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Abstract

In this paper we present a construction for the compact form of the exceptional Lie group Es by expo-
nentiating the corresponding Lie algebra e¢g, which we realize as the the sum of f4, the derivations of the
exceptional Jordan algebra Js of dimension 3 with octonionic entries, and the right multiplication by the
elements of J3 with vanishing trace. Our parametrization is a generalization of the Euler angles for SU(2)
and it is based on the fibration of Es via a Fi subgroup as the fiber. It makes use of a similar construction
we have performed in a previous article for Fy. An interesting first application of these results lies in the
fact that we are able to determine an explicit expression for the Haar invariant measure on the Eg group
manifold.
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1 Introduction.

The Standard Model (SM) provides a very good description of elementary particle physics. How-
ever, despite its success there are reasons to go beyond it: for example the recent discovery of
neutrino oscillations, the fine tuning of the mixing matrices, the hierarchy problem, the difficulty
in including gravity and so on.

A starting point could be the fact that the renormalization flow of the coupling constants

suggests the unification of gauge interactions at energies of the order of 10'® GeV, which can be
improved (fine tuned) by supersymmetry. It is natural to expect the gauge group G of the GUT
theory to be a simple group. Obviously, at low energies the GUT model must reproduce the SM
physics, so that not only G should contain SU(3). x SU(2)r x U(1)y (the SM gauge group), but
it should also predict the correct spectra after spontaneous symmetry breaking. The increasing
accuracy in the analysis of particles spectra imposes even more restrictions in the possible choices
for G. E.g., it is already known that the current estimate for the lower bound of the proton lifetime
rules out some of the GUT models candidates. Recently, the particular structure of the neutrino
mixing matrix seems to suggest that a good candidate for a GUT could be based on the semidirect
product between the exceptional group Eg§ and the discrete group Sy [3, 6].
In general, while the local properties of the group G, which for a Lie group are all encoded in
the corresponding Lie algebra, are enough to perform a perturbative analysis, in order to obtain
non perturbative results, such as instantonic calculations or lattice simulations, a knowledge of the
entire group structure is required, in particular of the invariant measure on the group in a suitable
global parametrization. There are many ways to give such an explicit expression for the Haar
measure on a Lie group. However for large dimensions it becomes quite hard to find a realization,
which is able at the same time to provide both a reasonably simple form for the measure and an
explicit determination for the range of the angles. In this paper we solve this problem for the
exceptional Lie group Fjg, by constructing a generalization of the Euler parametrization, with a
technique we have introduced in [2] and fully developed in [1]. In section 2 we explain how the ¢g
algebra can be represented using a theorem due to Chevalley and Schafer. The construction of the
group and the determination of the corresponding Haar measure is made in section 3.

2 The construction of the ¢g algebra.

Our starting point for the construction of the exceptional algebra eg is a Theorem due to Chevalley
and Schafer [5] which we rewrite here for convenience

Theorem 2.1 The exceptional simple Lie algebra f4 of dimension 52 and rank 4 over K is the
derivation algebra ®© of the exceptional Jordan algebra J of dimension 27 over K. The exceptional
simple Lie algebra eg of dimension 78 and rank 6 over K is the Lie algebra

D+{Ry}, TrY =0, (2.1)
spanned by the derivations of J and the right multiplications of elements Y of trace 0.

We will refer to [8] for the notations. Then the exceptional Jordan algebra is the algebra J3. For
our purposes K will be R or C. The right multiplication is Ry (X) =Y o X and the trace is the



sum of diagonal elements. The exceptional Jordan algebra is 27 dimensional, just like the principal
fundamental representation of eg.

In our previous paper [1] we determined the algebra of derivations © and used it to obtain an
irreducible representation of the exceptional algebra f4. To obtain a representation of eg we only
need to determine the matrix representation of Ry . This is a very simple task and we solved it in
R*" with the product inherited from J3 by means of the linear isomorphism

<I>:J3—>R27, A D(A),

oAy = | P2 | (2.2)

where A is the Jordan matrix

ap 01 02
A= of a2 o3 , (2.3)
*
0y 0% as

and p is the linear isomorphism between the octonions O and R® given by!

7
p:0O—R, 0:00—|—Zoiiil—>p(0),
i=1

N O Uk W N = O
—~
[N}
~
~

Q S O & ©. .. O O

After choosing a 26 dimensional base of traceless Jordan matrices we used the Mathematica pro-
gram in App.A to find the matrices which complete the base for f4 to a base for the whole eg
algebra. In particular if we work in the real case, we obtain the split form of e¢s, with signature
(52,26). However, multiplying the 26 added generators by i we find that the algebra remains real,
but the Killing form becomes the compact one.

1See [1] for more details.



3 The construction of the group FEjg

3.1 The generalized Euler parametrization for Eg

To give an Euler parametrization for Eg we start by choosing its maximal subgroup. It is H = Fy,
the group generated by the first 52 matrices. Let P be the linear complement of f4 in e¢s. We then
search for a minimal linear subset V' of P, which, under action of Ad(Fy), generates the whole P.
Looking at the structure constants we see that V' can be chosen as the linear space generated by
cs3, c70. Note that they commute.

If we then write the general element g of Eg in the form

g =exp(h)exp(v)exp(h), hhefy, veV, (3.1)

we have a redundancy of dimension 28. As argued in [1] we expect to find a 28-dimensional
subgroup of F; ,which, acting by adjunction, defines an automorphism of V. This can be done by
noticing that V' commutes with the first 28 matrices ¢;, ¢ = 1,...,28, which generate an SO(8)
subgroup of Fj.

We found convenient to introduce the change of base

1 V3

Cs3 := 553 + R (3.2)
N V3 1
Cro = —7053 + 5670 . (33)
Thus we have i i
glz1, ..., x78) = Blay, ..., x04]e7253eT2670 Fy o7, ... x78]

where B = F;/SO(8). We chose for Fy the Euler parametrization given in [1] so that we found for
B

B[.Il,.. .,I24] = BF4[I1,. oo ,IlG]Bg[I17,. oo ,I23]€z24c45 5 (34)

where
BF4 [,Tl, . ,1'15] = Bg [,Tl, . ,1'7]61804538[1'9, . ,,’E14]€$155306116022 5 (35
By [5171; o ,I,Y] — T1C3 %2816 oT3C15 ,T4C35 ,T5Ch LT6C1 LTTC30 , (36

Z4C35 ,T5C5

€183 ,@2816 ,@3815 38 gTelt (3.7)

Bsz1,...,x6] =€

and the tilded matrices are the ones introduced in [1].

3.2 Determination of the range for the parameters.

To determine the range of the parameters we will use the topological method we have developed
in [2]. Let us first determine the volume of Eg by means of the Macdonald formula.



3.2.1 The volume of Eg.

The rational homology of the exceptional Lie group Eg is that of a product of odd dimensional
spheres [10], H.(FEs) = H.([]_, S%), with ([4])

di=3,dy=09, d3 =11, dy = 15, d5 = 17, dg = 23 . (3.8)

The simple roots of Fg are

ri =114+ Lo, (39)
T9 = L2 — L1 5 (310)
T3:L3—L2 5 (311)
ri= Li— Ly, (3.12)
r5 =Ls— La, (3.13)
Li—Ly—Ls—Ls—L 3L
re = 1 2 3 4 5+V3 6, (3.14)
2
where L;, i = 1,...,6 is an orthonormal base for the Cartan algebra. The volume of the funda-
mental region is then
2
Vol(fr,) = I (3.15)

Indeed we computed the 36 positive roots, all having length /2. They have exactly the structure
given in [8], with L; = ¢;, the canonical base of RS. The Macdonald formula [9], [11] gives for the
volume of the compact form of Ejg

V31T . 42

Vol(Ee) = 3i5 5573 11 -

(3.16)

3.2.2 The invariant measure on FEg.

With the chosen generalized Euler parametrization, the invariant measure on Fg decomposes into
the product of the measure of F; and the one on M = Fg/F,. The invariant measure on Fy was
computed in [1] so that we need to compute here only the induced measure on M.

Using the notation of [1], let us define

Iy = mp (e 7205707 2553 Bl L aoy] T (B[, . . ., og]e®23658 e26670)) (3.17)
where 7 is the projection on the subspace generated by c;, j = 53,...,78. The metric induced
on M by the bi-invariant metric on Fg is then

1
ds3; = —gTrace(JM ® Jm) (3.18)
and the invariant measure on Ejg is then
_ 26
dpp, = | det(J3p)dpr, [ [ da (3.19)

=1



where J]JW is the 26 x 26 matrix defined by

26

— J oo dpt
I = g Jypicizda’ (3.20)
i,j=1
with Cij a base {553, 570, C545-+-43C69,C7145 .-, 078} of P.

In order to compute |det(JK4i)| it is convenient to introduce the notations

w[;c’y, Z] — %45 Y853 p2E70 , (3'21)
Jy = w dw , (3.22)
Jo := By 'dBy , (3.23)
Jr, = BpldBp, | (3.24)
so that
JM[Il, . ,IQG]
= w[Ta4, Tas, Toe) ' Bo[T17, ... T3] IRy [71, - . ., 216] Bo[217, - - -, T23]w[T24, To5, T26]
+w(Toa, a5, T26] ' Jo[T17, - - -, T23]w[T24, Tas, Tag] + Ju[T2a, T25, Tag) - (3.25)

Some remarks are in order now

1. the following relations are true

T8 e = cosa cr, +sina cry96 (3.26)

e
if L =45,...,52. Moreover ¢7g commutes with ¢y, I = 45,...,52,71,...,78 and with és3;

2. &3 and é7p commute with the so(8) algebra generated by the matrices ¢;, I = 1,...,21,
30, ..., 36;

3. the adjoint action of e®24¢45 on the above so(8) algebra generates in addition the matrices
cy, J =46,...,52;

4. from Jp, € f4 and By C Fy, it follows that

Jr, := By " Jr, By € {4 ;

5. the adjoint action of w on the f4 matrices generates all the remaining matrices of eg. In
particular, the projection of w™'crw, L = 1,...,52 on ¢y, J = 54,...,69, is different from
zero only if L = 22,...,29,37,...,44;

6. the adjoint action of the SO(8) group, corresponding to the above so(8) algebra, gives a
rotation both on the indexes I = {22,...,29} and J = {37,...,44}. More precisely

SO(8)"e;SO(8) = Rr*er (3.27)
SO(8)1cs80(8) = R¥ ey (3.28)



where L runs from 22 to 29 and K runs from 37 to 44, and R, R are both orthogonal matrices.
To verify these it suffices to note that

e T e = cosg cr :I:sing CIa s (3.29)

_ x .

e et = cos o cJ:I:sm§ Cia s (3.30)
where A = 1,...,21,30,...,36, I,14 € {22,...,29}, J,Ja € {37,...,44}. In particular

det(R® R) = 1.

From the first three points, we see that the matrix Jys takes the form

A 0 O
M= * C 0 , (3.31)

* *x D
where on the rows we indicate the coefficients of dr; with I = 1,...,26 starting from the bot-
tom, and on the columns the projections on ¢a, cp, following the order: A = 53,70, L =

71,...,78,54,...,69. The asterisks indicate the elements which do not contribute to the de-
terminant:

det Jyy = detAdet Cdet D .

In particular, A is a 3 x 3 block obtained by projecting J,, on ¢s3, ¢70, c71. Point 1 implies

1 0 0
A= 0 1 0 , (3.32)
0 0 sinxses
so that
det A = sin 25 - (333)

The C block is a 7 x 7 matrix obtained by projecting w™'Jy w on cx, K = 72,...,78. From
point 1 it follows that it can be obtained by multiplying the projection of e=*24%43 Jge®2445 on cy,,
L = 46,...,52 by sinzos. If we call C the matrix corresponding to such a projection, we find
det C = sin” z95 det C. The determinant of C' can be computed directly and gives

det C' = sin Io0 COS X271 COS T22 sin2 Z22 sin2 ZI23 COS4 Z23 sin7 T24 sin7 xZos5 . (334)

The D block requires some further discussion. It is a 16 x 16 matrix obtained by projecting
w’lijw on ¢y, I = 54,...,69. First, from points 4,5 of our remarks we see that only the c,
with L = 22,...,29,37,...,44, in jp4 contribute to the determinant. Let us define the 16 x 16
matrix U with

1
UsB = —E’I‘r (wlcawes) , (3.35)
A=922,...,29,37,... 44 (3.36)
B=54,...,69. (3.37)



Moreover let D be the matrix obtained by projecting Jp, on ¢y, with L = 22,...,29,37,...,44,

and
R 0
Q::( i R) 7 (3.38)

where R and R are the rotation matrices defined at point 6. Then we can deduce from points 4, 5
and 6 that

det D =det(U - Q- D) =detUdet D . (3.39)

The matrix U and its determinant are easily computed. Indeed, we have

1 . T4\ . V3 T25 . [ T24) . V3 T25
W~ TCoow = COS B3 sin 7:1026—1—7 Cg1 + sIn > sin 79026—7 Ceg + ...

w_lcg3w = —cos (%) sin ﬁx% + L25 c57 — sin (%) sin ﬁx% _ o ces + ...
2 2 2 2 2 2
Wl eguw = — cos (%) sin ﬁx + L2 Cgo — sin (%) sin ﬁx _I% ces +
24 5 5 T26 5 60 5 5 %26 ) 68 T .-
w tegsw = cos (%) sin ﬁx + 25 C55 + sin (%) sin ﬁx _rs ce3 +
25 9 5 726 5 55 5 5 %26 5 63 T ...
w_lcggw = —cos (%) sin ﬁx% + L25 C59 — sin (%) sin ﬁx% _ o cer+ ...
2 2 2 2 2 2
W egrw = cos (%) sin ﬁx + T2 Cs8 + sin (% sin ﬁx _I% Cee +
27 5 5 726 5 58 5 5 %26 5 66 T - -
(5") 2

(.()_1028(.() = cos

W eagw = — cos (%) sin ﬁx —i—ﬁ C54 — Sin (%) sin ﬁx _ o cgo +

29 9 5 726 5 54 5 5 726 9 62 .
wlessw = —sin (%) sin ﬁx + T2 C54 + COS (%) sin ﬁx _ % Ccea +

37W = 5 5 %26 ) 54 5 5 %26 ) 62 .
wlesgw = —sin (%) sin ﬁx + T2 cs5 + cos (%) sin ﬁx _ 2% ce3 +

38 5 5 %26 ) 55 5 5 %26 ) 63 T ...
w_lcggw = —sin (%) sin ﬁx% + L2 c56 + cos (%) sin ﬁx% _ o ceq +

2 2 2 2 2 2

wleow = —sin (%) sin ﬁx + T2 c57 + cos (%) sin ﬁx _ o ces +

40 5 5 726 9 57 5 5 726 9 65

3 3

wlesw = —sin (%) sin (gxgg + %) Cs58 + COS (%) sin (g.fgg — %) Ce6 +



wlepw = —sin (%) sin ﬁx + T2 c59 + cos (%) sin ﬁx _o ce7 +
42 5 5 726 9 59 5 5 726 9 67 T ...
wleqsw = —sin (%) sin ﬁx + T2 ceo + cos (%) sin ﬁx _ % Cces +
43 5 5 Y26 ) 60 5 5 %26 ) 68 T .-
w_lc44w = —sin (%) sin ﬁx% + L2 cg1 + cos (%) sin ﬁx% _ o cgog + ...
2 2 2 2 2 2

where ellipses stay for terms which vanish when projected on c¢g, B = 54,...,61,70,...,78. From

these it follows
3 3
det U = sin® (%x% + %) sin® <§x26 — %) ) (3.40)

At this point we need to compute det D. This can be done by noticing that J r, coincides exactly
with the current Jjs of Fy in [1]. We then find

16 T16
det D = 27 sin'® cosT =2 sin 24 cos x5 cos xg sin? zg cos? a7 sin? 27 sin” zs-
2 2

-sin x12 COS T13 COS T14 sin? T14 cos® T15 sin? T15 . (3.41)

We can finally write down the invariant measure on the base space:

duy = 27 sin T4 COS T5 COS Tg sin® Tg cos’ T7 sin® T7 sin” xg-

. . 9 2 . 4 .15 L16 7 L16
S X192 COSXT13 COSX14 SIN~ XT14 COS™ T15 811" L5 SN TCOS 7

- Sin X9 COS Ta1 COS Too sin® To9 sin® To3 cos? To3 sin” To4-
8 . V3 Tos |\ . g V3 Ta5

- sin® z95 sin® 5 @26 + 7) sin® | -z26 — - | - (3.42)

Note that the periods of the variables are 47 so that one should take the range x; = [0, 47| for i =
1,2,3,,9,10,11,17,18,19. However, as in [1], it is easy to show directly from the parametrization
that they can all be restricted to [0, 27]. The range of z; is then

$1€[0,27T] s $2€[0,27T] , LL‘3€[O,27T] , JJ4€[0,7T] ,

msel-5.51 welogl, wrel0Z], aseln,
X9 € [0,271’] , 10 € [0,271’] , 11 € [0 27T] , T12 € [0,7‘1’] ,
T 7T ™
T3 € [~ ,2], $14€[0,§], $15€[,§], z16 € [0, 7] ,
T17 € [0,271’] , 18 € [0,27T] , I19 € [0 271'] , X9 € [O,w] s
T T T
T91 € [ 35 51, w2 €0, 5] , w3 €10, 5] , w24 €10,7],
™ l“25 l“25
z25 € [0, 5], < Z96 < (3.43)
2 TS V3
The remaining parameters x;, j = 27,...,78, will run over the range for Fy, as given in [1]. The
volume of the whole closed cycle V' so obtained is then
V3917 42



where R is the range of parameters x;, ¢ = 1,...,26. This is the volume of Eg, so that we cover
the group exactly once.?

4 Conclusions.

In this paper we have performed an explicit construction for the compact form of the simple Lie
group Fg. This is particularly interesting, because recently it has been argued that this group
could be the most promising for unification in GUT theories [3, 6]. To parameterize the group
we have used the generalized Euler angles method, a technique we introduced in [2, 1] to give the
most simple expression for the invariant measure on the group, while at the same time still being
able to provide an explicit expression for the range of the parameters. Both these requirements
are necessary in order to minimize the computation power needed for computer simulations, for
example, of lattice models.

Our results can be easily extended to the GUT group Eg x S;. Also, a modified Euler parametriza-
tion could be applied to evidentiate the subgroups related to the correct symmetry breaking, see
[3]. Finally, our parametrization could be used for a straightforward geometrical analysis of the
exceptional Lie group Fg and its quotients.
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A The ¢g matrices.

The matrices we found using Mathematica, and orthonormalized with respect to the scalar product
(a,b) := —%Trace(ab), was computed by means of the followings programs.

The Mathematica program.

%%%% the octonionic products

QQ[L, 1] =e[l;  QQ[L,2]=e2);  QQ[L, 3] =e3];
QQ[L, 4] =e[4];  QQ[L,5]=¢e[5];  QQ[L,6] = e[6];
QQ[L 7 =¢[7;  QQ[L,8]=e[8];  QQ[2,1] =e[2];
QQ[2,2] = —¢[l];  QQ[2,3]=e[5;  QQ[2,4] =e[8];
QQ[2,5] = —ef3];  QQ[2,6]=¢[T];  QQ[2,7] = —e[6];
QQ[2,8] = —e[4]; QQ[3,1] = e[3]; QQ[3,2] = —e[5};
QQ[3,3] = —e[1]; QQI3,4] = e[6]; QQ[3,5] = e[2];
QQ[3,6] = —eld];  QQ[3,7]=¢[8];  QQ[3,8] = —e[T];
QQ[4,1] = e[4]; QQ[4,2] = —e[8]; QQ[4,3] = —e[6];
QQ[4,4] = —e[1]; QQ[4,5] = e[7]; QQ[4,6] = e[3];
QQ4, 7 =—e[5];  QQM4,8]=e2;  QQ[5, 1] =e[5];
QQ[5,2l=el3;  QQ[5,3]=—e2];  QQ[5,4] = —e[7];
QQ[5,5] = —e[1]; QQJ[5,6] = e[8]; QQ[5,7] = e[4];
QQJ[5,8] = —e[6]; QQI6, 1] = e[6]; QQI6,2] = —e[7];
QQ[6,3] =e[d;  QQ[6,4] = —e[3];  QQ[6,5] = —e[8];
QQ[6,6] = —e[1]; QQ[6,7] = e[2]; QQ[6,8] = e[5];
QQI[7, 1] = ¢[7]; QQI7,2] = e[6]; QQI7, 3] = —e[8];
QQI7,4] = e[5]; QQI[7,5] = —e[4]; QQI7,6] = —e[2];
QQ[7,7] = —e[l]; QQ[7,8] =e[3]; QQ[8, 1] =e[8);
QQ[8,2]=e[d;  QQ[8,3]=e[7;  QQ[8,4] = —e[2];
QQI[8,5] = e[6]; QQI8,6] = —e[5] QQ[8,7] = —e[3];
QQ[8,8] = —e[1];

%%%% the Jordan algebra product

Quix.,y_] = Sum{Sumx[[ly[[1QQL i, {i 8}, & 8}

QP[x_,y_] := {Coefficient[QmIx, y], e[1]], Coeflicient[Qm][x,y], e[2]],
Coefficient[Qm[x, y], e[3]], Coefficient[Qm][x, y],e[4]], Coefficient[Qm][x, y],e[5]],
Coefficient[Qm[x, y], e[6]], Coeflicient[Qm][x, y],e[7]], Coefficient[Qm[x,y],e[8]]}

10



OctP[a_, b ] := {{Sum|[QP[Part[Part[a, 1], i], Part[Part[b, i],
Sum|[QP[Part[Part[a, 1], i], Part[Part[b, i],
Sum|[QP[Part[Part[a, 1], i], Part[Part
{Sum[QP[Part[Part[a, 2], i], Part[Part

2],1i], Part[Part/b, i,

2],1i], Part[Part/b, i,

{Sum[QP[Part[Part[a, 3], i], Part[Part[b, i], 1]

Sum|[QP[Part[Part[a, 3], i], Part[Part[b, i, 2]],

Sum|[QP[Part[Part[a, 3], i], Part[Part[b, i], 3]

Sum|[QP[Part[Part|[a,
Sum|[QP[Part[Part|a,

OctPS[a_,b_] := 1/2(OctP]a,

2], {1, 3},
iJ,3]], {i, 3}]},
iJ, 1], {i, 3}],
II {1, 331,
Il {5, 331}
J, {1, 3},
{i,3}],
IRUEI:

[b,
[b,

»—nool\3>—~

b] 4+ OctPb, a])

%%%% correspondence between the Jordan algebra and R*

1, 11}, 1,

FF[AA ]| := {Part[{Part[Part[Part[AA, 1],
Part[{Part[Part[Part[AA, 1], 2],
Part[{Part[Part| [ ]
Part[{Part[Part[Part| ]
Part[{Part[Part[Part| ]
Part[{Part[Part[Part| ]

Part[{Part[Part[Part| ]

Part[{Part[Part[Part[AA, 1],
[ [Part[Part[AA, 1]
[ [Part[Part[AA, 2]
[ [Part[Part[AA, 2]
[ [Part[Part[AA, 2]
[ [Part[Part[AA, 2]

N Ut W =
—

—_

ot

Part[{Part[Part
Part[{Part[Part
Part[{Part[Part[Par
Part[{Part[Part[Part
Part[{Part[Part[Part
Part[{Part[Part[Part[AA, 2], 3],

-t
L e e A S e A SO Rt

(@)}
e G S i S

i)

11

1

—_ = = = e e e e

, Part[{Part[Part[Part
1],

[ [Part[Part[AA, 1]
[ [Part[Part[AA, 1]
[ [Part[Part[AA, 1]
, Part[{Part[Part[Part[AA, 1]
, Part[{Part[Part[Part[AA, 1]
Part[{Part[Part[Part [AA 1],
[ [Part[Part[AA, 1]
, Part[{Part[Part[Part[AA, 1]
, Part[{Part[Part[Part[AA, 2]
[ [Part[Part[AA, 2]
[ [Part[Part[AA, 2]

[ [Part[Part[

, Part[{Part[Part[Part
1],
1],

]
]
]
]
]
I,
]
]
]
]
]
]

Part[{Part[Part[Part
Part[{Part[Part[Part

Part[{Part[Part[Part

Part[{Part[Part[Part

Part[{Part[Part[Part AA 2],
Part[{Part[Part[Part[AA, 3],

w
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1], 45,3},
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FFi[vv ] :=

{{{Part[vv, 1], 0, 0, 0, 0, 0, 0, 0}, {Part[vv, 2], Part[vv, 3], Part[vv, 4], Part[vv, 5],
Part[vv, 6], Part[vv, 7], Part[vv, 8], Part[vv, 9]}, {Part[vv, 10], Part[vv, 11],
Part[vv, 12], Part[vv, 13|, Part[vv, 14], Part[vv, 15|, Part[vv, 16], Part[vv, 17]}},

{{Part[vv, 2], —Part[vv, 3], —Part[vv, 4], —Part[vv, 5], —Part[vv, 6],
—Part[vv, 7], —Part[vv, 8], —Part[vv, 9]}, {Part[vv, 18], 0, 0, 0, 0, 0, 0, 0},
{Part[vv, 19], Part[vv, 20], Part[vv, 21], Part[vv, 22],
Part[vv, 23], Part[vv, 24], Part[vv, 25], Part[vv, 26]}},

{{Part[vv, 10], —Part[vv, 11], —Part[vv, 12], —Part[vv, 13],
—Part[vv, 14], —Part[vv, 15], —Part[vv, 16], —Part[vv, 17]},
{Part[vv, 19], —Part[vv, 20], —Part[vv, 21], —Part[vv, 22], —Part[vv, 23],
—Part[vv, 24], —Part[vv, 25|, —Part[vv, 26|}, {Part[vv, 27], 0, 0, 0, 0, 0, 0, 0}}}

%%%% construction of the matrices
MT = { {{mt[1], 0, 0, 0, 0, 0, 0, 0}, {mt[2], mt[3], mt[4], mt[5], mt[6], mt[7], mt[8],
mt[9]}, {mt[10], mt[11], mt[12], mt[13], mt[14], mt[15], mt[16], mt[17]}},
{{mt[2], —mt[3], —mt[4], —mt[5], —mt[6], —mt[7], —mt[8], —mt[9]}, {mt[18], 0, O,
0, 0, 0, 0, 0}, {mt[19], mt[20], mt[21], mt[22], mt[23], mt[24], mt[25], mt[26]}},
{{mt[10], —mt[11], —mt[12], —mt[13], —mt[14], —mt[15], —mt[16], —mt[17]},
{mt[19], —mt[20], —mt[21], —mt[22], —mt[23], —mt[24], —mt[25], —mt[26]},
{—mt[1] — mt[18], 0, 0, 0, 0, 0, 0, 0}}};

h = Array[hh, 27];
M = Array[mm, {27, 27}];
imm = FF[OctPS|MT, FFi[h]]];
Do[Do[mml[i, j] = Coefficient[Part[imm, i], Part[h, j]], {i,27}], {j,27}]
Doleconi(j] = DM, mt[j], {j, 26};
Mnol[1] = econi[l];
Do[Do|
AAJ), =0, {i, 26}], {j, 26}
Do[Do[AA[j, i] = —Tr[econi[j] .Mnoli]]/Tr[Mnoli] .Mnol[i]], {i, j— 1}];
Mno[j] = econi[j] + Sum[AA[j, i|Mno[i], {i, j—1}], {j, 2, 26}]
Do[Mnnoli] = —v6Mnol[i]/Sqrt[Tr[Mno[i] .Mno[i]]], {i, 26}];
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%%% rotation to give the irreducible 26 representation

XXX ={{1, 0000000000000 000 —1,0, 0, 0,0, 0, 0, 0, 0, 0}/Sqrt[2],

{0, 1, 0,0,0,0,0,0,0,0, 0,0, 0,0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0},

{0, 0, 1,0,0,0,0,0, 0,0, 0,0, 0,0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0},

{0, 0,0, 1,0, 0,0,0,0, 0, 0,0, 0,0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0},

{0, 0, 0,0, 1,0, 0,0,0,0,0,0, 0,0, 0,0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0},

{0, 0, 0, 0,0, 1,0,0,0,0, 0,0, 0,0, 0, 0,0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0},

{0, 0, 0,0, 0,0, 1,0, 0,0, 0,0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0},

{0, 0, 0,0, 0,0, 0, 1,0 0,0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0},

{0, 0, 0, 0, 0,0, 0,0, 1,0, 0,0, 0,0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0},

{0, 0, 0,0,0,0,0,0,0, 1,0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0},

{0, 0, 0,0,0,0,0,0,0,0, 1,0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0},

{0, 0, 0,0,0,0,0,0,0,0, 0, 1,0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0},

{0, 0, 0,0,0,0,0,0,0,0,0, 0, 1,0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0},

{0, 0, 0, 0, 0,0, 0,0,0,0,0,0, 0, 1, 0,0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0},

{0, 0, 0, 0, 0,0, 0,0, 0,0, 0,0, 0,0, 1,0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0},

{0, 0, 0, 0, 0,0, 0,0,0,0, 0,0, 0, 0,0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0},

{0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0},

{1,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,1,0,0,0, 0, 0, 0, 0, 0, —2}/Saqrt[6],

{0, 0, 0, 0,0,0,0,0,0,0, 0,0, 0,0, 0,0, 0,0, 1, 0, 0, 0, 0, 0, 0, 0, 0},

{0, 0, 0,0, 0,0, 0,0,0,0, 0,0, 0,0, 0, 0,0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0},

{0, 0, 0,0, 0,0, 0,0,0,0, 0,0, 0,0, 0, 0,0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0},

{0, 0, 0,0, 0,0, 0,0,0,0, 0,0, 0,0, 0,0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0},

{0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0},

{0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0},

{0, 0, 0, 0, 0,0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0},

{0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0},

{1, 0, 0, 0, 0, O, O, O, O, O, O, O, O, O, O, O, O, 1, O, O, O, O, O, O, O, O, 1}/Sqrt[3]};

XXX.Mnnoli]. Transpose[XXX], {i, 26}];

Dolcc[i + 52]

., 78 so obtained, must be added to the 52 matrices cc[i] determined

The matrices cc[i], i = 53, ..

in [1] to give a base of the eg algebra.

B Structure constants.

We checked that the

78 K
Z -1 SrJg CK.

s7;% are completely antisymmetric in the indices. We write only the non-

The structure constants s;;% are defined by [Cr, Cy]

coefficients syji :
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vanishing terms, up to symmetries, which are not yet written in [1]:

$1,54,55

51,62,63 =
S1,71,72 =
52,60,61 =

| | S

N[ =N =

1

52,68,69 = 5

83,57,60 = —
53,65,68 = —

54,55,61

54,63,69 = —

$5,54,61

$5,62,69
$5,72,74
56,58,61

56,66,69 =

87,57,60

57,65,68 =
58,55,58 =
58,63,66 =

89,54,55
59,62,63

$9,73,75 =

I SIS

Lo |1
[ IS

[SIEENIEE NI

I N[O |

N[

$10,57,58 = —
$10,65,66 = —
$11,56,57 = —

$11,64,65

$12,55,59 = —
512,63,67 = —
$13,54,67 = —
513,62,65 = —
$13,73,76 = —
$14,60,61 =

514,68,69
515,56,60
515,64,68

516,55,59 — —
516,63,67 —
517,54,59 = —
517,62,67 = —

8$17,72,77
518,58,59

518,66,67 —

519,57,60
519,65,68

N[—=D0] =

D] | 0| 0| =

D] | =

(M [N SIS

N

[l MES SIES S

N[
N[

[ e

DO o= F

1
$1,56,58 = — 35

$1,64,66 = p
$2,54,56 = 5

1
$2,62,64 = — 35

§2,71,73 = —
53,59,61 =
53,67,69 =
54,56,59 =
54,64,67 =
55,55,57 =
55,63,65 =
56,54,59 =
56,62,67 =
56,73,74 =
§7,59,61 = —
57,67,69 =
58,57,59 =
58,65,67 =
59,56,58 =
59,64,66 =
510,54,60 =
510,62,68 =
510,74,75 =
511,58,61 =
511,66,69 =
512,56,61 =
512,64,69
513,55,61 =
513,63,69 =
514,54,56 =
514,62,64 =
514,74,76 = —
515,58,59 = —
515,66,67 =
516,56,61 —
516,64,69 —
$17,55,60
517,63,68 =
518,54,61 —
518,62,69 —
518,73,77 =
$19,59,61 = —
$19,67,69 = —

I N[0 |- I

N[

MIHMI)—‘MI)—‘MI)—‘Ml | | N[ I S ES ST

[
Il |

—

N[0 0| —
—_

[N SRS SIE

[0 [0 [0 [+

| [SIEEN]
—

—_

N[

—_

(SIS

[l = =

|—=
[

(ST SIE

[

NN

)

81,57,61 =

$1,65,69
$2,55,58

52,63,66 =

83,54,58
53,62,66

§3,72,73 =
54,58,60 =

54,66,68
$5,56,60
$5,64,68

56,55,60 = —
56,63,68 =

87,54,58

87,62,66 = —
S7,71,75 = —
58,60,61 = —
58,68,69 =

$9,57,61
59,65,69
$10,55,59
$10,63,67
$11,54,59

$11,62,67 =
$11,71,76 =

$12,57,58
512,65,66

$13,56,59 =
$13,64,67 =

$14,55,58

$14,63,66 =

515,54,61
515,62,69

515,75,76 =

516,57,58 — —

516,65,66

517,56,57 =
517,64,65 =

518,55,57

518,63,65 =
519,54,58 = —
519,62,66 — —
519,74,77 = —

14

RS
[= =

|
= Dol

| D=0 — I

D[] —

[—=

N[0 =
[ V)

[—=

=0 =
N

B[N | [+
[N}

N [=
[N = N[ N[0

NN

D] | =

INIEENIEENIEE NI

N[
N[ =

D] | =
e I

3

$1,59,60 = —

51,67,68 =

$2,57,59 = —

$2,65,67 =

$3,55,56 = —
$3,63,64 = —

S4,54,57 =
54,62,65 =

D=

1

)

D=

1

[N NI

1
9

2

)

)

)

)

)

Sg71,74=—1,

55,58,59 =
55,66,67 =
56,56,57 =
56,64,65 =
87,55,56 =
57,63,64 =

58,54,56 = —
58,62,64 = —

58,72,75 =
59,59,60
59,67,68 =
510,56,61 =
510,64,69 =
$11,55,60 =
511,63,68 =
512,54,60 =
512,62,68 =
$12,72,76 =
513,58,60 =
513,66,68 =
514,57,59 =
514,65,67 =
515,55,57 =
515,63,65 —
516,54,60 —
516,62,68 —
$16,71,77 =
517,58,61 =
517,66,69 =
518,56,60 =
518,64,68
519,55,56
519,63,64 =
520,54,57 =

| vol—tol—

D] ==

|
NI NSIER ST

o

SN

|
=N =N =

(SIS

I (SIS
N[=

N[= =

(SIS

IS NIER

D] =N =0 —

— o=

D[] —

D] | 0| 0| =

[ |



_ 1
521,54,55 = ? )
521,62,63 = 3
s21,76,77 = —1,
522,63,74 = —

522,67,75 =

|
[
N[=

[

§23,57,70 = —
523,65,71 = —

[N

523,69,72 =

524,63,76 =
524,67,72 =

DO

—

$25,55,70 =
525,65,78 =

N[ | l\3|%
Nl= W

525,68,74 =
526,63,77 = —
526,67,71 =

o=

527,58,70 =
527,64,77 =

527,69,76 —
528,63,75 —

528,67,74 =

OIS Py wl)—m|ﬂ
o

[

$29,54,70 = —
$29,65,74 =
$29,69,78
$30,58,59 =
$30,66,67 =
$31,56,59 =
$31,64,67 =
$32,55,59 =
$32,63,67 =
$33,54,55 =
$33,62,63 =
533,74,78 =
534,58,61 =
534,66,69 =
$35,57,60 =
$35,65,68 =
$36,55,58 =
536,63,66 =
$37,53,62 =
837,57,74 =
$37,61,78 =
538,56,75 = —73 5
538,60,76 = % )

100 |00 [0

[l M ST
[

o=

—
[

I [SIEEN]
—_

= N[00 0| =0 | =00 | =

D[] —

=

520,56,59 = —
520,64,67 = —

521,56,58 —
521,64,66 —

$22,53,61 =

§22,64,77 = —

522,68,73 =

523,62,74 =
523,66,77 =

524,53,60
524,64,78
524,68,71 =

525,62,72 =
$25,66,73 =

526,64,74 =

526,68,72 =

§27,62,75 = —

527,66,71 =
528,53,56 —
528,64,71 =
528,68,78 =
529,62,71 =
529,66,75 =
530,54,61 =
530,62,69 =
530,71,78
531,58,60
531,66,68 =
532,56,61
532,64,69
533,56,58 =
533,64,66 =
534,54,59 =
534,62,67 =
534,75,78
535,59,61 =
535,67,69 =
536,57,59 =
536,65,67 =
537,54,71 =
537,58,75 =
538,53,63 =

D[ = D=0 =0 | =

L
(SIS S

[SIEESIEE NI P e S

D Do
DN

=

[l ST

N[

(SIS

D[N0 D=

|

| (SIS

D=0 = = N[ =0 =

D[] —

=

| [

1

)

3

3

3

1
538,57,78 = — 73

538,61,74 =

1
2

3

520,58,60 = —

520,66,68

$21,57,61 —

$21,65,69

$22,61,70 =

$22,65,72

522,69,71
523,63,78

523,67,73

524,60,70 = —

524,65,75 =

524,69,73
$25,63,71
$25.67,77

526,59,70 = —

526,65,73
526,69,75
527,63,73

N[ N =0 =

527,67,78 =

528,56,70

528,65,76 —
528,69,77 =

$29,63,72 =

529,67,76
530,55,57
530,63,65
$31,54,57
$31,62,65
$31,72,78
$52,57,58
532,65,66
533,57,61

$33,65,60 =

534,55,60
534,63,68
535,54,58
535,62,66
$35,76,78
536,60,61

536,68,69 —

wl)—wl)—wl)—wh—‘w

537,55,72 =
537,59,76 =

538,54,72 = —

538,58,73 —

539,53,64
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=
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N= o =po] = N

[ I ST

R
[\v}

|00 |0 0] = = N[ —h0 | =

/[ py—_

SIEENIE
1= N
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[

520,62,65 =
$20,75,77 =
521,59,60 = —
521,67,68 — —

| D=
—

522,62,78 = —
522,66,76 = —
523,53,57 = —
523,64,76 = —
523,68,75 = —

IMESNIE MBS NSRS VRN

_1
524,62,77 = 3

_ 1
524,66,74 = T3

_1
825,53,55 = 3

N[

525,64,75 = —
$25,68,76 =

N[ N =

526,62,76 =
526,66,78 = —35 ,
$27,53,58 =

N[ N =

527,64,72 =
527,68,74 =

528,62,73 =
528,66,72 —
529,53,54 =

[
[SIEENSIEE NI NI S SIS ST

$29,64,73 =

529,68,77 =
530,56,60 =
530,64,68 =
$31,55,61 = —
531,63,69 = —
532,54,60 = —
532,62,68 = —
532,73,78 = —
533,59,60 =
533,67,68 =
534,56,57 =
534,64,65 =
535,55,56 =
535,63,64 =
536,54,56 =
536,62,64 =
536,77,78 =
537,56,73 =
$37,60,77 =
$38,55,71 =
538,59,77 =
539,54,73 =

N [=

[ VSNBSS ST

SEENTES

N[—=D0] =

INIEENIEENIEE N

SIS |
—_

INENESSIE



1 __1
539,565,755 = 3 539,56,71 = —? )
5395974*i 539,60,78 = —3
»99, - 20 ,0U, - 2
1 _1
540,54,74 = —? ) 540,55,78 = 3
__1
540,58,77 = T3 5  540,59,73 = —? )
$41,53,66 = —1,  Sa1,54,75 = 3
1 _
541,57,77 = ? ) 541,58,71 = T3 >
$41,61,76 = 5 5  Sa25367 = —1,
o 1 _ 1
542,56,74 = —? ) 542,57,73 = 517
542,60,72 = —? )  542,61,75 = —15 )
543,655,716 = T3 543,56,78 = 3 »
1 __1
543,59,72 = 3 543,60,71 = —? )
1 _
544,54,78 = —? ) 544,5574 = —15 )
544,58,76 = —? ) 544,59,75 = 3 »
__1
$45,53,71 = —? ) 54554,62 = —? )
$45,57,65 = T3 5  S45,58,66 — T3
$45,61,60 = —3 8457071_—£
,01,69 ™ 20 , 70,71 — 2
1 _1
546,55,62 = 3 > 546,56,66 = 3 »
1 __1
546,59,68 = 3 546,60,67 = —? )
1 _
547,53,73 = —15 )  S47,54,64 = —15 )
S47,57,67 = 3 > 547,58,63 = 5\/_,
1 _ 3
547,61,68 = —? y  547,70,73 = —? )
548,55,69 — —3 ,  S48,56,67 — T3
1 __1
548,59,64 = 3 548,60,66 = —? )
$49,53,75 = —73 549,54,66 = —3
399, - ’ ;0% - 2
549,57,68 = —% ) 549,58,62 = % )
$49,61,67 = — 73 5497075*—£
,01, - ’ s (U, - 2
1 _1
550,55,68 = —73 550,56,65 = 3 »
_1 _1
550,59,62 = 3 5 550,60,63 = 517
1 _
851,53,77 = —3 ,  S551,564,68 — —? )
1 _
551,567,66 = 3 > 551,568,656 = —73
1 V3
551,61,64 = ? y  S851,70,77 = —? )
552,55,65 = 3 5 552,56,68 = T3 »
_ 1 __1
$52,59,66 — —35 5  $52,60,64 = T3

_ 1
839,57,76 = — 73 »

539,61,77
540,56,76
$40,60,75

541,55,73 =

541,59,78 =

542,54,76 —

542,58,78

543,53,68 =

543,57,75 = —
543,61,73 = —
544,56,77 = —

544,60,73

$45,55,63 =
$45,59,67 =

$46,53,72 =

546,57,69

546,61,65 —
547,55,66 —
547,59,65 —

548,53,74 =
548,57,62 =

548,61,63
549,55,64
549,59,69

550,61,66
551,55,67

551,59,63 —

$52,53,78

$52,57,63 =

$52,61,62
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[N SN

|
[SIEESIEE NI

| N[
—_

| = I I I N|=
N[ N[0 = [SIE SR

D[ = DO 00| 00| =

[SIEENIEE NI

—

[N NE N

NIEg

)

)

)

_ 1
539,58,72 = —3
840,53,65 = —1,

_ 1
540,57,71 = —? )
540,61,72 = —73

_1
541,56,72 = 5 »

_ 1

541,60,74 = —73
_1
5425577 = 5

_ 1
542.59,71 = —? )
543,54,77 = T3

_1
543,58,74 = 3 »
844,53,69 = —1,
_1
S4457,712 = 3
1
544,61,71 = —? )
545,56,64 = —? )
545,60,68 = —73 >

_ 1
546,54,63 = —? )
546,58,64 = —73 >

_ _ /3
546,70,72 = —17

547,56,62 = ? )
$47,60,69 = 3 >

_ 1
548,54,65 = — 3

1
548,58,68 — 3 »

_ _ /3
548,70,74 = —?
549,56,63 = —73 >

1
549,60,65 = 3 »

_ 1
550,54,67 = —? )
$50,58,69 = — 3

_ _ V3
550,70,76 = —?
551,56,69 = —1§ )

551,60,62 = 3 »

_ 1

552,54,69 = —73
1
552,58,67 = 3

_ _ /3

552,70,78 = —~5 -



C The matrices.

Here we write the matrices ¢;, i = 53,...,78.

i

(c.1)

Je
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