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Abstract

Towards Precision Quantum Simulation of Lattice Gauge Theories

by

Siddharth Hariprakash

Doctor of Philosophy in Physics

University of California, Berkeley

Dr. Christian Bauer, Co-chair

Dr. Raphael Bousso, Co-chair

Quantum simulation of lattice gauge theories offers a path to first-principles calculations
of real-time dynamics and finite-density phenomena that are inaccessible to classical Eu-
clidean Monte Carlo methods. Realizing this potential requires a pipeline of controlled
approximations—lattice discretization, truncation, digitization, state preparation, time evo-
lution, measurement, and continuum extrapolation—each contributing errors and compu-
tational costs. General algorithmic asymptotic complexity arguments capture only part of
the cost picture: the practical resources required for end-to-end simulation depend on nu-
merical pre-factors, the cost of the subroutines that various algorithms call, and structural
features of the lattice theory, all of which the asymptotic scaling leaves unspecified. This
thesis develops contributions that aim to make such dependencies explicit and quantitative.

We begin with a rigorous analysis of the asymptotic gate complexity of product formulas
and Quantum Signal Processing (QSP) for the time evolution of general classes of lattice
Hamiltonians, identifying the parameter regimes in which each method is favorable and
estimating the associated pre-factors numerically. Since the cost of QSP-based simulation
is dominated (in regimes of practical interest) by the block-encoding subroutine it calls,
we also develop several novel block-encoding constructions tailored to bosonic lattice field
theories and show that signal-processing techniques can be repurposed as highly efficient
block-encoding subroutines.

We then turn to the problem of truncating the Kogut–Susskind electric-field Hilbert space.
Existing error bounds rely on energy-conservation arguments and require the truncation to
grow with simulation time. By exploiting Hilbert space fragmentation we derive the tightest
error bounds known to date: they decay factorially in the truncation parameter and are
independent of simulation time. We validate them numerically for U(1) pure gauge theory
and the Schwinger model.
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Finally, we address the continuum limit in the presence of approximate time evolution.
For product formulas, we show that Trotter errors correspond to irrelevant operators that
vanish in the continuum limit, which yields a renormalization trajectory independent of the
Trotter step size. More generally, we introduce the Statistically-Bounded Time Evolution
(SBTE) protocol, an algorithm-independent framework that treats approximation errors as
a systematic uncertainty to be driven below the working statistical precision. This decouples
the continuum-limit prescription from the choice of time-evolution algorithm and provides a
basis for end-to-end cost comparisons across simulation methods.
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Chapter 1

Introduction

1.1 Gauge Theories and the Need for Ab-Initio

Simulation

The fundamental interactions of nature (with the exception of gravity) are described by
gauge field theories: quantum field theories whose Lagrangians are invariant under local
transformations belonging to a symmetry group G. The Standard Model of particle physics
is built on the gauge group SU(3)c × SU(2)L × U(1)Y , where SU(3)c governs the strong
interaction through quantum chromodynamics (QCD), and SU(2)L × U(1)Y governs the
electroweak interaction. The principle of local gauge invariance dictates the form of the
interactions: it requires the introduction of gauge bosons—the gluons of QCD, and (after
electroweak symmetry breaking) theW±, Z, and the photon—which mediate forces between
matter fields and constrain the allowed couplings among them. The remarkable success of
this framework is evidenced by its agreement with experiment across an enormous range of
energy scales.

1.1.1 Perturbation Theory and its Limitations

The standard analytical tool for extracting predictions from gauge theories is perturbation
theory: one expands observables as a power series in the coupling constant and evaluates
the resulting Feynman diagrams order by order. For quantum electrodynamics (QED), the
U(1) gauge theory of the electromagnetic interaction, the fine-structure constant α ≈ 1/137
is small at experimentally accessible energies, and low-order perturbative calculations have
achieved extraordinary agreement with experiment. The anomalous magnetic moment of
the electron, for instance, has been computed and measured to better than one part in 1010.

However, perturbation theory faces intrinsic limitations even in weakly coupled theories.
The number of Feynman diagrams grows factorially with the loop order: the tenth-order
(α5) QED contribution to the electron anomalous magnetic moment requires the evaluation
of 12,672 multi-loop diagrams and is one of the most computationally demanding multi-



CHAPTER 1. INTRODUCTION 2

loop calculations performed to date [1]. More fundamentally, the perturbative series in
quantum field theory is generically asymptotic rather than convergent [2]: if the coupling
were continued to negative values the theory would become unstable, suggesting that the
radius of convergence of the perturbative expansion is zero. The series therefore fails to
converge for any nonzero coupling, and its reliability rests on the coupling being small
enough that an optimal truncation provides adequate precision.

Most importantly, perturbation theory is entirely blind to phenomena that are non-
perturbative in nature: effects whose dependence on the coupling constant is of the form
e−c/g

2
vanish to all orders in the perturbative expansion and cannot be captured at any

finite order. Such effects include tunneling between topological sectors (instantons) and
dimensional transmutation: the dynamical generation of a renormalization-group-invariant
mass scale such as ΛQCD ∼ µ exp(−1/(2b0g

2(µ))). Dimensional transmutation in turn drives
confinement and dynamical chiral symmetry breaking in QCD, both governed by strong-
coupling dynamics rather than by a fundamental scalar field.

1.1.2 Non-perturbative Phenomena in QCD

Due to asymptotic freedom, the strong coupling constant αs(µ) decreases logarithmically
at high momentum scales µ, and perturbative QCD successfully describes hard scattering
processes such as jet production at colliders and deep inelastic scattering. At low energies,
however, αs grows to O(1) and the theory becomes strongly coupled, rendering perturbation
theory inapplicable. The rich phenomenology of the strong interaction at low energies is
governed by non-perturbative effects:

• Confinement : quarks and gluons are bound into color-neutral hadrons, and no isolated
color charge has ever been observed. Confinement is supported by overwhelming nu-
merical evidence but lacks a fully analytic proof. The static quark–antiquark potential
grows linearly with separation, V (r) ∼ σr, where σ is the string tension.

• Chiral symmetry breaking : the approximate SU(Nf )L × SU(Nf )R chiral symmetry of
the light quark sector is spontaneously broken to the diagonal SU(Nf )V , generating
the pions as pseudo-Goldstone bosons and producing the bulk of the visible mass in
the universe. The Higgs mechanism contributes only a few percent of the proton mass;
the remainder arises from the non-perturbative dynamics of QCD.

• The hadron spectrum: the masses and quantum numbers of the hundreds of observed
mesons, baryons, and exotic states (glueballs [3, 4, 5], tetraquarks, pentaquarks) are
determined entirely by the non-perturbative dynamics of QCD.

• Phase transitions : at high temperatures, QCD undergoes a crossover to a decon-
fined quark-gluon plasma; at finite baryon density a rich and largely unexplored phase
structure is expected, including a conjectured critical point and color-superconducting
phases.
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None of these phenomena can be computed from perturbation theory. They demand ab initio
computational methods that work directly with the fundamental QCD Lagrangian without
uncontrolled approximations—methods that can, in principle, be systematically improved to
arbitrary precision.

1.1.3 Beyond QCD: the Broad Reach of Gauge Theories

The need for non-perturbative simulation extends well beyond QCD. Gauge theories
with various gauge groups appear across physics, and in many cases their most interesting
dynamics lies precisely in the non-perturbative regime. A few examples include

• Grand unification: theories based on groups such as SU(5) or SO(10) [6, 7] typically
remain asymptotically free at high scales and are broken by the Higgs mechanism near
the unification scale. The associated symmetry-breaking transitions can have cosmo-
logical consequences, including the formation of topological defects (monopoles, cosmic
strings, domain walls) and contributions to baryogenesis, whose dynamics requires non-
perturbative treatment.

• Dark matter : models involving confining hidden-sector gauge theories [8, 9, 10, 11]
predict dark glueballs or dark baryons as dark matter candidates, whose masses,
interaction cross-sections, and cosmological abundances are determined by the non-
perturbative dynamics of the hidden gauge group.

• Condensed matter : emergent U(1) and Z2 gauge fields arise in the low-energy descrip-
tion of quantum spin liquids [12, 13, 14] and topological phases of matter [15]. The
real-time dynamics of confinement and deconfinement transitions in these materials is
directly probed by neutron scattering and other experimental techniques, and under-
standing these dynamics from first principles requires non-perturbative simulation.

• Quantum gravity via holography : the AdS/CFT correspondence posits a duality be-
tween certain gauge theories and theories of quantum gravity in anti-de Sitter space [16].
In the strong-coupling regime of the gauge theory—precisely the regime inaccessible to
perturbation theory—the dual description is semiclassical gravity, and vice versa. Real-
time simulation of strongly coupled gauge theories at finite temperature, for example,
would provide direct access to the dynamics of black hole formation and thermalization
in the dual gravitational theory [17]. The ability to simulate large-N gauge theories
and matrix models non-perturbatively could therefore open a computational window
into quantum gravity.

We highlight compact U(1) lattice gauge theory in particular, the simplest continuous gauge
group, because it serves as a concrete test setting for the algorithmic developments of this
thesis (Chapters 2 to 5). Despite its apparent simplicity, even this theory exhibits rich
non-perturbative physics. In 2 + 1 dimensions, Polyakov showed that magnetic monopole
instantons generate a confining potential between static charges in the weak-coupling regime
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via a dilute Coulomb gas of monopoles. Confinement was subsequently proved rigorously for
all values of the coupling in the Villain-action lattice formulation [18], and a logarithmically
growing quark–antiquark potential was recently established for Wilson-action lattice gauge
theories whose gauge group contains a central U(1) [19]. The real-time dynamics of this
theory, its finite-density phase structure when coupled to dynamical fermions, and its out-
of-equilibrium behavior are all classically intractable for the reasons we discuss in Sec. 1.2.2.

The ability to simulate gauge theories from first principles—across gauge groups, energy
scales, and physical contexts—is therefore of broad and pressing scientific importance.

1.2 Euclidean Lattice Gauge Theory

Among non-perturbative approaches, the lattice regularization of gauge theories, intro-
duced in 1974 [20], provides a definition of these theories that is amenable to numerical
computation. We describe in this section the Euclidean path-integral formulation, which
underlies the dominant ab initio computational approach to gauge theories—Markov chain
Monte Carlo—together with its fundamental limitations. The complementary Hamiltonian
formulation, which forms the basis for quantum simulation, is presented in Sec. 1.3.

Quantum field theories are physically formulated in Minkowski spacetime, where the
basic dynamical objects are vacuum expectation values of time-ordered products,

⟨0|T{Ô(x1) · · · Ô(xn)}|0⟩ =

∫
DϕO(x1) · · ·O(xn) eiSM [ϕ]

∫
Dϕ eiSM [ϕ]

, (1.1)

where SM [ϕ] is the classical action. The oscillatory weight eiSM is not directly amenable
to stochastic evaluation: every field configuration contributes with unit modulus and an
arbitrary phase, and naive Monte Carlo sampling of such an integrand fails by catastrophic
cancellation. The standard remedy, originating with Wick, is to analytically continue to
imaginary time, t → −iτ . Under this rotation, iSM → −SE, where the Euclidean action
SE[ϕ] is real and bounded below for theories with a stable vacuum, so the oscillatory weight
becomes the real, positive Boltzmann factor e−SE . Euclidean correlation functions

⟨Ô(x1) · · · Ô(xn)⟩E =

∫
DϕO(x1) · · ·O(xn) e−SE [ϕ]

∫
Dϕ e−SE [ϕ]

(1.2)

can then be computed by importance sampling on a classical computer. Real-time observ-
ables are formally encoded in the Euclidean correlators and can in principle be recovered
by analytic continuation, though as we discuss in Sec. 1.2.2.2 this recovery is fundamentally
ill-conditioned in practice. The Euclidean formulation is therefore naturally suited to static,
equilibrium quantities—spectra, matrix elements, thermodynamic phase structure at zero
chemical potential—which are determined by the long-Euclidean-time decay of correlators
rather than by their analytic structure in real time. Within this domain, lattice Monte Carlo
has been extraordinarily successful.
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We now provide a short review of Wilson’s discretization of the Euclidean path integral
on a hypercubic lattice, which provides the gauge-invariant regularization underlying all
subsequent lattice-gauge-theory computations.

1.2.1 Wilson’s Lattice Construction

Continuous Euclidean spacetime is replaced by a hypercubic lattice Λ ⊂ aZ4 of spacing
a, with matter fields defined on the sites x ∈ Λ and gauge fields defined on the oriented
links connecting nearest neighbors. The fundamental degree of freedom on the link from x
to x+ aµ̂ is the link variable

Uµ(x) = P exp

(
ig

∫ x+aµ̂

x

Aµ(y) dy
µ

)
∈ G , (1.3)

the path-ordered exponential of the continuum gauge potential along the link, where Aµ =
AaµT

a takes values in the Lie algebra of G (with Hermitian generators T a normalized by
Tr(T aT b) = 1

2
δab), and g is the bare coupling. By construction, Uµ(x) is a group element of

G rather than an algebra element. Under a gauge transformation parametrized by Ω(x) ∈ G
at each site, the link variable transforms as

Uµ(x) 7−→ Ω(x)Uµ(x) Ω
†(x+ aµ̂) , (1.4)

in direct analogy with the parallel transporter of differential geometry. The reverse-oriented
link satisfies U−µ(x+ aµ̂) ≡ U †

µ(x).
The simplest non-trivial gauge-invariant object built from link variables is the plaquette:

the ordered product of link variables around an elementary unit square in the µν-plane,

Uµν(x) = Uµ(x)Uν(x+ aµ̂)U †
µ(x+ aν̂)U †

ν(x) . (1.5)

Gauge invariance of TrUµν(x) is immediate from (1.4) together with the cyclic property of
the trace. From the plaquette one constructs the Wilson action

SW [U ] =
2N

g2

∑

x∈Λ

∑

µ<ν

[
1− 1

N
ReTrUµν(x)

]
, (1.6)

where N is the dimension of the fundamental representation of G = SU(N) and the sum runs
over each elementary plaquette once. To verify that (1.6) is a discretization of the continuum
Yang–Mills action, expand the link variable for small a as Uµ(x) = 1 + igaAµ(x) + O(a2)
and apply the Baker–Campbell–Hausdorff formula to the plaquette product, yielding

Uµν(x) = exp
[
iga2Fµν(x) +O(a3)

]
, Fµν = ∂µAν − ∂νAµ + ig[Aµ, Aν ] . (1.7)

Using the tracelessness of Fµν and Tr(FµνFµν) =
1
2
F a
µνF

a
µν , one finds

1− 1

N
ReTrUµν(x) =

g2a4

4N
F a
µν(x)F

a
µν(x) +O(a6) , (1.8)
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so that

SW [U ] =
1

4

∫
d4xF a

µν(x)F
aµν(x) + O(a2) , (1.9)

recovering the Yang–Mills action up to O(a2) discretization artifacts that can be systemati-
cally reduced through the Symanzik improvement program [20, 21, 22, 23, 24].

The path-integral measure for the gauge field is the product of left- and right-invariant
Haar measures on each link,

DU =
∏

x,µ

dUµ(x) , (1.10)

normalized so that
∫
G
dU = 1. Haar invariance,

∫
G
dU f(V U) =

∫
G
dU f(UV ) =

∫
G
dU f(U)

for any V ∈ G, together with (1.4), implies that the measure (1.10) is gauge-invariant. The
lattice ultraviolet cutoff at scale 1/a regulates the path integral non-perturbatively, with no
need for gauge fixing: gauge orbits have finite volume in G|Λ| and contribute only an overall
constant. The pure gauge-theory partition function is

Zpg =

∫
DU e−SW [U ] . (1.11)

The continuum limit is recovered by taking a → 0 while tuning the bare coupling g(a)
along a renormalization-group trajectory so that dimensionful physical observables remain
fixed. For asymptotically free theories such as Yang–Mills, the trajectory has the celebrated
form

aΛL = exp

(
− 1

2b0 g2(a)

)[
1 +O(g2(a))

]
, (1.12)

where b0 = (11N−2Nf )/(48π
2) for SU(N) withNf flavors, and ΛL is a renormalization-group

invariant mass scale—the lattice analogue of ΛQCD. Thus g(a) → 0+ logarithmically as a→
0+: the continuum limit is a critical point at vanishing coupling, and the dimensionless lattice
correlation length ξ/a diverges accordingly. This is the lattice realization of dimensional
transmutation.

Coupling to fermions. Matter fields are placed on lattice sites: ψ(x), ψ̄(x) are Grassmann-
valued spinors at x ∈ Λ, with gauge transformations ψ(x) 7→ Ω(x)ψ(x). A naive nearest-
neighbor discretization of the Dirac operator suffers from fermion doubling : in d Euclidean
spacetime dimensions, the lattice propagator has 2d low-energy poles instead of one, an ob-
struction made precise by the Nielsen–Ninomiya no-go theorem [25, 26]. Wilson resolved
this by adding a dimension-five operator (the Wilson term) that gives the doublers a mass
of order 1/a, decoupling them in the continuum limit at the cost of breaking chiral symmetry
explicitly. The resulting Wilson-Dirac operator is

Mxy[U ] = (m+ d r/a) δxy − 1

2a

±d∑

µ=±1

(r − γµ)Uµ(x) δx+aµ̂, y , (1.13)
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where r is the Wilson parameter and γ−µ ≡ −γµ, U−µ(x) ≡ U †
µ(x − aµ̂). Several alter-

native formulations—staggered, domain-wall, overlap, and twisted-mass fermions—reduce
the doubling problem in different ways and preserve different remnants of chiral symmetry.
Integrating out the Grassmann fields,

∫
Dψ̄Dψ e−ψ̄M [U ]ψ = detM [U ] , (1.14)

yields the partition function for a gauge theory with Nf degenerate flavors of fermions,

Z =

∫
DU

(
detM [U ]

)Nf e−SW [U ] . (1.15)

Markov chain Monte Carlo. The Wilson lattice action and the Haar measure are
real, the gauge-field weight e−SW [U ] is positive, and the fermion determinant detM [U ] is
real at zero chemical potential by virtue of γ5-Hermiticity of the Wilson–Dirac operator,
γ5M γ5 = M †. This is a structural property of the discretization rather than an external
assumption, and it ensures that for an even number of degenerate flavors, (detM)Nf ≥ 0,
so the integrand of (1.15) can be interpreted as a probability density on the space of gauge
configurations. Markov chain Monte Carlo (MCMC) algorithms generate sequences of gauge
configurations distributed according to this density, and observables are estimated as sam-
ple averages [24, 27]. Over five decades, this approach has produced quantitative results
of extraordinary precision and breadth, including the ab initio determination of the hadron
mass spectrum, precise measurements of the QCD transition temperature, and increasingly
refined determinations of quark masses and the strong coupling constant (see [28] for a recent
review).

A canonical non-perturbative observable computable in this framework is the static
quark–antiquark potential. The expectation value of a rectangular Wilson loop W (R, T ) =
Tr
∏

(x,µ)∈CR×T
Uµ(x) along a closed contour of spatial extent R and temporal extent T in Eu-

clidean time decays as ⟨W (R, T )⟩ ∼ e−V (R)T at large T , where V (R) is the static potential.
A confining theory exhibits the area law,

⟨W (R, T )⟩ ∼ e−σ RT (R, T → ∞) , (1.16)

with string tension σ > 0, equivalent to a linear potential V (R) ∼ σR. The numerical confir-
mation of the area law in SU(3) Yang–Mills theory is among the most enduring achievements
of the lattice approach.

1.2.2 Limitations of Euclidean Monte Carlo

Despite these successes, Euclidean lattice Monte Carlo faces two fundamental limita-
tions that together obstruct first-principles access to a broad class of physically important
real-time and finite-density observables. The first is the sign problem, which prevents im-
portance sampling whenever the path-integral weight becomes complex—arising at finite
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chemical potential, in the presence of a θ-term, and most severely for direct Minkowski-time
evaluation. The second is the inverse problem, which obstructs the extraction of real-time
dynamical information from Euclidean correlators even when the weight is positive. Both
limitations are intrinsic to the Euclidean path-integral formulation and motivate the search
for a fundamentally different computational paradigm.

1.2.2.1 The Sign Problem

Importance sampling of (1.15) requires the integrand to be real and non-negative, a
property guaranteed at zero chemical potential for even Nf by the γ5-Hermiticity argument
above. The sign problem arises whenever positivity is lost—that is, whenever the path
integral weight acquires a complex phase that prevents its interpretation as a probability
distribution. This problem has been shown to be NP-hard in full generality [29], providing
strong evidence that no polynomial-time classical algorithm can solve it generically.

When the weight is complex, one can formally rewrite the expectation value of an ob-
servable by reweighting with respect to a positive reference ensemble:

⟨Ô⟩ =
⟨Ô eiφ⟩ref
⟨eiφ⟩ref

, (1.17)

where eiφ is the complex phase of the weight relative to the reference measure. The de-
nominator ⟨eiφ⟩ref is an average of a rapidly oscillating phase, which generically vanishes
exponentially with the spacetime volume V : ⟨eiφ⟩ref ∼ e−c V for some constant c > 0 [30,
31]. Extracting the signal therefore requires exponentially many samples, rendering the
computation intractable for large systems.

This obstruction manifests in several physically important settings.

Finite baryon density. At non-zero baryon chemical potential µB, the Wilson–Dirac
operator loses γ5-Hermiticity, and the fermion determinant acquires a complex phase,

detM(µB, U) = | detM(µB, U)| eiφ[U ] , (1.18)

so the partition function (1.15) is no longer amenable to importance sampling. As a result,
much of the QCD phase diagram, including the conjectured critical point at finite density, the
transition to color-superconducting phases, and the equation of state governing the interior
of neutron stars remains inaccessible to first-principles classical computation.

Topological effects. The QCD vacuum has a non-trivial topological structure parametrized
by the θ-angle. Including the θ-term modifies the Euclidean action by ∆SE = −iθ Qtop,

where Qtop = g2

32π2

∫
d4x ϵµνρσ Tr(FµνFρσ) is the (integer-valued) topological charge in the

convention of Eq. (1.7). The factor of i renders the path integral weight complex. This is
another instance of the sign problem, and it limits our ability to study CP violation in the
strong sector from first principles [32].
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Minkowski real-time evolution. The Wick rotation t → −iτ that makes Euclidean
Monte Carlo possible is also what severs direct access to real-time dynamics. Recovering
the Minkowski path integral (1.1) requires either evaluating it directly with the oscillatory
weight eiSM , or analytically continuing Euclidean results back to real time. Direct evalua-
tion is the sign problem in its most severe form: the weight is a pure phase, every config-
uration contributes with equal magnitude but rapidly varying phase, and the cancellations
are catastrophic [33, 34]. Analytic continuation, the only remaining classical route, is itself
ill-conditioned, as we discuss next. Real-time observables are therefore beyond the reach of
Euclidean Monte Carlo, and recovering them is one of the central motivations for quantum
simulation.

1.2.2.2 Real-Time Dynamics and the Inverse Problem

Even when the path-integral weight is positive, recovering real-time dynamical informa-
tion from Euclidean correlators is an ill-posed problem. The real-time Wightman two-point
function G(t) = ⟨0|Ô(t) Ô(0)|0⟩ and its Euclidean counterpart C(τ) are both encoded in the
spectral function ρ(ω) =

∑
n |⟨n|Ô|0⟩|2δ(ω − En) via the Källén–Lehmann representations

C(τ) =

∫ ∞

0

dω ρ(ω) e−ωτ , G(t) =

∫ ∞

0

dω ρ(ω) e−iωt . (1.19)

Recovering ρ(ω) from noisy Monte Carlo data for C(τ) measured at a discrete set of Eu-
clidean times τ = na requires inverting a Laplace transform, which is exponentially ill-
conditioned: small statistical perturbations in C(τ) can produce O(1) changes in the recon-
structed ρ(ω) [35]. The information needed to reconstruct fine spectral features is exponen-
tially suppressed by the Euclidean kernel e−ωτ .

A closely related obstruction is that in infinite volume, on-shell scattering amplitudes
away from threshold cannot be extracted directly from the asymptotic large-time behav-
ior of Euclidean correlators [36], since the Euclidean kernel projects onto threshold. The
finite-volume method [37, 38] circumvents this obstruction for elastic two-particle scattering
by relating finite-volume energy levels to scattering phase shifts, and substantial progress
has been made on three-particle and inelastic extensions [39, 40]. These methods remain
computationally demanding and limited in the kinematic range they can reliably access.

The inverse problem and its scattering analogue affect a wide range of physically impor-
tant real-time quantities that lie beyond reliable classical reach: the thermalization of the
quark–gluon plasma in heavy-ion collisions, parton fragmentation and hadronisation [41, 42,
43], transport coefficients such as shear viscosity and conductivity [35, 44, 45], and nuclear
processes such as neutrinoless double-beta decay [46].

1.3 Quantum Simulation of Lattice Gauge Theories

The obstructions described in Sec. 1.2.2 are rooted in the use of classical statistical sam-
pling to evaluate the Euclidean path integral. A fundamentally different approach is to work
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directly in the Hamiltonian formulation, where space is discretized but time remains contin-
uous and the dynamical content of the theory resides in a quantum state evolving under a
Hamiltonian operator. That state can then be represented on a quantum computer. We first
develop the Hamiltonian formalism, introduce a scalar field testbed that runs alongside the
gauge-theory setting throughout this thesis, then explain how the quantum representation
circumvents the limitations of the Euclidean approach, and review the body of work to which
this thesis contributes.

1.3.1 The Hamiltonian Formulation

The Hamiltonian formulation of lattice gauge theories was developed in 1975 [47], shortly
after Wilson’s Euclidean construction (see also [48] for a review). It can be derived from
Wilson’s Euclidean action by passing to the temporal gauge A0 = 0, taking the temporal
lattice spacing to zero while retaining a finite spatial spacing a, and constructing the transfer
matrix; the result is a quantum-mechanical system defined on a d-dimensional spatial lattice
Λs with continuous time. The formulation has long served as a theoretical tool for analytic
strong-coupling expansions and, more recently, as the basis for classical tensor-network sim-
ulations of low-dimensional gauge theories [49, 50, 51]; here it serves as the foundation for
quantum simulation.

The fundamental degrees of freedom on each oriented spatial link ℓ are a unitary matrix-
valued operator Û(ℓ) ∈ SU(N) and the canonically conjugate electric field operators L̂a(ℓ)
and R̂a(ℓ), a = 1, . . . , N2 − 1, which generate left and right G-translations of Û respectively.
They satisfy the algebra

[ L̂a(ℓ), L̂b(ℓ′) ] = i δℓℓ′ f
abc L̂c(ℓ) ,

[ R̂a(ℓ), R̂b(ℓ′) ] = −i δℓℓ′ fabc R̂c(ℓ) ,

[ L̂a(ℓ), R̂b(ℓ′) ] = 0 ,

[ L̂a(ℓ), Û(ℓ) ] = −T a Û(ℓ) ,
[ R̂a(ℓ), Û(ℓ) ] = Û(ℓ)T a , (1.20)

the canonical algebra of a quantum rigid rotor on the group manifold G [47, 48]. The link
Hilbert space Hℓ

∼= L2(G, dU) decomposes, by the Peter–Weyl theorem, into a direct sum
over the unitary irreducible representations of G,

Hℓ
∼=
⊕

R∈Ĝ

HR ⊗H∗
R , (1.21)

with basis states |R;m,n⟩ labeled by the irrep R and indices m,n = 1, . . . , dimR that
transform under left and right G-action respectively. The two electric Casimirs coincide on
each link, L̂aL̂a = R̂aR̂a ≡ Ê2, and act as a multiple of the identity on each Peter–Weyl
block:

Ê2 |R;m,n⟩ = C2(R) |R;m,n⟩ , (1.22)
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where C2(R) is the quadratic Casimir of the irrep R. For SU(2), the irreps are labeled by
spin j = 0, 1

2
, 1, . . . with C2(j) = j(j + 1); for SU(3), they are labeled by Dynkin indices

(p, q) with C2(p, q) =
1
3
(p2 + q2 + pq + 3p + 3q). The link Hilbert space is therefore count-

ably infinite-dimensional—a key structural feature that drives the truncation challenge for
quantum simulation.

We now use d to denote the number of spatial dimensions, in a notational shift from
Sec. 1.2.1 where d denoted Euclidean spacetime dimension; the corresponding spacetime is
(d+1)-dimensional. The Kogut–Susskind Hamiltonian for a pure SU(N) gauge theory in d
spatial dimensions is

ĤKS =
g2

2ad−2

∑

ℓ∈Λ(1)
s

Ê2(ℓ) − 1

a4−dg2

∑

p∈Λ(2)
s

ReTr Ûp , (1.23)

where Λ
(1)
s and Λ

(2)
s denote the sets of spatial links and elementary plaquettes, and Ûp is the

oriented product of link operators around plaquette p. The first term, the electric energy,
is diagonal in the electric basis (1.21) and dominates at large coupling; the second, the
magnetic energy, is diagonal in the group-valued (magnetic) basis {|U⟩} and dominates at
small coupling. The two non-commuting terms together generate the full dynamics, and their
balance reproduces the continuum gauge theory in the limit a → 0, g(a) → 0+ along the
asymptotic-freedom trajectory (1.12). Coupling to fermions adds a mass term and a gauge-
covariant nearest-neighbor hopping term constructed from Û(ℓ) and the matter operators
ψ̂(x), ψ̂†(x).

The role of (1.4) in the Euclidean theory is played, in the Hamiltonian formulation, by a
constraint on physical states. The generators of local gauge transformations at a site x⃗ are

Ĝa(x⃗) =
∑

ĵ

[
L̂a(x⃗, ĵ) + R̂a(x⃗− aĵ, ĵ)

]
− ρ̂a(x⃗) , (1.24)

where ρ̂a(x⃗) is the matter color-charge density and the sum runs over the d positive spatial

directions. The lattice analogue of ∇⃗ · E⃗ = ρ, the operator Ĝa(x⃗) generates Ω(x⃗)-rotations
of all link variables touching x⃗. Physical states |ψphys⟩ are defined by Gauss’s law,

Ĝa(x⃗) |ψphys⟩ = 0 ∀ x⃗ ∈ Λs, ∀ a . (1.25)

Because the Ĝa(x⃗) commute with ĤKS, the physical subspace is preserved under time evo-
lution, and gauge invariance is maintained dynamically by the Hamiltonian itself.

1.3.2 Scalar Field Theory as a Bosonic Testbed

Alongside the gauge-theory Hamiltonian, it will be useful throughout this thesis to work
with a parallel scalar field theory testbed. Two of the four results chapters (Chapters 2
and 3) develop algorithmic methods first in the scalar setting before applying them to gauge
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theories: scalar field theories retain key structural features of bosonic lattice theories such as
infinite-dimensional local Hilbert spaces, non-commuting field and momentum operators, and
the need for truncation and digitization, while being free of the additional group-theoretic
structure of gauge theories. They therefore serve as a clean setting in which to develop and
benchmark simulation algorithms. The lattice Hamiltonian for a scalar ϕ4 theory in d spatial
dimensions is [52]

Ĥquartic = ad
NΛ∑

i=1

[
1

2
π̂2
i +

m2

2
ϕ̂2
i +

λ

4!
ϕ̂4
i

]
+ ad

∑

⟨ij⟩

(ϕ̂i − ϕ̂j)
2

2a2
, (1.26)

where ϕ̂i and π̂i are the field and conjugate momentum operators at site i, satisfying [ϕ̂i, π̂j] =
ia−dδij, and ⟨ij⟩ denotes nearest neighbors.

1.3.3 Why Quantum Simulation?

The idea that quantum systems are most naturally and efficiently simulated by other
quantum systems was first proposed in 1982 [53] and later formalized [54]. Working in the
Hamiltonian formulation and representing the state of the lattice theory on a quantum com-
puter offers two key advantages over the Euclidean Monte Carlo approach, each addressing
one of the limitations identified in Sec. 1.2.2.

First, it accommodates the entanglement structure of generic quantum states without
exponential overhead. A lattice gauge theory on NΛ sites with a local Hilbert space of
dimensionD has a total Hilbert space of dimensionDNΛ , and storing an arbitrary state in this
space requires DNΛ complex amplitudes on a classical computer. Tensor network methods
such as matrix product states (MPS) and projected entangled pair states (PEPS) [55, 56, 57]
circumvent this exponential cost by representing states whose entanglement entropy across a
spatial cut scales with the area of the cut rather than the volume it bounds. Ground states
of gapped local Hamiltonians obey such an area law, and tensor networks represent them
with a number of parameters polynomial in NΛ; this is the regime in which tensor network
methods have produced striking results for lattice gauge theories in low dimensions [50].
Real-time evolution from a low-entanglement initial state, however, generically drives the
system out of the area-law regime: the entanglement entropy across any cut grows linearly
in time [58] until it saturates at the volume-law value characteristic of generic states in Hilbert
space. The bond dimension needed to track the state therefore grows exponentially in time,
rendering tensor network simulation intractable on the timescales of physical interest. A
quantum computer, by contrast, represents the state using only NΛ log2D qubits, with the
full exponentially large Hilbert space encoded natively in the quantum hardware, and is
indifferent to whether the state obeys an area law or a volume law.

Second, the Hamiltonian formulation does not suffer from the sign problem. Time evolu-
tion is implemented directly: the operator e−iĤt is approximated by a sequence of quantum
gates acting on the qubit register, evolving the state unitarily in real time. The real-time
correlators that required ill-conditioned analytic continuation in Sec. 1.2.2 are now obtained
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by applying e−iĤt to the prepared state, and finite-density calculations sidestep the complex
Boltzmann weight entirely.

The seminal work of Jordan, Lee, and Preskill [52, 59] made this vision concrete by
demonstrating that a scalar ϕ4 theory could be simulated efficiently on a quantum computer,
providing a polynomial-time algorithm spanning state preparation, time evolution, and par-
ticle detection. Since then, an extensive program has extended these ideas to Abelian and
non-Abelian gauge theories with a range of gauge groups and spatial dimensions [60, 61, 62,
63, 64, 65, 66, 67, 68, 69]. Proof-of-principle demonstrations on quantum hardware have
progressed from the first trapped-ion simulation of the Schwinger model on four ions [70]
to recent vacuum preparation on 100 qubits [67] and hadron-dynamics simulations on 112
qubits [71]. For comprehensive reviews, see Refs. [28, 50, 72, 73].

1.4 The Quantum Simulation Pipeline

We now zoom in from the state of the field to the algorithmic stack underlying these
demonstrations. Simulating a lattice gauge theory on a quantum computer requires a chain of
controlled approximations, each introducing systematic errors and computational costs that
must be quantified. The pipeline comprises lattice discretization, truncation, digitization,
state preparation, time evolution, measurement, and continuum extrapolation, which we
address in turn, establishing the notation and concepts used throughout this thesis.

Lattice discretization. Continuous space is replaced by a hypercubic lattice Λ of NΛ sites
with spacing a in d spatial dimensions. The continuum limit is recovered by taking a → 0
while tuning the bare parameters of the Hamiltonian along a renormalization trajectory so
that dimensionful physical observables remain fixed. Discretization errors are controlled by
the Symanzik effective field theory [21, 22, 23]: for a lattice action with leading errors at
O(ak), observables receive corrections that vanish as powers of the lattice spacing. Finite-
volume errors for scattering observables computed on a quantum computer have recently
been quantified in Ref. [74].

Truncation. A feature common to bosonic sectors of both gauge and scalar lattice field
theories is that the local Hilbert space is infinite-dimensional and must be truncated to
a finite dimension for simulation on a qubit register. For gauge theories in the electric
basis, this means imposing a cutoff Λ on the irrep labels of each link, e.g., j ≤ Λ for
SU(2) or max(p, q) ≤ Λ for SU(3). For scalar field theories, the analogous step restricts the
field range to |ϕ| ≤ ϕmax. In both cases, the truncation error depends on the dynamics:
a state initially well-represented by the truncated Hilbert space may develop support on
truncated states during time evolution. Prior work [75] has shown that truncation errors
decay super-exponentially in the truncation parameter, with Λ scaling polylogarithmically in
ε−1, provided Λ is allowed to grow with simulation time (linearly for lattice gauge theories,
as

√
t for generic bosonic systems); tighter, time-independent bounds are the subject of
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Chapter 4. For gauge theories, the truncation problem is richer due to the group-theoretic
structure of the link Hilbert space, and a variety of approaches have been developed: electric
basis truncations [49, 61, 62, 69, 76, 77, 78, 79, 80, 81], discrete subgroups [82, 83, 84, 85,
86, 87], quantum link models [88, 89], hybrid electric/magnetic bases [90, 91, 92, 93, 94],
and the orbifold lattice formulation [17, 95, 96]. Each of these schemes trades off qubit cost,
gauge-invariance enforcement, and accuracy at strong versus weak coupling differently; the
work in this thesis adopts the electric basis truncation, which is the most direct setting for
the bounds developed in Chapter 4.

Digitisation. Once the local Hilbert space is truncated to dimension N = 2nq , the trun-
cated field values are encoded into nq qubits per lattice site. For a scalar field, a stan-
dard approach [97] discretizes the field eigenvalues into 2nq equally spaced values ϕ ∈
{−ϕmax,−ϕmax + δϕ, . . . , ϕmax} with spacing δϕ = 2ϕmax/(2

nq − 1). The conjugate mo-
mentum operator in the field basis is obtained via the quantum Fourier transform on the
nq-qubit register, with πmax = π/δϕ [97, 98, 99, 100]. The digitization error of the low-lying
spectrum converges doubly exponentially in nq for an optimally chosen ϕmax [97]. Altogether,
a lattice of NΛ sites with nq qubits per site requires n = NΛnq total qubits.

State preparation. An appropriate initial quantum state must be prepared on the qubit
register before dynamics can begin. For scattering simulations as in [52], this involves prepar-
ing wavepacket states on top of the interacting vacuum. The free-theory vacuum can be
prepared efficiently from a Gaussian state [52, 97]; reaching the interacting vacuum typically
requires adiabatic state preparation or more advanced methods [67, 68, 101]. Recent work
has demonstrated scalable vacuum preparation circuits for the Schwinger model on up to 100
qubits [67] and wavepacket preparation with circuit depth independent of the wavepacket
size [71].

Time evolution. The core computational primitive is the approximation of the time evo-
lution operator U(t) = e−iĤt for a time-independent Hamiltonian Ĥ. The exponentiation
error is defined as

ε ≡ ∥Uapprox(t)− e−iĤt∥ , (1.27)

where ∥ · ∥ denotes the spectral norm. Product formulas (PFs) [102, 103, 104, 105, 106,
107] approximate the evolution as a product of local exponentials over many small time
steps; a p-th order PF has per-step error O(δtp+1), so reaching total time t with target error
ε requires a number of steps that scales as O(t1+1/p ε−1/p), suppressing factors set by the
Hamiltonian norm and the number of terms. Post-Trotter methods based on Quantum Signal
Processing (QSP) [108, 109] and its generalizations [110] achieve the provably optimal scaling
O(αHt+ log(1/ε)), where αH is a measure of the Hamiltonian norm, at the cost of requiring
a block encoding as a subroutine: a unitary UH such that (⟨0|⊗a⊗ I)UH (|0⟩⊗a⊗ I) = Ĥ/α
for some normalization α ≥ ∥Ĥ∥. The block encoding is typically constructed using the



CHAPTER 1. INTRODUCTION 15

Linear Combination of Unitaries (LCU) algorithm [111] or the sparse oracle approach [112].
Chapters 2 and 3 takes up the task of constructing efficient block encodings.

Measurement. Physical observables are extracted by performing measurements on the
time-evolved state and averaging over Nshots repetitions of the full circuit. The statistical
error scales as ∆⟨Ô⟩ ∼ 1/

√
Nshots. The total cost of a simulation is the product of the

per-shot circuit cost and the number of shots needed for the desired statistical precision.

Continuum limit. Lattice results must be extrapolated to the continuum limit a→ 0 by
performing simulations at multiple lattice spacings, tuning bare parameters along a renor-
malization trajectory, performing scale setting, and extrapolating discretization artifacts.
The interplay between approximate time evolution and this procedure is subtle: for product
formulas, it has been shown [113] that the Trotter error can be absorbed into a modified
renormalization trajectory related to the Euclidean transfer matrix, but this approach is
specific to PFs and does not extend to post-Trotter algorithms. Developing an algorithm-
independent framework is one of the contributions of Chapter 5.

The chapters of this thesis address several of these stages quantitatively: Chapters 2 and 3
focus on time evolution algorithms and the block-encoding subroutines they require, using
scalar ϕ4 theory and U(1) gauge theory as concrete settings; Chapter 4 addresses truncation
error control for lattice gauge theories; and Chapter 5 addresses the continuum limit. The
methods and frameworks developed are designed to apply broadly to lattice gauge theories
with arbitrary gauge groups.

1.5 Summary of Contributions

Chapter 2: Strategies for Simulating Time Evolution of Hamiltonian Lattice
Field Theories [114]. We compute the asymptotic gate complexity of product formu-
las [105, 106] and Quantum Signal Processing [108, 109] for implementing the time evolution
operator of two general classes of lattice Hamiltonians: k-site-local and k-geometrically-site-
local theories. For each method, we derive the scaling with lattice size NΛ, qubits per site
nq, simulation time t, and target error ε. We present analytical and numerical evidence
for why PFs may perform better for realistic problem parameters even though QSP scales
exponentially better with ε due to the overhead of constructing block encodings. As a case
study, we apply these results to the scalar ϕ4 theory in Eq. (1.26). We also introduce a
Fourier-transform-based technique for constructing block encodings of bosonic Hamiltonians
that exploits the quantum Fourier transform to switch between the field and momentum
eigenbases, yielding an exponential improvement in both gate count and ancillary qubit
overhead compared to the naive LCU approach [111].
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Chapter 3: Block Encoding Bosons by Signal Processing [115]. We develop novel
methods for constructing block encodings tailored to bosonic lattice field theories, demon-
strating that signal processing techniques [116, 117, 118] can be repurposed as block en-
coding subroutines such that QSP based time evolution becomes more competitive with
PFs. We introduce the following approaches:, QSVT-based [116], QETU-based [118], and
an LCU variant called Linear-Operators-Via-Exponentiation (LOVE-LCU). We provide de-
tailed asymptotic analysis and concrete gate counts for operators arising in scalar field and
U(1) theories. We find that LOVE-LCU is most efficient at moderate nq, while QSVT-based
methods offer superior asymptotic scaling.

Chapter 4: Truncation Uncertainties for Accurate Quantum Simulations of Lat-
tice Gauge Theories [119]. We derive the tightest upper bounds known to date on the
error introduced by truncating the electric field Hilbert space in the Kogut–Susskind Hamil-
tonian [47]. The key structural insight is that Hilbert space fragmentation [120, 121, 122]
suppresses the amplitude for populating truncated states factorially in the truncation Λ.
Crucially, these bounds do not require the truncation to grow with simulation time, improv-
ing upon previous results [75]. We validate the bounds numerically for U(1) pure gauge
theory on infinite plaquette chains and for the Schwinger model on infinite lattices using
matrix product state methods.

Chapter 5: Obtaining Continuum Physics from Dynamical Simulations of Hamil-
tonian Lattice Gauge Theories [123]. We address the interplay between approximate
time evolution and the continuum limit. For product formula–based simulations, we show
that the higher-order Trotter error terms appearing in the effective Hamiltonian (via the
Baker–Campbell–Hausdorff expansion) are irrelevant operators that vanish in the contin-
uum limit. This yields a simplified renormalization trajectory in which the bare parameters
are tuned assuming exact time evolution—depending only on the lattice spacing a and not
on the Trotter step size δt—while introducing only O(ap) systematic errors, where p is the
order of the PF. This trajectory decouples the parameter tuning from the choice of simula-
tion algorithm, allowing parameters determined by one method to be used with any other.
More broadly, we develop the Statistically-Bounded Time Evolution (SBTE) protocol, an
algorithm-independent framework for taking the continuum limit. The key observation is
that no additional ultraviolet divergences arise in the limit of exact time evolution—in par-
ticular, no analogue of the fermion doubling problem is possible—so the error from approxi-
mate time evolution can be treated as a systematic uncertainty rather than requiring its own
renormalization. We also show that the limitations of using classical Euclidean simulations
to set renormalization parameters for real-time Hamiltonian evolution are more severe than
previously understood [113].
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Chapter 2

Strategies for Simulating Time
Evolution of Hamiltonian Lattice
Field Theories

2.1 Introduction

A major aspect of performing precise numerical simulations of Quantum Field Theories
(QFTs) is the ability to efficiently simulate on a quantum computer the time evolution of a
given Hamiltonian. In [52] Jordan, Lee, and Preskill made a detailed proposal to simulate a
scalar field theory on quantum computers. Similarly to earlier research [54, 124, 125], their
work relies on the Suzuki-Trotter approximation [102, 103, 104, 105, 106, 107] to compute
the exponential of the Hamiltonian, and hence time evolve the scalar field theory.

This work compares the asymptotic resource requirements of various techniques to im-
plement the time evolution operator of quantum field theories, including Suzuki-Trotter
expansions and nearly-optimal simulation strategies, such as Quantum Signal Processing
(QSP) [108, 109, 110, 126, 127] and the HHKL method named after the authors of [128].
For each method, we compute the asymptotic dependence with respect to various parameters
characterizing the problem at hand, such as the error allowed in the approximation of the
evolution operator, measures of Hamiltonian size / complexity, as well as the time for which
the system is evolved. This comparison is carried out for two very general classes of lattice
Hamiltonians, but we also provide more detailed results for a scalar quantum field theory as
an explicit example.

Using nearly-optimal methods requires querying matrix elements of the Hamiltonian,
typically in the form of the Block Encoding (BE) subroutine. In this work, we consider the
BE for a bosonic degree of freedom, based on the Linear Combination of Unitaries (LCU)
algorithm [111], and achieve a significant reduction in the number of gates and ancillary
qubits by taking advantage of the quantum Fourier transform for switching between the
eigenbases of the field and conjugate momentum operators. We do not consider BEs based
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on the sparse oracle access input model, for two reasons. First, their construction is highly
problem-specific [129, 130, 131, 132, 133]. Second, for local lattice field theories, which we
consider as one of the major applications of the present work, our studies [133] indicate that
the LCU-based approach is more efficient than that based on the sparse oracle access.

The work presented in this chapter is based on [114].

2.1.1 Definitions and Notations used in this work

We begin by presenting the standard mathematical notation used to describe the asymp-
totic behavior of functions

Definition 1. Let f, g : R → R be functions of real variables. Then we say that f = O(g) if
there exists a positive constant c such that |f(x)| ≤ c|g(x)| for all sufficiently large choices
of x, i.e. ∀x ≥ x0 ∈ R. We say that f = Ω(g) if g = O(f) and that f = Θ(g) if f = O(g)
and g = O(f).

We see that O(·) and Ω(·) denote asymptotic upper and lower bounds respectively, while
Θ(·) denotes an asymptotically tight bound. We will make use of these notations throughout
this work to denote the asymptotic scaling / behavior of the variables we present in this
section.

In HLFTs the degrees of freedom are typically the discretized quantum fields (in first
quantization) or the eigenstates of the number operator (in second quantization) which live
on the sites, links, or plaquettes of a lattice Λ.1 For many Hamiltonians of interest, each
term in the Hamiltonian couples fields belonging to a small subset of sites [47]. Depending
on which fields get coupled together, one finds different types of Hamiltonians.

We first consider k-site local Hamiltonians of the form

H =
∑

J∈S
HJ ,

J = {j1, . . . , jk} ∈ S , ji ∈ Λ ,

(2.1)

where each HJ acts nontrivially only on at most k sites. The multi-index variable J , used
to label each summand appearing in Eq. (2.1), consists of a subset (containing k elements)
of the NΛ total lattice sites. Each lattice site is comprised of nq qubits, each term HJ acts
on knq qubits, and the total system contains n = NΛnq qubits.2 The cardinality of the set
S, which contains sets of indices used to label individual terms HJ , is also the total number

1In some cases, the lattice is naturally embedded into some metric space, e.g., when a lattice in real or
momentum space is used. More generally, it can be considered as the space which the index enumerating
the degrees of freedom belongs to. Furthermore, we use the term “lattice site” for any local ingredient of
the lattice that can support a Hilbert space. While for fermions and scalar fields these are the actual lattice
sites, for gauge fields this terminology also covers the links and plaquettes of the lattice.

2We note that our definition of k-site-local Hamiltonian reduces to the usual definition of a k-local
Hamiltonian on n-qubits [106] if we set nq = 1 and Λ = {1, 2, . . . , n}, in which case NH ∼ nk and NP ∼ 4k.
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of individual terms (denoted by NH) that form the full Hamiltonian H. We assume that in
general, for a k-site-local Hamiltonian, the following scaling relation holds:

NH ≡ |S| = O(NΛ
m) , (2.2)

where m
(
∈ R≥0

)
≤ k is a parameter fixed by the choice of a specific theory.

We note that each summand HJ can be expressed in the Pauli basis as

HJ =
∑

i∈[NP
(J)]

c
(J)
i P

(J)
i , (2.3)

where each P
(J)
i ∈ C2n×2n represents an n-qubit Pauli operator, each c

(J)
i ∈ C \ {0} is a

complex coefficient, and NP
(J) enumerates the number of terms with non-zero coefficient in

the Pauli decomposition of HJ . We introduce the quantity NP as the maximum number of
Pauli strings appearing in the decomposition of any single term HJ . We define it as follows:

NP ≡ max
J

(
NP

(J)
)
. (2.4)

In this way, the total number of Pauli strings appearing in a Hamiltonian with NH summands
can be upper bounded by NHNP. Note that for a k-site-local Hamiltonian NP = O(4knq)
always holds as an upper bound.

An important quantity in asymptotic gate complexity estimates is the 1-norm of a Hamil-
tonian H, denoted by ∥H∥1, which we define as

∥H∥1 ≡
∑

J∈S
∥HJ∥ , (2.5)

where ∥ ·∥ represents the spectral / operator norm. The induced 1-norm of the Hamiltonian,
denoted by |||H|||1, can then be defined by maximizing the following sum over the qubit-
index (i.e. the location within the multi-index variable J ∈ S) ℓ ∈ {1, . . . , k} and the
site-index jℓ ∈ Λ:

|||H|||1 ≡ max
ℓ

max
jℓ

∑

J
(jℓ)

ℓ ∈S(jℓ)

ℓ

∥HJ∥ ,

J
(jℓ)
ℓ = {j1, . . . , jℓ−1, jℓ+1, . . . , jk} ∈ S(jℓ)

ℓ ,

J = {j1, . . . , jℓ−1, jℓ, jℓ+1, . . . , jk} ∈ S . ji ∈ Λ .

(2.6)

In other words, the induced 1-norm performs the sum over all norms ∥HJ∥ which have the
lattice site jℓ at the ℓ’th position, both of which are chosen to maximize the sum appearing
in Eq. (2.6). This induced norm provides an upper bound on the strength of the Hamiltonian
at any single site due to interactions with the remaining (allowed by locality restrictions and
the specific theory under consideration) sites in the lattice, such that the qubit-index of that
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site within the multi-index variable J ∈ S is fixed. We denote by Nind the number of terms
in the sum appearing in Eq. (2.6):

Nind ≡ |S(jℓ∗ )
ℓ∗ | ,

ℓ∗, jℓ∗ = argmax
ℓ

argmax
jℓ

∑

J
(jℓ)

ℓ ∈S(jℓ)

ℓ

∥HJ∥ . (2.7)

For a general k-site-local Hamiltonians, we write

Nind = O(NΛ
mind) , (2.8)

where mind (∈ R≥0) ≤ k − 1 is again a parameter fixed by the choice of a specific theory.
We also define a quantity cP ∈ R to be the maximum absolute value of the individual
coefficients in the expansion of each HJ in terms of Pauli operators. Writing each summand
HJ as in Eq. (2.3), one finds

cP ≡ max
J,i

{|c(J)i |} , (2.9)

so that ∥H∥1 ≤ cPNPNH and |||H|||1 ≤ cPNPNind.
We define the exponentiation error ε as the difference between the exact time evolution

operator e−iHt and an approximate implementation U(t)

ε ≡ ∥U(t)− e−iHt∥ . (2.10)

We summarize these results in a few definitions, that will be used throughout this paper

Definition 2. A k-site-local Hamiltonian on a lattice Λ of size NΛ = |Λ| is one of the form:

H =
∑

J∈S
HJ ,

J = {j1, . . . , jk} ∈ S , ji ∈ Λ ,

where the number of terms in the set S are given by NH, each each HJ acts nontrivially
only on at most k sites ji, labeled by J = {j1, . . . , jk}, and each lattice site is comprised
of nq qubits. Let each term HJ take the form Eq. (2.3) and, as in Eq. (2.4), let NP be an
upper bound on the number of distinct Pauli strings appearing in the decomposition of any
single term HJ . Let cP be the largest magnitude of any Pauli coefficient over all terms as
in Eq. (2.9), and Nind be the number of terms in the induced 1-norm of the Hamiltonian as
in Eq. (2.7).

Many HLFT Hamiltonians have the property that they only couple fields at neighboring
lattice locations together, giving rise to a geometric locality. Defining a distance metric to
the different lattice sites, allows to define a k-geometrically-site-local Hamiltonian, which is
a sum of operators, each involving only sites belonging to a connected set.
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Definition 3. A k-geometrically-site-local lattice Hamiltonian is a k-site-local lattice of
Hamiltonian in which each individual term HJ acts on a connected set of sites J .3

The restriction of geometric locality implies that each term HJ acts upon belong to a
ball of diameter k, which imposes a tighter bound on Nind:

4

Nind ≤
(
kd

k

)
= O(1) , (2.11)

i.e., Nind no longer scales with NΛ (note that here we have assumed a constant value for
the spatial dimension d). Furthermore, since each set J can be labeled by the center of the
corresponding ball, the number of sets and hence terms in the Hamiltonian is given by

NH = O(NΛ) . (2.12)

Hamiltonians of relativistic quantum field theories typically depend on the values of fields
and their derivatives at a given point and thus one can expect that lattice formulations of
these theories exist such that they are geometrically local. This is the case for the scalar field
theory considered later in this paper for example. For gauge theories, gauge invariance needs
to be included into the considerations, and the locality of the Hamiltonian now depends on
what basis is chosen for the fields. In so-called electric bases, Gauss’s law constraints are still
local, such that the final Hamiltonian is geometrically local in this basis. On the contrary,
magnetic bases, behaving better at small bare coupling (which is required in the continuum
limit), require non-geometrically local interactions [90, 91, 93, 134, 135, 136].

As we will also consider Hamiltonians that act only on O(1) number of lattice sites, we
will also provide the definition for them:

Definition 4. Let H be a (k = NΛ = O(1))-site-local Hamiltonian, with NP and cP defined
as in Eqs. (2.4) and (2.9). Note that NΛ = O(1) also implies NH = O(1), and that there is
no difference between a site-local and geometrically site-local Hamiltonian in this case.

2.1.2 Main results

The main results of this paper are summarized in Tables 2.2 to 2.4. In this section we
summarize only the results, while the detailed derivations of these expressions will be given
in Sec. 2.3.

We first consider the results for a lattice containing O(1) sites, and compare the imple-
mentation of the time evolution operator after a Product Formula (PF) based splitting to

3One typically assumes that the lattice is embedded into some metric space. In our work, we assume
a hypercubic lattice with spacing 1. In principle, one could define locality without introducing a metric
structure, e.g., by using a more general topology on S.

4The precise upper bound in Eq. (2.11) is given for a hypercubic lattice, but statement on independence
of Nind on NΛ is general.
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Λ Lattice
NΛ = |Λ| Lattice size

J
Multi-index enumerating

Hamiltonian terms
H =

∑
J∈S HJ Hamiltonian

k Hamiltonian site-locality
HJ Term acting on k sites
S Set containing sets of indices J
NH = |S| Number of summands forming H
nq Number of qubits per lattice site
n = NΛnq Total number of qubits

N
(J)
p

Number of Pauli terms representing
a single term HJ

Np maxJ(N
(J)
p )

cP Maximum Pauli coefficient in H
D Hamiltonian geometric locality
d Spatial dimension
ϵ Exponentiation error

m
Parameter describing the scaling of NH

with respect to NΛ, see Eq. (2.2)

mind
Parameter describing the scaling of Nind

with respect to NΛ, see Eq. (2.8)
χ Total number of elementary gates

Table 2.1: Notations used throughout the paper.

the implementation using Quantum Signal processing (QSP). Both of those techniques will
be introduced and defined in Sec. 2.2. The important parameters that the time evolution
operator depends on are the time t the system is evolved for, the exponentiation error ε, as
well as the maximum number of Pauli terms NP and the maximum coefficient cP appearing in
the Pauli decomposition of any single term in the Hamiltonian. The scaling with respect to
these parameters is shown in Table 2.2, where p denotes the order of the PF used. While the
scaling of the PF implementation on all parameters improves as p is increased, the number
of gates needed is typically exponential in p, so the order of the PF is typically chosen as
p = O(1). One can therefore see that QSP has a better scaling than PFs in all parameters,
with the most dramatic improvement being in the scaling in ε, which is exponentially better.

Next, we include the asymptotic scaling with the size of the lattice NΛ for a k-site local
Hamiltonian. The Hamiltonian is a sum of terms HJ , each of which acts on k = O(1) lattice
sites and in general do not commute with one another. One approach is to assemble the
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terms HJ using a PF, with the implementation of each HJ performed either using a PF or
QSP, as just discussed. These two choices are compared in the first two rows of Table 2.3.
One can see that the scaling is more favorable in all parameters when the individual terms
HJ are themselves implemented using a PF.

A second approach is to use QSP for the entire Hamiltonian, with the corresponding
scaling shown in the third row of Table 2.3. One can see that this leads to worse scaling (in
general) with the number of lattice sites than the PF, while giving a much better scaling
with ε. Therefore, the usage of PF may be preferential in situations when NH ≫ 1/ε, which
is often the case in field theory.

Local
implementation

Complexity
for O(1) sites

Product formula O
[
(NP)

2+ 1
p (cPt)

1+ 1
p ε−

1
p

]

QSP O
[
NP logNP

(
NPcPt+ log(1/ε)

)]

Table 2.2: Scaling of the time-evolution operator of a Hamiltonian defined on O(1) lattice
sites. The scaling is given in terms of the number of Pauli strings NP of a single term in the
Hamiltonian Eq. (2.4), the largest coefficient of each of these Pauli strings cP Eq. (2.9), and
the exponentiation error ε, defined in Eq. (2.10).

Finally, we consider the case of geometrically-local Hamiltonians which have an improved
scaling in the number of lattice sites NΛ due to the geometric locality. As before, the QSP
approach wins in terms of dependence on ε while the PF-based wins in terms of scaling with
NΛ. The geometric locality of the Hamiltonian, however, allows for the use of the HHKL
algorithm, introduced in Sec. 2.2.3, to assemble the HJ terms, with each local term again
implemented via either PF or QSP. The scaling of this approach is shown in the second
and 5th rows of Table 2.4. We can see that this leads to a better scaling in NΛ, with a
combination of HHKL with QSP leading to the best overall scaling. The scaling of course
does not give any information on the prefactor, that could be considerably larger for HHKL
than for product based approaches [105]. Furthermore, the scaling given here is not tight, so
it could be that for realistic scenarios product based formulas still outperform HHKL based
methods. We also note that the scaling of PFs is identical to that of HHKL combined with
PFs.

As a case study, we consider a scalar lattice field theory and express the obtained asymp-
totic gate complexities in terms of model parameters. This requires specifying the BE used,
and we consider two methods for constructing the BE subroutine UH in the scalar lattice
field theory. The first method uses the standard Linear Combination of Unitaries (LCU)
algorithm [111] to prepare a BE of the Hamiltonian H of the entire system, which is efficient
for arbitrary local Hamiltonians. The second method improves upon the first by using the
Fourier Transform to switch between the eigenbases of position and momentum operators,
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which exponentially improves the asymptotic cost of constructing each UHJ
in terms of the

number of qubits nq per site. The BE of the full Hamiltonian is then constructed using LCU
to combine each UHJ

. The comparisons of costs for these approaches is shown in Fig. 2.9.
Finally, we use the best available construction of BE in order to compare the gate counts
between the PF and QSP approaches in application to a single site of the φ4 theory, see
Fig. 2.10.

Simulation method Asymptotic scaling

(a)
PF for both local

terms and their assembly NindNP (NHNPcPt)
1+ 1

p ε−
1
p

(b)
QSP for local terms,
assembly using a PF Nind (NHNPcPt)

1+ 1
p ε−

1
pNP logNP log(NindNHNPcPt/ε)

(c) QSP for the entire system NHNP log(NHNP)(NHNPcPt+ log(1/ε))

Table 2.3: Asymptotic resource scaling for site-local Hamiltonians defined in Definition 2,
where for each entry the asymptotic notation O(·) is understood and has been suppressed.
By local term, we refer to exponentials of the form e−iHJ t.

Simulation method Asymptotic scaling

(d)
PF for both local

terms and their assembly NP (NΛNPcPt)
1+ 1

p ε−
1
p

(e)
PF for local terms,

assembly using HHKL
NP (NΛNPcPt)

1+ 1
p ε−

1
p

(f)
QSP for local terms,
assembly using a PF

(NΛNPcPt)
1+ 1

p ε−
1
pNP logNP log(NΛNPcPt/ε)

(g) QSP for the entire system NΛNP log(NΛNP)
(
NΛNPcPt+ log(1/ε)

)

(h)
QSP for local terms,
assembly using HHKL

NΛNP
2cPt

[
log(NΛt/ε)

]d
log(NP log(NΛt/ε))

Table 2.4: Asymptotic resource scaling for geometrically site-local Hamiltonians defined
in Definition 3, where for each entry the asymptotic notation O(·) is understood and has
been suppressed. As in Table 2.3, by local term we refer to exponentials of the form e−iHJ t.
We note that cases d), f), and g) are obtained from cases a), b), and c), respectively, in
Table 2.3 upon setting NH = O(NΛ) and Nind = O(1).
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2.2 Review of Simulation Algorithms

In this section, we review some algorithms commonly used in the literature for simulating
the time evolution of generic quantum systems. We will focus on algorithms based on
Product Formulas (PFs) [105, 106] and Quantum Signal Processing (QSP) [108, 109], both
of which can be applied to small and spatially extended systems. We also review the HHKL
algorithm [128], which may serve as a “nearly-optimal wrapper” of local evolution operators
in geometrically-local systems. These algorithms will serve as the building blocks from which
we express algorithms for Hamiltonian lattice field theories in later chapters.

The discussion in this section aims to be a standalone discussion that gives the reader
a basic understanding of the different tools used to implement a time evolution operator.
While we aim to make this section accessible to readers without much background in the
topic, we will still provide a precise set of statements and theorems that will be used later.
Note that this section is not detailed enough to re-derive all of these results, and for this we
refer the reader to the papers cited in this section.

Note also that this discussion is kept very general, without restricting ourselves to the
Hamiltonians considered in this work (except when stated explicitly otherwise).

2.2.1 Time evolution by Product Formulas

We begin by considering a time-independent Hamiltonian

H =
Γ∑

γ=1

Hγ (2.13)

comprised of Γ summands, such that one can efficiently construct quantum circuits to im-
plement the exponential e−iHγt of each summand appearing on the RHS of Eq. (2.13). The
unitary operator (called the time evolution operator for H) given by the exponential e−iHt

describes evolution under the full Hamiltonian H for some arbitrary time t. PFs allow us
to construct an approximation to the full time evolution operator by decomposing it into a
product of exponentials, each involving a single summand. The general form of a PF (see
[106]) is given by

e−iHt ≈ S(t) =
Υ∏

υ=1

Pυ




Γ∏

γ=1

e−ita
(γ)
υ Hγ


 , (2.14)

such that each a
(γ)
υ ∈ R and

∑Υ
υ=1 a

(γ)
υ = 1 ∀γ ∈ S = [Γ] ≡ {1, 2, . . . ,Γ}, where the set S

was introduced in Eq. (2.1). The latter condition ensures that each individual term Hγ is
evolved for the total time t. The parameter Υ determines the total number of stages in the
PF, and for each stage υ ∈ [Υ] there exists a corresponding permutation operator Pυ that
determines the ordering of the individual exponentials within that stage (the specific actions
of the operators Pυ depend on the chosen PF construction). PFs of the form Eq. (2.14)
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provide good approximations to the full time evolution operator when the evolution time t
is small, and in particular one defines a pth order PF Sp(t) as one that is correct up to pth

order in t:

Definition 5. A pth order PF Sp(t) is a PF of the form Eq. (2.14), such that it approximates
the true exponential e−iHt to pth order in t, i.e.,

e−iHt = Sp(t) +O(tp+1) . (2.15)

The simplest example of a PF arises from the use of the Baker-Campbell-Hausdorff
formula

eA+B = eAeB +O([A,B]) , (2.16)

and thus we can write

e−iHt ≈ S1(t) =
Γ∏

γ=1

e−iHγt . (2.17)

This approximation is known as the first order Lie-Trotter formula. The higher (even) order
Suzuki-Trotter formulas are defined recursively as

S2(t) :=
Γ∏

i=1

e
−iHit

2

1∏

i=Γ

e
−iHit

2 ,

S2k(t) := S2k−2(ukt)
2S2k−2((1− 4uk)t)× S2k−2(ukt)

2 , (2.18)

where uk ≡ 1/
(
4− 41/(2k−1)

)
, and the product given by

∏1
i=Γ (·) corresponds to reversing

the order in which we choose the variable i with respect to the first product given by
∏Γ

i=1 (·).
In theory, one could use such a construction to build arbitrarily large order PFs. However
the number of stages Υ, and hence the number of elementary gate operations required to
construct a circuit implementing such a PF, grows exponentially with the order p (see [106]).
For this reason, we use relatively low order formulas for practical applications and our results
assume that p,Υ(p) = O(1). Note that Eq. (2.18) is only one possible form of Eq. (2.14),
and investigating alternatives to it is an active area of research [137, 138, 139, 140, 141, 142,
143].

Since PFs have corrections that depend polynomially on the evolution time t, they give
good approximations for small t. Given a PF valid for small t, however, we can obtain one
for longer times. The general procedure is to divide the full evolution time t into r (known
as the Trotter number) smaller time steps, and apply the chosen pth order PF to each step,
describing the evolution for a smaller time t/r, before multiplying together the results from
the individual steps

Sp(t) = (Sp(t/r))
r, (2.19)
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and the associated exponentation error ε is given by

ε = ∥(Sp(t/r))r − e−iHt∥ . (2.20)

To work out the resource requirements to satisfy such an error bound, we ask for the required
Trotter number r for a pth order formula to satisfy Eq. (2.20) given a fixed value of ε. In
general the answer depends on the asymptotic scaling on the evolution time t, as well as the
norms of the individual summands Hγ and the commutators amongst them.

While Eq. (2.15) provides the correct asymptotic dependence of the error on t, [106]
and [112] present bounds that show explicit dependence on the 1-norm of the full Hamiltonian
(given by

∑Γ
γ=1 ∥Hγ∥). Note however, that these bounds are not tight. For example, when

all the summands Hγ commute, the exponentiation error ε becomes zero while these error
bounds can become arbitrarily large. This was further addressed in [106], where the authors
present another (tighter) bound that results from exploiting the commutativity properties
of the summands Hγ:

Theorem 6. Let H =
∑Γ

γ=1Hγ be an operator comprised of Γ Hermitian summands. Let

Sp(t) be a pth order PF as defined by Eq. (2.15), with t ≥ 0. Then, if we require an exponen-
tiation error O(ε), as defined by Eq. (2.20), it suffices to choose

r = O
(
α̃

1
p t1+

1
p

ε
1
p

)
, (2.21)

where α̃ ≡∑Γ
γ1,γ2,...,γp+1=1||[Hγp+1 , ...[Hγ2 , Hγ1 ]]||

Proof. This theorem follows directly from Theorem 11 and Corollary 12 of [106].

Note that not every Trotter number r satisfying the asymptotic upper bound Eq. (2.21)
will yield the desired error bound. Rather, the above result merely provides an asymptotic
upper bound on the minimum Trotter number r needed.

2.2.2 Time evolution by Qubitization

While most applications to date simulating relativistic quantum field theories use PFs,
there is an alternate approach for simulating the time evolution of quantum systems that
is based on a very general technique called Quantum Signal Processing (QSP) [108]. As
described in more detail in Sec. 2.2.2.4, QSP can be used to apply broad classes of matrix
functions of the Hamiltonian to a quantum state.

We begin by clarifying the terminology as confusion often arises in the literature. QSP
is an algorithm which, given access to a circuit implementing a unitary operator W with
eigenvalues {eiθλ}, constructs a circuit implementing a unitary V with eigenvalues {eih(θλ)},
for a wide class of polynomials h. In the context of quantum simulation the unitary W is
taken to be the so-called Szegedy quantum walk operator WH associated with the Hamiltonian
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H. The quantum walk operator WH is a particular type of Hamiltonian block encoding
operator, which can be constructed from more general block encodings UH by means of
the Qubitization [109] procedure. Confusingly, the term Qubitization is also often used for
the entire process of simulating time evolution based on the usage of QSP and calls to
WH . Moreover, sometimes Qubitization serves as an umbrella term for all the simulation
techniques which are not based on product formulæ and/or rely on some form of block
encoding. On top of that, Qubitization has also been used in a completely unrelated context,
for denoting the process of mapping physical degrees of freedom onto qubits [144, 145]. In
this work, Qubitization will be used in the first, restricted sense, referring to the process of
constructing WH .

There are two main motivations for studying QSP-based quantum simulation algorithms.
First, they have a better asymptotic complexity than PFs [108, 109]. Second, they are
compatible with a wider class of Hamiltonians than those which can be efficiently mapped
onto Pauli Hamiltonians, and for which the number of qubits is sublinear in the number of
degrees of freedom in the system [131, 132, 146]. As with PFs, the aim of this section is a
pedagogical overview of techniques based on QSP, however we do provide precise statements
of the theorems needed in the rest of the paper. We will rely on results from the literature
to provide proofs of these theorems.

Simulating the time evolution operator of a given Hamiltonian using QSP relies on a a
few key insights, which we will now review in turn.

2.2.2.1 Block encodings

The key ingredient of most near-optimal simulation algorithms is the construction of the
so-called Block Encoding (BE) of a given operator. BE typically refers to the embedding of
an n-qubit operator A ∈ C2n×2n , acting on an n-qubit Hilbert space Hs, in the (without loss
of generality) principle block of a larger (m + n)-qubit unitary operator UA ∈ C2n+m×2n+m

,
acting on a larger Hilbert space Ha ⊗ Hs, where Ha is the m-qubit ancilla space. The BE
UA has the following form:

UA =

(
A/α ∗
∗ ∗

)
, (2.22)

where each ∗ represents some block to be chosen such that UA is unitary and the quantity
α, known as the scale factor, is chosen such that ||A/α||2 ≤ 1 since any sub-block of a
unitary matrix must have its singular values upper bounded by 1. In this case, we call UA
the (α,m)-block-encoding of A. Eq. (2.22) therefore implies that UA is, in fact, a BE for the
entire equivalence class of matrices A differing by a constant factor. Thus, we see that for
|0⟩a ≡ |0⊗m⟩a ∈ Ha and |ψ⟩s ∈ Hs:

A/α = (⟨0|a ⊗ 1s)UA(|0⟩a ⊗ 1s) , (2.23)

UA|0⟩a|ψ⟩s = |0⟩a(A/α|ψ⟩s) + |⊥⟩as , (2.24)
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where |⊥⟩as is a vector perpendicular to |0⟩a in the sense that (⟨0|a ⊗ 1s)|⊥⟩as = 0. This
implies that we recover the action of the operator A on |ψ⟩s only if the ancillary register is
|0⟩a, see Fig. 2.1. The probability that we correctly recover the required action of A, known
as the success probability, is given by (||A |ψ⟩s||/α)2.

We note that in general, one could use a different state |g⟩a = G|0⟩a as the state that
projects out the block of UA containing the operator A/α to project out the sub-block con-
taining the rescaled matrix of interest [109]. Thus, we may generalize Eqs. (2.23) and (2.24)
as follows:

A/α = (⟨g|a ⊗ 1s)UA(|g⟩a ⊗ 1s) , (2.25)

UA|g⟩a|ψ⟩s = |g⟩a(A/α|ψ⟩s) + |⊥⟩as , (2.26)

where |⊥⟩as is a vector perpendicular to |g⟩a.
We summarize our discussion on BE thus far and present the following definition for

block encodings:

Definition 7. Let A be an operator acting on the n-qubit Hilbert space Hs
∼= C2n. Let k ≥ 0

be an integer and let UA be a unitary operator on the joint Hilbert space Ha ⊗ Hs, where
Ha

∼= C2k denotes the Hilbert space of k ancillas. Then, for α ∈ R+, the unitary operator
UA is called an (α, k)-block-encoding of A if for every state |ψ⟩ ∈ Hs:

(
1s ⊗ ⟨g|g

)
UA
(
1s ⊗ |g⟩a

)
= A/α , (2.27)

where |g⟩a is some state in Ha, 1s is the identity operator on Hs. The value α chosen such
that ∥A∥/α ≤ 1 is called the scale factor of the BE.

In much of this work our goal will be to block encode a Hamiltonian H, and we call
the corresponding BE UH . The scale factor can then be absorbed by evolving a rescaled
Hamiltonian

H̃ = H/α, (2.28)

for the time
t̃ = α t , (2.29)

so that
Ht = H̃t̃ . (2.30)

In the following discussion, we will choose a diagonal basis for the (rescaled) system
Hamiltonian, such that basis vectors of the system Hilbert space are eigenstates of the
Hamiltonian

H̃|λ⟩s = λ|λ⟩s , (2.31)

with |λ| < 1. This basis is used only to simplify the discussion of the technique. Being able
to diagonalize the Hamiltonian is not required for its use.
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As already discussed, the vector |g⟩a of the ancillary Hilbert space Ha defines the block
in which the Hamiltonian is encoded in the unitary matrix UH . In other words, the BE acts
on the tensor product of a state |λ⟩s and |g⟩a as

UH |g⟩a|λ⟩s = λ |g⟩a|λ⟩s +
√
1− λ2|⊥λ⟩as . (2.32)

Thus, the action of H̃ can be extracted by acting with UH on an enlarged Hilbert space and
post-selecting on the ancilla qubit being in the |g⟩a state, i.e.

⟨g|aUH |g⟩a|λ⟩s = λ |λ⟩s . (2.33)

Note that if the ancillary Hilbert space Ha is 2-dimensional, one could choose |g⟩a = |0⟩a,
which would imply |⊥⟩as = |1⟩a|χ⟩s for some |χ⟩s ∈ Hs. Also note that by direct computation
one can use Eq. (2.23) and Eq. (2.32) to show that as⟨⊥λ|⊥λ′⟩as = s ⟨λ|λ′⟩s.

Many different techniques for BE have been discussed in existing literature. Among many
others, one can use general algorithms such as the FABLE algorithm [147], approaches that
rely on a technique called linear combination of unitaries (LCU) [111, 117], a technique called
QETU [118], and techniques using access to the matrix elements of the sparse matrix and
compact mappings H [109, 117, 129, 131, 132, 148]. The choice of BE is typically dictated by
the number of ancillary qubits required, the value of the scale factor α, the gate complexity
required for its implementation, whether an approximate implementation of the Hamiltonian
is sufficient, and whether it is applicable to general sparse Hamiltonians.

|0⟩a
UA

|0⟩a

|ψ⟩s
A|ψ⟩s

∥A|ψ⟩s∥

Figure 2.1: Circuit for implementing the block encoding UA of an operator A, as defined
in Eq. (2.23). Upon measuring the ancillary register in the state |0⟩a, the state of the system
|ψ⟩s is mapped to A|ψ⟩s/∥A|ψ⟩s∥.

2.2.2.2 Linear Combination of Unitaries

The Linear Combination of Unitaries (LCU) method enables the construction of BEs of
operators by breaking an operator T acting on some system Hilbert space Hs into a sum of
into unitary operators Ui, each with known implementation:

T =
K−1∑

i=0

ciUi , (2.34)
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where the coefficients ci are chosen to be real and positive. To implement LCU, one adds an
ancillary qubit register with ⌈logK⌉ qubits and defines a select oracle (denoted as sel) as
follows:

sel ≡
K−1∑

i=0

|i⟩ ⟨i| ⊗ Ui . (2.35)

sel implements each unitary Ui conditioned on the state |i⟩ encoded as a binary string on
the a ancillary qubits.

One also defines a prepare oracle (denoted as prep) as follows:

prep
∣∣0⊗a

〉
=

1√
c

K−1∑

i=0

√
ci |i⟩ , (2.36)

where c ≡∑K−1
i=1 |ci|. Given the definitions of these oracles, one can verify that the quantum

circuit given in Fig. 2.2 implements the action of the operator T on some input state |ψ⟩ ∈ Hs

and thus prepares a BE of T . This result can be summarized with the following lemma

Lemma 8 (LCU block encoding). Let U0 . . . , UK−1 be K unitary operators acting on a
system Hilbert space Hs and let T =

∑K−1
i=0 ciUi, with (c0, . . . , cK−1) ∈ CK, be an operator

also acting on Hs. Then, the unitary given by
(
prep† ⊗ 1s

)
sel (prep⊗ 1s), where 1s ∈ Hs

is the identity operator, is a (c, logK) BE of the operator T , where c ≡ ∑K−1
i=0 |ci|. The

elementary gate complexity of constructing this BE asymptotically scales as O(K logK).

Proof. The proof of this Lemma can be found for example in [117]. The asymptotic cost
stems from the complexity of implementing the sel subroutine, since the cost of preparing
an arbitrary state on log2M qubits in prep is O(M) [149, 150], which is cheaper than the
cost of sel, as we explain next. The gate complexity of sel is O(M logM), which comes
from sequentially implementing M unitaries, each being controlled on k = logM ancillary
qubits. Decomposing k-controlled gates into elementary gates can be achieved at a cost
linear in k, with the constant prefactor being smallest if k additional ancillary qubits are
allowed to be used [130, 151]. For applications considered in this work, this gives a minor
overhead in the qubit cost since k is logarithmic is the parameters of the system.

While this approach to LCU relies on the binary encoding of terms on the RHS of Eq. (2.34)
in the ancillary register, other encodings can be used as well. In particular, a variation of
the LCU algorithm exists, which takes advantage of the Hamiltonian locality [152]. For
an k-local nq-qubit Hamiltonian, it requires 2nq ancillary qubits yet only uses 2k-controlled
gates.

The LCU algorithm can be applied to a Hamiltonian provided in a form of a 2nq × 2nq

matrix, upon decomposing it into Pauli strings. This approach to constructing BEs is often
combined with other methods that result in more efficient constructions. In Sec. 2.4.3.2 we
shall consider one such modification which takes into account the structure of the particular
lattice Hamiltonians we consider.
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· · ·

· · ·
...

...
...

. . .
...

...

· · ·

· · ·

|0⊗m⟩a prep prep†

|ψ⟩s U0 U1 UK−1

sel

Figure 2.2: The Linear Combination of Unitaries (LCU) circuit [111] to implement the BE of
an operator T =

∑K−1
i=0 ciUi, a linear combination of unitary operators with known implemen-

tations. Operators, prep and sel are defined in Eq. (2.36) and Eq. (2.35), correspondingly.

Lastly, we briefly mention that simulation techniques based on BE, considered in the
next section, are compatible with a wide class of sparse Hamiltonians, including those which
cannot be efficiently mapped onto Pauli strings. A general approach to constructing BEs
for such systems is based on the usage of sparse oracle subroutines. As was mentioned in
Sec. 2.1, their construction is highly problem-specific [129, 130, 131, 132, 133] and does not
seem to provide advantage over LCU for local HLFTs [133], which are considered as the
main application of this work.

2.2.2.3 Qubitization

In approaches to quantum simulation based on Quantum Signal Processing (QSP), one
approximates the time evolution operator e−iHt by constructing polynomials of the Hamil-
tonian operator. In what follows we shall base our algorithms upon the Qubitization tech-
nique [109], which utilizes a special qubitized form of block encoding WH , also known as
Szegedy quantum walk operator or the iterate).5

One issue with BEs discussed so far is that the action of the BE does not stay in the
Hilbert space spanned by span{|g⟩a|λ⟩s, |⊥λ⟩as}. In other words, the action of UH on |⊥λ⟩as

5A different QSP-based approach to approximating e−iHt amounts to using Quantum Singular Value
Transformation [116, 117]. This method is advantageous in the sense that it avoids controlled calls to the
block encoding, and uses directly UH instead of WH . However, as such an approach does not allow one
to simultaneously implement both even and odd parts of e−iHt, it requires adding them using LCU at the
final stage. This, in turn, leads to success probabilities which (even upon potential amplitude amplification)
cannot be made exponentially close to 1, as required by the HHKL algorithm.
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can produce a state with different value of λ′ ̸= λ, such that in general

⟨g|a⟨λ′|sUH |⊥λ⟩as ̸= 0 ,

⟨⊥λ′ |asUH |⊥λ⟩as ̸= 0 .
(2.37)

Therefore, repeated actions of the unitary UH are not easily known. The qubitized block en-
codingWH is designed so that its successive applications to states of the form |g⟩a|λ⟩s produce
a state belonging to a two-dimensional subspace span{|g⟩a|λ⟩s, |⊥λ⟩as}, for all eigenstates
|λ⟩:

WH |gλ⟩as = λ |gλ⟩as +
√
1− λ2|g⊥λ ⟩as ,

WH |g⊥λ ⟩as = −
√
1− λ2|gλ⟩as + λ |g⊥λ ⟩as ,

(2.38)

where |gλ⟩as ≡ |g⟩a|λ⟩s and |g⊥λ ⟩as ≡ |⊥λ⟩as. In other words, for each eigenstate |λ⟩, the
subspace span{|gλ⟩as, |g⊥λ ⟩as} stays invariant under the repeated action of powers of WH . In
what follows, we will show that repeated applications ofWH , in fact, produce block encodings
of Chebyshev polynomials of H, which would not be true for UH .

For any dimension of Ha, the orthogonal state |g⊥λ ⟩as can now be defined as

|g⊥λ ⟩as =
WH − λ1as√

1− λ2
|gλ⟩as , (2.39)

which implies that for each eigenvalue λ of the Hamiltonian there is one specific transverse
vector |g⊥λ ⟩as in Ha ⊗Hs.

From Eq. (2.38) it follows that the information relevant to block encoding of H is con-

tained in two-dimensional blocks of W
(λ)
H corresponding to subspaces

h(λ)
a = span{|gλ⟩as, |g⊥λ ⟩as} ∈ Ha ⊗Hs , (2.40)

which we denote by W
(λ)
H :

W
(λ)
H =

(
⟨gλ |asW (λ)

H |gλ⟩as ⟨gλ |asW (λ)
H |g⊥λ ⟩as

⟨g⊥λ |asW (λ)
H |gλ⟩as ⟨g⊥λ |asW (λ)

H |g⊥λ ⟩as

)

h
(λ)
a

=

(
λ −

√
1− λ2√

1− λ2 λ

)

h
(λ)
a

= exp(−iY θλ) ,

(2.41)

where

θλ = arccos(λ) . (2.42)

While the qubitized BE WH gives the same result as the original BE UH when acted on
|g⊥λ ⟩as, it has a much simpler structure when applied multiple times:

⟨gλ|as (WH)
k |gλ′⟩as =

(
W

(λ)
H

)k
δλλ′ . (2.43)
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Using Eq. (2.41), one can show that

(
W

(λ)
H

)k
=



⟨gλ |as

(
W

(λ)
H

)k
|gλ⟩as ⟨gλ |as

(
W

(λ)
H

)k
|g⊥λ ⟩as

⟨g⊥λ |as
(
W

(λ)
H

)k
|gλ⟩as ⟨g⊥λ |as

(
W

(λ)
H

)k
|g⊥λ ⟩as




h
(λ)
a

=

(
Tk(λ) −

√
1− λ2 Uk−1(λ)√

1− λ2 Uk−1(λ) Tk(λ)

)

h
(λ)
a

= exp (−iY kθλ) ,

(2.44)

where Tk(λ) and Uk(λ) are Chebyshev polynomials of the first and second kind, respectively.
Given that Chebyshev polynomials are an excellent polynomial basis for approximating L∞

functions on a finite interval, one can hope to construct a general function of the eigenvalues
(and therefore of the Hamiltonian matrix itself) by combining powers of the WH operator.

Note that while the matrix of W
(λ)
H may contain blocks of size larger than 2 × 2 when the

ancillary register contains more than a single qubit, only its 2×2 blocksW
(λ)
H are relevant for

the block encodings of H and its powers. In the next section we discuss how this technique
can be used for approximating the time evolution operator.

While so far we have only defined the unitary WH through its action on a given state, a
very important result is that it can be obtained from a BE of the Hamiltonian UH using a
process known as qubitization, which we now describe. In many cases of interest, as shown
in [109], the iterate can be written as

WH =
(
Rg ⊗ 1s

)
(S ⊗ 1s)UH , (2.45)

where Rg =
(
2 |g⟩a ⟨g|a − 1a

)
implements reflection with respect to the state |g⟩a, if there

exists an operator S satisfying

(
⟨g|a ⊗ 1s

)
(S ⊗ 1s)UH

(
|g⟩a ⊗ 1s

)
= H/α , (2.46a)

(
⟨g|a ⊗ 1s

) [
(S ⊗ 1s)UH

]2 (|g⟩a ⊗ 1s
)
= 1s. (2.46b)

The circuits for WH and Rg are shown in Figs. 2.3 and 2.4.

|⟩a
UH

S Rg

|⟩s

Figure 2.3: Circuit for the qubitized block encoding WH defined in Eq. (2.45).
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...
...

...|⟩a G† G

X Z X −1

Figure 2.4: Circuit for the reflection operator Rg shown in Eq. (2.45), see [117] for alternative
implementations. G is the oracle for preparing the state |g⟩a, i.e. G|0⟩a = |g⟩a. The −1 gate
adds an overall phase to the circuit (negative sign), and can be implemented, e.g., as XZXZ.

One particularly simple case is when UH is its own inverse, i.e. U2
H = 1as. In this

case, one can simply set S = 1a. This construction can be applied to the case when the
block encoding UH is constructed via the LCU procedure [130]. To see this, we must modify
our perspective slightly. In the original construction, we had UH = (prep†)sel(prep) and
|g⟩a = |0⟩a. Alternatively, we can regroup terms and instead take UH → ULCU

H ≡ sel and
|g⟩a → |gLCU⟩a ≡ prep|0⟩a = |β⟩a. Because (ULCU

H )2 = sel2 = 1as, we can simply set
S = 1a to construct WH :

(
⟨0|a ⊗ 1s

)
UH
(
|0⟩a ⊗ 1s

)

=
(
⟨0|a ⊗ 1s

)
(prep†)sel(prep)

(
|0⟩a ⊗ 1s

)

=
(
⟨β|a ⊗ 1s

)
ULCU
H

(
|β⟩a ⊗ 1s

)
.

(2.47)

It is important to note that the BE ULCU
H is defined with |g⟩a = prep|0⟩a.

The construction described above also applies to cases where the block encoding is based
on Hamiltonian sparsity, since one can use sparse oracles to construct block encodings that
are Hermitian and thus self-inverse [117]. In more general scenarios where this is not neces-
sarily the case (e.g., as in [153]), the operator S ′ can always be constructed at the expense
of introducing a single ancillary qubit and performing two controlled calls to UH [109]. Note
that while this procedure does not increase the asymptotic cost of preparing WH , it does
result in a significant increase of the overall prefactor. Importantly, for all methods used in
this work, the BE’s are also Hermitian, and the general procedure requiring an extra qubit
was avoided. For completeness, the procedure for constructing WH from an arbitrary UH is
presented in App. A.2.

2.2.2.4 QSP using Qubitization

Having just demonstrated that repeated applications of WH construct block encodings
of Chebyshev polynomials of the Hamiltonian, one natural strategy for constructing a poly-
nomial approximation to e−itH is as follows. One would first construct circuits with different
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powers of WH and then add these circuits with the appropriate coefficients using an LCU
procedure. However, this would result in a block encoding approximating e−iHt with a scale
factor that grows with the degree of the polynomial approximation and cannot be made
arbitrarily close to one. This is highly undesirable for the reasons previously discussed
in Footnote 5, and below we discuss how this limitation can be overcome with the aid of
QSP.

In order to use the operator WH of the previous section to calculate the exponential of
the Hamiltonian, we first note that within the subspaces span{|gλ⟩as, |g⊥λ ⟩as} the qubitized
operator WH can be diagonalized by defining the states

|θ±λ ⟩as ≡
1√
2

(
|gλ⟩as ± i|g⊥λ ⟩as

)
. (2.48)

Using Eq. (2.38) one can easily show that

WH |θ±λ ⟩as = eiθ
±
λ |θ±λ ⟩as , (2.49)

with

θ±λ = ∓θλ , (2.50)

where θλ is defined in Eq. (2.42).6

Given this form, one can now define a new operator VH(ϕ), parameterised by ϕ, which
can be constructed from the operator WH . It requires one more ancillary qubit |b⟩ ∈ Hb,
such that the operator VH(ϕ) acts on the Hilbert space Hbas ≡ Hb ⊗Ha ⊗Hs. It is defined
by (see Fig. 2.6)

VH(ϕ) = (e−iϕZb/2 ⊗ 1as)W ′
H(e

iϕZb/2 ⊗ 1as) , (2.51)

where Zb is the usual Pauli Z operator acting on the qubit |b⟩, and W ′
H is the WH operator

controlled on the qubit |b⟩, which now acts on the Hilbert space Hbas:

W ′
H = |+⟩b⟨+|b ⊗ 1as + |−⟩b⟨−|b ⊗WH . (2.52)

One can show through explicit computation that

(
1b ⊗ ⟨θλ′± |as

)
VH(ϕ)

(
1b ⊗ |θλ±⟩as

)
= V

(θλ±)

H (ϕ) δλλ′ , (2.53)

with

V
(θ)
H (ϕ) = ei

θ
2


 cos θ

2
−i sin θ

2
e−iϕ

− i sin θ
2
eiϕ cos θ

2



b

= ei
θ
2 e−i

θ
2
(Xb cosϕ+Yb sinϕ) ,

(2.54)

6The fact that WH encodes information about the spectrum of the system via specW
(λ)
H = {e±i arccos(λ)}

can be used for implementing a highly efficient version of Quantum Phase Estimation algorithm based using
controlled calls to WH [130].
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· · ·

· · · · · ·

· · ·

|0⟩b H

VH(ϕ1) VH(ϕ2) VH(ϕNϕ
)

H 0

|0⟩a 0

|ψ⟩s ≈ e−iHt|ψ⟩

Figure 2.5: Quantum Signal Processing (QSP) circuit used for simulating time evolution,
reproduced from [153]. The circuit prepares a block encoding for the approximation of
the time evolution operator e−iHt|ψ⟩. Circuit for VH(ϕ) is shown in Fig. 2.6. When all the
ancillary qubits are measured in the zero states, the desired operator is applied to the system
register |ψ⟩s. Without loss of generality, |g⟩a is set to |g⟩a = |0⟩a.

|⟩b Rz(−ϕ
2
) H H Rz(

ϕ
2
)

|⟩a
WH

|⟩s

Figure 2.6: Circuit for VH(ϕ), as defined is Eq. (2.51).

where Xb and Yb denote the Pauli-X and Y matrices in Hb.
What this construction has accomplished is to create a unitary operator VH(ϕ) that is

block diagonal in the original Hilbert space Hs, with the entries of the 2 × 2 matrix in Hb

given by functions of the eigenvalues of the Hamiltonian (through cos θ±λ ), parameterized by
some ϕ. By multiplying several of these operators in sequence (each with a different value
of ϕ), one obtains an operator

V
(θ)
H (ϕ⃗) ≡ V

(θ)
H (ϕNϕ

) . . . V
(θ)
H (ϕ1) , (2.55)

that is still block diagonal in Hs. The resulting operator is a 2 × 2 matrix in Hb which
acquires the form of

V
(θ)
H (ϕ⃗) = A(θ)1b + iB(θ)Xb + iC(θ)Yb + iD(θ)Zb , (2.56)

where the functions A(θ) . . .D(θ) are all parameterized by the angles ϕ⃗ = (ϕ1, . . . , ϕNϕ
)

and, similarly to Eq. (2.44), can be expressed in terms of Chebyshev polynomials of λ upon
substituting θ = arccos(λ).
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The classes of functions A(θ) . . .D(θ) that can be realized by the above procedure are
described by the theory of Quantum Signal Processing. In particular, it was shown in [154]

that one can construct the vector of angles ϕ⃗ to obtain functions A(θ) and C(θ) of the form

|A2(θ)|+ |C2(θ)| ≤ 1 , A(0) = 1 ,

A(θ) =

Nϕ/2∑

k=0

ak cos(kθ) ,

C(θ) =
Nϕ/2∑

k=1

ck sin(kθ) .

(2.57)

The two other functions, B(θ) and D(θ) are not relevant to the calculation since projecting
onto |+⟩b leaves only A(θ), C(θ). Reversing this logic, one can start from some desired func-

tions A(θ), C(θ), and determine phases ϕ⃗ such that V
(θ)
H (ϕ⃗) reproduces these functions (ap-

proximately). This can be accomplished using an efficient classical procedure given in [154].7

We omit now a few final details, which can be found in [109], and simply state the relevant

results. As can be confirmed from Eq. (2.56), letting the operator V
(θ)
H (ϕ⃗) act on the state

|+⟩b and post-selecting on ⟨+|b picks out the function

⟨+|b⟨g|a⟨λ′|sVH(ϕ⃗)|+⟩b|g⟩a|λ⟩s
= δλλ′

[
A(λ) + iC(λ)

]
.

(2.58)

The functions A(λ) and C(λ) are directly related to the functions A(θ), C(θ), with the
detailed relation given in [109]. The success probability for measuring the system in the
state |+⟩b|g⟩a for a given value λ depends on the functions and is given by

p ≥ |A2(λ)|+ |C2(λ)| . (2.59)

The final task is to determine which functions A(λ) and C(λ) (and therefore which phases

ϕ⃗) approximate the time evolution operator with uncertainty bounded by ε,

∣∣∣eiλt̃ − [A(λ) + iC(λ)]
∣∣∣ < ε . (2.60)

Since A(λ) and C(λ) can be expressed in terms of Chebyshev polynomials, they can be
used for approximating the real and imaginary part of eiλt̃ through the rapidly converging
Jacobi-Anger expansion [108]:

A(λ) = J0(t) + 2

Nϕ/2∑

k even>0

(−1)k/2Jk(t̃)Tk(λ) , (2.61a)

7A recent version of QSP, generalized QSP, significantly improves the cost of calculating phases ϕ⃗ [110].
and is considered in Chapter 3
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C(λ) = 2

Nϕ/2∑

k odd>0

(−1)(k−1)/2Jk(t̃)Tk(λ) , (2.61b)

(note that Nϕ is always chosen to be even). In this case, the circuit in Fig. 2.5 would
implement the approximate BE of the evolution operator e−iHt. The number of phases
needed for a given value of ε is bounded by [108]

Nϕ = O
(
t̃+ log(1/ε)

)
= O

(
αt+ log(1/ε)

)
. (2.62)

Note also that Eqs. (2.59) and (2.60) imply that

p ≥ 1−O(ε) , (2.63)

since the time evolution operator has unit magnitude. Note that due to the log(1/ϵ) scaling,
one can require the success probability to be exponentially close to one for only a polynomial
cost (see also Footnote 5).

It is worth mentioning that the success rate of QSP is always O(1), independent of the
success rate O(1/α) of the BE UH used. This is due to the fact that we have used QSP to
implement a unitary function (e−iHt) which has unit norm. This implies that A(λ)2+C(λ)2 ≈
1, which together with Eq. (2.59) gives a success probability that is close to one. While this
is a desirable feature, the cost of a poor success probability of the BE is now reflected in
the number of phases Nϕ required to approximate the time evolution operator to an error
ϵ, as seen by Eq. (2.62). For this reason, significant savings can be achieved by performing
dedicated studies to minimize α. The following theorem summarizes the content of this
section

Theorem 9. Let UH be a an (α, k)-block-encoding of a Hamiltonian H acting on a Hilbert
space Hs. Furthermore, let t and ε be positive real values. Then there is a quantum circuit
that produces a

(
1±O(ε), k + 2

)
-block-encoding of the time evolution operator e−iHt up to

exponentiation error ε, and possesses a complexity of

O
(
αt+ log(1/ε)

)
, (2.64)

relative to the oracle UH . The probability for this BE to succeed is

p > 1−O(ε) . (2.65)

Proof. See for instance [109]. The fact that the BE is (α̃, k̃) = (1±O(ε), k+2) can be easily
understood. First, the BE of the time evolution operator requires two additional qubits,
one (|q⟩) for the qubitization and one (|b⟩) to add the functional dependence on ϕ, giving
k̃ = k + 2. The fact that α̃ = 1 ± O(ε) follows from the fact that the operator we are
block-encoding is a unitary operator, and our approximation is good up to error ε. Since
the norm of a unitary operator is 1, this gives that both α̃ and the success probability are
unity (up to O(ε)).
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2.2.3 HHKL

The results presented so far (PFs and QSP) can be applied to general site-local Hamilto-
nians (see Definition 2). For geometrically-site-local Hamiltonians (see Definition 3) one can
use the fact that information from one area of the lattice can only spread to areas not directly
connected to it through repeated actions of the time evolution operators, which implies that
the speed with which this information spreads is bounded. This is formalized by the Lieb-
Robinson bound [155]. This idea was used in a paper by Haah, Hastings, Kothari and Low
(HHKL) [128] to devise a scheme for simulating the time evolution of geometrically-site-local
Hamiltonians.

The main ingredient to the HHKL algorithm is that the time evolution of a large quantum
system with geometrically local Hamiltonian can be obtained from the time evolution of two
smaller systems that share some overlap, which has to be of at least the size given by the
ball of size O(1) used in Definition 3. Thus, the system Hilbert space Hs is divided into
three parts, Ha,b,c such that Hs = Ha ⊗Hb ⊗Hc. In the discussion of [128] is assumed that
the local Hamiltonian HJ such that ||HJ || ≤ 1. Thus, in the remainder we work with

H̃J =
HJ

||HJ ||
, t̃ = ||HJ ||t . (2.66)

First, one uses that the evolution of a system for some long time t̃ can be split into the
product of unitaries over shorter times ∆t = O(1):

U(t̃, 0) = U(t̃, t̃−∆t) · · ·U(∆t, 0) . (2.67)

The total number of such unitaries is O(t̃).
Lemma 6 of [128] states that the time evolution Us(∆t) of a Hamiltonian on the whole

system over time ∆t can be obtained by multiplying together the forward time evolution in
the system Ha∪b = Ha⊗Hb and Hb∪c = Hb⊗Hc and the backwards evolution in the system
Hb as

Ua∪b∪c(∆t) = Ua∪b(∆t)U
†
b (∆t)Ub∪c(∆t) +O(δ) , (2.68)

where the error due to this approximation is given by

δ ≡ δ(a, b, c) = O


e−µ d(a,c)

∑

X∈BD(ab,c)

||H̃X ||


 . (2.69)

For now we assume that each of the U(∆t) on the RHS of Eq. (2.68) is implemented exactly.
In Eq. (2.69) µ > 0 is a constant, d(a, c) is the smallest distance between any point in a and
any point in c, and the norm ||H̃J || is summed over all terms that are on the boundary of
a∪ b and c, indicated by BD(ab, c). The uncertainty is therefore exponentially suppressed in
the distance between the regions a and c. This implies that this approximation works well
for large enough distance ℓ ≡ d(a, c).
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This result can be applied recursively, splitting the evolution into smaller and smaller
pieces, each of which just have to be larger than the ball of size ∼ O(1). If the size of the
original system is given by Ld (where d represents the dimension of the Euclidean space we
consider with size L in each dimension) and the final pieces are each of size ℓd, one ends up
with

m = O
(
Ld

ℓd

)
(2.70)

individual pieces. Taking into account the O(t̃) evolution operators we started from, the
final error O(ε) can be reached by requiring

δ = O
(

ε

t̃m

)
. (2.71)

We see that the sum of the norms of the boundary terms appearing in Eq. (2.69) is O(Ld−1)
and thus from Eqs. (2.69) and (2.71) one finds it suffices to choose

ℓ = Θ


log

(
Ldt̃

ε

)
 . (2.72)

One can then estimate the required resources using the fact that one needs to compute

O(t̃m) = O


Ldt̃ log−d

(
Ldt̃

ε

)
 (2.73)

time evolution operators on a system of size O(ℓd).8 The cost and the associated additional
error for implementing each of these “local” pieces depends on the algorithm used for their
implementation. In particular, if an algorithm with cost polynomial in ℓ and polylogarith-
mic in 1/ε is used (such as Qubitization), then the cost of the HHKL algorithm remains
O(Ldt̃ polylog(Ldt̃/ε)). Implementing the time evolution of local blocks using PF would
lead to an algorithm whose asymptotic cost dependence on ε is given by that of the em-
ployed PF method, i.e., no longer polylogarithmic in ε. This can make sense if, for a given
value of ε, the PF-based method leads to lower gate counts as compared to a nearly-optimal
implementation – for a system of size ℓ but not of size L [105].

The following theorem summarizes the results of this section

Theorem 10. Let Λ be a lattice of qubits embedded in d-dimensional Euclidean space of
size L in each dimension, and let Ĥ be a geometrically-local Hamiltonian, normalized such

8Note that decreasing ε is logarithmically decreasing the number of evolution operators. This number
clearly has to be larger than unity, meaning ε cannot be exponentially small with system size.
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that each local term has a norm of order unity. Furthermore, let t̃ and ε be positive real
values. Then there exists an algorithm that approximates e−iĤt̃ to exponentiation error ε,
which requires9

O
(

Ldt̃

logd
(
Ldt̃/ε

)
)

(2.74)

calls to a helper function that implements the time evolution for a system of size

ℓ = Θ

(
log
(
Ldt̃/ε

))
, (2.75)

with error

δ = O
(
ε logd(Ldt̃/ε)

Ldt̃

)
(2.76)

Proof. This result has been proven in [128].

2.3 Simulating Time Evolution on the Lattice

In this section, we apply the algorithms and methods of Sec. 2.2 to the case of Hamil-
tonians defined in Sec. 2.1.1. In the following sections (organized by primary simulation
technique), we present a series of theorems that quantify the asymptotic gate complexities
required to perform approximate time evolution for these Hamiltonians. For each of these
sections, we consider two case: (1) O(1)-site-local HLFTs defined on O(1)-many sites, which
behave very similarly to generic quantum systems, and will serve as a review of the relation-
ship between our notation and other common notations (2) k-site-local and k-geometrically-
site-local Hamiltonians, whose simulation can roughly be categorized as being composed
of simulation methods for O(1)-site-local Hamiltonians that are “glued” via PFs, LCU, or
HHKL, depending on the flavor of locality whose preservation is desired.

2.3.1 Product Formulas

We begin by presenting the two following lemmas that we will leverage to investigate the
asymptotic scaling of PFs for the lattice Hamiltonians we consider in this work. The first
Lemma relates the nested commutator α̃ presented in Sec. 2.2.1 to the norm (and induced
norm) of the Hamiltonian:

Lemma 11. Let H be a k-site-local Hamiltonian, as defined in Definition 2. Then the nested
commutator α̃ ≡∑J1,J2,...,Jp+1∈S ||[HJp+1 , . . . [HJ2 , JJ1 ]]|| can be asymptotically bounded as

α̃ = O
(
|||H|||p1||H||1

)
. (2.77)

9We assume that the error ε is such that the number of calls to the helper function exceeds one.
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Proof. This result has been proven in Appendix G of [106].

The next Lemma presents a constraint on the unitaries used to approximate each of
the exponentials that constitute the PF in order to (asymptotically) maintain some de-
sired overall approximation error to the true time evolution operator. The PF introduced
in Eq. (2.14) is used as an approximation to e−iHt, and another approximation U

(J)
υ (t/r) is

used to approximate each term of the form e−ita
(J)
υ HJ/r:

Lemma 12. Let H be a site-local Hamiltonian as defined by Definition 2. Let Sp(t) be a pth

order PF for e−iHt as given in Eq. (2.14), and let the unitary U
(J)
υ (t/r) be an approximation

to e−ita
(J)
υ HJ/r for all choices of allowed pairs (υ, J), with υ ∈ {1, . . . ,Υ(p)} and J ∈ S.

Define the PF S̃p(t) as the PF for e−iHt obtained by replacing e−ita
(J)
υ HJ/r in Eq. (2.14) with

U
(J)
υ (t/r)

S̃p(t/r) ≡
Υ(p)∏

υ=1

Pυ


∏

J∈S
U (J)
υ (t/r)


 . (2.78)

If

∥∥∥U (J)
υ (t/r)− e−ita

(J)
υ HJ/r

∥∥∥ = O
(

ε

NHrΥ(p)

)
, (2.79)

it is true that ∥∥∥S̃p(t)− e−iHt
∥∥∥ = O(ε) . (2.80)

Proof. See App. A.1.1

We use these lemmas to present the following results for general site-local, O(1), and
geometrically site-local Hamiltonians (respectively).

Theorem 13. Let H be a site-local Hamiltonian as defined in Definition 2 or Definition 3.
To simulate the time evolution operator e−iHt up to exponentiation error O(ε) it suffices to
choose a Trotter number r such that:

r = O


NindNH

1/p (NPcPt)
1+ 1

p

ε
1
p


 . (2.81)

Furthermore, if the Trotter number r is chosen with the tight asymptotic scaling

r = Θ


NindNH

1/p (NPcPt)
1+ 1

p

ε
1
p


 , (2.82)
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then the associated elementary gate count χ can be asymptotically bounded as

χ = O


NindNP

(NHNPcPt)
1+ 1

p

ε
1
p


 . (2.83)

Proof. See App. A.1.2

Theorem 14. Let H be an O(1) Hamiltonian as defined in Definition 4 Let Sp(t) be a pth

order PF as given by Eq. (2.14) and Eq. (2.15). Then to simulate the time evolution operator
e−iHt up to exponentiation error O(ε) it suffices to choose a Trotter number r such that:

r = O


(NPcPt)

1+ 1
p

ε
1
p


 . (2.84)

Furthermore, if the Trotter number r is chosen with the tight asymptotic scaling

r = Θ


(NPcPt)

1+ 1
p

ε
1
p


 , (2.85)

then the associated elementary gate count χ can be asymptotically bounded as

χ = O


NP (NPcPt)

1+ 1
p

ε
1
p


 . (2.86)

Proof. This result is obtained immediately by setting NH ∼ Nind = O(1) in Theorem 13.

Theorem 15. Let H be a geometrically site-local Hamiltonian as defined in Definition 3.
To simulate the time evolution operator e−iHt up to exponentiation error O(ε) it suffices to
choose a Trotter number r such that:

r = O


NΛ

1/p (NPcPt)
1+ 1

p

ε
1
p


 . (2.87)

Furthermore, if the Trotter number r is chosen with the tight asymptotic scaling

r = Θ


NΛ

1/p (NPcPt)
1+ 1

p

ε
1
p


 , (2.88)

then the associated elementary gate count χ can be asymptotically bounded as

χ = O


NP

(NΛNPcPt)
1+ 1

p

ε
1
p


 . (2.89)

Proof. This result follows directly from Theorem 13 making the replacements Nind = O(1)
and NH = O(NΛ) as given in Eqs. (2.11) and (2.12).
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2.3.2 Quantum Signal Processing

As discussed in detail in Sec. 2.2, QSP provides a method to take the BE of a given
Hamiltonian and obtain the approximation to the BE of its time evolution operator. In this
section, we derive the general complexity of using QSP to implement the time evolution
operator of the full system Hamiltonian.

We first establish the asymptotic cost of using LCU to prepare a BE for the lattice
Hamiltonians of interest

Lemma 16. Let H be a site-local Hamiltonian as as in Definition 2. There exists a quantum
circuit acting on n ≡ NΛnq-many qubits together with k = O

(
log(NHNP)

)
-many ancillas that

produces an
(
O (NHNPcP) , k

)
-block-encoding of H on the n qubits, and requires a total of

O
(
NHNP log(NHNP)

)
-many elementary quantum gates.

Proof. This follows directly from Lemma 8, if we observe that the total number of Pauli
strings is given by NHNP and the sum of the coefficients of all Pauli strings is bounded by
β < NHNP.

Given this result now allows us to state the central QSP result we use in this work:

Theorem 17. Let H be a site-local Hamiltonian as defined by Definition 2, and let t and ε be
positive values. Then there exists a quantum circuit that serves as a

(
1±O(ε),O(log(NHNP))

)
-

block-encoding for e−iHt up to exponentiation error ε, and requires an elementary gate count
of

χ = O
[
NHNP log(NHNP)

(
NHNPcPt+ log(1/ε)

)]
. (2.90)

Proof. This result follows from Lemma 16 and Theorem 9. From Lemma 16 one obtains

that LCU give a
(
O (NHNPcP) ,O

(
log(NHNP)

))
BE of the Hamiltonian. Using this result

in Theorem 9 one finds that QSP gives a
(
1±O(ε),O(log(NHNP))

)
-block-encoding for e−iHt.

Using the resource scaling from Theorem 9, with the scale factor and resource scaling of LCU
from Lemma 16, gives the resource requirements stated in the theorem.

Remark 18. Note that we have assumed that the block-encoding is formed from a sum
over all Pauli strings appearing in the Hamiltonian. When more structure is known about a
given field theory, the factor in the complexity due to the block-encoding may be reduced.

Theorem 17 allows us to immediately present the following results for O(1) and geomet-
rically site-local lattice Hamiltonians:

Theorem 19. Let H be an O(1) Hamiltonian as defined in Definition 4, and let t and ε be
positive values. Then there exists a quantum circuit that serves as a

(
1±O(ε),O(log(NP))

)
-

block-encoding for e−iHt up to exponentiation error ε, and requires an elementary gate count
of

χ = O
[
NP logNP

(
NPcPt+ log(1/ε)

)]
. (2.91)
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Proof. This follows directly from Theorem 17 by taking the limit NH = O(1).

Theorem 20. Let H be a geometrically site-local Hamiltonian as defined by Definition 2,
and let t and ε be positive values. Then there exists a quantum circuit that serves as a(
1±O(ε),O(log(NHNP))

)
-block-encoding for e−iHt up to exponentiation error ε, and requires

an elementary gate count of

χ = O
[
NΛNP log(NΛNP)

(
NΛNPcPt+ log(1/ε)

)]
. (2.92)

Proof. This result follows directly from Theorem 17 making the replacements NH = O(NΛ)
as given in Eq. (2.12).

We now consider the case of combining a PF with QSP. We will use Lemma 12 to write
a PF for e−iHt, but then use QSP for each U

(J)
υ (t/r), which serves as an approximation to

each term of the form exp
(
−ita(J)υ HJ/r

)
appearing in the PF.

Theorem 21. Let H be a site-local Hamiltonian as defined by Definition 2, and let t and
ε be positive values. By using QSP (see Theorem Theorem 19) to simulate each exponential

term e−ia
(J)
v HJ t/r appearing in the PF Sp(t/r) to error ε/(rNH), and taking

r = Θ


NindNH

1/p (NPcPt)
1+ 1

p

ε
1
p


 , (2.93)

we obtain a quantum circuit that serves as a (1±O(ε), log(NHNP))-block-encoding for the full
time evolution operator e−iHt to exponentiation error O(ε). The gate count for this circuit
is given by

χ = O
[
Nind (NHNPcPt)

1+ 1
p ε−

1
pNP logNP log(NindNHNPcPt/ε)

]
. (2.94)

Proof. See App. A.1.3

Remark 22. The results above were for a general site-local Hamiltonian. To obtain the
results for a geometrically site-local Hamiltonian one makes the replacement Nind = O(1)
and NH = O(NΛ) from Eqs. (2.11) and (2.12).

2.3.3 HHKL

As discussed in Sec. 2.2.3 the HHKL technique is a method of “gluing” together imple-
mentations of a time evolution operator on a “local” lattice with size ℓd. In this section we
consider HHKL with two approaches for the implementation of the local evolution operator,
first using a PF and then QSP.
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Theorem 23. Let H be a geometrically site-local Hamiltonian as defined by Definition 3,
and let t and ε be positive values. Using the HHKL algorithm with a PF for the helper
function gives rise to an algorithm that approximates the time evolution operator e−iHt with
exponentiation error requiring a gate complexity of

χ = O
(
NP (NΛNPcPt)

1+ 1
p ε−

1
p

)
. (2.95)

Proof. See App. A.1.4

Theorem 24. Let H be a geometrically site-local Hamiltonian as given by Definition 3,
and let t and ε be positive values. Using the HHKL algorithm with QSP for the helper
function gives rise to an algorithm that approximates the time evolution operator e−iHt with
exponentiation error requiring a gate complexity of

χ = O
(
NP

2NΛcPt log
d
(
NΛt/ε

)
log
(
NP log

(
NΛt/ε

)))
. (2.96)

Proof. See App. A.1.5

2.4 Lattice Quartic Theory

In this section, we specialize to a particular model of interacting quantum field theories:
the lattice scalar field theory. From the computational perspective, this theory is similar to
lattice gauge theories and so intuition can be drawn from its consideration. Furthermore, it
is often used as a proverbial example in the studies of quantum simulation algorithms [52,
156, 157], and so detailed comparisons with past work can be performed.

In this section, we review the Hamiltonian of the theory and our procedure for digitizating
the bosonic field. We derive the expressions for the asymptotic dependence of parameters
of the qubit Hamiltonian (NP, cP, NH, etc.) on the parameters of the physical model. These
expressions can then be substituted into the complexities quoted in Tables 2.3 and 2.4 to thus
determine the asymptotic gate complexities for implementing time evolution. To determine
the coefficients in these asymptotic gate complexities, we explicitly construct circuits that
implement time evolution for a single site. We first compare the gate cost of constructing
controlled calls to the walk operator WH obtained using two LCU based BE procedures.
Then we compare the gate costs for time evolution simulated via 4th order PF and QSP.

2.4.1 Introduction

The model we consider is defined on a hypercubic lattice Λ of spatial dimension d with
lattice spacing a. Assuming the simplest finite-difference approximation to the spatial deriva-
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tive (∇µφ̂)
2, the Hamiltonian is given by10

Ĥquartic = Ĥφ + Ĥπ , (2.97a)

Ĥφ = ad




NΛ∑

i=1

m2

2
φ̂2
i +

λ

4!
φ̂4
i +

∑

⟨ij⟩

(φ̂j − φ̂i)
2

2a2


 , (2.97b)

Ĥπ = ad
NΛ∑

i=1

1

2
π̂2
i , (2.97c)

where the indices i and j label lattice sites, and the notation ⟨ij⟩ runs over all distinct
links joining nearest neighbors in the lattice. In the remainder of this work, we will denote
operators with a hat to differentiate between their digitized eigenvalues.

The Hamiltonian in Eq. (2.97) is 2-site-geometrically-local, which implies that Nind =
O(1). We see that the Hamiltonian is a sum of NH = O(NΛ) terms.

The operators π̂i and φ̂i are conjugate operators satisfying [φ̂j, π̂i] = ia−dδij. This relation
implies that the so-called field basis, in which the φi operators are diagonal, is related to
the so-called momentum basis, where the πi operators are diagonal, by the usual Fourier
transform. The parameters m and λ are bare quantities, and are in general complicated
non-perturbative functions of the lattice spacing, i.e. m = m(a) and λ = λ(a). In principle,
this functional dependence could be included to determine the asymptotic complexity of a
realistic physical calculation in terms of the lattice spacing. In order to keep our expressions
as general as possible, however, we choose to leave the bare parameters m and λ as free
variables in our quoted asymptotic complexities; this allows our results to be adapted in a
straightforward way to any specific physical use case. For the remainder of this work, we
use units where the lattice spacing a = 1.

The above Hamiltonian, although discretized on the lattice, is still an unbounded operator
acting on an infinite dimensional Hilbert space. In order to obtain concrete time-evolution
operators whose action can actually be simulated on a system of qubits, we must first truncate
this Hamiltonian to a finite-dimensional operator. This is achieved by a procedure known
as digitization, in which the Hilbert space at each lattice site is represented using nq qubits;
the details of our digitization procedure are given in the next section.

2.4.1.1 Digitization

The basic idea is that we wish to construct a sequence of matrix operators Hnq that can
act on nq qubits at a time, and whose spectrum converges to any prescribed single-site Hamil-
tonian H as nq → ∞. There are numerous ways to proceed with such a construction [98,
99, 100], but the one we follow is outlined in [97, 158].

10The following discussion can be generalized to the case of higher-order finite-difference approximations
to the derivative operator. One common approach is to first perform integration by parts to get the term
φ̂∇2φ̂ and then use a symmetric approximation for the second derivative.
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The strategy is to digitize the field on a given lattice site into N = 2nq allowed field values

φ ∈ {−φmax,−φmax + δφ, . . . , φmax − δφ, φmax} , (2.98)

where the spacing δφ is given by

δφ =
2φmax

N − 1
. (2.99)

This restriction of the field values is to be understood as a restriction of the Hilbert space
at the given lattice site, identifying the eigenvalues of the restricted field operator precisely
with this set of allowed field values. In other words, the digitized field operator in the field
basis at site i becomes the diagonal matrix

φ̂i = diag (φmin, φmin + δφ, . . . , φmax)i . (2.100)

This single-site field operator acts nontrivially only on the nq-qubit Hilbert space attributed
to the site labeled by i. Note that all lattice sites use the same digitized φ values.

Because π̂i and φ̂i are conjugate operators, the momentum operator in the field basis can
be written as

π̂i = FT · π̂(p)
i · FT−1 ,

π̂
(p)
i = diag (−πmax,−πmax + δπ, . . . , πmax)i ,

(2.101)

where the superscript (p) indicates the operator is represented in the momentum basis, FT
denotes the symmetric Fourier transform [97] and

πmax =
π

δφ
, δπ =

2πmax

N − 1
. (2.102)

Note that this choice implies anti-periodic boundary conditions in field space. Using this
definition, the momentum part of the Hamiltonian can be written as

Ĥπ =

NΛ∑

i=1

1

2
FTi ·

(
π̂
(p)
i

)2 · FT−1
i . (2.103)

The final component of the digitization strategy is the choice of φmax. It was shown
in [97] that, for a given value of nq and λ, there is an optimal choice of φmax that minimizes
the digitization error of the low lying spectrum of the digitized Hamiltonian. The procedure
for determining φmax involved scanning over many values to minimize the digitization error.
While this procedure is in general possible, an explicit formula for the optimal value of φmax

for the λ = 0 case was given in [98, 100, 159]. As argued in [97], because λ ̸= 0 results in a
smooth deformation of the wavefunction, this choice of φmax is expected to work well even
in the λ ̸= 0 case. Therefore, we use the value

φmax = 2nq
√

2π

2nq+1 + 1
, (2.104)
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as in [91].
Altogether, these definitions allow for the construction of 2nq × 2nq Hermitian matrices

that digitize each of the single-site terms in Hamiltonian Eq. (2.97) into operators that can
act on nq qubits at a time. An appropriate full digitization of Hamiltonian Eq. (2.97) is then
obtained by directly substituting the definitions of the digitized single-site operators φ̂i and
π̂i into Eq. (2.97), together with the link terms φ̂iφ̂j = φ̂i ⊗ φ̂j.

We are now in a position to discuss the parameters of this theory necessary for determin-
ing the cost of the various methods described in Sec. 2.2. Recall that we found NH = O(NΛ)
and Nind = O(1). The final parameters needed are NP and cP, which we now discuss.

To determine the maximum number of Pauli strings NP appearing in any term in Ĥ, we
start by writing the various operators in terms of Pauli operators. Note that the nq qubit

operators φ̂i and π̂
(p)
i are diagonal operators with evenly spaced eigenvalues. It was shown

in [97] that operators of this form can be decomposed into nq single Pauli-Z gates. For
example, one has

φ̂ =
φmax

2nq − 1

nq−1∑

j=0

2jZj , (2.105)

where Zj is a single Pauli-Z gate acting on qubit j. Using this relation, we see that NP for
the various terms in Hφ are

NP
(φ2

i ) = O(n2q) , (2.106a)

NP
(φ4

i ) = O(n4q) , (2.106b)

NP
(φiφj) = O(n2q) . (2.106c)

Turning now to Ĥπ, while the operator (π̂
(p)
i )2 is a sum of O(n2q) gates, the same is not

true for π̂2
i = FTi · (π̂(p)

i )2 ·FT†
i ; after using the Fourier transform to change to the field basis,

the operator π̂2
i is dense and requires O(3nq) Pauli strings (see App. A.3). Since the quantum

Fourier transform requires O(n2q) gates, it is more cost effective to first decompose (π̂
(p)
i )2

into O(n2q) Pauli strings, and then change to the field basis using the Fourier transform.
Using this method results in

NP
(π2) = O(n2q) . (2.107)

From this we see that NP for the entire Hamiltonian is dominated by the φ̂4 term, and is
given by

NP = O(n4q) . (2.108)

This result for NP is significantly more favorable than the worst case scaling for an arbitrary
2-site-local Hamiltonian of O(42nq).

The final piece is to determine the maximum coefficient cP of any Pauli string in Ĥ.
Using the fact that our choice of digitization leads to πmax = O(2nq/2) and φmax = O(2nq/2),
we see

cP
(π2) = O(π2

max) = O(2nq), (2.109a)
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cP
(φ2) = O(|m2|φ2

max) = O(|m2|2nq), (2.109b)

cP
(φ4) = O(λφ4

max) = O(λ4nq) , (2.109c)

cP
(φiφj) = O(φ2

max) = O(2nq) . (2.109d)

We assume that the overall value of cP is dominated by the φ̂4 term, and is then given by

cP = O(λ4nq) . (2.110)

If this was not the case due to the relative size of m2 and λ constants, Eq. (2.110) would be
modified trivially by using the appropriate term from Eq. (2.109).

These values for NP, cP and NH will be used in the following sections to determine the
asymptotic gate complexity of the various time-evolution algorithms discussed in Sec. 2.2 for
geometrically site-local Hamiltonians.

2.4.2 Product Formulas

In this section, we consider using a pth order PF to time evolve the scalar field theory
Hamiltonian (given by Eq. (2.97)) that has been digitized using the formalism presented in
Sec. 2.4.1.1.

Specifically, we construct concrete error bounds and asymptotic gate complexity estimates
as a special case of the results obtained in Sec. 2.3.1 for general geometrically site-local
Hamiltonians. We use the result of Theorem 15 for the asymptotic bound on the elementary
gate count χ (see Eq. (2.89)) and make the following substitutions based on the discussion
provided in Sec. 2.4.1.1:

NH = O(NΛ), (2.111)

NP = O(n4q), (2.112)

cP = O(λ4nq). (2.113)

These follow from Eq. (2.12), Eq. (2.108), and Eq. (2.110) respectively. Putting this all
together, the asymptotic gate complexity is thus given by

χ = O


n

4
(
2+ 1

p

)
q

(4nqNΛλt)
1+ 1

p

ε
1
p


 . (2.114)

2.4.3 Quantum Signal Processing

Obtaining gate counts for the case of pure QSP requires two logical steps. The first is to
determine the number of calls to the local block encoding, and the second is to estimate the
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complexity of implementing this block encoding. By Theorem 9, the query complexity for
simulating with evolution time t to exponentiation error ε is given by

O(αt+ log(1/ε)) , (2.115)

where α is the scale factor of the BE used.
We now consider two approaches to implement the local block encoding. The first ap-

proach is based on the fully general LCU procedure, and does not take into account any
features of the model. The second approach is a modification of the former which takes
advantage from splitting the Hamiltonian into the field and momentum parts, in analogy
with how it was done in the product-formula-based approach. In this section, we consider
only asymptotic gate complexities; detailed gate count comparisons of these techniques will
be given in Sec. 2.4.5.

2.4.3.1 Block encoding via LCU

In this section, we determine the cost of simulating time-evolution via QSP when the
BE is implemented using a fully general LCU procedure. This involves first digitizing the
Hamiltonian Ĥ and then decomposing it into Pauli operators. In such a scenario, the domi-
nant cost arises from the π̂2

i operator, which is represented by O(3nq) Pauli strings (excluding
Z gates in all combinations, see App. A.3). The value of cP in this case is the same as in
Eq. (2.110). Lastly, we have NH = O(NΛ). Plugging these results into Theorem 17 leads to
gate complexity

χ = O
[
NΛ3

nq log (NΛ3
nq)
(
NΛ3

nq(λ4nq)t+ log(1/ε)
)]
. (2.116)

We see that the naive decomposition of the π̂2
i operators into Pauli gates results in a poor

scaling with nq.
By exploiting the fact that sel2 = 1, the walk operator WH can then be constructed

without ancillary qubits using Eq. (2.47), as was discussed in Sec. 2.2.2.3.
The final step is to construct a controlled call to WH . Rather than naively controlling

every gate in WH , one can achieve this by only controlling the sel oracle and the multi-
controlled Z gate in the reflector R; the prep oracle does not need to be controlled [130].
This can be understood by noting that if one wanted to implement a controlled call to some
operator U = A†BA where A†A = 1, one only has to control B. The circuit for the controlled
implementation of WH is shown in Fig. 2.7.

2.4.3.2 Block encoding via LCU and FT

In order to take advantage of the decomposition Eq. (2.103) within the LCU construction,
one needs to slightly modify the prep and sel oracles. To write Ĥ in the form required for
LCU, we first write the momentum component of Ĥ in the momentum basis as a sum of Mπ
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|⟩b

|⟩a
WH

|⟩s

=

|⟩b

|⟩a
sel

Rprep

|⟩s

=

...
...

|⟩b

|⟩a
sel

prep† prep

X Z X −1

|⟩s

Figure 2.7: Circuit for controlled call to WH when the BE is prepared using LCU. Note that
|g⟩a = prep|0⟩a and so the reflector Rprep (see Fig. 2.4) uses G = prep.

unitary operators

Ĥ(p)
π =

Mπ∑

j=0

β
(π(p))
j Û

(π(p))
j . (2.117)

Next, we write the full Hamiltonian as

Ĥ =

Mφ−1∑

i=0

β
(φ)
i Û

(φ)
j + FT



Mπ−1∑

j=0

β
(π(p))
j Û

(π(p))
j


FT† , (2.118)

where it is understood that the Fourier transform is performed locally at each site. The
Hamiltonian is now in a form suitable for the modified LCU procedure.

First, the prep oracle is used to encode the real positive coefficients β
(φ)
i and β

(π(p))
j . The

new sel oracle is shown in Fig. 2.8 and is given by

sel = (1a ⊗ FT)⊗



Mπ−1∑

j=0

|j⟩a⟨j|a ⊗ Û
(π(p))
j


 (1a ⊗ FT†) +

Mφ−1∑

i=0

|i+Mπ⟩a⟨i+Mπ|a ⊗ Û
(φ)
i ,

(2.119)

where, again, it is understood that the Fourier transform is performed locally at each site.
It is important to note that the modified sel operator still satisfies sel2 = 1, which enables
the use of the efficient construction of WH .
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· · · · · ·
· · · · · ·

...
...

. . .
...

...
. . .

...
...

· · · · · ·

· · · · · ·

|0⊗k⟩a

|ψ⟩s U
(φ)
0

U
(φ)
Mφ−1 FT U

(π)
0 U

(π)
Mπ−1 FT†

Figure 2.8: Circuit for sel oracle in Eq. (2.119). As compared to O(3nq) and O(nq) in
the usual LCU implementation from Sec. 2.4.3.1, the usage of Fourier Transform described
in Sec. 2.4.3.2 allows one to reduce the circuit depth and the number of ancillary qubits
to O(n4q) and O(log nq), correspondingly. Note that while in the usual LCU procedure the

gate complexity O(3nq) stems from the number of terms in Ĥπ, upon adding the Fourier
Transform to the circuit, the O(n4q) complexity stems from the φ̂4 term in Ĥφ.

Note that the sel oracle prepared using this method encodes the same operators as the
sel oracle prepared using the naive LCU procedure in Sec. 2.4.3.1; the only difference is
how it is implemented. This different implementation, however, results in a more favorable
scaling for NP. This can be understood by noting that the NP associated with the momentum

Hamiltonian is reduced to NP
(π(p)) = O(n2q), implying that the value of NP is dominated by

the φ̂4 term. Substituting NP = O(n4q), cP = O(λ4nq) and NH = O(NΛ) into the result in
Theorem 17 gives the gate complexity

χ = O
[
NΛn

4
q log(NΛn

4
q)
(
NΛn

4
q(λ4

nq)t+ log(1/ε)
)]

, (2.120)

which has a more favorable scaling with nq than the naive LCU implementation in Sec. 2.4.3.1.
Since sel2 = 1, the controlled call to WH can be constructed in the same way as the naive
LCU case in Sec. 2.4.3.1.

2.4.4 HHKL

In order to apply the HHKL results formulated in our conventions in Theorem 23 and
Theorem 24, note that we must scale down the Hamiltonian Eq. (2.97) by the appropriate
factor that brings the local terms to at most unit spectral norm, and simultaneously rescale
evolution time up by the same factor. This factor is precisely the maximum spectral norm



CHAPTER 2. STRATEGIES FOR SIMULATING TIME EVOLUTION OF
HAMILTONIAN LATTICE FIELD THEORIES 55

of any local term H̃J ,

max
J∈S

∥H̃J∥ =

∥∥∥∥∥∥
1

2
π̂2
i +

1

2
m2φ̂2

i +
λ

4!
φ̂4
i +

∑

j∈⟨ij⟩

(φ̂j − φ̂i)
2

2

∥∥∥∥∥∥
= O(NPcP) = O(n4q(λ4

nq)) ,

(2.121)

where we have used NP = O(n4q) and cP = O(λ4nq), and where any lattice site with index i
in the interior of the lattice (or on the boundary if there are no sites in the interior) can be
chosen to compute the spectral norm, and the sum runs over all lattice sites j neighboring
i. We therefore perform the following rescalings

H̃ =
H

maxJ∈S ∥HJ∥
(2.122)

t̃ = tmax
J∈S

∥HJ∥ = O(4nqn4qλt) (2.123)

For HHKL built out of local Trotter operations, Theorem 23 implies a gate complexity

χ = O
[
n4q(NΛn

4
q(λ4

nq)t)1+
1
p ε−

1
p

]
. (2.124)

where we substituted cP = O(λ4nq) and NP = O(n4q).
Similarly, for HHKL built out of local QSP operations, Theorem 24 then implies a gate

complexity

χ = O
[
(n4q)

2NΛ(λ4
nq)t logd

(
NΛt/ε

)
log
(
n4q log

(
NΛt/ε

)) ]
. (2.125)

To conclude our discussion on HHKL scalings, we again stress an important point. As we
have previously remarked, while the purely asymptotic scaling of the Trotter-based HHKL
gate count is worse than that for QSP-based HHKL, the difference is not striking when the
Trotter order p is taken to be large. This allows for the possibility of lower constant pre-
factors due to the smaller overhead involved in implementing Trotter operations compared
to QSP operations, and may even be a prudent choice for a more practical implementation
on near-term devices, if the exact gate counts follow suit before asymptotics take over.

2.4.5 Numerical results

In the previous section we worked out the asymptotic gate count scaling for several time-
evolution algorithms. While these expressions are helpful for identifying which methods have
the best scaling in a particular parameter, the practical question of the size of the prefactors
requires a dedicated numerical study, which we perform in this section. In particular, we
first compare the cost of the two BE methods described in the previous section. For the
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comparison, we choose to compare the cost of constructing a single controlled call to theWH

operator. This choice allows a more direct comparison of the cost of each method as in some
cases significant circuit simplifications occur compared to naively controlling every gate in
the WH operator. From there, we turn to time evolution and compare the cost of using QSP
to that of a 4th order PF, focusing on the scaling with time t and error ε.

We choose to focus on a single site Hamiltonian given by

Ĥ =
1

2
π̂2 +

1

2
φ̂2 +

λ

4!
φ̂4 , (2.126)

where we set λ = 32 (similarly to [97]) as an instance of the strongly coupled regime where
perturbation theory breaks down. While this will not provide an explicit scaling with the
number of lattice sites, analyzing the single site case in detail will provide intuition for what
values of t and ε QSP outperforms PF methods for NΛ > 1.

Before comparing gate counts of the various methods, we describe the details of con-
structing the circuits. All gate counts were found using QISKIT’s transpile function with
an optimization level of 1; higher optimization levels result in the dropping of gates with
small arguments and were therefore not used. We use the universal gate-set containing Rx,
Rz, and CNOT gates. When implementing multi-controlled gates, we compared the cost
using two different methods. The first uses QISKIT’s built-in functionality to decompose
the multi-controlled gates into O(M2) CNOT gates, where M is the number of qubits being
controlled on. The second method uses O(M) additional work qubits to decompose the
multi-controlled gates into O(M) gates [151]. For each value of nq, we compare the two
and choose the method that results in the smallest number of gates. Lastly, it is impor-
tant to note that, when implementing multi-controlled gates, global phases must also be
controlled. Because using LCU requires the coefficients in the prep oracle to be real and
positive, any overall phase must necessarily be absorbed into the individual operators in the
sel oracle. Controlling these phases requires an additional controlled single-qubit rotation.
Alternatively, one could use the generalized LCU method to allow the coefficients in the
prep oracle to be complex and set the phase of the operators in the sel oracle to have zero
overall phase (see e.g. [117]). While this avoids having to control the phases, it leads to
a more complicated prep oracle. Additionally, because the generalized LCU method uses
circuits of the form p̃rep× sel×prep with p̃rep×prep ̸= 1, one will have to also control
both prep and p̃rep in the controlled WH circuits in Fig. 2.7. For these reasons, we use the
former method to control the overall phases.

We now compare the cost of implementing the controlled WH operator using the two
different BE methods. The top and middle plots in Fig. 2.9 show the CNOT gate count and
rotation gate count, respectively, as a function of nq. The blue points show the gate counts
using the LCU method where one naively decomposes the full digitized Hamiltonian into
Pauli strings as described in Sec. 2.4.3.1. As expected, this method scales least favorably
with nq. As previously discussed in Sec. 2.4.3.2, this poor gate scaling with nq can be
improved by utilizing the Fourier Transform to implement the momentum component of the
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Hamiltonian. This improved scaling can be seen by looking at the orange squares in the top
and middle plots in Fig. 2.9.

The bottom plot in Fig. 2.9 shows the number of ancillary qubits required to implement a
controlled call to WH for each method. As expected from the O(nq) scaling, using the naive
LCU method requires the most ancillary qubits. Using LCU combined with the FT reduces
the scaling to O(log nq). Note that, for both methods, the overall coefficient in the number
of ancillary qubits is large due to needing additional work qubits to efficiently implement
multi-controlled gates.

Taken together, the gate count and ancillary qubit count comparisons show that using
LCU combined with the FT is superior to the naive LCU method for all values of nq.

Now that we have identified the optimal method for preparing BEs, we turn to the cost
of performing time evolution. The first method we implement is a 4th order PF. The second
uses QSP, where the BE is prepared using the BE method that minimizes the number of
rotation gates, i.e., using LCU combined with the FT. The top (bottom) plot in Fig. 2.10
show the rotation (CNOT) gate count for both methods as a function of evolution time t
and error ε for nq = 3. The value of the scale factor α for the QSP data is α = 134.5. Due
to QSP’s large overall prefactor from implementing the BE, using the 4th order PF requires
less rotation and CNOT gates for errors ε ≳ 10−8. For errors ε ≲ 10−8, QSP wins due to
its exponentially better scaling with respect to ε.

It is interesting to note that the QSP gate count scaling is almost independent of the
desired error ε. This is due to the fact that the αt term in the asymptotic cost is significantly
larger than the log(1/ε) term (see e.g. Eq. (2.115)). These findings therefore show that the
additional cost of implementing time evolution to floating point precision using QSP is
negligible compared to implementing time evolution approximately (not accounting for the
increased cost from requiring higher precision rotation gates). In Sec. 2.5 we discuss the
implications of these results for multi-site systems.

2.5 Discussion

In this section we discuss how results of Sec. 2.3 provide guidance for choosing a simulation
algorithm for the particular physical model and then examine the results of Sec. 2.4.

The major parameters of interest defining the asymptotic complexities of time evolution
algorithms are the evolution time t, the error of the time-evolved state ε, as well as some
measure of Hamiltonian size/complexity. For lattice systems, this can be the number of
terms in the Hamiltonian NH. For a particular theory, NH can also be expressed in terms of
lattice size NΛ. The dependence of NH on NΛ is linear for geometrically-site-local Hamiltoni-
ans and is, more generally, polynomial. For algorithms based on PFs, one additionally needs
to consider a parameter Nind related to the induced norm of the Hamiltonian. The asymp-
totic dependence on individual parameters for algorithms discussed in Secs. 2.2 and 2.3 is
summarized in Table 2.5.
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Figure 2.9: The top, middle, and bottom plots show the CNOT gate count, rotation
gate count, and number of ancillary qubits needed to prepare a controlled call to the WH

operator corresponding to the single site Hamiltonian in Eq. (2.126) as a function of nq. Blue
circles correspond to using the naive LCU method described in Sec. 2.4.3.1. Orange squares
correspond to using LCU combined with the Fourier Transform as described in Sec. 2.4.3.2.
Using LCU combined with the FT results in an exponential improvement with nq in both
the gate count and number of ancillary qubits required.
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Figure 2.10: The top (bottom) plot shows the rotation (CNOT) gate count for implementing
the time evolution operator for the single site Hamiltonian in Eq. (2.97) with nq = 3. Results
are shown as a function of time t and error ε. The orange and blue colored surfaces show
results using a 4th order PF and QSP, respectively. The BE used in the QSP calculation
was implemented using the method in Sec. 2.4.3.2. The PF requires less rotation and CNOT
gates for errors ε ≳ 10−8. For error tolerances ε ≲ 10−8, QSP wins due to its exponentially
better scaling with ε. Furthermore, the QSP gate count is almost independent of the error
due to the optimal scaling with ε.
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Non-geometrically-local

ε t NH

a) PF ε−
1
p t1+

1
p NH

1+ 1
pNind

b) QSP+PF ε−
1
p log(1/ε) t1+

1
p NH

1+ 1
pNind log(NHNind)

c) QSP log(1/ε) t NH
2 log(NH)

Geometrically-local

ε t NΛ

d) PF ε−
1
p t1+

1
p NΛ

1+ 1
p

e) PF+HHKL ε−
1
p t1+

1
p NΛ

1+ 1
p

f) QSP+PF ε−
1
p log(1/ε) t1+

1
p NΛ

1+ 1
p log(NΛ)

g) QSP log(1/ε) t NΛ
2

h) QSP+HHKL log(1/ε) t NΛ[log(NΛ)]
d log log(NΛ)

Table 2.5: Asymptotic dependence (O omitted) on major problem parameters for algorithms
in Tables 2.3 and 2.4. Boldface indicates best asymptotic scaling among applicable methods.
While Nind is constant for geometrically-local theories, it typically scales polynomially with
NΛ otherwise. For most non-geometrically-local theories, the order p can be chosen large
enough so that PFs demonstrate better scaling with NΛ than QSP.

The parameter for which the difference in asymptotic dependence is most striking for
PF- and QSP-based algorithms is the error ε. Nevertheless, using algorithms with log(1/ε)
dependence may not necessarily be an optimal choice for several reasons. First, their asymp-
totic cost comes with large constant prefactors stemming from the implementation of the
BE subroutine. While progress is being made in this direction, the value of ε at which using
such techniques clearly becomes advantageous is ε ∼ 10−8, which is much smaller than un-
certainties coming from other sources (e.g., from digitizing a theory with bosonic degrees of
freedom, finite lattice spacing and volume effects, to name just a few). Second, as discussed
below, in some scenarios PF-based algorithms have better dependence on problem size than
those based on QSP. Third, and least importantly (in the fault-tolerant regime), PF based
algorithms do not require the usage of ancillary qubits, while QSP-based algorithms typically
require a logarithmic (in problem parameters) number of those.

Recent research [133] indicates that the error tolerance at which near-optimal algorithms
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start outperforming the PF-based ones is highly problem-dependent. In particular, when
simulating lattice gauge theories, the complexity of PF-based simulation is likely to scale
exponentially with the number of colors [63, 64], while the near-optimal algorithms can have
polynomial scaling with the number of colors, which is achieved by leveraging the sparsity
of gauge field operators. As a result, the usage of near-optimal techniques may lead to
tremendous savings starting at error rates as low as ε = 10−1 [133].

In terms of the asymptotic dependence on problem size, a clear winner is the HHKL
algorithm, assuming that for implementing the time evolution of local blocks, an algorithm
with log(1/ε) scaling is chosen, such as QSP. Note, however, that for higher-order PFs [105]
the improvement reached by the HHKL algorithm in terms of problem size may not be
particularly pronounced, especially, unless a very high precision is required, as discussed
above.

For non-geometrically-local Hamiltonians, the situation is largely determined by the
Hamiltonian structure defining the dependence of Nind on NΛ. In particular, in the second-
quantized formulation, this dependence will be defined by the choice of single-particle basis
states (plane waves [131, 157], wavelets [160], harmonic oscillator eigenstates [161], etc.).
Importantly, whether the Hamiltonian is geometrically-local or not, one can imagine sce-
narios in which, at a fixed value of ε, switching from PF to QSP would make sense as one
increases the problem size. However, given the sharp difference in the dependence on ε for
these approaches, such scenarios are not highly probable.

Lastly, we note that the dependence on t is likely to not be a crucial parameter in choosing
the simulation algorithm. Nevertheless, a situation in which considering longer times can
motivate one to switch from PF to QSP is possible as well.

In addition to factors considered in this work, other considerations should also be taken
into account. Most notably, the compatibility of methods based on BE with general sparse
Hamiltonians and modern simulation techniques [75, 162, 163] and the potential for applying
the PF-based methods on early-fault-tolerant quantum computers [118, 164].

Construction of efficient block encodings (BEs) is critical for improving the efficiency of
QSP-based algorithms. In [52, 97] it was shown how digitizing a bosonic degree of freedom in
the eigenbases of position/momentum operator is advantageous from the perspective of using
PF algorithms. There, the key factors are a) an economical qubit representation of arbitrary
powers of position/momentum operators in their respective eigenbases and b) the efficiency
of switching between the position and momentum bases with the aid of Fourier Transform
implemented on the quantum computer. In Sec. 2.4.3.2 we showed how this approach can
be equally well applied when constructing a BE with LCU.

2.6 Conclusion

In this work we studied various approaches to simulating time evolution in application to
Hamiltonian Lattice Field Theories (HLFTs). We started off by providing a review of exist-
ing techniques based on Product Formula (PF) splitting [106], Quantum Signal Processing



CHAPTER 2. STRATEGIES FOR SIMULATING TIME EVOLUTION OF
HAMILTONIAN LATTICE FIELD THEORIES 62

(QSP) [108] and Qubitization [109], Linear Combination of Unitaries (LCU) [111], as well as
the HHKL algorithm [128]. Following that, we derived asymptotic costs of these methods in
terms of parameters describing site-local and geometrically-site-local Hamiltonians arising
in HLFT, see Tables 2.3 and 2.4. While in this work we chose to contrast the most accessi-
ble and widely used algorithms based on PF with the methods having the best asymptotic
scaling (QSP, HHKL), we note that there exist intermediate approaches. Most notably, this
includes the direct usage of Taylor series and LCU without QSP [165].

Next, we focused on a particular type of HLFT, the quartic scalar field theory defined
on a hypercubic lattice. Our specific choice was guided by the fact that all the fundamental
interactions are mediated by bosons, and from the computational perspective the scalar
field theory is largely reminiscent of lattice gauge theories [90, 91, 93, 134, 135, 136, 166].
Besides this, an extensive volume of literature exists focusing on simulations of fermionic
systems [129, 130, 146, 167, 168, 169, 170, 171, 172, 173, 174]. Developing simulation
algorithms for systems combining particles of both statistics is an exciting direction which
was pursued in [98, 99, 175] where authors assumed the usage of PF-based methods, and is
currently investigated in the context of nearly-optimal techniques [133].

For the scalar field theory, we worked out the query complexities of various simulation
methods as well provided explicit gate counts (not the upper bounds) for the case of simulat-
ing the system on a single lattice site using PF and QSP. Next, we focused on block encoding
a single site in scalar field theory and left to further work additional improvements, such as
reducing the cost of sel operator from O(NΛ logNΛ) to O(NΛ) [130] or taking into account
the structure of coefficients in the Hamiltonian operator while/in constructing prep opera-
tor. We developed an improved version of the LCU block encoding for digitized bosons [52,
97] which utilizes the Quantum Fourier Transform circuit for switching between the field
and momentum eigenbases, see Fig. 2.8. We then provided explicit gate counts for simu-
lating time evolution which showed that PF-based simulation works exceptionally well for
simple systems, such as anharmonic oscillator, and outperforms the QSP-based algorithm for
ε ≳ 10−9. We note, however, that considering more complex models (such as non-Abelian
lattice gauge theories) and larger lattice system sizes may result in near-term algorithms
outperforming PF for error tolerances as little as ε ≲ 10−1 [133].

Another important distinction between PF and QSP methods is the ease of quoting
accurate error bounds for the final result. Starting with QSP methods, all that is needed to
place an upper bound on the error is the scale factor α, the time t, and the degree of the
polynomial approximation. While the error determined in this way is only an upper bound,
because QSP methods have optimal scaling log(1/ε) in the error, the cost of overestimating
the error is low compared to the contribution stemming from the αt term in Eq. (2.62).

For PF methods on the other hand, while rigorous error bounds also exist, they are
known to generally significantly overestimate the actual error [106]. Choosing the value of
the Trotter number r based on these loose error bounds would therefore result in significant
extra computational costs due to the sub-optimal (1/ε)1/p scaling of PF methods. Tightening
error bounds in this case implies either performing laborious problem-specific commutator
calculations [106, 175] or performing numerical simulations at several values of the Trotter
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number in order to extrapolate the results. As shown in [113], since using PFs to approximate
the time evolution operator is equivalent to introducing a temporal lattice with spacing at,
such an extrapolation would necessitate a renormalization procedure with a costly scale
setting procedure at each value of at.

11

11As was also shown in [113], to avoid a double extrapolation a→ 0 and at → 0, one should work at fixed
anisotropy ξ ≡ a/at and take the limit a→ 0.
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Chapter 3

Block Encoding Bosons by Signal
Processing

3.1 Introduction

An important ingredient of post-Trotter methods such as Quantum Signal Processing
(QSP) [108, 109] is to encode the Hamiltonian directly into a quantum circuit. Given that
quantum circuits can only implement unitary, not Hermitian, operators, the Hamiltonian
is typically encoded as a sub-block of a larger unitary matrix. This process is called Block
Encoding (BE), and is the source for most of the prefactors in the algorithmic cost of post-
Trotter algorithms. The commonly used approaches to constructing block encodings include
the LCU algorithm and the sparse oracle approach [117, 131, 132, 176, 177]. Highly optimized
constructions of BEs based on both approaches have been developed for various types of
physical systems [130, 133, 148].

In this work, we present several novel approaches to constructing BEs for a certain class
of Hamiltonians. We demonstrate that, while BEs are commonly seen as building blocks
for QSP-based algorithms, QSP-based algorithms themselves can be utilized for the highly
efficient construction of BEs. Our approaches apply to Hamiltonians which can be written
as

Ĥ =
N−1∑

ℓ=0

Ĥℓ , (3.1)

where each Ĥℓ acts on at most n qubits. Many Hamiltonians have this structure, and we
shall term them as n-site-local Hamiltonians. We will focus on the situation where each
term in the Hamiltonian can be diagonalized via a known and efficiently implementable
transformation

Ĥℓ = U †
ℓ Ĥ

(D)
ℓ Uℓ (3.2)



CHAPTER 3. BLOCK ENCODING BOSONS BY SIGNAL PROCESSING 65

For some of our methods, we will make a further assumption about the structure of the
Hamiltonian, which is satisfied for certain bosonic lattice field theories, which have recently
garnered attention for their crucial role in high-energy and low-energy nuclear physics [41,
42, 61, 62, 65, 66, 67, 71, 72, 76, 77, 91, 93, 114, 133, 135, 156, 166, 175, 177, 178, 179,
180, 181, 182, 183, 184]. Specifically, we consider theories for which the Hamiltonians are
formulated in terms of conjugate operators [φ̂i, π̂j] = iδij at lattice sites i, j. Using nq qubits,
the operators φ̂i are digitized by sampling at equally spaced values. Since the operator

π̂i is conjugate to φ̂i, it can be diagonalized using a Fourier transform π̂i = F̂T
†
π̂
(D)
i F̂T.

The Hamiltonian can be written as functions of simple operators φ̂i and π̂i, and possibly
combinations like φ̂i − φ̂j needed for gradient terms. We will use the general notation ξ̂k
(k ∈ {0, 1, 2}) to denote any of the operators

ξ̂0 ∈ {φ̂i} , ξ̂1 ∈ {π̂(D)
i } , ξ̂2 ∈ {φ̂i − φ̂j} , (3.3)

such that each Ĥ
(D)
ℓ is then given by a function of one such operator

Ĥ
(D)
ℓ = fkℓ(ξ̂kℓ) . (3.4)

A key property of the operators ξ̂kℓ we exploit in this work is that each of them can be
written as a linear combination of O(nq) many Pauli Z gates.

Based on this set up and these assumptions, we present 3 different methods for the BE
of the individual Hamiltonian terms Ĥℓ, which are then combined via LCU, see Fig. 3.1.
The first method first obtains a block encoding for the operator ξ̂kℓ and then uses QSVT to

construct the BE for Ĥ
(D)
ℓ . The second method constructs the unitary operator e−iτ ξ̂kℓ (or

e−2i arccos(ξ̂k/α)) and uses it as a building block to construct the BE for Ĥ
(D)
ℓ using QETU. The

final method, which we call Linear Operators Via Exponentiation and Linear Combination of

Unitaries (LOVE-LCU) constructs the unitary operators e±i arccos(fkℓ (ξ̂kℓ )/α), from which Ĥ
(D)
ℓ

can easily be constructed by adding the two terms via LCU. Following the construction of
the BE for Ĥ

(D)
ℓ we conjugate it by Uℓ resulting in a BE for Ĥℓ.

In Sec. 3.2, we briefly review the GQSP, QSVT, and QETU algorithms. In Sec. 3.3,
we first review the general formulation of bosonic field theories considered in this work
and then discuss the 3 novel block encoding methods in more detail. We also demonstrate
that, due to the highly symmetric structure of QSVT, QETU, and LOVE-LCU circuits,
the qubitized walk operator can be constructed without ancillary qubits in a straightforward
way. In Sec. 3.4 we use the proposed methods to construct BEs for several models of interest,
construct explicit circuits, and provide metrics such as gate count and the number of ancillary
qubits. For a single site system, we find that using our methods allows to implement time
evolution with less gates than PFs for errors as small as ϵ ∼ 10−2. Our conclusions are
presented in Sec. 3.5.

The work presented in this chapter is based on [115].



CHAPTER 3. BLOCK ENCODING BOSONS BY SIGNAL PROCESSING 66

ξk =
∑nq−1
j=0 ajZj

LCU

Uξ̂k

QSVT

Ufk(ξ̂k)

e±i arccos(fk(ξ̂k)/α)

LCU

Ufk(ξ̂k)

e−itξ̂k,sh

QETU

Ufk(ξ̂k)

e−2i arccos (ξ̂k/α)

QETU

Ufk(ξ̂k)

Figure 3.1: Various methods for block encoding operators in Hamiltonians of scalar field
theories (see Sec. 3.3). In the first two approaches, the cost of constructing the building
block is polynomial in nq, while in the latter two, the cost is exponential in nq. In the
first three approaches, the query depth is determined by the convergence of the polynomial
approximation to the desired function. In the last approach, the query depth is constant
(two).

3.2 Algorithms

In this section, we provide brief reviews of the simulation algorithms and techniques we
consider in this work, along with associated circuit diagrams. Readers familiar with these
concepts are encouraged to skip directly to Sec. 3.3.

3.2.1 Simulating time evolution using Generalized QSP

In this section, we review an improved version of the original QSP method discussed in
Sec. 2.2, known as Generalized QSP (GQSP). Provided access to some unitary U , QSP and
GQSP allow one to construct circuits implementing the action of polynomials of U . In the
context of simulating time evolution, one can choose U to be the Hamiltonian walk operator
and use GQSP to implement polynomial approximations of the time evolution operator. The
main result of [110], relevant to the problem of simulating time evolution, is given by:

Theorem 25 (Corollary 5 from [110]). ∀P ∈ C[x] with deg(P) = d, if

∀x ∈ T, |P (x)|2 ≤ 1 , (3.5)
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. . .

. . .

. . .

|0⟩ R(θ0, ϕ0, γ) R(θ1, ϕ1, 0) R(θd−1, ϕd−1, 0) R(θd, ϕd, 0)

|0⊗m⟩a
WH WH WH

|ψ⟩s

Figure 3.2: Circuit diagram for simulating time evolution using GQSP, adapted from [110].
Each R(θ0, ϕ0, γ) is an SU(2) rotation, with the individual angle parameters shown in the
diagram chosen to construct a polynomial of WH in the context of this work.

where T = {x ∈ C : |x| = 1} is the unit circle in the complex plane, then ∃ θ⃗, ϕ⃗ ∈ Rd+1 and
γ ∈ R such that: 


d∏

j=1

R(θj, ϕj, 0)CU


R(θ0, ϕ0, γ) =

(
P (U) ∗
∗ ∗

)
, (3.6)

where R(θ, ϕ, γ) represents an SU(2) rotation and CU = (|0⟩ ⟨0| ⊗ U) + (|1⟩ ⟨1| ⊗ 1) is a
0-controlled application of U (the signal operator),

Furthermore, [110] also provides an efficient classical algorithm to compute the required

rotation angles θ⃗, ϕ⃗, γ for a desired polynomial P (x).
For the purpose of simulating time evolution, we note that the eigenvalues of the operator

W
(λ)
H , defined by restricting the action ofWH to the subspace spanned by span{|0⟩a|λ⟩s, |⊥λ⟩as},

are given by e±i arccos(λ)1. Thus we set the unitary to which controlled calls are made in the
GQSP circuit to be U = WH (see Fig. 3.2 adapted from [110]) and seek an implementation
of the function given by e−it cos(x) to achieve the desired polynomial transformation given
by P (W

(λ)
H ) = e−itλ. This is achieved through the Jacobi-Anger expansion (see for example

Refs. [109, 110]), given by:

e−it cos(x) =
∞∑

k=−∞
(−i)kJk(t)eikx, (3.7)

where Jk is the kth Bessel function of the first kind. It has been previously established the
coefficients in this Fourier series decay exponentially and in particular, the number of SU(2)
rotations required to achieve an ϵ-close approximation to this polynomial transformation is
asymptotically bounded by O(t+ log(1/ϵ)/ log log(1/ϵ)) (see Refs. [109, 110]). We conclude
by noting that, while using QSP for Hamiltonian simulation achieves the same asymptotically
optimal scaling, using GQSP requires half as many controlled calls to WH [110, 185].

1Throughout this work we will use |g⟩a = |0⟩a, see Sec. 2.2.2.4
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3.2.2 QSVT

While QSP and GQSP are powerful algorithmic tools, in certain cases, the required poly-
nomial transformations can be achieved using the simpler Quantum Singular Value Trans-
formation (QSVT) [116]. The QSVT method is very similar to the QSP and GQSP methods
in that it allows one to implement general matrix functions of some Hermitian operator A
by performing repeated calls to its BE UA. The major difference of QSVT has to do with
the classes of matrix functions that can be implemented. In particular, QSVT implements
real functions with definite parity, whereas QSP implements complex functions with the
real and imaginary parts having opposite parity. Only requiring the real part of the matrix
polynomial leads to several advantages. First, the fundamental building block is now the BE
UA, rather than a controlled call to the walk operator WA, as in QSP or GQSP. Second, the
conditions on implementable real polynomial are relaxed relative to the complex polynomials
implemented using QSP. Third, the phases that parameterize the circuit can be solved using
a straightforward optimization procedure for large polynomials using e.g. QSPPACK [186].
The QSVT theorem for Hermitian matrices is as follows [117]:

Theorem 26 (QSVT for Hermitian matrices with real polynomials). Let A ∈ C2n×2n be a
normalized Hermitian operator with a (1,m) block encoding UA. Given a degree d polynomial
PRe(x) ∈ R[x] such that

1. PRe has parity d (mod 2),

2. |PRe(x)| ≤ 1 ∀x ∈ [−1, 1],

then there exist symmetric phase factors (ϕ0, . . . , ϕd) ∈ Rd+1 such that the circuit presented
in Fig. 3.3 implements a (1,m+ 1) block-encoding of PRe (A).

One important property of QSVT circuits is that their controlled versions can be imple-
mented with a small overhead [116]. For even polynomials, only the single-qubit Rz gates
in the CRϕ̃j

circuits (see Fig. 3.4) acting on the signal qubit need to be controlled. For odd
polynomials, in addition to controlling the single-qubit Rz gates, one must also control a
single call to the BE UA. This property can be used to combine different QSVT circuits
using LCU without introducing a large overall constant prefactor, which is important when
using LCU to combine BEs of different local terms in the Hamiltonian constructed using
QSVT, as explained in Sec. 3.3.3.

3.2.3 QETU

QETU is similar to the QSVT method described in Sec. 3.2.2 in that it allows one to
implement a broad class of matrix functions of some Hermitian operator A by performing
repeated calls to some fundamental building block. The major difference of QETU is that,
instead of performing repeated calls to a BE UA as with QSVT, the building block for QETU
is the time-evolution operator e−iτA for some value of τ . In a broad sense, QETU replaces
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. . .

. . .

. . .

|0⟩ H
CRϕ̃0

CRϕ̃1
CRϕ̃0

H

|0⊗m⟩a
UA U †

A U †
A

|ψ⟩s

Figure 3.3: Circuit diagram for QSVT, reproduced from [117], using symmetric phases
(ϕ̃0, ϕ̃1, . . . , ϕ̃1, ϕ̃0). The Hadamard gates serve to isolate the real part of the matrix function
being implemented. The circuit for CRϕ is shown in Fig. 3.4.

m m
CRϕ̃ =

e−iϕ̃Z

Figure 3.4: Diagram for the CRϕ circuit appearing in the QSVT circuit in Fig. 3.3.

the BE UA in the QSVT circuit in Fig. 3.3 with the controlled time-evolution operator e−iτA.
The QETU circuit for implementing even functions is shown in Fig. 3.5. Taken from [118],
the QETU theorem is:

Theorem 27 (QETU). Let U = e−iτA be a unitary operator, where A is an n-qubit Her-
mitian operator and τ is real parameter. For any real even polynomial F (x) of degree d
satisfying |F (x)| ≤ 1,∀x ∈ [−1, 1], one can find a sequence of symmetric phase factors
(φ0, . . . , φd) ∈ Rd+1 such that the circuit in Fig. 3.5 denoted by U satisfies (⟨0| ⊗ 1)U(|0⟩ ⊗
1) = F (cos(τA/2)).

In practice, the QETU circuit is used for approximately implementing f(A) by realiz-
ing a transformation F (cos(τA/2)), where F (x) is a polynomial approximation to F(x) ≡
f( 2
τ
arccos(x)).
Similar to QSVT, the phases {φ̃j} appearing in the circuit in Fig. 3.5 can be calculated

using QSPPACK [186]. As described in Appendix B of [118], the phases in the QETU circuit
{φ̃j} are related to the phases calculated using QSPPACK {ϕ̃j} by φ̃j = ϕ̃j + (2− δj 0)π/4.

Completely analogous to the case with QSVT circuits, controlled calls to QETU circuits
can also be implemented for a small additional overhead. This property can be used to
combine BEs of different local terms in the Hamiltonian that were constructed using QETU;
the procedure for constructing BEs using QETU is given in Sec. 3.3.4.
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. . .

. . .

|0⟩ eiφ̃0X eiφ̃1X eiφ̃1X eiφ̃0X

|ψ⟩s U U † U U †

Figure 3.5: Circuit diagram for QETU. The top qubit is the control qubit and the bottom
register is the state that the matrix function is applied to. Here U = e−iτA is the time
evolution circuit. If the control qubit is measured to in the zero state, one prepares the
normalized quantum state F (cos(τA/2))|ψ⟩/||F (cos(τA/2))|ψ⟩|| for some even polynomial
F (x). For symmetric phase factors (φ̃0, φ̃1, . . . , φ̃1, φ̃0) ∈ Rd+1, the function F (x) is a real
even polynomial of degree d. The probability of measuring the control qubit in the zero state
is p = ||F (cos(τA/2))|ψ⟩||2.

3.3 Block encodings for a bosonic lattice field theory

In this section we describe how to construct block encodings for certain types of bosonic
lattice field theories, and how to use those to simulate time evolution using GQSP. Our
choice of GQSP is guided by the fact that, while this algorithm has the same asymptotic
complexity as QSP or QSVT, but it comes with a smaller constant prefactor [110, 185].

The general strategy for using GQSP to simulate time evolution of the Hamiltonian in
Eq. (3.1) is achieved with the following steps:

1. Construct the BEs Ufk(ξ̂k) for the individual terms of the form fk(ξ̂k).
2

2. Construct Uf1(π̂i) = F̂T
†
iUf1

(
π̂
(D)
i

)F̂Ti using the Quantum Fourier transform circuit.

3. Use LCU to combine these site-local BEs to obtain the BE for the full Hamiltonian
UH .

4. Construct the qubitized walk operator WH .

5. Simulate time evolution using the GQSP circuit in Fig. 3.2.

After introducing the Hamiltonian of the scalar bosonic lattice field theory and discuss
the digitization of the local bosonic Hilbert space, we present three different techniques for
preparing BEs for a broad class of operators appearing in site-local Hamiltonians encountered
in various formulations of lattice field theories. In all three techniques the BE of fk(ξ̂k) will
start with an encoding of a basic building block, which is then combined to form fk(ξ̂k).

The first techniques uses QSVT, and starts from the simplest building block possible,
namely the operator ξ̂k. Since this operator is not unitary, it needs to be block-encoded. As

2Since the functional form of fkℓ
is the same ∀ℓ ∈ {0, 1, . . . , N−1} and fixed k ∈ {0, 1, 2}, in what follows

we will drop the ℓ subscript on fk when the statement is true / applies ∀ℓ.
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we will see, this encoding can be done with resources that are linear in nq, but comes with a

large prefactor. Constructing the final function fk(ξ̂k) adds a constant multiplicative factor
on the resource requirement.

The second method uses QETU, and directly uses the unitary operator e−iτ ξ̂k as the
basic building block. The building block of QETU can still be implemented with resources
that are linear in nq, but removes the large pre-factors arising in the previous method. The

downside is that constructing fk(ξ̂k) introduces an exponential dependence on nq. As we will
see, despite the exponential dependence on nq, the absence of a large pre-factor makes this
method more efficient for nq ≲ 6.

The final method takes a different approach, and chooses a more complicated building
block, which requires resources with exponential scaling in nq for its construction. This

building block is chosen such to make the construction of fk(ξ̂k) as easy as possible, and is
in fact trivial. This gives better scaling than the second method, and in fact outpeforms
all methods nq ≲ 11. We call this final method Linear Operators Via Exponentiation and
Linear Combination of Unitaries (LOVE-LCU).

The comparison of different BEs is summarized in Table 3.1.

Algorithm
Gate

Complexity
Ancillary
qubits

Indefinite
parity

Multivariable
functions

Standard LCU O(ndq) O(d log nq) Yes Yes

QSVT O(d · nq log nq) O(log nq) No No
QETU with

eiτ ξ̂
O(2nq · nq) 1 No No

QETU with

ei2 arccos ξ̂
O(d · 2nq) 1 No No

LOVE-LCU O(2nq) 1 Yes Yes

Table 3.1: Properties of BE methods considered in this work. Gate count and ancillary
qubit count are for constructing a BE of a degree d function f(ξ̂) of an n-qubit diagonal
Hermitian operator ξ̂ that is a sum of O(n) single Z-gates (for operators considered in this
work, ξ̂ ∈ {φ̂i, π̂(D), φ̂i − φ̂j}). The QSVT- and QETU-based methods require f to have
definite parity and be a function of a single variable. Standard LCU and LOVE-LCU can
be applied to functions with indefinite parity.

3.3.1 General Form of Hamiltonians of Interest

A common approach to formulating quantum field theories in a way suitable for solving
those on quantum computers amounts to 1) discretizing the real space so that the fields
were defined on a finite subset V of sites of some lattice, e.g., V ⊂ aZd ⊂ Rd, subject to an
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appropriate boundary condition; 2) digitizing quantum degrees of freedom residing on lattice
sites, i.e., truncating the infinite-dimensional local Hilbert space to a finite-dimensional one.
While alternative approaches are also subject to active investigation [17, 88, 131], the afore-
mentioned paradigm has two major advantages: the locality of the discretized Hamiltonian
(for local quantum field theories) and linear growth of the Hamiltonian norm with problem
size.3 Both of these are of great utility from the quantum computing perspective. While
fermionic lattice systems have been subject to active investigation in the literature (for re-
cent studies, see [71, 172] and references therein), in this work we focus on lattice bosons,
which are an essential ingredient in nuclear [187] and high-energy particle physics [72].

Many physically relevant Hamiltonians, including scalar field theories [52, 97], dual basis
formulations of U(1) [91, 188] and SU(2) [93] gauge theories, are (at least partially) formu-
lated in terms of conjugate operators defined on each lattice site. For this work, similar to
Chapter 2, we use the notation of a scalar field theory where we denote by φ̂i and π̂i the
“field” and “momentum” operators at site i, respectively, satisfying the canonical commu-
tation relations [φ̂i, π̂j] = iδij. The general idea is to exploit the fact that, for a particular
highly efficient digitization scheme of such operators (similar to that from Chapter 2), the
local operators φ̂i and π̂i take on simple forms and can therefore be used as low cost building
blocks in the QSVT or QETU circuits. These can then be used to prepare low cost BEs of
the individual terms appearing in the Hamiltonian; and the BE for the full Hamiltonian can
be prepared by using LCU to combine the BEs of the site-local terms.

To be concrete, we consider Hamiltonians of the form

Ĥ =

NΛ∑

i=1

(
f0 (φ̂i) + f1 (π̂i)

)
+
∑

⟨ij⟩
f2
(
φ̂i − φ̂j

)
, (3.8)

where NΛ is the number of lattice sites and
∑

⟨ij⟩ is a sum over all adjacent sites i and j.
A discussion of applying our methods to more general forms of the Hamiltonian is given
in Sec. 3.5.

To digitize the theory, the local bosonic Hilbert space at each lattice site j is represented
using nq qubits. Following Refs. [52, 97, 159], we work in the eigenbasis of the digitized
field operators φ̂j, i.e., we identify the computational basis states |k⟩j at site j with the

eigenstates |φ(k)
j ⟩. The eigenvalues of the field operator φ̂j are chosen as

φ̂j|φ(k)
j ⟩ = (−φmax + kδφ)|φ(k)

j ⟩ ,
k = 0, . . . , 2nq − 1 ,

(3.9)

where δφ = 2φmax/(2
nq − 1). The free parameter φmax can be chosen to minimize the digi-

tization errors and is theory dependent. Generally, by choosing φmax to scale exponentially
with nq [52, 91, 93, 97, 136, 159], the digitization errors decrease exponentially with nq.

3Here we do not touch upon the issue of renormalization which may affect the Hamiltonian norm via
adjustment of coupling constants.
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This fact implies that the number of qubits per site nq can generally be kept small, which is
important to keep in mind for the discussion moving forward.

Exploiting the fact that π̂j is conjugate to φ̂j, the momentum operators are digitized as

π̂
(D)
j |π(k)

j ⟩ = (−πmax + kδπ)|π(k)
j ⟩ ,

k = 0, . . . , 2nq − 1 ,
(3.10)

where
π̂
(D)
j = F̂Tjπ̂jF̂T

†
j (3.11)

is the conjugate momentum operator in the momentum basis, F̂Tj denotes the usual discrete
Fourier transform (FT) at site j, πmax = π/δφ and δπ = 2πmax/(2

nq − 1). The Hamiltonian

in this digitization is then written through functions of the diagonal operators φ̂j and π̂
(D)
j

as

Ĥ =

NΛ∑

i=1

(
f0 (φ̂i) + F̂T

†
if1(π̂

(D)
i )F̂Ti

)
+
∑

⟨ij⟩
f2
(
φ̂i − φ̂j

)
. (3.12)

With regards to implementing the field operators and their functions, we note that the
operators φ̂j and π̂

(D)
j are 2nq-dimensional diagonal operators with evenly spaced entries on

the diagonal and hence can be expressed as a linear combination of nq single-qubit Pauli-Z
gates as shown in [97, 189] and Eq. (2.105). Aside from the overall prefactor, the operator
π̂(D) has an identical gate representation. Additionally, given that the operators ξ̂k are
diagonal, one can readily determine complicated functions fk(ξ̂k) using classical resources by
simply applying the function fk to the diagonal elements of ξ̂k.

3.3.2 LCU to Block Encode Individual Terms

In this section, we review the cost of using standard LCU techniques to BE the individual
fk(ξ̂k) terms. For a more detailed analysis, see Chapter 2 and references therein. Consider
first using LCU to BE f0(φ̂) and f1(π̂

(D)) From Eq. (2.105), we see that a general degree
d function of φ̂ (or π̂(D)) is a sum of O(ndq) Pauli strings. It is important to note that the
number of Pauli strings is upper bounded by 2nq . This, combined with Lemma 8, implies
that the asymptotic gate cost to BE f0(φ̂) and f1(π̂

(D)) to be either O(ndq log nq) or O(nq2
nq),

depending on the degree d and value of nq used4. Turning to the final term, for a degree d
function, f2(φ̂i − φ̂j) is a sum of O(ndq) terms. In this case, the number of Pauli strings is
upper bounded by 22nq . Using similar arguments, the asymptotic gate cost to BE f2(φ̂i− φ̂j)
is either O(ndq log nq) or O(nq2

2nq). Lastly, we discuss the scale factor when using LCU.The
scale factor is the sum of the absolute values of the coefficients of the unitary terms being
added together.Given a particular fk(φ̂k), the scale factor can be readily determined using
using Eq. (2.105). The scale factors for the operators considered in Sec. 3.4 are derived in
App. B.3.

4Given that the operators ξ̂k are diagonal, one can readily determine complicated functions fk(ξ̂k) using

classical resources by simply applying the function fk to the diagonal elements of ξ̂k.
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3.3.3 QSVT to Block Encode Individual Terms

In the context of quantum simulation, the QSVT algorithm is typically utilized as a way
of constructing polynomial functions of Hamiltonian operator [116, 117]. In this section we
use it to construct the functions fk(ξ̂k) and demonstrate that QSVT can also be used as a
highly-efficient tool for constructing block encodings. The high level flow of this technique
is depicted in Fig. 3.1. For this discussion we assume the functions fk to have even parity.

The building block in the QSVT circuit is the BE of the simple operator ξ̂k. From
Eq. (2.105) we see that each ξ̂k is written as a sum of O(nq) Pauli-Z gates, each of which are
unitary. The BE Uξ̂k can therefore be constructed with LCU using O(nq log nq) gates and
O(log nq) ancillary qubits.

If fk is a polynomial function, QSVT can prepare the BE Ufk using a constant number

of calls to Uξ̂k . For non-polynomial functions, one can express the function fk(ξ̂k) as a

(potentially infinite) Chebyshev series of the operator ξ̂k, and then use QSVT to construct
the BEs Ufk .

To determine the Chebyshev expansion, we write

∑

j=0

c2jT2j

(
ξ̂k
α

)
=

1

β
fk(ξ̂k) , (3.13)

where α is the scale factor used in the BE of ξ̂k and β normalizes the function fk(ξ̂k) which
can be obtained classically. The upper limit of the sum has been left blank to stress the
series can be a sum of a finite or infinite number of terms. The coefficients c2j can be then
be found using the orthogonality relations of Chebyshev polynomials. The gate complexity
depends on the convergence of the Chebyshev polynomial approximation, and for a degree-d
polynomial the gate complexity is therefore given by using O(d nq log nq). The scale factor

of the BE is β = ∥fk(ξ̂k)∥.
We conclude by pointing out that using φ̂i and π̂i as building blocks to construct a BE

of the Hamiltonian is not a unique choice. One could equivalently use, e.g., φ̂2
i and π̂

2
i , and

modify the Chebyshev polynomial used accordingly. However, because the number of terms,
as well as the length of the largest Pauli string, in φ̂ni (and π̂ni ) scales as O(nnq), using the
simpler building blocks φ̂i and π̂i will result in better asymptotic scaling with nq. We leave
investigations of alternative constructions for future work.

3.3.4 QETU to Block Encode Individual Terms

While QETU was initially proposed to eliminate the need for block encoding in early fault-
tolerant quantum algorithms [118], [101] has investigated its utility for preparing functions
of Hermitian operators, using Gaussian states as an example. Below, we show that QETU
can be utilized for constructing block encodings for Hamiltonians of the form Eq. (3.8).

Preparing BEs using QETU is conceptually similar to using QSVT. Following the pro-
cedure outlined in Fig. 3.1, the building block used is e−iτ ξ̂k , which is the simplest unitary
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operator containing information about ξ̂k. By performing repeated calls to e−iτ ξ̂k , QETU
can prepare a BE of fk(ξ̂k).

The remainder of this section is split into two parts. We first describe the technical
details of using QETU to prepare general matrix functions. From there, we discuss the
computational cost of preparing BEs of fk(ξ̂k).

3.3.4.1 Technical details

We begin by discussing QETU for a general function f(Â) of a Hermitian matrix Â (not
necessarily diagonal) with known eigenvalues Â|aj⟩ = aj|aj⟩, and will specialize to fk(ξ̂k)
later. We will call the minimum and maximum eigenvalues amin and amax, respectively.
QETU allows to start from an implementation of the operator e−iτÂ and implement a BE of
the function F (cos(τÂ/2)). Since one needs to shift the spectrum of the operator τÂ to lie
in the range [0, 2π], we therefore define a shifted operator

Âsh = c1Â+ c21 , (3.14)

where
c1 =

π

amax − amin

, c2 = −c1amin , (3.15)

and require τ ≤ 2. In order to implement the desired function fk(Â)/β (where β is required
to normalize the function to allow a BE), one needs to choose

F(x) =
1

β
f

(
2
τ
arccos(x)− c2

c1

)
. (3.16)

Note that the direct implementation of QETU applies only in cases when F(x) has definite
parity. Since the function in Eq. (3.16) does not generally have definite parity, one would
need LCU to combine even and odd functions together to obtain the general function F (Â).
However, as shown in [101], the need for LCU to add the even and odd pieces can, in certain
cases, be avoided altogether by choosing by choosing τ in such a way as to make F(x) have
definite parity. To see this, note that if one chooses τ = π/c2, the function F(x) becomes

F(x)
∣∣∣
τ=π/c2

=
1

β
f

(
− 2

π

c2
c1

arcsin(x)

)
=

1

β
f

(
2amin

π
arcsin(x)

)
(3.17)

where we have used arcsin(x) = π/2 − arccos(x). Because arcsin(x) has odd parity, the
function F(x) has the same parity as the function f(x). This means that LCU is not required
if the original function fk(Â) one aims to implement has definite parity. Note if τ > 2, this
technique cannot be applied and one must construct the even and odd pieces separately.
Importantly, all operators ξ̂k considered in this work are digitized such that their minimum
and maximum eigenvalues are equal, which implies τ = 2.
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Next, we consider the scale factor β, which is given by β = maxx∈[−1,1] |F (x)|. Using the
fact that arcsin(x) ∈ [−π

2
, π
2
], we can rewrite the scale factor as

β = max
y∈[−amin,amin]

|f(y)| . (3.18)

We will use this to determine the scale factor for the BEs of interest in the next section.
The final observation we make regarding F(x) is that, for general functions f(x), its first

derivative diverges at x = ±1 due to the presence of the arcsin(x) (or arccos(x)) term.
Chebyshev approximations of functions with m continuous derivatives on x ∈ [−1, 1] are
known to converge polynomially to the true function with the typical rate (1/nCh)

m, where
nCh is the number of Chebyshev polynomials used in the approximation [190]. This is to be
contrasted with the exponential convergence of Chebyshev series to infinitely differentiable
functions. If one needed to reproduce F(x) for all x ∈ [−1, 1], this poor convergence could
lead to a large gate cost.

As was shown in [101] this issue can be overcome by exploiting the fact that the spectrum
of the operator Âsh is known exactly and therefore one only has to reproduce F(x) at those
finitely many points. If Âsh is represented using nq qubits, there are O(2nq) such values, and
one can therefore reproduce the function at those points exactly by using O(2nq) Chebyshev
polynomials. In this way, one avoids the poor polynomial convergence of the Chebyshev
expansion, at the cost of introducing an exponential scaling with nq. This exponential
scaling, however, does not pose a problem as long we work with small values of nq and as
previously discussed, this is precisely the case in lattice field theories owing to the fact that
the digitization errors generally decrease exponentially with nq.

3.3.4.2 Cost to prepare block-encodings of bosonic operators

We now describe the cost of using QETU to prepare BEs of fk(ξ̂k), where, again, each
fk is assumed to have even parity. After constructing the shifted operator ξ̂k,sh according to

Eq. (3.14), the building block in the QETU circuit is a simple operator e−iτ ξ̂k,sh . Because
each ξ̂k,sh is still a diagonal operator with evenly spaced eigenvalues (or a Kronecker sum of

two such operators in the case of ξ̂2 ∈ {φ̂i − φ̂j}), they can be written as a sum of O(nq)

single-qubit Pauli-Z gates, and e−iτ ξ̂k,sh can be implemented using only O(nq) single-qubit

Rz gates. A single controlled call to e−iτ ξ̂k,sh therefore requires O(nq) of Rz and CNOT gates.
As discussed, QETU can prepare the BE Ufk exactly using a polynomial of degree equal to
the number of times we sample the function fk.

The operators φ̂i and π̂
(D)
i are sampled 2nq times, implying one must use a degree-O(2nq)

polynomial to reproduce F0(φ̂i) ∼ f0(arcsin(φ̂i)) and F1(π̂
(D)
i ) ∼ f1(arcsin(π̂

(D)
i )) exactly.

Note that one can reduce the degree of the polynomial by a factor of two by exploiting the
fact that the operators are sampled symmetrically about zero and that f0 and f1 are even
functions. Therefore, the asymptotic gate cost of preparing the BEs Uf0 and Uf1 using QETU
is O(nq2

nq), independent of the degree d of the polynomial of f0 and f1. To determine the
scale factor, note that the minimum eigenvalue of φ̂ (π̂) is −φmax (−πmax). Using Eq. (3.18),
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the scale factor for Uf0 (Uf1) is therefore maxx∈[−φmax,φmax] |f0(x)| (maxx∈[−πmax,πmax] |f1(x)|.
For many systems of physical interest, including scalar field theories (considered in Sec. 3.4),
the maximum value of f0, f1 occur at the largest argument they are evaluated. In this
situation, the scale factors for Uf0 and Uf1 are given by the smallest possible values, namely
∥f0(φ̂)∥ and ∥f1(φ̂)∥, respectively.

The final operator we need to block-encode is f2(φ̂i − φ̂j). Because (φ̂j − φ̂i) is a
22nq-dimensional matrix, one would naively expect that O(22nq) Chebyshev polynomials are
needed to exactly reproduce F2(φ̂j − φ̂i) at all the 22nq values it is sampled. However, due
to the symmetric digitization of φ̂, the matrix (φ̂j − φ̂i) only has O(2nq) unique values,
and can be implemented exactly using O(2nq) Chebyshev polynomials. The asymptotic gate
complexity of preparing the BE Uf2 using QETU is therefore O(nq2

nq), independent of the
degree d of the polynomial of f2. Because the minimum eigenvalue of (φ̂j − φ̂i) is −2φmax,
the scale factor is maxx∈[−2φmax,2φmax]. As before, for many physical systems, the scale factor
is given by the minimum value of ∥f2(φ̂i − φ̂j)∥.

Additional gate cost savings can be achieved if one uses the control-free version of QETU
[118]. In practice, doing so reduces the number of Rz gates in the controlled call to e−iτ ξ̂k,sh

by a factor of 2. A detailed procedure for implementing the control-free version of QETU
for diagonal operators can be found in [101].

3.3.5 LOVE-LCU

In the previous section, we showed that, by employing eiτ ξ̂k as a building block, QETU
can be used to construct BEs of fk(ξ̂k) with an asymptotic gate cost O(nq2

nq). In this
section, we study how the cost changes if different building blocks are utilized. First, we will
argue that, in general, it is not possible to eliminate the exponential scaling with nq. With
this fundamental limitation in mind, we show that using more complicated building blocks
can reduce the asymptotic cost to prepare a BE. Specifically, the cost of preparing f(ξ̂k) is
reduced from O(nq2

nq) to O(d2nq), where d is the degree of f . Finally, extending this logic
further, we develop a conceptually simple framework that does not require QETU, and can
prepare BEs of f(ξ̂k) using O(2nq) gates, independent of the degree d of f .

3.3.5.1 Main idea

To begin the discussion, recall that the exponential scaling in nq arises from the need to
work with functions whose derivatives diverge, such as arccos(x) or arcsin(x). This result
generalizes, and any building block that requires working with these functions will exhibit
the same exponential scaling.

To understand what functions fall into this class, consider the general building block

e−iτg(ξ̂k). Using this building block, QETU returns F (cos( τg(ξ̂k)
2

)), which implies that the
function we need to implement using Chebyshev polynomials is F (x) ∼ f(g−1( 2

τ
arccos(x))).

Any function g(x) that results in f(g−1( 2
τ
arccos(x))) having divergent derivatives for x ∈
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[−1, 1] will consequently require O(2nq)-degree Chebyshev polynomials to produce F (x) ex-
actly.

Consider first choosing g(x) = xm for m = {1, 2, . . . }. As was the case with m = 1, the
function F (x) diverges as x = ±1 for, and therefore requires O(2nq) Chebyshev polynomials

to reproduce F (x) exactly. Because each call to e−iτg(ξ̂k) requires O(nmq ) gates, the cost of

preparing a BE of f(ξ̂k) using e−iτg(ξ̂k) as a building block is O(nmq 2
nq).

Consider now using non-polynomial g(x). Further suppose that some g(x) exists (which
we discuss next) that results in F (x) ∼ f(g−1( 2

τ
arccos(x))) being infinitely differentiable.

While this choice may reduce the number of Chebyshev polynomials required, the cost of
implementing e−iτg(ξ̂k) for non-polynomial g(x) is generally O(2nq).

Taken together, these arguments imply that the cost of preparing BEs of fk(ξ̂k) using
QETU generally scales exponentially with nq. With this in mind, the rest of this section
focuses on finding a g(x) that reduces the cost from O(nq2

nq) to O(2nq).

3.3.5.2 Technical details

Our objective is to identify g(x) such that F (x) ∼ f(g−1( 2
τ
arccos(x))) is infinitely dif-

ferentiable. The form of F (x) suggests that g(x) ∼ arccos(x) is a good starting point. The

easiest way to accomplish this is to use the building block e−i2 arccos(ξ̂k/α), where α = ∥ξ̂k∥
to ensure the arccos is well defined. Setting τ = 1 and replacing Â in Theorem 27 with
2 arccos(ξ̂k/α), we observe that the QETU circuit now returns F (ξ̂k/α), which is only a
function of ξ̂k. The procedure for determining the Chebyshev expansion of fk(ξ̂k) is now
identical to that explained in Sec. 3.2.2; degree-d polynomial functions of ξ̂k can be imple-
mented using O(d) controlled calls to e−i2 arccos(ξ̂k/α).

Implementing e−i2 arccos(ξ̂k/α), however, is more complicated than e−iτ ξ̂k . While the oper-
ator arccos(ξ̂k/α) is still diagonal, and can easily be determined classically, it is an infinite
degree Chebyshev polynomial in its argument ξ̂k/α. This implies that its Pauli decomposi-
tion consists of O(2nq) identity and Rz gates [189] and a controlled implementation of the

operator e−i2 arccos(ξ̂k/α) requiresO(2nq) CNOT and Rz gates. On the other hand, constructing
degree-d polynomial functions fk(ξ̂k) out of this building block only requires an additional
multiplicative factor of d, giving an overall asymptotic scaling of O(d2nq).

We thus see that choosing more complicated building blocks, such as e−i2 arccos(ξ̂k/α) which
requires exponential (in nq) resources to implement, can potentially make constructing the

functions fk(ξ̂k) simpler. One such method that we propose in this section, which we call
Linear Operators Via Exponentiation and Linear Combination of Unitaries (LOVE-LCU),

uses e±i arccos(fk(ξ̂k)/β) as a building block. Since

fk(ξ̂k)

β
=

e
i arccos

(
fk(ξ̂k)

β

)
+ e

−i arccos
(

fk(ξ̂k)

β

)
2

, (3.19)
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the construction of fk(ξ̂k) only needs LCU to combine these two terms. This can be imple-
mented using a simple LCU circuit, shown in Fig. 3.6, with prep = H⊗ 1s and

sel = |0⟩⟨0|⊗ e
i arccos

(
fk(ξ̂k)

β

)
+ |1⟩⟨1| ⊗ e

−i arccos
(

fk(ξ̂k)

β

)
. (3.20)

The scale factor β can be chosen as the smallest possible value β = ∥fk(ξ̂k)∥.
The construction of the building block is very similar to before. The operators e±i arccos(fk(ξ̂k)/β)

are diagonal, which can be determined in a straightforward way using classical resources.
It can then be decomposed into Pauli strings containing only the identity or Z-gates; in
general, the decomposition will contain O(2nq) Pauli strings. The circuits for the diagonal

unitary matrices e±i arccos(Â) can then be implemented using at most5 2nq − 1 Rz gates and
2nq − 2 CNOT gates [189], and the entire LOVE-LCU circuit requires O(2nq) gates and a
single ancillary qubit. This gate count can be further reduced by approximating the cir-
cuits for ei arccos Â in a systematic way by dropping rotation gates with small angles [68, 189].
LOVE-LCU can therefore prepare BEs of fk(ξ̂k) with resources that are independent of the
degree d of the function f .

Another advantage of LOVE-LCU is that it is not restricted to BEs of single variables,
but can also be applied to functions of multiple variables, i.e. the gate cost of using LOVE-
LCU to construct a BE of the operator f(φ̂1−φ̂2) is the same as a general function f(φ̂1, φ̂2).
This implies that, instead of preparing BEs of f0(φ̂i), f0(φ̂j) and f2(φ̂i− φ̂j) separately and
then adding them using another layer of LCU, one can directly use LOVE-LCU to prepare
a BE of the sum f0(φ̂i) + f0(φ̂j) + f2(φ̂i − φ̂j).

The cost of LOVE-LCU can be further reduced by exploiting the structured form of
the sel oracle. In particular, sel oracles of the form in Eq. (3.20) can be prepared with
the techniques used in the control-free implementation of QETU. Rather than performing
two controlled calls to e−i arccos(f(ξ̂k/α)), one can construct sel for the cost of a single non-
controlled circuit for e−i arccos(f(ξ̂k/α)) and an additional 2nq CNOT gates; the procedure for
this control-free implementation can be found in Appendix B of [101].

While here we focused on using LOVE-LCU for block encoding diagonal operators, a
similar construction can be applied to general Hermitian operators. The procedure is similar
to the diagonal operator case; for an nq-qubit operator Â, one would evaluate e−i arccos(Â)

classically, and then exactly decompose the unitary operator into O(4nq) gates [149].

3.3.6 Constructing full Hamiltonian Block Encoding and Walk
Operator

The previous sections discussed methods for constructing BEs of local terms in the Hamil-
tonian in Eq. (3.8). In this section, we discuss how to construct a BE of the full Hamiltonian

5If the operator Â has definite parity, for example Â = φ̂n for some polynomial n, then only half
of the Pauli strings will have non-zero coefficients. This can be understood by noting that arccos(x) =
π/2− arcsin(x), which implies that arccos(x) has the same parity of the argument up to an overall constant
shift.
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|0⟩ H H

|ψ⟩ ei arccos Â e−i arccos Â

Figure 3.6: LCU circuit for block encoding of operator Â.

UĤ . Furthermore, we show that there exists a simple operator S satisfying the conditions in
Eqs. (2.46a) and (2.46b), which can be used to construct the walk operator WĤ while avoid-
ing the large overall prefactor when using the general qubitization procedure in Ref [109].
Here we only provide a high-level procedure; the detailed proofs are given in App. B.1.

For this discussion, we write the Hamiltonian in the general form Ĥ =
∑

ℓ Ĥℓ, where Ĥℓ is

a local term in the full Hamiltonian Ĥ that it is diagonalized by an efficiently implementable
unitary (see Eq. (3.2)). Each Ĥ

(D)
ℓ is then given by

Ĥ
(D)
ℓ = fkℓ(ξ̂kℓ) (3.21)

The BE of the full Hamiltonian UĤ is constructed using a standard LCU procedure to add
BEs of local terms UĤℓ

. We denote by χℓ the number of gates required to construct a given
UĤℓ

, and define χsite = maxℓ χℓ. Using LCU to add each of the O(NΛ) local BEs UĤℓ
requires

O(logNΛ) ancillary qubits, the register of which we denote by aΛ. Since the local terms
fkℓ(ξ̂kℓ) for a given kℓ all have identical coefficients, the prep oracle will have a relatively
simple circuit implementation and will be sub-leading in the asymptotic gate cost. The sel
oracle is given by sel =

∑
ℓ |ℓ⟩⟨ℓ| ⊗ UĤℓ

, where each UĤℓ
is controlled on O(logNΛ) qubits,

each requiring O(χsite logNΛ) gates. The gate cost of the full sel oracle, and therefore the
gate cost of constructing UĤ , is O(χsiteNΛ logNΛ).

We now describe how to construct the walk operator WĤ in a way that avoids the
expensive general qubitization procedure in [109]. The first step is to determine operators S
for individual BEs UĤℓ

constructed using the methods in this work. Using this information,
we then identify an S that can be used to construct WĤ from the BE UĤ .

As shown in detail in App. B.1, for BEs UĤℓ
constructed using QSVT or QETU for even

polynomials, WĤℓ
can be constructed by choosing S to be a single Z-gate acting on the

signal and control qubit, respectively; this is due to the highly symmetric structure of QSVT
and QETU circuits. Turning to LOVE-LCU, choosing S to be a single Z-gate acting on the
ancillary qubit in the LOVE-LCU circuit also satisfies the relations in Eq. (2.46) necessary
to construct WĤj

. To see this, first observe that Z|0⟩ = |0⟩, which implies that Eq. (2.46a)

is automatically satisfied. If we denote by UA the circuit in Fig. 3.6, setting U = ei arccos Â,
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we see

(Z⊗ 1s)UA
= (HX⊗ 1s)

(
|0⟩⟨0| ⊗ U + |1⟩⟨1| ⊗ U †

)
(H⊗ 1s)

= (H⊗ 1s)
(
|1⟩⟨1| ⊗ U + |0⟩⟨0| ⊗ U †

)
(XH⊗ 1s)

= U †
A(Z ⊗ 1s),

(3.22)

where we have used the relations ZH = HX, X|0⟩⟨0| = |1⟩⟨1|X and X|1⟩⟨1| = |0⟩⟨0|X, which
satisfies the relation in Eq. (2.46b).

The BE UĤ for the full Hamiltonian is constructed using LCU to combine local BEs
UĤℓ

, which, for BE methods used in this work, share a common S operator. By using a
specific qubit organization of the individual UĤℓ

’s, these properties imply that WĤ for the
full Hamiltonian can be constructed from UĤ using the same common operator S, namely a
single Z-gate. In particular, each UĤℓ

shares the same ancillary qubit register, denoted by a;

if each UĤj
uses n

(j)
anc ancillary qubits, then the register a contains na = maxj(n

(j)
anc) qubits.

Additionally, we make the choice that, if n
(j)
anc < na for some j, the ancillary qubits used to

construct UĤℓ
are a0, a1, . . . , an(j)

anc−1
. Under these assumptions, it is shown in App. B.1 that

WĤ can be constructed by choosing S to be a single Z, specifically S = 1aΛ ⊗ (Z⊗ 1)a⊗1s.
We conclude by stressing that this simple construction of WĤ is applicable to situations

where one uses different methods to prepare different local BEs UĤℓ
. This implies that one

is free to choose the BE method that results in the lowest gate cost for each individual term
UĤℓ

.

3.4 Numerical demonstration

In Sec. 3.3 we described three main methods to block encode each local Hamiltonian Ĥℓ,
and provided the dependence of the required resources on the number of qubits nq and degree
of the polynomial of fk. We did mention at the beginning of that section that some methods
come with large pre-factors, which are not captured by the asymptotics provided. In this
section we provide a more detailed numerical analysis of the resources required, including all
required prefactors. Such an analysis requires making a detailed choice of the Hamiltonian,
and we apply our techniques to the example of a scalar field theory Hamiltonian. Next,
we compare the explicit gate cost of preparing BEs of local terms in the Hamiltonian using
the methods described in Sec. 3.3. We then use the BE with lowest resource requirements
and obtain explicit gate counts for using GQSP to time evolve a both a single and two-site
system, and compare the cost to time evolution using 2nd and 4th order product formulas.

We consider a hypercubic lattice Λ of spatial dimension d and lattice spacing a. The
Hamiltonians we consider can be written (using the notation from Sec. 3.3.1) as follows:

Ĥ = Ĥφ + Ĥπ , (3.23a)
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Ĥφ = ad




NΛ∑

i=1

V (φ̂i) +
∑

⟨ij⟩

(φ̂j − φ̂i)
2

2a2


 , (3.23b)

Ĥπ = ad
NΛ∑

i=1

1

2
π̂2
i = ad

NΛ∑

i=1

1

2
F̂T

†
i

(
π̂
(D)
i

)2
F̂Ti , (3.23c)

where V (φ̂i) denotes the potential function. In this work, we consider the following potentials

V1 (φ̂i) =
m2

2
φ̂2
i +

λ

4!
φ̂4
i , (3.24)

V2 (φ̂i) = g cos(φ̂i) , (3.25)

where V1(φ̂i) is the standard φ4 scalar field theory potential, and the periodic potential
V2(φ̂i) is relevant for dual basis formulations of compact U(1) gauge theories [90, 91], and a
mixed-basis formulation of SU(2) gauge theory [93]. Setting the lattice spacing a = 1, the
functions fk(ξ̂k) for this Hamiltonian are

f
(1)
0 (φ̂i) = V1(φ̂i) =

m2

2
φ̂2
i +

λ

4!
φ̂4
i , (3.26a)

f
(2)
0 (φ̂i) = V2(φ̂i) = g cos(φ̂i) , (3.26b)

f1(π̂i) = (π̂
(D)
i )2 , (3.26c)

f2(φ̂i − φ̂j) =
1

2
(φ̂j − φ̂i)

2 . (3.26d)

For all numerical results shown in this section, we set m = 1, λ = 32 and g = 1. To
obtain the gate counts we use the basis gate-set containing CNOT, Rx, and Rz gates. There
are several options for compiling multicontrolled gates. One choice is to use ancillary qubits
as in [151] and then compile the resulting circuit down into CNOT, Rx, and Rz gates using,
e.g., QISKIT transpilers. Another choice is to exploit the fact that all multicontrolled gates
required for this work are diagonal matrices, which implies they can be compiled down into
Rz and CNOT gates using the Walsh function formalism [189]. For the circuits studied
in this work, we found that the latter choice resulted in smaller total gate counts, with
significant reductions in some cases. All prep oracles are implemented using QISKIT’s
exact state preparation algorithm. After compiling multicontrolled gates in this way, the
final gate count in terms of CNOT, Rx and Rz gates is obtained using QISKIT transpiler
with optimization level 1.

Following the discussion in Sec. 3.3, the scale factor for f
(1)
0 (φ̂i), f1(π̂i), and f2(φ̂i − φ̂j)

is the same for all BE methods considered (see App. B.3 for a derivation of the scale factors
when using standard LCU). Furthermore, the associated scale factors are given by their

minimum values. As explained in more detail in App. B.3, the same is not true for f
(2)
0 =

g cos(φ̂); using standard LCU techniques results in a value of the scale factor ∼ 30% larger
than optimal. However, as we will show, LOVE-LCU has exponentially better complexity
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in nq compared to standard LCU, and this slight difference in scale factor does not change
our qualitative findings.

Fig. 3.7 shows the number of rotation gates and ancillary qubits required to construct
BEs of the functions in Eq. (3.26). Plots of CNOT gate counts are shown in App. B.2.

Considering first constructing BEs of f
(1)
0 (φ̂i) and f1(π̂

(D)
i ), we find that, despite the

asymptotically inefficient scaling with nq, using LOVE-LCU requires the fewest rotation
gates for nq ≲ 11; for nq = 4 qubits, LOVE-LCU requires only 13 rotation gates. For
nq ≳ 11, due to the linear scaling with nq, using QSVT requires the fewest rotation gates.
However, because digitization errors typically decrease exponentially with nq [91, 97], realistic
quantum simulations will not require so large a value of nq, implying that in some cases of
practical interest LOVE-LCU will require the fewest rotation gates. Furthermore, QSVT
requires O(log nq) ancillary qubits, while LOVE-LCU requires only a single ancillary qubit.

We now turn to preparing a BE of f2(φ̂i− φ̂j). Because this operator acts on two lattice
sites and is of dimension 22nq , the relative cost of the different methods are fundamentally
different than the single qubit operators. In particular, the asymptotic gate cost of LOVE-
LCU is now O(22nq), which is the worst of all methods. Despite this fact, LOVE-LCU
requires the fewest rotation gates for nq ≤ 5. For nq > 5, using either QSVT or QETU
with e−iτ φ̂ as a building block requires fewer gates than LOVE-LCU, with QSVT being the
cheapest due to the O(nq log nq) asymptotic gate count scaling.

Because using nq ∼ 5 is a much more realistic value for quantum simulations, it appears
at first glance that using QSVT is the best method to prepare a BE of f2(φ̂i− φ̂j). However,
LOVE-LCU has the advantage that it can prepare BEs of arbitrary 2nq-qubit Hermitian
operators for the same computational cost. This implies that one could use LOVE-LCU to
prepare a BE of, e.g., f

(0)
0 (φ̂1)+ f

(0)
0 (φ̂2)+ f2(φ̂1− φ̂2), for the same cost as just f2(φ̂1− φ̂2).

The same is not true for QSVT or the QETU based methods, which would require one to
first prepare a BE of f

(0)
0 (φ̂1), f

(0)
0 (φ̂2), and f2(φ̂1 − φ̂2), and then add these operators using

LCU. A comparison using different methods to prepare BE of the two-site Hamiltonian

Ĥ(2)
φ = f

(0)
0 (φ̂1) + f

(0)
0 (φ̂2) + f2(φ̂1 − φ̂2)

=
2∑

j=1

(
1

2
m2φ̂2

j +
λ

4!
φ̂2
j

)
+

1

2
(φ̂1 − φ̂2)

2 (3.27)

is shown in Fig. 3.8. Due to the need for an additional layer of LCU, we see that the cost of
QSVT and QETU based methods has increased relative to standard LCU and LOVE-LCU
methods; LOVE-LCU is now the best method for nq ≲ 6, with QSVT requiring almost
identical rotation gate counts for nq = 6.

The final operator we study is cos(φ̂). Using Â = cos(φ̂) is a special case of LOVE-LCU;
the sel oracle reduces to

sel = |0⟩⟨0| ⊗ e−iφ̂ + |1⟩⟨1| ⊗ eiφ̂, (3.28)

which can be implemented using the control-free procedure using 2nq of CNOT gates and
nq of Rz gates. While using QETU with e−iτ φ̂ can also achieve an asymptotic gate count of
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Figure 3.7: Rotation gate count and number of ancillary qubits required to block encode
local bosonic operators. The top left, top right, bottom left, and bottom right plots show
resource requirements to block encode 1

2
π̂2, m

2
φ̂2 + λ

4!
φ̂4, 1

2
(φ̂1 − φ̂2)

2, g cos(φ̂), respectively,
for m = 1, λ = 32, g = 1. Different colored and shaped data points correspond to different
methods to prepare the BE. Points with the same number of ancillary qubits have been
shifted slightly for clarity. For the single-site operators π̂2 and 1

m
φ̂2 + λ

4!
φ̂4, LOVE-LCU

requires the fewest rotation gates for nq ≤ 11. For the two-site operator 1
2
(φ̂1− φ̂2)

2, LOVE-
LCU requires the fewest rotation gates for nq < 6. LOVE-LCU constructs a BE of cos(φ̂)
using the fewest gates for all nq.



CHAPTER 3. BLOCK ENCODING BOSONS BY SIGNAL PROCESSING 85

101

102

103

104

R
ot

at
io

n
G

at
es

Ĥ
(2)
ϕ

Standard LCU

QSVT

QETU: e−iτfk(ξ̂k)

QETU: e−i2arccos(fk(ξ̂k))

LOVE LCU

(1, 2) (2, 4) (3, 6) (4, 8) (5, 10) (6, 12) (7, 14)
(nq, 2nq)

0

5

n
an

c

Figure 3.8: Rotation gate count and number of ancillary qubits required to block encode the
two site Hamiltonian Ĥ

(2)
φ in Eq. (3.27). Different colored and shaped data points correspond

to different methods to prepare the BE. Points with the same number of ancillary qubits
have been shifted slightly for clarity. While QSVT and QETU based methods require using a
final layer of LCU to add the local BEs f

(0)
0 (φ̂1), f

(0)
0 (φ̂2), f2(φ̂1− φ̂2), LOVE-LCU does not.

For this reason, LOVE-LCU requires only a single ancillary qubit. This advantage also leads
to LOVE-LCU outperforming all other methods for nq ≲ 6; for nq > 6, QSVT outperforms
other methods due to the relative exponentially improved asymptotic scaling.
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O(nq), it will have a larger overall prefactor in the cost. Because cos(x) is an infinite degree
polynomial, QSVT (or QETU using e−i2 arccos(φ̂/α) as the building block), can only prepare
approximate BEs of cos(φ̂); while one can use the efficient Jacobi-Anger expansion to do
this, one must use a polynomial of degree d = O(∥φ̂∥ + log(1/ϵ)) = O(2nq/2 + log(1/ϵ)) to
approximate to error O(ϵ). Since cos(φ̂) is a sum of O(2nq) Pauli strings, the asymptotic
gate cost of using LCU to BE cos(φ̂) requires O(nq2

nq) gates. From this discussion, we see
that using LOVE-LCU has both the best asymptotic gate scaling as well as the smallest
overall prefactor due to the simplicity of the sel oracle. A comparison of the gate counts as
a result of using either LOVE-LCU and standard LCU to prepare a BE of cos(φ̂) is shown
in the bottom right plot in Fig. 3.7; LOVE-LCU can prepare a BE of cos(φ̂) for nq = 12
using 18 rotation gates and a single ancillary qubit.

We now turn to the problem of simulating time evolution, considering both 2nd and
4th order PFs, and GQSP where the BE was constructed using LOVE-LCU. We study
the gate cost to construct the time evolution operator as a function of the evolution time
t and error ϵ; the error is defined as ϵ = ∥U(t) − Uϵ(t)∥, where U(t) is the exact time
evolution operator calculated using numerical exponentiation, and Uϵ(t) is the approximate
time evolution operator calculated using GQSP or PFs. Here we only show the rotation gate
counts; CNOT gate counts are given in App. B.2.

The first system we study is the singe-site Hamiltonian

Ĥ(1) = F †f1(π̂
(D))F + f

(0)
0 (φ̂)

=
1

2
π̂2 +

1

2
m2φ̂2 +

λ

4!
φ̂4.

(3.29)

Fig. 3.9 shows the number of rotation gates as a function of t and ϵ for nq = 3. We find that
GQSP requires less rotation gates compared to using PFs for errors as large as ϵ ≲ 10−2,
which improves upon the work in [114] and Chapter 2 by ∼ 5 orders of magnitude; the
majority of the savings leading to this significant improvement are a factor of ∼ 13 gate
reduction in the construction of controlled calls to WH , and a factor of two gate reduction
from using GQSP as opposed to standard QSP. Another notable observation is that, in the
region of error ϵ where using GQSP outperforms PFs, the 2nd order PF outperforms the
4th order PF. This is due to the fact that the 4th order PF has not yet reached a small
enough value of ϵ for the expected (1/ϵ)1/4 scaling to take effect. While GQSP algorithms
are typically thought of as appropriate in the era of full fault-tolerance, our result for the
single-site system suggests that for certain systems post-Trotter methods can outperform
the PF-based ones sooner than expected.

To better understand how the relative costs change with the number of lattice sites, we
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Figure 3.9: Rotation gate count as a function of error ϵ and simulation time t for simulating
time-evolution of the single-site Hamiltonian in Eq. (3.29). The blue, orange, and green
surfaces show results calculated using a 2nd order PF, a 4th order PF, and GQSP where the
BE was constructing using LOVE-LCU. For t = 10, GQSP outperforms 2nd and 4th order
PFs for ϵ ≲ 10−2 and ϵ ≲ 2× 10−2, respectively.

now consider the two-site Hamiltonian

Ĥ(2) =
2∑

j=1

[
F †
j f1(π̂

(D)
j )Fj + f

(0)
0 (φ̂j)

]
+ f2(φ̂1 − φ̂2)

=
2∑

j=1

(
1

2
π̂2
j +

1

2
m2φ̂2

j +
λ

4!
φ̂2
j

)
+

1

2
(φ̂1 − φ̂2)

2 .

(3.30)

Fig. 3.10 shows the number of rotation gates as a function of t and ϵ for nq = 3. We see that
GQSP now outperforms 2nd and 4th order PFs for ϵ ≲ 5× 10−5 and ϵ ≲ 10−7, respectively.
While this result suggests one should use PFs for larger lattice sizes, it is likely that significant
reductions in the GQSP gate count can be achieved by applying system specific optimizations
for compiling the final LCU sel and prep oracles. Such gate reductions could make GQSP
competitive with PFs for larger errors, and is an interesting direction for future work.

3.5 Discussion and Conclusion

In this work, we presented several new methods for preparing BEs for particular formu-
lations of bosonic lattice field theories. The methods presented in this work relied on two
properties of such digitizations, namely the simplicity of the local operators φ̂, π̂(D), and the
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Figure 3.10: Rotation gate count as a function of error ϵ and simulation time t for simulating
time-evolution of the two-site in Eq. (3.30). The blue, orange, and green surfaces show results
calculated using a 2nd order PF, a 4th order PF, and GQSP where the BE was constructing
using LOVE-LCU. For t = 10, GQSP outperforms 2nd and 4th order PFs for ϵ ≲ 5 × 10−6

and ϵ ≲ 1× 10−7.

fact that only a small number of qubits per site nq are required to achieve the digitization
errors necessary for realistic simulations.

Exploiting the simplicity of local operators φ̂ and π̂(D), we showed that QSVT can prepare
BEs of degree d functions of local terms in the Hamiltonian using O(dnq log nq) gates. For
polynomial functions with fixed degree d (relevant for simulating φ̂4 scalar field theories), this
QSVT based method scales asymptotically as O(nq log nq) and improves upon the methods
in [191] (see Table 3.2 for a comparison), and is identical to the scaling of preparing BEs of
operators of the form ∼ (φ̂i − φ̂j)

2 in [192].
Next, we considered construction of BEs with the aid of the QETU algorithm. While the

simple operator e−iτ φ̂ is a natural building block for QETU circuits, because QETU generally
requires approximating functions with discontinuous derivatives, we found that high degree
polynomials are required to prepare BEs to a high precision. This poor convergence was
overcome by exploiting the fact that the spectrum of the local operators are known exactly,
and one can use QETU to prepare exact BEs by reproducing the function only at those
values, which requires O(nq2

nq) gates. Despite this technically inefficient scaling with nq,
through explicit circuit constructions, we found that, due to QSVT having a relatively large
prefactor in the gate cost, QETU outperforms QSVT for small values of nq. The comparison
of different BEs considered in this work is summarized in Table 3.1.

Motivated by the observation that algorithms with inefficient scaling in nq can require
the fewest gates, we developed the conceptually simple LOVE-LCU approach. LOVE-LCU
can prepare BEs of arbitrary Hermitian operators Â acting on nq qubits using only two
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Operator
Complexity
from [191]

Complexity
from QSVT

φ̂iφ̂j O(nq) O(nq log nq)
φ̂2 O(n2q) O

(
nq log nq

)

π̂2 O(n2q) O
(
nq log nq

)

φ̂4 O(n2q) O
(
nq log nq

)

Table 3.2: Comparison of complexities to block-encode terms for NΛ = O(1) sites in scalar
field theory Hamiltonian. The second column are complexities based on [191] which uses a
“comparator” operator to reduce the complexity of LCU operations; The third column is
the relevant QSVT method described in Sec. 3.3 (taking polynomials of degree d ≤ 4).

controlled calls to e−i arccos(Â), requiring a single ancillary qubit and O(2nq) (O(4nq)) gates for
diagonal (non-diagonal) operators. Our numerical investigations demonstrated that LOVE-
LCU outperforms all other methods for preparing BEs of operators acting on ≲ 11 qubits,
at which point QSVT wins due to its relative exponentially improved gate scaling, albeit
requiring more ancillary qubits than LOVE-LCU.

Our findings indicate that, while understanding asymptotic gate complexities can serve
as a useful guide, explicit numerical investigations are essential to compare different BE
techniques for a specific application as their performance depends heavily on the considered
Hamiltonian, problem size, and desired precision. We note that one can view the different
approaches to BEs considered in this work as belonging to the same family of QSP-based
methods but with different building blocks, which thus change the functions of interest
and their implementations. We observe that methods utilizing asymptotically inefficient
building blocks can potentially outperform the asymptotically optimal ones in practically
relevant regimes.

In addition to developing new methods for constructing BEs using these techniques, we
also developed methods for efficiently constructing the walk operator WĤ , required for using
QSP-based methods for Hamiltonian simulation. In particular, when BEs of local terms are
constructed using any of the new methods presented in this work, and the full Hamiltonian
is then constructed using a final LCU procedure to add these local BEs, the walk operator
can be constructed as in Eq. (2.45) where S is a single Z-gate. Using GQSP combined with
LOVE-LCU, we found that, for a single site anharmonic oscillator, GQSP outperforms PF
methods for errors as small as ϵ ∼ 10−2, which is ∼ 5 orders of magnitude improved relative
to previous work [114]. Note that because PF methods have better asymptotic scaling with
the number of lattice sites than GQSP [114], the error threshold at which GQSP outperforms
PFs is expected to be lower for larger lattice sizes. To better understand how the relative
cost changes with the number of lattice sites, we studied the two-site system and found that
GQSP now outperforms PF methods for errors ϵ ∼ 10−7. This dramatic change, however,
likely stems (at least in part) from using a compiler that is agnostic to the structure of the
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system studied, emphasizing the need for system specific circuit optimizations.
While we performed numerical gate count studies for a scalar field theory Hamiltonian,

our methods can be directly applied to other bosonic theories formulated in terms of conju-
gate operators, including compact formulations of U(1) LGTs [91, 188] and the mixed-basis
formulation of SU(2) LGT in [93]. Our methods can also be applied to LGTs that are not
formulated in terms of conjugate variables, including the standard Kogut-Susskind Hamilto-
nian and Loop-String-Hadron formulations [76, 77, 78, 79]. Notably, this includes situations
in which the Hamiltonian operator is non-local, i.e., contains an exponential number of Pauli
operators. For example, the Hamiltonian operator of the gauge-fixed U(1) LGT [90, 91, 135,
136, 188] includes a term of the form cos

(∑N
j Bj

)
, where the magnetic field operator at site

j, Bj, is analogous to the field operator φ̂. While this operator is a sum of a number of
Pauli strings exponential in the number of lattice sites, it can be readily encoded via the
LOVE-LCU construction in Fig. 3.6 with a cost linear in the number of sites; this exponential
reduction in cost allows one to avoid the usage of costly sparse oracle routines. More gen-
erally, the methods discussed in this work could be useful for block encoding Hamiltonians
involving operator functions of multiple variables. One potential application is the first-
quantized chemistry Hamiltonians, which can expressed in terms of position and derivative
operators, such as 1/r and ∂2x, acting on fermionic wavefunctions.

Our work leads naturally to several interesting research directions. Regarding using
QETU with e−iτ φ̂sh as a building block, it was found in [101] that limiting the spectrum of
φ̂sh to be in the range [η, π−η] and varying η allowed one to approximate Gaussian functions
∼ e−φ̂

2
to a precision ϵ using only log(nq log(1/ϵ)) gates. The same is not true, however, for

polynomial operators of the form φ̂n considered in this work; as η → π/2 the scale factor of
the BE goes to zero, leading to a significant increase in the cost of Hamiltonian simulation.
It would be interesting to see if the method of varying η can achieve a O(nq log(1/ϵ)) scaling
for other functions that do not diverge for large argument, some relevant physical examples
being central potentials of the form 1/r, or 1/r6 and 1/r12 which appear in the Lennard-Jones
potential, see for instance [192].

With an eye towards fault tolerance, it is essential to compile the circuits down to metrics
suitable for the error correction protocols (e.g., T-gate counts) to assess the relative cost of
the methods in this work. The QETU-based methods and LOVE-LCU inherently require
the use of rotation gates, which implies they likely come with a large prefactor in the T-gate
count. These methods, however, may serve useful for partial-fault tolerant implementations
where only Clifford gates are implemented in a fault-tolerant manner, and rotation gates
are implemented in a non-fault-tolerant way [193]. The QSVT-based methods are generally
expected to require less T-gates, as one can use unary-LCU methods to reduce the cost of the
sel oracle, and the methods in [191] to construct a BE of φ̂ avoiding the need for T-gates in
the prep oracle. It would be interesting to do a dedicated T-gate study using a combination
the QSVT method in this work and the efficient T-gate constructions in Refs. [130, 191].

While the total T-gate count is usually considered for the total cost of a fault-tolerant
simulation (see for instance [64, 133]), there have been suggestions that another possible
metric is instead T-gate depth [194]. This is similar in spirit to Amdahl’s Law in classical
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computing, which states that the maximum possible speedup from parallelizing one’s code
is limited by components of the code that must be executed sequentially. In other words,
Amdahl’s Law describes the time a code takes to run in the limit of access to infinitely many
classical computing nodes (barring communication time). By asking the same question in
the context of using several fault-tolerant quantum computing nodes, T-gate depth is the
metric for how parallelizable a circuit is. In scenarios where T-gate depth is the relevant
cost, reductions in the depth of preparing BEs can be achieved using the modified LCU
procedure in [195]. Using this or similar procedures, it is possible to imagine that the depth
of constructing a BE of geometrically local Hamiltonians can be reduced to constant in
the number of lattice sites. Such a method would result in the depth of QSP-based time
evolution methods scaling linearly in the volume, which outperforms the volume scaling of
the depth of PF based methods for geometrically local systems [106].

We conclude by pointing out that, while further improvements can likely be made within
the paradigm of preparing BEs via QSP-based methods, dramatic reductions in the gate
count will likely require considering new paradigms. Although our focus has been on con-
structing BEs using LCU for QSP-based time evolution, which typically requires long coher-
ent circuits and full fault tolerance, our methods can be adapted for simulations relying solely
on LCU with approaches like the Truncated Taylor Series [165]. To make these simulations
more suitable for noisy intermediate-scale quantum (NISQ) devices, one promising direc-
tion is to explore recently developed randomized near-term implementations of LCU [196,
197], which could be combined with our constructions to enable more practical quantum
simulations in the near term. Another promising avenue is to combine Trotter-based meth-
ods with near-optimal time evolution techniques [196, 198, 199], potentially leveraging the
strengths of both approaches for improved efficiency. Additionally, the developing field of
multi-variable QSP methods [184, 200, 201, 202, 203, 204] (this general class of methods
includes multi-variable QETU), which leverages the structure of lattice field theories written
as sums of many commuting variables, could result in significant cost reductions.



92

Chapter 4

Truncation Uncertainties for Accurate
Quantum Simulations of Lattice
Gauge Theories

4.1 Introduction

The large potential for quantum simulation and the recent development of noisy quantum
computers has led to a large amount of work exploring how to use these devices to perform
simulations. Lattice gauge theories with a number of different gauge groups in 1 + 1D have
been simulated on quantum computers [46, 65, 66, 67, 70, 71, 180, 205, 206, 207, 208, 209,
210, 211, 212, 213, 214, 215, 216, 217, 218, 219, 220, 221, 222, 223, 224, 225, 226, 227, 228,
229, 230]. Limited simulations have been performed in higher spatial dimensions [45, 61, 62,
68, 231, 232, 233, 234, 235, 236, 237, 238, 239]. This is due to gauge fields having continuous
degrees of freedom and quantum computers having finite, discrete degrees of freedom. This
challenge is not present in 1 + 1D since Gauss’s law can be used to integrate out gauge
fields, leaving only fermions, which have a finite Hilbert space. This leads to long-range
interactions; however, the range of this interaction can be truncated due to the exponential
decay of correlations in low-energy states [71]. Mapping the gauge fields in higher dimensions
onto quantum computers requires a truncation of the gauge fields. For the standard Kogut–
Susskind Hamiltonian, a number of approaches have been developed, including electric basis
truncations [32, 49, 60, 61, 62, 69, 76, 77, 78, 79, 80, 81, 166, 239, 240, 241, 242, 243, 244,
245, 246, 247, 248, 249], discrete subgroups [82, 83, 84, 85, 86, 87, 250, 251, 252, 253], and
hybrid electric/magnetic bases [91, 92, 93, 94, 254, 255, 256]. Alternatives to the usual
Kogut–Susskind Hamiltonian have also been developed, such as quantum link models [88,
89, 257, 258, 259, 260] and orbifold lattice gauge theory [17, 95, 96], which are conjectured
to have QCD as their continuum limit.

Ultimately, simulations capable of making predictions with precision will need to have
controllable uncertainties. This will have contributions from both the hardware and the
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theoretical formulation of the simulation. The effects of a finite lattice spacing can be
estimated using the same Symanzik action approach used in traditional lattice QCD [261].
This formalism can also be used to understand the error coming from discrete (possibly
Trotterized) time steps [113, 123]. Recent work has developed the formalism necessary for
estimating finite volume errors in a generic correlation function computed on a quantum
computer [74]. The truncation of the gauge fields will also contribute to the theoretical
uncertainty. Several works have shown a fast convergence of energy eigenstates with field
truncation for a number of different theories [49, 51, 62, 80, 97, 145, 262, 263, 264, 265,
266]. For scalar field theories, the exponential convergence is a reflection of the Nyquist-
Shannon sampling theorem [97], however a similar mechanism for non-Abelian gauge theories
has not yet been identified. Previous work has shown that truncation errors in dynamics
converge exponentially fast, provided one uses a truncation that grows linearly with time [75].
However, it is essential to have tight estimates of the truncation error, as overestimating
errors will unnecessarily delay quantum simulations of scientific importance. In this work,
the presence of Hilbert space fragmentation in the Kogut–Susskind Hamiltonian is used to
obtain estimates of the truncation error for truncations in the electric basis. These error
estimates do not require the truncation to grow with time to maintain accuracy and go to
zero as a factorial in the size of the truncated link Hilbert space. Numerical simulations
are performed for the Schwinger model and a pure U(1) lattice gauge theory on a plaquette
ladder. These simulations show that the error estimates in this work correctly capture the
dynamics of lattice gauge theories.

The work presented in this chapter is based on [119]

4.2 Truncation Errors in Pure Gauge Theories

We begin this section by introducing the U(1) lattice gauge theory on a single plaquette
which will serve as a motivating example for the subsequent sections. The Hamiltonian is
given by

Ĥ = 2g2Ê2 +
1

2g2

(
2− □̂− □̂†

)
(4.1)

Ê =
∞∑

n=−∞
n |n⟩ ⟨n| (4.2)

□̂ =
∞∑

n=−∞
|n⟩ ⟨n+ 1| , (4.3)

where Ê is the electric operator and the states |n⟩ are the eigenstates of Ê that form the
standard electric basis of the Kogut-Susskind Hamiltonian. □̂ + □̂† is the plaquette term
which for a single plaquette connects electric basis states that differ by one unit of electric
flux. We note that the methods in the following sections apply more generally beyond just
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the U(1) theory as we will discuss. We will use U(1) as a concrete example to demonstrate
our methods.

4.2.1 Eigenstate Truncation Errors

To motivate why improvements in truncation error are expected to be possible, tradi-
tional perturbation theory will be applied to eigenstates of truncated Hamiltonians. We
will consider a Hamiltonian, Ĥ, defined on a single bosonic mode with basis states given by
|0⟩ , |1⟩ , |2⟩ , . . . that are eigenstates of a number operator (similar to the electric basis states
for the single plaquette U(1) theory) and assume that the terms in the Hamiltonian do not
change the boson number by more than 1, i.e. ⟨n+ k| Ĥ |n⟩ = 0 for k > 1. For a lattice
gauge theory, this would be analogous to a theory with a single plaquette and no matter.
A truncated Hamiltonian, ĤΛ, can be defined by removing the off-diagonal elements of Ĥ
above some truncation Λ. Explicitly, the relation between the truncated and untruncated
Hamiltonian is given by

Ĥ = ĤΛ + V̂Λ , (4.4)

where ⟨n| Ĥ |n⟩ = ⟨n| ĤΛ |n⟩ ∀n, ⟨n| Ĥ |k⟩ = ⟨n| ĤΛ |k⟩ if both n, k ≤ Λ, and ⟨n| ĤΛ |k⟩ =
0 otherwise. We note that by this construction, time evolution under ĤΛ preserves the
truncated Hilbert space. We denote the eigenstates and energies of the full Hamiltonian by
|ψn⟩ and En, and the eigenstates and energies of the truncated Hamiltonian by

∣∣ψΛ
n

〉
and

EΛ
n . Thus

|ψn⟩ =
∣∣∣ψΛ

n

〉
+
∣∣∣δψΛ

n

〉

∣∣∣δψΛ
n

〉
=
(
1−

∣∣∣ψΛ
n

〉〈
ψΛ
n

∣∣∣
) 1

En − ĤΛ

V̂Λ |ψn⟩

En − EΛ
n =

〈
ψΛ
n

∣∣∣ V̂Λ
∣∣∣δψΛ

n

〉
(4.5)

where
〈
ψΛ
n

∣∣ ∣∣δψΛ
n

〉
= 0. Using standard perturbation theory, the leading order correction to

|ψn⟩ is given by1
∣∣∣δψΛ

n

〉
=
∑

m>Λ

|m⟩ ⟨m| V̂Λ
∣∣ψΛ

n

〉

EΛ
n − ⟨m| ĤΛ |m⟩

. (4.6)

Since V̂Λ can only change the boson number by at most 1 and the state
∣∣ψΛ

n

〉
only has support

within the truncated Hilbert space, only m = Λ+1 survives in the sum. Furthermore, since
|Λ⟩ is the only state within the truncated Hilbert space that is connected to |Λ + 1⟩ by V̂Λ,
we can insert |Λ⟩ ⟨Λ| to write

∣∣∣δψΛ
n

〉
= |Λ + 1⟩ ⟨Λ + 1| V̂Λ |Λ⟩ ⟨Λ|

∣∣ψΛ
n

〉

EΛ
n − ⟨Λ + 1| ĤΛ |Λ + 1⟩

. (4.7)

1Note that |ψn⟩ is not normalized to 1, but when expanding perturbatively, correcting this will only
contribute at higher orders in perturbation theory.
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We note that the magnitude of this correction term is controlled by the quantity ϵΛ defined
as follows:

ϵΛ :=

∣∣∣⟨Λ + 1| V̂Λ |Λ⟩
∣∣∣

∣∣∣EΛ
n − ⟨Λ + 1| ĤΛ |Λ + 1⟩

∣∣∣
. (4.8)

The RHS of Eq. (4.7) depends on the overlap of the truncated eigenstate with the bosonic
mode corresponding to the largest bosonic number kept in the truncated Hilbert space. To
determine the scaling as the truncation is raised, we can determine this overlap by expanding
perturbatively around a lower truncation Λ0. First, we note that

⟨Λ0 + 1| |ψn⟩ = ⟨Λ0 + 1|
∣∣∣ψΛ0

n

〉
+ ⟨Λ0 + 1|

∣∣∣δψΛ0
n

〉
(4.9)

= ⟨Λ0 + 1|
∣∣∣δψΛ0

n

〉
(4.10)

=
⟨Λ0 + 1| V̂Λ0 |Λ0⟩ ⟨Λ0|

∣∣ψΛ0
n

〉

EΛ0
n − ⟨Λ0 + 1| ĤΛ0 |Λ0 + 1⟩

, (4.11)

where the second equality follows from the fact that ψΛ0
n only has support on {|0⟩ , |1⟩ , . . . , |Λ0⟩}

and the third equality follows from Eq. (4.7). We also have that that

⟨Λ0 + 1| |ψn⟩ = ⟨Λ0 + 1|
∣∣∣ψΛ0+1

n

〉
+ ⟨Λ0 + 1|

∣∣∣δψΛ0+1
n

〉
= ⟨Λ0 + 1|

∣∣∣ψΛ0+1
n

〉
(4.12)

since Eq. (4.7) implies that
∣∣δψΛ0+1

n

〉
∝ |Λ0 + 2⟩. Putting this together, we thus have that

⟨Λ0 + 1| |ψn⟩ = ⟨Λ0 + 1|
∣∣∣ψΛ0+1

n

〉
=

⟨Λ0 + 1| V̂Λ0 |Λ0⟩ ⟨Λ0|
∣∣ψΛ0

n

〉

EΛ0
n − ⟨Λ0 + 1| ĤΛ0 |Λ0 + 1⟩

. (4.13)

Similarly, it is true that

⟨Λ0 + 2|
∣∣∣ψΛ0+2

n

〉
(4.14)

=
⟨Λ0 + 2| V̂Λ0+1 |Λ0 + 1⟩ ⟨Λ0 + 1|

∣∣ψΛ0+1
n

〉

EΛ0+1
n − ⟨Λ0 + 2| ĤΛ0+1 |Λ0 + 2⟩

(4.15)

= ⟨Λ0|
∣∣∣ψΛ0

n

〉
· ⟨Λ0 + 2| V̂Λ0+1 |Λ0 + 1⟩
EΛ0+1
n − ⟨Λ0 + 2| ĤΛ0+1 |Λ0 + 2⟩

· ⟨Λ0 + 1| V̂Λ0 |Λ0⟩
EΛ0
n − ⟨Λ0 + 1| ĤΛ0 |Λ0 + 1⟩

(4.16)

= ⟨Λ0|
∣∣∣ψΛ0

n

〉
· ⟨Λ0 + 2| V̂Λ0 |Λ0 + 1⟩
EΛ0+1
n − ⟨Λ0 + 2| ĤΛ0 |Λ0 + 2⟩

· ⟨Λ0 + 1| V̂Λ0 |Λ0⟩
EΛ0
n − ⟨Λ0 + 1| ĤΛ0 |Λ0 + 1⟩

(4.17)

≈ ⟨Λ0|
∣∣∣ψΛ0

n

〉
· ⟨Λ0 + 2| V̂Λ0 |Λ0 + 1⟩
EΛ0
n − ⟨Λ0 + 2| ĤΛ0 |Λ0 + 2⟩

· ⟨Λ0 + 1| V̂Λ0 |Λ0⟩
EΛ0
n − ⟨Λ0 + 1| ĤΛ0 |Λ0 + 1⟩

(4.18)
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where we have treated ϵΛ0 as a small parameter, and the approximate equality above is to
leading order in ϵΛ0 (since Eqs. (4.5) and (4.7) taken together imply that EΛ0+1

n − EΛ0
n =

O(ϵ2Λ0
)). Continuing this process, we can compute ⟨Λ0 + 3|

∣∣ψΛ0+3
n

〉
, ⟨Λ0 + 4|

∣∣ψΛ0+4
n

〉
, and so

on to leading order until we reach the target truncation of Λ. We thus arrive at the following
result:

⟨Λ|
∣∣∣ψΛ

n

〉
= ⟨Λ0|

∣∣∣ψΛ0
n

〉 Λ−1∏

k=Λ0

⟨k + 1| V̂Λ0 |k⟩
EΛ0
n − ⟨k + 1| ĤΛ0 |k + 1⟩

(4.19)

to leading order. Therefore, the leading corrections to the states and energies at a truncation
of Λ are

∣∣∣δψΛ
n

〉
= |Λ + 1⟩ ⟨Λ0|

∣∣∣ψΛ0
n

〉 ⟨Λ + 1| V̂Λ |Λ⟩
EΛ
n − ⟨Λ + 1| ĤΛ |Λ + 1⟩

Λ−1∏

k=Λ0

⟨k + 1| V̂Λ0 |k⟩
EΛ0
n − ⟨k + 1| ĤΛ0 |k + 1⟩

(4.20)

En − EΛ
n =

1

EΛ
n − ⟨Λ + 1| ĤΛ0 |Λ + 1⟩

×

∣∣∣∣∣∣
⟨Λ0|

∣∣∣ψΛ0
n

〉
⟨Λ| V̂Λ0 |Λ + 1⟩

Λ−1∏

k=Λ0

⟨k + 1| V̂Λ0 |k⟩
EΛ0
n − ⟨k + 1| ĤΛ0 |k + 1⟩

∣∣∣∣∣∣

2

(4.21)

Treating ϵΛ0 as a small parameter is valid when
∣∣∣⟨Λ0 + 1| V̂Λ0 |Λ0⟩

∣∣∣ is small compared to∣∣∣EΛ0
n − ⟨Λ0 + 1| ĤΛ0 |Λ0 + 1⟩

∣∣∣. For Kogut-Susskind formulations of lattice gauge theory Hamil-

tonians we note that the electric energy gap grows quadratically with the size of the repre-
sentation whereas the plaquette matrix elements are bounded, which makes treating ϵΛ0 as a
small parameter a better and better approximation as we increase the target truncation past
Λ0 assuming Λ0 is chosen to be large enough. For the corrections Eq. (4.20) to systematically
decrease as the truncation is raised, it is necessary for the energy of the eigenstate to be
below ⟨Λ0| ĤΛ0 |Λ0⟩. For such low energy states, where EΛ0

n ≪ ⟨k + 1| ĤΛ0 |k + 1⟩, the size

of the corrections will scale as O
(∏

n<Λ

⟨n+1|V̂Λ0
|n⟩

⟨n+1|ĤΛ0
|n+1⟩

)
.

We can make this argument more concrete for the case of U(1) on a single plaquette. We
split up the Hamiltonian shown in Eq. (4.2) as follows:

Ĥ = ĤΛ + V̂Λ , (4.22)

with

ĤΛ = 2g2Ê2 +
1

2g2

(
2− □̂Λ − □̂†

Λ

)

□̂Λ =
Λ−1∑

n=−Λ+1

|n⟩ ⟨n+ 1|
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V̂Λ = − 1

2g2

∑

|n|≥Λ

|n⟩ ⟨n+ 1|+ h.c. . (4.23)

This implies that for k ≥ Λ0 we have

⟨k + 1|V̂Λ0 |k⟩ = − 1

2g2

⟨k + 1|ĤΛ0 |k + 1⟩ = 2g2(k + 1)2 . (4.24)

Thus, the product shown in Eq. (4.20) becomes

Λ−1∏

k=Λ0

1

4g4(k + 1)2
= O

(
1

(Λ!)2

)
. (4.25)

This expansion is valid for eigenstates where

ϵΛ0 =
1

2g2EΛ0
n − 4g4(Λ0 + 1)2

, (4.26)

is a small parameter. For a theory with a boson creation operator and number operator in
the Hamiltonian, we have that

⟨k + 1|V̂Λ0|k⟩ ∝
√
k + 1

⟨k + 1|ĤΛ0 |k + 1⟩ ∝ k + 1 , (4.27)

and hence the the product shown in Eq. (4.20) becomes

Λ−1∏

k=Λ0

1√
k + 1

= O
(

1√
Λ!

)
. (4.28)

Note that these expressions were derived for a theory with a single bosonic mode, but it is
expected that the general scaling of the truncation corrections should hold for larger systems
since the scalings are determined by local properties of the Hamiltonian.

4.2.2 Time Dependent Truncation Errors with Fragmented
States

4.2.2.1 Single Plaquettes

The results of the previous section show that truncation errors in eigenstates go to zero as
a factorial of the field truncation, but do not provide quantitative estimates of the truncation
error. In this section, it will be shown how time-dependent perturbation theory can be used to
estimate truncation errors quantitatively. In the authors’ previous work, it was demonstrated
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that the Kogut–Susskind Hamiltonian generically demonstrates Hilbert space fragmentation
(HSF) [122]. This is due to the quadratic nature of the electric energy terms, leading to
large gaps in the spectrum for states with large electric fields. This will allow us to apply a
strong coupling expansion to the dynamics of states with these large electric fields. In the
following discussion, a single plaquette will be considered, allowing the entire state of the
system to be specified by the electric field on a single link. Note that while errors in the
time evolution will be estimated here, the results in this section can be used to estimate
contributions to eigenstates by using an adiabatic switching procedure, such as the one used
in the proof of the Gellmann-Low theorem [267]. The results of estimating truncation errors
in such a manner are consistent with the previous section. Explicitly, to study the evolution
of a state

∣∣ϕ(t)
〉
, define the interaction picture state

∣∣ϕI(t)
〉
by

∣∣ϕ(t)
〉
= e−iĤΛt

∣∣ϕI(t)
〉
, (4.29)

where we assume
∣∣ϕ(0)

〉
only has support on basis states with electric field below Λ. The

state
∣∣ϕI(t)

〉
satisfies

∣∣ϕI(t)
〉
=
∣∣ϕ(0)

〉
− i

∫ t

0

dt0 e
iĤΛt0V̂Λe

−iĤΛt0
∣∣ϕI(t0)

〉
. (4.30)

By repeatedly substituting
∣∣ϕI(t)

〉
into this equation, one can generate a series for

∣∣ϕI(t)
〉

in powers of V̂Λ. In particular, we have that

∣∣ϕI(t)
〉
=
∣∣ϕ(0)

〉
− i

∫ t

0

dt0 e
iĤΛt0V̂Λe

−iĤΛt0

(
∣∣ϕ(0)

〉
− i

∫ t0

0

dt1 e
iĤΛt1V̂Λ

∣∣ϕI(t1)
〉
)

(4.31)

=
∣∣ϕ(0)

〉
− i

∫ t

0

dt0 e
iĤΛt0V̂Λe

−iĤΛt0
∣∣ϕ(0)

〉
+O(V̂ 2

Λ ) (4.32)

Thus,

(e−iĤt − e−iĤΛt)
∣∣ϕ(0)

〉
= e−iĤΛt(

∣∣ϕI(t)
〉
−
∣∣ϕ(0)

〉
) (4.33)

= −ie−iĤΛt

∫ t

0

dt0 e
iĤΛt0V̂Λe

−iĤΛt0
∣∣ϕ(0)

〉
(4.34)

= −ie−iĤΛt |Λ + 1⟩
∫ t

0

dt0 e
i⟨Λ+1|ĤΛ|Λ+1⟩t0 ⟨Λ + 1| V̂Λ |Λ⟩ ⟨Λ| e−iĤΛt0

∣∣ϕ(0)
〉

(4.35)

to leading order. To determine the size of this expression, the behavior of ⟨Λ| e−iĤΛt0
∣∣ϕ(0)

〉

needs to be understood. For Λ large enough for fragmentation to occur, the phase of this
term will be dominated by the diagonal piece of the Hamiltonian so we can approximate
⟨Λ| e−iĤΛt0

∣∣ϕ(0)
〉
≈ c e−i⟨Λ|ĤΛ|Λ⟩t0 where c is a slowly varying function with |c|2 ≤ 1. With

this approximation, we can evaluate this integral and find

∣∣∣(e−iĤt − e−iĤΛt)
∣∣ϕ(0)

〉∣∣∣ ≈ | ⟨Λ + 1| V̂Λ |Λ⟩ |
∣∣∣∣∣

∫ t

0

dt0e
i(⟨Λ+1|ĤΛ|Λ+1⟩−⟨Λ|ĤΛ|Λ⟩)t0

∣∣∣∣∣ (4.36)
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= | ⟨Λ + 1| V̂Λ |Λ⟩ |
∣∣∣∣∣

ei(⟨Λ+1|ĤΛ|Λ+1⟩−⟨Λ|ĤΛ|Λ⟩)t − 1

⟨Λ + 1| ĤΛ |Λ + 1⟩ − ⟨Λ| ĤΛ |Λ⟩

∣∣∣∣∣ (4.37)

≤ 2 · | ⟨Λ + 1| V̂Λ |Λ⟩ |
⟨Λ + 1| ĤΛ |Λ + 1⟩ − ⟨Λ| ĤΛ |Λ⟩

. (4.38)

The above calculation is valid provided that we truncate at least at the first electric field
strength, Λ0, where HSF occurs. As in the previous section, the perturbative expansion
performed here is valid when ϵΛ0 is small where

ϵΛ0 =
| ⟨Λ0 + 1| V̂Λ0 |Λ0⟩ |

⟨Λ0 + 1| ĤΛ0 |Λ0 + 1⟩ − ⟨Λ0| ĤΛ0 |Λ0⟩
. (4.39)

However, in practice, we will likely truncate at some Λ > Λ0 and in this case, we can
instead use time-dependent perturbation theory to compute the leading contribution to
⟨Λ| e−iĤΛt0

∣∣ϕ(0)
〉
. Restricting

∣∣ϕ(0)
〉
to only have support on basis states with electric field

below Λ0, we start by performing a Dyson series expansion as follows

e−iĤΛt0
∣∣ϕ(0)

〉
= e−iĤΛ0

t0

∞∑

N=0

(−i)N
∫ t0

0

dt1

∫ t1

0

dt2· · ·
∫ tN−1

0

dtN (4.40)

×
(
V̂Λ0,I(t1)V̂Λ0,I(t2) . . . V̂Λ0,I(tN)

) ∣∣ϕ(0)
〉
, (4.41)

where we have defined

V̂Λ0,I(ti) := eiĤΛ0
ti(ĤΛ − ĤΛ0)e

−iĤΛ0
ti . (4.42)

We note that for the truncation levels accessed in these nested integrals, it is true that

V̂Λ0,I(ti) = eiĤΛ0
tiV̂Λ0e

−iĤΛ0
ti = eiĤΛtiV̂Λe

−iĤΛti . (4.43)

Since each application of (ĤΛ − ĤΛ0) changes the boson number by at most 1, setting
N = Λ − Λ0 results in the leading order contribution to Eq. (4.40). Plugging this into the
RHS of Eq. (4.34), we obtain

(e−iĤt−e−iĤΛt)
∣∣ϕ(0)

〉
= −ie−iĤΛt

∫ t

0

dt0 e
iĤΛt0V̂Λe

−iĤΛt0(−i)Λ−Λ0

×
∫ t0

0

dt1

∫ t1

0

dt2· · ·
∫ tΛ−Λ0−1

0

dtΛ−Λ0V̂Λ0,I(t1)V̂Λ0,I(t2) . . . V̂Λ0,I(tΛ−Λ0)
∣∣ϕ(0)

〉
(4.44)

to leading order. This expression consists of integrals of exponentials with phases set by the
change in energy from applying V̂Λ or V̂Λ0 . These integrals can be explicitly evaluated as a
function of t, using the fact that the operator V̂Λ0 only acts on electric basis states |n⟩ with
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n ≥ Λ0 and for those states the Hamiltonian ĤΛ0 is diagonal. In particular, the leading
order action of V̂Λ0,I(tj) on a basis state |Λ− j⟩ is given by

V̂Λ0,I(tj) |Λ− j⟩ = ⟨Λ− j + 1| V̂Λ |Λ− j⟩ ei(⟨Λ−j+1|ĤΛ|Λ−j+1⟩−⟨Λ−j|HΛ|Λ−j⟩)tj |Λ− j + 1⟩
(4.45)

:= ⟨Λ− j + 1| V̂Λ |Λ− j⟩ ei(EΛ−j+1−EΛ−j)tj |Λ− j + 1⟩ , (4.46)

and thus the norm of the LHS from Eq. (4.44) becomes

∣∣∣(e−iĤt − e−iĤΛt)
∣∣ϕ(0)

〉∣∣∣ (4.47)

=

∣∣∣∣∣∣

∫ t

0

dt0e
i(EΛ+1−EΛ)t0· · ·

∫ tΛ−Λ0−1

0

dtΛ−Λ0e
i(EΛ0+1−EΛ0)tΛ−Λ0

Λ∏

k=Λ0

⟨k + 1|V̂Λ|k⟩

∣∣∣∣∣∣
(4.48)

=

∣∣∣∣∣∣∣∣

Λ∑

k=Λ0

(
e−i⟨Λ+1|ĤΛ|Λ+1⟩t − e−i⟨k|HΛ|k⟩t

) Λ+1∏

l=Λ0
l ̸=k

1

⟨k|HΛ|k⟩ − ⟨l|HΛ|l⟩

∣∣∣∣∣∣∣∣
. (4.49)

These bounds will be independent of what the initial state was, provided that the initial
state only has support on basis states with electric fields below Λ0.

In practice, one needs to be able to estimate Λ0. A rough way of doing this is to pick Λ0

so that the leading order contribution to the leakage error from Eq. (4.34) is smaller than 1.
To make this discussion concrete, we will apply these results to estimate errors in the

truncated simulation of a single plaquette in a U(1) lattice gauge theory. In particular, using
Eq. (4.24), we find that

∣∣∣(e−iĤt − e−iĤΛt)
∣∣ϕ(0)

〉∣∣∣ =

∣∣∣∣∣∣∣∣

(
1

2g2

)2(Λ+1−Λ0) Λ∑

k=Λ0

(
e−i2g

2(Λ+1)2t − e−i2g
2k2t
) Λ+1∏

l=Λ0
l ̸=k

1

k2 − l2

∣∣∣∣∣∣∣∣
×
∣∣cΛ0 |Λ + 1⟩+ c−Λ0 |−Λ− 1⟩

∣∣ , (4.50)

where c±Λ0 are the slowly varying norms of ⟨±Λ| e−iĤΛtΛ0

∣∣ϕ(0)
〉
. Defining the leakage am-

plitude by

L(g,Λ,Λ0, T ) = maxt<T

∣∣∣∣∣

∫ t

0

dt0e
i(EΛ+1−EΛ)t0 · · ·

∫ tΛ−Λ0−1

0

dtΛ−Λ0e
i(EΛ0+1−EΛ0)tΛ−Λ0

∣∣∣∣∣ (4.51)

= maxt<T

∣∣∣∣∣∣∣∣

Λ∑

k=Λ0



(
e−i2g

2(Λ+1)2t − e−i2g
2k2t
) Λ+1∏

l=Λ0
l ̸=k

1

k2 − l2




∣∣∣∣∣∣∣∣
, (4.52)
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where T is the maximum simulation time, the leading error in the truncated state is thus at
most ∣∣∣(e−iĤt − e−iĤΛt)

∣∣ϕ(0)
〉∣∣∣ ≤ 2L(g,Λ,Λ0, T )

(
1

2g2

)Λ−Λ0+1

. (4.53)

To get an idea of how this scales, we can place an upper bound on L(g,Λ,Λ0, T ). In
particular, we note that each of the nested integrals from the integral representation of
L(g,Λ,Λ0, T ) can be bounded as

∣∣∣∣∣

∫ tj−1

0

dtje
i(EΛ−j+1−EΛ−j)

∣∣∣∣∣ ≤
2

EΛ−j+1 − EΛ−j
=

1

g2(2(Λ− j) + 1)
, (4.54)

and thus we have that

L ≤
Λ∏

k=Λ0

1

g2(2k + 1)
=

(
1

g2

)Λ−Λ0+1
(2Λ0 − 1)!!

(2Λ + 1)!!
. (4.55)

Note that this is a loose bound as it neglects destructive interference between many fast
oscillating phases in the actual value of the integral. Regardless, this predicts that the
leading error due to truncation converges as a factorial and is time-independent.

To understand the performance of these error estimates, we apply these techniques to
estimate the error in the expectation of the electric energy Ê2. Using the leading correction
to the states, it can be seen that the leading error in the expectation of the electric energy is

∣∣∣⟨ϕ| eiĤtÊ2e−iĤt |ϕ⟩ − ⟨ϕ| eiĤΛtÊ2e−iĤΛt |ϕ⟩
∣∣∣ ≤ 2(Λ+1)2

(
1

4g4

)Λ−Λ0+1

L(g,Λ,Λ0, T )
2 (4.56)

We can now compare this bound against the numerical calculation of this expectation values.
Ê2 was measured as a function of time for a single plaquette with g = 0.5 and maximum
evolution time of T = 30. The evolution with Λ = 20 was treated as the exact evolution
and was compared to the evolution with lower truncations. The maximum error in the
expectation of Ê2 achieved when beginning in different electric basis states, |n⟩, is shown
in Fig. 4.1. As this figure shows, the bound on the error from Eq. (4.56) correctly upper
bounds the actual error for all of these initial states. Note that the bound becomes tighter
for initial states with larger electric energies.

4.2.2.2 Comparison to Previous Work

Previous work has derived resource estimates for bosonic theories through a combina-
tion of rigorous upper bounds on the Dyson series expansion in an interaction picture and
constraints from energy conservation [75]. To understand how the current work compares
to these results, we will study the analytic bounds of this previous work for the evolution
of the electric vacuum state on a single plaquette with a U(1) gauge field. Note that these
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Figure 4.1: Maximum error in the expectation of Ê2 as a function of time on a single
plaquette with g = 0.5 and a max evolution time of T = 30. The blue, green, and purple
lines correspond to using different electric basis states as the initial state. The red curve is
the error bound in Eq. (4.56), computed using Λ0 = 4.

techniques apply to larger system sizes, but for comparison, we will restrict to a single pla-
quette. The previous bounds on truncation errors were derived by placing upper bounds
on the expectation of Π̂n = |n⟩ ⟨n| as a function of time. These leakage bounds were then
turned into a bound on error in the time evolution operator due to truncation.

One starts from the expectation value of the full Hamiltonian in the electric vacuum
|0⟩, which by energy conservation has to be time invariant. Working again with a U(1)
pure gauge theory, the total energy is always greater than the electric energy; one therefore
obtains

⟨0| Ĥ |0⟩ = ⟨0| eiĤtĤe−iĤt |0⟩ = 1

g2
. (4.57)

Since both the electric and magnetic terms in the Hamiltonian are positive definite, we can
bound the total energy from above by the electric energy

⟨0| eiĤtĤe−iĤt |0⟩ ≥ ⟨0| eiĤtĤEe
−iĤt |0⟩ = 2g2 ⟨0| eiĤtÊ2e−iĤt |0⟩ , (4.58)

Using the expression of the electric operator in Eq. (4.2), we can bound the electric energy
from above by the contributions of a single bosonic state |Λ⟩ such giving

⟨0| eiĤtÊ2e−iĤt |0⟩ ≥ Λ2 ⟨0| eiĤtΠ̂Λe
−iĤt |0⟩ . (4.59)
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Combining everything together, we obtain the bound

1

g2
≥ 2g2Λ2 ⟨0| eiĤtΠ̂Λe

−iĤt |0⟩ , (4.60)

or

⟨0| eiĤtΠ̂Λe
−iĤt |0⟩ ≤ 1

2g4Λ2
, (4.61)

for all times t. Note that for a larger lattice, similar volume-independent bounds can be
derived for translationally invariant states.

For short times, a time-dependent bound can be derived by upper-bounding the error
in a Dyson series expansion. Explicitly, one works in the interaction picture where the free
part of the Hamiltonian is given by 2g2Ê2. The Hamiltonian in the interaction picture is
then given by

ĤI(t) = − 1

2g2

∑

n

ei2g
2t(2n+1) |n+ 1⟩ ⟨n|+ h.c. . (4.62)

Denoting the electric vacuum evolved in the interaction picture by
∣∣ϕI(t)

〉
, the expectation

of the projector Π̂Λ is given by

⟨0| eiĤtΠ̂Λe
−iĤt |0⟩ =

∣∣∣⟨Λ| e−iĤt |0⟩
∣∣∣
2

=
∣∣∣⟨Λ|

∣∣ϕI(t)
〉∣∣∣

2

. (4.63)

The Dyson series expansion is generated by inserting
∣∣ϕI(t)

〉
recursively into the equation

∣∣ϕI(T )
〉
=
∣∣ϕI(0)

〉
− i

∫ T

0

dt ĤI(t)
∣∣ϕI(t)

〉
. (4.64)

The quantity ⟨Λ|
∣∣ϕI(t)

〉
only receives a non-zero contribution from the Λ-th order which is

given by

⟨Λ|
∣∣ϕI(t)

〉
= (−i)Λ

∫ t

0

dt1

∫ t1

0

dt2 · · ·
∫ tΛ−1

0

dtΛĤI(t1)ĤI(t2) · · · ĤI(tΛ)
∣∣ϕI(tΛ)

〉
. (4.65)

Since the spectral norm of HI(t) is bounded by

∣∣∣
∣∣HI(t)

∣∣
∣∣∣ ≤ 1

g2
, (4.66)

the magnitude of this overlap is upper bounded by

∣∣∣⟨Λ|
∣∣ϕI(t)

〉∣∣∣ ≤
∣∣∣
∣∣HI(t)

∣∣
∣∣∣
Λ
∫ t

0

dt1

∫ t1

0

dt2 · · ·
∫ tΛ−1

0

dtΛ =
tΛ

g2ΛΛ!
. (4.67)
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We therefore find

⟨0| eiĤtΠ̂Λe
−iĤt |0⟩ ≤ t2Λ

g4ΛΛ!2
. (4.68)

Similar techniques can be used to show

∣∣∣Π̂Λe
−iĤtΠ̂Λ−∆

∣∣∣ ≤ t∆

g2∆∆!
. (4.69)

These results are referred to as short-time bounds, as at long times they will exceed the
bound derived from energy conservation.

Time dependent bounds that are valid for longer times were also derived by inserting
intermediate projectors and bounding individual terms in the sum. For example, one can
consider adding one intermediate projector, defining

Π̂>Λ =
∑

|n|>Λ

|n⟩ ⟨n|

Π̂≤Λ =
∑

|n|≤Λ

|n⟩ ⟨n| . (4.70)

This allows to derive

∣∣∣Π̂Λe
−iĤtΠ̂Λ−∆1−∆2

∣∣∣ =
∣∣∣∣Π̂Λe

−iĤ(t−t1)
(
Π̂>Λ−∆1 + Π̂≤Λ−∆1

)
e−iĤt1Π̂Λ−∆1−∆2

∣∣∣∣

≤
∣∣∣Π̂>Λ−∆1e

−iĤt1Π̂Λ−∆1−∆2

∣∣∣+
∣∣∣Π̂Λe

−iĤ(t−t1)Π̂≤Λ−∆1

∣∣∣

≤ t∆2
1

g2∆2∆2!
+

(t− t1)
∆1

g2∆1∆1!
, (4.71)

and t1 can be chosen to minimize this expression. To obtain a long-term bound for the
expectation value ⟨0| eiĤtΠ̂Λe

−iĤt |0⟩ one can insert up to Λ projectors and optimize over
the intermediate times. These are referred to as long-time bounds as they take longer to
saturate the bound from energy conservation.

In summary, the work of [75] derived three types of bounds, namely time-independent
bounds based on energy conservation, as well as time-dependent bounds valid at short and
longer times. These can be combined into a more optimal time-dependent bound, by taking
their minimum. To determine the tightness of the resulting bound, the time evolution of the
electric vacuum state will be simulated numerically. Note that

⟨0| eiĤtΠ̂Λe
−iĤt |0⟩ ≤

∣∣∣Π̂Λe
−iĤtΠ̂0

∣∣∣
2

, (4.72)

so these bounds directly translate to bounds on the expectation of operators. The electric
vacuum was evolved under a Hamiltonian with a truncation of Λ = 20 and g = 0.5. The solid
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Figure 4.2: Evolution of the electric vacuum state on a single plaquette. Numerical sim-
ulations were performed with a maximum electric field of 20 and g = 0.5. The left panel
shows the expectation of Π̂Λ for various values of Λ as a function of time t. The solid curves
are the exact time evolution, and the dashed lines are the rigorous long-time bounds. The
right panel shows the maximum of the expectation of Π̂Λ for the simulated time evolution.
The blue curve is the exact result, the green curve is the bound from energy conservation,
and the red curve is the leading contribution to the expectation obtained by calculating
L(g,Λ,Λ0, T ) with Λ0 = 4.

lines in the left panel of Fig. 4.2 show the exact time evolution of the expectation of Π̂Λ and
the dashed lines show the bounds as derived above (the minimum of the three approaches
discussed). As this figure shows, the long-time bounds quickly saturate and overestimate
the expectation of Π̂Λ. The figure on the right shows the behavior of the maximum of
the expectation value of the projection operator taken over large times, as a function of
the truncation Λ. In blue we show the result from the numerical simulation, which shows
that the maximum expectation for Λ = 10 is below 10−13. The green curve is the result
of [75] derived in this section, which clearly overestimates the true value by many orders
of magnitude. We also show in red the new results of this work, which were derived in the
previous section. One can see that these results provide a much tighter bound.

As discussed in [75], the bounds derived in that work imply that to guarantee that∣∣∣⟨k + Λ| e−iĤt |k⟩
∣∣∣ is less than 0.01 for g =

√
3 for a maximum evolution time of t = 8 would

require a cutoff satisfying Λ > 100. On the other hand, using the upper bound derived in this

work for L(g,Λ,Λ0, T ), given in Eq. (4.55), one estimates that
∣∣∣⟨k + Λ| e−iĤt |k⟩

∣∣∣ < 6×10−308

for these parameters. This shows in a pretty dramatic fashion how much tighter the bounds
derived in this work are. To verify this claim numerically, the evolution of the electric
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Figure 4.3: Evolution of the electric vacuum state on a single plaquette. Numerical sim-
ulations were performed with a maximum electric field of 20, g =

√
3, and a maximum

evolution time of t = 8. The blue curve is the maximum of the expectation of Π̂Λ during
this evolution. The green points are the leading contribution to the expectation obtained by
calculating L(g,Λ,Λ0, T ) with Λ0 = 0.

vacuum on a single plaquette was simulated for g =
√
3 and a maximum evolution time of

t = 8. Fig. 4.3 shows the maximum value reached by the expectation of Π̂Λ during this
time evolution and the predicted maximum for the perturbative calculation done in this
work. As this figure shows, the predicted maximum is in good agreement with the numerical
simulation, indicating the tightness of the bounds derived in this work.

The bounds obtained in [75] are extremely loose due to the bounds being computed by
applying the triangle inequality to upper-bound the Dyson series expansion. The Dyson
series consists of a sum over many oscillating phases, and the actual physics of the system
comes from how these phases constructively or destructively interfere. As the triangle in-
equality removes these phases, it should not be surprising that these bounds fail to come
remotely close to the qualitative behavior of the system. The estimate for the maximum of
Π̂Λ obtained using the strong coupling expansion appears to fall off at the same rate as the
actual system, but is still a loose overestimate. This is because the strong coupling expansion
cannot be applied to states with small electric fields, and the amplitude for leakage into the
fragmented sector of the theory was upper-bounded by 1.
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4.2.3 Extension to Larger Systems

To extract new predictions from simulations of lattice gauge theories on quantum com-
puters, it is necessary to simulate lattices with more than one plaquette and have estimates
of the errors due to truncations of the gauge fields. This can be done using similar techniques
to the single plaquette case. We will write the Hamiltonian for the untruncated theory, Ĥ, as
a sum of the truncated Hamiltonian, ĤΛ, plus a sum over V̂ x⃗

Λ which contains all off-diagonal
couplings for electric fields above the truncation Λ for the plaquette at position x⃗, explicitly

Ĥ = ĤΛ +
∑

x

V̂ x⃗
Λ . (4.73)

Following the same approach as Section 4.2.2.1, the leading correction to the truncated
evolution is given by

(e−iĤt − e−iĤΛt)
∣∣ϕ(0)

〉
=
∑

x⃗

−ie−iĤΛt

∫ t

0

ds eiĤΛsV̂ x⃗
Λ e

−iĤΛs
∣∣ϕ(0)

〉
. (4.74)

The quantity V̂ x⃗
Λ e

−iĤΛs
∣∣ϕ(0)

〉
can be estimated to leading order by applying time dependent

perturbation theory in the fragmented subspace as before to give at leading order

(e−iĤt − e−iĤΛt)
∣∣ϕ(0)

〉
(4.75)

= −ie−iĤΛt
∑

x⃗

∫ t

0

dt0 e
iĤΛt0V̂ x⃗

Λ e
−iĤΛt0(−i)Λ−Λ0

∫ t0

0

dt1e
iĤΛ0

t1V̂ x⃗
Λ0
e−iĤΛ0

t1

×
∫ t1

0

dt2e
iĤΛ0

t2V̂ x⃗
Λ0
e−iĤΛ0

t2 · · ·
∫ tΛ−Λ0+1

0

dtΛ−Λ0e
iĤΛ0

tΛ−Λ0 V̂ x⃗
Λ0
e−iĤΛ0

tΛ−Λ0

∣∣ϕ(0)
〉
. (4.76)

As before, the integrand in this expression consists of phases given by changes in energy from
applying V̂ x⃗

Λ0
or V̂ x⃗

Λ . These changes in energy can be approximated by the change in electric
energy. This gives the leading corrections to the state vector and can be used to evaluate the
leading error in the expectation of observables. Note that at leading order, local observables
will only have errors coming from the V̂ x⃗

Λ terms that share support with the observable.
To make this discussion concrete, the truncation error on the expectation value of an

operator will be estimated for a pure U(1) lattice gauge theory on a plaquette chain. The
Hamiltonian is given by

Ĥ =
∑

l

g2

2
Ê2
l +

∑

p

1

2g2

(
2− □̂p − □̂†

p

)
, (4.77)

where the sum over l corresponds to summing over all links on the lattice and the sum over p
corresponds to summing over all plaquettes on the lattice. This Hamiltonian can be gauge-
fixed so gauge-invariant states are given by specifying the electric field on a single plaquette
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per link [122]. The gauge-fixed Hamiltonian is given by

Ĥ =
∑

p

{
g2
[
Ê2
p +

1

2

(
Êp − Êp+1

)2]
+

1

2g2

(
2− □̂p − □̂†

p

)}

Êp =
∞∑

np=−∞
np
∣∣np
〉 〈
np
∣∣

□̂p =
∞∑

np=−∞

∣∣np
〉 〈
np + 1

∣∣ , (4.78)

and for a chain of length L the electric basis states are given by |n1, n2, · · ·nL⟩. The operator
we will choose for this example will be the electric energy on the four links of a given
plaquette, and for concreteness we choose the time-dependent expectation value of Ê2

p . This
operator will receive contributions from plaquette p, as well as the neighboring plaquettes
p ± 1. This implies that the truncation errors can be estimated using a 3 plaquette chain,
with a generic state given by |n1, n2, n3⟩. To simplify the notation in the calculation, only
the error from the truncation on positive electric fields will be estimated (the contribution
from negative electric fields will only contribute a factor of 2).

To start, we write as before

∣∣ϕ(0)
〉
=

∑

n1,n2,n3≤Λ0

cn1,n2,n3 |n1, n2, n3⟩ . (4.79)

Following similar steps as before, the time-evolved perturbation can be written as

eiĤΛ0
tV̂

(2)
Λ0
e−iĤΛ0

t
∣∣ϕ(0)

〉
=

−1

2g2

∑

n1,n3

cn1,Λ0,n3e
itg2(4Λ0−n1−n3+2) |n1,Λ0 + 1, n3⟩ . (4.80)

Defining the function

An,m(g,Λ,Λ0, T ) =

( −i
2g2

)Λ−Λ0+1 Λ∏

k=Λ0

∫ tk+1

0

dtk e
ig2(4k−n−m+2)tk , (4.81)

with T ≡ tΛ+1 the correction to the state vector is therefore given by

(e−iĤt − e−iĤΛt)
∣∣ϕ(0)

〉
=
∑

n,m

An,m(g,Λ,Λ0, t)cn,Λ0,m |n,Λ + 1,m⟩ . (4.82)

Combining this, we obtain the correction to the expectation of the electric energy on the
center plaquette (Ê2

2),

⟨ϕ| eiĤtÊ2
2e

−iĤt |ϕ⟩ − ⟨ϕ| eiĤΛtÊ2
2e

−iĤΛt |ϕ⟩
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=
∑

n,m≤Λ0

∣∣An,m(g,Λ,Λ0, t)
∣∣2
[
(Λ + 1)2

∣∣cn,Λ0,m

∣∣2 +m2
(∣∣cΛ0,m,n

∣∣2 +
∣∣cn,m,Λ0

∣∣2
)]

.

(4.83)

Using the fact that
∑

n1,n2,n3≤Λ0

∣∣cn1,n2,n3

∣∣2 = 1, the error can be upper bounded by

∣∣∣⟨ϕ| eiĤtÊ2
2e

−iĤt |ϕ⟩ − ⟨ϕ| eiĤΛtÊ2
2e

−iĤΛt |ϕ⟩
∣∣∣ ≤

maxτ<t

{
(Λ + 1)2

∣∣An,m(g,Λ,Λ0, τ)
∣∣2 : n,m ≤ Λ0

}

+ 2maxτ<t

{
n2
∣∣An,m(g,Λ,Λ0, τ)

∣∣2 : n,m ≤ Λ0

}
. (4.84)

The above expression is only for truncating the positive electric fields with strength above
Λ. When truncating the positive and negative electric fields with strength above Λ, the
resulting expression for the leading error in the electric field evolution is given by

∣∣∣⟨ϕ| eiĤtÊ2
2e

−iĤt |ϕ⟩ − ⟨ϕ| eiĤΛtÊ2
2e

−iĤΛt |ϕ⟩
∣∣∣

≤ 2maxτ<t

{
(Λ + 1)2

∣∣An,m(g,Λ,Λ0, τ)
∣∣2 : |n| , |m| ≤ Λ0

}

+ 4maxτ<t

{
n2
∣∣An,m(g,Λ,Λ0, τ)

∣∣2 : |n| , |m| ≤ Λ0

}
. (4.85)

Note that while the expression was derived using a three-plaquette lattice, the result will
generalize to a plaquette chain of arbitrary length. The only information used about the
initial state was that it did not have support on electric fields above Λ0. This bound could
potentially be made tighter by using energy conservation arguments to upper bound the
probability of having a state with an electric field of Λ0 present. For translationally invariant
states, these energy bounds will have no volume dependence. This bound is based on a
perturbative expansion of the dynamics connecting different fragmented sectors of the Hilbert
space. This is an expansion in powers of

ϵΛ0 =
1

4g4(Λ0 + 1)
. (4.86)

Provided that Λ0 is taken to be sufficiently large, this bound can be used to estimate trunca-
tion errors at any value of g, including when g is small enough to probe continuum physics.

To demonstrate the performance of these error estimates, an infinite MPS was used to
simulate the time evolution of an infinite plaquette chain with g = 0.8 [268]. The system was
initialized in the electric vacuum and evolved until t = 8. The details of the implementation
are in Appendix C.1. Fig. 4.4 shows the expectation of Ê2 for a single plaquette on the
lattice as a function of time. The truncation error in the time evolution is consistent with
the estimate of the error computed in Eq. (4.85). This agreement suggests that truncation
errors in local observables do not have a system size dependence as predicted from the
perturbative calculation.
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Figure 4.4: Simulation of an infinite plaquette chain with g = 0.8. The left panel shows the
electric energy as a function of time for different truncations of the electric field. The solid
curves in the right panel show the difference in electric energy between the Λ = 5 truncation
and the lower truncations. The dashed lines show the predicted error in the electric energy
from truncating the Hamiltonian, computed using Eq. (4.85) with Λ0 = 1. See App. C.1 for
details regarding the iMPS implementation.

The probability of exciting a given link on the lattice to a large electric field on a plaquette
chain can be estimated using this framework. Denoting Π̂Λ,x⃗ = |Λx⃗⟩ ⟨Λx⃗|, the probability of
exciting a link to electric field Λ when the initial state, |ϕ⟩ has all electric fields below Λ0 is
upper bounded by

⟨ϕ| eiĤtΠ̂Λ,x⃗e
−iĤt |ϕ⟩ ≤ P (Λ,Λ0, g, t) = maxτ<t

{∣∣An,m(g,Λ,Λ0, τ)
∣∣2 : |n| , |m| ≤ Λ0

}
(4.87)

provided that HSF is present for states with electric fields above Λ0. From Eq. (4.81), it
follows that P (Λ,Λ0, g, t) is upper bounded by

P (Λ,Λ0, g, t) ≤
1

g8(Λ−Λ0)
× f(Λ,Λ0) , (4.88)

where f(Λ,Λ0) is a g independent function. Fig. 4.5 shows a numerical demonstration of the
validity of this upper bound. Using an infinite MPS we again simulate the time evolution of
an infinite plaquette chain with four different values of g = 1.0, 0.9, 0.8, and 0.7. Starting from
the electric vacuum, we perform time evolution until t = 8 and compute the expectation
value ⟨Π̂Λ,x⃗⟩ as a function of time. We observe that our numerical results are consistent
with Eq. (4.88). For further implementation details pertaining to the time evolution see
App. C.1. Fig. 4.5 also shows a comparison between the bound shown in Eq. (4.88) and
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the time independent energy conservation based bound shown in Eq. (4.61). In particular,
we show that for the largest value of Λ considered for each value of g, the bound based on
energy conservation is between 5 and 8 orders of magnitude larger than the bound based on
Eq. (4.88).

4.3 Truncated Schwinger Model

Simulations of lattice QCD will require including quarks in addition to the gauge theory
degrees of freedom. To understand how the inclusion of matter affects the truncation error,
we will apply our framework to the Schwinger model. The Hamiltonian is given by

Ĥ = ĤK + Ĥm + ĤE

ĤK =
1

2

∑

x

ψ̂†
x+1Ûxψ̂x + h.c.

Ĥm = m
∑

x

(−1)xψ̂†
xψ̂x

ĤE =
g2

2

∑

x

Ê2
x , (4.89)

where ψ̂x is the fermion field at site x, Ûx is the parallel transporter between sites x and
x + 1, and Êx is the corresponding electric field. Note that in this theory, all gauge fields
are sourced by fermions somewhere on the lattice. To have an electric field of strength Λ,
there needs to be at least Λ positively charged particles and Λ negatively charged particles.
This means that to raise the maximum electric field in a state by ∆, ∆ pairs of particles
and anti-particles must be created. Furthermore, one can have at most one fermion on each
lattice site, such that all Λ fermions need to sit on one side of the link with electric field
Λ, while the anti-fermions sit on the other side. Starting from the electric vacuum, creating
a single electric field requires a single hopping term. Creating an additional electric flux
on this link requires first moving the fermion and anti-fermion created in the first step by
two lattice units (because of staggering) to the left and right, requiring 2 × 2 = 4 more
hopping terms, and then adding an additional fermion anti-fermion pair. This requires a
total of 6 hopping terms. Creating 3 units of electric flux requires moving the two fermion
anti-fermion pairs once more, requiring 4 × 2 = 8 before adding the extra pair, giving 15
hopping terms. In general, to create n units of flux requires at least n(2n−1) hopping terms.
This complicates the perturbative calculation of the leakage probabilities compared to the
pure gauge case, but should also lead to a stronger suppression of states with large electric
fields. To perform the perturbative estimate, the truncated Hamiltonian ĤΛ is related to
the untruncated Hamiltonian by

Ĥ = ĤΛ +
∑

x

V̂ x
Λ
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Figure 4.5: Simulation of an infinite plaquette chain with four different values of g =
1.0, 0.9, 0.8, and 0.7 and maximum electric fields of 5, 6, 6, and 7 respectively. The solid
curves in each panel show the expectation value of the projection operator Π̂Λ,x⃗ with respect
to the states obtained by time evolving the electric vacuum for various choices of Λ. See
App. C.1 for details regarding the iMPS time evolution. The dashed lines in each panel
correspond to the upper bound on the probability given by Eq. (4.88) with Λ0 = 0, 1, 1,
and 2 respectively for each choice of g. The dash-dotted lines in each panel show the upper
bound based on energy conservation, computed using Eq. (4.61) for the largest value of Λ
considered for each value of g.
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V̂ x
Λ =

1

2
ψ̂†
x+1Û

Λ
x ψ̂x + h.c.

ÛΛ
x =

∑

n>Λ

|n− 1⟩ ⟨n|+
∑

n≤−Λ

|n− 1⟩ ⟨n| . (4.90)

Following the same approach as the previous sections, the leading correction to the truncated
time evolution is given by

(e−iĤt − e−iĤΛt)
∣∣ϕ(0)

〉
=
∑

x

−ie−iĤΛt

∫ t

0

ds eiĤΛsV̂ x
Λ e

−iĤΛs
∣∣ϕ(0)

〉
. (4.91)

Assuming that Λ is chosen to be the electric field strength where HSF begins, the leakage
amplitude to go from an electric field of Λ to Λ + 1 can be estimated using a lattice with
two staggered sites (one physical site), open boundary conditions, and an external electric
field. For a system of this size, the gauge invariant states can be specified by basis states
|E, f0, f1⟩ where E is an external electric field and fi are the fermion occupation numbers
on each site. f0 = 1 corresponds to a quark being present on site 0 and f1 = 0 corresponds
to an anti-quark being present on site 1. The leading order contribution to the truncation
error is

(e−iĤt − e−iĤΛt)
∣∣ϕ(0)

〉
(4.92)

= −ie−it( g
2

2
(Λ+1)2+2m) |Λ + 1, 1, 0⟩ ⟨Λ + 1, 1, 0|

∫ t

0

dt′eiĤΛt
′
V̂Λe

−iĤΛt
′ ∣∣ϕ(0)

〉

=
−ie−it( g

2

2
(Λ+1)2+2m)

2
|Λ + 1, 1, 0⟩

∫ t

0

dt′cΛ,0,1e
it(2m+ g2

2
(2Λ+1)) (4.93)

where cΛ,0,1 is defined analogously to the previous sections. This quantity is upper bounded
by ∣∣∣(e−iĤt − e−iĤΛt)

∣∣ϕ(0)
〉∣∣∣ ≤ 1

2m+ g2(Λ + 1/2)
. (4.94)

Note that the amplitude to increase the electric field is suppressed when either m is large
or g2Λ is large. Increasing the electric field by two requires 6 hopping terms acting on 6
staggered sites. As before, the state of a lattice with 6 staggered sites is given by an external
electric field and the fermion occupation number on 6 sites. Therefore, if HSF begins at Λ−1,
the leading error in the state on a lattice with 6 staggered sites is given by the expression

(e−iĤt − e−iĤΛt)
∣∣ϕ(0)

〉

= 14(−i)6e−iĤΛt




6∏

k=1

∫ tk−1

0

dtk


 V̂ 3

Λ (t1)V̂
4
Λ−1(t2)V̂

2
Λ−1(t3)V̂

5
Λ−1(t4)V̂

3
Λ−1(t5)V̂

1
Λ−1(t6)

∣∣ϕ(0)
〉

= −14 |Λ− 1, 1, 1, 1, 0, 0, 0⟩




6∏

k=1

∫ tk−1

0

dtk



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× ⟨Λ− 1, 1, 1, 1, 0, 0, 0| V̂ 3
Λ (t1)V̂

4
Λ−1(t2)V̂

2
Λ−1(t3)V̂

5
Λ−1(t4)V̂

3
Λ−1(t5)V̂

1
Λ−1(t6)

∣∣ϕ(0)
〉

= −14 |Λ− 1, 1, 1, 1, 0, 0, 0⟩




6∏

k=1

∫ tk−1

0

dtk


 1

26
eit1(2m+2g2(Λ+1))eit2(−2m+g2(Λ+ 1

2
))

× eit3(−2m+g2(Λ+ 1
2
))eit4(2m+g2(Λ− 1

2
))eit5(2m+g2(Λ− 1

2
))eit6(2m+g2(Λ− 1

2
))cΛ−1,0,1,0,1,0,1

= A(Λ, g,m, t)cΛ−1,0,1,0,1,0,1 |Λ− 1, 1, 1, 1, 0, 0, 0⟩ (4.95)

where V̂ x
Λ (t) = eiĤΛtV̂ x

Λ0
e−iĤΛt, t0 = t, and A(Λ, g,m, t) has been defined to be the integral in

the above expression. The factor of 14 comes from counting the number of possible orderings
of operators that can be applied to raise the electric field on the center link by two. One
possible ordering of operators to raise the field truncation is shown in Fig. 4.6. From this
expression, it can be seen that the leading contribution to the error scales as 1/(g2Λ)6. This
is a much more rapid falloff than in the equivalent scenario in the pure gauge theory. In
high spatial dimensions with both gauge fields and matter, the electric field on a link can be
raised by applying either plaquette or link operators. The leading terms in the truncation
error will contain at most one hopping operator, and the rest will be plaquette operators.
Consequently, the truncation errors in the 1+1D Schwinger model will not be representative
of the behavior of truncation errors in higher spatial dimensions. However, the more rapid
convergence of truncation errors in 1 + 1D suggests that non-trivial simulations of 1 + 1D
dynamics with controlled uncertainties may be within near-term reach.

As in the pure gauge case, these estimates of leakage errors can be used to determine the
truncation error of local observables. The error in a local observable will be given by the
expectation of the observable in the state created by applying

∑
x V̂

x
Λ to the truncated state

weighted by the probability of reaching that state. If the expression in Eq. (4.94) is used to
estimate the leakage probability, the error in the electric energy (Ê2

l ) and chiral condensate

(χ̂x = (−1)xψ̂†
xψ̂x) is given by

δE2 = (2Λ2 + (Λ + 1)2)×
(

1

2m+ g2(Λ + 1/2)

)2

δχ = 2×
(

1

2m+ g2(Λ + 1/2)

)2

. (4.96)

Note that the electric energy receives a contribution from the link itself being excited to
Λ + 1 and when its neighbor is excited to Λ + 1. For higher truncations, HSF will occur at
electric field strengths below Λ, and the expression in Eq. (4.95) can be used to estimate the
error. Defining

M(Λ, g,m, t) = maxτ<t
∣∣A(Λ, g,m, τ)

∣∣ , (4.97)

the error in the electric energy and chiral condensate is given by

δE2 =
(
2(Λ− 1)2 + 4Λ2 + (Λ + 1)2

)
M2(Λ, g,m, t)

δχ = 4M2(Λ, g,m, t) , (4.98)
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Figure 4.6: One possible way of increasing electric field strength by 2. The green circles
correspond to positive charges, and the red circles correspond to negative charges. First,
the hopping operators are applied to every other link to create three qq̄ pairs. The other
hopping operators are then applied to remove the qq̄ pairs in the center of the lattice. In the
last step, a qq̄ pair is excited in the center of the lattice.

where A(Λ, g,m, τ) is defined in Eq. (4.95).
To demonstrate the performance of these error estimates, the dynamics of the Schwinger

model were simulated using infinite MPS with g = 0.8 and m = 0.1. The details of the
implementation are in Appendix C.1. The system was initialized in the electric vacuum
state and evolved in time until t = 8. The left panel of Fig. 4.7 shows the expectation of the
electric energy and chiral condensate as a function of time for different truncations of the
electric field. The truncation error from these numerical simulations is consistent with the
analytical estimates in Eq. (4.96) and Eq. (4.98).

4.4 Discussion

In this work, a formalism has been developed for estimating the errors due to electric
basis truncations in the simulation of lattice gauge theories. This formalism is based on
the presence of Hilbert space fragmentation in the Kogut–Susskind Hamiltonian. This en-
ables the use of time-dependent perturbation theory to describe the dynamics of states with
large electric fields. Consequently, the leading contributions to the truncation error fall off
factorially with the field truncation. Numerical simulations were performed to demonstrate
the performance of these error estimates. The details of the truncation error depend on the
change in electric energy from applying the plaquette operator. This suggests lattices with
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Figure 4.7: Evolution of the electric vacuum in the Schwinger model with g = 0.8 and
m = 0.1. The left panel shows the electric energy per link and the chiral condensate per site
as a function of time for different truncations. The right panel shows the difference in the
expectation of the observable between the Λ = 4 and lower truncations. The dashed lines
in the right panel show the predicted truncation error. For Λ = 1, the truncation error was
computed using Eq. (4.96) and for larger Λ, Eq. (4.98) was used.
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more links per plaquette, such as a honeycomb lattice [245, 249, 261, 266] or a triamond
lattice [238, 239], will have a stronger suppression of truncation errors.

The truncation errors estimated in this work are significantly smaller than in previous
work. This is due to previous work being based on a loose estimate of the remainder term
in the Dyson series expansion, while this work was able to derive the form of the dominant
error due to truncation. As a result, for some parameter choices, our results reduce the
error estimate by an astronomical factor of 10306. Our formalism does not apply to generic
bosonic simulations; however, preliminary simulations in Appendix C.2 suggest that there
may be other mechanisms that restrict the growth of boson numbers more generally. While
the formalism was only applied to Abelian gauge theories in one dimension in this work,
the generalization to non-Abelian gauge groups and higher spatial dimensions is clear. This
formalism also applies to scalar field theories with a compact scalar field, such as the O(3)
non-linear σ model. The calculations performed in this work show that different observables
have different dependencies on the truncation errors. One could potentially use this to
construct observables with less sensitivity to truncation errors and potentially extract useful
information from simulations with low truncations. This formalism can also be extended
to improvement schemes using the similarity renormalization group to reduce the effects of
truncation errors [224]. These extensions of this work will enable quantum simulations of
lattice QCD with complete theoretical control over the uncertainties due to truncating the
gauge fields.
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Chapter 5

Obtaining Continuum Physics from
Dynamical Simulations of
Hamiltonian Lattice Gauge Theories

5.1 Introduction

One crucial ingredient in any LGT calculation is taking the continuum limit, i.e., taking
the lattice spacing a→ 0. Doing so requires several steps, including tuning the bare param-
eters in the Hamiltonian as a function of the lattice spacing a, renormalizing the operators
being studied, and determining the lattice spacing through a scale setting procedure. Each
of these steps in principle requires calculating a physical observable, which implies that the
cost of each step could be comparable to the cost of state preparation and time evolution.
While approaching the continuum limit has been studied in the context of U(1) quantum link
models [262, 263] and strategies for reducing the quantum cost of renormalization through
the use of classical Euclidean LGT simulations [113, 269, 270, 271, 272] and perturbation the-
ory [273] have been proposed, the full cost of calculating continuum physics using quantum
simulations of LGTs is not fully understood.

One important question to ask is how error from approximate time evolution impacts
the continuum limit. This issue was studied in [113] in the context of simulations using
product formulas (PFs). Using the Baker–Campbell–Hausdorff formula, it was shown that
the effective Hamiltonian one actually time evolves according to with PF-based time evolu-
tion is closely related to the transfer matrix in Euclidean LGTs. Through this connection,
approximate time evolution can be interpreted as exact evolution on a temporal lattice with
spacing δt, which is proportional to the Euclidean temporal spacing a0. The associated error
from finite at can then be removed by extrapolating δt → 0 (or fixing the anisotropy ξ ≡ a/δt
and taking a→ 0), following a procedure analogous to the continuum limit a→ 0.

While this is a valid approach, it is currently applicable only to PF-based simulations
and does not extend to the broader class of post-Trotter simulation algorithms [108, 109,
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110, 111, 128, 196, 199, 274, 275, 276, 277, 278]. This implies that it is currently not
possible to perform direct comparisons of the full cost of taking the continuum limit when
using different time evolution algorithms. This is particularly important given the recent
efforts for determining which formulations and algorithms which result in the smallest gate
counts [63, 64, 69, 81, 133]. In order to broaden the class of simulation algorithms at our
disposal, including those not yet developed, an alternative approach is necessary.

In this work, we develop an alternative approach to controlling the impact of approximate
time evolution on the continuum limit. The key insight is that, while approximate time evo-
lution may be interpreted through the lens of renormalization, no additional UV divergences
are introduced in the limit of exact time evolution. This suggests that, rather than invoking
the full machinery of renormalization, as in [113], the error from approximate time evolution
can simply be treated as a systematic uncertainty. As long as this error remains negligible
compared to the statistical precision of the simulation, its effect on the continuum limit is
negligible and can be ignored. In particular, we will argue that this applies to any unphysical
behavior introduced from approximate time evolution, and that no problem analogous to the
notorious fermion doubling problem is possible in the limit of exact time evolution. We now
state the central question we address in this work:

For a general time evolution algorithm, what is the additional computational cost required
to ensure that the time evolution error has a negligible affect on the continuum limit relative
to the working statistical precision?

In this work, we provide a general framework that can be used to answer this question for
any time evolution algorithm a priori, that is, before performing any simulations. We show
that, as long as the systematic error incurred for each step in the renormalization procedure
is below the working statistical precision, the need to treat the approximate time evolution
error using renormalization is no longer necessary, which results in significant simplifications
in taking the continuum limit. We coin this proposal Statistically-Bounded Time Evolution
(SBTE) Protocol.

To demonstrate our procedure, we apply our formalism to simulations to two common
simulation algorithms, namely product formulas and those based on Quantum Signal Pro-
cessing (QSP). We find that, although the additional cost required to reduce the time evolu-
tion error below the working statistical precision can be significant when using Trotter-based
methods, it becomes negligible with QSP due to its provably optimal scaling with the ap-
proximation error. While this result is noteworthy, a comprehensive cost analysis of the
entire renormalization procedure is still necessary to determine which approach yields the
lowest overall quantum cost. Looking ahead, our framework can be applied to any algorithm
with known rigorous upper bounds on the error, and thus serves as a foundation for com-
paring the total cost of calculating continuum physics from quantum simulations of LGTs
using different time evolution algorithms.

In addition to this general formalism, we propose an alternative approach to renormal-
ization, differing slightly from that used in [113], when employing product-formulas. Our
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approach relies on the observation that simulations using PFs are equivalent to simulations
with extra irrelevant operators in the Hamiltonian that disappear in the continuum limit.
Using this fact, we argue that, rather than tuning the bare parameters in the Hamiltonian
as a function of both the lattice spacing a and Trotter step-size δt, one can simply tune
the bare parameters assuming δt = 0 and only introduce systematic errors that scale as
O(ap), where p is the order of the PF used1. This new renormalization trajectory offers
significant advantages. First, it simplifies the tuning process by making the bare param-
eters a function of lattice spacing a alone, removing their dependence on the Trotter step
δt. Second, it decouples the tuning from the simulation method, allowing parameters to
be determined with algorithms other than product formulas without introducing systematic
mismatch errors. Finally, we show that if one does use Euclidean simulations to capture
the δt, a dependence of the Hamiltonian parameters, the limitations are more severe than
previously understood [113].

The rest of this work is organized as follows. In Sec. 5.2, we provide a high-level review
of the continuum limit and explain the main concept of our strategy. Then, in Sec. 5.3, we
provide a more detailed review, aimed at non-experts, of the steps necessary to renormalize
the theory and properly take the continuum limit assuming exact time evolution. In Sec. 5.4,
we discuss the procedure in [113] for taking the simultaneous a, δt → 0 limit when using PFs
for simulation, and then describe our alternative renormalization approach. We then show
that, if one drives the time evolution error below the working statistical precision, it can be
ignored and renormalization simplifies to the exact time evolution procedure. In Sec. 5.5.1,
we show how to bound the additional cost of driving the time evolution error below the shot
noise, and then apply our methods to simulation via product formulas and Quantum Signal
Processing (QSP). We will show that, while this procedure requires non-negligible overhead
when using PFs, the additional cost is entirely negligible when using QSP. We present our
conclusions in Sec. 5.6.

The work presented in this chapter is based on [123].

5.2 Obtaining the continuum limit

Calculations in lattice field theories provide a numerical technique to calculate observ-
ables defined in a continuum quantum field theory. The lattice field theory can be viewed
as an effective theory of the underlying continuum field theory one aims to simulate, where
the lattice spacing and lattice size provide an ultraviolet (UV) and infrared cutoff (IR),
respectively. Numerical results obtained from a lattice simulation therefore differ from the
continuum results by systematic effects arising from the non-zero lattice spacing and finite
lattice size. In addition, one needs to control systematic uncertainties from any other ap-

1While this renormalization trajectory was employed in [113], it was described as an approximation to
one with fixed physical anisotropy. In this work, we determine the size of the errors, and develop a unique
renormalization trajectory.
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proximation that one might make in the lattice calculation, as well as statistical uncertainties
made in the numerical lattice calculation.

The most straightforward way to deal with the systematic uncertainties is to make them
subdominant to the statistical uncertainties. In particular, if a particular systematic effect
can be bounded to be significantly below the statistical uncertainties, its effect can be ne-
glected in the lattice calculation. For example, since the effects from finite lattice spacing
are known to vanish polynomially with the size of the lattice spacing, discretization errors
in a calculation performed at sufficiently small lattice spacing a are guaranteed to be below
the statistical uncertainties.

In reality, many systematic effects cannot be treated this way. First, while one often
knows the scaling of the systematic effects with certain parameters, the actual size of them
can not be bounded reliably. Second, the computational cost for performing calculations
for which certain systematic effects are negligible are often prohibitively expensive. For this
reason, many systematic effects are dealt with by peforming extrapolations. For example,
one typically performs calculations at various values of the lattice spacing a, all of which
have non-neglible systematics. However, one can extrapolate these results to a = 0 using
the known polynomial scaling in a.

An important property of quantum field theories is that they are UV divergent. This im-
plies that physics from arbitrarily short distance effects contribute to a given observable, such
that the integration over all possible energies contributing is divergent. This does not cause
any problem with the predictability of such quantum field theories, since these divergences
can be absorbed into the parameters of the theory, such as masses and coupling constants,
rendering physical observables finite. As will be discussed in more detail in Sec. 5.3, the
lattice spacing regulates the divergences at short distances, causing the parameters of the
effective lattice theory to depend on the lattice spacing used. In other words, coupling
constants and masses used in the lattice simulation depend on the lattice cutoff used

g → g(a) , m→ m(a) , . . . , (5.1)

and the value of these bare parameters need to be adjusted to yield physically meaningful
results.

A systematic effect that arises in Hamiltonian lattice gauge theories is due to approx-
imations that typically need to be made when obtaining the time-evolution operator from
the Hamiltonian H of the lattice gauge theory. This is due to the fact that it is rarely pos-
sible to exponentiate the Hamiltonian exactly to obtain the unitary time evolution operator
exp(−iHt). The most common approximation scheme used is based on product formulas (as
discussed in Chapter 2), with the simplest approximation to the time evolution operator of
a Hamiltonian

H =
∑

i

Hi , (5.2)
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given by

e−iHt =
[
e−iHδt

]NPF

=


∏

i

e−iHiδt



NPF

+O (δt)2 , (5.3)

with

δt ≡ t/NPF, where NPF ∈ N . (5.4)

The approximation above is a first-order (p = 1) product formula, and higher order product
formulas with larger values of p are possible, with the deviation from the exact time-evolution
operator scaling as (δt)p for fixed t.

Choosing a non-zero value of δt can affect the UV behavior of the theory meaning that
in general the parameters of the lattice theory depend on this parameter as well

g → g(a, δt) , m→ m(a, δt) , . . . . (5.5)

This implies that additional calculations might need to be performed to determine the correct
parameter values, adding to the computational cost. In the limit δt→ 0 the product formula
approximation of the time evolution operator becomes exact, such that one has

g(a, 0) = g(a) , m(a, 0) = m(a) , . . . , (5.6)

In other words, taking the limit of exact time evolution does not introduce any UV diver-
gences. We will discuss the implications of this in Sec. 5.5.

One way to deal with this systematic uncertainty is therefore to choose a small enough
value of δt (large enough value of NPF) to ensure this error is below the systematic uncer-
tainties and therefore negligible. One issue with this approach is that, while one knows the
scaling of the error with δt, the absolute size depends on the details of the Hamiltonian being
simulated and is difficult to tightly bound a priori. Furthermore, the computational cost
required to achieve an approximation to the exact time evolution operator with error ϵ grows
as ϵ−1/p exp(p), where exp(p) comes from the fact that the implementation of a p’th order
Suzuki-Trotter product formula requires exponential resources in p. This makes it difficult
to reach a sufficiently small value of ϵ.

Given these complications, an alternative procedure to deal with the systematic effect
from finite values of δt was proposed in [113]. In their proposal one keeps the ratio of δt and
the lattice spacing fixed and takes the simultaneous limit a→ 0 and δt→ 0. This is similar
to a Euclidean lattice calculation, where both space and Euclidean time are discretized in a
space-time lattice, with a fixed ratio of the Euclidean time-like and space-like lattice spacing
a0 and a. While the additional dependence on δt can change the value of the bare parameters
that have to be chosen, the authors of [113] went on to show that one can determine the
values of these parameters from classical calculations on Euclidean lattices through analytic
continuation. This however introduces additional systematic uncertainties that need to be
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quantified. We discuss this approach in more detail in Sec. 5.4.3, and also introduce several
variants to the approach proposed in [113].

It is important to realize, however, that approximations to the time evolution operator
beyond product formulas exist. A notable example are methods that use the general idea of
Quantum Signal Processing (QSP), which allows one to construct a wide class of polynomials
of operators. These techniques give rise to an approximation to the time-evolution operator,
with the computational complexity scaling only as log 1

ϵ
[108, 109, 110, 116].

A worry of the community has been2 whether or not deviations of QSP techniques from
the exact time evolution operator can be captured by an effective Hamiltonian picture, as
is the case when using PFs. One possible issue is that a polynomial approximation to the
time-evolution operator is generally not unitary (this issue is handled in QSP approaches
through ancilla qubits and post-selection protocols), and it is therefore not obvious how to
construct a Hermitian effective Hamiltonian describing this non-unitary evolution. In the
absence of an effective theory description, it might be difficult to understand the dependence
of the bare parameters of the lattice theory on the approximation used. One might therefore
worry that a lattice calculation obtained using QSP techniques can not easily be related to
the continuum physics one aims to extract.

However, as we argue in this work, if the error from the approximation to time evolution
is significantly below all other systematic and statistical uncertainties in the problem, it
can not affect the results of the simulation in a meaningful way. To the accuracy of the
calculation, the bare parameters will therefore only have a dependence on the spatial lattice
spacing a. This implies that there is no in-principle impediment to using QSP techniques, or
any other time evolution algorithms, for approximating the time evolution of a quantum field
theory. Whether such an approach is favorable compared to the more standard techniques
based on product formulas depends on details of the approaches chosen, and need to be
investigated carefully.

In the following sections we will explain the two basic topics raised in this section.
In Sec. 5.3 we discuss the renormalization of the parameters of the theory and how their
numerical values depend on the lattice spacing and the approximation to the time-evolution
operator. In Sec. 5.5.1 we study the scaling of the computational cost with the deviation
from the exact time-evolution operator for both product formula and QSP based approaches.

5.3 Renormalization in Hamiltonian Lattice Gauge

Theory for Exact Time Evolution

In this section, we start with a high-level overview of renormalization in quantum field
theories aimed at non-experts. We then more formally discuss how to renormalize LGT
calculations and take the continuum limit where time evolution is performed exactly.

2We thank Henry Lamm for many useful discussions on this point.
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The Kogut-Susskind (KS) Hamiltonian of a pure gauge theory is given by

HKS =
1

a


g

2
t

2

∑

ℓ

(
Êℓ

)2
− 1

g2s

∑

p

ReTr P̂p




≡ HE +HB , (5.7)

were hatted operators denote dimensionless operators, rescaled by appropriate powers of
the only length-scale in the problem, namely the lattice spacing a. Due to the breaking of
Lorentz invariance the dimensionless coupling constants of the electric (gt) and magnetic
(gs) term are different, and the bare speed of light is defined as3

c ≡ gt
gs
. (5.8)

One can therefore write

HKS =
c

a


g

2

2

∑

ℓ

(
Êℓ

)2
− 1

g2

∑

p

ReTr P̂p




≡ c

a

[
ĤE + ĤB

]

≡ c

a
ĤKS , (5.9)

where we have defined

g =
√
gsgt . (5.10)

Using this parameterization introduces a second dimensionful parameter into the theory,
namely the time-scale

at ≡
a

c
. (5.11)

Interactions with fermions give rise to additional terms that involve the masses mi of the
fermions as well as a so-called hopping term describing the interactions between gauge bosons
and fermions with coefficient κ.4

It is important to remember that the KS Hamiltonian is only equal to the full continuum
Hamiltonian up to corrections that vanish as the lattice spacing approaches zero. The pure

3Note that, while the incorrect definition of the speed of light gs/gt was used in [113], the methods
presented are still valid.

4To the best of our knowledge, the need for the additional bare parameter κ multiplying the fermionic
kinetic term in the Hamiltonian formulation has not been discussed in the literature. The need for this
parameter is discussed in Appendix D.1.
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gauge Hamiltonian as written in Eq. (5.9) is correct up to corrections scaling as a2, such
that the continuum Yang-Mills (YM) Hamiltonian can be written as

ĤYM = ĤKS +
∑

i

ciÔ
(3)
i + . . . , (5.12)

where Ô
(3)
i denotes higher dimensional operators whose contributions to long-distance physics

at distances L scale as a3/L3. Since the rescaled Hamiltonian ĤKS vanishes as a/L as just
discussed, any calculation performed with the KS Hamiltonian will only reproduce the desired
continuum physics up to relative corrections suppressed by a2/L2.

As discussed in more detail in the next section, any dimenionful parameter in the Hamil-
tonian will also be replaced by the corresponding dimensionless parameter by multiplying by
the appropriate factors of the lattice spacing and the speed of light. The ruler with which
temporal- and spatial-type quantities are measured with respect to are a/c and a, respec-
tively5. Examples are fermion masses in the Hamiltonian, the time one evolves the system
by, momenta, or the physical distance between correlators. Their dimenionless equivalents
are given by

m̂ = atm, t̂ =
1

at
t , p̂ = ap, x̂ =

1

a
x . (5.13)

In the limit of vanishing lattice spacing a → 0, the KS Hamiltonian has to reproduce
the spectrum of the continuum theory. This implies that the eigenvalues of the Hamiltonian
HKS have to be finite in that limit, which further implies that the eigenvalues of the rescaled
Hamiltonian ĤKS have to vanish as a→ 0.

Calculating physical observables using quantum field theory requires integrating over all
possible energy and momentum values of intermediate states that contribute to a process.
These integrals, however, generally diverge as the integration range is taken to infinity. One
intuitive explanation for this is that such calculations assume that the theory is valid at
arbitrarily high energy scales; because current theories are incomplete (in the sense that
they are not the final “theory of everything”), this is simply not true. This, however, does
not give rise to an ill-defined theory or a loss of predictive power. The physics at short
distances is captured using a process known as renormalization, in which the parameters of
the effective theory (coupling strengths of interactions, masses of particles, etc.) are adjusted
to reproduce the physics at long distances one aims to compute.

In general, renormalization requires two steps. The first is to regulate the theory by
manually imposing some cutoff Λ on the energies or momenta included in the theory (in
a lattice theory Λ ∼ 1/a). While this renders calculations finite, it naively makes physical
observables depend on the cutoff Λ. The key insight of renormalization is that this unphysical
behavior can be removed by choosing the bare parameters in the theory to depend on the

5The fact that spatial-type quantities are measured with respect to the lattice spacing is reflected in the
fact that the lattice momentum operator would have an overall prefactor of 1/a instead of c/a in the case of
the Hamiltonian.
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cutoff in precisely the correct way such that some physical observable is reproduced correctly
and is independent of the cutoff. In particular, the bare coupling, speed of light and masses
become Λ dependent g → g(Λ), c → c(Λ), mi → mi(Λ) and κ → κ(Λ). While this leads to
the bare parameters diverging (or going to zero) as Λ → ∞, this is not a problem as they
are not physical observables in the theory.

While the dependence of the parameters on Λ can in some cases be computed perturba-
tively, in general this is not possible, and one has to determine this dependence by demanding
that the effective theory reproduces a limited set of physical observables. After adjusting
the bare parameters to absorb the divergences as Λ → ∞ and to reproduce a small set of
observables, the theory has been renormalized and all other predictions will be finite and
equal to the physical values6 in the Λ → ∞ limit.

Since computers (both classical and quantum) can only deal with dimensionless numbers,
one numerically simulates a rescaled Hamiltonian ĤKS introduced in Eq. (5.9), and from
now on, all parameters of the lattice Hamiltonian are assumed to be dimensionless, and the
parameter at = a/c only appears as an overall constant. This has two consequences that are
intimately connected and which we will discuss more later. First, lattice calculations can only
compute dimensionless quantities, and in order to obtain dimensionful quantities observed
in nature, such as masses, one needs to multiply by the appropriate powers of a in the end.
Second, because one only chooses values of the rescaled parameters, the lattice spacing is
not an explicit input in a simulation. Instead, its value is only obtained after the fact by
comparing calculations to dimensionful quantities observed in nature. See Appendix D.1 for
a more detailed discussion of this property of lattice field theories.

We distinguish two types of parameters in our theory. The first set are dimensionless,
possibly rescaled parameters that determine the relative size of terms in the Hamiltonian.
For the Kogut-Susskind Hamiltonian the only such parameter is the gauge coupling g, but
when including fermions, rescaled masses are present as well. We denote these parameters
collectively as

pi ≡ {g, m̂i, κ̂} . (5.14)

where κ̂ = κ/c as shown in Appendix D.1. The second set of parameters are those that set
the scales in the problem, one scale for time at and one for length a, or equivalently a and
the speed of light c. A common choice is the lattice spacing a and the speed of light c.

As already mentioned, the presence of a lattice spacing introduces a cutoff Λa ∼ 1/a,
since wavelength shorter than the lattice spacing a, and time scales shorter than a/c can not
be resolved. From the previous discussion it therefore follows that renormalization demands
that the bare parameters in the Hamiltonian depend on the lattice spacing. This gives a
lattice gauge theory Hamiltonian H(a) with all parameters being functions of the lattice
spacing

pi → pi(a) . (5.15)

6If using perturbation theory, the predictions will be equal up to higher order corrections.
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As we will discuss, the speed of light will also depend on the lattice spacing a.
At first sight, one might be worried that this makes it impossible to use a lattice field

theory to predict physical observables. After all, it was just discussed that the value of
the lattice spacing a can only be extracted at the end of a lattice simulation, and that
the functional dependence pi(a) is non-perturbative and therefore not known analytically.
Given this, how does one know what values to choose for the bare parameters pi(a) used
in the calculation? The answer is that one needs to tune these parameters to reproduce
experimentally accessible quantities, such as masses in the spectrum of the full theory. One
typically views this as a two step process, as we will now discuss.

In a first step, one determines the dimensionless parameters of the Hamiltonian. This
is accomplished by finding parameters for which the numerical calculation reproduce exper-
imentally known dimensionless quantities. A common choice for such dimensionless ratios
are ratios of masses

a
c
M1(pi)

a
c
M2(pi)

=
M

(phys)
1

M
(phys)
2

. (5.16)

Note that for a pure gauge Hamiltonian, this step is not necessary as all choices of the
gauge coupling are valid, with different choices corresponding to different lattice spacings as
determined in the next step. When fermions are included, however, the bare fermion masses
have to be tuned by the above procedure. The parameter values are typically determined
by iterating over a range of parameter values in the numerical calculation and using some
fitting procedure for the final tuning.

Having reproduced dimensionless ratios, one determines the scales at and a by comparing
the results obtained in the previous step to observed dimensionful quantities. For example,
the scale at is can be obtained by taking the ratio of a dimensionless mass computed numer-
ically to its observed value

at =
M̂(pi)

M (phys)
. (5.17)

The scale a, or equivalently the speed of light, is obtained by demanding that observables
depending on spatial distances are reproduced correctly. For example, one can demand
that the energy of a massive particle with given lattice momentum reproduces the energy
predicted from the relativistic dispersion relation.

Thus, for each parameter set pi one finds corresponding values of a and at, or equivalently
a and c. One can then interpret these parameter sets as labeled by the lattice spacing found
and write

{pi, c, a} → {pi(a), c(a)} . (5.18)

One therefore obtains a line in parameter space, where each point corresponds to a set of
parameter values and lattice spacing. This line is often called the renormalization trajectory.
Given that this trajectory corresponds to exact time evolution, we denote it by

traj0 : {pi(a), c(a)} . (5.19)
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Due to the divergences in the underlying continuum theory, the parameter values correspond-
ing to vanishing lattice spacing are typically either infinite or vanishing; because Lorentz
invariance is restored in the continuum limit, the bare speed of light and the parameter
κ(a) obeys lima→0 c(a) = lima→0 κ(a) = 1. Note that different renormalization trajectories
associated with different observables used in scale setting are possible, with each giving the
same result in the a → 0 limit. The dependence of the dimensionless coupling g on the
lattice spacing is logarithmic.

Given this renormalization trajectory, one can now compute new observables of interest.
After renormalization, a lattice calculation of low energy quantities differs from the contin-
uum result by powers of the lattice spacing; in modern calculations the leading errors are
typically O(a2). One can not perform a calculation directly at a = 0, since as discussed
above the parameter values at that point are either infinite or vanishing, and would also
require an infinite number of lattice sites to maintain a constant physical volume. One
therefore calculates the desired physical observables for various parameter choices along the
renormalization trajectory, resulting in a value that depends on the corresponding lattice
spacing. To obtain the continuum result, one performs a final extrapolation to a = 0.

Given that a major advantage of Hamiltonian lattice gauge theory simulated on quan-
tum computers over traditional lattice gauge theory is the ability to calculate time-dependent
observables, we now consider the calculation of expectation values of a time-dependent op-
erator ⟨O(t)⟩7 through the calculation of the expectation value of an operator defined on the
lattice ⟨O(t, a)⟩. The dependence on a captures the fact that calculation is performed with
the parameter values {pi(a)} of the renormalization trajectory corresponding to the value a.
As before, the lattice only allows one to compute dimensionless quantities, such that for an
operator of mass dimension γ one computes the expectation value ⟨Ô(t, a)⟩ = ⟨aγO(t, a)⟩.

Unless protected by a symmetry in the theory, the operator Ô(t, a) also needs to be
renormalized. This is done by introducing renormalization factors Z(a). For simplicity
we assume multiplicative renormalization, but the arguments presented in this manuscript
generalize to additive renormalization factors and operator mixing. We determine Z(a) by
demanding some other chosen matrix element of Z(a)Ô(t, a) is equal the associated physical
value, i.e.,

Z(a) ≡ ⟨ϕ1|O(t, a) |ϕ2⟩
[⟨ϕ1|O(t) |ϕ2⟩](phys)

, (5.20)

for some states |ϕ1⟩ and |ϕ2⟩. Once Z(a) has been determined, the physical observable is
given in the limit

⟨O(t)⟩ = lim
a→0

Z(a)a−γ⟨Ô(t, a)⟩ . (5.21)

Note that Z(a) is time-independent in this case, as the renormalized operator is given by
Z(a)O(t, a) = eiH(a)t

(
Z(a)O(0, a)

)
e−iH(a)t.

We now summarize the discussion given so far, by providing the steps required to take
the continuum limit of a time-dependent observable. They are

7Note that our arguments also apply to the scenario where one is computing more general matrix elements
of an operator between two different states

〈
ψf

∣∣O(t) |ψi⟩.
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1. Determine the renormalization trajectory and therefore g(a), m̂i(a), κ̂(a), and c(a)

a) Calculate a set of known dimensionless observables for a given parameter set pi

b) Adjust the parameters to until calculations match the known dimensionless values

c) Determine a and at for this parameter set by comparing against a dimensionful
observables (recall that converting between a and at is done by a trivial rescaling
with c(a))

d) Repeat steps (1a)-(1c) until the renormalization trajectory is obtained

2. Compute the desired physical observable

a) Pick a value of a by choosing a set of parameters pi(a) and c(a)

b) If calculating a time-dependent observable, determine the appropriate value of
t̂ = c(a)t/a

c) Determine Z(a) using the previously determined parameter values

d) Calculate ⟨Ô(t̂, a)⟩ and rescale by powers of a to convert to physical units

e) Repeat steps (2a)-(2d) for several values of a and extrapolate Z(a)⟨O(t̂, a)⟩ to
zero lattice spacing

From the discussion in this section, it should be clear that while all parameters and observ-
ables in the above steps have explicit dependence on a, this dependence on a only labels the
parameter values used in the given calculation.

We conclude this section by noting that, for a given lattice geometry and Hamiltonian,
one only needs to tune the bare parameters and scale set once; once the renormalization
trajectory has been determined, the relative cost of these steps can be reduced by reusing it
for several observables.

5.4 Renormalization for approximate time evolution

via product formulas

In this section, we discuss how the procedure of renormalization changes when time
evolution is performed approximately using product formulas. We first review the previous
approach developed in [113]. From there, we introduce new, simplified, renormalization
trajectories. We conclude by discussing the limitations of using Euclidean LGT simulations
to aid with renormalization of quantum simulations done via PFs.

5.4.1 Review of existing approach

In this section we review the methods developed in [113] for taking the continuum limit
when using PFs.
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Product formulas are based on the Baker-Campbell Haussdorff (BCH) formula

e−iH1δte−iH2δt = e−i(H1+H2)δt− δ2t
2
[H1,H2]+... , (5.22)

and approximate the time evolution operator by products of individual exponentials. For
example, writing

H = H1 +H2 (5.23)

the first and second order product formulas will approximate the time evolution operator
U = exp[−iHt] as

S1(t) =
[
S1(δt)

]NPF =
[
e−iδtH1e−iδtH2

]NPF

(5.24)

S2(t) =
[
S2(δt)

]NPF =
[
e−iδtH1/2e−iδtH2e−iδtH1/2

]NPF

,

where δt is given by Eq. (5.4). Note that time evolution using product formulas requires two
independent parameters NPF and δt, which need to combine to produce the desired physical
time of interest

NPFδt = t . (5.25)

One way to use product formulas is to choose a value of NPF that is large enough such
that the systematic uncertainties to time evolution becomes negligible. This will be discussed
in detail and generalized to other approximations to time evolution in Sec. 5.5, and requires
to find a value of NPF for which the the resulting systematic uncertainties are guaranteed to
be below the statistical uncertainties made in the numerical calculation. In the rest of this
section, we discuss how to handle the systematic uncertainties through renormalization [113].

Using the BCH formula, Eq. (5.24), time evolution via product formulas correspond to
time evolution for a time step δt according to the effective Hamiltonians

Sk(δt) = e−iδtH
(k)
eff , (5.26)

with

H
(1)
eff (δt) = H1 +H2 − i

δt
2
[H1, H2] + . . . (5.27)

H
(2)
eff (δt) = H1 +H2 +

δ2t
24

( [
H1, [H1, H2]

]
+ 2

[
H2, [H1, H2]

] )
+ . . . .

We call the terms involving commutators of Hi BCH terms, since they arise from the higher
order terms in the BCH formula. Rescaling all parameters by the appropriate factors of the
lattice spacing a, including the appropriate factors of the speed of light

Ĥi =
a

c
Hi , δ̂t =

t̂

NPF

, (5.28)
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where t̂ is defined in Eq. (5.13) one therefore finds

Ĥ
(1)
eff (δt) = Ĥ1 + Ĥ2 − i

δ̂t
2

[
Ĥ1, Ĥ2

]
+ . . . (5.29)

Ĥ
(2)
eff (δt) = Ĥ1 + Ĥ2 +

δ̂2t
24

( [
Ĥ1, [Ĥ1, Ĥ2]

]
+ 2

[
Ĥ2, [Ĥ1, Ĥ2]

] )
+ . . . . (5.30)

For a kth order product formula the leading BCH terms contain k powers of δ̂t and com-
mutators involving k + 1 factors of Ĥi. We will discuss the implications of this in a later
section.

Using the effective Hamiltonian picture, it is clear that using PFs changes the low energy
physics of the theory being simulated, and so the renormalization procedure must be modified
accordingly. One method to account for this [113] is to choose a several values for the
parameter δ̂t and then perform the same steps as in Sec. 5.3 to determine the parameters
pi, as well as a and c (we discuss how to choose δ̂t in the next section). This results in a
renormalization trajectory that depends on the choice of parameter δ̂t, which we will denote
as

traj1 : {pi(a, δ̂t), c(a, δ̂t)} . (5.31)

By repeating this step for several pairs of values (a, δ̂t), one can safely take the lima limδt → 0
limit.

While this is a valid approach, one downside is that it requires performing a double
extrapolation in both a and δt, leading to a significant increase in the quantum cost. For-
tunately, this limitation can be overcome by instead working at a fixed physical anisotropy
ξ = a/δt and extrapolating a→ 0 [113]; we denote this renormalization trajectory by

traj2 : {pi(a, ξ), c(a, ξ)}
∣∣
ξ fixed

. (5.32)

In this way, by adding ξ to the set of quantities that need to be tuned, taking a→ 0 implies
δt → 0 as well. Note that fixing ξ requires choosing the number of Trotter steps NPF = ξt/a
to maintain a fixed physical time t.

As discussed in [113], it is possible to simplify this procedure further by noting that fixing
ξ is equivalent to fixing c/δ̂t. Up to corrections due to the renormalization of c(a) (which
are expected to be mild [113]), one can instead fix the bare step-size δ̂t, removing the need
for tuning the renormalized anisotropy ξ.

Despite this improvement, a key limitation remains: all parameter tuning must use ob-
servables obtained with the same effective Hamiltonian, Ĥeff(δt), that governs the time evolu-
tion. Using observables associated with a different Hamiltonian, even with a different δt, will
lead to systematic errors in the renormalization trajectory. In practice, the only approach to
avoid such mismatch errors constrains is to use same PF for both procedures, preventing the
use of other, potentially more computationally efficient, methods. In the next section, we
propose an alternative renormalization trajectory that simultaneously allows using the exact
lattice Hamiltonian Ĥ(a) to tune parameters for Trotter simulations, while maintaining the
beneficial property of only extrapolating a→ 0 at fixed δ̂t.
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5.4.2 Improved renormalization trajectories

In this section, we show that the BCH terms in H
(k)
eff (δt) are simply irrelevant operators,

and use this fact to develop a new set of simple and flexible renormalization trajectories.
As discussed briefly in the previous section, for a kth order product-formula, the leading

BCH terms contain k powers of δ̂t and commutators involving k + 1 factors of Ĥi. Writing
the effective Hamiltonian in terms of the bare step-size δ̂t and the dimensionful Hamiltonian
terms, the effective Hamiltonian takes the form

H
(k)
eff (δt) = H1 +H2 + δ̂k+1

t

(
a

c

)k
Ck(H1, H2) + . . .

= H1 +H2 +O
(
δ̂k+1
t

(
a

c

)k)
, (5.33)

where Ck(H1, H2) is a function that contains nested commutators ofH1 andH2 [106]. Written
in this form, one sees that BCH terms in the effective Hamiltonian are irrelevant operators
with mass dimension k.

One immediate consequence of this observation is that (for fixed δ̂t), if one uses a lattice
Hamiltonian with discretization errors scaling as O(aγ), one must use a PF with order k ≥ γ
to avoid introducing larger lattice spacing errors. For example, using a first order PF could
introduce O(a) errors. On the other hand, if one makes sure that k ≥ γ, this immediately
implies that the BCH operators contribute at the same (or higher) order as the other higher
dimensional operators that are already neglected in the lattice Hamiltonian H(a).

This implies that including or not including the BCH contributions only changes numer-
ical simulations at a given lattice spacing only up to O(ak) corrections, at which level other
effects not included contribute as well.

These considerations lead directly to a simplified renormalization trajectory. In par-
ticular, after fixing the bare Trotter step-size δ̂t, it is possible to use the renormalization
trajectory associated with exact time evolution (see Eq. (5.19)) in simulations with H

(k)
eff (δt)

while only incurring O((a/c)k) errors. We formally state this renormalization trajectory as
follows:

traj3 : {pi(a), c(a)}
∣∣
δ̂t fixed

. (5.34)

Similar to the trajectories in Sec. 5.4.1, fixing the physical evolution time t requires choosing
the number of Trotter steps to scale as NPF = (ct/a)δ̂t.

It is important to note that because the observables calculated using H
(k)
eff (δt) differ

from H(a) by O(δ̂k+1
t (a/c)k) errors, the bare parameters for these trajectories also differ

by O(δ̂k+1
t (a/c)k) errors. For large values of a or δ̂t, this mismatch could lead to enhanced

discretization errors from any non-linear behavior in p(a), e.g. the non-linear dependence of
the lattice spacing on the gauge coupling g(a). However, for small lattice spacing a and bare
steps-size δ̂t, the mismatch errors in the bare parameters will only lead to O(δ̂k+1

t (a/c)k)
errors.
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In the regime of small a and δ̂t, this trajectory has several advantages relative to those
discussed in the previous section. First, because δ̂t is a bare parameter, it can be trivially set
to a fixed value. Second, it only requires extrapolating the lattice spacing to zero. Lastly,
because we are using the bare parameters associated with the exact Hamiltonian H(a), it
is possible to calculate quantities required to tune the bare parameters using algorithms
beyond PFs, offering flexibility to consider the most cost-effective approach. It is possible to
simplify this procedure even further by neglecting the renormalization of speed of light and
κ altogether, since their differences from their continuum value c = κ = 1 are themselves of
O(a2).

To make more concrete the simplifications this renormalization trajectory leads to, con-
sider simulations of the Kogut-Susskind Hamiltonian. Using a k = 4 PF with fixed δ̂t, the
Trotter errors appear at O(a4) and go to zero as a→ 0. Setting c = κ = 1 can be done at the
cost of O(a2) errors, which are the same size as errors in the KS Hamiltonian already. In this
way, one only has to tune the bare quark masses and determine the lattice spacing through
scale setting, which can be done using any algorithm that simulates the KS Hamiltonian.

Looking forward, this renormalization trajectory leads naturally to a possible future
Hamiltonian LGT program in which parameter tuning can be reused among many different
simulations for many different algorithms. We conclude this section by noting that, while
this renormalization trajectory is conceptually and computationally simple, understanding
the absolute size of the O(δ̂k+1

t (a/c)k) errors, and how they propagate relative to those in
the existing trajectories discussed in Sec. 5.4.1 will require dedicated studies, which we leave
for future work.

5.4.3 Limitations of Euclidean simulations to perform
renormalization of real-time simulations

A different approach to renormalization is to use Euclidean simulations performed on
classical computers to obtain the renormalization trajectory. We will discuss this approach,
which was first proposed in [113], and expand upon its limitations, in the rest of this section.
The starting point is the fact that the Euclidean action used in classical lattice Monte-Carlo
calculations and the Hamiltonian in Hamiltonian lattice simulations can be related to one
another using the transfer matrix formalism.

This formalism, first proposed in [24], is usually used to show that one can obtain the
Kogut-Susskind Hamiltonian from the Wilson action by taking the limit of vanishing Eu-
clidean time-like lattice spacing. The starting point is to define a transfer matrix operator
T , such that the partition function Z can be written as

Z ≡
∫

DU e−SE = TrTN , (5.35)

where the Euclidean Wilson action is given by

SE = −βs
∑

s

ReTrPs − βs
∑

t

ReTrPt , (5.36)
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where Ps (Pt) denotes the plaquette operators defined on space-like (time-like) plaquettes.
The parameters βi are defined as

βs =
a0
g2sa

, βt =
a

g2t a0
, (5.37)

where a0 is the lattice spacing in the Euclidean time direction.
The transfer matrix is defined as the matrix element of the transfer operator T

TUU ′ ≡ ⟨U |T |U ′⟩ . (5.38)

Defining the gauge configurations Ui as those that correspond to the fixed time-slice i on the
periodic Euclidean lattice (such that U0 = UN), one can therefore write

T =

∫
dU0 . . . dUN−1 TU0U1 TU1U2 . . . TUN−1U0 . (5.39)

Demanding that the matrices TUU ′ are Hermitian one finds that the operator

T = exp

[
−a0

HB

2

]
exp [−a0HE] exp

[
−a0

HB

2

]
, (5.40)

reproduces the partition function corresponding to the Wilson action in Eq. (5.36) in the
limit a0 → 0.

Since the transfer operator provides the relation between different time slices on the
Euclidean lattice, it is related to the Hamiltonian of the system which governs the differential
time evolution of the system. In particular, by taking the a0 → 0 limit one obtains

T = exp[−a0HKS] , (5.41)

up to higher order corrections in a0, producing the result that Eq. (5.40) reproduces the
Kogut Susskind Hamiltonian in this limit8.

It was pointed out in [33, 34, 113] that the operator T in Eq. (5.40) (associated with the
heat-kernel action [279]) is equal exactly to the approximation of the time evolution operator
of the pure gauge Kogut-Susskind Hamiltonian when using a second order product formula
with the same breakup into HE and HE as in Eq. (5.40). In other words, one finds

T = S2

(
−ia0

c

a

)
, (5.42)

8Since this transfer operator only reproduces the Wilson action in the a0 → 0 limit, this transfer operator
is not unique, implying one has freedom in defining which lattice Hamiltonian to simulate. For example, one
could choose a transfer operator that uses more products of the various exponentials, such that it resembles
a higher order representation of the Baker Campbell Hausdorff formula. One could also use an operator that
do not contain the operators ĤB and ĤE in the exponentials, but rather operators that include higher order
corrections in a0. We are grateful to Wanqiang Liu for discussions on this topic.
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without any higher order corrections in a0 or δ̂t so long as H1 = HB and H2 = HE in
Eq. (5.24). This implies that calculations performed in a Hamiltonian lattice gauge theory
with Kogut-Susskind Hamiltonian and this second order Trotter evolution is exactly equal to
the analytical continuation of a Euclidean path integral calculation performed with the heat
kernel action. It is important to keep in mind that this works only for this particular second
order Trotter formula. Using other Trotter expansions, such as first order, second order with
a different breakup of the Hamiltonian or a different order of terms, of working higher-order
product-formulas, however, is a difficult task, as one must start from the desired higher-order
transfer matrix and work backwards to determine the associated Euclidean lattice action.

Another issue with this approach is that the exact relationship between the classical
Euclidean action and a Trotterized time evolution operator in the Hamiltonian formulation is
spoiled when including fermions, and to our knowledge no classical Euclidean action is known
that reproduces a Trotterized version of a corresponding Hamiltonian without introducing
O(a0) corrections. This implies that the approach of using classical calculations to obtain
the renormalization trajectory required for Hamiltonian simulations no longer works to the
desired accuracy in the presence of fermions.

To summarize, the discussion above shows that one can use classical simulation methods
to determine the renormalization trajectory [113, 273] for pure Yang-Mills simulations. In
this approach, avoiding a systematic mismatch at O(a2) requires performing classical cal-
culations with the heat kernel action, which is considerably more difficult to use than the
Wilson action, and no Euclidan action is currently known that allows to extend this approach
to include fermions, as is required to simulate the strong interaction.

In the next section we discuss an alternative approach, which does not suffer from the
shortcomings of the renormalization approach, and works generically for any lattice Hamil-
tonian. This approach takes the ordered limit lima→0 limδt→0 in a way that incurs negligible
systematic uncertainties from approximate time evolution. The key insight is that, as all
numerical computations performed, whether for tuning of parameters or to compute the final
observables, have associated statistical uncertainties, and as long as the systematic uncer-
tainties from the approximate time evolution can be guaranteed to be below these statistical
uncertainties, they can be neglected.

5.5 Statistically-Bounded Time Evolution Protocol

In the previous section we have outlined a general procedure to numerically compute
observables in Hamiltonian lattice gauge theories, including the requirements to renormalize
the bare parameters of the Hamiltonian. In particular, we discussed how to perform the two
necessary steps when an approximation to the time evolution operator is being used, as is
typically always required. In this section we will discuss how to deal with the systematic
uncertainties that arise from this approximation to the time evolution operator, in particular
how to ensure that these systematic uncertainties have no effect on the continuum limit. We



CHAPTER 5. OBTAINING CONTINUUM PHYSICS FROM DYNAMICAL
SIMULATIONS OF HAMILTONIAN LATTICE GAUGE THEORIES 136

refer to this general protocol as the Statistically-Bounded Time Evolution (SBTE) protocol.
An important aspect of our discussion will be the computational cost of the SBTE protocol.

From the previous discussion on renormalization when approximating time evolution
using product formulas, it should be clear that all required numerical calculations are per-
formed with a fixed set of parameters in the Hamiltonian. In the first step, these calculations
are used to determine the renormalization trajectory, while in the second step calculations
are performed for parameters that lie on this trajectory. It is important to realize that any
numerical calculation will come with an associated calculational uncertainty, unrelated to
any systematic uncertainty due to underlying theoretical assumptions. Such calculational
uncertainty can arise from noisy gates on quantum hardware, but even in the absence of such
noise, calculations have statistical uncertainties, either from using Monte-Carlo integrations
on classical computers or from measuring expectation values of operators from repeated cir-
cuits on quantum computers. This implies that calculating the expectation value of any
observable is only possible to a given uncertainty

⟨Ô⟩calc = ⟨Ô⟩ ± σÔ . (5.43)

Now consider calculating this expectation value using some approximation to the time
evolution operator, where the approximation is controlled by some parameter δ, with exact
time evolution recovered in the limit δ → 0. For approximations using product formulas the
parameter δ = δt is the bare Trotter step size used, but other approximations are possible
as well. We will later discuss the case of quantum signal processing (QSP), for which the
analogous parameter characterizes the accuracy of the Jacobi-Anger expansion of the time
evolution operator in terms of Chebyshev polynomials up to some finite order. For both of
these approaches, bounds exist that guarantee that the accuracy of the approximation

∣∣∣⟨Ô(δ)⟩ − ⟨Ô⟩
∣∣∣ = ϵδ . (5.44)

is below a certain value. For product formulas this is achieved by keeping the number of
Trotter steps NPF to be above a certain value, while for QSP it requires the number of
Chebyshev polynomials k used in the polynomial approximation to exceed a certain value.

As already mentioned in Sec. 5.2 no divergences appear in the limit δ → 0, even though
bare parameters can depend on the value of δ. This implies that choosing a sufficiently large
value of δ guarantees that ϵδ ≪ σÔ, ensuring that the resulting systematic uncertainties are
negligible compared to σÔ. Therefore all steps of the previous procedure go through as if
one had used exact time evolution.

As will be discussed in Sec. 5.5.1, ensuring a small enough error with product formulas
can lead to prohibitively expensive gate costs for two reasons. The first is that, while rigorous
error bounds exist when using PFs, they are generally loose, see, e.g., [105]. The second is

the polynomial scaling O(ϵ
−1/p
δ ) of the gate cost. These facts explain the desire to deal with

this uncertainty using the renormalization procedure discussed, which could result in smaller
gate costs at the expense of a more complicated renormalization procedure.
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For QSP, the scaling of computational resources with their accuracy is however much
more favorable in comparison to product formulas, being proportional to log(1/ϵδ), and is
in fact provably optimal in both total simulation time and error.

5.5.1 Algorithmic Complexity

In this section we compute the algorithmic cost required to control the approximation
accuracy ϵδ with respect to the statistical uncertainty σÔ in order to ensure the renormal-
ization steps outlined in Sec. 5.3 can be carried out as if one were performing exact time
evolution. In particular, for a specific choice of time evolution algorithm, we ask how to
choose the algorithmic parameter δ that controls the approximation error ϵδ incurred by the
algorithm to ensure that ϵδ ≤ σÔ/β where β ∈ R+ such that β ≥ 1. In this work, we do so
for two common (and conceptually simple) time evolution algorithm i.e. Product Formula
(PF) as well as for Quantum Signal Processing (QSP) based algorithms.

Let H be the Hamiltonian governing the dynamics of the theory we are interested in
simulating. Let exp(−iHt) and Usim(t) be exact and approximate time evolution operators,
where the latter is the operator implemented by the algorithm of choice. We define the
operator ∆sim as follows:

∆sim := e−iHt − Usim(t) , (5.45)

such that the spectral norm ∥∆sim∥ is the exponentiation error incurred by the time evolution
algorithm. The following lemma provides a necessary condition on the quantity ∥∆sim∥
required while computing operator expectation values of the form ⟨Ô(t, a)⟩:
Lemma 28. For any choice of time evolution algorithm and any β ∈ R+ such that β ≥ 1,
choosing algorithmic parameters that ensure

∥∆sim∥ ≤ σÔ
2β∥Ô(0, a)∥

, (5.46)

will result in ϵδ ≤ σÔ/β.

Proof. From Eq. (5.44), we have that

ϵδ = ∥eiHtÔ(0, a)e−iHt − Usim(t)Ô(0, a)U
−1
sim(t)∥ (5.47)

= ∥eiHtÔ(0, a)e−iHt −
(
eiHt −∆†

sim

)
Ô(0, a)

(
e−iHt −∆sim

)
∥ (5.48)

= ∥∆†
simÔ(0, a))e

−iHt + eiHtÔ(0, a)∆sim −∆†
simÔ(0, a)∆sim∥ . (5.49)

We can then apply the triangle inequality to write:

ϵδ ≤ 2∥∆sim∥ · ∥Ô(0, a)∥+O(∥∆sim∥)2 , (5.50)

where we ignore the quadratic correction term and upper bound the RHS of Eq. (5.50) with
σÔ/β to arrive at Eq. (5.46).
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Equipped with this Lemma, we can now consider specific instances of time evolution
algorithms and analyze the algorithmic gate complexity required to appropriately bound
the correction term ∆sim. While we consider the cost to do so using rigorous error bounds
in the next section, another approach (as we will discuss) is to perform the simulation at
several values of decreasing δ and showing that the result does not change within the working
statistical precision.

We first consider the complexity of the SBTE protocol when performing time evolution
with PFs. As given for example in [106, 114] and Chapter 2, the total number of exponentials
appearing in a PF formula grows exponentially with the PF order p. Due to this, for practical
applications it is common to choose “low” values of the order and hence we will assume the
most common choice of p = 2 for the remainder of this work.

In general, for a fixed value of the PF order p, increasing NPF polynomially decreases the
exponentiation error (see [106]) given by:

∥∆sim∥ = ∥
(
Sp(t/NPF)

)NPF − e−iHt∥ . (5.51)

We thus have that the total number of Pauli rotations, and hence elementary gate com-
plexity which we denote by χ, required to implement a 2nd-order PF scales linearly with the
total number of terms present in the PF formula:

χ = O (NPFL) . (5.52)

For the rest of this work we will assume that L = O(1) and hence Eq. (5.52) reduces to

χ = O(NPF) . (5.53)

Thus, under our assumptions, the parameter NPF fully determines the asymptotic scaling
of both the exponentiation error ∥∆sim∥ and the algorithmic gate complexity χ. During an
actual simulation procedure the question arises as to how to actually choose an explicit value
of NPF such that ϵδ ≤ σÔ/β for 2nd order PFs. To this end, we use Proposition 16 from [106]
with t → t/NPF and use the triangle inequality NPF-many times to arrive at the following
upper bound for ∥∆sim∥:

∥∆sim∥ ≤ ft3

N2
PF

. (5.54)

where f ∈ C defined as follows:

f :=
1

12

L∑

ℓ1=1

∣∣∣∣∣∣∣∣

∣∣∣∣∣∣∣




L∑

ℓ3=ℓ1

Hℓ3 ,




L∑

ℓ2=ℓ1+1

Hℓ2 , Hℓ1







∣∣∣∣∣∣∣

∣∣∣∣∣∣∣∣
(5.55)

+
1

24

L∑

ℓ1=1

∣∣∣∣∣∣∣

∣∣∣∣∣∣


Hℓ1 ,

L∑

ℓ2=ℓ1+1

Hℓ2



∣∣∣∣∣∣

∣∣∣∣∣∣∣
.
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We can then upper bound the RHS of the inequality Eq. (5.54) with the RHS of the inequality
from Lemma 28 to arrive at the following sufficient choice for NPF

NPF =

√
2β∥Ô(0, a)∥ft3

σO
, (5.56)

Thus, Eq. (5.56) provides a sufficient choice for the Trotter number NPF required to drive
the error stemming from approximating the true time evolution operator with a PF formula
below the statistical error σÔ by a factor of β. This allows one to use all the machinery
described in Sec. 5.3 and proceed as if the time evolution is exact.

If we instead choose to perfrom time evolution using QSP we can use the machinery
developed for instance in Chapters 2 and 3, which we discuss again using slightly different
notation. The theory of QSP allows us to implement bounded finite degree polynomial
transformations of unitary operators. In particular, let U be a unitary operation and let
P (U) be a degree-d polynomial such that

P (x)2 ≤ 1 ∀x ∈ {y ∈ C : |y| = 1}. (5.57)

From Corollary 5 of [110], we are then guaranteed the existence of a set of (d+1)-many pairs
of phases A = {(θ1, ϕ1), (θ2, ϕ2), . . . , (θd, ϕd), (θd+1, ϕd+1)} (where (θi, ϕi) ∈ R2) and a scalar
λ ∈ R such that the following is true:

UA(CU,0) :=



d+1∏

i=2

R(θi, ϕi, 0)CU,0


R(θ1, ϕ1, λ) (5.58)

=

(
P (U) ∗
∗ ∗

)
, (5.59)

where each ∗ represents a sub-block with entries chosen to make UA(CU,0) unitary, CU,0 is
the zero-controlled application of U , i.e.

CU,0 :=

(
U 0
0 I

)
, (5.60)

and R(θi, ϕi, λ) represents the following SU(2) rotation:

R(θi, ϕi, λ) =

(
ei(λ+ϕi) cos(θi) eiϕi sin(θi)
eiλ sin(θi) − cos(θi)

)
⊗ I. (5.61)

In other words, the unitary UA(CU,0) encodes the polynomial P (U) in its top left block.
Thus, the goal of QSP is to find the appropriate set of phases A and scalar λ such that the
resulting QSP unitary encodes a desired polynomial. As shown in [110], the set A can be
determined efficiently and accurately using an optimization algorithm for d up to 224.

Our approach to apply QSP to the task of time evolution involves the following steps:
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1. Construct a unitary that provides query access to the eigenvalues of the Hamiltonian
H.

2. Determine the set A necessary to implement a polynomial transformation of these
eigenvalues such that the resulting polynomial sufficiently approximates the true time
evolution operator

We accomplish the first of these tasks as follows. Given a Hamiltonian H, the block-
encoding of H (denoted by UH) is a unitary that encodes H in (typically) its top left block:

UH =

(
H/αH ∗

∗ ∗

)
, (5.62)

where αH ∈ R+ is defined such that ∥H/αH∥ ≤ 1 and ∗ refers to a block of entries that
make UH unitary. The size of the block ∗ corresponds to the number of ancilla qubits
used to construct UH . Note that Eq. (5.58) provides another example of a block-encoding,
specifically of the polynomial P (U). The most general construction of UH can be performed
by the linear combination of unitaries (LCU) method [111]. However, this can prove to be
computationally challenging. In many instances, including Hamiltonian LGTs, the structure
of H can lend itself to more efficient block-encoding constructions [114, 115, 133, 280].

Given UH , we then use it as input to the qubitization procedure presented in [109] to
construct a unitary WH (known as the walk operator or iterate) designed such that the
eigenphases of WH encode the eigenvalues of the rescaled Hamiltonian H/αH and thus pro-
vide the desired query access to the eigenvalues of H. Thus, by setting U → WH in Eq. (5.58)
we can construct polynomial transformations of WH and hence also of H/αH . In particular,
we seek a polynomial transformation that satisfies:

P (WH) = exp(−iHt) = exp

(
−i
(
H

αH

)
αHt

)
. (5.63)

If we let x ∈ spec(H/αH), one can use the Jacobi-Anger expansion [108, 116] to obtain the
following polynomial decomposition

e−iαHxt = J0(αH t) + 2
∞∑

k even,>0

(−i)k/2 Jk(αH t)Tk(x)

+ 2i
∞∑

k odd,>0

(−i)(k−1)/2 Jk(αH t)Tk(x) , (5.64)

where Jk is the kth order Bessel function of the first kind and Tk is the kth Chebyshev
polynomial of the first kind. If we construct a finite degree approximation to this polynomial
decomposition, we can then encode an approximation to the true time evolution operator in
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the top left block of a unitary of the form Eq. (5.58). To accomplish this, we consider the
following truncated decomposition:

e−iαHxt = J0(αH t) + 2

NQSP∑

k even,>0

(−i)k/2 Jk(αH t)Tk(x)

+ 2i

NQSP∑

k odd,>0

(−i)(k−1)/2 Jk(αH t)Tk(x) . (5.65)

Thus, NQSP determines the degree of the polynomial used to approximate the true time
evolution operator, and from Eq. (5.58) we see that the elementary gate complexity χ scales
linearly with NQSP:

χ = O(NQSP). (5.66)

Thus, similar to the parameter NPF, NQSP is the key algorithmic parameter for QSP that
determines both the exponentiation error ∥∆sim∥ (as shown for instance in [108], ∥∆sim∥
decreases exponentially as we increase NQSP and χ. In the language of Sec. 5.5, we identify
δ = 1/NQSP.

We now determine an explicit choice for the value ofNQSP required to satisfy the condition
ϵδ ≤ σÔ/β and hence perform an actual simulation. From [109, 116, 281], we have that

NQSP ≥ eαHt

2
+ log

(
1

∥∆sim∥

)
. (5.67)

for which the proof is based on the super-exponentially decaying upper bound on the norms
of Bessel functions with respect to the order. We can then use Lemma 28 to arrive at the
following sufficient choice for NQSP:

NQSP ≥ eαHt

2
+ log

(
2β∥Ô(0, a)∥

)
+ log

(
1

σO

)
. (5.68)

5.5.2 Comparisons

The most striking differences between the two algorithmic kernels we consider for Hamil-
tonian simulation are associated with how the rigorous error bounds scale with key param-
eters NPF and NQSP functionally depend on t, σÔ, β, and ∥Ô(0, a)∥. From Eqs. (5.56)
and (5.68) we see that NQSP asymptotically scales more favorably than NPF with respect to
all these quantities. In particular from Eq. (5.56) we see that NPF scales polynomially with
1/σÔ whereas from Eq. (5.68) we see that NQSP scales logarithmically with 1/σÔ. Moreover,

while NPF scales polynomially with the product β∥Ô(0, a)∥, NQSP again scales logarithmi-

cally with the product β∥Ô(0, a)∥. Furthermore, the additional logarithmic overhead when
using QSP is additive relative to the cost of simulating time evolution to error σÔ. Because
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the scale factor must satisfy αH ≥ ∥H∥, it generally grows with volume, which implies that
the overhead is entirely negligible for any physically interesting operator.

To better understand the additional overhead for both methods, we consider two phys-
ically relevant classes of operators Ô(0, a). In particular, consider the overhead for local
operators, e.g., the local quark condensate, and operators that involve summing over the
entire lattice, e.g., the hadronic tensor. In the case of local operators, the operator norm
∥Ô(0, a)∥ is independent of the volume and may introduce only a small overhead when using
PFs. Simulating non-local operators whose norm ∥Ô(0, a)∥ grows with the volume, however,
will result in a significant cost increase for simulations via PFs. While it is possible that this
cost scaling could be improved with more detailed error analysis, if one instead uses QSP,
the overhead can be guaranteed to be entirely negligible a priori.

Additionally, as we show for the case of a ϕ4 Hamiltonian in App. D.2, the QSP error
bound used to prove Eq. (5.68) is generally known to be tighter than the analogous PF error
bound. Thus, employing the SBTE protocol we propose in this work, the QSP error bound
would then enable us to choose smaller values of NQSP than the values of NPF implied by
the PF bound relative to the ideal values of these quantities (i.e. the smallest values of
NQSP, NPF for which the desired error bound is satisfied).

While employing rigorous error bounds to determine the value of δ that guarantees
ϵδ ≤ σÔ/β has the advantage of only needing to perform a single simulation, an alterna-
tive approach is to simply perform the calculation at smaller values of δ until the value
⟨Ô(δ)⟩ no longer changes within error bars. Such an approach could result in savings if the
error bounds are known to be loose, as is the case with PFs.

From this discussion it should be clear that, for a given problem, it is not immediately
obvious which technique would be better suited for performing the SBTE protocol proposed
in this work and result in an overall lower gate complexity. The answer to this question
requires knowledge of the prefactors appearing in Eqs. (5.53) and (5.66) as well as the
quantities f (Eq. (5.55)) and αH (Eq. (5.62)). The major contribution to the QSP prefactor
is associated with the task of constructing the block-encoding for a given Hamiltonian (which
also determines αH). This task is highly problem dependent and hence we expect the more
efficient algorithmic kernel to also change depending on the specific Hamiltonian as well
as the specific values of ∥∆sim∥, t, and the size of the lattice. The work in [114, 115] and
Chapters 2 and 3 present, for example, values of ∥∆sim∥ and t for which the combined task of
block-encoding and time evolution via QSP proves to be more efficient than time evolution
by a PF for the case of the ϕ4 Hamiltonian at specific lattice sizes. Thus, for a specific
problem/Hamiltonian one can take advantage of any structure inherent to the problem to
construct efficient block-encodings and either analytically or numerically (by extrapolation)
determine the parameter ranges corresponding to the either QSP or PF being the more
efficient algorithmic choice.
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5.6 Discussion and Conclusion

In this work, we have presented an approach, called the SBTE protocol, to taking the con-
tinuum limit in dynamical simulations of Hamiltonian lattice field theories. Our framework
is conceptually simpler than previous methods based on a renormalization procedure, which
were shown to allow classical calculations using the heat-kernel action to obtain the renor-
malization trajectory for time evolution in pure Yang-Mills gauge theory. One advantage of
this new protocol is that it works for any approximation to the time evolution operator, but
more important is that it works for any Hamiltonian, in particular for the strong interaction
including fermions, which is one of the most important use cases for Hamiltonian simula-
tions. The SBTE protocol is based on the idea that as long as the systematic error from
approximate time evolution is negligible compared to the statistical uncertainty of the simu-
lation, its effect on the continuum limit can be safely ignored. By exploiting rigorous upper
bounds on the error incurred from approximate time evolution, one can a priori determine
the quantum gate cost required to achieve this.

To demonstrate our approach, we considered simulation via product formulas and meth-
ods based on Quantum Signal Processing. Using existing error bounds, we showed that,
while driving the time evolution error below the statistical threshold can result in significant
overhead when using PFs due to the sub-optimal scalingO(t1+1/pϵ−1/p), this additional cost is
negligible when using QSP based methods due to its provably optimal scaling O(αHt+log 1

ϵ
),

in particular due to the additive log 1
ϵ
scaling with error; for algorithms with multiplicative

error scaling of the form ∼ t log 1
ϵ
, the overhead will be smaller than for PFs, but still

non-negligible.
Rather than using error bounds in the SBTE protocol, we discussed an alternative ap-

proach where one simply performs the calculation with smaller values of δ until the value
⟨Ô(δ)⟩ no longer changes within error bars. This approach is most likely to be beneficial when
the error bounds are known to be loose, as is the case with product-formulas. In general,
the computational cost in the SBTE protocol is simply given by the computational cost of
ensuring the systematic uncertainties introduced by an approximation to the time-evolution
operator are below the statistical ones.

In addition to developing this general alternative approach, we developed a simplified
renormalization trajectory for PF simulations. Exploiting the fact that BCH error terms
in the effective Hamiltonian are irrelevant operators who disappear in the continuum limit,
one can simply use the bare parameters tuned assuming exact time evolution while only
introducing O(ak) errors, where k is the order of the PF used. This new trajectory has
several advantages, including the simplicity of working at a fixed value of the bare step-size
δ̂t, and the ability to tune the bare parameters using algorithms beyond PFs. Whether the
computational simplicity of this approach outweighs the potentially larger lattice spacing
errors will be interesting to study in future work.

In the context of PF simulations, we also provided a detailed discussion of the proposal
for using classical resources [113] to help reduce the quantum cost of determining the renor-
malization trajectory. In this discussion we highlighted that for pure gauge theories these
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methods require classical simulations with complicated actions. Once fermions are included,
no classical actions are known for this approach to work. It is also important to keep in mind
that, because performing time evolution requires quantum computers with similar capabili-
ties as would be needed for tuning bare parameters and scale setting, such methods do not
allow one to get away with using smaller or noisier quantum devices. These approaches can,
however, trade total run-time on quantum computers for run-time on classical computers.

Our findings suggest several directions for future research. One promising avenue is to
develop an explicit effective Hamiltonian description for QSP-based time evolution, which
could provide deeper insight into the renormalization process and potentially inspire new
strategies similar to the PF-based approach. Additionally, a comprehensive end-to-end
renormalization procedure—including parameter tuning, scale setting, and operator renor-
malization—remains to be established for general simulation algorithms. There are many
different renormalization schemes one can imagine using, and detailed comparisons of the
computational cost are necessary to understand which approach is best suited for a given
problem.

Ultimately, our method lays the groundwork for systematic and fair comparisons between
different quantum simulation algorithms for lattice field theory simulations, enabling one to
assess the total quantum resources required to obtain continuum physics. This, in turn,
will be crucial for guiding the development of quantum algorithms and hardware toward
achieving quantum advantage in this challenging domain.

Furthermore, our results have significant implications for future Hamiltonian LGT quan-
tum simulation programs. Drawing inspiration from Euclidean lattice QCD simulations, it is
highly desirable to be able to reuse as many components of a quantum simulation as possible.
Prior to our work, the effective Hamiltonians one actually evolves according to when using
approximate time evolution were viewed as different lattice regularizations, each requiring
their own tuning process. By identifying renormalization trajectories associated with exact
Hamiltonians, our work enables the reuse of costly computations across different algorithms
and observables.
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[126] Sina Zeytinoğlu and Sho Sugiura. “Error-robust quantum signal processing using Ryd-
berg atoms”. In: Phys. Rev. Res. 6.1 (2024), p. 013003. doi: 10.1103/PhysRevResearch.
6.013003. arXiv: 2201.04665 [quant-ph].

[127] Yuta Kikuchi et al. “Realization of quantum signal processing on a noisy quantum
computer”. In: npj Quantum Inf. 9 (2023), p. 93. doi: 10.1038/s41534-023-00762-
0. arXiv: 2303.05533 [quant-ph].

[128] Jeongwan Haah et al. “Quantum algorithm for simulating real time evolution of lat-
tice Hamiltonians”. In: (Jan. 2018). doi: 10.1137/18M1231511. arXiv: 1801.03922
[quant-ph].

[129] Borzu Toloui and Peter J. Love. “Quantum Algorithms for Quantum Chemistry based
on the sparsity of the CI-matrix”. In: (Dec. 2013). arXiv: 1312.2579 [quant-ph].

[130] Ryan Babbush et al. “Encoding Electronic Spectra in Quantum Circuits with Linear
T Complexity”. In: Phys. Rev. X 8.4 (2018), p. 041015. doi: 10.1103/PhysRevX.8.
041015.

[131] Michael Kreshchuk et al. “Quantum simulation of quantum field theory in the light-
front formulation”. In: Phys. Rev. A 105.3 (2022), p. 032418. doi: 10.1103/PhysRevA.
105.032418. arXiv: 2002.04016 [quant-ph].

[132] William M. Kirby et al. “Quantum simulation of second-quantized Hamiltonians
in compact encoding”. In: Phys. Rev. A 104.4 (2021), p. 042607. doi: 10.1103/
PhysRevA.104.042607. arXiv: 2105.10941 [quant-ph].

[133] Mason L. Rhodes, Michael Kreshchuk, and Shivesh Pathak. “Exponential Improve-
ments in the Simulation of Lattice Gauge Theories Using Near-Optimal Techniques”.
In: PRX Quantum 5.4 (2024), p. 040347. doi: 10.1103/PRXQuantum.5.040347.
arXiv: 2405.10416 [quant-ph].

[134] Yao Ji, Henry Lamm, and Shuchen Zhu. “Gluon Field Digitization via Group Space
Decimation for Quantum Computers”. In: Phys. Rev. D 102.11 (2020), p. 114513.
doi: 10.1103/PhysRevD.102.114513. arXiv: 2005.14221 [hep-lat].

[135] Dorota M. Grabowska et al. “Overcoming exponential scaling with system size in
Trotter-Suzuki implementations of constrained Hamiltonians: 2+1 U(1) lattice gauge
theories”. In: (Aug. 2022). arXiv: 2208.03333 [quant-ph].

[136] Christopher Kane et al. “Efficient quantum implementation of 2+1 U(1) lattice gauge
theories with Gauss law constraints”. In: (Nov. 2022). arXiv: 2211.10497 [quant-ph].

https://arxiv.org/abs/quant-ph/9603028
https://doi.org/10.1103/PhysRevResearch.6.013003
https://doi.org/10.1103/PhysRevResearch.6.013003
https://arxiv.org/abs/2201.04665
https://doi.org/10.1038/s41534-023-00762-0
https://doi.org/10.1038/s41534-023-00762-0
https://arxiv.org/abs/2303.05533
https://doi.org/10.1137/18M1231511
https://arxiv.org/abs/1801.03922
https://arxiv.org/abs/1801.03922
https://arxiv.org/abs/1312.2579
https://doi.org/10.1103/PhysRevX.8.041015
https://doi.org/10.1103/PhysRevX.8.041015
https://doi.org/10.1103/PhysRevA.105.032418
https://doi.org/10.1103/PhysRevA.105.032418
https://arxiv.org/abs/2002.04016
https://doi.org/10.1103/PhysRevA.104.042607
https://doi.org/10.1103/PhysRevA.104.042607
https://arxiv.org/abs/2105.10941
https://doi.org/10.1103/PRXQuantum.5.040347
https://arxiv.org/abs/2405.10416
https://doi.org/10.1103/PhysRevD.102.114513
https://arxiv.org/abs/2005.14221
https://arxiv.org/abs/2208.03333
https://arxiv.org/abs/2211.10497


BIBLIOGRAPHY 156

[137] M. B. Hastings et al. “Improving Quantum Algorithms for Quantum Chemistry”. In:
(Mar. 2014). arXiv: 1403.1539 [quant-ph].

[138] David Poulin et al. “The Trotter step size required for accurate quantum simulation
of quantum chemistry”. In: Quant. Inf. Comput. 15.5-6 (2015), pp. 0361–0384. doi:
10.26421/QIC15.5-6-1. arXiv: 1406.4920 [quant-ph].

[139] Andrew Tranter et al. “A comparison of the Bravyi–Kitaev and Jordan–Wigner trans-
formations for the quantum simulation of quantum chemistry”. In: Journal of chemical
theory and computation 14.11 (2018), pp. 5617–5630.

[140] Yi Hu et al. “Greedy algorithm based circuit optimization for near-term quantum
simulation”. In: Quantum Sci. Technol. 7.4 (2022), p. 045001. doi: 10.1088/2058-
9565/ac796b.

[141] Andrew Tranter et al. “Ordering of trotterization: Impact on errors in quantum sim-
ulation of electronic structure”. In: Entropy 21.12 (2019), p. 1218.

[142] Albert T. Schmitz et al. “Graph Optimization Perspective for Low-Depth Trotter-
Suzuki Decomposition”. In: (Mar. 2021). arXiv: 2103.08602 [quant-ph].

[143] Johann Ostmeyer. “Optimised Trotter decompositions for classical and quantum com-
puting”. In: J. Phys. A 56.28 (2023), p. 285303. doi: 10.1088/1751-8121/acde7a.
arXiv: 2211.02691 [quant-ph].

[144] Xin-Yu Huang et al.Qubitization of Bosons. May 2021. arXiv: 2105.12563 [quant-ph].

[145] Andrei Alexandru et al. “Qubitization strategies for bosonic field theories”. In: Phys.
Rev. D 107.3 (2023), p. 034503. doi: 10.1103/PhysRevD.107.034503. arXiv: 2209.
00098 [hep-lat].

[146] Ryan Babbush et al. “Quantum simulation of chemistry with sublinear scaling in
basis size”. In: npj Quantum Inf. 5 (2019), p. 92. doi: 10.1038/s41534-019-0199-y.

[147] Daan Camps and Roel Van Beeumen. “Fable: Fast approximate quantum circuits for
block-encodings”. In: 2022 IEEE International Conference on Quantum Computing
and Engineering (QCE). IEEE. 2022, pp. 104–113.

[148] Ryan Babbush et al. “Exponentially more precise quantum simulation of fermions in
the configuration interaction representation”. In: Quantum Sci. Technol. 3.1 (2017),
p. 015006. doi: 10.1088/2058-9565/aa9463.

[149] V. V. Shende, S. S. Bullock, and I. L. Markov. “Synthesis of quantum-logic circuits”.
In: IEEE Trans. Comput. Aided Design Integr. Circuits Syst. 25.6 (2006), pp. 1000–
1010. doi: 10.1109/tcad.2005.855930.
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Appendix A

Strategies for Simulating Time
Evolution of Hamiltonian Lattice
Field Theories

A.1 Proofs of Lemmas and Theorems

A.1.1 Proof of Lemma 12

Proof. Demanding that the new PF still reproduces the time evolution operator with the
same exponentiation error we can write

∥∥∥e−iHt − S̃p(t)
∥∥∥

=

∥∥∥∥e−iHt − Sp(t) +
[
Sp(t/r)

]r −
[
S̃p(t/r)

]r∥∥∥∥

≤ O(ε) +

∥∥∥∥
[
S̃p(t/r)

]r
−
[
Sp(t/r)

]r
∥∥∥∥

= O(ε) + rNHΥ(p)
∥∥∥U (J)

υ (t/r)− e−it/raυJHJ

∥∥∥
= O(ε) .

(A.1)

A.1.2 Proof of Theorem 13

Proof. Using Theorem 6 and Lemma 11, one finds that the Trotter number r is asymptoti-
cally given by

r = O


 |||H|||1||H||

1
p

1 t
1+ 1

p

ε
1
p


 . (A.2)
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Using previously established notation, we have

||H||1 = O


NH

∑

J

||HJ ||


 = O(NHNPcP) , (A.3)

|∥H∥|1 = O(NindNPcP) , (A.4)

which immediately gives

r = O


NindNH

1/p (NPcPt)
1+ 1

p

ε
1
p


 . (A.5)

Assume now that we wish to compute the total gate count χ for a quantum circuit imple-
menting an approximation of e−iHt to total exponentiation error O(ε) based on the splitting(
Sp(t/r)

)r
, where the Trotter number r in fact satisfies Eq. (2.82) (i.e., the asymptotic scal-

ing is tight) so that the spectral norm ∥
(
Sp(t/r)

)r− e−iHt∥ = O(ε). This splitting takes the
following form (see Eq. (2.14))

[
Sp(t/r)

]r
≡




Υ(p)∏

υ=1

Pυ


∏

J∈S
exp

(
−ita(J)υ HJ

r

)





r

. (A.6)

Each Sp(t/r) thus consists of O
(
NHΥ(p)

)
-many exponentials of the form exp

(
−ita(J)υ HJ/r

)
.

Each of these exponentials can be approximated using a different PF S̃
(υ,J)
p̃ (t/rr̃) based on

the Pauli decomposition of each term HJ (see Eq. (2.3)). This splitting takes the form

[
S̃
(υ,J)
p̃ (t/(rr̃))

]r̃
≡




Υ(p̃)∏

υ=1

P̃υ




NP
(J)∏

i=1

exp

(
−itã(i)υ c(J)i P

(J)
i

rr̃

)





r̃

. (A.7)

From Lemma 12 we know that to ensure that the total error remains O(ε), the accuracy of
this PF has to be

∥∥∥∥∥∥

(
S̃
(υ,J)
p̃ (t/rr̃)

)r̃
− exp

(
−ita(J)υ HJ

r

)∥∥∥∥∥∥

= O
(

ε

NHrΥ(p)

)
.

(A.8)
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Substituting this into the result of Theorem 6 we therefore find

r̃ = Ω



(
NPcPt

r

)1+ 1
p̃
(

ε

NHΥ(p)r

)− 1
p̃




= Ω

(
Υ(p)

Nind

(
NPcPt

NHε

) p
p̃

)
.

(A.9)

We choose p̃ = p and use that Υ(p) = O(1). We also have that r̃,Nind ∈ N have to both be
at least 1, and hence one finds r̃ = Ω(1).

Using that Υ(p̃) = O(1), we have that the resource scaling is thus given by

χ = O(NHNPr) = O


NindNP

(NHNPcPt)
1+ 1

p

ε
1
p


 . (A.10)

A.1.3 Proof of Theorem 21

Proof. From Lemma 12 we know that the simulation of a single exponential of the form

e−ia
(J)
v HJ t/r acting on O(1) sites is needed to accuracy ε/(NHr). Performing this approxima-

tion using QSP (see Theorem 19) requires a gate count

χJ = O
(
NP logNP

(
NPcP

t

r
+ log(NHr/ε)

))

= O
(
NP logNP log(NHr/ε)

)
,

(A.11)

where the first term can be discarded because the asymptotic assumption on r given by
Eq. (2.93) indicates that NPcPt/r = O(ε/(NPcPt)

1/p), which is asymptotically bounded from
above by a constant.

The total gate count from the (NHr)-many applications of this QSP subroutine is then
given by

χ = NH r χJ = O
[
Nind (NHNPcPt)

1+ 1
p ε−

1
pNP logNP log(NindNHNPcPt/ε)

]
. (A.12)

Since the block-encoding produced by QSP has a scale factor 1 ± O(ε/(rNH)), the final
block-encoding produced by multiplying (Υ(p)NHr)-many such block-encodings will again
be a block-encoding, this time with scale-factor 1±O(ε). This completes the proof.
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A.1.4 Proof of Theorem 23

Proof. From Theorem 10 we need the helper function to implement a time evolution operator
for time t̃ = ∥HJ∥t = O(NPcPt) on a system of size Nℓ = O(ℓd) with exponentiation error δ,
where ℓ and δ are given in Eqs. (2.75) and (2.76).

From Theorem 13 we find that a PF to implement the time evolution on a system with
Nℓ lattice sites and exponentiation error δ requires resources (taking t = O(1) in Eq. (2.90))

χPF = O
(
NP (NℓNPcP)

1+ 1
p δ−

1
p

)

= O
(
NP (NPcP)

1+ 1
p

[
log
(
NΛt/ε

)]d
(
1+ 1

p

)(
NΛt

ε logd
(
NΛt/ε

)
) 1

p
)

= O


NP (NPcP)

1+ 1
p logd

(
NΛt

ε

)(
NΛt

ε

) 1
p


 .

(A.13)

Furthermore, we know from Theorem 10 that the number of calls to this helper function is
given by Eq. (2.74), such that the final gate complexity is

χ = O
(

NΛt

logd
(
NΛt/ε

)χPF

)

= O
(
NP (NΛNPcPt)

1+ 1
p ε−

1
p

)
.

(A.14)

as desired.

A.1.5 Proof of Theorem 24

Proof. Theorem 10 states that we need the helper function to implement a time evolution
operator for time t̃ = ∥HJ∥t = O(NPcPt) on a system of size Nℓ = O(ℓd) with exponentiation
error δ, where ℓ and δ are given in Eqs. (2.75) and (2.76). From Theorem 17 we find that
implementing the time evolution on a system with Nℓ lattice sites and exponentiation error
δ with QSP requires resources (taking t = O(1) in Eq. (2.90))

χQSP = O
(
NℓNP log (NℓNP)

(
NℓNPcP + log(1/δ)

)]

= O
(
logd

(
NΛt/ε

)
NP log

[
NP log

(
NΛt/ε

)]
[
NPcP log

d
(
NΛt/ε

)
+ log

(
NΛt

ε logd
(
NΛt/ε

)
)])

.

(A.15)
In the limit of large system size, the second term in the last square bracket (the one origi-
nating from the log(1/δ) term) is subdominant to the first, which allows us to write

χQSP = O
(
NP

2cP log
2d
(
NΛt/ε

)
log
[
NP log

(
NΛt/ε

)])
. (A.16)
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Using the number of calls to this helper function from Eq. (2.74), the final gate complexity
is

χ = O
(

NΛt

logd
(
NΛt/ε

)χQSP

)

= O
(
NP

2NΛcPt log
d
(
NΛt/ε

)
log
[
NP log

(
NΛt/ε

)])
,

(A.17)

as desired.

A.2 General qubitization procedure

In all the cases considered in this work the quantum walk operatorWH can be constructed
from the block encoding UH using the recipe given in Eq. (2.45). For completeness, below
we provide a general approach from Ref. [109] which allows one to assemble the circuit for
the WH operator using an ancillary qubit and two controlled calls to UH . This is necessary
in cases when one is unable to find an operator S satisfying Eq. (2.46).

The general construction requires adding one qubit |q⟩ to the ancillary Hilbert space,
such that Ha → Hqa = Hq ⊗Ha. In this new ancillary Hilbert space we define

|g⟩qa = |+⟩q|g⟩a, where
(
⟨g|a ⊗ 1s

)
UH
(
|g⟩a ⊗ 1s

)
= H/α , (A.18)

and the operator WH is defined on the Hilbert space Hqas = Hq ⊗Ha ⊗Hs. As was shown

|⟩q H X

Rqa

H

|⟩a
UH U †

H

|⟩s

U ′
qas

Figure A.1: Circuit for the qubitized block encodingWH , given an arbitrary block encoding
UH . The circuit for Rqa is shown in Fig. A.2.

in Section 4 of Ref. [109], it is given by

WH =(Rqa ⊗ 1s)(Xq ⊗ 1as)U ′
qas , (A.19)
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...
...

...

|⟩q H H −1

|⟩a G† G

X Z X

Figure A.2: Circuit for the reflection operator Rqa defined in Eq. (A.20) and used
in Eq. (A.19), see [117] for alternative implementations. G is the oracle for preparing the
state |g⟩a, i.e. G|0⟩a = |g⟩a. The −1 gate adds an overall phase to the circuit (negative
sign), and can be implemented, e.g., as XZXZ.

where Xq is the X gate on the qubit |q⟩, Rqa is a standard reflection operator about |g⟩qa =
|+⟩q|g⟩a,

Rqa = 2|g⟩a|+⟩q⟨+|q⟨g|a − 1qa , (A.20)

and

U ′
qas = |0⟩q⟨0|qUH + |1⟩q⟨1|qU †

H , (A.21)

is an operator that applies the UH or U †
H operator, depending on the state of |q⟩;

One can show through explicit computation that
(
⟨g|qa ⊗ 1s

) (
Xq ⊗ 1a ⊗ 1s

)
U ′
qas

(
|g⟩qa ⊗ 1s

)
= H/α (A.22)

(
⟨g|qa ⊗ 1s

) [(
Xq ⊗ 1a ⊗ 1s

)
U ′
qas

]2 (
|g⟩qa ⊗ 1s

)
= 1s (A.23)

verifying that Eq. (A.19) gives indeed a qubitized BE of H. The circuits for operators WH ,
U ′
qas, and Rqa are shown in Figs. A.1 and A.2.

A.3 Pauli decomposition of Fourier transforms of

diagonal operators

In this appendix, we show that, if D = diag(d0, d1, . . . , d2nq−1) is an nq-qubit diagonal
Hermitian operator, then F †DF can be decomposed into at most O(3nq) Pauli-gates. To do
so, we will first write D as

D =
2nq−1∑

j=0

dj |j⟩ ⟨j| . (A.24)
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The key relation we use is that that the action of F on a computational basis state factorizes,

F |j⟩ = 1

2nq/2

2nq−1∑

k=0

e2πi
jk

2nq |k⟩ =
∣∣ϕn(j)

〉
⊗ · · · ⊗

∣∣ϕ1(j)
〉
, (A.25)

where ∣∣ϕk(j)
〉
=

1√
2

(
|0⟩+ e2πi

j

2k |1⟩
)
. (A.26)

Using this, we can write

F †DF =
2nq−1∑

j=0

djF † |j⟩ ⟨j| F =
1

2nq

2nq−1∑

j=0

dj
∣∣ϕn(j)

〉 〈
ϕn(j)

∣∣⊗ · · · ⊗
∣∣ϕ1(j)

〉 〈
ϕ1(j)

∣∣ . (A.27)

Decomposing the 2× 2 matrices
∣∣ϕk(j)

〉 〈
ϕk(j)

∣∣ into Pauli gates we find

∣∣ϕk(j)
〉 〈
ϕk(j)

∣∣ = 1

2

(
|0⟩ ⟨0|+ e−2πi j

2k |0⟩ ⟨1|+ e2πi
j

2k |1⟩ ⟨0|+ |1⟩ ⟨1|
)

= 1+ cos

(
2πj

2k

)
X+ sin

(
2πj

2k

)
Y,

(A.28)

which shows that the Pauli decomposition of F †DF will contain no Pauli-strings with Z-
gates. Furthermore, for

∣∣ϕ1(j)
〉 〈
ϕ1(j)

∣∣, the coefficient of the Y-gate, sin(πj), is zero for all
j, indicating that, for general matrices D, the matrix F †DF is given by a sum of 2

3
× 3nq

Pauli-strings; this will not be true in general if one uses shifted Fourier transforms. It is
possible that matrices D with a particular structure could lead to cancellations in the sum
over j and result in less Pauli-strings.
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Appendix B

Block Encoding Bosons by Signal
Processing

B.1 Constructing the walk operator

In this appendix, we provide detailed proofs for the selection of the operator S (see
Sec. 3.3) used in constructing the walk operator when the associated BE is implemented using
QSVT (Lemma 29) or QETU (Lemma 30) for even polynomials. Specifically, we demonstrate
that for both QSVT and QETU, the operator S can be chosen as a single Z-gate acting on
the signal and control qubit, respectively, to satisfy the conditions in Eq. (2.46). We then
consider the scenario where the BE for the full Hamiltonian UĤ is constructed using LCU
to combine several local UĤj

BEs, with each UĤj
constructed using either QSVT, QETU,

or LOVE-LCU. We demonstrate that, as long as the circuit organization discussed in detail
in Sec. 3.3.6 is used, the associated walk operator WĤ can be constructed by choosing S to
be a single Z-gate.

The following Lemma shows how to construct the walk operator given that that the BE
was constructed using QSVT for even polynomials.

Lemma 29. Let Â and f(Â) be Hermitian operators acting on the Hilbert space Hs, and,
without loss of generality, assume ∥Â∥ ≤ 1. Let UA be a (1,m) block encoding of Â, acting
on the Hilbert space Ha ⊗ Hs, where Ha is an m-qubit ancillary register. Let Uf(Â) be an

(α,m+1) block encoding of f(Â), constructed using the even QSVT circuit (see Fig. 3.3) with
the building block UA, acting on the Hilbert space Hc⊗Ha⊗Hs, where Hc is the single-qubit
signal qubit. Then, the operator S ′ = Zc ⊗ 1a ⊗ 1s satisfies

(
⟨0|c ⊗ ⟨0|a ⊗ 1s

)
S ′Uf(Â)

(
|0⟩c ⊗ |0⟩a ⊗ 1s

)
= f(Â)/α , (B.1)

(
⟨0|c ⊗ ⟨0|a ⊗ 1s

)
S ′Uf(Â)S

′Uf(Â)
(
|0⟩c ⊗ |0⟩a ⊗ 1s

)
= 1s . (B.2)
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Proof. Using the fact that S ′ |0⟩c ⊗ 1as = |0⟩c ⊗ 1as, we see that

(
⟨0|c ⊗ ⟨0|a ⊗ 1s

)
S ′Uf(Â)

(
|0⟩c ⊗ |0⟩a ⊗ 1s

)
=
(
⟨0|c ⊗ ⟨0|a ⊗ 1s

)
Uf(Â)

(
|0⟩c ⊗ |0⟩a ⊗ 1s

)

(B.3)

= f(Â)/α, (B.4)

where the final equality in the above equation is the definition of the block encoding Uf(Â).
The first relation is therefore satisfied.

To prove the second relation is satisfied, we show that S ′Uf(Â) = U †
f(Â)

S ′. To see this,

we use two circuit identities: ZH = HX and Xc ⊗ 1aCRϕ̃ = CR†
ϕ̃
Xc ⊗ 1a (see Fig. 3.4

for the circuit for CRϕ̃). The latter follows from the facts that X gates commute with

the target of multi-controlled NOT gate and XRz(θ) = Rz(θ)
†X. Repeated use of these

identities imply that commuting the Z gate in S ′ past the QSVT circuit flips the sign of
the phases in each CRϕ̃. However, because the phases ϕ̃ are symmetric, combined with

the fact that one alternates calls to UA and U †
A, flipping sign of the phases in each CRϕ̃ is

equivalent to taking the Hermitian conjugate and thus S ′Uf(Â) = U †
f(Â)

S ′. This implies that

S ′Uf(Â)S
′Uf(Â) = S ′Uf(Â)U

†
f(Â)

S ′ = (S ′)2 = 1cas and so the second relation is satisfied.

The following Lemma shows how to construct the walk operator given that that the BE
was constructed using QETU for even polynomials.

Lemma 30. Let Â and f(Â) be Hermitian operators acting on the Hilbert space Hs. Let
Uf(Â) be an (α, 1) block-encoding of f(Â), constructed using the QETU circuit for even

polynomials (see Fig. 3.5) with the building block e−iτÂ, acting on the Hilbert space Hc⊗Hs

where Hc is the Hilbert space of the control qubit in the QETU circuit. Then, the operator
S ′ = Zc ⊗ 1s satisfies

(
⟨0|c ⊗ 1s

)
S ′Uf(Â)

(
|0⟩c ⊗ 1s

)
= f(Â) , (B.5)

(
⟨0|c ⊗ 1s

)
S ′Uf(Â)S

′Uf(Â)
(
|0⟩c ⊗ 1s

)
= 1s . (B.6)

Proof. Using the fact that S ′ |0⟩c ⊗ 1s = |0⟩c ⊗ 1s, we see that

(
⟨0|c ⊗ 1s

)
S ′Uf(Â)

(
|0⟩c ⊗ 1s

)
=
(
⟨0|c ⊗ 1s

)
Uf(Â)

(
|0⟩c ⊗ 1s

)
= f(Â) , (B.7)

where the final equality in the equation above is the definition of the block encoding UĤ .
The first relation is therefore satisfied.

To show that the second relation is satisfied, we will demonstrate that S ′Uf(Â) = U †
f(Â)

S ′.

We denote by CU the controlled call to the building block e−iτÂ. Note that, due to the
structure of alternating calls to CU and C†

U , combined with the fact that the rotation angles
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{φ̃j} are symmetric, the circuit for U †
f(Â)

is equivalent to negating the phases in the single-

qubit Rx gates in the original QETU circuit. We will now show that commuting Zc ⊗ 1s
past UĤ has the effect of negating the signs of the phases in the Rx gates. We note the
following circuit identities: commuting a Z gate past an Rx(θ) gate flips the sign of the
rotation angle, i.e., ZeiθX = e−iθXZ, and Z gates acting on the control qubit commute with
controlled calls to e±iτÂ. This can be seen by noting that diagonal matrices commute, which
implies [Z, |0⟩⟨0|] = [Z, |1⟩⟨1|] = 0. These identities imply that commuting the Z gate past
the QETU circuit flips the sign of all rotation angles, and therefore S ′Uf(Â) = U †

f(Â)
S ′. Using

this result, we see that S ′Uf(Â)S
′Uf(Â) = S ′Uf(Â)U

†
f(Â)

S ′ = (S ′)2 = 1cs, and so the second

relation is satisfied.

The following lemma shows how to construct the walk operator WĤ for the full Hamil-
tonian from UĤ when UĤ is constructed using LCU to combine local UĤj

’s, where each UĤj

shares a common S operator for constructing WĤj
.

Lemma 31. Let Ĥ =
∑M−1

j=0 βjĤj be a Hamiltonian acting on a Hilbert space Hs with βj ∈
R+. Without loss of generality, assume ∥Ĥj∥ ≤ 1,∀j. Let UĤj

be a (1,mj) block-encoding of

Ĥj, acting on the joint Hilbert space Ha⊗Hs, where Ha is the Hilbert space of ancillary qubit
register containing maxj(mj) qubits. Furthermore, let UĤ = (prep†⊗1as)sel(prep⊗1as) be
a
(
∥β⃗∥1, ⌈log2M⌉+maxj(mj)

)
block-encoding of Ĥ acting on the joint Hilbert space HaΛ ⊗

Ha ⊗H, where HaΛ is the Hilbert space of the ancillary register containing ⌈log2M⌉ qubits,

∥β⃗∥1 ≡ ∑M−1
j=0 |βj|, sel =

∑M−1
j=0 (|j⟩⟨j|)aΛ ⊗ UĤj

and prep|0⟩aΛ = 1√
∥β⃗∥1

∑M−1
j=0

√
βj|j⟩aΛ.

Define S ′ = 1aΛ ⊗ Sa ⊗ 1s. If for each UĤj
the operator Sa satisfies

(
⟨0|a ⊗ 1s

)
(Sa ⊗ 1s)UĤj

(
|0⟩a ⊗ 1s

)
= Ĥj , (B.8)

(
⟨0|a ⊗ 1s

) [
Sa ⊗ 1s)UĤj

]2 (
|0⟩a ⊗ 1s

)
= 1s , (B.9)

then

(
⟨0|aΛ ⊗ ⟨0|a ⊗ 1s

)
S ′UĤ

(
|0⟩aΛ ⊗ |0⟩a ⊗ 1s

)
=

Ĥ

∥β⃗∥1
, (B.10)

(
⟨0|aΛ ⊗ ⟨0|a ⊗ 1s

)
S ′UĤS

′UĤ
(
|0⟩aΛ ⊗ |0⟩a ⊗ 1s

)
= 1s . (B.11)

Proof. First, note that

S ′UĤ =
(
1aΛ ⊗ Sa ⊗ 1s

)
(prep† ⊗ 1as)



M−1∑

j=0

(|j⟩⟨j|)aΛ ⊗ UĤj


 (prep⊗ 1as)

=
M−1∑

j=0

[
prep†(|j⟩⟨j|)aΛprep

]
⊗
[
(Sa ⊗ 1s)UĤj

]
.

(B.12)



APPENDIX B. BLOCK ENCODING BOSONS BY SIGNAL PROCESSING 178

From Eq. (B.12) it immediately follows that the first relation is satisfied:

(⟨0|aΛ ⊗ ⟨0|a ⊗ 1s)S ′UĤ
(
|0⟩aΛ ⊗ |0⟩a ⊗ 1s

)

=
(
⟨0|aΛ ⊗ ⟨0|a ⊗ 1s

)M−1∑

j=0

[
prep†(|j⟩⟨j|)aΛprep

]
⊗
[
(Sa ⊗ 1s)UĤj

] (
|0⟩aΛ ⊗ |0⟩a ⊗ 1s

)

=
M−1∑

j=0

⟨0|aΛ
[
prep†(|j⟩⟨j|)aΛprep

]
|0⟩aΛ ⊗

(
⟨0|a ⊗ 1a

) [
(Sa ⊗ 1s)UĤj

] (
|0⟩a ⊗ 1a

)

=
M−1∑

j=0

⟨0|aΛ
[
prep†(|j⟩⟨j|)aΛprep

]
|0⟩aΛĤj

=
1

∥β⃗∥1

M−1∑

j,k,l=0

√
βkβℓ⟨k|j⟩⟨j|l⟩Ĥj

=
1

∥β⃗∥1

M−1∑

j=0

βjĤj

=
Ĥ

∥β⃗∥1
.

(B.13)

The second relation also follows in a straightforward way:

(⟨0|aΛ ⊗ ⟨0|a ⊗ 1s)S ′UĤS
′UĤ

(
|0⟩aΛ ⊗ |0⟩a ⊗ 1s

)

= (⟨0|aΛ ⊗ ⟨0|a ⊗ 1s)



M−1∑

j=0

[
prep†(|j⟩⟨j|)aΛprep

]
⊗
[
(Sa ⊗ 1s)UĤj

]



2

(
|0⟩aΛ ⊗ |0⟩a ⊗ 1s

)

= (⟨0|aΛ ⊗ ⟨0|a ⊗ 1s)



M−1∑

j=0

[
prep†(|j⟩⟨j|)aΛprep

]
⊗
[
(Sa ⊗ 1s)UĤj

]2

(|0⟩aΛ ⊗ |0⟩a ⊗ 1s

)

=
M−1∑

j=0

⟨0|aΛprep†(|j⟩⟨j|)aΛprep|0⟩aΛ
(
⟨0|a ⊗ 1s)

[
(Sa ⊗ 1s)UĤj

]2 (
|0⟩a ⊗ 1s

))

=
1

∥β⃗∥1

M−1∑

j,k,l=0

√
βkβℓ⟨k|j⟩⟨j|l⟩

=
1

∥β⃗∥1

M−1∑

j=0

βj

= 1s.

(B.14)
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B.2 CNOT gate counts for scalar field theory

simulation

In this appendix, we present the associated CNOT gate counts from the numerical stud-
ies conducted in Sec. 3.4. All results are qualitatively similar to the rotation gate counts
discussed in the main text. Fig. B.1 shows the CNOT gate counts, associated with the
rotation gate counts in Fig. 3.7, for BEs of the local terms 1

2
π̂2, m

2
φ̂2 + λ

4!
φ̂4, 1

2
(φ̂1 − φ̂2), and

g cos(φ̂). Fig. B.2 shows the CNOT gate counts, associated with the rotation gate counts
in Fig. 3.8, for BEs of the two-site φ̂ Hamiltonian in Eq. (3.27). Fig. B.3 shows the CNOT
gate counts, associated with the rotation gate counts in Fig. 3.9, for simulating time evo-
lution of the single site Hamiltonian in Eq. (3.29) using a 2nd order PF, a 4th order PF,
and GQSP where WH was constructed using LOVE-LCU. Fig. B.4 shows the CNOT gate
counts, associated with the rotation gate counts in Fig. 3.10, for simulating time evolution
of the two-site Hamiltonian in Eq. (3.29) using a 2nd order PF, a 4th order PF, and GQSP
where WH was constructed using LOVE-LCU.

B.3 Scale factor for Block Encodings constructed

using LCU

In this appendix, we derive the scale factors for block encodings of fk(ξ̂k), given in
Eq. (3.26) in the main text, when prepared using standard LCU techniques.

To begin, we consider the scale factor for φ̂d; the result is analogous for
(
π̂(D)

)d
. Using

Eq. (2.105) we have

φ̂d = (−φmax)
d

(
2nq−1

2nq − 1

)d



nq−1∑

m=0

2−mZm



d

= (−φmax)
d

(
2nq−1

2nq − 1

)d nq−1∑

m1,m2,...,md=0

2−(m1+m2+···+md)Zm1Zm2 . . . Zmd
.

(B.15)

Since Z2
mj

= 1, the sum over mj includes multiple instances of the same Pauli string.
Constructing a BE using LCU requires grouping these repeated terms and determining the
total coefficient for each unique Pauli string. However, because the coefficient of each Pauli
string in the sum has the same sign, no cancellations in the final values of the coefficients
occur. This fact implies that, even if there are repeated Pauli strings in the sum, the scale
factor can be found by simply adding the coefficients of each Pauli string in the sum. Using
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Figure B.1: CNOT gate count and number of ancillary qubits required to block encode
local bosonic operators. The top left, top right, bottom left, and bottom right plots show
resource requirements to block encode 1

2
π̂2, m

2
φ̂2 + λ

4!
φ̂4, 1

2
(φ̂1 − φ̂2)

2, g cos(φ̂), respectively,
for m = 1, λ = 32, g = 1. Different colored and shaped data points correspond to different
methods to prepare the BE. For the single-site operators π̂2 and m

2
φ̂2 + λ

4!
φ̂4, LOVE-LCU

requires the fewest rotation gates for nq ≲ 9. For the two-site operator 1
2
(φ̂1 − φ̂2)

2, LOVE-
LCU requires the fewest rotation gates for nq ≲ 4. LOVE-LCU constructs a BE of g cos(φ̂)
using the fewest gates for all nq.

this fact, the scale factor is given by

βφ̂d = φdmax

(
2nq−1

2nq − 1

)d nq−1∑

m1,m2,...,md=0

2−(m1+m2+···+md)

= φdmax

(
2nq−1

2nq − 1

)d



nq−1∑

m=0

2−m



d

= φdmax

(
2nq−1

2nq − 1

)d(
2nq − 1

2nq−1

)d

= φdmax ,

(B.16)
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Figure B.2: CNOT gate count required to block encode the two site Hamiltonian Ĥ
(2)
φ in

Eq. (3.27). Different colored and shaped data points correspond to different methods to
prepare the BE. Points with the same number of ancillary qubits have been shifted slightly
for clarity. While QSVT- and QETU-based methods require using a final layer of LCU
to add the local BEs f

(0)
0 (φ̂1), f

(0)
0 (φ̂2), f2(φ̂1 − φ̂2), LOVE-LCU does not. This advantage

also leads to LOVE-LCU outperforming all other methods for nq ≲ 5; for nq > 5, QSVT
outperforms other methods due to the relative exponentially improved asymptotic scaling.

Figure B.3: CNOT gate count as a function of error ϵ and simulation time t for simulating
time-evolution of the single-site and two-site Hamiltonian in Eq. (3.29). The blue, orange,
and green surfaces show results calculated using a 2nd order PF, a 4th order PF, and GQSP
where the BE was constructing using LOVE-LCU. For t = 10, GQSP outperforms both 2nd

and 4th order PFs for ϵ ≲ 5× 10−3.

where, going from the second to the third line, we used the identity
∑nq−1

m=0 2
−m = (2nq −
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Figure B.4: CNOT gate count as a function of error ϵ and simulation time t for simulating
time-evolution of the two-site Hamiltonian in Eq. (3.30). The blue, orange, and green surfaces
show results calculated using a 2nd order PF, a 4th order PF, and GQSP where the BE was
constructing using LOVE-LCU. For t = 10, GQSP outperforms 2nd and 4th order PFs for
ϵ ≲ 1× 10−6 and ϵ ≲ 5× 10−8.

1)/2nq−1. From this result we can directly see the scale factor for f1(π̂
(D)) = 1

2

(
π̂(D)

)2
is

βf1(π̂(D)) =
1

2
π2
max , (B.17)

which is the smallest possible scale factor to BE this operator.
Next, we turn to f

(1)
0 (φ̂) = m2

2
φ̂2 + λ

4!
φ̂4, whose Pauli decomposition is

f
(1)
0 (φ̂) =

m2

2
φ̂2 +

λ

4!
φ̂4

= (−φmax)
2

(
2nq−1

2nq − 1

)2
m2

2

nq−1∑

m1,m2=0

2−(m1+m2)Zm1Zm2+

+ (−φmax)
4

(
2nq−1

2nq − 1

)4
λ

4!

nq−1∑

l1,l2,l3,l4=0

2−(l1+l2+l3+l4)Zl1Zl2Zl3Zl4 .

(B.18)

Assuming λ > 0, we see that, similar to the previous case, the coefficient of each Pauli string
in the decomposition of f(φ̂) has the same sign, and the scale factor is simply the sum of
the coefficients

β
f
(1)
0 (φ̂)

=
m2

2
φ2
max

(
2nq−1

2nq − 1

)2



nq−1∑

m=0

2−m




2

+
λ

4!
φ4
max

(
2nq−1

2nq − 1

)4



nq−1∑

m=0

2−m




4

=
m2

2
φ2
max +

λ

4!
φ4
max ,

(B.19)
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Figure B.5: Scale factor of the BE of cos(φ̂) as a function of nq. The blue circles and purple
crosses correspond to using standard LCU and LOVE-LCU to construct the BE, respectively.
The value of φmax was set to φmax = π for all values of nq.

which saturates the lower bound given by the operator norm.
The situation is more complicated for f

(2)
0 (φ̂) = g cos(φ̂) as its Pauli decomposition

consists of terms with opposite signs, requiring careful accounting for cancellations. For this
reason, we study the scale factor numerically. Fig. B.5 presents the scale factor of the BE of
cos(φ̂) constructed using both standard LCU and LOVE-LCU. For this comparison, we set
φmax = π. With LOVE-LCU, the scale factor approaches the optimal value of 1, whereas
with standard LCU, it remains generally larger and asymptotes to ∼ 1.3.

Lastly, we consider f2(φ̂1 − φ̂2) =
1
2
(φ̂1 − φ̂2)

2. To study the scale factor, we first rewrite
it as f2(φ̂1 − φ̂2) =

1
2
(φ̂2

1 + φ̂2
2 − 2φ̂1φ̂2). While this operator is a sum of terms with different

signs, this does not affect the determination of the scale factor since the terms with differing
signs have no Pauli strings in common. This can be verified by directly examining the
decomposition of f2(φ̂1 − φ̂2). If we assign φ̂1 to act on qubits 0, 1, . . . , nq − 1 and φ̂2 to act
on qubits nq, nq + 1, . . . , 2nq − 1, the decomposition is

f2(φ̂1 − φ̂2) =
1

2
(φ̂2

1 + φ̂2
2 − 2φ̂1φ̂2) (B.20)

=
1

2
φ2
max

(
2nq−1

2nq − 1

)2

×
( nq−1∑

m1,m2=0

2−(m1+m2)Zm1Zm2 +

nq−1∑

l1,l2=0

2−(l1+l2)Znq+l1Znq+l2 − 2

nq−1∑

m,l=0

2−(m+l)ZmZnq+l

)
.

From this expression, we see that all Pauli strings with opposite signs are distinct. Thus,
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the scale factor can be determined by summing the coefficients. Doing so gives

βf2(φ̂1−φ̂2) =
1

2
φ2
max

(
2nq−1

2nq − 1

)2 ( nq−1∑

m1,m2=0

2−(m1+m2) +

nq−1∑

l1,l2=0

2−(l1+l2) + 2

nq−1∑

m,l=0

2−(m+l)
)

=
1

2
φ2
max

(
2nq−1

2nq − 1

)2

4
( nq−1∑

m=0

2−m
)2

= 2φ2
max.

(B.21)

Since the operator φ̂ is sampled symmetrically from −φmax to φmax, this scale factor attains
its smallest possible value.
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Appendix C

Truncation Uncertainties for Accurate
Quantum Simulations of Lattice
Gauge Theories

C.1 Infinite MPS implementation

The simulations of the infinite plaquette chain were performed using the time-evolved
block decimation algorithm (TEBD) [268]. A Trotter step size of ∆t = 0.01 was used. For
the results shown in Fig. 4.4, the time evolution was performed with a fixed bond dimension.
The bond dimension was then increased by 10, and the full simulation was rerun. This
process was repeated until the difference in the electric energy between two consecutive
runs was an order of magnitude smaller than the predicted truncation error. The resulting
bond dimensions are shown in Table C.1. The results shown in Fig. 4.5 were obtained
by similarly performing the evolution with a fixed bond dimension and then again after
increasing the bond dimension by 25. We repeated this process until the difference in the
results from consecutive runs was 2 orders of magnitude below the upper bound computed
using Eq. (4.88) (corresponding to the dashed horizontal lines shown in Fig. 4.5). We note
that the simulation for all values of g and Λ converged within a bond dimension of 180.

The simulations of the Schwinger model were also performed using TEBD. The Hilbert
space for the fermion on each site and the right neighboring link were combined into a single
site, represented by a single tensor index in the matrix product state representation. A
Trotter step size of ∆t = 0.01 was used. It was found that performing simulations with a
large fixed bond dimension led to numerical instabilities. For this reason, the simulation
was performed using a bond dimension of 50 until t = 1.5. The bond dimension was then
increased, and the same criteria was used as in the plaquette chain simulation to determine
when the simulation had converged to sufficient precision. The resulting maximum bond
dimensions are shown in Table C.2.
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Λ Bond Dimension
1 60
2 90
3 100
4 170
5 170

Table C.1: Bond dimension required for convergence of the electric energy for an infinite
plaquette chain with g = 0.8 and truncation Λ shown in Fig. 4.4.

Λ Bond Dimension
1 90
2 90
3 110
4 110

Table C.2: Bond dimension required for convergence of the electric energy for the Schwinger
model on an infinite lattice with g = 0.8, m = 0.1, and truncation Λ.

C.2 Hubbard-Holstein Model

Previous work studying gauge field truncation errors for quantum simulation of lattice
gauge theories also applied their results to bosonic systems [75]. The Hubbard-Holstein
model was used as an example system. This theory is a model of electron-phonon interac-
tions. The Hamiltonian is given by

Ĥ = ĤF + gĤBF + ωĤB

ĤF =
1

2

∑

i

ψ̂†
i+1ψ̂i + ψ̂†

i ψ̂i+1

ĤBF =
∑

i

ψ̂†
i ψ̂i(âi + â†i )

ĤF =
∑

i

â†i âi

(C.1)

where ψ̂i is a fermion annihilation operator at site i, âi is a boson annihilation operator at
site i, ω is the phonon frequency and g is the electron-phonon coupling. Note that this theory
does not exhibit the same Hilbert space fragmentation that was used to derive truncation
error estimates for lattice gauge theories. It was estimated that to simulate the dynamics
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Figure C.1: Simulation of the Hubbard-Holstein model on two sites with g = 1 and ω = 1 for
a time t = 10. The left panel shows the probability of the boson mode on the left site having
an occupation number of n as a function of time. The right panel shows the maximum
probability of occupying each boson number during this time evolution.

of this model with g = 1 for a time t = 1, a boson truncation of 100 was necessary to keep
leakage errors below ϵ = 0.2. As a probe of this estimate, a simulation was performed of this
model on two sites with g = 1, ω = 1, and a single fermion present. In this simulation, the
boson number at each site was truncated at Λ = 100. The system was initialized with the
boson number at both sites equal to zero, and the fermion was placed on the left site. The
system was evolved for a time t = 10. The left panel of Figure C.1 shows the probability
of the boson mode on the left site having an occupation number of n as a function of time.
The right panel shows the maximum probability of occupying each boson number during
this time evolution. As this figure shows, the leakage probability is significantly smaller than
previous work estimated.
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Appendix D

Obtaining Continuum Physics from
Dynamical Simulations of
Hamiltonian Lattice Gauge Theories

D.1 Scale setting and the Kogut-Susskind

Hamiltonian

In this Appendix, we provide a pedagogical discussion regarding the need for scale setting
in lattice gauge theory simulations. After expressing the Kogut-Susskind Hamiltonian in
terms of dimensionless variables, we comment on the bare parameters of the theory, and
show that one needs to include an additional parameter in the fermionic kinetic term.

To show that one must determine the lattice spacing by a scale setting procedure, we
will use the following two observations:

1. Computers (classical and quantum) can only work with dimensionless variables, i.e.
all inputs into any numerical simulation are dimensionless.

2. The value of the lattice spacing a is not independent of the bare parameters in the
Hamiltonian, but is related through renormalization group equations.

To isolate the logic of these two steps, we first consider the simple case of the harmonic
oscillator and show that no such scale setting procedure is necessary. While this example
may appear trivial, it highlights the key difference between standard quantum mechanical
Hamiltonians and lattice field theory Hamiltonians where the lattice is used as a UV regu-
lator. We then consider a U(1) LGT and show that the lattice spacing must be determined
through a scale setting procedure.

The dimensionful harmonic oscillator Hamiltonian (with ℏ = 1) is given by

H = ω(b†b+
1

2
) , (D.1)
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where b and b† are lowering and raising operators that satisfy [b, b†] = 1. Aside from the
Hamiltonian, the only dimensionful parameter is the frequency ω. If we define ω = ω̂/a
where a is a dimensionful parameter with constant magnitude (with the symbol a being
suggestively chosen for the LGT case), and ω̂ is a dimensionless parameter with magnitude
aω, then the dimensionless Hamiltonian that we actually simulate is

Ĥ ≡ aH = ω̂(a†a+
1

2
) . (D.2)

Note that the parameter a acts as a physical scale of the system. The above equations shows
that one actually calculates the energies Ên ≡ aEn of the rescaled Hamiltonian Ĥ |n⟩ =
Ên |n⟩. Converting to the physical energies of H in this case can be done trivially by dividing
by the known parameter a

En = Ên/a . (D.3)

Indeed, this step is so obvious and intuitive that it is usually done implicitly by simply
setting the magnitude of a = 1, which implies one can directly interpret the dimensionless
energies Ên as the physical energies En.

Consider now the more complicated scenario where the parameter a = a(ω̂) is an unknown

function of ω̂ (or, equivalently, a function of ω). In order to convert Ẽn to the physical energies
En, one must somehow determine the scale a(ω̂). One possibility is to perform a scale setting
procedure, where one determines a(ω̂) by demanding the calculated dimensionless energy
Ên∗ = a(ω̂)En∗ is equal to the experimentally known value Ephys

n∗ ,

a(ω̂) ≡ [a(ω̂)En∗ ]

Ephys
n∗

. (D.4)

As we will now discuss, this is analogous the case for LGTs, with the dimesionless bare
parameters playing the role of ω̂ and the lattice spacing playing the role of the dimensionful
scale a(ω̂).

To demonstrate that one does not actually choose the lattice spacing in a LGT simulation,
it is sufficient to consider a U(1) LGT with a single quark flavor; this analysis generalizes
to SU(N) LGTs with additional quark flavors. Here we only give the level of detail required
to demonstrate the need to scale set, further details can be found in, e.g., [282]. In d ≥ 2
dimensions, the Hamiltonian is a sum of 4 terms

H = HE +HB +HM +HK , (D.5)

where HE and HB are the electric and magnetic Hamiltonians governing the dynamics of
the gauge fields, HM is the fermionic mass Hamiltonian, and HK is the fermionic kinetic
(hopping) Hamiltonian. Because no symmetry demands it, the coefficients multiplying each
of these 4 terms are in general different, which implies we will have 4 bare parameters in the
theory; we discuss the need for a 4th bare parameter multiplying the fermionic kinetic term
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in more detail later in this appendix. The individual Hamiltonian terms are

HE =
g̃t(a)

2

2ad−2

∑

x⃗

d∑

j=1

E(x⃗, j)2 , (D.6)

HB = − 1

2a4−dg̃s(a)2

∑

p

(Pp + P †
p ) , (D.7)

HM = m(a)
∑

x⃗

(−1)x⃗ψ†(x⃗)ψ(x⃗) , (D.8)

HK =
κ(a)

a

∑

x⃗

d∑

j=1

η(x⃗)
(
ψ†(x⃗)U(x⃗, j)ψ(x⃗+ êj) + h.c.

)
, (D.9)

where a is the lattice spacing, Ê(x⃗, j) and is an electric field operator at site x⃗ pointing in
the direction of the êj axis, Û(x⃗, j) is a gauge link operator at site x⃗ pointing in the direction

of the êj axis, ψ̂(x⃗)(ψ̂
†(x⃗)) is the fermonic annihilation (creation) operator, and η(x⃗) is the

staggered sign factor. The magnetic Hamiltonian is the sum over all independent plaquettes
p on the lattice; a plaquette originating at site x⃗ oriented in the j, k plane is given by

Pp = U(x⃗, j)U(x⃗+ êj, k)U
†(x⃗+ êk, j)U

†(x⃗, k) . (D.10)

Analogous to the simple harmonic oscillator case, we want to write a dimensionless Hamil-
tonian Ĥ in terms of dimensionless quantities. We write [A] = Mγ to denote that the op-
erator/parameter A has mass dimension γ. By definition, we have [H] = M , [a] = M−1,
and [U(x⃗, j)] = M0, which implies the fermionic operators and electric field operators are
dimensionless, i.e., [ψ] =M0, [E(x⃗, j)] =M0, and the bare parameters have dimensions

[g̃t(a)] =M
3−d
2 , [g̃s(a)] =M

3−d
2 , [m(a)] =M1, [κ(a)] =M0 . (D.11)

The parameters g̃t(a), g̃s(a) and m(a) can be expressed in terms of the dimensionless bare
parameters

gt(a)
2 = a3−dg̃t(a)

2 , gs(a)
2 = a3−dg̃s(a)

2 , m(a) = am(a) . (D.12)

Rather than gt and gs, we reparameterize (as done in the main text) using g2 = gsgt and
c = gt/gs. In this way, the Hamiltonian can be written as

HKS =
c

a
ĤKS =

c

a

(
ĤE + ĤB + ĤM + ĤK

)
(D.13)

where the individual rescaled terms are given by

ĤE =
g(a)2

2

∑

x⃗

d∑

j=1

Ê(x⃗, j)2 (D.14)
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ĤB = − 1

2g(a)2

∑

p

(P̂p + P̂ †
p ) (D.15)

ĤM = m̂(a)
∑

x⃗

(−1)x⃗ψ̂†(x⃗)ψ̂(x⃗) (D.16)

ĤK = κ̂(a)
∑

x⃗

d∑

j=1

η(x⃗)
(
ψ̂†(x⃗)Û(x⃗, j)ψ̂(x⃗+ êj) + h.c.

)
. (D.17)

and the rescaled bare parameters are m̂(a) = a
c
m(a) and κ̂(a) = κ(a)/c. Note that the bare

speed of light appears in the denominator of the expressions in [113] because the incorrect
definition of gs/gt was used. Written in this way, it is clear that at = a/c is merely an overall
scale factor of the Hamiltonian, and the dimensionless Hamiltonian we actually simulate
is ĤKS. From this we see that one can only calculate dimensionless energies Ên = atEn.
Because at = at(g, c, m̂, κ̂) is an unknown function of the coupling and quark mass, one must
determine it through a scale setting procedure, analogous to the previous simple harmonic
oscillator example. It is important to note that this logic applies not only to energies, but to
any quantity calculated on the lattice. For example, if the operator O has units [O] = M b,
then the operator one actually implements in a simulation is Ô = abO, and the physical
result is calculated via O = [Ô]/ab, where the lattice spacing a is assumed to have been
already determined via some scale setting procedure.

We now discuss the appearance of the bare parameter κ(a) in the fermionic kinetic
term, which is analogous to the need for different gauge couplings gt and gs multiplying
HE and HB. The intuition for including κ(a) can be drawn from studying lattice gauge
theory actions on anisotropic Euclidean lattices, i.e., the spatial lattice spacing a is different
from the temporal lattice spacing a0. For pure gauge theory, this anisotropy requires using
different gauge couplings multiplying purely spatial plaquettes and plaqeuttes oriented in the
temporal direction; one can equivalently work with a common gauge coupling g and a gauge
anisotropy factor γg. For fixed g, one can tune γg to determine a renormalization trajectory
with fixed physical anisotropy ξ = a/a0. By carefully keeping track of these couplings, one
can use the transfer matrix formalism to show the need for two independent gauge couplings
in the Euclidean theory implies one also needs two different couplings, gt and gs, in the pure
gauge Kogut-Susskind Hamiltonian.

In a similar way, as discussed in, e.g. [35, 283, 284], anisotropic simulations including
fermions introduces a bare fermionic anisotropy factor γf , controlling the relative size of
the fermionic hopping terms in the spatial and Euclidean-time directions. The fermionic
anisotropy γf is generally different from the gauge anisotropy γg, and both parameters need
to be tuned such that the renormalized anisotropy ξ = a/a0 “seen” by fermionic and gauge
degrees of freedom are equal; this can be done by, e.g., studying the dispersion relation of
gluonic states and fermionic states. Analogous to the pure gauge case, by keeping track of
the anisotropy factor in the transfer matrix derivation, one finds that the prefactor in front
of the fermionic kinetic term κ(a) in the Kogut-Susskind Hamiltonian is different from unity
and needs to be included in the renormalization procedure.
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Figure D.1: Comparison of the ratios of the analytically determined algorithmic parameters
Nsim with its numerically optimized counterpart N

(empirical)
sim for PF and QSP at a fixed target

exponentiation error ∥∆sim∥ = 10−4 and simulation time t = 1.

D.2 Comparing numerical tightness of PF and QSP

error bounds

In this section, we compare the numerical tightness of the PF and QSP error bounds used
to prove Eqs. (5.56) and (5.68) respectively for the specific choice of a single site anharmonic
oscillator with the following Hamiltonian:

H =
ϕ2

2
+

32ϕ4

34
+
π2

2
:= Hϕ +Hπ , (D.18)

where ϕ denotes the field operator and π denotes the conjugate momentum. Given a choice
for number of qubits nq and hence the size of the Hilbert space (2nq × 2nq), we discretize H
using the scheme presented for instance in [91, 97, 114]. Let Nsim be used to denote either of
the algorithmic parameters NPF and NQSP. Thus, for a desired exponentiation error ∥∆sim∥
(see Eq. (5.45)), and simulation time t we can use Eqs. (5.54) and (5.67) to analytically
compute sufficient choices Nsim for both PF and QSP such that the desired exponentiation
error is achieved. We then empirically determine the lowest possible value of Nsim, denoted
by N

(empirical)
sim that results in the target exponentiation error ∥∆sim∥. Fig. D.1 compares the

ratio N
(empirical)
sim /Nsim for PF and QSP as a function of the number of qubits nq used to

represent H for the fixed values ∥∆sim∥ = 10−4 and t = 1. The key observation we make
is that while both ratios deviate from the ideal value of 1 as we increase nq, the QSP error
bound is closer to the numerically determined result than the PF bound. This numerical
experiment is thus a simple example illustrating that the QSP error bounds are generally
tighter than the PF error bounds used in this work.
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