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Abstract

Linearly reductive quantum groups: descent, simplicity and finiteness properties

by

Alexandru Leonida Chirvasitu

Doctor of Philosophy in Mathematics

University of California, Berkeley

Professor Vera Serganova, Chair

The thesis comprises three largely independent projects undertaken during my stay at UC
Berkeley, all revolving around the same mathematical objects: Cosemisimple Hopf algebras,
regarded here as function algebras on linearly reductive quantum groups. We often specialize
further to Hopf ∗-algebras coacting universally on finite-dimensional Hilbert spaces perhaps
endowed with additional structure. Such a Hopf algebra is to be thought of as the algebra
of representative functions on the compact quantum automorphism group of the respective
structure.

Chapter 2 is based on [23]. The question of whether or not a Hopf algebra H is faithfully
flat over a Hopf subalgebra A has received positive answers in several particular cases: when
H is commutative, or cocommutative, or pointed, or when A contains the coradical of H.
We prove the result for cosemisimple H, adding this latter class of Hopf algebras to those
known to be faithfully flat over all Hopf subalgebras. We also show that the third term of
the resulting “exact sequence” A → H → C is always a cosemisimple coalgebra, and that
the expectation H → A is positive when H is a CQG algebra.

Chapter 3 consists of material from [22], with earlier related results appearing in [24].
We define the notion of a (linearly reductive) center for a linearly reductive quantum group,
and show that the quotient of a such a quantum group by its center is simple whenever its
fusion semiring is free in the sense of Banica and Vergnioux. We also prove that the same is
true of free products of quantum groups under very mild non-degeneracy conditions. Several
natural families of compact quantum groups, some with non-commutative fusion semirings
and hence very “far from classical”, are thus seen to be simple. Examples include quotients
of free unitary groups by their centers as well as quotients of quantum reflection groups by
their centers.

In Chapter 4 we show that provided n 6= 3, the involutive Hopf ∗-algebra Au(n) coacting
universally on an n-dimensional Hilbert space has enough finite-dimensional representations,
in the sense that every non-zero element acts non-trivially in some finite-dimensional ∗-
representation. This implies that the discrete quantum group with group algebra Au(n) is
maximal almost periodic, i.e. it embeds in its quantum Bohr compactification; this answers
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a question posed by P. So ltan in [64]. We also prove analogous results for the involutive
Hopf ∗-algebra Bu(n) coacting universally on an n-dimensional Hilbert space equipped with
a non-degenerate bilinear form.
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Chapter 1

Introduction

Quantum groups of function algebra type, in the spirit of, say, [81, 44, 57], appear naturally
as Hopf algebras coacting universally on various structures (such as a vector space endowed
with an R-matrix in the case of [57], for example, or a quadratic algebra in [44]). The
point of view adopted in this dissertation is that of the sources just cited (and dual to that
of e.g. [38, 32]): Hopf algebras are regarded as algebras of appropriately nice functions
on fictitious objects referred to as quantum groups. In fact, the only Hopf algebras we
consider here are cosemisimple, in the sense that their categories of comodules (to be regarded
as representations of the underlying quantum group) are semisimple; the phrase ‘linearly
reductive’ in the title of the thesis refers to this semisimplicity property, by analogy with
the use of the term ‘linearly reductive’ in the context of algebraic groups. For compilations
of references available at the time and overviews of the subject the reader can consult, for
example, [20, §7] or [41, §9].

Within the framework of cosemisimple Hopf algebras, the so-called compact quantum
groups will be a running theme throughout the thesis. The theory initiated by Woronowicz
in [81] (in not-quite-final form in this early paper) has led to the discovery of numerous
examples that do not arise as deformed function algebras of ordinary Lie groups, and to an
explosion in the field. The papers [13, 79, 77] provide a wealth of information, as do the
references therein. For more general surveys of the (already vast, at the time) literature on
compact quantum groups we refer to [82, 42].

The notion of compact quantum group (initially ‘compact matrix pseudogroup’) intro-
duced by Woronowicz was partially analytic in nature. Mathematically, his main characters
are C∗-algebras endowed with a coassociative comultiplication satisfying some additional
properties, imitating the algebras of all contituous functions on compact groups. Some of
the operator-algebraic aspects of the theory do come up in this thesis (e.g. in Section 2.3),
but we are interested mainly in the purely algebraic side of the story. Here, the so-called
CQG algebras of [29] take center stage. They are cosemisimple Hopf algebras with additional
structure and properties, tailor-made so as to mimic the relevant properties of the algebras
of representative functions1 on compact groups (see Section 2.1).

1Representative functions are those obtained from the continuous finite-dimensional complex represen-
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Many of the usual constructions and notions that make sense for classical compact groups
do so also for compact quantum groups. This makes for numerous avenues one can pursue
in the field. Some examples: Peter-Weyl theory ([81, 82]), Tannaka-Krein duality and re-
construction ([83, 76]), Pontryagin duality ([52]), actions on operator algebras ([17, 78, 74])
and other structures, such as (classical or quantum) metric spaces ([8, 53]) or graphs ([16]),
and so on. This list is not (and is not meant to be) exhaustive.

The three main chapters are more or less independent, with only cosemisimple Hopf
algebras in general and CQG algebras in particular as unifying themes. Each chapter has
an individual introduction providing more details. Here we only sketch the overall structure
of the thesis and give an overview of its contents.

Chapter 2 deals with problems of descent for cosemisimple Hopf algebras. What this
means in the present context is recovering the category of modules over a coideal subalgebra
A → H of a Hopf algebra H as the category of H-modules equipped with some kind of
additional structure. If one thinks of H as functions on an algebraic group G and of A as
functions on a homogeneous space G/K (for some closed reductive subgroup K ≤ G), then
this is akin to writing sheaves over G/K as sheaves over G with some K-equivariance. It is
this latter piece of structure that allows us to descend from G to G/K.

In general, results that affirm the possibility of descent require some techincal conditions,
such as flatness of H over A. The main result of the chapter, Theorem 2.2.1, says that this
condition holds when H is cosemisimple and A is a Hopf subalgebra. Problems of this nature
have been arrived at from many directions; the theorem just cited, for example, provides
confirmation for [79, Conjecture 1] (see Remark 2.2.2).

Chapter 3 is concerned with the construction of large classes of examples of simple com-
pact quantum groups. Simplicity here means what it does classically, i.e. the non-existence
of proper, non-trivial normal quantum subgroups, once these notions are made sense of. The
subject was first taken up systematically in [79], and the main results of Chapter 3 (The-
orems 3.3.1 and 3.4.4) solve the problem raised by Wang of constructing simple compact
quantum groups with non-commutative representation rings.

Along the way, we also look at general constructions and characterizations for centers of
arbitrary compact quantum groups that may be of independent interest.

The material in Chapter 4 has not appeared previously. It is more of a case study, in
that it deals with specific examples of compact quantum groups. The starting point for the
project was the paper [64], where P. So ltan introduces the quantum analogue of the Bohr
compactification construction for a locally compact quantum (semi)group. In particular,
one can study quantum Bohr compactifications of discrete quantum groups, i.e. those whose
“group algebra” is the underlying function algebra on a compact quantum group (so that
‘compact’ and ‘discrete’ are dual to one another via a quantum analogue of Pontryagin
duality).

In this context, it is natural to ask for individual discrete quantum groups whether
they are maximal almost periodic, in the sense that they embed in their quantum Bohr

tations of the compact group by taking linear combinations of matrix coefficients.
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compactification in an appropriate sense. It follows from So ltan’s work that this holds
when the CQG agebra in question has a separating family of ∗-representations on finite-
dimensional Hilbert spaces. The question of whether or not this is the case for the so-called
universal CQG algebras Au(n) mentioned in the abstract comes up in the cited paper, and
Theorem 4.2.1 answers it in the affirmative. Moreover, much of this discussion is replicated
for quantum automorphism groups Bu(n) of bilinear forms, as indicated in the abstract.

The preliminary notions and results that we make use of below are introduced on-the-go
where they are needed, in the individual chapters.
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Chapter 2

Descent results for cosemisimple Hopf
algebras

Introduction

The issue of faithful flatness of a Hopf algebra (always over a field) over its Hopf subalgebras
arises naturally in several ways. One direction is via the so-called Kaplansky conjecture
([39]), which initially asked whether or not Hopf algebras are free over Hopf subalgebras
(as an analogue to the Lagrange theorem for finite groups). The answer was known to be
negative, with a counterexample having appeared in [50], but it is true in certain particular
cases: using the notations in the abstract, H is free over A whenever H is finite dimensional
(Nichols-Zoeller Theorem, [47, Theorem 3.1.5]), or pointed ([55]), or A contains the coradical
of H ([54, Corollary 2.3]).

Montgomery then naturally asks whether one can get a positive result by requiring only
faithful flatness of a Hopf algebra over an arbitrary Hopf subalgebra ([47, Question 3.5.4]).
Again, this turns out not to work in general (see [61] and also [25], where the same problem
is considered in the context of whether or not epimorphisms of Hopf algebras are surjective),
but one has positive results in several important cases, such as that when A is commutative
([5, Proposition 3.12]), or H is cocommutative ([67, Theorem 3.2], which also takes care of
the case when H is commutative). The most recent version of the question, asked in [61],
seems to be whether or not a Hopf algebra with bijective antipode is faithfully flat over Hopf
subalgebras with bijective antipode.

Another way to get to the faithful flatness issue is via the problem of constructing quo-
tients of affine group schemes. We recall briefly how this goes.

Let A → H be an inclusion of commutative Hopf algebras; in scheme language, A and
H are affine groups, and the inclusion means that spec(A) is a quotient group scheme of
specH. The Hopf algebraic analogue of the kernel of this epimorphism is the quotient Hopf
algebra π : H → C = H/HA+, where A+ stands for the kernel of the counit of A. The map
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π is then normal, in the sense of [2, Definition 1.1.5]:

LKer(π) = {a ∈ A | (π ⊗ id) ◦∆(a) = 1C ⊗ a}

equals its counterpart

RKer(π) = {a ∈ A | (id⊗π) ◦∆(a) = a⊗ 1C}.

This means precisely that spec(C) is a normal affine subgroup scheme of spec(A) ([67, Lemma
5.1]). This gives a map A 7→ C from quotient affine group schemes of H to normal subgroup
schemes. One naturally suspects that this is probably a bijective correspondence, and this
is indeed true (see [67, Theorem 4.3] and also [28, III §3 7.2]). In Takeuchi’s paper faithful
flatness is crucial in proving half of this result, namely the injectivity of the map A 7→ C:
one recovers A as LKer(π).

Many of the technical arguments and constructions appearing in this context go through
in the non-commutative setting, so one might naturally be led to the faithful flatness issue by
trying to mimic the algebraic group theory in a more general setting, where Hopf algebras
are viewed as function algebras on a “quantum” group. This is, for example, the point
of view taken in the by now very rich and fruitful theory of compact quantum groups,
first introduced and studied by Woronowicz: the main characters are certain C∗ algebras
A with a comultiplication A → A⊗A (minimal C∗ tensor product), imitating the algebras
of continuous functions on a compact group (we refer the reader to [41, Chapter 11] or
Woronowicz’s landmark papers [81, 83] for details).

These objects are not quite Hopf algebras, but for any compact quantum group A as
above, one can introduce a genuine Hopf algebra A, imitating the algebra of representative
functions on a compact group (i.e. linear span of matrix coefficients of finite dimensional uni-
tary representations), and which contains all the relevant information on the representation
theory of the quantum group in question. The abstract properties of such Hopf (∗−)algebras
have been axiomatized, and they are usually referred to as CQG algebras (see [41, p. 11.3]
or the original paper [29], where the term was coined). They are always cosemisimple (as
an analogue of Peter-Weyl theory for representations of compact groups), which is why we
hope that despite the seemingly restrictive hypothesis of cosemisimplicity, the results in the
present paper might be useful apart from any intrinsic interest, at least in dealing with Hopf
algebraic issues arising in the context of compact quantum groups.

We now describe the contents of the chapter.
In the first section we introduce the conventions and notations to be used throughout

the rest of the chapter, and also develop the tools needed to prove the main results. In
Section 2.1 we set up a Galois correspondence between the sets of right coideal subalgebras
of a Hopf algebra H and the set of quotient left module coalgebras of H. We then recall
basic results on categories of objects imitating Sweedler’s Hopf modules: These have both
a module and a comodule structure, one of them over a Hopf algebra H, and the other one
over a right coideal subalgebra or a quotient left module coalgebra of H. These categories
are used extensively in the subsequent discussion.
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Section 2.2 is devoted to the main results. We provide sufficient conditions for faithful
flatness over Hopf subalgebras in Theorem 2.2.1 and Corollary 2.2.4. We also investigate the
case of cosemisimple H further, proving in Theorem 2.2.5 that for any Hopf subalgebra A,
the quotient left H-module coalgebra C = H/HA+ is always cosemisimple. This quotient
is the third term of the “exact sequence” which completes the inclusion A → H, and the
question of whether or not C is cosemisimple arises naturally in the course of the proof of
Theorem 2.2.1, which shows immediately that it is true when HA+ happens to be an ideal
(both left and right).

Finally, Section 2.3 we show that when the ambient Hopf algebra H is CQG, the “ex-
pectation” H → A that plays a crucial role in the preceding section is positive. In the
course of the proof we use a sort of “A-relative” Fourier transform from H to C∗ (whereas
ordinary Fourier transforms, as in, say, [52], are roughly speaking more like maps from H to
the dual H∗). This construction has some of the familiar properties from harmonic analysis,
such as intertwining products and “convolution products” (Proposition 2.3.11 1.), playing
well with ∗-structures (Proposition 2.3.11 2.), and satisfying a Plancherel-type condition
(Remark 2.3.12).

2.1 Preliminaries

In this section we make the preparations necessary to prove the main results. Throughout,
we work over a fixed field k, so (co, bi, Hopf)algebra means (co, bi, Hopf)algebra over k, etc.
The reader should feel free to assume k to be algebraically closed whenever convenient, as
most results are invariant under scalar extension. In Section 2.3 we specialize to characteristic
zero.

We assume basic familiarity with coalgebra and Hopf algebra theory, for example as
presented in [47]. We will make brief use of the notion of coring over a (not necessarily
commutative) k-algebra; we refer to [18] for basic properties and results.

The notations are standard: ∆C and εC stand for comultiplication and counit of the
coalgebra C respectively, and we will allow ourselves to drop the subscript when it is clear
which coalgebra is being discussed. Similarly, SH or S stands for the antipode of the Hopf
algebra H, 1A (or just 1) will be the unit of the algebra A, etc. Sweedler notation for
comultiplication is used throughout, as in ∆(h) = h1 ⊗ h2, as well as for left or right
coactions: if ρ : N → N ⊗ C (ρ : N → C ⊗ N) is a right (left) C-comodule structure, we
write n0 ⊗ n1 (n〈−1〉 ⊗ n〈0〉) for ρ(n). We sometimes adorn the indices with parentheses, as
in ∆(c) = c(1) ⊗ c(2).

We will also be working extensively with categories of (co)modules over (co)algebras, as
well as categories of objects admitting both a module and a comodule structure, compat-
ible in some sense that will be made precise below (see Section 2.1). These categories are
always denoted by the letterM, with left (right) module structures appearing as left (right)
subscripts, and left (right) comodule structures appearing as left (right) superscripts. All
such categories are abelian (and in fact Grothendieck), and the forgetful functor from each
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of them to vector spaces is exact. The one exception from this notational convention is the
category of k-vector spaces, which we simply call Vec.

Recall that the category MH
f of finite dimensional right comodules over a Hopf algebra

is monoidal left rigid: every object V has a left dual V ∗ (at the level of vector spaces it is
just the usual dual vector space), and one has adjunctions (⊗V,⊗V ∗) and (V ∗⊗, V⊗) (the
left hand member of the pair is the left adjoint) on MH

f .
We also use the correspondence between subcoalgebras of a Hopf algebra H and finite di-

mensional (right) comodules over H: for such a comodule V , there is a smallest subcoalgebra
D = coalg(V ) ≤ H such that the structure map V → V ⊗H factors through V → V ⊗D.
Conversely, if D ≤ H is a simple subcoalgebra, then we denote by VD the simple right D-
comodule, viewed as a right H-comodule. Then, for simple subcoalgebras D,E ≤ H, the
product ED will be precisely coalg(VE ⊗ VD), while S(D) is coalg(V ∗).

For a coalgebra C, the symbol Ĉ denotes the set of isomorphism classes of simple (right,
unless specified otherwise) C-comodules.

Descent data and adjunctions

We will be dealing with the kind of situation studied extensively in [68]: H will be a Hopf
algebra, and for most of this section (and in fact the paper), ι : A→ H will be a right coideal
subalgebra, while π : H → C will be a quotient left H-module coalgebra. Recall that this
means that A is a right coideal of H (i.e. ∆H(A) ≤ A⊗H) as well as a subalgebra, and so
the induced map A→ A⊗H is an algebra map; similarly, C is the quotient of H by a left
ideal as well as a coalgebra, and the induced map H ⊗C → C is supposed to be a coalgebra
map.

Given a coalgebra map π : H → C, we write h for π(h), h ∈ H. In this situation, H will
naturally be both a left and a right C-comodule (via the structure maps (π ⊗ id) ◦∆H and
(id⊗π) ◦∆H respectively), while C has a distinguished grouplike element 1, where 1 ∈ H is
the unit. Write

πH = CH{h ∈ H | h1 ⊗ h2 = 1⊗ h},

Hπ = HC = {h ∈ H | h1 ⊗ h2 = h⊗ 1}.

These are what we were calling LKer(π) and RKer(π) back in the introduction, following
the notation in [2]. They are the spaces of 1-coinvariants under the left and right coaction
of C on H respectively, in the sense of [18, p. 28.4].

Dually, let ι : A→ H be an algebra map, and set A+ = ι−1(ker εH). Write Hι = HA for
the left H-module H/Hι(A+), and similarly, ιH = AH = H/ι(A+)H.

It is now an easy exercise to check that if ι : A → H is a right coideal subalgebra, then
HA is a quotient left module coalgebra, and vice versa, if π : H → C is the projection on a
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quotient left module coalgebra, then CH is a right coideal subalgebra of H.

set of right coideal
subalgebras of H

set of quotient left mod-
ule coalgebras of H

A 7→ HA

CH ←[ C

are order-reversing maps with respect to the obvious poset structures on the two sets (whose
partial orders we write as �)

Remark 2.1.1 Note that the two order-reversing maps form a Galois connection in the
sense of [43, p. IV.5] between the two posets of right coideal subalgebras and left module
quotient coalgebras. �

Definition 2.1.2 Let ι : A → H be a right coideal subalgebra, and π : H → C a quotient
left module coalgebra. We call π : H → HA (or HA itself) the right reflection of ι : A→ H
or of A, and ι : CH → H (or CH itself) the left reflection of π : H → C. We also write r(A)
and r(C) for HA and CH. �

Using this language, recall from [2, p. 1.2.3]:

Definition 2.1.3 Let H b a Hopf algebra. For a right coideal subalgebra A → H and a
quotient left module coalgebra H → C we say that k → A→ H → C → k is exact if A and
C they are each other’s reflections. �

We usually drop the k’s and talk just about exact sequences A→ H → C.
IfH is a Hopf algebra and C is a leftH-module coalgebra, then C

HM will be the category of
left H-modules endowed with a left C-comodule structure which is a left H-module map from
M to C⊗M (where the latter has the leftH-module structure induced by the comultiplication
on H). Similarly, if A is a right H-comodule algebra, then MH

A is the category of vector
spaces right H-comodules with a right A-module structure such that M ⊗A→M is a map
of right H-comodules. The mophisms in each of these categories are required to preserve
both structures.

Let ι : A → H be a right coideal subalgebra and π : H → C a quotient left module
coalgebra such that π ◦ ι factors through A 3 a 7→ ε(a)1 ∈ C (this is equivalent to saying
that A � r(C), or C � r(A), in the two posets discussed before Definition 2.1.2). Then, there
is an adjunction between the categories AM and C

HM, and dually, an adjunction between
MH

A and MC . We will recall briefly how these are defined, omitting most of the proofs,
which are routine.

Let M ∈ AM. The vector space H ⊗AM then has a left H-module structure, as well as
a left C-comodule structure inherited from the left C-coaction on H (checking this is where
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the condition A � r(C) is needed). This defines a functor L : AM → C
HM. To go in the

other direction, for N ∈ C
HM, let

R(N) = {n ∈ N | n〈−1〉 ⊗ n〈0〉 = 1⊗ n}. (2.1)

This defines a functor, and as the notation suggests, L is a left adjoint to R.
For the other adjunction, given M ∈ MH

A , define L′(M) = M/MA+. This is a functor
(with the obvious definition on morphisms), and it is left adjoint to R′ :MC →MH

A defined
by R′(N) = N �C H; the latter has a right H-comodule structure obtained by making H
coact on itself, as well as a right A-module structure obtained from the right A-action on H.

Let us now focus on the adjunction AM ←→ C
HM. In [68], the same discussion is

carried out in a slightly less general situation: the adjunction described above is considered
in the case A = r(C). On the other hand, we remark that when C = r(A), the category
C
HM introduced above is nothing but the category of descent data for the ring extension
A→ H. Recall ([18, Proposition 25.4]) that in our case, this would be the category H⊗AHM
of left comodules over the canonical H-coring H ⊗A H associated to the algebra extension
A → H. This means left H-modules M with an appropriately coassociative and counital
left H-module map ρ : M 7→ (H ⊗A H)⊗H M ∼= H ⊗AM .

The usual bijection

H ⊗H ∼= H ⊗H h⊗ k 7→ h1 ⊗ h2k

is easily seen to descend to a bijection H ⊗A H ∼= r(A) ⊗ H. Hence, we see that a map
ρ as above is the same thing as a map ψ : M 7→ r(A) ⊗ M . The other properties of ρ,
namely being a coassociative, counital, left H-module map, precisely translate to ψ being
coassociative, counital, and a left H-module map respectively. Taking into account this
equivalence

r(A)
H M ' H⊗AHM, the adjunction (L,R) : AM←→ r(A)

H M is an equivalence as
soon as H is right faithfully flat over A (this is the faithfully flat descent theorem; see [49,
Theorem 3.8]).

Apart from faithful flatness, there are other known criteria which ensure (L,R) is an
equivalence. To state one of them, let us recall some notation from [46].

For a ring A, consider the contravariant endo-functor ACA on the category of A-bimodules
defined by ACA(M) = Hom(M,Q/Z); these are homomorphisms of abelian groups, with the
usual A-bimodule structure induced from that on M . Then, [46, Theorem 8.1] (very slightly
rephrased) reads:

Theorem If ι : A → H is a map of rings such that ACA(ι) : ACA(H) → ACA(A) is a split
epimorphism, then H⊗A is an equivalence between AM and H⊗AHM.

Since we have just observed that in our case the functor H⊗A from the statement of
the theorem can be identified with L : AM → r(A)

H M, we get the following result as a
consequence:
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Proposition 2.1.4 With the previous notations, (L,R) : AM←→ r(A)
H M is an equivalence

if the inclusion ι : A→ H splits as an A-bimodule map. �

Remark 2.1.5 The paper [46] deals with rings rather than Hopf algebras. To deduce Propo-

sition 2.1.4 one first uses the noted identification
r(A)
H M' H⊗AHM to turn the problem into

the usual formulation of descent for arbitrary rings. [46, § 7,8] spell this out. �

As a kind of converse to the faithfully flat descent theorem, (L,R) being an equivalence
implies that H is right A-faithfully flat. Indeed, H⊗A is then exact on AM. Note that we
are using the fact that

r(A)
H M is abelian, with the same exact sequences as Vec. All in all,

this proves

Proposition 2.1.6 Let ι : A → H be a right coideal subalgebra. Then, the adjunction
(L,R) : AM←→ r(A)

H M is an equivalence iff H is right A-faithfully flat. �

Remark 2.1.7 This result is very similar in spirit to the equivalence (5) ⇐⇒ (3) in [63,
Theorem I], or to (1) ⇐⇒ (2) in [62, Lemma 1.7]. These can all be deduced from much more
general, coring-flavored descent theorems that are now available, such as, say, [19, Theorem
2.7]. �

CQG algebras

For background, we rely mainly on [41, pp. 11.3, 11.4] or the paper [29], where these ob-
jects were originally introduced. Recall briefly that these Hopf algebras are meant to have
just enough structure to imitate algebras of representative functions on compact groups. This
means they are complex ∗-algebras (i.e. they possess conjugate-linear involutive multiplication-
reversing automorphisms ∗) as well as Hopf algebras, and the two structures are compatible
in the sense that the comultiplication and the counit are both ∗-algebra homomorphisms.

In addition, CQG (Compact Quantum Group) algebras are required to have unitarizable
comodules. This is a condition we will not spell out in any detail, but it says essentially that
every finite-dimensional comodule has an inner product compatible with the coaction in some
sense (once more imitating the familiar situation for compact groups, where invariant inner
products on representations can be constructed by averaging against the Haar measure). In
particular, CQG algebras are automatically cosemisimple, and hence fit comfortably into the
setting of Section 2.2.

Not all ∗-algebras have enveloping C∗-algebras, but CQG algebras do. See, e.g. [41,
p. 11.3.3]. Such a completion is a so-called full, or universal C∗-algebraic compact quantum
group, in the sense that it is a (unital) C∗-algebra A endowed with coassociative C∗-algebra
homomorphism A → A ⊗ A (minimal C∗ tensor product) with additional conditions ([41,
11.3.3, Proposition 32] or [29, §4,5]).

On the very few occasions when tensor product C∗-algebras come up, ⊗ always denotes
the smallest C∗ tensor product (as treated in [80, T.5], for instance). The term completely
positive map between C∗-algebras will also make brief appearances. Recall that a linear map
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T : A→ B between C∗-algebras is said to be positive if for each x ∈ A we have T (x∗x) = y∗y
for some y ∈ B, and completely positive [66, p. IV.3] if the maps id⊗T : Mn⊗A→Mn⊗B
between matrix algebras are all positive.

2.2 Main results

We now prove the main result of this chapter:

Theorem 2.2.1 A cosemisimple Hopf algebra is faithfully flat over all its Hopf subalgebras.

Proof Let H be cosemisimple, and ι : A→ H an inclusion of a Hopf subalgebra. Combining
Propositions 2.1.4 and 2.1.6, it suffices to show that ι splits as an A-bimodule map. In fact,
one can even find a subcoalgebra B ≤ H with H = A⊕B as A-bimodules.

Let I be the set of simple subcoalgebras of H, and J the subset of I consisting of
subcoalgebras contained in A. One then has H =

⊕
I D, and A =

⊕
J D. Define B =⊕

I\J D; in other words, B is the direct sum of those simple subcoalgebras of H which are
not in A. Clearly, B is a subcoalgebra, and H = A⊕B, and we now only need to check that
B is invariant under (either left or right) multiplication by A.

Let D ∈ J and E ∈ I \ J be simple subcoalgebras of A and B respectively. The product
ED inside H is then coalg(VE ⊗ VD) (see last paragraph above Section 2.1). Now assume
F ∈ J is a summand of ED. This means that VF ≤ VE ⊗ VD, so V ∗E ≤ VD ⊗ V ∗F . This is
absurd: V ∗E is a B-comodule, while VD ⊗ V ∗F is an A-comodule. �

Remark 2.2.2 This proves the first part of [79, Conjecture 1]; the second part, stating the
faithful coflatness of a CQG algebra over quotient CQG algebras, follows immediately from
the cosemsimplicity of CQG algebras. �

Remark 2.2.3 Examples of cosemisimple Hopf algebras which are not faithfully coflat over
quotient Hopf algebras abound, at least in characteristic zero.

Indeed, let G be a reductive complex algebraic group, and B a Borel subgroup. Denoting
by O(•) ‘regular functions on the variety •’, the Hopf algebra H = O(G) is cosemisimple
(e.g. [35, p. 178], and it surjects onto C = O(B).

If the surjection H → C were to be faithfully coflat, then, by [68, Theorem 2], we could
reconstruct C as H/HA+ for A = r(C). But A is simply the algebra of global regular
functions on the projective variety G/B, and hence consists only of constants; this provides
the contradiction. �

In fact, the result can be strengthened slightly. Recall that the coradical C0 of a coalgebra
C is the sum of all its simple subcoalgebras.

Corollary 2.2.4 A Hopf algebra H whose coradical H0 is a Hopf subalgebra is faithfully flat
over its cosemisimple Hopf subalgebras.



CHAPTER 2. DESCENT RESULTS FOR COSEMISIMPLE HOPF ALGEBRAS 12

Proof Any cosemisimple Hopf subalgebra A ≤ H will automatically be contained in the
coradical H0. By the previous corollary, H0 is faithfully flat over A. On the other hand, Hopf
algebras are faithfully flat (and indeed free) over sub-bialgebras which contain the coradical
([55, Corollary 1]); in particular, in this case, H is faithfully flat over H0. The conclusion
follows. �

Now let us place ourselves in the setting of Theorem 2.2.1, assuming in addition that
the Hopf subalgebra A → H is conormal in the language of [2]. This simply means that
HA+ = A+H, and it is equivalent to C = r(A) being a quotient Hopf algebra of H, rather
than just a quotient coalgebra ([2, Definition 1.1.9]). Recalling the decomposition H = A⊕B
as a direct sum of subcoalgebras, C breaks up as the direct sum of the coalgebras k = k1
and B/BA+. In other words, the coalgebra spanned by the unit of the Hopf algebra C has
a coalgebra complement in C. It follows ([65, Theorem 14.0.3, (c) ⇐⇒ (f)]) that C is a
cosemisimple Hopf algebra. Our aim, in the rest of this section, is to extend this result to
the general case covered by Theorem 2.2.1:

Theorem 2.2.5 If ι : A→ H is a Hopf subalgebra of a cosemisimple Hopf algebra H, then
the coalgebra C = r(A) is cosemisimple.

Proof We know from Theorem 2.2.1 that H is right A-faithfully flat, and hence also left
faithfully flat (just flip everything by means of the bijective antipode). This then implies,
for example by [68, Theorem 1], that the second adjunction we introduced above, (L′, R′) :
MH

A ←→MC is an equivalence. It is then enough to show that all objects of the category
MH

A are projective, and this is precisely what the next two results do. �

Definition 2.2.6 An object of MH
A is said to be A-projective if it is projective as an A-

module. �

Proposition 2.2.7 Under the hypotheses of theorem 2.2.5, every object ofMH
A is A-projective.

Proof Let M ∈ MH
A be an arbitrary object. Endow M ⊗ H with a right H-comodule

structure by making H coact on itself, and also a right A-module structure by the diagonal
right action (i.e. M ⊗H is the tensor product in the monoidal category MA). It is easy to
check that these are compatible in the sense that they make M ⊗H into an object of MH

A ,
and the map ρ : m 7→ m〈0〉 ⊗ m〈1〉 ∈ M ⊗ H giving M its right H-comodule structure is
actually a morphism in MH

A . Similarly, id⊗εH : M ⊗H → M is a morphism in MA, and
it splits the inclusion ρ. It follows that it is enough to show that the object M ⊗H ∈ MH

A

described above is A-projective.
Theorem 2.2.1 says that H is A-faithfully flat, and it follows from [45, Corollary 2.9] that

it is then (left and right) A-projective. This means that M ⊗H can be split embedded (in
the categoryMA) into a direct sum of copies of M ⊗A, with the diagonal right action of A.
But

M ⊗ A −→M ⊗ A, m⊗ a 7→ ma1 ⊗ a2
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exhibits an isomorphism from M⊗A with the right A-action on the right tensorand to M⊗A
with the diagonal A-action (its inverse is m⊗ a 7→ mS(a1)⊗ a2). This means that in MA,
M ⊗H is a direct summand of a direct sum of copies of A, i.e. projective. �

Proposition 2.2.8 Under the hypotheses of theorem 2.2.5, A-projective objects of MH
A are

projective.

Before going into the proof, we need some preparation, including additional notation to
keep track of the several A-module or H-comodule structures that might exist on the same
object.

As in the proof of Theorem 2.2.1, denote by I and J ⊆ J the sets of simple right comodules
over H and A, respectively. Recall that these are also in one-to-one correspondence with the
simple subcoalgebras of H and A, respectively. We will henceforth denote by ϕ : H → A
the map which is the identity on A, and sends every simple subcoalgebra D ∈ I \ J to 0.

Notice now that A acts on H (as well as on itself) not just by the usual right regular
action, but also by the right adjoint action: h / a = S(a1)ha2 (h ∈ H, a ∈ A). This gives H
and A a second structure as objects in MH

A . When working with this structure rather than
the obvious one, we denote these objects by Had and Aad.

Lemma 2.2.9 (a) For any object M ∈ MH
A , M ⊗ Had becomes an object of MH

A when
endowed with the diagonal A-action (where A acts on M ∈ MH

A and on H by the right
adjoint action) and the diagonal H-coaction.

(b) Similarly, M ⊗ Aad ∈MH
A .

(c) id⊗ϕ : M ⊗Had → M ⊗ Aad respects the structures from (a) and (b), and hence is
a morphism in MH

A .

Proof We will only prove (a); (b) is entirely analogous, while (c) follows immediately, since
ϕ clearly preserves both the right H-coaction and the adjoint A-action.

Proving (a) amounts to checking that the diagram

M ⊗Had ⊗ A M ⊗Had

M ⊗Had ⊗HM ⊗Had ⊗H ⊗ A

is commutative. The path passing through the upper horizontal line is

m⊗ h⊗ a 7−→ ma1 ⊗ S(a2)ha3 7−→ m0a1 ⊗ S(a4)h1a5 ⊗m1a2S(a3)h2a6,

while the other composition is

m⊗ h⊗ a 7−→ m0 ⊗ h1 ⊗m1h2 ⊗ a 7−→ m0a1 ⊗ S(a2)h1a3 ⊗m1h2a4.
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Using the properties of the antipode and counit in a Hopf algebra, we have

m0a1 ⊗ S(a4)h1a5 ⊗m1a2S(a3)h2a6 = m0a1 ⊗ S(ε(a2)a3)h1a4 ⊗m1h2a5

= m0a1 ⊗ S(a2)h1a3 ⊗m1h2a4,

concluding the proof �

Now denote by (M ⊗ H)r ∈ MH
A the object from the proof of proposition 2.2.7: the

A-action is diagonal, while H coacts on the right tensorand alone. The upper r is meant to
remind the reader of this.

Lemma 2.2.10 For M ∈MH
A , ψM : M ⊗H →M ⊗H defined by

m⊗ h 7−→ m0 ⊗ S(m1)h.

is a morphism in MH
A from (M ⊗H)r to M ⊗Had.

Proof We only check compatibility with the A-actions, leaving the task of doing the same
for H-coactions to the reader. The composition (M ⊗H)r ⊗A −→ (M ⊗H)r −→M ⊗Had

is

m⊗ h⊗ a ma1 ⊗ ha2

ψM
m0a1 ⊗ S(m1a2)ha3,

while the other relevant composition is

m⊗ h⊗ a
ψM⊗id

m0 ⊗ S(m1)h⊗ a m0a1 ⊗ S(a2)S(m1)ha3.

Since S is an algebra anti-morphism, they are equal. �

Finally, we have

Lemma 2.2.11 Let M ∈ MH
A . The map M ⊗ A→ M giving M its A-module structure is

a morphism M ⊗ Aad →M in MH
A .

Proof Compatibility with the H-coactions is built into the definition of the category MH
A ,

so one only needs to check that the map is a morphism of A-modules. In other words, we
must show that the diagram

M ⊗ Aad ⊗ A M ⊗ Aad

MM ⊗ A

is commutative. The right-down composition is

m⊗ a⊗ b mb1 ⊗ S(b2)ab3 mb1S(b2)ab3,



CHAPTER 2. DESCENT RESULTS FOR COSEMISIMPLE HOPF ALGEBRAS 15

while the other composition is

m⊗ a⊗ b ma⊗ b mab;

they are thus equal. �

Lemma 2.2.12 For M ∈MH
A , the composition

tM : (M ⊗H)r M ⊗Had M ⊗ Aad M
ψM id⊗ϕ

where the last arrow gives M its A-module structure is a natural transformation from the
MH

A -endofunctor (• ⊗H)r to the identity functor, and it exhibits the latter as a direct sum-
mand of the former.

Proof The fact that tM is a map inMH
A follows from lemmas 2.2.9 to 2.2.11. Naturality is

immediate (one simply checks that it holds for each of the three maps), as is the fact that
tM is a left inverse of the map M → (M ⊗H)r giving M its H-comodule structure. �

We are now ready to prove the result we were after.

Proof of Proposition 2.2.8 Let P ∈MH
A be an A-projective object. We must show that

MH
A (P, •) is an exact functor. Embedding the identity functor as a direct summand into

(• ⊗H)r (lemma 2.2.12), it suffices to show that MH
A (P, (• ⊗H)r) is exact.

(• ⊗ H)r : MA → MH
A is right adjoint to forget : MH

A → MA (as MH
A is the category

of coalgebras for the comonad • ⊗H onMA; [43, Theorem VI.2.1]), soMH
A (P, (• ⊗H)r) is

naturally isomorphic toMA(P, •), which is exact by our assumption that P is A-projective.�

Remark 2.2.13 In the above proof, the forgetful functor forget : MH
A → MA has been

suppressed in several places, in order to streamline the notation; we trust that this has not
caused any confusion. �

Remark 2.2.14 The proof of proposition 2.2.7 is essentially a rephrasing of the usual proof
that Hopf algebras H with a (right, say) integral sending 1H to 1 are cosemisimple ([65,
§14.0]; we will call such integrals unital). The map ϕ : H → A introduced in lemma 2.2.9
might be referred to as an A-valued right integral (by which we mean a map preserving both
the right H-comodule structure and the right adjoint action of A), and specializes to a unital
integral when A = k. In conclusion, one way of stating proposition 2.2.8 would be:

If the inclusion ι : A → H of a right coideal subalgebra is split by an A-valued right
integral, then the forgetful functor MH

A →MA reflects projectives. �

Remark 2.2.15 Propositions 2.2.7 and 2.2.8 can both be traced back to work by Y. Doi, but
we have included proofs for completeness. Proposition 2.2.7, for instance, is a consequence
of [31, Theorem 4]. Similarly, Proposition 2.2.8 follows from [30, Theorem 1]. I would like
to thank an anonymous referee for pointing this out. �
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2.3 Expectations on CQG subalgebras are positive

We now move the entire A → H → C setting over to the case when H is a CQG algebra.
We take for granted the preceding sections, and in particular the fact that C is cosemisim-
ple (Theorem 2.2.5). The inclusion ι : A → H is now one of ∗-algebras, and we follow
operator algebraists’ convention of referring to its left inverse p : H → A from the proof
of Theorem 2.2.1 as the expectation of H on A (in accordance with a view of A and H as
consisting of random variables on non-commutative measure spaces). Positivity here means
the following:

Think of H as embedded in its universal C∗ completion Hu (Remark 2.1.7), and complete
A to Au with the subspace norm. Then, p extends to a completely positive map Hu → Au.
Equivalently, the self-map ι ◦ p : H → H lifts to a completely positive self-map of Hu.

Note that a functional ψ ∈ H∗ with ψ(1) = 1 extends to a state on the C∗ completion
Hu if and only if it is positive in the usual sense, i.e. ψ(x∗x) ≥ 0 for every x ∈ H.

The main result of the section is:

Theorem 2.3.1 Let ι : A → H be an inclusion of CQG algebras. Then, the expectation
p : H → A is positive in the above sense.

Remark 2.3.2 So called expected C∗-subalgebras of (locally) compact quantum groups have
featured prominently in the literature (see [69, 60] and references therein). The techniques
used in the proof of Theorem 2.3.1 will be applied elsewhere [21] to characterize all right
coideal ∗-subalgebras A of a CQG algebra H which are expected in the sense of admitting a
positive splitting of the inclusion as an A-bimodule, right H-comodule map, where positivity
is understood as in Theorem 2.3.1. �

Let us first reformulate the theorem slightly. Denote the unique unital (left and right)
integral of C by hC , and the composition hC ◦π by ϕ (where π : H → C is the surjection we
start out with). The expectation decomposes as (ϕ ⊗ id) ◦∆ : H → A. This follows easily
from the decomposition H = A ⊕ B as a direct sum of subcoalgebras used in the proof of
Theorem 2.2.1 and the fact that ϕ|A equals εA and ϕ|B is the zero map.

Remark 2.3.3 Let us note in passing that ϕ is self-adjoint as a functional, in the sense
that ϕ(x∗) is the complex conjugate of ϕ(x) for any x ∈ H. This follows immediately from
ϕ|A = εA and ϕ|B = 0, the fact that A and B are closed under ∗, and the fact that ε is a
∗-homomorphism.

This observation is needed in the proof of item 2. in Proposition 2.3.11, for instance. �

Lemma 2.3.4 The conclusion of Theorem 2.3.1 holds if and only if the functional ϕ ∈ H∗
is positive.

Proof Note that ϕ equals ε ◦ p (more pedantically, in this expression ε is the restriction of
εH to A). If p is positive then so will ϕ, given that ε is a ∗-algebra map A→ C which lifts
to Au.
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Conversely, if ϕ is positive (and hence lifts to a state on Hu), then both maps in the
composition (ϕ ⊗ id) ◦ ∆ : H → H lift to completely positive maps on the apropriate C∗

completions (∆ lifts to a C∗-algebra map Hu → Hu⊗Hu, while ϕ⊗ id : Hu⊗Hu → Hu will
also be completely positive). But that composition is precisely ι ◦ p, as noted above. �

Remark 2.3.5 The identity ϕ = ε ◦ p, in particular, shows that ϕ ◦ S = ϕ. This is needed
below. �

We are going to take what looks like a detour to make the necessary preparations.
For a cosemisimple coalgebra D over an algebraically closed field, denote by D• its

restricted dual: It is the direct sum of the matrix algebras dual to the matrix subcoalgebras
of D. In general, D• is a non-unital algebra. In our case, the full dual H∗ is in addition a
(unital) ∗-algebra, with ∗ operation defined by

f ∗(x) = f((Sx)∗)∗, ∀x ∈ H, (2.2)

where the outer ∗ means complex conjugation of a number (see e.g. [70, p. 4.3]). Further-
more, C• ≤ H∗ is a ∗-subalgebra.

Finally, again for a cosemisimple coalgebra D, we will talk about its completion D; it is
by definition the direct product of the matrix subcoalgebras comprising D. Equivalently, D
is the (ordinary, vector space) dual of D•. The module structure H ⊗C → C extends to an
action of H on C.

Remark 2.3.6 This extension of the H-module structure to C is a simple enough obser-
vation, but there is some content to it. The claim is that for x ∈ H and some simple
subcoalgebra Cα ≤ C (for α ∈ Ĉ), there are only finitely many simples β ∈ Ĉ such that xCβ
intersects Cα non-trivially.

AlthoughMC is not monoidal, V ⊗W can be made sense of as a C-comodule for any H-
comodule V and C-comodule W . This makesMC into a module category over the monoidal
category MH . Upon rephrasing the claim using the correspondence W 7→ coalg(W ) be-
tween comodules and subcoalgebras, it reads: For each finite-dimensional H-comodule V
and each α ∈ Ĉ, there are only finitely many β ∈ Ĉ such that (identifying α, β with the
corresponding comodules) HomMC (α, V ⊗ β) is non-zero. But just as in a rigid monoidal
category, V⊗ : MC → MC is right adjoint to V ∗⊗, and hence we’re saying only finitely
many β satisfy Hom(V ∗⊗α, β) 6= 0. This is clear simply because V ∗⊗α is some finite direct
sum of irreducibles. �

First, a preliminary result:

Lemma 2.3.7 The squared antipode S2 of H descends to an automorphism of every sim-
ple subcoalgebra Cα of C. Moreover, the resulting automorphism on the C∗-algebra C∗α is
conjugation by an invertible positive operator.
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Proof That S2 descends to C = H/HA+ is clear from the fact that it acts on A. We move
the action over to duals by precomposition: S2f = f(S2·) for f ∈ H∗.

Now let D ≤ H be a simple subcoalgebra, and
⊕

α∈I Cα, I ⊂ Ĉ the image of D through
H → C. The squared antipode acts on D∗ as conjugation by a positive operator F ([41,
pp. 11.30, 11.34]), and, by the previous paragraph, preserving the subalgebra B =

⊕
α∈I C

∗
α.

In particular, conjugation by F permutes the |I| minimal non-zero projections pα, α ∈ I in
the center of B. I claim that this permutation action is in fact trivial, which would finish
the proof.

To check the claim, consider the unique (up to isomorphism) simple ∗-representation of
D∗ on a Hilbert space H. If FpαF

−1 were equal to some pβ with β 6= α ∈ I, then F would
map the range of pα onto the range of pβ. Denoting by 〈 , 〉 the inner product on H, this
implies that 〈Fx, x〉 vanishes for any x in the range of pα. This cannot happen for non-zero
x, as F is both positive and invertible. �

We now establish the existence of a kind of “relative Haar measure” on C•.

Proposition 2.3.8 There is an element θ ∈ C satisfying the following conditions:

(a) Writing θ as a formal sum of elements in the simple subcoalgebras of C, its component
in C1 ≤ C is 1;

(b) It is H-invariant, in the sense that xθ = ε(x)θ for x ∈ H;

(c) It is positive as a functional on the ∗-algebra C•.

Sketch of proof Let ei, e
i, i ∈ I be dual bases in C and C• respectively, compatible with

the decomposition of C into simple subcoalgebras. We distinguish an element 0 ∈ I such
that e0 = 1. Since the automorphism S2 of H descends to C = H/HA+, the definition

θ =
∑
i∈I

ei(S2ei(2))ei(1)

makes sense as an element of C, and clearly satisfies (a). Moreover, the definition does not
depend on the choice of bases.

The calculation proving H-invariance can simply be lifted e.g. from [72, p. 1.1]. Even
though that result is about finite-dimensional Hopf algebras, it works verbatim in the present
setting.

Finally, let us prove positivity, this time imitating [71]. Let α ∈ Ĉ, and u ∈ C∗α ≤ C• an
element. We can assume harmlessly that the bases ei, e

i are organized as matrix (co)units,
i.e. those ei in the matrix coalgebra Cα form a matrix counit epq, and ei will then be the
dual matrix unit epq ∈ C∗α.

Now note that epq, regarded as a functional on C∗α, can be written as trα(· eqp), where
trα is the trace on the matrix algebra C∗α

∼= Mn, so that trα(1) = n. In conclusion, the
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component of θ in Cα, regarded as a functional on C∗α, is

θα =
∑
p,q

trα(· S2(epq)eqp). (2.3)

If Q ∈ C∗α is a positive operator such that conjugation by Q equals S2 on C∗α (Lemma 2.3.7),
then, suppressing summation over p, q = 1, n,

S2(epq)eqp = QepqQ−1eqp = trα(Q−1)Q.

This is a positive operator, and the conclusion follows. �

Remark 2.3.9 The expression (2.3), the invariance of θ with respect to bases, and the fact
that S2(epq) are again matrix units make it clear that θ ◦S2 = θ. In fact θ is unique, but we
do not need this stronger fact. �

Definition 2.3.10 Keeping the previous notations, the ϕ-relative Fourier transform F :
H → C• is defined as

H 3 x 7→ ϕ(Sx·). �

There is a slight abuse of notation in the definition: although a priori ϕ is a functional
on H, it descends to one on C = H/HA+. The map F is a relative analogue to the usual
Fourier transform [52, §2], and enjoys similar properties. Let us record some of them:

Proposition 2.3.11 The map F : H → C• introduced above satisfies the following relations:

1. F(x / Fy) = FxFy, ∀x, y ∈ H, where the right action / of H∗ on H is defined by
x / f = f(x1)x2.

2. F(x)∗ = S2F((Sx)∗), where the ∗ structure on C• is defined in (2.2), and S2 acts on
H∗ by precomposition, as in the proof of Lemma 2.3.7.

3. ε(x / Fy) = ϕ(Sy x).

4. θF = ε, where θ is the functional on C• from Proposition 2.3.8.

5. FS2 = S−2F .

Proof Most of this consists of simple computations, so let us only prove the first and fourth
items.

Applying both sides of 1. to z ∈ H, we have to prove

ϕ(Sy x1)ϕ(Sx2 z) = ϕ(Sx z1)ϕ(Sy z2).

Substituting y for Sy, z for Sz, and using ϕ ◦ S = ϕ (Remark 2.3.5), this turns into

ϕ(yx1)ϕ(zx2) = ϕ(z2x)ϕ(ySz1).
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Now make the substitution yx1 ⊗ x2 = a ⊗ b, which in turn means y ⊗ x = aSb1 ⊗ b2.
The target identity turns into

ϕ(a)ϕ(zb) = ϕ(aSb1Sz1)ϕ(z2b2).

Writing zb = c, it transforms further into

ϕ(a)ϕ(c) = ϕ(aSc1)ϕ(c2).

Finally, the substitution of c for S−1c and again ϕ ◦ S = ϕ turn this into

ϕ(a)ϕ(c) = ϕ(ac2)ϕ(c1).

To prove this last equality, it suffices to split into two cases, according to whether c is in A
or the complementary A-bimodule, right H-comodule ker(p).

In the latter case, both ϕ(c) and ϕ(c1) vanish. In the former, the left hand side is ϕ(a)ε(c),
while the right hand side is ϕ(ac) (since ϕ(c1) = ε(c1)). These two expressions are equal
because ϕ = εp, and p is an A-bimodule map.

We now check 4. Applying its left hand side to x ∈ H, we get θ(ϕ(Sx·)) = ϕ(Sx θ), where
this time θ is thought of as an element of C, Sx θ is the action of Sx on it (Remark 2.3.6),
and ϕ is regarded naturally as a functional on C. By the H-invariance of θ (Proposition 2.3.8
(b)), the expression is ε(x)ϕ(θ) = ε(x) by Proposition 2.3.8 (a). �

All of the ingredients are now in place.

Proof of Theorem 2.3.1 According to Lemma 2.3.4, it suffices to show that ϕ(x∗x) ≥ 0
for all x ∈ H. We do this through a string of equalities based on the preliminary results of
this section.

Let x, y ∈ H. Then, we have

θ((Fy)∗Fx)
2.
= θ(S2F((Sy)∗)Fx) = θ(S2F((Sy)∗)F(S2x))

1.
= θF((Sy)∗ / F(S2x))

4.
= ε((Sy)∗ / F(S2x))

3.
= ϕ(S3x(Sy)∗) = ϕ(S3xS(S2y)∗) = ϕ((S2y)∗S2x),

where the numbers above the equal signs refer to the items in Proposition 2.3.11, the second
equality follows from 5. and the fact that θS2 = θ (Remark 2.3.9), the next-to-last one is a
simple manipulation valid in any Hopf ∗-algebra, and the last equality is based on ϕS = ϕ
(Remark 2.3.5). Since the left hand side is non-negative when x = y, so is the right hand
side. This concludes the proof of the theorem. �

Remark 2.3.12 The equality obtained in the course of the proof should be thought of as a
Plancherel theorem [59, p. 7.9], to the effect that the relative Fourier transform is an isometry
with respect to the “inner products” induced by ϕ and θ. �
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Chapter 3

Centers, cocenters and simple
quantum groups

Introduction

In the course of trying to push analogies to ordinary compact groups as far as possible,
one might easily be led to ask what a simple compact (or more generaly, linearly reductive)
quantum group is. The notion was introduced in [79], where Wang also shows that some
of the well-known examples in the literature are simple (e.g. deformed function algebras of
simple compact Lie groups). One problem posed in [79] is to provide examples of simple
compact quantum groups with non-commutative fusion ring (i.e. Grothendieck ring of the
category of comodules; see Section 3.1 for terminology); this is addressed in [24], where we
show that free unitary groups, which are to compact quantum groups what ordinary unitary
groups are to compact Lie groups, become simple once we quotient out a one-dimensional
central torus (see [24, Theorem 1], and below).

The present chapter is in a sense a sequel to [24], and is concerned with extending the
earlier results to a wider class of linearly reductive quantum groups. It is organized as follows:

Section 3.1 is devoted to the preparations needed afterwards. We fix some notations,
recall some reoccuring specific examples of compact quantum groups, review useful notions
such as that of free fusion semiring, etc.

In Section 3.2 we introduce the notion of center for a linearly reductive quantum group.
The idea is simple enough, and is based on the representation-theoretic characterization of
the center of a compact Lie group (e.g. [48]). We also introduce the quotient of a quantum
group by its center, referring to it as the cocenter (Definition 3.2.10). The main result of the
section is Proposition 3.2.13, which gives a convenient description of the cocenter and will
come up again and again in later sections.

The first main result of the chapter is Theorem 3.3.1, which says that cocenters of quan-
tum groups with free fusion semirings in the sense of [13] are simple. This generalizes [24,
Theorem 1], and provides new examples of simple quantum groups, arising naturally as
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cocenters.
Finally, in Section 3.4 we study free products of quantum groups in the sense of [75]

(i.e. quantum groups corresponding to coproducts of families of Hopf algebras; see below
for details). The main results are Theorem 3.4.1, which says that the center construction
preserves free products, and Theorem 3.4.4, stating that a free product of at least two non-
trivial linearly reductive quantum groups has simple cocenter. This provides even more
examples of simple quantum groups with highly non-commutative fusion semirings, as well
as a systematic way of obtaining such examples.

The proofs are elementary, in that they consist of little more than word combinatorics
carried out in fusion semirings.

3.1 Preliminaries

Although on occasion we specialize the discussion to compact quantum groups and hence
complex Hopf ∗-algebras, the main objects throughout are cosemisimple Hopf algebras over
some algebraically closed field k (possibly of positive characteristic). Comodules are right
and finite-dimensional unless specified otherwise, and the category of C-comodules is denoted
byMC . The notation pertaining to Hopf algebra or coalgebra theory is standard: ∆, ε and
S for comultiplications, counits and antipodes respectively (maybe with indices, as in ∆C for
the comultiplication of the coalgebra C or SH for the antipode of H), and Sweedler notation
minus the summation sign for comultiplications and comodule structures, i.e. ∆(x) = x1⊗x2

and v 7→ v0 ⊗ v1 respectively. For all of this and other background on Hopf algebras or
coalgebras we refer to [27, 47, 65].

All coalgebras anywhere in this chapter are, as mentioned before, cosemisimple, in the
sense that their categories of comodules are semisimple. Since we are working over alge-
braically closed fields, this is the same as saying that the coalgebra is a direct sum of matrix
coalgebras, i.e. duals of matrix algebras Mn(k). To any C-comodule V we associate the co-
efficient subcoalgebra CV ≤ C defined as the smallest subcoalgebra such that the comodule
structure map V → V ⊗ C factors through V ⊗ CV . This implements a bijection between
(isomorphism classes of) simple C-comodules and matrix coalgebra summands of C. More-
over, if C happens to be a Hopf algebra, the correspondence further agrees with the rest of
the structure: CV⊗W is exactly the product CVCW , while CV ∗ = S(CV ). We write Ĉ for the
set of isomorpism classes of simple comodules.

One particularly nice way of being cosemisimple is to be a CQG algebra. For background
on these we rely mainly on [41, pp. 11.3, 11.4] or the paper [29], where these objects were
originally introduced. Recall from Section 2.1 that they are complex Hopf ∗-algebras satis-
fying an additional condition requiring that all comodules have compatible inner products.
As far as this chapter is concerned, CQG algebras enter the picture only by virtue of being
cosemisimple Hopf algebras.

By ‘quantum group’ (sometimes, for clarity, ‘linearly reductive quantum group’) we mean
the object dual to a cosemisimple Hopf algebra. When the latter is a CQG algebra, we might
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call the dual object a ‘compact quantum group’, as is customary in the literature.
One notion that will play an important role is that of fusion semiring R+(H) for a Hopf

algebra H. This is simply the Grothendieck semiring of its category of comodules, with
addition induced by direct sums and multiplication induced by taking tensor products. As
an additive monoid, it is free abelian on a set {rV } indexed by the simple H-comodules
V . It has a natural multiplication-reversing involution x 7→ x∗ induced by taking duals at
the categorical level, i.e. x∗ is the representation contragredient to x (the fact that ∗ is an
involution follows from cosemisimplicity). We will often blur the line between a comodule
and its class in the fusion semiring, and may write for instance Cx for CV if x ∈ R+(H)
is the class of the H-comodule V , may omit tensor products between comodules as in VW
instead of V ⊗W , etc. We will on occasion also refer to the fusion ring R(H) of H: It is
the Grothendieck ring (as opposed to the semiring) of the category of comodules. Both R
and R+ are partially ordered by making R+ the positive cone. In other words, x ≤ y in
R(H) provided y = x + z for some z ∈ R+(H). In R+ this is the same as saying that the
representation whose class y ∈ R+ can be written as a direct sum of the representations
corresponding to x and z.

There is a bijective correspondence between Hopf subalgebras of a Hopf algebra H and
based involution-invariant sub-semirings of R+(H). Here, ‘based’ means being the span of a
set of (classes of) simple comodules; since all sub-semirings in this chapter are based in this
sense, we will simply drop the adjective. Indeed, to a Hopf subalgebra K ≤ H the (fully
faithful) scalar corestriction functor on comodules induces an embedding R+(K)→ R+(H),
while in order to go in the other direction, to any (based) sub-semiring R+ of R+(H) we can
associate the direct sum of those matrix subcoalgebras of H which correspond via V 7→ CV
to simples in R+.

As a final general remark complementing the previous paragraph, note that a Hopf subal-
gebra of a CQG algebra is automatically invariant under the ∗-structure, and hence the dis-
cussion above applies verbatim, without our having to worry about an additional ∗-invariance
property.

Free fusion semirings

These will be particularly amenable to the kind of analysis carried out in Section 3.3. Before
explaining what freeness is, we take a short detour to fix some notation.

We will often consider structures (R, ∗, ◦), where R is a set, ∗ : R→ R is an involution,
and ◦ : R × R → R ∪ {∅} is a map usually referred to as the fusion. Both ∗ and ◦ are
extended to the free monoid 〈R〉 on R (thought of as the set of words on the alphabet R
with juxtaposition as multiplication) by making ∗ multiplication-reversing, and by

(r1 . . . rk) ◦ (s1 . . . sl) = r1 . . . rk−1(rk ◦ s1)s2 . . . sl, ri, sj ∈ R

respectively, where r1 . . . rk and s1 . . . sl are arbitrary words on the alphabet R, regarded as
elements of the free monoid 〈R〉. The right hand side is ∅ whenever rk ◦ s1 = ∅.

Following [13, p. 10.2], we have:
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Definition 3.1.1 The fusion semiring of a cosemisimple Hopf algebra H is said to be free
on (R, ∗, ◦) if there is some indexing 〈R〉 3 x 7→ ax ∈ Ĥ of the set of simple comodules by
〈R〉, with the monoidal unit corresponding to the empty word and the operation of taking
duals corresponding to the involution ∗ on 〈R〉, and the multiplication in R+(H) is given by

axay =
∑

x=vg,y=g∗w

(avw + av◦w). (3.1)

The convention is that in the right hand side of this equality, the term av◦w is absent whenever
v ◦ w = ∅, and free on (R, ∗) means free on (R, ∗, ◦) with ◦ constantly equal to ∅.

‘Free’ period, unadorned by any data (R, ∗, ◦), means that there is some such data which
makes the semiring free in the sense of the previous paragraph. The same terminology applies
to fusion rings. �

For Hopf algebras with free fusion semirings we usually identify simple comodules with
words over the alphabet R, and denote the coalgebras Cav by Cv for words v ∈ 〈R〉.

Remark 3.1.2 Keeping the notations from Definition 3.1.1, note that if x = x′t and y =
t∗y′, then in the fusion semiring with its usual order we have ax′ay′ ≤ axay. This follows
from an application of (3.1) to ax′ay′ :

ax′ay′ =
∑

x′=vh,y′=h∗w

(avw + av◦w) =
∑

x=vht,y=(ht)∗w

(avw + av◦w),

the summations being over words h ∈ 〈R〉. In other words, in (3.1) we are, roughly speaking,
summing over all words g “common” to x and y in some sense, whereas here we are summing
only over those words among them which contain t as as right hand segment. But then the
resulting sum is clearly contained term by term in the right hand side of (3.1). �

Remark 3.1.3 It will come in handy below to notice that a fusion ring free on (R, ∗, ◦) in
the sense of Definition 3.1.1 is in fact free as a ring on the set R, i.e. it is a non-commutative
polynomial ring in the variables ar, r ∈ R. This can be shown by filtering the ring by lengths
of words, and observing that (3.1) says that axay = axy up to shorter words. The argument
is spelled out in [56, p. 3.2].

One consequence of all of this is that a cosemisimple Hopf algebra with free fusion semiring
cannot have non-trivial one-dimensional comodules, or equivalently, non-trivial grouplike
elements; indeed, a one-dimensional comodule would correspond to an invertible element of
the fusion ring, but the only invertibles in a non-commutative polynomial ring (over Z) are
±1. We will need this in Section 3.3. �

Several important families of cosemisimple Hopf algebras (in fact CQG algebras) exhibit
the kind of behaviour axiomatized by Definition 3.1.1. We now recall some of these.
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Example 3.1.4 Let Q be a positive self-adjoint n × n matrix, and Au(Q) the ∗-algebra
freely generated by the n2 elements uij, i, j = 1, n, subject to the relations demanding that

both u = (uij)i,j and Q
1
2uQ−

1
2 be unitary as elements of Mn(Au(Q)) (where u = (u∗ij)i,j).

Au(Q) can be made into a CQG algebra by declaring that uij are the usual n2 basis
elements of a matrix coalgebra in the sense that

∆(uij) =
∑
k

uik ⊗ ukj, ε(uij) = δij

(a theme that will come up again and again in these examples; they are all defined by
imposing relations on the n2 matrix counits of an n× n matrix coalgebra).

The algebras Au(Q) were introduced by Wang and van Daele in [73], and they are the
quantum analogues of unitary groups: Every finitely generated CQG algebra is a quotient of
one of them, meaning, in dual language, that every “compact quantum Lie group” embeds
in the compact quantum group associated to Au(Q) for some Q.

When n ≥ 2 (which will always be assumed), it was shown in [7] that the fusion semiring
of Au(Q) is free on ({α, α∗}, ∗), where α is the class of the fundamental representation
corresponding to the matrix coalgebra spanned by u; it has a basis ei, i = 1, n and comodule
structure defined by ej 7→

∑
i ei ⊗ uij. Recall from Definition 3.1.1 that this means ◦ is

trivial, i.e. constantly ∅. �

Example 3.1.5 Now let Q be a matrix with the property QQ ∈ RIn (just like the positivity
assumption of the previous example, this avoids some redundance and degeneracy). The
CQG algebra Bu(Q) was also introduced in [73] (denoted there by Ao(Q)) as the ∗-algbra
obtained from Au(Q) by imposing the additional assumption that all uij be self-adjoint.

The fusion semiring of Bu(Q) is determined in [10], and is isomorphic to that of SU(2)
whenever n ≥ 2: free on ({α}, ∗) for the fundamental representation α = α∗ defined as in
the previous example. Again, ◦ is trivial. �

Example 3.1.6 In [78], Wang introduced the quantum automorphism group Aaut(B, τ) of
a traced finite-dimensional C∗-algebra (B, τ), meaning the initial object in the category of
CQG algebras endowed with a coaction on B that preserves the trace τ in the appropriate
sense. If the trace τ is chosen judiciously, the fusion semiring of Aaut is isomorphic to that of
SO(3) (as shown in [9]). This means in particular that it is free on ({α}, ∗, ◦), where α = α∗

and α ◦ α = α. �

Example 3.1.7 The quantum reflection groups of [13] are another important family of
examples. For a positive integer n and an additional parameter s which is either a positive
integer or∞, the quantum reflection group Ash(n) is defined as the ∗-algebra freely generated
by the n2 generators uij, satisfying the conditions:

1. u and u are unitary.

2. All uij are partial isometries, in the sense that pij = uiju
∗
ij are idempotent.
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3. usij = pij.

This is motivated by the fact that imposing the additional condition of commutativity would
result in the algebra of functions on the group of n×n monomial matrices (i.e. one non-zero
entry in each row and column) with s’th roots of unity as non-zero entries.

In this setting (and assuming n ≥ 4), [13, p. 7.3] says that the fusion semiring of Ash(n)
is free on (Z/sZ, ∗, ◦), where x∗ = −x and x ◦ y = x+ y for x, y ∈ Z/sZ. �

Example 3.1.8 Given a family Hi of cosemisimple Hopf algebras whose fusion semirings
are free on (Ri, ∗i, ◦i) for some index set I 3 i, their coproduct H in the category of Hopf
algebras is again cosemisimple, and its fusion semiring is free on (R =

⊔
Ri, ∗, ◦) where this

latter ∗ consists simply of putting together the involutions ∗i of the individual Ri’s, while
for r, s ∈ R, r ◦ s is r ◦i s if r, s ∈ Ri, and ∅ otherwise.

Most of this follows for example from [75, p. 1.1], which basically says that the fusion
semiring of the coproduct (there called the free product of the corresponding compact quan-
tum groups) is the coproduct in the category of semirings of the R+(Hi). Although that
paper is concerned with CQG algebras, these results extend easily to arbitrary cosemisimple
Hopf algebras.

It will be worth our while to take somewhat of a detour, and go into the details of what
happens to fusion rules when passing to coproducts. A note on terminology: In the sequel,
‘free product’ refers to quantum groups (i.e. objects dual to Hopf algebras), whereas in the
dual picture, when talking about algebras or Hopf algebras, we use ‘coproduct’.

According to [75], the simples in MH are the tensor products V1 ⊗ . . .⊗ Vn for all finite
strings (i1, . . . , in) of elements from I such that ik 6= ik+1, ∀k and all choices of non-trivial
simples Vk ∈ MHik . The way to describe the fusion rules of H briefly is to say that the
canonical inclusions ιi : R+(Hi) → R+(H) make the right hand side the coproduct of the
R+(Hi)’s in the category of semirings.

To be a bit more explicit, write the generic simple of Ĥ ⊂ R+(H) as z = x1 . . . xn (strings
meaning products, as announced above). Then, when computing its product with another

such element, say z′ = y1 . . . y` (yk ∈ Ĥjk), three cases can occur:
(i) If in 6= j1, then zz′ is simply the stringing together of the x’s and y’s.
(ii) If in = j1 but xin is not the dual of yj1 , then

zz′ =
∑
k

nk x1 . . . xn−1vky2 . . . y`, (3.2)

where
xny1 =

∑
k

nkvk, nk ∈ Z+, vk ∈ Ĥin .

(iii) Finally, if xn = y∗1 and

xny1 = 1 +
∑
k

nkvk
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in R+(Hin), then the product can be computed by recursion, with

zz′ = (x1 . . . xn−1)(y2 . . . y`) +
∑
k

nk x1 . . . xn−1vky2 . . . y` (3.3)

as the first step of that recursion.
We leave the reader the task of applying this analysis to the case when Hi have free

fusion semirings on (Ri, ∗i, ◦i), to obtain the claims made about the freeness of R+(H). �

Normal quantum subgroups

In the setting we are placing ourselves in, with Hopf algebras regarded as analogues of
algebras of functions on groups, a normal quantum subgroup of a quantum group should
correspond to a quotient Hopf algebra with some extra properties. We recall what these are,
following [2, 79].

Definition 3.1.9 A morphism π : H → K of Hopf algebras is normal if the left and right
kernels of π defined respectively by

LKer(π) = {h ∈ H | π(h1)⊗ h2 = 1K ⊗ h}

and
RKer(π) = {h ∈ H | h1 ⊗ π(h2) = h⊗ 1K}

coincide.
For a quantum group (dual to the Hopf algebra) H, a normal quantum subgroup is a

normal Hopf algebra surjection π : H → K. The same discussion applies to CQG algebras,
in which case all morphisms are always understood to be ∗-preserving. �

This is the definition adopted in [79, p. 2.1] (see also [2, p. 1.1.5]), and it is motivated
by the fact that for Hopf algebras of representative functions on compact groups, it recovers
the usual notion of normality (with the left and right kernels being algebras of functions on
the right and left coset spaces respectively). Note that the map π itself is regarded as the
subgroup; two maps are always taken to represent the same subgroup whenever they are
isomorphic as H-sourced arrows in the category of Hopf algebras (or CQG algebras).

In the situation of Definition 3.1.9, P = LKer(π) = RKer(π) is a Hopf subalgebra of
H, which can be thought of, morally, as functions on the quotient of the quantum group H
by the quantum subgroup K; we denote it by HKer(π), and refer to it as the Hopf kernel
of π. In all cases we deal with in this chapter (where all Hopf algebras are cosemisimple),
ι : P → H and π : H → K are the two halves of what in [2, p. 1.2] is called a exact sequence
of quantum groups, and ι and π in fact determine one another (see e.g. [79, p. 4.4]).

Consider the scalar corestriction functorMH →MK through π, turning an H-comodule
V with structure map v 7→ v0 ⊗ v1 into a K-comodule via v 7→ v0 ⊗ π(v1). The Hopf
kernel ι : P → H of π can now be characterized in the cosemisimple case as the sum of
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precisely those matrix subcoalgebras of H whose corresponding simple comodules become
trivial upon applying this functor (meaning they break up as direct sums of copies of the
trivial one-dimensional comodule).

As it turns out, there is a simple necessary and sufficient condition which will ensure
that an inclusion ι : P → H of (cosemisimple) Hopf algebras is half of an exact sequence
P → H → K: It is that P be invariant under either the left or the right adjoint action
of H on itself, defined by h . h′ = h1h

′S(h2) and h′ / h = S(h1)h′h2 respectively (in which
case we say that P is ad-invariant). Indeed, one can show easily that left (right) kernels
of Hopf algebra morphisms are always invariant under the right (resp. left) adjoint action;
[2, p. 1.2.5] ensures the opposite implication as soon as H is faithfully flat over P , which
according to [23] is always the case.

Note also that starting with the ad-invariant Hopf subalgebra P ≤ H, the third term K
in the exact sequence P → H → K (which is nothing but H/HP+, where P+ = ker(P |K))
is automatically cosemisimple, also by [23]. In conclusion, knowledge of the ad-invariant
Hopf subalgebra ι : P → H is equivalent to giving a linearly reductive normal quantum
subgroup π : H → K, and we will often conflate these two points of view. Moreover, the
correspondence P ↔ K is size-reversing, in the sense that larger quotient Hopf algebras K
correspond to smaller Hopf subalgebras P .

Remark 3.1.10 We take a moment to observe that the (left, say) adjoint action of a matrix
subcoalgebra C of a Hopf algebra H on another such subcoalgebra D is non-zero. Indeed,
This follows from the fact that H 3 1 ∈ S(C)C, and hence D ≤ S(C) . (C . D). We need
this below. �

Now that we know what normal quantum subgroups are, the following is natural:

Definition 3.1.11 A quantum group with underlying Hopf algebra H is simple if there are
no normal quantum subgroups apart from the obvious ones, id : H → H and ε : H → k. �

Remark 3.1.12 The notion from [79] that best matches Definition 3.1.11 (in the case of
compact quantum groups) is that of a so-called absolutely simple compact quantum group.
The two definitions are still somewhat different though: Apart from not having any non-
obvious normal quantum subgroups, there are additional requirements in [79, p. 3.3] that
the compact quantum group (a) be what is usually called a matrix CQG (in dual language,
this amounts to the corresponding Hopf algebra being finitely generated as an algebra), (b)
be connected (in the context of compact quantum groups, this means essentially that every
non-trivial Hopf ∗-subalgebra is infinite-dimensional), and (c) have no non-trivial irreducible
one-dimensional representations (i.e. comodules for the corresponding Hopf algebra).

Conditions (b) and (c) hold automatically for the examples obtained below via Theo-
rem 3.3.1, all of whose fusion semirings are embedded into free ones. Indeed, the free fusion
rule (3.1) make it clear that any non-trivial Hopf subalgebra of such a Hopf algebra has
infinitely many simple comodules, proving (b); on the other hand, Remark 3.1.3 ensures
that (c) holds for Hopf algebras with free fusion semirings and their Hopf subalgebras.
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As pointed out in [24], the examples covered by Theorem 3.3.1 will not, in general, satisfy
condition (a). Other examples that do go the extra mile can be obtained by judiciously
selecting finitely generated Hopf subalgebras (e.g. as in [24, Proposition 10]), but this is
somehow less natural than the cocenter construction of the next section. All of this seemed
to justify choosing the shorter definition over the longer, more refined one, as well as dropping
the adjective ‘absolutely’. �

3.2 Centers and cocenters

This section is devoted to defining the notion of center for a quantum group (regarded, as
always in this thesis, as the object dual to a cosemisimple Hopf algebra) and providing a
characterization that will come in handy in Section 3.3. Roughly speaking, the center is, as
expected, “precisely the quantum subgroup which acts as scalars on any simple comodule”.
Making this precise will require a bit of unpacking, but the idea is simple enough. The
starting point is the result [48, p. 3.1], according to which for a compact group G, the
character group of its center Z(G) can be recovered from combinatorial data that can be
read off from the fusion ring of G, or alternatively from its category of representations.
Taking Müger’s result as a guiding principle, we will define the center of a linearly reductive
quantum group via the perfectly analogous process. The details follow.

We begin with the notion of centrality for a quantum subgroup π : H → K of a quantum
group H, as introduced for instance in the course of the proof of [79, p. 4.5]:

Definition 3.2.1 A morphism π : H → K of cosemisimple Hopf algebras is central if

(π ⊗ id) ◦∆H = (π ⊗ id) ◦ τ ◦∆H : H → K ⊗H, (3.4)

where τ is the usual flip of tensorands. �

Remark 3.2.2 Note that unlike [79] or [51] (where centrality and normal quantum sub-
groups also figure prominently), Definition 3.2.1 does not demand that central morphisms
be surjective. If π : H → K does happen to be both central and surjective, then K is
cocommutative, and hence a group algebra by cosemisimplicity. In addition, as noted in [79,
p. 4.5], centrality implies normality. �

Remark 3.2.3 Morphisms as in Definition 3.2.1 are sometimes called ‘cocentral’ (e.g. [1,
Definition 3.1]). The name ‘central’ seems appropriate here, given the point of view we have
adopted that Hopf algebras are to be regarded as function algebras. �

The following result ties in the definition with the representation-theoretic interpretation
of centrality alluded to in the first paragraph of this section.

Proposition 3.2.4 A morphism π : H → K of cosemisimple Hopf algebras is central in the
sense of Definition 3.2.1 if and only if the associated scalar corestriction functorMH →MK



CHAPTER 3. CENTERS, COCENTERS AND SIMPLE QUANTUM GROUPS 30

turns every simple H-comodule into a direct sum of copies of a single one-dimensional K-
comodule.

Proof Since linear functionals ϕ ∈ K∗ separate the elements of K, (3.4) can be stated as

ϕ(π(h1))h2 = ϕ(π(h2))h1, ∀h ∈ H, ϕ ∈ K∗. (3.5)

In turn, this is equivalent to the commutativity of all diagrams of the form

V V ⊗H

V V ⊗H

ϕ ϕ⊗id

for all choices of a comodule V ∈ MH and a functional ϕ ∈ K∗, where the vertical maps
represent the action of ϕ on V by ϕ . v = ϕ(π(v1))v0. Indeed, the right-down path in the
diagram sends v to v0⊗ϕ(π(v1))v2, whereas the down-right path sends it to v0⊗ϕ(π(v2))v1.

In conclusion, the centrality of Definition 3.2.1 is equivalent to K∗ acting by H-comodule
maps on all H-comodules, or equivalently (by cosemisimplicity) on all simple H-comodules.
But for simple V ∈MH , Schur’s lemma makes this latter condition equivalent to K∗ acting
on V by ϕ . v = Ψ(ϕ)(v) for some algebra homomorphism Ψ : K∗ → k.

Since the K∗-module structure is induced by a K-comodule structure, in the situation
described above Ψ must be of the form ϕ 7→ ϕ(γ) for some γ ∈ K. The fact that Ψ is an
algebra map translates to γ being a grouplike, and hence the K-comodule V breaks up as a
direct sum of dimV copies of the one-dimensional kγ-comodule. �

We recall the following standard notion, for future reference:

Definition 3.2.5 For a cosemisimple Hopf algebra H and a group Γ, a Γ-grading of the
fusion semiring R+ = R+(H) is a splitting R+ =

⊕
γ∈ΓR

γ
+ as additive abelian groups which

respects the multiplicative structure,

Rγ
+R

γ′

+ ⊆ Rγγ′

+ , ∀γ, γ′ ∈ Γ,

and also the basis of irreducibles, in the sense that each x ∈ Ĥ belongs to some Rγ
+. We will

then say (as usual for rings graded by groups) that x is homogeneous of degree γ and write
deg(x) = γ.

Since the entire structure consists of assigning elements of Γ to simple H-comodules, we
can also rephrase all of the above as a map deg : Ĥ → Γ satisfying the condition

deg(x) = deg(x1) . . . deg(xn) ∈ Γ

whenever x ≤ x1 . . . xn in R+ (note that it suffices to impose this condition for n = 2). �
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Remark 3.2.6 Note that a map as in the last paragraph of the definition is what Müger
calls a t-map in [48, p. 2.1] in the case of compact groups. �

Now let π : H → K be a central quantum subgroup. According to Proposition 3.2.4,
every simple V ∈ MH can be written, when regarded as a K-comodule, as a direct sum of
dimV copies of a K-comodule corresponding to some grouplike element γ ∈ K. Moreover,
the surjectivity of π means that K is in fact a group algebra k[Γ]. Labelling V by γ is easily
seen to define Γ-grading on the fusion semiring R+(H) in the sense of Definition 3.2.5.

Conversely, suppose we have a grading of R+(H) by a group Γ. Then we can recover
a central quantum subgroup π : H → k[Γ] as follows: For a simple V ∈ MH assigned
degree γ ∈ Γ by the grading, fix some basis {ei}, i = 1, n, consider the corresponding matrix
counits uij determined by (ej)0⊗ (ej)1 =

∑
ei⊗uij, and define the restriction of π to CV by

uij 7→ δijγ. We leave to the reader the task of checking that this is a well-defined morphism
of Hopf algebras (or CQG algebras, if H is a CQG algebra and C[Γ] is given its standard
CQG structure making the elements of Γ unitary). To check independence of the choice of
basis {ei}, for example, notice that a different choice would conjugate u = (uij) ∈Mn(H) by
a scalar n×n invertible matrix, and such a conjugation fixes the matrix (δijγ)i,j ∈Mn(k[Γ])
componentwise.

Definition 3.2.7 Let H be a cosemisimple Hopf algebra. The category of gradings of R+(H)
has as objects gradings of R+(H) by groups such that the simples are homogeneous, and
as morphisms between a Γ1 and a Γ2-grading, morphisms of groups f : Γ1 → Γ2 respecting
the grading, in the sense that if the simple V has degree γ1 ∈ Γ1 with respect to the first
grading, then it has degree f(γ1) ∈ Γ2 with respect to the second one.

The category of central arrows of H has central arrows H → k[Γ] as objects, and the
obvious commutative triangles as morphisms. �

Remark 3.2.8 Note that for any grading of R+(H) by a group Γ as in the preceding
discussion, the trivial comodule automatically gets degree 1, and hence so do products xx∗

for x ∈ Ĥ. If x has, say, degree γ ∈ Γ, x∗ will have degree γ−1. In conclusion, the grading
intertwines the operations ∗ and γ 7→ γ−1. �

With these preparations, the discussion preceding Definition 3.2.7 can now be summarized
as follows:

Proposition 3.2.9 For any cosemisimple Hopf algebra H, sending a central arrow H →
k[Γ] to the grading described before Definition 3.2.7 sets up an equivalence between central
arrows of H and gradings of R+(H). �

Paraphrasing Müger’s result [48, p. 3.1], mentioned briefly at the beginning of the current
section, for a compact groupG with fusion semiring R+, the category of gradings of R+ has an
initial object, and the corresponding group implementing this universal grading is precisely
the character group of the center Z(G).
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It is sensible now, in view of the result we’ve just cited and of Proposition 3.2.9, to try
to define the center of the quantum group H as the largest central quantum subgroup (i.e.
initial object in the category of central arrows). Proposition 3.2.9 allows us to do just that,
by first observing that the category of gradings of R+(H) has an initial object. This universal
grading has appeared, for example, in [15, 48, 36], sometimes in slightly different variants
which can easily be adapted to the present situation; we recall several descriptions below.

Definition 3.2.10 Let H be a cosemisimple Hopf algebra. The center of the corresponding
quantum group is the initial object π : H → Z of the category of central arrows.

The cocenter is the Hopf kernel of the center π. �

Following [15, 48], we denote the group implementing the initial grading of R+(H) by
C(H) (for ‘chain group’, the term used in these papers for the object, in the context of
compact groups). The two papers are concerned with (ordinary) compact groups, but the
results of [48] whose analogues we are interested in generalize quite easily, and we won’t
repeat the proofs. Instead, we content ourselves with giving the several descriptions of
C(H), and switch between them freely afterwards.

A description of C(H) analogous to that in [15] would be as the set of equivalence classes

of Ĥ, where x, y ∈ Ĥ are declared equivalent (written x ∼ y) whenever x, y ≤ z1 . . . zn in

R+(H) for some zj ∈ Ĥ. Then all simple constituents of xy are equivalent, so a multiplication

operation descends to the set Ĥ/∼ of equivalence classes. It turns out this multiplication

makes Ĥ/∼ into a group, with inverse given by taking duals, and the desired universal

grading is Ĥ → Ĥ/∼.

Additionally, let (Γ(H), ·) be the monoid generated by Ĥ, subject to relations x · y = z
whenever z ≤ xy ∈ R+(H). Γ(H) is in fact a group with inverse operation x 7→ x∗, the map

Ĥ → Γ(H) sending an irreducible to the corresponding generator of Γ(H) is, once more, the
universal grading.

We refer the reader to the short paper [48] for proofs of (most of) the claims. Although
that paper does not explictly mention gradings, they are there in the guise of the t-maps
mentioned in Remark 3.2.6, via Definition 3.2.7. See also [51] for a somewhat different take
on centers of compact quantum groups. Proposition 7.5 of that paper similarly identifies
various possible descriptions of the center.

Remark 3.2.11 We make here two simple observations, that will be used repreatedly (some-
times implicitly) below.

First, for an inclusion H ′ ≤ H of cosemisimple Hopf algebras, the composition H ′ ≤ H →
K is central whenever the right hand arrow H → K is central. This follows immediately
from Proposition 3.2.4 and the fact that scalar corestriction through inclusions are fully
faithful, and hence turn simples into simples.

Secondly, inclusions H ′ ≤ H also induce a group homomorphism C(H ′)→ C(H). Indeed,
by the previous observation, the composition H ′ → H → k[C(H)] is central. But then, by
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the universality of C(H ′), this composition must factor through k[C(H ′)] → k[C(H)] for a
unique group morphism C(H ′)→ C(H). �

Remark 3.2.12 Because we are interested mainly in cosemisimple Hopf algebras, Defini-
tion 3.2.10 produces the largest central linearly reductive quantum subgroup. Any Hopf alge-
bra also has a largest central quotient Hopf algebra, dually to [3, Definition 2.2.3]. Applying
this construction to a cosemisimple Hopf algebra seems unlikely to result in a cosemisimple
quotient however, hence the extra effort that goes into Definition 3.2.10.

For a CQG algebra H, however, the construction dual to [3, p. 2.2.3] will indeed work: By
the universality of the construction, the resulting quotient will be the largest among central
H-quotients, but on the other hand it is automatically cosemisimple (and cocommutative,
as all central quotients are), and hence a group algebra, because we are working over the
algebraically closed field C. �

We now seek to describe the cocenter of a quantum groupH in terms of its fusion semiring.
The preliminaries above almost take care of the first half of the following proposition, while
the second half requires slightly more work and is needed in Section 3.3:

Proposition 3.2.13 Let H be a cosemisimple Hopf algebra, and ι : P → H its cocenter.
The fusion semiring R+(P ) can be described as either

(a) The sub-semiring of R+(H) spanned by those x ∈ Ĥ which are majorized by some

product (z1 . . . zn)(z1 . . . zn)∗ ∈ R+(H), zj ∈ Ĥ with respect to the usual partial order, or

(b) The sub-semiring of R+(H) generated by those x ∈ Ĥ which are majorized by some

zz∗, z ∈ Ĥ.

Proof Recall first, from the discussion preceding Remark 3.1.10, that P̂ consists of precisely
those ireducible comodules of H which become trivial upon corestriction to the center of H,
or, in other words, those irreducibles receiving degree 1 in the universal grading. But since
we’ve seen above that the universal grading is the quotient map Ĥ → Ĥ/ ∼, it follows that

R+(P ) ≤ R+(H) is spanned by the simples x ∈ Ĥ which are equivalent to 1 through ∼.

This means that x and 1 are majorized by some product z1 . . . zn for zj ∈ Ĥ, and hence
x ≤ (z1 . . . zn)(z1 . . . zn)∗. Conversely, the latter condition on x certainly implies x ∼ 1, since
both x and 1 are then summands of (z1 . . . zn)(z1 . . . zn)∗.

The sub-semiring described in part (b) is a priori smaller than that of (a), and it is our
task to show that the two in fact coincide. To this end, it is enough to show that any simple

x ≤ (z1 . . . zn)(z1 . . . zn)∗ = z1 . . . znz
∗
n . . . z

∗
1 (3.6)

is a summand of (z1 . . . zn−1)(z1 . . . zn−1)∗yy∗ for some y ∈ Ĥ, for we can then use induction
on n.

Consider H as a comodule over itself, via the right adjoint coaction h 7→ h2 ⊗ S(h1)h3;

more concretely, H is simply the direct sum of all y ⊗ y∗, y ∈ Ĥ. We leave it to the reader
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to check that for any H-comodule V , the back-and-forth maps between H ⊗ V and V ⊗H
defined by

h⊗ v 7→ v0 ⊗ hv1, v ⊗ h 7→ hS(v1)⊗ v0

are mutually inverse H-comodule isomorphisms, where H has the adjoint coaction, H ⊗ V
and V ⊗H have the usual tensor product comodule structures, and S is the inverse of the
antipode. In particular, we have

z ⊗H ∼= H ⊗ z, ∀z ∈ R+(H). (3.7)

To conclude, note that as a consequence of (3.6), x is a summand of

(z1 . . . zn−1)⊗H ⊗ (z1 . . . zn−1)∗ ∼= (z1 . . . zn−1)⊗ (z1 . . . zn−1)∗ ⊗H,

where the isomorphism follows from (3.7) applied to z = z1 . . . zn−1. Finally, since x is simple,
it must be a subcomodule of some summand (z1 . . . zn−1)(z1 . . . zn−1)∗yy∗ of the latter. �

Remark 3.2.14 More conceptually, the isomorphism H ⊗ V ∼= V ⊗ H exhibited in the
proof says that H, with the right adjoint H-coaction and the right regular H-action, is a
Yetter-Drinfeld module, and hence an element of the Drinfeld center of the category MH .
By definition, the Drinfeld center is the category consisting of H-comodules X endowed with
natural isomorphisms X ⊗− ∼= −⊗X required to satisfy certain compatibility conditions.
We refer the reader to [47, p. 10.6] and [40, p. XIII] for these notions. �

Versions of the cocentral fusion sub-semiring R+(P ) ≤ R+(H), described as in part (b)
of Proposition 3.2.13, have appeared in [33, 36, 48]. The identification of the cocenter with
this particular sub-semiring is a non-commutative analogue of the fact that in the classical
case, for a compact group G, one recovers in this way precisely the fusion semiring of the
quotient G/Z(G) by the center (e.g. [48, p. 2.8]).

Remark 3.2.15 The pared-down discussion in Proposition 3.2.13 is included here for the
convenience of the reader, but let us mention that a more general version holds (and is
essentially available in the literature), in the sense that sub-semirings defined as in (a) and
(b) coincide for any so-called fusion category (even after dropping the usual requirement that
there be only finitely many simple objects).

Equation (3.7) still holds in this general setting if H is taken, as in the text, to be the
direct sum of all y⊗ y∗ for y ranging over the simple objects. This is the gist of [36, pp. 3.3,
3.4, 3.5] (adapted to the case of infinitely many simples), which show that the initial grading
of a fusion category coincides with the decomposition of the Grothendieck semiring of the
entire category into summands as a module over the sub-semiring defined as in (b). �



CHAPTER 3. CENTERS, COCENTERS AND SIMPLE QUANTUM GROUPS 35

3.3 Simple cocenters

As announced in the introduction, the main result of this section is:

Theorem 3.3.1 For any cosemisimple Hopf algebra H whose fusion semiring is free on a
datum (R, ∗, ◦), the cocenter ι : P → H is simple in the sense of Definition 3.1.11.

Proof As in Section 3.1, we denote the correspondence between words on R and simple
H-comodules by 〈R〉 3 x 7→ ax ∈ Ĥ. The statement reduces to showing that the only
ad-invariant Hopf subalgebras Q ≤ P are the two obvious ones. Throughout the rest of the
proof, fix such a Q, and assume it is strictly larger than the scalars. Our aim will be to show
that Q = P .

According to part (b) of Proposition 3.2.13, it suffices to prove that R+(Q) ≤ R+(P )
contains auau∗ for any word u. Let av ∈ R+(Q) for some non-empty word v (if there is no
such v then Q is just the constants, and there is nothing to prove). By the fusion rules (3.1),
avv∗ ∈ R+(Q). Write vv∗ = r . . . r∗ for some r ∈ R, and consider the two possibilities:

(Case 1) The alphabet R is of cardinality at least two. Then, I claim that for any word u,
R+(Q) contains some simple au.... Assuming this for now, note that aua

∗
u is a Q-comodule,

being a summand of au...(au...)
∗: Apply Remark 3.1.2 to the case when y∗ = x is the larger

word u . . ., while (y′)∗ = x′ = u. Proving this was our goal to begin with.
To prove the claim, let s 6= r∗ be some letter, u an arbitrary word, and set w = uu∗s∗s.

By the fusion rules (3.1), aw is a summand in aua
∗
ua
∗
sas, and hence belongs to the fusion

subsemiring generated by aua
∗
u and a∗sas. From Proposition 3.2.13 (b) it follows that aw ∈

R+(P ).
When expanding the product awavv∗aw∗ using (3.1), the choice of s as being different

from r∗ imlies we get awvv∗w∗ and perhaps some lower terms involving the fusion of w and
vv∗ (or the fusion of vv∗ and w∗). In all of these terms, the fusion can at most eat up the
last letter of w and the first letter of vv∗ (or the last letter of vv∗ and the first letter of w∗,
respectively). In any event, all resulting terms are of the form au..., i.e. they are simples
corresponding to words starting with u.

Now, since Q ≤ P is assumed to be left ad-invariant, acting on Cvv∗ ≤ Q with Cw ≤ P
will produce a non-zero element of Q by Remark 3.1.10. The previous paragraph implies
that this element belongs to some simple coalgebra of the form Cu..., which finishes the proof
of the claim made at the beginning of Case 1.

(Case 2) R is a singleton {r}. In this case the duality involution ∗ is necessarily the
identity, and there are only two possibilities for the fusion ◦: r ◦ r is either ∅ or r. These are
precisely the fusion semirings from Examples 3.1.5 and 3.1.6 respectively, and the desired
result is essentially proven in [79, pp. 4.1, 4.7] (Wang’s statements refer to the quantum
groups themselves, but the proofs rely only on the structure of their fusion semirings). �

Remark 3.3.2 In the above proof, part (1) can be tweaked to get a somewhat stronger
result: With the notations of the theorem, the quantum group associated to any Hopf
subalgebra P ′ ≤ P is simple, provided among the simple comodules of P ′ we can find two,
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say ax, ay, for words x, y ∈ 〈R〉 ending in different letters. In particular, there is a rich
supply of finitely generated Hopf subalgebras with simple underlying quantum groups (see
Remark 3.1.12 above). �

Call a quantum group with simple cocenter projectively simple. In view of Examples 3.1.4
and 3.1.7, free unitary groups and quantum reflection groups are all projectively simple. As
noted before, this generalizes the main result of [24]. The following simple observation is of
some use in determining what the cocenters of the theorem look like.

Proposition 3.3.3 Let H be a cosemisimple Hopf algebra with fusion semiring free on the
data (R, ∗, ◦). Then, the universal grading group C(H) is generated by R, subject to the
relations turning ∗ into the inverse and ◦ into the multiplication.

Proof According to the discussion immediately preceding Remark 3.2.11, the universal
grading group can be described as being generated by Ĥ, with relations x · y = z when-
ever z ≤ xy ∈ R+(H) for irreducibles x, y, z. But by our free fusion (3.1), z ≤ xy implies
z = x ◦ y when y 6= x∗, and z = 1 or z = x ◦ x∗ when y = x∗. The resulting relations are the
ones in the statement. �

Let’s see what this says about some of the examples from Section 3.1.

Example 3.3.4 Recall from Example 3.1.4 that the fusion semirings of the free unitary
groups Au(Q) (for some positive n × n matrix Q, n ≥ 2) are free on R = {α, α∗}. It
follows from Proposition 3.3.3 that the grading group C(Au(Q)) is Z, and hence the center is
precisely the central subgroup Au(Q)→ C[t, t−1], uij 7→ δijt of [79, p. 4.5]. It is now a simple
exercise to show that the simple comodules of the cocenter are those indexed by words in
α, α∗ having equal numbers of α’s and α∗’s (see e.g. [24, Lemma 7]). �

Example 3.3.5 According to Example 3.1.7, the fusion semirings R+(Ash(n)) (for n ≥ 4,
which we henceforth assume) are free on data (Z/sZ, ∗, ◦) which precisely imitates the addi-
tive group structure of Z/sZ: x∗ = −x and x◦y = x+y. Proposition 3.3.3 then implies that
the center is Ash(n) → C[t, t−1]/(ts = 1) (when s = ∞ there is no relation at all), defined
as before by uij 7→ δijt. The simple comodules of the cocenter are those indexed by words
r1 . . . rk ∈ 〈Z/sZ〉 satisfying r1 + . . .+ rk = 0 ∈ Z/sZ.

As in the previous example, the cocenter is large enough to allow, via Remark 3.3.2, for
many examples of finitely generated Hopf algebras with simple underlying compact quantum
groups (at least when s ≥ 2).

Moreover, note that since the normal quantum subgroups of Ash(n) are all finite, it has
no non-trivial normal connected quantum subgroups (see Remark 3.1.12). It also satisfies
Wang’s conditions (a), (b) and (c) listed in the same remark above, and hence meets his
definition of a simple compact quantum group (as opposed to his stronger condition of
absolute simplicity, recalled in Remark 3.1.12). Indeed, Ash(n) is finitely generated as an
algebra (condition (a)) by definition, while Remark 3.1.12 argues that conditions (b) and (c)
are always satisfied by quantum groups with free fusion semirings. �
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Example 3.3.6 When applied to Example 3.1.8, Proposition 3.3.3 shows that the universal
grading group construction C(•) preserves coproducts when applied to cosemisimple Hopf
algebras with free fusion semirings. The phrase in italics can in fact be dropped, as we will
see in the next section. �

3.4 Projective simplicity of free products

Here, we take a closer look at coproducts of cosemisimple Hopf algebras, studied in [75]
and recalled above in Example 3.1.8. After giving a description of the center of such a
coproduct in terms of the centers of the individual Hopf algebras (Theorem 3.4.1), we show
in Theorem 3.4.4 that coproducts are automatically projectively simple (given some mild
non-triviality conditions).

To fix notation, we will be working with families Hi, i ∈ I of cosemisimple Hopf algebras
and their coproduct H in the category of Hopf algebras (or equivalently algebras, or ∗-
algebras, or CQG algebras, etc.; all of these notions coincide when they make sense for the
objects in question).

The discussion in Example 3.1.8 will be implicit throughout the entire section, and we
will use the same notation and setup repeatedly. We also reprise the notation x 7→ ax
for the correspondence between words and simples, when we want to distinguish between
concatenation of words and products in fusion semirings.

Theorem 3.4.1 Let Hi, i ∈ I be a set of cosemisimple Hopf algebras, and H =
∐
i

Hi their

coproduct. The canonical morphisms C(Hi)→ C(H) obtained by applying Remark 3.2.11 to
the inclusions Hi ≤ H make the universal grading group of H the coproduct of the groups
C(Hi).

Proof For an arbitrary Hopf algebra H and a group Γ, denote by Cent(H,Γ) the set of
central arrows H → k[Γ]. By Definition 3.2.10, the universal grading group C(H) is the
object representing the functor Cent(H,−) : Gp → Set from the category of groups to
that of sets, sending a group Γ to Cent(H,Γ):

Cent(H,Γ) ∼= HomGp(C(H),Γ) functorially in Γ. (3.8)

Going back to the setting of the theorem, C(H) represents the functor

Cent(H,−) ∼= Cent

(∐
i

Hi,−

)
∼=
∏
i

Cent(Hi,−) ∼=
∏
i

HomGp(C(Hi),−), (3.9)

where the products and isomorphisms are in the category of functors Gp→ Set, and:
The first natural isomorphism is just the definition of H.
To verify the second isomorphism, note that we already know there is an identification,

natural in Γ, between the set of Hopf algebra maps H → k[Γ] and the set of tuples of Hopf
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algebra maps Hi → k[Γ], because H is the coproduct of the Hi’s in the category of Hopf
algebras. The desired isomorphism then simply states that a Hopf algebra map H → k[Γ]
is in addition central if and only if the corresponding compositions Hi → H → k[Γ] are all
central. This follows from the fact that centrality for a map out of H can be checked on a
set of algebra generators, and the Hi’s generate H as an algebra.

The third isomorphism is the universal property of the individual grading groups C(Hi).
The last functor in the isomorphism chain (3.9) is represented by the coproduct of the

groups C(Hi) (by the very definition of a coproduct; e.g. [43, p. III.3]). On the other hand,
the left hand side of (3.9) is represented by C(H), according to (3.8). By the uniqueness-up-
to-isomorphism of a representing object (a consequenc eof Yoneda’s lemma; [43, p. III.2]),
the coproduct of the groups C(Hi) is isomorphic to C(H). Checking that the coproduct
structure map C(Hi) → C(H) we’ve exhibited via (3.9) is precisely the canonical one from
Remark 3.2.11 is now more or less tautological. �

Remark 3.4.2 Although the proof of the theorem uses Hopf algebra maps and such, thus
looking like it is very much specific to Hopf algebras, one could rephrase it so as to get a
stronger result: The universal grading group of a coproduct of fusion rings in the sense of
[36] (where the term is used differently) is the coproduct of the individual universal grading
groups. �

Remark 3.4.3 The result can be regarded as a “free” analogue of the fact that taking the
center of product of groups is the product of the individual centers. �

The next result says that free products provide an ample supply of simple quantum
groups by the same natural cocenter construction.

Theorem 3.4.4 Let Hi, i ∈ I be a family of at least two non-trivial cosemisimple Hopf alge-

bras, and H =
∐

Hi their coproduct. The quantum group correpsonding to H is projectively

simple.

This provides a rather strong answer to Problems 4.3 and 4.4 of [77], concerned with the
simplicity of coproducts when the individual Hopf algebras are simple; the theorem dispenses
with this last requirement entirely, with only the minor caveat that one must mod out the
center.

Before going into the proof, let us record some consequences. The following one is
immediate by Theorems 3.4.1 and 3.4.4:

Corollary 3.4.5 The free product of at least two non-trivial, centerless, linearly reductive
quantum groups is simple. �

Remark 3.4.6 The corollary refers to the notion of simplicity from Definition 3.1.11. A
moment’s thought, however, should convince the reader that the result remains true if one
adopts the definition [79, p. 3.3], provided we restrict ourselves to free products of finite
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families, if we insist on the finite generation of our Hopf algebras (see Remark 3.1.12 above
or [24, Remark 5] for a comparison). �

Corollary 3.4.7 For Hi and H as in the statement of Theorem 3.4.4, any proper normal
quantum subgroup of H is central.

Proof According to the discussion preceding Remark 3.1.10, taking the associated quotient
quantum group of a normal quantum subgroup implements a size-reversing one-to-one cor-
respondence between normal, cosemisimple quotient Hopf algebras and ad-invariant Hopf
subalgebras of H. Hence, the statement of the corollary can be rephrased as saying that any
non-trivial ad-invariant Hopf subalgebra ι : Q→ H contains the cocenter P ≤ H.

If Q intersects the cocenter non-trivially, the intersection (being ad-invariant in P ) must
equal P by Theorem 3.4.4. Let us now assume that at least one of the Hj’s, say Hi1 , is not
a group algebra (or there is nothing to prove). I claim that in this case, P ∩Q is non-trivial,
and hence we are in the situation we’ve already covered.

To prove the claim, first suppose some Hi, I 3 i 6= i1 has a simple comodule y of
dimension greater than 1, and let z = x1 . . . xn ∈ Q̂ with xk ∈ Hik . Acting on Cz by Cy
via the left adjoint action will produce elements of matrix coalgebras associated with simple
comodules of the form y . . . (i.e. words on

⋃
Ĥj starting with y), some of which are non-zero

by Remark 3.1.10. It follows that Q has some simple z′ = y . . . of dimension greater than
1 (because dim y > 1), and z′(z′)∗ ∈ R+(Q) ∩ R+(P ) will then contain some non-trivial
summand.

The only case left to treat is that when all Hi are group algebras except for Hi1 . First
act on Cz by some non-trivial grouplike x in an Hi, i 6= i1, and then apply the previous
discussion to the resulting simple x . . ., whose underlying matrix coalgebra can now be acted
upon by Cy for some simple y ∈ Ĥi1 of dimension at least 2. �

Proof of Theorem 3.4.4 Let P ≤ H be the cocenter of H, and Q ≤ P a non-trivial ad-
invariant Hopf subalgebra. Our task is to show that in fact Q = P . It is implicit here that
P is non-trivial, i.e. Hi are not all group algebras (otherwise there would be nothing to
prove). We use the same notation as before for simple comodules of H, regarding them as

words on the alphabet
⋃
Ĥi. So an expression such as . . . x, x ∈ Ĥi means word ending with

1 6= x ∈ Ĥ. We might also refer to such a word simply as ending in Ĥi (and similarly for
‘starting’ instead of ‘ending’).

(Step 1) For any simple u = u1 . . . un ∈ Ĥ with uk ∈ Ĥik , P has a simple u . . . u∗ having
u as an initial segment and u∗ as a final segment. Indeed, if at least one Hj, j 6= in is not
a group algebra, the word uyu∗ for some non-trivial simple y of the cocenter of Hj will do.
Otherwise (in other words, if every Hj, j ∈ I is a group algebra except for Hin), let y be a
non-trivial simple of the cocenter of Hin and x a non-trivial simple of some Hj, j 6= in, and
consider the word uxyx∗u∗ instead.

(Step 2) There is an i such that Q has a non-trivial simple simple starting and ending in

Ĥi. To see this, let z = x1 . . . xn ∈ Q̂ be an arbitrary word, with 1 6= xk ∈ Ĥik , and assume
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without loss of generality that i1 6= in (or we would be done). If |I| ≥ 3, acting on Cz by Cv
for some v ∈ P̂ starting in Hi, i 6= i1, in will do the trick, in the now-familiar fashion (such
a v exists by Step 1). So we are reduced to I = {1, 2}.

Furthermore, by the fusion rules (3.2) and (3.3), the only way in which aza
∗
z ∈ R+(Q)

could fail to have some non-trivial summand would be for the letters of z to all correspond
to one-dimensional comodules of the various Hi’s. Assume all xi’s are one-dimensional (or
we would be done).

We may now further assume without loss of generality that Hin is not a group algebra

(since {i1, in} = {1, 2}), and in particular, that there is some non-trivial y ∈ Ĥin , y 6= x∗in .

Now act on Cz with Cv for some v = y . . . y∗ ∈ P̂ (Step 1 again) to obtain some word in Q̂
starting in y and ending in y∗.

(Step 3) Same as Step 1, with Q instead of P . Let 1 6= z ∈ Q̂ be as in Step 2, starting

and ending in the same Ĥi, and v = u . . . u∗ ∈ P̂ a simple as in Step 1, with u = u1 . . . un,
uk ∈ Ĥik . If i 6= i1, then acting on Cz ≤ Q via the left adjoint action with elements of Cv we
get elements (some non-zero, according to Remark 3.1.10) of the coalgebra Cvzv∗ associated

to a simple of the desired form. Otherwise, i.e. if z does start in Ĥi1 , then first act on Cz
with Cv′ for some v′ = u′ . . . (u′)∗ ∈ P̂ with u′ not starting in Hi1 , and then act further on
Cv′z(v′)∗ with Cv. In both cases, ad-invariance ensures that Cvzv∗ or, respectively, Cvv′z(vv′)∗
is contained in Q.

(Step 4: End of the proof) Let u be an arbitrary word on
⋃
Ĥi. According to the

previous step, we can find a simple comodule z = u . . . ∈ Q̂. The product aza
∗
z in R+(Q)

majorizes aua
∗
u, and hence R+(Q) contains aua

∗
u for any u ∈ Ĥ. The conclusion follows from

Proposition 3.2.13 (b). �

Finally, let us end by noting that most examples of simple quantum groups provided by
Theorem 3.4.4 and in the previous section are far from being classical in yet another way:
They lack what Wang calls property F, which demands that Hopf subalgebras be ad-invariant
automatically (this is equivalent to [79, p. 3.6]). For a free product H of at least two non-
trivial quantum groups Hi, i ∈ I, for instance, the cocenter of some non-group algebra Hi

is contained in the cocenter of H, but is not ad-invariant by Theorem 3.4.4 (or just by the
definition of the coproduct H =

∐
Hi). This addresses the remark of [79, §5] to the effect

that all examples of simple compact quantum groups presented there have property F.
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Chapter 4

Residually finite quantum group
algebras

Introduction

Among the myriad properties of operator algebras investigated in the literature, one that
has on occasion attracted some attention is that of residual finite-dimensionality (or RFD
for short). For a C∗-algebra A it means having a separating family representations on
finite-dimensional Hilbert spaces; in other words, for any 0 6= a ∈ A there is a C∗-algebra
homomorphism π : A→Mn(C) that does not annihilate a.

The RFD property is in a sense the exact opposite of simplicity: A C∗-algebra is simple
if it has no non-obvious quotients, whereas it is RFD if it has plenty of small quotients. The
free group F2 on two generators is the perfect example for both extremes: It is a standard
result that its so-called reduced C∗-algebra (i.e. the closure in B(`2(F2)) of the left regular
representation) is simple, while the C∗-algebra universally generated by two unitaries (the
full C∗-algebra of F2) is RFD [26].

In fact, RFD-ness of things that “look like” F2 has been a running theme in a number of
publications on the topic. In [37] for instance, the authors prove among other things that the
full C∗-algebra of a monoid that is a coproduct (in the category of monoids) of free groups
and free or finite monoids is RFD. Finally, in [34] Exel and Loring show that the coproduct
of two RFD C∗-algebras is again RFD, generalizing all of the previously-cited results (the
full C∗-algebra C∗(F2) of F2 for instance is the coproduct of two copies of the RFD full
C∗-algebra C∗(Z)).

All of the above references, then, deal quite extensively with group C∗-algebras of discrete
groups. The same kinds of issues are raised in [64] in the context of discrete quantum groups.
As mentioned briefly in Chapter 1, the main objects in this story are the CQG algebras that
have come up repeatedly in this thesis. Since a CQG algebra is supposed to be functions on
a compact quantum group, it should also be the group algebra of the “Pontryagin dual” of
that quantum group. For this reason, there is a sense in which A is trying to be the group
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algebra of a discrete quantum group. Just as for a classical discrete group, a CQG algebra
has two extremal completions to a C∗-algebra: a largest one called ‘full’ and a smallest one
called ‘reduced’.

The paper [64] defines and constructs Bohr compactifications for discrete quantum groups.
The procedure is parallel to the classical one of compactifying an ordinary discrete group,
and many of the problems one can pose classically make sense here too. In particular, there
is a notion of maximal almost periodicity for a discrete quantum group, meaning morally
that it embeds in its Bohr compactification (see the discussion at the very end of the chapter
for some more details). It is here that the RFD property becomes relevant: So ltan shows in
[64, 4.10 (1)] that a discrete quantum group is indeed maximal almost periodic provided the
full C∗ completion of the underlying CQG algebra is RFD.

In view of all of the above, the CQG algebras Au(Q) from Example 3.1.4 are now natural
candidates for testing RFD-ness, since they are in a sense the “most universal” CQG algebras
one can find (by this we mean that as explained in Example 3.1.4, the family of all Au(Q)
is for compact quantum groups what function algebras of unitary groups are for ordinary
compact groups). It turns out Au(Q) cannot possibly be RFD unless Q is scalar, so that we
may as well assume it is the identity matrix In for some n; we denote Au(In) by Au(n). The
question of whether or not the full C∗ completions of Au(n) are RFD is then posed explicitly
in [64].

Here, we prove somewhat less than this, but still enough to get maximal almost peri-
odicity. The main observation is that the latter property does not require that the full C∗

envelope of the CQG algebra be RFD, but rather only that the CQG algebra itself be RFD
in the obvious sense: It has a separating family of finite-dimensional ∗-representations (see
Definition 4.1.1). It is this purely algebraic version of RFD-ness that is central to this chap-
ter and its main result (Theorem 4.2.1): The CQG algebras Au(n) are RFD provided n 6= 3.
Moreover, the same is true of the CQG algebras Bu(n) = Bu(In) from Example 3.1.5.

In addition to the motivation coming from maximal almost periodicity, I should mention a
second strand of ideas that is very much in the spirit of this chapter. The following finiteness
property related to RFD-ness was introduced relatively recently in [11], and studied further
e.g. in [4, 12]:

Definition 4.0.8 A Hopf algebra is said to be inner linear if it has a finite-codimensional
ideal containing no non-trivial Hopf ideal. �

In other words, it is supposed to have a finite-dimensional representation that does not
factor through any proper Hopf algebra quotient. Moreover, there is a version appropriate
for ∗-structures ([4, p. 5.1]):

Definition 4.0.9 A complex Hopf ∗-algebra is inner unitary if it has a ∗-representation on
a finite-dimensional Hilbert space whose kernel does not contain a non-zero Hopf ∗-ideal. �

Inner unitarity is stronger than RFD-ness, as will become clear from the discussion below.
Indeed, every ∗-algebra has a canonical RFD quotient, and according to Proposition 4.1.8
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the RFD quotient of a CQG algebra is a CQG quotient. But then for a CQG algebra that
is not RFD every finite-dimensional ∗-representation on a Hilbert space factors through the
proper RFD quotient. Hence, there can be no representation exhibiting inner unitarity.

We refer the reader to the cited papers for further information on these notions. We do
not prove inner unitarity or linearity for any of the CQG algebras under consideration here,
but there are clearly relationships between these concepts that are worth noting.

The summary of the chapter is as follows:
In the next section we collect some of the auxiliary material we need, mostly on the

RFD property for ∗-algebras in general and for CQG algebras in particular. Most helpfully,
it turns out that the coalgebra structure of a CQG algebra plays an important role in
investigating RFD-ness (Corollary 4.1.10). This means that in actually proving residual
finite-dimensionality for a CQG algebra, we can do computations inside the category of
comodules and hence avail ourselves of all of the extra structure that is implicit in being a
CQG algebra rather than just a ∗-algebra. I hope some of the material here will be of some
independent interest.

Section 4.2 contains the main result cited above, Theorem 4.2.1. In addition, the passage
from the RFD-ness of Au(n) to Bu(n) is made through a more general result linking RFD-ness
of a compact quantum group to that of a “quotient group” (Theorem 4.2.4).

The end of Section 4.2 and the chapter consists of a brief discussion of how all of this
applies to maximal almost periodicity, in slightly more detail than we sketched above.

4.1 Preliminaries

The conventions and language we use are the same as in the previous chapter as outlined in
Section 3.1, except that now we always work over C, so that it makes sense to talk about
∗-algebras (with ‘∗’ being conjugate linear, as in loc. cit.). Once again all (co)algebras are
(co)unital, as are all (co)algebra morphisms.

Recall the CQG algebras Au(Q) and Bu(Q) from Examples 3.1.4 and 3.1.5. The main
characters in this chapter are Au(In) and Bu(In), which we denote by Au(n) and respectively
Bu(n), or on occasion by A and B. Let us remind the reader that A = Au(n) is the ∗-algebra
freely generated by n2 elements uij subject to the constraints that both (uij)i,j and (uji)i,j
be unitary elements of Mn(A) (this is equivalent to the description from Example 3.1.4).
The same goes for Bu(n), except that we denote the generators by vijto avoid confusion,
and we have the additional relations v∗ij = vij. The uij are matrix counits for the coalgebra
structure:

∆(uij) =
∑
k

uik ⊗ ukj, ε(uij) = δij;

the same goes for the v’s. On occasion, we refer to Au(n) and Bu(n) as the free unitary and
respectively free orthogonal compact quantum groups.

The reason for specializing to Q = In will become apparent below (see the discussion
immediately preceding Section 4.2). Briefly, the results we prove in the next two sections do
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not stand a chance of being true for CQG algebras that are not involutive, i.e. for which the
antipode squares to the identity.

Residually finite-dimensional ∗-algebras and finite duals

In general, an algebra A is usually said to be residually finite-dimensional if for any non-zero
a ∈ A there is some finite-dimensional module of A which is not annihilated by a. We then
also say that the finite-dimensional representations of A separate the elements of A, or that
they form a separating family.

We are interested here in a modified version of this. Recall from the introduction to this
chapter that the main objects of study are ∗-algebras, and one tries to show that they have
a separating family of ∗-representations on finite-dimensional Hilbert spaces. This justifies
changing the standard term slightly to suit the present setting.

Definition 4.1.1 A ∗-algebra is residually finite-dimensional or RFD if for any 0 6= a ∈ A
there is some ∗-prepresentation π of A on a Hilbert space such that π(a) 6= 0.

The RFD quotient A of an arbitrary ∗-algebra A is the quotient of A by the intersection
of the kernels of all ∗-homomorphisms A→Mn(C). �

In other words, A is the largest quotient of A which is RFD. It will be useful later on to
give an alternate description of the RFD quotient as the image of a canonical map from A
into a kind of “double dual”.

Remark 4.1.2 Note that any commutative ∗-algebra A that embeds in some C∗-algebra B
is automatically RFD. Indeed, the C∗-algebra homomorphisms from the closure of A in B
to C form a separating family of 1-dimensional ∗-representations for A. �

First, we recall the notation A◦ for the so-called finite dual of A from [65, Chapter VI].
This is the subset of the full dual vector space A∗ consisting of f ∈ A∗ which vanish on
a finite-codimensional ideal of A. Another way to phrase this is as follows: Consider all
finite-dimensional representations π : A → Mn(C) (for all possible n). Composing further
with the n2 matrix entries Mn(C)→ C we get functionals on A. Then, A◦ is the linear span
of all of these functionals.

The motivation for the introduction of A◦ in [65] comes from the fact that it is the largest
subspace of A∗ which can be endowed with a coalgebra structure via the dual ∆ : A∗ →
(A ⊗ A)∗ of the multiplication map A ⊗ A → A. This means that A◦ is the preimage of
A∗ ⊗ A∗ ≤ (A ⊗ A)∗ in A∗, and ∆(A◦) is contained in A◦ ⊗ A◦. As a consequence, A◦ is
always a coalgebra. Moreover, the contravariant functors ∗ : Coalgebras → Algebras
(full dual) and ◦ : algebras → Coalgebras are adjoint on the right: There is a natural
bijection

coalgebra maps C → A◦ ∼= algebra maps A→ C∗.

In particular, there is a canonical algebra map A → A◦∗, which is simply the composition
A→ A∗∗ → A◦∗.
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Once more, it will be convenient to borrow the notation but change the meaning of ‘◦’
slightly to suit us better in the context of ∗-algebras.

Definition 4.1.3 For a ∗-algebra A, the finite dual A◦ is the linear span in A∗ of all matrix
coefficients for all ∗-homomorphisms A→Mn(C). �

Note that A◦ is what we will henceforth call a ∗-coalgebra: It admits an involutive con-
jugate linear map ∗ : A◦ → A◦ which preserves the counit and reverses the comultiplication,
defined by

f ∗(a) = f(a∗)∗, a ∈ A, f ∈ A◦, (4.1)

the outer star being complex conjugation of a number. The full dual of a ∗-coalgebra is a
∗-algebra with the ∗-structure (4.1) again, and we will leave it to the reader to check that
the composition A → A∗∗ → A◦∗ is a morphism of ∗-algebras. The connection with the
previous discussion is as follows:

Proposition 4.1.4 For any ∗-algebra A, the RFD quotient A is the image of the canonical
map A→ A◦∗.

Proof This is tautological: An element of A is annihilated by all ∗-homomorphisms A →
Mn(C) if and only if it is annihilated by all f ∈ A◦, if and only if it maps to zero under
A→ A◦∗. �

Below, we will also need to look into whether certain free products of ∗-algebras are RFD.
To that end, we finish this subsection with the following result.

Proposition 4.1.5 Let A and B be RFD ∗-algebras. Then, the coproduct A ∗ B in the
category of ∗-algebras is RFD.

Before going into the proof, let us note that an analogous statement holds for C∗-algebras,
if one defines the RFD property as above, but considering only continuous homomorphisms
A → Mn(C). The category of C∗-algebras has coproducts, and then, according to [34,
Theorem 3.2], Proposition 4.1.5 holds verbatim for C∗-algebras A and B. We will use that
result in the proof of Proposition 4.1.5, but indirectly. For one thing, arbitrary ∗-algebras
need not have enveloping C∗-algebras, and so it is unclear how to immediately reduce the
proposition to its analytic version; for another, it is not clear to me whether the enveloping
C∗-algebra of an RFD ∗-algebra, if it exists, is again RFD in the sense of Exel and Loring.

Proof of Proposition 4.1.5 Consider the sets I and J of surjections πi : A → Ai and
πj : B → Bj respectively. We can partially order I by πi ≤ πi′ if πi′ factors through πi, and
similarly for J .

A Ai Ai′
πi

πi′



CHAPTER 4. RESIDUALLY FINITE QUANTUM GROUP ALGEBRAS 46

Note that I and J are both filtered: For any two elements in I (or J) there is an element in
I (respectively J) less than or equal to both. Indeed, if πi and πi′ are elements of I, then
the quotient modulo the intersection ker(πi) ∩ ker(πi′) is smaller than either of them.

Regarding the posets I and J as categories in the usual way, with an arrow for each ≤
relation between two elements, i 7→ Ai and j 7→ Bj are functors from I and J respectively to
the category of ∗-algebras. The RFD hypothesis means simply that the resulting morphisms
A → lim←−I Ai and B → lim←−J Bj are one-to one, where lim←− means limit in the category of
∗-algebras.

Since coproducts of embeddings in the category of algebras are again embeddings, the

canonical map A∗B →
(

lim←−I Ai
)
∗
(

lim←−J Bj

)
is one-to-one. The right hand side is canonically

isomorphic to lim←−I×J(Ai ∗Bj), where I × J is the product poset with (i, j) ≤ (i′, j′) iff i ≤ i′

and j ≤ j′. This follows from the fact that I and J are filtered as noted above, and filtered
limits commute with finite colimits in any category where they make sense (this is the
categorical dual to [43, Theorem IX.2.1]).

In conclusion, we are embedding the ∗-algebra A ∗B into lim←−I×J(Ai ∗Bj). We would be

done if we knew that Ai ∗ Bj are RFD, but now we can make use of the Exel-Loring result
cited above: Being finite-dimensional C∗-algebras, Ai and Bj are RFD in the C∗ sense,
and hence [34, Theorem 3.2] applies to them. It implies that the C∗-completion is RFD
in the C∗ sense, and it is easy to see in this case that the ∗-algebra Ai ∗ Bj embeds in its
C∗-completion. �

Remark 4.1.6 Proposition 4.1.5 is purely algebraic, and it should have a purely algebraic
proof. It does, but going through [34] provided a shorter argument. �

Residually finite-dimensional CQG algebras and Hopf duals

Keeping in mind our goal of eventually proving that Au(n) and Bu(n) are RFD, we specialize
some of the discussion above to the case of CQG algebras.

Recall from the previous subsection the adjoint contravariant functors between algebras
and coalgebras implemented by taking duals and finite duals. One might think that in the
context of the present chapter, where we have modified ‘◦’ to take into account ∗-structures,
the analogous result holds: ∗ and our version of ◦ implement an adjunction on the right
between ∗-algebras and ∗-coalgebras. This is not true! The problem is that ◦ has to do with
mapping not into arbitrary finite-dimensional ∗-algebras, but rather into finite-dimensional
C∗-algebras. As a consequence, the corresponding category of ∗-coalgebras that will make
the adjunction work is smaller. Instead of spelling out how that works, we consider straight
away only the case when everything in sight is a CQG algebra, and is hence both an algebra
and a coalgebra.

Recall that the old version of ◦, defined in the absence of ∗-structures, always turns Hopf
algebras into Hopf algebras and implements a contravariant functor on the category of Hopf
algebras that is self-adjoint on the right; see e.g. [65, §6.2] for the first claim, and we leave
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the second one as an exercise. The analogue of this oes through for CQG algebras. We
unpack this below.

Note that any CQG algebra A is naturally both a ∗-algebra (by definition) and a ∗-
coalgebra. In fact, we can make it into a ∗-coalgebra in two ways, as both S∗ and ∗S are
comultiplication-reversing, conjugate-linear involutions. We choose the latter structure: The
involution making A into a ∗-coalgebra in the sequel will be a 7→ (Sa)∗.

Next we observe that for every CQG algebra A, the ∗-coalgebra A◦ is again a CQG
algebra. Indeed, one first argues that it is a Hopf algebra as in [65, §6.2]. The ∗-algebra
structure is given by

f ∗(a) = f((Sa)∗)∗, a ∈ A, f ∈ A◦,

i.e. it is obtained from the ∗-coalgebra structure a 7→ (Sa)∗ of A via (4.1). It is an easy check
now that the ∗-algebra and ∗-coalgebra structures on A◦ are compatible with the antipode

(Sf)(a) = f(Sa), a ∈ A, f ∈ A◦

in precisely the right way: The ∗-coalgebra involution is f 7→ (Sf)∗ for f ∈ A◦. Finally, we
have to argue that the comodules of A◦ are unitarizable. We won’t do this in any detail, but
the idea is that the category of A◦-comodules is equivalent to that of ∗-representations of A
on finite-dimensional Hilbert spaces. In other words, A◦ will be exactly the CQG algebra
reconstructed from this category by the general procedure described in [83, Theorem 1.3] (or
rather a minor modification thereof).

Definition 4.1.7 For a CQG algebra A we refer to A◦ endowed with the structures described
above as the Hopf dual or CQG dual of A. �

I claim further that as previewed above, the contravariant functor A 7→ A◦ on the category
of CQG algebras is self-adoint on the right, i.e. we have bijections

CQG morphisms A→ B◦ ∼= CQG morphisms B → A◦,

natural in A and B in the obvious sense. This follows from the fact that both sides of this
expression correspond bijectively to pairings 〈·, ·〉 : A⊗B → C that respect all the structure:

• The multiplication and comultiplication of the two Hopf algebras, via

〈x, uv〉 = 〈x1, u〉〈x2, v〉, ∀x ∈ A, ∀u, v ∈ B

and
〈xy, u〉 = 〈x, u1〉〈y, u2〉, ∀x, y ∈ A, ∀u ∈ B.

• Units and counits by

〈x, 1B〉 = εA(x) and 〈1A, u〉 = εB(u), ∀x ∈ A, ∀u ∈ B.
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• The antipode through

〈SAx, u〉 = 〈x, SBu〉, ∀x ∈ A, ∀u ∈ B,

• and the ∗-structures by

〈x∗, (SBu)∗〉 = 〈(SAx)∗, u∗〉 = 〈x, u〉∗, ∀x ∈ A, ∀u ∈ B,

where the very last ‘∗’ means complex conjugation.

Finally, the self-adjunction of ◦ means that the canonical ∗-algebra map A→ A◦∗, which
makes sense for all ∗-algebras, actually factors through a CQG morphism A → A◦◦. The
next result now follows from Proposition 4.1.4.

Proposition 4.1.8 For any ∗-algebra A, the RFD quotient A is the image of the canonical
morphism A→ A◦◦ of CQG algebras. �

In particular, the RFD quotient is actually a quotient CQG algebra of A. This means
that the coalgebra structure of A is relevant to determining whether or not A is RFD. Before
recording this as a statement, we introduce some terminology.

Definition 4.1.9 Let C and Ci, i ∈ I be concrete categories, i.e. such that objects are sets
and morphisms are set maps via faithful functors from C and Ci to Set.

A family of functors Fi : C → Ci that preserve underlying sets and maps is said to be
jointly full if any map of sets f : S → T which is in the image of all underlying functors
Ci → Set is in the image of C → Set. �

Corollary 4.1.10 A CQG algebra A is RFD if and only if there is a family of RFD quotient
CQG algebras A→ Ai such that the scalar corestriction functorsMA →MAi form a jointly
full family.

Proof One direction is immediate: If A is RFD, then we can take the identity A→ A itself
for our RFD quotient CQG algebra.

Conversely, assume there is a family of Ai’s as in the statement. I claim that the core-
striction functor MA → MA via the RFD quotient A → A is full. Assuming this for a
moment, the concluson follows from the fact that a map of complex cosemisimple coalge-
bras (such as A → A) is one-to-one if and only if the corresponding corestriction functor is
full. Indeed, fullness of the corestriction functor is clearly equivalent to non-isomorphic sim-
ple A-comodules being sent to non-isomorphic simple A-comodules; writing a cosemisimple
coalgebra as a direct sum of coefficient subcoalgebras for its simple comodules finishes the
argument.

To prove the fullness claim, note first that since A→ Ai are RFD quotients, they all factor
through the universal RFD quotient A→ A. But then for any two comodules V,W ∈ MA,
any A-comodule map f : V → W is in particular an Ai-comodule map for every i. The joint
fullness hypothesis implies that it is also an A-comodule map, and we are done. �
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Corollary 4.1.10 will be the main tool in the next section. Before we end this one, a word
about why we had to settle for Au(n) and Bu(n) rather than, for instance, the more general
CQG algebras Au(Q) and Bu(Q) from Examples 3.1.4 and 3.1.5.

The issue is that if a CQG algebra is to be RFD, then it must be what’s usally referred to
as Kac type: the antipode is automatically involutive. This is essentially [64, Corollary A.3].
That result deals with C∗-algebraic compact quantum groups rather than CQG algebras,
but an RFD algebra always embeds in an RFD C∗-agebraic compact quantum group, to
which we can then apply the cited corollary.

4.2 Universal CQG algebras are residually

finite-dimensional

The main result of this chapter is

Theorem 4.2.1 For any positive integer n ≥ 2 that is different from 3, the CQG algebras
Au(n) and Bu(n) are RFD in the sense of Definition 4.1.1.

Remark 4.2.2 The statement also holds for n = 1, but in that case it is immediate. We
assume n ≥ 2 to avoid having to deal with trivial exceptions to various arguments. I believe
the result holds for n = 3 as well, but the proof below does not cover that case; a tweak will
likely do the trick, but I have been unable to find one so far. �

To simplify life somewhat, let’s first reduce the problem to proving the RFD property for
only one of the two algebras. To this end, we need to know a little about how A = Au(n)
and B = Bu(n) relate to one another.

Consider the algebra A′ ≤ A generated by the elements u∗ijukl. Similarly, let B′ ≤ B be
the subalgebra generated by vijvkl. The first auxiliary result is as follows.

Proposition 4.2.3 There is a CQG algebra isomorphism A′ ∼= B′ defined by u∗ijukl 7→ vijvkl.

Proof Give C = C[t, t−1] the CQG structure making t a unitary grouplike element (i.e.
∆(t) = t ⊗ t, ε(t) = 1 and tt∗ = 1); it is the one coming from realizing the algebra as
representative functions of the circle group. Consider the coproduct CQG algebra C ∗B.

It is easy to see that tvij ∈ C ∗ B satisfy the same relations as the uij, i.e. the matrices
(tvij)i,j and (tvji)i,j are unitaries in Mn(C ∗ B). This means that there is a CQG algebra
map A→ C ∗B sending uij to tvij, and it clearly restricts to u∗ijukl 7→ vijvkl.

So there is indeed a well defined CQG algebra map A′ → B′ as in the statement. One the
one hand it is surjective because the generators vijvkl of B′ are in its image. On the other,
it is one-to-one because A→ C ∗B is ([6, Theorem 3.4 (1)]). This finishes the proof. �

If we knew that A is RFD, then so would B′ ∼= A′, since the RFD property clearly passes
over to subalgebras. To get to B, we have to somehow lift RFD-ness from the subalgebra
B′. We tackle this next.
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First, recall the notion of central morphism of CQG algebras from Definition 3.2.1; it is
the natural definition obtained by dualizing that of homomorphism from a compact group
into the center of another. We henceforth only consider central maps which are also onto, and
hence suppress the adjective ‘onto’. Recall also from the discussion preceding Remark 3.1.10
that for a central map π : H → K of CQG algebras, one defines the third term P → H of
an “exact sequence” P → H → K as

P = {h ∈ H | π(h1)⊗ h2 = 1K ⊗ h}.

This is a symmetric definition (so the π could have been applied to the right hand tensorand
instead), and P is a Hopf subalgebra of H (called the Hopf kernel of π; see Definition 3.2.10).
Moreover, H → K can be identified with the surjection H → H/HP+, where P+ = ker(ε|P ).
In general, for a central map H → K, K is automatically a group algebra.

It is now easy to see that the center of (the compact quantum group associated to) B in
the sense of Definition 3.2.10 is the quotient B → C[Z/2Z] defined by

vij 7→ δijt. (4.2)

Here, t ∈ Z/2Z is the generator, and δij is the Kronecker delta. The cocenter of B is exactly
B′. In other words: The coalgebra map (4.2) induces a C[Z/2Z]-comodule structure on B,
i.e. a (Z/2Z)-grading, and B′ ≤ B is the degree zero component. Hence the next result is
relevant to lifting the RFD property from B′ to B.

Theorem 4.2.4 Let H be a CQG algebra, Γ a finite group, and π : H → C[Γ] a normal
map as in Definition 3.1.9. Denote by P ≤ H the Hopf kernel of π. Then, H is RFD if and
only if P is.

Proof As noted before, the RFD property for the large algebra H implies it for the smaller
algebra P , so it is the other implication that will be more interesting. We henceforth assume
P to be RFD.

First, since Γ is finite, the quotient H → C[Γ] factors through a normal map H → C[Γ],
where H → H is the RFD quotient. Suppose we show that the composition P → H → H
is one-to-one. We then get the diagram

P C[Γ],

H

H π

where the two horizontal rows are both exact in the sense that for both H and H the CQG
subalgebra P is the Hopf kernel of the surjection onto C[Γ]. It now follows from [14, Theorem
3.4] that the vertical arrow is an isomorphism.
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It remains to prove that the map P → H → H is indeed injective. Since we are assuming
that P is RFD, this means showing that every finite-dimensional ∗-representation of P on a
Hilbert space embeds in (the restriction to P ) of one of H. So let M be a finite-dimensional
Hilbert endowed with a ∗-action by P , and consider the H-module H ⊗P M . The plan is
to show that it is finite-dimensional and that it has a Hilbert space structure respecting the
∗-structure of H. We do these two things in reverse order.

First, since P ≤ H is an inclusion of cosemisimple Hopf algebras, it has a canonical
retraction H → P . Indeed, writing H as a direct sum of matrix coalgebras corresponding
to the simple H-comodules, P is a direct sum of some of those coalgebras. This realizes
P as a direct summand of H, and the map E is the projection induced by this direct sum
decomposition. The so-called expectation E intertwines the ∗ operations of H and P , and
is also a P -bimodule map. There is a general procedure of putting a pre-inner product on
H ⊗P M for any Hilbert space P -representation M in the presence of such an expectation:

〈h⊗m, k ⊗ n〉 def
= E(h∗k)〈m,n〉, ∀h, k ∈ H, ∀m,n ∈M,

where the right hand 〈·, ·〉 is the inner product on M , assumed linear in the second variable
(see e.g. [58, Definition 1.3, Lemma 1.7]). It is an easy check now that this plays well with
respect to the ∗-structure of H, in the sense that

〈v, hw〉 = 〈h∗v, w〉, ∀h ∈ H, ∀v, w ∈ H ⊗P M.

Note further that the canonical P -module map M → H ⊗P M sending m to 1H ⊗ m is
one-to-one since it has E ⊗ idM as a retraction.

Finally, we need to show that H ⊗P M is finite-dimensional. Note that H ⊗P M is not
only an H-module, but a Γ-graded one: The surjection π : H → C[Γ] induces a Γ-grading
on H such that P is precisely its homogeneous component of degree 1Γ ∈ Γ (because P is
the Hopf kernel of π).

Since π is a surjection of cosemisimple coalgebras, it makes H into a faithfully coflat
comodule over C[Γ]. In the presence of this technical condition, a standard descent result
([68, Theorem 2]) implies that H⊗P implements an equivalence between the category PM
of P -modules and that of Γ-graded H-modules, denoted by Γ

HM. The inverse functor is
V 7→ V1, where V =

⊕
γ∈Γ Vγ is the grading of V ∈ Γ

HM.

The group Γ acts on the category PM' Γ
HM by degree shift, with the autoequivalence

implemented by η ∈ Γ being defined by

V 7→ V η, (V η)γ = Vγη, ∀ V ∈ Γ
HM, ∀γ ∈ Γ.

The monoidal structure of PM can be transported via H⊗P over to Γ
HM: For V,W ∈

Γ
HM and γ ∈ G we have (V ⊗W )γ = Vγ ⊗Wγ. This description makes it clear that the
action of Γ on PM' Γ

HM from the previous paragraph is by monoidal autoequivalences.
Since the finite-dimensional P -modules are exactly those that are rigid with respect to

the monoidal structure in PM, finite-dimensionality is preserved by any monoidal autoe-
quivalence. In particular, the image (H ⊗P M)γ ∈ PM of M ∈ PM through the monoidal
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autoequivalence γ ∈ Γ is finite-dimensional. But then the homogeneous components of
H ⊗P M are finite-dimensional, and there are only finitely many components because Γ is
finite. �

Remark 4.2.5 Theorem 4.2.4 is very similar in spirit to [4, Theorems 4.1 and 5.7]. �

We now have

Proposition 4.2.6 For any n ≥ 2, Au(n) is RFD if and only if Bu(n) is.

Proof The preceding discussion, via Theorem 4.2.4, builds up to the implication (A is RFD
⇒ B is RFD). Conversely, we noted in the proof of Proposition 4.2.3 that A embeds in
C[t, t−1] ∗B, which proves the opposite implication using Proposition 4.1.5 again. �

We can now focus on the algebras Au(n), whose RFD-ness takes up the rest of this
section. The proof is by induction on n, by passing from n = 2 to n = 4 and then from any
n ≥ 3 to n + 1. It seems somewhat more subtle to pass from 2 to 3, which is why n = 3 is
missing in Theorem 4.2.1.

Lemma 4.2.7 The CQG algebra Au(2) is RFD.

Proof Consider the algbra C(SU(2)) of representative functions on SU(2), i.e. the linear
spans of matrix coefficients of finite-dimensional SU(2)-representations. It is generated as
a ∗-algebra (in fact as an algebra) by the coefficients wij, 1 ≤ i, j ≤ 2 of the 2-dimensinal
vector representation.

Just as in the proof of Proposition 4.2.3, we have a CQG algebra morphism Au(2) →
C[t, t−1] ∗ C(SU(2)) defined by uij 7→ twij. It follows from [7, Lemme 7] that this map
is one-to-one, and hence it suffices to show that C[t, t−1] ∗ C(SU(2)). Since C[t, t−1] and
C(SU(2)) are commutative CQG algebras, they are both RFD by Remark 4.1.2. But then
the conclusion follows from Proposition 4.1.5. �

The inductive step in the proof of Theorem 4.2.1 splits in two, as indicated above we
first pass from n = 2 to n = 4, and then from n − 1 to n for n ≥ 5. In both proofs we
make use of Corollary 4.1.10. This latter result says that it suffices to find CQG algebra
morphisms from A = Au(n) into some RFD CQG algebras Ai such that the induced functors
MA → MAi form a jointly full family. In fact, we will use only two Ai’s, which we now
proceed to describe.

In both proofs, one RFD quotient of A is the abelianization A → C(U(n)) obtained by
imposing the commutativity between the generators uij of A. The resulting quotient is, just
as the notation suggests, the algebra of representative functions on the n×n unitary group;
the images wij of uij are the coefficients of the standard n-dimensional representation of
U(n).

For passing from n = 2 to n = 4, the other RFD quotient of A that we consider mods
out the Hopf ideal generated by uij for i = 1, 2 and j = 3, 4 or i = 3, 4 and j = 1, 2. In other
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words, we break up the 4 × 4 matrix into 2 × 2 blocks along the diagonal, and kill off the
remaining u’s. The quotient is D = Au(2) ∗ Au(2).

Similarly, for n ≥ 5, the second quotient of A that we consider is the one by the Hopf
ideal generated by uin and unj for 1 ≤ i, j ≤ n− 1. This time around we break up the n× n
matrix into an (n − 1) × (n − 1) upper left hand block (uij), 1 ≤ i, j ≤ n − 1 and a lower
right hand corner unn, and we annihilate the other u’s. Denoting C = C[t, t−1], the resulting
quotient is nothing but C ∗ Au(n − 1), with the uij ∈ A, 1 ≤ i, j ≤ n − 1 mapping onto
the corresponding generators xij of Au(n− 1), and unn being sent to t ∈ C. We denote this
quotient again by D, so that the same letter denotes two different algebras, depending on
context.

Denote by V the n-dimensional A-comodule whose corresponding matrix coalgebra is
spanned by uij. As in Example 3.1.4, we denote by (ei)

n
i=1 a basis such that the comodule

structure on V is ej 7→
∑

i ei ⊗ uij. The inner product making the ei’s orthonormal is
compatible with this comodule structure in the appropriate sense, and it is the one we use
whenever thinking of V as a Hilbert space. We denote the dual basis in V ∗ by (fi)

n
i=1.

Joint fullness of the two functors out ofMA requires that for any two finite-dimensional
A-comodules W,W ′, any map W → W ′ compatible both with the U(n)-representation struc-
tures and the D-comodule structures is automatically an A-comodule morphism. Identifying
Hom(W,W ′) with W ′⊗W ∗, this means showing that all elements of W ′⊗W ∗ fixed by both
U(n) and D are fixed by A (an element w of a comodule over a Hopf algebra is fixed or
invariant if the comodule structure map acts on it by w 7→ w ⊗ 1).

Because A is generated by uij and u∗ij as an algebra, every A-comodule is a subcomodule

of a finite direct sum of tensor products V (εi) = V ε1 ⊗ · · · ⊗V ε` , where εi are either blank or
‘∗’. Hence, it suffices to substitute such tensor products V (εi) for W ′ ⊗W ∗ in the previous
paragraph, and show that elements of V (εi) fixed by U(n) and D are fixed by A.

Let us now recall some facts about the category MA, to get a better grasp of what the
above-stated goal entails. Most of what we say is already implicit in the discussion from the
previous chapter, where we describe this semiring (see Definition 3.1.1 and Example 3.1.4).

According to [7, Théorème 1] (and as recounted in Example 3.1.4), the simples are indexed
by words in V and V ∗. If ax denotes the irreducible corresponding to the word x, then the
decomposition of tensor products in MA is given by

axay =
∑

x=vg,y=g∗w

avw. (4.3)

Here, recall that expressions such as vg stand for concatenation of words v and g, and g 7→ g∗

is the anti-multiplicative involution on the free semiring on V and V ∗ that interchanges V
and V ∗.

Unpacking this at the level of comodules, we see that homomorphisms from a tensor
product V (εi) to the trivial comodule are of the following form: One considers all ways of
pairing off a V with a V ∗ among the V εi ’s in such a way that non-intersecting segments
can be drawn to connect the pairs. The space AHom(V (εi),C) of coinvariants is the span
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of such pairings, which we refer to as non-crossing. The invariants AHom(C, V (εi)) can be
identified with the coinvariants, since all comodules in sight have we have compatible inner
products; for this reason, we do not distinguish between invariants and coinvariants, which
might makes for a certain amount of hopefully non-confusing sloppiness in the language.

Here are some examples of coinvariants in MA, with white and black dots standing for
V and V ∗ respectively. The left hand side depicts (V ⊗ V ∗)⊗3, while the right hand side is
(V ∗)⊗2 ⊗ V ⊗2.

(4.4)

By comparison, Schur-Weyl duality says that the coinvariants for the U(n)-action on V (εi) are
the span of all pairings between a V and a V ∗. Some examples for the same two comodules
as in the previous picture:

(4.5)

When n = 2 and hence D is Au(2) ∗Au(2), the comodule V breaks up as the direct sum
between the span W of e1, e2 and the span U of e3, e4. The dual V ∗ breaks up accordingly
as W ∗ ⊕ U∗. The typical tensor product V (εi), 1 ≤ i ≤ ` decomposes into 2` summands,
according to whether we choose W εi or U εi for each i. To get coinvariants we have to pair W
tensorands with W ∗’s and U ’s with U∗’s, but just as for A, in a non-crossing manner. This
follows from the general description of simple comodules for a coproduct of CQG algebras
(e.g. [75, Theorem 3.10] as recalled in Example 3.1.8 above), and that of coinvariants for
Au(2).

The same discussion applies for n ≥ 5 with W being the span of ei, 1 ≤ i ≤ n− 1 and U
being the one-dimensional vector space spanned by en. Once more, we use the same symbols
and rely on context to differentiate between the two situations described in this paragraph
and the previous one.

In the pictures below, small white (black) circles represent U ’s (respectively U∗’s), and
similarly, the large circles are W ’s. The left hand side is a coinvariant in the summand
W ⊗ U∗ ⊗W ⊗W ∗ ⊗ U ⊗W ∗ of (V ⊗ V ∗)⊗3. The upper right hand side question mark
indicates that there are no non-zero coinvariants for the D-comodule U∗ ⊗W ∗ ⊗ U ⊗W ,
because the only way of pairing U to U∗ and W to W ∗ is not non-crossing. On the other
hand, W ∗ ⊗ U∗ ⊗ U ⊗W ∼= (U ⊗W )∗ ⊗ (U ⊗W ) does have the obvious coinvariant pairing
off U ⊗W with its dual.

?

(4.6)
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Our goal of showing joint fullness now consists of proving that for any V (εi), a coinvariant
that is both in the span of pictures (4.5) and that of (4.6) must necessarily be in the span
of (4.4).

Remark 4.2.8 It will be important in the sequel to note that although in general the U(n)-
pairings are not linearly independent, the non-crossing pairings are whenever n ≥ 2. So the
non-crossing pairing pictures form a basis for the space of coinvariants of any A-comodule
V (εi). �

Note that if V (εi) for is to have any non-zero U(n)-coinvariants at all for a sequence
(ε1, . . . , ε`) of blanks and ∗’s, then ` must be even (2k, say), and there must be an equal
number of blanks and ∗’s (i.e. an equal number of V ’s and V ∗’s).

Now, since V (εi) is isomorphic to V ⊗k ⊗ (V ∗)⊗k as a vector space, coinvariants and
invariants can be identified with endomorphisms of V ⊗k. Since we only work with one V (εi)

at a time, we can fix this identification once and for all once we decide in which order to pull
the V ∗’s out to the left as V ’s. We will assume such an identification has been made whenever
convenient, and we freely change points of view to talk about the tensors we are manipulating
as either elements of V (εi), or homomorphisms from it to C, or finally, endomorphisms of V ⊗k.
We often refer to U(n)-coinvariants as permutations, for instance, because every picture (4.5)
corresponds to a permutation of the k tensorands once this identification has been made.
Correspondingly, we may refer to pictures (4.4) as non-crossing permutations.

With all of this in place, we can forge on towards the proof of the main theorem.

Lemma 4.2.9 Let n = 4, so that D = Au(2)∗Au(2). For any choice of symbols (ε1, . . . , ε2k)
consisting of k blanks and k ∗’s, a map V (εi) → C that is both a U(n)-coinvariant and a
D-coinvariant is in the span of the non-crossing pairings (4.4).

Proof Let Sk be the symmetric group on k symbols. We think of coinvariants as linear
combinations of permutations σ ∈ Sk of the k tensorands in V ⊗k, as explained above. We
start out with such a linear combination, say f =

∑
σ∈Sk aσσ acting on V ⊗k which is also a

D-coinvariant. When restricted to W⊗k, f agrees with a linear combination of non-crossing
pairings appropriate to W (εi). Subtracting the corresponding A-coinvariant of V (εi), we can
assume that the restriction of f to W⊗k is zero.

So the new goal is: Show that if f =
∑

Sk
aσσ is a D-coinvariant vanishing on W⊗k, then

f = 0. Recall that we have decomposed V ⊗k into 2k summands, according to a choice of
either W or U in each of the k positions in the tensor product. For some 1 ≤ s ≤ k, select
one of the

(
n
s

)
summands isomorphic to U⊗s ⊗W⊗(k−s). We restrict our attention to it for

the rest of the proof, and hence there is no ambiguity in the notation.
Because f is in the span of the D-coinvariants (4.6), its restriction to U⊗s ⊗ W⊗(k−s)

acts as a linear combination
∑
bττ of non-crossing permutations τ . Moreover, because f is

a U(4)-intertwiner and hence a GL(4)-intertwiner, it acts as the same linear combination of
permutations on (U ′)⊗s⊗W⊗(k−s) for any choice of complement U ′ of W in V . By continuity,
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we can “fold” U ′ onto W and conclude that f acts as
∑
bττ on W⊗k:

τ

continuity as U ′ → W
in the Grassmannian Gr(2, V )

of 2-planes in V τ

But we are assuming that f |W⊗k is zero, and hence bτ are all zero by the linear independence
of non-crossing permutations on W⊗k (Remark 4.2.8). �

This bootstraps RFD-ness a little bit, from n = 2 up to n = 4. The rest is taken care of
by its companion result:

Lemma 4.2.10 Let n ≥ 5, so that D = C∗Au(n−1). For any choice of symbols (ε1, . . . , ε2k)
consisting of k blanks and k ∗’s, a map V (εi) → C that is both a U(n)-coinvariant and a
D-coinvariant is in the span of the non-crossing pairings (4.4).

Proof The argument is very similar to the proof of Lemma 4.2.9; it is only the last step that
requires more care. As before, we fix an endomorphism f of V ⊗k which intertwines both the
action of U(n) and the coaction of D, and we assume that its restriction to W⊗k is zero. We
then seek to show that f also vanishes on any summand U⊗s ⊗W⊗(k−s).

Once again this applies to any line U ′ complementary to W , and by a limiting argument
inside the projective space P(V ) we can assume, as in the previous proof, that U ′ is con-
tained in W . The restriction of f to U⊗s ⊗W⊗(k−s) acted as a linear combination

∑
bττ of

non-crossing permutations τ , and so its restriction to (U ′)⊗s ⊗W⊗(k−s) is this same linear
combination, which in addition we know vanishes.

The problem this time around is that U ′ is one-dimensional. This means that
∑
bττ only

vanishes when restricted to those tensors in W⊗k which are symmetric in the s tensorands
(U ′)⊗s, and hence now, unlike in the proof of Lemma 4.2.9, we cannot conclude that all bτ
vanish. However, we do not need to.

Collect the τ ’s into classes Cα based on which s spots among 1, 2, . . . , k they send the s
tensorands from (U ′)⊗s. The index α, in other words, ranges over the s-element subsets of
{1, . . . , k}. Choose a complement W ′ of U ′ in W . Decompose tensors in W⊗k according to
the splitting W = U ′ ⊕W ′, we conclude that for each class Cα the linear combination Σα =∑

τ∈Cα bττ vanishes on (U ′)⊗s⊗(W ′)⊗(k−s). Each τ ∈ Cα induces a non-crossing intertwiner τ

of (W ′)⊗(k−s) by simply looking at what the permutation does to the k−s tensorands fromW ′.
Since dim(W ′) ≥ 2, the linear independence of non-crossing permutations (Remark 4.2.8)
implies that for any non-crossing permutation σ of (W ′)⊗(k−s), the sum of all bτ for τ ∈ Cα
such that τ = σ is zero. But then the restriction of Σα to (U ′′)⊗s ⊗ W⊗(k−s) (or indeed
(U ′′)⊗s⊗V ⊗(k−s)) vanishes for any one-dimensional space U ′′, in particular for U ′′ = U . This
gives the desired conclusion that f restricted to U⊗s ⊗W⊗(k−s) is zero. �
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Remark 4.2.11 It is at the point where we chose a complement W ′ of U ′ in W that n ≥
5 played a role. That condition implies that non-crossing permutations on the (n − 2)-
dimensional space W ′ are linearly independent. We only need n = 4 for this to work, and
hence the proof would get the RFD property for n = 4 if we had it for n = 3; as noted
before, we do not. �

Proof of Theorem 4.2.1 This is now simply a matter of assembling everything together:
Lemma 4.2.7 gets the induction going, then Lemma 4.2.9 pushes us up to n = 4, and
finally, Lemma 4.2.10 gets the RFD property for Au(n) for every n ≥ 5. Finally, from
Proposition 4.2.6 we then deduce that Bu(n) is RFD for the same values of n. �

Remark 4.2.12 Note that Lemmas 4.2.9 and 4.2.10 can be construed as an alternate proof
for the fusion rules (4.3) of Au(n) for n ≥ 4. Indeed, the conjunction of the two lemmas
shows that the coinvariants of V (εi) for these CQG algebras are spans of non-crossing pairings.
Conversely, the non-crossing pairings are coinvariants of V (εi) for any comodule V over any
CQG algebra. �

On maximal almost periodic discrete quantum groups

Before we end this section, we make some brief comments on the relationship between residual
finite-dimensionality as treated in this chapter and the notion of maximal almost periodicity
from [64]. We make some cursory references to the more analytic aspects of compact quantum
group theory, i.e. C∗-algebras and related notions. The reference [42] will do nicely for
background, but no extensive familiarity with the topic is necessary. This entire subsection
should be regarded as an extended remark, with no proofs carried out in any degree of rigor.

One starts out by regarding the CQG algebra B underlying a compact quantum group
as the group algebra of a “discrete quantum group”. The object dual to a discrete quantum
group will then be a kind of dual to B. This is typically phrased in the language of C∗-
algebras: One first takes the direct sum B• of the matrix algebras dual to the matrix
subcoalgebras of B. This is a non-unital ∗-algebra, and can be ∗-represented on Hilbert
spaces. Taking for every element x ∈ B• the supremum of the norms achieved by x in all of
these representations endows B• with a norm, and the completion with respect to this norm
is a non-unital C∗-algebra A, which is to be thought of as the algebra of functions vanishing
at infinity on the fictitious underlying discrete space of this quantum group.

The quantum function algebra A has something like a comultiplication ∆ reflecting the
fact that it is trying to be functions on a group, but it is something somewhat more so-
phisticated than in the purely algebraic situations we are dealing with in this thesis. The
map ∆A lands inside M(A⊗A), where the tensor product stands for the completion of the
algebraic tensor product with respect to the smallest possible C∗-norm on it, and M(−) is
the so-called multiplier algebra of a non-unital C∗-algebra.

For a general C∗-algebra D, M(D) is the largest unital C∗-algebra containing D as
an essential ideal (‘essential’ meaning that every non-zero closed ideal intersects D non-
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trivially). There is a natural topology on M(A) with respect to which A is dense, called the
strict topology; we refer to Chapter 2 of [80] for generalities on multiplier algebras.

Within this framework (and in fact more generally), So ltan introduces in [64, p. 2.14]
the notion of quantum Bohr compactification for the discrete quantum group in question.
Classically, the Bohr compactification of a discrete group Γ is a compact group mapped into
from Γ universally; the continuous functions on the Bohr compactification restrict to the so-
called almost periodic functions on the initial, non-compact group. Dually, in the quantum
case it consists of an appropriately universal comultiplication-preserving C∗-algebra inclusion
of a C∗-completed CQG algebra AP(A) into the multiplier algebra M(A). To get a better
handle on this object in the context of this thesis, let us note here that the CQG algebra
underlying the C∗-algebraic compact quantum group AP(A) is precisely the Hopf dual B◦

from Definition 4.1.7.
Now, ordinary discrete grups are said to be maximal almost periodic if they possess

enough almost periodic functions, i.e. if they embed in their Bohr compactifications. The
dual version of this property, according to [64, p. 4.5], ought to be as follows:

Definition 4.2.13 The discrete quantum group with underlying function algebra A is max-
imal almost periodic if the subalgebra AP(A) ≤ M(A) is dense with respect to the afore-
mentioned strict topology. �

Part (1) of [64, Proposition 4.10] shows that the discrete quantum group is indeed maxi-
mal almost periodic whenever the universal C∗-completion of the CQG algebra B is RFD in
the C∗ sense, i.e. the C∗ envelope has a separating family of (continuous) ∗-representations
on finite-dimensional Hilbert spaces. It is a simple observation, however, that not that
much is necessary; in fact, it suffices that the CQG algebra B itself be RFD in the sense of
Definition 4.1.1. In conclusion, as a direct consequence of Theorem 3.3.1 we have

Theorem 4.2.14 For n ≥ 2 but different from 3, the discrete quantum groups dual to Au(n)
and Bu(n) are maximal almost periodic. �
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109. issn: 0303-1179.

[18] Tomasz Brzezinski and Robert Wisbauer. Corings and comodules. Vol. 309. London
Mathematical Society Lecture Note Series. Cambridge: Cambridge University Press,
2003, pp. xii+476. isbn: 0-521-53931-5. doi: 10.1017/CBO9780511546495. url: http:
//dx.doi.org/10.1017/CBO9780511546495.

[19] S. Caenepeel, E. De Groot, and J. Vercruysse. “Galois theory for comatrix corings:
descent theory, Morita theory, Frobenius and separability properties”. In: Trans. Amer.
Math. Soc. 359.1 (2007), 185–226 (electronic). issn: 0002-9947. doi: 10.1090/S0002-
9947-06-03857-8. url: http://dx.doi.org/10.1090/S0002-9947-06-03857-8.

[20] Vyjayanthi Chari and Andrew Pressley. A guide to quantum groups. Corrected reprint
of the 1994 original. Cambridge: Cambridge University Press, 1995, pp. xvi+651. isbn:
0-521-55884-0.

[21] Chirvasitu. “in preparation”.

[22] A. Chirvasitu. “Centers, cocenters and simple quantum groups”. In: ArXiv e-prints
(Dec. 2012). arXiv: 1212.4763 [math.QA].

[23] A. Chirvasitu. “Cosemisimple Hopf algebras are faithfully flat over Hopf subalgebras”.
In: ArXiv e-prints (Oct. 2011). arXiv: 1110.6701 [math.RA].

[24] Alexandru Chirvasitu. “Free unitary groups are (almost) simple”. In: Journal of Math-
ematical Physics 53.12, 123509 (2012), p. 123509. doi: 10.1063/1.4764860. url:
http://link.aip.org/link/?JMP/53/123509/1.

http://dx.doi.org/10.4064/ba60-2-3
http://dx.doi.org/10.4064/ba60-2-3
http://dx.doi.org/10.4171/JNCG/39
http://dx.doi.org/10.4171/JNCG/39
http://dx.doi.org/10.4171/JNCG/39
http://dx.doi.org/10.1080/00927872.2011.633138
http://dx.doi.org/10.1080/00927872.2011.633138
http://dx.doi.org/10.1080/00927872.2011.633138
http://dx.doi.org/10.1142/S0129167X04002545
http://dx.doi.org/10.1142/S0129167X04002545
http://dx.doi.org/10.1142/S0129167X04002545
http://dx.doi.org/10.1090/S0002-9939-02-06798-9
http://dx.doi.org/10.1090/S0002-9939-02-06798-9
http://dx.doi.org/10.1090/S0002-9939-02-06798-9
http://dx.doi.org/10.1017/CBO9780511546495
http://dx.doi.org/10.1017/CBO9780511546495
http://dx.doi.org/10.1017/CBO9780511546495
http://dx.doi.org/10.1090/S0002-9947-06-03857-8
http://dx.doi.org/10.1090/S0002-9947-06-03857-8
http://dx.doi.org/10.1090/S0002-9947-06-03857-8
http://arxiv.org/abs/1212.4763
http://arxiv.org/abs/1110.6701
http://dx.doi.org/10.1063/1.4764860
http://link.aip.org/link/?JMP/53/123509/1


BIBLIOGRAPHY 61

[25] Alexandru Chirvasitu. “On epimorphisms and monomorphisms of Hopf algebras”. In:
J. Algebra 323.5 (2010), pp. 1593–1606. issn: 0021-8693. doi: 10.1016/j.jalgebra.
2009.12.025. url: http://dx.doi.org/10.1016/j.jalgebra.2009.12.025.

[26] Man Duen Choi. “The full C∗-algebra of the free group on two generators”. In: Pacific
J. Math. 87.1 (1980), pp. 41–48. issn: 0030-8730. url: http://projecteuclid.org/
euclid.pjm/1102780313.

[27] Sorin Dăscălescu, Constantin Năstăsescu, and Şerban Raianu. Hopf algebras. Vol. 235.
Monographs and Textbooks in Pure and Applied Mathematics. An introduction. New
York: Marcel Dekker Inc., 2001, pp. x+401. isbn: 0-8247-0481-9.

[28] Michel Demazure and Pierre Gabriel. Groupes algébriques. Tome I: Géométrie algébrique,
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[48] Michael Müger. “On the center of a compact group”. In: Int. Math. Res. Not. 51
(2004), pp. 2751–2756. issn: 1073-7928. doi: 10 . 1155 / S1073792804133850. url:
http://dx.doi.org/10.1155/S1073792804133850.

[49] Philippe Nuss. “Noncommutative descent and non-abelian cohomology”. In: K-Theory
12.1 (1997), pp. 23–74. issn: 0920-3036. doi: 10.1023/A:1007734431772. url: http:
//dx.doi.org/10.1023/A:1007734431772.

[50] Ulrich Oberst and Hans-Jürgen Schneider. “Untergruppen formeller Gruppen von
endlichem Index”. In: J. Algebra 31 (1974), pp. 10–44. issn: 0021-8693.

http://dx.doi.org/10.1016/0022-1236(90)90089-4
http://dx.doi.org/10.1016/0022-1236(90)90089-4
http://dx.doi.org/10.1016/0022-1236(90)90089-4
http://dx.doi.org/10.1007/BF00704588
http://dx.doi.org/10.1007/BF00704588
http://dx.doi.org/10.1007/978-1-4612-0783-2
http://dx.doi.org/10.1007/978-1-4612-0783-2
http://dx.doi.org/10.1007/978-1-4612-0783-2
http://dx.doi.org/10.1006/jabr.1994.1332
http://dx.doi.org/10.1006/jabr.1994.1332
http://dx.doi.org/10.1155/S1073792804133850
http://dx.doi.org/10.1155/S1073792804133850
http://dx.doi.org/10.1023/A:1007734431772
http://dx.doi.org/10.1023/A:1007734431772
http://dx.doi.org/10.1023/A:1007734431772


BIBLIOGRAPHY 63

[51] Issan Patri. “Normal subgroups, center and inner automorphisms of compact quantum
groups”. In: Internat. J. Math. 24.9 (2013), pp. 1350071, 37. issn: 0129-167X. doi: 10.
1142/S0129167X13500717. url: http://dx.doi.org/10.1142/S0129167X13500717.
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