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Abstract

The quantum Zeno effect asserts that quantum measurements inhibit simultaneous unitary dynamics when the “col-
lapse” events are sufficiently strong and frequent. This applies in the limit of strong continuous measurement or dissipation.
It is possible to implement a dissipative control that is known as “Zeno Dragging”, by dynamically varying the monitored
observable, and hence also the eigenstates which are attractors under Zeno dynamics. This is similar to adiabatic processes,
in that the Zeno dragging fidelity is highest when the rate of eigenstate change is slow compared to the measurement rate. We
demonstrate here two theoretical methods for using such dynamics to achieve control of quantum systems. The first, which
we shall refer to as ‘shortcut to Zeno’ (STZ), is analogous to the shortcuts to adiabaticity (counterdiabatic driving) that are
frequently used to accelerate unitary adiabatic evolution. In the second approach we apply the Chantasti Dressel Jordan
(2013, CD]J) stochastic action, and demonstrate that the extremal—probability readout paths derived from this are well suited
to setting up a Pontryagin—style optimization of the Zeno dragging schedule. A fundamental contribution of the latter ap-
proach is to show that an action suitable for measurement—driven control optimization can be derived quite generally from
statistical arguments. Implementing these methods on the Zeno dragging of a qubit, we find that both approaches yield the
same solution, namely, that the optimal control is a unitary that matches the motion of the Zeno—monitored eigenstate. We
then show that such a solution can be more robust than a unitary—only operation, and comment on solvable generalizations
of our qubit example embedded in larger systems. These methods open up new pathways toward systematically developing
dynamic control of Zeno subspaces to realize dissipatively—stabilized quantum operations.

1 Introduction

Throughout the development of quantum computing to date, the measurement and control of quantum systems have been
recognized as fundamental primitives underlying any possibility of realizing quantum information processing. In this work
we draw on recent advances in the understanding of the interplay between measurement and unitary dynamics exemplified
by the quantum Zeno effect to propose new approaches to measurement—based optimal quantum control.

A large portion of the quantum control literature has focused on the design of unitary controls in both open and closed
quantum systems. Optimal control theory has been applied in many quantum contexts, usually (although not exclusively)
emphasizing the design of unitary operations or pulse shapes to realize optimal quantum dynamics. For example, direct
implementation of Pontryagin’s principle has found widespread use [1-6], as have related numerical algorithms detailed in
e.g., Refs. [7-10] and references therein. A complementary quantum control strategy that has gained widespread traction is
adiabatic control, whereby slowly changing the quantum system’s Hamiltonian, a closed system will follow a changing eigen-
state with high fidelity. Such an evolution H () can be accelerated via counterdiabatic driving (or shortcuts to adiabaticity, [11,
12]), where £ (¢) is driven on a fast time-scale and an additional control Hamiltonian is introduced to suppress the diabatic
transitions away from the desired subspace that may occur from varying H(?) too rapidly.

A different subset of the control literature has emphasized measurement— and/or dissipation-based quantum control.
For example, methods of direct measurement—based feedback have been developed [13-15] and applied to numerous settings
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[16-24], including state stabilization [25-34]. Advances in measurement—based feedback necessarily draw on the substantial
progress made in realizing continuous monitoring of quantum systems over the past few decades, both in the theoretical
domain [35-39] and in experiments [39—44]. Another more recent measurement—based approach has made use of the well-
known quantum Zeno effect [45] for control applications. The Zeno effect is well understood in the context of generalized
measurements [29, 46—s0], and control via the Zeno effect may be broadly understood as a form of dissipation engineering
[s1]. Changing a measurement observable in time while continuously monitoring the outcomes has been shown to be a viable
method for control [52] that shares some important features with adiabatic evolution [53-56]. Furthermore, one can also use
the Zeno effect to stabilize a subspace in a larger quantum system so as to implement useful quantum operations [28, 29, 47,
57—-59]). Experimentally—accessible examples of this strategy are increasingly being investigated today [60—70]. Other related
strategies for measurement-based control have also been considered [71-79].

In the current paper we develop a theoretical approach to quantum control that builds on the above literature, while
combining and unifying select tools in a new way. Our focus will be on “Zeno dragging” in the spirit of the 2018 experiment by
Hacohen-Gourgy, Garcia-Pintos, Martin, Dressel, and Siddiqi [52]. Specifically, we focus on situations where a continuously—
monitored (or dissipated) observable is slowly changed, in a manner that induces the quantum system to follow a measurement
eigenstate along a desired trajectory with high probability. This Zeno dragging process may equivalently be described as a
quasi-adiabatic change in the Liouvillian .’ that is engineered to bind the quantum state to an element of the kernel of &’
throughout the evolution with high probability [54, 55]. Our specific contributions here are i) an extension of counterdiabatic
driving to the conditional diffusive evolution of quantum trajectories, ii) an extension of the optimal control protocol by
Kokaew, Chotibut, and Chantasri [80] to incoherent (dissipative) control knobs, and iii) the development of a class of simple
examples of Zeno dragging in which the counterdiabatic driving solution and optimal control solution are equivalent.

We develop these ideas here with the following exposition. After a brief review of some necessary results from the theory
of continuous quantum measurement in § 2, we then present our two distinct methodologies for quantum control by opti-
mal Zeno dragging in § 3 and § 4. In § 3 we first develop the “Shortcut to Zeno dragging” (STZ) approach. This is formally
similar to the now well-known shortcuts to adiabaticity (STA) [11]. Just as STA seeks to find a control unitary that suppresses
diabatic transitions due to a rapidly changing base Hamiltonian, here we adapt the same machinery to the conditional quan-
tum evolution under continuous monitoring and derive instead the STZ control unitary which suppresses failure of the Zeno
pinning under finite-strength continuous measurement of a time—dependent observable. In § 4 we then develop an alter-
native approach that uses the stochastic action functional of Chantasri, Dressel, and Jordan [81] (CDJ) for Pontryagin—style
optimization of the schedule on which a measurement observable is changed, drawing on the same framework as was recently
applied to unitary controls by Kokaew, Chotibut, and Chantasri [8o]. We refer to this as the “CDJ-Pontryagin (CDJ-P)”
approach. In § 5 we then apply both the STZ and CDJ-P methods to a simple example of Zeno dragging a qubit, an illustra-
tive example for which the two methods give equivalent solutions. In § 6 we elaborate on our single—qubit example, defining a
similarly—solvable class of larger problems, including a two—qubit example. We conclude in § 7 with a discussion and prognosis
for applications and further work.

2 Diffusive Quantum Trajectories

We remind the reader here of some equations relevant to the conditional quantum dynamics accessed via continuous moni-
toring of a quantum system and introduce some notation that will be used throughout the next sections. For further reading
about quantum trajectories at a general or introductory level, we recommend consulting the following texts [36-39] or peda-
gogical/review articles [82—90].

Consider a set of Kraus [91] operators {J\A/C;,g} that describe the indirect monitoring of a quantum system via an auxiliary
optical degree of freedom, over a short timestep Az. A common example in experiments is a qubit monitored via an optical
mode." Our Kraus operator set will depend on two output channels, the signal channel (s) and loss channel (¢), where we
suppose that after interacting with the system of interest, our auxiliary / pointer degree of freedom has a probability 7 of
going to our detector and becoming signal, and a probability 1 — 7 of instead being lost in transit.* Together, detection of
these channels should form a complete set of measurement outcomes, in the sense that the Kraus operators should form

'For example, longitudinal or dispersive coupling as described by Blais, Grimsmo, Girvin, and Wallraff [44], offer concrete systems grounded in circuit—
QED experiments that fit this paradigm. It is then natural to consider the monitoring to be realized by homodyne detection, heterodyne detection, photode-
tection, or equivalent amplification circuits to obtain a readout signal.

*Seee.g. [87, 89] for explicit examples detailing how the inefficiency may be modeled by a beamsplitter that diverts some optical signal away from a detector
and into a lossy channel.
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elements of a positive operator valued measure (POVM)
SN =1 "
50

The Kraus operators may then be used to describe the partially—conditioned dynamics

Yo Moo (55 2) pl(e) MU (5,2)

plt+Ar) = - - ,
St (W3 )20 3, (30)

(2)

Here 7 represents a continuous—valued measurement record/outcome obtained from detection of the signal channel 5, while
the sum over ¢ denotes an average over all lost information. In the event of perfectly efficient measurements (5 = 1), the loss
channel is never needed, and the state update above then describes a process in which pure states remain pure. On the other
hand, state mixing will generically occur if 7 < 1, due to averaging over losses.

A time—continuous form of EQ. (2) may be derived by e.g., performing the trace over the loss channel in the Fock basis,
such that to O(Ar) only the terms

Moo~ N e M4 {i + 3 At + O(Atz)} with 3=v7rl-1 (ﬁ'ﬁ + ;7i2), (32)
N~ N M WT=y VAr L+ 0acd)), (3b)

survive (see, e.g., Refs. [36, 82, 90, 92] for more rigorous justification, and further comments below). Such an expansion then
results in the continuous—time dynamics

p=Fen0) =800 4p8 0+ 1= L) e (3000480 + 1= LOp ') (4)

In the following, the dependence of L, 1" and related operators on the control parameter { will not be explicitly shown until
it is required again in § 4. We have set 7 = 1 here and throughout this paper.

We shall associate the readout 7 in the signal port with the outcome of a homodyne measurement (quadrature basis out-
come) of the auxiliary optics in the timestep of interest “* and have chosen units such that the readout may be expressed in the
time-continuum limit as

riex G (Lp+pll) Acs AW = 7S A+ A, (5)

where S is the ideal expected signal, which is equal to
S:tr(zjo+Jo[A,T)=<[A,+zT>, (6)

and ATV is the mean zero, Gaussian-distributed, intrinsic measurement uncertainty or “noise” that has variance At [36-38].
The device readout » Az is thus a Gaussian stochastic variable of mean V7S and variance A¢~!, which is a sum of signal and
noise, where the effect of inefficient (lossy) measurement is seen to be attenuation of the ideal average signal S relative to the
measurement noise A/, Concrete examples have been developed using a similar style and conventions in, e.g., Refs. [87,
89, 93]. The “ostensible” probability distribution N e™” ? Arl4 [36] may be eliminated from the dynamics in EQ. (2) or EQ. (4)
because it appears on every term. We note that the definition of 3 in terms of L used above is consistent with the Stratonovich?
Stochastic Master Equation (SME; see e.g. [97]). Similar expansions suited to Itd calculus can also be found in the literature
[27, 90, 92, 98, 99].

We now highlight two features that will be used in the subsequent analysis. The first is that we will emphasize the monitor-
ing of a Hermitian observable (L = L), and the second is that any analysis we perform using conditional quantum dynamics
will rely on pure-state trajectories corresponding to the case of perfect measurement efficiency ( = 1).* For L = L' the
time—continuous conditional dynamics read

_}bz(l_’?)zﬁz-'-WV (jijo+ﬁji) —'7—;1(ﬁzjoﬂoliz)—Zﬁx/ﬁrtr(,oﬁ)+2;7jotr(zﬁ[2>, (72)

3For further reading on stochastic processes see e.g. [94—96].
#Initially pure states will remain pure under ideal continuous monitoring.
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and with our further assumption that = 1, this reduces to

per(Lpwpl) = 12p-pl? —2p(r (L) - (1%)). (7b)

Substitution of EQ. (5) into EQ. (72) or EQ. (7b) will result in Stratonovich equations of motion, rather than It6 equations, due
to our use of regular calculus and in accordance with the Wong—Zakai theorem [100-102]. We also point out that substituting
7 = 0 instead of 7 = 1 into EQ. (7a) just reduces the dynamics to the usual Lindblad Master Equation (LME), i.e., to

Jbzzﬁﬁf—%lﬁﬁjo—%ﬁz#lﬁ. (7¢)

This corresponds to the evolution averaged over many measurement realizations, or equivalently to dissipation without de-
tection, and will be useful later for characterizing the average fidelity of our control processes. Note that unitary evolution
Z[p, H] may generically be added to any of EQ. (7).

The probability density to obtain the measurement outcome 7 in a given timestep is governed by
P(rlp) = tr (Mj,oﬁ(r) Ny + M1 0(0) Mj;l) ~ N tr (/o + A (gf T D YA YARE! rZJo) + O(Atz)) . (3a)
Expansion of the log—probability density to O(Az) gives
log P(r|p) = log N+ GAr+ O(A?) with G=-1(r-y79)°-g (8b)

and go L) =27 ((2) = (1)) = §var(s) for =1 (80)

This defines a function G that contains all of the features of the un-normalized probability density relevant to the time-
continuum limit. Recall that for L = LT, the ideal expected signal S in EQ. (5) is § = 2 (L), so that the first term in §
summarizes the basic statistics expected of » mentioned above, namely that the readout is a Gaussian stochastic variable of
mean /7S and variance At™1. The remaining term g is ~independent: for L = LT it takes the form £Q. (8c), where var(S)
denotes the variance in the signal,’ and we have highlighted the dependence of L on . The instantaneous measurement
statistics § remain unchanged in the event that unitary evolution is present alongside the measurement dynamics; unitary
evolution will add a term 7 p, H] Arinside the trace on the RHS of £Q. (82), which then immediately cancels out of the trace.

The function g(p, L) has elsewhere been interpreted as providing a measure of the rate of information acquisition due
to continuously monitoring L,orasa naturally—arising measure of distance from the eigenstates of 13, which vanishes at the
Zeno points, i.e., at the eigenstates of L [37, 103-105]. In the current context, it is important to appreciate that this distance
measure g(p, L) is now implicitly dependent on the control parameter {.

This summarizes the main aspects of continuous quantum monitoring that we will need going forward in this work. We
now turn our attention to quantum control based on the Zeno Dragging demonstrated in [52]. Such a process goes as follows:
the system is first initialized in an eigenstate of 1 at the initial time. Incoherent control is then realized by varying the system
measurement operator L(¢) as time evolves. If this is changed slowly compared to the accompanying dissipation rate | IL(D)]|3,
then the system state will be “Zeno dragged” with high probability along the trajectory imposed on the measurement eigen-
state. This may be regarded as a special case of the adiabatic Liouvillian evolution described in [s5]. The dynamics summarized
in EQ. (7) may be used to model both individual realizations and ensemble averages of such a process. The ideally-realized
Zeno dragging process would begin at the pure eigenstate of 1.(0), and then maintain purity throughout its evolution to ter-
minate at the eigenstate of L(T) ast passes from 0 — 7, not only in its individual realizations, but also on average (in the
Lindbladian dynamics). Such an ideal process, that maintains perfect purity in the Lindblad dynamics by exactly following
an instantaneous eigenstate of L(¢) at all times, necessarily corresponds to the control becoming deterministic.

3 Shortcut to Zeno Dragging

The first of the two methods we develop to control such Zeno dragging is a “Shortcut To Zeno” (STZ). This is directly anal-
ogous to the counterdiabatic driving, often referred to as a shortcut to adiabaticity, that has been extensively used in adiabatic

SNote that the “variance in the signal” here is 7ot a¢ all the same as the variance in the noisy measurement records.
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dynamics of closed quantum systems [11, 12]. Such methods have recently been considered in the context of Lindbladian evo-
lution of open quantum systems [106-111]. Here we show that such approaches may be further extended to control of the
conditional evolution describing diffusive monitoring of a Hermitian observable.

Let us add a control Hamiltonian Ay to our ideal dynamics EQ. (7b), such that

p= z'[p,Hst] + (rﬁ —ﬁz)ﬁ +p0 (rﬁ _zz) +2p (tr (pﬁz) —rtr (pL)) (92)
:z-[ﬁ,fz[STz]+3ﬁ+ﬁ3_zﬁtr(p3) for 3=ri-12 (ob)

where Hsrz, 3, and L are all assumed to be Hermitian. Our aim now is to find the Hgr7 that minimizes the probability of
escape from the rotating Zeno pinning implemented by the measurement operator 3(2) EQ. (3) that depends on a parameter
¢ which has continuous and time—differentiable temporal dependence (i.., {"is not stochastic). To this end, we implement
a change of frame on these dynamics, namely p = QT P Q, where the unitary transformation Q will be chosen so as to diag-
onalize 3 (i.e., we define Q such that b3 = QT 3 Q where D3 is the diagonal matrix containing the real eigenvalues of 3)
Transforming £Q. (9), we find that in this new frame that we shall refer to as the “Zeno frame”, the dynamics become

b= Q00+ Q" s, O Dy} + {01010 Hors G+ Dy} - 20t (D). (0

Now if the dynamics of ¢ in the Zeno frame are completely diagonal, then we have suppressed transitions out of the Zeno
subspace (or target eigenstate) that we are interested in staying in. We then may think of this Zeno frame as directly analogous to
an adiabatic frame. The condition of interest for successful Zeno dragging is therefore that we choose the control Hamiltonian
Hsry such that

QTQ -7 QT Hsryz Q + D3 =) (1)
where A can be any diagonal matrix.

Notice that 3 in EQ. (9) is quadratic in 1 because of our choice of a Hermitian observable. (We note here that while we
are working with a Stratonovich-like SME, this would still be true if we did a corresponding derivation compatible with the
Itd SME). It follows that the unitary frame-change operator Q diagonalizing /. also diagonalizes 3,ie,forD; = 0T L O we
necessarily have D3 =rD; - Di, which is also diagonal. This makes finding Q significantly easier in practice. Importantly,
since the measurement observable 7 does not itself depend on the measurement outcome 7, we can then also see that for
measurement of a single Hermitian observable neither the frame change Q nor the STZ control Hamiltonian Hgrz will depend
on the readout 7. Thus, for a single Zeno dragging channel, we necessarily have an open—loop control rather than a closed—
loop feedback control.

With this in mind, we solve Q. (11) to find

Hsrz = Z'Q (j. —rD; +bi) QT - Z'Q.QT = Z'QQQT —irl+il% - z'QQT. (12)

Parameterizing the unitary Q = ¢~ with some Hermitian h(z) = h'(z) for all time, yields Q7 = 7 he'h and Q Qf =7 h.
The terms —i 7 L +  L? in Q. (12) are anti-Hermitian and are therefore unphysical for our present purposes. However, since
A is a completely arbitrary diagonal matrix, we may simply choose A = D5 to cancel these unwanted terms, to arrive at the
explicit solution
. PV

Hstz=-i1QQ" =h. (13)
In short then, we may implement a STZ that supports a dissipative dragging operation by implementing a counterdiabatic
unitary control that matches the rate at which we rotate our measurement eigenstates. This will be made clearer through
examples in § 5 and § 6. Additional technical details are given in the Appendices.

4 CDJ-Pontryagin Optimal Zeno Dragging

We now re-consider the above Zeno dragging problem in an alternative framework. Here we will optimize the CDJ [81, 112]
stochastic action, deriving controls for the measurement dynamics that are conditioned on the extremal—probability measure-
ment records in a manner similar to that recently proposed by Kokaew, Chotibut, and Chantasri [80] for unitary control of
open quantum system dynamics. One may regard this section as an application of their method to Zeno dragging.
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4.1 Review of the CDJ Stochastic Path Integral

We first briefly summarize the main ideas needed to construct the Chantasri, Dressel, and Jordan [81] stochastic action. We
begin with a Chapman-Kolmogorov equation that expresses the joint probability density to obtain a sequence of continuous—
valued measurement outcomes together with the corresponding conditional state dynamics:

e ol Yo Mg o M ) .
P D) = [ | Ploealew ) POulon) = | | 0wt - oradl L DYRINTE
%=0 %=0 detr (M;,e e M {;) ¢
: (14)
N-1
~ l—l d (/0/6+1 — Pk — A[?(_Pk’ Tk> z/e)) g\@ exp [9(_/0161 Tk zk) At] .
k=0

Using the notations of EQ. (2), EQ. (3), and EQ. (4), and using £ to index the timestep, we then have a deterministic state update
conditioned on the stochastic readout EQ. (s), which has the statistics described by £Q. (8). We have used EQ. (4) and EQ. (8)
in moving from the first to the second line in £Q. (14), where the second line gives an approximation to O(Az). Boundary
terms may be added to the above expression as needed [81, 112], including e.g., the typical constraint to an initial state p; as per
9(p; — po) or an exact post-selection to pf as per d(pr — piv).° Any unitary evolution 7|, H] will appear in J (from EQ. (4) or
EQ. (7b)), but noz in G (from EQ. (8)).

It will be convenient to express the d X d density matrix p in terms of at most d> — 1 real coordinates q. We write the
equation of motion in the q coordinatesas q = F(q, ) = tr (,bé'), where @ is the vector of generalized Gell-Mann matrices
defining the q coordinate system [113]. Taking the continuous-time limit, and using the Fourier definition of the d—functions
(which introduces the co-state variables A, conjugate to q), one arrives at the stochastic path integral [81, 112]

P({p} {r}) — P(q(2),7(1)) = / DI[AJe ] #(AG-AT-5) _ / D[A]e™S (152)
pran
N—ooo
T
for 82/ dt{A-q—iH} & H=A-F(qnrn)+5(qnrl. (15b)
0

For a single measurement, the CD]J stochastic action 8 is characterized by the stochastic Hamiltonian

H(GA ) =A-F(qrd) -1 [r-viSqd] -8q ) (16)

using the definition of G from EQ. (8).

The action that we have derived above represents the trajectory probability density for the conditional quantum dynam-
ics. As such, extremization of the action leads to extremal—probability paths (trajectories following the extremal—probability
measurement record) [81, 114]. Specifically, we may use 08 = 0 to obtain the following equations of motion for these optimal-

readout paths:

aF . 9K 9K
A=-2=

q = 6_A’ aq y W = 0 (17)

By then solving 8, = 0 foran optimal value of the readout 7*(q, A, {), we essentially find the extremal-probability measure-
ment record (subject to boundary conditions). The quantum trajectories conditioned on #* are generated by H*(q, A, () =
H(q, A, 577 (g, A, {)), using Hamilton’s equations.

Extensive work has been done to investigate the dynamics of the optimal readout trajectories [81, 104, 112, 114-118]. Since
the integrand in the stochastic path integral is Gaussian in 7 (recall the form of Q. (8)), one may analytically marginalize »
out of the stochastic path integral by integration; this turns out to leave exactly the same Hamiltonian J{* as that obtained
from the readout optimization above [81, 103, 104, 112]. If we write the corresponding Stratonovich equation of motion for
the conditional dynamics EQ. (4) or EQ. (7) as

q=5(q1r) =A(q{) +b(q ) (dW/dt) = A(q,{) +b(q,{)(r — 17 5(q, ) (18)

¢More general constraints to enforce an approximate terminal condition may also be used, if for instance, this is needed in connection with numerical
optimization methods.
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where A is the Stratonovich drift vector (which includes any contribution from a unitary drive /) and b is the diffusion tensor,
then the 7—optimized CDJ stochastic Hamiltonian reads

H* =A-Flqr*(qA).{1-8(q7) (192)
=1AT-B(q ) - A+AT-A(q ) - g(q.), (19b)

where B denotesbb™ [103, 104]. This form is quite general, and holds for arbitrary measurement efficiency 7 > 0, as well as in
the event that there are multiple channels that are monitored simultaneously. In the latter case b is a tensor rather than simply
a column vector.

More recently, joint optimization over the readout 7 and unitary control parameters € has been performed to find optimal
control solutions ©* (¢) based on the optimal readouts [80]. That work by Kokaew et. al demonstrated the utility of the CD]
stochastic path integral, and its #—optimal paths in particular, for finding optimal control solutions. Below, we will employ the
same conceptual framework, but apply it now to the optimal control of Zeno dragging. We shall show that the CDJ stochastic
action is exceptionally well-suited to deriving optimal Zeno-based controls.

4.2 General Zeno Dragging Optimization: CDJ—Pontryagin optimization

We consider the following Zeno dragging scenario. Suppose that we have a single measurement characterized byﬁ(f Y= 17(),
where the control function () specifies a fixed (open-loop) schedule over which Lisvaried, i.e., £ specifies how the measure-
ment eigenspace that is used for the Zeno dragging is varied in time. {'(#) is assumed continuous and time—differentiable. A
unitary drive H can optionally be included in the dynamics. For the purposes of CDJ-Pontryagin (CDJ-P) optimization,
we may apply the general form of the readout-optimized CDJ Hamiltonian £Q. (19) to the Zeno dragging scenario. This
Hamiltonian is already in a form suitable for Pontryagin optimization, since we have Lagrange multipliers A that constrain
us to dynamics F* (here the conditional dynamics following the extremal-probability readout 7*), with the remaining term
g(q, {) acting essentially as a cost function for the optimization.

It turns out that g(q, {) = % var(S) EQ. (8c) is an ideal cost function for Zeno dragging optimization, for the following
reasons: First, it is non-negative everywhere by virtue of being a variance, and second, it only has roots at the eigenstates of L ),
i.e. at the Zeno points. Therefore, optimization with g(q, {) as a cost function implies that we search for the function {*(¢)
that minimizes g over the entire evolution. Now minimizing g means keeping the system as close as possible to a measurement
eigenstate throughout the evolution, which is exactly what is accomplished by successful Zeno dragging.

Implementing the Pontryagin optimization 48 = 0 with { as the control to be optimized then leads to

* * *
K . oOH OH* _ 0 — Gg=AT-(6;F")=1AT-(0;B)-A+AT - (3,A), (20)

1T=%9n> " "oq ¢

where the second second expression is the optimality condition that {* must satisfy at all times, given by the Pontryagin Max-
imum Principle d;H* = 0. One may think of Q. (20) as an application of Pontryagin’s principle, where the measurement
schedule £(#) is the control function to be optimized, and the action

T
8*=/ dt{q~A—%ATBA—ATA+g} (212)
0

T
=/0 dt{3(q-A"B(q-A) +g} (21b)

has been constructed from the CDJ stochastic path integral with dynamics constrained to its r—optimal paths. (In particular,
one may apply f D{r] to EQ. (15) to obtain the first line, and then additionally perform the f D[A] integration to obtain the
Lagrangian form in the second line [103, 105]. Both are straightforward Gaussian integrations when the path integral is written
in discrete time.)

We make a brief digression here to remark on the contrast between the STZ approach of § 3 and the CDJ-P approach of
§ 4.2. First, note that of these two, only the CDJ-P method explicitly seeks optimal control; counterdiabatic controls do not
generally come with any kind of cost function or optimality guarantees attached. Second, these two methods approach the
Zeno dragging protocol from complementary viewpoints. In deriving the STZ, we first provide a measurement and then search
for a unitary control satisfying some specific properties (namely, suppression of diabatic transitions in the Zeno frame). In the
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CDJ-P approach, we first specify any unitary that may be part of the system dynamics, and then perform an optimization of
the measurement axis within the context of those dynamics. These qualitative differences suggest that quite different solutions
might be found when using the two approaches. However, in § s we shall show that for at least one example the two approaches
yield equivalent solutions, and further connections between the methods will be elucidated in § 6.

Finally, we highlight what we have done in this section: EQS. (14 — 20) show thata cost function to optimize measurement—
driven quantum control can be derived from the measurement statistics. Thus, in deriving the CDJ-P optimal controls via
98 = 0, one is also optimizing the likelihood that the controlled evolution occurs.

s Example: Zeno Dragging a Qubit

To demonstrate the methods presented above, we will now consider the example of Zeno dragging a single qubit, similar to
what was experimentally demonstrated by Hacohen-Gourgy, Garcia-Pintos, Martin, Dressel, and Siddiqi [52]. For continuity
with the presentation of the previous sections, in § 5.1 we first continue our CDJ-P analysis in the context of this example,
and then in § 5.2 we demonstrate the application of our STZ method in the same context. In § 5.3 we consider the special
case of Zeno dragging without unitary assistance. The average fidelity and other indicators of the performance of the optimal
protocol derived in the preceding sections are detailed in § 5.4. We revisit our example in the Zeno frame in § 5.5, which yields
some additional insights about the optimal schedule, and then prepares us for a discussion of the robustness of STZ against
controller errors, appearing in § 5.6.

51 CDJ—P Zeno Dragging for a Qubit

Let us suppose that we can monitor any qubit observable in the xz—Bloch plane. The Kraus operator

1
A Ar\* 2A A
My) = (;l;) exp [—F At — VTt] { cosh [V At \/F] I+ sinh [V At \/l:] (6, cos + Gy sind) } (22)

is appropriate for this [118]. The measurement strength is given by the characteristic collapse time 7, or alternatively as the
corresponding rate I' = 1/47. The Kraus operator EQ. (22) may be expanded following the methods of § 2, leading to the
equivalent Lindblad operator L = VT (6 sin{ + 6, cos?). See § 6.1 for a more general recipe for constructing 1L in similar
settings.

The time-continuous conditional dynamics based on this single-qubit Kraus operator (with 7 = 1 and y = 0) and in the
presence of a unitary drive H= % Q &, may be expressed as

x 2Q - 27V [(#* = 1)sin{ +x2 cos{]
g=(%)= ) il (230
b4 —xQ =27V [(2% = 1) cos{ +xz sin/]
The readout statistics may be characterized by § = —% (r—8)* — g, with
S= 2\/1:(96 sin{ +zcosl), g=2T {1 —(xsinl+z cos[)z}. (23b)

Based on these expressions, we can immediately construct the CDJ stochastic Hamiltonian JH in Cartesian Bloch coordinates
q=(xz2)"as

Hy=A T+ AT+ G (24)

Recall from the preceding section that g(q) will play the role of a cost function in our optimization procedure. Fig. 1 shows a
visual representation of the specific g(q) in £Q. (23b), that underlies the calculations described below.
Two further manipulations are helpful as we move towards an analytic solution to this problem:

1. We convert H; to polar coordinates in the xz—Bloch plane. This can be accomplished via a canonical transformation
(6, 871:

x — Rsind z— R cosb,

Ay > Ag sinf@+ Ag cosG/R, A, — Ag cosd — Ay sind/R. (25)
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“escape”
errors

Figure 1: (a) Density plots of g(q) in the xz Bloch plane for two different values of £, in our single qubit example.
Color denotes g in units of I'. Recall that the function g (eq. (8¢) in genero|, and eq. (QBb) in the current exomp|e)
p|oys the role of a cost function for our CDJ-P Zeno drogging optimization. Panel (b) offers a quo|i’ro’rive
illustration of how diffusion of the conditional state in different measurement realizations leads on average to
loss of purity: The purple curve represents the probability density of pure states after some diabatic Zeno
dragging (distance inside the Bloch sphere represents higher probability density at some particular time T this
was obtained as a solution to the Fokker-Planck equation [94]). The green point represents the corresponding
Lindblad estimate at this time, which is the average of pure states Weighfed by the purp|e conditional distribution.
Loss of purity occurs when the distribution is no |onger well-localized, ie. when the conditional dynomics have
been allowed to diffuse more widely. A perfect control scheme, either using STZ or in the adiabatic limit, prevents
any diffusion and follows the root of g(q) exactly for all time, and thereby both retains purity, even on average,
and becomes deterministic evolution. We also observe in panel (b) that the peak of the distribution P(67) lags
behind the diobcfico”y—moving measurement axis. Op’rimo| controls will e><|o|icif|y compensate for this kind of
‘offset’ (see eq. (27) or eq. (35)). The tail of the distribution P(87) extending to 8, illustrates how “escape” errors
can occur: Trajectories left behind by diabatic motion of the measurement axis can have overlap with unwanted
eigenstates, and may then eventually “collapse” towards such unwanted states instead of the intended one.

2. We observe that R = 0 for R = 1, i.e., pure states remain pure since our dynamics are conditioned on complete mea-
surement information ( = 1). We can consequently set R = 1, which also decouples Ag from the dynamics.

By implementing this transformation, we will re-write our Hamiltonian, originally in terms of two canonically—conjugate
coordinate/co-state pairs q = (x, 2) and A = (A, A;), in terms of a single pairg — fand A — As.

Implementing this coordinate change, eliminating the radial coordinate, and optimizing or marginalizing away the readout
7 (recall the process leading from EQ. (16) to EQ. (19)), transforms the CDJ stochastic Hamiltonian to

3 = 20 (A — 1) sin®( = 6) + Ag [2T sin(2f — 26) + Q] . (26)

In the notation of EQs. (19,20), we here have g(§,¢) = 2I" sin?({ — ) = %B(ﬁ, ) and A = 2I"sin(2¢ — 26) + Q, where A
and B = b? are all scalar functions instead of vectors or tensors, because we have reduced the problem to a single coordinate
and a single noise source. The fact that the cost function g(6, {) and diffusion coefficient b(, {) vanish at the Zeno points
By = fand 8, =  + 7 is central to the functioning of the Zeno dragging control we analyze here. We denote 8o as the
target eigenstate, while escape to the “wrong” 8, eigenstate implies failure of the control. These two options are the only roots
(minima) of g(&, ) in this one qubit scenario, and are the instantaneous attractors of the conditional dynamics. See Fig. 1
for an illustration. Note that because EQ. (26) is a function of { — ¢ only, we have 8;5'(2 = —ﬁgf}CZJ. By EQ. (20), we may
then immediately understand that when we solve the optimization condition 8;3{2 = 0, we must also subsequently have A4

a conserved quantity in the optimal dynamics.
We are then in a position to find the optimal measurement axis control {* by solving 6;9‘(2‘ = 0. This reveals that

1 2 Ay
{* =0+ = arctan ( 2) = §+ arctan(Ay), (27)
2 1-A;

where the first and second forms of {* are equivalent up to piecewise additions of integer multiples of 7/2. Substitution of
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this solution into the stochastic Hamiltonian gives us the generator of the optimized dynamics as
* 2
3{2* =2 Ay + Ay Q. (28)
Since EQ. (28) is independent of &, we may immediately understand that Ay is conserved in the optimized dynamics (as ex-

pected), with state dynamics that are linear in time. In particular, applying da, 9—(2: | IV 6% = 4T Aj +Q (recall EQ. (20)),

with A;‘ a constant of motion due to 659{2: =0, leads to
0(2) = 6;+ (Q+ 4T Aj)t = 6+ (6 — 6,) %. (292)

This implicitly includes the optimal co-state
ef - 51' Q
*
_i-h_ e b
6T 4rT 4T (20b)
which maps the boundary value problem in the state ¢; and 6f to an initial value problem in the co-state Ag. Collecting these
expressions into EQ. (27), we then have the schedule

(30)

Gr—6;
;‘*:6f+(€f—5l»)%+arctan(f Q)

4T 4T

We now remark that global optima of the action 8 are given either by H = 0 or the path with Ay = 0 at the final time
[116, 119, 120]. 7 Setting EQ. (28) to zero is equivalent to setting A} = 0, such that here these two optimal conditions coincide.
Solving EQ. (29b) = 0 in the presence of a finite unitary drive  # 0 (see § 5.3 for the optimal solution in the absence of a
unitary drive, i.e., Q = 0) then gives us

Q=L T (31)

This optimal schedule solution illustrates two useful results: i) The optimal schedule for the single qubit measurement axis
{*(2) in this simplest example of Zeno dragging is linear in time (in the angular @ coordinates within the xz plane), and ii)
the best solution for Zeno dragging assisted by a #nitary drive has the unitary matched exactly with the linear schedule of the
measurement, Q = /*.

5.2 STZ Dragging for a Qubit

Here we compare the CDJ-P optimal solution for drive-assisted Zeno dragging with that obtained from the STZ method

that we derived in §3. Application of the STZ process to the single qubit example requires diagonalization of 3 which is
accomplished by the time—dependent Zeno frame transformation

{(@) N 40)
. COS(T) —Sln(T A As A A —-T+VTr 0
= , toyield D3=0"3 :( ) (32)
¢ sin (&;)) cos (@) Y 3=03Q 0 - -~\Tr
Having determined the Zeno frame transformation Q, it is then straightforward to apply EQ. (11) and £Q. (13) to find
e s a1 =2(T=+T») -Q
il Da — TH - - V ]
QQ+ 3 ZQ STZQ 2( Q_éf —2(F+\/I:V) (33)
This suggests that Hery = % Q 4,, with the choice
[=9Q (34)

will diagonalize the dynamics in the Zeno frame. The condition EQ. (34) is furthermore identical to the optimal schedule
solution from the CD]J-P approach in EQ. (31).

7Specifically, the optimized dynamics with H* = 0 identify the particular solution that traverses the distance between boundary states 6; — 6 in the
optimal time. Because quS = Af, the dynamics terminating at Af = 0 are by contrast the dynamics leading to the action—extremal final state t‘/’f given 6; and
the evolution time 7. See the cited references [116, 119, 120] for further justification and discussion. Since these extrema are the same in the present instance,
we will not interrogate these subtleties further here.
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We have thereby confirmed that our STZ and CDJ-P optimal solutions for the time-dependence of the measurement axis,
EQ. (34) and EQ. (31) are identical and that both of these rates are equal to the magnitude of the unitary drive. Both of these
control approaches were analytically tractable for this simple example. We remark that the STZ approach was perhaps simpler
to implement (and should be expected to scale to larger problems more easily), but that when tractable the CDJ-P approach
has the considerable benefit of explicitly providing optimality guarantees with the schedule {*(¢), rather than merely giving
the condition that the driving frequency Q should match the rate of change of the measurement axis rotation (or vice versa).
A third way of deriving this solution is presented in Appendix B.

5.3 Optimal Zeno Dragging without Unitary Assistance

For comparison, we briefly analyze here how the CDJ-P optimal solution changes when the unitary drive Q = 0, i.e., we
look at optimal Zeno dragging alone without the possibility of any unitary assistance or a “shortcut” to staying in the Zeno
subspace.

In the special case Q = 0, EQ. (277) remains correct, i.e.

(');f]-{z: =0 — " =0+arctan Ay, (35)

with the remaining equations from £Q. (26) through EQ. (292) also remaining correct upon setting Q = 0. Specifically,
EQ. (28) becomes 9{2: =2T A; such that Q = 0 may be implemented directly into EQ. (29) to obtain §(z) = §; + 4T A} ¢
with A} = (6 — 6;)/ (41 T). Thus, in the absence of any unitary shortcut or control, the best measurement schedule that
one can implement for finite-time Zeno dragging is

b — 6;
4T T’

{*(2) = 6;+ (6 — 6,)  +arctan (36)
which is a special case of EQ. (30). Interestingly, this implies that one should 7ot set the measurement axis exactly on the
expected instantaneous state, but that one should rather set it abead of that expected Bloch angle & by the factor arctan A;‘.
This forward lead in the Zeno dragging gets larger when attempting to do the process quickly (I' 7 ~ 1), but shrinks in the
adiabatic limit I" 7' > 1 where the Zeno dragging process performs well without any unitary assistance. We note that in the
experiment most closely related to our present formulation of the problem, it is clear that the main cluster of conditional states
lags behind the measurement axis by a small amount [52]; our optimal control solution here explicitly compensates for this
effect. See Fig. 1(b). Related “offset” phenomena have been observed in other optimal control settings that aim to accelerate
an adiabatic process [121, 122].

Since the Hamiltonian generator of the optimal dynamics reduces to HTL = 9‘(2‘ (=¢*)=2T A; forQ = 0, the globally
optimal solution (corresponding equivalently to J{’, " =0or A; (T) = 0,asabove), is then given by /\;‘ =(0p=6,)/(4I'T) =
0. This shows that optimal Zeno dragging with measurement alone is obtained only in the limit I' 77 — oo that minimizes
A7, ie., by rotating £ as slowly as possible from &; to 6. This makes physical sense: our solution EQ. (36) encourages us to work
in the adiabatic limit for Zeno dragging, while our equivalent solutions EQ. (31) and EQ. (34) point us towards the possibility
of a faster operation via cooperative unitary and dissipative evolution.

s.4 Evaluating the Performance of our Single—Qubit Optimal Solutions

A successful Zeno dragging process will result in high—purity quantum trajectories that closely follow a measurement eigen-
state throughout the time evolution of the system. The LME £Q. (7¢) describes the average evolution over an ensemble of
quantum trajectories (recall also that this emerges from EQ. (7a) in the special case where the measurement outcomes are not
collected, i.e., for zero measurement efficiency, 7 = 0). As such, we may use the LME to characterize the average effectiveness of
our various Zeno dragging solutions; both the purity of the LME solutions and their fidelity to the desired evolution quantify
the degree to which a Zeno dragging process (characterized by a choice of {(#) and I') will be effective on average.

It is generically possible to solve the Lindblad equation quasi-analytically via diagonalization of the Liouvillian if none of
the unitary drives or dissipators are time—dependent [123]. See Appendix A for details pertinent to our present example. We
further show there that when the schedule on which the dissipator in Q. (7c) varies is linear in time (i.c., his a constant, as is
the case for our optimal schedule EQ. (30)), then the time dependence of the dissipator is eliminated by transforming to the
Zeno frame, so that the diagonalization approach may be applied in that frame. We may then use such a solution to compute
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Figure 2: Average fidelity, F eq. (37), for the Zeno dragging protocol that performs a bit-flip |g) — |¢) using
the CDJ-P optimal schedule eq. (30), with boundary conditions 8¢ = 0 and §; = z. Both panels show the Rabi
rate Q of the unitary drive (in units of the measurement strength T') on the vertical axis, and the total dragging
time T (in units T7!) on the horizontal axis. The globally optimal CDJ-P/STZ solution eq. (31) is marked with a
dotted black line in both pone|s. Panel (o): contour p|of for a re|oﬁve|y short range of drogging times T and a
large range of rotation rates Q. The magenta lines denote the crossover point I'2 = (Q — £)? between oscillatory
Lindblad solutions (I < (Q = £)?), and decaying solutions (I'2 > (Q — £)2). Our protocol is intended for the
regime of decaying solutions, ie, where the Zeno effect stabilizes our target trajectory. The globally optimal
CDJ-P/STZ solution (dotted black line) sits at the center of this damped regime. The low-purity oscillations of
the oscillatory Lindblad regime are clearly visible outside the magenta curves. Panel (b): density plot illustrating
the same dynamics, with an extended horizontal axis that goes deeper into the adiabatic regime where Zeno
dragging works increasingly well without unitary assistance. In this panel a red-hued colorbar is employed for
the oscillatory regime, and a green-hued colorbar for the damped regime. The STZ solution (dotted black
line) clearly converges towards the unitary drive amplitude Q@ — 0 in the long-time limit, corresponding to the
adiabatic limit where perfect Zeno dragging fidelity can be achieved deterministically without unitary assistance.
Both panels were obtained by numerical evaluation of the quasi-analytic solutions for the averaged dynamics
presented in Appendix A.
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Figure 3: Lindblad dynamics for a Zeno dragging process on a single qubit that pulls the initial x = +1 eigenstate
at t = 0 to the z = +1 eigenstate at £ = T, are evaluated using the optimal linear schedule {* eq. (30) and plotted
as paths in the xz Bloch plane (left panel), and as the time-dependent z(¢) (right panel). Dashed lines show the
solutions with Q = 0, i.e, Zeno drogging alone, with no corrective unitary control. Solid lines (righf pcme| on|y)
show the CDJ-P optimal solutions with the STZ drive Q = £ added to the scheme, revealing effectively perfect
solutions from the optimal condition matching the rate of change of the measurement axis and the unitary drive,
provided that the measurement axis rotation £(¢) and unitary Q are both implemented perfectly. Comparing the
STZ and measurement-only traces, we see how the matched measurement and unitary overcome the adiabatic-
like timescale issue inherent in Zeno dragging alone, allowing us to now reproduce the good Zeno dragging
dynomics, ie, those normo”y accessible on|y for'T > 1, at orbi’rrori|y faster timescales.

d I It[arb] ' ' T 0 I It[arb] I I T 0 I It[arb]l I T

Figure 4: Individual stochastic quantum trajectories for Zeno dragging a single qubit from \/Lik) + %|g) to |e),

using the pre»compufed linear in @ schedule eq. (36). These are compufed with a fixed drogging time T’ (orbifrory
units), but with differing measurement strengths I'. Specifically we use values T'T =2 (a), ' T = 20 (b), and
I' T =200 (c). The average of an ensemble of 5000 trajectories is shown in dashed black, together with a dozen
individual trajectories within that ensemble (various colors). The distance of each trajectory from zr = 1 at the
final time T is a good indicator of the overall error. As expected, the protocol is more robust for large values
of T' T Interestingly, we also note that for individually weak measurements (we use Az = 0.001 [T] throughout),
fluctuations at shorter times are often corrected by subsequenf measurements.
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the average fidelity of a Zeno dragging operation. In particular, if [¢/7) is the target final state and p(7') is the final average state
at the end of a Zeno dragging operation, then the general mixed state fidelity [124]

2
F=tu (\/\/Wf)(%fbo(T) Wf)(%‘l) (372)

may be used. For a qubit restricted to the xz—Bloch plane, as in the example above, this reduces to

F = % (1 +x(7) sinbr +2(T) cos é’f), (37b)

where 0f is the target angle, and x(7") and z(7’) are the Bloch coordinate representation of the solution to the Lindblad
dynamics. This fidelity can be evaluated using the solutions from Appendix A, and is plotted in Fig. 2 for a Zeno dragging
operation that performs a bit-flip |¢) — |e) using the optimal schedule EQ. (30). Two important and expected features appear
in Fig. 2. First, we confirm that the solution EQ. (31) is globally optimal, allowing a perfect average fidelity to be achieved for
all values of dragging time 7". Second, we see how this solution converges towards the un-assisted Zeno dragging of § 5.3 for
long dragging times.

Fig. 3 shows now the dynamics for Zeno dragging of a qubit from the +x eigenstate to the +z eigenstate over a finite
time interval 7. Specifically, here we show the average state evolution for CDJ-P optimal Zeno dragging that is designed
to generate the target dynamics 8(¢) = (#/27)(T — ). We compare different measurement strengths, as well as solutions
with and without the unitary STZ. We see once again that working in the adiabatic regime I'7" > 1 can generate a high
dragging fidelity even for = 0, i.e., for Zeno dragging without supporting unitary controls, while for smaller values of I' T
the quality of the Zeno dragging control degrades. Here the solutions are increasingly impure as diabatic effects become more
importantat smaller 7" and/or smaller I" values, but the target dynamics are nevertheless still recovered when the STZ protocol
is implemented. All of these features are expected, given that adiabatic dynamics and that our STZ is designed to accelerate
those dynamics in a similar manner to the shortcuts to adiabaticity of the more standard all-unitary dynamical situation [r1].

Fig. 4 shows some representative individual trajectories together with the ensemble average. It is evident that these plots
are consistent with the conclusions above. We additionally note that the main cluster of trajectories follows the intended dy-
namics more closely than does the average dynamics. This is because the average dynamics include large fluctuations involving
escape of the system to the “wrong” measurement eigenstate. As noted in Kokaew, Chotibut, and Chantasrti [80], part of
the motivation for using the CDJ r—optimal paths to derive optimal controls instead of the LME solutions is precisely this
clustering behavior in the conditional dynamics. Furthermore, it is apparent from Fig. 4 that in the limit of weak continuous
measurements (individual detector integration intervals Az < I'"1), many trajectories that go off course at short times actu-
ally correct themselves at longer times. This is because measurement fluctuations away from the target eigenspace are small
enough to not constitute a complete “collapse” to the “wrong” eigenstate, so that subsequent weak measurements may still
correct those fluctuations with high probability.

s.s Insights from the Zeno Frame

Let us briefly reconsider this simple qubit problem in the Zeno frame defined in the course of deriving our STZ results. To
put EQ. (26) in the Zeno frame, we may simply define a new coordinate § = § — £, and write

HE = 20 (A7 - 1)sin*(9) + As| Q - £ —2Tsin(29) |, (38)

——
Qur

where the diabatic frame rotation term now appears as an effective unitary rotation. This transformation was simple due to
the previous observation that £Q. (26) was already a function of { — ¢ only. When { is constant (i.e. for a linear schedule),
fHZJ EQ. (38) is ime—independent in this frame; thus we have a frame that rotates with the optimal schedule, in which the

optimally—controlled dynamics must follow lines of constant “stochastic energy” € = f}CZJ. We may now derive the optimal

“offset” in the schedule solely by examining the fixed points in this Zeno frame [125]. The fixed points 3, As satisty
*

) oK :
W

. 35{2
0 & Ayg=—"7==0, (392)

3
99
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which may be solved to obtain

Ag = 4—FQ & § = —arctan(Ag). (39b)
Substitution of these fixed point expressions into {' = ¢ — & then recovers EQ. (29) and EQ. (30), i.e. the fixed points allow us
to quickly derive the “offset” by which the measurement axis is ahead of the current state for finite dragging times (because
the whole idea of Zeno dragging is to remain stationary in the Zeno frame). Hamiltonian phase portraits [119, 120] of EQ. (38)
appear in Fig. 5 to illustrate the idea.

5.6 Robustness of the Optimal Solutions

Given that our STZ solution calls for a redundant measurement and unitary, one may ask: Is there any advantage to “doubling
up” on our controls in this way, as compared to just performing a unitary by itself? We offer an analysis in this section centered
about this question, and offer some further perspective again in § 7.

We here address the following situation: Suppose that we perform STZ, but both our measurement axis control and
unitary drive experience some drift or noise that makes the operations imperfect. Suppose Q = Qo + Q¢ and{ = o + ¢
for the moment, where the e-subscripted terms denote errors relative to the intended STZ operations Qo = ZO- We can then
ask a more targeted version of our question: For what, if any, types of errors £, and /¢, and measurement strength I" 7" do
the STZ dynamics remain more tightly clustered about the intended evolution than the corresponding dynamics generated
by the unitary evolution alone? We here offer some numerical evidence that a suitable Zeno measurement does in fact add
robustness; the most—closely related formal work we are aware of in the literature includes Refs. [34, 78, 126].

5.6.x Impact of Unitary Noise on STZ

We begin by moving in the Zeno frame of our intended operation, i.c. we take the Kraus operator EQ. (22) and implement
QS M,(0) Qo = M,.(& - &), for QO = ¢7"%%/2 Note that this implies that L) = L(¢ - &) from this frame change, so

that we may use EQ. (10) to write the conditional dynamics
p=ile o~ hol + 3¢ - &) p+e 3¢ - 20) - 20w (e3¢ - %)), (40)
where p and Hq are in the frame defined by Qo- We will assume that the intended dynamics follow our STZ protocol, such

that Qp = {y. Our previous results can consequently be adapted straightforwardly, where for a deterministically mis-aliged
measurement axis we have (still in Stratonovich form)

1'9=A,9+b,9dd—ptV for As=Q, -2l sin(28 -2(.) & bg=2VTsin($=20), (41)

with Q = Q() +Qe andf = z() +;5.
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Consider first the following simple scenario: The unitary drive experiences state—uniform Gaussian white noise (indepen-
dent of the fundamental measurement noise) as per Q¢ = eq d Wq/dt, while {¢ (¢) is some deterministic drift away from the
intended measurement axis. We may then re-write

aw dWao

3= Asla =0 + b&w téq 2 (42a)

as well as the corresponding Fokker—Planck equation (FPE, or forward Kolmogorov equation) [94]

0P
[bs ]+ =< = (Asla=) P (42b)

oP 0
_ %b3

o 9
ot~ 09

03

where P = P(3, ¢|P(, ¢ = 0)). Given some initial distribution of states P(, ¢ = 0), the FPE tells us how to propagate the
distribution forward in time. Note that in the event of unitary operations only (i.e. without measurement at all, I' = 0), the
error is analytically solvable for an exactly—prepared initial state, i.e.

(-5

2 a2 262 ¢
0P _ 0P P = e for Py= (5 o). (43)

Y 2
ot 2 0¥ }27;5&22[

Solutions to the FPE £Q. (42b) can be obtained numerically, and are shown in Fig. 6. Does perfect Zeno dragging help to
mitigate errors in the paired unitary? Fig. 6 says that the answer is both yes and no: Yes, the measurement helps to localize the
state distribution about the target state more tightly than if we performed a unitary alone; but also no, because the measure-
ment grows the tails of the distribution by fueling escape towards the orthogonal eigenstate. Both the positive and negative
effects grow with increased measurement strength. As expected however, escape errors become increasingly unlikely when the

unitary error rate is smaller. In short, the addition of a measurement is a net positive here, so long as the error rate is small
enough to make escape events sufficiently rare.

5.6.2 Impact of Measurement—Axis Noise on STZ

Let us now investigate the case in which our measurement axis is also prone to stochastic errors. To what extent are the results
outlined in and around Fig. 6 modified? We imagine that { = {y + g7 dWy. We cannot use a FPE in the same way as in
the previous subsection, because the coefficients A and b depend on { rather than Z, such that the history of the diffusion
is involved in setting the next step, making the process non-Markovian. We can however still perform pure—state trajectory
simulations, and histogram the distributions to obtain the analogous Monte Carlo analysis.

See Fig. 7 for results from such an analysis. In broad strokes, we draw the following conclusions from those simulations: i)
For stochastic measurement—axis mis-control at a similar scale to the unitary mis-control, the peak of the distribution widens
to about the same width as for the unitary errors without any measurement at all. ii) The measurement still encourages some
escape to the “wrong” eigenstate, but for small-scale errors these escape events remain quite rare. Only for large measurement
strength and large mis-control errors are these issues substantial. iii) If dissipation (without detection) is used for STZ, the
most basic intuition one might have about the problem appears to be about right: Dissipation will help stabilize an operation
if the measurement axis control is at least as precise as the unitary.

5.6.3 Discussion: Monitored versus un-Monitored Errors

Point iii) above suggests the ways in which a “measurement” may have autonomous benefits even without actual detection,
provided the dissipation engineering is sufficiently good to avoid creating more errors than it suppresses. More work could be
done to determine the exact bounds or break—even points for realistic types and scales of errors in STZ dragging operations.
Some related work about the scaling of autonomous quantum error correction (AQEC) already appears in the literature [126].
This dissipation—only case is however the weakest case of Zeno dragging: The full power of such an appproach becomes ap-
parent if one actually monitors the unitary, and therefore gives oneself the ability to detect and correct escape errors (escape
away from the neighborhood of the target eigenspace) in real time. Such a feedback approach would effectively be an instance
of continuous quantum error correction [127-139] (CQEC instead of AQEC). Given that continuous measurements can be
used to diagnose coherent errors in experiments [140], we speculate that STZ with error detection could potentially also be de-
veloped with applications to calibration tasks. This connection between AQEC and CQEC is effectively the same relationship
that exists between dissipative Zeno stabilization [27-29, 47, 56, 57], and feedback-assisted Zeno stabilization [25-34].
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Figure 6: We plot solutions to the FPE eq. (42b), obtained numerically (via finite element methods). In panels
(a) and (b) diffusive unitary errors are generofed as per €g = 0.0l/ﬁ, while in (c) and (o|) this is reduced
to e = 0.001/VT. We choose the initial distribution Py = (7/2 VT eq) cos®(w §/VT eq) for numerical purposes,
which effectively assumes that the initial state is prepared with a similar error rate as appears in our subsequent
unitary operations, and is localized with certainty to a small region about the desired initial state. Numerical
solution of eq. (43) with this finite-width initial state is shown in dotted red (o,b) or magenta (c,d), and deviates
neg|igib|y from the ono|y‘ric solution to eq. (43) for exact initial state preparation (solid red or magenta lines).
These reference lines without measurement may be compored to the solutions inc|uding measurement (blue in
a,b; teal in ¢,d). FPE solutions with measurement are shown for I' T =1, 3,10, 30, 100 (blue or teal, with increasing
opacity deno‘ring stronger measurement). In genero|, we see that measurement tends to localize the peok of
the distribution around the desired state, but also grows the tails of the distribution (by sometimes encouraging
collapse to “other” measurement eigenstate). Recall that & = 0 is the target state in the Zeno frame, while 3 = 7
is the opposite measurement eigenstate. These localization and escape effects become more exoggerofed with
increased measurement strength. Note that all vertical axes are logarithmic, so that even quite rare escape events
can be discerned in these distributions.
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Figure 7: Histograms of the final-time states from simulations of 5000 frajectories each, inc|uding stochastic
errors, are shown. A bitflip is performed via STZ over time interval T'=1, with ' T =3 (a,b), ' T =10 (¢,d), and
I'T =30 (ef). The teal distributions are for unitary error gg > 0 but perfect measurement g=0 (recall Fig. 6).
The red distributions are for unitary error eg > 0 with no measurement performed at all (I' = 0). The yellow
distributions are for both unitary mis-control eq >0 and measurement axis mis-control &> 0. On the top (a,ce)
we use g = 0.001/VT = ¢z, and observe that the red and yellow distributions more or less overlap (indicating
that the addition of a measurement prone to errors of a similar severity to the unitary has only a small effect
on the distribution). One the bottom (b,d,f) we use &= 0.0003/ﬁ = 0.3¢q, and observe that despite the small
probobih‘ry of ‘escape” to the wrong eigenstate, the measurement is a net positive for control if it is calibrated
better than the unitary. The measurement record is not used to perform feedback in any of the above; however,
continuous monitoring does offer the possibih’ry of conﬂnuous|y correcting operations, which would further improve
control by providing information about rare escape events, such that they could be corrected in real time.

6 Beyond a Single Qubit
6.1 Setting up Simple Zeno Dragging Operations

We briefly describe how the formulas in § 2 and § 3 may be re-purposed to find a Lindblad operator Lto perform a Zeno
dragging operation from [¢;) to [¢7), where [¢;) and |¢) are states in an arbitrary Hilbert space.
—ih

Our first step will be to write down a Q = ¢7'", that defines a change of basis into the Zeno frame (in which the 1 we wish

to find is diagonal). Consider

§ -l »

> - [yslyr)l®

where the factor 7 and sign between the two terms in the numerator have been chosen so that Q will be a real-valued orthogonal
matrix. One may generalize this phase if a different convention better suits their needs. The angle { swept over the full control

operation is f sdr = f al =« (1 - |(¢,|¢f)’2) We stress that construction of the basis change associated tracing a path

between boundary states above is not unique; it is meant only to be a simple and valid formula. In writing down this particular
expression, we are imposing a specific path over which to realize |;) — [¢7). Alternatively, the CD]-P strategy § 4.2, or
another quantum control strategy, might be used to optimize the path taken given a suitable parameterization of the abilities
and constraints of a given physical system. One could also impose a more complicated continuous trajectory through Hilbert
space via a sequence of infinitesimal h like the one above. The main goal of this section however will be to illustrate that in the
event that we have simple dynamics like the planar rotation EQ. (44), then the schedule—optimization problem will remain
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relatively simple to solve, even if the dynamics in question are embedded in a larger Hilbert space.
We now aim to turn the basis change Q into a Lindblad operator L(2) that Zeno drags a marked state (or group of states)
through the larger Hilbert space. Itis convenient to use a Dg, which differs from the convention of EQ. (3) and/or EQ. (9) only

in that the “ostensible” probability is expanded and retained in 3 = 3 — zl; 72 1. In the simplest case, one may then construct
a two outcome D3 as per e.g.

(r—2T)?
) 1 (r+2VD)?
Dy =- (r+2VD)? : (45)

This may be constructed so that outcomes centered around 7 = +2VI herald success in following a marked state or subpace
(i.e. choose (» — 2VI')? on matrix element(s) so as to select the marked state or subspace one wishes to restrict population to),

while outcomes centered around » = —2\/F herald failure of the dissipative / Zeno confinement (i.e. assign this outcome to
all state(s) besides those marked). With the diagonal matrix D3 in place, one may then simply recover

?)ZQD3Q%+%r2f[=rz—z2, (46)

and solve for L. Note that the above construction of D3 = diag{- }} (r72I)?} implies that Dy = diag{i\/I: } and therefore

that Di = I' . Refs. [6o, 61] offer a case study in how an outcome structure and Zeno subspace division like EQ. (45) can be
approximately engineered in practice. Generalization to the case of more than two groups of outcomes is straightforward.

6.2 A Two-Qubit Example: Dissipative Bell State Generation

We now construct an explicit example using the general procedure outlined above. We here illustrate how one might perform
Zeno dragging from a separable two—qubit state to a Bell state, once again using a linear optimal schedule. In the next subsec-
tion we will then be in a firm position to discuss common features of our one— and two—qubit examples that define a “simple”
class of analytically—solvable problems via CDJ-P.

Let us start by defining h(Z ) for initial state |g¢g) and final state |®*) o |ee) + |gg). Note that the boundary states in
question have S0% overlap, i.e. [{gg|®*)|* = % This gives us

0o 0 o0 ¢
f . . _i 0O 0 0 O
h= 52 (199 - l@ =3 ¢ o o o | (472)
- 0 0 O
cos(%) 0 0 sin(%)
R _ib 0 1 0 0
Q=c'"= 0 0 1 0 (47b)
—sin(%) 0 0 cos(%)

We mark the bottom element of D3, which initially corresponds to |gg) at{ = 0. Then application of EQ. (46) leads us to

—VTcos(¢) O 0  Vsin(0)
=l 0 T 0 (+9)
V[ sin({) 0 0 VTcos(?)

It is helpful now to parameterize our real and pure two—qubit state in terms of three angles: We may use two local angles,
where & has the same meaning as in our previous example for one qubit, with & in the analogous local Bloch angle for the other
qubit. A third non-local angle y is used to represent entanglement (such that concurrence € = sin y) [141]. See Appendix C
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Figure 8: We plot the fidelity o the target state Zg+ and purity & = tr (p*) as a function of time, under Lindblad
evolution with eq. (48) and eq. (52b). As expected, an entangled state can be created with near unit fidelity and
purity (and therefore near unit probobih‘ry, as well) in the limit T' T > 1. Time on the horizontal axes is in units of
the dragging interval T.

for details. This turns out to be ideal for our chosen boundary conditions: We have |gg) < {§ = & = 7,y = 0} and
|®*) & {§ =m$ =my = x/2}. Then we are able to set § = 7 = $ and work in the one dimensional sub-manifold where
only y changes. Under these simplifications, our conditional dynamics are again reduced to a one-dimensional problem: The
signal and information gain rate (see £EQ. (5) and EQ. (8c)) given by our L(Z) are

S=2\T cos({—y) & g=2Tsin*({—y), (49)

where g again takes on the role of a cost function in the optimization (see EQ. (20)). The conditional dynamics in our one—
dimensional sub-manifold are given by

7=2rVTsin(f - y). (s0)

It should be clear at this point that our derivation led us to a Lindblad operator EQ. (48) whose parametric dependence
effectively corresponds to a rotation in the plane of the concurrence angle y. We now have the base ingredients from which to
assemble the CD]J stochastic Hamiltonian

FH* =2 ([AX sin({ — y) + cos({ —;()]2 -1) with »*= oNT (A)( sin({ = y) +cos({ — y)). (s1)

As in our single-qubit example, H* depends strictly on {" — y, such that optimization EQ. (20) will lead to the co-states A,
conjugate to y being conserved in the optimal dynamics. The solution moreover takes exactly the same form as in the single
qubit case: We find

X=x+ Q=0 (522)
generated by

xf _Zz')

{* = xi+ (yf — 7)) % +arctan ( T (s2b)

for measurement—only dynamics. Lindbladian simulation according to this optimal schedule (see Fig. 8) reveals the expected
behavior: The measurement—based Zeno controls achieve asymptotically better fidelity and state purity as we approach the
adiabatic limit. STZ may again be applied via EQ. (47a), leading to perfect finite—time evolution.

This example illustrates that for simple target evolution, we may still obtain simple analytical solutions embedded in larger
Hilbert spaces. The proposed approach to entanglement generation is substantially different from other schemes that use
measurement or dissipation to create or sustain coherent correlations (see e.g. [17, 60, 61, 89, 142—145] and references therein).

6.3 An Analytically—Solvable Class of Problems

We remark on the properties of a class of problems to which both of our analytically—tractable examples belong, stemming
from operations restricted to a planar rotation as in EQ. (44). If the target operation can be parameterized by a scalar £, and
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restricted to a plane asin EQ. (44), then a single coordinate ¢ can be defined to parameterize the system’s response to pure—state
{ rotations. That is, it will be possible to reduce p = Z[h, p] to an equation ¢ uncoupled from any other evolution. The same
will apply to the pure-state conditional evolution arising from L({) constructed from the recipe in § 6.1.

Regarding the existence of the desired coordinate ¢: Consider a pure state |¢y) under the weak measurement (with unit
efficiency) of an observable L o |#;){(#1|. The post measurement state |¢,) is a linear combination of [¢o) and |¢#1), i.e.

|$4) o M|go) € RSpan{|go), [¢1)}- (s3)
The Kraus operatorM is given by EQ. (3a) with # = 1, and RSpan{|¢o), |¢1) } is Span{|¢o), |¢1) } with real coefficients, i.e.

RSpan{l|go), 1)} = {|¢> ‘ |¢) = sin()|go) + cos({)¢r), £ € [0, 27)}~ (s4)

Obviously RSpan{|@o), #1)} is a plane defined by |¢o) and |¢1), and any state in it can be described by a single parameter
as seen in EQ. (54).

This also holds when we are in the limit of continuous measurement Az — 0, where the dynamics are described by
EQ. (7b) (or a stochastic Schrodinger equation) for pure states. When a pure state [¥(¢)) € RSpan{|@o), |¢1)} is driven by
a Hamiltonian as in EQ. (44), the state will remain in RSpan{|¢¢), |¢1)}. Adding measurement, if V¢ € [0, T], we have the
measurement observable Z(¢) be related to a pure state [¢(2)) € RSpan{|g), |¢1)} via L(t) o« |¢(2)) (¢ (2)], then we will
again have the system state |/(#)) € RSpan{|¢o), |#1)} under this continuous measurement. Therefore, when the dynamics
include only the continuous monitoring and/or the Hamiltonian dynamics driven by Fl, one only needs a single parameter ¢
to describe the system dynamics, where the rate of unitary motion Q and measurement axis position { both act solely within
RSpan{[¢o), 40}

When the above holds, one is then guaranteed that the conditional evolution (with or without STZ) can be expressed by a
single coordinate as per ¢ = Ay(p =) +bg(p—{)dW (2)/dr. If this is true, then in turn, one may immediately understand
that EQ. (20) guarantees that A¢ = —0;H* = 0, such that the co-state A4 conjugate to ¢ will be conserved under the optimized
dynamics, as in the examples above. It should then be generically possible to solve both for the optimal schedule {* (#) and
the optimal evolution ¢* (¢) explicitly.

6.4 Beyond Analytical Solutions: Outlook on Numerical Approaches

Restricting ourselves to simple planar rotations inside a larger Hilbert space does limit the power and applicability of the
CDJ-P method. There will be many settings where it will either be i) impossible to impose such a simplification due to
experimental constraints, and/or ii) be advantageous to allow the optimization procedure more freedom to choose the path
between boundary states without restriction. These typical cases will likely have to be approached numerically. Fortunately,
many existing numerical strategies might be adapted to the CDJ-P action, and thereby be used for measurement—driven
control. Those strategies include e.g. the Gradient—Ascent, Krotov, or PRONTO algorithms [2, 146-149] all of which have a
basis in classical control [150, 151], and have been successfully adapted to unitary quantum control [2, 10, 152-154]. It appears
relatively straightforward to adapt these algorithms to the pure-state CDJ action associated with EQ. (16), simply by treating r
as another auxiliary set of controls: Joint numerical optimization of {r, {} for cost-function § £Q. (8b), under the constraint
q = F(q, 1, {), and with some enforcement of the final boundary conditions, is a problem compatible with the structure of
existing control algorithms. It is conceivable that the analytical r*(q, A, ) solutions might be adapted into versions of these
algorithms specifically suited to measurement—based CDJ-P control in future work, but this does affect the way co-states and
boundary conditions are handled.

All of those algorithms just mentioned begin with a trial control trajectory, and aim to iteratively adjust the controller
trajectory until it converges satisfactorily close to its optimum. As such, a good first guess ;:o ) (#) and r?o ) (2) is generally ben-
eficial, if not required. Fortunately, our simple examples above provide numerous insights that could ostensibly be leveraged
to make such first guesses in a systematic and informed way.

»  Discussion and Outlook

In this work we have put forward two methodologies related to Zeno dragging (measurement—driven control) of quantum
systems. First, we have shown that a “Shortcut to Zeno” (STZ) may be derived in the same spirit as all-unitary shortcuts
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to adiabaticity [1]. Second, we have demonstrated that the CDJ stochastic path integral [81, 112] offers a pathway towards
performing a Pontryagin—style optimization of a measurement—driven controller. We applied both methods to the example
of a single qubit [s2], and found that they generate identical optimal solutions, revealing that a monitored unitary offers
ideal performance in which one finds unit—probability success for a Zeno operation that provides dissipative stabilization of a
subspace. The CDJ-P action offers insight into this point: It simultaneously represents control cost and quantum trajectory
probability, and hence the controlled behavior converges towards occurring deterministically when the action is minimized
all the way to zero. We have further demonstrated that redundant unitary— and measurement—driven dynamics have some
resilience against controller errors, compared to unitary evolution alone. Finally, we have shown how the method can be
adapted to larger systems, and included an explicit two—qubit example.

7.1 Discussion

We may state an informal definition of Zeno dragging, based on the situations considered in this work, as follows. We conjec-
ture that Zeno dragging is a viable approach to driving a quantum system from some initial |¢;) to a final [¢¢), if and only if
there exist parameter(s) { controlling the choice of measurement such that i) a continuous sweep in {'is possible, and ii) that
this generates a continuous deformation of a local minimum of g(p, §) that traces a path from |¢;) to |¢/¢). In the Zeno frame,
any such local minimum would be rendered stationary. For single-measurement situations this condition is clearly met, since
by moving the measurement axis we necessarily control the trajectory of a root of g(p, {). However, we further expect the
concept of Zeno dragging as a whole to extend in principle to more general situations that preserve the stated condition on
g(ed).

Fig. 1 presents the simplest example of what we have just described. For a single qubit, by varying {, we vary a single
measurement axis and thereby have the freedom to rotate the roots of g(q) (which are the measurement eigenstates, or Zeno
points) to any pure state in the xz Bloch plane that we wish. In the event that we monitor this process with perfect efficiency, we
will have a pure real-time state estimate in individual runs of the Zeno dragging protocol. We have used these pure—state con-
ditional dynamics mathematically to derive our optimal control scheme. However, when performed well, Zeno dragging does
not actually require monitoring at all; just controlling the dissipation without detection is adequate. This can be understood
from the following considerations:

1. If we follow a measurement eigenstate perfectly as ¢ changes, then there is never actually any diffusion away from that
instantaneous eigenstate of L (or equivalently from the root of g).

2. If there is no diffusion away from the eigenstate, then the dynamics have become deterministic.

3. Equivalently, to 2., the dynamics resulting from such a deterministic process on an instantaneous eigenstate are guar-
anteed to provide a pure state on average (irrespective of the efficiency 7), since there is no purity loss without averaging
over a distribution of possible conditional states [28, 29]."

Each of these statements is effectively equivalent, and can be taken as a description of a perfect Zeno dragging process, as im-
plemented either with the globally optimal CDJ-P / STZ solution (i.e., with unitary assistance), or in the adiabatic limit of
I'T — oo (with measurement only). We have demonstrated this explicitly for the single qubit example in Fig. 2, where we
see that our globally optimal CDJ-P / STZ solution does in fact give perfect state fidelity on average, indicating that we have
realized deterministic control. The fact that Zeno dragging can work well on average, i.e., without actually monitoring the re-
sults in individual runs, makes it a much more appealing protocol for experiments. We see that our continuous measurements
are effectively ensuring dissipative stabilization of the Zeno dragged state in the manner of autonomous processes. From this
perspective, our chosen example is similar to autonomous state stabilization protocols (see e.g. Ref. [155]), where we have now
considered the optimal way to dynamically vary the point that is stabilized. We note that related analyses have also appeared
in the literature on feedback control [30, 33].

The connection to autonomous processes is not an accident, but is in fact deeply embedded in the construction of our
CDJ-P method. Consider that we derive the CDJ action from statistical premises EQ. (14) [81], such that action extremization
is simultaneously the condition for optimized measurement—driven controls, and extremized event probability. While the
CDJ optimal paths have in the past been used extensively to study properties of rare sequences of measurement events, we
here have a confluence of optimal control and the most—probable events. This is arguably the most fundamental result of

8Such a distribution of conditional states could be calculated by a solving the appropriate Fokker—Planck equation [94, 95]. Fig. 1(b) contains an illustra-
tion of this point, and see also § 5.6.
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this manuscript: A good cost function for optimal measurement—driven control is the integrated log—probability density for
sequences of readouts, such that controller optimization and statistical optimization are then necessarily performed together.
The CD]J action [81, 112] here provides the link between the statistics and Pontryagin principle. Thus, the possibility of realizing
deterministic and pure-state dynamics is a relatively general feature of the situation we consider, despite the intrinsic presence
of stochasticity (or decoherence) in a measurement—driven (dissipation—driven) scenario.

7.2 Outlook

The STZ and CD]J-P methods present different perspectives for further development. For the CDJ-P optimization, while we
have found an example with a straightforwardly tractable solution, we do expect the optimization procedure to be relatively
more difficult to implement in larger systems. Furthermore, the coordinate parameterization of larger systems can become
cumbersome in general (even with a restriction to pure states). The CDJ-P analysis in the single qubit example of § 5 was made
significantly easier because it was simple to intuitively guess a good coordinate system for the problem a priori; while we have
shown that there exist situations in larger systems that retain this simplicity, it is unlikely to be easy to divine similarly helpful
coordinates outside of those situations where simple target dynamics can be enforced. Moreover, the imposition of simplified
dynamics substantially restricts the power of the CDJ-P method: Given more freedom, it is perfectly capable in principle
of finding the optimal path between boundary states along with the accompanying schedule (see remarks in Ref. [80]). We
expect that for many practical applications, numerical solution of the optimality conditions will be important, as discussed in
§6.4.

There are also some obvious criticisms of the STZ solution using a matched unitary. First, one may ask whether it is
worthwhile to add dissipative stabilization if we are going to perform a unitary operation that would realize the target evolution
on its own anyway. We have argued in § 5.6 that under simple error models, the redundancy adds robustness to the operation,
provided the measurement motion and unitary motion are both relatively well-calibrated. Further advantages are possible
when the Zeno effect is used for continuous error suppression (see further remarks below). Second, for the simple qubit
example of § 5, the STZ result is obvious enough that it can be written down intuitively, without requiring the theoretical
formalities developed in this work. However, we have not only shown that the STZ and CDJ-P methods agree and reproduce
an intuitive result in a simple setting, but have also generalized their use well beyond the single—qubit problem where the
answer is intuitive.

There are a number of potential ways to build on the tools we have established and connected above for more general
applications. Our STZ suggests a method for mapping dissipative stabilization or Zeno dragging operations onto adiabatic
unitary evolution and vice versa; this may prove useful in and of itself. Additional extensions are suggested by consideration of
recent results in which the Zeno effect has been used for control. In particular, is possible to engineer measurements that Zeno
block the escape from a subspace without monitoring within that subspace, i.e., one may use the Zeno effect to define an ef-
fective decoherence—free subspace (DFS) [156] within a larger system [29, 47, 57, 58, 60, 61]. Such use of the Zeno effect allows
one both to stabilize that subspace dissipatively and to alter the dynamics within the subspace in useful ways. This suggests a
natural extension of the tools we have developed here. For example, one may optimize the schedule on which a DFS is dynam-
ically varied over the course of a system’s evolution, and have a systematic way of deriving a paired unitary that improves the
probability of the Zeno blocking (DFS confinement) succeeding. This is one possible extension of the methodological foun-
dation we have presented here which could be usefully explored in future work. We are aware of one experimentally—accessible
example of a process like the one just described, namely the dissipatively—stabilized cat qubits encoded in bosonic modes [62—
66, 68, 69]. These already use a time—dependent dissipation channel paired with an optional “feed forward” Hamiltonian to
perform some logical one— and two—qubit gates. The use of the Zeno effect to stabilize subspaces in these systems is a key
feature in suppressing qubit errors, and provides an example of a setting where the presence of dissipation is extremely helpful
(recall the first point in the preceding paragraph). Extension of these dissipative stabilization methods to grid states of an os-
cillator have also been proposed [67, 157, 158]; this setting is again of contemporary experimental interest [159, 160], including
within the context of error correction [161-163]. Broadly speaking, the use of Zeno-like dissipators to suppress errors is re-
ferred to as Autonomous Quantum Error Correction [126, 164-169]; the cat qubit examples we have just mentioned are one
experimentally—accessible example of this paradigm. Following this logic, application of the ideas in the present manuscript
to a larger system may also have interesting points of contact with continuous quantum error correction [127-139]. In other
words, just as insights about the stabilizing properties of the dissipative (average) Zeno effect [28, 57] can be leveraged to correct
measurement—driven quantum operations on average, so too should feedback be able to systematically improve these stabi-
lizing properties [25-34], to implement real-time correction of those operations. Quantum measurements are invasive, and
are thus never a passive element in a monitored unitary; well-engineered measurements for monitored operations offer the
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possibility of using that invasiveness constructively, to realize robustly correctable quantum control.

To summarize, in this work we have laid out some strategies to compute the optimal time—dependence for an evolving
quantum dissipator, and illustrated that a “shortcut to Zeno” allows such time—dependent dissipation to be paired with opti-
mally designed control unitaries to achieve perfect fidelity dissipatively stabilized quantum operations. This is expected to be
arelatively general feature, because the CDJ path integral shows us that the controller cost that should be optimized is derived
directly from the probability density for the measurement readout statistics. It is apparent from the examples cited in the
previous paragraph that the use of dissipation engineering to protect and manipulate quantum information is a diverse and
increasingly active sub-field. We expect that the general theoretical results developed in this work will have use well beyond
the simple examples we have presented to illustrate the optimal Zeno dragging approach, and will find wider use supporting
ongoing efforts in quantum information science.
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Appendices
A Solving Lindblad Dynamics for a Linear Dragging Schedule

A A Liouvillian Formulation of Uni-Dimensional Lindblad Rotations

In § 6.1 we described how to derive a Lindblad operator that uses Zeno dragging to mimic a planar rotation EQ. (44) between
two boundary states. Here we make some extended comments about this particular construction. EQ. (45) is generically

compatible with a measurement based on Gaussian pointer states and/or detectors (¢ 23 behaves like an un-normalized Kraus
operator in the diagonal basis, where the normalization condition EQ. (1) could then be applied), monitoring a Hermitian
observable thatleads to diffusive quantum trajectories in the time continuum limit. One common way to realize measurements
of the type of above is with dispersive qubit cavity coupling [40, 41, 44, 88, 93, 170], and quantum-limited amplifiers that
behave much like optical homodyne or heterodyne detection. Many other physical implementations are also compatible with
the above however. Generalization of D3 to more than two outcomes/subspaces is straightforward (and is likely to arise
naturally in modeling the physics of specific measurement devices [6o, 61]).

Confinement to a state or subspace should always work well even on average (i.e. in the Lindbladian dynamics) in the
adiabatic limit of slow rotation of the measurement axis. The construction of EQS. (44,45) also makes clear that if outcomes
can be grouped to mark a state or subspace, then escape can be detected and possibly corrected when true measurements are
made (i.e. if the experimentalist has access to the readouts » with efficiency » > 0). Works on continuous quantum error
correction have considered detection and correction of errors in closely-related scenarios [134-139].

Given the autonomous nature of a near—optimal Zeno dragging process, we now look at the Lindblad dynamics for the
simple construction of § 6.1 more closely. The Lindblad dynamics EQ. (7¢) ( = 0) may be written | p )) = Z| o )) in terms of
the Liouvillian superoperator

ZL=1"ol-110l”-

3 ;U el (s5)
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(for column-major vectorization p — | o ))). The dissipative Liouvillian is itself diagonalized by the operation that diagonal-
izes ﬁ, ie.
Dy =(Q Q) Z(Q ®Q)
=D b, -L1leD]-1iD} ot (56)
=D,eD,-Tiel

It follows that the Liouvillian gap [54, 5] is given by |A | = 2I" in the suggested construction EQ. (45).

A.2 A Solvable Liouvillian in the Zeno Frame

We briefly describe how the idea of moving to the Zeno frame, as in £Q. (10), can be used to obtain quasi-analytical solutions
to the Lindblad Master Equation EQ. (7¢) for a Zeno dragging operation with a time-linear schedule. Recall that we defined
p=0"pQand Dy = QT L Q, with § = ¢7"" such that O Q = 7hand OT Q = —ih. Let us apply this frame change to
EQ. (7¢), such that

p=0p0+0"p0+0'50 (s72)
G Qe+ 00 0+ Q' il + Lol -} LLp- LoL'L) 0 (70
:z'[g,QTl:]Q—H]+bLgDL—%Dig—%gbz, (s7¢)

where we have applied L = L' in the last line. This equation is linear in p, and our frame change has eliminated time-
dependence from the dissipator, shifting it to the h term that modifies the Hamiltonian. In the event that the schedule is
linear in time (i.e. h is time—independent), and QJr H Q does not have any time dependence remaining in this Zeno frame,
then an analytic solution in terms of the eigenvectors of the Liouvillian may be constructed in this Zeno frame. Related
comments about the Zeno frame have been made in the literature, (see e.g. Refs. [53, 125]).

Let us apply this to compute the Fidelity of the average Zeno dragging dynamics (without STZ) under our optimal sched-
ule EQ. (36). We now have a (non-Hermitian) Liouvillian, such that

16) = Zlp) = (z’ (0T Er10-h} ol-ite {QTﬁQ—h}erL@bL—rﬁ@f[) o) (s8)

is equivalent to EQ. (57). We may then diagonalize . via similarity transformation, i.e. Z¢ = Q7! £ Q, where Q is a square
matrix whose columns are the right eigenvectors of 2. Then a solution to EQ. (57) of the form

le(r) ) = Q exp(t Z2) Q71 £(0) ) (59)

exists so long as Q is invertible, and .’ is time—-independent in the Zeno frame. (Equivalently, the solution above exists for any
choice of time—independent parameters that do not form an Exceptional Point (EP) of .Z [171]). The full solution procedure
then reads:

1. Write the initial state in the Zeno frame, i.c. o; — p(0) = Q(T) P Qo
2. Apply EQ. (59) to solve the dynamics in the Zeno frame.

3. Return the solution back to the original frame p(z) — p(z) = Q; e(2) Qj , where Q, = Q(f (2)).

We reiterate that the above requires i) that { depend linearly on time in the sense that his a constant, and ii) that Q be invertible
for the parameters chosen.

% Q4y, and

L, -0, AG, . («/F

0
=25 = = — 0 & D = , 6
277 o T T =l o —vr ) (60)

Following the example in the main text, let us use 4 =

h
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which is the example of § 5. This is consistent with the use of the optimal schedule EQ. (30), which aims to Zeno drag the
qubit state an angular distance Ad over the time interval 7', with a measurement strength I'. We have Q+ H Q = H because
[Q, H] = 0 for our chosen example. In this particular case, we find

1 0

Q-¢
-1 F_\/m F+\/m and (6121)

Q-¢
0|0
0 1 I-yl2—(@-§2 r+r2-(@-42 |
1 0 [-Q F-Q
0 0 0 0
0 -2r 0 0
2= 0 0 T4\ (Q-¢p 0 : (61b)
0 0 0 - - /FZ—(Q—Z)Z

We have an EPat ' = (Q—¢)2. This marks a transition from an overdamped regime where solutions damp to the target state
via the Zeno effect (for I'2 > (Q — £)?), and an underdamped regime (for I'? < (Q — £)?) where unitary rotations win out
over the Zeno dynamics (low purity oscillations take place). The solution method above works for all parameter choices except
2 = (Q—)? ie. at the critical damping point (or EP) marking the boundary between the overdamped and underdamped
solution regimes.

We use solutions based on this method to construct Fig. 2, illustrating the average fidelity of a Zeno dragging operation
on a qubit. The solutions obtained from the above process with our optimal schedule are sufficiently cumbersome that we
do not reproduce them here in full (the expressions are impractical to handle without a computer algebra system). While the
difficulty of doing even parts of this procedure analytically will quickly become prohibitive with an increase in system size, the
above analysis can be the basis for a good numerical scheme in the adiabatic regime (which necessarily includes long evolution
times), as long as .Z’ can be diagonalized numerically. See e.g., [123] for further context.

B STZ as an Optimal Feedback Protocol

We here revisit the example of § 5 from a third perspective (supplementing the STZ and CD]J-P procedures described in the
main text). Specifically, we will here show that the proportional and quantum state—based (PaQS) procedure [20, 21], which
is a protocol for optimal feedback control, also leads us to the STZ solution EQ. (34).

PaQs, like our STZ procedure, encourages us to take the measurement schedule as a given, and then search for the op-
timal feedback unitary U (¢) = ¢~#%  where the control parameter ¢ may depend on the measurement records. Here we
know the “control Hamiltonian” must be proportional to &, with the intuition that U (¢) should be a real valued matrix. We
denote the density matrix conditioned on measurement outcomes at time ¢ by p;, and the (controlled) density matrix after the
measurement as well as the feedback unitary by p¢. The Itd stochastic master equation for continuous diffusive measurement
reads

dps = L(L p)dr + K(Lp) dW  for L(Lp)=Lpl" =L L'Lp —1p 7L
. . . . . (62a)
and K(L,p;) = Lp, +p; yal = prtr (Lﬁt +p: LT)

in general. Note that in constrast to the main text, we have switched to the It6 formalism in this appendix, and write the mea-

surement noise in terms of a Wiener increment d /#. For our qubit example with L(2) = VT (4, sinl + 6, cos?), EQ. (62)
can be reduced to

Prads =pr + dp; :ﬁt+F{jiJo,ﬁ—ﬁt}dt+‘/I: {ﬁﬂt+ﬁtﬁ—2f>ttr(zﬁt)}dW (62b)

Applying feedback we have
Porar =P+ P, = U (@) praar U (9). (63)
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Here we will assume that the measurement axis rotations are not stochastic (i.e. 47 = ¢ dt), but assume that the feedback
could be stochastic as per U = ¢*#% with ¢ = adt + fdW where 2 and f8 are some (real) numbers specifying the feedback
strategy. Expanding to O(dt) using Itd’s lemma d W = dt, one finds that

U($) = 1= go,dW — (iady+ 1 g21) de + O(dra) (64)
Using EQ. (62) and EQ. (63) and expanding everything as per It6 calculus, we find

Povar =P AK(L ) + 1B 651} AW + {L (L pf) + £(B 3 05) + 1l 6]+ [K(L, 7). 863 ] } it
=i+ KO () dW + L (6f) dl.
Continuing to follow the PaQS protocol [20, 21], we formulate a cost function as an expectation value, defining F(¢) =

tr (,o; z(z)) = (0(¢) o U (9) z(;)). Then the locally optimal feedback should satisfy

(65)

OF
¢

- ;—¢tr (z(; +d) U($) proa UF (¢)) = tr ((ﬁ(;) + ¢ g—‘; d:) [ i a-y]) -0
= (@) +Edr L) [o+ K () a 4.9 () i) (66)

= o (L@ 6 i) ) + e (EOIK O (400 i3] ) a7+ ue (L)LY (), 1831 + £ (8D (63 1531

where the Itd rule has been used as needed to truncate expressions to O(dr). We may solve this equation by individually
finding the root of the three terms that are O(1), O(d W), and O(dt). We may understand that the O(1) term reduces to
25 sind = xf cos{, which is satisfied by the obvious constraint that the optimally—controlled dynamics p¢ should follow an
eigenstate of L(2), ie.

A=(t=10). (67)

This could equivalently be understood as a condition that the optimal control problem was previously solved at time ¢, while
we now consider solving it for ¢ +dt by considering the next two terms. We substitute this form of ¢ £Q. (67) into the O(d17)
and O(dr) terms of EQ. (66), in order to find that

O@dW) gives -4BVT=0 — £=0, and (68)

O(dr) gives 2VI({-22)=0 — a=17 (68b)

We may now recognize that the PaQS approach [20, 21], slightly modified to account for our time—dependent observable,

has reproduced the results we derived as a “shortcut to Zeno” in the main text EQ. (33), since 2 = % Q, EQ. (68Db) reproduces

exactly EQ. (34). The condition 8 = 0 EQ. (68a) just confirms that our control can be open—loop, in the sense that it remains
independent of the diffusive noise in individual measurement realizations, as discussed in § 3.

As a final remark, this feedback derivation was performed with a cost function F = <L>, while in the main text we used
H a\2 . . . . . .
g=2 <L2> -2 <L> . It is easy to check that in this case there is fact no difference between the results these give however:

Because our qubit example satisfies 12 oc I, we have g = 2 (F - <ﬁ>2) Following the process of EQ. (66), it is then simple
to verify that optimum of F is also the optimum of g, such that F and g may be used interchangeably in the context of this
feedback optimization. This property applies for any single observable of the form Lol-2 IT, where 12 = ITisa projector.

C A Minimal Parameterization of Two—Qubit States

Note that as a matter of convention, we will notate two—qubit state vectors in the basis

a |ee)
b eo

o I (65
d lgg)
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with the usual notation for the Bell basis

|©%) = 5 (lee) +1gg)), & [9%) = 5 (leg) £ |ge)). (70)

In general, we may write a two—qubit density matrix as

1. R s A(d) o (B
P=7 I[4+Zq’7(7’] for cr,»jza'l.( )®<7].( ), (71)

There are in general 15 real coordinates in the vector q, corresponding to 15 generalized Gell-Mann matrices &, that are defined

for all combinates 7,7 = L, X, ¥, Z, excluding 7 = I = j, i.e. excluding Lel= TI;,. This parameterization has the property that

gij = tr (o 5;]-) and g; = tr (p 5}-]-), such that dynamics can be easily expressed as a dynamical system of equations in these q.
We can however greatly reduce the size of the coordinate space by using some simplifying assumptions:

I. our initial state is pure,
2. our initial state has only real amplitudes / an all-real density matrix p, and
3. 7 =1 onany and all measurements (to retain purity of the conditional dynamics).

Then we have only real amplitudes and pure states for all time. In this case, it is possible to express our dynamics in terms of
only three real coordinates. We reduce the pure state parameterization put forth by Wharton [141], which for real amplitudes

reads
sin (6/2) sin (y/2) sin (3/2) + cos (8/2) cos (y/2) cos (3/2)|  |ee)
V) = + |cos (6/2) cos (y/2) sin (3/2) — sin (6/2) sin (y/2) cos (3/2)| leg) (72)
+ [sin (6/2) cos (y/2) cos (8/2) — cos (8/2) sin (y/2) sin (3/2)] lge) -~
+ [sin (6/2) cos (y/2) sin (3/2) + cos (6/2) sin (y/2) cos (3/2)] lge)

In this parameterization, the concurrence [172] is given by

C =siny, (73)

while  and & are an angle on the xz—plane great circle of the local Bloch spheres for qubits 4 and B respectively (with § = 0
and & = 0 corresponding to |e,4) and |e), respectively).

The time evolution in the coordinates {§, & y} can furthermore be obtained from the general parameterization £Q. (71)
as per

8 = sec(y) [7vy cot(6) tan(y) — gz csc(8)], (742)
3= sec(y) [qyy tan(y) cot($) — g1z csc(S)] B (74b)
;’( = —gyy secy, (745)

when our assumptions about real amplitudes and pure states hold.
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