCtibn of the dependent
variable into the time derivative term (as is done in the conventional devel-
opmeht of the Galerkin equation from the.partia1 differentiaT equation),
leads to conceptual difficulties. It is suggested that in so far as integral
numerical formulations are concerned, the direct method is simp]é and -com-
plete and that the differential equation may be redundant.

*Work partially supported by the U. S. Energy Research and Deve]opment
- Administration.



INTRODUCTION

Thé diffusion equation describes many physical phenomena such as,
the conduction of heat in solids or the flow of fluids through porous
media. Basically, it quantifies mass or energy conservation over parts
or whole of a flow region of interest. Let H denote the amount of mass
or energy. For a conveniently small part A of the f]ow region R . we
can symbo]1ca]1y write the diffusion equation as '

L (H) = L.(H) o o (1)

where Ls is an operator in space denoting spatial redistribution of H
due to differences in ‘spatial concentrations of H and Lt is an operator
in the time domain representing changes of H over A as a function of
time. ' X . |

In practice, it is convenient to replace the dependent variable H

~in (1) by a scalar potential u related to H by

1w |
© 7 Vdu - ’ - (@)
where V s a  volume measure over A and c¢ is a con-

stant. In conductive heat transfer c 1is specific heat, V 1is the mass
contained in A and u 1is temperature. In flow through porous media, V
is the volume of A and u is the fluid potential. Integrating (2) we
get, | :

(H-H)) = Ve(u-u)) . | , ‘° (3)

In view of (3) we replace (1) by

NORE Lt(u); o | (4)

We will novaroceéd to formulate the diffusion equation from first
principles. Towards this end, we introduce some elementary concepts of set
theory. For further discussion of these concepts, see [1], [2], [3, pp.
612-614]. -

Let R be-a.set. A class of subsets {A .t k=1,2,3,.... N} of R is
said to form a partition if (a) the Ak's are mutually exclusive or pair-
wise disjoint and (b) the union of this class is R. A partition of R is
schematically répresented in Figure 1. '
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Figure 1. Schematic representation of
' partitioning of R.



A set function is a function whose domain is a class of sets. Let

{Ak 'k =1, 2, ... }, be a partition of R. A set function F is said to
be completely additive if :
F (Q:H Ak) ) kE] F(A) » (5)

A set function F iscalleda "measure," if F is a rea]—vaﬁued, non-
negative and completely additive set function F(A) defined on a Borel field
F of sets and satisfies the equality F(0) = 0. The measure F is finite
if F(R) < . The triple (R, F, F) is called a measure space. . If F(R) < o,
the measure space is said to be finite. B

In the diffusion problem we can readily verify that- H satisfies the
aforementioned criteria and hence H is a measure. Furthermore, it could be
shown that the subregions Ak of R form a class of Borel sets and R is a
Borel field of sets. Thus, the triplet (R, R, H) forms a finite measure
space for the diffusion equation. B

The Measure H(R)

The diffusion problem starts with a known set of initial conditions,
uk(t=0), k=1,2,3...Nat N discrete points in R. With each discrete
point k we associate a subset A, of R so that the class {A } forms a
partition of R. Let N be sufficiently large so that C = c(Ak)
stant over Ak “and up does not vary rapidly over Ak‘ iThen, by (3) and
(5) and assuming H, =0 at u =0, we get,

is con-

= ICu ~ (6)

where Ck = V(Ak) . c(Ak) and V is a volume measure. From (6) we see that
u, is an appropriate mean value of the scalar potential u over the set
Ak. In Figure 2 R 1is explicitly partitioned into a class {Ak} .

However, the partition need not necessarily be explicit as in Figure
2. Instead, one could carry out an implicit partitioning as follows. First,
partition R into a class {e;} by connecting adjacent points of the set
k=1,2 . . . N, as shown in Figure 3. Now, since each e, is shared by
points lying on its corners, we compute H(ei) by integrating H over e, -
To facilitate this, let u vary within each e; according to,






u = g (x;) ult) | (7)

where & 1is a spatial function dependent on the geometry of €5 .Xj. is
the space coordinate system, k denotes the identification of the corner
points of e, and the repetition of the index k denotes summation over

k. Moreover £ satisfies the condition,

g =1 | (8)
Kk K ;
at every point interior to ‘ei . Assuming ce is constant over e; we
havé, : ,
He;) = ‘/F gku dv = Ce.ukJ/- £, dv (9)
_ e. i “Je.
i i
In view of (8) it is clear that‘J[ gkdv must partition e, into subsets
whose volume measure is a 4 fraction of Ve . Thus, if e is a

triangle as shown shaded in Figure 3, then since gk Vs symmetrical about
each corner of the triangle, it is clear that,

J/- gde = §-V v (10)

i

where Ve is the volume of e Introducing (10) into (9),

1

: v 1-c 1.u E 3 Ceiuk ‘ (11)
where Ce; = V(ei)-c(ei) and in which the summation is taken only over the
k's ! identifying the corners of e;. Equation (11) indicates that Up
(which denotes the instantaneous potential at the point k ) represents a
mean value over a collection of subsets of e, and the combined volume mea-
sure of these subsets equals 1/3 V . These subsets may either be dissemi-
nated throughout e, or may occur 55 a single dense subset concentrated in
the immediate neighborhood of k. For simplicity we will consider these
subsets to be concentrated near k. In Figure 4 G is the centroid,

formed by intersecting medians and e, is partitioned into three equal
parts I, II and IIl, each with a vo]ume measure of 1/3 V . This indicates
that Ups Uss and U; are mean values of the potent1a1 ove} the corresponding
subsets I, II and II1. Therefore,



Do su44U00638465

XBL761-2051

Sub-partitioning of triang]e‘ei
into three equal parts.

FigUre 4.



H(ei) =

If the integrétion indicated in

H(I) + H(II) + H(III) =

o [u] tu, t u3] (12)

(9) is carried out over each e in R

and the partitioning of e, shown in Figure 4 is implemented, the result

is a new par‘titionv{Ak t k=1,

partition is such that (as in the case of Figure 1)
located one point of the set {k :

at this point represents a mean

A

k
and
H(Ak) =
Finally we have,
H(R) =

The Diffusion Problem

In addition to initial conditions at
These cause H to get continuously redistributed

boundary conditions.
within R.

2 ... N}of R as shown in Figure 5. This

interior to each Ak is
k =1,2, 3 ... N} and the potential Uy
value over Ak. Thus, -
e. (13a)
all ej hav- ik
ing k as a
corner point
u e , (13b)
k 3 e; '
all e hav-
ing k as a
corner point
N
T H(Ak) (14)
k=1
t =0, R is also subject to

Transfer of H between neighboring members of the class {Ak}

takes place across their common interface. Let AHk = AH(Ak) denote the
change in H over Ak during an interval At = t-to. Then
M, = H(A,) - H(A) | (15)
'k k k
't0+At to
The consequent change Auk = Au(Ak) during At 1is given by,
AHk , 7 v
Al.lk = ‘C— v (]6)
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Figure 5. Implicit partitioning of R.
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where C = V(Ak)-c(Ak) in the case of an e;plicit partition and
C, = gil_v(ei)- c(e;), inthe case of an implicit partition. The prob-
lem of diffusion, then, is to compute AH of R,
for a chosen At = t - to. : o

Since U is a mean value over Ak and since transfer of H between
adjoining Ak's can take place only across their common interface, the

and Auk’ over each A

k k

strategy for setting up the diffusion equation is obvious, viz., first com-
pute AHk over Ak by algebraically summing up the fluxes across the
boundary Ty of Ak ‘and then compute Auy by (16). Thus,

M, = -Atzd , +nT

K Z 9k (17)

m,k

where (ah K * K) is the specific flux along the normal td the interfacé
Fm K directed away from k and m identifies a set 'Am which immediately
adjoins the set A -

In view of (17) and (16) we have,

Auk R >

Ck 5t ° '[ﬁqm,k' m, k

Or, replacing A by 3 and I by _/( we can write

) / |
k _ > . > ‘
Ck 5T = - qendr (19)
Ta
k

On the left hand side of (19) Uy

is enclosed in parenthesis to indicate
that it is a mean value over A, . '

k
For convenience, we may define a volume normalized term "divergence*"
by |
dive § = V‘—/ g . (20)
k “Tp
k

so that (19) becomes,
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3(u,) | |
k! _ cox v
Ckv T Vk div* ay (21a)
Or, factoring out Vk from both sides,
3(u,) : .
k! _ R
C, 3T = .- d1v*,qk» . (21b)

The asterisk in div* denotes that div* 1is a matroScopic concept while
by convention, divergence refers to an infinitesimal volume element. Note
that (21b) is of the form used in conventional finite difference Schemes.
However, it is easy to see that if the cardiha] number N of the set
{k : k=1,2,3...N}, becomes arbitrarily large, the volume measure Vk of

the set Ak -+ 0 and hence div* § indeed tends div q . For arbitrarily

- large N and for constant ¢ = ¢ throughout R we can replace (21b) by
u o
kK _ s> . .
C =t <. div Ay , (22)

Equation (22) is the differential form of the diffusion equation as it is
commonly written. The subscript k is included in (22) to emphasize the
fact that the tjme derivative pertains to Uy which is a mean value over
Ak and the divergence relates to the surface integra]'over the surface
bounding A . Note that in the above discussions, we have assumed that
set A, over which the conservation Equations 19 through 21b are defined,
is a dense set forming the immediate neighborhood of the point k. In
exactly the-same manner, the differential volume element, based on which
the partial differential equation of diffusion is commonly derived, is also
a dense set concentrated around a point. 'In the light of these, we can
state that the coarse or macroscopic equation defined by (21b) convergés to
the differential equation (22) as the cardinal number N of the set
{k : k=1,2,3...N} 1is made arbitrarily large. ,

As an alternative to (19), we can make use of the divergence theorem
and write, | | '

3(u, ) '
C, —K— = -/ div{gadv (23)
k T3t A - _
k
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We now see that (19), (21b) and (23) are different expressions for the
same physical concept. Each of these equations require that in order to
compute auk/at, we define a priori an exclusive subset Ak of R asso-
ciated with the point k. Such indeed is the basis of the differential
equation in (22), the Finite Difference Method (FDM) or the integrated
form of the finite difference method [4]. i

Let us now turn our attention to the implicit partitioning suggested
in Figure 5. In Figure 6, the dotted lines define the sets 'ei which meet
at the point k. The set Ak (= k)eik) is shown enclosed by the heavy
line. eik(: €. It is obvious from Figure 6 that Ak(:](L)ei) and
V(Ak) =V <V (L)ei). Now, note from (23) that the volume integral is to
be eva]uated over the set Ak' However, since Ak is only defined imp]j_
citly, we could choose an alternate, "weighted" method of integration to.
evaluate the volume integral in (23). Thus, we could integrate div 3
over the entire (Ljei) but "weigh" the integrand by an appropriate parti-
tion function so that the integrated quantity is distributed without residue
among the corner points of the ei's. Thus,

f divgqdv = - ¢ / w, [div q] dv (24)
‘ Ak e, e, v ‘
where Wy is the weightassociated with the point k. Inserting (24) into
(23) and setting, Ck =z V (eik) Co. = L Ce._j[ Wy dV, we have,
e, i e. i_je
i i i
R : a(uk) '
zj w [divd+c—=Tdv = 0 (25)
e. Je.
i~ :

AEquation (25) corresponds to a general form of the Method of Weighted Resi-
duals [5]. |
We now have to search for a proper weighting function, Wie W is
defined on the set e, over which (7) holds. Also, in_accordance with (24)
Wi must be a partition function, satisfying E Wy =]1 within e,. More-
over, it must also satisfy the condition, V(eik) = §-Vei =./£ .wk dv.
i
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Figure 6. Relationship between set A - and subsets e, .
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In addition, Wy must a]so possess a symmetry property that as long as
there are no points lying on the side of the polygon, (e.g., a tr1ang1e or

a quadrilateral), w,_ must be symmetrical with respect to each of the

corner points and heﬁce, the integral of W, over e, should result in an
equal partition of V about each corner point k.

Remembering that the partition {A } of Figure. 5 was 1mp11c1t1y def1ned
by the 1ntroduct1on of the function £ over e , and examining (7) and (10)
we immediately find that the function gk exact]y fits the requirements of

Wi that we are looking for. Letting E = Wy o (25) becomes

N a(uy) .
T ,/’ Ek [divg+c 5% 1 dv =0 (26)
e; Je,

Equation (26) is a "Galerkin" form used in developing the well known Finite
Element Equations. This form has been used by [6], [7] for solving the
non-linear, unsaturated groundwater flow equation. This form also corres-
ponds to the physical development of the FEM by Wilson [8]. As will be
seen in the next section, the treatment of the time dériyétive in (26) is

- somewhat different from the conventional deve]opmeht.of the FEM equations
by the Galerkin approach (GFEM).

. The Galerkin we1ght1ng function gk was so chosen that the partition-
ing achieved by it coincides with the part1t1on1ng implied in the evaluation
of H(R) (Figure 5). In addition, it also satisfies the symmetry condition
mentioned above. Finally, it has non-zero values throughout e except
possibly on its boundary. Intuitively it appears that the aforesaid cri-
teria are sufficiently stringent so that gk is a unique weightingvfunc-

- tion for the type of physical problem that we are considering. It is con-
ceivable, however, that in other physical situations (as for exampie, steady’
state heat conduction) other weighting functions may work equally well.

~ Thus, in the case of steady flow problems AHk = 0, Auk =0, for every subset
‘ Ak of R. Hence, for solving thi; type of problem one need not necessarily
associate an_exclusive set with each point k. One simply needs to define
some subregion around k over which the equation of motion can be accurate1y '
defined. Overlépping of such subregions of adjoining points have no effect
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on the solution process. Hence, in this case we do not require the artifice
of a weighting function and we can simply set W = 1 over e and write

5 div g dv =0 | | (27)

Equation (27) may be called a subdomain scheme. Nevertheless, the Galerkin
procedure is still followed for solving steady flow problems by the FEM
because the appearance of an added weighting function leads to a convenient
scheme for evaluating volume integrals. '

For the numerical solution of the diffusion problem, then, we can
use any one of the four equations, (19), (21b), (22) or (26), suitably par-
tition R and solve the appropriate equation, making use of the equation of
‘motion. The equation of motion generally used is the Darcy's Tlaw,

a = - Kgﬁdu ‘ (28)

' Tne gradient term on the right hand side represents an average'value over
At or part of it and it can be evaluated from the known initial distribu-
tion of u over R (explicit scheme) or on the basis of the distribution
of u at some average instant during the interval At (implicit scheme).
Depending on which procedure is used one would need to satisfy appropriate
criteria for stability and convergence, on which literature is extensive.

. DEVELOPMENT FROM THE DIFFERENTIAL EQUATION

In the preceding section we directly formulated the integral form of
the diffusion equation starting with the elementary concepts of sets, par-
titions and measures. However, the conventional starting point for the
development of the governing equation for numerical methods is the partial
differential equation'(also called the continuity equation),

-divg = VKW = c& - (29)



-16-

~ In order to develop the Galerkin Finite Element Equations (GFEM)
from (29), one uses the mathematical approach of the weighting function
and uses the Method of Weighted Residuals (MWR). In order to do this, u
is replaced in (29) by u =z gk(xi)uk(t) over e, and £ = 0 over the
complement éi of ei(éiL,Jei = R). Equation (29) is then weighted and
integrated over R and the resulting set of equations solved. To obtain
the GFEM equations, the weighting function is taken to be S itself. The
Togic of the Galerkin approach is that depending on how closely gkukvapproxi—
mates u, the weighted integral solution should yield an approximate solution
for the diffusion problem. Thus, | ' o

agmum s
- ez. L. g [vkve u - c—g Tt 1dv=0 (30)
1 1

Noting that - div a = v-kvgmum, a comparison of (30) and (26) shows that
the first term within the brackets is the same in both these equations and
denotes the rate of accumulation of H jn a set Ak associated with the
point k. As suggested in Figure 5, Ak is a dense set in the neighborhood
of the point k and Uy is a mean value of u over Ak' Because of these
properties, if we make the cardinal number of the set fk : k=1, 2,

. N} arbitrari]y.1arge,-the volume of Ak becomes arbitrarily small
and Ak tends in the 1limit to the differential volume element which is the
basis of the partial differential equation.

The two equations (30) and (26), however, differ in the manner of
- treating the term involving the time derivative of u . Thus, in (30), the
approximating function u = Emum is substituted into the time derivative,
and 3u/3t is set equal to agmum/at. On the other hand; the direct
integral formulation outlined in the first part of this paper leads to (26)
in which one sets du/at = auk/at where auk/at is mean time rate of change
of u over Ak" v '

We now examine the consequence of letting du/st = agnum/at in (30).
As mentioned in the last paragraph, the first integrand in (30) and (26)
represent the rate of accumulation of H within Ak associated with
the point k. Hence,
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aH(A,) u, ‘
e L f ¢ &8y 3t (31)
e, _e. y
i i : _
since E is independent of time. The integral on the ‘right hand side of

(31) can be evaluated according to [9] or [10] and we get,

BH(A,) 1 | Ve, Ve, : (32)
_ x - 5 {c — A, +c¢c =5 (Au_ + Au_ )} 32
At Bt at1 e, with & ko T T2 Tm g m
k as a cor-
ner point

where Vei the volume measure of e; and m ,mz ]denote the two corner

points of e, other than k. Factoring out ]Al on both sides, we can
interpret (32)‘as follows. Figure 7A depicts a set e; ‘with k as a corner
point. G .1is the centroid of e, and the subset ey of ess shown by
heavy lines, has a.vqlume measure of 1/3wVei . As indicated in Figure 4,
eik<:: Ak . Looking at Figure 7A and (32), we see that AH(Ak) is distri-
buted over the set Ak'

mean change in pdtentia] equal to Auk over a volume of Vei/6 or one-half

in such a fashion that the distribution causes a

of the volume of €y

said distribution of AH(Ak) causes mean change in potentia] equal to Aum

Over the remaining two quarters of e the afore-

and Aum _where m, m, ; are the other two corners of e, besides k . 1,
2211f instead of (30), we use (26), then,
H(A) | du Bu - .
E 2 fe TS TR Ca»—tl g v (33)
i 7% i i
In the Tight of (10) we then have,
AH(A,) Au Ve.
kK _ Tk i :
At T Bt z ¢T3 (34)

all e. having
K as a corner
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(b)
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Figure 7. Distribution of AHk within eik,
(a) weighted distribution, (b) uniform distribution.



-19-

As shown in Figure 7B, this would mean that AH(Ak) is uniformly
distributed over A so as to cause a mean change of Au ~ over entire A, .
Now we can compute H(Ak)- at to + At by the simple relation,

H(A )| = H(A))|. + AH(A_). Thus, equations 30 and 32 lead to
K wat K k
0 0
| (A | et b (35)
H(A, ) = H(A)) + I ¢ — Au, + 55 (Du_ + Au_ ) 35
kZitgrat KTt 11 e, having © K 12 My TTmos
k as 'a cor-
ner point
On the other hand, equations 26 and 34 lead to,
S Vei

all e, having
k as  a cor-
ner point

We can also independently compute H(Ak)|t AL with the help of the new
- 0
_uklt0+At = uklto + Au that has been calculated.
Thus, -~ in the light of Figures 4 and 5,

'Ve.

% c —~
all e. having
k as a cor-.

ner point

+ Au

H(A, ) | (u | )
k't +at ke, © MMk

Vei

+ Auk X cC —
0 all e, having
k as" .a cor-

ner point

Since (36) and (37) are identical, we conclude that equation 26, which
leads (36), consistently assures mass or energy balance in the set Ak
associated with the point k. However, we see that (35) differs from (37).
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This difference indicates that equation 30, which leads to (35) will be con-
sistent with the independent mass or energy balance check implied by (37)
only if we satisfy the following relation:

Ve, Ve. : Ve.

T {c =L Au, + ¢ == (Au_ + Au_ ) = Au X c —+  (38a)
all e, with © K 1227 my - g k an e; with 3
k as a cor- k as a cor-
nor point ' ner point
or

Véi Aum] + Aum2 _ Vei o

X < 5 = bduy X c 5 (38b).
all e, with all e. with
k as a cor- k as a cor-
ner point ner point

From (38b) we note that in order that the equality may be satisfied,
must be an appropriate mean value of the Au's at all neighboring points

Au
k
differs appreciably from such a mean

to which k is connected. If Auk
value, (35) will differ appreciably from (37) and the procedure adopted in
(32) to compute u,

check over the set A

will not be consistent with the mass or energy balance
, as implied by (37). We have seen. that if we make
set A arbitrarily small (by arbitrarily increasing the total number of

discrete points- k), then the set- Ak tends to the differential volume ele-
ment. Now, in as much as the differential equation is an expression of mass
or energy balance around of a point of interest, inconsistency in assuring
‘mass or energy balance over the set Ak indicates incbnsistency with the
mass or energy balance implied by the differential equation. Therefore,
we conclude that (30), which leads to (32) and (35) cannot converge, in the
Timit, to the differential equation of diffusion in the sense of assuring mass
or energy balance in the neighborhood of a point of interest. In this
respect, equation 30 is not an appropriate representation of the diffusion
~equation.

On the other hand we have seen that (26) which leads to (36) consis-
tently aésures mass or energy ba]ancé over the set Ak associated with
the point k. By making the set Ak arbitrarily small, therefore, we can



conclude that (26) converges to the differential equation of diffusion in
the sense of assuring mass orenergy balance in the neighborhood of a point
of interest. Hence, in this respect, equation 26 is indeed an appropriate
representation of the diffusion equation. It has been shown in [11] that
equation 26 converges locally to the solution of the differential equation.
However, for the reasons outlined above, it is doubtful if (36) will be
amenable to proof of local convergence except under some very special
conditions. '

Let us now digress a little and shift our attention from the considera-
, to that in the set e;.
Figure 8 depicts a set e, with corner points designated as 1, 2 and 3.

tion of mass or energy balance in the set A

Now, as a consequence of (35),

H(ei)|t0+At - i |t

B Auy . Au,, , bug
6 12 12
v Au] Au2 Au3

telVey, |+t 5t 13

Au Au Au
1, 2 %Y
R RN AR

Ve. '
i _ :
H(ei)lto-+ ¢ —- [Au] t Au, + Au3] - (39)

Alternatively, we can also compute H(ei),£ it UsSing the values of
uk|t0+At = U t, + Aug in the manner of (37). Thus,

Vei 3

e ly var = €3 T (%, * %]

Ve. ' | :
i 1.
+ ¢ = [ay + du, Au3] (40)
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Figure 8. Partitioning of e, to compute AH(éi).
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We immediately see from (39) and (40) that the use of equations (30) and
(32) assuresmass or energy balance within the set e, and hence also.over
R since R is the union of {ei} .

We thus see that although (30) does not assure mass or energy balance

within each Ak , it does assure such a balance w1th1n each e and thus

over R = LJ e. . It follows therefore that whatever incon51stency which

may exist in each e. k(:: Ak » will be suitably compensated by opposite

deviations from mass or energy balance in the sets €im and e where
1 2

k. In other
words, although equation 30 will lead to departures from the solution of the

m .and m, are the corner points of e; other than

differential equation at individual mesh points, these errors, when inte-
grated over R would tend to compensate each other. Thus the solution
obtained using-(30) will, in an overall sense, represent an approximate solu-
tion to the diffusion problem. This may perhaps be the reason why the finite
. element equations lead to proofs of mean convergence'rather than local con-
~vergence. The well known finite difference equations, which treat the time
derivative as in (26), are known, on the other hand, to be amenable to proofs
of local convergence. -

SOME PRACTICAL CONSEQUENCES
Apart from the purely technical consideration of the appropriateness

of equations 26 and 30 considered above, it is pertinent to consider certain
practical consequences of these equations. Thus, equation 26 is an inherently
simpler explicit equation and is easily amenable to considerations of stability.
For example, the von Neumann-type of local stability analysis of (26) has been
recently applied to equation (26) by [11]. Equation 26 can therefore be
solved either explicitly or impiicitiy depending on the size of the time

step critical to stability and the size of the actual time step desired to be
used in the solution process. However, equation (30) is intrinsically impli-
cit and its local stabiiity analysis is more involved. Moreoever, as seen
from (32), the occurrence of the Au's of all the pdints‘m],i, b i adjoining
the point k Tleads, in this type of formulation, notonly to increased
requirements of computer storage but also increased number of computational
steps and hence Targer computer time relative to equation 34 which does not

" contain the time derivative of the neighboring points of k. Thus, from

the point of local mass or energy balance as well as from that of lesser
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computer storage and improved computational efficiency, (26) appears to be
a better representation of the diffusion equation than (30).

In our discussion of the diffusion equation so far we have restricted
ourselves to constant coefficients. That is,both k and ¢ in (29) are
independent of time. In certain natural systems both k and ¢ may
become functions of time and equation 29 may become nonlinear. It is cus-
- tomary to treat such non-linear problems as quasi-linear problems by making
k and ¢ step'functions of time. In practice, the quasi-linearization
procedure itself may give rise to errors of mass or energy balance which
may accumulate with time and it is often necessary to keep the time steps
small enough so that k and c¢ do not vary drastically from one time step
to the next. It is possible that insuch problems, the local errors in masé
or energy balance that may be caused as a result of using (30) may accumu-
late with time and render the quasi-linearization procedure either invalid
or very difficult to achieve. Neuman [6,7] attempted to use equation (30)
to solve the highly non-linear problem of saturated-unsaturated flow of
water in soils in which both the hydraulic cbnductivity, K and the
specific moisture capacity, c are functions of the hydraulic head or
fluid potential, u . He reports that for the problem he considered, he
could not get the solution to converge when he substituted the approximating
function u =z Emum into the time derivative term in equation 30. He fhen
found that by choosing to treat the time derivative as in equation 26 (and
- not as in equation 30), there was no difficulty in obtaining a convergent
solution to the same problem. Neuman's experience probably reinforces the
inference that the inconsistency in obtaining local mass or energy.balance
associated with (30) may be very undesirable in extending the GFEM equa-
tions to strongly non-linear problems. ' |

CONCLUDING REMARKS

The diffusion problem, which occurs in many branches of science and
engineering, is one of mass or enerqy conservation. Mathematically,
the conservative phenomenon is implemented based on the additive property
of a measure. Extensive properties such as volume, mass or energy are true
measures, while intensive properties such as temperature and fluid potential
are not. Based on the elementary concepts of sets, partitions and measures
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it is easy to directly formulate the complete integral form of the diffusion
equation. By making the partition arbitrarily fine the integral form can be
made to tend to the differential equation as a limiting case. The differ-
ential equation is an invaluable necessity for obtaining ana1yt1ca1 solu-
tions to idealized, simple problems. However, for setting up integral '
~equations which form the basis of approximate, numerical methods, it is far
sﬁmp]er and straightforward to follow the direct approach'than to use the
differential equatfoh as the starting point. For déve]oping such integral
formulations, therefore, we may consider the differentiai equation to be .
redundant. |

An important difference between integral and differential formulations is
the constant of integration. Fundamenta]]y,_the differential equation of
diffusion concerns itself only with the time dependent changes in the measure
in question over thé system. The differential equation, however, ignores the
total measure of the system at any instant of time. The total measure of the
system at a given instant is the constant of integration. As we have seen
in the preceding pages, evaluation of this constant not only provides us with
an added check on appropriate measure conservation, but also focuses atten-
tion on the nature of the partition of the system which governs the basic
strategy of setting up and solving the diffusion equation. In many integral
formulations it is customary to neglect this constant of integration and
consider only the measure change over the system as a function of time. To
this extent these schemes cling to the spirit of the differential equation
and fail to derive the benefit of the completeness of an integral approach.



-26-

Dr. S. Raman, Faculty of Medicine, University of Ottawa, has helped
greatly with a critical review of the manuscript and with'in4dépth dis-
cussions. Dr. Gerald Hedstrom, Lawrence Livermore Laboratory, reviewed
an earlier version of the manuscript. Drs. A. L. Edwards and A. F. Winslow
of the Lawrence Livermore Laboratory and Dr. S. P. Neuman of the University
of Arizona provided stimulating discussions on the subject of numerically
solving the diffusion equation. My thanks are due to all of them.



10.

.

Qo u4490 0358

iyt

REFERENCES

. K. Berberian, "Measure and Integration," MacMillan, New York,

1965.

. E. Pfeiffer, "Concepts of Probab111ty Theory," McGraw Hill, New

York, 1965.

. F1sz, "Probability Theory and Mathematical Statistics," John Wiley,

New York, 1963.

. N. Narasimhan and P. A. Witherspoon, ‘An integrated finite difference

- method for analyzing fluid flow through porous media, Water
. Resources Res. (in press).

. A. Fin]ayson, "Method of Weighted Residuals and Variational

Principles," Academic Press, New York, 1972.

. P. Neuman, Saturated-unsaturated seepage by finite elements, Jour.

Hydr. Div., ASCE, 99 (1973),v2233—2250.

. P. Neuman, Galerkin approach to saturated-unsaturated flow in porous

- media, chapter 10 in "Finite Elements in Fluids,"Vol. 1, Taylor -
et al., ed., John Wiley, London, 1975 (in press).

. L. Wilson, The determination of temperatures in mass concrete struc-

tures, SESM Rept. No. 68-17, Department of Civil Engineering,
University of California, Berkeley, 1968.

. A. Felippa, Refined finite element analysis of linear and nonlinear

two-dimensional structures, SESM Rept. No. 66-22, Structural
Engineering Laboratory, University of Ca]ifornia, Berkeley, 1966.

. P. Neuman énd P. A. Witherspoon, Transient flow of groundwater to

wells in multiple aquifer systems, Geotechnical Engineering
Report, University of California, Berkeley, 1969.

.- P. Neuman and T. N. Narasimhan, Mixed explicit- 1mp11¢1t iterative

finite element scheme for diffusion-type problems: I. Theory,
.to be published.



-28-

NOMENCLATURE

A partition or an exclusive subregion of R associated

k with point k
c . Specific measure capacity of a material
div*' Divergence defined for a finite volume e]emeht
e; A p@lygona] partition of R , whose corner points are
des1gnated by the symbol k
éi The cbhp]ement of e, = (R - ey)
I Subpartition of e, associated with the cornef point k
H Measure function
K Hydraulic conductivity or permeability
k Designation of a point |
n A unitﬁnormal to a surface
q Specii fic flux
R ‘The flow region, including its boundary
t | Time
at Time interval
u Scalar potential
v Volume of a subregion
Vk Volume of a partition, V(Ak)
Vei Volume of an element, V(ei)
Veik Volume of a subpartition, V(eik)
W Weighting function pertaining to point k
L Intgrface between sets Am and Ak
gk Function approximating spatial variation of u over e, ;

“also the weighting function in the Galerkin scheme
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Union of sets
Intersection of sets
Subset of

Element of
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This report was prepared as an account of work sponsored by the
United States Government. Neither the United States nor the United
States Energy Research and Development Administration, nor any of
their employees, nor any of their contractors, subcontractors, or
their employees, makes any warranty, express or implied, or assumes
any legal liability or responsibility for the accuracy, completeness
or usefulness of any information, apparatus, product or process
disclosed, or represents that its use would not infringe privately
owned rights.
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