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Accelerated Hyperpolarized 13C MR Metabolic Imaging  

by 

Peter (Jinwoo) Shin 

 

Abstract 
 

 
One major challenge in cancer biology is to monitor cancer metabolism in vivo with the 

goal of improved diagnosis. NMR detection of 13C isotope has the potential to provide the 

necessary information, but traditional methods have been hampered by the low concentration of 

the crucial metabolites. Newly emerging hyperpolarization techniques give dramatically 

increased MR signals, thereby enabling real-time investigation of injected 13C substrates and 

their downstream metabolic products. The transient nature of the hyperpolarized signal, however, 

introduces a number of challenges, necessitating the development of accelerated data acquisition 

schemes. 

This dissertation first discusses the application of hyperpolarized 13C metabolic imaging 

for monitoring the tumor progression and regression in murine cancer models. Then, a number of 

new methods are presented that improve the research and future clinical value of this molecular 

imaging technique. In particular, novel data encoding and image reconstruction algorithms were 

developed based on state of the art techniques such as parallel imaging, compressed sensing, and 

low-rank matrix completion. The presented framework was applied to in vivo [1-13C]pyruvate 

metabolic imaging to accelerate data acquisition speed and improve the spatial and temporal 

resolution for the acquired metabolic data. 
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Chapter 1: Introduction 

 

Magnetic resonance imaging (MRI) is a powerful modality that has gained increasing 

attention in recent years owing to its flexible and noninvasive nature. Pioneering innovations at 

the intersection of science, medicine, and engineering have made MRI a more viable option for 

examining human structure and function in both normal and disease states. Today, MRI can be 

used not only to image anatomy but to visualize brain activities, and even to probe biochemical 

pathways. From molecules to humans, a wide variety of research endeavors are being made to 

push the field forward in hopes of improving medical diagnostics. 

Hyperpolarized 13C MRI is in the vanguard of such scientific progress. By lifting the 

constraints of traditional MR methods, this technique enables real-time in vivo metabolic 

monitoring with unprecedented sensitivity and specificity (1-3). The ability to interrogate 

specific enzyme-catalyzed reactions is now being used in many preclinical applications with a 

heavy emphasis on cancer diagnosis and treatment follow up (4). The first in-human trial on 

patients with prostate cancer successfully evaluated the safety and feasibility of using 

hyperpolarized agent as a biomarker for characterizing alterations in tumor metabolism (5). The 

study findings show great promise for future translation into clinical practice. 

However, the exciting opportunities are accompanied by significant technical challenges. 

Some immediate difficulties stem from the transient nature of hyperpolarization, due to which 

one is forced to extract diagnostically meaningful information within a very short time window. 

Hence, fast and highly efficient data acquisition methods become essential. Moreover, 

investigating metabolic conversions of 13C substrates requires multiple chemical species to be 

resolved spectrally and spatially, which further adds complexity to the data content that needs to 
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be collected. And then there are the hardware issues. Transceivers for multinuclear MRI other 

than 1H are not readily available on clinical scanners, and must be manufactured and tested 

concurrently with the software development.  

My work presented in this dissertation mainly focuses on data acquisition and 

reconstruction strategies that facilitate metabolic imaging using hyperpolarized 13C MR. More 

specifically, I developed a number of accelerated imaging schemes to extract maximal diagnostic 

information out from the available hyperpolarized signals based on state of the art techniques 

such as parallel imaging (6) and compressed sensing (7). During the course of my dissertation 

work, I also contributed to the performance evaluation of custom-built 13C transceivers used in 

these studies. Finally, the results of my projects have been tested on preclinical experiments with 

the goal of moving toward eventual applications to clinical research trials. 

 

The development and presentation of this dissertation is summarized below. 

 

Chapter 2: Background provides an overview of spin physics, signal in MRI, 

hyperpolarization of 13C nuclei and cancer metabolism to prepare the reader for the materials in 

the following chapters.  

 

Chapter 3: Tumor Progression and Regression Monitoring by Hyperpolarized 13C 

Metabolic Imaging in a Murine Breast Cancer Model applies hyperpolarized [1-13C]pyruvate 

imaging to monitor doxycycline controlled tumor progression and regression in a murine breast 

cancer model.  
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Chapter 4: Calibrationless Parallel Imaging Reconstruction Based on Structured 

Low-Rank Matrix Completion introduces a parallel imaging reconstruction method, termed 

simultaneous auto-calibrating and k-space estimation (SAKE). It is a data-driven, coil-by-coil 

reconstruction method that does not require a separate calibration step for estimating coil 

sensitivity information. As sensitivity calibration is not needed, the proposed method could 

potentially benefit hyperpolarized 13C MR applications where acquiring accurate calibration data 

is limiting or not possible at all. 

 

Chapter 5: Chemical Shift Separation with Controlled Aliasing for Hyperpolarized 

13C Metabolic Imaging presents a chemical shift separation technique for hyperpolarized 13C 

metabolic imaging with high spatial and temporal resolution. Specifically, a fast 3D pulse 

sequence and a reconstruction method were implemented to acquire signals from multiple 13C 

substrates simultaneously with subsequent separation into individual images. This method 

demonstrated the ability to provide accelerated metabolite imaging in hyperpolarized 13C MR 

utilizing multi-channel coils, tailored readout, and specialized RF pulses.  

 

Chapter 6: Summary recapitulates my contribution to the field of hyperpolarized 13C 

metabolic imaging, summarizes the results, and discusses the direction of future research. 
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Chapter 2: Background 

 

2.1 Fundamentals of Magnetic Resonance Imaging and Spectroscopy 

Although nuclear magnetic resonance (NMR) is fundamentally a quantum mechanical 

process (8), the classical description is sufficient to understand the work presented in this 

dissertation. Hence, no details on quantum mechanics are given here. Instead, the idea of k-space 

and its application to MR data acquisition is explained to provide adequate background for the 

reader. 

 

2.1.1 Nuclear Spins and Polarizations 

Atoms with an odd number of protons and/or odd number of neutrons possess an intrinsic 

property called nuclear spin. A nucleus with a nonzero nuclear spin has a microscopic magnetic 

field associated with it, which can be represented by a magnetic dipole moment having a definite 

magnitude and an axis of rotation with a specific direction (Fig. 2.1). The absorption and 

reemission of electromagnetic radiation by the spin system residing in a static magnetic field is 

the basis of NMR measurements. Conventionally, the NMR relevant nuclei are often referred to 

as spins. 
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Figure 2.1. A nucleus with a nonzero spin produces a magnetic field that is analogous to a bar 

magnet. 

Let ! be the individual microscopic magnetic dipole moment. Then the macroscopic 

magnetization vector !, the collective sum of all individual magnetic moments within a sample 

under study, can be represented by 

 
! ! !!

!
 [ 2.1 ] 

In the absence of an external magnetic field, all the spins are oriented randomly and the bulk 

magnetization vector ! sums up to zero.  

However, when the sample is placed inside a static magnetic field !!, then the spins align 

themselves with respect to the direction of the field, either in parallel (lower energy state) or anti-

parallel (higher energy state). By convention, the direction of the applied field is called the z-

direction or longitudinal direction. Even though the lower energy state is the more favorable 

composition, thermal energy can give rise to a small fractional difference between the 

populations of parallel (!!) and anti-parallel (!!) spins, which in turn results in a nonzero net 

magnetization vector ! pointed in the longitudinal direction (Fig. 2.2).  
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Figure 2.2. When the external field !! is zero, then the bulk magnetization ! sums up to zero. In 

the presence of an applied field, a net magnetization is formed in parallel to the field. 

Here, the ratio of the two populations is dependent on the Boltzmann distribution and is 

given by: 

 
!!
!!

! !!!! !" [ 2.2 ] 

where !! is the energy difference between the two spin states, ! is the Boltzmann constant, and 

! is the absolute temperature of the sample. Based on this, polarization ! can be defined as the 

proportion of excess spins in the parallel configuration.  

 
! ! !! ! !!

!! ! !!
! !! !!!! !"

!! !!!! !"
 [ 2.3 ] 

For example, at body temperature, 37 °C, and at a magnetic field strength of 3 Tesla, the 

polarization value for 1H is approximately 9.9 ! 10-6, meaning that only a few more are parallel 

than anti-parallel to the field out of a million spins. The polarization of the spins, albeit a weak 

one, is the source of NMR signals. Hyperpolarization, explained in detail in later sections, is the 

process of enhancing the polarization far beyond the thermal equilibrium level and offers a way 

to drastically increase the NMR signal strength. 
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2.1.2 Magnetization Dynamics 

The physical behavior of the net magnetization ! inside the field !! is governed by the 

equation:  

 
!!
!" ! !!!!!!! [ 2.4 ] 

where ! is the gyromagnetic ratio. The solution to Eq. 2.4 is for ! to precess about the magnetic 

field !! at an angular frequency given by  

 !! ! !!! (rad/s). [ 2.5 ] 

This frequency of precession is known as the Larmor frequency (or resonance frequency). A list 

of gyromagnetic ratio and resonance frequency values for a number of NMR relevant isotopes 

are given in Table 2.1. 

 

Table 2.1. Gyromagnetic ratio, natural abundance, and Larmor frequency at 3 Tesla for MRI 

relevant isotopes 

Isotope 
Gyromagnetic Ratio 

(rad/sec/T) 

Natural Abundance 

(%) 

Larmor Frequency at 

3 Tesla (MHz) 

1H 267.42 ! 106 99.9 127.73 

13C 67.28 ! 106 1.1 32.13 

19F 251.82 ! 106 ~ 100 120.23 

23Na 70.81 ! 106  ~ 100 33.81 

31P 108.39 ! 106 ~ 100 51.75 
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In order to obtain an NMR signal, however, a different kind of magnetic field must be 

introduced to perturb the spins out of their equilibrium. This "rotating frame" magnetic field is 

generally named as !! and is applied in the form of a radiofrequency (RF) pulse through an RF 

transceiver antenna, more often called a coil in the NMR community. For maximum efficiency, 

coils are tuned as closely as possible to the Larmor frequency of the isotope of interest. 

Effectively, !! induces torques on the spins causing them to rotate away from their equilibrium 

position and go under precessions about the z-axis. Such a process is termed spin excitation. The 

spins in precession generate an electromotive force (EMF) in the receiver coil oriented to detect 

changes of magnetic flux in the x-y plane (or sometimes referred to as the transverse plane). 

Here, a 90° excitation !! tips the magnetization entirely onto the transverse plane and leads to 

the largest possible signal strength (Fig. 2.3). 

 

Figure 2.3. 90° excitation of magnetization seen in a) the laboratory frame of reference, and b) 

the rotating frame of reference rotating at the resonance frequency. 

Following an excitation RF pulse, the magnetization ! eventually returns to its thermal 

equilibrium along the z-axis. This process is termed as relaxation. However, the longitudinal 

component !!  and the transversal component !!"  undergo independent relaxation processes 

with different relaxation time constants !! and !!, respectively. The longitudinal component of 

the magnetization behaves according to  
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!!!
!" ! !!! !!!

!!
 [ 2.6 ] 

where !! is the equilibrium magnetization along z. !! is called the spin-lattice time constant 

whose value depends on field strength with increasing !! generally lengthening its value. On the 

other hand, the behavior of the transverse component !!" follows 

 
!!!"
!" ! !!!"

!!
! [ 2.7 ] 

Here, !! is called the spin-spin time constant and is largely independent of field strength. 

Combining Eq. 2.4 with Eqs. 2.6 and 2.7, the magnetization dynamics is described by the Bloch 

equation: 

 
!!
!" ! !!!!! !!!! !!!!

!!
! !! !!! !

!!
! [ 2.8 ] 

Often only the behavior of the transverse magnetization !!" is discussed as it determines 

the measured signal. By defining the transverse magnetization to be !!" ! !! ! !!!, the Bloch 

equation for this case with only !! present is now simplified to 

 
!!!"
!" ! ! !

!!
! !!! !!" ! [ 2.9 ] 

which has a compact solution of decaying complex exponential with an angular frequency !!.  

 !!" ! !!"! !!!!!!!!!!!! [ 2.10 ] 

 

2.1.3 Spatial Localization and k-space 

In general, MR images are generated to have contrast that depends on some combination 

of !!, !! and proton density (in other words, the magnitude of !). In order to spatially localize 

the quantities within a volume, the homogeneous external magnetic field !! is superimposed by 
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another magnetic field (! ! ! !!!!!! ! !!!!!! ! !!!!!!) that varies linearly in space. The 

resultant magnetic field as a function of space then becomes 

 !!!! !! ! !! ! ! ! !!!! [ 2.11 ] 

Also, magnetizations now have spatially varying resonant frequencies. 

 !!!! !! ! !!!!! !! ! !!!! ! ! ! !!!!! [ 2.12 ] 

The additional magnetic field ! is known as the gradient field.  

Combining Eq. 2.9 with 2.12 and dropping the subscript !" we get  

 

!! !! !
!" ! ! !

!! !
! !" !! ! ! !! ! !

! ! !
!! !

! ! !! ! !! ! !!!! ! !! !  

[ 2.13 ] 

The general solution to this modified Bloch equation is 

 
!!!! !! ! !!!!!!!!!!!!!!!!!!!!!"# !!" ! ! !!!!!"

!

!
 [ 2.14 ] 

In the case of 2D imaging, the received signal is derived from the contributions of all transverse 

magnetization within the volume of interest. Therefore, the received time signal is given by 

! ! ! ! !! !
!"#

!"!

! ! !!!! !
!!

!"!#!

! !!!!!!!
!!

!!!!!!!!!!!!"# !!" !! ! ! ! !! ! ! !"
!

!
!"!#! 

[ 2.15 ] 

where we have demodulated the signal in frequency by !! assuming phase sensitive detection. 

From Eq. 2.15, we can see that the received signal ! !  contains information about the spatial 

distribution of the transverse magnetization !!!!!!!. Hence, the goal of an MRI experiment 



! //!

would be to acquire an appropriate set of time signals ! !  to reconstruct an image that most 

closely approximates !!!!!!!. 

Further simplification on Eq. 2.15 by separation of variables and omitting the !! 

relaxation term, we get 

! ! ! ! !! !
!!

!"# !!" !! ! !"
!

!
! !"# !!" !! ! !"

!

!
! !"!#!

! ! !! !
!!

!!!!! !! ! !!!! ! ! !"!#!

!! !! ! ! !! ! ! 

[ 2.16 ] 

where ! !! ! !!  is the 2D Fourier transform of ! !!!  and 

 !! ! ! !
!! !! ! !"

!

!
!

!! ! ! !
!! !! ! !"

!

!
 

[ 2.17 ] 

Here, ! !!!  now represents some function of proton density, !!!!!!! and !!!!!!! maps of 

which the precise value depends on various imaging timing and excitation parameters. A close 

inspection on Eq. 2.16 reveals that at any time !, the sampled signal ! !  equals the value of the 

2D Fourier transform of ! !!!  at some spatial frequency given by Eq. 2.17. Hence, the total 

recorded signal ! !  maps directly to the Fourier transform values ! !  sampled along a 

trajectory (!! ! ! !! ! ! through spatial frequency (Fourier) space (sometimes referred to as k-

space). The trajectory is defined by the applied time-varying gradient waveforms !! !  and 

!! ! . The set of gradient waveforms and the order in which they are applied during an MR 

experiment is generally named as pulse sequence. To form an image, the defined trajectories 

should cover a sufficient part of k-space to allow reconstruction of ! !!! . Figure 2.4 shows a 
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basic 2D Fourier transform (2DFT) pulse sequence (left) and the corresponding k-space covered 

by the sequence (right). A collection of MR signals is sampled and recorded during the ADC 

(analog-to-digital converter) period by repeating the sequence with varying !! !  in each phase 

encoding step. !! !  is called the readout gradient, and !! !  the phase encoding gradient. 

 

Figure 2.4. 2D Fourier transform sequence: (a) Pulse sequence and (b) k-space trajectory. 

Proper image formation depends on the appropriate k-space coverage by pulse sequences. 

In 2DFT imaging, the raster k-space trajectory naturally corresponds to rectangular sampling on 

a Cartesian grid. Hence, image reconstruction can be done conveniently with a 2D discrete 

Fourier transform (DFT). Furthermore, based on the functional relationships from the Fourier 

theory, we can relate the image spatial resolution and field-of-view (FOV) to the k-space 

sampling periods and widths of the coverage (Fig. 2.5).  
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Figure 2.5. Timing and sequence parameters in a 2DFT sequence. 

Since the position in spatial frequency domain is a function of the gradient areas, the 

sampling period along the readout direction depends on the readout gradient amplitude !!" and 

the sampling period (!!) of the ADC. In the phase encoding direction, the sampling period is the 

interval between the two horizontal lines in Fig. 2.4b, which depends on the incremental gradient 

area determined by !!" and !!, the duration it is played out. 

 

!"#$%&'(!!"#$!!"!!! ! !!!!
!
!!!!"!!!
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[ 2.18 ] 

From this, we get the expressions for FOV as 
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[ 2.19 ] 

Hence, in MR imaging, aliasing in the object domain can be avoided by adjusting the sequence 

to give smaller increments in gradient areas. 
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 If !! and !! denote the spatial resolution in the ! and ! directions respectively, then we 

have simplified expressions for !! and !! with 
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[ 2.20 ] 

where !!!  and !!!  are the widths traversed in k-space in each direction. Whereas a low 

sampling rate in spatial frequency domain can cause aliasing artifacts, a low sampling coverage 

can create an artifact known as the Gibb’s ringing. To lessen the effect of ringing, a common 

practice is to multiply the raw data with an apodization function, accepting the concomitant blur. 

Alternatively, more phase encodes can be acquired at the expense of increased imaging time. 

 

2.1.4 Imaging Time Reduction 

 As discussed, MR imaging time depends on the total amount of data samples needed for a 

desired spatial resolution and FOV. Intensive research efforts have focused on reducing the scan 

time without sacrificing the image quality. Two methods that have received increased attention 

are parallel imaging and compressed sensing.   

Parallel imaging is the use of phased array coils (also called multichannel coils) for the 

purpose of reducing MR imaging time (6). Phased arrays (Fig. 2.6) are frequently used to 

improve signal-to-noise ratio (SNR) and to increase spatial coverage. Recently, it was recognized 

that the array coils could also be used to reduce imaging time by exploiting the information 

redundancy in multichannel data. The basis of all parallel imaging methods is to acquire fewer 

number of phase encodes by increasing the sampling distance while keeping the maximum 

extent the same in k-space. The result of such acceleration manifests as aliasing artifacts that 
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need to be corrected in image reconstruction steps. The parallel imaging field has converged 

upon two different approaches in utilizing the spatial dependence of the !! field in a receiver 

array for removing the aliasing: SENSE based image domain reconstructions and GRAPPA like 

k-space methods, both of which are adopted in this dissertation work to develop novel methods 

optimized for hyperpolarized 13C metabolic imaging. Further details are discussed later in 

Chapter 3 and 4. 

 

Figure 2.6. An example of four overlapping octagonal array coils in curved composition. 

 Compressed sensing (CS) is the theory of reconstructing sparse signals from a sub-

Nyquist sampled dataset. The advent of CS has spawned a new breakthrough in MR scan time 

reduction and has triggered greatly expanding interests in applying CS to many MR applications 

(7). In this scheme, MR data having a sparse representation in a transform domain is randomly 

undersampled in k-space. The randomness would induce incoherent artifacts in the sparsifying 

transform domain (Fig. 2.7). Then a nonlinear reconstruction is used to recover the unacquired k-

space samples, enforcing both the transform sparsity and consistency of the reconstructed results 

to the acquired data. The method can also be combined with parallel imaging for improved MR 

images.  
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Figure 2.7. Application of compressed sensing to MR images. a) A brain image, b) wavelet 

transform sparsity of the brain image, and c) incoherent aliasing resulting from a random 

undersampling in k-space. 

 

2.1.5 Chemical Shift and Spectroscopic Imaging 

 Thus far, we have implicitly assumed that the Larmor frequency would be the same for 

all nuclei with the same gyromagnetic ratio. This is, however, not the case. A small displacement 

of the resonant frequency for a specific nucleus occurs because of shielding created by the 

surrounding electrons in response to the main magnetic field !!. The effective magnetic field 

(!!!) experienced by the nucleus is 

 !!! ! !!!!! !! [ 2.21 ] 

where ! is called a shielding constant representing the small perturbation contributed by the 

electrons. The resulting displacement in the resonant frequency is therefore 

 ! ! !!!! ! !!! !! ! ! [ 2.22 ] 

This shift in resonant frequency is called chemical shift and is dependent on the specific 

chemical environment experienced by the nucleus. Often, chemical shift is specified in terms of 

parts per million (ppm). For example, the hydrogen in fat possesses a chemical shift of 3.5 ppm 

with respect to the hydrogen in water. At 3 Tesla, this corresponds to a frequency shift of 450 
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Hz, which allows the differentiation of the two hydrogen nuclei. Therefore, chemical shift 

provides the basis for NMR spectroscopy. 

If we include chemical shift term to the signal equation in Eq. 2.16, we get 

 
! ! ! ! !!!! !

!!!
!!!!! !! ! !!!! ! !!!" !"!#!$! [ 2.23 ] 

When compared to the 3D Fourier transform of ! !!!! !  

 
! !! ! !! ! !! ! !!!!!! !!
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!!!!! !!!!!!!!!!! !"!#!$! [ 2.24 ] 

we infer that the signal equation is related to the Fourier transform in the following way. 
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[ 2.25 ] 

Hence, we can extend the k-space perspective of the signal equation ! !  to a trajectory traversed 

through the 3D Fourier transform space of ! !!!! ! . The chemical shift axis ! is in frequency 

and can be treated as if it were another spatial axis just like ! and !. Similarly, we can treat !! in 

the same way as we do !! and !!. The difference is that while the position in !! and !! is 

controlled through the time integrals of !! !  and !! ! , the trajectory in !! proceeds linearly in 

time without any gradient control. To form a 2D spectroscopic data, we need to fill a 3D space in 

(!!, !!, !!) and perform a subsequent 3D Fourier transform for reconstruction.  
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Based on the Fourier theory, the spectral resolution, i.e. the frequency extend to which 

adjacent chemical species can be distinguished from one another, is determined by the duration 

of the spectroscopic acquisition.    

 
!! !

!
!!"#

 [ 2.26 ] 

Also, the spectral bandwidth (SBW) is given by 

 !"# ! !
!! [ 2.27 ] 

where !! is the sampling time. In practice, !! is determined by the time duration it takes to cover 

a 2D spatial frequency space. Hence, a fast imaging technique is essential to give a wide SBW. 

Moreover, to achieve a high spectral resolution, a long data acquisition time is required.  

 

2.1.6 RF Excitation Pulses 

So far, we have focused on the nature of the received signal and assumed that the spins 

had somehow been excited to produce transverse magnetization. The excitation portion of the 

pulse sequence involves the application of a radiofrequency (RF) !! magnetic field, which is 

generally called a RF pulse. In the most basic form, the RF pulse is applied with only the main 

magnetic field present, exciting all spins. Such an excitation is called nonselective. In a more 

practical case, a gradient field is turned on together with the RF pulse, exciting spins only in a 

restricted region of interest, typically a plane for 2D imaging. This type of excitation is referred 

to as selective and provides one level of spatial localization (Fig. 2.8). 
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Figure 2.8. Ideal slice profile for a slice selective excitation pulse with a slice thickness !!. 

Unlike conventional slice selective RF pulses, spectral-spatial (SPSP) pulses have 

selectivity in two dimensions (space and frequency). This affords the ability to excite specific 

frequency bands within a slice (9). In the context of hyperpolarized 13C metabolic imaging, SPSP 

pulses are frequently used to excite only metabolites of interest while suppressing signals from 

other chemical species. In this scheme, a train of subpulses with modulated !! values is played 

out in conjunction with an oscillating slice selective gradient (Fig. 2.9). The individual subpulses 

control the spatial selectivity, whereas the spectral selectivity is obtained by the delay between 

subpulses and the duration and shape of the modulating !! envelope. Details of the design 

method are, however, beyond the scope of this section.  
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Figure 2.9. Example of a spectral-spatial RF pulse. a) Pulse sequence and b) the transverse 

magnetization profile. In this example, slice thickness is approximately 1 cm, and three 

frequency bands within a 3 kHz bandwidth are excited. 

 

2.2 Fundamentals of Hyperpolarized 13C MR 

NMR/MRI is a powerful imaging tool applied in a wide range of disciplines. However, 

its inherent low sensitivity creates major limitations and challenges to its applicability. In order 

to detect low concentration metabolites, long time signal averaging is required to obtain reliable 

SNR. One way to improve SNR in MRI is to increase polarization. This section discusses the 

techniques employed to hyperpolarize 13C signal more than 10,000 fold and the challenges that 

must be overcome in the context of data acquisition. 

 

2.2.1 Hyperpolarization 

As discussed in section 2.1.1, the term polarization refers to the difference in the fraction 

of nuclei in two energy states. The MR signal is proportional to the spin polarization that is 

typically on the order of 0.0001% to 0.0005% depending on the nucleus and the strength of !! 
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field. This very low level of polarization results in low signals for all MR methods. In fact, 

clinical MRI is so successful only because the high concentration and natural abundance of 1H in 

human tissue overcomes poor polarization. Efforts to improve signal by increasing the applied 

!! field are feasible but limited to only a few folds under practical constraints.  

The term hyperpolarization refers to a process that drives nuclei into a significant 

redistribution of the thermal equilibrium population. By hyperpolarization, the signal level of 

nuclear spins can be raised by a factor of 10,000 or more when compared with thermal 

equilibrium conditions. This staggering increase in signal has the potential to substantially 

overcome the fundamental sensitivity limitations in MR. The artificially created nonequilibrium 

condition can be accomplished using various techniques (4): brute-force, parahydrogen induced 

polarization (PHIP), spin exchange optical pumping (SEOP), and dynamic nuclear polarization 

(DNP). The latter is the most relevant method in this dissertation.  

Regardless of method, hyperpolarized spins are not stable and decay to a thermal 

equilibrium value in a relatively short time. The rate of this exponential decay process is 

governed by spin-lattice relaxation with a time constant !! , where a slow relaxation rate 

corresponds to a long !! value. In order to image metabolic events in real-time, hyperpolarized 

spins with a sufficiently long lifetime is needed. Carbon nuclei that are not directly bonded to 

protons such as carboxyl carbons or quaternary carbons have !! values ranging up to 80 seconds 

and provides the opportunity for direct imaging of biomolecules and even key metabolic 

intermediates.  

 

2.2.2 Dynamic Nuclear Polarization 

As the gyromagnetic ratio value of an electron is high compared to that of any nucleus, 
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free electrons tend to polarize more at any applied field strength. Dynamic nuclear polarization 

(DNP) is based on the polarization transfer from the electron spins to nearby informative spins 

within a glassy, frozen solution through dipolar interactions. For the technique to be efficient, 

stable radicals with unpaired electrons need to be homogeneously mixed in the frozen sample 

containing the molecules of interest. The operation temperature is set around 1 K.  

 

Figure 2.10. Polarization of 13C, 1H, and electrons at a field strength of 3.35 T. At 1 K, electrons 

are polarized 100%. DNP is the process of delivering this polarization to other nuclei.  

Microwave irradiation applied at the appropriate frequency transfers the polarization, 

increasing the polarization level to four orders of magnitude greater than what can be achieved at 

physiological temperatures. The technique became feasible for biomedical applications after the 

development of the dissolution method by Ardenkjaer-Larsen et al. in 2003 (3). In this method, 

the frozen solution is rapidly dissolved into a dilute room temperature solution in which the 

nuclear spins of the molecules of interest remain polarized. This dissolution DNP yields 13C 

nuclear polarization in liquid state up to about 40%. The technique is quite versatile and has been 

used to hyperpolarize other nuclei such as 1H, 6Li, and 15N. 
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Figure 2.11. Schematic of DNP apparatus. The sample cup (9) is placed in the DNP magnet (3). 

 

2.2.3 Hyperpolarized [1-13C]Pyruvate 

[1-13C]Pyruvate is currently the most widely studied among the hyperpolarized 13C probes 

because of its key role in multiple metabolic pathways including the ability to report on the Warburg 

effect observed in many tumors. Depending on the intracellular environment, pyruvate is 

predominantly metabolized in three different ways (Fig. 2.12). Under anaerobic glycolysis, pyruvate 

is primarily converted into lactate along with regeneration of oxidized nicotinamide adenine 

dinucleotide (NAD+) from its reduced form (NADH), which is thought to be necessary to support 

continued glycolysis. Pyruvate can also be converted into alanine via alanine transaminase (ALT) for 

protein synthesis, or it can be transported into the mitochondria and converted into Acetyl-CoA via 

pyruvate dehydrogenase (PDH). Moreover, [1-13C]pyruvate has superb properties as a DNP substrate 

owing to its long !! relaxation value and high level of polarization. To date, trityl radicals have 

been the most commonly and successfully used free radicals in hyperpolarizing [1-13C]pyruvate. In 
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preclinical studies, [1-13C]pyruvate has been used to monitor tumor progression, formation, and 

response to therapy. Recently, the technology has been translated into a clinical trial in prostate 

cancer patients with results showing great promise for feasibility and safety.  

 

Figure 2.12. [1-13C]Pyruvate metabolism in a cell. 

 

2.3 Cancer Metabolism 

Metabolism has been associated with cancer since the early days of cancer research. 

Historically, the first important observation was that tumor metabolism differs from that of the 

surrounding tissue. In the 1920s, Otto Warburg demonstrated that tumors had high rates of 

glucose consumption and lactate production compared with the normal tissue. This seminal 

finding created the field of tumor metabolism. The role of hyperpolarized 13C MR in the context 

of cancer research is to probe the altered tumor metabolism noninvasively and provide improved 

diagnostic information. 

 

2.3.1 Altered Metabolism in Cancer 

Cancer metabolism can be viewed as the sum of a large but finite number of 



! 03!

interdependent biochemical pathways that are altered in ways to support the intense biosynthetic 

demands of cell proliferation (10). Many of these pathways, particularly glycolysis, the pentose 

phosphate pathway (PPP), the tricarboxylic acid (TCA) cycle, and fatty acid synthesis are subject 

to alternative regulation in cancer. Regulation of tissue pH is also abnormal in cancer. Most 

tumors have acidic extracellular pH values compared with normal tissue, and this can be 

correlated with prognosis and response to treatment. More recently, it has been shown that tumor 

suppressors and oncogenes regulate cellular metabolic flux. Thus, tumor metabolism is also 

linked to the mutations that cause cancer. 

 

Figure 2.13. Schematic representation of the differences between oxidative phosphorylation, 

anaerobic glycolysis, and aerobic glycolysis (Warburg effect). 

Out of the many key attributes of the tumor metabolism, the Warburg effect is the most 

notable, and perhaps the most relevant to hyperpolarized 13C imaging. In normal differentiated 

tissue, pyruvate is primarily metabolized via oxidative phosphorylation in the mitochondria. 
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Only under hypoxic (lack of oxygen) conditions is pyruvate converted into lactate undergoing 

anaerobic glycolysis. However, in proliferating tissues as well as in tumors, pyruvate is readily 

and preferentially converted to lactate even in the presence of abundant oxygen through aerobic 

glycolysis (11). This is called the Warburg effect, which is a key marker that distinguishes 

cancer cells from normal cells. Much of the work in the hyperpolarized 13C MR field has focused 

in understanding and utilizing this phenomenon as a diagnostic tool. 

 

2.3.2 Oncogenes 

 An oncogene is a gene that has the potential to cause cancer. In tumor cells, these genes 

are mutated or expressed at higher levels than normal (12). Activated oncogenes can cause cells 

that are designated for apoptosis to instead survive and proliferate rapidly (Fig. 2.14). Most 

oncogenes require an additional step, such as mutations in accompanying genes to cause cancer. 

In cancer research, many drugs are designed to target the proteins encoded by oncogenes. For the 

research in this dissertation, the Myc oncogene is the one most relevant. Myc is a transcription 

factor found in the nucleus and is conjectured to regulate cellular handling of both glucose and 

glutamine, which, together, feed the metabolic pathways required for cell proliferation.  
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Figure 2.14. Oncogene activation converts a normal cell into a cancer cell. 

 

2.3.3 Transgenic Cancer Mouse Model 

The use of in vitro cell culture systems has allowed the identification of genes that are 

mutated in cancer cells and laid the groundwork for our current understanding of cancer 

development. However, the malignant transformation of cells is dependent not only on the 

specific genetic alterations, but also on the interactions between the transformed cells with their 

microenvironment, such as neighboring non-transformed cells and immune cells. Moreover, 

certain hallmarks of cancer, including metastasis and angiogenesis, are impossible to study in 

vitro. Therefore, transgenic mouse models that accurately mimic human cancers have become an 

invaluable tool in cancer research and have potential applications to test the effectiveness of 

novel cancer therapeutics. 

Transgenic mice have foreign DNA inserted into their genome, and can accurately mimic 

the development of human cancers when human oncogenes are engineered into the system. 

Being able to conditionally switch the transgene expression with spatio-temporal control yields 

the potential to provide insights into the molecular events occurring at different stages of 
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tumorigenesis in vivo. To date, several transgenic mouse models have been developed, one of 

which is the tetracycline system (13). In this model, transcription of the transgene is reversibly 

turned on or off (Tet-on/off) depending on the presence of the anti-biotic tetracycline (or the 

commercially available low-cost alternative, doxycycline). The difference between Tet-on and 

Tet-off systems is their response to doxycycline (DOX); Tet-on activates expression in the 

presence of DOX, whereas Tet-off activates in the absence of DOX. The Tet-on system is 

sometimes preferred over Tet-off for its faster responsiveness. In this dissertation, 

hyperpolarized 13C imaging was applied to monitor tumor progression/regression in cancer mice 

that express human MYC transgene via Tet-on system.  

 

Figure 2.15. The Tet System. The Tet system can be used to conditionally activate gene 

expression in the a) absence and b) presence of its ligand doxycycline (DOX). 



! 07!

Chapter 3: Tumor Progression and Regression Monitoring by 

Hyperpolarized 13C Metabolic Imaging in a 

Murine Breast Cancer Model 

 

3.1 Introduction 

Development of new therapies in cancer treatment can be tested with in vivo animal 

models that can reproduce human cancer biology (14), and with imaging tools that can not only 

provide an initial diagnosis, but also can monitor progress in terms of staging, treatment 

response, and identification of recurrence, both at the primary tumor and at distant metastatic 

sites (4). A previously reported transgenic breast cancer mouse model (15) reflects human cancer 

development, at least in part, by expressing the human c-MYC oncogene. In this model, the 

tetracycline regulatory system (Tet-on) is used for conditional expression of the transgene in the 

mammary epithelium of the transgenic mice. This system is regulated by means of doxycycline 

administration and is shown to result in the formation of invasive mammary adenocarcinomas 

following deregulated c-MYC expression. More interestingly, upon doxycycline withdrawal, a 

subset of tumors regressed rapidly, whereas other tumors either maintained their growth or 

decreased in size and then resumed growth, indicating that additional genetic alterations have 

possibly occurred. This chapter reports on the application of hyperpolarized 13C metabolic 

imaging to study the tumor development process in this transgenic breast cancer mouse model. 

More specifically, hyperpolarized [1-13C]pyruvate spectroscopic imaging was performed to 

monitor tumor progression/regression and even metastasis under doxycycline regulation and 

deregulation of human oncogenic expression. 
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3.2 Methods 

3.2.1 Animal Model 

 Tumor grafts derived from the MYC transgenic mice were transplanted into a mammary 

gland of a female FVB mouse. After the transplant, the mouse was fed with chows containing 

doxycycline (doxy-chow) for MYC expression from the onset. 

 

3.2.2 Animal Experiment  

 The animal was visually monitored periodically for morphological changes in the tumor. 

After a baseline study, the doxy-chow was removed (off-doxy) from her diet. Then, four other 

follow up studies were performed at different time points (4, 16, 33, and 49 days after the off-

doxy time point).  

  

3.2.3 Hyperpolarized [1-13C]Pyruvate Spectroscopic Imaging  

All animal studies were carried out under protocols approved by the UCSF Institutional 

Animal Care and Use Committee. During the course of the study, the tumor-bearing mice were 

placed on a heating pad inside a 1H-13C dual tuned mouse coil and anesthetized with 2–3% 

isoflurane.  

A HyperSense DNP system (Oxford Instruments, Abingdon, UK) operating at 3.35 T and 

1.35° K was used to polarize the [1-13C]pyruvic acid and radical mixture. The preparation for 

pyruvate samples consisted of 15 M [1-13C]pyruvic acid in solution with 15 mM OX63 trityl 

radical along with 0.5 mM of gadolinium. The final 13C-pyruvate concentration in dissolved 

solution was 80 mM. A bolus of hyperpolarized pyruvate (350 µL) was injected through a tail 
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vein catheter, over a period of 15 seconds. We waited another 15 to 20 seconds before acquiring 

13C MR data. 

A 3D symmetric echo-planar spectroscopic imaging (EPSI) sequence (16) was used to 

acquire hyperpolarized [1-13C]pyruvic data. The in-plane resolution of the MRSI data was 5 mm 

! 5 mm and 18 slices were acquired with a 5 mm slice thickness. A spectral bandwidth of 540 

Hz was achieved with a 10 Hz resolution. 3D 1H fast spin-echo images were also acquired for 

spatial registration. 

 

3.3 Results 

3.3.1 Tumor Progression/Regression Study  

 Five datasets from the animal were acquired in the span of 7 weeks before and after the 

withdrawal of doxycycline (Figure 3.1). Morphological regression of the tumor was observed as 

fast as 4 days after off-doxy together with a decreased lactate-to-pyruvate ratio. Lactate 

production further decreased until the 16th day as shown in the 13C MRSI spectra. Then, on the 

33rd day, an increase in the lactate-to-pyruvate ratio was observed. However, there were no 

apparent changes in the tumor size at this point. Finally, a full-blown tumor mass was observed 

after 49 days post off-doxy with further increase in lactate production.  
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Figure 3.1. 13C monitoring of tumor progression and regression. 

 The above result indicates that, after some latency period, activation of tumor progression 

has been initiated that is no more under the doxycycline regulation. This is in accordance with 

the previous finding of spontaneous tumor growth in the absence of doxycycline, which was 

accounted to stochastic Kras2 mutation (15).  

 

3.3.2 Liver Metastasis  

 

Figure 3.2. Primary tumor site. a) Dissected tumor. The white arrow indicates necrotic region. b) 

13C spectra showing heterogeneity over different regions of the tumor.  
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 From a different animal, we observed possible metastatic lesions forming in the mouse 

liver (44 days post off-doxy). The primary tumor site at the implanted mammary gland showed 

severe heterogeneity (Fig. 3.2). In the liver, a marked lesion was observed indicating a possible 

metastasis (Fig. 3.3). Interestingly, 13C data showed high levels of alanine production in the liver 

voxels, suggesting a link between the liver metastasis and the alleviated alanine production. 

Previously, high rate of conversion from pyruvate to alanine has been observed in pre-tumor 

stage of c-MYC-induced liver cancer mice (17). 

 

Figure 3.3. Liver lesion. a) Possible metastatic site within the liver (white dashed circle). b) 13C 

spectra showing alleviated levels of alanine production.  

3.4 Conclusions 

The presented work shows that hyperpolarized [1-13C]pyruvate imaging can be used to 

monitor the tumor development process in a noninvasive way. The preliminary results are in 

agreement with the previous findings that were correlated with gene analysis assays. The coarse 

spatial resolution of the applied pulse sequence, however, leaves room for further improvement. 

This need for improved methods led to the development of more advanced imaging techniques 

discussed in the following chapters. 
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Chapter 4: Calibrationless Parallel Imaging Reconstruction Based 

on Structured Low-Rank Matrix Completion 

 

This chapter is adapted from  

Shin PJ, Larson PEZ, Ohliger MA, Elad M, Pauly JM, Vigneron DB, Lustig M. Calibrationless 

Parallel Imaging Reconstruction Based on Structured Low-Rank Matrix Completion. Magnetic 

Resonance in Medicine 2013. doi: 10.1002/mrm.24997. 

 

4.1 Background 

Parallel imaging is a powerful method that uses multiple receiver elements for reduced 

scanning time in MRI (6). In this scheme, simultaneous signal receptions provide data 

redundancy by means of sensitivity encoding through spatially distributed coils. When the 

sensitivity encoding is applied in conjunction with gradient encoding, the amount of data 

necessary for proper image reconstruction is greatly reduced. This enables accelerated data 

acquisition—specifically, undersampling of k-space data below the apparent Nyquist rate. 

The various parallel imaging methods developed so far differ in the way they use 

sensitivity information to remove aliasing artifacts resulting from the undersampling. 

Reconstruction techniques such as SMASH (18) and SENSE (19) expect that the reception 

profiles from each coil element are known beforehand. However, explicit coil sensitivity 

measurements often require separate calibration scans, which increases the overall acquisition 

time. Moreover, any inconsistency due to motion or small errors in the sensitivity estimation 

manifest as significant visual artifacts in reconstructed images (20). 
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Autocalibrating methods avoid the difficulties and inaccuracy associated with explicit 

estimations by deriving sensitivity information from autocalibration signals (ACSs). In general, 

ACSs are embedded in acquired data as fully sampled center together with undersampled higher 

frequency k-space regions. Self-calibrating methods (21-23) extract sensitivity images from 

ACSs and use the information to reconstruct aliasing artifact free images. Joint estimation 

techniques such as JSENSE (24) or the nonlinear inversion method (25) attempt to iteratively 

estimate both the coil sensitivities and image contents while imposing some smoothness 

constraints on the sensitivity profiles. Data-driven autocalibrating methods such as GRAPPA 

(26) and SPIRiT (27) estimate linear relationships within the ACS data (i.e., kernel calibration) 

and enforce that relationship to synthesize data values in place of unacquired samples (i.e., data 

reconstruction). 

However, in some MR applications, acquiring sufficient ACSs for accurate calibration 

can be limiting or not possible at all. For example, in spectroscopic imaging, matrix sizes in 

spatial dimensions are relatively small, and ACS acquisitions can take up a large portion of total 

imaging time. In the case of dynamic MRI, repeatedly acquiring ACSs over time is also time-

consuming. For non-Cartesian imaging, such as spirals, acquiring sufficient ACSs requires 

longer readouts, which can result in artifacts due to off-resonance. 

In this study, we developed a calibrationless parallel imaging reconstruction framework 

called simultaneous autocalibrating and k-space estimation (SAKE). Without performing a 

separate sensitivity calibration step, the proposed method reconstructs a full k-space from an 

undersampled, multichannel dataset that lacks ACS data. The method jointly manipulates 

multichannel data by organizing acquired data into a single, structured matrix. In addition to the 

structure, this matrix also has low rank due to the linear dependency residing in multi-coil data 



! 14!

(28–30). Therefore, the reconstruction is cast into a structured low-rank matrix completion 

problem and is formulated as a constraint optimization. Low-rank matrix completion is an active 

area of research and has much similarity to compressed sensing theory (31,32). We adopted a 

projection-onto-sets type algorithm with singular value thresholding (33) to solve the problem 

iteratively. SAKE can easily incorporate additional a priori information related to underlying 

MR images, such as sparsity (7), for improved reconstruction performance, and can also be 

applied on non-Cartesian sampled data. 

 

4.2 Theory 

We first define an enhanced data structure called “data matrix” and describe its 

structured, low-rank property. Then, GRAPPA-like autocalibrating methods are discussed in 

terms of the data matrix. Finally, our proposed method SAKE is explained. 

 

4.2.1 Structured Low-rank Data Matrix 

Underlying our approach is a specific data structure that exploits and manifests the 

correlations within multi-channel MRI k-space data. We structure multichannel data altogether 

into a single data matrix of which columns are vectorized blocks selected by sliding a (multi-

channel) window across the entire data. A pictorial description of constructing such a matrix 

with an exemplary 3 ! 3 window is shown in Fig. 4.1. From Nx ! Ny sized data with Nc number 

of coils, we can generate a data matrix having the size of !!!! !!! !! ! ! ! ! !! ! ! ! !  

by sliding a w ! w ! Nc window across the entire k-space. Note that due to the nature of the 

sliding-window operation, the data matrix will have a stacked, block-wise Hankel structure with 
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many of its entries from identical k-space locations being repeated in antidiagonal directions 

(emphasized by colored samples in Fig. 4.1).  

 

 

Figure 4.1. Constructing a data matrix from a multi-channel k-space dataset (!) and vice versa 

(!!). A single data block in the k-space is vectorized into a column in the data matrix. Note that 

the data matrix will have a block-wise Hankel matrix structure. When reversely forming a k-

space dataset from a data matrix, multiple antidiagonal entries are averaged and stored at 

appropriate k-space locations.  

 

In general, block Hankel matrices are known to possess well-defined subspaces (34). In 

the Appendix section, under the reasonable assumption that coil sensitivities have compact k-

space support, we show that a data matrix in block Hankel form can be structured to become a 
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rank deficient matrix for an appropriately chosen window size w ! w. It can be further shown 

that the rank is bound by !"#$!!! ! ! !!!! !! ! !!!, where ! is a data matrix and ! is the coil 

bandwidth measured in k-space pixels. Once we have a rank deficient data matrix, then we can 

apply a singular value decomposition (SVD) based subspace analysis technique (35) on 

multichannel MR data (28,36) to break the information down into signal and noise subspaces, 

which are spanned by singular vectors corresponding to dominant singular values and non-

dominant ones, respectively. An interesting observation to follow is that the upper bound on rank 

normalized by the window size !!!! !! ! !!!!!! will approach 1 with increasing window size. 

For smaller window sizes, the normalized rank will be larger than 1. From a subspace point of 

view, this means that by using larger windows, we could confine signal components in a 

relatively compact subspace.  

There are several other factors that could lower the rank of the data matrix (28,36), 

including the actual values of sensitivity spectrums in k-space, the portion of size of the object 

within field of view (FOV), and the portion of blank signal within the object (34,37,38). A 

detailed theoretical analysis of the rank behavior, however, is beyond the scope of this study. In 

the Results, we show empirical evidence that relates rank value with varying window sizes and 

object supports in the image domain. These results provide a way to estimate the rank for a given 

coil configuration and window size. 

 

4.2.2 k-Space Based Parallel Imaging Reconstructions 

In this section, we discuss a subspace-based view of GRAPPA-like methods based on the 

structured low-rank data matrix from the previous section. Autocalibrating, k-space based 

methods such as GRAPPA or SPIRiT estimate linear dependencies between k-space samples by 
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fitting so-called GRAPPA kernel weights. In the reconstruction step, assuming that the 

dependencies are the same everywhere in k-space, unacquired data samples are synthesized by 

applying the linear weights to their nearby k-space points across all coils. The linear weights of 

GRAPPA/SPIRiT kernels can be easily estimated by organizing multichannel ACS data into a 

data matrix (or sometimes referred to as calibration matrix) as shown in Fig. 4.1. Hereafter, we 

assume that we have acquired enough autocalibrating signals. Let !!"# be the calibration matrix. 

Then, we can formulate the GRAPPA calibration process of estimating the linear weights into 

the following equation (26): 

 !!"!!!"# ! !!!!!!"# [ 4.4 ] 

Here, !!"!  is a GRAPPA kernel for !th channel that contains linear weights and zeros in 

appropriate positions. These kernels are also determined by a specific sampling pattern indexed 

by !. The vector ei is a vector from the canonical basis that simply selects a row in !!"# of which 

linear combinations of neighboring data are being fitted to. We use the notation !!"!  to denote the 

complex-transpose of !!". In the case of SPIRiT (27), linear coefficients for all surrounding 

samples are found regardless of the sampling pattern, and hence, the index ! can be omitted from 

Eq. 4.1 to form a SPIRiT kernel !!!. By rearranging Eq. 4.1, we get  

 !!" ! !! !!!"# ! !. [ 4.5 ] 

In other words, GRAPPA/SPIRiT kernels (after subtracting out the vector !!) are left null vectors 

of the calibration matrix. Thus, we can view the calibration step as the process of finding a set of 

representative nulling vectors in the noise subspace (left null space) of !!"#. As discussed 

previously, if the kernel window size is chosen appropriately, then !!"# is low rank and hence 

always has a non-trivial left null space. 
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The GRAPPA assumption (26,27) is that the linear dependencies estimated from the ACS 

should hold throughout the entire k-space. We can formulate this statement into the following 

linear equations by extending Eq. 4.2 to 

 !!" ! !! !! ! !, [ 4.6 ] 

where ! now denotes a data matrix that consists of the entire k-space. Eq. 4.3 constitutes the 

most fundamental mechanism in GRAPPA/SPIRiT and provides the foundation for 

reconstructing unacquired data. It means that any (vectorized) data block in the k-space is nulled 

by the vector !!" ! !!  through the inner-product operation and any missing data points should 

be synthesized in such a way that fulfills this requirement (i.e. calibration consistency condition). 

In PRUNO (28), the idea of estimating a set of vectors in the noise subspace is extended to 

identifying a basis that spans the noise subspace itself by performing a SVD on the calibration 

matrix. Then, missing data samples are synthesized so that k-space data blocks are jointly 

orthogonal to every element of the basis set. In this perspective, GRAPPA (26), SPIRiT (27) and 

PRUNO (28) methods can all be viewed as (left) null space formulations. Instead of estimating 

the noise subspace, ESPIRiT (36) identifies its orthogonal complement, the signal subspace 

(column space or range) of the calibration matrix and reconstructs data by enforcing each data 

block to lie in that subspace. It was further shown in (36) that restricting reconstructed data to lie 

in the signal subspace is implicitly related to making use of coil sensitivities for data 

reconstruction similar to the SENSE method (19).  

 

4.2.3 Parallel Imaging Reconstruction as Structured Low-rank Matrix Completion 

The previously discussed methods all assumed that we have auto-calibration signal to 

extract subspace information from. However, when the under-sampled dataset does not have 
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ACS, then we cannot estimate the subspaces of the calibration matrix. Consequently, the 

subspace-based calibration consistency condition cannot be formulated. Instead, we turn to the a 

priori information that the data matrix is a low-rank matrix. Thus, our approach in formulating 

SAKE is to recover the structured low-rank data matrix ! when only a subset of its entries are 

given due to under-sampling in k-space.  

We first define the following linear operator that generates a data matrix from a multi-

channel dataset concatenated in a vector form (Fig. 4.1). 

 !! ! !!!!!!!!!!! ! !!!!!! !!!!!! !!!!!!    [ 4.7 ]!

Then a reverse operator that generates a corresponding k-space dataset from a data matrix 

(possibly without the block-Hankel structure) would be  

 !!! ! !!
!!!! !!!!!! !!!!!! ! !!!!!!!!!!!, [ 4.8 ] 

where ! denotes a pseudo-inverse operator. In words, the role of !! is to first enforce the block-

wise Hankel structure by averaging the multiple anti-diagonal entries that would have originated 

from the same k-space locations. Once the data matrix has this structure, !! stores the averaged 

values in the appropriate k-space locations (Fig. 4.1). A detailed discussion on how to implement 

the linear operators ! and !! in a matrix form is outlined in (33). In practice, due to the large 

data size and the complexity involved in computing the pseudo-inverse operator, it is 

recommended to avoid implementing the matrices explicitly. Instead, we implement the pseudo-

inverse as an operator that accomplishes the same computation more efficiently. An example is 

provided in our accompanying source code (see below for website).  

With Eq. 4.5, the parallel imaging reconstruction can be formulated into a structured, 

low-rank matrix completion problem (31,32). 

 !"#"!"$% !!!!!"#$!!!  



! 20!

!"#$%&'!!"   ! ! !! ! , 

                    !!" ! !! ! ! !!. 

[ 4.9 ] 

 

Here, ! is a linear operator that relates reconstructed k-space data ! to acquired data !, and ! is a 

bound on noise. For convenience, we assume the data has been pre-whitened. In other words, we 

search for a low rank data matrix ! (low-rankness), which, when transformed into a k-space data 

!  (structural consistency), is consistent with the acquired data y in relation to sampling 

mechanism defined by ! (data consistency). This formulation is general in the sense that the data 

consistency constraint applies to both Cartesian and non-Cartesian sampling (see Appendix). It is 

worthwhile noting that the formulation in Eq. 4.6 is a variant of the more general low-rank 

matrix completion setup (31) in the sense that, other than low-rankness and data consistency, we 

additionally enforce the block Hankel structure (!!! in the matrix (32).  

When the rank of the matrix ! is known beforehand, Eq. 4.6 can be recast into the 

following formulation (39,40). 

 !"#"!"$%!!!! !!" ! !! ! 

!"#$%&'!!"!!! !"#$ ! ! !, 

                     ! ! !! ! . 

 

[ 4.10 ] 

 

In this initial work, we assume that we have an estimate of the rank value (!) of the data matrix 

and adopt the well-known Cadzow algorithm (33, 41) to solve the problem stated in Eq. 4.7. The 

Cadzow algorithm is a simple and intuitive projection-onto-sets type approach in which desired 

properties of some signal are sequentially enforced within iterations. It is known to produce a 

quasi-optimal solution that resides in an intersection of composite properties.  

In implementing the algorithm, we define the following projection operators that correspond to 

each of the constraints in Eq. 4.7: 
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# Low-rankness projection: hard-threshold singular values of the data matrix constructed from 

the current estimate of k-space data. 

# Structural consistency projection: project the data matrix onto the space of block-wise Hankel 

matrices. Note that this operation is done implicitly by applying !! to the data matrix. 

# Data consistency projection: project the current estimate of k-space data onto the set of least-

squares solutions for the problem !" ! !. See Appendix for details on how this projection is 

implemented for both Cartesian and non-Cartesian sampling cases. 

In every loop, these projections are sequentially applied and the iteration is repeated until 

some convergence criteria are met. For example, the iteration persists until maximum number of 

repetition is reached or update made on reconstructed data is within a tolerance bound. An 

intuitive illustration for the algorithm is given in Fig. 4.2 with pseudo-code in Table 4.1. 
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Figure 4.2. Diagram of iterative reconstruction in SAKE. Within a single iteration, multiple 

consistencies are enforced on current estimate of the k-space data. As under-sampling is done the 

same for all channels, a pseudo-random sampling pattern (white circles) appears repeatedly in 

the zero-filled data matrix. 

 

Table 4.1. Pseudo-code for SAKE 

Inputs: ! - acquired (Cartesian/non-Cartesian) data from all channels 

!!!! - operators relating reconstructed data to the acquired 

data!!, and vice versa 

!!!! - operators that construct the data matrix from k-space 

values, and vice versa 

! - rank of the data matrix 

Tol - tolerance on error 
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Outputs: !! - reconstructed data for all channels 

Algorithm: !! ! !!!, ! ! ! 

do { 

! ! ! ! ! 

!! ! !!!!!!!! % construct data matrix 

!!!!! ! !!"#!!!! % perform SVD 

!! ! !!!!! !!!!  % hard-threshold singular values (low-

rankness projection) 

!! ! !!!!!! % transform data matrix back to k-space data 

(structural consistency projection) 

!! ! !! ! !!!!!!! ! !!! % data consistency projection 

(see Appendix for details) 

err = !! ! !!!!  

} while err > Tol 

 

4.3 Methods 

All our investigations were based on 3D acquisitions from eight-channel coil arrays in 

which under-sampling is done simultaneously in two phase-encoding directions (!! ! !!! with 

through-slice direction (!!! being the readout. For simplicity, square-shaped windows are 

assumed. 

 

4.3.1 Hardware and Software 

We used Matlab (The Math Works, Inc.) to implement SAKE. In the spirit of 

reproducible research, we provide implementations of the algorithms and examples 

demonstrating its use. These can be found at 
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(http://www.eecs.berkeley.edu/~mlustig/Software.html). All the programs were run on a Linux 

machine equipped with an Intel i7-2600K, 3.40GHz CPU and 12 gigabytes of memory. 

 

4.3.2 Structured Low-rank Data Matrix 

First, we show the singular value distributions of data matrices generated from a number 

of simulated and acquired multi-channel data. To generate the simulated data, sensitivity profiles 

of an eight-channel, circular coil array were calculated based on the principle of reciprocity and 

the Biot-Savart law in the quasi-static regime (42). Two rectangular phantoms differing in their 

size relative to the imaging FOV were also generated. To simulate finite extent sampling in k-

space, the phantoms and sensitivities were first generated in 1024 ! 1024 grid, multiplied pixel-

wise in image domain, Fourier transformed to k-space and, finally, cropped to 256 ! 256 matrix 

size.  

In addition to the simulated data, two in vivo datasets were used. A brain image of a 

healthy volunteer was acquired with a T1-weighted, 3D spoiled gradient echo (SPGR) sequence. 

Scan parameters were set to TE = 8 ms, TR = 17.6 ms, and flip angle = 20°. Imaging parameters 

were chosen such that FOV = 20 cm ! 20 cm ! 20 cm with a matrix size of 200 ! 200 ! 200 for 

an isotropic 1 mm3 resolution. A single axial slice was selected from this data set and was used 

through out the experiments. The scan was performed on a 1.5T MRI scanner (GE, Waukesha, 

WI) using an eight-channel receive-only head coil. Also, an eight channel, knee image was 

acquired using a 3D fast spin-echo (FSE) sequence with echo train length 40, first TE = 25.6 ms, 

and TR = 1.5 s. FOV was set to 15.4 cm ! 16 cm ! 16 cm with a matrix size of 256 ! 320 ! 320. 

In-plane resolution was 0.6 mm ! 0.5 mm with a slice thickness of 0.5 mm. A single axial slice 
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from the dataset was selected for our experiment. The scan was performed on a 3T MRI scanner 

(GE, Waukesha, WI).  

For each of the multi-channel datasets, data matrices were constructed from center 80 ! 

80 part of the data using varying window sizes from 2 ! 2 to 15 ! 15. Then, SVD on each of the 

matrices were performed to extract the singular value distributions. The center cropping to 80 ! 

80 was done to reduce the SVD computation and guarantee that we have fat data matrices for the 

large window sizes up to 15 ! 15. 

  

4.3.3 Calibrationless Parallel Imaging Reconstruction: Retrospective Subsampling 

In this experiment, the above head and knee datasets were used. First, to show that 

calibration and data matrices of real MR data have low rank with compact column space, we 

extracted center 30 ! 30 ACS from each of the Cartesian dataset we acquired, structured them 

into calibration matrices (Eq. 4.4), and performed SVD. We also constructed full data matrices 

for each of the dataset and performed SVD for comparison. We used window size of 6 ! 6 in 

constructing the calibration and data matrices.  

To demonstrate the reconstruction capability of SAKE, we under-sampled each Cartesian 

dataset by a factor of three. A great body of work in matrix completion focuses on sampling the 

entries of the data matrix randomly (31). To mimic this condition, we have confined all of our 

experiments to adopt random under-sampling in k-space with elliptical, variable-density (VD) 

Poisson disk patterns (43). Performing random under-sampling has an additional benefit of 

having incoherent, noise-like artifacts, as opposed to having coherent aliased objects in the final 

reconstructed images resulting from uniform under-sampling. This is similar to the case of 

compressed sensing (7) where random sampling causes very incoherent aliasing that spreads 
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uniformly to other image pixels. For SAKE, the datasets were under-sampled keeping 0 ! 0 and 

4 ! 4 fully sampled center and a 6 ! 6 window was used for reconstruction. Iterations in SAKE 

reconstruction looped until updates made on the k-space data estimate was less than 0.5%. The 

number of iterations and reconstruction time spent was measured. For comparison, a dataset with 

30 ! 30 fully sampled center was reconstructed using an auto-calibrating method SPIRiT (27). 

Additionally, to compare with the reconstructed results, the under-sampled datasets have been 

density compensated and then Fourier transformed into images.  

 

4.3.4 SAKE Reconstruction on Prospectively Under-sampled Dataset 

A prospectively under-sampled, eight-channel phantom dataset with an acceleration 

factor of three was acquired using a 3D sequence on the 3T scanner. In this case, we chose a 

transparent commercial MR phantom as the imaging object so that we would have an accurate 

expectation of exactly how the reconstructed images should appear. This phantom experiment 

also ruled out motion artifacts. A similar elliptical variable density Possion-disk sampling pattern 

was adopted. FOV was set to 24 cm ! 24 cm ! 24 cm with a matrix size of 200 ! 240 ! 144. As 

the !! direction (readout) was fully sampled, Fourier transform in that direction was performed 

and two slices from !! ! !! ! ! data were selected for our experiment.  

As object support of the phantom data within its FOV was set similar to the knee data, 

singular value distributions of the knee data were used to estimate the rank value in this 

experiment. A threshold of 1.4 and 1.25 of window-normalized rank has been used for the 6 ! 6 

and 8 ! 8 window sizes, respectively.  

 

4.3.5 Combination with Compressed Sensing 
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It is well known that MR images have sparse representation (7) in some transform 

domain (e.g. wavelet). In order to demonstrate the regularization capability of SAKE, we 

adopted the joint sparsity model (43), an assumption that multi-channel images are jointly sparse, 

and added a generalized "1-norm penalty term into the optimization in Eq. 4.8. 

 
!"#"!"$%!!!!! !!!!!! !! ! ! ! !!!""# ! ! !

!
!

!
 

!"#$%&'!!"!!! !"#$ ! ! !, 

         !!!!!!!!!!!!!!! ! !! ! . 

 

[ 4.11 ] 

 

Here, ! denotes a wavelet transform of an MR image with r and c indexing the spatial and coil 

dimensions, respectively. $ is a parameter that creates a balance between the data consistency 

and the a priori penalty. In the iterative reconstruction, the aforementioned penalty has been 

implemented as iterative soft-thresholding on the transform coefficients (7, 27, 43).  

  

4.3.6 Non-Cartesian Multi-channel Reconstruction 

To demonstrate non-Cartesian reconstruction capability, we used phantom data acquired 

with a spiral gradient echo sequence using an 8-channel cardiac coil. The spiral trajectory 

consists of 60 interleaves for 0.75 mm in-plane resolution over a 30 cm ! 30 cm FOV. We have 

retrospectively under-sampled the spiral dataset by a factor of three to have 20 equally spaced 

interleaves. The undersampled dataset was reconstructed using gridding with density 

compensation, non-Cartesian SPIRiT and SAKE reconstruction for comparison. The SAKE 

reconstruction ran over 30 iterations resulting in a 260 ! 360 sized final image. The window-

normalized rank value for the reconstruction was set to 1.3 for a 6 ! 6 window.  
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4.4 Results 

4.4.1 Structured Low-rank Data Matrix 

Fig. 4.3 shows a set of square root of sum of squared (SSoS) images (80 ! 80) of the 

simulated and in vivo objects together with reduced single channel images on their side. 

Corresponding singular value distributions of data matrices and their semi-log versions are also 

shown. Graphs of varied window sizes from 2 ! 2 (blue) to 15 ! 15 (red) have been plotted. Each 

x-axis represents window-normalized singular vector numbers (WNSVN) and y-axes are all in 

arbitrary units (AU). First and foremost, the data shows that the data matrices have decreasing 

window-normalized rank with increasing window sizes. If the window size gets larger than a 

certain value, than the data matrices start possessing compact column spaces. The window-

normalized rank shows convergence to 1 or less (depending on length of object support) with 

increasing window sizes as anticipated. Note from our previous discussion that, only when we 

have a compact column space for a data matrix (i.e. the left null space exists), can we do stable 

GRAPPA calibration. Next, the results from the square phantoms show that, under the same coil 

configuration, object support has effect on rank values. More specifically, smaller objects tend to 

have lower rank. Also, the head and knee data together show that while specific singular values 

from different image contents might differ, the rank values are nearly the same as long as they 

have similar length of image support and similar coil geometry. Based on this experiment, we 

conjecture that a rank value from one object can be adopted to estimate rank for a different 

imaging subject if they share similar length of image support. We tested this assumption by 

extracting the rank value from a fully sampled knee data and applying it to prospectively under-

sampled phantom data (see below), which does not have calibration data to extract subspace 

information from. Estimation of the image support can be done at a prescan stage. 
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Figure 4.3. Singular value distributions of data matrices generated from different imaging objects. 

SSoS together with single channel images are shown in the left columns. Corresponding singular 

value distributions (middle column) and their logarithms (right column) are also plotted. The x-

axes represent window-normalized singular vector number (WNSVN) and y-axes are in arbitrary 

units (AU). Singular value distributions of the data matrix were constructed using window sizes 
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between 2 ! 2 (blue) and 15 ! 15 (red). All graphs share the same color bar representing the 

window sizes. Note that as window size gets larger, the window-normalized rank approaches one. 

 

4.4.2 Calibrationless Parallel Imaging Reconstruction – Retrospective Subsampling 

SSoS images and their corresponding singular value distributions of the calibration 

matrices (solid line) and the data matrices (dashed line) are shown in Fig. 4a and 4c for brain and 

knee data, respectively. First, it can be observed that the two matrices share similar number of 

dominant singular values. However, there is a point where deviations are observed in between 

the singular value distributions of the calibration matrix and the data matrix. This deviation 

exists because the data matrix has lifted singular values due to noise (35, 44, 45). We estimated 

window-normalized rank values to be 1.5 for the brain data and 1.4 for the knee data. The 

estimated ranks were used in the SAKE reconstruction.  

Data under-sampled by 3-fold, SAKE reconstruction results and error images (!10 

windowed) are shown in Fig. 4.4b and 4.4d for brain and knee data, respectively. The number of 

iterations and the reconstruction time needed for all three experiments are listed in Table 2. The 

reconstruction results of SAKE with 0 ! 0 and 4 ! 4 fully sampled center show similar 

performance and they are comparable to the result acquired with auto-calibrating reconstruction 

method SPIRiT for both the brain and knee data. When the 4 ! 4 center k-space data is given, 

however, SAKE reconstruction time decreases showing faster convergence.  

 

Table 4.2. Number of iterations and time spent in retrospective reconstruction 

Data Type Brain Knee 

Recon. 

Type 

0 ! 0 

SAKE 

4 ! 4 

SAKE 

30 ! 30 

SPIRiT 

0 ! 0 

SAKE 

4 ! 4 

SAKE 

30 ! 30 

SPIRiT 



! 31!

# of Iter. 63 56 20 28 14 20 

Recon. 

Time (sec) 
618 550 2 633 319 2.7 

 

 

Figure 4.4. SAKE reconstruction results and comparison to SPIRiT. a, c) Top: SSoS combined 

fully sampled images (brain and knee). Middle: singular value plots for the calibration matrices 
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(solid line) and the data matrices (dashed line). The inset shows a part from the graph magnified. 

Bottom: 3! elliptical, variable-density Possion disk random sampling pattern. b, d) Top row: 

SAKE reconstruction results with no fully sampled center k-space. Middle row: SAKE 

reconstruction results with 4 ! 4 fully sampled center k-space. Bottom row: SPIRiT 

reconstruction results with 30 ! 30 fully sampled calibration area. 

 

4.4.3 SAKE Reconstruction on Prospectively Undersampled Dataset 

Reconstruction results for the prospectively under-sampled phantom data are shown in 

Fig. 4.5. The number of iterations and time spent in performing SAKE reconstruction for each 

slice and different window sizes are listed in Table 4.3. As the phantom data were acquired with 

similar object support length comparable to the knee data, the dominant window-normalized 

singular values estimated from the knee data for 6 ! 6 and 8 ! 8 windows were used for this 

experiment, which were 1.4 and 1.25, respectively. Two reconstruction results based on 6 ! 6 

and 8 ! 8 windows show excellent quality with no visible residual aliasing. However, in the case 

of 8 ! 8 window, reconstruction time increases. This is mainly due to the larger data matrix size 

resulting from adopting larger window size.  

 

Table 4.3. Number of iterations and time spent in prospective reconstruction 

Data Type Slice 1 Slice 2 

Window 

Size 
6 ! 6 8 ! 8 6 ! 6 8 ! 8 

# of Iter. 29 32 33 36 

Recon. 

Time (sec) 
370 805 420 911 
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Figure 4.5. SAKE reconstruction results for prospectively under-sampled phantom data. Zero-

filled and density compensated reconstruction (left column) and reconstruction results from two 

different window sizes (middle, right column) are shown for two different slices (top, bottom 

rows). The singular values used for the reconstruction are written in the figures. Note that SAKE 

reconstruction results show no visual artifacts. 

 

4.4.4 Combination with Compressed Sensing 

Fig. 4.6a and 4.6d shows SAKE reconstruction results without and with the "1-norm 

penalty, respectively, from the 3-fold accelerated sampling pattern. The zoomed images (Fig. 
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4.6b and 4.6c) clearly show the effect of applying an additional sparsity constraint, which 

suppresses the over-fitting to noise and generates higher signal-to-noise images. The data was 

normalized to set the maximum image intensity equal to 1 and the regularization parameter $ was 

set to 0.007. In general, choosing smaller $ values in regularization would result in images with 

more noise and applying large $ values might destroy fine structures in reconstructed images (27, 

43). The regularization parameter should also be adjusted if images are normalized in different 

scales.  

 

 

Figure 4.6. Regularization using "1-wavelet spatial sparsity with 3-fold acceleration. a) SSoS 

combined image with no regularization. b) and c) are magnified versions of square boxes in a) 

and d), respectively. d) SSoS combined image with "1-wavelet (Daubechies 4) regularization. 

Note that the images without regularization are much more grainy, while fine spatial features are 

well preserved with regularization. 

 

4.4.5 Non-Cartesian Multi-channel Reconstruction 
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Fig. 4.7 shows a) fully sampled spiral acquisition image, b) 3-fold under-sampled 

gridding reconstructed image, c) non-Cartesian SPIRiT reconstruction, and d) SAKE 

reconstructed image. By comparing b) and d), we can clearly see that aliasing artifacts have been 

removed by SAKE reconstruction. The result d) is also comparable to that of auto-calibrating 

reconstruction shown in c).  

 

 

Figure 4.7. SAKE reconstruction result for non-Cartesian parallel imaging. a) Fully sampled, and 

b) 3-fold under-sampled spiral phantom images gridded and SSoS combined. Note the aliasing 

artifacts. c) and d) show reconstruction results from SPIRiT and SAKE, respectively. The SAKE 

reconstruction shows good result with removed artifacts and is comparable to that of SPIRiT 

shown in c). 
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4.5 Discussion 

In general, auto-calibrating parallel imaging reconstructions are done in two steps: a 

calibration process followed by data interpolation. The calibration step is where either linear 

weights relating blocks of k-space data or explicit sensitivity estimation is done using ACS in the 

center of acquired k-space data. Once the calibration information is extracted, it is used in the 

data reconstruction step where missing k-space samples are interpolated. In the SAKE method 

developed in this project, calibration is done implicitly by enforcing the data matrix to be a 

structured low rank matrix. As a result of sensitivity encoding, any (vectorized) blocks of k-

space data lie in a low dimensional subspace. Here, we have shown that calibration can be done 

without explicitly extracting the subspace information by exploiting the low dimensionality of 

the signal subspace.  

As the overall mathematical formulation of restricting the rank of data matrix is not 

convex (39), it is crucial that we start the reconstruction with an initial estimate (usually, this is 

the under-sampled data itself) that lies close to the global optimum to ensure a fast convergence. 

In our approach, we adopted random under-sampling pattern to ensure this condition. Uniformly 

under-sampled datasets did not show reliable convergence behavior. A theoretical work relating 

the sampling pattern to convergence condition is beyond the scope of this paper.  

In this work, we have adopted a simple thresholding scheme (Cadzow’s algorithm) to 

estimate the dominant singular values for a number of datasets. We also showed empirical results 

that support theoretical bounds on the rank of a data matrix and that window-normalized rank 

value is closely related to object support in image domain. These findings can be used to 

estimate thresholding parameters. For example, here we used estimates from other scans to 
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predict the rank value for prospectively under-sampled dataset. Although our approach for 

estimating the rank seems sufficient for practical purposes, we believe that further research on 

the exact behavior of the rank in relation to changes of imaging subject, coil geometries, and 

other factors in data acquisition are important and, together with more in vivo studies, are worthy 

goals for future research.  

Most of the reconstruction time in SAKE is spent in performing SVD on the large data 

matrix in every single loop. The computational complexity will increase with a higher rank 

value, larger window size, and larger image size (44, 45). To reduce the computational load, one 

could adopt faster SVD implementations such as PROPACK (46) that computes a few singular 

values and corresponding singular vectors based on Lanczos bidiagonalization. Adopting GPU-

based computing (47) is also a possibility. Other approaches in reducing the reconstruction time 

include using SAKE to reconstruct only a portion of k-space as a synthesized calibration data. 

Once the calibration data is at hand, many other auto-calibrating methods can be adopted for full 

data reconstruction. 

In some ways, the iterative iGRAPPA algorithm (48) is similar to SAKE.  In iGRAPPA, 

a new GRAPPA kernel is calibrated every iteration from the reconstructed data and then applied 

to obtain a better approximation. Calibrating a new kernel is similar to learning the low 

dimensional signal subspace. Our approach is more general as it captures the entire signal 

subspace using SVD.  

  

4.6 Conclusions 

In this work, we have presented a calibration data-free parallel imaging reconstruction 

method called SAKE. The proposed method formulates the parallel imaging reconstruction as a 



! 48!

structured low-rank matrix completion problem and solves it by iteratively enforcing multiple 

consistencies (which can include sparsity). We have shown that SAKE produces reliable 

reconstruction results in terms of accurate de-aliasing and noise performance. Lastly, the 

reconstruction with non-Cartesian data shows the flexibility of SAKE. 

 

4.7 Appendix 

4.7.1 Upper Bound on Rank of Data Matrix 

Here, we give an upper bound on the rank value of a data matrix. We consider a multi-

channel acquisition case in which image size is set to Nx ! Ny with Nc number of coils and further 

assume that coil sensitivity profiles have compact support of s ! s pixels in k-space. For 

simplicity, we have chosen a square window. Under this condition, multi-channel parallel 

acquisition can be formulated into a linear equation,  

 ! ! !",   [ 4.12 ] 

where !!is a vectorized k-space data block across all coils (Fig. 1), ! is a sensitivity encoding 

matrix that implements multiple convolution operations for each channel, and ! is a column 

vector representing a block of corresponding source MR signal in k-space. If we choose the 

block window size of ! to be w ! w, the size of the encoding matrix ! becomes !!!! !!

! ! ! ! ! ! !. As sensitivity encoding is essentially a shift-invariant operation in k-space, Eq. 

4.9 holds for any data block within the acquired multi-channel data. Thus, we can extend Eq. 4.9 

into 

 ! ! !" [ 4.13 ] 

where ! is a data matrix of which every column represents a distinct data block satisfying Eq. 

4.9 and ! is a source signal matrix constructed in a block Hankel form. The size of ! and ! is 
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given by !!!! !!! !! ! ! ! ! !! ! ! ! !  and ! ! ! ! ! !!!! !! ! ! ! ! !! ! ! ! ! , 

respectively. 

From Eq. 4.10, !"#$!!! is bound by the following equation (29),  

 !"#$ ! ! !"# !"#$ ! ! !"#$ ! .    [ 4.14 ] 

For a given number of channels Nc and a large enough image size !!!!!!!, we can freely set the 

value of !!so that the following relations hold. 

 !!!! !! ! ! ! ! ! ! ! 

! ! ! ! ! ! !! ! !! ! ! ! ! !! ! ! ! !  

Note that this effectively makes ! a tall matrix and ! a fat one. Altogether with Eq. 4.11, rank 

of the data matrix ! is bound by 

 !"#$ ! ! ! ! ! ! ! !    [ 4.15 ] 

Thus, the data matrix ! is always rank deficient for an appropriately chosen block window size w 

! w and has a non-trivial left null space, which, in turn, guarantees the GRAPPA calibration (Eq. 

4.3) to hold.  

 

4.7.2 Implementation of Data Consistency Condition 

We rewrite Eq. 4.7 for convenience. 

 !"#"!"$%!!!! !!" ! !! ! 

!"#$%&'!!"!!! !"#$ ! ! !, 

                     ! ! !! ! . 

 

[ 4.13 ] 

 

This section defines the projection operator that corresponds to the data consistency ( !!" !

!! !) in Eq. 4.13 and discusses the actual implementation for both Cartesian and non-Cartesian 

cases.  
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Given the current estimate !! , the projection operator onto the set of least-squares 

solutions for the problem !" ! ! is given by the following equation (49). 

 !!!! ! !! ! !!!!!!! ! !!!.   [ 4.14 ] 

In the case of Cartesian sampling, ! is acquired data concatenated into a vector form, and ! is a 

matrix that selects sampled locations from the full k-space grid. Note that ! is a fat matrix due to 

under-sampling and consists of linearly independent rows of which are vectors from the 

canonical basis. Under this definition, !! becomes an operator that generates a zero-filled full k-

space (in a vector form) from the acquired data. It is easy to see that !!! ! !, and, since ! has 

full row rank, !! reduces to !! ! !!!!!!!!! ! !! (44, 45). Let !! be an operator that selects 

non-acquired locations in k-space. Then, Eq. 4.14 reduces to 

 !!!! ! !! ! !!!!!!! ! !!! 

      ! ! ! !!! !! ! !!! 

      ! !!!!!!! ! !!!. 

 

[ 4.15 ] 

 

This update rule is equivalent to replacing estimates of k-space samples with the acquired data at 

the sampled locations (27). 

For the non-Cartesian sampling (e.g. spiral), !  is an interpolator that interpolates 

reconstructed Cartesian data onto non-uniformly sampled k-space locations (50, 51). In this case, 

computing !! in Eq. 4.14 becomes a non-trivial task. As an alternative, we replace the pseudo-

inverse with the adjoint operator !! and take a gradient descent step. 

 !!!! ! !! ! !!!!!!! ! !!! 

          ! !! ! !! !!! ! !  

          ! !! ! !!!!!! ! !!.  

 

[ 4.16 ] 
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In other words, the update rule in Eq. 4.16 is to 1) inversely grid the current estimate of k-space 

data, 2) calculate residual between the acquired data and the inversely-gridded estimate, 3) grid 

the residual back to Cartesian grid, and 4) add the result from 3) to the current estimate. This 

process can be repeated a few times to take more than one gradient descent step. For the spiral 

data used in this work, we empirically found out that taking two gradient steps produced good 

results. We adopted the non-uniform fast Fourier transform (NUFFT, 51) for efficient 

implementation of the gridding process !  and !! . Also, the LSQR package was used to 

calculate the update rule in Eq. 4.16 (52). Of course, an appropriate form of density 

compensation (53) can be adopted in formulating the data consistency constraint as a weighted, 

least-squares problem that would result in a faster convergence. A detailed discussion on the 

subject, however, is beyond the scope of this dissertation. 
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Chapter 5: Chemical Shift Separation with Controlled Aliasing for 

Hyperpolarized 13C Metabolic Imaging 

 

This chapter is adapted from  

Shin PJ, Larson PEZ, Uecker M, Read GD, Kerr AB, Tropp J, Ohliger MA, Nelson SJ, Pauly 

JM, Lustig M, Vigneron DB. Chemical Shift Separation with Controlled Aliasing for 

Hyperpolarized 13C Metabolic Imaging. Magnetic Resonance in Medicine 2014. doi: 

10.1002/mrm.25473. 

 

5.1 Background 

Recent advances in hyperpolarized 13C MR techniques have enabled real time monitoring 

of in vivo metabolic activities (1, 2). In this method, dynamic nuclear polarization (DNP) of a 13C 

labeled substrate followed by rapid dissolution generates an injectable aqueous MR agent having 

dramatically improved sensitivity in the order of 10,000 fold (3). This offers unique 

opportunities to probe the injected 13C substrate and its downstream metabolic products in both 

preclinical and patient studies. The method has been successfully applied to many in vivo 

applications including diagnosis of cancer metabolism (4, 17, 54), cardiac function (55, 56) and 

brain diseases (57, 58). Successful translation of the technique into the first in-human study 

demonstrated the potential and safety for future clinical studies (5). 

The unprecedented opportunities are, however, presented together with new technical 

challenges. One is that monitoring metabolic conversions of 13C substrates requires multiple 

frequency components to be resolved spectrally and spatially. Moreover, data acquisition must 
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be done within a short period of time before hyperpolarized signal decays due to spin-lattice T1 

relaxation and metabolic conversions. Current acquisition methods have been severely limited in 

their temporal resolution as well as spatial coverage by these time constraints. The low 

gyromagnetic ratio of 13C also poses additional constraints on image acquisition schemes given 

the practical hardware limits of MR imaging systems.  

MR spectroscopic imaging (MRSI) methods (59) are most often used in generating 

images of the injected 13C compound and the various metabolic products. Conventionally, 

multiple free-induction-decays (FIDs) are repeatedly collected in combination with spatial 

encoding for separating different chemical shift species. To rapidly acquire the spectroscopic 

data, novel techniques such as echo planar spectroscopic imaging (EPSI) or spiral readouts have 

been developed (60, 61, 62). Further acceleration in measurement time has been achieved by 

either exploiting sparseness of 13C spectra (63) or combining compressed sensing (7, 64) with 

EPSI (65, 66). Parallel imaging (6) has also been applied to MRSI techniques for fast data 

acquisitions (67, 68). However, the spectroscopic imaging approaches typically face trade-offs 

between high spatial resolution and wide spectral coverage.  

A different approach actively being investigated for hyperpolarized 13C MR is the direct 

imaging of each metabolite one at a time. Previous works have adopted spectral-spatial RF 

pulses to selectively excite a single resonance with resulting signal acquired using fast imaging 

readout trajectories (69). Images of multiple metabolites are then acquired by repeating the 

selective acquisition with the transceiver frequency offset in an interleaved manner (55). This 

technique is advantageous as it acquires data without time consuming spectral encoding. 

However, the individual metabolite images inevitably reflect different time points in the course 

of metabolic activity, and the total acquisition time increases linearly with the number of 
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metabolites of interest. Another published method simultaneously excited two different 

metabolites and separated their images by exploiting the chemical shift displacement artifact, 

which results from adopting an echo planar imaging (EPI) readout that has low bandwidth in the 

slow (or blipped) direction (70). The drawback is the long readout time required to achieve 

enough phase accrual to ensure adequate separation of the two metabolites. 

In this study, we developed a novel chemical shift separation technique for 

hyperpolarized 13C metabolic imaging. More specifically, we implemented a fast 3D pulse 

sequence together with an accompanying reconstruction method that can acquire signals from 

multiple 13C metabolites simultaneously and later separate them into individual images. Our 

approach is based on the concept of separating aliased information using a parallel imaging 

formulation, which has been widely applied to multi-slice imaging (71), 3D imaging (72) and 

water-fat separation (73-76). Here, we applied the idea to rapid 3D acquisitions of 13C-pyruvate 

and 13C-lactate in phantom studies as well as in normal rat experiments, achieving high-

resolution images of both the compounds in the same time it would take to acquire a single 

metabolite with previous methods. 

 

5.2 Theory 

We first show that chemical shift separation problem can be formulated into parallel 

imaging reconstruction problem. We then describe our strategies for acquiring data. Finally, the 

techniques we adopted to separate out individual metabolite images are explained. We name the 

three spatial directions as fast, slow and phase encode (PE) for convenience. 

 

5.2.1 Chemical Shift Separation using Parallel Imaging Reconstruction 



! 45!

Parallel imaging uses phased array coils for faster data acquisition in MR experiments. In 

principle, the parallel imaging reconstruction exploits spatial sensitivity variations within the 

receiver coils to separate out multiple image signals that have been aliased into a single pixel due 

to under-sampling in k-space. The SENSE framework, explained briefly in the following, 

provides an intuitive view of the problem. Assuming a two-fold accelerated scan with a two-coil 

receiver array, each measured pixel value from the individual coils (!!  and !!) will be a 

superposition of unknown aliasing pixel values that are spatially apart from one another (!! and 

!!) weighted by spatial sensitivity profiles of each coil (!!" for the sensitivity information of ith 

coil at jth pixel). If described in a set of linear equations, this becomes: 

 !!
!! ! !!! !!"

!!" !!!
!!
!! . [ 5.16 ] 

For convenience, we also write Eq. 5.1 in a simpler form: 

 ! ! ! ! !. [ 5.17 ] 

Given this relation, parallel imaging reconstructions resolve the aliased spin densities (!) given 

the measurement data from each coils (!). Here, the coils must be configured in such a way that 

the inverse of the sensitivity matrix (!) exists. Only then can the vector ! be estimated by 

multiplying the inverse of ! to both sides of Eq. 5.2. 

 ! ! !!! ! !  [ 5.18 ] 

Detailed solutions to more generalized settings, such as having more than two coils or achieving 

arbitrary acceleration factors, are documented in the SENSE reference (19). 

We now cast the problem of chemical shift separation into the parallel imaging 

reconstruction framework developed above. In the chemical shift separation, we acquire signals 

from multiple 13C metabolites simultaneously, and then attempt to unwrap the aliased metabolite 

images later in reconstruction stage. By extending the idea in Eq. 5.1, we formulated the case of 
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simultaneous acquisition of two metabolites (e.g., pyruvate and lactate) using two receiver coils 

into the following while explicitly denoting the spatial dependencies. 

 !!!!!!!
!!!!!!! ! !!!"#!!!!! !!!"#!!!!!

!!!"#!!!!! !!!"#!!!!!
!!"#!!!!!
!!"#!!!!!  [ 5.4 ] 

Our objective is to estimate the images of pyruvate and lactate (!!"#!!!!! and !!"#!!!!!) for all 

spatial positions given the measurements from each coils (!!!!!!! and !!!!!!!). Obviously, Eq. 

5.4 cannot be solved readily because !!!"# ! !!!"# ! !! and !!!"# ! !!!"# ! !! holds for all 

values of ! and !, and hence, the inverse of the sensitivity matrix ! does not exist. An illustration 

representing the case is shown in Figure 5.1a. 

 

 

Figure 5.1. Aliasing of sensitivity profiles in the case of two metabolite images with two receiver 

coils. (a) No spatial shifting, (b) 1D, and (c) 2D shifting of lactate images with respect to 

pyruvate images. In this example, !! ! !"#!!! and !! ! !"#!!!.  

 

However, it is possible to modify the problem so that Eq. 5.4 is solvable for!!. We can 

achieve this by intentionally shifting one of the metabolite images with respect to the other one, 
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thereby making the matrix ! invertible. Assuming that we shift the lactate image by !! in the !-

direction as shown in Figure 5.1b, the linear equations describing the problem now become:  

 !!!!!!!
!!!!!!! ! !!!!!!! !!!! ! !!!!!

!!!!!!! !!!! ! !!!!!
!!!"!!!!!

!!"#!! ! !!!!! .  [ 5.5 ] 

In general, the matrix ! will be invertible in this case provided that the coils have sufficient 

variations in their reception profiles along the !-direction with properly chosen !! values (i.e., 

!!!!!!! ! !!!! ! !!!!!, !!!!!!! ! !!!! ! !!!!!). Then, as discussed previously, the pyruvate 

and (shifted) lactate images can be estimated by using Eq. 5.3. In other words, if spatially shifted 

metabolite images are acquired concurrently through multiple receivers, then parallel imaging 

reconstruction methods can be adopted to solve the chemical shift separation problem.  

The geometry factor (!) can be employed to describe how easily the aliased metabolite 

images can be unfolded (9). 

 !! ! !!!!!!!!!!!!!!!!!! [ 5.6 ] 

Here, ! denotes the Hermitian conjugate and the subscript ! refers to aliased metabolite-number 

at a specific pixel location. Mathematically, the geometry factor (or g-factor) is a measure of 

noise amplification that occurs in the unwrapping process, and its value depends heavily on 

sensitivity profile variations with greater difference generally resulting in less noise 

magnification. Given a typical coil configuration in which coils are placed to have varying 

sensitivities in two orthogonal directions, the g-factor can be minimized by shifting the lactate 

image in both the ! and y directions as shown in Figure 5.1c. Then the corresponding linear 

equations are given by  

 !!!!!!!
!!!!!!! ! !!!!!!! !!!! ! !!!! ! !!!

!!!!!!! !!!! ! !!!! ! !!!
!!"#!!!!!

!!"#!! ! !!!! ! !!! . [ 5.7 ] 
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Later in the Methods section, based on simulated sensitivity profiles for a given coil 

geometry, we calculated the g-factors for a set of spatial shift values and showed that 2D spatial 

shifting can result in lower g-factor values. 

 

5.2.2 Controlled Aliasing in Chemical Shift Separation 

As discussed, applying parallel imaging methodologies to a chemical shift separation 

problem requires metabolite images to be spatially shifted with respect to each other and 

acquired concurrently through an array of receivers. In this work, we accomplished the task of 

spatial shifting by employing a 3D pulse sequence capable of applying different degree of phase 

modulations to each metabolite signals through specialized data acquisitions. Two separate 

techniques were adopted for the purpose: flyback-EPI readout gradients, and multiband RF 

excitation pulses. 

 

 

Figure 5.2. Chemical shift displacement in flyback-EPI readout trajectory. (a) Flyback-EPI 

gradient waveform with !!"# echo spacing. (b) Corresponding traversal trace in k-space. (c) 

Resultant spatial shift in the slow direction. The degree of shifting (!!) can be adjusted by 

setting appropriate !!"# values for a given frequency difference (!!!. Note that !! is a cyclic 

shift operation in multiples of !"#. 
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Flyback-EPI uses time varying gradients during the readout window to collect multiple k-

space lines per repetition for reduced scan time. It is also robust to errors that arise from system 

imperfections and physical phenomena such as gradient delays and eddy currents (60). Together 

with its fast spatial encoding capability, the well-known chemical shift artifact resulting from the 

low effective bandwidth in the blipped direction of the EPI readout (!!"#$) can be exploited to 

control the aliasing patterns of 13C metabolite images (70). Under a flyback-EPI acquisition, 

spins having offset frequency !! will experience phase accrual of ! ! !! ! !! ! !!"# at every 

echo given the echo spacing time !!"# (Fig. 5.2a). Based on the Fourier shift theorem, this results 

in a shifting of image by an amount of !! ! !! ! !!"# ! !"#, where !! is a cyclic shift in which 

periodical factor in multiples of !"# can be ignored. If pyruvate and lactate images are acquired 

simultaneously with the carrier frequency set on the pyruvate resonance, then the lactate image 

will be shifted relative to the pyruvate image (Fig. 5.2c), and the amount of shifting can be 

controlled by setting the echo spacing time (!!"#) to an appropriate value. 

We also designed specialized phase-modulated multiband RF pulses (77) to provide 

spatial shifting in an additional direction. Given the 3D k-space trajectory with stacked flyback-

EPI readouts (Fig. 5.3a), applying a set of multiband RF pulses with alternating phase 

modulations at each encoding step of EPI acquisition (Fig. 5.3b) provides the individual 

metabolite signals with different degrees of phase cycling. Consequently, the metabolite images 

will be shifted with respect to each other in the phase encoding (PE) direction after the Fourier 

transform. For example, applying ! and !-phase cycling on the pyruvate and lactate resonances, 

respectively, will place both images half the FOV apart. Together with the previously discussed 

EPI chemical shift artifact in the blipped direction, the aliasing pattern of the lactate image can 
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now be controlled in two separate directions (Fig. 5.3c). The entire acquisition strategy is 

summarized in the pulse sequence shown in Figure 5.3d. 

 

 

Figure 5.3. 2D chemical shift displacement. (a) 3D stack-of-EPI trajectory. (b) Lactate signal is 

modulated in alternating fashion at each phase encoding step. A variable flip angle scheme was 

also implemented by sequentially increasing excitation profiles. (c) 2D spatial shifting of lactate 

images (! mark represents the perpendicular into-plane direction). (d) Schematic of 3D pulse 

sequence developed. 

 

5.2.3 Nonlinear Inversion Method for Chemical Shift Separation 
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Once multi-channel data is acquired, then virtually any parallel imaging method that 

essentially solves the problem stated in Eq. 5.2 can be adopted to separate the individual 

metabolite images. However, in the case of carbon imaging, estimating sensitivity profiles of 

carbon coils to structure the sensitivity matrix ! is not a trivial task due to, for example, the low 

concentration of 13C in living tissues. Hence, in this study, we adopted the regularized nonlinear 

inversion method (25), which applies the iteratively regularized Gauss-Newton (IRGN) method 

to parallel imaging reconstruction estimating both image contents and coil sensitivities at the 

same time. In the following, the IRGN algorithm is briefly reviewed, and then, the method is 

applied to solve the chemical shift separation problem at hand.  

Given a nonlinear operator !, the IRGN method attempts to find a solution to the 

problem !" ! ! by linearizing the equation around an estimate !! yielding, 

! !! ! !" ! !! !! !" ! !!!!!, 

where !! !!  is the Jacobian matrix of ! at the point !!. Then, a suitable update value !" that 

satisfies the following relation is found. 

!! !! !" ! ! !! ! !. 

To evade bad conditioning of the linearized problem, it is better to add a regularization 

term and find the update !" as the unique minimizer to the equation 

 !! !! !" ! ! !! ! ! ! ! !! !! ! !" ! !! !. [ 5.8 ] 

The first quadratic term addresses the fidelity of the estimate to the acquired data, whereas the 

second term penalizes the result of the update if it deviates too far from the initial guess !!. The 

regularization parameter !! balances the two terms and is reduced in each Newton step by the 

rule !! ! !!!! with a constant value ! ! ! ! !. Once the update is found, then the solution 
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estimate is renewed to !!!! ! !! ! !", and the process is repeated until the iteration number ! 

reaches a preset value.  

To apply the IRGN technique to solve the chemical shift separation problem, Eq. 5.7 is 

reposed into a k-space domain formulation with the nonlinear operator ! defined to map the 

metabolite concentrations (!!"#, !!"#) and the coil sensitivities (!!!!to the measured data (!!: 

 
!! !! ! ! ! ! !! ! !!"# !!!"#! !! ! !!"#

! !! ! !!!" !!!"#! !! ! !!"#
!!!!!!!!!! !

!!"#
!!"#
!!!!

.  [ 5.9 ] 

Here, ! is the Fourier transform and !!"# accounts for the phase modulation applied on the 

lactate signal. To evaluate the quadratic optimization problem in Eq. 5.8, we further need the 

derivative of the operator ! and its adjoint, which are given in the Appendix section. 

Direct application of the IRGN method on Eq. 5.9 will, however, result in an unrealistic 

solution due to the fact that the problem is inherently underdetermined with the unknowns 

outnumbering the equations. Therefore, we incorporated two additional constraints based on a 

priori knowledge about the metabolite images and the coil sensitivities to reduce the degree of 

freedom: an object mask and smoothness constraint on coil sensitivities. Since 13C signals can 

only reside within an imaging subject, a binary mask representing the object support is added 

into the reconstruction to enforce the estimated metabolite images to have restricted extent in the 

image domain. Generally, the masks can be estimated based on 1H reference images that are 

acquired together with the 13C data. Additionally, smoothness is imposed on the estimated coil 

sensitivity profiles by penalizing high frequency components in k-space according to !!! ! !

! !!!, where ! and ! are weighting factors. Transforming Eq. 5.9 to a preconditioned system 

with the smoothness constraint is explained in Ref. 25. 
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5.2.4 SNR Considerations 

The signal equation from the !th excitation of the gradient-echo type, hyperpolarized 

acquisition with the variable flip angle (VFA) scheme can be modeled as  

! ! ! !!!!! ! !!!!!!!
!"
!! ! !!!

!!
! !!!!!!!!!!

!

!!!
 

where !"  is the repetition time, !!  is the longitudinal relaxation parameter, !  is the total 

number of excitations, and ! ! !!! is the spatial index. Here, we have neglected metabolic 

conversions. Additionally, !!!!!  denotes the flip angle compensated constant transverse 

magnetization, which is also determined by the initial longitudinal magnetization, the final flip 

angle, and the total number of excitations (!! . Then, the point-spread-function (PSF) 

corresponding to an impulse image (!! ! ! ! and !! ! ! ! for ! ! !) is given as  

! ! ! !!!! !!! ! !!!
!!
! !!!!!!!!!!

!

!!!
! ! ! !!!!!!!

!"
!! ! !!!

!!
! !!!!!!!!!!

!

!!!
 

Based on the peak signal value ! !  and the fact that noise is proportional to the square root of 

!, the signal-to-noise ratio (SNR) can be estimated as 

!!" ! ! !
! ! !

! !
!! !!
!! !  

where ! ! !!
!"
!!  (78). In the case of simultaneous pyruvate and lactate acquisition, the total SNR 

is given by !"#!"!#$ ! !!"!#$
! ! !!"#!!!"#

! . However, after the separation process, both the 

metabolite images undergo reduction in SNR as a result of g-factor related noise amplification: 

!"#!"# !
!!"#
!! ! , !"#!"# ! !!"#

!! ! . On the other hand, a sequential acquisition (e.g. pyruvate 

followed by lactate) will result in !"#!"# !
!!"#
!  and !"#!"# ! !! ! !!"#! , where the SNR is 
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decreased by additional T1 decay due to the increased acquisition time. When imaging three or 

more metabolites, the SNR of a simultaneous acquisition will further decrease as the g-factor 

generally increases with the number of aliasing signals (9), while a sequential acquisition will 

also generally decrease as the longer acquisition will result in additional T1 decay. 

 

5.3 Methods 

All our investigations were based on 3D acquisitions from eight-channel coil arrays in 

which under-sampling is done simultaneously in two phase-encoding directions (!! ! !!! with 

through-slice direction (!!! being the readout. For simplicity, square-shaped windows are 

assumed. 

 

5.3.1 Scanning Hardware 

All experiments were performed on a 3 T MRI scanner (GE Healthcare, WI, USA) 

equipped with 40 mT/m, 150 mT/m/ms gradients. In acquiring proton anatomical images, we 

used the body coil. For 13C imaging, two separate custom-built carbon coils were used for RF 

transmit and receive. The transmitter coil consists of a Helmholtz resonant pair in which two 

loops are arranged in clamshell fashion mounted on a dedicated patient cradle for volumetric 

transmission (79, Fig. 5.4a). The transmitter was dynamically detuned at the time of signal 

reception. The signal receiver comprises of two paddle-shaped compartments each having four 

surface coil elements (68, Fig. 5.4b). An example of the animal experiment setup using both the 

coils is shown in Figure 5.4c. 
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Figure 5.4. Coil setup used in experiments. (a) Clam shell RF transmitter. (b) Eight-channel 

receiver array. (c) Animal experimental setup. The white arrow points to the receiver array and 

the blue arrow the transmitter. 

 

5.3.2 Image Reconstruction 

We used Matlab (The Math Works, Inc.) to implement the nonlinear inversion method. 

All the programs were run on a Linux machine with a 3.40GHz CPU and 12 gigabytes of 

memory. 

 

5.3.3 Hyperpolarization and Compounds 

We used a HyperSense DNP system (Oxford Instruments, Abingdon, UK) operating at 

3.35 T and 1.35° K to polarize the compounds used in this study. The preparation for pyruvate 

samples consisted of 15 M [1-13C]pyruvic acid in solution with 15 mM OX63 trityl radical along 

with 0.5 mM of gadolinium. Lactate samples were a mixture of 4 M [1-13C]lactate, water, 

dimethyl sulfoxide and 15 mM of OX63 trityl radical (80). For pyruvate and lactate co-

polarization, we followed protocols described previously (81). The final 13C pyruvate and 13C 

lactate concentration in dissolved solution was 37.5 mM and 10 mM, respectively. 

 

5.3.4 Simulation Study 
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Assuming concurrent acquisitions of pyruvate and shifted lactate images, we performed 

numerical simulation studies to investigate on the behavior of the g-factor as a function of the 

spatial shifts. To this end, a uniform circular phantom and coil profiles were simulated. 

Mimicking the given receiver array geometry, the sensitivity profiles of the eight-channel coils 

were calculated based on the principle of reciprocity and the Biot-Savart law in the quasi-static 

regime (42). Both the phantom and the sensitivities were generated in a 256 ! 256 sized grid 

with the phantom diameter and FOV set to 10 and 12 cm, respectively. Finally, aliasing patterns 

that arise from the simultaneous acquisition and the corresponding g-factor maps were 

analytically calculated based on Eq. 5.6. 

 

5.3.5 Pulse Sequence 

We developed a 3D 13C imaging pulse sequence that consisted of a stack of flyback-EPI 

readout gradients and a set of multiband phase-modulated RF excitation pulses. The gradients 

and the pulses were designed to shift lactate images half the FOV in two different directions.  

The frequency difference between the pyruvate and lactate resonances was estimated to 

be !! = 390 Hz (% 12 ppm) at the field strength of 3 T. Based on this, a flyback-EPI gradient 

was designed to have a 781 Hz bandwidth (!!"# ! !!!" ms) in its slow (blipped) direction with 

32 echoes for phantom studies and 55 echoes for animal experiments (60). Maximum of 7.1 mm 

spatial resolution was achieved in the readout direction with ramp sampling and gridding under 

the gradient hardware limitation.  

We also designed a set of 32 multiband RF pulses, allocating individual pulses to each of 

32 phase encoding steps. The pulses were developed following the methods outlined in (77, 82). 

In summary, spectral responses of all the pulses were defined for the pyruvate, lactate, alanine, 
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and pyruvate-hydrate resonances with a bandwidth of ± 0.5 ppm (± 16 Hz at 3 T) within a 

spectral window of 600 Hz. Alanine and pyruvate-hydrate signals were suppressed by 

maintaining 0° flip angle around their spectral bands. In the case of pyruvate and lactate, the 

same flip angles were assigned to both metabolites with each angle value increasing over the 

number of phase encodes based on the VFA scheme (83). The final flip angle was set to 60°. 

Additionally, to apply !-phase cycling on the lactate signal, phase profiles on the lactate 

resonance were defined to be ! and ! radians at odd and even echoes, respectively. On the 

contrary, pyruvate phase was fixed to !!. This scheme would always tip pyruvate spins down to 

!! axis, whereas lactate spins are chopped along !! and !! axis. Another set of RF pulses 

without the lactate RF chopping was also implemented for the purpose of comparison. Given the 

magnitude and phase spectral specifications, we adopted FIR filter design method based on 

convex optimization to determine complex-coefficient filters that meet the requirements. Spatial 

selectivity for slab excitation was designed with a 12 cm slab thickness, 0.1 % in-slice ripple and 

1% out-of-slice ripple.  

  

5.3.6 Phantom Study 

We performed three phantom studies to test the developed 3D pulse sequence. A plastic 

spherical container 10 cm in diameter was filled with purified water and was placed between the 

two coil arrays similar to the configuration shown in Figure 5.5a. For each experiment, we 

injected hyperpolarized samples into the solution in the container and waited 30 seconds before 

the start of data acquisition. The waiting was done to ensure the full mixing of the polarized 

samples. The excitation frequency was set to the arithmetic mean value of the pyruvate and 
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lactate resonance. After each acquisition, the data has been phased to center at the pyruvate 

resonance. 

In the first experiment, we hyperpolarized pyruvic acid sample for an hour, dissolved it 

into 3 mL of neutralizing buffer and injected the solution into the phantom. Then, 13C data was 

acquired with the 3D pulse sequence set to play out the multiband RF pulse that applies & phase 

modulation on the lactate resonance. Once the data was acquired, it was Fourier transformed to 

the image domain. We then investigated the spatial shifting capability of the flyback-EPI 

gradient. For this experiment, we co-polarized pyruvate and lactate samples and acquired data 

using the RF pulses that did not apply the & phase modulation, which was done to limit the 

spatial shifting of lactate images only in the slow direction of the EPI readout. Finally, we tested 

the 2D spatial shifting of lactate images by applying both the flyback-EPI and phase modulated 

RF pulses on a pyruvate/lactate co-polarized sample. 

Immediately following each 3D data acquisition, we also acquired FID spectra having 

spectral width of 1000 Hz and resolution of 0.5 Hz. This was done to confirm the relative 

concentrations and the resonance frequencies of the 13C compounds inside the phantom. 

In all three 13C experiments, TR was set to 80 ms for 2.56 s of total imaging time. Axial 

FOV was set to 12 cm ! 12 cm with 3.75 mm ! 3.75 mm in-plane resolution and 7.1 mm slice 

thickness. The final data matrix size was 32 ! 32 ! 17. Additional 1H reference images were 

acquired using a T2-weighted fast spin echo (FSE) sequence with the same FOV in a 256 ! 256 

axial grid. 

Images of pyruvate and lactate as well as eight channel sensitivity maps were calculated 

for the co-polarization data using the previously discussed nonlinear inversion method. We used 
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values of ! ! !" and ! ! !" in enforcing smoothness constraint on estimated coil sensitivities 

and ! ! !!! for the regularization parameter. The IRGN method iterated for 6 Newton steps.  

 

5.3.7 In Vivo Study 

All animal studies were carried out under protocols approved by the UCSF Institutional 

Animal Care and Use Committee. Normal Sprague–Dawley rats were placed on a heating pad 

atop the array receiver on its side and anesthetized with 2–3% of isoflurane. The rat’s head and 

tail were positioned to the right and left respectively, when looking into the magnet bore (Figure 

5.4c).  

A bolus of hyperpolarized pyruvate (2.5 mL) was injected through a tail vein catheter, 

over a period of 12 seconds. We waited another 20 seconds before acquiring 13C MR data. Two 

acquisitions were done in a given animal study: a 1° flip angle FID acquisition followed by the 

3D stack-of-flyback EPI pulse sequence. The low flip angle FID experiment was done to 

estimate the in vivo center frequency. For the 3D sequence, the TR was set to 110 ms for 2 s of 

total imaging time. Axial FOV was set to 220 mm ! 72 mm with 4 mm ! 4 mm in-plane 

resolution and 7.1 mm slice thickness. The final data matrix size was 55 ! 18 ! 17. We used the 

last 18 multiband pulses out of the designed 32 pulses for the animal imaging. 

 

5.4 Results 

5.4.1 Simulation Study 

Figure 5.5a shows the configuration of the eight-channel paddle coil array and its 

simulated profiles. Aliasing patterns resulting from the concurrent acquisition of pyruvate and 

shifted lactate images are also shown for four sets of spatial shifting values together with the 
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calculated g-factor maps and corresponding histograms (Fig. 5.5b). The simulated results show 

that two-dimensional shifting of the lactate image by half the FOV in each direction results in the 

lowest mean g-factor, which also offers minimum noise amplification in the final results of 

pyruvate and lactate images once they are separated from one another. This is due to the ability 

to better exploit the coil sensitivity variation in multiple dimensions. Therefore, the subsequent 

experiments focused on implementing and utilizing EPI readouts and RF pulses that apply phase 

modulations on lactate signal to induce !"# ! spatial shifting. 

 

 

Figure 5.5. Geometry factor simulation. (a) Schematic of coil configuration with numerical 

phantom in the center. (b) Simulated aliasing patterns, calculated g-factors and their histograms 

for four cases of spatial shifting. Shifting the lactate image half the field of view in each direction 

resulted in the lowest g-factor values. The numbers inside the histograms represent the total 

number of pixels. 

 

5.4.2 Pulse Sequence 
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The multiband spectral-spatial RF pulses corresponding to the last two encoding steps 

with flip angles 41° and 60° are shown in Figure 5.6. The complex filter design method achieved 

a 15 ms pulse length for all the RF pulses. The result of adopting the VFA scheme is reflected in 

peak RF amplitudes as well as magnitude responses (!!!"!) with 0.23 G being the maximum 

peak amplitude for the RF pulse in Figure 6b. Phase profiles (!!!") show the !-phase cycling 

applied on the lactate resonance.  

 

 

Figure 5.6. Two of the developed multiband excitation RF pulses shown (!!"!) with their 

corresponding magnitude (!!!"!) and phase (!!!") profiles. The RF pulse in (a) with 41° flip 

angle is followed by the one shown in (b) with 60° in the last two consecutive phase encoding 

steps. Starting from the left, the white dotted lines are placed on the resonant frequencies of 

pyruvate, alanine, pyruvate-hydrate and lactate. Excitation band is defined around the pyruvate 

and lactate resonance, whereas other active metabolites such as alanine and pyruvate-hydrate are 

not excited. Note the phase modulation applied on the lactate resonance. 
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5.4.3 Phantom Study 

Figure 5.7a shows the proton image acquired with the FSE sequence for spatial reference. 

As shown in the figure, the spherical phantom was not filled fully for the sake of identifying 

orientations. Figure 5.7b shows the acquired 13C data. Here, we chose the center slice images for 

display. The top row shows square root of sum of squares (SSoS) images from each experiment, 

the middle row shows images from two individual channels and the FID spectra are in the last 

row.  

 

 

Figure 5.7. Spatial shifting of lactate image with respect to pyruvate image. (a) Reference proton 

image acquired with a FSE sequence. (b) Square root of sum of squared phantom images (first 

row), two individual channel images (middle row) and FID spectrum from the entire phantom 

(last row) for the case of pyruvate only polarization (first column), pyruvate and lactate co-

polarization with flyback EPI only acquisition (middle column) and co-polarization adopting 
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phase modulated RF pulses together with the flyback EPI (last column). The FID spectra show 

that pyruvate-hydrate signal exists inside the phantom ball in each experiment. However, 

chemical shift artifacts that would have resulted from the hydrate signal are suppressed by 

adopting the multiband RF pulses. The white arrows point to the shifted lactate images. 

 

The FID result from the first experiment (first column), in which only the polarized 

pyruvate sample was injected into the phantom, shows that pyruvate-hydrate was in equilibrium 

with pyruvate at a ratio of approximately one-to-nine. However, chemical shift artifacts that 

would have originated from the hydrate signal were not seen in the phantom images. This is 

because the multiband RF pulses do not have excitation bands including the pyruvate-hydrate 

resonance. The results shown in the middle column are from the pyruvate and lactate co-

polarization experiment in which only the flyback-EPI readout was adopted. As a consequence, 

the lactate image was shifted half the FOV only in the slow direction. The lactate signal intensity 

was approximately one-fourth the pyruvate signal, which is also observed from the FID spectrum. 

Finally, the last column shows images from the pyruvate and lactate co-polarization experiment 

with both the flyback-EPI and phase modulating RF pulse employed. The results clearly showed 

that the lactate image was shifted in two directions to reside in the four corners within the FOV. 

Separated pyruvate and lactate images from the two co-polarization experiments for two 

different slice locations are shown in Figure 5.8. The estimated sensitivity profiles generally 

showed smooth variations over the FOV. In the case of 1D spatial shifting (Fig. 5.8a), however, 

the separated lactate images suffered severe SNR loss due to amplification of noise. On the 

contrary, the images from the 2D shifting case had less SNR loss as signal aliasing has been 

minimized. 
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Figure 5.8. Chemical shift separation results for (a) 1D and (b) 2D spatial shifting for two 

different slices. Estimated coil sensitivity profiles are also shown. 

 

5.4.4 In Vivo Study 

Figure 5.9a shows a coronal anatomical image with two kidneys of the rat and Figure 

5.9b shows the acquired 13C data that corresponds to the kidney slice. We can clearly see that 

most of the 13C signal is localized around the kidney and the renal artery. The FID spectrum 

result (Fig. 5.9c) shows the relative amount of metabolites produced inside the animal. Finally, 

estimated pyruvate and lactate images are shown in Figure 5.9d.  
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Figure 5.9. Results from in vivo rat experiment. (a) Reference proton image, (b) acquired 13C 

image through kidneys of the rat, (c) a FID spectrum from the entire animal and (d) separated 

pyruvate and lactate images. Both the pyruvate and lactate 13C signals are well localized to the 

kidneys. All the 13C images are combined with the square root of sum of squares method. The 

white arrows point to the shifted lactate images. 

 

5.5 Discussion 

In this work, we adopted the idea of using parallel imaging reconstruction to separate 

simultaneously acquired metabolite images. This approach offers the benefit of resolving spatial 

distribution information for multiple metabolites within the same time as for just one resonance 

with high spatial resolution and a short imaging time of a few seconds. We emphasize that 

careful arrangement of aliasing patterns are desired to minimize the noise amplification that 

would result from the separation process. For the two-metabolite case shown in this work, we 

shifted the images by half the FOV in two different directions. In the more general case with 



! 66!

more than two metabolites, multiband RF pulses can be designed to apply different phase cycling 

on each resonance to shift images equidistance apart, which will generally result in the lowest g-

factor values. An optimal echo spacing value for the EPI trajectory given a set of resonance 

frequencies can also be decided by performing a numerical simulation similar to the work shown 

earlier.  

In acquiring data, we have used a prototype C-13 receiver array for both the phantom and 

animal experiments. While the current coil was adequate for this proof-of-concept study, a 

smaller phased-array coil conformed better to the shape of the animal could improve the 

performance of this approach. For example, the placement of the readout direction could then be 

aligned with the longest dimension of the imaging subject resulting in a shorter imaging time.  

In incorporating the VFA scheme into the multiband RF pulse designing, we set the final 

flip angle value to be 60°. This would leave 10% of hyperpolarized signal at the end of the 

phantom experiments (32 phase encodes) and 13.5% for the animal experiment (18 phase 

encodes). The left over signal can then be used for other acquisitions. If a larger remaining signal 

is desired, the final flip angle can be adjusted appropriately.  

Finally, with B0 inhomogeneity, estimating the object mask could become nontrivial 

because EPI images suffer geometric distortions and would not align very well with the 

anatomical reference images. Hence, B0 correction methods could further improve the 

reconstruction. 

  

5.6 Conclusions 

In this work, we developed and tested in phantoms and animals a new fast 3D acquisition 

scheme to acquire multiple hyperpolarized 13C metabolite images simultaneously. We also 
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developed a specialized reconstruction method to separate the aliased images. This method was 

shown to provide highly accelerated hyperpolarized 13C MR images of pyruvate and lactate. 

Furthermore, the technique can be readily extended for other hyperpolarized agents or 

applications by the flexible design of readout gradient and RF pulses. 

 

5.7 Appendix 

For convenience, the nonlinear operator ! in Eq. 5.9 is rewritten here. 

!! !! ! ! ! ! !! ! !!"# !!!"#! !! ! !!"#
! !! ! !!"# !!!"#! !! ! !!"#

!!!!!!!!!! !
!!"#
!!"#
!!!!

. 

Then, based on the product rule, the derivative of ! is given by 

!! !
!"!"#
!"!"#
!"!
!"!

! ! !! ! !"!"# ! !"! ! !!"# !!!"#! !! ! !!!"# ! !!! ! !!"#
! !! ! !"!"# ! !"! ! !!"# !!!"#! !! ! !"!"# ! !"! ! !!"#

, 

together with its adjoint operator being 

!! ! ! !!
!! !

!!! ! !!!!!!!!
!!!
!!! ! !!!!!!"#

! ! !!!!
!!!

!!"#! ! !!! !! ! !!"#! ! !!! !!"#
! ! !!

!!"#! ! !!! !! ! !!"#! ! !!! !!"#
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, 

where ! is the pixel-wise complex conjugation. 
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Chapter 6: Summary 

 

6.1 Summary 

Hyperpolarized 13C MR has the ability to provide functional metabolic information in a 

noninvasive manner as previously shown in the murine breast cancer model work (Chapter 3). 

However, the non-equilibrium magnetization creates tradeoffs between spatial resolution, 

temporal resolution, and SNR. The work presented in this dissertation comprises a number of 

techniques that attempt to circumvent the aforementioned tradeoffs and limitations (Chapters 4, 

5). While this research was focused on hyperpolarized [1-13C]pyruvate imaging due to its central 

role in cancer metabolism, the same techniques are applicable to presumably all metabolically 

active, hyperpolarized compounds.  

 

6.2 Future Directions 

One immediate future project is applying the SAKE implementation to 13C imaging, 

which will require extending the theory of spatial low rankness to include spectral dimension. 

The chemical shift separation work can also be extended to handle concurrent image acquisitions 

of three or more metabolites. Finally, statistical analysis in correlating [1-13C]pyruvate imaging 

data with gene analysis of the breast cancer mouse with a larger sample size is needed to further 

evaluate the usefulness of the imaging technique as a desired diagnostic tool. 
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知之爲知之 , 不知爲不知 , 是知也!  

- 孔子  

 

 

 

To know what you know and what you do not know, 

that is true knowledge! 

 

- Confucius 
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