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Abstract

Detection limits and fluctuation results in some spiked random matrix models and pooling
of discrete data

by
Ahmed El Alaoui El Abidi
Doctor of Philosophy in Engineering - Electrical Engineering & Computer Sciences
with Designated Emphasis in Communication, Computation and Statistics
University of California, Berkeley

Professor Michael 1. Jordan, Chair

In this thesis we examine the fundamental limits of detecting and recovering a weak signal
hidden in a large amount of noise. We will consider two problems. The first one pertains
to principal component analysis, and is about estimating and detecting the presence of a
structured low-rank signal buried inside a large noise matrix. Prominent models of this
problem include the so-called spiked or deformed ensembles from random matrix theory,
which are distributions over matrices of the form “signal + noise.” It is known in these
models that the top eigenpair of the data matrix becomes indicative of the presence of this
signal, or "spike”, when and only when its strength is above a certain "spectral” threshold.
A natural question is then whether it is possible to identify the spike, or even tell if it’s really
present in the data below this threshold. In the first part of this thesis, we will completely
characterize the fundamental limits of the detection and estimation of the spike. The analysis
leading to this characterization crucially relies on a recently discovered connection of this
statistical problem with the mean-field theory of spin glasses. This connection provides the
necessary tools to obtain precise control on the behavior of the posterior distribution of the
spike as well as the fluctuations of the associated likelihood ratio process.

The second problem we consider is that of pooling, and is about recovering a discrete
signal, i.e., whose entries only take can a finite number of values, given several observation
that are constrained in a combinatorial way. More precisely, in a manner akin to compressed
sensing, observations of this signal can be obtained in the form of histograms: pooled mea-
surements counting the occurrence of each symbol across subsets of the variables. We ask
what is the minimal number of random measurements of this sort it takes to reconstruct the
signal. In the second part of this thesis, we determine sharp upper and lower bounds on the
minimal number of measurements for the signal to be essentially unique, thus in principle
recoverable from the observed data. We then provide an efficient algorithm to extract it,
and show that this strategy is successful only when the number of measurements is much
larger than this uniqueness threshold.
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Chapter 1

Introduction

The general theme of this thesis is to investigate the fundamental limits of detecting the
presence of a structured signal hidden in a large amount of noise, and when the signal is
indeed present, the extend to which it could be reliably estimated. These questions are
relevant in a modern context of data analysis in which large amounts of data are gathered in
the experimental sciences and industry, and where the Scientist or Engineer wishes to test
increasingly complex hypotheses about what this data might entail, or glean information
about the faintest signal in it, preferably in a time-efficient way. While the amount of data
in one’s possession is large, so is the number of parameters or degrees of freedom one wishes
to control or estimate. Additionally, in the presence of noise or corruptions, it may be very
difficult to extract relevant information, or to even tell if a signal is really there.

We will focus on simple models in which both the signal and the noise that corrupts it
have a certain structure, and for which the above detection and estimation problems admit
sharp characterizations as the dimension of the problem grows unbounded; this is the high-
dimensional, or “big data” regime. The main contribution of this thesis is to develop and
deploy the necessary theoretical tools to prove these sharp characterizations in two different
settings:

1. The first setting is that of principal component analysis (PCA). The goal is roughly as
follows: given a set of data points corrupted with noise and living in a high-dimensional
Euclidean space R?, to find out whether there exists a distinguished direction in space
along which these data points partially align, or whether these data points are scat-
tered in all directions is a relatively uniform way. Additionally if such a distinguished
direction is present, one would like to identify it to the best possible accuracy. We will
consider specific models of this problem; the so-called spiked or deformed ensemble of
random matrices in which a signal of low rank structure—or the spike—representing
the distinguished direction is drowned in a large noise matrix. We provide an almost
complete characterization of the limits of detecting and estimating this spike in these
models.

2. The second setting is more discrete, and concerns the problem of pooling. Consider a
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discrete high-dimensional signal consisting of categorical variables, i.e., the variables
can only take a finite number of values. (For example, the blood type of a human, or
nucleotides in a string of DNA.) In a manner akin to compressed sensing, observations
of this signal can be obtained in the form of “histograms” or “frequency spectra”—
pooled measurements counting the occurrence of each category or type across subsets of
the variables. In a more concrete way, consider a population of n individuals where each
individual belongs to one category among d. An observer repeatedly selects a subset
of individuals, computes the histogram of their types (i.e., number of occurrences of
each category in that subset), then reveals this histogram along with the individuals
in that subset. This gives rise to the inferential problem of determining the category
of every individual in the population. We provide tight upper and lower bounds on
the minimal number of observations needed for recovery, and ascertain whether this
inferential problem can be solved in an efficient manner.

The two problems discussed above share a common characteristic that is worth noting:
there exists a certain regime of parameters (strength of the noise, number of samples,...) in
which extracting the signal becomes information-theoretically possible, but computationally
challenging. In other words, the data at hand is of sufficiently good quality to at least
partially extract some signal, however, all known efficient algorithms fail to extract it. In
the first problem, one may attempt to test and/or estimate based on the spectrum of the
observed matrix. The performance of these spectral tests/estimators has been throughly
studied in statistics and random matrix theory and is fairly well understood in the most
common situations. We will see that there are situations where it is possible to reliably
estimate the spike while the spectrum captures no information about it. The same situation
occurs in the second problem. We will provide an efficient algorithm that is only able to
recover the signal long after it is information-theoretically identifiable.

1.1 Hypothesis testing and estimation

In this section we put the notions of a test, an estimator and “best” accuracy loosely discussed
above on a formal mathematical ground.

The detection problem

The setting we adopt here is that of binary hypothesis testing (Keener, 2011). Let (Q, F, p)
be a probability space, (X, B) be a topological space endowed with its Borel o-algebra B,
and © a set of “parameters”. One observes a random variable X : Q — X whose law is F
where 6 € ©, and would like to distinguish between the following two hypotheses:

H()ZQ:O V.S. Hliezé,

for a fixed § # 0. For the concrete random matrix problems we look at in this thesis, the
parameter 6 will be real valued and represents the strength of the distinguished direction,
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or spike, of interest. More precisely, one would like to construct a measurable function (or
test) T': X — {0, 1} that returns “0” for Hy and “1” for Hy, such that the mis-classification
error

err(T) := P3(T'(X) =0)+ P(T(X) =1) (1.1)

is minimized among all possible tests T

In order to make (non)asymptotic statistical statements it is useful to consider not only
one such problem, but a sequence of problems indexed by an integer n. This could model
the accumulation of data and/or the growth of the number or dimension of parameters 6. In
this case, and in addition to the above criterion err, one could also consider a more stringent,
asymptotic definition of figure of merit. Namely that a sequence of tests (7},) must satisfy

Tim P, g(T(X,) = 0) V Pg(Tn(X,) = 1) = 0. (1.2)

We have made the dependence of Py on n explicit. The reader should interpret the above
statement as follows: as the amount of data grows, we would like be more and more confident
in our guess of where the data came from. Throughout, we refer to the question of existence
of a sequence of tests that answers to the requirement (1.2) as the strong detection problem,
and the question of minimizing the criterion (1.1) as weak detection.

Strong detection We would like to understand for what values of # is strong detection
possible. To fix some intuition, let us think of § as a continuous real-valued parameter that
represents the strength of the signal we want to detect. A large # means an easier detection
problem while a small § means a harder one. We are interested in the smallest value of this
parameter such that strong detection is still possible. To this end, Le Cam (1960) defined the
notion of contiguity between two sequences of probability measures (see, e.g., Van der Vaart,
2000).

Definition 1.1 (Contiguity). Let (P,) and (Q,) be two sequences of probability measures
defined on the same sequence of measurable spaces (S, Fn). We will say that (P,) is con-
tiguous to (Qy) if Qn(A,) — 0 implies that P,(A,) — 0 as n — oo for every sequence of
measurable sets (A,), A, € F,. We will say that (P,) and (Q,) are mutually contiguous if
(P,) is contiguous to (Q,) and vice versa.

In our case, P, = P, g and ), = P, . It is easy to see that contiguity implies impossibility
of strong detection since for instance, if (P,) is contiguous to (@), then Q,(T'(X,) =1) =0
implies that P,(T'(X,) = 0) — 1. The most straightforward way to prove contiguity of two
sequences of probability measures is via the second moment method. We briefly sketch the
idea of this method. Assume that P, is absolutely continuous with respect to @,, for every
n sufficiently large (otherwise contiguity cannot hold). Now define the likelihood ratio or
Radon-Nikodym derivative of P, with respect to Q,,: L, = dP,/dQ,. For any event A € F,,

Py(A) = / 14(w)dP,(w) = / 1.4(0) L (0)AQ ()
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< \//LidQn-\//]lAdQn= VEQ. L] - v @n(A).

where the inequality is by Cauchy-Schwarz. Therefore, it suffices to show that

lim sup Eq, [L?] < oo, (1.3)

in order to show contiguity of (P,) w.r.t. (@,). This is a method of choice for proving
impossibility of strong detection in many statistical problems, well beyond what is studied
in this thesis (see for example Addario-Berry et al., 2010; Arias-Castro and Verzelen, 2014;
Ingster and Suslina, 2012; Verzelen and Arias-Castro, 2015). Its major appeal lies in its
simplicity since it only requires to compute the expected square of the likelihood ratio under
the null model @,,. Its drawback on the other hand is that condition (1.3) is in general far
from necessary. Two sequences can very well be (mutually) contiguous while their likelihood
ratio has an infinite second moment. This problem is alleviated, at least partially, by a
conditioning argument: in many cases, the divergence of the second moment in (1.3) can be
attributed to the existence of a rare event B,, whose contribution to the overall expectation
E[L?] is comparatively very large so as to make L2 ill-behaved. Then one can simply condi-
tion away this bad event for a better control of the second moment of a modified likelihood
ratio L, = dpn/dQn, where P, = P.(:|B,). By rarity of B,, i.e., P,(B,) — 0, one is again
able to conclude. However, identifying the right event to condition on can be difficult, and
is a matter of a case-by-case deliberation.

A different approach which we take in this thesis is to understand how the likelihood
ratio L, is asymptotically distributed, rather than just controlling its second moment. Then
the connection to contiguity is given by Le Cam’s first lemma, which we state here.

Lemma 1.2 (Le Cam’s first lemma). The sequence (P,) is contiguous to (Q) if and only
if Ly ~ V under Q, (possibly along a subsequence) implies that E[V] = 1.

The symbol “ ~~ 7 denotes convergence in distribution as n — oo, and the phrase “under
Q" means that L, is seen as a random variable on the probability space (€2, F,, @,). Taken
together, “L,, ~» V under Q,,” means [ f(L,)dQ, — [ f(V)dp for every bounded continuous
function f : R +— R. (p being the fixed background probability measure.) A notable special
case of this lemma is that of asymptotic log-normality, where log L,, ~ A (11, 02) under Q,,.
In this case, V = e, where Z ~ N(p,0?), so E[V] = 1 if and only if p = —302. The
above lemma provides an exact characterization of contiguity in terms of the properties of
the asymptotic distributional limit of L,,.

Weak detection. When contiguity holds and testing errors are inevitable, it is natural
to weaken one’s requirements, and ask to test with accuracy better than that of a random
guess'. More precisely, by the classical Neyman-Pearson lemma (Keener, 2011), the optimal

1Strictly speaking, if one only wants to beat random guessing, it is enough to find a sequence of tests
that meets the criterion limsuperr,, (T;,) < 1. But we will be interested in tests that minimize err,,.
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test minimizing the risk (1.1) is the likelihood ratio test which rejects the null hypothesis
Hy (i.e., returns “17) if L, > 1, and its Type-I and Type-II errors are Q,(L, > 1) and
P,(L, < 1) respectively. Once more, if one is able obtain the precise asymptotic distribution
of L, under @, (or P,) then one is able to characterize the performance of the best test,
hence determine the fundamental limits of detection.

The estimation problem

The estimation problem can be phrased as follows: given a random variable X : Q — X
defined on (92, F, p) and whose law is Py, the goal is to estimate the parameter 6 based on
the sample X. Here we further assume that the space of parameters © is endowed with a
metric d, and the quality of an estimator 8 : X — © can be measured in terms of its squared
distance from 6:

E [d(8(X),6)?].

For our purposes, © will be the Euclidean space RP for some p and we will simply take d
to be the ¢y distance. Additionally, if we let 6 : Q2 — © be a random variable with “prior”
distribution u, then we can explicitly determine the best estimator with respect to the above
expected /5 distance: this is just the posterior mean of 6 given X:

0(X) = E[9]X], (1.4)
and the minimal mean squared error (MMSE) is
E 000 -0l ) =E[lel] ~E[IEBIXI|E,]. (15)

Observe that a simplistic strategy would be to predict 6 by its prior mean E[f] without

looking at the data X, in which case one incurs an error of E [||§ — E[6] HZ} = var(f). Now
given a specific statistical model 6§ ~ u, X ~ Py, we will pay a particular attention to the
following questions:

e What is the value of its MMSE?
e When is it strictly smaller than var(6)?

e Can the posterior mean be computed exactly or approximated efficiently?

1.2 Spiked models of random matrices

Now we introduce the specific spiked random matrix models to which the above framework
will be applied in the first part of this thesis.

Spiked models are distributions over matrices of the form “signal + noise”. They have
been a mainstay in the statistical literature since their introduction by Johnstone (2001) as
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mathematically rich models for the study of high-dimensional principal component analysis
(PCA). Their introduction has provided the foundations for a rich theory of PCA, in which
the performance of several important tests and estimators is by now well understood (see,
e.g., Amini and Wainwright, 2009; Berthet and Rigollet, 2013; Dobriban, 2017; Johnstone
and Lu, 2009; Ledoit and Wolf, 2002; Nadler, 2008; Paul, 2007).

In the first three chapters of this thesis, we focus on the following two particular models:
The first is the so-called spiked Wigner model where one observes a symmetric N x N matrix

of the form
Y =4/ %asz +W, (1.6)

where @ is the spike which represents the direction of interest, W is symmetric noise matrix
with entries which we assume Gaussian and independent, up to symmetry. The parameter
A is the strength of the spike and plays the role of a signal-to-noise ratio.

The second model is an asymmetric, rectangular version of the first, where one observes

a N x M matrix
A
Y = ,/Nmﬁ + W, (1.7)

where u and v correspond to a low rank factor to be recovered and W is again a Gaussian
noise matrix. In particular the model introduced by Johnstone (and generalizations of it)
corresponds to the special case v; ~ N (0,1). One can see in this case that the A column
vectors y; € RN, 1< j < M of Y are drawn i.i.d. from a centered normal distribution with
spiked covariance: N (0, I + %uuT). For this reason, model (1.7) and its close relatives are
usually referred to as spiked covariance models.

The above asymmetric model has more degrees of freedom, namely two independent
factors w and v, and a additional parameter compared to the symmetric model, which is the
aspect ratio M /N of the matrix Y.

In this case, we will assume a high-dimensional setting where both M and N grow to
infinity while their ratio converges to a finit value a.. In both models, the low rank factors
are assumed to have independent coordinates drawn from fixed priors on R.

It is known that the spectral norm of the noise matrix W is of order v/N as its dimensions
grow to infinity (see e.g., Bai and Silverstein, 2010; Tao, 2012). Therefore, scaling the rank-
one component by v/N puts the magnitudes of the “signal” and “noise” components of the
matrix Y on the same scale, and \ allows to control their relative strengths. As we review
next, the model is in a critical regime where its properties undergo sharp “phase transitions”
as A crosses some finite thresholds.

In these models,

what are the fundamental limits of detection and estimation of the spike?
More precisely,

e for what values of «, A is strong/weak detection possible?
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e what is the performance of the likelihood ratio test?
e what is the performance of the posterior mean in estimating the spike?

Before embarking on the analysis of these questions it is reasonable to first look at tests
and estimators that can be easily constructed from the eigenvalues and eigenvectors of Y,
and understand their performance.

Spectral properties

The spectral properties of these models have been extensively studied, in particular in ran-
dom matrix theory, where they are known as deformed ensembles (Péché, 2014). Landmark
investigations in this area have unveiled the existence of sharp transition phenomena in the
behavior of the spectrum of the data matrix, where for a spike of strength A above a certain
spectral threshold, the top eigenvalue separates from the remaining eigenvalues which are
packed together in a “bulk” and thus indicates the presence of the spike. However, below this
threshold, the top eigenvalue converges to the edge of the bulk and becomes non-informative
about the presence of the spike.

For instance, if the entries of the spike & in model (1.6) are assumed to have unit variance
then the value of this spectral threshold is A = 1. Similarly, if u and v are independent with
entries of unit variance in model (1.7), the spectral threshold, known as the BBP threshold,
after Baik, Ben Arous, and Péché (2005) is given by aA? = 1. Estimation using the top
eigenvector undergoes the same transition, where it is known to “lose track” of the spike
below the spectral threshold. Moreover, above the spectral threshold, the quality of the
overlap of the first eigenvector of the matrix Y with the spike (x, u or v) is well understood.
For more precise results in this direction, we refer to Benaych-Georges and Nadakuditi (2011,
2012); Capitaine, Donati-Martin, and Féral (2009); Féral and Péché (2007); Péché (2006)
for results on low-rank deformations of Wigner matrices, and Bai and Yao (2008); Baik,
Ben Arous, and Péché (2005); Baik and Silverstein (2006); Johnstone and Lu (2009); Nadler
(2008); Paul (2007) for results on spiked covariance models.

1.3 The posterior distribution and spin glasses

These spectral analyses have provided many insights, but they stop short of characterizing
the fundamental limits of estimating the spike, or detecting its presence from the observation
of a sample matrix. These questions, information-theoretic and statistical in nature, are
more naturally approached by looking the posterior law of spike given Y and the associated
likelihood ratio process.

The fundamental observation that allows to make progress on these questions is that
the posterior distribution of the spike @ given Y (taking model (1.6) as an example) is a
high-dimensional probability distribution, exactly of the type that has been studied in the
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statistical physics literature, and later in probability theory under the name of “the mean-
field theory of spin glasses”. This theory deals with the study of disordered systems of
interacting particles: certain systems can be modeled by an energy function that describes
certain rules of local interaction between particles. This gives rise to a (random) probability
distribution of states of the system (a very high-dimensional configuration space) according
to their energy. Let us avoid a further (and almost-certainly inaccurate) general discussion
of what spin glass theory is, and refer to Bolthausen and Bovier (2007) for a review on the
state of the art of this field (up to 2007). We instead discuss one of its most famous objects
of study: the Sherrington-Kirkpatrick (SK) model. Let o € {—1,+1}" represent the “spin”
of N particles, which is allowed to be “up” or “down”, and that interact in the pairwise
fashion according to the energy function or Hamiltonian:

- H(@) ==Y gy (1.8)

1<j

The numbers g;; are the “coupling constants” of the interaction between the particles 4
and j. For a positive parameter [, define the following probability distribution on the

N-dimensional hypercube

Doeqzyy €O

This probability distribution, usually called a Gibbs measure, is already interesting if the
gi;'s are deterministic constants. If the latter are all equal to +1 this gives rise to the Curie-
Weiss model. More generally, the coupling constants could represent the adjacency structure
of a graph on N vertices, in which case the model is known as the Ising model. Sherrington
and Kirkpatrick (1975) proposed to make the coupling constants random +1 or Gaussian
independently to model a disordered, conflicting, or frustrated interaction where a particle
cannot align with one of its neighbors without paying an energy cost for being mis-aligned
with other neighbors. This is gives rise to a random probability distribution whose structure
is multiscale and extremely complex. For instance one characteristic quantity of this model
is its free energy, defined as the logarithm of the denominator in (1.9) (called the partition
function and denoted by Z):

P(o) = (1.9)

1

Fy(B) = ——==log Y e M), (1.10)
BN oe{+1}N

One question of interest if whether this quantity has a limit when N — oo, while g is
kept fixed. Standard theorems of concentration of measure—in particular, the Tsirelson-
Ibragimov-Sudakov inequality in the case where the “disorder” variables g;; are Gaussian,
(see Boucheron, Lugosi, and Massart, 2013)—imply that Fy concentrates very tightly about
its expectation, so the above question reduces to the study of the expectation of Fy under
the disorder. A precise formula for a limit of this quantity was conjectured by G. Parisi
in the late 70’s (see Mézard, Parisi, Sourlas, et al., 1984). The problem of understanding
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the SK model and confirming Parisi’s conjecture started attracting mathematicians with the
seminal works of Aizenman, Lebowitz, and Ruelle (1987) and Pastur and Shcherbina (1991),
and has since spawned an entire field in probability theory.

What does all this have to do with our problem of detecting the spike in a random matrix
model? We can see that if the entries of the spike & come i.i.d. from a prior distribution P,
the posterior distribution of @ given Y is

e H@)dPeN ()

dP(z|Y) = [ (a) (1.11)

where
H(x) = )\Y A 2.2 1.12
—H(m) =) N Yu%i%i — 5 Ti%; (1.12)

There is a clear similarity between the Hamiltonians (1.8) and (1.12). The theory of the
SK model becomes all the more relevant when one further notices that under the null dis-
tribution, the Y;;’s are Gaussian. The similarity does not stop here. Denoting by P\ the
distribution of the matrix Y, the likelihood ratio of Py to Py is the denominator in (1.11):

d Py
dPy

This makes the questions of studying the properties of the likelihood ratio and the posterior
of the spike amenable to analysis using tools originally invented to study the SK model.
Moreover, if P, = %5+1 + %5_1, then we see that the two problems are the same, possibly up
to trivial additive constants.

This connection seems to have been noticed only recently, notably in the work of Lesieur,
Krzakala, and Zdeborova (2015a,b, 2017) who then proceed based on plausible but non-
rigorous statistical physics arguments to analyze the problem of estimation. Their work has
shortly after been made rigorous in a series of papers (Barbier, Dia, et al., 2016; Deshpande,
Abbé, and Montanari, 2016; Krzakala, Xu, and Zdeborova, 2016; Lelarge and Miolane,
2017; Miolane, 2017), where the error of the Bayes-optimal estimator has been completely
characterized for additive low-rank models with a separable (product) prior on the spike. In
particular, these papers confirm an interesting phenomenon discovered by Lesieur, Krzakala,
and Zdeborova (2015a,b): for certain priors on the spike, estimation becomes possible—
although computationally expensive—below the spectral threshold A\ = 1. More precisely, the
posterior mean overlaps with the spike in regions where the top eigenvector is orthogonal to
it. Lesieur, Krzakala, and Zdeborova (2017) provides a full account of these phase transitions
in a myriad of interesting situations, the majority of which still await rigorous treatment.

LY\ = (V) = /e—H<w>dP§N(m). (1.13)

1.4 Pooling of discrete data

In the second part of this thesis, we consider a problem of “discrete” nature. Imagine a
population of n individuals, each of whom has one among d “types”. This could be their
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blood type, in which case d = 4, their age, income or tax bracket group, etc. This information
is recorded in a database, and the data analyst is allowed to query it by specifying a random
subset of the population, and in response, she observes the histogram (a d-dimensional
vector of counts) of types of the queried individuals. This measurement scheme is inspired
by practical situations where it may only be possible to assay certain summary statistics
of the data involving a moderate of large number of participants. This may be done for
privacy reasons, or it may be inherent to the data collection process. The latter situation
occurs for instance in the analysis of genetic data where, due to experimental constraints,
allele measurements across multiple strands of DNA of different individuals are pooled and
analyzed together (Heo et al., 2001; Sham et al., 2002). The data then consists of a frequency
spectrum, or histogram of alleles.

How many measurements of this sort does it take to reconstruct the types of the entire
population? This problem falls broadly under the umbrella of the theory of compressed
sensing, where one is interested in recovering a signal from a few compressed measure-
ments (Donoho, 2006a). It has been understood from the early stages of the development of
this theory that the structure of the signal, typically sparsity, plays a key role in the sample
complexity, or number of measurements needed for reconstruction (Candés, Romberg, and
Tao, 2006; Candés and Tao, 2005; Donoho, 2006b). In this theory, one classically considers
a signal that is real-valued, and is compressed by taking random linear combinations of its
entries. It is however interesting to move beyond this setting and consider signals that are
discrete, where each entry can take a value from a finite alphabet; this is the setting we
consider in our work. Then one possible model of compression—since the signal no longer
has an additive structure—is to count the occurrence of each symbol in a randomly chosen
subset of the signal’s entries.

The discrete, combinatorial structure of this reconstruction problem makes it a special
kind of a constraint satisfaction problem (CSP). These have been the object of intense study
in recent years in probability theory, computer science, information theory and statistical
physics. For certain families of CSPs, a deep understanding has begun to emerge regarding
the number of solutions as a function of problem size, as well as the algorithmic feasibility
of finding solutions when they exist (see e.g. Coja-Oghlan and Frieze, 2014; Coja-Oghlan,
Hagshenas, and Hetterich, 2016; Coja-Oghlan, Mossel, and Vilenchik, 2009; Coja-Oghlan
and Perkins, 2016; Ding, Sly, and Sun, 2015, 2016; Sly, Sun, and Y. Zhang, 2016). Consider
in particular a planted random constraint satisfaction problem with n variables that take their
values in the discrete set {1,--- ,d}, with d > 2. A number of m clauses is drawn uniformly
at random under the constraint that they are all satisfied by a pre-specified assignment,
which is referred to as the planted solution. In our case, the signal is n-dimensional, d is the
size of the alphabet, and there are m compressed observations (histograms) of the signal,
which represents the planted solution that satisfies all the constraints.

Two questions are of particular importance: (1) how large should m be so that the planted
solution is the unique solution? and (2) given that it is unique, how large should m be so
that it is recoverable by a “tractable” algorithm? Significant progress has been made on these
questions, often initiated by insights from statistical physics and followed by a growing body
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of rigorous mathematical investigation. The emerging picture is that in many planted CSPs,
when n is sufficiently large, all solutions become highly correlated with the planted one when
m > Kt - n, for some “Information-Theoretic” (IT) constant s > 0. Furthermore, one of
these highly correlated solutions becomes typically recoverable by a random walk or a Belief
Propagation (BP)-inspired algorithm when m > kgp-n for some rkgp > K1 (Coja-Oghlan and
Frieze, 2014; Coja-Oghlan, Mossel, and Vilenchik, 2009; Krzakala, Mézard, and Zdeborova,
2012; Krzakala and Zdeborova, 2009). Interestingly, it is known in many problems, at least
heuristically, that these algorithms fail when kit < m/n < kgp, and a tractable algorithm
that succeeds in this regime is still lacking (Achlioptas and Coja-Oghlan, 2008; Coja-Oghlan,
2009; Coja-Oghlan, Hagshenas, and Hetterich, 2016; Zdeborovd and Krzakala, 2016). In
other words, there is a non-trivial regime m/n € (k,kpp) where an essentially unique
solution exists, but is hard to recover.

1.5 Overview of the results in this thesis

Detection limits in spiked random matrix models

The first three chapters of this thesis (excluding the introduction) are devoted to the study
of the detection and estimation on the spike in the random matrix models (1.6) and (1.7).
In Chapter 2 we consider model (1.6) and show that likelihood ratio (1.13) has Gaussian
fluctuations for all A < A. where \. is referred to as the reconstruction threshold: for all
A< A,

log L(Y': \) ~ A’ <i% (—log(1 — A) — A), % (—log(1— \) — )\)) |

where the plus sign holds under the alternative Y ~ P, and the minus sign under the null
Y ~ Py. As explained in Section 1.1, this result implies that strong detection is impossible
below A., and also pins down the exact performance of the likelihood ratio test. Moreover,
we obtain precise formulae for several information-theoretic quantities such as the relative
entropy of the planted model to the null model, their total variation, and so on. On the other
hand, log L grows linearly with N under P\, when A > A., and this implies the possibility of
strong detection in this regime. The reconstruction threshold A. thus has an information-
theoretic character, independent of any spectral properties of the matrix Y. Its definition is
intimately related to the limiting value of the normalized log-likelihood % log L under Py, or
equivalently, the Kullback-Leibler divergence between Py and Py. Indeed, it is known that
% Ep, log L converges to a limiting value; to the so-called replica-symmetric formula ¢rs(X)
as N — oo. And ). is defined as the smallest upper bound on the interval on which this limit
vanishes. This threshold is generically different from the spectral threshold, and is always
no larger than it.
In Chapter 3 we consider the asymmetric model (1.7) and establish a similar result:

1 1
log L(Y; A) ~> N (j:Z log(1 — a\?), —3 log(1 — 04)\2)) ,
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as N,M — oo and M/N — q, for all a)\* < ¢ for a constant ¢ < 1 that depends on the
priors on the entries of w and v. While we have been able to reach the optimal threshold in
the symmetric model (1.6), this task turns out to be more difficult in the asymmetric case.
We also state a conjecture on the maximal region of parameters (a, ) where asymptotic
normality should hold. Similarly to the symmetric model, this is also the region where the
limit of the normalized log-likelihood ratio under Py vanishes, however as we will explain it,
proving this seems to require new ideas.

In Chapter 4 we return to the symmetric model and turn our attention to the estima-
tion problem. The normalized Kullback-Leibler divergence between the planted and null
models is known to converge to the replica-symmetric formula ¢rs(A), the properties of
which determine the fundamental limits of estimation in this model. For instance, it is
known that the spike could be estimated with non-trivial accuracy if and only if A > ..
However the available proofs of this result and other intimately related ones are quite in-
volved. As a first result, we provide a short and transparent proof of this formula, based
on simple executions of Gaussian interpolations and standard concentration-of-measure ar-
guments. Second, we investigate the next-order asymptotics of this convergence: we prove
that Dk (Py,Py) — Nors(A) converges to a finite quantity 1rs(A) for almost all A, and with
speed 1/v/N. An explicit expression for this quantity is also given. This formula shows
that the KL divergence between the null and planted distributions has a non-vanishing finite
size correction. This correction becomes most important below the reconstruction threshold
where ¢rs(A) = 0, in which case we now know that this KL converges to a constant, instead
of the mere fact that it is of order o(N).

To study the likelihood ratio and the KL divergence in this setting we build on the
technology developed by Aizenman, Guerra, Panchenko, Talagrand, and others, in their
study of the Sherrington-Kirkpatrick spin-glass model. Specifically, we make use of Guerra’s
Gaussian interpolation method and Talagrand’s cavity method. An important role is played
by the so-called Franz-Parisi potential (Franz and Parisi, 1995, 1998): this is the log-partition
function of a subset of configurations having a fixed overlap with the spike.

Decoding from pooled data

In the last two chapters of this thesis, we consider the problem of decoding from pooled data,
which we call the Histogram Query Problem (HQP), previously described. In Chapter 5, we
consider the dense random regime where each query involves a linear number of individuals,
and where the individuals are chosen uniformly at random. Call kK = an the size of each pool,
and m the number of queries. It could be seen by a simple counting argument that less than
m=(1-— O(l))lgf f@ queries is insufficient to reconstruct the types of the population. We
show that m = 2(1+ O(l))%& queries or more is on the other hand sufficient. The proof
of this result proceeds by viewing the problem as a planted random constraint satisfaction
problem. We use some sophisticated combinatorics combined with the Laplace method to

compute the exponential rate of decay of the expected number of satisfying assignments to
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this CSP. This quantity is referred to as the annealed free energy in the statistical physics
literature. Its knowledge implies the upper bound. Observe the gap of a factor of two
between these upper and lower bounds. Shortly after our results were made public on the
arXiv, Scarlett and Cevher (2017) proved that our upper bound is actually tight. Meaning
that it is impossible to recover the type of every individual with less than 2(1—o(1))<2< Iogn
queries, thus establishing a sharp phase transition for the recovery problem at this number.

In Chapter 6, we consider the algorithmic aspect of the problem and design a practi-
cal algorithm inspired by belief propagation to reconstruct the types of the population. A
heuristic analysis of this algorithm exhibits an interesting gap: the success probability of the
algorithm undergoes a sharp phase transition at a much higher threshold. The algorithm
succeeds at recovering the types of every individual if and only if m > xn, with k ~ 21;%.
This algorithm are heuristically known to be “optimal” in a certain sense, so we expect
other classes of algorithms such as linear programming relaxations and random walk-type
algorithms to fail as well below m = xkn. This hints at a possibility of a logarithmic gap

between the information-theoretic and algorithmic thresholds.

1.6 Bibliographic notes

The research leading to the results presented in this thesis is in collaboration with my advisor
M. Jordan and a few other lovely colleagues. The material presented in Chapters 2 and 4 is
a joint work with F. Krzakala and M. Jordan, and appears in the following two papers (El
Alaoui and Krzakala, 2018; El Alaoui, Krzakala, and Jordan, 2017). The material presented
in Chapter 4 is a joint work with M. Jordan and appears in (El Alaoui and Jordan, 2018).
Finally, the material presented in Chapters 5 and 6 is a joint work with A. Ramdas, F.
Krzakala, L. Zdeborova and M. Jordan, and appears in (El Alaoui et al., 2016, 2017).
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Chapter 2

Detection limits in the spiked Wigner
model

2.1 Introduction

We focus in this chapter on the spiked Wigner model, which is the following symmetric

random matrix model
Y / * *T (21)

where W;; = I/VJZ ~ N(0,1) and W;; ~ N 0,2) are independent for all 1 <7 < j < N. The
spike vector * € RN represents the signal to be recovered, or its presence detected.

We assume that the entries x} of the spike are i.i.d. from a prior distribution P, on R
having bounded support. The parameter A > 0 plays the role of the signal-to-noise ratio,
and the scaling by v/N is such that the signal and noise components of the observed data are
of comparable magnitudes. In this chapter we will be mainly concerned with the detection
problem: upon observing Y, we want to test wether A > 0 or A = 0. Meaning, we want to
detect the presence of a non-trivial, privileged direction * in the data matrix Y, without
caring about finding out what this specific direction is. We moreover want to understand
the performance of the best test, i.e., the test that maximizes the probability of a correct
guess. By the classical Neyman-Pearson lemma, this test is simply the likelihood ratio test.
Therefore the problem reduces to (if one puts aside computational considerations) the study
of the behavior of the likelihood ratio of the distributions associated to the two hypotheses of
interest (A =0 vs. A > 0). The main aim of this chapter and the next two is to analyze the
fine-grained behavior of the likelihood ratio of this model, and slight generalizations of it. In
Chapter 4 we turn our attention to the estimation problem where we want to estimate x*
with non-trivial accuracy. We will see in particular that under the scaling considered here,
estimating «* with vanishing error as N — oo is not possible, but producing an estimator
that has partial correlation with the spike still is, and we will determine the best correlation
any estimator could achieve in a Bayes-optimal sense. As it turns out, the likelihood ratio is
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still the relevant object to look at in this setting, and several estimation-theoretic quantities
can be derived from it.

As a matter of convenience, we discard the diagonal terms Yj; from the observations.
Adding the diagonal back does not pose any additional technical difficulties, and our results
can be straightforwardly extended to this case. We denote by P, the joint probability law
of the observations Y = {Y;; : 1 <i < j < N} as per (2.1) and define the likelihood ratio or
Radon-Nikodym derivative of Py to Py as

L(5)\) = (2.2)

dP,’

For a fixed Y, a simple computation based on conditioning on * reveals that

L(Y;A)z/exp([z Yijxiv; — 2NZ$ )dP®N x). (2.3)

A first step in studying the behavior of L is to identify the region of parameters A where L
remains of constant order as N — co. This will be the region where the testing problem is
most non-trivial since a diverging likelihood ratio indicates that Py is easily distinguishable
from Py. This could for example be seen in the following way: define the quantity

1
FN = N EIP’A log L(Y, )\) (24)
We see that Fy = %DKL(P)\,PQ), where Dy, is the Kullback-Leibler divergence between
probability measures. By the phenomenon of concentration measure (this will made quanti-
tative later) % log L is unlikely to deviate much from its expectation Fl: for any € > 0,

P, (’%logL—Fﬂ > e) — 0.

Assume now that Fyy converges to a limit £ as N — oo. Observe that by the non-negativity
of KL (or Jensen’s inequality) ¢ must be non-negative. On the other hand, one has the same
concentration of % log L under Py and moreover, Ep,log L < 0. Therefore if A is such that
¢ > 0, one can distinguish P, from Py with asymptotic certainty (as N becomes large) by
computing log L and rejecting the null hypothesis Y ~ Py if (for instance) log L > ¢/2, i.e.,
this test would have vanishing type-I and type-II errors. On the other hand, in the set of A
where ¢ = 0 (if it exists), the problem becomes highly non-trivial, since one has to “zoom”
into the behavior of the un-normalized log-LR and examine what happens at a constant
order.

Of course the above discussion is still valid if one flips the roles of P, and Py, and
assumes that + Ep, log L(Y'; A) admits a limit ¢’ instead. (The test would then be to check
if %logL < ('/2.) There is no a-priori reason to privilege P, over Py, except that of
convenience: in this matrix model, it is far easier to study L under Pj.
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At this point, we lay out our plan: we first introduce the limit of F, which is referred to
as the replica-symmetric formula, and its properties. We will see that the above-discussed
region where this limit vanishes takes to form of an interval (0, A.), where the upper bound
is referred to as the reconstruction threshold. We then move on to study the fluctuations
of log L in this interval. We will prove that in this regime, the log-LR has fluctuations of
constant order, and converges asymptotically to a Gaussian with a mean equal to half the
variance. This allows for instance to show that Py and Py are mutually contiguous below ..
Contiguity (see Definition 1.1) allows to show that no test is capable of distinguishing Py
from Py with asymptotic certainty below A, thereby complementing the above discussion and
providing a complete answer to the question of asymptotically certain (we will say “strong”)
detection. The fluctuation result also allows to obtain formulas for the Type-I and Type-II
errors for testing, as well as the total variation distance.

The RS formula and the reconstruction threshold

The RS formula. For r > 0, consider the function

Y(r) i=Ep 1og/exp (ﬁzx +roxr* — ng) dP,(z), (2.5)

where z ~ N (0,1), and 2* ~ P,. This is the KL divergence between the distributions of the
random variables y = y/rz* + z and z. We define the Replica-Symmetric (RS) potential
A2

and finally define the RS formula

drs(A) :=sup F(A,q). (2.7)

q=>0

A central result in this context, which was conjectured by Lesieur, Krzakala, and Zdeborova
(2015b), and then proved in a sequence of papers (Barbier, Dia, et al., 2016; Deshpande,
Abbé, and Montanari, 2016; Krzakala, Xu, and Zdeborové, 2016; Lelarge and Miolane, 2016),

is that free energy Fy converges to the RS formula for all A > 0:

FN — ¢RS(>\)

We refer to Lesieur, Krzakala, and Zdeborova (2017) for a derivation of this formula based
on non-rigorous statistical physics arguments. In Chapter 4 we analyze this convergence in
detail. We provide a short proof of the above result, and study the rate of convergence as
well as the next order term.

The values of ¢ that maximize the RS potential and their properties play an important
role in the theory. Lelarge and Miolane (2016) proved that the map ¢ — F'(A,¢q) has a
unique maximizer ¢* = ¢*(\) for all A\ € D where D is the set of points where the function
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A — ¢rs(A) is differentiable. By convexity of ¢rs (see next section), D = R, \ countable set.
Moreover, they showed that the map A € D — ¢*(\) is non-decreasing, and

lim ¢*(\) = Ep [X]?, and lim ¢*(\) = Ep [X?]. (2.8)
g e

-~

One should interpret the value ¢*(\) as the best overlap an estimator #(Y") based on observing
Y can have with the spike x*. Indeed, the overlap |:13T33*‘/N between the spike x* and a
random draw @ from the posterior P(:|Y) should concentrate in the large N limit about
¢*(\) (hence the name “replica-symmetry”). A matrix variant of this result (where one
estimates *z* ") was proved in (Lelarge and Miolane, 2016). In Section 4.3, we prove strong
(vector) versions of this result where under mild assumptions, optimal rates of convergence
are given.

The reconstruction threshold. The first limit in (2.8) shows that when the prior P, is
not centered, it is always possible to have a non-trivial overlap with * for any A > 0. On
the other hand, when the prior has zero mean, and since ¢* is a non-decreasing function of
A, it is useful to define the critical value of A below which estimating * becomes impossible:

Aei=sup{A>0 : ¢*(\) =0}. (2.9)

We refer to A\, as the critical or reconstruction threshold. The next lemma establishes a
natural bound on A..

Lemma 2.1. We have
Ao (Ep[XY)* < 1. (2.10)

Proof. Indeed, assume that Py is centered, and let A > (E[X?])~2. Since ¢/(0) = $ Ep [X]* =
0 and ¢ (0) = $(Ep,[X?])?, we see that §,F (X, 0) = 0 and 92F(X,0) = 3(AEp[X*]2—1) > 0.
So ¢ = 0 cannot be a maximizer of F(),-). Therefore ¢*(A) > 0 and A > A.. |

The importance of Lemma 2.1 stems from the fact that the value (Ep [X2])™> is the
spectral threshold previously discussed. Above this value, the first eigenvalue of the matrix
Y leaves the bulk, and is at the edge of the bulk below it (Capitaine, Donati-Martin, and
Féral, 2009; Féral and Péché, 2007; Péché, 2006). This value also marks the limit below which
the first eigenvector of Y captures no information about the spike * (Benaych-Georges
and Nadakuditi, 2011). Inequality (2.10) can be strict or turn into equality depending on
the prior P,. For instance, there is equality if the prior is Gaussian or Rademacher—so
that the first eigenvector overlaps with the spike as soon as estimation becomes possible
at all—and strict inequality in the case of the (sufficiently) sparse Rademacher prior P, =
£6_1/yp + (1 —p)do + 5041/ /5. More precisely, there exists a value

p*=inf{p e (0,1) : ¥"(0) <0} ~0.092,
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such that A, = 1 for p > p*, and A. < 1 for p < p*. In the latter case, the spectral
approach to estimating x* fails for A € (A, 1), and it is believed that no polynomial time
algorithm succeeds in this region (Banks, Moore, Vershynin, et al., 2017; Krzakala, Xu, and
Zdeborova, 2016; Lesieur, Krzakala, and Zdeborova, 2015b). The “physically plausible”
picture one should have in mind here is that (minus) the RS potential ¢ — —F(},q) can
be interpreted as an “energy landscape” whose global minimum corresponds to the planted
spike *. If X is small (i.e., A < A.) this potential has a global minimum at ¢ = 0 which
means that the posterior mean is orthogonal to *. As A increases, the global minimum will
shift to a strictly positive point ¢*. If the prior P, is such that A\, < 1, ¢ = 0 stays a stable
local minimum for all A € (., 1) while the global minimum is at ¢* > 0. At the heuristic
level, this is the reason of computational hardness of the problem: (iterative) algorithms
are trapped in this locally optimal state, and must climb an energy barrier in order to fall
into the basin of attraction of the global minimum. This latter operation is conjectured to
require exponential time.

2.2 Fluctuations below the reconstruction threshold

In this section we are interested in the fluctuations of the log-LR. It can be seen by a
standard concentration-of-measure argument that for all A\ > 0, log L(Y; \) concentrates
about its expectation with fluctuations bounded by (’)(\/N ). While this bound is likely to
be of the right order above A. (this is true for the SK model in high temperature and with
non-zero external field, see Guerra and F. Toninelli, 2002a), it is very pessimistic below A..
Indeed, we will show that the fluctuations are of constant order with a Gaussian limiting
law in this regime. This phenomenon was noticed early on in the case of the SK model:
Aizenman, Lebowitz, and Ruelle (1987) showed that in the absence of an external field,
the log-partition function of this model has (shifted) Gaussian fluctuations about its easily
computed “annealed average” in high temperature. We will see in Section 2.4 that their
result can be stated as a central limit theorem for log L(Y; \) under Py in the case where
the prior P, is Rademacher. Furthermore, a proof by Talagrand (2011b) of their result
provided us with a road map for proving a similar result for general P,. Let us now state
the fluctuation result along with consequences for hypothesis testing.

Theorem 2.2. Assume the prior Py is centered and of unit variance. For all X < )\,

(—log(1— A) - A)) ,

DO | —

log L(Y; A) ~> N (:I:i (—log(l—=X) =\,

where the plus sign holds under the alternative Y ~ Py and the minus sign under the null
Y ~ Pg.

The symbol “ ~~ " denotes convergence in distribution as N — oc.
The sign symmetry between the above two statements is a consequence of Le Cam’s
third lemma (Van der Vaart, 2000), (or more specifically, the Portmanteau lemma). We
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will see this in Section 2.5. This result is along the same line of those of Johnstone and
Onatski (2015); Onatski, Moreira, and Hallin (2013, 2014), who studied the likelihood ratio
of the joint eigenvalue densities under the spiked covariance model with a spherical prior, and
showed its asymptotic normality below the spectral threshold. We also point out that similar
fluctuation results were recently proved by Baik and Lee (2016, 2017a) for a spherical model
where one integrates over the uniform measure on the sphere in the definition of L(Y’; \).
Their model, due to its integrable nature, is amenable to analysis using tools from random
matrix theory. The authors are thus able to also analyze a “low temperature” regime (absent
from our problem) where the fluctuations are no longer Gaussian but given by the Tracy-
Widom distribution. Their techniques seem to be restricted to the spherical case however.
Closer to our assumptions is the recent work of Banerjee and Ma (2018), (see also Banerjee,
2018) who use a very precisely conditioned second moment argument to show asymptotic
normality of similar log-likelihood ratios. However, this technique (at least in its current
flavor) works up to some value Ay < A, and is not expected to be optimal in the SNR
threshold.

Strong and weak detection below ).

Consider the problem of deciding whether an array of observations Y = {Y;; : 1 <i < j <
N} is likely to have been generated from P, for a fixed A\ > 0 or from Py. Let us denote
by Hy : Y ~ Py the null hypothesis and H) : Y ~ P, the alternative hypothesis. Two
formulations of this problem exist: one would like to construct a sequence of measurable
tests T : RVW=1/2 1 {0 1} that returns “0” for Hy and “1” for H,, for which either

lim max {]P’A(T(Y) = 0), Bo(T(Y) = 1)} —0, (2.11)

N—oo

or less stringently, the total mis-classification error, or risk
err(T) :=P\(T(Y) =0)+Po(T(Y) = 1) (2.12)

is minimized among all possible tests T

Strong detection. Using a second moment argument based on the computation of a
truncated version of E L(Y; \)?, Banks, Moore, Vershynin, et al. (2017) and Perry et al.
(2016b) showed that P, and Py are mutually contiguous when A < )g, where the latter
quantity equals A. for some priors P, while it is suboptimal for others (e.g., the sparse
Rademacher case, see discussion below). It is easy to see that contiguity implies impossibility
of strong detection since for instance, if Po(7T(Y) = 1) — 0 then PA(7(Y) = 0) — 1. Here
we show that Theorem 2.2 provides a more powerful approach to contiguity:

Corollary 2.3. Assume the prior Py is centered and of unit variance. Then for all A < A,
Py and Py are mutually contiguous.
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Proof. This is a consequence of either one of the two statements in Theorem 2.2. Indeed,
considering the fluctuations under the null, if

4B,

~ U
dP

under Py along some subsequence and for some random variable U, then by the continuous
mapping theorem we necessarily have

U = exp N (—p.o?),

where 1 = 1 (—log(1 — A\) — \) = 10%. We have Pr(U > 0) = 1, and since y = 302, we have
EU = 1. We now conclude using Le Cam’s first lemma in both directions (Lemma 6.4 or
Example 6.5, Van der Vaart, 2000). [ |

This approach allows one to circumvent second moment computations which are not
guaranteed to be tight in general, and necessitate careful and prior-specific conditioning
that truncates away undesirable events.

We note that in the case of the sparse Rademacher prior P, = £0_1, 5+ (1—p)do+5011/ /5,
contiguity holds for all A < 1 as soon as p > p* &~ 0.092 by the above corollary, thus closing
the gaps in the results of Banks, Moore, Vershynin, et al. (2017) and Perry et al. (2016b).
Indeed, as argued below Lemma 2.1, the reconstruction and spectral thresholds are equal
(Ae = 1) for all p > p*, and differ (A, < 1) below p*. This implies that strong detection is
impossible for A < 1 and possible otherwise when p > p*, while it becomes impossible only
below A. but possible otherwise when p < p*.

Weak detection. We have seen that strong detection is possible if and only if A > A.. It
is then natural to ask whether weak detection is possible below A, i.e., is it possible to test
with accuracy better than that of a random guess below the reconstruction threshold? The
answer is yes, and this is another consequence of Theorem 2.2. More precisely, the optimal
test minimizing the risk (2.12) is the likelihood ratio test which rejects the null hypothesis
H, (i.e., returns “17) if L(Y;\) > 1, and its error is

err*(\) = Py(L(Y; \) < 1) + Po(L(Y3A) > 1) = 1 — Dry(Py, By). (2.13)

One can readily deduce from Theorem 2.2 the Type-I and Type-II errors of the likelihood
ratio test: for all A < A, the Type-II error is

Pu(l . Y A S TREy _ e (VP
Alog L(Y; M) <0) = \/We dt+o(1) = §erfc 5 +o(1),

and the Type-I error is
+o0 1

Po(log L(Y; \) > 0) = —
0(g< ) ) 0 \/W

1
e~ 27% 41 4 o(1) = §erfc (4) +o(1)
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Figure 2.1: Plots of the TV distance and KL divergence between P, and P,. See formulas
(2.14) and (2.15).

for all A < 1. Here, erfc(z) = \% [ e~ dt is the complementary error function. These can

be combined into a formula for err*(\) and the total variation distance between Py and PP,
(see plot in Figure 2.1):

Corollary 2.4. For all A < A., we have

A
lim err*(A\) =1— lim Dty (Py,Py) = erfc <A> . (2.14)
N—oo N—o0 2
Moreover, the proof of Theorem 2.2 allows to obtain a formula for the KL divergence
between P, and Py below the reconstruction threshold A. (see plot in Figure 2.1):

Corollary 2.5. Assume the prior Py, is centered and of unit variance. Then for all X < A,
1

lim Dk (Py,Py) = = (—log (1 —A) = A). (2.15)
N—o00 4

Note that the above formulas are only valid up to A.. In the case A. < 1, TV and KL
both witness an abrupt discontinuity at A. to 1 and oo respectively. When A\, = 1, then the
behavior is more smooth with an asymptote at 1.

2.3 Replicas, overlaps, Gibbs measures and Nishimori

A crucial component of proving our main results is understanding the convergence of the
overlap &' x* /N, where z is drawn from Py(-|Y), to its limit ¢*()\). By Bayes’ rule, we see

that
e~ H@)qPEN ()
APy (z|Y) = [ (2] (2.16)
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where H is the Hamiltonian

2 A
Z Yijzix; — N xias. (2.17)

1<j

Of course, when Y ~ P, we can write
[ A A A

i<j
From the formulas (2.3) and (5.7), it is straightforward to see that

1
Fy = N EP)\ lOg /e_H(m)dPE)N(w%

This provides another way of interpreting Fy as the expected log-partition function (or
normalizing constant) of the posterior Py(-|Y'). For an integer n > 1 and f : (RY)""! — R,
we define the Gibbs average of f w.r.t. H as

® %)) = f@W, - 2 @) [T e @ dPeN (@)
I AN = = .
(fe*H(z)dP;@N(ac))

(flxW,. - (2.18)

This is nothing else that the average of f with respect to Py(-|Y)®". The variables ), =
1.--  nare called replicas, and are interpreted as random variables independently drawn from
the posterior. When n = 1 we simply write f(x,x*) instead of f(z®),x*). Throughout the
rest of this chapter, we use the following notation: for [,I’ =1, -+ ,n, x, we let

Ry == z) Zx(l) @,

The Nishimori property under P,

The fact that the Gibbs measure (-) is a posterior distribution (4.2) has far-reaching conse-
quences. A crucial implication is that the n+1-tuples (™, --- &) and (™, ... &™) x*)
have the same law under Ep, (-). To see this, let’s perform the following experiment:

1. Construct =* € RY by independently drawing its coordinates from P.

2. Construct Y as Y}, = \/;xl x5 + Wij, where Wi; ~ N(0,1) are all independent for

i < j. (Therefore, Y is distributed according to Py.)

3. Draw n + 1 independent random vectors (z)'"' from Py (z € |Y).
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By the tower property of expectations, the following equality of joint laws holds
(Y7 w(1)7 o ’m(n)’ w(n+1)) g (Y7 m(l)v e 7w(n)’ .’11*) : (219>

This in particular implies that under the alternative Py, the overlaps R, . between a replica
and the spike has the same distribution as the overlap R; s between two replicas. This is a
very important property of the planted (spiked) model, which is usually named after Nishi-
mori (2001). It is however worth noting that Nishimori deduced this property from very
different considerations of gauge symmetry of the SK model with +1 spins and an appro-
priately parameterized external field. (We refer to Chapter 4 in his book, or Korada and
Macris (2009) for more background on this point of view.) He probably did not have in
mind the interpretation of Fiy as the log-normalizing constant of the posterior distribution
of a spike in a random matrix model, from which the above property is a straightforward
consequence. Property (2.19) substantially simplifies important technical arguments that
are otherwise very difficult to conduct under the null. A recurring example in our context is
the following: to prove the convergence of the overlap between two replicas, ]E(RiQ) — 0, it
suffices to prove E(R?,) — 0 since the two quantities are equal. The latter turns out to be
a much easier task.

Overlap decay implies super-concentration

Let us now explain how the behavior of the overlaps is related to the fluctuations of log L.
For concreteness we consider the null model as an example. Let Y ~ Py, i.e., Y;; ~ N (0,1)
all independent for ¢ < j. The log-likelihood ratio, seen as a function of Y, is a differentiable

function, and
d | 5
v, log L(Y; 8) = N(xzx]>

By the Gaussian Poincaré inequality, we can bound the variance by the norm of the gradient
as

E[(logL —Elog L)’] <E[|VIegLl|l;,] < %NE<R§2>.

(Here E refers to Ep,.) The last inequality follows from the fact (z;z;)* = (xgl)a:;l)xf)xgz))
Since P, has bounded support, R%’Q is bounded almost surely, and we deduce that the
variance is O(N). Observe now that if the quantity E(R?,) decays, then the much stronger
result var(log L) = o(N) holds. This behavior of unusually small variance is often referred
to as “super-concentration.” We refer to Chatterjee (2014) for more on this topic. In our
case, not only does E(Rﬁ) decay when A < A, is sufficiently small, but it does so at a rate
of 1/N so that NE(R?,) converges to a finite limit, and var(log L) is constant. This is a
first reason why Theorem 2.2 should be expected: if anything, the fluctuations must be of
constant order.
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2.4 The Aizenman-Lebowitz-Ruelle CLT

We assume in this subsection that P, = %5,1 + %(5“ and let Y ~ Py, ie, Yi; ~ N(0,1)
i.i.d. We then see that the likelihood ratio L is related to the partition function of the
Sherrington—Kirkpatrick model via a trivial relation:

logL(Y;)\):log/eXp<\/>Z Yijwir; — 2NZ$ )dP®N x)

2N -1
= log Z exp (\/_ ZY;](TZO']> — Nlog2 — %
oc{£+1}N 1<j
BN —1)

=:log Zn(B) — Nlog2 — 1 ,
where we have let 3 = V/A. Zy(5) is the partition function of the SK model at inverse
temperature 5 > 0. It is easy to compute the expectation of Zy(f3):

BN —1)

1 )
so that Elog L(Y'; A) is the gap between the free energy of the SK model and its annealed
version. The question of determining the values of the inverse temperature for which this
gap is zero (or constant), i.e., at what temperatures is the free energy given by the annealed
computation? is a central question in statistical physics. Aizenman, Lebowitz, and Ruelle
(1987) (ALR) proved that in the high-temperature regime § < 1, log(Zn(8)/E Zn(5))
converges in distribution the normal law

logE Zn(8) = Nlog2 +

1 1
N (081 - 82) 4+ 82— lon(a - %)+ 7))
In our notation this simply means
log L(Y'; \) ~ N(—=p,0%)

under Py where = 30% = 1(—1log(1 — A) — A). The proof of ALR is combinatorial. It uses
the so-called cluster expanswn technique which expands the partition function

ZN Z Hexp ( UZUJ>
oe{x1}V i<j

using the fact
Va € R, exp(ao;o;) = cosh(a) + 0;0; sinh(a), (2.20)

QNHcosh< ) Z H tanh( )

1<J

to write



CHAPTER 2. DETECTION LIMITS IN THE SPIKED WIGNER MODEL 26

where the sum is over all simple closed graphs G on the vertex set {1,--- ,N}. (A graph
is simple if no edge is repeated. It is closed if every vertex has even degree.) A very
careful argument then shows that for § < 1, the above sum is almost exclusively due to the
contribution of graphs G which are closed paths (where every vertex is of degree two), and
these are responsible for the Gaussian fluctuations of log Zx(3).

Fact (2.20) is true only when the spins o; take the values +1. It is therefore hard to
extend the ALR proof to other types of priors. Alternative proofs were subsequently found
by adopting different perspectives on the problem. See, e.g., (Comets and Neveu, 1995) who
use connections with stochastic calculus, and Guerra and F. Toninelli (2002a) who use the
interpolation and cavity methods. A more recent proof also based on the cavity method
is provided by Talagrand in his second book (Talagrand, 2011b, Section 11.4). His method
provides an explicit (and optimal) rate of convergence of the moments of the random variable
in question to those of the Gaussian. In what follows we use Talagrand’s approach to prove a
similar central limit theorem for an arbitrary bounded prior P. In this more general setting,
the high temperature region of the model is given by the condition A < A..

2.5 Proof of the main result

In this section we prove Theorem 2.2. It suffices to prove the fluctuations under one of the
hypotheses. Fluctuations under the remaining one comes for free as a consequence of Le
Cam’s third lemma (or more specifically, the Portmanteau theorem Van der Vaart, 2000,
Theorem 6.6). We choose to treat the planted case Y ~ P,. The reason is that it is
easier to deal with the planted model. This is ultimately due to the (generalized) Nishimori
property (2.19). Let us first present this argument.

Equivalence of fluctuations under planted and null models

We explain how the fluctuation result under P, implies the corresponding fluctuation result
under Py. This is a consequence of the Portmanteau characterization of convergence in
distribution. The argument can be made in the other direction as well. Assume that

log L(Y; \) ~ N (1, 0),

for Y ~ P,, where u = %02. By the Portmanteau theorem (Van der Vaart, 2000, Lemma

2.2), this is equivalent to the assertion
liminfEp, [f(log L)] > E[f(Z)], (2.21)

where Z ~ N(u,0?) for all nonnegative continuous functions f : R + R,. On the other
hand, by a change of measure (and absolute continuity of Py w.r.t Py), we have that for such

an f,
d Py

B, [ log 1) = e, | {5 llog )| = Be, [e54 (10 )]
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The function g : x — e~ f(z) is still nonnegative continuous, so by (2.21), we have

liminf Ep, [f(log L)] > E [e"? f(Z)] . (2.22)
Since 1 = 302,
Ble?f(2)] = [ fyereterier
_ —(z+up)? /202 dx _ /
[ e —s = ELA(Z)].

where Z' ~ N (—u,c?). Since (2.22) is valid for every nonnegative continuous f, the result
log L(Y; ) ~ N (—p,0%)

under Py follows.

Fluctuations under P,: a planted version of the ALR CLT

In this section we prove a slightly stronger result than convergence in distribution. We prove
the convergence of all moments with an explicit rate of O(N~2). Let A < A, and Y ~ P,.
We define the random variable

X(A) =log L(Y') — u(N),
where
() = i(— log(1—A)—A), and b(\) = 02() = 2u(\).

We will prove that the integer moments of X (\) converge to those of the Gaussian with
variance b(\). This is a sufficient condition for convergence in distribution to hold, since the
Gaussian is uniquely determined by its moments (see section 3.3.5, Durrett, 2010).

Theorem 2.6. For all A < \. and integers k, there exists a constant K(\, k) > 0 such that
K(\ k)
|]EP>\ [X()‘)k} - m(k)b(/\)kﬂ‘ < W;
where m(k) = E[g*] is the k-th moment of the standard Gaussian g ~ N(0,1).

This theorem mirrors Theorem 11.4.1 in (Talagrand, 2011b), and our approach is inspired
by his. We define the function

FA) =Ep, [X(N)*].
Lemma 2.7. For all A < A,

F1O) = B (VR — (3)7) X001 — b ) E [X O+
CREZD g rvmz,) — @2?) X ()] (2.23)

4
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Proof. By simple differentiation and regrouping of terms, we obtain

PO = SB[V — (630%) X1 + EE[(N(L) — (i) X0
e E X+ A g fvm) - @ xo0. a

Since we are under the planted model Py and X (\) only depends on Y, we can use the
generalized Nishimori property (2.19) to deduce that

E [(N(R].) — (2323)) XN = E[(N(RT o) — (2})*) XNV,
and this concludes the proof. [

The derivative involves averages of the form

E [(N(RY,) — (x3)*) X(V)']

In the first line of (2.24), we see that the planted term [ = x has a pre-factor twice as big the
that of the replica term [ = 2. This is the reason the mean of the limiting Gaussian is p and
not —u in the planted case. A crucial step in the argument is to show that X (A\)* and its
pre-factor in the above expression are asymptotically uncorrelated, so that one can split the
expectation of the product into the product of the expectations. More precisely, one should
expect the quantities N(R7,) and (z3)* to tightly concentrate about some deterministic
values when A < )., in such way that the above expectation is a multiple of E[X (A)*]. This
is what is usually referred to as replica-symmetry in the statistical physics literature.

Proposition 2.8. For all A < \. and integers k > 1, we have
E [(N{Rt2) = (23)*) X(V)'] = S E[X (V)] +4,

where 8| < K(k,\)/V/N.

From here, we can prove the convergence of the moments of log L by integrating the
differential equation given in Lemma 2.7.
Proof of Theorem 2.6. Plugging the result of Proposition 2.8 into Lemma 2.7 yields

SOy =k (i% - u’(A)) Ex()] + MDA m ey 4o

Notice that with our choice of the function p, the first term on the right-hand side vanishes.

(Setting this term to zero provides another way of discovering the function p.) Now we let
b(A) = 2p(N). We have for all A and all & > 1

d .
o BNV =

@b’@) E [X(A\)*?] + 4. (2.25)
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By induction, and since X (0) = 0, we see that for all k > 1

K(k,\)
E [X(\)F :mkb)\’“/2+(’)(—’),
[X (V)] = m(k)b(N) NG
where m(k) = (k — 1)m(k — 2) and m(0) = 1. The last recursion defines the sequence of
Gaussian moments. [ |

Now it remains to prove Proposition 2.8. This will require the deployment of a number
of ideas from the theory of mean-field spin glasses.

Sketch of proof of Proposition 2.8

The idea is to show self-consistency relations among the quantities of interest. Namely, we
will prove that for all A < 1,

NE [(Ro)X(V*] = 7= E [(@3)°X (V)] +56, (2.26)

and
E [(3)2X (V)] =E [X(\)*] + 0, (2.27)
where in both cases
6] < K (k, )N (E (R, )"
Next, we need to prove the convergence of fourth moment of the overlap R;» under E(-) at
an optimal rate of O(1/N?):
Theorem 2.9. For all A < A\, there exist a constant K = K(\) < oo such that
K

< e

This will allow us to conclude that |§| < K(k,\)/v/N. It is interesting to note that
while the self-consistent (or cavity) equations (2.26) and (2.27) hold for all A < 1, overlap
convergence is only true up to ..

E(Ry,)

2.6 Proof of asymptotic decoupling

In this section we prove Proposition 2.8. As explained earlier, the argument is in two stages.
We first prove that

NE [(R} )X (V)] = - E [(23)*X (V"] +3,

and then
E[(@3)2X ()] = B [X(V)] +5,

where in both cases |§| < K(k,\)/V/N.
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Preliminary bounds

We make repeated use of interpolation arguments in our proofs. We state here a few elemen-
tary lemmas we will invoke several times. We denote the overlaps between replicas where
the last variable zy is deleted by a superscript “-”:

Rl7ll -

Al
S
%

1
N

Let {H; : t € [0,1]} be a family of interpolating Hamiltonians. We let (-); denote the
corresponding Gibbs average, similarly to (4.15). Following Talagrand’s notation, we write

vi(f) = E(f)s,

for a generic function f of n replicas £®, [ = 1,--- ,n. And abbreviate 4 by v. The main
tool we use is the following interpolation that isolates the last variable xy from the rest of
the system:

[ A A
—Hy(x) = I/me xj + a: T — Wa:fx? (2.28)

1<z<]<N 1

At
I/VszlxN—l— a:xxNxN N sz

At t = 1 we have H; = H, and at t = 0 the variable xzy decouples from the rest of the
variables.

Lemma 2.10. let f be a function of n replicas W, 1 =1,--- ,n and =*. Then
/ A — n+1)
y(f) = B Z Vt(Rz,z/y Z ln+1y f)
1<l#£l'<n =1

+ 2 ) (R y Wy f) = Mnva(Ry Ly f)
=1
n(n+1)

5 — (n+1)y(n+2)f)’

+ A Vt(Rn+1,n+2?/

where we have written y = ry.

Proof. The computation relies on Gaussian integration by parts. See Talagrand (2011a,
Lemma 1.6.3) for the details of a similar computation. |

Lemma 2.11. If f is a bounded non-negative function, then for allt € [0, 1],

v(f) < KA n)v(f).
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Proof. Since the variables and the overlaps are all bounded, using Lemma 4.18 we have for
all t € [0, 1]
(NI < KA n)u(f).

Then we conclude using Gronwall’s lemma. [

Executing the cavity method

In its essence, the cavity method amounts to isolating one variable from the system and
analyzing the influence of the rest of the variables on it. It was initially introduced as an an-
alytic tool, alternative to the replica method, to solve certain models of spin glasses (Mézard,
Parisi, and Virasoro, 1990), and has since been tremendously successful in predicting the
behavior of many mean-field models. The underlying principle is known as the leave-one-
out method in statistics. In our setting, this principle is materialized in the form of an
interpolation method that separates the last variable from the rest. Let

Y(t)i=log [ PPN @) (),
where H; is defined in (2.28). We have Y (1) = X (A). We consider the quantity

E|(NRL) — (@{2$)D) X

By symmetry between sites, the above is equal to
NE [<x§§)x§3)R;Q> X(A)ﬂ .
Now we consider the function
o(t) = NE [<:1:N @Ry, > Y(t)’f] .

Our strategy is approximate ¢(t) by ¢(0) + ¢'(0). The approach is very similar to the one
used to prove optimal rates of convergence of the overlaps. Notice that since the last variables
decouple from the rest of the system at ¢ = 0, we have

#(0) = NE [@2F)o] - E [(Ria), Y (0)"]
— NEp[X]* E [<R;2>0 Y(o)ﬂ —0.

The expressions of the derivatives are a bit cumbersome so we do not display them, but we
will describe their main features. The derivative ¢'(t) will be a sum of different terms, all of
the form

ANc(k)E [<R1 R bx§$>x§v)x§v)x§?> Y(t)”} , (2.29)
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where n € {k — 2,k — 1,k} and (a,b) € {(1,2),(1,3),(3,4),(1,%),(3,%)}, and c(k) is a
polynomial of degree < 2 in k. We see that at ¢t = 0, if the above expression involves a
variable xx of degree 1 then this term vanishes. Therefore the only remaining term is the
one where (a,b) = (1,2). One can verify that ¢(k) = 1 for this term. Therefore

(p(O)—)\NE[SL’N xN )0 IE R, >0Y(0)]

= ANEp, [X*]"-E [<<R12) )oY (0)"]
=ANE [((31 2) >0Y(0)k] (2.30)

Now we turn to ¢”(t). Taking another derivative generates monomials of degree three in
the overlaps and the last variable, so ¢”(t) is a sum of terms of the form

NNC(K)E [<R1 NI dmg\l,)xgv)xg\,)x(b)m%)xgv)> Y(t)”} : (2.31)

where (k) is a polynomial of degree < 3 in k, and n € {k — 3,k — 2,k — 1,k}. Our goal
is to bound the second derivative independently of ¢, so that we are able to use the Taylor
approximation

|o(1) = (0) = ' (0)] < sup [p"()]. (2.32)

0<t<1

Since prior P, has bounded support, Holder’s inequality implies that (2.31) is bounded by

o 1/p "
KUk N E (R R, Boa))| T E Y (1))
< NEkNE[(RD),] BNV @,
where 1/p + 1/q¢ = 1. The last bound follows from Jensen’s inequality (since p > 1) and

another application of Holder’s inequality. We let p = 4/3 and ¢ = 4. Using Lemma 4.19
and the convergence of the fourth moment, Theorem 2.9, we have

K\
N2 -

E((Rp)"), < KNE((Ry)") <

We use the following lemma to bound the moments of Y'(¢):

Lemma 2.12. For all A < \. and integers k, there exists a constant K(k,\) > 0 such that
for all t € ]0,1]
E[Y(t)*] < K(k,\).

Proof. Taking a derivative w.r.t. time, we have

th [V (1)) = — %E [<g;§;>x§3>R;2>tY(t) ] +MKE K xNR1*>tY(t)’f*1]
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+ —Wg_ D (aiald Rry) V()2

By Holder’s inequality and boundedness of the variables and overlaps,

4
dt

B[] < K2 (BIVOF) R vl ).

The first term is generated by the terms involving Y (¢)*~! in the derivative, and the second
term comes from the one involving Y (¢)*~2. Since k is even, we drop the absolute values on
the right-hand side. Next, use the fact z* < 1+ x for all z > 0 and 0 < a < 1, then we use
Gronwall’s lemma to conclude. |

Therefore by the above estimates we have

K(k,\)

")) < 2.33
osgltlls)l POl < VN (2:33)
Now, our next goal is to prove
, K(k,\
|¢'(0) = AN E [(R} ;) X (V)] | < (k3 (2.34)

VN

We consider the function

Y(t) = ANE [((Ri2)2>tY(t)k] .
Observe that (2.30) tells us 1(0) = ¢’(0). On the other hand,

(1) = ANE [(R2,)X (W] | < 2AE [<(R;2x§;>x§3>

) XN
A (1) .(2)y2 k
+ ZE[(@@a9)) X
Using Lemma 2.12 and Holder’s inequality, the first term is bounded by
K (k, N(E((R12)*)"? < K(k,N)/VN,

and the second term is bounded by K(k,A)/N. So it suffices to show that

KN
Sup WOl < =&

Similarly to ¢, the derivative of ¢ is a sum of terms of the form

NENe(k) E |((Bry) Boya's)) Y (0]
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It is clear that the same method used to bound ¢” (the generic term of which is (2.31)) also
works in this case, so we obtain the desired bound on ¢’. Finally, using (2.32), (2.33) and
(2.34), we obtain

NE[(R)X(W)] —E [{(@ha)?) XN = AVE [(RE )X ()] +6,

where || < K(k,\)/V/N. This is equivalent to (2.26) and closes the first stage of the
argument. Now we need to show that

E[((@{20)?) X =E[X(V)] +6
We similarly consider the function
() =E [(@20)?) Y]
We have
$(0) =E |((='2)?) | E[Y(0)"] = En[X**-E[Y(0)"] =E[¥(0)"].
The derivative of ¢ is a sum of term of the form
Ae(k) E | (@202 R0, Yo

By our earlier argument, [¢/(t)| < K(k, \)/v/N for all t. We similarly argue that |% E[Y ()¥] ‘ <
K(k,\)/VN for all t, so that

This yields (2.27) and thus concludes the proof.

2.7 Overlap convergence

In this section we prove Theorem 2.9 on the convergence of the overlaps to 0 under P, and
below A.. At a high level, we will first prove that the overlap R; 2 converges in probability
to zero under E(-): for all € > 0,

E(1{|R12| > €}) < Ke™V.

This will be achieved via an interpolation bound at fixed overlap, combined with a concentration-
of-measure argument. Next, this crude bound is boosted to a statement of convergence of
the second moment:

K

E(R?,)) < —
< 1,2> — N’
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which is in turn boosted to a statement of convergence of the fourth moment:

K

E<Ril,2> < Nz

The apparent recursive nature of this argument is a feature of the cavity method: one can
control higher order quantities once one knows how to control low order ones.

Notice that all the statements above are about overlaps between two replicas. By the
Nishimori property, everything could be equivalently stated in terms of the overlap of one
replica with the spike *. This is important since we only know how to control R; . in the
arguments to come.

Interpolation bound at fixed overlap

We find it iseful to introduce the so-called Franz-Parisi (FP) potential (Franz and Parisi,
1995, 1998). For * € RY fixed, m € R\ {0} and ¢ > 0 define the set

A Ri.e[m,m+e) if m>0,
| Ri.€(m—em] ifm<0.

Now define the FP potential as
1
e(m, &") = < Ew log / 1{x € A}e 1@ dPEN (), (2.35)

where the expectation is only over the Gaussian disorder W. This is the free energy of
a subsystem of configurations having an overlap close to a fixed value m with the planted
signal @*. It is clear that ®.(m;x*) < & Ew log L(Y', \), where Y is the upper triangular

part of the matrix \/gzc*az*T + W. We will prove that when |m| > 0, then there is a sizable

gap between @ (m;x*) and + Ew log L(Y,\). This estimate is a main ingredient is our
proof of overlap concentration.
For r > 0 and s € R, we let

12(7’, s):=E, log/exp (ﬁzx + sz — gx2> dPy(x). (2.36)
and
(1, 8) = Epe (1, s2”)
=E,.log / exp <\/7_"Z:L‘ + sxx* — £x2> dPy(z). (2.37)
We see that 1 (r, ) = 1 (r), but unlike 9, the function ) does not have an interpretation as

the KL between two distributions. The next lemma states a key property of this function
that will be useful later on:
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Lemma 2.13. For all v > 0, ¢(r, —r) < ¥(r, 7).
Proof. This is a special case of the more general Lemma 4.15, proved in Chapter 4. |

Aditionally, for * € RY fixed, we define the function

- 1 o ~ A . A,
F(Am,q) = 5 > (Mg, Ama) — Sm® + 2¢%
=1

Recall that E,« F(), g, q) is the RS potential F(X,q) from (2.6).

Proposition 2.14. Fizm € R, € > 0 and A > 0. There ezist constants K = K(\) > 0 such

that K
€
P A, — + —.
(m;x*) < ( Im|,m) + 5 TN
Proof. To obtain a bound on ®.(m;x*) we use the interpolation method with Hamiltonian
[t tA
—H(x) : wazxj xzx x]x] — fox?
z<]
11—\
+ Z V(L =t Am|ziz; + (1 — t)dma;x] %x?

by varying t € [0,1]. The r.v.’s W, z are all i.i.d. standard Gaussians independent of every-
thing else. We define

1
o(t) := NEWJ log/]l{m € Aye @ qpeN (g).

We compute the derivative w.r.t. ¢, and use Gaussian integration by prts to obtain

o'(t) = — 2E<<RL2 - |m|)2>t+¥|m|2+ ZE< 2)2>t

A )\
+ 2 E <<R17* - m)2>t -

2N2 ZE <x’2 *2>t ’

where (-); is the Gibbs average w.r.t. the Hamiltonian —H,(x) +log 1{x € A}. A few things
now happen. Notice that the planted term (first term in the second line) is trivially smaller
than Ae?/2 due to the overlap restriction. Moreover, the last terms in both lines are of order
1/N since the variables x; are bounded. The first term in the first line, which involves the
overlap between two replicas, is more challenging. What makes this term difficult to control
is that the Gibbs measure (-); no longer satisfies the Nishimori property due to the overlap
restriction, so the overlap between two replicas no longer has the same distribution as the
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overlap of one replica with the planted spike. Fortunately, this term is always non-positive
so we can ignore it altogether and obtain an upper bound:

() < )\m2+)\62+)\K
P=T 2 TN
Integrating over ¢, we get
A A2 MK
O (m; ") < (0) — Tm’ + 5 + ==
(%) < p(0) = G + S 2

Finally, by dropping the indicator, we have
0(0) = =E, log/]l{a: € Ae @ qpEN ()

< —E, log/eHO(””)dPX@N(a:)

ZIH e

log/exp (\/)\|m|2$i + dmax; — @ﬁ) dPy(x)

@/Z)\ (A|lm], Amay).

ZIH

0%

Convergence in probability of the overlaps
A consequence of the above proposition is the convergence in probability of the overlaps:

Proposition 2.15. For all A < A, and € > 0, there exist constants K = K(\,e) >0, ¢ =
c(\ €, Py) >0 such that
B(L{|Ry.| > e}) < Ke

To prove the above proposition, we first show that the partition function of the model en-
joys sub-Gaussian concentration in logarithmic scale. This is an elementary consequence of
two classical concentration-of-measure results: concentration of Lipschitz functions of Gaus-
sian random variables, and concentration of conver Lipschitz function of bounded random
variables.

Lemma 2.16. Fiz £* € RN and let A be a Borel subset of RY. Define the random variable

Z = / e @ qpPEN (),
A

where the randomness comes from the Gaussian disorder W . There exist a constant K > 0
depending on X\ and Py such that for all u > 0,

Pr([log Z — Elog Z| > Nu) < 2¢Nv*/K.
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Proof. We notice that the map W — % log Z is Lipschitz with constant K \/% for every x* €

RY. Then we invoke the Borell-Tsirelson-Ibragimov-Sudakov inequality of concentration of
Lipschitz functions of Gaussian r.v.’s. See Boucheron, Lugosi, and Massart (2013). [

Lemma 2.17. Define the random variable

1
f =+ Ewlog / e H@qpEN (),

where the randomness comes from the planted vector x*. There exist a constant K > 0
depending on X\ and Py such that for all u > 0,

Pr(|f —Ef| > u) < 2 NV/K,

Proof. We notice that the map * +— £ is Lipschitz with constant K LN and convex. More-
over, the coordinates 2] are bounded. We then invoke Talagrand’s inequality on the concen-
tration convex Lipschitz functions of bounded r.v.’s. See Boucheron, Lugosi, and Massart
(2013). |

Lemma 2.18. There exist a constant K > 0 depending on A\,m and P, such that for all

u >0,
Pr<

&SQZ(T, s*) 8,,72(7", sz*)
on the radius of the support of P, we ‘zﬁ(r, sx*)

N
™ G(Alml, Ama) — B\, m)
=1

> Nu) < e Nu'/K,

Proof. Since < K?, < K2/2 and $(0,0) = 0, where K is a bound

< K?*(r/2 +s). The claim now follows
from Hoeffding’s inequality. |

Proof of Proposition 2.15. For €,¢ > 0, we can write the decomposition

E(L{|Ri.| >€}) =Y E@{R. —c€[id,(I+1)e)})

>0

+ Y E(1{~ Ri.—c i, 1+ D)},

>0

where the integer index [ ranges over a finite set of size < K/¢€’ since the prior P, has bounded
support. We will only treat the first sum in the above expression since the argument extends
trivially to the second sum. Let A= {R;, —e € [l¢, (I + 1)€')} and write

[y @ apEY (x)
f ~H@)PeN () |

E(1{x € A}) = By Ey (2.38)




CHAPTER 2. DETECTION LIMITS IN THE SPIKED WIGNER MODEL 39

In virtue of Lemma 2.16 the two quantities in the above fraction enjoy sub-Gaussian con-
centration in logarithmic scale over the Gaussian disorder. For any given [ and u > 0, we
simultaneously have

1
—log/ —H(z) dP®N( ) > NEW log/e—H(m)dPX@N(m) —u.
and

with probability at least 1 — 2e~V w*/K_On the complement of this event, we simply bound
the fraction in (2.38) by 1. Combining the above bounds we obtain

E(1{z € A}) < 2 V/K L . [eNAH20]

where

1
A=d,(m;x*) — NEW log/e_H(w)de@N(a:),

with m = e+1€’. By Proposition 2.14, ®. is upper-bounded by a quantity that concentrates
over the randomness of *. We use Lemma 2.17 and Lemma 2.18 in the same way we used
Lemma 2.16: for v/ > 0, we simultaneously have

A2 AK
Do (mi@) < F(A ml,m) + 5 + ==+,

and )
v Ew log / e 1@ APEN () > Fy — o/

—Nu?/K

with probability at least 1 — 4e , where

Fy = Ew 4 log / e HdP®N = Ep, log L(Y; \).
Moreover, by Lemma 2.13, we have F\(A, |m|,m) < F(A,|m|,|m|) = F(\,m). Therefore

]Em* |:€NA:| S eXp (]V<]'7<)\7 ’m|) — FN + 2u/)> + 4e*NU/2/K.

The second term is obtained on the complement low probability event and noting that A < 0.
Now we know that Fiy ~ sup, F'(), q). More precisely, we use a result of Krzakala, Xu,
and Zdeborova (2016) stating that

2| =

K
Fy >sup F()\, q) — — = ¢rs() —
>0 N
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(In Chapter 4, we give a relatively short proof of the fact Fiy — sup, F'(}, q), including the
above bound.)

When A\ < A, ¢ = 0 is the unique maximizer of the RS potential. Therefore F'(\, |m|) —
Fn < —c(€) < 0 for all |m| > e. We therefore obtain

E<ﬂ{$ c A}> < 2€—Nu2/K + 4€—Nu’2/K+2Nu + 6N(—c(e)+2u+2u’).
Finally, adjusting the parameters u,u’ yields the desired result (e.g., v’ = ¢(¢)/3 and u =
c(€)?/36 A c(€)/9). [
Convergence of the second moment

In this subsection we prove the convergence of the second moment of the overlaps: E(R%,) <
%. The following lemma will be useful.

Lemma 2.19. For allt € [0,1], and all 7,7 > 0 such that 1/7 + 1/m =1,

MY () (2:39)
() (2.40)

i (f) = ()] < K\ n)v (R,
() — vo(f) — v ()l < K\ n)v (R,

Proof. We use Taylor’s approximations

i (f) = wo(H) < sup [V(f)],

0<s<1

vs(f) = vo(f) = wo (NI < sup [V{(f)],

0<s<1

then Lemma 4.18 and the triangle inequality to bound the right hand sides, then Holder’s
inequality to bound each term in the derivative, and then we apply Lemma 4.19. (To compute
the second derivative, one need to use Lemma 4.18 recursively.) |

By symmetry between sites, we have

1
E(R:,) = E(zyzyRi.) = N E((znay)®) + E{zyay RL,).

By the first bound (4.32) of Lemma 4.20 with 77 = 1, 75 = 0o, we have
v((enty)®) = wl(evey)?) + 0 =Ep[X*P +d =1+,

with [6] < K(A\)v(|R;,|). On the other hand, by the second bound (4.33) with 7, = 1,
To = 00, We get
V(R ,onty) = (R analy) + 0.
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This is because v (R ,wyTy) = 0, since last variable zy decouples from the remaining N —1
variables under the measure . Now, we use Lemma 4.18 with n = 1, to evaluate the above
derivative at t = 0. We still write y) = azg\l,).
V(R anayy) = —An(yPy@yVy Ry, Ri,) + A (yMyy Dy  Ri?)
— Ao(y Py y Dy Ry Ry,) + Ao (yPy Py Dy Ry Ry )
In the above, the only term that survived is the second one since all variables y appearing

in it are squared. We now use Lemma 4.20 to argue that 1y(Ry2) ~ v1(R; ). We apply the
estimate (4.32) with ¢t =1, 7 = 3 and 7 = 3/2 to obtain

w(RiZ) =v(Ri))+0

with [0] < K(A\)v(|Ry,[*). Moreover,

VBT = U(Re. — o)) = () — 1

The third term is of order 1/N?, and the second term is bounded by +v(|Ri,.|). Therefore

* 1 *
vy Ru) + 5zv((vy )%).

vo((Rp,)") =v(R,) + 7,

with . )
91 < KO) (R + IR + )

Putting things together, we have proved that

1
v(R1.) = 7 + MW(RL) +9, (2.41)

where . )
01 < KO (R + IR + ) (2.42)
Now we need to control the error term §. By elementary manipulations,

K
WD) < v(Bs)) + 3
and K K
V(|Rixl) + <5

- K
v(IR?) < v(|Ri.P’) + v(RE,) + N2 N3

N
Therefore, from (4.39) we have

1 1 1
0 < & (v1eP) + B+ IR+ 53)- (2.43)
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At this point, the apriori knowledge that R, . is small with high probability is useful. It
implies that v(|Ry.]) < 1 and v(|R1.]*) < v(R},). With Proposition 2.15 we have for
e>0

V(|Rus]) < e+ K(e)e O,

and
I/(‘Rl,*|3) < GI/(Ri*) + K(E)efc(e)N.

Combining the above two bounds with (4.42), and then injecting in (2.41), we get

1 K K e
v(R},) < v + (A + N + Ke)v(R},) + N + Ke N,

We choose € small enough and N large enough that K (e + %) < 1— A We obtain

v (Rf*) < % + % + Ke N,

Convergence of the fourth moment

In this subsection we prove the convergence of the fourth moment: E(Rh} < % We
adopt the same technique based on the cavity method, with the extra knowledge that the
second moment converges. Many parts of the argument are exactly the same so we will only

highlight the main novelties in the proof. Let By symmetry between sites,

V(Rzll,*) =V (Ri*LL’NIR[)
1

—1\3 * 3 —\2 * \2 3 - *\3 * \4
= V((Ry P anei) + (R anein)?) + (R (axeie)®) + 3v(onek)).

The quadratic term is bounded as

v((Ry.)*(enay)?) < Kv((Ry,)?) <

==

The last inequality is using our extra knowledge about the convergence of the second moment.
The last two terms are also bounded by K/N? and K/N? respectively. Now we must deal
with the cubic term, and here, we apply the exact same technique used to deal with the term
V(R vyx}y) in the previous proof. The argument applies verbatim and we obtain

K _ _
V(Ril,*) < m + /\V(Rzll,*> + KV<|R1,*|5> + KV<|R1,*|3>
Using Proposition 2.15, we have for € > 0,
v([R1.[°) < ev(R],) + K(e)e O,

I/(‘Rl,*|3) < elj(Ri*) + K(E)G_C(G)N,

Now, we finish the argument in the same way, by choosing € sufficiently small. This concludes
the proof of Theorem 2.9.
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Chapter 3

Detection limits in the spiked
rectangular model

In this chapter we consider an asymmetric version of the model previously discussed. Con-
cretely we consider the observation of an N x M matrix of the form

_ B
Y—\/;u'v + W, (3.1)

where w and v are unknown factors and W is a matrix with i.i.d. noise entries. We will
assume as before that the noise is standard Gaussian. The parameter [ represents the
strength of the spike. Notice that the model has a new degree of freedom that was not
present before: the aspect ratio of the matrix Y. We assume a high-dimensional setting
where M /N — a. When the factors are independent, model (3.1) can be viewed as a linear
model with additive noise and scalar random design:

y; = Buju + w;,

with 1 < j < M, 3= +/B/N. Assuming v; has zero mean and unit variance, this is a model
of spiked covariance: the mean of the empirical covariance matrix 3 = ﬁ Z;‘il yjij is a
rank-one perturbation of the identity: Iy + Suu’.

As before, we want to test whether 5 > 0 or 8 = 0, so we will look at the behavior of
the likelihood ratio.

3.1 Background and related work

The introduction of a particular spiked covariance model by Johnstone (2001)—one corre-
sponding to the special case v; ~ N (0, 1)—has provided the foundations for a rich theory of
Principal Component Analysis (PCA), in which the performance of several important tests
and estimators is by now well understood (see, e.g., Amini and Wainwright, 2009; Berthet
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and Rigollet, 2013; Dobriban, 2017; Johnstone and Lu, 2009; Ledoit and Wolf, 2002; Nadler,
2008; Paul, 2007). Parallel developments in random matrix theory have unveiled the exis-
tence of sharp transition phenomena in the behavior of the spectrum of the data matrix,
where for a spike of strength above a certain spectral threshold, the top eigenvalue separates
from the remaining eigenvalues which are packed together in a “bulk” and thus indicates the
presence of the spike; below this threshold, the top eigenvalue converges to the edge of the
bulk. See Benaych-Georges and Nadakuditi (2011, 2012); Capitaine, Donati-Martin, and
Féral (2009); Féral and Péché (2007); Péché (2006) for results on low-rank deformations of
Wigner matrices, and Bai and Yao (2008, 2012); Baik, Ben Arous, and Péché (2005); Baik
and Silverstein (2006) for results on spiked covariance models. More recently, an intense
research effort has been undertaken to pin down the fundamental limits for both estimating
and detecting the spike.

In a series of papers (Barbier, Dia, et al., 2016; Deshpande, Abbé, and Montanari, 2016;
Korada and Macris, 2009; Krzakala, Xu, and Zdeborova, 2016; Lelarge and Miolane, 2017;
Miolane, 2017), the error of the Bayes-optimal estimator has been completely characterized
for additive low-rank models with a separable (product) prior on the spike. In particu-
lar, these papers confirm an interesting phenomenon discovered by Lesieur, Krzakala, and
Zdeborova (2015a,b), based on plausible but non-rigorous arguments: for certain priors
on the spike, estimation becomes possible—although computationally expensive—below the
spectral threshold § = 1. More precisely, the posterior mean overlaps with the spike in
regions where the top eigenvector is orthogonal to it. Lesieur, Krzakala, and Zdeborova
(2017) provides a full account of these phase transitions in a myriad of interesting situations,
the majority of which still await rigorous treatment. As for the testing problem, Onatski,
Moreira, and Hallin (2013, 2014) and Johnstone and Onatski (2015) considered the spiked
covariance model for a uniformly distributed unit norm spike, and studied the asymptotics
of the likelihood ratio (LR) of a spiked alternative against a spherical null. They showed
that the log-LR is asymptotically Gaussian below the spectral threshold a3 = 1 (which in
this setting is known as the BBP threshold, after Baik, Ben Arous, and Péché, 2005), while
it is divergent above it.

However their proof is intrinsically tied to the assumption of a spherical prior. Indeed,
by rotational symmetry of the model, the LR depends only on the spectrum, the joint
distribution of which is available in closed form. A representation of the LR in terms of a
contour integral is then possible (in the single spike case), which can then be analyzed via the
method of steepest descent. In a similar but unrelated effort, Baik and Lee (2016, 2017a,b)
studied the fluctuations of the free energy of spherical, symmetric and bipartite versions of the
Sherrington—Kirkpatrick (SK) model. This free energy coincides with the log-LR associated
with the model (3.1) for a choice of parameters. The sphericity assumption is again key to
their analysis, and both approaches require the execution of very delicate asymptotics and
appeal to advanced results from random matrix theory.
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3.2 Fluctuations below the BBP threshold

We consider the case of separable priors: we assume that the entries of w and v are inde-
pendent and identically distributed from base priors P, and P,, respectively, both having
bounded support (boundedness is required for technical reasons. This unfortunately rules
out the case where one factor is Gaussian.) We prove fluctuation results for the log-LR in
this setting with entirely different methods than used for spherical priors. In particular, our
proof is more probabilistic and operates through general principles. The tools we use come
from the mathematical theory of spin glasses (see Talagrand, 2011a,b).

We assume that the priors P, and P, have zero mean, unit variance, and (as in the
previous chapter) supports bounded in radius by K, and K, respectively. Let Ps be the
probability distribution of the matrix Y as per (3.1). Define L(+; 5) to be the likelihood
ratio, or Radon-Nikodym derivative of P3 with respect to Py:

dP
L(B) = dPﬁ

For a fixed Y € RV*M by conditioning on u and v, we can write

L(Y;pB) = exp Z \/7 UV — —u2 2) dP®N (u)dPEM (v).

The main result of this chapter is the following asymptotic distributional result.

Theorem 3.1. Let o, > 0 such that K:K2aB? < 1. Then in the limit N — oo and
M/N — a,

log L(Y; 8) ~» N (j:i log (1 — af?), —% log (1 — aﬁ2)) ,

where “~7 denotes convergence in distribution. The sign of the mean is + under the null
Y ~ Py and — under the alternative Y ~ Pg.

We see that the region of parameters («, ) we are able to cover with our proof method is
optimal when (and only when) P, and P, are both symmetric Rademacher. This is in charp
contrast with the symmetric case where we’ve been able to prove Gaussian fluctuations up to
the optimal threshold \. for abritrary priors. This is intrinsically due to the bipartite nature
of the problem, for which certain positivity arguments are not available. In Section 3.6
we formulate a conjecture on the mazimal region in which the log-LR has asymptotically
Gaussian fluctuations. This region is of course below the BBP threshold, but does not extend
up to it in general.

A consequence of either one of the above statements and Le Cam’s first lemma (Van
der Vaart, 2000, Lemma 6.4) is the mutual contiguity (see Definition 1.1) between the null
and the spiked alternative:
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Corollary 3.2. For K}Klaf? < 1, the families of distributions Py and Ps (indexed by
M, N ) are mutually contiguous in the limit N — oo, M/N — a.

Contiguity implies impossibility of strong detection: there exists no test that, upon
observing a random matrix Y with the promise that it is sampled either from Py or Pg,
can tell which is the case with asymptotic certainty in this regime. We also mention that
contiguity can be proved through the second-moment method and its conditional variants,
as was done by Banks, Moore, Vershynin, et al. (2017); Montanari, Reichman, and Zeitouni
(2015); Perry et al. (2016a) for closely related models. However, identifying the right event
on which to condition in order to tame the second moment of L is a matter of a case-
by-case deliberation. Study of the fluctuations of the log-LR appears to provide a more
systematic route: the logarithm has a smoothing effect that kills the wild (but rare) events
that otherwise dominate in the second moment. This being said, our result is optimal only
in one special case:

When P, and P, are symmetric Rademacher, K, = K, = 1, and Theorem 3.1 covers the
entire (o, 8) region where such fluctuations hold. Indeed, for a3* > 1, one can distinguish P
from Py by looking at the top eigenvalue of the empirical covariance matrix YY" (Benaych-
Georges and Nadakuditi, 2012). So the conclusion of Theorem 3.1 cannot hold in light of
the above contiguity argument. Beyond this special case, our result is not expected to be
optimal.

Limits of weak detection Since contiguity implies that testing errors are inevitable, it
is natural to aim for tests 7' : R¥*™ s {0, 1} that minimize the sum of the Type-I and
Type-II errors:

err(T) =Py (T(Y)=1)+P3(T(Y) =0).

By the Neyman-Pearson lemma, the test minimizing the above error is the likelihood ratio
test that rejects the null iff L(Y’; 5) > 1. The optimal error is thus

erry n(B) =Py (log L(Y; 3) > 0) + Pz (log L(Y; 3) < 0) = 1 — Dyy(Ps, Py).

The symmetry of the means under the null and the alternative in Theorem 3.1 implies that
the above Type-I and Type-II errors are equal, and that the total error has a limit:

Corollary 3.3. For a, 3 > 0 such that K}K2af8? < 1,

N—oo
M/N—a« M/N—«

1
lim erry, y(B)=1— A}im Dty (Ps,Py) = erfc (é_l\/_ log (1 — a52)> :
’ — 00

—¢2

where erfc(x) = \/%7 fxoo e~ dt is the complementary error function.

Furthermore, our proof of Theorem 3.1 allows us obtain the convergence of the mean (ac-
tually, all moments of log L) under Pg, which corresponds to the Kullback-Liebler divergence
of Pg to Py:
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Proposition 3.4. For all a, 3 > 0 such that KiKaf? < 1,

. 1
]\ll_l)ﬂoo DKLGED@,P()) = _Z_l log (1 — OJﬁQ) .

M/N—«

3.3 Replicas, overlaps, Gibbs measures and Nishimori

To embark on the argument, we introduce similar notation and terminology as in Chapter 2.
Let H : R¥V*M — R be the (random) function, which we refer to as a Hamiltonian, defined

as
H(u,v) Z \/ Y;]u@v] — —ufv?, (3.2)

where Y = (Y};) comes from Ps or Py. Letting p denote the product measure P®N & P®M
we have

L(Y;p) = /e_H(“’”)dp(u,v).

Let us define the Gibbs average of a function f : (R¥N*M)" s R of n replica pairs (u), v,
with respect to the Hamiltonian H as

fsz 1€ Huleq ('“'(l) 'U(l))
(fe (wv)dp(u, v))" '

This is the mean of f with respect to the posterior distribution of (u, v) given Y: Ps(-|Y)®".
We interpret the replicas as random and independent draws from this posterior. When
Y ~ Ps we also allow f to depend on the spike pair (u*,v*). For two different replicas
(u®, v®) and (u®),v") (I is allowed to take the value *) we denote the overlaps of the u
and v parts, both normalized by N, as

M

1 /

u @, a v 1) (

W—NE u) () and RU,:—NE vj()vj(-)
j=1

(f) =

(3.3)

The Nishimori property under Py

The Nishimori property is deduced in the same way as in the symmetric case, this time we
have two latent factors to consider:

1. Construct u* € RY and v* € RM by independently drawing their coordinates from P,
and P, respectively.

2. Construct ¥ = \/%u*v*T + W, where W;; ~ N(0,1) are all independent. (Y is
distributed according to Pg.)



CHAPTER 3. DETECTION LIMITS IN THE SPIKED RECTANGULAR MODEL 48

3. Draw n + 1 independent random vector pairs, (u¥, vW)/* !, from Ps((u,v) € -|Y).

By the tower property of expectations, the following equality of joint laws holds
(Y, (u(l),v(l)),-~~ 7<u(n+1)’v(n+1))) 4 (Y, (u(l),v(l)), e ,(u(”),v(”)), (u*,v*)). (3.4)

This in particular implies that under Pg, the overlaps (RY,, Ry ,) between replica and spike
pairs have the same distribution as the overlaps (R}, R} 5) between two replica pairs.

For the same reasons as in the symmetric case, overlap decay implies super-concentration.
Indeed, we see that for Y ~ Py, the Gaussian Poincaré inequality similarly implies

E[(log L~ Elog L)*] <E[|VlogLlly,] = BN E(R} Ry ,).

We deduce that the variance is O(N) since our priors have bounded support and M/N =
O(1).

3.4 Proof of the main result

In this section we prove Theorem 3.1. As we’ve seen in Chapter 2, it suffices to treat the
planted case Y ~ Ps. In this model, we are able to achieve control on the overlaps and show
their concentration under the alternative in a wider region of parameters (a, §) than under
the null.

This time, instead of showing the convergence of the moments (which could be done in
pretty much the same way), we will show the convergence of the characteristic function of
log L to that of a Gaussian. Let p = —1log(1 — a8?), 0% = —1log(1 — a3?), and let ¢ be
the characteristic function of the Gaussian distribution A (u,0?): for s € R and i* = —1,
let ¢(s) = exp{isp — %232}. The following is a more quantitative convergence result that
implies Theroem 3.1.

Theorem 3.5. Let s € R and a, f > 0. There ezists K = K(s,a, 8, Ky, K) < 0o such that
for M, N sufficiently large and M = aN + O(v/N), the following holds. If a?KiK* <1,
then

’EPB [eislogL(Y;,B)] . ¢<S)| <

5=

Our approach is to show that the function
6(60) = Ep, [ )

(for s € R fixed) is an approximate solution to a differential equation whose solution is the
characteristic function of the Gaussian.

Lemma 3.6. For all 8 > 0, it holds that

i

d —5° »
0N (8) = =5 —NE [(R},R},) "] (3.5)

dp
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Proof. Since Y ~ Pg, we can rewrite the Hamiltonian (3.2) as

We take a derivative with respect to 5:

) dH islog
5¢N(5) =ik K— dﬁ>€ 1 L}
1

: 1 islo islo
=15 (g Wt 57 - g E Gy 1]
+ isﬁ Z E [<uzv]u:vj*> eislogL} '

The last term is equal to isN E[(R} , R} ,)e*16*]. As for the first term, since W;; N(0,1),
we use Gaussian integration by parts to obtain

. oy \ pislog L] __ d v\ islog L
g )

B

=N (]E [<ufvj2> emogL} —E [(uivj>2 emogL} +isE [(uivj)2 eiSIOgL]) )
Regrouping terms, we get
N ‘ ‘
() = —is) B [(REaRLa) 1] + N [(RLRL) ] (30

P Y E[(RY,RY,) 081

The first and third terms in (3.6) contain overlaps between two replicas while the middle
term contains an overlap between one replica and the spike vectors. By the Nishimori
property (3.4), we can replace the spike by a second replica in the overlaps appearing in the
middle term, and this finishes the proof. |

A heuristic argument Let us now heuristically consider what should happen. A rigorous
argument will be presented shortly. If the quantity N(R},R],) concentrates very strongly
about some deterministic value 8 = 0(«, 3), we would expect that the Gibbs averages in (3.5)
would behave approximately independently from log L, and we would obtain the following
differential equation

1
@@v(ﬁ) 3 (is — s%) BN (B).
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Since ¢n(0) = 1, one obtains ¢n(8) ~ exp{3(is — s?) foﬁ 6dS’'} by integrating over 3, and
the result would follow. The concentration assumption we used is commonly referred to as
replica-symmetry or the replica-symmetric ansatz in the statistical physics literature. Most
of the difficulty of the proof lies in showing rigorously that replica symmetry indeed holds.

Sign symmetry between P3 and Py One can execute the same argument under the null
model. Since there is no planted term in the Hamiltonian, the analogue of (3.6) one obtains
does not contain the middle term. Hence the differential equation one obtains is

d
g

This is one way to interpret the sign symmetry of the means of the limiting Gaussians under
the null and the alternative: the interaction of one replica with the planted spike under the
planted model accounts for twice the contribution of the interaction between two independent
replicas, and this flips the sign of the mean.

We now replace the above heuristic with a rigorous statement. Recall that Y ~ Pg.

On(B) =~ % (—is — s%) 0o ().

Proposition 3.7. For s € R and a, 3 > 0 such that af2K2K?} < 1, there exist a constant
K = K(s,a, 8, K,, K,) < oo such that

o
1—ap?

NE [<R11172R‘1,72> eislogL:| — E [eislogL} + (5,

where |6| < K/VN. Moreover, K, seen as a function of (3, is bounded on any interval [0, 5]
when af?KIKY < 1.

Taking s = 0, we see that 0 = 1ffﬂ2. Proposition 3.7 vindicates replica symmetry, and
its proof occupies the majority of the rest of the manuscript.

Proof of Theorem 3.5. Plugging the results of Proposition 3.7 in the derivative computed in
Lemma 3.6, we obtain

d
g

Lo 2
on(B) = (18 5 ° 1 _CkfﬁQ) on () + 0,

where |0] < \/—KN max{|s|,s?}, and K is the constant from Proposition 3.7. Integrating w.r.t.

[ we obtain /
6w (B) — 6(s)| < fﬁ

where K’ depends on «, 3, s and K,, K,, and K’ < oo as long as a?K K2} < 1. [ |

Let us prove in passing the convergence of the KL divergence between the null and
alternative.
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Proof of Proposition 3.4. Similarly to the computation of the derivative of ¢y, we can obtain

d N u v u v N u v

% Ep, log L(Y; ) = ) E <R1,2R1,2> +NE <R1,*R1,*> ) E <R1,2R1,2> ’
where we used the Nishimori property. By Proposition 3.7 with s = 0, this derivative is
K/V/N away from %1_0‘()%2. Integration and boundedness of K finishes the proof. [ |

3.5 Overlap convergence

The question of overlap convergence is purely a spin glass problem. We will use the machinery
developed by Talagrand to solve it. In particular, a crucial use is made of the cavity method
and Guerra’s interpolation scheme. In this section, we present the main underlying ideas.
The arguments are conceptually the same as the ones used for the symmetric case, with
slight further technical complications. We delay their full execution to a later section. We
refer to Talagrand (2007) for a leisurely high-level introduction to these ideas.

Sketch of proof of Proposition 3.7

The basic idea is to show that the quantities of interest approximately obey a self-consistent
(or self-bounding) property, the error terms of which can be controlled. This approach will
be used at different stages of the proof. We will show that

NE [(R},RY,) "] = afE [e*'#"] 4+ af?NE [(R} ,RY ,) €' "] + 6,
where ¢ is the error term. This will be achieved in two steps. We first prove
NE [(R},RY,)e* 8" = NBE [((R],)*) €*'*#"] + 4, (3.7)
via a cavity on N, i.e., by isolating the effect of the last variable uy on the rest of the
variables. We then show
M

—E [¢*'8"] + MBE [(R} R} ,) €*'¢ "] 46, (3.8)

NE [<(R\1772)2> eislogL:| — ¥

via a cavity on M, i.e., isolating the effect of vy;. In the arguments leading to (3.7) and (3.8),
we accumulate error terms that are proportional to the third moments of the overlaps:

0 S NE(|R]) + NE(IR] %), (3.9)

where we hide constants depending on a and . These cavity equations impose only a mild
restriction on the parameters so that our bounds go in the right direction, namely that
af3? < 1. This is about to change. We prove that § = O(1/v/N) with methods that impose
the stronger restrictions on (a, #) that ultimately appear in the final result.
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Convergence in the planted model: from crude estimates to
optimal rates

We prove overlap convergence under the alternative. Let Y ~ Pg.

Proposition 3.8. For all o, 3 > 0 such that KXK*aB? < 1, there exists K = K(a, ) < oo

such that
K

E((R)") VE((RT2)") < 55

The proof proceeds as follows. We use the cavity method to show the following self-
consistency equations:

E((R,)") = aB*E((R},)") + My + 6y, (3.10)
E((Ri,)") = aB’E((R,)") + M, + 4, (3.11)

where |M,|,|M,| are bounded by sums of expectations of monomials of degree five in the
overlaps R* and R":

Ml S Y E([(Ri)’Ra,Rea|) + E(|(RE)° Ry, R al)

a,b,c,d
M| S D E((RYL)RY R ) +E(|(RY ) RE,RE|)
a,b,c,d

where the sum is over a finite number of combinations (a, b, ¢, d), and

. 1 . 1
S TE(R))+0(55) 8 S E(RH+0(55).

These results hold for all o, 5 > 0. From here, further progress is unlikely unless one has
a priort knowledge that the overlaps are unlikely to be large, so that the fifth-order terms
do not overwhelm the main terms. More precisely, suppose that we are able to prove the
following crude bound on the overlaps: for ¢ > 0, there is K = K (¢, «, 3) > 0 such that

E(L{|R},| > €e}) VE(L{|R],| > €}) < Ke VK. (3.12)
Then the fifth-order terms can be controlled by fourth-order terms as follows:

E(|(R}2) Ry Re,|) < €E(|(Ry,)°RS,|) + KK Ke MK
< eM + Ke_N/K,

where M = E((R},)*) VE((R],)*), and the last step is by Hélder’s inequality. This way, M,
and M, are controlled. Now it remains to control §, and d,. We could re-execute the cavity

argument on the second moment instead of the fourth, and this would allow us to obtain
E((R},)%) VE((R},)?) < K/N. We instead use a shorter argument based on an elegant
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quadratic replica coupling technique of Guerra and F. Toninelli (2002b) to prove this. This
is presented in Section 3.9. Plugging these estimates into (3.10) and (3.11), we obtain

E <(R111,2)4> < 0452 E <(R111,2)4> + KeM + 5/>
E((R},)") < af?E((R},)") + KeM + ¢,

where §' < K/N? 4+ Ke™/¥ and this implies the desired result for e sufficiently small.
The a priori bound (3.12) is proved via an interpolation argument at fixed overlap,
combined with concentration of measure, and is presented in Section 3.9. These arguments
impose a restriction on the parameters (o, ) that shows up in the final result. Finally,
Proposition 3.8 allow us to conclude (via Jensen’s inequality) that the error term § displayed

in (3.9) is bounded by K/v/N.

3.6 A conjecture

The limiting factor in our approach to prove LR fluctuations is the need for precise non-
asymptotic control of moments of the overlaps R}, and Rj, under the expected Gibbs
measure E(-). We were able to reach this level of control only in a restricted regime. This is
due to the failure of our approach to prove the crude estimate (3.12) in a larger region. In this
section, we formulate a conjecture on the largest region where these fluctuations and overlap
decay should occur. In one sentence, this should be the entire annealed or paramagnetic
region of the model, as dictated by the vanishing of its replica-symmetric (RS) formula. We
shall now be more precise.
Let z ~ N(0,1), u* ~ P, and v* ~ P, all independent. Define

ba(r) = B log/exp (\/FZU + ruut — iu2> dPy(u),

2
y(r) = Epe . log/exp <\/7_"zv + rovt — gvz) dP,(v).
Moreover, define the RS potential as
F(a, 6,00,07) == (8) + i B) — 222

and finally define the RS formula as

drs(@, f) :=sup nf (e, 5, gu, v)-

>0 @20

It was argued by Lesieur, Krzakala, and Zdeborova (2015a) based on the plausibility of
the replica-symmetric ansatz, and then proved by Miolane (2017), that in the limit N —
oo, M/N — a, %Epﬁ log L(Y; 8) — ¢rs(a, B) for all o, 5 > 0. (See also Barbier, Krzakala,
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et al., 2017, for results in a more general setup.) Of course, by change of measure and Jensen’s
inequality,
Ep, log L(Y'; 5) = Ep, L(Y; §)log L(Y; 5) > 0,

for all M, N; therefore ¢rs is always nonnegative. Let

I'= {(Oé,ﬁ) € IRJr : (bRS(Oévﬁ) = 0} :

It is not hard to prove the following lemma by analyzing the stability of (0,0) as a
stationary point of the RS potential:

Lemma 3.9. ' C {(o,8) € Ry : af? <1},

This lemma tells us (unsurprisingly) that I" is entirely below the BBP threshold. The
inclusion may or may not be strict depending on the priors P, and P,. For instance, there
is equality of the above sets if P, and P, are symmetric Rademacher and/or Gaussian re-
spectively. One case of strict inclusion is when P, is Gaussian A (0,1) and P, is a sparse
Rademacher prior, 241/, 5 + (1 — p)do + 501, /5, for sufficiently small p (e.g., p = .04). This
is a canonical model for sparse principal component analysis. In this case, there is a region
of parameters below the BBP threshold where the posterior mean E[u*|Y] (= (u) in our
notation) has a non-trivial overlap with the spike u*, while the top eigenvector of the em-
pirical covariance matrix YY ' is orthogonal to it. Estimation becomes impossible only in
the region I, so the following conjecture is highly plausible:

Conjecture 1. Let I be the interior of I'. For all (o, B) € I,

log L(Y,8) ~» N (ii log(1 — a3?), —% log(1 — aﬂg)) ,

where the plus sign holds under the null Py and the minus sign under the alternative Pg.

Our conjecture is formulated only in the interior of I'; this is not a superfluous condition
since diverging behavior may appear at the boundary. Moreover, this conjecture is about
the mazimal region in which such fluctuations can take place. This is not difficult to show.
By (sub-Gaussian) concentration of the normalized likelihood ratio, we have for € > 0

1
Ps <N log L(Y; 5) — ¢rs(av, ) < —e> — 0,
where K = K(a, ) < oo. This already shows that log L must grow with N under the alter-

native if ¢rs > 0. As for the behavior under the null, the same sub-Gaussian concentration
holds, although the expectation is not known (see Question 1):

1 1
P, <Nlog L(Y:B) = 1 s log L(Y; §) > e) 0.
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We do know that the above expectation is non-positive, by Jensen’s inequality. Therefore if
(o, B) are such that ¢rs > 0, one can distinguish Pz from P, with asymptotic certainty by
testing whether - log L(Y’; 3) is above or below (say) 1¢rs(a, 3). This implies that P and
Py are not contiguous outside I'. This—short of proving that log L grows in the negative
direction with N—shows that the fluctuations cannot be of the above form under the null,
since this would contradict Le Cam’s first lemma.

The difficulty we encountered in our attempts to prove the above conjecture is a loss of
control over the overlaps R}, and Rj, near the boundary of the set I'. The interpolation
bound at fixed overlap (between a replica and the spike) we used under the alternative Pg
is vacuous beyond the region a3? < (K,K,)™*. Tt is possible that the latter bound could be
marginally improved by more careful analysis, but this is unlikely to yield the optimal result
since no information about ¢rs is used in the proof. One can imagine refining this technique
by constraining two replicas and using an interpolation with broken replica-symmetry, in
the spirit of the “2D” Guerra-Talagrand bound (Guerra, 2003; Talagrand, 2011b). Although
this strategy is successful in the symmetric model where w = v it is not at all obvious why
such an interpolation bound should be true in the bipartite case: in the analysis, certain
terms that are hard to control have a sign in the symmetric case, hence they can be dropped
to obtain a bound. This is no longer true (or at least not obviously so) in the bipartite case.

Another interesting question concerns the LR asymptotics under the null, outside T
While under the alternative Pg, the normalized log-likelihood ratio converges to the RS
formula ¢rs for all (o, ), no such simple formula is expected to hold under the null. Even
the existence of a limit seems to be unknown.

Question 1. Does ~ Ep, log L(Y; 8) have a limit for all (o, 3)? If so, what is its value?

We refer to Barra, Galluzzi, et al. (2014); Barra, Genovese, and Guerra (2011) and Auffin-
ger and Chen (2014) for some progress on the replica-symmetric phase, and Panchenko (2015)
for progress on the related problem of the “multispecies” SK model at all temperatures.

3.7 Notation and useful lemmas

We make repeated use of interpolation arguments in our proofs. In this section, we state
a few elementary lemmas we subsequently invoke several times. We denote the overlaps
between replicas when the last variables are deleted by a superscript “ —" :

M-1

N—
1 WDy ®) w1 O
ll/ - N Z and nG - N Z Uj 'Uj .

j=1

If {H;:t € |0,1]} is a generic family of random Hamiltonians, we let (-); be the corresponding
Gibbs average, and v4(f) = E (f),, where the expectation is over the randomness of H;,. We
will often write v for v;.
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In our executions of the cavity method, we use interpolations that isolate one last variable
(either uy or vyy) from the rest of the system. Taking the first case an example, we consider

N 1 M 3
/5 2,2
—Hi(u,v) = szuzv] uzu VU — o UiV

= 1 j= 1
/5 I513
+ Z WNJuNUJ uNqu]UJ - 2NuNU

Lemma 3.10. Let f be a function of n replicas (u®V,vW),<1<,,. Then

d B v B (n
El/t(f) ) Z Vt(Rz,z'U - 5”2% Ry n+1“ (1) f)
1<IA<n
+ 80> wi(RY Ot f) — Brvy(R .y .u™ D f)
=1
n(n+1 . n "
+@% LRy o™ U f).
Proof. This is a simple computation based on Gaussian integration by parts, similarly to
Lemma 3.5. |

The next lemma allows us to control interpolated averages by averages at time 1.

Lemma 3.11. Let f be a nonnegative function of n replicas (u®,vW),<i,,. Then for all
t e 0,1]
v(f) < K(n, o, B)v(f).

Proof. This is a consequence of Lemma 3.10, boundedness of the variables u; and v;, and
Gronwall’s lemma. [ |

It is clear that Lemma 3.11 also holds if we switch the roles of w and v and extract vy,
instead (so that v; is defined accordingly).

3.8 Proof of Proposition 3.7

We make use of two interpolation arguments; the first one extracts the last variable uy from
the system, and the second one extracts vy;. This allows to establish the self-consistency
equations (3.7) and (3.8). We will assume decay of the forth moments of the overlaps, i.e.,
we assume Proposition 3.8 (which we prove in Section 3.9), and this allows us the prove that
the error terms emerging from the cavity method converge to zero. Recall that the Nishimori
property implies

E [<R1i172R\1772> 6islogL] —F [<Rli17*Rx1/7*> 6islogL] )

As it turns out, it is more convenient to work with the right-hand side.
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Cavity on N

By symmetry of the u variables, we have
E [(RR]) "] = E | (uf iR, ) €]

Now we consider the interpolating Hamiltonian

—H(u,v) = Z Z %Wl]ulvj + %uiufvj ;= %ufvf
i=1 j=1
M
bt gt -, . Bt
+ Z NWNJ‘UNUJ‘ + NuNqujvj — ﬁu?vv?,
j=1

and let (-); be the associated Gibbs average. We let

X(t) =exp (is log/th("’“)dp(u,v)>,

and

o(t) = NIE[<uNuNR >tX(t)]

Observe that (1) is the quantity we seek to analyze. We will use the following error bound
on Taylor’s expansion:

lp(1) — ©(0) = '(0)] < sup ["(t)],

0<t<1

to approximate (1) by ¢(0) + ¢'(0). Since P, is centered, we have ¢(0) = 0. With a
computation similar to the one leading to Lemma 3.6, the time derivative ¢'(t) is a sum of
terms of the form

NBE [(uiialg LY X (0],

for (a,b) € {(1,%),(2,%),(1,2),(2,3)}. At ¢ =0 all terms vanish expect when (a,b) = (1, *)
and we get

?(0) = NBE [{(R].)2), X(0)]

Now we wish to replace the time index ¢ = 0 in the above quantity by the time index ¢ = 1.
Similarly to ¢, the derivative of the function t — NS E[((RY,)?):X ()], is a sum of terms of

the form
NBE [ (ulul) (RY.)2R;,) X(2)] .
By boundedness of the u variables and Hoélder’s inequality, this is bounded by

NEKLE |(|(RLRL),) < NPKUE[(RLP),
< NPKIKE (IR, )]



CHAPTER 3. DETECTION LIMITS IN THE SPIKED RECTANGULAR MODEL 58
Kp3?

where the second bound is by Lemma 3.11, and the last bound is a consequence of Proposi-
tion 3.8 (and Jensen’s inequality). Therefore

[#(0) = NBE [((R7,)%) X(0]| £ o

Similarly, we control the second derivative ¢”. This can be written as a finite sum of terms
of the form

N E |(ulunuly Vol RY B2 R ) X (1)
’ Tt

which are bounded in the same way by

K
NGEJE [<|R‘{*RZ ,d’>t] < »BQKS\/—N-

Therefore |¢”| < K/v/N. We end up with
NE [(R} Ry,)e*' "] = NBE [((R],)*) €*'*#"] + 4, (3.13)

where |§| < K/v/N whenever (a, 3) satisfy the conditions of Proposition 3.8,

Cavity on M
By symmetry of the v variables,
NE [<(Rx17*>2> eislogL] — VE [<v](\?vj43‘{j*> eislogL]
= %E [<(UJ(\}[)U7\/1)2> eiSIOgL} + ME [<v1(\/[ UMR > ‘SlogL] .
Now we execute the same argument as above with the roles of u and v flipped to prove that
E [<(UJ(\2)U}"\4)2> eislogL] _E [eislogL} 46,

and
ME [<U§\4)UMR‘1,_*> 1slogLi| — MBE [<R111’*R‘1,7*> eislogL] + 57

where |6| < K(M/N?3? v 1/4/N). Here we use the interpolating Hamiltonian

MlN
—Hi(u,v) = Wuv uuvv—iu%2
t ] J JY3 IN

_717,1
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N
| Bt t . t
+ Z %WiMuivM + %uluz VMU — Qﬁ_NU?UJQm
i=1

and similarly define the random variable X (t) = exp (islog [ e~ #“¥)dp(u, v)). After exe-
cuting the argument, we obtain

% E [e*¢"] + MBE [(R} Ry ,)e®' 8 "] + 6. (3.14)

From (3.13) and (3.14), we obtain

NE |:<(R\1/7*)2>€islogL] —

NE [<R1i1’*R\177*>€islogL} — %B]E [eislogL] +MB2E [<RT7*R‘1’7*>€iSIOgL] _{_5’

where |§| < K(M/N3/?Vv 1/v/N). For M = aN + O(v/N), we arrive at

NE [(R}B.) e ] = - _aféﬁg E [e""] +5,

with |§| < K/+/N, and this finishes the proof.

3.9 Proof of Proposition 3.8

This section is about overlap convergence in the planted model. As explained in the main
text, the proof is in several steps. We first present a proof of convergence of the second
moment of the overlaps that does not rely on the cavity method, but on a quadratic replica
coupling scheme of Guerra and F. Toninelli (2002b). Then we present the interpolation
argument as a fixed overlap that will allow us to prove the crude convergence bound (3.12).
Finally we execute a round of the cavity method to prove convergence of the fourth moment.

Convergence of the second moment

Proposition 3.12. For all o, 3 such that K}K}aB? < 1, there erists K = K(a,8) < oo

such that
K

E((R$.)%) VE((R],)?) < 1.

Of course, by the Nishimori property, this is also a statement about the overlaps between
two independent replicas.

Proof. Let o, and o, be the sub-Gaussian parameters of P, and P, respectively. We since
P, and P, have unit variance, we have 1 < 02 < K2 and similarly for P,.
We start with the u-overlap. Let us define the function

Dy (N) = %Elog/exp (—H(u,'v) + %N(R;*)Q) dp(u,v).
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The outer expectation is on Y ~ Ps (or equivalently on w*, v* and W independently). A
simple inspection shows that the above function is convex and increasing in A, and

2,(0) = S E{(RY.)?).

The convexity then implies for all A > 0,

)\ u

§E <(R1,*)2> S (Pu<)‘) - (I)u(())

Of course ®,(0) = %Epﬁ log L(Y;5) > 0 by Jensen’s inequality, so it remains to upper
bound ®,(\). To this end we consider the interpolation

1 A
Bu(00) = Bl [ xp (—Hi(u, )+ V(R dotu. o),

where
—Hi(u,v) = E \/ thv uuvv __tu%?,_
JUivs J 2N

Notice that the planted (middle) term in the Hamiltonian is left unaltered. The time deriva-
tive is 5

0Py (N, 1) = —5E <(R‘{72)2>A’t <0,
where (-), , is the Gibbs average w.r.t —H;(u,v) + SN(R},)?. Therefore

1 A
B.(0) £ 0l 0) = 1 Blog [ exp (BNELRL + V(ALY ) v

1 2,25 1 )
< NElog/exp <OWVTU+N(R¥,*)2) AP (u),

*2
j=1Y5""
abused notation and let a = ]\]\/,[ . This will not cause any problems ) Next we introduce an

independent r.v. g ~ N (0, 1), exchange integrals by Fubini’s theorem, and continue:

where we have used the sub-Gaussianity of P, and let v = 47 LM (Here, we have

1
~ElogE, [ / exp (V@070 + NNR; g) de@N(u)}

a0+ N . 2)]
———o.ug’ ||,

1
< N]ElogEg {exp ( 5 o

where we use the sub-Gaussianity of P, and let u = + ZZ L u?. We bound @ and v by K?
and K? respectively and integrate on g to obtain the upper bound

1
(bu<)\) S _ﬁ IOg (1 - (04520'3[(3 + )\)0121[(3) )
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valid as long as (af%02K2 + \)o2K? < 1. Letting A = (1 — af%02K202K?2)/(202K?) > 0,

we obtain
K(a, B)
N )

E((R7.)%) <

: 202 K3 log((1—ap?0l Kol K7)/2)
with K (a, 8) = (e rey ey .

We use the exact same argument for the v-overlaps. We define ®,(A) in the same way
by replacing the quadratic term 3N (R%,)? by $N(R],)* and obtain

1
d,(\) < — 577 los (1 - (BPoiK: + Nao.K]) .

We choose A = (1 — af?02K202K?2)/(2a02K?) and use the same convexity argument to

obtain Ko )
E<(R‘1,,*)2> S %a

. / _ 2002K2log((1—aB?02K202K2)/2)
with K'(«a, f) = == SRV Ty ey e P [

Interpolation bound at fixed overlap

In this section we present and prove an interpolation bound on the free energy of a subpop-
ulation of configurations having a fixed overlap with the planted spike (uw*,v*). This is a
key step in proving the crude bound (3.12).

Proposition 3.13. Fiz u* € RV, v* € RM with |u*||]], /N < K2 and |[v*|;, /M < K2. Let
=2 and A = af?0l0?K2K2 — 1. Form € R\ {0}, € >0, let A, be the event
o {Ri* €[m,m-+e) ifm>0,

Ri,€(m—em] ifm<O.

Define A, similarly. We have

1 —H(u,v 2 2

NElog/]l(Au)e W) dp(u,v) < ek + afKZe, (3.15)
and )

— —H(u,v) < 2 2

NElog/ll(Av)e dp(u,v) < 2a03K3m + BK €. (3.16)

The expectation E is over the Gaussian disorder W .

These are version of the Franz-Parisi potential discussed in Chapter 2.
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Proof. We only prove (3.15). The bound (3.16) follows by flipping the roles of w and v. We
consider the interpolating Hamiltonian

t
—H(u,v) \/ leulv] u,u v]v — f—Nu +Z (1—t)Bmo,v; s

and let .
o(t) = NElog/]l{R‘i* € [m,m + €)Ye @) dp(u, v).
We have 5
o (t) = -3 E <R‘1‘72R‘1’72>t + K <R‘117*R‘1’7*>t — mE <R‘1’7*>t )
The first term in the above expression is < 0, and since the overlap R} , is constrained to be

2e. So ¢ (t) < aK?2e. Moreover, the variables

close to m we have ‘E ((R}, —m)RY, .
u and v decouple at ¢ = 0 and one can write

M
1 1
o(1) < —logPr(A,) + N ZlogEv [P0 ] + K Ze.
j=1

By sub-Gaussianity of the prior P, we have E, [eﬁm””; } < P72 On the other hand,
for a fixed parameter v of the same sign as m, we have

N

1 1
~log Pr(Ay) < —ym + g log B, [e7""] < —ym + Z w202y,

The last inequality uses sub-Gaussianity of P,. We minimize this quadratic w.r.t v and

obtain ) Iy
2m2A + ﬁﬁ%gﬁm? + ak e,

(1) < —

where U = LSV w?and © = e Z] , ;2. We upper bound the latter two numbers by K7
and K? respectively. |

Overlap concentration (proof of (3.12))

Here we prove convergence of the overlaps to zero in probability. We first state a useful and
standard result of concentration of measure.

Lemma 3.14. LetY = \/;u v*T + W, where the planted vectors u* and v* are fived, and
Wi ~N(0,1). For a Borel set A C RM*V et

Z—/e_H(“’”)dp(u,'v).
A
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We have for every t > 0,

Nt2

Pr(|log Z — Elog Z| > Nt) < 2¢ 26KiK7
(Here Pr and E are conditional on u* and v*.)

Proof. We simply observe that the function W — log Z is Lipschitz with constant /N faK2K2.
The result follows from concentration of Lipschitz functions of Gaussian r.v.’s (this is the
Borell-Tsirelson-Ibragimov-Sudakov inequality; see Boucheron, Lugosi, and Massart, 2013,
Theorem 5.6). |

Proposition 3.15. Let a, 8 such that af*0202K2K? < 1, and € > 0. There exist constants
c=c(e,a, 0, Ky, Ky) >0 and K = K(K,, K,) > 0 such that

K
E(L{RL 2 ) VE(I{RL| 2 ) < e,

Proof. We only prove the assertion for the u-overlap since the argument is strictly the same
for the v-overlap.
For €,¢ > 0, we can write the decomposition

E(1{|R},| > €}) = ZE(]I{RH—GG[ LI+ 1De)})

>0

+Y E(L{-R},+¢ €[le,(I+ e)}),

>0

where the integer index [ ranges over a finite set of size < K/e. We only treat the generic
term in the first sum; the second sum can be handled similarly. Fix m > 0,e¢ > 0. We have

JU{R, € [m,m + ) e T@)dp(u, v)

[T Tap(as) (3.17)

E(I{R}, € [m,m+e¢)}) =E

1
A= Bwlog [ (R} € [mom + O} " dn(u,v)

and

N

By concentration over the Gaussian disorder, Lemma 3.14, for any u > 0, we simultaneously
have

1
B=—Ew log/e‘H(“’”)dp(u, v).

— 1og/1{R [m, m + €)}e @ dp(u,v) — A < u,

and

Nlog/ —“Huv)qp(u,v) — B > —u,
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with probability at least 1 — 4e= w?/(PKIKY) . On the complement event we simply upper
bound the fraction (3.17) by 1. Therefore, we have

E<]1{R1117* € [m7m + E)}> < Eu*,v* [eN(A—B+2u)] _|_46—Nu2/(2BKEKv2)'

_Aa
202 K2
6—NBj| .

By Proposition 3.13 we have A < m? + afK2e deterministically over u* and v*. Now

it remains to control Eqs o+ |
Lemma 3.16. We have Eys o+ [e7VB] < 2e7V EBur 0B,
Moreover, observe that

1
Eys o+ [B] = N]Elog/e_H(“’”)dp(u,v)

= B, log L(Y; )
= -, L(Y; 5) log L(Y; §) 2 0.
Positivity is obtained by Jensen’s inequality and convexity of z — xlogx. In view of the
above, Lemma 3.16 means that the random variable B is “essentially” positive. Therefore,
E <11{R‘117* € [m,m+ e)}> < 9eNV0OH2w) 4 4e’N“2/(25K3Kv2),

where § = 5=m? + afK2. Welet u = —§/3 > 0, and m = ¢ + le. Since A < 0,

20’3[{3
Am? < Ae”?. Now we let € = 2 5o that 6 < 452%(2 €? < 0. [

J— # 6/
10Po? K2ZK?

Proof of Lemma 3.16. We abbreviate E,« - by E. We have

E [eN(E[B}—B)] - /+OO ¢! Pr(N(E[B] — B) > t)dt < 1+ /+OO e' Pr (N (E[B] — B) > t)dt.

[e.9]

Now we bound the lower tail probability. The r.v. B, seen as a function of the vector
[u*|v*] € R¥*M s jointly convex (the Hessian can be easily shown to be positive semi-

definite), and Lipschitz with constant 5K, K, &NO‘QKVQ
the above conditions, a bound on the lower tail of deviation of B is available; this is (one

side of) Talagrand’s inequality (see Boucheron, Lugosi, and Massart, 2013, Theorem 7.12).
Therefore, we have for all ¢ > 0

with respect to the /5 norm. Under

Pr(B — E[B] < —t) < e Nt'/2K%

where K% = a?K2K?(K? + aK?). Thus,

—+00
E [eN(IE[B]—B)] < 1+/ ete—tQ/(2NK2)dt
0
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“+o0o

=1+ KVNeNE/2 / e /24t
KvVN

< 2.

The last inequality is a restatement of the fact Pr(g > t) <

< ft > where g ~ N(0,1). ]

Convergence of the fourth moment

In this section we prove that for all a, 8 such that a3?c202K2K? < 1, we have

K(a, B)
N2

E((R}2)") VE((RTo)") <
We proceed as follows. Let

M =max {E ((R},)*) ,E((R},)")} .
We prove that for € > 0, the following self-boundedness properties hold:

E((Rt,)") < afPE{(R},)") + KeM + 0, (3.18)
E((R},)") < aB*E{(R},)*) + KeM + 6, (3.19)
where § < K/N? + K/e?e~“N This implies the desired result by letting ¢ be sufficiently
small (e.g., ¢ = (1 — af?)/2). We prove (3.18) and (3.19) using the cavity method, i.e. by
isolating the effect of the last variables uy and vy, one at a time. We prove (3.18) in full

detail, then briefly highlight how (3.19) is obtained in a similar way.
By symmetry between the u variables, we have

u 1) % u
E <(R1,*>4> =K <u§V)uN(R1,*)3>
1 3
=E <u§\l,)u}‘v (R‘f: + —ug\l,)u}‘v> > .
N
Expanding the term (R}, + %ug\l,)uj‘v)g we obtain

E{(R:,)") < E<u§;>u7v(R‘;*) >+ £E< (R%) >+ E(}R (3.20)

Ku
> N3 ’

We have already proved convergence of the second moment (Proposition 3.12), hence E((R}7)?) <
K/N and E(|R},[) < K/v/N. Now we need to control the leading term involving (RY,)2.
The next proposition shows that this quantity can be related back to (R‘i*)‘l, plus additional
higher-order terms. This is is achieved through the cavity method.
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Proposition 3.17. For a, 8 > 0, there exists a constant K = K(«, 3, Ky, Ky) > 0 such that

B (ului, (R)P) = BE((RLRL) + 60, (3.21)
where
‘51’§KZE (RI)Ry R 4) -
ab,c,d
Moreover,
E((R},)’RY.) = aBE((R},)") + 0s, (3.22)
where

102 < K Z E <’(R111,*)3R:,sz,d|>'
a,b,c,d

From Proposition 3.17 we deduce
E (ufuy (R)*) = o B ((RY)") +9,

where 0 = §; + d5. Plugging into (3.20), we obtain
E Ru 4 < 2 E Ru 4 K 5
<( 1,*) > <af <( 1,*) >+m+ .

Now we need to control the error term 9, which involves monomials of degree 5 in the
overlaps R* and R'. This is where the a priori bound on the convergence of the overlaps,
Proposition 4.12, is useful. Since the overlaps are bounded, we can write for any ¢ > 0,

E(|(RY ) Ry, RLa|) < B ([(RL)PRL|) + KUK E(I{|RL,[ > €})
= eE(|(R,)°Ry,|) + KSK}E(L{|R},| > €}),

where the last line is a consequence of the Nishimori property. Now we use Holder’s inequality
on the first term:

BICRE Rial) < (E(GRD)™ (R

= (@)Y E( D)
< M.

Using Proposition 4.12, we have E(1{|Ry,| > €}) < Ke™ " /e*. Therefore,

K
’51| S KeM + _2676N.
€
It is clear that we can use the same argument to bound 95, so we end up with

E((R},)") < aB*E((R},) >+£+K6M+£e N
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thereby proving (3.18). To prove (3.19) we use the same approach. We write
v M 1) « v
= <(R1,*)4> - N E <U§\4)UM(R1,*)3>

1 3
=akE <UJ(\}I)U}"W (R‘l’; + NUE\})U&) > .

Then use an equivalent of Proposition 3.17 in this case, which is obtained by flipping the
role of the u and v variables:

E <UN UN(RY*) > =pE <(R‘1,*)3R111*> + 01,

and

E <(R‘1,,*)3R111,*> = 6E <(R‘1,,*)4> + 52’
where 0; and d, are similarly bounded by expectations of monomials of degree 5 in the
overlaps R* and R". These two quantities are then bounded in exactly the same way.

Proof of Proposition 3.17. The proof uses two interpolations; the first one decouples the
variable uy from the rest of the system and allows to obtain (3.21), and the second one
decouples the variable vy, and allows to obtain (3.22). We start with the former.

Proof of (3.21). Consider the interpolating Hamiltonian

NlM
—Hi(u,v) = Wuv uuvv—ﬁu%Q
t 7/]7/] (2 J 2N

zl]l

/ Btzz
+ Wuv uuvv— UNV;
Z NJNJ NYNYjYj 2NN

and let (-); be the associated Gibbs average and v4(-) = E(-);. The idea is to approximate

v1(f) where f = ug\l,)uj‘v(RT;):g by vo(f)+1v4(f). Of course one then has to control the second
derivative, as dictated by Taylor’s approximation

() = vo(f) = ()l < sup [v(f)] (3.23)

0<t<1

We see that at time ¢ = 0, the variables uy and u}, decouple the Hamiltonian, so
1 * u * u—
vo(uy'uiy (RS 2)*) = Efun] Bluy]no((RY)*) = 0. (3:24)

On the other hand, by applying Lemma 3.10 with n = 1, we see that V(’)(ug\})u*N(R‘l‘;)g) is a
sum of a few terms of the form

vo (uly uyuly uly) (RE)RY,).
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Since P, has zero mean, all terms in which a variable u! N (for any a) appears with degree 1
vanish. We are thus left with one term where a = 1,b = %, and we get

vh(uuy (RES)?) = BE[(u) El(uiy)lvo((RYS)PRY,) = Bro((RE.)PRYL,).  (3.25)

Moreover, we see that vy((R})*Ry,) = w((R}.,)*Ry,) since the last variable uy has no
contribution under v5. Now we are tempted to replace the average at time ¢ = 0 by an
average at time ¢ = 1 in the last quantity. We use Lemmas 3.10 and 3.11 to justify this.
Indeed these lemmas and boundedness of the variables uy imply

< K(a, 8) ) v(|(R3 )Ry LR2,))), (3.26)

a,b

|V0((R1117*)3R‘1I,*) - Vl((R]il,*)gR‘ll,*)

where (a,b) € {(1,2),(1,%),(2,%),(2,3)}. Now we control the second derivative sup, v} (-).

In view of Lemma 3.10, we see that taking two derivative of Vt(ug\l,)u}‘V(R‘f;P) creates terms
of the form
v (uf urul§ ul ) (R R R )

with a larger (but finite) set of combinations (a,b,c,d). We use Lemma 3.11 to replace v,
by v and use boundedness of variables uy to obtain the bound

sup v (ugyuyv(m;)?’))‘ <K(o,8) ) v(\(R‘f;)‘”’RZ,bRZ,d

0<t<1

). (3.27)

a,b,c,d

Now putting the bounds and estimates (3.23), (3.24), (3.25), (3.26), and (3.27), we obtain
the desired bound (3.21):

(e (RY)Y) = Bu((Ry)RY)

< K(a.8) Y v(|(RiD) RL R,

a,b,c,d

Proof of (3.22). By symmetry of the v variables we have

M

E((RS)'RY.) = S E (R 0ivi ).

Now we apply the same machinery. Consider the interpolating Hamiltonian

MlN
—H(u,v) = Wuv uuvv—iuzfuz
t i Wivj + J oN i

]111

| Bt t t
+ g WI/VZ'MUiUM + %uzuz VMUY — f—NU?U]QW,
i=1
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and let (-); be the associated Gibbs average and 14(-) = E(:);. The exact same argument
goes through with the roles of u and v flipped. For instance, when one takes time derivatives,
terms of the form v! AU M) Ry, arise from the Hamiltonian, and one sees that

v (R, )Pulfvy,) = Bro((RE)Y).

Thus we similarly obtain

(Rl n) — ()| < K0, 8) 3 w0 R R,

a,b,c,d

)

3.10 A supplement: Latala’s argument

In this section we present a proof of convergence of the overlaps under the null model Py.
As alluded to earlier, the region («, 3) where this convergence is obtained is much smaller
than under the alternative. The argument, discovered (but not published) by R. Latala, is
nevertheless worth presenting as it is short and quite natural. This can also be applied to
the symmetric model of Chapter 2, but in this case the argument is the same as for the SK
model, and we refer to Talagrand (2011a) for its execution.

Overlap convergence under the null

Under the null model, we prove overlap convergence by bounding their moment generating
function. Let Y ~ Py.

Proposition 3.18. For all a, 3 > 0 such that 16 K23 < 1 and 16KXaf < 1, there exists
K = K(«, ) < oo such that

E((R)") VE((RT)*) < 15

Proof. Consider a family of interpolating Hamiltonians

/ w20
—Hy(u,v) E Yijuv; — ivj,

for t € [0,1]. Let (-); be the associated Gibbs average, and let 1,(-) = E(-);. Let C15 =
|R} 5| V |RY,|, and for v > 0 consider the function

Y(t,7) = vV 2).

We will relate the value of ¢ at time 1 to its behavior at time 0, which is easier to control.
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Lemma 3.19. For all v > 0, we have

‘%d’(tﬁ)) < 86Nw, <012,2€7NC%’2> :

Consequently, the function ¢ — v (t,y — 8t) is non-increasing for all v > 8. Indeed,

d
— 9,0(t,7 — 86t) — 86N, (szeVNCf,z) <0.
where the last line follows from Lemma 3.19. Therefore (1, — 85) < ¢(0,7), i.e.,
E ((0-$9NCEY) < | (2NCha) = / eNCadp(u® D) p(u®, v @),

Lemma 3.20. For all v > 0, we have E<67Nci2>0 < Ki(7)Ka(y), where Ki(vy) = (1 —
29K)V?, and Ks(v) = (1 - 297 K) 712

From here we deduce that for all v > 0

2

DNPE(CL) < B (&) < Ko(y +88)Ka(y + 88).

1-168K2

1-16afK2
4K u

Vv 4aK}

We finish the proof by letting v =

It remains to prove Lemma 3.19 and Lemma 3.20.

Proof of Lemma 3.19. A short calculation shows that

d u v u DV R 2
Elp(tﬂ ,7) - /BNVt <(R1»2R172 — 2R1’3R173 — 2R273R2’3>67N01a2>

+ 38Ny, (R Ry 4002 )

By the triangle inequality and the upper bound ’R‘alvaZ,b‘ < CZ,, we obtain

d
‘&w(t, ’y)‘ = BNy, <(012,2 +2C7 5 +2C3 5+ 303’4)671\/032) '

Let us examine a generic term of the form
2
vy (Cs b€7Ncc’d) )

for a,b,c,d € {1,2,3,4}. By expanding the Taylor series of the exponential, and monotone
convergence, we have

o0 k
Vg (Cibe'yNCid> = o)

X Vi (Oiboiljl) .

k=0
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We use Holder’s inequality on the inner terms with p =k + 1 and 1/p + 1/¢ = 1 to obtain
1/ 1/q
n (C2,C2%) < w (€)™ w (C2) 7 = v (G
Now we sum the series and finally obtain a “symmetrization” bound
2 (Cibe”NCid) < (Og,bewNCjO .

The conclusion then follows. [ |

Proof of Lemma 3.20. We have
E(™V0i) = / N2 PEN (uM)dPEN (u@)d PEM () dPEM (v @),

Since C7, < (R} ,)* + (R ,)?, we only need to control each overlap separately. We introduce
an independent Gaussian 1.v. g and write

/evN(Rlll,2)2dPl§N(u(l))dP1?N(u(2)) - Eg/e“QVNgR‘fv?dP?N(u(l))de@N('u,(Q)).
Sub-Gaussianity of P, (with parameter o) implies that the above is bounded by
Eg/ezng, %o WAPEN (u?) < E, [engEKﬂ
<E, [engﬂ
= (1-29K;)"
By the same argument, we have
~1/2
/e“’N(Rgv2)2dP‘;®M(v(1))dP§M(v(z)) < (1 — 27—K4> =: Ky(7).

Therefore
2
E (eV2) < Ki(7)Ka(y).
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Chapter 4

The replica-symmetric formula and its
finite-size corrections

In this chapter we return to the case of the symmetric model, i.e., the spiked Wigner model,

[ A

where W;; = W;; ~ N(0,1) and W;; ~ N(0,2) are independent for all 1 <i < j < N. The
entries of * are drawn i.i.d. from a (Borel) prior P, on R with bounded support, so that
the scaling in the above model puts the problem in a high-noise regime where only partial
recovery of the spike is possible.

While the previous two chapters dealt with the question of detection of the spike, in
this chapter we pay attention to the estimation problem: for what values of the SNR A
is it possible to estimate the spike x* with non-trivial accuracy? We recall that spectral
methods, or more precisely, estimation using the top eigenvector of Y, are known to succeed
above a spectral threshold and fail below (Benaych-Georges and Nadakuditi, 2011). Since
the posterior mean is the estimator with minimal mean squared error, this question boils
down to the study of the posterior distribution of &* given Y, which by Bayes’ rule, can be

written as e*H(m)dP}?N(:c)

where H is the Hamiltonian

—H(x) := Z \/ %Yijxixj - %xfm? (4.3)
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The free energy of the model is defined as the expected log-partition function (i.e., normal-
izing constant) of the posterior Py(-|Y):
1

Fy = < Ep, log / e H@qPEN (1), (4.4)
Recall that this is equal to + Ep, log L(Y"; A) with the notation of Chapter 2. It was initially
argued via heuristic replica and cavity computations (Lesieur, Krzakala, and Zdeborov,
2015b, 2017) that Fiy converges to a limit ¢rs(A), which is referred to as the replica-symmetric
formula, defined as follows: For r € R, let

D(r) = Epe s 1Og/exp (\/7_”216 + rea” — 2372) dPy(z),

where z ~ N (0,1), and 2* ~ P,. Now define the RS potential

)\ 2
F(X\ q) == v(A\g) — %,

and the RS formula
¢rs(A) :=sup F (A, q).

q=>0

This formula, variational in nature, encodes in principle a full characterization of the limits of
estimating the spike with non-trivial accuracy. Indeed, and as we will see, various formulae
for other information-theoretic quantities can be deduced from it, including the mutual
information between * and Y, the minimal mean squared error of estimating x* based on
Y, and the overlap |x'x*|/N of a draw x from the posterior Py(-|Y") with the spike z*.
Most of these claims have subsequently been proved rigorously in a series of papers (Barbier,
Dia, et al., 2016; Deshpande, Abbé, and Montanari, 2016; Deshpande and Montanari, 2014;
Krzakala, Xu, and Zdeborova, 2016; Lelarge and Miolane, 2016) under various assumptions
on the prior.

Theorem 4.1 (Barbier, Dia, et al. (2016); Deshpande, Abbé, and Montanari (2016); Korada
and Macris (2009); Krzakala, Xu, and Zdeborova (2016); Lelarge and Miolane (2016)). For
all A >0,

lim FN = ¢RS()\)

N—o0

The above statement contains precious statistical information. It can be written in at
least two other equivalent ways, in terms of the mutual information between * and Y":

lim %I(Y,zc*) = E(EPX[XQ])Q—%(A),

N—oo

or in terms of the Kullback-Liebler divergence between Py and Py:

) 1
lim NDKL(P)"PO) = ¢RS()\)

N—oo
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Furthermore, the point ¢*(\) achieving the maximum in the RS formula (which can be
shown to be unique and finite for almost every A) can be interpreted as the best overlap any
estimator a(Y) can have with the spike x*. Indeed, we will show that the overlap of a draw
x from the posterior Py(-|Y") with &* concentrates about ¢*(\).

Our main goal in this chapter is to gain a fine understanding of the asymptotic behavior
of the log-likelihood ratio log L(Y’; \) as N becomes large. We first provide an almost ele-
mentary proof of Theorem 4.1, based on simple Gaussian interpolations and straightforward
applications of concentration of measure arguments. Second, we determine the finite-size cor-
rection of Fiy to its limit ¢rs(A): we prove under mild conditions on P, that N(Fy — ¢rs(A))
converges to a limit ¢rs(\) with rate @(1/v/N). Besides providing an explicit rate of con-
vergence of F to its limit, this result translates into a formula for the Kullback-Leibler
divergence Dk valid for (almost) all A > 0. We will see that while Dk (Py,Py) is extensive
in the size of the system above the reconstruction threshold A. defined in Chapter 2, it bru-
tally ceases to be so as we cross A, to converge to a constant value in accordance with the
formula of Proposition 2.5.

Comment on the existing proofs of Theorem 4.1

The proof of the lower bound liminf Fiy > ¢grs(A) relies on an application of Guerra’s in-
terpolation method, and is fairly short and transparent Krzakala, Xu, and Zdeborova (2016).
Available proofs of the converse bound limsup Fiy < ¢rs(\) (and overlap concentration) are
on the other hand highly involved. Barbier, Dia, et al. (2016) and Deshpande, Abbé, and
Montanari (2016) adopt an algorithmic approach: they analyze an Approximate Message
Passing (AMP) procedure and show that the produced estimator asymptotically achieves
an overlap of ¢*(\) with the spike. Thus the posterior mean, being the optimal estimator,
must also achieve the same overlap. This allows to prove overlap convergence and thus show
the converse bound. A difficulty one has to overcome with this method is that AMP (and
supposedly any other algorithm) may fail to achieve the optimal overlap in the presence
of first-order phase transitions, which trap the algorithm in a bad local optimum of the
RS potential. Spatial coupling, an idea from coding theory, is used in Barbier, Dia, et al.
(2016) to overcome this problem. Lelarge and Miolane (2016) on the other hand use the
Aizenman-Sims-Starr scheme (Aizenman, Sims, and Starr, 2003), a relative of the cavity
method developed within spin-glass theory, to prove the upper bound. Barbier and Macris
(2017) prove the upper bound via a adaptive version of the interpolation method that pro-
ceeds via a sequence of intermediate interpolation steps. All the current approaches (perhaps
to a lesser extent for (Barbier and Macris, 2017)) require the execution of long and technical
arguments.

In this chapter, we show that the upper bound in Theorem 2.7 admits a fairly simple
proof based on the same interpolation idea that yielded the lower bound, combined with an
application of the Laplace method and concentration of measure. The main idea is to use the
Franz-Parisi potential (i.e., a version of the free energy (5.7) of a subsystem of configurations
@ having a fized overlap with the spike *). We then proceed by applying the Guerra bound
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and optimize over this free parameter to obtain an upper bound in the form of a saddle (max-
min) formula. A small extra effort is needed to show that the latter is another representation
of the RS formula. Our proof thus hinges on a upper bound on this potential, which is may
be of independent interest. We first start by presenting the proof of the lower bound, which
is a starting point for our argument. As in Chapter 2, we present the proof in the case where
we omit the diagonal terms of Y. This is only done to keep the displays concise; recovering
the general case is straightforward since the diagonal has vanishing contribution. Finally,
we mention that the method can be easily generalized to all spiked tensor models of even
order Richard and Montanari (2014), thus recovering the main results of Lesieur, Miolane,
et al. (2017).

4.1 A short proof of the RS formula

We use the interpolation method of Guerra (2001), which is already used in the previous
two chapters as a device supporting the cavity method. The idea now is to construct a
continuous interpolation path between the Hamiltonian H and a simpler Hamiltonian that
decouples all the variables, and analyze the incremental change in the free energy along the
path. We present two versions of this method.

Let ¢t € [0, 1] and consider an interpolating Hamiltonian

tA
—H(x Z \/ walxj :r;l-xi T — foxf (4.5)

z<j

1—1
+Z\/1—tm’l$z l—trxx—( Q)Tx?,

where the z;’s are i.i.d. standard Gaussian r.v.’s independent of everything else. For f :
(RV)"+1— R, we define the Gibbs average of f as

f f(w(l)’ N ,w(n)’ w*) H?:l e_Ht(m(l))dP}gN(w(l))

M) .. ) px))
<f($ ) , LY, T )>t : f H?:1 eth(w(l))dP}?N(w(l» (46)
This is the average of f with respect to the posterior distribution of n copies &), .. ™
of * given the augmented set of observations
Y;j :Q/%QSII;—FVVZ‘]', 1§Z§]§N7 (47)
vi =1 —=traf+z, 1<i<N.
The variables £, = 1--- ,n are called replicas, and are interpreted as random variables

independently drawn from the posterior. When n = 1 we simply write f(x,x*) instead
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of f(x™™, x*). We shall denote the overlaps between two replicas as follows: for [,I’ =
1,--- ,n,*, we let

Ry =a® 20 = Zx(l) @)

The lower bound

Reproducing the argument of Krzakala, Xu, and Zdeborova (2016), we prove that

Fy > ors(3) ~ O(1-).

We let r = A\qg in the definition of H; and let

1
#(t) == 1 Elog / e @ pEN (),

A short calculation based on Gaussian integration by parts shows that

cp/(t) = — %E<(R1,2 _Q)2>t+ 2q2 + e AN?2 ZE< >t
>\ 2 )\ 2 *2
+ SE((B1.—q)?), - 50 —WZE@ e

By the Nishimori property (2.19), the expressions involving the pairs (&, £*) on the one hand
and ("), ) on the other in the brackets are equal. We then obtain

90/(?5):2 ((Rix—q) >—— —LE<$N2 Ny

Observe that the last term is O(1/N) since the variables xy are bounded. Moreover, the

first term is always non-negative so we obtain

A K
/ >__2__.
)z =0 —

Since ¢(1) = Fy and ¢(0) = ©(\q), integrating over ¢, we obtain for all ¢ > 0

K

FNZF()UQ)_N)

and this yields the lower bound.
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The upper bound

We prove the converse bound

logN>
Nollx

Recall the Franz-Parisi potential (Franz and Parisi, 1995, 1998) from Chapter 2. For z* € RY
fixed, m € R and € > 0 we define

Fn < ¢rs(X) + O(

1
O (m,x") = NElog/]l{Rly* € [m,m +€)}ye T@APN (x),

where the expectation is over W. This is the free energy of a subsystem of configura-
tions having an overlap close to a fixed value m with a planted signal x*. It is clear that
Egps @(m,x*) < Fy. We will argue via the Laplace method and concentration of measure
that sup,,cg Eq+ @c(m, *) ~ Fi, then use Guerra’s interpolation to upper bound ®.(m, x*)
(notice that this method yielded a lower bound on F due to the Nishimori property). Let
us define a bit of more notation. For r € R, ,s € R, let

zZ(r, s)=E, log/exp (\/sz + sr — gx2> dPy(x),

where z ~ N(0,1), and )(r, s) = E,- 15(7“, sz*) where * ~ P,. Moreover, let

~

N 2 2
FOum,g,a%) = S (A, wmag) — 2 4 M

T

and similarly define F(X\,m,q) = Eg- F(A\,m, q,*) = (Aq, Am) — /\TmQ + ATGZ.

Proposition 4.2. There exist K > 0 such that for all e > 0, we have

log( K
Fy <E,- [ max D (le,x)| + M.
I€Z|I|<K /e v N

Now we upper bound P, in terms of F:
Proposition 4.3 (Interpolation upper bound). There exist K > 0 depending on A > 0 such

that for allm € R and € > 0 we have

~ A K

O (m,x*) < inf F(\,m,q,x*) + =€* + —.

( )< 4>0 ( a7 2 N
Remark: This simple upper bound on the Franz-Parisi potential—which may be of
independent interest—can be straightforwardly generalized to spiked tensor models of even
order. Indeed, as will be apparent from the proof in the present matrix case, a crucial step
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in obtaining the inequality is the positivity of a certain hard-to-control remainder! term.
Tensor models of even order enjoy a convexity property that ensures the positivity of this
remainder.

From Propositions 4.2 and 4.11, an upper bound on Fy in the form of a saddle formula
begins to emerge. For a fixed m € R let ¢ = g(\, m) be any minimizer of ¢ — F(\,m, ¢) on
R, . (By differentiating F', we can check that ¢ is bounded uniformly in m.) Then we have

Ay, log(K/e)

Fy < B, [ max F(O\,m, g\, m),a*)| + Se2 + ~8 218 (4.8)
= 2 VN

At this point we need to push the expectation inside the supremum. This will be done using
a concentration argument.

Lemma 4.4. There exists K > 0 such that for all A\ >0, meR, ¢ >0 andt > 0,

Nt2

Pr (|F(\ m,g,2) ~ F(\,m,q)| > 1) < 26" ¥Rlurar,

It is a routine computation to deduce from Lemma 4.4 (and boundedness of both m and
q) that the expected supremum is bounded by the supremum of the expectation plus a small
entropy term (the full details of a similar argument are given in the proof of Proposition 4.2):

R ) _ ~ Klog(K/e)
E F(\ A ) < F(\ A _—
sup F'(A, m, g(A,m), ") < sup F(A m,g(A,m)) + /N

<K/ <K/
Since G is a minimizer of F, it follows from (4.8) that

= A,  Klog(K/e)
Fy < ilé%égg F(\,m,q) + € + N (4.9)

We now let € = N~/4 and conclude by noticing that the above saddle formula is another
expression for ¢gs:

Proposition 4.5. B
Prs(A) = sup inf F(A,m, ).

meR 9=

!We note that the adaptive interpolation method of Barbier and Macris Barbier and Macris (2017) is
able to bypass this issue of positivity of the remainder term along the interpolation path, as long as this
interpolation “stays on the Nishimori line”, i.e., the partition function must correspond to an inference
problem for every ¢ (this is however not true in the case of the FP potential.) They are thus able to compute
the free entropy of (asymmetric) spiked tensor models of odd order. See Barbier, Krzakala, et al. (2017);
Barbier, Macris, and Miolane (2017).
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Proof. One inequality follows from (4.9) and the lower bound Fy > ¢rs(A\) —on(1). For the
converse inequality, we notice that for all m € R

inf F(\m. q) < F(\m, [m) = &(Am], Am) — 3 mf*

q>0

Now we use Lemma 2.13 which says that the function 1 is largest when its second arguments
is positive: for all » > 0, ¢(r, —r) < ¢(r,r). This implies

inf F(\,m, ) < F(\ Jml) — 5 mf*

q=>0
Taking the supremum over m yields the converse bound. [

Proof of Proposition 4.2. Let € > 0. Since the prior P, has bounded support, we can grid
the set of the overlap values R; ., by 2K /e many intervals of size € for some K > 0. This

allows the following discretization, where [ runs over the finite range {—K/e,--- , K/e — 1}:
_ 1 ~H(z) 1 p&N
Fy = NIElog El /]I{Rl,* € lle,(I+1)e)}e dP2 (x)
1 2K —H(z) 1 p&N
< N Elog — max I{Ry . € [le,(l+1)e)}e AP (x)
€
1 log(2K
=¥ Emlax log/]l{RL* e [le, (1 + 1)e)Ye 1@ APEN (2) + w. (4.10)

In the above, E is w.r.t. both W and x*. We use concentration of measure to push the
expectation over W to the left of the maximum. Let

Z) = /]I{Rl,* € [le, (I +1)e)Ye T@APEN (g).

We show that each term X; = % log Z, concentrates about its expectation (in the randomness
of W). Let E' denote the expectation w.r.t. W.

Lemma 4.6. There exists a constant K > 0 such that for all v > 0 and all [,
B o) < KT xorin
~ VN
Therefore, the expectation of the maximum concentrates as well:
1
E’ mlaX(Xl —E'[X;]) < —logE exp (’y mlaX(Xl — IE'[XA))
/‘y

— l log E/ max eW(Xl 7]E/[Xl])
l
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1 Z /
- ]_Og ]E/ e’y(Xl—IE [Xl])
v l

IN

! € \/N
1 2K K K
0g(2K/e) | _1 g YK L 7K
gl NN
We set v = v/N and obtain
log(K
E max(X, — E'[x)) < 288/9)
1 VN

Therefore, plugging the above estimates into (4.10), we obtain

log(K /<), log(K/¢)
VN N

log(K/e)
(2

Fy < Eg« mlaXE' X+
< Eg- max O (le,x*) + 2

|
Proof of Proposition 4.11. Let t € [0,1] and consider a slightly modified interpolating
Hamiltonian that has two parameters r = A\g > 0 and s = Am € R:

[tA tA
—Hy(x) : < melx] xl:v T — Wﬂ;z:ﬁ (4.11)
i<j

1—1¢
—l—Z\/l—tm’zxZ 1—tsxx—( 2)7"%27

where the z;’s are i.i.d. standard Gaussian r.v.’s independent of everything else. Let

1
o(1) = 1 Elog / 1{ Ry, € [m,m + )} P @ dPEN (),

where E is over the Gaussian disorder W and z (x* is fixed). Let (-); be the corresponding
Gibbs average, similarly to (4.15). By differentiation and Gaussian integration by parts,

, A A
80(15)Z—ZE((Rl,z—q)2>t+Zq2—|—4NQZE< (@V))

A 2 A 2 A al *) 2

i=1
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Notice that by the overlap restriction, E (R . —m)?), < €. Moreover, the last terms in the
first and second lines in the above are of order 1/N since the variables z; are bounded. Next,
since E ((R12 — ¢)?), has non-negative sign, we can ignore it and obtain an upper bound:

A A A K
< 22422yt
' (t) < 5 +4q +26 +N

Integrating over t, we obtain

2| =

A A, A
Oe(m,x") < —5m® + 7¢° + 5€ +¢(0) +

Now we use a trivial upper bound on ¢(0):

©(0) = —Elog/]l{RL* € [m,m + €)}e @A PEN ()

Hence,

Proof of lemma 4.4. The random part of ﬁ()\,m, g, x*) is the average of i.i.d. terms

QZ()\q, Amz}). Since 851;(1”, sz*)| < K2, &a@(r, sr*)| < K?/2 and 1}\(0,0) = 0, where K

is a bound on the support of P,, we have ‘@(7@ sa:*)’ < K?(r/2+|s|). For bounded r and s,
the claim follows from concentration of the average of i.i.d. bounded r.v.’s. [ |

Proof of Lemma 4.6. We notice that X; seen as a function of W' is Lipschitz with constant

K \/% . By Gaussian concentration of Lipschitz functions, there exist a constant K depending
only on A such that for all t > 0,

Pr(X, —E X, >t) < e N/K

Then we conclude by means of the identity
+oo

E Y X—E' X)) — 7/ PI‘(X[ o E/[Xl] > t) e’ytdt,

o0

and integrate the tail. [
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4.2 Finite size corrections to the RS formula

In this section we determine the finite-size correction of Fy to its limit ¢rs(A), i.e., the
constant-order term in the asymptotic expansion of Ep, log L(Y; A) in N, for large N. Recall
from Chapter 2 that uniqueness of ¢* (the maximizer of the RS potential F') only needs
first differentiability of the RS formula. In contrast, the results we are about to present
hold under a slightly stronger condition: we will need a second derivative to exist. In
the physics parlance, our results do not hold at values of A at which a particular kind of
first-order phase transitions occur, namely, those in which the order parameter ¢* is not
differentiable. The presence of these transitions depends on the prior P,. For the Gaussian
and Rademacher prior, there are no such transitions, while for the sparse Rademacher prior
P, = 55,1/\/ﬁ+ (1—p)do+ §5+1/\/ﬁ, there is one first-order transition where q*' is not defined
for every p < p* &= 0.092. (See Chapter 2.) Thus we define the set

A= { A >0 : o¢rs is twice differentiable at )\.}.

Since ¢grs is the point-wise limit of a sequence (Fly) of convex functions, it is also convex.
Then by Alexandrov’s theorem (Aleskandrov, 1939), the set A is of full Lebesgue measure
in R,. Moreover, we can see that (0, \.) C A, since if A € AN (0,)\.), we have ¢*(A) = 0,
therefore ¢rs(A) = 0. By continuity, ¢rs vanishes on the entire interval (0, ;). Our first
main result is to establish the existence of a function A — trs(A) defined on A such that
either below \. or above it when the prior P, is not symmetric about the origin, we have

N(Fn — ¢rs(A)) — ¥rs(A).

An explicit formula for 1)rs will be given. But first we need to introduce some notation. Let
A € A and consider the quantities

a(0) =E [(2)7] —¢™(N), a(l) =E[(@).(@)]] —¢? (V). a(2) =E [{z);] — (),

where

()r = [exp (Vrze +raat — 52?) dPy(a)
" Jexp (Vrza +raat — t2?) dPy(z)
with 7 = Ag*(\) and the expectation operator E is w.r.t. 2* ~ P, and z ~ N(0,1). The

Gibbs measure (-), can be interpreted as the posterior distribution of z* given the observation
y = /rz* + z. (More on this point of view in Section 4.3.) Now let

pn(A) = Aa(0) = 2a(1) + a(2)),

p2(A) = Aa(0) — 3a(1) + 2a(2)), (4.13)

and finally define
4a(1) — 3a(2)

o )\a(O)) . (4.14)

rs() = 1 (o1 = ) = 21og(1 = )+
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We will prove (Lemma 4.21) that py < py < 1 for all A € A so that this function is well
defined on A.

Theorem 4.7. For \ € A, if either A < A., or A > A. and the prior Py is not symmetric
about the origin, then

N(Fy — ¢rs(N)) = trs(A) + O<\/_1N>’

or equivalently, Dy (Px,Po) = Nors(\) + Yrs(\) + O(1/VN).

The theorem asserts that either below the reconstruction threshold, or above it when the
prior Py is not symmetric, the free energy Fy has a finite-size correction of order 1/N to its
limit ¢rs and a subsequent term of order N~3/2 in the expansion. In the case A > A, with
symmetric prior, the problem is invariant under a sign flip of the spike, so the overlap =" x* /N
has a symmetric distribution, and hence concentrates equiprobably about two distinct values
+¢*(\). Our techniques do not survive this symmetry, and resolving this case seems to require
a new approach.

We see that Dy (P, Pp) is an extensive quantity in N whenever ¢rs(\) > 0, or equiva-
lently, A > A\.. On the other hand, this KL is of constant order below A.:

Centered prior. Let us consider the case where the prior P, has zero mean, and unit vari-
ance (the latter can be assumed without loss of generality by rescaling A), so that Lemma 2.1
reads A\, < 1. If A < A, we have ¢*(\) = 0, ¢rs(A) = 0, and one can check that in this case

a(0) = (Ep[X*)* =1, a(l) =Ep[X*|Ep[X]* =0, a(2)=Ep[X]"=0.

Therefore, expression (4.14) simplifies to

Urs(A) = 2 (=log (1 =) = A),

| =

and Theorem 4.7 reduces the formula of Proposition 2.5.

More information on tgs. Expression (4.14) looks mysterious at first sight. Let us
briefly explain its origin. A slightly less processed expression for s is the following

1! 1 2y 4a(1) — 3a(2) A
vrs(d) = Z/o <_1 —tm 1ty A (1 —tu)? > 4t =320

after which (4.14) follows by simple integration. The integrand in the above expression is
obtained, as we will show, as the first entry z(0) of the solution z = [2(0), z(1), 2(2)]" of the
3 x 3 linear system

(I —tA)z =a,
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where a = [a(0),a(1),a(2)]" and A is the “cavity” matrix

a(0) —2a(1) a(2)
A:=X-]a(l) a(0)—a(l) —2a(2) —2a(1) + 3a(2)
a(2) 4a(1) — 6a(2) a(0) — 6a(1) + 6a(2)

The above matrix happens to have two eigenvalues which are exactly p1 and po. The matrix
A and the above linear system will emerge naturally as a result of the cavity method. On the
other hand, the integral over the time parameter ¢ is along Guerra’s interpolation path (see
also Guerra and F. Toninelli, 2002¢), and the integrand can be interpreted as the asymptotic
variance in a central limit theorem satisfied by the overlap between two replicas under the
law induced by a certain interpolating Gibbs measure. A definition of these notions with the
corresponding results can be found in Sections 4.3 and 4.4. The full execution of the cavity
method is relegated to Section 4.5.

4.3 Overlap convergence: optimal rates
We recall a couple of definitions from previous chapters and sections. The posterior of ax*

given Y is
e‘H(w)dP}?N(w)

dP Y
where H is the Hamiltonian
)\ A
i<j
A A
= Z \/ wazx] :L‘Za:;"xjx;‘ - —x?x?
= N 2N

For an integer n > 1 and f : (RY)"™! — R, we define the Gibbs average of f w.r.t. H as

1 (n) xr* n —H(z® N l
(f@D,. 2™ @) = @, >r(l[)l AR @D) )
f Hz @D dPEN (z®)
Recall also the definition of the overlap between replicas: for [,I' =1,--- ,n, *, we let

Ry =z z®) Zx(l x(l .

In this section we show the convergence of the first four moments of the overlap at optimal
rates under some conditions: if either the prior P, is not symmetric about the origin or
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the Hamiltonian H is “perturbed” in the following sense. Let ¢ € [0, 1] and consider the
interpolating Hamiltonian

tA [tA
—Hy(x) = ~oN Z Wijzix; + Zx T (4.16)

1<j 1<j 1<J

(1_2t Z + (1 =t)r Zzzxz (1—1t)r Z Tix],

where the z;’s are i.i.d. standard Gaussian r.v.’s independent of everything else, and r =
A¢*(N\). We similarly define the Gibbs average (-); as in (4.15) where H is replaced by H;.
We now state a fundamental property satisfied by both (-) and (-);.

The Nishimori property. As explained in Chapter 2, the fact that the Gibbs mea-
sure (-) is a posterior distribution (4.2) has important consequences. The n + 1-tuples
(2@ ... 2Dy and (zW, ... 2™, z*) have the same law under E(-). Moreover, this
property is preserved under the interpolating Gibbs measure (-); for all ¢ € [0,1]. Indeed,
the interpolation is constructed in such a way that (-); is the posterior distribution of the
signal «* given the augmented set of observations

- — t)\** < g P <
{YZ] \/ & x—i—VV,J, 1<i1<j) <N, (4.17)

yi =/l —=traf+z, 1<i<N,

where one receives side information about * from a scalar Gaussian channel, r = Ag*(\),
and the signal-to-noise ratios of the two channels are altered in a time dependent way. Now
we state our concentration result.

Theorem 4.8. For all A € A and all t € [0,1], there exist constants K(\) > 0 and c(t) >0
such that

E((Ri.—q")"), < K(\) (% + e—c<t>N). (4.18)

Moreover, c(t) > 0 on [0,1), and if either A < A. or Py, is not symmetric about the origin,
then c(t) > ¢y for some constant co = co(\) > 0. Otherwise, c(t) ~ co(1 — )% ast — 1.

If P, is symmetric about the origin then the distribution of R;, under E(-) is also sym-
metric, so E(R;,) = 0. If moreover ¢*(\) > 0 (i.e., A > \.) then (4.18) becomes trivial at
t = 1 since both sides are constant. On the other hand, if either ¢ < 1 or P, is asymmetric,
the sign symmetry of the spike is broken. This forces the overlap to be positive and hence
concentrate about ¢*(A). Finally, if A < A\, ¢*(\) = 0 and the sign symmetry becomes irrel-
evant since the overlap converges to zero regardless. Let us mention that in the symmetric
unperturbed case (t = 1), we expect a variant of (4.18) to hold where R; . is replaced by its
absolute value in the statement, and the upper bound would be K/N2. Unfortunately, our
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methods do not allow us to prove such a statement, but we are able to prove a weaker result
(see Lemma 4.12): for all € > 0,

E(L{||Ri:|—q*| > €} ) — 0. (4.19)

Although this a minor technical point, we also point out that the estimate c(t) ~ co(1 — t)?
in the statement is suboptimal. A heuristic argument allows us to get c¢(t) ~ co(1 — t) as
t — 1, but we are currently unable to rigorously justify it.

MMSE. The bound (4.18) can be used to deduce the optimal error of estimating x* based
on the observations (4.17). The posterior mean (x); is the estimator with Minimal Mean

~

Squared Error (MMSE) among all estimators 6(Y,y) € RY, and the MMSE is

%;E (@} = (2:)0)’] = ER[X?] - %;E@ﬂf% - %;E@i)?
=Ep, [X7] — E(Ry.)¢.

The last line follows from the Nishimori property, since E(z)? = E(z(Wz®), = E(xa*),.
Theorem 4.8 implies in particular (under the conditions of its validity) that E(R; .); — ¢* (),
yielding the value of the MMSE. It is in particular possible to estimate the spike &* from
the observations (4.17) with non-trivial accuracy if and only if A > A.. Note that at t = 1
(no side information) the result still holds below A. or when the prior is not symmetric.
Otherwise, as mentioned before, the problem is invariant under a sign flip of &* so one has
to change the measure of performance. Beside the result (4.19), we are unable to say much
in this situation.

Asymptotic variance. By Jensen’s inequality we deduce from (4.18) the convergence of
the second moment:

E{(Ry.—q)>), <K\ (% + e’c(t)N). (4.20)

To establish our finite-size correction result (Theorem 4.7) we need to prove a result stronger
than (4.20), namely that N -E ((Ry,. — q*)2>t converges to a limit. For ¢ € [0,1] and \ € A,

we let 1 9 4a(1) — 3a(2)
fa H2 w) o
Ars(Nit) = = | — A v
rs(A: 1) A( o T T T i) ) (4.21)

where p; and ps are defined in (4.13).

Theorem 4.9. For all A € A and allt € [0,1], there exist constants K(X) > 0 and ¢(t) >0
such that

|N~E<<R17* - q*)2>t — ARs()\;t)| < K()\) (\/_1N +N€—c(t)N) .

Moreover, c(t) > 0 on [0,1), and if either X < A. or Py is not symmetric about the origin,
then c(t) > ¢y for some constant cy = co(\) > 0. Otherwise, c(t) ~ co(1 —t)? ast — 1.
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The proofs of Theorems 4.8 and 4.9 rely on the cavity method, and will be presented in
Section 4.5. Finally, the techniques we use could be easily extended to prove convergence of
all the moments at optimal rates: for all integers k,

K(k
E((R. - ) < 504 g peeon,

but we will not need this stronger statement.

4.4 The interpolation method

In this section we apply once more the interpolation method of Guerra (2001) to prove
Theorem 4.7. This time we keep track of the lower order terms.

The Guerra interpolation

Our interpolating Hamiltonian is H; from (4.16) with » = Ag for some ¢ > 0. Now we
consider the interpolating free energy

1

o(t) == NElog/e_Ht(f’:)de@N(m). (4.22)

We see that ¢(1) = Fy and ¢(0) = ¢(Aq). This function is moreover differentiable in ¢, and
by differentiation, we have

o= {4
1

:NE<—2—Z<J \/ ZVVZJxx]—i- mexj j>

1<J 1<j

1 A [ A *
+NE<§;I3—§ Tjt;Zixi_)\q;mixi>t'

Now we use Gaussian integration by parts to eliminate the variables W;; and z;. The details
of this computation are explained extensively in many sources. See (Krzakala, Xu, and
Zdeborova, 2016; Lelarge and Miolane, 2016; Talagrand, 2011a). We get

o'(t) = _WE<Z$ a: P ZB >+—]E<lexx] >

1<) 1<

A al A al
+%E<' xgl>x52>> : NqE<inx;> .
7 t t

=1
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Completing the squares yields

o'(t) = —2E<(:13(1) 2 —¢)?), + q +4N2Z]E< n? z? >t (4.23)

A * *
+§E<(wm —q)?), ——q _2N22E (v 2>

The first line in the above expression involves overlaps between two independent replicas,
while the second one involves overlaps between one replica and the planted solution. Using
the Nishimori property, the derivative of ¢ can be written as

§(0) = YE((Ri, — ), ~ 50 — 1y Bon’ai?),. (4.24)

The last term follows by symmetry between sites. Now, integrating over ¢, the difference
between the free energy and the RS potential F'()\, g) can be written in the form of a sum
rule:

FN—F()\,q):%/O (JE< Ri. —q)%), ——]E<xN2 *2>t>dt. (4.25)

We see from (4.25) that Fy converges to F'(), ¢) if and only if the overlap R, . concentrates
about ¢. This happens only for a value of ¢ that maximizes the RS potential F'(},-). Using
Theorem 4.8 one can already prove the 1/N optimal rate below A. or above it when the prior
is not symmetric. Indeed since ¢(t) is lower-bounded by a positive constant in this case, the
bound (4.20) yields fol E((Ry. — q*)*):dt < K(X\)/N. Also, the second integrand in (4.25) is
bounded by K/N for some constant K > 0, so we have for all A € A, Fiy = ¢rs(A)+O(1/N).
If A > A\, and the prior is symmetric then we are only able to prove a rate of 1/ VN due to
the fact c(t) ~ co(1—t)* as t — 1. The 1/N rate would follow immediately in this case if one
is able to improve the latter estimate to ¢(t) ~ ¢o(1 —1t). To go further, we use Theorem 4.9,
and the additional fact that E{xy22%?); has a limit:

Lemma 4.10. For all A € A and for all t € [0,1), there exist constants K(\) > 0 and
c(t) > 0 such that

|]E <33N2 }kV2>t — a(())} < K()\) (\/LN + 6—c(t)N) .

Moreover, c(t) > 0 on [0,1), and if either X < A. or Py, is not symmetric about the origin,
then c(t) > ¢y for some constant co = co(A\) > 0. Otherwise, c(t) ~ co(1 — )% ast — 1.

The proof of Lemma 4.10 relies on the cavity method, and will be presented in the
Section 4.5. Now we are ready to prove Theorem 4.7.

Proof of Theorem /4.7. By formula (4.25) with the choice ¢ = ¢*(\), we have

N(Es = ons) = 3 ([ Sttt —a(0)) | <3 [ INE((R =), - Besiit)]
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1
+ 2/ ‘E <xN2x}‘VQ>t — a(O)‘ dt.
0

By Theorem 4.9 and Lemma 4.10, the integrands on the right-hand side are bounded by
K/VN + KNe“ON where ¢(t) > ¢; > 0 for all ¢ in the cases A < A\, or P, not symmetric
about the origin, so the convergence follows. The function ©rs()) is the second term in the
left-hand side. Formula (4.14) follows by integration. [

The main estimate: energy gap at suboptimal overlap

Recall the interpolating Hamiltonian H; from (4.16) with r = A¢*(\). Let us now consider
a version of the Franz-Parisi potential defined on H;. For * € RY fixed, m € R\ {0} and
e > 0 define the set

A Ri.e[m,m+e) if m>0,
| Ri.€(m—em] ifm<0.

Now define the FP potential as
1
O (m,t) = NEW log/]l{a: € Ale H@)qpON (),

where the expectation is only over the Gaussian disorder W. The dependence of &, on x*
is kept implicit. We will adopt the same approach as the ine used in Chapter 2: An upper
bound on the FP potential is a main ingredient is our proof of overlap concentration. To
prove this we will need the auxiliary function

tAG?
drs(Xit) = sup {wi(0g) = - .
q>0
One can show that the above formula is the limit of p(t) as N — oo, by either using the
approach of Section 4.1, or with the argument of Lelarge and Miolane (2016). For our
purpose we will only need the inequality

KM\t
N
which can be proved using the interpolation method presented in the previous section and
dropping the non-negative term E{(R; .—q*)?) from the expression analogous to (4.24) in this
case. Now it suffices to compare ®.(m;t) to ¢prs(A;t). The result is given in Proposition 4.14,
and we finish this subsection by Proposition 4.12 showing convergence in probability of the

overlaps as a straightforward consequence.
Let us recall some notation from Chapter 2. For r > 0 and s € R, we let

o(t) > ¢drs(A;t) — (4.26)

15(7’, s):=E, log/exp (ﬁzx + st — gﬁ) dPy(z).
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and
15(7’, s) =K, QZ(T, sz*)
= EI*,zlog/exp <\/_zx + sxx™ — §x > dPy ().

We now state a useful interpolation bound on ®.(m;t). This is a simpler version of the
Guerra-Talagrand 1RSB interpolation bound at fixed overlap, a key invention that ultimately
paved the way towards a proof of the Parisi formula (Guerra, 2003; Talagrand, 2006). In
some sense, since we are dealing with a planted model, we only need a replica-symmetric
version of this bound.

Proposition 4.11. Fizxz* € RY, m € R, e >0,t € [0,1] and X > 0. Let r = (1 — t)\¢* +
tAm|, 7 = (1 —t)\¢* + tAm. There exist a constant K = K(Py) > 0 such that

O (m <1nf{ Z¢ ‘)—hm} t)\ZL2+)\t;2+)\]ff(.

Proof. This is proved in exactly the same way as Proposition 2.14. The interpolation we
consider here is

tsA tsA tsh .
—H; (x) == Z oN 12:17]2 + N —Wijzx; + lexl T

1<J

N *
+Z—ﬂ 2V (1 =tz + (1 — )M\ wa)
i=1 2 '

=z

(1-— t)\
n Z s |m\ 2 24 (1 _ S)t)\’m‘zggji + (1 - s)t)\matix:,
=1

where t is fixed and s € [0, 1] is varying. The r.v.’s W, z, 2" are all i.i.d. standard Gaussians
independent of everything else. We define

1
o(t,s) = ¥ Ew 2.2 log/]l{:c € A}e =@ qpEN (g).

We compute the derivative w.r.t. s. The same algebraic manipulations conducted in the
computation of ¢’ up to (4.23) apply here, and we get

by >\ 2
up(t.5) = — L E((@V 2 — m])2),, + L+ ZEW” .

At . At X
+EE<(1"$ _m)2>t,s_ m? — 2N2 ZE<IZ 2>t J
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where (-);, is the Gibbs average w.r.t. the Hamiltonian —H;  (x) + log1{x € A}. The
planted term is trivially smaller than t\e®/2 due to the overlap restriction. Moreover, the
last terms in both lines are of order 1/N since the variables z; are bounded. The first term
in the first line, which involves the overlap between two replicas, is always non-positive so
we can ignore it and obtain an upper bound:

At e AK
<-4 .
ODsp(t, s) < 1 m° + 5 + N

Integrating over s, we get

At Ate? MK
®(m;t) < p(t,0) — Zm2 + TE +

Finally, for h of the same sign as m, we have
1
Sp(t70) = NElog/]l{w c A}eth,o(m)dPX@N(w)

1

< —hm+ N]Elog/ 1{z € A}e  Heo@+hNE1.q pON (40)
1 e ~

=—hm+ < ;:1 e(r, (7 + h)ap),

where the last line follows by dropping the indicator from the integral. [ |
A consequence of the above bound is the convergence in probability of the overlaps:

Proposition 4.12. For all A € A, all e > 0 and all t € [0,1], there exist constants K =
K(\€) >0, c=c(\et, Py) >0 such that

]E<]l {{RL* — q*()\)‘ > e}>t < Ke V.
The map t — c(t) has the following properties:
o [ft <1 then c(t) > 0.
o If either X\ < A. or Py is not symmetric about the origin then infcjo 1y c(t) > 0.

e Conversely, if X\ > \. and P, is symmetric about the origin then c(t) ~ co(1 — t)? as
t — 1, for some ¢y = co(A, €, Py) > 0.

Moreover, if X > A, Py is symmetric and t =1 then one still has
E(L{||Ri | —a"(\)| = €}) < Ke™,

with ¢ = c¢(\, €, Py) > 0.
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Proof of Proposition 4.12

The proof is similar to that of Proposition 2.15, with additional technical complications when
A> A Fore ¢ >0, te€0,1), we can write the decomposition

E(L{|R1.—q' (V= e}), = D E(I{Ri. — ¢ —c €I, (I +1e)}),

>0

+ Y E(U{ ~Ri, +q —eele, (1 +1)e)}),,

>0

where the integer index [ ranges over a finite set of size < K/¢€’ since the prior P, has bounded
support. We will only treat the first sum in the above expression since the argument extends
trivially to the second sum. Let A= {Ry, —¢* — € € [l¢, (I +1)¢')} and write

‘&fmww?ww]

E <]1 (A)>t = Ez* I['—;:W,z (4.27)

J e @ dPEN ()

By concentration over the Gaussian disorder W, z (Lemma 2.16), for any given [ and u > 0,
we simultaneously have

1
log/ —Hy( m)dP®N( ) > NEW,z log/e_Ht(m)dPx@N(m) —u
and

1
—log/]l{w € Aye @) qpeN (g) < NIEWzlog/ M@ q pEN () + u
A

= O (¢ +e+1€;t) +u,

with probability at least 1 — 4e~V**/K_ On the complement of this event event, we simply
bound the fraction in (4.27) by 1. Combining the above bounds we have

E (1(A)), < 2e7 VK L B [NA+H20] (4.28)

where

1
A= bu(mit) = 3 Bwalog [ e AP @) (<0),
A

with m = ¢* + € + l€/. Proposition 4.11 implies that

heR

1 Ate? AK
— —Ew_.l “Hi@) T T
N Ew, og/Ae + 5 + N

1 o~ Atm?
A < inf {N an (T + h)x}) — hm} — T
=1
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Concentration over the randomness of * (Lemmas 2.17 and 2.18) implies that for v’ > 0,
we have

— Atm? A2 MK
<1 r — — — /
A< }112]1{% {¢(r,r + h) hm} : o(t) + 2u" + 5 + N
. o Atm? , A2 MK
< inf {007+ ) = hm } = ST~ grs(Xi ) + 20+ -+ S

—~Nu'?/K

with probability at least 1 — 4e , where the last inequality come from (4.26).

Lemma 4.13. There exists K = K(Py) > 0 such that

int {007 4+1) = hm} < 60,7) = s (m = 0,61,

Therefore, with probability at least 1 — 4e~V**/K we have

A AK
< QIR it .
A<dp+2u + 5 +N’ (4.29)
with 2 .
_ ¢ _
56 = P(r,F) — 2 prs(\it) — S5 (m = 0.0 (r, M) (4.30)

Now, the crucial observation is that d¢ is strictly negative when m is far from ¢*:

Proposition 4.14. For all A € A, all € > 0 and all t € [0,1], there exist constants ¢ =
c(\, €1, Py) >0 such that

Vm e R m —q*(\)| > € — dp < —c.

Moreover, if t < 1 then ¢ > 0. If either A < A\, or P, is not symmetric about the origin
infyeo c(t) > 0. Lastly, if X > X\, and Py is symmetric, then c(t) ~ co(1 —t) ast — 1, for
some ¢y = co(A, €, Py) > 0.

We can now finish the general using the above Proposition. Since m = ¢* + € + l€/,
|m — ¢*| > €, and by Proposition 4.14, and (4.29) we have A < —c + 2u' + ’\762 + 2K with
probability at least 1 — 4e~N“*/K: otherwise A < 0. Plugging this into (4.28), we obtain

E <]]-(A>>t < 2efNu2/K + 467Nu’2/K+2Nu + 2€N(7C+2’LL+2U/+)\62/2)+>\K‘
We now adjust the parameters €, u, v/, so that the right-hand side is exponentially small in
N: E(1(A)), < Ke *N. Finally, if P, is symmetric and ¢ = 1, then it suffices to consider

non-negative values of m in the above argument to prove the corresponding statement. W

To prove Propopsition 4.14, we will need to following useful lemma:
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Lemma 4.15. For all r > 0, it holds that
o The function s +— 1)(r, s) is strictly convez, hence strongly convex on any compact.

e There exist a constant ¢ = c(r, Py) > 0 such that ¥ (r,—r) < (r,r) — c. Ifr>0
then ¢ > 0 unless the prior Py, is symmetric about the origin (in which case (r,—r) =

o(r,7)).
e The map r+— c(r, Py) is increasing on R.

Proof of Propopsition 4.14. The bound we seek to prove will come from different sources,
depending on whether ¢ is small or not and whether m positive and negative. Recall that
r=(1—1t)A¢" +tA\m| and 7 = (1 — t)\¢* + tAm.

Large t. Assume t > t; to be determined later. For m > 0, 1(r,7) = 1 (r,r) = 1(r). Since
1 is a convex function we have

tAm?
4

< (1 - 10(") + t0m) — 2

= (1 — t)b(A\g") + tF(\,m). (4.31)

e(r)

Since ¢*(\) is the unique maximizer of m — F(A\,m), |m — ¢*| > € > 0 implies that
F(A\,m) < F(\ ¢*) — c(e) for some ¢(€) > 0. This in turn implies
*2

3¢ < (1 = t)(Ag") +t(¥(Ag") — AT c(€)) — prs(Ast)

4
t)\ *2
_ Z — drs(\it) — te(e)

= (Aq")
< —toC<€).

The conclusion is reached for m > 0. Now we would like to prove the same bound for
negative overlaps. Assume that m < 0. Although m is far from ¢*, the issue is that it could
still be close to —¢*. This case will need special care.

If A < A then ¢*(A\) = 0, and by Proposition 4.15 we have t(—tAm,tAm) — 22 <

(—tAm) — t’\f < toF'(A,—m), and we finish the argument as in the case of positive overlap.

Now we deal with the case A > A. ,i.e., ¢* > 0.

e Suppose |m + ¢*| > €. We let a = (1(_175)_%.

W(r,7) =(r,ar — (1 —a)r)
<ap(r,r) + (1 = a)d(r,—r)
< y(r)

where the last two lines follow from Proposition 4.15. Since |m + ¢*| > € we finish once
again as in the positive overlap case, starting from line (4.31).
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e Suppose |m+¢*| <e. Then 1 —a > toﬁ and |r — Ag*| < Ae. If P, is asymmetric we
use the bounds of Proposition 4.15:

b(r,7) < add(r,r) + (1 — a)i(r, —r)
<Y(r) = (1 — a)e(r)
q* — € *
< 0ir) L el )

The last line follows since r — ¢(r) is increasing. Then we finish the argument as
n (4.31).

Small ¢.  Assume now that ¢ < #. In this situation, we draw the gap from the term
(m — 9y(r,7))? (so far unused) in (4.30). The functions ¥ (r,-) and ¥(-,-) = ¥(-) have

bounded second derivatives so

max { |0)(r,7) = dsb(r,r)| . [0 (r,7) — D(a", ")

Moreover,

} < KXt

(m —q")* < 2(m — 99 (r,7))* + 2(¢* — 0 (r, 7))
Since s (q*, ¢*) = ¢* we have

_ 1 2
(m = 0ai(r,7))” 2 5 (m = g) = KNt} > % — KA,

and here we choose ty to be accordingly small, and we finish the argument.

Note that the assumption that P, is not symmetric about the origin is used only in the
case where the (negative) overlap m is close to —g*. Consequently, the gap is independent
of ¢t in all cases. Alternatively, without this asymmetry assumption (and when ¢* > 0), we
see that there is no hope of a gap independent of ¢ since the potential E,+« ®.(m;t) is closer
and closer to being even as ¢ — 1. But we can still obtain a gap that depends on ¢(1 — )
via a strong convexity argument.

The function s +— ) (r, s) is strongly convex on any interval, and for all 7 > 0. Therefore,
for m > 0 recalling r = (1 — t)A\¢* — tAm and a = (1(—116)_%7
depending only on A and P, (this constant is a bound on ) such that

there exists a constant ¢ > 0

< adb(r,r) + (L= a)i(r,—r) - Sa(l - a)(2r)?
= OMZ(T, r)+ (1 — oz)z/;(r —r) — 2ct(1 — t)A\%q*|m]|
< P(r,r) = 2 (1 = )ANq"(¢" =€),

where the last bounds follows from (7, —r) < ¢(r,r) and |m + ¢*| < € (recall that this is
the only case where such an argument is needed). [
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Proof of Lemma 4.153. This is a consequence of a classical symmetrization argument.
If we define () as the Gibbs average associated to the random Hamiltonian = — /rzz +
rrx* —rx?/2, we have

QZ(T, T+ h)= QZ(T, 7)+ E, . log <ehm*> )
Now, for fixed h, * and z, we have by Jensen’s inequality

<6hx*(x—<x>)> S <€h$*(a;—1‘/)> ,

where 2’ is an indepdenent copy of = (i.e. distributed according to (-)). Since the random
variable x — 2z’ is symmetric, its odd moments vanish, and we have

<€hx*(%x/)> _ Z (h]t_;k)k <(x _ x/)k>

k>0
(hx*)Qk
k>0 '
Since || < K a.s. |z — 2| < K' = 2K, and (2k)! > 2*k!, it follows that
*\ 2k
hz*(z—x') (h.’L' ) 12k
(e )< o

_ 6h2x*2K/2/2.

From the above we obtain
. 1 1
E. . log (") < hE(zz*) + éhQE[:p*Q]K'Q < hE(xz*) + EhQK”Q.

Now,

Now we prove Lemma 4.15. A straightforward calculation reveals that

2 [
ds?
so that s +— %@Z(r, s) is Lipschitz and strongly convex on any interval, and for all r > 0.

Let v = Py, and let p be the symmetric part of Py, i.e., u(A) = (P (A) + P(—A))/2
for all Borel A C R. We observe that v is absolutely continuous with respect to p, so that
the Radon-Nikodym derivative g—; is a well-defined measurable function from R to R, that
integrates to one.

%zﬁ(r, s) =E[(xzz")], and (r,s) =E [z*Q((x2> — (x>2)} > 0,
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dv 2
(o -1) ] ,
/"L w,r
where (-),., is the average w.r.t. to the Gibbs measure corresponding to the Gaussian channel

y=re* + 2z, * ~pu and z ~ N(0,1). Moreover, if r > 0, the right-hand side of the above
imequality is zero if and only if u = v, i.e., the prior Py is symmetric.

Proposition 4.16. For all r > 0, we have

W(r,r) — 7,5(7“, —r)>2E

Finally, the last statement is given here.

2
Lemma 4.17. The map r — E [<g—:(x) - 1>

] 15 increasing on R, .
w,r

Proof. This is a matter of showing that the derivative of the above function is non-negative.
By standard manipulations (Gaussian integration by parts, Nishimori property), the deriva-

tive can be written as ,
dv
rz| —(x)—1 .
< (du( ) )>u]

Proof of Proposition 4.16. The argument relies on a smooth interpolation method be-
tween the two measures p and v. Let t € [0, 1] and let p, = (1 —¢)u+tv. Further, let r,s > 0
be fixed, and

D(r,s;t) = E. / (log / exp (\/sz + szxt — g;ﬁ) dpt(:L’)> dpi(z*),

where z ~ N (0,1). Now let

E

¢(t) = &(h r; t) - 1;(707 - t)

We have ¢(1) = 9)(r,7) —1b(r, —r) on the one hand, and since 4 is a symmetric distribution,
¢»(0) = 0 on the other. We will show that ¢ is a convex increasing function on the interval
[0,1], strictly so if 4 # v, and that ¢/(0) = 0. Then we deduce that ¢(1) > & ( , allowing
us to conclude. First, we have

d - * T
0 =E. f1og v de(m) d(v = p)(a")

) i Al — (o)
j‘e\fzm+rxm 2dpt(l')

dpt(l’*),

and

& VT 5 ) () *
dt2 7” T t =2E, /f f@fszrrxx**rgﬂdp ( ) d(]/ - ,U,)(QZ )
t
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_ QEZ/ <f 6\/sz+mx*_§m2d(y . M)($)> dpt<x*).

f e\/Fszrrxm*f%xQ dpt (.’L‘)

Similar expressions holds for (r, —r;t) where 2* is replaced by —x* inside the exponentials.
We see from the expression of the first derivative at ¢ = 0 that 1 (r,r;0)" = ¢(r, —r; 0)". This
is because py = p is symmetric about the origin, so a sign change (of x for the first term, and
x* for the second term in the expression) does not affect the value of the integrals. Hence
¢'(0) = 0. Now, we focus on the second derivative. Observe that since p is the symmetric
part of v, v — u is anti-symmetric. This implies that the first term in the expression of the
second derivative changes sign under a sign change in z*, and keeps the same modulus. As
for the second term, a sign change in z* induces integration against dp;(—xz*). Hence we can

write the difference (¢¥(r,r;t) — ¢ (r, —r;t))" as

d2 B f eﬁzx%»rmm*f%aﬁd(y _ /L) (ill')
a2 (t) =4E, Vrzatroe*—La?
ai Je = dp (o)

. / ( i emﬁw_gma?(y - ,u)(:l:)) Ann(e™) — dor(—o™).

f e\/?z:c+7"x:c*—§x2 dpt (l‘)

d(v — p) (")

For any Borel A, we have p;(A) — pi(—A) = (1 — t)(u(A) — p(—A)) + t(v(A) — v(=A)) =
2t(v — p)(A). Therefore the second term in the above expression becomes

At Ez/ <f e\/sz—i-mx*_%md(V . M)(l’)) d(}/ B Iu)(x*)

f eﬁzx-i-rmc*—gﬂ dpt(l')

Since both p and v are absolutely continuous with respect to p; for all 0 < ¢ < 1 we write

j_; (t) = 4E, - <d(”dp_t 2 (:c)d(”dp_t ) (:c*)> — 4L E, 4 <d(yd—;t“)<x>>2 :

where the Gibbs average is with respect to the posterior of x given z, x* under the Gaussian
channel y = /rz* + z, and the expectation is under z* ~ p, and z ~ N(0,1). By the
Nishimori property, we simplify the above expression to

(1220}

where the expression is valid for all 0 < ¢ < 1. From here we see that the function ¢ is
convex on [0, 1] (where we have closed the right end of the interval by continuity). Since
»(0) = ¢'(0) = 0, ¢ is also increasing on [0, 1]. Therefore we have

(01 ]

d2

50 = 41— E

¢"(0) = 2E

1
o(1) > B
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Now it remains to show that if (r, r) = U(r, —r) for some r > 0 then = v. By the
lower bound we have shown, equality of ¥(r,r) and ¥ (r, —r) would imply

ﬁza:—i—rma:*—g;ﬂ d
(L) - LoD
du s fe rze+reat —ga d,u(x)

for (Lebesgue-)almost all z and Pe-almost all z*. We make the change of variable z
V(2 — x*) and complete the squares, then the above is equivalent to

/e—g(w—z)2dy(m) — /e—g(z’—z)zd'u(m)

for almost all z. The above expressions are convolutions of the measures v and u against the
Gaussian kernel. By taking the Fourier transform on both sides and using Fubini’s theorem,
we get equality of the characteristic functions of p and v: for all £ € R,

/ ¢y (z) = / e dy(z).

This is because the Fourier transform of the Gaussian (another Gaussian) vanishes nowhere
on the real line, thus it can be simplified on both sides. This of course implies that v = u,
and concludes our proof. [ |

4.5 The cavity method

Now that we have established the convergence in probability of R;. to ¢*(\) under E(-);
in Lemma 4.12, we use the cavity method to prove the convergence of the moments of the
overlap.

Our proofs of Theorems 4.8 and 4.9 are interlaced. The skeleton of the argument is as
follows:

1. We first prove convergence of the second moment: E ((Ry. — ¢*)%), < O(1/N+e M),

2. We then deduce from 1. the convergence of the fourth moment via an inductive argu-
ment: E (R, — ¢*)*), < O(1/N? + e~ V). This finishes the proof of Theorem 4.8.

3. Using 2., we revisit our proof of 1., and refine the estimates in order to obtain the
sharper result N-E ((Ry. — ¢*)?), = Ars(A;t). This finishes the proof of Theorem 4.9.

We will start by defining our interpolating Hamiltonian and state some preliminary bounds
and properties. Then we will move on to the execution of the cavity computations.
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Preliminary bounds

In this section the parameter ¢ € [0, 1] is fixed and treated as a constant. We consider the
Hamiltonian

—H, (x) = Z ——N:L*Zx] Wy W”x xj+ xlx 7T}

i<j<N-1
— (1—1t)r
+ Z v+ /(1 —t)yrzmw; + (1 — t)rag),

where we have striped away the contribution of the variable zy from H; (equ. (4.16)). This
contribution is considered separately: for ¢’ € [0, 1], we let

N-1
At/ At At
—hy(x) = ; —ﬁx?ﬁv + N —Winzixn + N — XX TNT
1t
% VI = rzyey + (1 —t)royaly.

We let r = A\¢g*()\) and let our interpolation, with the time parameter s € [0, 1], be
H, () := H, (x) + hes(x).

At s = 1 we have H,; = H;, and at s = 0 the variable ) decouples from the rest of the
variables. For an integer n > 1 and f : (RY)"*! — R, we define

f f(m(l)’ cee m(n)’ m*) H?:l eth,S(m(l))dP}?N(m(l))
JTIL, e @ d PeN (z0) ’

(@, 2, a),,

similarly to (4.15). Following Talagrand’s notation, we write

Ry = Zx(” O and i (f) = E(f)

In our last notation, we have only emphasized the dependence of the average on s; the
parameter ¢ will henceforth remain fixed. Moreover, we write v(f) for v1(f). The following
three lemmas are variants of Lemma 1.6.3, Lemma 1.6.4 and Proposition 1.8.1 respectively
in (Talagrand, 2011a).

Lemma 4.18. For alln > 1,

d

A ) , n ) )
Lo =5 > wel(By —ap®yh) ~ Am; vo(Rp, 0 — )y Pyt )

1<I£U<n
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+ A Y vl(R, — )y Py f) = Mnv(Ry . — Qy™ ™y f)
=1

n(n+ 1)

M
AT

Vs((R;+1,n+2 - Q)y(n+1)?/(n+2)f)7

where we have written y = xy.

Proof. The computation relies on Gaussian integration by parts. See Talagrand (2011a,
Lemma 1.6.3) for the details of a similar computation. [

Lemma 4.19. If f is a bounded non-negative function, then for all s € [0,1],

vs(f) < KA n)v(f).

Proof. Since the variables and the overlaps are all bounded, and ¢ < 1, using Lemma 4.18
we have for all s € [0, 1]

()] < KA n)vs(f).

Then we conclude using Gronwall’s lemma. [ |

Lemma 4.20. For all s € [0,1], and all 7,7 > 0 such that 1/7 + 1/175 = 1,

va(F) = vo( DI < KO m)w (|Ri, — g ™) 7w (1£17) (4.32)
va(F) = o) = v(H) < KO mw (|Re, —a] ™)™ v (1) (4.33)

Proof. We use Taylor’s approximations

vs(f) = vo(F) < sup [vi(f)],

0<s<1

s (f) = vo(f) = wo (NI < sup [V{(f)],

0<s<1

then Lemma 4.18 and the triangle inequality to bound the right hand sides, then Hoélder’s
inequality to bound each term in the derivative, and then we apply Lemma 4.19. (To compute
the second derivative, one need to use Lemma 4.18 recursively.) n

The cavity matrix
Recall the parameters a(0), a(1) and a(2) from (4.12):

a(0) = E [(2*)7] —¢*(\), a(1) =E[(2").(2)7] —¢*(N), a(2) =E [{z);] —¢*(N),
where r = A¢*(\). Now let

a(0) —2a(1) a(2)
A:=X-|a(l) a(0)—a(l)—2a(2) —2a(1) 4 3a(2) . (4.34)
a(2) 4a(1) — 6a(2) a(0) — 6a(1) + 6a(2)
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One can easily check that the transpose of this matrix has two eigenvalues p; and ps with
expressions

(a(0) = 2a(1) + a(2)),

(X)) = Ma
(a(0) — 3a(1) + 2a(2)),

1 A
p2(A) = A (4.35)
and associated eigenvectors (1,—2,1) and (2, —3,2), and of multiplicities two and one re-
spectively. (The first eigenvalue appears in a 2 x 2 Jordan block.) We will need to control
the largest eigenvalue of AT. This matrix is the “planted” analogue of the one displayed
in (Talagrand, 2011a, equ. (1.234)) for the SK model. By Cauchy-Schwarz, pu; — ps =
A(a(l) —a(2)) > 0. As will be clear from the next subsection, the cavity computations we
are about present are only informative when p; < 1. Interestingly, this is true for all values
of X\ where the RS formula ¢rs has two derivatives:

Lemma 4.21. For all A € A, u1(\) < 1.

Proof. First, if A\ < A, then ¢*(\) = 0, and p;(\) = A(Ep,[X?])?. By Lemma 2.1, p;(\) < 1.
Now we assume A € AN (A, +00). Recall

Y(r) = Ep . log / exp (\/sz + reat — £x2> dPy(z),

and the RS potential
g
F(Aq) =¢(Ag) = =~
It is a straightforward exercise to compute the first and the second derivatives of 1 using

Gaussian integration by parts and the Nishimori property:

(r) = %E(:m:*)r,

1

P'(r) = 5 (E(xzx*z)r — 2E<$(1)2x(2)x*)r + E(a:(l)x@)x(g)x*>r> :

With the choice r = Ag*(\), we see that p;(A) = 2A¢”(r). Now we observe that
0?F A

5 (22" (Ag) — 1)

Since ¢*(A) is a maximizer of the smooth function F(A,-), and lies in the interior of its

domain (¢*(\) > 0 for A > X.), then it must be a first-order stationary point: %—Z()\, q*) = 0.
2

Hence %Tf;()\, q¢*) <0,ie, u(N) <1 forall A > A.. Now we claim that the inequality must

be strict for A € A. Indeed, Lelarge and Miolane (2016, Proposition 15) show that whenever
¢Rs is differentiable at A, then the maximizer of F'(), ) is unique and

C oo 0PN
Prs(N) = 1
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Therefore, twice differentiability of ¢rs implies first differentiability of A — ¢*(\) whenever
7*(A\) > 0 (i.e., A > A\.). Now we take advantage of first-order optimality: %—Z()\,q*) =0is
the same as

The above can be seen as an equality of functions (of \) defined almost everywhere. Taking
one derivative yields

¢ V"0 () = 5 (1= 2007 (0" ()" (V).

Since ¢*(\) and ¥"(Ag*(\)) are both positive, the right-hand side cannot vanish. This con-
cludes the proof. [ |

Cavity computations for the second moment

In this subsection we prove the convergence of the second moment of the overlaps:
K
W(Rre =) < o+ e 0N,

with c(t) ~ co(1 —t)? as t — 1 when A > ), and P, is symmetric about the origin,
and uniformly lower-bounded by a positive constant otherwise. To lighten the notation in
the calculations to come, ¢*(A) will be denoted simply by ¢, and we recall the notation

v(-) = E{).;. Let
A=v((Ris—a)?), B=v((Ri— (R —q)), C=v((Ri:—q)(Re3—1q)).

By symmetry between sites,

1

A=v((Bis — g)anay — ) = pv(enay(evey — q)) + v((Bi, — o) (znay = q)).

By the first bound (4.32) of Lemma 4.20 with 7 = 1, 75 = 00, we get
vizney(enty —q)) = volenry(envay —q)) +0 = a(0) + 4,

with |6 < K(A)v(|R;, — ¢g|). On the other hand, by the second bound (4.33) with 7, = 1,
To = 00, We get

v((Ry, — @)(zvey — ) = v((Ri. — @) (enaly — q)) + 6.

This is because vo((R;, — ¢)(zn2ly — q)) = 0, since last variable zy decouples from the
remaining N — 1 variables under the measure v5. Now, we use Lemma 4.18 with n = 1, to
evaluate the above derivative at t = 0. We still write y) = 9:5\1,)

Vo (R, — q)(znaly — ) = =My Py (yVy* — ¢) (B, — ¢) (R, — q))
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+ Mo (y Yy (yy* — o) (R, — q)?)
— Mo (yPy* (yy* — ) (Ry, — 9)(Rz. — q))
+ xtvo(y Py (y Wy — q)(Rr, — q)(Ras — ).
We extract the average on the y-variables from the rest of the expression as pre-factors, so
that the above is equal to

= Mta(Dro((Ri, = ¢)(Riy — ) + Ma(0)ro((Ri, = ¢)°)
— Ma(wo((Ry, — @)(Ry. — q) + Ma(2)u((Ry . — q)(Rys — q))-

We notice that by the Nishimori property that

vo((Ri. — @) (Ris —q) = w((Ry, — ¢)(Ra. — q))-

Now we observe that v)((R, —¢q)(xnTy —q)) is a linear combination of terms that resemble,
but are not quite equal to A, B and C'. We are nevertheless tempted to make the substitution
since we expect them to be close. We use Lemma 4.20 to justify this. Taking vo((Ry, — ¢)?)
as an example, we apply the estimate (4.32) with ¢ =1, 74 = 3 and 7, = 3/2. We get

w((Rr, —q)*) = v((Ri, —@)*) +9
with |0] < K(N)v(|Ry, — ¢|*). Moreover,
A(RT, = 0)) = Wi = " = 0)) = H{(Rr = 0) = oloy’ (Rre = 0)) + 5307y,

The third term is of order 1/N?, and the second term is bounded by (| Ry« — q|). There-
fore
(R, = a)°) = v(Brw — 0)") + 0,
with . |
91 < KO (R, =)+ v = )+ )

This argument applies equally to the remaining terms vo((R;, —q)(R,, —q)) and vo((R;, —
q)(R55 — q)). We then end up with the identity

A= # + Na(0)A —2Na(1)B + XNa(2)C + 6(0), (4.36)

where X' = ¢\, and |6(0)| is bounded by the same quantity as |’|.
Next, we apply the same reasoning to B and C' as well, (e.g., Lemma 4.18 needs to
applied with n = 2 for B and n = 3 for C') we get

B= % + Na(1)A+ X (a(0) — a(1) — 2a(2)) B + N(—2a(1) + 3a(2))C +6(1),  (4.37)
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C = % + Na(2)A+ N(4a(1) — 6a(2))B + N (a(0) — 6a(1) + 6a(2))C +6(2),  (4.38)

where for ¢+ =0, 1, 2,

560 < KO (elIRe. = d) -+ (R, — )+ 55 (4.39)

We have ended up with a linear system in the quantities A, B and C. Let z = [A, B,C]"
and & = [§(0),5(1),6(2)]". Then the equations (4.36), (4.37) and (4.38) can be written as

z= la +tAz + 6, (4.40)
N
where a = [a(0),a(1),a(2)]", and the matrix A are defined in (4.34). The above system
implies useful bounds on the coefficients of the vector z only if the largest eigenvalue of the
matrix tA is smaller than 1. This is insured by Lemma 4.21 when A € A (independently of
t). Now we can invert the linear system and extract z:

1 -1 -1
z= N(I —tA) a+ (I —tA) 4. (4.41)

Now we need to control the entries of . By elementary manipulations,
(IR, — ) S vllBae —dl) +

and
- 3 5, I
V(IR —a”) S v([Rix —qf’) + N
Therefore, from (4.39) we have for all i = 0, 1, 2,

K K
(R —q)?) + WVURL* —ql) + N

301 < K (MR =) + (R = ) 4 ol —ab + 3 ) - (442

Now we will argue that v(|R; .—q|) < 1 and v(| Ry .—q|*) < v((R1.—q)?). With Lemma 4.12
we have for € > 0
V(IRis —ql) < e+ K(e)e™,

and
V(|Ri. —q*) < ev((Rix — q)?) + K(e)e V.

Combining the above two bounds with (4.42), and then injecting in (4.41), we get

(R~ ) =5(0) < 1, < | 57 - 14)a

Z + (=AYl
< % + K(e+ %)u((Rl,* —q)*) + K(e)e™ ™.
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The symbols ||-||,, and [| - ||op refer to the £; norm of a vector and the matrix operator norm
respectively. Here, ¢ = (I —tA) 'a. Note that the matrix inverses are bounded even
as t — 1 since u; < 1 for A € A. We choose € small enough and N large enough that
K(e+ +) < 1. We therefore get

v((Rix—q)?) < ——>+ K(\)e e®ON,

Cavity computations for the fourth moment

In this subsection we prove the convergence of the fourth moment:

* K —c
V((Ri. — ¢")*) < N2 + Ke N,
where ¢(t) is of the same type as before. We adopt the same technique based on the cavity
method, with the extra knowledge that the second moment converges. Many parts of the
argument are exactly the same so we will only highlight the main novelties in the proof. Let

A=v((Rie=q)"), B=v(Ri—a)’Re—0q), C=v((Ri—a)(Rez—0)).
By symmetry between sites,
A=v((Rix— ¢ (xnay — q))
= (R, — *(anay — )+ wH(Bi. — 0P avai(enay — o)

N

3

3 — * * 1 * *
+ _21/(<R1,* - Q)$N2$N2($N$N —q)) + WV(QUN INg(waN —q)).

N

The quadratic term is bounded as
— * * - K —c
(R, — vy (ewey — ) < Ku(Rp, — ) < 3+ Ke .

The last inequality is using our extra knowledge about the convergence of the second moment.
The last two terms are also bounded by K/N? and K/N? respectively. Now we must deal
with the cubic term, and here, we apply the exact same technique used to deal with the
term v((R;, — q¢)(xnwy — q)) in the previous proof. The argument goes verbatim. Then we
equally treat the terms B and C. We end up with a similar linear system relating A, B and
C:

1
z:md—l—tAszé,

where z = [A, B,C]". The differences with the earlier linear system (4.40) are in the vector
of coefficients d (that could be determined from the recursions) and the error terms (i),
which are now bounded as

3
: _ 1 _
6(0)] < Kv(|Ry, —af) + K ) ~av (B —al').
=1
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Crucially, the matrix A remains the same. Using Lemma 4.12, we have for € > 0,
V(|Riw —q?) < ev((Rix — q)*) + K(e)e Y,
v([Rie — q*) < ev((Rix — q)°) + K(e)e™.

With the bound we already have on v((R; . — ¢)?), we finish the argument in the same way,
by choosing € sufficiently small. This concludes the proof of Theorem 4.8.

Sharper results: the asymptotic variance

Finally, given the convergence of the fourth moment, we can refine the convergence result
of the second moment. Indeed we are now able to compute the limit of N - v((Ry .. — q)?).
Using Jensen’s inequality on the second and fourth moment, we have

+ Ke ¢ ON

K . K
V(|Rix—q|) < TN + Ke DN and v(|Ri. —q®) < EE

Looking back at (4.42), we can now assert that

K
‘(5(2)| S W + Keic(t)N.

We plug this new knowledge in (4.41), and obtain

[Nz — (I —tA) al|, < N|[(T —tA)7_ lId]l, < K(L n Ne—c(t)N)

VN
The last line follows since sup, ||(I —tA)~,, < K()) for A € A. We have just proved that
2\ c(0) —c(t)N

V(s —0)”) = 7+ KO (5 + ),
c(1 1 e

V((Rix — q)(Ros — q) = %-I—K()\)(the (t)N>,
c(2) e

V((Biw = q)(Bas — @) = — - + K(A)( e um),

where ¢ = (I —tA) 'a. One can solve this linear system explicitly and obtain the expression
of the coordinates of c:

B 2 2 —3 + 3Ata(0) — 2Xta(1)
c®_ﬁ(ym—w+l%m (1 —tm)? ’
1 /=34 3Ma(0) — 2xta(l) 3
C(].) = — 2 )
At (1 —tm) L —tpus

o) — 4Xta(1)* + (1 — Ma(0) — 5Ata(1))a(2) + 2Mta(2)?
“2)= (= )21 — ty) |

The expression of the first coordinate defines Agrs(\;t), equ.(4.21). This concludes the proof
of Theorem 4.9.
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Proof of Lemma 4.10

Let f(z,z*) = z%2*?. We have vo(f) = a(0). We use the first assertion of Lemma 4.20 with
71 =1 and 7, = o0 to get

—c(t)N

W(f) — w(f)] < KOW(Rr. — ¢°]) < % T Ke eV,

where the last bound follows from Theorem 4.8 and Jensen’s inequality.
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Part 11

Decoding a discrete signal from
pooled data
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Chapter 5

Decoding from pooled Data: sharp
information-theoretic bounds

The theory of compressed sensing (Donoho, 2006a), where one is interested in recovering a
signal from a few compressed measurements of it has grown into a rich field of investigation
and found many applications. From the inception of this theory, it has been understood
that the structure of the signal, typically sparsity, plays a key role in the sample complexity,
or number of measurements needed for reconstruction (Candés, Romberg, and Tao, 2006;
Candés and Tao, 2005; Donoho, 2006b). Here one usually considers a signal that is real-
valued, and is compressed by taking random linear combinations of its entries. It is however
interesting to move beyond this setting and consider signals that are discrete, where each
entry can take a value from a finite alphabet. Then one possible model of compression—since
the signal no longer has an additive structure—is to count the occurrence of each symbol in
a randomly chosen subset of the signal’s entries. Therefore, the measurements we consider
are histograms of pooled subsets of the signal. This model is motivated by applications such
as pooling of genetic data, on which we expand later on.

The discrete, combinatorial structure of this reconstruction problem makes it a special
kind of a constraint satisfaction problem (CSP). These have been the object of intense study
in recent years in probability theory, computer science, information theory and statistical
physics. For certain families of CSPs, a deep understanding has begun to emerge regarding
the number of solutions as a function of problem size, as well as the algorithmic feasibility
of finding solutions when they exist (see e.g. Coja-Oghlan and Frieze, 2014; Coja-Oghlan,
Hagshenas, and Hetterich, 2016; Coja-Oghlan, Mossel, and Vilenchik, 2009; Coja-Oghlan
and Perkins, 2016; Ding, Sly, and Sun, 2015, 2016; Sly, Sun, and Y. Zhang, 2016)). Consider
in particular a planted random constraint satisfaction problem with n variables that take their
values in the discrete set {1,--- ,d}, with d > 2. A number of m clauses is drawn uniformly
at random under the constraint that they are all satisfied by a pre-specified assignment,
which is referred to as the planted solution. In our case, the signal is n-dimensional, d is the
size of the alphabet, and there are m compressed observations (histograms) of the signal,
which represents the planted solution that satisfies all the constraints.
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Two questions are of particular importance: (1) how large should m be so that the planted
solution is the unique solution? and (2) given that it is unique, how large should m be so
that it is recoverable by a “tractable” algorithm? Significant progress has been made on these
questions, often initiated by insights from statistical physics and followed by a growing body
of rigorous mathematical investigation. The emerging picture is that in many planted CSPs,
when n is sufficiently large, all solutions become highly correlated with the planted one when
m > K7 - n, for some “Information-Theoretic” (IT) constant kit > 0. Furthermore, one of
these highly correlated solutions becomes typically recoverable by a random walk or a Belief
Propagation (BP)-inspired algorithm when m > kgp-n for some kgp > ki1 (Coja-Oghlan and
Frieze, 2014; Coja-Oghlan, Mossel, and Vilenchik, 2009; Krzakala, Mézard, and Zdeborova,
2012; Krzakala and Zdeborova, 2009). Interestingly, it is known in many problems, at least
heuristically, that these algorithms fail when kit < m/n < kgp, and a tractable algorithm
that succeeds in this regime is still lacking (Achlioptas and Coja-Oghlan, 2008; Coja-Oghlan,
2009; Coja-Oghlan, Hagshenas, and Hetterich, 2016; Zdeborovd and Krzakala, 2016). In
other words, there is a non-trivial regime m/n € (k,kpp) Where an essentially unique
solution exists, but is hard to recover.

For the random CSP we consider in this chapter and the next, which we call the Histogram
Query Problem (HQP), we undertake a detailed information-theoretic analysis which shows
that the planted solution becomes unique at as soon as m > y*n/logn with high probability
as n — oo for an explicit constant v* = ~*(d) > 0. In the next chapter, we consider
the algorithmic aspect of the problem and provide a BP-based algorithm that recovers the
planted assignment if m > k* - n for a specific threshold x* and fails otherwise. This leaves
a logarithmic gap between the information-theoretic threshold and the point at which our
algorithm succeeds.

5.1 Problem and motivation

The setting Let {h,}i<a<m be a collection of d-dimensional arrays with non-negative
integer entries. For an assignment 7: {1,--- ,n} — {1,--- ,d} of the n variables, and given
a realization of m random subsets S, C {1,--- ,n}, the constraints of the HQP are given by
h, = h,(7) for all 1 < a < m with

ho(r) = (|77' (1) N S,

@) N S) € 7

We let 7% : {1,--- ,n} — {1,--- ,d} be a planted assignment; i.e., we set h, := h,(7*) for
all a for some realization of the sets {S,}, and consider the problem of recovering the map
7* given the observation of the arrays {h,}1<a<m.

This problem can be viewed informally as that of decoding a discrete high-dimensional
signal consisting of categorical variables from a set of measurements formed by pooling to-
gether the variables belonging to a subset of the signal. It is useful to think of the n variables
as each describing the type or category of an individual in a population of size n, where each
individual has exactly one type among d. For instance the categories may represent blood
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types or some other discrete feature such as ethnicity or age group. Then, the observation
h, is the histogram of types of a subpopulation S,. We let w = % (|7‘*_1(1) T*_l(d)‘)
denote the vector of proportions of assigned values; i.e., the empirical distribution of cate-
gories.

We consider here a model in which each variable participates in a given constraint inde-
pendently and with probability o € (0,1). Thus, the sets {S,}1<qs<m are independent draws
of a random set S where Pr(i € S) = « independently for each ¢ € {1,...,n}. We are thus
in the “dense regime” where E[|S|] = an; i.e., the number of variables participating in each
constraint (the degree of each factor in the CSP) is linear in n.

s,

Motivation This model is inspired by practical problems in which a data analyst can only
assay certain summary statistics involving a moderate or large number of participants. This
may be done for privacy reasons, or it may be inherent in the data-collection process (see
e.g. (Heo et al., 2001; Sham et al., 2002)). For example, in DNA assays, the pooling of
allele measurements across multiple strands of DNA is necessary given the impracticality of
separately analyzing individual strands. Thus the data consists of a frequency spectrum of
alleles; a “histogram” in our language. In the privacy-related situation, one may take the
viewpoint of an attacker whose goal is to gain a granular knowledge of the database from
coarse measurements, or that of a guard who wishes to prevent this scenario from happening.
It is then natural to ask how many histogram queries it takes to exactly determine the
category of each individual.

Related problems Note that the case d = 2 of HQP can be seen as a compressed sensing
problem with a binary sensing matrix and binary signal. While the bulk of the literature in
the field of compressed sensing is devoted to the case in which both the signal of interest
and the sensing matrix are real-valued, the binary case has also been considered, notably
in relation to Code Division Multiple Access (CDMA) (Tanaka, 2002; Zigangirov, 2004),
and Group Testing (Du and Hwang, 2006; Mézard and C. Toninelli, 2011): in the latter,
one observes the logical “OR” of subsets of the entries of the signal. In the case of cate-
gorical variables with d > 3 categories, it is natural to consider measurements consisting of
histograms of the categories in the pooled sub-population. In the literature on compressed
sensing one commonly considers the setting where the sensing matrices have i.i.d. entries
with finite second moment, and the signal has an arbitrary empirical distribution of its
entries. It has been established that, under the scaling m = kn, whereas the success of
message-passing algorithms requires k > kgp (Bayati, Lelarge, and Montanari, 2015), the
information-theoretic threshold is s = 0 in the discrete signal case (Donoho, Javanmard,
and Montanari, 2013; Wu and Verdt, 2009), indicating that uniqueness of the solution hap-
pens at a finer scale m = o(n). Here we consider the HQP with arbitrary d, for which the
exact scaling for investigating uniqueness is m = v logn with finite v > 0, and provide tight
bounds on the information-theoretic threshold.
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Prior work on HQP The study of this problem for generic values of d was initiated
in (Wang et al., 2016) in the two settings where the sets {S,} are deterministic and random.
They showed in both these cases with a simple counting argument that under the condition
that 7r is the uniform distribution, if m < %% then the set of collected histograms does
not uniquely determine the planted assignment 7* (with high probability in the random
case). On the other hand, for the deterministic setting, they provided a querying strategy
that recovers 7* provided that m > Coﬁ, where ¢ is an absolute constant independent of
d. For the random setting and under the condition that the sets S, are of average size n/2,
they proved via a first moment bound that m > ¢ - with ¢; also constant and independent
of d, suffices to uniquely determine 7*, although no algorithm was proposed in this setting.

In the above results, there is a gap that is both information-theoretic and algorithmic
depending on the dimension d between the upper and lower bounds. Intuitively, the upper
bounds should also depend on d since the decoding problem becomes easier (or at least, it is
no harder) for large d, for the simple reason that if it is possible to determine the categories
of the population for d = 2, then one can proceed by dichotomy for larger d by merging the d
groups into two super-groups, identifying which individuals belong to each of the two super-
groups, and then recurse. We attempt to fill the information-theoretic gap in the random
setting by providing tighter upper and lower bounds on the number of queries m necessary
and sufficient to uniquely determine the planted assignment 7* with high probability, which
depend on the dimension d and 7 along with explicit constants. In the next chapter, we
consider the algorithmic aspect of the problem and provide a Belief Propagation-based al-
gorithm that recovers the planted assignment if m > k*(m,d) - n for a specific threshold
k*(7,d) and fails otherwise, indicating the putative existence of a statistical-computational
gap in the random setting.

5.2 The uniqueness threshold

Let A% be the d — 1-dimensional simplex and H(x) = — >.°_ 2, logz, for & € A% be
the Shannon entropy function. We write 7 ~ 7 to indicate that 7 is a random assignment

drawn from the uniform distribution over maps 7 : {1,--- ,n} — {1,---,d} such that
% (’T71(1>| T |Tﬁl(d)|) =T

Theorem 5.1. For n > 2 integer, m = v, v > 0, a € (0,1), and ® € AL with

logn’
entries bounded away from 0 and 1. Let £ be the event that T is not the unique satisfying

assignment to HQP:
E={Fre{l,---,d}" : 7#7", hy(r) = hy(r") Ya e {1,--- ;m}}.

(i) If
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then
lim E«ur Pr(€) = 1.

n—oo
(ii) On the other hand, let 7] be the vector of order statistics of w: mn > Ty > -+ > Tq).
For1<k<d—1, let #® € A*1 be defined as Wik) = Zf;lfﬂ Ty and Wl(k) = Ta—k+1 for
al2 <1<k (ifk>2). If

. H(w) — H(x®)
V> Yup =2 15325(4 d—Fk

)

then
lim E,._. Pr (&) =0.

n—o0

Remarks and special cases:

o For d =2, yyp = 2H(T) = 2V0w-

o If = (é, cee é), or more generally, if 7r is such that £ = 1 maximizes the expression
defining vy, then vy, = 2% = 2YMow-

e The resulting bounds do not depend on « as long as it is fixed and bounded away
from 0 and 1. Its contribution in the problem is sub-dominant and vanishes as n — oo
under the scaling considered here.

e The number £ in the expression of v,, can be interpreted as the number of connected
components of a graph on d vertices that depends on the overlap structure of the two
assignments 7 and 7%, and induces “maximum confusion” between them. This will
become clear in latter sections.

After this result appeared on the preprint server arXiv in Nov. 2016, Scarlett and Cevher
(2017) showed that the upper bound (ii) is actually tight, in the sense that one can now
replace Yiow by Yup i the statement of the lower bound (i). Consequently, the uniqueness of
the planted assignment 7* undergoes a sharp phase transition exactly at v = v,p. Their result
combined with ours show that HQP has a rather unusual feature; namely, it is an example of
a planted CSP where a plain first moment method identifies the exact satisfiability threshold
with no conditioning needed.

The proof of the above Theorem occupies the rest of this chapter.

Main ideas of the proof

Our main contribution is the second part of Theorem 5.1, which establishes an upper bound
on the uniqueness threshold of the random CSP with histogram constraints HQP. The proof
uses the first moment method to upper bound the probability of existence of a non-planted
solution. Since we are in a planted model, the analysis of the first moment ends up bearing
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many similarities with a second moment computation in a purely random (non-planted)
model. Although second moment computations often require approximations, for the HQP
it turns out that we are able to compute the exact annealed free energy of the model in the
thermodynamic limit. That is, letting Z be the number of solutions of the CSP, we show
that the limit

$(7v) :== lim llogIE [Z —1]

n—oo M

exists and we compute its value exactly. Then the value of the threshold v, is obtained by
locating the first point at which § becomes negative:

Yup = inf {7y >0 : F(y) < 0}.

Together with the fact that § is a monotone function, which will become clear once § is
computed, it is clear that for any v > ~v,,, E[Z2 — 1] decays exponentially with n when the
latter is sufficiently large.

This general strategy has been successfully pursued for a range of CSPs, such as K-SAT,
NAE-SAT, and Independent Set, most of which are Boolean. For larger domain sizes, in
order to carry out the second moment method one needs fine control of the overlap structure
between the planted and a candidate solution. This control is at the core of the difficulty that
arises in any second moment computation. To obtain such control, researchers have often
imposed additional assumptions, at a cost of a weakening of the resulting bounds. For ex-
ample, existing proofs for Graph Coloring and similar problems assume certain balancedness
conditions (the overlap matrix needs to be close to doubly stochastic.) without which the an-
nealed free energy cannot be computed (Achlioptas and Moore, 2004; Achlioptas and Naor,
2005; Banks, Moore, Neeman, et al., 2016; Bapst et al., 2016; Coja-Oghlan, Efthymiou, and
Hetterich, 2016); this yields results that fall somewhat short of the bounds that the second
moment method could achieve in principle (Dani, Moore, and Olson, 2012). In the present
problem, due its rich combinatorial structure, we are able to obtain unconditional control of
the overlap structure, for any domain size d, and compute the exact annealed free energy.

Concretely, computing the function § requires tight control of the “collision probability”
of two non-equal assignments 7, and 7. This is the probability that the random histograms
h(r) = (In{)N S, ln - (d) N S]) and h(r) = (n(1)AS],- |1 (d) N S)
generated from a random draw of a pool S coincide. The collision probability roughly
measures the correlation strength between the two assignments. Specifically, we will be in-
terested in the collision probabilities of the pairs (7*,7) where 7* is the planted assignment
and 7 is any candidate assignment. Its decay reveals how long an assignment 7 “survives”
as a satisfying assignment to HQP as n — oo. The study of these collision probabilities
requires the evaluation of certain Gaussian integrals over the space of Fulerian flows of a
weighted graph on d vertices that is defined based on the overlap structure of 7 and 7*. We
prove a family of identities that relate these integrals to some combinatorial polynomials in
the weights of the graph: the spanning tree and spanning forest polynomials. We believe
that these identities are of independent interest beyond the problem presently studied. Once
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these collision probabilities are controlled, the computation of F(7) per se requires the anal-
ysis of a certain sequence of optimization problems. We show that the sequence of maximum
values converges to a finite limit that yields the value of the annealed free energy.

On the other hand, the proof of the first part of Theorem 5.1 is straightforward—it is an
extension of a standard counting argument used in (P. Zhang et al., 2013) and (Wang et al.,
2016). The argument goes as follows: if m is too small then the number of possible histograms
one could potentially observe is exponentially smaller than the number of assignments of n
variables that agree with 7r. Therefore when the planted assignment 7* is drawn at random,
there will exist at least one 7 # 7 that satisfies the constraints of the CSP with overwhelming
probability. We begin with this argument in the next section and then turn to the more
challenging computation of the upper bound.

5.3 Proof of the main result

In this section we prove Theorem 5.1.

Notation We denote vectors in R? in bold lower case letters, e.g., , and matrices in R4*¢
will be written in bold lower case underlined letters, e.g., . We denote the coordinates
of such vectors and matrices as x, and x,, respectively. Matrices that act either as linear
operators on the space R?? or that are functions of elements in this space are written in
bold upper case letters, e.g., Mx and L(x), for z € R™? These choices will be clear from
the context. We may write x/y to indicate coordinate-wise division. Additionally, for two
d x d matrices a,b € R™>? a ® b € R is their Hadamard product. We let 1 € R? be the
all-ones vector.

The first part of Theorem 5.1: the lower bound

Let m = 7$ with v > 0. The number of potential histograms one could possibly observe

in a single query with pool size |S| =k is f(k,d) := (d”;le) < (k+1)%1. Since the queries

are independent, the number of collections of histograms {h,}i<a<m one could potentially
observe in m queries is [[~, f(|Sa|,d). On the other hand, the number of possible assign-
ments 7 : {1, ,n} > {1,--- , d} satisfying the constraint = = £ (|7*7(1) 7 (d)|)
is (1) = (nm,-? ,mrd) > C(mw)n~@=Y/2exp(H(m)n), for some constant C(m) > 0 depending
on .

Now, the probability that 7* is the unique satisfying assignment of the CSP with con-
straints given by the random histograms {h,(7*)}1<a<m, averaged over the random choice

of 7% ~ m, is

s,

Eren By [1{Y7 € (Lo d}" ¢ ho(r) = ho(r) Ya € {1, m} = 7=77)

<(1) " Eslrgsar
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() Esls 40

nw

< C(m) n"P2 - exp (= H(mn) - (n 4 1)
< C(m) n 02 exp (((d = 1) = H(m)n).

If v < Yow the last quantity tends to 0 as n — oo. This concludes the proof of the first
assertion of the theorem.

The second part of Theorem 5.1 : the upper bound

We use a first moment method to show that when - is greater than -, the only assignment
satisfying HQP is 7* with high probability. Let Z be the number of satisfying assignments
to HQP:

Z = ‘{7‘ e{l,---,d}" : hy(r) =h,(7") Va € {1,--- ,m}}{. (5.1)
The planted assignment 7* is obviously a solution, so we always have Z > 1. Recall the
definition of the annealed free energy

§(v) :== lim 1 logE [Z —1]. (5.2)

n—oo N,

Also, recall that for 1 < k < d — 1, w#® € A*1 be defined as 7T§k) = Zf;]fﬂ ) and
™ = gy for all 2 <1 <k (if k > 2).

Theorem 5.2. Let m = vz with v > 0. The limit (5.2) exists for all v > 0 and its value
18

- — H(zx®y — L(g - }
§(7) = max {H(m) -~ Hx) - 1d—k)}. (5:3)
We can deduce from Theorem 5.2 the smallest value of v past which §(v) becomes
negative. In particular, we see that § is a decreasing function of v that crosses the horizontal
axis at () ( (k))
H(mw)— H(m
Tup = 2 1<hed d—k

From this result it is easy to prove the second assertion of Theorem 5.1. By averaging over
7" and applying Markov’s inequality, we have:

ErnPr(3re{l,--- ,d}" : 747 hy(7) = ho(r") YVa € {1,--- ,m})
—E,nPr(2>2) <E[Z—1].

For v > ~yp, it is clear that §(vy) < 0. Let 0 < € < [§(7)|/2; then there is an integer
no(€) > 0 such that for all n > ng(e),

Eron Pr(3r e {l,--- ,d}" : 7# 75 hy(7) = ho(77) Ya € {1,--- ,m}) <expn (F(v) + ¢€),
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< expn §(7)/2,
— 0.
n—oo
Now it remains to prove Theorem 5.2, and this represents the main technical thrust of our
approach.

Collisions, overlaps, and the first moment

Preliminaries We begin by presenting the main quantities to be analyzed in our applica-
tion of the first moment method. We have

EroonBisy[2 =1 =Eren | Y Pr(ha(r)=he(r") Va e {L,--- ,m})

= (dn - 1) F{I‘S }(h’a(T) = h’d(T*) Va € {]-7 e am}) )

where 7 ~ 7, 7 ~ Unif({1,--- ,d}"\{7*}). By conditional independence,

T’Tf{fsa} (ho(T) = ho(7*) Va € {1,--- ,m}) = E, - LPS):} (ho(7) = ho(T*) Va € {1, -+ ,m})

~E, . [P;r (h(r) = h(T*))m] .

Next, we write the collision probability, Prg (h(7) = h(7*)), for fixed 7 and 7* in a con-
venient form. Let us first define the overlap matriz, p(7,7*) = (frs)1<rs<d € ZiXd, of 7 and
T, by

frs = |77 ' ()N T (s)| forallr,s=1,---,d. (5.4)

Remark that h(7) = h(7*) if and only if [SN 771 (r)| = |SN7*7'(r)| for all r € {1,--- ,d}.
Since the collection of sets {77!(r)}1<,<q4 forms a partition of {1,--- ,n}, and similarly with
7*, the event {h(7) = h(7*)} is the same as

d d
{Z SN )Nt i(s)| = Z |[Snrls)nT ()|, vre{L,--- ,d}} :

Therefore, the probability that two assignments 7 and 7* collide on a random pool S—
meaning that their histograms formed on the pool S coincide—is

d d d
Pr(h(r)=h(r") =) (H (5) a1 oz)“”‘””) 1 {Z Vps = ;VST , Vr € [d]} :

v r,s=1 s=1
(5.5)
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where the outer sum is over all arrays of integer numbers v = (v,5)1<,s<q such that 0 <
Vrs < pps for all r;s. We see from the above expression that the collision probability of 7
and 7 only depends on the overlap matrix p(7,7*). We henceforth denote the probability
in equation (5.5) by ¢(u), where we dropped the dependency on 7 and 7*. Remark that
7 = 7" if and only if their overlap matrix p is diagonal. Thus, we can rewrite the expected
number of solutions as

ElZz -1]= (TZT) - > (n) q(p)" 1 {Tzd;,urs =nms, s € {1, ,d}} , (5.6)

L\

where the sum is over all non-diagonal arrays g = (frs)1<rs<4 With non-negative integer

entries that sum to n, and ( ) =10 ”'M B

n
w

The rest of the proof From here, the proof of Theorem 5.2 roughly breaks into three
parts:

(1) One needs to have tight asymptotic control on the collision probability ¢(p) when
any subset of the entries of p becomes large. This will be achieved via the Laplace method
(see, e.g., (De Bruijn, 1970)). The outcome of this analysis is an asymptotic estimate that
exhibits two different speeds of decay, polynomial or exponential, depending on the “bal-
ancedness” of p as its entries become large. This notion of balancedness, namely that p
must have equal row- and column-sums!, is specific to the histogram setting and departs
from the usual “double stochasticity” that arises in other more classical problems such as
Graph Coloring, and Community Detection under the stochastic block model (Achlioptas
and Moore, 2004; Achlioptas and Naor, 2005; Banks, Moore, Neeman, et al., 2016; Bapst
et al., 2016; Coja-Oghlan, Efthymiou, and Hetterich, 2016). As we will explain in the next
section, configurations (7,7*) with an unbalanced overlap matrix have an exponentially de-
caying collision probability, i.e., they exhibit weak correlation, and disappear very early on
as n — oo under the scaling m = 710211' On the other hand, those configurations with
balanced overlap exhibit a slow decay of correlation: their collision probability decays only
polynomially, and these are the last surviving configurations in expression (5.6) as n — oc.

(77) Understanding the above-mentioned polynomial decay of () requires the evaluation
of a multivariate Gaussian integral (which is a product of the above analysis) over the space
of constraints of the array v in (5.5); the latter being the space of Eulerian flows on the
graph on d vertices whose edges are weighted by the (large) entries of p. We show that this
integral, properly normalized, evaluates to the inverse square root of the spanning tree (or
forest) polynomial of this graph. This identity seems to be new, to the best of our knowledge,
and may be of independent interest. We therefore provide two very different proofs of it,
each highlighting different combinatorial aspects.

(737) Lastly, armed with these estimates, we show the existence of, and compute the
exact value of, the annealed free energy of the model in the thermodynamic limit, thereby

!These are exactly the constraints on v showing up in (5.5).
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completing the proof of Theorem 5.2. This last part requires the analysis of a certain
optimization problem involving an entropy term and an “energy” term accounting for the
correlations discussed above. Here we can exactly characterize the maximizing configurations
for large n, and this allows the computation of the value of §(v). We note once more that
this situation contrasts with the more traditional case of Graph Coloring, where we lack a
rigorous understanding of the maximizing configurations of the second moment, except when
certain additional constraints are imposed on their overlap matrix.

5.4 Bounding the collision probabilities

Here we provide tight asymptotic bounds on the collision probabilities ¢(p) defined in (5.5).
Consider the following subspace of R%¢, which will play a key role in the analysis:

d d
F = {weRdXd : ZZETS:ZZEST,VTE{l,"',d}}- (57)
s=1 s=1

This is a linear subspace of dimension (d — 1)? + d in R™?. For p,q € (0,1), let D(p || q) =
plog(p/q) + (1 — p)log((1 —p)/(1 — q)) be the Kullback-Leibler divergence. Let G = (V, E)
be an undirected graph on d vertices where we allow up to two parallel edges between each
pair of vertices, i.e., V = {1,--- ,d}, and E C {(r,s) : r,s €V, r # s}. For v, u € R>?
x € [0, 1]9%4 let

Z trs D(2rs || ). (5.8)
(r,s)EE

and recalling that ® represents the Hadamard product, we let

B, p):=  min > s D(as || @), (5.9)
MG(EQH' V)E]: (7" S)GE
where for two d x d matrices a, b, Mg(a,b) is the d X d matrix with entries a, if (r,s) € E
and b, otherwise. By strong duality (see, e.g., (Boyd and Vandenberghe, 2004; Rockafellar,
1970)), the function (5.9) can be written in the more transparent form

eAr*)\s
I(v,p) = sup ¢ > (A + D hrslog (a+ (1— oz)e’\T_&) ’

AER? (r,8)¢F (r,s)eE
= qbZ(Vl —vT1),

where ¢, is the Legendre-Fenchel transform of the (convex) function

oAr—Xs
- 2 e ()

(r,s)EE




CHAPTER 5. DECODING FROM POOLED DATA: SHARP
INFORMATION-THEORETIC BOUNDS 121

We may note that since ¢}, is convex on R9, ¥ is a continuous function of its first argument.
Before we state our bounds on the collision probability, we recall the following concept from
algebraic graph theory. Define the spanning tree polynomial of G as

1
Tg(Z) = nSt(G) Z ];[ Rrsy

T (r,s)eT

for z € R¥? where the sum is over all spanning trees of G, and nst(G) is the number of
spanning trees of G. In cases where G is not connected, we define the following polynomial

nce(G)
PG = H TG’”

=1

where G is the [th connected component of GG, and we denote by ncc(G) the number of
connected components of G. This polynomial may be interpreted as the generating poly-
nomial of spanning forests of G having exactly ncc(G) trees. The polynomials T and Pg
are multi-affine, homogenous of degree d — 1 for T; (when G is connected) and d — ncc(G)
for Pg, and do not depend on the diagonal entries {z,, : 1 < r < d}. Furthermore, letting
zrs = 1 for all 7 # s, we have Pg(z) = Tg(z) = 1. We now provide tight asymptotic bounds
on the collision probability ¢(p) when a subset E of the entries of g become large.

Theorem 5.3. Let G = (V,E) with V = {1,--- ,d}, E = {(r,s) € V* : r # s}, and
e € (0,1). There exist two constants 0 < ¢, < ¢; depending on €, d and o such that for alln
sufficiently large, and all p € {0, -+, n}>*? with p,, > en if and only if (r,s) € E, we have

=0 () )

e < () < Yoz
Pt = W) S g

with
Ju(p) = inf{d(v, p) : 0 < vy < pips Y(r,8) & B},

and
i) = sup{d(v, 1) : 0 < vpg < pips V(r,8) & B}

Let us now expand on the above result and derive some special cases and corollaries.
First, we see that the collision probabilities can decay at two different speeds—polynomial
or exponential—in the entries of the overlap matrix p, depending on whether ¢, () (and/or
U;(w)) is zero or strictly negative. Second, the apparent gap in the exponential decay of ¢(u)
in the above characterization is artificial; one can make ¢, and ¥; equal by taking p,.s = 0
for all (r,s) ¢ E. Alternatively, they could be made arbitrarily close to each other under
an appropriate limit: Assume for simplicity that p,.s = nw,s > 0 for all (r,s) € E for some
w € [0, 1]4%¢. We have

v, pu) = nd(v/n,w).
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For (r,s) ¢ E, we have p,s < en, therefore
du(p)/n < inf{d(z,w): 0 <z <eV(r,s) ¢ E} — (0, w).
& €—

The last step is justified by the continuity of ¥(-,w). The same argument holds for v;(u).
Denoting the limiting function under this operation as ¥(w), we obtain:

eAr—s .
o) = s, 37 w0 () = i el
(r,s)EE weOxeEF
The function 9 can be seen as the exponential rate of decay of ¢(p). The reason 9, and
¥, cannot (in general) be replaced by ¢ in Theorem 5.3 is that all control on the constants
¢, and ¢ is lost when € — 0. Next, we identify the cases where this exponential decay is
Nnon-vacuous.

Lemma 5.4. Let o € (0,1), and p € R4, We have
(1) V() =0 if and only if p € F,

(ii) Vu(p) = 0 if and only if Mg(ap,v) € F for some v € R such that 0 < vy < fipg
for all (r,s) ¢ E.

Now we specialize Theorem 5.3 to the case where the entries of the overlap matrix are
either zero or grow proportionally to n. From Theorem 5.3 and Lemma 5.4, we deduce a key
corollary on the convergence of the properly rescaled logarithm of the collision probabilities.

Corollary 5.5. Given a graph G = (V, E), let w € [0, 1]%*¢ be such that w,s > 0 if and only
if (r,s) € E. If w € F then

lim log q(nw) __d- ncc(G).
n—oo  logn 2

Otherwise if w ¢ F, then

n—o0 n

We see that the assignments 7 such that (7, 7*) € F exhibit a much stronger correlation
to 7" than those for which this overlap matrix does not belong to F, and will hence survive
much longer as n — oo.

Proof of Lemma 5.4. Let p,v € R with g # 0. Let o € (0,1), and let G = (V, E)
denote a graph on d vertices. The function ¢, defined in (5.8) is strictly convex on the
support of p, i.e., on the subspace induced by the non-zero coordinates of u, so it admits a
unique minimizer on the closed convex set {x € [0,1]%*? : Mg(x* ® u,v) € F} intersected
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with that subspace. Let «* be this minimizer. By differentiating the associated Lagrangian,
the entries of &* admit the expressions
. o
Lrs = s
a+ (1 —a)er2s

for all (r,s) € E (recall that p,., > 0 for all such (r,s)), and where the vector A € R? is the

unique solution up to global shifts of the system of equations: Vr € {1,--- ,d}
Ay Oé,usr
Vps = Ver.  (5.10)
> et L= T e O
s:(r,s)EE s:(r,s)¢E s:(r,s)EE s:(r,s)¢E

The claims of the lemma follow directly from the system of equations (5.10) and the fact
that the non-negative function ¢, vanishes if and only if =, = « for all (r,s) € E: to show
(1), we take v = 0. It is clear from the equations that p € F if and only if A = c1, ¢ € R, is
a solution to the above equations; and this is equivalent to ), = o whenever p,; > 0. This
is in turn equivalent to ¥(p) = ¢, (x*) = 0. The same strategy is employed to show (i),
in conjunction with the continuity of the function v — ¥(v, u) over a compact domain (the
infimum defining ¥, is attained). |

Proof of Corollary 5.5. Fix G = (V,E), let w € (0,1)%¢ with w,, > 0 if and only
if (r,s) € E, and let n be an integer. For simplicity, assume that for nw is an array of
integer entries. The non-integer part introduces easily manageable error terms. Applying
Theorem 5.3 with € = min, g w,s, we have for n large

¢;Pa(nw) ™% exp —0;(nw) < q(nw) < ¢, Pe(nw) Y% exp —d, (nw).
Moreover, since w,s = 0 for (r,s) ¢ E, we have
Uy (nw) = ¥ (nw) = nd(w).

On the other hand, by homogeneity of the polynomial Py, Pg(nw) = nd"(&) Py (w). Ap-
plying Lemma 5.4 yields the desired result: If w € F then

lim logq(nw)  d— ncc(G).

n—oo log n o 2
Otherwise,
1
lim 224)
n—o0 n
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A Gaussian integral

One important step in proving Theorem 5.3 (specifically for obtaining the polynomial decay
part of g(p)) is the following identity relating the Gaussian integral on a linear space F(G)
defined based on a graph G to the spanning tree/forest polynomial of G. We denote by Kj
the complete graph on d vertices where every pair of distinct vertices is connected by two
parallel edges.

Proposition 5.6. Let G = (V, E) be a graph on d vertices, where self-loops and up to two
parallel edges are allowed: V ={1,--- ,d}, E CV x V. Further, let

F(G) = {:I;E]-" : Xps = 0 for (r,s) ¢E}

For any array of positive real numbers (wys) )k, we have

1/2
/ e Dors Trs/2wrs de = ((ZW)dim(]:(G)) Hr,s Wrs ) '
F (@)

P(;('lU)

In the case where G is the complete graph K4, F(G) = F, dim(F) = (d — 1)? + d, and
Po=Tg = (247142715, [1(¢)cr wrs where the sum is over all spanning trees of Ky The
pre-factor in the last expression comes from Cayley’s formula for the number of spanning
trees of the complete graph. We will show that it suffices to prove Proposition 5.6 in the
case where G = K in order to establish it for any graph (G. We were not able to locate this
identity in the literature. To illuminate the combinatorial mechanisms behind it, we provide
what appear to be two very different proofs of it. A first “direct” and purely combinatorial
proof views F(G) as the space of Eulerian flows of the graph G. A second, slightly indirect
proof which is mainly analytic, and relates the above Gaussian integral to the characteristic
polynomial of the Laplacian matrix of G then invokes the Principal Minors Matrix Tree
theorem (see, e.g., (Chaiken, 1982)).

5.5 Computing the annealed free energy

In this section we establish the existence of F(v), and compute its value for all v > 0. For
1 < k < d let Dy, denote the set of binary matrices X € {0, 1}kXd such that each column
of X contains exactly one non-zero entry and each row contains at least one non-zero entry.
The elements of Dy, represent partitions of the set {1,--- ,d} into k non-empty subsets.

Proposition 5.7. Let m = 710211 with v > 0 fixed for alln > 2. We have

500 = s { #m) — iy HXm) - J0- )}

1<k<d-1 XeDy,

Moreover, the inner minimization problem in the above expression can be solved explicitly:
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Lemma 5.8. Let m() be a permutation of the vector w such that my > wg > - -+ > mq. And
for1 <k <d-—1, let w®) e AP defined as ﬂ’“) = Z‘:;f“ T and Wl(k) = Tq—k4y Jor all
2<I1<k (ifk>2). Then

min H(Xw) = H(nw®).

XeDy,
Theorem 5.2 follows from Proposition 5.7 and Lemma 5.8. We begin with the proof of the
latter and devote the next subsection to the lengthier proof of the former.

Proof of Lemma 5.8. We start with an arbitrary partition of 7 into k& groups, and define
a sequence of operations on the set of k-partitions of 7 that strictly decreases H (X ) at
each step, and, irrespective of the starting point, always converges to w*¥). Starting with an
arbitrary k-partition, write down the groups from left to right in decreasing order of total
weight of each group. Initially, every group is marked incomplete. Then we perform the
following operations:

1. Start with the rightmost incomplete group.

2. If it has more than one element, transfer the largest element to the leftmost group. This
strictly decreases the entropy, since the heaviest group gets heavier and the lightest
group gets lighter. Repeat this step until the rightmost group has exactly one element,
and then move to the next step.

3. Consider this (now singleton) group. If there is no element to its left that is lighter
than it, mark the group as complete. Else, swap this element with the lightest element
to its left, and then mark it complete. Then go back to step 1.

Proof of Proposition 5.7
Let m = 75 Recall from equation (5.6) that

Bz - 1= (") oy (2 )atewr 1 a1 = um),

u

where the sum is over all arrays pu € Zﬂlfd such that 1Tpl =n, 1 < > 2 s Since the
sum defining E[Z — 1] is larger than its maximum term and smaller than the maximum term
times (n 4+ 1)%°, we only need to understand the convergence of the sequence

1 n

S, = —1o max ( ) m1{ "l =nmw

~log et q(p)™ 1{p }
non-diagona
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1 1
= maX{—log (n> +7M s {0, N T > 1L Tl = mf} -
n o logn T#S
If this sequence converges, we would have
§(v) = —H(w) + lim §,, (5.11)
since %log (ni) — H(m) by Stirling’s formula. Next, we show that the above limit indeed
exists. Let
1 1
bn(w) = = log ( " > 1 4 ogalnw) (5.12)
n nw logn
By Corollary 5.5, the function
H —2(d - if F
b(w) = { () = (0 —necw)) it we F. 513
—00 otherwise,

is the point-wise limit of the sequence of functions {1, },>2 on A®?~1  Next, we use the
following lemma which states that any non-diagonal sequence of maximizers {u™},, of v,

is such that - 1" grows proportionally to n.

Lemma 5.9. For alln > 2, let

p™ € arg max {¢n(u/n) e {0, 1< Z,urs <n, p'1 = nﬂ'} :
r#s

It holds that )
lim inf M

n—00 n

> 0.

By Lemma 5.9, which we prove at the end of the current argument, we can safely restrict
the set of candidate maximizers to those p such that ) s Mrs > ¢on for some fixed but
small ¢y > 0. From here, and by a change of variables 4 = nw, mere point-wise convergence
suffices to interchange lim inf and sup:

n—o0 n—

liminf §, > liminf sup {wn(w) cwe{i/n:0<i< n}dXd, co < Zwm <1, w'l= ﬂ'}

T#S
> sup {w(w) cw € 0,1]™NF, ¢ < Zw”’ <1, w'l= 71'} : (5.14)
r#s
Now we present a matching upper bound for lim sup §,,. Fore > 0, let G,, = ({1,--- ,d}, E,)

be defined such that (r,s) € E, if and only if wi? > . Let (G))k_, denote the connected
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components of the graph G,,, k = ncc(G,,). Also, for w an array for positive entries, let
ncc’(w) denote the number of connected components of the graph G(w,e) = (V, E(w,¢)),
V=A{l,---,d}, E(w,e) ={(r,s) : r#s, ws > €}, and let

V(w) = irmlf{ﬁ(;v,w) (0 <z <eV(rs) ¢ E(w,e)}.

We will also write ncc(w) for nec®(w). Let w™ = p™ /n for all n > 2, where u(™ is defined
in Lemma 5.9. By Theorem 5.3, we have for n sufficiently large

q(nw™) < ¢y(e,d, ) Pg, (nw™) =12 exp —9¢(nw™).

Since w'?) > € of all the edges (r, s) of G, T], T, (w'™) is bounded below by €? independently
of n. Therefore, for n sufficiently large,

" 1 n log g(nw™
olal®) = s (1 ) E )
gn
1 n y n
<1 Y et (an @Yy — T gelo (n)
< nlog (nw(")> 2(d ncct(w'™)) 1ogn19 (w'™)

o log ¢, (€, d, ) + dlog(1/e)
logn

< sup {H(w) - %(d — nec(w)) — %ﬂf(w) :

w € [0,1]%% ¢ < Zwm <1, w'l= 77}
r#s

Lo (logcu(e,d, a) + dlog(l/e)) |
logn

where the last inequality is obtained by Stirling’s formula and taking a supremum over all
w. By Lemma 5.4, 9(w) = 0 if and only if Mg(aw, x) € F for some x € [0, 1]4*¢ such that
0 <z, <eforall (r,s) ¢ E, G = (V,E) being the graph whose edges are (r,s) : w,s > €.
This constrains the supremum to be achieved in the space of such w for n sufficiently large.
Moreover, this condition implies in particular that

|wl — w1, <2da'e,

where || - ||, is the £, norm of a vector in R%. Consequently, this yields the following upper
bound as n — oo,

w € [0, 1] [lwl — wTf, <2da”e, }

. Y € .
limsup §, < sup {H(w) - §(d — ncc(w)) - o< Yyt <1, Wi =

n—o0

(5.15)
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for all € > 0. Next, we argue that as ¢ — 0, the right-hand side of the above inequality
converges to

sup {H('w) — %(d —ncc(w)) + w € [0,1]4N F co < Zwm <1, w'l = w} ,
ris
thereby establishing the existence of the limit lim §,, along with its precise value. Since the
function € — ncc(w) is non-decreasing for any fixed w, the limit of the right-hand side
of (5.15) as € — 0 exists by monotone convergence. The limit can be decomposed as

w € [0, 1], [[wl — w1, < 2da™le, }

. 7y . .
ll_rfésup {H(w) — §(d — ncc(w)) - o<t <1, wil =7

_ : IS A
= max, {r‘g}aé 11_{% sup {H(w) 2((Jl k) : such that (5.16) holds},

w € [0, 1] ||wl — w1, < 2da e,
Wys < €V(r,s) €V xX Vi, L#£T, (5.16)
Gi(w) is connected, VI, ¢y < Zr#s wrs < 1, w'l =,

where {V;}F | ranges over a partitions of the set {1,--- ,d} with & non-empty subsets, and
Gi(w) = (Vi,{(r,;s) € VixV, : w, > ¢€}) forall 1 <[ < k. Letting ¢ < ¢, the
range of the outer-most maximum becomes 1 < k < d — 1. By concavity of the entropy,
the constraint that the graphs G;(w) must be connected can be safely removed from the
maximization problem without changing its maximum value since it will be automatically
satisfied. Thus, the inner-most optimization problem is that of a continuous function on a
closed and bounded domain that shrinks with e. Its value is therefore a continuous function
of e. Hence, by sending € to 0, in conjunction with the lower bound (5.14), we conclude that

lim §, = sup {1/1(10) caw € [0,1]%9 ¢ < Zwrs <1, wl=w'l= 71'} : (5.17)
n—00 vy
As a final step, we make the above expression a bit more explicit. As argued previously,
the supremum in (5.17) can be decomposed such that one first takes the maximum of ¢ (w)
over all w such that w,s = 0 for all (r,s) € V; x Vjy, [ # I’ where {V, }1</<k is a fixed partition
of {1,---,d} into non-empty subsets, then maximize over all such partitions, then over all
1 <k <d-—1. The first optimization problem has a value

sup{H('w)—%(d—k;) caw e [0, 17w, =0, (r,s) € Vix Vi, 1 £, wlszleﬂ'},

where the constraint ¢y < Zr 45 Wrs < 1 is not active for ¢g small enough, hence can be

removed. Let w be in the above constraint set. Then H(w) = — Zle Z(m)ewvl Wys lOg W,
and this is maximized at

wh = (T s) ) D rey; T 1E (7, s)‘e VixV, le{l, -k}, (518)
0 otherwise,
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with maximum value

k
H(w*) =2H(m) + Z <Z 71'7«) log (Z 7r,,> : (5.19)
=20

T
= rev; rev;
T

where X € {0,1}*4 X;,. = 1if and only if r € V;. Note that Dy, is the set of all such
matrices (each one corresponding to a partition {V;} of {1,--- ,d}). Finally, by maximizing
over all possible partitions, and using (5.11) we get

500 = o {H0m) — guin #OXm) = a1}

1<k<d-1 XeDy,

This completes the proof of Proposition 5.7, except for the proof Lemma 5.9, which we
provide below.

Proof of Lemma 5.9. Let

IJ’(n) € argmax {¢n(”/n) VIS {07 T 7n}d><d7 1< Z,urs, y'T]- = nﬂ-} :
r#s

We show that

mi -1 (n)

117llrr_1>1£f n Z,u,,s > 0.

r#s
Let us first show that | ;
ogn
BB S ) — oc,
n
r#s

and then remove the logarithmic factor. We proceed by contradiction, by showing that if

the above statement is not true, then the expected number of non-planted solutions E[Z — 1]
vanishes as n — oo for any v > 0, which contradicts our lower bound of Theorem 5.1. We

have .
n 2 n
E[Z-1] < - . - g/ loen
[ ] — (m‘r) (n + ) (M(n)) Umax )

with gmax = max {q(u) 1< ,urs} < 1. Moreover,

FHIER) TR (e

r=

>, ., 1 < Cn/(logn)? for some constant C' > 0, then

E [Z — 1] S (TL 4 1)d2 . nCn/(logn)S yn/logn N 07

- q
max n—o0
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for all v > 0, and this contradicts the fact that below 7, there are exponentially many
distinct satisfying assignments.
3
Now let us assume that (26" D ot 18— 00 but lim inf n! D s 1 = 0. We proceed
by contradiction once more, and construct a sequence of points that have a higher objective
value than p(™. Instead of working with convergent subsequences, we may as well assume

that {u(™} is convergent. Let

En:{(r,s) DTS, uf,z)>62u£’;)},

r#s

and

for all n and some € > 0 sufficiently small. Let k, = ncc(G,,) be the number of connected
components of the graph G,, = ({1, - ,d}, E,), and similarly, let ks, = ncc(G ) with G, =
({1,---,d}, Es). Observe that E,, and E, are both non-empty sets, hence ko, k, < d —1
for all n.

Now we consider an arbitrary partition of the set of vertices {1,--- ,d} into k. subsets
{Vi}i<i<k.., and let G be the graph on d vertices with edge set Uflel x Vj; ie., G is the
union of ko complete connected components. Finally, let v := nw for all n, with

Wy, = (mﬂrs)/zwevl o if(r,s) € Vix Vi, le{l, - kst
0 otherwise,

Recall that this construction provides one of the candidate maximizers of the annealed free
energy (see (5.18)). Observe that v™ satisfies all the constraints satisfied by @™, and
additionally, v(™ € F. Therefore, by Corollary 5.5, we have

Ua(0 /) = H(w) = 2(d — k) + 04 (1)

Recall that the function ¢, is defined in (5.12). On the other hand, to study the asymptotics
of 9, (™ /n), we apply Theorem 5.3 with n replaced by > 4 ,u,(fsl) (which grows to infinity),
and we get

+ 0,(1).

loglogn) o (™)
logn logn

Ua(p™ /n) < H(m) - %(d k) (1 _3

The term in the right-hand side follows from Stirling’s formula and the fact that Mﬁ;‘) /n—0
for all r # s. The second term follows from the fact that

d—kn d—ky,
n n n
Pg, (™) > (62#5«3) > (W) :

r#s
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Next, we argue based on these estimates that 1, (v™ /n) > v, (u™ /n) for all n large
enough. First, the term involving ¥J, in the upper bound on 1, (™ /n) can be dropped
since it is always non-negative. By direct computation (we already showed this in (5.19)),
we have

with p € AF~—1 with p; = ZTEVl 7, for all 1 <1 < k.. We show that the right-hand side of
this equality is strictly positive:

H(rw) — Z 7, log 7, + Z <Z m) log (Z m)

rev; reV;

:_szog( 3

ZITEVl
m
==)> m)) —log ( )
Z 2
2
> — szlog< e )
> 0.

We used Jensen’s inequality on the concave function x — log z, and the fact that ZTGV 2 <
I ZTGVZ = p? for all I. Moreover, since all coordinates of 7 are strictly positive, equality
holds if and only if m. = p; for all [ and r € V; which implies that the partition must be
trivial; i.e., koo = d. Recall that this does not happen since F,, is non-empty.

On the other hand, by setting e sufficiently small (smaller than all the limits in the
definition of F,), any edge in E,, will eventually (and permanently from then on) be in E,,.
Therefore the number of connected components of (G,, does not exceed that of G.: k,, < koo
for n sufficiently large. We conclude that v, (v™ /n) > 1, (u™ /n) for all n large enough.
Therefore p™ is not always a maximizer of 1,,, and this leads to a contradiction. |

5.6 Proof of Theorem 5.3

Our proof is based on the method of Laplace from asymptotic analysis: when the entries
of p are large, the sum defining ¢(p) is dominated by its largest term corrected by a sub-
exponential term which is represented by a Gaussian integral (see, e.g., (De Bruijn, 1970) for
the univariate case). Since we are in a multivariate situation, the asymptotics of ¢ depend
on which subset of the entries of p are large. Our approach is inspired by (Achlioptas and
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Naor, 2005). We recall that for g € Z4?

- 3 (H (1)1 a)> |

ueZide r,s=1

0<vrs S;Uf'rs

Let G = (V,E) with V ={1,--- ,d} and E = {(r,s) € V? : r # s}. The graph G will be
used to store information about which entries of p are going to infinity linearly in n, and
which entries are not. We can split the sum defining ¢ into a double sum, one involving the
large terms (A in subsequent notation), and the rest:

aw = > I (“) el — ) AW, ),

0<v] <prs (r,8)¢E Yrs
(rs)&E

with

Av,m = > ]I (“) vrs(1 — )P {Mg(v, V') € F},
0<vrs<prs (r,s)€E
(r,s)eE
where for two d x d matrices a, b, Mg(a,b) is the d x d matrix with entries a, if (r,s) € E
and b, otherwise. The quantity A will be approximated using the Laplace method. Recall
from the expressions (5.8) and (5.9) that

Z prs D (s || @),

(r,s)EE

and
(v, p) = min ou(x).

xc[0,1]9%4
Mg (Q}@[L,U)E.F
Let *(v, p) be the optimal solution of the above optimization problem.
Before stating our asymptotic approximation result for A, we state an important lemma

on the boundedness of the entries of *(v, u), where the bounds depend only on € and «.

Lemma 5.10. Let G be fized as above, a € (0,1) and € € (0,1). There exist two constants
0 < ¢ < c, <1 depending only on d, o and € such that the following is true: For all integers
n>1, and p € {0,--- ,n}¥¢ such that p.s > en iff (r,s) € E. For allv' € {0,--- ,n}F
such that 0 < vl < s for all (r,s) ¢ E, we have

¢ < min z, < max x, < ¢y
(r,s)eE (r,s)eE

Therefore, the entries of * can effectively be treated as constants throughout the rest of
the proof. Now we state our asymptotic estimate for A.
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Proposition 5.11. Let G be fized as above, and € > 0. For all n sufficiently large, all p €
{0, ,n}™* with p.s > en iff (r,s) € E, and all V' € {0, ,n}¥ such that 0 < v/, < pu,s
for all (r,s) ¢ E, we have

A( , ) 6_19(’//7“)
Vo) XGdea 515
Po(p)/?

Here, the symbol “ Xg 4ea " means that the ratio is upper- and lower-bounded by constants
depending only on G, d, € and «.

By the above proposition, we have

MTS v —y 6_19(1’7”’)
) =caa S | TT ("*)arr =y | =
_ Vrs PG(lJ')
ueZJEr (T,S)éE
OSV’I‘SS,U"I‘S
The estimate above (ignoring the term Pg(p)) can be interpreted as the expected value
of the function e=?®#) under the law of the random variable v where each entry v, for
(r,s) ¢ E is independently binomial with parameters a and p,s. From here, the bounds

claimed in Theorem 5.3 follow immediately.

Proof of Proposition 5.11. We will show that

AWV ) =gdea " H Mm1/2/ ¢~ Ltroen sl e 7
(r,s)ER F(G)

Then the result follows by applying Proposition 5.6 to evaluate the Gaussian integral. We
proceed by showing the upper and lower bounds separately.

The upper bound For v/ € Zf,u € 7% fixed and some parameter C(u) > 0 to be
adjusted, let

(Vps — x:sNTS)Q

O = VGZE:MG(V7V/)E~F’0§VT’S§ILLTS7 Zx*(l—x*)u

(r,s)eE

< C(w)®

For v € Zf, we let & € [0,1]F defined by z,, = v,/ for all (r,s) € E. We upper
bound the binomial coefficients (‘lf:s) based on whether v is in €2 or not:

o If v € Q) we use the upper bound (“:S) < (27 ppsys(1 — m,ﬂs))_l/2 exp firs H(xys).

Vrs

e Otherwise, we use the upper bound (’lf:) < 3/ lrs €XD frs H (215).
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Here, H(z,s) = —x,slogz,s — (1 — x.5)log(l — z,5). Thus, the summand in A(v', p) is
bounded by

H (2mptrszrs(1 — Im))fl/Q exp s D (s || @) = H (2mpirszrs(1 — xm))iln exp(—ppu(x))

(r,s)eE releB
if v € Q, and
H 3u1/2 exp(—pu(x))
(r,s)EF
if not. The function ¢, is smooth, and we have iEL:‘( ) = firs log (ng( a;)) and iﬁ“ (z) =
m > (. Therefore, by convexity,
2 = Yu 2 (re)eE l’:s(l _ ‘r:s) rs rs

Let

) = Y et (5.20)

(r,s)EE Ts(l - mrs):U’TS

Based on Lemma 5.10, all the entries of * will be treated as constants. If v € () then
necinerial < (, () < C(w)?, and

'rs(l xrs)H’TS

Vps € [ursx:SiC \/x L— ) s | -

Now let us assume that C(p) = o(y4?) for all (r,s) € E. Then we have

V’!’S V’I"S

1-— > xr (1 —ar,) —on(1).
Dn (1= 20 2 (1= 07,) = o)

If v ¢ Q then {(v) > C(p)?, therefore A is bounded by

[T @rusar (1 =2z ) 2> e @24 T 3ul2 > e €02 fexp(—gpu(a)).

(r,8)EE veQ (r,s)EE v¢Q
0<vys Sﬂrs

(5.21)
The second term in the sum above is bounded by ¢ ([ (r5)CE 123 e=C*/2 for some constant

¢ > 0. Taking C(p)? = 510g [](, ;e o rs, this term is & [isyer tirs = O(n~Fl). Moreover,
for all (r,s) € E, u,s > en, therefore

C(p)? < Ad*logn < firs;
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this choice satisfies the condition C'(u) = O(Mm ) for (r,s) € E. On the other hand, let
S(u) = D HMg(v,v') € Frexp(—(u(v)/2), (5.22)
veZb

with ¢,, defined in (5.20). We ignored the dependence of S on v’ in the notation on purpose:
this dependence is inessential. The first sum in (5.21) is upper bounded by S(u). Therefore

co [ md? (S(p) +en) e, (5.23)

(r,s)eE

for some ¢, depending on € and d, and ¢, — 0 as n — co. We now turn our attention to the
lower bound, deferring the analysis of the Gaussian sum S(u) to a subsequent paragraph.

The lower bound We have
veQ \ (rs)eE Yrs
Using (l::s) > (87U (1 — Vg irs) )~/ 2 Wrs/1rs) for all (r,s) € E, we get

—-1/2

AW ) =Y | TT 8m1=22) | exp (—pu (v/m).

veQ \(r,s)eE Hrs

For v € Q, we have #==(1 — #=) < 27 (1 — 7,) + 0,(1) for all s, and since ¢, is a smooth
function, a Taylor expansion yields

(Vrs — T5ghtrs)”
s 1 - mrs)ru’rs

1
— n(l).
2 + 0,(1)
'rs)GE

vulv/p) =

Therefore,

AW, p) > ceon@) H —1/2 ZGXp <__ Z (I:’I’s — x:s*,urs)2>

(r,5)€E veQ rs(l - xrs),urs

@' 1/2
= ce ) H :U’rs/ - 5n) )
(r,s)eE

where ¢; = ¢/(€,d), S(p) is defined in (5.22) and
com T (et D24 S ep b, )/2+ Y exp—bu(0)/2

(ris)eE ver vezl
Urs Z;Uf’rs +1
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We take C'(pn)? = 4log [1¢scr #rs- This makes the first term in €, bounded by ], pt =

O(n~E). On the other hand, the remaining tail sums are easily bounded by the tail proba-
bility function of a normal random variable (i.e., the error function):

Z exp —{,(v)/2 < H ,ul/Qerfc( %Mm),

uer (r,s)€EE r
Vrszﬂ'rs‘i’l
1—a 1
Z exp —{,(v)/2 < H i 2erfc — s — ,
vezZF (r,s)eE Lrs \/Irs — Ty Nrs

with erfc(z) = [ e */2dt. Since erfc(z) < e *"/2/z for all © > 0, these two terms decay in
a sub-Gaussian way in n.

Bounding the Gaussian sum. Here we approximate S by a continuous Gaussian integral.
We prove that

Has 2
S(l"’) = / exXp | — oo (1w Prs dz,
F(G) (2,5 207,(1 = a7,)

where the symbol “ =< 7 hides constants depending on G,¢,d and a as n — oo. For
v € F(G) an array of integer numbers such that 0 < v, < i, let T(v) = v+ C N F(G)
where C = [—1/2,1/2]F. The sum is understood in the Minkowski sense. T'(v) is a “tile” of
side 1 centered around v. Two crucial facts are (i) : T'(v) and T'(v') are of disjoint interiors
when v # v' and (ii) : T'(v) C F(G). Now for a fixed v, let z € T'(v). For r;s € E, we
have v,s — 1/2 < 2.5 < Vs + 1/2 and "Tu;m T NV g T Vi) —z*,. Thus

rs TS — Urs rs — rs

2 2 2
TS * rs 1 2 * TS 1 2 *
(Z _ x) < max (u _ x) | (u _ x) ,
Hrs Hrs Hrs

Using the fact max{(z — 1/2)?, (z 4+ 1/2)?} < 22? + 1 for all z € R, we get

/’Lw"_sl . * \2
exXp | — Z m (2 (Vrs /,LTSI'TS) -+ 1)
(r,s)eER

MTS *
<exp| — Z 4—> (ZTS - ,Ursxrs)Q
(r,s)EE rs

By integrating both sides of the above inequality on T'(v) in the variable z, and summing
over all v with integer entries such that Mg(v,v’) € F, we get

vol(C N F(G))e™ Ztroer Tt s S(p)
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-1 * \2
Mg (ZTS — :U’T'ers>
< — d
N Z / P 41’:5(1 - mis) =
VGZE (r,s)EE
Mg (v')eF
-1
Hos 2
= exp | — — % | dz,
u%ﬂ / (v—z*owp) (r%E 4137,5(1 - wrs)
Mg (v, )eF

where vol is the volume according to the dim(F(G))-dimensional Lebesgue measure. Since
Mg(x* © p,v') € F, we have v — x* © p € F for all v we are summing over. Moreover,
since the tiles T'(v) are of mutually disjoint interiors, and given that their union is in F(G),
the left-hand side is upper bounded by (there is actually equality)

-1
Hos 2
eXp | — E —z | dz.
\/]:(G) 4([':3(1 - I:s)

(r,s)EE

Here, to get sharper constants, one could apply a theorem by Vaaler (Vaaler, 1979) which
states that the volume of any linear subspace intersected with the cube C is at least 1; i.e.,

vol(C N F(G)) > 1. This yields

Hr_sl /,L_l
S(u) S eZ(TaS)EE 4z (1—zfs) / exp _ #235 dz
F(G) (r%E 4‘%:3(1 - ‘T:s>

As for the reverse inequality, slightly more care is needed in constructing the approxi-
mation. For a given v, let QT = {(r,s) : 1.5 > %SMTS +1/2} and Q™ = {(r,s) : 15 <
Tipes — 1/2}. For z € T(v), we have (2.5 — Tgfirs)? > (Vps — Thgpirs — 1/2)% if (1, s) € QF
and (zps — TFfirs)? > (Vps — T ptps + 1/2)2 if (1, 8) € Q7. Otherwise, for (r,s) ¢ QT UQ~,
we have |v.s — xFprs] < 1/2 and |(2ps — @fptrs)? — (Vrs — Thgpirs)?] < 1/2(1 + 1/2) = 3/4.
Therefore

Z (Vrs — @7 fhrs + 1/2)? 4 Z (Vrs — @y glhrs — 1/2)? Z (Vrs — x:sﬂr8)2

+
(r,5)€Qt :uTers(]' - xrs) (r, S)EQ— :u’i‘sxrs(l - xrs) (rys) QU :u’i‘sxrs(l - xrs)
(zrs - ,urs
< rs
_(§Eursxrs(1_l’ ; 1—37 )

On the other hand, (v,s — @7 trs)* < (Vs — T ptys + 1/2)? when (r,s) € QT and (v,5 —
T pirs)? < (Ups — T ptrs — 1/2)? when (r,s) € Q7. After integrating on T'(v) and summing
over all v € ZF such that v — &* ® u € F, we obtain

—1
Vol(C N F(G))S () e~ Zoroer i
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> S e 2
exp | — % | dz,
" (v—x*Op) (rs)€E 2:["7‘ (1 - xrs)
v—x*OueEF

and the last sum is equal to

Hos 2
D - —
2 / o 2w (1—ary) | F

vE(ZE+x*op)NF(Q) )eE rs rs
[y 2
= exp | — — 72, | dz
/F(G) (r%E 2xrs(1 - xrs)

Finally,

3#:51
S(p) > (G, d)e” ZroeE mr i ar) 2 | 4
(1) = c(G,d)e /}_( exp Z 90 1 o (1 — ) z

) rs
(r,s)€E rs rs

Proof of Lemma 5.10. Recall that * is the unique minimizer of the function

Z MrsD<xrs || a)

(r,s)EE

on [0,1]%? subject to Mg(z* ® p,v) € F. Recall also that the entries of * admit the
expressions
a
€T —=
T a+ (1T = a)e A

*

for all (r,s) € E. The vector A* € R? is the unique solution up to global shifts to the dual
optimization problem (strong duality holds here (Boyd and Vandenberghe, 2004; Rockafellar,
1970))

eAr*)\s
sup Z Vrs()\r - As) + Z Hrs log (a i (1 — a)@)\r_)\s) . (524)

ASRT | (. o¢E (r,s)EE

Our claim reduces to the boundedness of the differences |\ — \%| for all (r,s) € E indepen-
dently of n, u, v and r,;s. We will shortly prove the following inequality

Z frs (A — A:)Z < k(a) Z Hrs; (5.25)

(r,s)eE (r,s)eE
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where k(o) = 2 + a2 . Assuming the above is true, by the Cauchy-Schwarz inequality,
we would have
1/2 1/2
S ope-xi< [ S W) S | < @)/,
(r,s)EE (r,s)eE (r,s)eE

since en < p,s < n for all (r,s) € E. We would then be done. Now, the inequality (5.25)
follows from convexity considerations. We let ¢ be the function being maximized in (5.24).
By concavity of ¢, we have

P(A*) — 4(0) < X*TV¢(0) + %)\*TV%(O))\*. (5.26)

The gradient and the Hessian of ¢ are

VoL = X e Lot 2 et re{lo ),

— Ar—As _ As—Ar
si(r,s)EE 1 04)6 at <1 a € s:(r,s)¢E

VoA) = —a(l—a) Y wu(X)(e —e)(e, —e,)T,

(r,s)eE
with N N
T‘Se T A\s Sre s Ar
wrs(A) = - Yz T L M A2
(a+ (1 — a)ers) (a+ (1 — a)ers=)
and ey, - , ey being the standard unit vectors in R%. The concavity inequality (5.26) be-
comes
p(A) <a Z frs(Ar — A7) + Z Vrs(Ar = A7) —a(l — ) Z TP NED WS
(r,s)EE (r,s)¢FE (r,s)EE

Substituting in the expression of ¢(A*), the term 3, oy vrs(A7 — A]) cancels out on both
sides and we get

AE—AE

€ * * * *\ 2
Z Hirs 10g (Oz + (1 — Oé)6>\;f—>\§> S Oé(z /’LTS(/\T - As) - Oé(]_ - Q) Z :u'fs(/\r - /\s) ’

(r,s)eE rs)eEE (r,s)eE

which can be written as

> s (@I =a)(Ar = A)?+ (L= a)(A; = A7) —log (a + (1 —a)e ™)) < 0. (5.27)

(r,s)EE

Now we approximate the logarithm by the positive part: log(a+(1—a)e*) < 2, = max{0, z}
for all x € R and a € (0,1), so that we almost get a quadratic polynomial inequality. We
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make this a genuine quadratic inequality by applying the additional approximation that for
all z € R and a € (0, 1):

o(l —« 1l -« o
a(l —a)z® + (1 —a)z —x, > (2 )xz— 20 31— a)

This is easy to check by verifying that the discriminants of the resulting quadratics (one for
x > 0 and one for x < 0) are negative. Now, inequality (5.27) implies

S - = (5 g )Zum

(r,s)eE (r,s)eE

In other words,

5.7 Two proofs of Proposition 5.6

We first reduce the proof to the case where G = K, by a limiting argument. Let G =
(V,E) be a graph on d vertices. If G is not connected then the constraints defining the
space F(G) decouple across the connected components of G and so does the integrand
exp—1 2 (rs)ek Trs 22, /w,s, therefore the Gaussian integral factors across the connected com-
ponents of G. Hence, we may assume that G is connected. Now, if

1/2
/ 72 Srs Tl Urs (g = (2)((d=1)*+d)/2 <Hr,s wrs> |
g T(w)

for all w € RY** where T' = Ty, then taking a limit w,, — 0 for all (r,s) ¢ E, we get

1
1/2/ 6_%Zm rs/w” d$—>C(G)/ 67%Z(r,s)efaﬂ«“25/wrs dw,
<H(r,s)¢E wrs) d F(G)

where ¢(G) > 0 is a constant that only depends on GG. On the other hand

T(w) —s 22%(;22 Te(w).

Therefore

1/2
d—1 jd—2
C(G) / e_% Z(’I‘,S)GE -T?'.s/’w'rs dw _ (27T)<<d71)2+d)/2 <2 d H(T,S)EE wT’S) '
F(G)

nst(G) Tg(w)
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Now we set w,s = 1 for all (r, s) € E to clear out the constants. Since ff(G) e72 Z(reB s g —
(27T>dim(]-‘(G))/2, we get

H 1/2
/ e*%Z(r,s)eE @7y /wrs de = (27T)dim(}‘(G))/2 (r,s)€E Wrs .
F(G) TG(’UJ)

Now it remains to prove the proposition for the complete graph.

A combinatorial proof

We proceed by adopting a combinatorial view on the structure of the space F. This will
lead us to consider a very special basis of F in which the computations become tractable.
(Background on the concepts used in this construction can be found in (Biggs, 1997).) We
first orient K4 in such a way that every pair of distinct vertices is connected by two parallel
edges pointing in opposite directions. There are d(d —1) (oriented) edges in total. Then, the
subgraphs whose edges are weighted by an array « € F are called Fulerian: the total weight
of the incoming edges is equal to that of the outgoing edges on each vertex. An important
property of Eulerian graphs is that they can be decomposed into a superposition of cycles.
In particular, fix a spanning tree T of K (the tree uses only one edge, if any, between each
pair of vertices, and ignores their orientation). Every edge e ¢ T* can be identified with the
oriented cycle C, in the graph which consists of the oriented edge e and the unique path
between the endpoints of e in the tree 7% (where the direction of the edges on the path
are flipped if necessary). Let x. € {0,£1}%4Y be the indicator vector of the cycle C,2.
Since a cycle is Eulerian, the vector x.—when folded into a d x d matrix—belongs to F.
Furthermore, the family {x. : e ¢ T*} is linearly independent since a cycle C, contains at
least one edge—namely e—that is not contained in any other cycle C./, ¢/ # e. There are
exactly d(d — 1) — (d — 1) = (d — 1)? off-tree edges in Ky, and this number coincides with
the dimension of F. Therefore B = {x. : e & T*} is a basis of F, that we henceforth call
a fundamental cycle basis of F.

Let P € {0,4+1}(@=D**d(d=1) be the matrix where the rows are indexed by the off-tree
edges of the graph, and whose eth row is equal to x.. The matrix P can be regarded as
the cycle-edge incidence matriz of the graph Kjy: an entry (e, €’) is non-zero if and only if
e e ..

Let M € RUd4-Dxdld=1) he the diagonal matrix with entries w,,, r # s on the diagonal.
Then by a change of variables

/ e~ e ®hs/20rs g — Det(PPT)Y? / e 2 (PM™IPT)z/2q,
f

R(d—1)2
= (2m) 4"V Det(PPT)/2Det(PM ' PT)~/2,

2Each non-zero entry in the vector corresponds to an edge present in the cycle, and the non-zero value
is 41 if the cycle flows along the orientation of that edge, and —1 if the flow is in the opposite direction. In
particular, the eth coordinate of x. is always +1.



CHAPTER 5. DECODING FROM POOLED DATA: SHARP
INFORMATION-THEORETIC BOUNDS 142

Now it remains to show that Det(PM'PT) =5 . H(r,s)gT w,,! where the sum is over
all spanning trees of K. This will finish the proof since we would then have Det(PPT) =
nst(K,) = 2%71d?"% by Cayley’s formula on the number of spanning trees in the complete
graph.

We expand the determinant using the Cauchy-Binet formula. Let D = M~'/2  and let
E be the set of edges in Ky. For a matrix A of size n xm, I C{1,--- ,n},J C{1l,---,m},
we denote by A[I, J] the matrix of size || x |J| whose rows and columns are indexed by 1
and J respectively. If I = {1,---  n}, then we write A[ : , J], and likewise for the column
indices. Then, we have

Det(PM~'PT)= > Det(PD[ : , S| (5.28)
SCE
|S]=(d—1)2

Now we use the following key lemma that we prove later.

Lemma 5.12. Assuming the diagonal entries of the (diagonal) matriz D are positive, the
matriz PD| : | S| is singular if and only if the graph spanned by the complement S = E\S
of S in K, contains a cycle.

Since there are exactly (d — 1) edges left unchosen by S, this lemma implies that they
must form a spanning tree in order for the corresponding term to contribute to the sum in
identity (5.28). Hence

Det(PM~'PT) = > DePD[: , T)>

T : spanning tree

Fix a spanning tree T" of K. Observe that if T" = T* then the edges that generate the
cycles in the fundamental cycle basis B are exactly the ones that are selected in 7. In other
words, each row and each column of PD[ : , T ] contain exactly one non-zero entry, (i.e.,
P[ : , T]is a permutation matrix), hence Det(PD[ : , T]) = 11 0¢r w1t
T # T* then we split the set of edges in T into those that belong to 7% and those that
do not. Each column in PD[ : , T ] corresponding to an edge in TN T* contains only
one non-zero entry (since this edge is contained in only one cycle in B). Therefore all such
edges (columns) along with the corresponding cycles (rows of the non-zero entry) can be
successively eliminated from the determinant, yielding

DetPD[ : ,T))=+| [] w.”| -Det(PD[TNT",TNT"]). (5.29)

rs
(r,8)€TNT™*

Notice that this operation has drastically reduced the size of the problem; the common size
k of the sets TNT* and T NT* is anywhere between 0 and d — 1 at most. Now we will show
that
Det (PD[TNT*, TnT* )=+ [] w.””
(r,s)€TNT*
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using a peeling argument slightly more delicate than the one previously applied. Observe
that PD[ T NT*, TNT*]is the k x k cycle-edge incidence matrix with k edges T N T*
indexing the rows and k edges in T'N T* indexing the columns, such that a row indexed by
e indicates the edges ¢/ € T' N T* that participate in the cycle C..

So far, the spanning tree T was arbitrary. To continue, we choose T™* to be the star tree
rooted at vertex 1 (see Figure 5.1, left). This choice simplifies the combinatorial argument to
come, because the fundamental cycle basis B is now composed of triangles rooted at vertex
1. Crucially, this is where the assumption G = K} is needed; to ensure the existence of a star
spanning tree. Figure 5.1 (right) illustrates the remaining edges after the first elimination
procedure.

Figure 5.1: Left: the graph K, where the star tree 7™ is highlighted in red. Right: remaining
edges in red and blue after the first elimination procedure (violet edges were removed).

Since T is a tree, by Lemma 9, each row and column of the matrix PD[ TNT* , TNT* ]
contains at least one non-zero entry. Furthermore, 7™ being the star graph, each cycle
C. € B is a triangle rooted at vertex 1, thus each row of the above matrix contains at most
two non-zero entries. This is simply because one of the three edges that compose the triangle
C,—namely e—is not selected by the set TNT* that indexes the columns of the matrix. See
Figure 5.1, right (any blue edge has at most two adjacent red edges).

Furthermore, if all the rows contain exactly two non-zero entries then by the pigeonhole
principle (since | N T*| = |T N T*|), there will exist three edges in 7 N T* that form a
cycle C (see Figure 5.2, left). However, we assumed that 7" is a tree so this cannot happen.
Therefore there must exist at least one row in the matrix with exactly one non-zero entry
(i.e., there must exist an edge e € T NT* such that C, = {e, ey, es} € B with e; € TNT*
and eo € T'NT*). See Figure 5.2.

Hence, we can eliminate this row and its corresponding column from the determinant.
This corresponds to eliminating (dashing) the edges e and e; in the right figure above.
Applying this argument iteratively allows us to peel all the edges and the cycles they belong
to (see Figure 5.3), so that we obtain

Det(PD[TNT*, TnT* )=+ [] wi"

rs
(r,s)€TNT*

This completes the proof.
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Figure 5.2: Left: an impossible situation where there remains a cycle C' where no edge
was eliminated in the first step. Right: a logical situation where there exist a fundamental
cycle C. = (e, e1,e) with one edge in T only, one edge in T only, and one edge in their
intersection.

— TNT*

Figure 5.3: An illustration of the peeling process. “Wedges” with one edge in T only and
the other in 7™ only are eliminated successively until no edges remain. Violet edges were
eliminated in the first step.

Proof of Lemma 5.12. Since we assumed the entries of the diagonal matrix D are strictly
positive, we assume without loss of generality that D is the identity matrix. Assume now that
the complement of S contains a cycle whose indicator vector is &€ € {0, +1}%~1_ Since B is
a fundamental cycle basis, there exists € R@"D*\{0} such that & = D egr+ TeXe = Pl
Since S selects no edges in the cycle indicated by &, it is clear that TP[ : | S | = 0,
and this settles one direction. As for the other direction, let « € R(dfl)Q\{O} lie in the null
space of (P[ : , S ])T. The vector PTx indicates the weights of a Eulerian subgraph in
K, (this vector belong to F when written in the form of a d x d matrix). The condition
(P[ : , S])™@ = 0 implies that this Eulerian subgraph involves no edges from S. In
particular, any cycle from this subgraph (there always exists one) is in the complement of
E. This completes the proof. [ |
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An analytic proof

This proof contrasts with the previous purely combinatorial approach in that it is mainly
analytic. The approach relies on an interpolation argument that involves expressing the
Gaussian integral over F as the limit of another parameterized Gaussian integral, when the
parameter tends to zero. This latter integral can on the other hand be written in closed form,
by relating it to the characteristic polynomial of a Laplacian matrix. Then the Principal
Minors Matrix-Tree Theorem is invoked to finish the argument. This final step is the only
place where combinatorics appear. (This proof approach was suggested to us by Andrea
Sportiello.) Incidentally, this proof can be carried out with an arbitrary graph G; there is
no need to reduce to the complete case. For § > 0 let

1 2
1 67%27‘3 zg‘s/w’fs 6_2572”(:1:_:1:1—)1“22 dm
Rdxd

1(0) = (2702)(d-1)/2

The additional Gaussian term in /() gradually concentrates the mass of the integral on F
as 0 becomes small, and we have the following limiting statement:

Lemma 5.13. We have

11111 I(é) == Cd / 67% ZT‘S Z%S/ZU)TS de;,
f

6—0
with

1 —2|l=1|2 —(d-1)/2
WTW/J;Le f2dz:(2d) .

On the other hand, a straightforward computation allows us to write I(d) in closed form:

Cq =

Lemma 5.14. Let G = (V, E) be a weighted graph with V- = {1,--- . d}, E = {(r,s) €
V x V,r # s} where the edges are weighted by the array w € RiXd. Let L(w) € R4 pe the
Laplacian matrixz of G. For all 6 > 0, it holds that

1/2
2 )
— (2m)(@-*+d)/ w '

Now, by the Principal Minors Matrix-Tree Theorem (see, e.g., (Chaiken, 1982)), the
characteristic polynomial of the Laplacian matrix of a graph admits the following expansion

Det (zI + L(w Zx‘m(’ts Bl H Wy,

(r,s)eF

where the sum is over all rooted spanning forests F' of the graph. We finish the argument
by taking a limit in ¢:

MV Det (I +02L(w)) =0 *Det (*T + L(w)) ——— d Y ] wn =2 T(w),
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since the above limit singles out the rooted spanning forests with exactly one root—i.e.,
rooted spanning trees—from the characteristic polynomial, and there are d ways of choosing
the root of a spanning tree. This exactly leads to the desired identity

2 7 d—1)24d)/ Hr s Wrs 1/2
/ e 2 er xrs/2w7‘s (im — (27T)(( 1) + ( > '
d T(w)

Proof of Lemma 5.13. We decompose R¥*¢ into the direct sum F @ FL. It is easy
to see that FX = {z = A1T — 1AT, X € R} which is a (d — 1)-dimensional space. For
x € R let y € R be its orthogonal projection on F, and z = x — y. Therefore
(x—x")l=(z—27)1 =221=2(d\— (17A)1). For 6 > 0, we have

1

1(0) = (2762)@-D/2

/ e_%Zr,s(y7'S+er)2/wrs 675%”21”52 dydz
FxF+
We make the change of variables z’ = z/0:

1) = 1 o~ 3 2 (Urst027,)% /wrs e—2||z/1H§2 dydz’
)/ FxFL .

(2m) (=12

By dominated convergence,

i 10) = e 1)/2/ o8 Snehefuee ¢ dydz
FxFL

6—0
_1 2 - 2
d 1)/2 / e 2Zr,sy7's/w7"sdy / e 2||Z1||£2dz
F Fi

Moreover,
/ €_2||z1||§2dz _ (2d>(dl)/2/ €—2cl2H>\||§2 d\ = (QW)(dfl)ﬂ(gd)*(d*l)/?’
Fl {AeR?,1TA=0}

where the pre-factor in the first equality comes from the fact that ||z[|% = 2d H)\H?2 for
Zz=A1T—1AT, A€ R4 17TA = 0. [ |

Proof of Lemma 5.14. Let 6 > 0. We linearize the quadratic term ||(x — :zzT)1||§2 in
1(0) by writing the corresponding Gaussian as the Fourier transform of another Gaussian:
Va € R¥x4,

o l@-an?, _ W /d R RACEE e A
R

where i2 = —1. Then

1

1 1 2 is—1 1 2
= _727«5337—5/11}7'5 —ié yT(win)lfnyHz
10) = Grsmy@nr G /R/Re 2 ‘ T drdy.
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We complete the square involving x,¢ in the exponentiated expression:

1 1

2
__Zq; W — 10 yT(x—xT)1 = —52 o ((xrs +i%(yr — ys)>2 + lggs (yr — ys)2) .

Then by Fubini’s theorem,

1 1 1,02 _1 wrs 2 1 1 wrs 2
—3lvl7, -3 5,0 % (vr—vs) —3 ¥ oo (s HYE= (e —vs))
(2n0%)(@-D/2 (27) 2 /R c TRy /Re 2 5 dady.

1(5) =

/2
The inner integral evaluates to (Hr s 27Twrs> . Hence

1/2
(d 1)2 .
1(6) = <27T (Hw> /d oz lvllE, =5 2 s 55 (=) dy
R

1/2
90 )(d=1)%+d)/2 -
= (27) (H wrs> Det (I + 6 *L(w)) 1/2,

5d—1

where L(w) € R%*4 is the Laplacian matrix of the weighted graph G. |

5.8 Discussion

Our main result, Theorem 5.1, leaves a gap of essentially a factor of two between 7., and
Yup- This is a limitation of the methods employed. In particular, it is plausible that the
upper bound is loose due to a possible lack of concentration of the random variable Z about
its mean, and this translates to the possibility of existence of a non-trivial interval inside
[Yiow, Yup] Where Z is typically close to 1 while its expectation is exponentially large. This
is a standard issue in the use of the first (or second) moment method encountered in many
random CSPs. Surprisingly enough—and as mentioned below 5.1—this is not the case in
HQP, as it was shown by Scarlett and Cevher (2017), after a preliminary version of this
result was made public, that 7, is the sharp threshold. Therefore the first moment method
does identify the phase transition in this problem.

Beyond our setting, the “sparse” regime where the sets S, are of constant size k (exactly or
on average) could also be of interest. Here, the relevant scaling is one where m is proportional
to n. The lower bound argument could be easily extended and yields a bound of %
As for the upper bound, one could in principle follow the same first moment strategy, but
our analysis breaks in a quite serious fashion, in that none of our asymptotic estimates hold
true in this regime.
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Chapter 6

Decoding from pooled Data: phase
transitions of massage-passing

We recall the setting of the Histogram Query Problem: let 7 : {1,--- n} — {1,---,d}
be an assignment of n variables to d categories. We denote the queried subpopulations by
Sa CA{L,---,n}, 1 <a<m. Given m subsets S,, the histogram of categories of the pooled
subpopulation S, is denoted by h, € Zi, ie, forall 1 <a<m,

h, ::(

) NS,

T Hd) N S,)) (6.1)

We let w = % (’7‘*_1(1)| R {T*_l(d)‘) denote the vector of proportions of assigned values;
i.e., the empirical distribution of categories. We place ourselves in a random dense regime
in which the sets {S,}1<qs<m are independent draws of a random set S where Pr(i € S) = «
independently for each i € {1,...,n}, for some fixed « € (0,1). Meaning, at each query, the
size of the pool is proportional to the size of the population: E[|S|| = an.

Here we adopt a linear-algebraic formulation which will be more convenient for the pre-
sentation of the algorithm. We can represent the map 7, which we refer to as the planted
solution, as a set of vectors &} = e,-; € R for 1 < i < n. Let A € R™™ represent
the sensing matrix: A, = 1{i € S}, for all 1 < i < n,1 < a < m. The histogram
equations (6.1) can be written in the form of a linear system of m equations:

ho =Y Agx], ac{l--- m} (6.2)
=1

Our goal can thus be rephrased as that of inverting the linear system (6.2). Note that the
problem becomes trivial if m = n, since the square random matrix A will be invertible with
high probability. However, as we have seen in the previous chapter, a detailed information-
theoretic analysis of the problem shows that the planted solution is uniquely determined by
the above linear system for m = ’yﬁ, v > 0. In this chapter we study the algorithmic
problem in the regime m = kn, k < 1.
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We note that in the deterministic setting, where one is allowed to design the sensing
matrix A, i.e. choose the pools S, at each query, Wang et al. (2016) provided a querying
strategy that recovers 7* provided that m > clﬁ, where ¢, is an absolute constant. Ignoring
the dependence on d, this almost matches the information-theoretic limit. The random
setting has not been treated so far.

We present an Approximate Message Passing (AMP) algorithm for the random dense
setting, where each query involves a random subset of individuals of size proportional to
n. We characterize the exact asymptotic behavior of the algorithm in the limit of large
number of individuals n and a proportionally large number of queries m, i.e. m/n — k.
This is done by heuristically deriving the corresponding State Evolution (SE) equations
corresponding to the AMP algorithm. Then, a rigorous analysis of the SE dynamics reveals
a rich and interesting behavior; namely the existence of phase transition phenomena in the
parameters k, d, 7 of the problem, due to which the behavior of AMP changes radically, from
exact recovery to very weak correlation with the planted solution. We exactly locate these
phase transitions in simple situations, such as the binary case d = 2, the symmetric case
T = (é, cee é), and the general case under the condition that the SE iteration is initialized
from a special point. The latter exhibits an intriguing phenomenon: the existence of not one,
but an entire sequence of thresholds in the parameter s that rules the behavior of the SE
dynamics. These thresholds correspond to sharp changes in the structure of the covariance
matrix of the estimates output by AMP. We expect this phenomenon to be generic beyond
the special initialization case studied here. Beyond the precise characterization of the phase
transition thresholds in these special cases, we initiate the study of State Evolution in a
multivariate setting by proving the convergence of the full-dimensional SE iteration, when
initialized from a “far enough” point, to a fixed point, and show further properties of the
iterate sequence.

6.1 Approximate message passing and state evolution

In this section we present the Approximate Message Passing (AMP) algorithm and the
corresponding State Evolution (SE) equations.

The AMP algorithm

The AMP algorithm of Donoho, Maleki, and Montanari (2009), known as the TAP equations,
after Thouless, Anderson, and Palmer (1977), can be derived from Belief Propagation (BP)
on the factor graph modeling the recovery problem. The latter is a bipartite graph of
n—+m vertices. The variables {x; : 1 < i < n} constitute one side of the bipartition, and the
observations {h, : 1 < a < m} constitute the other side. The adjacency structure is encoded
in the sensing matrix A. Endowing each edge (i,a) with two messages m;_,,, M,; €
A%l A41 being the probability simplex, one can write the self-consistency equations for
the messages at each node by enforcing the histogram constraints at each observation (or
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check) node while treating the incoming messages as probabilistically independent in the
marginalization operation. The iterative version of these self-consistency equations is the
BP algorithm. BP is further simplified to AMP by exploiting the fact that the factor graph
is random and dense, i.e. one only needs to track the average of the messages incoming to
each node. This reduces the number of passed messages from m x n to m~+n. For the present
d-variate problem, the algorithm we present is a special case of Hybrid-GAMP of Rangan
et al. (2012). We let h, = (h, — anm)/y/n and A = (A — al,,17)/+/n be the centered
and rescaled data, and assume that the parameters o and 7 are known to the algorithm.
The AMP algorithm reads as follows: At iteration ¢t = 1,2,..., we update the check nodes
a=1,---,m as

wy =30 Al = VI (V)T (e = w7,

j€da
t 12 t
Vi =) A,B
j€da
and then update the variable nodes i =1,--- ,n as

2l =@l 30> A (V) (R — w)),
beoi
-1
= -1
%= (T am)
beoi

et =n(z], %)),
B! = Diag(&!*!) — !t gt

7 Y

with

n(z,X) = Z 7TT,6T€ 735 e RY, (6.3)

where Z(z,2) = S2%_ | me 2(2-e)™ (2=e) ig a normalization factor so that the entries of 5
sum to one. The map 1 plays the role of a “thresholding function” with a matrix parameter
3 that is adaptively tuned by the algorithm. One should compare this situation to the case
of sparse estimation (Donoho, Maleki, and Montanari, 2009) where the soft thresholding
function is used. Here, the form taken by m is adapted to the structure of the signal we
seek to recover. The variables w, and V, represent estimates of the histogram h, and their
variances. The variables z; and 3; are estimators of the planted solution @} and their
variances before thresholding, while z; € A?~! and B; are the posterior estimates of &} and
its variance, i.e., after thresholding. The algorithm can be initialized in a “non-informative”
way by setting ) = w, BY = Diag(w) —swnwT foralli=1,...,n,and w;' =0and V' =T
for all a =1,--- ,m for example.s We defer the details of the derivation to Section 6.5.
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State evolution

State Evolution (SE) (Bayati, Lelarge, and Montanari, 2012; Donoho, Maleki, and Monta-
nari, 2009), a version of the cavity method of statistical physics (Mézard, Parisi, and Virasoro,
1990), allows us to exactly characterize the asymptotic behavior of AMP at each time step
t, by tracking the evolution in time of the relevant order parameters of the algorithm. More
precisely, let

1 1
R At KT L At AET
M, , = — E zz;', and Q= — E Tz, .
n ‘= n
1= 1=

The matrix M, , tracks the average alignment of the estimates with the true solution, and
Q... their average covariance structure. The SE equations relate the values of these order
parameters at t+1 to those at time ¢ in the limit n — oo, m/n — k. We let M, and Q, denote
the respective limits of M;,, and Q;,, which we assume exist in this “replica-symmetric”
regime, and let D = Diag(w). The SE equations read

d
My = Z ™, Eg [n(e, + Xt%g, KRy €],
r=1

d
Qt+1 - Z es ]Eg ['I](BT + Xtiga /{_lRt) : n(er + ng, I{_lRt>T:|7
r=1

X, =xYD-M,- M +Q,,
Rt = Dlag(Qtl) — Qt,

with g ~ N(0,I). The matrix X, is the covariance matrix of the error of the estimates
output by AMP at time ¢, and R, can be interpreted as the average covariance matrix of the
estimates themselves. Note that the parameter o has disappeared from the characterization
by the SE equations, just as in the information theoretic study.

The full derivation of these equations can be found in Section 6.6. The main hypothesis
behind the derivation, which we do not rigorously verify, is that the variables z! are asymp-
totically Gaussian, centered about &} and with covariance X;: the measure %ZLI 64_33;
converges weakly to NV(0, X;). We refer to Bayati, Lelarge, and Montanari (2012); Bayati
and Montanari (2011) for rigorous results, the assumptions of which do not apply to this

setting. It is an interesting problem to prove the exactness of the SE equations in this setting.

Simplification of SE

Here we simplify the system of SE equations above to a single iteration. This crucially relies
on the following Proposition:

Proposition 6.1. If My = Qy, then for all t we have
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(i) My = Q;. In particular, M, is a symmetric PSD matriz, and M1 = .
(ZZ) Rt = K/Xt =D — Mt'

The proof of the above proposition is deferred to Section 6.4. We pause to make a few
remarks. The assumption of Proposition 6.1 could be enforced for example by setting the
initial estimates of AMP as Y = 7 for all i. This yields My = Qo = w=T, and hence
Xo = k(D —7wnT). The statements in this proposition can be seen as “dynamic” versions
of the Nishimori property discussed in the first three chapters (see Zdeborovéa and Krzakala,
2016). They simplify the SE equations to a single iteration on X;. To succinctly present
this simplification, for r € {1,--- ,d}, and X > 0, we let

n.(X) :=nle, + X%g, X) e AL
Then, the SE equations can be seen to boil down to the single equation
X1 = /f_lf(Xt>> (6.4)

where, recalling that g ~ N (0, I), we define

f(X):=D =Y mEy [n,(X)n,(X)T] (6.5)
=D - mEyn,(X)] €], (6.6)
=" m By (e, — (X)) - (e, — (X)), (6.7)

where equations (6.5) and (6.6) correspond to substituting the value of Q; and M; into
statement (ii) of the above proposition, while the last equality (6.7) is just a consequence of
the first two, (6.5) and (6.6). Furthermore, via elementary algebra, the coordinates of the

vector (X)) can written as
_1 1 _1 2
meexp ( —gTX " 2(e, —e;) — 5 HX 2(e, — ey) ,
2

(m, (X)), = 7% , (63)

2
)

with

d
1 1 1
7.(X) =S "1, _gTX (e, —e, ——HX" e,
(X) S§:lﬂexp(g 2 (e, — e) 5 2(e, —€)
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The mean squared & 0-1 errors

We can measure the performance of AMP by the mean squared error of the estimates {@!}7;:

n

MSE,,, = %Z

i=1

2
Ly "

al — x*

i %

Since 2! € A?"! an alternative measure of performance would be the expected 0-1 distance
between a random category drawn from the multinomial #; and the true category x;, then
averaged over ¢ = 1,--- ,n. This error would be written as

n d n
LSS =1 > alral

i=1 r=1

=1 — trace(M;,,) = trace (D — M,,,) .
On the other hand, the MSE in the large n limit reads

MSE, := lim MSE,,, = trace (Q; — M, — MJ + D),

n—00

= trace (D — M) ,

so the two notions of error coincide in the limit. Note that the MSE at each step ¢ can be
deduced from SE iterate at time t: MSE; = & trace(X}).

6.2 Analysis of the state evolution dynamics

In this section we present our main results on the convergence of the SE iteration (6.4) to
a fixed point, and the location of the phase transition thresholds in three special cases. We
start by analyzing the SE map f and present some important generic results.

Analysis of the SE map f

From expression (6.7), we see that the map f sends the positive semi-definite (PSD) cone
Six‘i to itself. As written, f is only defined for invertible matrices X, but it could be
extended by continuity to singular matrices: if e, — e, is in the null space of X, we declare
that exp(—%HX*%(er — e;)]|*) = 0. This convention is consistent with the limiting value

_1
of a sequence { exp(—3[ X, (e, — e,)||?)} ., where {X,,} _ is a sequence of invertible
matrices approaching X . This also has an interpretation based on an analogy with electrical
circuits, which we discuss shortly. This extension will be also denoted by f. It is continuous
over the S¥*? and we have f(0) = 0. Now, we state an important property of f, namely
that it is monotone:
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Proposition 6.2. The map f is order-preserving on SiXd; e, forall XY =0,if X Y
then f(X) = f(Y).

The proof of this Proposition is conceptually simple but technical, and is thus deferred to
Section 6.4. Next, we adopt a combinatorial view of the structure of the SE dynamics. This
will help us identity subspaces of SiXd that are left invariant by f. Note that the definition of
f involves X 2 acting on span(1)*. Additionally, it is easy to verify that for all X € S¥*¢,
f(X)1 =0, and f(X),s < 0 for all » # s. Therefore, without loss of generality, we can
restrict the study of the state evolution iteration to the set

A= {'X ESiXda X1 :O7 X'rs SOV(T,S> S.t. T#S},

since it is invariant under the dynamics. The set A can be seen as the set of Laplacian
matrices of weighted graphs on d vertices (every edge (r, s) is weighted by — X, for X € A).
Hence f can be seen as a transformation on weighted graphs. This transformation enjoys
the following invariance property:

Proposition 6.3. For all X € A, f preserves the connected component structure of the
graph represented by X ; i.e, two distinct connected components of the graph whose Laplacian
matrix is X remain distinct when transformed by f.

Proof. The proof relies on the concept of effective resistance. One can view a graph of
Laplacian X € A as a network of resistors with resistances 1/(—X,s). The effective resistance
of an edge (r, s) is the resistance of the entire network when one unit of current is injected
at r and collected at s (or vice-versa). Its expression is a simple consequence of Kirchhoff’s
law, and is equal to R, := || X ~'/*(e, — eS)H?2 (see e.g. Spielman, n.d.). It is clear that the
effective resistance of an edge is finite if and only if both its endpoints belong to the same
connected component of the graph, otherwise R,.s = +o00, and (n,(X))s = 0. This causes f
to “factor” across connected components, and thus acts on them independently. |

Next, let us look at the limit of f(¢tX) for large t. For X € A invertible on span(1)*,
we have limy_,o. f(tX) = D — wrT, since n,(tX) — 7 almost surely. More generally, if X
represents a graph with {Vj}1<x<x connected components, (n,(tX))s # 0 only if 7, s are in
the same component. Hence, n,.(tX) — 15‘ 1’3;;, where Py is the orthogonal projector onto
the span of the coordinates in Vj, where r € V},, and we have

Ple'TrTPk .
lim f(tX) =D - Z TP =: Lg. (6.9)

By Propositions 6.2 and 6.3 and the limit calculation (6.9), we deduce that for any parti-
tion {Vj}1<k<x of {1,---,d}, and all Laplacian matrices X > 0 of graphs with connected
components Vp,--- , Vi, we have

F(X) < L. (6.10)
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Indeed, since X <X tX for all ¢ > 1, we have f(X) < f(¢tX) by monotonicity of f. Letting
t — oo settles the claim. In particular, with K = 1, L1 = D — «wxT, and for all X € A
representing a connected graph (i.e. rank(X) = d — 1), we have f(X) X D — wwT. We are
now ready to state the main result of this subsection.

Theorem 6.4. Let {Vi.}1<k<x be a partition of {1,--- ,d}, and L defined as in (6.9). Let
X,y € A with connected components Vy,--- , Vi, and such that Xy = x 'Lg. If the SE
iteration (6.4) is initialized from X, then the sequence {X,},., is decreasing in the PSD
order, i.e., Xy = X;_1 for allt > 1, and converges to a fized point X*, i.e., X* = x~1f(X*).

Proof. Let X, satisfy the conditions of the Theorem. Using X, = x 'Lk and observa-
tion (6.10), we have X; = k 'f(X,) =< Xo. By monotonicity of f, we deduce that the
SE iterates form a monotone sequence: X;,; =X X; for all ¢ > 0. Since X; > 0 for all ¢,

then this sequence must have a limit' X* = 0. By continuity of f, this limit must satisfy
X*=r7Lf(X™). [ |

We expect that for x large enough, X* = 0, meaning that lim M; = D and lim MSE; = 0.
This situation corresponds to perfect recovery of the planted solution {x;}! , by AMP. We
can easily show that this is the case for

K> K" := sup M

XeA /\maX(X) (611>

Indeed,
/{/*
)\max(Xt—i-l) - K_lAmax(f(Xt)) S ;Amax(Xt)-

If kK > k* then the SE iterates converge to 0 for every initial point. It is currently unclear
to us whether this condition is also necessary. Instead, we consider three special cases and
exactly locate the phase transitions thresholds.

The binary case

In this section we treat the case d = 2, which is akin to a noiseless version of the CDMA
problem (Guo and Verdi, 2005) or the problem of compressed sensing with binary prior. In
this case, the SE iteration becomes one-dimensional. Indeed, we have A = {zuuT, z > 0},
with w = (1, —1)7. And since this space is invariant under f, the latter can be parameterized
by one scalar function z — ¢(z), defined by

flzuu") = p(z)uu’, Vi >0.

1One can see this by observing that {27X;2z};>0 is a non-negative monotonically decreasing sequence
for all z € R%; hence it must have a (non-negative) limit. Then, via the identity yT X,z = £ ((y +2)7X;(y +
z) — (y — 2)T X, (y — 2)), one deduces that {yTX;z};>0 has a limit for all y, z € R?. These limits define a
bi-linear operator which is (y, z) — yTX*z.
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Next, we compute ¢. For X = zuuT, we have X tu= \/Lﬂu. Then, letting w = (p,1 —p)T,
using (6.6) we have

p
p+(1— p)eg“‘/m”%] ’

go(x) = f(ﬂUUUT)l,l =p—pEg [

= E, {1 _p+;ig:u/)m+l/2x} :
:Eg{ Pl —p) } (6.12)

1— D + peg/\/EJFl/Qx

Letting X; = a,uuT, for all £ > 0, the SE reduces to

a1 = Kk o(ay). (6.13)

The function ¢ is continuous, increasing on R, and bounded (since p(00) = p(1 —p) < 00).
Moreover, ¢(0) = 0. Therefore, the sequence (6.13) converges to zero for all initial conditions
ap > 0 if and only if x 1p(z) < x for all x > 0, i.e.

{ p(1 - p)a? } .

1 —p+pexp(gz + 22/2)

* [yp—
k> H’binary<p) ‘= sup Eg
>0

By a change of variables g + x/2 — ¢, one can also write this threshold as

p(1 —p)z’e —a?/8 ]

’%T)inary(p) = sup IEg (614)

20 pesz/2 4 (1 — p)e—97/2

If K < Kjjpary(P), then a new stable fixed point a* > 0 appears and the sequence {a;}:>0
converges to it for all initial conditions ay > a*, and the asymptotic MSE of the AMP
algorithm is lim; ,,, MSE; = a* trace(uuT) = 2a*.

Figure 6.1 demonstrates the accuracy of the above theoretical predictions — the predicted
MSE by State Evolution matches the empirical MSE of AMP on a random instance with
n = 2000, across the whole range of p and &.

The symmetric case

In this section we treat the symmetric case where all types have equal proportions: w =
(4,-++,%), and analyze the SE dynamics. In this situation, the half-line {z(D —##T) , z >
0} is stable under the application of the map f, and the dynamics becomes one-dimensional
if initialized on this half-line.

Lemma 6.5. Assume w = é) For all x > 0, we have

10 = et (1= 7).

Q. I



CHAPTER 6. DECODING FROM POOLED DATA: PHASE TRANSITIONS OF

MASSAGE-PASSING 157
1 MSE AMP MSE SE
0.8
0.6
<

0.4

0.2

0

0 01 02 03 04 05
p

1
0.4 0.8 0.4
0.3 0.6 0.3
2
0.2 0.4 0.2
0.1 0.2 0.1
0 5 4 ;
0 0 0.1 0.2 0.3 0.4 0.5 0
p

Figure 6.1: MSE of AMP on a random instance with n = 2000 in the binary case (left),
and predicted MSE by State Evolution (right) as a function of p = 7 and . The blue
region corresponds to exact recovery. The boundary of this region is traced by the curve
P Fpinary (P) in equation (6.14).

with
exp(g2/+/7) ‘
7 lexp(g1 /v +1/2) + X0, explg,/ V)

p(z) =E

Proof. Let P = (I —1117), and X = 2P with z > 0. The matrix P is the orthogonal
projector on span(1)*. Therefore, we have

X Y2(e, —e,) = (e, — €,)/ V.
Therefore for all r # s,

f(X)rs - —1 E P <_gT(er —_ es>/ﬁ — 1/I) ] .

d 7|1+, exp(—gT(e —e)/Vr—1/)

By permutation-invariance of the Gaussian distribution, we see that f(X) is constant on
its off-diagonal entries, hence on its diagonal entries as well since f(X)1 = 0. Writing
f(X)=9I-5(117 — I), we have (a + ) = df. Hence, f(X) = (I — 1117) with

B=EF exp (—gT(e1 —es)/x — 1/x)
! 1+ Y exp(—gT(er —e)/y/x —1/x) |’

I
=

exp(g2/V/7) ]
Lexp(g1/v/T + 1/2) + 0, explg./ V) |

as claimed. [ |
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Therefore, if the SE iteration is initialized on this half-line: Xy = ao(I — éllT), with
ap > 0, then X; = a,(I — éllT) for all ¢, with

Ay = K_lgp(at).

Just as in the binary case, the function ¢ is continuous, increasing and bounded with ¢(0) =
0. Hence, we have convergence to zero for all initial condition aq > 0 if and only if K™ 1p(x) <
x for all z > 0, i.e.

k> ke (d) :==sup Eg

sym
>0

(6.15)

2?2 exp (gox)
exp (1 + 22) + 307_; exp (9,)
Otherwise, it converges to a non-zero value a* for all initial conditions ag > a*, and the

asymptotic MSE of the AMP algorithm is a* trace(I — éllT) = (d —1)a*. Using the change
of variables g; + x — g1, one can also write this threshold as

Kaom(d) = sup E,

sym
>0

2?e= 2 exp((g1 + g2))
>y exp(grx)

It is not straightforward to read off the magnitude of s, (d) from the above expression. We

provide a table of approximate values for several small values of d:

d 2 3 | 4 ) 6 718 9 |10
Ky A7 139 .34 30 | 27 ) 24| .22 .21 | .20

sym

For larger d, an asymptotic expression for this threshold may be desirable. We prove the
following in Section 6.4:

Proposition 6.6. There exist two constants 0 < ¢; < ¢, such that when d is large enough,

log d . log d
d S ’%sym(d) S Cu d ’

Cl

Furthermore, one can take ¢; =1 — 04(1), and ¢, = 2+ 04(1).

The general case initialized with a matching

Here we consider the SE iteration in arbitrary dimension and with arbitrary proportions
of types 7, but we initialize the dynamics from a special point X, that corresponds to a
matching of the vertices {1, -- ,d}: each edge present in the matching corresponds to its own
connected component. This case reveals an interesting behavior which we suspect is generic
regardless of the initialization: the existence of a sequence of thresholds x}, k3, - - - ruling the
behavior of the SE dynamics. Let M = {(i1,142), (i3,74),- - - , (ix—1, k) } be a matching on
the set of vertices {1,--- ,d} (not all vertices are necessarily part of the matching), and let
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X be its Laplacian matrix, where edges are weighted by arbitrary positive numbers. By
Proposition 6.3, f “factors” across connected components, thus each edge in the matching
will follow its own dynamics independently of the other edges. The edges not initially
present in the matching remain inactive forever. For (r,s) € M, we have (X;), = (Xt)ss =
_(Xt)rs — _(Xt>sr7 and

1

1
Xt 2(67« — 65) = W(@ — €s>,
t)rr

and therefore, using expression (6.6) and letting x = (X;),,
f(Xe)rr = 7 — Eg [(0:(X4)),]

E s
=7
r wre(grfgs)/\/ﬂﬂ/u_i_ﬂs )

— E Ts
= Ty Ly Wreg/ﬁ+1/2w +7Ts .
Therefore, the SE iteration reduces to

TyTg
7T7‘eg/ Vv (Xt)7'7'+1/2(Xt)7'7- + s

(Xt—l-l)’/‘r = /{_1 ]Eg

Y

for all vertices (r,s) € M. Note that this iteration is essentially the same as the one in the
binary case (6.12)-(6.13), where p becomes 7, and 1 — p becomes m,. For each (r,s) € M,
the above iteration converges to the fixed point zero for every initial point if and only if

(6.16)

* Pyp—
K> Ky, =sup K,
x>0

2
Temsxle % /8 ]

T,e9%/2 4 7 e—9%/2

Here, we symmetrized the expression just as in the binary case (6.14). Arranging these
thresholds as k] > k% > --- from largest to smallest we see that the fixed point of the SE
iteration gains one non-zero edge at each x; as k decreases from some large value to zero.
Equivalently, X* gains a rank one component corresponding to the connected component
constituted by that edge. It is an interesting problem to determine the behavior of the SE
iteration and locate these thresholds, if they exist, beyond this simple matching case.

6.3 Summary of results

We presented an algorithm for decoding categorical variables of a signal from randomly
pooled observations of it, and characterized its performance it terms of a state evolution
equation. The analysis of this evolution revealed phase transition phenomena in the pa-
rameters of the problem that happen in the linear regime m/n — k. These algorithmic
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results, combined with information-theoretic ones leave a large region in parameter space
(vlogn < m < kn) where the signal is identifiable but AMP fails at recovering it, hinting at a
possible computational hardness in this structured signal recovery problem. This could have
interesting applications in privacy-related considerations. Further, we proved the conver-
gence of the SE dynamics to a fixed point. The analysis of the properties of this fixed point
as a function of the parameters x, 7 in the general case, together with rigorous proof of the
exactness of the state evolution equations for this problem are interesting open problems.

6.4 Technical proofs

Proof of Proposition 6.1

We proceed by induction. Now assume that M; | = Q;_; and that R, ; = kX, 1. We
prove that R, = kX; and then that M, is symmetric and M,; = Q;.

The first step is to show that @;1 = w. By assumption, X; ;| = x /(D — Q) =
Kk 1R,_,. Let us define,

TTs €XP <_gTX—1/2( _ es HX 1/2 — es)Hi)

Mrs 1= Mp(X)s = 7. (X) . (6.17)

The sth coordinate of Q;1 is

d
:ZWTEQ [( €T+X1/2g, ) ] Zﬂ-r nrs .
r=1

—1/2(

Moreover, letting 8, = X — e,), we have

myexp(—1 [lg + 6,47 o 3lgllZ,
S mexp(—3 g + 8ull,) (2m)7

(i) exp(—3 |lgllz,) 7 e 2llg=0rsl7, .
- g,
S mexp(—Llg+oalr)  (2m)?

Eg [nrs] =

1114012
*5”9”42

meexp(—Lllg +8.12) e
S mexp(—1 [lg + dgl7,) (2m)%?

dg.

The only non-trivial equality is (i) and it was obtained through a simple change of variable
g+ 6,5 — g. Therefore,

T exp(—l Hg + 5er§2)
2
Zl L T exp(— ”9 + dally,)

—WSZE

S-
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In addition, the above argument also shows that M, is symmetric since, for r, s € {1,--- ,d},
(Mt)rs = Ts Eg [7757']'

Now we have that R; = D — Q;, and by symmetry of M;, X; = x (D — 2M; + Q).
To complete the proof, it remains to show that M; = Q. For r,;s € {1,--- ,d} we have

Z T nlrnls .

Once again, we make the change of variable g + &, — g:

2y —Lig—6..12
o Z / exp(—1 lally) ex(—4lg +8ulE) oot
rils 2 27)d/2 ’
Zl’ Ty eXp<__ ||g + 5'fl/||£2)> ( )

exp(—3 [|g + 84[[2) ]
d 2
S meexp(—L g+ 87

= 7,75 Eg

= (My),,

Proof of Proposition 6.2

The map f is differentiable at every X > 0 invertible on span(1)*. Let 0 < X <Y, and
W 2 [0,1] = ST defined by W (t) = (1 — t) X +tY. We will show that & f(W(t)) = 0 for

all t € [0, 1] and conclude with the fundamental theorem of calculus

1Y) = £ = [ Grw (o)

We start by computing the derivative of each entry of f(W(t)). Let r,s € {1,...,d}. We
have

d d
— =——m.E )
W (W) =~ S B (W),
To prepare for further calculations, let us write
d
At) = W) (W)

and
d

dtW( )-W ()

d _
B(t) = " (W) ™)y =-w(t)"!
We observe by the chain rule of differentiation that

A(t) + A(D)T = B(1). (6.18)
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This identity will be used several times. Now we start computing the derivative. Let

d _ 1 - 2
Drs L= 7735 exp <—QTW(t) 1/2(67” - es) - 5 HW(t) 1/2(6T B eS)HZQ)
d B 1
(g WO (e~ be e Bl )
1
X exp (—gTW(t)_l/z(er —e;) — 2 ||W(t>_1/2(er - es)HZ) ‘
Then,
d Drs Drl
—7’]T<W(t))5 = STy nr(W(t))s X 7 (VAT () (619)
at Z, (W (1)) ; Z,(W(t))
Now, by differentiating under the expectation sign, we are lead to process expressions of the
form D D
Ey |=>—o—| and E [m(W(t))s—rl} :
9 [zr<w<t>>} ! Z:(W (1))

Here, the Gaussian integration by parts formula

E, [9h(g)] = Ey [7'(9)]

for all univariate differentiable functions h with moderate growth (say polynomial) at infinity,
will be used multiple times. Recalling

g €XP (—gTW(t)*l/Q(er —e;) — % HW(t)fl/z(er - es)“i)
Z,(W (1)) 7

Nrs = nr(W(t)>s -

from (6.17), we have

d d

Eg QTE (W(t)ilm) (e —es) 77%} =E, {(ngs)T i (W(t)il/Z) (e, — 88)}

= —(e, —e)TA(t) (e, — ;) Eg [n,]

+ Z(er - el)TA(t) (er - es) Eg [771”8777“1] )

=1
and similarly,

By 9755 (W) (e, — @) ] =~ (fe, ~ e (e, - e)

+ (er - eS)TA(t) (67“ - 61)) EQ [nrsnrl]
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2 Z — e)TA(t) (e, — ) B [1estiiti]

Therefore,

Eg {Ll - (67" — es>TA(t)(er - es) Eg [777’8] - %(67" - eS)TB<t)(e7" - 65) Eg [nrs]

- Z - el TA ( —€ ) Eg [nrsn’r‘l] .

Since A(t) + A(t)T = B(t) (identity (6.18)), the first two terms in the above expression
cancel each other, and we are left with

d
D
Eg | 5| = — (67« - el)TA(t)<er - es) E [nrsnrl] :
o [zxwu»] 2 ’
On the other hand, using the identity (6.18) again,

Eq {m(“«@%%} = ((e, —e)TA(t) (e, — &) + (e, — e)TA(t)(e, — €)) Eg [ns10]

~ Sler — ) B(t)(e: — e1) Eq [t

-2 Z — 67« TA )( — el) Eg [nrsnrlnrr’]
r'=1
— (e — e A()(er — €1) Ey [irath
d

-2 Z - er TA )( - el) EQ [nTsnrlnrr’] .

/

Now, using the above two formulas, and recalling (6.19), we have

LB (Wt).] = = (e — e)TA(t) e, — e Eq 1]

dt
=1

M-

(e —es)TA(t)(e, — er) Eg [n:5m]

=1

+2 Z Z(er — eT,/>TA(t)(€r — 6[) IEg [nrsnrlnrr’] :

=1 r'=1

Using identity (6.18), the sum of the first two terms in the above expression is

(er - es)TB(t)<er - el) IEg [nrsnrl] y

d
=1

l
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- Z - 65 TB )( - 61) IEg [nrsnrlnw/] 5

lr'=1

where we used the fact >, n,» = 1 in the last expression. Similarly, the third term is equal
to

d
Z (e, — &) B(t)(e; — er) Eg [nrsnum] .
IL,r'=1
Therefore we obtain
d d
a En.(W(t))s] = Z (e, — ey )TB(t)(es — er) Eg [nsmmn] -
Ir'=1

The expression we just obtained does not appear to be symmetric in the indices (r, s), but
it does become symmetric when multiplied by 7., thanks to the following identity:

Lemma 6.7. Recall the definition of n,.s from (6.17). For all r;s,l € {1,--- ,d} we have

777“5777“1 Z 7Tl’ nl’rnl’snl’l]

Using the above, we get

—f(W(t))rs = —Wrth[’flr(W( ))s]
= — Z (e, — e)TB(t)(es — e) Eg [quenysnyinue] |

= - Zﬂl' [eens - (€ — )T B(t)(es — mw)] .-

This implies that for all z € R?

d
Ld
2t Z dtf ))rszrzs,

where ® denote the entry-wise product of two vectors. Since B(t) = —W (t)~' - W (t) -
W(t)™ and SW(t) =Y — X = 0, we sce that

c?t z*Zm' 9 {H(Y—XﬁW(t)l (zOn — ("))
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hence concluding the general argument. It now remains to prove Lemma 6.7.

Proof of Lemma 6.7. The proof relies on a simple change of variables in the expectation.
Using (6.17), and letting &,, = W (t)"'/%(e, — e,) for all r, s, we have

2 2 2
e*QT(‘sz/ﬂr‘;z’sJﬂswz)*%||5l’rHeQ*%||5l/s||52*%“51/z“g2

3
(Zd/ X /e_gT6llr,_%||6l/r/||§2>
r'= T

2 2 2
o g8, 112, ~ g8 12, ~ 3 lg+8ml2,

3
(S e o)
r'=

o Slla+6u, 12~ 3llg+8u.l12, ~ g e, ~Hlgl,
:Wrﬂsﬂl/
1 2\ 3 27)d/2
Rd (Zizl e 2||g+«sl/,«/||g2> (2m)

We make the change of variables g + 8y, — g. The term ||g+5l’r||?2 becomes ||g||§2,
lg + 0vsllz, becomes |lg + 8,7, g + duuly, becomes |lg + 8], llgllz, becomes [lg + & [z,
and ||g + 5l/,,,||§2 becomes ||g + ($7ﬂ,,/||§2 in the denominator. The first term will assume the

role of the Gaussian density, and we rewrite the above as an expectation under the Gaussian
distribution:

Eg (et st = T E,

= T, Eg

dg.

2 2 2
6_%“94'57«3 He2 _%HQ‘H”Z ||152 _%HQ'HSTU ||42

3
(Zd/ 1 Tyt 67%”g+6”’/ ”?2)
r'=

If the above expression is multiplied by 7 and summed over all I/, the third term in the
numerator cancels with one power of the denominator, and the result is

T Eg

o Sla+8relZ,~ lig+6,12,

2
(§ dl T le_%“g+5rr/||§2>
r'=1"T

TrTsT IEg = Ty IEg [nrsnrl] .

Proof of Proposition 6.6

For x > 0, we let

da(z) ==Eq

72 Zd72 egm/log(dfl)a:
o/ logd=Dz (g _ 1)e* 4 > cor\/log(d—1)z |

By symmetry in the variables g,., » > 2, we can see that

¢d< T > _ d—1 E [ 22 exp(go) ] .
log(d — 1) log(d —1) exp(g1x + 22) + Zfzz exp(g,7)
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Our claim reduces to exhibiting upper and lower bounds on sup,. ¢q(z) which are asymp-
totically independent of d. We start with the upper bound. Since, the function z — 7 is
concave on R, we have by Jensen’s inequality,

i a? Zﬁ:g Eg,.r>2 [egr\/mx}
Pa(z) < Ey /OB d e (4 1) 4 By s [egr\/mz} ;
_g, | 22(d — 1)1+ /2 ] |
1 Ea [log(d—1)z (d — 1)302 +(d — 1)1+x2/2

We split the analysis into two cases: x < V2 + €, T > V2 + € for some € > 0. We see that
pa(xr) < 2® for all 2 > 0. If 2 < /2 + ¢, then ¢q(z) < (V2 + €)?. For the remaining case,
let & = a(e) > 0 such that 22/2 —ax —1 > 0 for all # > /2 + e. One can find such an
a as the solution to the equation o + Va2 + 2 = V2 +e. Next, we let £ be the event that

g1 < 1_362/# log(d — 1), and write
2 _ _
x) <E E| Pr(€
o) By | e O
22
+E gl Pr(€),
g1 (d N 1)$2/271 . eglw /log(d—l)l‘ + 1 ’ ( )

Under &, we have —22/2 + 1 — giv1/log(d — 1) < —ax, and the first term in the above
expression is upper bounded by
v (d — 1),

On the other hand, we upper bound the conditional expectation in the second term by z2,
and use the fact that Pr(€) < (d — 1)~(1-2*/2+a2)*/(2%) " We obtain the upper bound

pa(r) < 2? ((d — 1) 4 (d— 1)—(1—x2/2+am)2/(2r2)> 7

which decays to 0 as d — oo uniformly in z > V2 + ¢e. This proves that

sup ga(r) < (V2 + ¢)?

>0

for all d sufficiently large.
Now we turn our attention on the lower bound. Since the function z — = is increasing,

x26max7n22 gr4/log(d—1)z
6g1\/log(d71):1: . (d . 1):52 + eMaxr>2 gr/log(d—1)x

we have

ba(z) > Eg
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The maximum of finitely many Gaussians concentrates in a sub-Gaussian way: for all ¢ > 0,

_ < —t) <e 2
Pr <r£1§2ng E[I?SQXQT] < t) <e

We write E[max,>sg,] = cqv/log(d — 1); it is known that ¢; = v/2(1 — 04(1)). Letting

t = ecgy/log(d — 1) for some € > 0, we have

I'Q(d _ 1)(1—e)cdm

(1= (d—1)"w?).
egn/log(cl—l)az: . (d . 1)902 + (d _ 1)(1—e)cdac] < ( ) )

de (ZL‘) > Em

We plug the value x = (1 — €)¢y in the right hand side, and deduce

(-0
g1 6gl(l—e)cgm/log(d—l) + 1

: (1 —(d— 1)—6263/2) .

sup ¢q(z) > E
>0

We see that the above converges to the value (1 — €)? as d — oo.

6.5 Deriving the approximate message passing
equations

We divide the derivation of the AMP equations into two parts. First, we write down the
Belief Propagation (BP) equations, and simplify them to the “relaxed” BP equations. Then,
we show how to transform the relaxed BP equations into the AMP iteration.

From Belief Propagation (BP) to Relaxed BP

The factor graph G of our model consists of a bipartite graph with the variables {x;, 1 <1i <
n} on one side of the bipartition and the measurements {h,, 1 < a < m} on the other side.
A measurement (or check) node h, is connected to k = an variables nodes in expectation
chosen uniformly at random (i.e. those such that A, = 1) from all the variable nodes.

We rescale the elements of the sensing matrix A such that A, has expectation 0 and
variance @ This can be done by subtracting the vector anm from each observation h,
and dividing everything by y/n. Hence, we let

hy == (h, — anm)/\/n,

and B
A=(A—-al,17)/y/n.

The linear system h, = 2?21 Aqjx; is equivalent to h, = 2?:1 f_lajzc;f.
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We now write the messages of the Belief Propagation algorithm. Let E be the set
of directed edges of the factor graph with all possible directions, i.e., each edge (i,a) is
endowed with both directions i — a and a — 7. Note that |E| = 2km. The message passing
procedure consists of iterating a map BP : (Ad_l)E — (Ad_l)E from some initial guess
until (possible) convergence. For convenience, for all r € {1,--- ,d}, any set of messages
m={m;, .., my,; : Ay=1}€ (Adil)E on (G, and any directed edge a — i, we denote
the rth coordinate of the d-dimensional message m,_; by m,_;(e,) instead of (m,_;),, and
similarly for the coordinates of m,_,;. With this notation in hand, the map BP is defined
as follows: We consider a prior distribution on the messages that agrees with the category
proportions in the planted solution 7%, i.e., for every ¢ and r,

P(x; =e.) =,

This is our “uninformative” prior: under lack of any further information, the algorithm

predicts that x; = e, with probability 7, for all i and . Then for all € {ey, -, eq},
1
BP(m)isa(@) := ————P(x) [[ mui), (6.20)
Zi%a (m> bedi\a

BP(m), ;(x) := Z;('m) Z 1 {FLG = Ay + ZAa]azj} H m;_.(xz;), (6.21)
a—1 ed}

j€Ba\i

with Z; ,,(m) and Z, ,;(m) are the normalizing factors such that Ele BP(m);.(e.) =
S BP(m).i(e,) = 1. If G was a tree, the map BP would compute the exact posterior
distribution of the category assignments {@; : 1 <i < n} given the observations {h, : 1 <
a < m}. In our case this will only be true when m/n is large enough.

We see that the second equation above has a sum involving d*~! terms, which makes the
execution of the BP algorithm intractable. We derive a set of relaxed Belief Propagation
messages from the above that only require linear-algebraic computations of size polynomial
in n and m. Later, we further simplify these equations by leveraging the fact that our factor
graph is random and dense, to finally arrive at the Approximate Message Passing iteration.

We now proceed by replacing the indicator in (6.21) by a Gaussian with small variance
o > 0, which we then linearize by writing it as the Fourier transform of the standard Gaussian
measure (this is also known as the Hubbard-Stratonovich transformation):

;/202) jeg\i M;ja(;),
x 3 flew (10797 (n. —ZA‘ ) I mimatepataa)

zjc{er, j€da\i
JEBa\z

1 _ L
BPU(m)aHi(w) = Z—<'rn,) Z exp ( - Hha - ZA‘U:BJ
a—i } =1

:cje{el,-»- eq
j€da\i
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where we let v, refer to the standard d-dimensional Gaussian measure.

o' / exp (ia‘lgT (i_za — Zlm»cc))
R4

< 11 [ > exp(—io ' AggTm;) mya(a;) | va(dg).

j€da\i ~xjc{er, eq}

Now, observe that the exponentials in the sum above involve the terms Zlaj which are of
order 1/4/n. By expanding the Taylor series of the exponential, one can show

d
Z exp(—io ' Ay gTx;) my.(z;) = Zexp(—ia’lzlangeT) m;_.(e)
z;e{er,,eq} r=1
— 1 —
= exXp ( — ia_lAangmj_m — 50-_2A2ngBj—>ag)
+0(1/n?),
where
B,_,, = Diag(m;_,,) — mj%am}_m. (6.22)

Plugging the above expression into the message, we get
BP,(m),i(x) ~ ;/ exp (107 !gT (ﬁa — A_aiw)
Zaﬁi(m)

. 17 1,
< I eXp(—w "AgigTmy L, — 50 2A§ngBjﬁag)w(dg),

. 1 1 o=
= o gm0 R B g ) ulde)

j€da\i j€da\i

We denote the “average” message and variance that appear in the formula above by

Wy—si = Z Zlajmj_m, (623)
j€da\i
j€da\i

The exponentiated term in the integrand, when combined with the contribution of the Gaus-
sian density, becomes

. - - 1 _ 1
i07' g7 (he — Aui — woyy) — 37 ’g"Voig — 3 lgll7,
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_ - 1
= iO-_lgT (ha - Aaiw - wa—>i) - §gT(0-_2‘/a—>i + I)g

2
b
lo

Now, computing the integral yields

BP,(m)q_i(x) o exp ( H (02Vy +I)” %(ﬁ — Ay — wo )

2
52) '
On the other hand, by injecting the above formula into the messages from-variable-to-check
node (6.20), the latter can be written as

and letting 0 — 0 yields

_% (ﬁa - Aaiw - waﬁ\i)

BP(m),_;(x) o exp ( ;

_ 2
BP(m); .(x) x P(x)exp HV_1/2 — Ay — wyy;)

b—i
beaz\a

2

1 _ _
o P(x)exp —§ch Z ALV L |+ a7 Z AV, (hy — wps) ;
bedi\a bedi\a

o P(z) exp(—(x — 2ia) "8 (2 — 254)/2), (6.25)

where we denoted the average message and variance by

Zisa = Xisa Z AV, L (hy — wpsi), (6.26)
bedi\a
z—>a = Z A b—)z (627)
bedi\a

The combination of the equations (6.22-6.27) forms the set of Relazed Belief Propagation
(RBP) equations:
miq, = n(zi—m; Zi—m)

B, ,, = Diag(m;_.,) — m;,m]

i—a’
Zisa = i Z Abi‘ﬁ;i(hb — Whsi),
bedi\a
Ezia = Z A b~>z’ (628)
bedi\a
Wo—i = Z Zajmj—)ay
j€da\i

a—n - § A j—>a>

j€Ba\i



CHAPTER 6. DECODING FROM POOLED DATA: PHASE TRANSITIONS OF
MASSAGE-PASSING 171

with
n(z, %) = ﬁ ZT&'TGT exp (—%(er — 2% (e, — z)) ) (6.29)

where Z(z,%) is the normalization constant so that 1™n(z,¥) = 1. The complexity of the
iterative version of these equations is of order at most O(d®nm) which is essentially quadratic
in n. Next, we further reduce the complexity of the iteration to O(d*(n + m)) by showing
that it suffices to track the average of the incoming messages at each node. This is due to
the fact that the factor graph is dense and its edges are independent.

From Relaxed BP to AMP

Let us now derive the equations of the (more efficient) AMP algorithm. We will define
a notion of “total messages” m;, B;, z;, X;, w,, V, and relate them to one another. The
expressions (6.23), (6.24), (6.26), and (6.27) defining w, ;, Vai, 2iq and X;_,, respectively
involve sums over all the neighbors of the node sending the message except the node receiving
the message. We first define w,, V, and 3; by adding this last term:

to.__ E A ot _ .t A ot
Wy = Aajmjﬁ\a = Wosi + Aalmi%a?

j€da
‘{f::: ZE::}iijIB;A%a = ‘{iﬁi'+'j13ilgiﬁa7
j€0a
(=) =2 4MW)
beoi

where we introduced a time index t to track the iteration count. Now we attempt to find a
notion of total message z! for z}_,, such that the obtained set of equations becomes self con-
sistent. Once 2! is found, then we define m!™ and B/™! as n(z!, =!) and Diag(n(z!, 2!)) —
n(zl, X)n(zt, BHT, respectively. Since X!, — X! = O(1/n) and V!,, — V! = O(1/n), we
have using (6.26)

zf—m - Zg—m ’ Z Abi (‘/bt—m)_l (E’b - wli—n)’
bedi\a
~ 3 YT A (V) (R — wi ).
bedi\a

Substituting the expression w! ., = w! — A,ml_,, in the above, we get

2, =50 Y A (V) (e —wp) 20 Y A (V) ml,
bedi\a bedi\a
~ 3N A (V) (= wp) + 203 A (V) mil,
bedi bedi
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where we also allowed the above sums to run over all neighbors of i since the additional
terms are of order 1/y/n compared to the entire sum which is of order 1. Now we make the
assumption that the messages m!_,, are approximately equal for all b € 9i to a common
value m!, up to error 1/y/n. This assumption is justified by the fact that the graph is dense
with equally strong edge weights, so the messages outgoing from every node are equal, up
to first order. This simplifies the second term:

B3O (V) mi, = By A (V) mi = mi,

beoi beoi

Based on these approximations, we define

zi =3 Zf_lb,- (V;f)fl (hy — wi) +ml.
bedi

Agmt . and m}_, = n(z/_,, B7),). We write

t t
Now we treat w!. Recall w! = deaa o a2

A =Y Ay (V)T (e — ) = 3 Ay (VD) T (R — w2,
bedj

~ 2t sl A (VY T (R, — Wi,

j—a a

The second term is negligible compared to the first one, so we develop a first order Taylor
approximation of the function n in the second term, and obtain

t __ 2 A t—1 t—1
Wy = 14aj77 j—+a7§]]—+a)

jEda
_ d 3 )
= Z Aaj (n(z§1,2§.1) dz( §—>1a’2;—>1a> E;—}a Ay (Vi) (e — wél)) ,
jEda
=S Ayt — (S wet) sl ) (VY Ry - wl )
aj “J(iz j—+a7 j—a j—a a a o .
j€EOa j€da

Based on the expression (6.29) of 1, one can easily check that

D (2,3) = (Ding(n(z. ) — n(z Dyn(z, B)7) - 5

hence
ZAan tlEtl Sl ZAZBt _ vt
aj 4 j—%a’ j—»a j—a Jj—a a-’
j€Eda j€da
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We therefore end up with the following approximate message passing procedure:

m; = n(zl, %)),

B = Diag(n(z;, X)) — n(zi, Z)n(z, Z})",

1 <

S (z ® (w:)*)_l,

beoi
= mie N Y A (V) (- w)),
bedi
Wi =3 Agml =V (V) (e — w7,
j€0a
Vi = Z A% B
j€EDa

This is rearranged to the AMP algorithm displayed in Section 6.1, with the notation &!
replacing m!.

6.6 State evolution equations

We derive the state evolution equations from the Relaxed Belief Propagation (RBP) equa-
tions (6.28). Let M, = 13" mizT and Q; = 237" m!m]". As we argued in the
previous section, we can redefine M, and @Q; by substituting m! by m!_  at the cost of
an asymptotically vanishing error. In this section, we drop the time indices to lighten the
notation. We expect the variance parameters V,_,; in RBP to be concentrated about a
constant: 1
E[V.sil ~ Y E[A2]B,,.=—-a(l—a)) Bj,,=a(l—a)R,

with R := %Z y B;_,,. A calculation of the second moment of V,_,; reveals that it is equal
to the expectation of V,_,; plus a lower order term. Therefore we can safely assume that the
quantities V,_,; are essentially constant and equal to a(1 — «)R. Next, we deal with 3;_,,.
By assuming approximate independence of Ay; and Vii, we get

. - _ 1 R! 3
E[32.] = #ZQE [An] E[V,2] = ﬁa(l —a) b#za al—a) ~ kR

We then make the approximation X1 ~ E[X;! ] ie X;,, ~ x 'R. Next, we turn our
attention to z;_,,:

Zisa = Disq - Z AV, L (hy — wiy)
b#a
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1 By Z Api(hy — wpsi).

Now using wy_,; = Z#Z Abjm]_ﬂ) and hy, = ZJ ) Ab]azj, we get

Zisa = Abz Ab] m]—m) + Abz .
1 —a) Z

b#a j#i

The inner sum in the above expression involves n weakly independent terms, so we expect
a central limit theorem to hold. Therefore the only relevant quantities are the expectation
and the variance of z: E[z;,,] = ], and

El(z1o — ) (20— 20)7] = [y D0 00 3 O i ElAy Ay

b#a j#i b'F#a j'F#i

X (33; myﬁa)(w; —m;,)T

a) .
- a7 oS ) -

b;ﬁa jF#i
1
S Y @ )@ )T
b;éa jF#i

~ H_l(D—M—MT—i—Q),
with D = 237"  xia;" = Diag(w). Hence, we define
X =rx'(D-M-M"+Q).

Therefore we have made the assumption that z; ,, ~ N (x}, X ). Next, we assume that the
z;,q are “independent enough” that a law of large numbers holds in limit n — oo, m/n — k:

1 1 1 _
ﬁ - Mia = ﬁ . *Z fr'(zi—ma Zi—m) = T Eg 77(67“ + X297 K lR)] ’
ixf=er, il =e,
and .
— m;om]_,, ~ 7, E, [77(67» + X%g, K_lR) -n(e, + X%g, I{_lR)T] ,
n xt=e,

for all r € {1,--- ,d}, with g ~ N (0, I). Plugging the above into M and @ yields
1 - * 1 —1 *
= Z"?(mz +Xzg,k" R)x;",
i=1
d

Eg [n(er +Xig,x'R)| €]

T
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1 & ; \
Q=-> n(x;+X2g,x'R) n(x; + X295 'R)T,
[
d 1 1
~ Z 7, Eg [n(er +X2g,5'R) -n(e, + X2g, /i_lR)T} )
r=1

Finally, it remains to find an expression for R. Recall B;_,, = Diag(m;_,,) —m;_,,m/ ..
Averaging over ¢ and using the assumed concentration of the messages m,;_., yields

n d
1 1
R:_E BiﬁagDiag<§ T Eg [n(er—l—X2g,/§1R)]>—Qa
n
i=1 r=1
= Diag(Q1) — Q.

To sum up, we get a system of self-consistent equations in M;, Q,, X; and Ry:
d 1
Mt+1 = Z Ty IE’g |:’I’](€T + Xt297 R_lRt> ’ e;l:?
r=1

d
Qi1 =Y m R, [n(er +X7g,k'Ry) -mle, + Xig, n—lR»T] :
r=1

X, =xYD-M, - M +Q,,
Rt = Dlag(Qtl) — Qt-

This set of equations constitute the state evolution equations.
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