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ANALYSIS OF BEVATRON TAU MESONS 

, Roy Phillip Haddock 

Radia"tion ¥-aboratory 
University of California 
Berkeley, California 

November 5, 1956 

ABSTRACT 

One hundred and seventy-seven 7+ mesons, obtained from 

large nuclear emulsion stacks exposed to the Kerth -Stork K+ beam 

at the Bevahon and located by systematic track'::'following, are 

analyzed for (a) Q value' of the tau decay. (b) tau spin and parity, 

(c) possible polarization effects. A Q of 75.13 ± .20 Mev is obtained. 
. . 

The corresponding tau mass is 966.5 ± .74 m . A relativistic treat-. e 
ment of the Dalitz analysis was used to assign the tau spin -parity . . 
The observed energy and angle distributions do not agree with any 

of the cases compatible with the decay of the tau into two pions 

whereas the cases (0 -). (2 -).(3 +) were about equally probable and no 

final conclusion concerning the spin was possible. In this connection 

no polarization effect was found. which does not contradict a pseudo

scalar meson. 
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1. INTRODUCTION 

A. Statement of the Problem 

Until recently the methods employed to collect information 

about the "'Til meson have been inadequate in' the sense that the 

accumulated number of taus was small and strong~y bias~d, and 

measurements of the tau characte ristics were subject to significant 

unCertainties. Improved techniques and experimental conditions now 

make it possible to surmount these difficulties. It is the purpose of 

this experiment to collect a significant number of accurately measured 

bias -free taus. This sample will then be anC!.lyzed for the en~rgy re

lease of the tau decay, spin-parity of the tau, and possible polarization 

effects. 

B. Historical Background 

Soon after the perfection of photographic emulsiori sensitive to 

minumum ionizing particles, Brownl and co-workers discovered and 

correctly interpreted an event in which a singly charged particle of 

approximately 900 m decayed at rest into three coplanar charged e : ' 
pions. This event, the first 'T meson" was not, however. the first 

, ' . 2 
evidence for heavy unstable mesons. Rochester and Butler, in 1947, 

reported the observation of two cloud-chamber events which they in-

te rpreted as the decay of a neutral particle and the decay of a charged 

particle of mass considerably greater than that of the pion. Since then, 

many different decay modes of a particle of mass about that of the 

'T meson, which are positively and negatively charged
3

-
7 

as wen as 
678 neutral, J J have been observed. This particle is called the K 

meson. 

Paramount interest in K-meson physics ceriters about the question: 

Is the K meson a single particle with many diff~rent modes of decay 

or is it several distinct particles of about the same mass? What 

must be done to answer this question is perfectly clear. One must 
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determine the mass, spin-parity, electric and magnetic moments, and 

production and- interaction c ross sections for the various modes .. 

Dalitz has suggested that an investigation of the angular distri

bution of all pio?s and of the energy spectrum of TT- mesons emitted 

in the decay of the 'T meson, 

:I: 
'T - TT± + TT + + TT - + 75 Mev 

± 0 
- 11' + 2TT + 85 Mev, 

might reveal its spin and parity. 9 If the tau spin-parity resulting 

from this type of investigation were consistent with that of the decay 

of the me s on into 2 pions, 

e+ - TT + + TTO + 220 Mev, 

eO + - . 
Mev, -+ TT +TT~t215 

eO '0 . 
225 Mev, 

8 
-+ 2TT + 

this would be considered strong evidence that at least the two-pion 

and three -pion decays resulted Jrom the decay of the same particle. 

In 1953, Dalitz analyzed the tau decay. At this time most taus 

had been found in single glass -backed films of emulsion; the glass

backed film technique generally did not permit identification of the 

charge of the pions; therefore Dalitz's 1953 analysis was an average 

over the pion charges. 9 Later, the technique of stacking emulsion 

films into solid blocks of emulsion became general, 10 and it was 

possible to identify the pion charge in more cases . Dalitz then 

presented his analysis for known pion charges. Fabri has restudied 

the analysis i~ order to confirm Dalitz's main assumption(viz., that 

the momentum dependence of the. decay amplitude is the simplest of 

those compatible with a given tau spin and parity), and made necessary 

relativistic corrections. 11 The Fabri form of the Dalitz analysis is 

reviewed in the next few paragraphs. 

If the orientation,sof the decay-plane normal and the rotation 

of the decay configuration about the decay-plane normal are neglected, 
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then only two independent variables are necessary to describe the de--cay configuration for taus decaying at rest. These are Y i which is 

proportional to the distance between like pions, and -;', which is 

proportional to the distance between the unlike pion and the center of 

mass of the like pion system. The momenta Rand p' are the - -conjugate momenta, and 1. and 1. '. the corresponding angular momenta 

(1. is even by Bose -Einstein statistics). 

The conservation of angular rhomentum requires that the spin of 

- - - 1 -, the tau be the vector sum of 1. and 1.', i. e. ,,i J. =. + 1. • The 

conservation of parity requires that the parity of the tau be the product 

of the intrinsic parity of the three pions and their orbital parity, i. e" 

P = (_1)3 (-1) 1.+1' = (_1/'+1 . 
T 

The decay probability of the T meson is obtained from first

order time';"dependent perturbation theory, where the initial state 

is a T meson with parity P and spin J, and with projection j in 

a given direction. The final state is a linear combination of all three

pion states, which are characterized by 1. and 1.' and have the same 

P, J, j as the tau. The square of the matrix element is given by 

Fabri as 

'j' . 2 P1.' (COS 6) , 

1. J. i 
where SJ 0' . , ,J 

are the Clebsch -Gordan coefficients-.and cos 6 = 
I -...." 

p. p' II "Pllp'l 11 

The relative decay probabilities cll ' are derived under the 

following set of assumptions: 

(a) The free -pion wave functions are approximated by the 

lowest-order term in the expansion about the origin, 

1. e., the spherical Bessel function of order 

1., jJ. ~(pY/I(2J.+1).!! . 

(1. 1) 
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(b) The inte rac tion radius is a tau Compton, wave length. 

(c) Final-state Coulomb and pion -pion interactions are 

neglected. 

(d) The interaction is independent of 1 and 1 v,. 

Using these assumptions, Fabri gives 

Cl~ , 
0.1 +1 ' 

= A J , P 
(1 +1' +4)! ! 

(£'+l)! ! 

(21+1)!! (21'+1)!! 
(1. 2) 

where 0.1 +1' has modulus less than 1 and decreases with 1 +1'; M is 

the tau mass. Both p and P' are much less than (M(c:::l), so th8;t 

under the above assumptions for a given initial state (J, P)', only the 

c 11' with '1..= 1 +1' = minimum are important; in fact .all other c 1 1. i 

are less by at least two orders of magnitude . 

. The validity of these assumptions has been discussed by Dalitz, 9 

Fabri, 11 and Eisenberg, 12 with the following conclusions. If the 

interaction radius were a pion Compton wave length, (a) would still 

be reasonable and the ,major effect would be to replace M by m(the 

pion mass) in c
l1

" perhaps necessitating the inclusion of terms of 

higher order in )... Dalitz has proposed a method for treating 

separately the final-state Coulomb and pion.;.pion interactions. The 

Coulomb interaction is small (IVI Mev)and the pion-pion interaction13$14,15 

is unknown. Eisenberg states, however, that the only possible effect 

of such interactions would be to increase the interaction radius to a 

. pion Compton wave length. Assumption (d) is the most critical, for 

if the interaction is strongly dependent on 1 and .1' 13,14,15 the 

c ll ' will differ grossly from those computed above. Furthermore, 

there may be partial or absolute selection rules .for some values of 

1 and 1 t •• _ Even in the spirit of the Dalitz analysis, Assumption (d) 

may not be taken to exclude magnitude variations on the order of unity 

or phase difference of 0.1 fl' in the degenerate cases (those for which 

there are more than one term with 1. +1' = min). 

Dalitz 16 and, later, Amaldi 17 compared the Dalitz theory with 

all .,.'s whose charge was known, and concluded: (a) for spin less than 

4 and'T and e do not have compatible spin and parity, and {b) a 
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pseudoscalar tau was quite possible. Conclusion (a) was based on the 

distribution in cos e, which is thought to be insensitive to bias. Con

c1usion(b) depends critically on bias. The obvious biases are: 

(1) a geometric bias, brought about because the finite dimensions of 

the emulsion stack in which it is necessary to bring at least two pions 

to rest restrict certain decay configurations; 

(2) a bias brought about by area scanning (which may depend on grain 

count at minumum ionization as well as the decay configuration). 

Brene et al. 18 have recently derived the effect of the geometric bias 

as a function of the number of emulsion plates in a stack. The 

scanning bias is very difficult to evaluate and consequently must be 

eliminated (e. g., by use of scanning technique that is independent of 

the decay configuration.) The samples used by Dalitz 16 and Arnaldi, 17 

composed primarily of cosmic -ray T mesons for which the finding 

. rate was low, represented efforts of many workers, and none of the 
.('. 

contributions was corrected for the above bias. 

Teucher et al. suggested an independent test for the spin of the 

tau, which consists in examining the orientation of T decay planes 

for possible polarization effec,ts. 19,20 In general, if the tau has a 

spin, a polarization effect would be expected (though not necessarily 

found) - -especially near production threshold. There are reasons to 

believe that a beam of polarized tau!;lwould not be depolarized while 

being brought to rest unless the tau has a high anomalous magnetic 
21 22 . 

moment. ' Clearly, a null result would not indicate a spinless 

tau, whereas a positive effect would be a clear indication of a tau with 

a spin. 

Even after inception of Bevatron ope ration little new knowledge 

about K mesons was gained until the development of the Kerth-Stork 

strong-focusing magnetic .. spectrometer. 23 This system made it 

possible to accurately.;rneasure the mass of K..,.meson modes by appli

cation of the range.;;momentum method, 3 and in conjunction with 

scanning by track-following, the K-meson finding rate was increased 

by several orders of magnitude. Subsequent experiments to measure 
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mass, 3,4,5 lifetime,7 and excitation function, 4,5 indicated that these 

parameters are very nearly the same for the principai modes of decay I 

of the K meson. These results, in the light of the Dalitz-Amaldi 

conclusion (that a tau could not decay into two pions) leaves us with at 

least two different particles,which happen to have almost the same 

mas s, life time, and excitation function. 
I 

Several conjectures have been advanced to explain this apparent 

d 24 - 2 7 . . Id h - ( 8) h' mass egeneracy. '. Some authors.wou have t e 't or ave 

a significant branching ratio of gC!-mma decay to f) (or 7') whe re the 

daughter lifetime is a great deal less than that of the parent. 24, 25 

Then the apparent masses as measured by range -momentum method 

would be the same, but the mass as measured by energy released in 

decay would be less for the daughter. Although the degeneracy may 

be accidental, the possibility that it may be a necessary degeneracy 

has been exploited. Lastly, th~ noncoQ.servation of parity is a possible 

explanation. 

In any event, it is important not only to re ..;examine the Dalitz-

. Amaldi conclusion, but to measure the masses of the K-meson modes 

by the range -momentum method and by measuring energy release in 

decay. A srignificant mass difference between the two mass measure

ments would critically affect the above conjectures. This thesis dis

cusses one aspect of a systematic investigation of the K meson, as· 

described above, by the members of the Richman group. 
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C.ExperimE!ntal Method 

The technique used in this emulsion experiment depends upon the 

production of the K+ mesons at a laboratory angle of 90 0 and on the 

fact that their lifetime is long enough to traverse (without significant 

diminution) a magnetic analyzer and focilsing system external to the 

Bevatron vacuum system, This K-meson beam is arrested in a known 

volume of three separate emulsion stacks large enough to stop most 

pions from the tau decay. 

The track-following method of scanning for K mesons is employed. 

The ranges and direction cosine s (relative to a Bevatron coordinate 

system) of the pions resulting from the tau decay are measured by use 

of high-power microscopes and calibrated stages. Measurement of 

the ranges yields the pion ene rgies, the Q of the tall, and the decay 

configuration. Pion-direction cosines are used to test each decay for 

coplanarity and for momentum balance. The possible spin-parity 

assignments of the tau are obtained from the Dalitz analysis. 
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II. EXPERIMENT AL ARRANGEMENT 

A. K Beam 

The general experimental arrangement is shown in Fig. 1 and 

the essential elements of the strong -focusing spectrometer are shown 

In Fig. 2. 

A target was plunged into the 6.2...:Bev proton beam in one of the 

straight sections of the Bevatron. Particles of proper charge and 

momentum coming' from the target at 90
0 

to the incident beam passed 

through the 0.090 -inch aluminum wall of the Bevatron vacuum tank, 

then through a compound lens formed by a series of quadrupole magnets, 

and we re brought to a focus in a s tack of nuclear emulsions placed behind 

a momentum -analyzing magnet. The flux of positiveiy charged particles 

consisted mainly of protons , K mesons, and pions. The momentum 

selection of the analyzing magnet restricted the protons entering the 

stack to ranges typically in the vicinity of 1.5 cmand the K mesons 

to about 7 cm, while the pions passed completely through the stack. 

Brass was placed on the low,-energy side of the magnet to shield the 

. detector from neutral radiation from the target, and a considerable 

amount of lead and concrete was also used to shield from beam Yispill_ 

outH during the early part of the accelerating cycle and from associated 

secondary radiation. The copper target used was 3/8 inch high and 

5/8 inch in the proton beam direction. The aperture of the lens was 

2 inches and the analyzing magnet had a 2.5-inch gap. 

In order to obtain sufficient strength in the lens it was neces sary 

to use four quadrupole magnets. The first two formed a lens converging 

vertically and diverging horizontally, while the, latter two magnets were 

operated so as to diverge vertically and converge horizontally. The 

compound lens formed by the'se two elements was both vertically and 

horizontally convergent; however, it was astigmatic .. Since the mo

mentum resolution of the system was determined largely by the horizontal 

size of the target image at the stack there was an incentive to minimize 

the horizontal magnification to a value that was satisfactory in conside ra

tion of the concomitant increase in the vertical magnification. If the 
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Analyzing Magnet 
Pole Pieces-

C-entra I Trajectory 

~~ Strong-Focusing 
Lena 

. Vacuum Wall - __ .-.1 

Proton Beam ----1~ 
arget 

MU-/2454 
'-. 

Fig. 1. Sketch of the basic experimental arrangement, 
indicating the Bevatron coordinate system to which the 
direction cosines of the pions are referred. 
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1211x 30" BENDING MAGNET (2 Ih"GAP) 

\: 
STACK 

QUADRAPOLE 
LENSES ( 2" GAPS) 

12" 

.090" AL 
WINDOW 

Fig. 2. The strong-focusing spe'ctrometer. 

PROTON 
BEAM) 

MU-9161 . 
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latter became too large, particles would be lost by striking the pole 

pieces of the analyzing magnet. The horizonta1 magnification used 

was about 0.6 x, and the vertical magnification was about 1.5 x. 

Proper current values forall the magnets were obtained from 

a series of wire -trajectory measurements made for particles of 

momenta in the vicinity of 360 Mev/ c. This method was found to be 

quite satisfactory in achieving proper focus and magnification conditions. 

The measurements were made considerably easier and. more accurate 

by a current regulator, constructed by Mr. Leroy Kerth, which compen

sated for currents indiced in the wire by motion in the magnetic field. 

The trajectories obtained from these wire measurements were 

used to position the stacks when the exposure was made, so that the 

particles would enter approximately perpendicular to the front face of 

the stacks. 

The exposures were monitored by (a) a counter telescope, located 

above the Bevatron tank, that measured secondary-particle flux from 

the t~rget; (b) a series of test exposures measuring the proton flux 

of the stack, using I-by-3 -inch glass -mounted 50 -tJ. G.5 emulsions, 

which were exposed, developed, and scanned during the exposure, and 

(c) the Bevatron permanently installed proton -beam monitor ("induction 

electrodes ii ). The total proton flux req~ired at the stacks was estimated 

from the previously obtained ratio of K mesons to protons, and was 

m~asured by correlating the sampled data from Method (b) with the 

relative primary-proton beam flux obtained from (a) and (c). 
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B. Stacks 

Three large stacks of 600-tJ. !lford G.5 electron-sensitive emulsion 

were used. Designation and particulars of each stack are presented in 

Table 1. The stacks were made by firmly clamping the emulsion sheets 

together (without tissue paper between the pellicles) between two sheets 

of bakelite. All four stack edges were machined to close tolerances to 

permit accurate measurements of the volume of the stack ~nd thus of 

its density. Fiducial marks for aligning the emulsions after develop

ment were provided at various points by exposing the milled sides to 

x-rays passed through a slit system. Tabs placed on the glass -mounted, 

developed emulsion were ground until the x-ray marks on neighboring 

plates were aligned. 

Table I 

K-Particle Exposure Energy and Stack Parameters for 
each Stack 

St ack number 

16 

17 

20 

K-beam 
energy 
(Mev) 

~ 114 

170 

114 

Number 
of 

Pellicles 

107 

40 

95 

Pellicle 
area 
(in. ) 

3:5 -x 3.5 

3 x 6 

9 x 17.5 

Average 
pellicle 
thickness 
(microns) 

599 

620 

594 

Stack 
densit! 
(g/ cm ) 

3.785 

3.880 

3.800 

"-\ 
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III. MICROSCOPE WORK 

A. Scanning by Track-Following 

K mesonS entered the stacks with a relative ionlzation about 

1.8~ times minumum.A swath perpendiGular to the general beam 

direction and about 1 cm behind the stopping protons was scanned for 

tracks whose grain densities were from 1.5 to 3.0 times minimum 

(pions were at minimum). Such tracks were followed, a~d if they 

stopped in about 4 cm and multiple -scattered appropriately; they 

were identified as K mesons. Endings were examined to determine the 

decay mode. This method of scanning is thus unbiased with respect 

to the tau-decay configuration. 
( 

B. Measurement of Pion Ranges 

1. Method 

Two different criteria were used to measure the pion ranges, 

depending on whether or not the ranges were used in the Q measure

ment. For those used in the Q measurement the average plate thickness 

(Table I) was used to compute the chord between points where there was 

either an integrated 10 0 change of pion direction, or a visible change 

in the diving rate. For those ranges not used in the Q measurement, a 

similar precedure was followed,· using a 20 0 criterion. The range of 

the pion was taken to be the sum of these chords (corrected for air gaps 

between peUic1es). 

2. Errors 

a. Air Gaps. The average densities of the emulsion stacks, obtained 

from their measured areal densities (0" = mass per unit area) aTld the 

thickness of the stacks, were 0.7% to 1.10/0 less than 3.826 g/ cm 
3

, 

which is the density for Ilford G.5 emulsion when it is shipped from the 

factory .. From measurements of individual pellicles of fresh emulsion 

it is evident that there is little water loss through the shipping wrappings. 
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There also should be little change in the density in the process of 

stacking the emulsion or by evaporation or absorption through the edges 

of the machined stack. The difference between the average d~nsity of 

the stacked emulsion and of individual pellicles is attributed to air gaps 

between pellicles. The air gaps (about 5 microns on the average) in

crease the total stack thickness above its true value and so reduce the 

stack density. 

Let f- and p be the measured average plate thickness and 
m m 

density for the stack, and tt and P
t 

the true average thickness and 

density of the emulsion. The ranges of the pions can then be computed 

as follows: 

(a) 

the 

(b) 

The value tm is used to obtain the shrinkage factor. 

length of the track through both emulsion and air. 
_ 3 

The true density P
t 

is assumed to be 3.826 g/ cm - , 

This gives 

(c) The average air gap thickness, t , is taken to be 
a 

(d) The range in emulsion alone, _~, is then obtained from 

where 

RE / R. = ZE / z. = 
. 1 . 1 

Z. - N 
1 a. t /Z. a 1 

1 1 1 

RE . is the length of the ith chord in emulsion, 
-1 

Ri is the length of the ith chord in emulsion and air, 

Z \ is the ve rtical height between chord ends in emulsion, E. _ 
1 

Z. is the corresponding height through air and emulsion, 
1 

N is the number of air gaps traversed. a. 
1 

Then we have 
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b. Range straggling and reading error. These determinate errors, 

which are statistical in nature, are not explicitly computed. They 
. . - . 

affect the spread of the, Q distribution but not its average value. 'I1ll 

the following sections errors are considered which may be systematic. 

c. Alignment. Generally the position of neighboring plates is known 

to within 25 microns, from the x-ray fiducial marks. but there was some 

systema'tic shifting of the stacks~ To eliminate or reduce this, shifting 

the coordinates of the x-ray marks were measured on a microscope 

stage and used as corrections. 

d. Stage -stop error. This error arises when the tabs have not been 

properly positioned against the microscope stage stops. The effect 

is to introduce an error which is the same regardless of the number 

of plates between chord and points. It is estimated to be 25 to 50 

microns, which is negligible for the average pion (range about 1 cm); 

for short tracks that pass through one or more plates however, it may 

be SIgnificant. 

e. Distortion and Rub,-,off Errors. The distortion and rub-offerrors 

enter to first approximation as errors in the position of both tau and 

pion decay. An error in the position of an intermediate point such as 

to increase anyone chord length reduces the following chord length. 

These errors are then' negligible. 

f. Range Shortening., The percent difference between the arc and 

chord lengths along a pion track was estimated to be 0.48% in range 

for ranges measured by the 10 0 criterion. This estimate is good to 

30%. The uncertainty of 30% is due mostly loan uncertainty,in how 

closely the 10
0 

criterion was followed. 
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C .. Measurement of Direction Cosines 

1. Method 

The direction cosines of the pions were measured by a microscope 

equipped with a goniometer and a calibrated reticle. Thus the angle of 

a track e., the length of a track in the plane of the emulsion p., and 
1 1 

the rise of a track .6.Zi were measured. These measurements· relative 

to the microscope system are then transformed to the Bevatron 

system (Fig. 1). 

2. Errors 

The microscope field of view, lalthough not all in focus (1. e. , 

flat), fell off symmetrically from the center. Therefore the center of 

the pion track to be measured was placed in the center of the field of 

view so that the ends were essentially on the same isofocus contour. 

The end points of the measured track section were distinct grains in 

the track. This greatly improves the measurement of p and especially 

.6.Z. The length of track was in general not over 100 microns, and in 

most cases about 50 microns, since the longer the track the more 

likely a large scatter in Z. In fact, on some :6f the first measure

ments on tracks 200 microns or so in length, the cases which at first 

appeared to be noncoplaner were shown to be scattering out of the plane 

. of the emulsion (i. e., this was a scatte r in Z). 

The effect of measurement errors and multiple scattering is 

derived in Appendix A by the usual method of propagating errors. The 

direction cosine errors are used to estimate the expected errors in 

momentum balance and coplanarity. Since an estimate is all that is 

desired, it is convenient to ar:rJ:ve at an average set of measurement 

errors to facilitate the calculations. Some of the considerations used 

in arriving at a suitable set of measurement errors are as follows .. 
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a. Error in angle (5 e). For reasonably flat tracks « 45
0

) and high

energy pions (> ZO Mev), the error in measuring angles is insignificant, 

1. e., about O.Zo. Furthermore, multiple scattering in the plane of the 

emulsion can be greatly reduced because such tracks are not "clogged" 

and a best fit to the tracks with the reticle is easily obtained. For 

steep tracks, low-energy pions, or both, the uncertainty in angle can 

be of the order Of Z.Oo. It was felt .thatO.37° represented a suitable 

average error. 

b. Error in p (5 ). The primary measurement is the length of the 
p 

track projection in reticle units (r); this must be multiplied by a con

version factor (f) to obtain p in microns. The conversion factor f 

was measured to 1% ~ith the microscope stage; an error of Z/3 r~ticle 
units is a pessimistic estimate of the reading error. The latter takes 

into account the scatter of a grain about its .true position. 

c. Error in z(s-:-). The rise of the measured track section, z', , z 

(measured with the Z screw of the microscope) is multiplied by the 

shrinkage factor (s) to obtain z, (the rise before development.) The 

shrinkage factor is the ratio of the plate thickness before development 

(~) to the plate thickness after development (tal, and the error in s 

due to the errors in ta and ~ is about 1.8%. The reading error is 

taken to be 0.6 microns, which includes the scatter of the grain about 

its true position. 

d. Effect of multiple scattering on the direction cosine. Multiple 

scattering in the plane of the emulsion is greatly reduced because the 

projected track section is judged to be straight hy comparison with a 

cross hair in the microscope reticle eye piece. This sets an upper 

limit on p. The effect of multiple scattering out of the plane of the 

emulsion (multiple scattering in Z) is considered in Appendix A -1. The 

projected rms scatte ring angle is used, and we note that one should 
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instead use the projected rms scattering angle, subject to tl?-e con

dition that the scattering appear to be small in the orthogonal plane. 

e. Effect of direction-cosine errors on coplanarity. The angle 0 is 

that included between the normal to the plane containing two of the pions 

and the third pion. The effect of the direction-cosine errors on cos 0 

is computed in Appendix A -2. Figure 3 shows a histogram of number 

vs normalizeddeviation--Le., cos 0/5 cos o--ahd also shows (for 

reference) a gaussian with unit standard deviation. Because we have 

chosen a. single set of measurement errors, which is large for most 

cases and small for a few cases, we should expect this to make the 

good cases better and the bad cases worse. This is demonstrated in 

Fig. 3, where the histogram has a standard deviation of 0.84. We 

conclude that the se taus are coplanar within measurement errors. 
I 

In a few cases the tau decayed at the surface of an emulsion sheet, 

hence one or more pions were not visible at the tau decay. For these 

cases the angles between pions could not be accurately estimated, and 

momentum balance and coplanarity were not computed. 

f.. Effect of direction-cosine errors on momentum balance. Components 

of the momentum unbalance along the x, y, and z directions are 

,6.P , 
x 

,6.P = 

,6.P , and,6.P respectively, and total momentum unbalance is 
y z 

V,6.P 2 +,6.P 2 +,6.P 2. 
x y z 

The effect of the direction -cosine and 

energy errors on the momentum balance is computeq in Appendix A-3. 

The estimate of the energy error: was obtained from the Q distribution 

(discussed next) .. Figures 4 and 5. show histograms of number vs 

normalized deviation for,6.P and~P respectively. These figures 
x . 

also include reference curves. obtained by assUll1ing that ,6.P x' ,6.P y' 

and,6.P are independent and normally distributed with unit standard 
z 

deviation. As for c(jplanarity, the result of choosing an averaged set 

of measurement errors is to decrease the standard deviation of the 

his tog rams. We conclude that, for the se taus, momentum is balanced 

within measurement and energy errors. 
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Fig. 3. This histogram shows the deviation from coplanarity 
when an attempt to. estimate the measurement errors and 
take into account multiple scatte ring has been made. The 
angle [) is included between the normal to two of the pions 
and the third" pion which will be 90 0 for a coplanar tau. 

The quantity S cos [) includes estimates of the measure -
meht errors and effect of multiple scattering. The curve 
included in the plot is a gaus sian with unit standard 
dev.iation. It is presented for reference because the true 
distribution is expected to be symmetric about the origin 
and nearly Gaussian. 
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Fig. 4. Plot of the momentum unbalance distribution along a 
coordinate axis hormalizedby an estimate of error 
which includes measurement errors, energy errors, and 
the effect of multiple scattering. A gaussian with unit 
standard deviation is also shown for reference. 
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Fig. 5. A histogram showing the total momentum unbalance 
normalized by an estimated error which includes measure
ment errors, energy errors, arid the effect of multiple 
scattering. The curve shown for reference was derived by 
assuming that the momentum unbalance along each 
coordinate axis was independent and normally distributed. 
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IV PION ENERGY AND MASS OF TAU MESON 

A. Method 

The mass 'of the tau is obtained by measuring the ene rgy release 

Q of the tau decay in conjunction with the known pion mass. 28 The 

sum of the pion energies yields the Q in which the pion energies are 

obtained by measuring the pion ranges and using the range -energy 

relation given by Barkas ~ns Young. 29 When only two pions stay in 

the stacks the energy of the other pion is obtained from the e'nergies and 

the angle between the stopped pions (the conservation of momentum is 

assumed) . 

B. Discus sion of Q 

To obtain the average Q of the tau, a sample of 67 taus was 

chosen. For these taus, all three pions stopped in the stack and none 

of the pions made a large -angle scatter. The pion ranges were measured 

by the 10
0 

criterion discussed in Section III-B. We recapitulate the 

conclusions. of this section.·· An investigation of possible sources of 

systematic error showed that the resulting errors, with:;the.exceptioil 

of range shortening, either weresman;(Hi~tended:~Jo:·be.randomlydistri

buted. Because randomly distributed errors only increase th~ spread of 

the Q distribution, their effect is included in its standard deviation. 

The range-shortening error was estimated to be 0.25% in energy. These 

ranges were. corrected for air gaps (the emulsion was assumed to have· 

a density of 3.826 g/cm 3) .. Any uncertainty in this density ( P t) is due 

to an uncertainty in the equilibrium value of the relative humidity of 
~ 2 

the emulsion. Because the stopped power of emulsionpe r g/ cm is a 

slowly varying function of its water content (relative humidity), an erro'r 

in the Pt leads to a relatively smaller error in Q. The effect of an 

error in P t on the Q value s is given (see Appendix' B) by 

b..Q/Q = - 0.046 b..p/p. (IV -1) 
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Barkas and Young 29 give the densi~y of emulsion at 35% relative 

humidity as 3.90 g/ cm 3. This is the uppe r limit of the emulsion 

density, and the measured stack density is the lower limit. Inspection. 

of Eq. (IV -1) shows that for 1% error in the emulsion density the 

error in the average Q is 0.05%, or .6.Q = 0.04 Mev. The error in 

Q due to the unce rtainty in emul'sion density is therefore negligible. 

The range ':'energy relation give~ by Barkas and Young 29 was 

used. It is based on Vigneron's parameters; in particular, the 

mean ionization potential of 322 ev is used to extrapolate to high 

velocity. This relation is for Ilford C.2emulsion of density 3.'815 

g/ cm 3 at a relative humidity of 55% Ilford G.5 emulsion has the same 

composition, however. The discrepancy in densities between them 

(1. e., G.5has a density of 3.826 and C.2 a density of 3.815 at 55%) 

is not considered. Stack 17 had a density greater than 3.826 (see 

Table I) and a new range -energy relation was made, using the method 
. - 29 
suggested by Barkas and Young and the ra.nge -energy relation in 

- water from Rich and Madey. 30 

C. Results 

An average Q of 

74.94 + .19 Mev (range shortening) 

+ .04} " Mev (uncerta1nty 1n water content 
.07 . 

of emulsion) = 

± .18 Mev (standard deviation of the average Q) 

::1:: .17 Mev (error in measurement of the stack density), 

or 75.13± .20 Mev, 

was obtained. Figure 6 sh()ws the distribution of Q values. This 

distribution is quite consistent with a normal distribution (which is 

also plotted) .. 
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MU-I0985 

Fig. 6. Plot of the distribution of Q values for 67 taus which had 
all three pions staying in the. stack and none of the pions 
makinga large-angle scatter. ·The average Q is 74.94 
Mev and the median is 75.0 Mev. The distribution is 
fitted with a normal curve and the agreement is obse rved 
to be quite good. 
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The corresponding mass of the tau (in electr,on mass, m ) is 
'e 

or 

966.1 + ,37 m (range shortening) 
e, 

+ .08 m } 
_ .14 e (unce rtainty in wate1:" content of emulsion) 

± .36 me (standard deviation of the average Q) 

± .44 me (error in measurement of the stack density) 

± .62 m (standard deviation of the pion masses), 
e 

966.5± .74 m e 

The pion masses from Barkas, Birnbaum, andSmith
28 

were used. 

These are 

m +::: 273.3 ± 0.3 m 
'~ e 

m - = 272.8 ± 0.4 m 
~ e 

where the errors indicated are standard deviations. 
I ' 
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V. SPIN AND PARITY 

A. Design of Experiment 

1. Selection of a Bias "':free Sample 

This experiment was specifically designed to avoid any bias due 

to scanning technique or of a geometric nature (see Sec. I -B). The 

geometric bias was almost totally eliminated by, chossing the stack 

dimensions about.twi'ce the maximum range of a pion resulting from 

the tau decay. (Stack No. 16, the first exposure made by the Richman 

Group in the Kerth-Stork beam, was a 3.5-inch cube, as suggested by 

Robert W. Birge for exactly this reason). The degree to which 

geometric bias was reduced is 'illustrated by the fact that of 192 taus 

only two had a single pion stopped in the stacks. Scanning bias was 

eliminated because only taus found by systematic track-following are 

included in this analysis. This includes 179 out of a total of 192 taus 

found. Omitting the two taus with only one pion stopped, the sample we 

discus s has a total of 177 taus. 

2. Coplanarity and Momentum Balance 

The Dalitz analysis is valid only if the sum of the pion momenta 
.~ -. -+ l 0 

is zero (PI + P2 + P
3 

= 0). To insure that the sample complied wlth 

this requirement, both coplanarity and momentum bahtnce we re checked. 

A coplanarity test (Sec. III-C-2e) .tells only about errors out of the 

decay plane, while momentum balance is three -dimensional (Section 

III-C-2£). However, for'taus with only two pions stopped in the stack, 

or if one 6f the pions makes an inelastic scatter, momentum balance is 

used to obtain the energy of the third pion so that in these cases only 

a coplanarity test can be used. As stated previously in Section III-C-2e 

and III -C -2£ the taus discussed in this analysis< balanced momentum 

and (or) were coplanar within measurement errors. 

3. Statistics and Sample Size 

It was decided that a X 2 test would be used to discriminate be

tween various cases of spin-parity. The procedure is to test the 
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theoretical distribution for each case of spin-parity against the experi

mental distribution and to find the probability that the latter distribution 

would result from random fluctuations from the theoretical distribution. 

This probability is called the Pearson probability. It is an accurate 

estimate, provided at least five intervals with at least 10 events in 

each interval are used. To ,comply with these requirements the energy 

spectrum and angular distribution are each divided into fiVe intervals 

such that about 10 events are expected in each interval. Because these 

distributions are independent, we add the X 2 obtained from each, an~ 
the Pearson probabilities are calculated for the sum of the degrees of 

freedom. A Pea.rson probability of 1% was used as a confidence level; 

1. e., if the Pearson probability for a case of spin-parity was less than 

1% we rejected that case. 

Differentiation between the various cases of spin-parity depends 

on the sample size and, to some extent, on which comparison test is 

used. Because we used a X 2 test it was necessary to decide on the 

basis of it what the minimum number of taus mus t be for significant 

results. Such a decision is made when using a X 2 test by the power 
. 31 

test. The power is the probabi1l.ity that a hypothesis will be rejected 

in favor of another when in fact the hypothesis is false, or--to put it 

another way--the power tells how q'lucki 1 one may expect to be in 

attempting to distinguish between two hypotheses. A power of 1.0 

means that a, definite decision may be expected, and a power of 0.0 

means no decision is possible. The power depends only on the theo

retical hypotheses, the sample size, and of course, the confidence 

level. Table II gives the power for distinguishing the case of spin 

o -odd parity [0 -] from all other cases that we shall conside r, for 

.samples sizes of 100 and 200. For the degenerate cases the minimum 

powe r is given. 
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Table II 

Table of powers for sample sizes of 100 and 200 taus. Powers 
are presented in the form 1 - 10 -X . 

Spin -parity 

Unique Cases 

1+ 

1 -

2+ 

3-

Degenerate Cases 

2-

3+ 

4+ 

5-

Power 
Sample Slze 100 Sample size 200 

1 - 10 -2. 'I~ 1 _ 10-7 . 0 

1 - 10- 10 

1 - 10-6 

1 - 10 -1. 74 1 _ 10 -5.60 

1 - 10-0 .08 
1 _10-0 . 26 

1 _ 10-0 .06 
1 - 10-0 .08 

1 - 10-1.2 1 - 10 -3.8 

1 -10 -1. 3 1 - 10 -4.2 

We see that for samples sizes of between 100 and 200 taus we can 

expect to distinguish between [0~1 and [1+],[1 ~], [2+], [3-J; for samples 

of about 200 taus we can expect to distinguish between [0 -] and [4+] 

and (5 -1. We cannot expect to be able to distinguish between [0 -] and' 

[2 -] and [3+] . 
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B. Discus sion 

To facilitate discussion of the details ofDalitz 's analysis we 

recapitulates: The square of the matrix element is 

I 8 .. ~~ 
F J p( P, ) = ~ IL.-

, J 1,1' 
(p') S .H'{. (21.+1)(21.'+1) (1'_lj\)!}1/2 

JOJ (1 ' + U D ! 

P
l

, I JI,-( cos 8) 2 

~,{ 1.1. t ti , 

where SJOj are the .,Glebsch-Gordan coefficients. The relative decay 

probabilities (c
ll 

dare derived under two essential assumptions: 

(a) that the interaction radius is a tau Compton wave length and (b) 

that final-state interactions carl be neglected.. Then we have 

c ,= A l: +.r. ~l H' x h. . .r. + .• p _C"_ ,(V -2) 0./1 . JJ' ~ . ~ . ( /I /I)" ( /I' 1) " ( ) l~r.II') 1. ' 
11 . JP (lH'+4)!! ·M (2J.+1)!! (21'+1)!! m . m 

. 
whe re m is the pion .mas sand M is the tau mas s. Both p and p' 

are less than m(c = 1), so that for a given initial state(J, P) only the 

c ll ' with'" = 1+1' = min are important; in fact all other eli' are less 

by at least two orders of magnitude. This reduces the. computation of 

F JP(,P', 8) to only the pairs of €, 1.' to the left of the dotted line in 

Table III. 

Table III . 

, Pairs (1,1 ') for a 7' with Spin J and Parity P 

J P (1,,1') 

0 + 
(0 ,0) (2, 2); (4, 4); ------

1 + (0, 1) (2, 1); (4, 3) ; ------
(2., 2) (4, 4); (6, 6) -.- - - --

2 + (2 , 1) (2, 3); (4, 4) .... -----
(0, 2);( 2, 0) (2, 4); (4, 2) ; ------

3 + (0, 3); (2, 1) (2, 3); (4, 1) ; ------. 
(2, 2) (2, 4); (4, 2) ; ------

4 + (2,3); (4, 1) (2, 5); (4, 3) ------
(0, 4); (2, 2); (4, 0) (2,4); (4, 2) ------

5 + (4, 1); (2, 3);/(0, 5) (6, 1); (4, 3) ; ( 5, 2) ; 
~: (4, 2); (2, 4) (6, 2); (4, 4); (2, 6) ; - - - --
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There are five cases with an unique pair (1,1. I) with 1. +1. I = min.: (0 _), 

(1 +), (1 -), (2 +) and (3 -). There are four cases with only two pairs with 

1. + 1. 1 = min.:" (2 -), (3 +), (4 +), and (5 -). We consider only these 

nine cases because with any more than two pairs there are enough 

free variables that a good fit is insured. Of these nine cases, five 

are compatible with the decay of the tau into two pions: these are: 

(1 -), (2 +) (-3 -), (4 +),and (5 -). Table IV gives the square of the 
. , , 

matrix elements, F JP' for the cases to be considered. 

JP 

o 

1 + 

1 -

2 + 

2 -

3 + 

3 -

4 + 

5 -

Table IV ' 

Square of Matrix Element 

1 

p,2 
4 4 .- 2 "-:. - -::i;~ " ,; 

p pI . sin, ,0"60 s e 
p4p,2 sin2e 

4 4 2 2 pI +p + 2 cos <I> P pI (3 cos e.-.l) 

4 ~,4 . 2 e (5 3 2 e) p p sm + cos 

p,6 + 21/ 16p4p12 (2+cos 2e) + 3 t.f7/4 cos <l>f, 4p 2 (3 cos 2e - 1) 

p4 p,6 sin 2~ (1 +cos 2 e) + (5/6) 3 p8p, 2 sin 2 e + (5/ 6)z.,3/5'COS<l>~P 4slin29.,5'cdie_l) 

,~ 8 8 4 . 2 2' 6 6.2 2 4 
\,{Jpl +ppl )sm e(1+9/7cos e)-cos<l>pplsm e(1-32/7cose-cose) 

For the degenerate cases,,·the ratio of o.'s was assumed to have unit 

magnitude but allowed for a phase difference of <1>. "In Appendix C the 

effect of increasing the interaction radius is considered and shown to 

be negligible in most cases unless the radius is several pion Compton 

wave lengths. Therefore, only the matrix elements of Table V are: 

considered. These matrix elements are relativistically correct provided 

the relativistic relation between momentum and energy is used through,.. -

out. Although the tau Q is only 75 10 Mev, relativistic effects are as 



-35-

large as 20% in some cases. ~ strictly relativistic treatment of the 

data and of the analysis was made. 

The theo~etical energy spectra and angular distribution are ob

tained from F JP~ dTd cos 0, where p is the phase space. The 

following formulae were found useful in deriving these distributions: 

2 2· 2 2 2 2 1/2 
cos 0 = Pl· - P 2 / [2 P 3 (PI + P 2 - P 3 /2) ] (V -3) 

. 2 
where P. :::> T.(T. + 2m), T1 and T2 are the kinetic energy of the like 

111 

pions (T 1 >T 2), and T 3 is the energy of the odd pion; 

p,2 = 3/2 T 3 (T 3 + 2 m), 

2 2 2 . 2 -1 
P = M(TM - T 3)[ 1 - 2/3p' cos O/(M -m-T3) ] ,(V-4) 

where TM = (M + m) Q/2 M is the maximum kinetic energy of a pion 

from a tau decaying with energy release Q; 

(T 3 + m)p' p3[ (M _ m _ T 3)4 _ 4/3 p2p' 2 cos 2 0] . 

(T M - T 3) (M - m - T 3) 
2 

.Computation of all the very tedious integrals involved in the calculation 

of the distributions was done by the IBM-650 CIDmputing Machine. 

Figures 7 and 8 show the angular distribution for the unique and degenerate 

cases, respectively, and Figs. 9 and 10 'show the energy spectra for the 

corresponding cases. For the degenerate caSes the best fit to the experi

mental distribution are shown. In Appendix D the parameters for each 

tau are listed. 
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Fig. 7. This figure shows the expected angular distribution 
and the experimental histogram for the unique cases of 
the tau spin-parity; (0 -), (1 f), (1 -). (2 f), and (3 -). 
The curves shown are plotted by connEicting the expected 
number in each interval. The angle e is included be
tween the relative momentum of the like pions and the 
momentum of the unlike pion. The cases of (0 -) and 
(1 +) give a very nice fit. . 
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Fig. 8. Plot of the expected angular distribution and the 
experimental histogram for the degenerate cases of the 
tau spin-parity: (2 -). (3 f). (4 +). and (5 -).The 
curves shown are plotted by connecting the expected 
number in each interval. These curves were adjusted by 
varying the phase angle, </>' until a best fit was obtained 
(the value of the cos </> which the curve corresponds to 
is indicated). The angle e is included between the 
relative momentum of the like pions' and the momentum 
of the unlike pion~ The cases of (2-) arid (3 +) give a 
good fit and also are very close to the cases of (0 -) 
and (I +) shown in Fig. 7. 
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Fig. 9. This plot shows the expected energy spectra and ex
perimental histogram for the u-nique cases of spin-
parity. The theoretical curves are plotted by drawing a 
smooth curve through the expected number in each interval. 
The variable is the odd pion energy divided by its max
imum possible value. The case of (0 -) is observed 'to 
agree well with the experimental distributions. 
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Fig. 10. This plot shows the expected energy spectra and 
experimental histogram for the degenerate cases of spin
parity. The theoretical curves are plotted by drawing a 
smooth curve through the expected number in each intervaL 
The energy spectra are ve ry insensitive to the phase be
tween degenerate states and in fact in the classical cases 
are independent of it. Thevariable -is the odd pion ene rgy 
divided by its maximum possible value. 
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C. Results 

. Table VI lists the Pearson probabilities for each spin~parity 

case. These were obtained by the precedure desc ribed in Section V -A -3. 

For the degenerate caSes "the maximum probability is given. 

Unique Cases 

Degenerate Cases 

Table V 

. Pearson Probability 

J, P 

0-

1+ 

1-

2+ 

3-

2-

3+ 

4+ 

5-

Probability 

10 -0.4 

10~11.3 

10 ~30 

10 -30 

10 -.23.1 

10-0 . 38 

10-0 . 13 

10 -16.0 

10-8 . 1 

The result is that (0 -), (2 -), and (3 +) are all equally likely, whereas 

all other cases are either highly unlikely or have a probability, that 

for all practical purposes is nil. Furthe r, none of the likely cases 

has, spin:-parity compatible with decay into two pions . 
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VI. POLARIZATION 

A. Method 

Information concerning possible polarization effects is obtained 

by inspecting the distribution of tau decay-plane normals and the distri-. 

bution of odd-pion directions. A convenient set of variables to describe 

the se distributions are the Eulerian angles ®, 1::.,' and .¥' We have taken 

. the Eule rian angles that defined as follows: rotate by 1: about the z axis 

in a counter-clockwise direction from the x axis (this defines the line of 
. I 

modes), then rotate about the\1ine.of i:n0des by an angle ~ (this defines 

a new polar axis, Zl)" and then rotate about Zl in a counter-clockwise 

direction by an angle ~ from the line of modes. The x, y, z are'the 

coordinate system of Fig. 1 and·z l is along the odd-pion direction. 

Here ® and 'I define the decay-plane normal !lnd 'I" defines the 

position of the odd pion in the decay plane. 

B. Discussion and Results 

A sample was taken which included all the taus in stacks No. 16 

and No .. 20 that were found by systematic track-following. The.se taus 

have a nominal energy of 114 Mev. Although they passed through the 

Bevatron i s magnetiC field and the strong -focusing spectrometer, the 

only possible effect of these fields is to rotate the direction of polari

zation of the tau beam. They enter the stacks and are arrested in about 

7 cm. The effect of slowing down on a polarized. proton beam has been 

investigated, 22 down to energies at which polarization disappears for 

. I other reasons,· and was shown to maintain its polarization. Nothing is 

known experimentally about the depolarizing effects of matter onarrested 

beams, 1. e., a population at thermal equilibrium. 'However, Wentzel
21

. 

has made a theoretical calculation which shows that the effect is expected 

to be small unless the tau has a high anomalou::lmagnetic moment. In 

any event, the result of this test must be positive in order to be significant. 
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The phase space foe Eulerian angles is d cos ®d!d~, therefore 

Figs. 11, 12, and 13 show histograms ofnumbervs cos (j), 1, and t 
respectively. Examination of these histograms reveals no serious 

deviation from isotropy, which is the expected distribution in case 

there is no polarization. The probability that the distribution in 

cos ® and.I is due to random fluctuations from isotropy was obtained 

by a X 2 test as 1010~ 
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Fig. 11. Histogram of number vs cos 8, where ® is the 
polar angle of the normal to the decay plane . The 
horizontal line is the expected curve if the re is no 
polarization. . . 
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Fig. '12. Histogram of number vs <1>, where tD is the 
azimuthal angle of the normal to the decay plane. The 
horizontal line is the expected curve if there is no 
polarization. 
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Fig. 13. Histogram of number vs l\J, where l\J is the 
Eulerian angle which defines the direction of the odd 
pion in the decay plane. The horizontal line is the ex
pected curve if there is no polarization. 
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VII. SUMMARY OF CONCLUSIONS 

A mass for the tau meson of 966.5 ± .74 electron masses was 

found by summing the total energies of its three decay pions. Pete rsen, 

who used the same sample of taus, found a mass of 966.3 ± 1.9 electron 

masses by ~he range -momentum method. 3 These results indicate that 

for the tau meson, at least, there is no significant difference between 

its "primaryli mass and its Ii secondary'! mass and any proposal to 

explain, the apparent mass degeneracy of the 'T and e must be reconciled 

with this fact. This means, for example, in the genetic scheme of Lee 

and Orear25 and c 1reiman and Wyd, 24 that the tau decay does. not re

sult from.a (0; 0) transition of the e because this transition requires 

about 15 Mev mas s . diffe rence. 

The energy spectrum and angular distribution of the pions from 

the tau decay, when compared with· the Dalitz analysis, indicate that 

the tau has a spin-parity incompatible with that of the e, and further

more, these distributions agree quite well with those derivable purely 

from phase space. These conclusions do not suffer from the objections 

raised against previous results that (a) a scanning biaS for low -ene rgy 

. pions exists, (b) there is a bias which arises from restriction of cer-

_ tain decay configuratior by too-small stack dimensions, (c) relativistic 

effects are not considered. The statistics are still to meager to permit 

a final decision on the spin-parity of the tau; however, the negative 

results of a search for possible polarization effects do riot con.tradict 

the poSsibility that the tau is pseudoscalar. 
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APPENDICES 

A. Direction-Cosine Errors 

A-I. Derivation of Direction-Cosine Errors Due to Measurement 
Errors and Multiple Coulomb Scattering 

The measured quantities are e, the angle of the track to the· 

x axis of the microscope system; the length p of the track in the 

plane of the emulsion; and the rise of the track, AZ. In terms of 

these the directiqn cosines relative to the Bevatron coordinate system 

(Fig. 1) are: 

cos e 
13 

AZ sin e 
a. = p , -- , , a. = p ( 1) 

R 
\ 

R R 

where 

tb 
R =jp2 2 

P = fr; AZ SAz'; + AZ ; = s --
t 

( 2) 

a 

The multiplicative constants f and s convert from reticle units to 
I 

mic rons and from pbstdevelopment to predevelopment dimensions, 

respectively. The standard deviations of the variables p, e, AZ 

due, to measurement errors are 

Se' Sp/p =JSr2/r2 S//f
2

, 

,s !:;.~/~~·.=js AZ,2/ AZ'+Ss 2/ 82 

( 3) 

Propagating these errors through the expressions for the direction 

cosines, by the usual ~method, we obtain 



S 2 _ 2S 2 2 A4 F2 
a -y 8 +a ..... , 

SI3 2 = 13 2( 1 _ (3 2)2F2 

S2 =a2S} +y2 134 F2 
y u , 
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= S 2; 2 + S 2/~z2 = S 2/f 2 +S 2/~z,2 + 
P P ~z r ~z' ' 

(4) 

S / / f2 + S s2 / s 2 . 

For stacks No. 16 and No. 20 the normals to the emulsion sheets were 

along the y axis of the Bevatron system; we set up a new coordinate 

system with polar axis along the y axis of the Bevatron; in terms of 

this system we have 

a = sin 8' sin q,', 13 = cos 8', y = sin 8' cos q,' , (5) 

whe re 8' is the polar angle and ,<II the azimuthal angle. Now, 

multiple scattering out of the plane of the emulsion produces an error 

in 8' which for a track of length, R (microns) and kinetic energy T 

(in Mev) is 

r:;- t::;::- , 1/2 
Set =J 8x~ =J 3/2 /180 K/2T (R/100) radians, (6 ) 

where K is assumed to be 27 degree~Mev/100 microns. Here 

j, n
x

Z, l·S the . t'd tt· I u rms proJ€C e' sca er1ng ang e. Then we have 

S = al3 RZ. 5 =}_~zjet:. 5 = ~y )e 2. (7) afi x 13 x YM.x 

Finally, the error in direction cosines due both to measurement 

errors and multiple scattering is 

S 2 _ 2S 22 A4F2 + (/13
2 er 

a - Y 8 + a ..... 17 x ., 

S 2 = 13 2(1_132) 2 F2 + (1_13'2) 8-Z 
13. x 

(8) 
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A -2. Effect of Direction-Cosine Errors on Coplanarity 

The unit radius vectors of the three pions are 

(9) 
-+ -0; -to -0; 

C = Q; 3 L + ~ 3 J +'( 3 k 

In terms of these the normals to alternate pairs of pions are given by 

-+A -. ~-+ ......... ~~ ...... 
=bxc, B=cxa,C=axb, (10) 

and the angle 5, which is included between the normal to two of the 

pions and the third pion, may be taken to be 

..... ..... -+ ..... 

cos 5 = 
C . cC . c 

( 11) 
C C C 

Then an error in cos 5 is 

where 

and 

-+ 
dC -da 

Putting in 

obtains 

d cos 5 = d_ .... _C_. _-;_C __ d_c_-_. _C_._-; ..... : (~d_C---,-,,~._C_+_d __ c/~c) , ( 12) 
C 

--""1- -+-+-:;"t = d(a x b) = aa x b +a x do 

= da.t + d~. j + d '{I ' k ,and similarly for db and dc. 
..... ..... ..... ..... ..... -+ 
a;b,c, da, db, dc explicitly and rearranging terms, one 

( 13) 

from whlch it easily follows that we have 
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r 2 2 2.2 2· 2 
S cos 0 = llc \.Ax Sal + Ay S~l + A Z S"l 

2 2 2 2 2. 2 
+ Bx Sa2 + By S~2 + B Z 5"2 {l4) 

, 2 2 22'. 2 2}1/2 + Cx . Sa 3 + C y . S~3 + C z Sa 3 

= sic, 

and cos o/s cos 0-
- -axb -c ( 15) 

S 

The quantity coso/S coso was computed for each tau, for which 

measurement of direction cosines was possible, using the IBM-650 

computing machine. These data are presented in column 16 of 

Appendix IV, and. Fig. 3 shows the distribution of cos o/s cbs o. 

A-3. Effect of Direction-Cosine and Energy Errors on Momentum 
Balance 

The momentum unbalance along each coordinate axis is 

Ap Ap Ap' and the total unbalance is Ap: 
~ x' ~ V"~ ~ Z ' ~ 

3 
D.p = L Pi ai' x 

i=l 

3 
D.p = L p.~. , . Y 

i=l 
1 1 

D.PZ 
3 

= ;: p. ~. , 
l~ 

1 . 1 

D.p = 6Px + D.Py +- D.PX 
J 2 2.. 2 

Propaga:ting;the direction cosine and energy errors through these 

expressions, bne obtains 

( 16) 
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S 
i l. 2 2 2S 2 

= 0.. S + p.o.. 
·LlP 1 p; 1 1 

X i=1 1 

SLlP 
2 3 J3.2,S .2 2 2 

= L. + p. SJ3. , 
i=l· 1 Pi 1 1 

Y ... 

( 17) 

S. 2 3 2 2 + ~~ S 2 = L- a.. 5 , 
LlPZ i=1 

1 p. . 1 0. ~ 
1 

The percent error in energy, ST/T, varies by 160/0 ove l' the energy 

interval considered, but for the pu~ose of this computation was 

assumed to be a constant. Then, L.= 2:... ST is about 8%. The 
, p 2 T 

quantities LlP fs Ll' LlP /S Ll ' LlPZ/S Ll ,LlP/S Ll 
x Px Y P y , Pz P 

were computed for each tau that had all three pions stopping in the 

stacks with none of the pions ma.king a large -angle scatter, by use 

of art IBM-650 computing rnachine. Column 15 of Appendix IV gives 

LlP/s LlP for individual taus. Figures 4 and 5 show the distributions 

of LlP Is A and LlP/s. , respectively. 
. x ~Px 'LlP 
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B. Humidity Error 

The error in Q due to an error in estimating the emulsion 

density as ·PE = 3.826 g/ cm 3 arises strictly from the difference in 

wate r content between the assumed and true values of the emulsion 

density. To estimate the effect of this error: 

1. Ri' Zi' R E . ' ZE. are defined in Section III-B -2a. R t . is 
111 

is the chord length for the true emulsion density Pt' 

2. As in Section III -B -2a, we have 

RE / R. = Z E I Z 0 , oR/ R. = Z / Z d t 
i 1 i 1 ti 1 ti i an Pt = (1 = PEtE = Pt t 

Now we see RE.lRt. = ZE.lZt. <>l tE/tt = PiPE 
1 1 1 1 

from which follows 

L. R E . o.LP/PE ~Rt. or ~ a.L p/PERt . 
i 1 i 1 

3. dT/dx = const xnxf(v), where n is· the number of electrons 

per unit volume of emulsion. To within :the accuracy of 

measurement the water and dry emulsion volumes are additive. 

Therefore n depends linearly on the emulsion density, i. e. , 

4. 

29 n = bp + d. Barkas and Young given n = (0.2522 P + 0.0830) 

.10 24/cm.3 °th d d of N h . as e epen ence. n on p. ow t e range 1S 

dT/(dT/dx) = 
1 

const. x n 

TO J dT/f(v), 

o 

nR = g(v) 

o··As8umeforconveniencethatT=ci.(Rn)k, where k = 1 

The range index k varies by about 14f,1o over the 1. 71 

region of interest; we have taken the mean value. 
k 

T t - TE/TE = .6.T/T E = (Rtn/REnE)k - 1 = (PEn/ptnE) - 1. 
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5. Assume Pt = PE + A and make a Tayloris expansion of 

n/ Pt ab9ut': nE/PE' One obtains 

Then we have 

Putting in the values of k, d, and PE given above, one obtains 

AT/T = -0,046 'Ap/p 

Then we have 

AT. = AQ= 2...~ (- 0.046) AP TI. = Q (- 0.046)Ap/ p. 
1 i= 1 p 

and 

~Q/Q = - 0.046 A p/ P 

G. Effect of Increasing the Interaction Radius 

In the Dalitz analysis, inc reasing the interaction radius will 

necessitate consideration of terms of higher ~ = J. + J.'.; From 

Table III it is seen that -,., increases by at least two from its mini-
~ 

murn value when additional states are considered. For the low-spin 

unique cases J (l +) and (2 +) have terns with ).; two greate r than 

minimum and (0 -), (1 -), and (3 -) have terms with )" four greater 

than minimum, We shaH investigate the effect of increasing the 

interaction radius for (0 -) and (l +). which typify the two situations. 

In the e~pression for CJ.J.I we rewrite the quantity (m/M)J. +1.
1 

as (R/~ TIl + J. , where·· R is the interaction radius and .( 11' is 

the pion Compton wave length; then the expression for cJ.J.' becomes 

Cl.J.,~AJP n"(l+l)~! (l'+l)!! ~R1I')l (.£rn)l(Pm_' ~1' 
("- + 4):! !(U+l)!! (U'+l)!! 
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In the following, the variables a.. = ~/p ,Ci..' ='P'/p'" are 
V max (j max 

used where P , P' are the maximum values of p' and p', 
max max 

respectively. 

G-1. Case of(O -) 

The pairs ( 1.,1. ') that may contribute to the matrix element for 

this case are (0, 0); (2, 2) . (4, 4); 00.; with corresponding "- of 

0, 4, 8, .... The square of the matrix element for the terms "- = 0, 

4 is 

F' 0-

K 

244 2 2 22 2 
= 1 + ~ ~ 1)' (3 cos 82 -1) + 2 K cos <P:~ '0" p cos 8 -1), 

= 3/2- '5 P 2/M2i~~, 2/M2 (0.4/0. 0) (R/-K)4 
V:J I maxI/!? max . 

. ':}( 1200 

The quand.ty a. is a monotonically decreasing function of .~, but fo'r, 

the purposes of this calculation the ratio of a.'s will be taken to be 

unity. Estimating that K must be greater than 0.01 to show any 

effect, we obtain 

, 4· 3 ,(R/lk TT) ~ 1.9 x 10 , 

R/;(TT '::! 6.7. 

C - 2 . C as e of (1 +) 

The paris (1,1. ') that may contribute to the matrix element for 

this case are (0, 1); (2, 1); 0 •• with corresponding ~ of 1,3,00 •• 

The squar~e of the matrix element for the terms ~ = 1,3 is 

F 1+ = ,/,2 + K2 ~,2 04 
_ 2K cos <p~,2 ~2(2 cos

2 
8 _ 1) , 

u3/a12 
K = Z (R/1\.'TT) 0 

3.81 x 10 



Again, let ting K = 0.01 we have 

a 3/ a 1 = 1 , 

(R/~ 1T) 2 --= 3.8 , 

(R/ ~ 1T) ~ 1.95; 

. for a" K = 0005 we have 

a/a 1 = 1 , 

(R/~ 1T ) 4lr 4.4 
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In this case it is conceivable that the effect of higher terms in 'X may 

be felt if the interaction radius is about a pion Compton wave lengtho 
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D. Table o~ Original Data 

Explanat,ion of Table 

Columns 1 and 2: . Tau identification 

Column 1 is the stack number and column 2 is the K-meson 

number in the stack. There were three stacks of 6001-1 G.5 

emulsion, numbered 16, 17, and 2.0. Stack No. 16 consisted of 

105 p'ellicles 3.5, by 3.5 in. in area, stack No. 17 consisted of 

40 pellicles 3 by 6 in. in area, and stack No. 20 consisted of 

95 pellicles 9 by 17.5 in. in area. The nominal K-beam energy 

was 114 Mev for stacks No. 16 and No. 20 and 170 Mev for 

stack 17. 

Column 3:. Scanning 

T. F. signifies scanning by systematic track-following. 

S. A. S. signifies scanning by systematic area scanning. 

N. S. signifies the tau was found nonsystematically. One found 

such taus while following a selected track, while following a 

secondary pion, or while relocating a tau. Stack No. 16 hal:!.· 

significantly more nonsystematics because it was exposed twice 

and the tracks from the two exposures were at right angles. 

Columns 4, 5, and 6: Pion energy 

The a, b, orc before eachene rgyindicates a designation ,of the -+.... -+. -+ .~-+ 

pions between which the angles with cosines a' b, b· c, c· a are 

included. 

Columns 7 and 8: Dalitz variables 

~ht:ai'l:l; .:~C:j. urnn 
7 is r 

[,,: jrim 2M Q. The 
. ., 

= T IT![T lT~max •• where:,.' 

variable cos e is the cosine of the 

angle between the relative momentum of the like pions and the 

momentum of the unlike pion. 
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Columns 9,10, and 11: Eulerian angles 

The Eulerian angles 0, !, and IV describe the orientation of the 

normal to the decay plane and the direction of the odd pion, where 

z is the normal to the production plane and positive upwards, x 

is along the T-beam direction, y is the third member of a 

right_handed system, and z' is along the old pion direction. 

Columns 12, 13, and 14: Angles between pions 

These columns give the cosine of the angle between pions designated 

in columns 4, 5, and 6. 

Column 15: Momentum unbalance 

. The ratio of the measured momentum unbalance (.D.P) to an esti

mated uncertainty in the momentum balance (S.D.P) was computed 

for the taus having three pions stopping in stacks. The un-

ce rtainty in the momentum balance was computed by propagating 

measurement errors and range straggling through the momentum

balance equation. The same set of suitable averaged measure

ment errors was used in each computation. 

In a few cases the tau decayed at the surface of an emulsion, 

hence one or more pions were not visible at the 'T decay. For 

these cases the angles between pions could not be accurately 

estimated and momentum unbalance and coplanarity were not 

computed. 

Column 16: Coplanarity 

The angle 6 is included between the normal to the plane con

taining two of the pions and the third pion.. The uncertainty in 

cos6 - -1. e., S cos 6 - -was computed as for momentum un

balance, and used the same set of measurement errors. 
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TABLE OF ORIGINAL DATA 

(1 ) (2) (3) (4) ( 5) (6) (7) (8) (9) (10)· (11) 

Pion Energy (Mev) Eulerian Anf!les 
Staek Event Sean- + + - <j> "\[i 
Number Number ning 1T 1T 1T r eose eose (deg) (deg) 

16 5 T.F. a 46.0 e 1104 b 17.3 0.361 0.918 0.243 154 200 

16 7, T.F. e 32.9 b 12.4 a 28.9 0.607 0.513 0.0081 141 135 

16 36 T.F. e [45.4] b 17.6 a 9.5 0.204 0.942 0.0655 110 48.6 

16 40 T.F. e 30.6 a 30.6 b 12.3 0.263 0.0185 0.0913 155 240 

16 51 T .P. e 32.7 a '15.7 b 25.5 0."5"38 0.427 0.7345 119 185 

16 85 T.F. a 19.0 b 11.3 e 44.2 0.925 0.332 0.2711 117 206 

16 86 N.S. e 42.0 a 11.6 b 20.7 0.435 0.774 

16 103 T.F. e 40.4 a 28.0 b 5.2 0.110 0.550 0.1836 242 202 

16 123 T.F. e 18.6 b 17.6 a 38.0 0.798 0.0296 0.7002 240 101 

16 13.1 T.F. a [46.2] b 20.0 e 8.9 0.185 0.900 0.4019 115 326 

16 163 T.F. e 39.3 b 19.6 a 15.0 0.316' 0.558 0.1266 134 270 

16 181 T.F. e 14.6 b 13.4 a 49.5 0.996 0.237 0.5022 248 ILl 

16 203 T.F. a 39.5 b 17.5 e '18.2 0.377 0.579 0.3025 156 304 

16 219 T.F. e 30.0 b 9.0 a 35.8 0.746 0.564 0.0618 211 217 

16 236 T.F. b 21.7 e 14.2 a 39.1 0.813 0.224 0.0776 257 86.5 

16 248 T.F. e 42.2 b 21.6 a 11 .. 6 0.240 0.635 0.6448 156 113 

16 273 T.F. b 31.2 e 23.4 a 21.3 0.438 0.198 0.6969 179 12.1 

16 279 T.F. e 42.2 b 6.4 a 25.7 0.539 0.875 0.7698 135 63.6 

16 298 T.F. e 28.5 b 2.7 a 41.4 0.889 0;914 0.0894 162 87.0 

16 307 T.F. a 35.3 b 21.4 e 17.6 0.369 0.374 '0.3436 161 273 

16 308 N.S. e 39.0 a 17.2 b 18.7 0.389 0.571 

16 311 . T.F. e 31.5 b 22.0 a 20.5 0.432 0.247 0.9543 102 320 

16 315 T.F. e 18.6 b 14.5 a 40.9 0.862 0.139 6.6994 104 117-

16 336 T.F. e 41.3 b 13.9 a 20.0 0.415 0.700 0.5.991 242 101 

16 338 T.F. b 20.7 a 13.9 e 39.6 0.832 0.213 0.5192 93.0 286 

16 349 N.S. e 38.0 a 34.5 b 3.9 0.0796 0.175 

16 397 T.F. e 18.0 b 14.6 a [40.0] 0.859 0.116 0.2710 99.7 234 

16 398 T.F. e 33.0 b 15 .. 7 a 24.6 0.523 0.439 0.3516 130 258 

16 405 T.F. e [47.5] b 13.3 a 13.5 0.283 0.991 0.9937 174 288 

16 431 T.F. ~ 26.1 b 20.2 a 27.8 0.585 0.149 0.9731 268 299 

( 12) (13) (14) 

- --;-b b'C'" e·a 

0.9503 0.7309 0.9065 

0.2063 0.4028 0.8121 

0.8901 0.9785 0.9646 

0.2836 0.3364 0.8074 
.- - -
0.1714 0.7779 0.4852 

0.5966 0.8448 0.9329 
- -

0.3347 0.8751 0.7487 

0.2818 0.6227 0.9256 

0.6808 0.0238 0.7479 
.- -
0.9635 0.8387 0.9525 

0.2713 6.8415 0.7481 
.- -
0.9691 0.9053 0.9811 
- -
0.7454 0.1190 0.7503 

0.4142 0.0635 0.8819 
- -
0.7987 0.0902 0.6710 

- -
0.4108 0.8914 0.7783 

0.5744 0.6540 0.2433 
- -

0.5915 0.7890 0.9619 

0.8914 0.8250 0.9913 

0.7543 0.0136 0.6455 
.. -

0.1677 0.7420 0.7848 

0.2338 0.6258 0.6117 

0.7559 0.2800 0.8400 

0.3464 0.7958 0.8436 

0.2376 0.8309 0.7378 
- -
0.0155 0.2503 0.9640 

0.7691 0.3282 0.8557 

0.2193 6.5454 0.6980 

0.9786 0.9932 0.9955 

0.4551 0.3575 0.6686 

(15) (16) 

6pI eosol I 
S6P Seoso 

1.09 0.'19 1 

0.90 0.87 

0.77 

0.51 0.34 

1.19 0.60 

0.91 0.50 

1.36 0.24 

1.68 0.80 

1.90 0.91 

1.6'3 

1.67 0.06 

1.44: 0.91 

1.64 0.49 

0.41 0.14 

1. 15 0.76 

0.91 1.00 

1.71 0.22 

1.36 0.27 

1.27 0.64 

1. 21 0.68 

1. 59 0.64 

0.72 0.54 

0.85 0.16 . 

1.12. 0.29 

0.18 0.00 

1.20 0.71 

0.9 i l 

1.86 0.04 

0.57 

0.87 . 0.76 

ZN-1544 

I 
l]l 

..0 
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16 

16 

16 

16 

16 

16 

16 

16 

16 

16 

16 

16 

16 

16 

16 

16 

16 

16 

16 

16 

16 

16 

16 

16 

16 

16 

16 

16 

16 

16 

j' • 

Pion E (M .t,ulerlan Angles 
Event Scan- cVI cp - ¥ t:.p/ coso/ 

er Number ning rr- r cosB case (deg) (deg) ;.b b·C"" C"".; SLSP ScosO 

443 T.F.·. b 42.0 c 11.9 a 20.9 0.436 0.762 0.9472 187 226 0.8884 0.7357 0.3422 1.07 0.66 

451 T.F. b 27.5 a 9.7 c [35.6] 0.762 0.501 0.2067 187 160 6.0030 6.8642 0.5002 0.47 

457 T. F. a 29.5 b 26.8 c 18.4 0.384 0.072 0.2320 127 15.7 0.70290.3207 0.4481 0.66 0.09 

458 T.F. c [28.2] b 23.0 a 26.3 0.529 0.126 6.1773 233 292 6.4232 0.4909 6.5773. 2.17 

477 T.F. a [42.6] b [30.8] c 1.75 0.0370 0.875 0.6144 260 129 0.9933 0.8~46 0.8842 0.17 

494 T;F. a out c 6.6 bout 0.9078 0.2949 0.6681 

502 T.F. a 36.0 c 20.2 b 17.8 0.375 0.424 0.2619 91.2349 6.6936 0.0004 0.7200 0.86 1.06 

A-I N. S. c 30.2 a 12.3 b 31.4 0.663 0.459 0.2937 0.8240 0.2990 1.05 0.43 

A-2 N.S. b 24.0 a 13.0 c 38.7 0.797 0.316 0.0889 0.8174 0.6460 1.51 0.39 

A-3 N. S. c 14.4 a 13.0 b [46.7] 0.983 0.121 0.9715 0.9759 0.8972 0.33 

A-5 S.A.S. c 43.1 a 4.9 b 25.9 0.546 0.934 0.5723 0.9720 0.7478 1.33 0.83 

Nl T.F. a 31.2 c 28.8 b 14.1 0.297 0.070 0.4672 266 160 6.3792 0.3408 0.7408 1.880.57 

NI0 T.F. c 34.6 a 8.8 b 32.5 0.668 0.641 0.5389 238 99.56.8480 0.8959 6.3661 1.36 0.50 

N20 T.F. a 38.3 c 16.9 b 19.5 0.407 0.555 6.1015 150 194 6.7474 0.0617 0.7090 1.79 0.27 

N23 T.F. b 29.7 a 29.1 c 16.7 0.3450.016 0.6641 142 287 0.7359 6.3934 0.3326 0.58 0.45 

N32 T. F. c 19.6 b 17.5 a 38.2 0.791 0.060 0.8320 183 71.6 0.6793 0.0871 6.7901 2.29 0.39 

N80 T.F. c 43.7 a 16.4 b 13.0 0.277 0.814 0.2053 187 199 0.6216 0.8927 0.9076 1.14 0.57 

N84 T.F. a 43.0 b 23.0 c 9.8 0.202 0.659 0.6964 197 352 6.9285 0.4365 0.7383 1.42 0.92 

N89 T.F. c 20.1 a 12.2 b 43.1* 0.891 0.288 0.6265217 142 6.79910.90430.4671 0.81 

Nl19 T.F. b 37.6 a 7.9 c 30.2 0.622 0.723 0.9735 142 93.40.4845 0.89440.0582 

N129 T.F. a 30.1 b 18.7 c 26.5 0.549 0.282 0.4340 143 107 0.5100 0.3188 0.6525 1.47 0.16 

N145 T.F. b 31.0 a 1.6 c 43.2 0.889 0.986 0.0820 107 348 0.8604 0.9959 0.9029 0.31 0.17 

N149 T. P.. c 39.0 b 15.0 a 20.0 0.421 0.622 0.7528 168 267 0.1471 0.6993 0.8097 0.90· 0.28 

N162 N. S. a 36.0 b 36.0c 1.9 0.040 0.000 0.9784 0.0678 0.2724 1.56 0.41 

N194 T.F. a 32.6 c 25.3 b 16.5 0.346 0.206 0.5807 235 53.60.4585 0.27110.7310 1.490.17 

N197 T.F. b 28.6 a 22.2 c 24.0 0.503 0.161 6.3012 265 147 6.5112 0.6461 0.3255 1.47 0.23 

N210 T.F. a 35.0 c 28.9 b 12.7 0.259 0.181 0.9729 202 42.70.4878 0.0974 0.8211 0.61 0.05 

N214 T.F. b 38.7 c 5.4 a 30.7 _ 0.640 0.820 0.5753 243 166 0.9359 0.4429 0.1857 3;06 0.73 

N225 T.F. a [42.8] c 3.4 b 26.6 0.570 0.973 0.5125 231 39.50.9941 0.8360 0.8899 0.00 

N241 T.P.. c 47.2 b 7.8 a 20.0 0.416 0.994 0.2578 209 294 0.9952 0.9975 (f.9992 0.59 0.63. 
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Stack Event I Scan-
Number Number ning 

17 

17 

17 

17 

17 

17 

17 

17 

17 

17 

17 

17 

17 

17 

17 

17 

20 

20 

20 

20 

20 

20 

20 

20 

20 

20 

20 

20 

20 

7. 

40 

42 

47 

90 

97 

115 

145 

152 

170 

187 

188 

193 

204 

215 

III 

125 

165 

185 

198 

200 

233 

268 

270 

274 

.283 

297 

307 

N.S. 
N.S. 

T.F .. 

T.F. 

T.F. 

T.F. 

T.F. 

T.F. 

T.F. 

T.F. 

N.S. 

N.S. 

T.F. 

T.F. 

T.F. 

T.F. 

T.F. 

T.F. 

T.F. 

T.F. 

T.F. 

T.F. 

T.F. 

T.F; 

T.F. 

T.F. 

T.F. 

T.F. 

T.F. 

Pion Energy (Mev) 

+ + 
TT TT TT r 

b 40.3 a 7.0 

a [38.7] b 25.9 

a [28.7] b 20.0 

a [35.1] b 27.0 

b 42.7 a 17.0 

c [46.3] a 9.5 

c [31.2] b 14.5 

c 45.7* a 7.1 

c 29.3 a 24.5 

c 20.2 a 8.4 

c 34.9 b 16.8 

a 40.5 c 16.5 

a [34.5] b 26.4 

a 43.2 c 9.0 

b 19.3 a 12.1 

a [40.0]b 22.0 

c 27.5 

c 11.1 

c 21.0 

c 14.5 

c 15.8 

b 20.0 

c 30.0 

b 21.8 

b 20.5 

b [45.0] 

a 24.0 

b 18.5 

c 18.1 

0.573 

0.229 

0.556 

0.295 

0.326 

0.411 

0.618 

0.456 

0.430 

0.953 

0.494 

0.382 

0.357 

b 22.3 0.467 

c [45.5] 0.923 

c 11.2 0.239 

b 20.2 c 20.1 a 36.2 

c 35.0 a 1.0 b 39.5 

0.738 

0.816 

c 24.5 b 7.4 

c 28.2 b .6.9 

b 32.2 c 14.5 

c 29.7 b 2.9 

a [43.2] 0.897 

a 39,8 0.829 

a [26.2] 0.560 

a 41.6 0.874 

b 44.2 c 21.2 a 10.8 0.221 

a 35.0 c 33.0 b 7.0 0.146 

c 33.8 a 28.1b 13.0 0.271 

b [45.1] c 18.0 a 10.8 0.228 

a 22.8 b 18.9 c 32;2 0.679 

a 39.0 c 9.0 b 26.0 0.549 

a 26.6 b 3.45 c [44.7] 0.932 

Eulerian Angles 

<j> .1jJ I -+ -+ -+-+ 
cosO cosE> (deg) (deg) a . b b· ca· c 

0.811 

0.402 

0.215 

0.229 

0.703 

0.926 

0.413 

0.959 

0.125 

0.622 

0.448 

0.626 

0.209 

0.852 

0.299 

0.571 

0.003 0.6223 177 

0.957 0.3406 141 

0.625 0.9275 183 

0.641 0.4729 143 

0.450 0.8237 159 

0.888 . 0.6704 215 

0.725 

0.077 

0.170 

0.864 

0.102 

0.742 

0.967 

0.1182 208 

0.0476 225 

0.1965 131 

0.3044 262 

0.5687 229 

0.0664 122 

0.1391 265 

0.55210.9048 0.1452. - _. 
0.8774 0.1152 0.5773 

0.4343 0.3840 0.6643 

0.7867 0.1266 0.5127 

0.8333 0.8388 0.3984 

0.7815 0.9670 0.9141 

0.3353 0.3490 0.7656 

0.8406 0.9765 0.9373 

0.3293 0.5106 0~6434 
-

0.9188 0.9729 0.8030 
- - -
0.1289 0.5798 0.7329 

0.7987 0.2488 0.7812 

0.7375 0.1989 0.5147 

0.9287 0.5453 0.8165 

0.6067 0.9100 0.8814 

0.8724 0.3113 0.7352 

57.8 0.6802 0.0788 0.6759 

139 0.4366 0.9911 0.3139 

59.3 0.7806 0.5496 0.9508 

1910.5718 0.1995 0.9175 

209 0.7822 0.4807 0.1696 

105 . 0.7760 0.6036 0.9310 

24.3 0.7868 0.9118 0.4648 

199 0.3193 0.1144 0.9048 

1720.1828 0.4226 0.8136 

12.2 0.9162 0.9494 0.7447 

15.20.1845 0.5877 0.686.8 

268 0.9044 0.2821 0.6641 

150 0.9535 0.9828 15.9920 

" 

AP/ cosO/ 
SAP ScosO 

1.60 

0.87 

0.44 

0.77 

0.45 

1.02 

1.53 

0.78 

1.03 

1. 79 

1. 76 

0.51 

0.93 

0.71 

1.23 

2:05 

0.88 

0.35 

0.09 

0.56 

0.48 

0.35 

0.17 

0.15 

0.11 

0.37 

0.64 

0.73 

0.24 

0.91 

1. 35 

0.30 

0.56 

0.67 

0.79 

0.38 

0.60 

0.03 

0.12 

0.36 

0.62 

0.48 

0.12 
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Pion Energy (Mev) 
-

Stack Event Scan- + + Number Number ning -
1T 1T 1T 

20 383 T.F. c 46.0 a 18.6 b 10.8 

20 393 T.F. c 40.5 b 21.1 a 14.4 

20 397 T.F. c 38.0 b 19.3 a 15.5 

20 408 T.F. a ~7.2 b 1.3 c 37.0 

20 420 T.F. a 40;2 c 32.2 b 3.5 

20 446 T.F. b 32.4 c 27.1 a 15.0 

20 480 T.F. c 20.7 b 19,7 a 34.5 

20 497 T.F. b 36.5 a 1.6 c [36.4] 

20 506 T.F. c 34.7 a 23.2 b 17.8 

20 518 T.F. c [44.8] a 9.8 b 17.9 

20 534 T:F. a 31.9 b 5.2 c 37.7 

20 552 T.F. c 41.6 a 20.2 b 13.3 

20 574 T.F. b .35.7 c 4.8 a 34.9 

20 644 T.F. c 39.3 a· 8.6 b 27.0 

20 699 T.F. a 31.0 b 6.3 c 37.0 

20 703 T.F. c 34.1 a 5.9 b 36.0 

20 707 T.F. c[33.3] a 7.0 b 37.4 

20 734 T.F. c 24.8 b 6.4 a 42 . .0 
20 749 T.F. b [41.7] c 16.2 a 15.3 

20 753 T.F. a 41.8 c 15.5 b 18.1 

20 757 T.F. c 24.2 b 21.8 a 27.0 

20 759 T.F. a 45.8 c 13.2 b 17.5 

20. 768 T.F. b 33.0 c 26.0 a 16.0 

20 794 T.F. b 38.2 c 26:6 a 10.5 

20 859 T.F. c 35.8 b 10.9 a 29.2 

20 860 T.F. a [39.9] c 11.7 b 22.8 

20 966 T.F. b 35.0 c 17.0 a 21.6 

20 967 T.F. a [39.6] b 17.6 c 16.3 

20 994 T.F. b 36.0 c 21.6 a 16.1 

20 1001· T.F. a 27.0 b 11.8 c 33.6 

Eulerian Angles 
-

cJ? tV 
r· cosB cose (deg) (deg) 

0.223 0.8655 0.5705 1?2 116 

0.295 0.549 0.4061 173 18 

0.332 . 0.528 0.9858 188 102 

0.764 0.941 0.0<:;10 198 244 

0.072 0.423 0.9952 102 348 

0.314 0.150 0.0534 .216 90 

0.718 0.027 0.5141 216 73 

0.762 0.926 6.5705 219 327 

0.367 0.305 0.5203 164 116 

0.385 0.935 0.7436 115 294 

0.786 0.741 6.2355 203 1 

0.276 0.626 0.8850 181 163 

0.722 0.790 0.6910 109 276 

0.562 0.749 0.7637 185 203 

0.776 0.685 0.1084 147 332 

0.739 0.730 0.8660 138 173 

0.751 0.678 0.4393 155 101 

0.895 0.679 0.5136 208 36 

0.326 0.718 0.0341 106 13 

0.374 0.690 0.1405 213 1 

0.577 0.061 6.2415 144 177 

0.357 0.851 0.2734 243 26 

0.333 O.lS13 0.9389 161 84 

0.217 0.374 0.3239 267 186 

0.600 0.607 0.6918 234 254 

0.478 0.706 0.8541 238 97 

0.458 0.463 0.0134 169 241 

0.346 0.607 6.9167 148 - 110 

0.341 0.400 0.5092 184 254 

0.724 0.415 0.9634 118 106 

;t.};" .......... ..... ..... 
b·c a' c· 

0.7592 0.9179 0.9544 

0.2310 0.8347 0.727.9 
-

0.1918 0.7953 0.7472 

0.1792 0.3742 0.9441 

0.5576 0.3278 0.9669 

0.44740.7757 Q.2170 

0.6922 0.0780 0.6648 

0.1052 6.9772 0.6792 

0.1385 0.6037 0.7052 

0.8188 0.9726 0.9296 

0.0824 0.4196 0.9389 

0.3528 0.7650 0.8721 

0.9384 0.1661 0.1839 

0.1793 6.8885 0.6104 

0.1143 0.4695 0.9302 

0.2667 0.9085 0.1596 

0.3519 6.9055 0.0785 

6.7932 0.5735 0.9536 

0.8508 0.8467 0.4410 

6.8426·0.3548 0.8002 

0.4850 0.4039 0.6035 

0.9085 0.6052 0.8821 

0.5094 0.7657 0.1622 

0.5538 0.8590 0.0496 

0.0800 0.4356 0.8620 

0.8297 0.2506 0.7041 

0.7354 0.6649 0.0169 

6.8174 0.2579 0.7676 

.0.6542 0.7737 0.0286 

0.1546 0.4551 0.8091 

.~ 

c..p! coso! 
Sc..p ScosO 

0.82 0.86 

0.77 

0.59 0.29 

0.96 0.59 

0.46 0.71 

0.85 0.31 

1.25 1.09 

0.00 

1.25 1.25 

0.28 

0.59 0.51 

0.94 0.59 

1.43 0.90 

1.03 0.28 

0.89 0.67 

1.09 0.46 

0.66·· 

0:52 0.44 

1. 71 1.63· 

1.16 0.53 

0.61 0.35 

0,77 0.16 

0.52 0.11 

1.07. 1.12 

0.72 

1.43 0.60 

0.44 

1.43 1.15 

0.88 0.51 
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Stack 
Numb 

20 

20 

20 

20 

20 

20 

20 

20 

20 

20 

20 

20 

20 

20 

20 

20 

20 

20 

20 

20 

20 

20 

20 

20 

20 

20 

20 

20 

20 

20 

'\. .... ~ 

Event Scan-
er Number ning 

1009 T;.F. 

1016 T.F. 

1021 T.F. 

1024 T.F. 

1111 T.F. 

1126 T.F. 

1l?9 T.F. 

1143 T.F. 

1145 T.F. 

1156 T.F. 

1166 T.F. 

1170 T.F. 

- 1172 T.F. 

1201 T.F. 
1204 T.F. 

1218 T.F. 

i231 - T.F. 

1232 T.F. 

1239 T.F. 
1282 T.F. 

1287 T.F. 

1318 T.F. 

1339 T.F. 

1382 T.F. 

1392 T.F. 

1409 T.F. 

1461 T.F. 

1487 T.F. 

1488 T.F. 

1494 T .. F. 

Pion E (M '" v I 

+ -
IT IT 

c 29.3 b 2.6 a 42.6 

c 36.8 b 16.2 a 21.3 

b 23.9 a 21.2 c 30.8 

b 24.8 . a 15.1 c 36.3 

c 39.3 b [21.9] a. 14.9 

b29.3 a 7.2 c 38.9 

c ?-5.8. b 22.9 a 15.0 

a 25.7 b 5.0 a [45.0] 

c [32.3] b 13.9 a 2 Q .0 

b 29.7 a 2.2 c [42.1] 

a 36.8 b 6.7 c 30.3 

c 29.3 b 27.6 a 18.3 

b [36.6] a 36.1 c 2 .3~-

a 37.2 c 14.4 b 24.3 

b 27.2 a 9.9 c 37.8 

a [39.5] b 13.7 c 19.7 

b 34.2 a 19.5 c 17.9 

c 20.5 a 12.8 b 43.0 

c 29.7 b 6.0 a 37.5 

c 24.7 b 10.9 a 39;5 

c 17.2 b 12.5 a 43.6 

b 39.5 c 27.1 a 7.6 

b 40.0 a 19.7 c 14.7 

c 42.9 b 30.6 a 2.6 

a 24.0 b 6.4 c 44.8 

c 30.1 b 16.6 a 25.9 

a 27.5 c 11.5 b 34.3 

a 45.5 b 10.3 c 10.9 

a 28.9 c 20.1 b 25.8 

b 34.0 c 16.2 a 25.1 

Eulerian Angles 
.p 1Jr 

r cosB cosO (deg) (deg) 

0.892 0.929 0.2599 106 274 

0.447 0.526 0.1276 120. 272 

0.633 0.067 6.8191 156 166 

0.743 0.259 6.8084 266 89 

0.305 0.486 6.1236 221 263 

0.804 0.633 0.8633 100 137 

0.317 0.367 0.6282 176 268 

0.927 0.848 0.5864 100 145 . 

0.601 0.456 6.4724 109 213 

0.887 0.945 0.8968 177 92 

0.640 0.754 0.7456 192 166 

0.379 0.045 0.1058 197 206 

0.050 0.032 0.4740 143 106 

0.499 0.560 0.7858 154 26 

0.787 0.490 0.8307 195 153 

0.421 0.676 0.0523 236 53 

0.390 0.403 6.7642 126 101 

0.879 0.266 0.0443 220 349 

0.799 0.688 0.0055 119 249 

0.820 0.414 0.4008 122 217 

0.927 0.209 0.3797 220 295 

0.160 0.462 6.3291 196 216 

0.308 0:576 0.1264188 158 

0.053 0.748 0.5408 101 267 

0.929 0.744 0.0352 106 102 

0.556 0.345 0~5319 195 216 

0.730 0.434 0.7914 108 7 

0.410 0.889 - 0.4662 204 72 

0.536 0.211 6.3065 194 353 

0.520 0.440 0.8038 221 205 

;;.b b'C'" 
.......... 
a·c 

0.7908 0.6624 0.9822 

0,0299 0.6779 6.7545 

6.3088 6.6328 0.5409 

6.0258 0.7942 0.5866 

0.1623 6.8212 0.6962 

0.0482 0.9207 0.4337 

0.0467 6.7540 6.6198 
- -

0.8004 0.8979 0.9824 

6.2448 6.4023 6.7874 

0.7796 0.9903 0.8584 

0.4126 0.0225 0.9193 

0-.3524 6.6916 0.4312 

0.9697 6.1597 0.0861 

6.7872 ~.0496 0.5762 

0.1335 0.8801 6.5875 

0.7467 0.2781 0.8464 

5.7359 -0.6805 6.0049 
- -
0.7499 0.8583 0.3044 

0.5365 0.1931 6.9312 

6.6646 0.2080 0.8689 

0.8644 0.5795 0.9090 

6.5785 0.8989 0.1639 

0.8472 6.7705 0.3144 

O. 7827 0~9830 0.8832 

0.65920.8343 0.9644 
-
0.2774 0.4533 0.7.303 

0.8407 0.5085 6.0384 

0.8501 0.60720.9.345 

6.6409 0.3695 0.4758 

0.7602 0.5631 6.1076 

t::.. 

t"P/ cosO/ 
St"P ScosO 

0.37 0.02 

0.56 0.22 

0.09 

1. 71 0.32 

1.19 1.10 

0.06 

. 0.13 

1.21 1.22 

0.31 

0.96 0.56 

1.00 0.51 

0.41 

1.05 0.04 

1. 52 0.14 

1. 39 0.89 

0.36 0.25 

0.5.1 0.03 

0.21 0.89 

1.43 0.19 

1.45 0.11 

. 0.98 0.59 

1.00 0.35 

0.62 0.17 

1.97 0.34 

1.06 0.96 
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Stack Event Scan-
Pion Energy (Mev) 

-
Number Number ning 1 r 

20 1495 .T.F. a 20.9 b 17.3 c 37.1 

20 1514 T.F. c 20.7 a 19.8 b 33.9 

20 1519 T.F. c 32.2 a 12.0 b 31.0 

20 1520 T.F. c 28.3 b 10.8 a 37.3 

20 1525 T.Y. c 34.2 b 17.2 a [25.1] 

20 1526 T.F. b [27.6] c 9.2 a 39.7 

2,0 1532 T.F. b 33.7 c 14.5' a [25.4] 

20 1544 T.F. .. c 17.9' b 17.4 a 37.5 

20 1546 T.F. b 18.6 a 17.9 c 38.1 

20 1605 T.F. a 41.0 b[27.6] c 6.7 

20 1611 T.F. c 41.4 b 11.8 a 21.3 

20 1625 T.Y. c 23.9 a 10.7· b [39.2] 

, 20 1640 T.F. a [47.6] c 13.9 b 13.0 

20 1643 T.F. c 21.9 b 2.7 a [44.~] 

20 1646 T.F. a 46.7 b 10.0 c 17.0 

20 1657 T.F. b 18.1 a 11.0 c [42.1] 

20 1667 T.F. c 42.5 a 19.9 ~J 12.2 

20 1674 T.F. C [28.0] a 17.0 b 30.5 

20 1675 T.F. c.44.2 a 23.5 b 7.5 

20 1688 T.F. b 30.0 a 8.·~ c 37.2 

20 1689 T.F. c [38.3] b 4.2 a 30.2. 

20 1692 T.F. b 34.7 c 10.d a 33.3 

20 '1700 T.F. I c 23.3 b 20.3 a 29.5 

20 1729 T.F. c 39.6 a 27.8 b 8.8 

20 1745 T.F. b29.8 a 29.4 c 14.5 

20 1765 T.F .. c 45.2 b 18.8 a 12.6 

20 1788 T.F. c 14.7 b .12.2 a '±8.0 

20 1800 T.F. a 30.2 c 1104 b [32.8] 

20 1806 T.F. c 20.7 . a 13.6 b [-10.Z] 

20 1835 T.F. c 24.6 b 12.8 a. 37.2 

Eulerian tnz1e,ft 

r cosB g) 

0.768 0.100 0.2890 143 44 

0.710 0.024 0.2645 243 34 

0.643 0.505 0.2068 123 349 

0.761 0.471 0.4597 102 218 

0.512 0.415 0.7089 106 309 

0.809 0.528 0.0280 186 214 

0.538 0.483 0;1809 92 207 

0.803 .. 0.015 0.1432 192 206 

0.796 0.020 0.8660 172 128 

0.139 0.524 0.7236 123 64 

0.446 0.748 0.5693 152 187 

0.828 0.409 0.6461113 353 

0.272 0.989 0.1335 103 60 

0.923 0.994 0.6172 101 293 

0.360 0.984 0.6544 236 114 

0.914 0.323 0.5390 90 97 

0.l55 0;685 0.4740 172 32 

0.630 0.l75 O.928l 241 337 

0.156 0.768 6.61')2 155 301 

0.767 0.5.')7 0.4699 254 77 

0.648 0.%1 0.32.IG 108 L83 

0.662 0.586 0.0980 137 2.66 

0.629 O.OTt 0.9159 197 2.36 

0.180 0.407 0.1·121 ]0,: 1 .... 

0.307 0.012 OA~55 236 159 

0.256 0.773 0.4519 91 It)8 

0.999 0.926 0.2974 215 219 

0.687 0.486 0.7773 258 335 

0.841 0.226 0.3803 113 25 

0.778 0.334 0.6401 169 175 

b_· -;- -- --a'-b a'c 

0.0699 0.6237 0.7360 

6.6274 0.6869 0.1346 

0.2270 6.8228 0.3659 

6.5850 0.0650 0.8472 

0.1823 6.5535 6.7173 

6.8894 0.1577 0.5913 

0.7897 0.5273 0.1046 
-

0.7490 0.1549 0.7702 
- -

0.1149 0.7558 0.7372 

0.9388 0.3556 0.6554 

0.3150 0.7266 0.8805 

0.6737 0.8714 0.2248 

0.9942 0.9782 0.9946 
-
0.9973 0.9905 0.9979 

6.9813 0.94220.9889 

0.5654 6.9017 0.8659 

0.4766 6.8199 0.8937 

6.4251 0.7340 6.3018 

0.6721 0.8652 6.9,)l5 

0.0508 0.9206 6.~370 

O.2·QO O.SSzz. O.S42i 

0.::;570 0.1933 O.339B 

0.:·182. O~Z~;2. I 0.6 7·~0 

O.06.S7 5.".672 O.S60C~ 

0.7601. b.356? 0.3353 

0.58250.9192 5.8420 

6.9916 0.9671 0.'7917 

0.8324 6.3592 6.2179 

0.7555 0.8311 0.2653 

6'.5908 0.0354 0.8271 

<:l 

t>p/ coso/ 
St>P ScosO 

2.10 0.11 

0.86 0.43 

0.88 0.51 

0.97 0.27 

0.34 

0.02 

1. 1 l 0.77 

0.56 0.51 

0.52 

1. 76 0.60 

0.00 

0.70 

0.12 

0.43 0.47 

1.12 

0.69 0.60 

0.94 

0.72 0.62 

2.2.0 0.7 L} 

0.01 

3.66 0.26 

L81 0.54 

2.3': 0.00 

0.71 0.68 

0,51 0.28 

0.44 0.41 

0.11 
.' 
0.56 

0.37 0.21 

ZN -1549 

I' 

0"
.+::-
·1 
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.. ·V· 

Pion Energy (Mev) Eulerian Angles 
Stack· Event Scan- + + <I> 1jJ 6.p! - -+ -+ --- -+ Number Number ning. 1T 1T 1T r cose cose (deg) (deg) ;.b b·c· a·c S6.P 

20 

20 

20 

20 

20 

20 

20 

20 

20 

20 

20 

20 

20 

.. 

1846 T.F. b 16.1 a: 13.8 c 44.5 0.933 0.105 0.8823 159 42 0.6529 0.9074 0.9108 0.97 

1868 T.F. a [42.4] b 18.3 c 13.7 0.287 0.700 0.8831 146 135 0.8736 0.4467 0.8248 

1870 T.F. c 45.9 .·a 4.9 b24.4 0.506 0.990 0.3657 229 357 0.9791 0.9975 0.9908 .0.54 

1901 T.F. .b3L6 c 17.1 a [25.4] 0.534 0.364 0.8531 184 254 0.7036 0.5080 0.2538 

1937 T.F. a 45.7 c 12.2 b 16.4 0.344 0.907 0.3476 144 105 0.9625 0.8392 0.9549 1.15 

1949 T.F. c 33.1 b 21.7 a 20.7 0.427 0.291 0.6472 100 206 0.2361 0.6421 0.5935 1.29 

1956 T.F. c 37.5 a 23.6 b 12.2 0.260 0.427 0.5393 lOS. 46 0.1617 0.6634 0.8456 0.88 

2003 T.F. c [38.8] b 6.4 a 30.8 0.632 0.785 0.1288 250 327 0.11380.4858 0.9233 

2005 T.F. b 35.7 a 13.8 c 26.2 0.540 0,536 0.8929 188 93 0.5232 0.7894 0.1096 0.90 

2006 T.F. c 41.3 a 3.0 b 32.4· 0.659 0.917 0.4056 148 0 0.3550 0.9783 0.5395 1.14 

2012 N.S. a 24.4 c 15.8 b 34.5. 0.720 0.229 0.7400 0.5572 0.1452 0.85 

2013 T.F. c 23.9 b 11.7 a [39.5] 0,820 0.367 0.5520 1",4 302 0.6727 0.1981 0.8578 

2014 T.F. a 37.8 c 8.0 b 28.4 0.597 0.736 0.1314 180 69 0.9041 0.0980 0.5135 0.86 

---- L._ ---------- --------- ---------_. ----- -

parenthesis around an energy indicates this energy was obtained by using the conservacion of momentum . 

. * a star above an energy indicates an inelastic sca,ccer. Conservation of momentum was used to determine 
the energy. 

a, b, c indicates-a cou~ter-c1ockwise ordering of .the pions. 

-e 

coso! 
ScosO 

0.27 

0.93 

0.22 

1.24 

0.49 

0.20 

0.56 

0.68 

0.49 

1.15 

1045 

0.78 

0.79 

ZN-1550 

I 
0' 
IJl 
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