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ABSTRACT OF THE DISSERTATION

Stratified Planetary Boundary Layers: Turbulence Analysis and Wind Turbine
Applications

by

S. M. Iman Gohari
Doctor of Philosophy in Engineering Sciences (Mechanical Engineering)
University of California, San Diego, 2017
Professor Sutanu Sarkar, Chair

The lowest part of the atmosphere, which is directly influenced by Earth’s surface,
is called the planetary boundary layer (PBL) or the atmospheric boundary layer (ABL). In
the absence of the effects of humidity and advection, planetary boundary layers becomes
stably stratified whenever the land/sea surface is cooler than the air above as can happen
at night. Shear and buoyancy compete in the stratified boundary layer (SBL): shear
mostly generates turbulent motions, and negative buoyancy, which is a result of the
radiative cooling, inhibits turbulence. For a strongly stable PBL, the existing similarity
theory, i.e. Monin-Obukhov theory (MOST), cannot properly predict the turbulent fluxes,

xvi

the structure and the scaling of different layers. This motivates the first part of the
present research to elaborate the dynamics of strongly stratified PBL by conducting direct
numerical simulations (DNS) of the Ekman layer, a model problem for the planetary
boundary layer. It is found that turbulence in the boundary layer may collapse during
the initial transient, a low level jet (LLJ) emerges and, after collapse, the SBL displays
different types of spatial and temporal intermittency. The role of different nondimensional
stratification parameters in determining the boundary layer state is assessed using theory
and simulations.
Wind energy is a clean renewable energy source that offers many attractive
attributes including being fuel free, inexhaustible, and cost effective. These advantages
make wind energy the fastest-growing energy resource in the world, and researchers are
improving its technology, its integration into the grid, and lowering its costs. In the second
part of the present research, the interaction between the stably stratified, rotating PBL
and wind turbines is examined with two different simulation methodologies. In the first
method, the PBL is simulated with a large eddy simulation (LES) model advanced in this
thesis for stratified flow and provided to the Bazilevs group (in the structural engineering
department) who performed accurate fluid-structure interaction (FSI) simulations of the
wind turbines. The second method is the simulations of wind turbines operating in SBLs
with a simpler representation, known as the generalized actuator disk model. The FSI
data obtained in the first method are used for obtaining the input parameters required
for the second method. The thus-developed actuator disk model is subsequently used to
study the interaction of wind turbines with different regimes of stratified PBLs. The SBL
with high stratification leads to qualitative differences in the flow field behind the turbine
including a wake with horizontal and vertical asymmetry as well as longer lifetime,
coherent circulations and interfacial waves. The extracted power and its intermittency
also change with increasing stratification.

xvii

Chapter 1
Introduction
The Planetary Boundary Layer (PBL), also known as the atmospheric boundary
layer (ABL), is the part of the atmosphere which is directly influenced by the Earth’s
surface. The surface forcing induces fluxes of momentum, heat and mass within the
PBL, and they are transmitted to the upper atmosphere by the turbulent motions. At the
same time, the upper atmosphere provides synoptic-scale forcing to the PBL. Frictional
drag, heat transfer, pollutant sources, evaporation, transpiration and terrain-induced flows
are examples of surface forcing. Turbulent flows in the PBL generally contain superposed eddies with different sizes and lifetimes, varying from few milimetres (seconds)
to kilometres (hours). These eddies can be generated by surface friction, heating or
topography. It is the turbulent motions that determines how the boundary layer responds
to the changes in the surface forcing, since turbulence is significantly more effective in
transporting different quantities than molecular diffusivity.
Planetary boundary layers are typically classified into three categories: neutral,
convective and stable based on the strength of stabilizing or destabilizing effects of
buoyancy relative to wind shear. A typical cycle of the PBL over land is shown in
Fig. 1.1, indicating that the PBL thickness varies between hundreds of meters and few
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Figure 1.1: A typical diurnal cycle of the PBL (Stull, 1988).
kilometers among different flow regimes. The daytime heat flux from the ground leads to
a deep, convectively mixed zone known as the Convective Boundary Layer (CBL), in
which the turbulence grows until it is capped by a statically stable zone at the capping
inversion height. The characteristic feature of the CBL is the intense mixing promoted
by the statically unstable condition, wherein buoyant parcels of warm air raise from
the ground and reach a maximum height in late afternoon. As a result, the CBL tends
to have a vertically well-mixed layer of heat, momentum and moisture. At sunset, the
incoming short-wave radiation of sun is in balance with the surface radiative cooling
so that neither heating nor cooling flux is dominant, which results in an almost Neutral
Boundary Layer (NBL). In the absence of the effects of humidity and advection, the
PBL becomes stably stratified whenever the land/sea surface is cooler than the air above.
Therefore, after sunset, radiative cooling of the ground is no longer compensated by the
incoming short-wave flux from the sun, leading to a shallow Stable Boundary Layer
(SBL) during the night. In the SBL, turbulence usually decays while there is a residual
layer from CBL/NBL at the top of the SBL. It should be mentioned that the PBL thickness
changes relatively slowly over the oceans during the diurnal cycle, since the changes in

3
sea surface temperature between day and night are small.
Shear and buoyancy compete in the SBL: shear mostly generates turbulent motions, while negative buoyancy, which is a result of the radiative cooling, inhibits turbulence. The strongest stability commonly happens at some height above the surface, known
as the inversion layer and tends to cap the turbulence (the height at which the stability
becomes sufficiently strong to cap the turbulence is known as inversion height). Close
to the inversion height the wind speed presents a maximum, larger than the geostrophic
value aloft. This super-geostrophic velocity, commonly located at a height about 100
to 300 m, is commonly referred to as the low level jet (LLJ) which can be a source of
elevated turbulence, due to its shear. Different mechanisms underly the formation of the
LLJ as will be discussed later. Stable stratification supports internal gravity waves and
pronounced inertial oscillations leading to unsteady motions of a type that is is unique to
the SBL. These unsteady motions are intermittent, presenting a challenge for forecast
accuracy.
Stable PBLs are further categorized into three regimes (Mahrt, 1999; Sun et al.,
2012). First, the weakly stable regime wherein Monin-Obukhov similarity theory (MOST)
(Obukhov, 1971; Monin, 1970) is applicable. The weakness of the temperature gradient limits buoyancy effects on turbulent heat exchange and, hence, strengthening the
stratification results in an increase of turbulent heat flux. Second, the moderately stable
regime, where the turbulent heat flux is no longer increased by increasing stability because vertical velocity fluctuations and their correlation with temperature fluctuations
decrease with increased temperature gradient. Third, the strongly stable regime, where
the PBL structure is different: turbulence suppression and even collapse in the surface
layer, internal gravity waves, and the decoupling of the surface from the outer region
of the boundary. It is generally accepted that turbulence collapse is a complex process
(Mahrt, 1999) with global intermittency, i.e., at the same time there are turbulent patches
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interspersed in a quasi-laminar boundary layer, and temporal intermittency, i.e. transient
periods when the entire (a significant swath, in practice) surface layer has relatively weak
fluctuations. Several studies (Ansorge and Mellado, 2014; Sun et al., 2012) have implied
that there are a number of external triggers which can result in globally intermittent
flow, e.g. non-turbulent wind oscillations, nocturnal low level jets, solitary and internal
gravity waves. The stable boundary layer is dominant during nocturnal cooling, but there
is still no comprehensive framework to predict it. MOST describes the structure and
scaling of different layers of the weakly stable PBL. Högström (1996) showed that this
theory cannot properly reproduce the turbulent fluxes in the strongly stable regime. Also,
quantitative understanding of strongly stable and globally intermittent turbulent flow
from observations is difficult because of limitations in spatial and temporal coverage of
observations and difficulty of accurate flux measurements under such conditions.
As summarized above, the SBL displays a wealth of complex dynamics that are
not well understood. This motivates the first part of the present research, i.e. chapters 3
to 5, to elaborate the dynamics of stratified turbulence using direct numerical simulation
(DNS) of Ekman layer, a model problem for the atmospheric boundary layers. The
dynamics of interests include low-level jet emergence, turbulence collapse and possible
recovery, boundary layer unsteadiness, global intermittency (where turbulent patches
coexist with laminar flow), and temporal intermittency (episodes of turbulence collapse
followed by a recovery).
Wind energy is an increasingly important renewable source of electricity across
the world. Wind energy is “freely” available, not requiring mining, preparation or
transportation for conversion to electricity. The cost is that of converting wind energy
to electricity in the wind farm and the cabling to connect the output to the electricity
grid. In response to the impetus provided by climate change for increasing the renewable
energy contribution to meet the world overall energy demand, the use of the wind energy
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resource will certainly increase. Renewable Energy Capacity and Generation has reported
a share of 32% of total renewable energy coming from wind generation (in 2012), while
the total potential of wind generation in the US is reported to be larger than the total
energy consumption (WINDExchange, 2017). Although onshore wind farms are more
prevalent, offshore placement offers key advantages that include less intermittency of the
wind resource, proximity to populated areas like coastal region, as well as reduced noise
and visual impacts on humans.
The PBL determines the operating environment for wind turbines. With the
increasing size of wind farms, the feedback from large scale wind farms to the planetary
boundary layer has also become an area of interest. The motivation of meteorology
for wind energy is to provide better understanding of the interaction between PBL
and wind turbines including the effects of atmospheric turbulence on power extraction,
the behavior of wakes behind turbines, structural loads on the wind turbine and so on.
Although technological advances have enabled significant improvements in efficiency and
reliability, the performance of wind turbines in the SBL is poorly understood, especially
when the boundary layer is out of equilibrium. Under these circumstances, spatially
and temporally intermittent flow structures have a large effect on the wind turbine
performance because of the intermittency of extracted wind power. Extreme fluctuations
in wind speed and angle can cause turbine failure in components such as the gearbox and
rotor blades. Quantification and understanding of these intermittent events will lead to
better and more cost-effective blade design, better operational performance, and more
accurate wind resource forecasting.
In the second part of present research, the interaction between the stably stratified
ABL and wind turbines is examined with two different types of simulations. In the first
approach, the ABL is simulated with a large eddy simulation (LES) model advanced in
this thesis for stratified flow and provided to the Bazilevs group (in the structural engi-
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neering department) who perform accurate fluid-structure interaction (FSI) simulations
of the wind turbine wherein the structural response and aerodynamics are handled with a
finite element method augmented with weakly-enforced boundary conditions. The large
data sets generated in this approach will represent the multiscale, coupled flow/turbine
interactions with high fidelity. To the best of our knowledge, the coupling of ABL
simulations to FSI simulations is novel. The second approach is the simulations of wind
turbines operating in the stratified ABLs with a simpler representation. A rotor predictive
method, known as generalized actuator disk model, is employed by representation of
the equivalent forces of wind turbine that are distributed on a permeable disk (with zero
thickness) in the flow. This representation of a wind turbine is computationally less
expensive than the FSI method, allowing simulations that span longer time periods and
include a cluster of several wind turbines. The FSI data obtained in the first approach
are used in obtaining the scaling and the distribution of input parameters required for the
second approach. The developed actuator disk model is subsequently used to study the
interaction of wind turbines with different regimes of stratified atmospheric boundary
layers.

Chapter 2
Formulation and Numerical Method
In the study of stratified planetary boundary layers, several important physical
parameters arise: the geostrophic wind U∞ , the buoyancy frequency N∞ ; the Coriolis
frequency f ; the height of the boundary layer δ and the Reynolds number Re. We will
explain the importance of each parameter on DNS/LES studies performed in this research.

2.0.1

Governing equations
The following equations for the conservation of momentum (under the Boussinesq

approximation) and temperature are numerically solved
∂τi j
∂ui ∂(ui u j )
∂p
fi
+
=−
+ ν∇2 ui + δi3 αgθ + f εi j3 (u j −U∞ δ j1 ) +
− ,
∂t
∂x j
∂xi
∂xi ρ0
∂q j
∂θ ∂(θu j )
+
= λ∇2 θ +
.
∂t
∂x j
∂x j

(2.1)

(2.2)

Here, t is time, x j is the spatial coordinate, u j is the velocity, p is the pressure deviation
from the geostrophic pressure, ν is molecular viscosity, λ is thermal diffusivity, δi3 is the
Kronecker delta, εi j3 is the alternating unit symbol, g is the gravitational acceleration, f is
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the Coriolis parameter, U∞ is the geostrophic wind, α is the thermal expansion coefficient
for air, ρ0 is the air reference density, and θ is the deviation of potential temperature
from its constant reference value. The pressure, p, is computed by solving the Poisson
equation that results from taking the divergence of the momentum equation and imposing
zero velocity divergence at each time step. In the region far above the surface, the flow is
in geostrophical balance: the Coriolis force exerted on the geostrophic wind is equal to
the large-scale pressure gradient force. The geostrophic wind direction is referred to as
streamwise (x) and the direction of large-scale pressure gradient is referred as spanwise
(y), and z = x3 is the vertical direction. Horizontal boundary conditions are periodic.
No-slip (u = v = 0) and impermeability (w = 0) are imposed at the smooth bottom and
the top of the domain is taken to be stress free (∂u/∂z = ∂v/∂z = 0), impermeable, and
adiabatic (∂θ/∂z = 0) with a Rayleigh damping layer to minimize spurious reflection of
gravity waves. Since the system is statistically homogeneous in horizontal directions, the
Reynolds average of any quantity, e.g. hui(z,t), is computed by averaging over horizontal
planes. For the LES studies, τi j and qi account for unresolved scales (set to zero in the
DNS cases) and all the primitive variables in Eq. (2.1) and (2.2) are the filtered quantities
(will be denoted by (..)),
˜ as discussed in section 2.1. The fi is an immersed force for
modedling the effects of wind turbines on the flow, and is defined as fi = Fi /∆V where Fi
includes the aerodynamic forces of wind turbines that are distributed on the grid cells
with the volume of ∆V (the detailed discussion is provided in chapter 7).

2.1

LES methodology
The effects of subfilter scales (smaller than ∆ f ) on the momentum and temperature

equations appear in the Sub-Grid-Scale (SGS) stress tensor, τi j , and the SGS heat flux
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vector, qi . They are defined as
τi j = ug
i u j − ũi ũ j

(2.3)

qi = uf
i θ − ũi θ̃.

(2.4)

and

Note that the SGS stress and heat flux quantities are unknown and must be parametrized
as a function of the resolved velocity and temperature fields.
Eddy-viscosity models, the most popular SGS models, use the hypothesis of
gradient transport and formulate the i j component of the SGS stress tensor (the deviatoric
part) as follows
1
τi j − τkk δi j = −2νt S̃i j ,
3

(2.5)

where
1 ∂ũi ∂ũ j
+
)
S̃i j = (
2 ∂x j ∂xi
is the resolved strain rate tensor and νt denotes the SGS eddy viscosity. Despite known
deficiencies, the eddy-viscosity approach undoubtedly constitutes the most commonly
used family of SGS models in the ABL community.
From dimensional analysis, the eddy viscosity (νt ) can be computed as a product
of a characteristic length scale and a characteristic velocity scale (Geurts, 2003). Different
eddy-viscosity models use different velocity and length scales in practice. The most
popular eddy-viscosity formulation is the Smagorinsky model (Smagorinsky, 1961),

νt = (Cs ∆ f )2 |S̃|,

where Cs is the so-called Smagorinsky coefficient, and
|S̃| = (2S̃i j S̃i j )0.5

(2.6)
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is the magnitude of the resolved strain rate tensor. In contrast to Smagorinsky-type
eddy-viscosity models, the turbulence kinetic energy (TKE) based eddy-viscosity models
utilize (Moeng et al., 2007)
1
2
,
νt = CK lESGS

(2.7)

where CK is a modeling coefficient, l is a length scale, and ESGS is the SGS turbulence
kinetic energy. This formulation introduces an extra prognostic equation for the SGS
TKE. There are many other formations for eddy-viscosity models in the literature as
reviewed by Saguat (2006).
The values of Smagorinsky-type SGS model coefficient, Cs is well established
for homogeneous isotropic turbulence Lilly (1992). However, these values are expected
to change by increasing shear or introducing stratification (Agel et al., 2001; Kleissl
et al., 2004). Therefore, application of the eddy-viscosity model in LES of PBL flows
(with strong shear near the surface, poor resolution of near-wall turbulence structures and
temperature-driven stratification) has historically involved the use of different types of
wall-damping functions and stability corrections, which are either based on theoretical
study of turbulence or empirically derived from field observations, e.g. Kleissl et al.
(2004).
An alternative approach is to use the dynamic SGS modeling formulation of
Germano et al. (1991). This model allows for Cs to adapt to local flow characteristics, by
considering the dynamics of the flow at two different resolved scales and assuming scale
similarity as well as scale invariance of model coefficient. Thus, this model does not need
pre-specified Cs and, instead, computes the value Cs dynamically as described below.
Recall that the SGS stress tensor (τi j ) at the filter scale ∆ f is defined as τi j = ug
i u j − ũi ũ j .
Germano et al. (1991) proposed to use an additional explicit test filter of width α∆ f that
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gives rise to to a SGS turbulent stress tensor (Ti j ) at the test filter scale of α∆ f

Ti j = ug
i u j − ũi ũ j ,

(2.8)

where an overline (...) designates filtering at the scale of α∆ f . Germano noted that
filtering at scales ∆ f and α∆ f leads to the following relationship, now known as the
Germano identity
Li j = ũi ũ j − ũi ũ j = Ti j − τi j .

(2.9)

The Germano identity relates the difference between the SGS turbulent stress tensor (Ti j )
at the test filter scale α∆ f and the filtered value of τi j to a term, Li j , that is computable
from the LES velocity after explicit filtering. The Germano identity is effectively used to
dynamically compute the unknown SGS model coefficient. For Smagorinsky-type SGS
model, this identity yields
1
Li j − Lkk δi j = (Cs2 )∆ f Mi j ,
3

(2.10)

where
Mi j = 2∆2f



(C2 )
2 s α∆ f
|S̃|S̃i j − α
|S̃|S̃i j .
(Cs2 )∆ f

By assuming scale invariance; that is, (Cs2 )α∆ f = (Cs2 )∆ f (Germano et al., 1991), the
unknown coefficient (Cs2 )∆ f can be easily found through error minimization approach of
Lilly (1992)
(Cs2 )∆ f =

<Li j Mi j >
,
<Mi j Mi j >

(2.11)

wherein the chevrons <...> denotes spatial averaging (Germano et al., 1991; Lilly, 1992;
Agel et al., 2001; Zang et al., 1993) in the homogeneous directions.
Similar to the SGS stress tensor, the SGS heat flux vector is computed with the
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eddy-diffusivity model as

qi = −νht

νt ∂θ̃
∂θ̃
=−
∂xi
PrSGS ∂xi

(2.12)

where PrSGS is the SGS Prandtl number. PrSGS needs to be either prescribed or evaluated
dynamically following the same procedure as for Cs . In general, PrSGS is found to
increase under stable stratification, which is reflected in different SGS formulations. For
example, in Smagorinsky SGS models, PrSGS is increased from 0.44 in the convective
PBL to 0.7 in the neutral PBL, and to 1.0 in the very stable regime (Mason and Brown,
1999). On the other hand, the treatment in TKE-based SGS models Moeng et al. (2007)
is PrSGS =

∆f
∆ f +2l ,

where l is a pre-defined value. This implies that PrSGS is 0.33 under

convective and neutral conditions, and varies between 0.33 (weakly stable) to 1.0 (very
stable) in the stably stratified regimes. Further discussion on the proper implementation
of this model for the large-scale atmospheric boundary layer simulations is provided in
chapter 5.

2.2

Numerical method
The numerical model is designed to simulate different types of environmental flow,

and has the following features: (1) computational boundaries that conform to topography,
(2) a semi-coarsening multigrid Poisson solver for the pressure that efficiently handles
anisotropic grids, (3) adaptive subgrid models for turbulent fluxes of momentum and
scalars that allows for backscatter, (4) an adaptive near wall model for the smallest
energy containing scales of motion that occur at the boundary but are not resolved by
the near-boundary grid, (5) streamwise inhomogeneity if the mean flow evolution in
the streamwise direction is important. As mentioned above, the dynamic Smagorinsky
model is a well established subgrid mode for LES which has been applied successfully in
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many similar cases, for examples, rotating channel flow (Piomelli, 1995), mixing layers
(Vreman et al., 1997), and flow over bluff bodies (Rodi et al., 1997). The accuracy of
turbulent dissipation rate and the other terms in the TKE equation has been validated in
several studies, for example, by Martin et al. (2000) who show close agreement between
dynamic Smagorinsky and DNS in isotropic turbulence, and by Foysi and Sarkar (2010)
in a compressible mixing layer. Recently, Pham and Sarkar (2014) compared DNS
and LES results in a stratified shear layer and found good agreement between them
with regards to the buoyancy-induced reduction in shear layer growth rate and the TKE
balance. Based on the results of these prior studies, with a proper resolution for the
large-eddy length scale, LES with the chosen SGS model is an accurate and effective
approach for our problems.
The governing equations (2.1) and (2.2) are written in generalized curvilinear
coordinates (ξ, η) as described by Gayen and Sarkar (2011). The equations are solved
using mixed finite-difference/spectral discretization. It is a non-staggered grid system
with grid lines aligning with the physical boundary and velocity and pressure defined at
the cell center. Derivatives in the spanwise direction are treated with a pseudo-spectral
method and derivatives in the vertical and streamwise directions are computed with
second-order finite differences. An explicit low-storage third-order Runge- Kutta-Wray
(RKW3) method is used for the advective terms while the viscous terms are treated
implicitly with the alternating direction implicit (ADI) method. A multi-grid Poisson
solver is employed for the pressure. The code can be run in DNS mode or LES mode.
For LES, the subgrid eddy fluxes, τi j and q j , are included with eddy viscosity and eddy
diffusivity, νt and νht = νt /PrSGS , using a dynamic procedure to compute the model
coefficients. There is also an option to use different models for the near wall treatment.
Variable time stepping with a fixed CFL number can be used. Periodicity is imposed in
the spanwise direction on velocity, temperature θ and pressure, p. The computational
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domain can include a Rayleigh damping or a “sponge” layer at the left and right or top
boundaries. It can also have Neumann, Dirichlet, periodic or mixed boundary conditions.
At the bottom boundary, grid orthogonality is ensured to accurately impose the condition
of zero (or other prescribed value) normal heat flux and zero normal pressure gradient.
In order to reduce the simulation runtime, it is common to distribute the data
among the processes through domain decomposition by designing a parallel algorithm.
Since this code uses pseudo-spectral method (only in the Y direction), FFT is often
executed inside the RKW3 sub-step to transform the velocity field from physical to
Fourier space and vice-versa. The Fourier transform is a difficult algorithm to parallelize,
since it requires a large amount of non-local communication. Therefore, we ensure
that all required data are available locally for FFT calls. In each RKW3 sub-step, a
two-dimensional multigrid routine is executed for pressure correction in the fractional
step method. Since, the multigrid method is communication intensive, it is desirable to
keep this operation local on each process which we accomplish by slab decomposition
into X-Z (directions that employ finite-difference for computing derivatives) slabs. The
data still remains decomposed in the X-Z plane during the ADI splitting process for the
viscous terms. However, this domain decomposition is inefficient during the FFT call.
Therefore, before calling FFT in the Y direction, the data must be made local in that
direction. This can be accomplished by an MPI ALLTOALL transpose to distribute the data
in X-Y planes. MPI ALLTOALL is one of the collective data movement routines (Gropp
et al., 1999). After MPI ALLTOALL call, the domain is decomposed into X-Y slabs with
processors lying along Z-direction and FFTs are performed on the velocity to transform
it from physical space into Fourier space. Soon after the FFTs, another MPI ALLTOALL
transpose is called to redistribute the data (in Fourier space) in X-Z planes. An inverse
FFT transform (Fourier space to physical space) is also done similarly at the cost of two
MPI ALLTOALL transpose operations.

Chapter 3
DNS of turbulence collapse and rebirth
in stably stratified Ekman flow
Large eddy simulation is an efficient computational technique available to study
high Reynolds number turbulent flow and has been deployed for the stable ABL (Saiki
et al., 2000; Kosović and Curry, 2000; Beare et al., 2006; Zhou and Chow, 2011).
However, its accuracy in strongly stable flows is uncertain (Basu and Porté-Agel, 2006;
Flores and Riley, 2011; He and Basu, 2015). It is widely shown in the literature that the
flow statistics obtained from LES are strongly dependent on the utilized subgrid-scale
(SGS) model, filter type, spatial resolution and other numerical techniques. When the
energy containing scales of motion are quite small and become of the same order as the
grid size, the case in a strongly stable Ekman flow, LES predictions of subfilter fluxes
may have inaccuracy (Jiménez and Cuxart, 2005; de Wiel et al., 2012).
To circumvent these limitations of observations and LES, a viable alternative is
to perform Direct Numerical Simulation (DNS), albeit at lower Reynolds number than
the ABL. This approach has become popular in the context of the stable ABL during
the past few years (Flores and Riley, 2011; Ansorge and Mellado, 2014; He and Basu,
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2015). Stratified channel flow driven by a constant pressure gradient has been simulated,
for both constant-temperature walls (Garg et al., 2000; Armenio and Sarkar, 2002;
Garcia-Villalba and del Alamo, 2011; He and Basu, 2015) and constant wall cooling
flux (Nieuwstadt, 2005; Flores and Riley, 2011). With increasing buoyancy, turbulence
was found to be entirely suppressed in all of these studies. Armenio and Sarkar (2002)
found a critical value of (h/L)cri ≈ 0.24 at Re∗ = u∗ h/ν = 180 for turbulence collapse
based on MO length scale (L), channel flow height (h) and the viscosity (ν), which
differs from (h/L)cri ≈ 0.51 observed by Nieuwstadt (2005) at Re∗ = 360, indicating
a Reynolds number dependence for relaminarization. More recently, Flores and Riley
(2011) proposed a different controlling parameter, namely L+ = Lu∗ /ν, with turbulence
collapse for L+ ≤ 100. Here, L is the MO length scale, u∗ = (ν∂zU|0 )0.5 is the timedependent friction velocity at wall and ν is the viscosity. Moreover, Nieuwstadt (2005)
found no global intermittency at moderate Reynolds number, whereas more recent studies
have found global intermittency in channel flow simulations (Garcia-Villalba and del
Alamo, 2011; Flores and Riley, 2011).
We augment the existing studies of stably stratified flows relevant to the atmospheric boundary layer by imposing a cooling flux at the surface similar to the channel
flow studies of Nieuwstadt (2005); Flores and Riley (2011) but in a different problem: the
Ekman layer. We refer to this implementation of the stable boundary layer as “unsteady
stability” since the buoyancy difference across the boundary layer evolves dynamically
(and is indeed unsteady) rather than being held fixed as in the case of constant surface
temperature. This problem has not been investigated in previous DNS of stably stratified
Ekman flow. The surface buoyancy flux is imposed on a neutral, turbulent Ekman layer
and its value is varied among cases. Each case is simulated for 5 inertial periods to
assess long-time behavior. The time-series and time-height plots of several turbulence
quantities are presented and inferences are drawn about the boundary-layer structure.
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The objectives of the present study are as follows:
1. Unsteady stability: What are the different regimes of stable stratification encountered during the flow evolution? Is there a quasi-steady state with a well-defined
boundary layer structure?
2. Turbulence collapse and recovery: Does this configuration show turbulence collapse and global and/or temporal intermittency? What leads to turbulence recovery?
3. Low level jet (LLJ): Does a LLJ form? How is the LLJ linked to turbulence
properties?
4. Comparison with other configurations: What are the differences in the evolution
with respect to channel flow and with Ekman flow with a constant temperature
difference between the surface and the background? Are there similarities with
observations of the stable ABL?
The results from our DNS of the case with unsteady stability has been extensively
discussed in Gohari and Sarkar (2017), and is summarized in this chapter.

3.1

Imposing stratification and unsteady stability
After sunset, the atmosphere becomes stably stratified due to surface radiative

cooling which is no longer compensated by the incoming short-wave heating from the
sun. A constant cooling flux, q0 , is applied at the surface to represent the effect of
radiative cooling by fixing the potential temperature gradient ∂z θ at the surface so that
q0 = −λ∂z θ|z=0 . Thus, the surface buoyancy flux defined as B0 = αgq0 is fixed in time
during the simulation. It is the surface buoyancy flux, B0 , that will be varied among cases.
Since the buoyancy difference across the boundary layer height is not fixed, we will refer
to this type of stability as unsteady stability.
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There are different nondimensional parameters available to characterize the
strength of buoyancy effects. Bulk Richardson number is a possible measure of buoyancy
effects and is defined as
Rib = αgδN

θ∞ − θs
,
U∞2

(3.1)

wherein δN = u∗N / f and u∗N are obtained from the neutral Ekman layer and do not vary
among cases.
In the present case of unsteady stability, the surface temperature, θs , is a timedependent variable and therefore the buoyancy difference across the boundary layer
changes with time. Consequently, the bulk Richardson number, Rib , is also a timedependent quantity and varies substantially during the evolution of the flow. In contrast,
when stratification is characterized by a constant temperature difference between the
isothermal surface and the far field, the value of Rib , remains constant as the flow evolves.
Steady stability has been used in prior DNS studies of Ansorge and Mellado (2014);
Shah and Bou-Zeid (2014); Deusebio et al. (2014); He and Basu (2015); Garcia-Villalba
and del Alamo (2011).
The Monin-Obukhov (MO) length (Obukhov, 1971), L, is another measure of
stability, which is more appropriate for the present case with fixed surface buoyancy flux,
and is defined as,
L=−

u3∗
κB0

(3.2)

wherein κ is the von-Kármán constant. Using wall units ν/u∗ , the MO length scale can
be normalized as
L+ =

Lu∗
u∗ u3∗
u4
=−
= 2 ∗
ν
ν καgq0 κν αg∂z θ|z=0

(3.3)

and, using outer-layer scaling, the normalized MO length scale becomes
L− =

L
.
δN

(3.4)
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Table 3.1: Parameters of the DNS cases conducted in chapter 3

Cases

Ns2 / f 2

L−

−
Lx(y)
, Lz−

∆x+ , ∆y+ , ∆z+
min

Nx × Ny × Nz

N877∗
SLD2
SLD1
SLD0.5

0
1150
2300
4600

∞
2
1
0.5

2, 2
2, 2
2, 2
2, 2

9.88, 4.96, 0.97
9.88, 4.96, 0.97
9.88, 4.96, 0.97
9.88, 4.96, 0.97

193 × 384 × 193
193 × 384 × 193
193 × 384 × 193
193 × 384 × 193

This case corresponds to a neurally stratified Ekman layer flow with ReD = 877
and R∗ = 1121. The values of L− (non-dimensional MO length) are based on the
−
u∗N obtained from N877 case. Lx(y)
and Lz− are nondimensional domain sizes.

For a region near the surface, the MO length scale in inner units can also be interpreted
in terms of the gradient Richardson number at the surface,
N 2 αg∂z θ|z=0
Rig,s = 2 =
= (κL+ )−1 ,
4
2
S
u∗ /ν
wherein the condition of Pr = 1 has been used. Therefore, L+ contains stratification
information and stability condition near the surface region. A larger L+ is equivalent to a
smaller Rig,s , suggesting a greater propensity for near-surface turbulence to persist.

3.2

Model Setup
A series of direct simulations has been performed as listed in Table 3.1. The

effects of unsteady stability on turbulent Ekman layer flow is studied for fixed value
of initial Reynolds number. The following parameters are also kept constant in each
simulation: the Coriolis parameter, f ; the Prandtl number (Pr = 1); and air thermal
expansion (α).
The normalized Monin-Obukhov length scale is used to quantify stabilizing buoyancy effects induced by the imposed surface buoyancy flux. Three different stratification
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levels are considered: L/δN ≈ 2 (weak), L/δN ≈ 1 (moderate) and L/δN ≈ 0.5 (strong).
Since
L+ =

Lu∗
L u ∗ δN
L
=
=
Re∗ ,
ν
δN ν
δN

the initial L+ varies between 560 and 2242 among the cases. Substituting these values in
the relation between L+ and Rig,s results in a gradient Richardson number of O(10−3 ) near
the surface. In the present model setup, the flux Richardson number is Ri f ≈ O(10−2 ).
This implies that although the flow is exposed to unsteady stability through surface
buoyancy flux, the layer near the surface could still be turbulent. The computational
domain is Lx × Ly × Lz = (2δN )3 = (44D)3 . An important requirement in DNS is proper
resolution of viscous effects in the near-surface region which can extend up to z+ = 10.
Placing about 11 points in that layer in the neutral simulation, yields a non-dimensional
vertical grid-spacing, ∆z+ min < 1. The grid is stretched moving upwards, but the gridspacing does not exceed ∆z+ = 15 at the top boundary. The streamwise resolution
is ∆x+ = 9.88 and the spanwise resolution is ∆y+ = 4.96 similar to previous DNS of
wall-bounded turbulent flows. Moreover, the adequacy of horizontal resolution has been
ensured by checking global field planes and time-averaged spectra of streamwise velocity.
Boundary conditions are no-slip and impermeability at the bottom and stress-free and
adiabatic conditions at the top. A Rayleigh damping layer of 12 points is used at the
top to minimize spurious reflection of gravity waves. The horizontal domain needs to
be sufficiently large to capture the largest dynamically important turbulent scales. The
domain size used in the present study is similar to the one used in the recent study of
Shah and Bou-Zeid (2014). Similar to their findings, this domain size is observed to be
sufficient to capture the dynamically-active turbulence scales in the neutral case. After
imposing the cooling buoyancy flux, a final turbulent boundary layer shallower than that
of the neutral case emerges, as will be shown in Sect. 3.3. In stratified cases, the final
boundary layer height, δfinal , is drastically decreased and it occupies about one-fourth
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of the computational domain height, similar to the finding of Deusebio et al. (2014).
The use of this shallower boundary layer height for normalizing the domain size yields
Lx(y) /δfinal = Lz /δfinal ≈ 4.45, which are larger than the ones for N877 case.

3.3

Transient development of Ekman flow under stable
stratification
For the unsteady stability, the flow behavior is found to be significantly different

here relative to what was found in the case of steady stability (constant θs ). The initial
transient period lasts longer, a low-level jet and a shallow inversion form, and turbulence
recovers following a collapse. Notably, there are multiple episodes of collapse/recovery.
Many of the features of the initial transient period are similar to the evolution of a cooled
nocturnal boundary layer with residual turbulence in the outer layer after sunset. It is
important to note that u∗ and δ of neutrally stratified Ekman flow are used as reference
scales to normalize the stratified results, unless otherwise noted.
The time evolution of different stability measures , L− , and L+ and Rib are shown
in Fig. 3.1a and Fig. 3.1b. None of these quantities remain constant in time. The
bulk Richardson number, Rib (t), which was defined in Eq. 3.1, increases with time
primarily because the surface temperature (θs ) continuously decreases owing to the
constant cooling flux at the surface. For the weakly stable case, the bulk Richardson
number monotonically increases in time, while in the other two cases, Rib (t) follows an
increasing trend because the surface temperature, θs generally, but (not monotonically),
decreases with time. Interestingly, there are occasions when Rib (t) decreases over short
time periods. As turbulence recovers, flow visualizations show bursting events when
the Ekman layer progressively thickens. During these events of short duration, fluid
with higher temperature at the top of the layer of turbulence is entrained into the surface
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Figure 3.1: The time evolution of: (a) Normalized Monin-Obukhov length scale
+ ), (b) Bulk Richardson number; and (c) Volume-integrated turbulent kinetic energy
(L
R
( edz/(δN u2∗N )).
layer, resulting in a short burst of surface temperature increase, i.e. reduction of Rib (t).
Figure 3.1c shows the time evolution of volume-integrated TKE per unit area, nondimensionalized by the neutral turbulent boundary layer height and the square of friction
velocity under neutral conditions. The volume-integrated turbulence kinetic energy
averaged over horizontal planes is defined as
Z

E=

1
edz =
2

Z Lz
0

hu0i u0i idz.
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The volume-integrated TKE drops due to imposing stratification with a steeper decay
in the case with the stronger stratification. In case SLD2 with weakest stratification, the
volume-integrated TKE is observed to decrease to half of its neutral reference value
at f t ≈ 1 as previously found by Shah and Bou-Zeid (2014). In this case, the volumeintegrated TKE monotonically decays while the high-shear region near the surface
sustains continuous turbulence. In cases with stronger stratification, the TKE drops to
nearly zero, indicating turbulence collapse and is followed by strong intermittent bursts
of turbulence followed by a decrease. It is only after approximately and inertial period, i.e.
f f t ≈ 2π that these strong transient modulations of TKE subside in case SLD0.5. These
modulations continue throughout the time period shown for the case with intermediate
cooling flux, SLD1. Interestingly, the case with the highest cooling flux, which had
periods of very low turbulence during the early evolution, has the highest integrated TKE
at late time. The time scale for the turbulence collapse near the surface for both SLD0.5
and SLD1 cases is found to be approximately 4L/u∗ . Flores and Riley (2011) and Shah
and Bou-Zeid (2014) also reported that the turbulence-collapse time scale is proportional
to L/u∗ .
Figure 3.2 shows visualizations of normalized streamwise velocity fluctuation,
u0 /u∗ , in near-wall horizontal planes at z+ = 15 (left column) and in the outer layer at
z− = 0.185 (right column) to illustrate collapse and rebirth of turbulence in the strongly
stratified case SLD0.5. The initial near-wall streaks (top left) present in neutrally stratified
Ekman flow are nearly extinguished at f t ≈ 1.25 (middle left) and reappear at f t ≈ 2.5
(bottom left). The pattern at f t ≈ 2.5 is suggestive of global intermittency because
turbulent patches inclined in streak-like patterns are found in otherwise quiescent flow.
Similarly, the plane in the outer layer (right column) also shows weakening of fluctuations
at f t ≈ 1.25 followed by patchy turbulence at f t ≈ 2.5. In contrast to SLD0.5, continuous
turbulence persists near the surface in the weakly cooled case SLD2. However, buoyancy
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Figure 3.2: Collapse and rebirth of turbulence in SLD0.5. Streamwise velocity fluctuation, u0 /u∗N , on horizontal planes at height z+ = 15 (left) and z− = 0.185 (right): f t = 0,
neutral case (top); f t ≈ 1.25 (middle); f t ≈ 2.5 (bottom).
effects are stronger in the outer layer; fluctuations are weaker at f t ≈ 2.5 (bottom right)
relative to the initial neutral state (top right). The mechanism for rebirth of turbulence
can be summarized as follows: transport of fluctuation energy from the outer layer
into the surface layer combined with enhanced turbulence production associated with
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strengthening of the LLJ shear leads to turbulence rebirth. The detailed explanation is
provided in Gohari and Sarkar (2017).

3.4

The stratified Ekman layer at long time
In section 3.3, we have shown that there were episodes of temporally collapsed

turbulence as the Ekman flow responds to moderate and strong levels of cooling flux.
This collapse was followed by turbulence rebirth near the surface due to a combination
of transport of fluctuations from the outer layer into the inner layer and intensification of
the shear in the LLJ. Globally intermittent flow with streaks of patchy turbulence in an
otherwise quiescent flow was found after rebirth.
Later, by two inertial periods, a regime of continuous but globally intermittent
turbulence is reached with velocity fluctuations on horizontal planes whose organization
does not change qualitatively in time. We find that the flow is not quantitatively at a
statistical steady state even after 5 inertial periods, as shown in Fig. 3.1. Although
the initial values of L+ are quite different among cases, they become comparable after
about an inertial period. When the imposed surface buoyancy flux increases, the friction
velocity also increases owing to stronger LLJ so as to increase L+ to values that are
comparable to the cases with weaker buoyancy flux. Thereafter, all cases evolve similarly,
exhibiting a consistent increase of friction velocity and, therefore, L+ continuously
increases with time. It is noted that the surface value, Rig,s , of gradient Richardson
number is directly related to L+ , so the evolution of Rig,s is also similar among the
cases. Figure 3.1a shows large values of L+ that continue to increase, consistent with the
continuous turbulence found here for Ekman flows with surface cooling flux. Figure 3.1b
shows volume-integrated turbulence kinetic energy (E) for stratified cases. It shows that,
despite the initial collapse in case SLD0.5, E reaches and exceeds that of the neutrally
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stratified case.
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Figure 3.3: Profiles of statistics at long time ( f t ≈ 30): (a) Velocities; (b) Turbulent
kinetic energy. Here all three stratified cases are plotted as well as the neutral case shown
in black. Normalzied turbulence kinetic energy budget terms for SLD0.5 case (c); and
for SLD2 case (d).

Profiles of several statistics are shown in Fig. 3.3 to illustrate the Ekman flow
at long time ( f t ≈ 30). The mean velocity profiles for stratified cases are shown in Fig.
3.3a and compared with the neutral reference. In all cases, unsteady stability changes the
mean velocity structure. As the stability increases, a stronger LLJ with lowered height
of maximum in the velocity profile emerges. The stronger and lowered LLJ results in
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an increased mean velocity gradient near the surface and hence, the value of u∗ /U∞ is
found to be the largest in the case with the strongest stratification rate. Similar behavior is
reported by Deusebio et al. (2014). The vertical distribution of TKE is shown in Fig. 3.3b.
Notably, there is a two-layer structure with minimum intensity of TKE at the LLJ nose
height. The vertical distribution of cases SLD1 and SLD0.5 shows two local maxima,
one below and the other above the LLJ nose level, the former located at a height of about
one-fifth the LLJ nose height, and the latter located at approximately three times the
height of nose. The Stable Atmospheric Boundary Layer Experiment in Spain-1998
(SABLES-98) data reported by Cuxart et al. (2000) showed the formation of LLJ in
the stably stratified nocturnal boundary layer. The Richardson number profiles showed
cases with low values above the LLJ peak velocity location suggestive of shear-induced
mixing, and turbulence profiles taken later by Conangla and Cuxart (2006) showed local
peaks of TKE and heat flux above the location of LLJ peak velocity. The LES of Cuxart
and Jiménez (2007), initialized with velocity and temperature profiles of an observed
LLJ in contrast to the present DNS where the LLJ is allowed to form rather than being
imposed, also exhibited a two-layered structure of TKE, with minimum intensity at
LLJ nose level and local maxima above and below the nose level. Cuxart and Jiménez
(2007) reported e/u2∗ ≈ 6 for the maxima below the LLJ nose and e/u2∗ ≈ 3 for the
maxima above it, consistent with the present results. Moreover, atmospheric observations
(Smedman et al., 1993) of a LLJ over the Baltic Sea showed similar findings regarding
these maxima locations and TKE values. The consistency of results obtained here with
previous atmospheric studies, demonstrates the appropriateness and relevance of these
simulations to atmospheric flows, when appropriately normalized.
Figure 3.3c and 3.3d compare the TKE budget terms in cases with the strongest
and weakest stability. The buoyancy flux term is not shown in these plots because it
is relatively small in comparison to the other terms (less than 5 % of the maximum
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TKE production). This implies that the direct impact of unsteady stability on the flow
is not through the buoyancy destruction, similar to findings in situations with steady
stability in channel flow by Armenio and Sarkar (2002) and in Ekman layers by Ansorge
and Mellado (2014) and Shah and Bou-Zeid (2014). Figure 3.3c shows that there is a
significant increase in shear production of TKE which is a result of the high-shear region
between the surface and the LLJ nose (Fig. 3.3a). Correspondingly, the TKE (Fig. 3.3b)
near the surface reaches and exceeds that of the neutrally stratified case. Moreover, the
normalized TKE shear production in the region 0.1 < z− < 0.2 in SLD0.5 case has an
almost constant value of about 0.1, which is comparable to about half of the peak shear
production in the neutral N877 case. Case SLD0.5 has a velocity profile (Fig. 3.3a) with
a broad region of shear extending above z− = 0.4, leading to higher shear production and
therefore the upper lobe with significant TKE (Fig. 3.3b). The increased shear production
at long time in Ekman flow is the most dominant impact of unsteady stability on the
TKE budget. The TKE dissipation rate is observed to also increase to balance the TKE
production rate. The dominant TKE terms near the surface are the dissipation rate and the
downward viscous diffusion terms. Turbulent and pressure transport terms have smaller
contributions in the TKE budget (compared to the dominant terms, i.e. dissipation and
production).
The temperature field evolves with time and its eventual structure is of interest.
In all cases, a new boundary layer is formed with a thermal inversion that is capped by a
thermocline. Interestingly, case SLD2 with moderate surface buoyancy flux eventually
exhibits a larger stable temperature gradient (dashed curve in Fig. 3.3a) in the boundary
layer than the strongly cooled case SLD0.5. Although counter-intuitive, this behavior is
consistent with the preceding discussion of a boundary layer with large TKE associated
with LLJ shear in case SLD0.5. The two cases with larger stratification (SLD1 and
SLD0.5) exhibit similar profiles of gradient Richardson number (Fig. 3.3c) when plotted
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Figure 3.4: The thermal structures at long time ( f t ≈ 30): (a) Potential temperature; (b)
Vertical buoyancy flux; (c) Gradient Richardson number (height has been normalized
with height of maximum of N in this plot); (d) Variance of temperature fluctuations.
against height normalized with the inversion height, hNmax . The critical value of Rig = 0.25
occurs at z/hNmax ≈ 1. The root-mean-square of temperature fluctuations (Fig. 3.3d) also
tend to peak in the thermocline at the height of maximum temperature gradient.

3.5

Conclusions
The response of a neutral Ekman layer to the stabilizing influence of buoyancy

has been studied using direct numerical simulations (DNS). A surface cooling flux
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is imposed leading to constant-flux stability characterized by a dynamically evolving
(temporally increasing) net buoyancy difference across the flow. Three cases are simulated
with different values of the initial Obukhov length: twice, equal and half the neutral
boundary-layer length scale, u∗ / f , corresponding to weak, moderate and strong stability,
respectively.
Under strong stability, there is temporal intermittency (extinguishing of turbulence
in the boundary layer followed by rebirth) as well as global intermittency (presence of
turbulence patches inside an otherwise quiescent boundary layer) in the flow field during
the initial transient that lasts about 1.5 - 2 inertial periods. The turbulent patches contain
small-scale structures that are organized into inclined streaks. The patches have a
preferred negative (clockwise) inclination with respect to the direction of the geostrophic
flow.
The present DNS shows that there are significant differences in turbulence characteristics and boundary-layer structure when a neutrally stratified Ekman layer is exposed
to constant-flux stability (through imposed fixed surface cooling flux) rather than the
previously-studied case of constant-temperature stability (fixed temperature imposed on
surface). Constant-flux stability leads to the formation of a strong low-level jet (LLJ)
with large super-geosotrophic velocity, the increase in surface stress relative to the neutral
state, turbulence collapse/rebirth events followed by continuous but globally intermittent
turbulence, the decrease in the surface-layer height (defined as the height of the maximum
in the velocity profile), and a double-peaked profile of turbulent kinetic energy with the
minimum at the LLJ nose.
Results of stably stratified flows at long time (after about 1.5 - 2 inertial periods)
show that there is continuous turbulence in all three cases. An inversion layer at shallower
height forms to cap the boundary layer. When the value of the prescribed surface
buoyancy flux is increased, the LLJ strengthens and the friction velocity increases so as
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to keep the Obukhov length comparable among cases even though the applied surface
buoyancy flux varies by a factor of four among them. The evolution of the normalized
Obukhov length, L+ , shows a collapse among cases after f t ≈ 20 reaching a relatively
large value of O(6000), suggesting an approach to continuous turbulence. Although
continuous in time, the fluctuations exhibit global intermittency. Near-wall streaks with
a preferred clockwise orientation with respect to the geostrophic flow are evident. The
vertical distribution of TKE shows a two-layered structure with minimum intensity at the
LLJ nose height (nearly zero shear) and two maxima, one below and one above the nose.
Turbulent kinetic energy near the surface is the highest in the case with the strongest
stratification due to the increased shear production within the region between the surface
and the LLJ nose. Such behaviour has also been reported in previous studies of the stable
atmospheric boundary layer (Deusebio et al., 2014; Cuxart and Jiménez, 2007; Smedman
et al., 1993).
Chapter 3, in full, is a reprint of the material as it appears in “Boundary-layer
methodology” S. M. Iman Gohari and Sutanu Sarkar, Springer, 2016. The dissertation
author was the primary investigator and author of this paper. The support provided by NSF
grant CBET-1306869, and the computer resources provided by XSEDE TG-OCE130016
allocation are gratefully appreciated.

Chapter 4
Stratified Ekman layers evolving under
a finite-time stabilizing buoyancy flux
The benchmark case of a boundary layer evolving in a rotating reference frame,
commonly called the Ekman layer, represents a simplified surrogate of atmospheric
flows, where the interactions between wall-bounded turbulence and stratification can be
investigated. Previous studies have examined spatio-temporal intermittency in canonical
turbulent flows (channel, Couette and Ekman layer) finding initial turbulence collapse
(Armenio and Sarkar, 2002; Flores and Riley, 2011), global intermittency where turbulent
near-wall patches co-exist with laminar flow (Garcia-Villalba and del Alamo, 2011; Ansorge and Mellado, 2014; Deusebio et al., 2014, 2015), as well as episodes of turbulence
collapse followed by recovery to spatially intermittent turbulence (Gohari and Sarkar,
2017). Identification of the parameters that distinguish between these different regimes is
an important question that is not well understood.
Previous DNS of the stable Ekman layer have, for the most part, imposed constanttemperature stability wherein the temperature difference, ∆θ0 , across the boundary layer
is fixed (see Ansorge and Mellado (2014); Shah and Bou-Zeid (2014); Deusebio et al.

32

33
(2014)). The control parameter based on ∆θ0 is the bulk Richardson number, Rib defined
by (3.1). For sufficiently large Rib , the flow relaminarizes during the initial transient and
then recovers in all three aforementioned studies. Ansorge and Mellado (2014) showed
that, after turbulence recovery in their “strong stratification” case with Rib = 0.62, the
flow has spatial (also called global) intermittency owing to turbulent patches in an
otherwise quiescent background. Deusebio et al. (2014) also found co-existing laminar
and turbulent regions at Rib = 0.30 and 0.47. The turbulent component of the heat flux
decreased with increasing Rib , but the streamwise fluctuations in the outer layer were
larger at Rib = 0.30 and 0.47, presumably because of the spatial intermittency. Shah and
Bou-Zeid (2014) performed a detailed analysis of the budget of second-order statistics
and found that it is the reduced shear production of turbulence kinetic energy (TKE, e) by
buoyancy that is responsible for the decrease of TKE rather than the buoyant destruction
of TKE. This feature appears to hold across a variety of stratified shear flows, e.g uniform
shear flow (Jacobitz et al., 1997) and channel flow (Armenio and Sarkar, 2002), and
is related to a decrease in the correlation coefficient between horizontal and vertical
fluctuations with increasing values of the gradient Richardson number, Rig .
In chapter 3, DNS cases were performed using a constant buoyancy flux, B0 and
the Obukhov length scale, L, was changed as the control parameter among cases. They
referred to this type of stability as constant-flux stability and found differences with
respect to previous cases with constant-temperature stability: the low-level jet is stronger,
friction velocity increases with time, there are recurring episodes of collapse and rebirth
of turbulence during the transient, and there is a twin-peaked profile of TKE. After a long
time of f t = 30 ( f is the Coriolis frequency), the flow exhibited spatial intermittency,
there were strong inertial oscillations, and there was no final quasi-steady state. Also, the
case with the strongest initial buoyancy flux, L− = 0.5 defined in (3.4), ultimately had
the largest fluctuation energy because of a stronger low-level jet that became turbulent.
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In the nocturnal or winter-time ABL, the stabilizing buoyancy flux is present for
a finite time. This motivates the present study of Ekman layer dynamics where a constant
buoyancy flux is applied for a fixed time interval and then the temperature is held constant
so that the flow subsequently evolves under a constant Rib . Such a configuration has
not been studied previously using DNS motivating the present work. We focus on the
strongly stratified regime wherein turbulence collapses during the initial transient. We are
particularly interested in the following questions: What determines the initial collapse
and its characteristic time scale? Is there a final quasi-steady state of the flow and, if so,
what is this final state? What are the conditions that govern turbulence recovery?

4.1

Criterion of Turbulence Collapse
Turbulence in the neutral boundary layer collapses initially if the imposed stability

is sufficiently strong. There are several potential candidates for a turbulence collapse
criterion: Rib , L− , and L+ . Previous studies (Shah and Bou-Zeid, 2014; Ansorge and
Mellado, 2014) have shown that the critical value of Rib above which neutral Ekman
flows undergo initial collapse of turbulence is a function of Reynolds number. Similarly,
a Re-dependent behaviour is observed for the critical value of L− (Flores and Riley,
2011; Gohari and Sarkar, 2017). These findings are in agreement with previous studies
of stratified channel flow at different Reynolds numbers, in which neither (h/L)cri (h is
the half width of channel) nor Rib was found to be the control parameter of the initial
turbulence collapse (Flores and Riley, 2011; Nieuwstadt, 2005; Armenio and Sarkar,
2002). Cases with the normalized Obukhov length, L+ , as 650, 705, 685 and 714
exhibited turbulence collapse in the previous studies of Armenio and Sarkar (2002),
Nieuwstadt (2005), Flores and Riley (2011) and Deusebio et al. (2014), respectively. As
explained by Flores and Riley (2011), L+ is a measure of the dynamic range between
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the buoyancy constraint of L on the large-eddy length and ν/u∗ that represents the smalleddy length scale of the pre-existing near-wall turbulence. If L+ becomes sufficiently
small during the flow evolution (less than 100 according to Flores and Riley (2011)
in a stratified channel), turbulence cannot be maintained in wall-bounded flows since
buoyancy influences the entire dynamic range of turbulence scales. It is worth noting
that the collapse criterion of L+ = 100 was inferred by (Flores and Riley, 2011) from
a stratified channel with an initial L+ = 683. The field measurements of CASES-99
campaign, a comprehensive collection of flow statistics taken for twenty-eight nights with
clear sky conditions (Poulos et al., 2002) provide further guidance. Banta et al. (2007)
analysed the typical structure of five very-stable nights from the CASES-99 campaign
and discussed implications of turbulent exchange between the surface layer and the upper
layers of the lower atmosphere. While the studied nights showed a typical L+ ≈ O(104 ),
the lowest reported value of L+ with turbulence was 667.
As noted in the introduction, we are interested in studying the stable regime where
turbulence initially collapses. According to the above literature review, the initial value
+
of Lcri
≈ 700 is hypothesized to be sufficient for turbulence collapse and we conduct

series A of the DNS with initial L+ ≈ 700. The degree of Reynolds independence of the
+
Lcri
≈ 700 condition for turbulence collapse is ascertained considering three Reynolds

numbers, Re∗ = {692, 1112, 1722}. At each Reynolds number, a separate simulation is
performed wherein a neutral Ekman boundary layer is allowed to evolve and reach a
quasi-steady state condition for approximately one inertial oscillation. At the beginning
of the stratification phase, a constant stabilizing buoyancy flux, B0 , corresponding to
initial L+ ≈ 700 is applied at the surface for a finite time of f T ≈ 6, and the surface
temperature is held constant afterwards. We investigate the flow evolution subsequent to
the imposed stratification in these three cases (series A). The stratified-flow simulations
have the same initial value of L+ ≈ 700 while Re∗ is varied among cases (table 4.1).

36
Table 4.1: DNS parameters of simulated cases in series A of chapter 4. The case label in
column 1 starts with N (neutral case) or S (stable case) and has a number corresponding to
the target value of friction Reynolds number, Re∗ . In the stable cases, a surface buoyancy
flux, chosen to obtain a target L+ ≈ 700, is applied for a finite time of f T ≈ 6 and then
the surface temperature is held constant.Note that δN is a measured parameter calculated
from averages over the last f t = 2 of the neutrally stratified simulation at each Reynolds
number.
Case

Re∗

N700 692
S700
692
N1100 1112
S1100 1112
N1700 1722
S1700 1722

4.2

initial L+

Lx(y)(z) /δN

Nx × Ny × Nz

∆x+ , ∆y+ , ∆z+
min

703
698
691

2.02
2.02
2.01
2.01
2.01
2.01

161 × 129 × 256
161 × 129 × 256
257 × 225 × 418
257 × 225 × 418
353 × 321 × 598
353 × 321 × 598

8.61, 4.88, 0.98
8.61, 4.88, 0.98
8.81, 5.39, 0.97
8.81, 5.39, 0.97
8.79, 5.21, 0.94
8.79, 5.21, 0.94

Neutrally stratified Ekman boundary layer
he neutral Ekman boundary layer is simulated for three different values of

Reynolds number. Statistics are obtained by horizontal plane averages and further
time averaging over an interval of f t ≈ 2 when a quasi-steady state is achieved (after
about f t = π in each case). Figure 4.1(a) shows the mean velocity profiles at different
Reynolds numbers in comparison with the numerical studies of Shah and Bou-Zeid
(2014) and Shingai and Kawamura (2004). The linear law (given by M + = z+ , where
p
M = hui2 + hvi2 is the mean horizontal velocity magnitude) in the viscous sublayer
and the logarithmic law (given by M + = (1/κ) ln(z+ ) + B where B = 5.3 is a constant)
are also shown. The logarithmic region, shown by a plateau of relatively constant κ in
Fig. 4.1(b), is present at Re∗ = 1700 but is limited to a narrow region. The von-Kármán
‘constant’, κ(z) is computed using
κz
u∗



∂hui
∂z

2



∂hvi
+
∂z

2 1/2
= 1.

(4.1)
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Similar to the previous findings of Shah and Bou-Zeid (2014) and Ansorge and Mellado
(2016), κ(z) exhibits a strong decline from κ(z+ ≈ 50) ≈ 0.41 to κ ≈ 0.36 at the upper
end of logarithmic layer. A possible reason for this dip can be the existence of external
intermittency at this range of heights of Ekman flow (Ansorge and Mellado, 2016). Nevertheless, laboratory experiments, atmospheric observations and previous DNS studies
have indicated relatively weak variation of κ-values inside the logarithmic region of the
boundary layer, ranging between 0.36 and 0.42 (Shah and Bou-Zeid, 2014; Spalart et al.,
2008; Ansorge and Mellado, 2016), compared to its significant variation outside. In the
present work hereafter, a constant value of κ = 0.41 is used unless otherwise noted. The
normalized surface friction velocity, u∗ /U∞ , and the veering angle of the surface stress
with respect to the geostrophic velocity, β, show a weak dependence on Re and are as
follows: {u∗ /U∞ , β} takes the value {0.0589, 24.85◦ } in case N700, {0.05551, 21.40◦ }
in case N1100 and {0.0522, 19.2◦ } in case N1700. It is worth noting that these values
are in good agreement with those predicted by the correlation introduced by Coleman
et al. (1990) (β = 45o in the laminar state).
Figure 4.2(a) compares the Reynolds stresses, plotted using outer-layer scaling
at different Reynolds numbers. The near-surface region (z− < 0.3) contains the most vigorous turbulent activity. Upon increasing the Reynolds number, the absolute peak-value
of each Reynolds stress increases, while the normalized height at which this maximum
occurs decreases. Moreover, the streamwise Reynolds stress shows an enhancement in
the outer layer with increasing Re∗ , similar to the recent wall-bounded studies at high
Reynolds numbers (Hultmark et al., 2012; Pirozzoli et al., 2014; Bernardini et al., 2014).
The Ekman spiral, shown in Fig. 4.2(c), depicts the structure of near-surface wind in
which the flow rotates counterclockwise as one moves upward from the surface. It is
clear that the surface veering angle decreases when Re∗ increases.
Figure 4.3 shows visualizations of normalized streamwise velocity fluctuation,
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Figure 4.1: The time-averaged statistics for neutral cases: (a) Mean velocity profile
compared with the logarithmic law and previous numerical studies Shah and Bou-Zeid
(2014) and Shingai and Kawamura (2004) ; (b) The von-Kármán constant, κ, computed
from Eq. 4.1. The time-averaging is performed over last f t ≈ π.
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Figure 4.2: Flow statistics for neutrally stratified cases. Profiles of: (a) Normalized
Reynolds stresses (solid, dot-dashed and dashed lines correspond to case N1700, N1100
and N700, respectively); (b) Normalized mean velocity profiles; and (c) Ekman spiral.
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Figure 4.3: Velocity fluctuations on horizontal planes for neutrally stratified cases, N700
(a-d), N1100 (e-h) and N1700 (i-q): (a,e,i) Streamwise velocity fluctuation, u0 /u∗N ,
at height z+ = 15, (b,f,j) Streamwise velocity fluctuation, u0 /u∗N , at height z− = 0.2,
(c,g,p) Spanwise velocity fluctuation, v0 /u∗N , at height z+ = 15, (d,h,q) Spanwise velocity
fluctuation, v0 /u∗N , at height z− = 0.2.
u0 /u∗N (column (a-b)) and spanwise velocity fluctuation, v0 /u∗N (column (c-d)), on the
horizontal planes near the surface (column (a,c) at z+ = 15) and on the outer-layer
horizontal planes (column (b,d) at z− = 0.2) for the neutrally stratified cases. The
streamwise velocity fluctuations present inclined streak-like structures near the surface,
while the structures at z− = 0.2 are larger. At a larger Reynolds number, the thickness
and the angle of these structures (which is close to β) decrease. The spanwise velocity
fluctuations near the surface are also organized into structures aligned along the surface
veering angle, while the structures at z− = 0.2 are inclined at a different angle.
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Figure 4.4: The time evolution of: (a,c,e) Normalized friction velocity (u∗ /U∞ ); and
(b,d,f) Integrated turbulent kinetic energy (E/(δN u2∗N )), for stably stratified cases at
Re∗ = 692 (a-b), Re∗ = 1112 (c-d) and Re∗ = 1722 (e-f). The finite-time buoyancy flux
is imposed on a neutral Ekman layer at f t = 0 for one inertial oscillation ( f t ≈ 6). The
letters correspond to the panels of Fig. 4.7.

4.3

Stably stratified Ekman boundary layer
In series A of the simulations (chapter 4), a neutrally stratified turbulent Ekman

layer is exposed to a constant surface buoyancy flux for a finite time interval of f t ≈ 6.
The value of the buoyancy flux corresponds to a nominal initial value of L+ ≈ 700 and
three values of Re∗ are considered (see Table 4.1). The results are discussed in the
following subsections.
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4.3.1

Turbulence collapse and transitional Ekman layer
The stabilizing buoyancy flux leads to an initial period of collapsed turbulence,

emergence of a low-level jet (LLJ) and the formation of a thermal inversion in all cases.
The time evolution of normalized friction velocity in Fig. 4.4(a,c,e) show that all
the cases have an initial decrease of surface drag that is followed by an increase. The
initial decay rate of u∗ /U∞ is larger at higher Reynolds numbers with a typical drop
of about 20% in magnitude. Although the normalized friction velocity in the low-Re
case S700 follows the general trend of an increase after f t ≈ 4, its late-time behavior is
quite intermittent and the entire lower flank of the LLJ exhibits oscillations in the shear
and the direction. In case S1100, the LLJ oscillation near the surface is temporally less
intermittent and there is an almost constant u∗ /U∞ at a late time. In case S1700 with
the higher Re∗ , the normalized friction velocity increases during the LLJ emergence;
however, in contrast to the other cases, u∗ /U∞ exhibits a trend of consistent decrease at
late time with an oscillatory modulation at the inertial period of f t = 2π.
There is a striking influence of Reynolds number on the time evolution of the
integrated TKE (Fig. 4.4, right column) defined by
Z

E=

1
edx3 =
2

Z Lz
0

hu0i u0i idx3 .

(4.2)

In the higher-Re case S1700 shown in Fig. 4.4(f), the TKE does not recover at long time
while it does at a lower Re. In all cases, the normalized E initially decreases to nearly
zero during a “decay period”, indicating a turbulence collapse within the interval of
+
constant buoyancy flux. This confirms that the choice of Lcri
≈ 700 results in collapsed

turbulence during the initial transient, independent of Reynolds number.
The TKE recovery in case S700 (Fig. 4.4b) is not monotone and there is noticeable
temporal intermittency in the TKE. The period of large-amplitude oscillations of the
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integrated TKE corresponds to the inertial period, f t = 2π. The oscillations are less
pronounced in case S1100 with an intermediate Re∗ .
As noted above, case S1700 exhibits a decay period with collapsed turbulence,
however, unlike case S1100, collapse is not followed by a recovery period. This difference
between the two cases is due to the stronger bulk stability of case S1700 that is an indirect
effect of the change in Re∗ among cases. All cases have a similar initial L+ but the larger
value of Re∗ in case S1700 requires a larger surface buoyancy flux to achieve the same
initial L+ as will be discussed in section 4.3.3 and, therefore, the value of Rib (t) (see
Fig. 4.9 and its discussion) in case S1700 is larger at the end of the cooling period relative
to the other cases. As a consequence, Rig in the LLJ region becomes sufficiently large in
case S1700 and prevents the recovery of turbulence, as described below.
Figure 4.5(a-b) show the time-height plot of normalized TKE for case S1100 and
S1700, respectively. In case S1100, there is virtually no near-surface turbulence during
2.5 < f t < 3.5. However, the region between 0.05 ≤ z− ≤ 0.1 has residual TKE during
this period. After f t ≈ 3.5, near-surface turbulence builds up. The vertical transport of
fluctuating energy from the 0.05 ≤ z− region into the near-surface layers (z− ≤ 0.02 )
triggers the surface turbulence and leads to eventual recovery as was found by Gohari
and Sarkar (2017) to occur during the turbulence “rebirth” episodes in the Ekman layer
subject to constant-flux stability. For case S1100, this vertical exchange between outer
and inner layers occurs inside a LLJ region which is dynamically unstable. The entire
region between z = 0 and the z-location of the square symbols on the dashed profiles of
Fig. 4.5(d) is subcritical with Rig < 0.25. Therefore, the LLJ in case S1100 is receptive
to fluctuations transported into that region and rebirth of turbulence is possible. Note
that the z-location of each square symbol marking the upper boundary of the subcritical
region is obtained from the intersection (the first one traversing upward from z = 0)
of the Rig (z− ) profile in Fig. 4.5(c) of the corresponding case with the vertical line at
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Figure 4.5: Comparison of early time-evolution between case S1700 and case S1100:
(a-b) Time-height plot of normalized turbulent kinetic energy (e/u2∗N ) in case S1100 and
S1700, respectively; (c) Gradient Richardson number; (d) Mean velocity magnitude. The
upper boundary of the near-surface layer with Rig ≤ 0.25 is marked with circles in case
S1700 (solid lines) and with squares in case S1100 (dashed lines).
Rig = 0.25.
In contrast with case S1100, the sheared lower and upper flanks of the LLJ in
case S1700 have a supercritical value of Rig > 0.25 that prevents instability even if there
is a vertical transport of finite-amplitude fluctuations into the LLJ. Consequently, the
near-surface turbulence cannot recover in this case. Although the shear is strong within
the LLJ (black solid line of Fig. 4.5d) has strong shear, so is the stratification to keep
Rig above 0.25. Note that the circles on the solid lines of Fig. 4.5(d) that mark the
upper boundary of the subcritical near-surface region are lower than the nose of the
LLJ and their offset from the nose progressively increases with increasing f t. Thus, the
near-surface layer becomes progressively decoupled from the LLJ mean shear aloft and,
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Figure 4.6: Quantification of the initial collapse of turbulence. (a) The early-time
evolution of integrated TKE. Each dashed line is a linear fit to the initial decrease of TKE
and the adjacent number denotes the slopes of the linear fit. (b) The slopes are plotted as
a function of Re∗ along with the line that is the best fit to the data.
hence, a near-surface layer of laminar flow persists.
It is of interest to quantify the dependence of the time interval over whichTKE
collapses on the parameters L+ and Re∗ in the problem. Figure 4.6(a) shows that E
decreases more rapidly as Re∗ increases. Furthermore, the initial decrease of E is linear.
The slope dE/dt of the linear phase can be used to define a characteristic turbulence
collapse time scale, tc , as
1
1 dE
=− 2
,
tc
u∗N δN dt

(4.3)

since the initial value of E (the height-integrated TKE) is proportional to u2∗N δN . The
stable buoyancy flux introduces a length scale, the Obukhov length L, and the initial
turbulent fluctuations introduce a velocity length scale u∗N so that a natural time scale for
the buoyancy effect is tb = L/u∗N (Flores and Riley, 2011). Now,

f tb =

fL
Lu∗N ν f
L+
=
=
,
u∗N
ν u2∗N
Re∗

(4.4)
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where the last of the above equations follows from the definitions of L+ by (3.3) and
Re∗ = u∗N δN /ν. We hypothesize that 1/ f tc is proportional to the inverse normalized
buoyancy time scale 1/ f tb so that

−

1

dE Re∗
∝ +.
f u2∗N δN dt
L

(4.5)

The DNS data presented in Fig. 4.6(a) is obtained to compute the LHS of (4.5) and,
as shown by Fig. 4.6(b), the magnitude of the decay rate is found to increase linearly
with Re∗ in agreement with the prediction of (4.5) for constant L+ . The coefficient of
proportionality is found to be 1/4.06 by linear regression of the DNS data of Fig. 4.6(b).
Thus, a model for tc defined by (4.3) is

tc,model = 4.06

L
.
u∗N

(4.6)

The corresponding values of tc,model = 4.06L/u∗N are denoted in Fig. 4.6(a) with circles.
It is evident that 4.06L/u∗N is a reasonable measure of the time interval required for
turbulence to collapse in the simulation. It is worth noting that the DNS data does not
show a sharp minimum of E so that a precise estimate of the collapse time by the criterion
of minimum E is not possible.
Visualizations of normalized streamwise velocity fluctuation, u0 /u∗N , near the
surface at z+ = 15 (top row) and in the outer layer at z− = 0.2 (bottom row), are presented
in Fig. 4.7 in order to illustrate spatio-temporal intermittency of stratified Ekman flows.
These snapshots are taken during the initial decay time-period and the corresponding
times are indicated using dots in Fig. 4.4(b, d, f). Figure 4.7 indicates that the collapse
process does not proceed uniformly in space near the surface, instead, turbulence persists
in localized streaks contained within a region where fluctuations have subsided. Thus,
there is spatio-temporal intermittency in the near-surface flow wherein turbulence coexists

46
with regions of nearly laminarized flow during the temporal decrease of TKE. In contrast,
the intermittency is observed to be less strong in the outer layer where turbulence decays
in an approximately homogeneous manner, i.e. the turbulent fluctuations in the outer
layer are reduced with respect to the neutral case but are not preferentially distributed as
streaks. It should be noted that the near-surface streaks are continually evolving and their
growth or decay depends on the competition between destabilizing vertical mean shear
and stabilizing stratification. For case S700 and case S1100, these structures eventually
develop into a spatially-extended turbulent state that expands to fill the whole flow
domain, however, these structures peter out in case S1700 and TKE becomes negligible
as previously discussed.

4.3.2

Stratified Ekman layer at late time
In the previous section, it was shown that the Ekman flow response to a constant

finite-time stabilizing flux with initial L+ ≈ 700 includes a decay period with collapsed
turbulence and significant changes in the boundary-layer structure. During the decay
period, the near-surface region has turbulent streaks in an otherwise quiescent flow.
Turbulence recovers in the lower-Re∗ cases S700 and S1100 but the flow remains nonturbulent at the higher Re∗ = 1700.
The flow state of the Ekman layer at a late time is quantified. Several statistics are
time-averaged over the last f t ≈ π of the simulations (27 ≤ f t ≤ 30) and the profiles are
shown in Fig. 4.8. The velocity profiles in Case S1700 (Fig. 4.8 a) exhibit the strongest
LLJ with an overshoot in the streamwise velocity. The temporal evolution of velocity
magnitude shows an LLJ between 0.05 < z− < 0.15 that oscillates in time (not shown),
quite different from the quasi-steady behavior of the other two stable cases and the neutral
reference case. Although all cases develop stable stratification in the near-surface layer,
the mean temperature profile (Fig. 4.8b) exhibits quantitative and qualitative differences
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Figure 4.7: Spatial intermittency of near-wall fluctuations in the stratified Ekman layer.
Streamwise velocity fluctuations, u0 /u∗N , on a horizontal plane: top row corresponds to
a near-wall location, z+ = 15, and the bottom row to an outer-layer location, z− = 0.2.
(a,d) Case S700 at f t = 2.22; (b,e) Case S1100 at f t = 1.87; and (c,f) Case S1700 at
f t = 1.21. The corresponding times are indicated with dots and letters in Fig. 4.4. Spatial
intermittency refers to near-ground turbulence taking the form of isolated, organized turbulent patches within a background of negligible fluctuations. The turbulent fluctuations
in the outer layer are reduced with respect to the neutral case but are not preferentially
distributed as streaks.
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in the high-Re case. Case S1700 develops the largest stable temperature gradient in the
near-surface layer and, furthermore, the temperature varies linearly with height before
smoothly merging to the constant-temperature region above. The other cases also have a
near-surface layer that has stratification but there is turbulent mixing so that the maximum
temperature gradient is not within the near-surface layer but resides above in the capping
layer. Despite its stronger LLJ and shear, the strongly-stratified inversion in the nearsurface layer of case S1700 leads to a stable region with Rig > 0.25 that extends from
below the LLJ nose (Fig. 4.8c) and is able to decouple the near-surface layer from aloft.
In the other two cases, the region with Rig > 0.25 starts higher up and, therefore, the
LLJ has a subcritical Rig allowing for shear instability. The root-mean-square of the
temperature fluctuations (Fig. 4.8d) peaks in the thermocline at the location where the
temperature gradient also reaches its maximum.
The vertical distribution of TKE is shown in Fig. 4.8(f). The TKE profile of case
S1100 has a notably two-layer structure with two local maxima, one below and the other
above the LLJ nose level, and a local minimum of TKE at the LLJ nose height. This
result is similar to the previous finding of Cuxart and Jiménez (2007). It is worth noting
that the numerical study of Cuxart and Jiménez (2007) was initialized with the velocity
and temperature profiles of an observed LLJ in contrast to the present study where
the LLJ inherently forms as a response of the Ekman flow to the imposed stabilizing
buoyancy flux. Finally, the vertical TKE distribution of case S1700 shows a non-turbulent
near-surface layer with a small amount of fluctuating energy located in the outer region
with oscillating LLJ shear (0.05 < z− < 0.15).

4.3.3

Criterion for recovery
As discussed earlier in section 4.3.1, although the initial L+ ≈ 700 provides a

stabilizing flux that is sufficiently strong to cause transient collapse of turbulence, it does
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Figure 4.8: Profiles of statistics at long time against normalized height: (a) Normalized
velocity; (b) Normalized potential temperature (u∗N (θ−θ∞ )/q0 ); (c) Gradient Richardson
number (Rig ); (d) Normalized variance of temperature fluctuations (u∗N θrms /q0 ); (e)
Vertical buoyancy flux (hw0 θ0 i/q0 ); (f) Normalized TKE (e/u∗N ). The statistics are
averaged during last f t ≈ 2π.
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not determine the final state of the boundary layer. Turbulence recovers in the lower-Re∗
cases S700 and S1100 but the flow remains non-turbulent in the higher Re∗ = 1700
case, although the late-time values of L+ are similar among the cases. From the results
of §4.3.1 and §4.3.2, it appears that turbulence recovery occurs in the lower-Re cases
since the Rig (z) profiles have subcritical value in the near-surface layer that allows shear
instability to develop. In this section, we investigate how Rib as an alternate choice of
overall stratification can provide guidance as to whether turbulence recovers after its
initial collapse, by providing a theoretical analysis for the evolution of Rib that shows an
increased Rib when Re∗ increases at a fixed L+ , a comparison of such analysis with DNS
results, and providing a relation between Rib and average Rig .
Consider the equations governing horizontally-averaged quantities denoted by h.i.
Continuity and the impermeability condition leads to the result that hu3 i(z) is identically
zero. Averaging of (2.2) over horizontal planes leads to
∂
∂2
∂
h∆θi +
h∆θ0 u03 i = λ 2 h∆θi,
∂t
∂x3
∂x3

(4.7)

where ∆θ = θ∞ − θ and superscript 0 denotes fluctuation with respect to the average. After
using the following boundary conditions:

∂h∆θi/∂x3 → 0
h∆θ0 u03 i = 0

at x3 → δN ,

(4.8)

at x3 = 0 and x3 = δN ,

(4.9)

the height-integrated form of (4.7) provides the energy budget equation
∂
∂t

Z δN
0

h∆θidx3 = −λ

∂
h∆θi 0 .
∂x3

(4.10)

Note that q0 = −λ∂x3 hθ0 i = λ∂x3 h∆θ0 i is a constant during the application of the constant
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buoyancy flux in series A. Therefore, integration of (4.10) in time yields
Z δN
0

h∆θidx3 = −q0t.

(4.11)

The left-hand side of (4.11) can be approximated as h∆θ0 iδN /C1 , where C1 is a coefficient
(C1 = 2, if h∆θi varies linearly with height similar to case S1700). Therefore, the equation
given in (4.11) becomes
h∆θ0 iδN = −C1 q0t.

(4.12)

After substituting (4.12) for the surface temperature into the definition of the bulk
Richardson number, (3.1), and using (3.3), we obtain the following expression that
describes the initial time evolution of Rib (t):
u4∗N
Rib (t) = C1 + 2 t.
κL νU∞

(4.13)

The nondimensional parameters in the problem are the initial Reynolds number (Re∗
p
or ReD = 2U∞ /ν f ), the constant buoyancy flux (L+ ) and the time interval ( f T ) over
which the buoyancy flux is applied. In order to relate Rib (t = T ) to these nondimensional
parameters, (4.13) is rewritten as
f T u4∗N U∞2
f T Re2D
,
Rib (T ) = C1 + 4
= C2 +
κL U∞ ν f
L (ln ReD )4

(4.14)

where
C2 ∝

C1
.
κ

(4.15)

The second equality of (4.14) is obtained by using the correlation u∗N /U∞ ≈ 1/ ln ReD
(Coleman et al., 1990).
The time-evolution relation given in (4.14) renders three scenarios under which
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Table 4.2: Summary of the parameters in (4.14). The value of C2 coefficient is calculated
using the DNS data, i.e. Fig. 4.9 and table 4.1, showing a general value C2 ≈ 0.3 − 0.4.
Case
S700
S1100
S1700

ReD Rib ( f T = 6) initial L+
620
0.454
703
877
0.915
698
1133
1.964
691

calculated C2
0.28
0.31
0.38

the bulk stability of the Ekman layer measured by Rib (T ) becomes large when one of
the three independent parameters {L+ , f t, ReD or Re∗ } is varied, keeping the other two
constant. First, if a stronger stabilizing buoyancy flux is imposed at the surface that
yields a reduced L+ . Second, if the stabilizing buoyancy flux is imposed for a longer
time interval, i.e. larger value of f T . Third, if a stabilizing buoyancy flux is imposed
at a larger Reynolds number, i.e. ReD or equivalently Re∗ is increased (the last term
in 4.14 monotonically increases with ReD ). It is the third scenario that applies to DNS
series A where Re∗ is increased keeping L+ and f T constant. From a physical viewpoint,
an increased Reynolds number reduces the viscous scale of the Ekman layer (O(ν/u∗ ))
and therefore, imposing a stabilizing buoyancy flux based on a constant L+ (ratio of the
Obukhov scale to the viscous scale) yields a reduced buoyancy length scale (L) and a
stronger stratification during the flow evolution. Figure 4.9 shows the time evolution of
Rib . In agreement with the analysis, the value of Rib (T ) at the end of the constant-flux
interval of f T ≈ 6 increases with increasing value of initial Re∗ in series A.
The validity of equation (4.14) for predicting Rib ( f T ) is examined against DNS
results. Table 4.2 summarizes the independent parameters (initial L+ and ReD ) for the
conducted DNS simulations in series A, as well as the C2 calculated after inserting
Rib ( f t = 6) and the values of the independent parameters in equation (4.14). The values
of C2 ≈ 0.3 − 0.4 vary in a narrow range, showing that equation (4.14) with a suitable
choice of C2 , i.e. 0.35, can be used to estimate Rib ( f T ) prior to the simulation.
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An increase in Rib implies a larger value of average Rig as shown below. A
vertically averaged value of Rig is introduced as
R Lz

2

fg = R0 N dx3 ,
Ri
Lz 2
0 S dx3

(4.16)

where,
Z Lz
0

Z Lz
0

Z Lz

2

αg∂x3 hθidx3 ≈ αgh∆θ0 i,

(4.17)

(∂x3 hui2 + ∂x3 hvi2 )dx3 ≈ U∞2 /δN .

(4.18)

N dx3 =

S2 dx3 =

Z Lz
0

0

Therefore, (4.16) becomes
fg ≈ αgh∆θ0 i = Rib .
Ri
U∞2 /δN

(4.19)

Hence, a vertically averaged gradient Richardson number is proportional to Rib , despite
the boundary values of Rig = (κL+ )−1 at the surface and Rig = 0 at the top of the
layer being constant among the cases of series A. Therefore, an increased value of bulk
Richardson number increases the average Rig in the Ekman layer (see (4.14) and (4.19)),
indicating that there is a greater propensity for supercritical Rig below the LLJ nose
(similar to the results of case S1700 presented in Fig. 4.5c), which prevents instability
growth inside the near-surface layers.

4.4
4.4.1

Discussion
Extension to high Re
DNS with the available computational resources is able to provide results for a

limited range of Reynolds numbers. We explore the applicability of the DNS results to
higher values of Re∗ that are not accessible by DNS.
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Figure 4.9: The time evolution of bulk Richardson number, Rib , in series A. The value
of Rib ( f t = 6) increases with Re∗ . Note that in series B to be discussed later in §4.4.2,
each case has a constant-temperature boundary condition imposed according to the value
of Rib ( f T ≈ 6) of the corresponding series A case.
The integrated TKE in the neutral case is proportional to u2∗N δN . Therefore,
increasing the Reynolds number and thereby u∗ increases the initial TKE in the boundary
layer. Nonetheless, the initial collapse of turbulence is accentuated as Re∗ increases
in series A as illustrated by Fig. 4.6. Equation (4.5) that was derived in section §4.3.1
showed that the magnitude of the initial decay rate of normalized TKE increases with
Re∗ for a given L+ . Therefore, we expect the initial collapse of TKE to be present if Re∗
is further increased in series A.
The bulk Richardson number, Rib , was shown to be an average measure of Rig
and, therefore, larger Rib indicates a larger propensity for surface-layer values of Rig (z)
that are supercritical, thus suppressing shear instability. In particular, Case S1700 with
Rib = 1.96 had supercritical Rig in the LLJ and a non-turbulent final state while case
S1100 had subcritical Rig in the LLJ and turbulence recovered. Equation (4.14) in
§4.3.3 established that the bulk Richardson number Rib at the end of the period with
constant buoyancy flux increased with increasing Reynolds number, i.e. the total extracted
buoyancy is larger at a higher Re∗ (Williams et al., 2017). Therefore, we expect that the
final state will be non-turbulent if the initial Reynolds number in series A is increased
beyond Re∗ = 1700.
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4.4.2

Constant-temperature stability
A new series B of simulations was conducted with constant value of surface

temperature and three cases were simulated at Re∗ = 692, 1112 and 1722, respectively.
As described in Table 4.3, each case has the initial Rib chosen to match the value of
Rib ( f T ≈ 6) of the series A case with the corresponding Re∗ (see Fig. 4.9). The objective
is to determine the influence of the difference in the surface boundary condition on the
early-time and a late-time behaviour of stratified Ekman layer. Figure 4.10(a) shows
the time evolution of the integrated TKE for cases in series A (solid lines) and in series
B (dashed lines). Generally, the constant-temperature stability results in an earlier
collapse of turbulence and an earlier formation of the LLJ. However, after f t = 6, the
difference between corresponding cases of series A and B is small in Fig. 4.10(a). The
momentum and thermal boundary layer structures at a late-time (not shown here) do
not differ significantly from the corresponding cases in series A. Figure 4.10(b,c), a
comparison between time-height plots of normalized turbulent kinetic energy in case
S1100 and S1100C, confirm that there is little difference between corresponding cases
of series A and B after f t = 6. Thus, at each Reynolds number, the nature of the
boundary condition used to achieve Rib ( f t = 6) affects only the initial transient and not
the late-time evolution.
The appropriateness of the model for the turbulence-collapse time scale, discussed
in section 4.3.1 with reference to series A, is now examined for series B. A prediction
for turbulence collapse time-scale is obtained by using the relation given in (4.6) and the
L+ ( f t = 0.5) value. The corresponding values of the time scale, marked with circles in
Fig. 4.11(b), exhibit good agreement with DNS results.
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Table 4.3: DNS parameters of simulated cases in series B of chapter 4. In these cases, a
constant surface temperature, chosen to match the Rib ( f T ≈ 6) of cases in series A (see
Fig. 4.9), is applied at f t = 0 (Rib is constant in time for each case).
Case

Re∗

Rib

Lx(y)(z) /D

Lx(y)(z) /δN

Nx × Ny × Nz

∆x+ , ∆y+ , ∆z+
min

S700C
S1100C
S1700C

692
1112
1722

0.454
0.915
1.964

37.54
47.37
56.18

2.02
2.01
2.01

161 × 129 × 256
257 × 225 × 418
353 × 321 × 598

8.61, 4.88, 0.98
8.81, 5.39, 0.97
8.79, 5.21, 0.94
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Figure 4.10: The time evolution of integrated turbulent kinetic energy (E/(δN u2∗N )) for
cases in series A (solid lines) and series B (dash lines) (a). Time-height plot of normalized
turbulent kinetic energy in case S1100 (b) and S1100C (c).
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Figure 4.11: The time evolution of: (a) Normalized Obukhov scale (L+ ); (b) Integrated
turbulent kinetic energy (E/(δN u2∗N )) for cases in series B. The time scale for turbulence
collapse (computed based on L+ at f t ≈ 0.5 in (4.6)) are presented with circles in panel
(b).

4.4.3

Effects of initial L+
The effects of initial L+ on the time evolution of stratified Ekman layers is

explored by conducting a new series C of simulations at Re∗ = 1112 with different initial
value of L+ . As listed in Table 4.4, a stabilizing buoyancy flux with the rate of L+ ≈ 1100
and L+ ≈ 500 are imposed over a time interval of f T ≈ 6, and the surface temperature
is held constant afterwards. The objective is to determine how differences in the initial
stabilizing flux affect the transitional behaviour of stratified Ekman layers.
Figure 4.12(a-b) show time-height plots of normalized TKE for case S1100L11
and S1100L5, respectively. In case S1100L11, the case with larger initial L+ compared
to case S1100, there is no initial collapse and the Ekman layer is continuously turbulent.
In case S1100L11, almost the entire region of shear is subcritical, i.e. the region with
Rig < 0.25 that lies between z = 0 and the z-location of the square symbols on the dashed
profiles of figure 4.12(d) spans the sheared boundary layer. In contrast, case S1100L5
with a smaller initial L+ compared to S1100, has virtually no turbulence in the boundary
layer after f t > 2. Similar to case S1700, the sheared lower and upper flanks of the LLJ in
this case have supercritical value of Rig > 0.25 that prevents the growth of instability (Fig.
4.12d). Consequently, the turbulence “rebirth” episodes in case S1100 are suppressed in
case S1100L5. When compared to case S1100, the LLJ that is formed in case S1100L5
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Table 4.4: DNS parameters of simulated cases in series C of chapter 4. In these cases, a
surface buoyancy flux, chosen to obtain the corresponding L+ , is applied for a finite time
of f T ≈ 6 and then the surface temperature is held constant. The Rib ( f T ≈ 6) is 0.36
and 1.45 for case S1100L11 and S1100L5, respectively.
Case

Re∗

initial L+

Lx(y)(z) /δN

Nx × Ny × Nz

∆x+ , ∆y+ , ∆z+
min

S1100L11
S1100L5

1112
1112

1069
501

2.01
2.01

257 × 225 × 418
257 × 225 × 418

8.81, 5.39, 0.97
8.81, 5.39, 0.97

is much stronger with an oscillatory behaviour similar to case S1700. We expect that
an increase in f T would have a similar effect as a decrease in initial L+ (see Eq. 4.15),
namely an increased value of Rib at the end of the cooling period so that the flow tends
towards stabilization.

4.5

Conclusions
The parameter that controls the initial collapse of turbulence has been previously

suggested to be L+ = Lu∗N /ν based on DNS of stratified open-channel flow (Flores and
Riley, 2011). Here, L is the Obukhov length and and u∗N is the friction velocity of the
initial neutral boundary layer, and the suggested collapse criterion can be interpreted as
the condition at which the the dynamic range between the buoyancy-controlled large scale
of O(L) and the small viscous scale of O(ν/u∗N ) is insufficient to sustain turbulence. Our
+
literature survey indicates that the criterion for turbulence collapse is an initial Lcri
≈ 700

which is the lowest initial L+ for turbulence reported in the field measurements of
strongly-stable nocturnal nights (Banta et al., 2007), as well as in simulations of stratified
channels (Armenio and Sarkar, 2002; Flores and Riley, 2011). Simulations with initial
+
Lcri
≈ 700 in series A confirm that there is turbulence collapse irrespective of the variation

of Reynolds number Re∗ among cases.
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Figure 4.12: Comparison of time evolution between case S1100L11 and case S1100L5:
(a-b) Time-height plot of normalized turbulent kinetic energy (e/u2∗N ) in case S1100L11
and S1100L5, respectively; (c) Gradient Richardson number; (d) Mean velocity magnitude. The upper boundary of the near-surface layer with Rig ≤ 0.25 is marked with
circles in case S1100L5 (solid lines) and with squares in case S1100L11 (dashed lines).
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Transitional Ekman flow during the initial decay period is found to have spatiotemporal intermittency that appears in the DNS as isolated turbulent streaks near the
surface although the turbulence aloft decays in a globally homogeneous manner. These
isolated turbulent streaks are identified in an otherwise laminar flow shortly before the
completion of the initial collapse of TKE. As discussed by Flores and Riley (2011),
the turbulence of neutral channel flow adjusts to the applied surface buoyancy flux on
a time scale of O(L/u∗N ). The DNS results show that the adjustment to the imposed
surface buoyancy flux in the Ekman layer occurs on a time scale of 4.06L/u∗N and the
nondimensional magnitude of the decay rate of vertically integrated turbulent kinetic
energy is Re∗ /(4.06L+ ).
The cases of series A have the same L+ ≈ 700 but the Reynolds number, Re∗ ,
ranges between 700 and 1720. Although all cases undergo initial collapse, independent
of Reynolds number, the final state varies. The case with highest Re∗ = 1720 in the DNS
remains non-turbulent while fluctuations recover in the other cases leading to spatially
intermittent turbulence. All the cases have a near-wall layer with subcritical Rig and
develop a low-level jet (LLJ) with mean velocity magnitude larger than the geostrophic
value. A notable difference at the large Re∗ = 1720 is that the height with a supercritical
value of Rig > 0.25 occurs well below the LLJ which prevents instability in the jet and
thus precludes the possibility of the vertical transport of fluctuating energy from the
sheared region of the LLJ into the near-wall layer. The LLJ shear is stronger at the large
Reynolds number, but the near-surface stratification is also strong leading to supercritical
Rig .
The initial value of L+ is the same and its late-time value is similarly large
(exceeds 1500) in all cases. Therefore, L+ does not determine the long-time fate, turbulent
or non-turbulent, of the Ekman layer. In series A, the higher-Re cases also have larger
bulk Richardson number, Rib defined by (3.1), at late time. It is analytically shown that
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the layer-averaged value of Rig is approximately equal to the bulk Richardson number,
Rib . Therefore, Rib is a more suitable parameter than L+ as an indicator of supercritical
Rig in the surface layer.
A theoretical analysis is performed to estimate the evolution of Rib during the
initial transient of the simulations. (4.14) predicts that when the Reynolds number
increases in series A, so should the value of Rib at the end of the constant-flux time
interval. This explains the DNS result of series A in Fig. 4.9 that exhibits an increasing
trend of the final Rib with increasing Reynolds number. Another prediction of the analysis,
see (4.15), is that the final Rib is inversely proportional to L+ for constant Reynolds
number. Results of a new series C of simulations, conducted at constant Re∗ ≈ 1100 and
varying L+ relative to its value of 700 in series A, are in agreement with this prediction.
Moreover, an increase of the imposed buoyancy flux to L+ = 500 results in a qualitative
change: stratification becomes so large (final Rib = 1.45, see Table 4.4) that the lower
and upper flanks of the LLJ become supercritical and turbulence rebirth is suppressed.
It is also worth noting that when the initial buoyancy flux is decreased to L+ = 1100,
turbulence does not collapse.
The field measurements of strongly stable nocturnal nights by Banta et al. (2007)
demonstrate a fully decoupled surface-layer with suppressed turbulence for a long period
of time. The coupling between the surface layer and the outer layer is found to be
especially weak during nights with large Rib , e.g. during the night of October 26 during
the CASES-99 observational campaign when Rib exceeded 2. Thus, the findings of the
present DNS of an idealized configuration are relevant to the ABL studies.
Chapter 4, in full, has been submitted for publication of the material as it appears
in “Journal of Fluid Mechanics” S. M. Iman Gohari and Sutanu Sarkar, Cambridge-Press,
2017. The dissertation author was the primary investigator and author of this paper. The
support provided by NSF grant CBET-1306869, and the computer resources provided by
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Chapter 5
LES of stably stratified atmospheric
boundary layer
When the range of dynamically important scales exceeds that which can be
simulated by current computational capability, which is the case for most meteorological
interests, DNS is not possible any more and LES is a promising alternative. Since the
pioneering work of Deardorff (1963) concerning an unstable planetary boundary layer,
there has been intense growth in the application of LES to ABL studies. Convective
ABLs have received the most attention in the ABL community because the size of
convective plums can be hundreds of meters and, since the ABL is primary driven by
these plumes, the energy-containing scales are large making numerical simulation easier.
Convective conditions are classified in two main groups: free convective ABLs, and
forced convective ABLs. Free convective cases refers to calm (no mean wind) conditions,
controlled only by the strength of the surface heat flux. This case is numerically the
simplest case, because the horizontal domain can be relatively small. Forced convection
includes both unstable surface heat flux and wind shear. The presence of a sufficiently
strong wind breaks the free-convective cells and replaces them with horizontal rolls.
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Therefore, the forced-convection case is numerically more difficult to achieve because
the horizontal domain needs to be much longer in the streamwise direction than in the
free-convective case. Finally, the LES of stably stratified atmospheric boundary is the
most difficult ones, since the stratification induces anisotropy and the vertical extent of
turbulent eddies is relatively small. If the grid spacing is too large in the vertical, there
can be can spurious flow laminarization or underprediction of turbulent mixing. The SBL
simulations also need the longest time integration because the small eddies also have
small time scales while the corresponding domain size needs to be sufficientlyŁlarge to
accommodate long structures.

5.1

Description of the LES code
The LES code use in this study is a modified version of the code developed

by Gayen and Sarkar (2011); Jalali et al. (2014); Gohari et al. (2014). The governing
equations and LES methodology are provided in sections 2.0.1 and 2.1. It is well known
that, for very high Reynolds number, neither the dynamic SGS model nor TKE SGS
model can predict correct answers near the surface for a fixed wall-normal grid. As a wall
surface is approached, the mean shear increases (anisotropy is induced in the turbulent
velocity components) and the dominant scales of the turbulent flow decrease. These
factors, especially the latter, gradually weakens the ability of LES to perform accurate
calculations near the surface without near-surface grid refinement. Therefore, close to
the surface, a transition is needed from the LES solution, where the majority of turbulent
motions are computed, towards a different approach. A practical choice for the different
approach is RANS (Reynolds averaged Navier Stokes) where all the turbulent motions
are parametrized. The RANS approach assumes that a known mean similarity profile
exists, e.g. logarithmic law for the mean velocity profile with an eddy viscosity that varies
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linearly with height from the surface. An example of the hybrid RANS-LES approach
is the two-part eddy viscosity model, proposed by Schumann (1975) and improved by
Sullivan et al. (1994). Based on the approach of Schumann (1975); Sullivan et al. (1994),
we have developed a model that blends a near-surface mean-field model to the dynamic
Smagorinsky model.

5.2

Validation of LES code
The developed LES model using appropriate wall treatment and dynamic Smagorin-

sky model augmented with two-part eddy viscosity model, can significantly reduce the
grid-resolution requirement in all directions. In this section, such a developed LES model
is validated by simulating the following two cases: the first case is the neutral Ekman
boundary layer at moderate and high Reynolds number, similar to the DNS cases done in
Chapter 3; the second cases is a moderately stable ABL following the GABLS (GEWEX
Atmospheric Boundary Layer Study) initiative (Beare et al., 2006), where the turbulence
generated by wind shear is dominant.

5.2.1

Neutrally stratified Ekman boundary layer
As a part of LES development, a simple explicit correlation is derived for the

prediction of friction velocity and surface veering angle for neutrally turbulent Ekman
flow. The correlation is obtained using the conducted direct numerical simulations of
turbulent Ekman flow and their mean velocity profiles (see Table 4.1 and Fig. 4.2). This
correlation is used for an accurate prediction of the near-surface quantities of neutral
Ekman layers which allows a proper wall-model development of an LES model.
Based on the theory developed by Csanady (1967) and expanded on by Spalart
(1988), Coleman et al. (1990) suggested the following set of non-linear equations to
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predict β and u∗ /U∞
2 U∞
2
1
U∞
cos(θ) + ln( ) = ln(ReD ) − ln(2) + Bc ,
u∗
κ
u∗
κ
κ
Ac u∗
θ = sin−1 (
),
U∞
2C1 U∞
β = θ − 2 ( )2 ,
ReD u∗

(5.1a)
(5.1b)
(5.1c)

where Ac = 5.8, Bc = 0.1 and C1 lies between -64 and -30. In the present work, the
DNS data conducted in chapter 4 are used to obtain a system of linear equations with
explicit relations for β and u∗ /U∞ . Fig. 4.2(c) shows that the point with maximum value
of hvi/U∞ in the Ekman spiral occurs at around hui/U∞ ≈ 0.73. Hence, the following
trigonometric relationship between this point and the surface can be considered
β0 = tan−1 (

hvimax
hvimax /U∞
) ≈ 1.37
,
hui|@hvimax /U∞
U∞

(5.2)

where β0 is the slop angle, hvimax /U∞ is the maximum value of hvi/U∞ in the Ekman
spiral and huimax /U∞ ≈ 0.73. The Ekman spiral data shows an exponential decay for
hvimax /U∞ with Reynolds number, and so does for β0 . Assuming the same decay behaviour for β, the following expression is found

β = Bκ exp(−ReD /A) +C3 ,

(5.3)

where A = 555.6, B = 1.2 and C3 ≈ 0.26 − 0.28. Coefficient A is obtained by finding the
decay rate of β0 , and coefficients B and C3 are determined by minimizing the sum of the
squares of the deviation of the DNS data from Eq. 5.3. Such a nonlinear least-squares
curve-fitting problem is solved with Levenberg-Marquardt algorithm (Shakarji, 1998).
The veering angle obtained from Eq. 5.3 is shown in Fig. 5.1(a), to depict a good
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Figure 5.1: Plot of surface veering angle as a function of ReD . (a) Comparison of the
explicit correlation (Eq. 5.3) with the current DNS; (b) Extrapolation of Eq. 5.3 in
comparison with the previous numerical studies and Eq. 5.1 (gray region).
agreement with the DNS results. After matching the prediction of β at three employed
Reynolds numbers, one can extrapolate Eq. 5.3 to any arbitrary Reynolds number. Figure
5.1b shows such an extrapolation where the predicated values obtained using Eq. 5.3
are in good agreement with the ones reported by previous numerical studies. Moreover,
Eq. 5.3 predicts a surface veering angle of 15o − 17o at very high Reynolds numbers,
similar to the values reported by Taylor and Sarkar (2008); Zikanov et al. (2003); Xu and
Taylor (1997). This is an improved aspect of Eq. 5.3 over Eq. 5.1, since the latter one
under predicts the surface veering angle at high Reynolds numbers (Xu and Taylor, 1997;
Zikanov et al., 2003).
Equations 5.1a and 5.1b are linearized around the current DNS data in order to
find a linearly-explicit equation for friction velocity prediction. The following equation
is found
U∞
= C4 ln(ReD ) +C5
u∗

(5.4)

where C4 = 3.78 and C4 = −7.4. The estimated u∗ /U∞ from this correlation is in
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Figure 5.2: Plot of normalized friction velocity as a function of ReD . (a) Comparison of
the explicit correlation (Eq. 5.4) and the current DNS; (b) Extrapolation of Eq. 5.4 in
comparison with the previous numerical studies and and Eq. 5.1 (gray region).
good agreement with the DNS results (Fig. 5.2.a) and with those reported by previous
numerical studies (Fig. 5.2.b). Figures 5.1 and 5.2 indicate a wide range of Reynolds
numbers over which the proposed correction can be implemented to predict the nearsurface quantities of rotating boundary layers.
A neutrally stratified Ekman Boundary Layer (EBL) has neither thermal flux
imposed at the surface nor a potential temperature gradient acting as a capping inversion
layer. The height of the neutral EBL is determined by a balance between turbulent transport of momentum and the Coriolis term arising from earth rotation and is proportional to
δ = u∗ / f . Following the DNS simulation performed in chapters 3 and 4, large eddy simulations of a neutral EBL is performed at two different Reynolds numbers, Re∗ = 1112
and 4250, as a first validation of the developed LES model. The parameter setup of these
simulations are similar to the DNS case performed in Chapter 3, with a relaxed resolution.
The domain size of (2δ)3 with grid resolution of ∆x+ = 35, ∆y+ = 17, ∆z+ = 35 is used
at Re∗ = 1112, while the corresponding values at Re∗ = 4250 are (2.35δ)3 with grid
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resolution of ∆x+ = 145, ∆y+ = 75, ∆z+ = 145 (Nx × Nz × Ny =65×65×128). These
simulations are started with input streamwise velocity computed based on the logarithmic
law, zero values for both spanwise velocity and the vertical velocity, and a broadband
initial perturbation to trigger turbulence. The set of explicit correlations, Eq. 5.4 and 5.1,
is used to estimate the friction velocity and the veering angle at the surface.
Time- and horizontal-averaged statistics obtained from the LES model are presented in Fig. 5.3. This plot shows normalized mean velocity profile (top row), mean
velocity hodograph (middle row) and profile of normalized Reynolds stresses (bottom
row) at Re∗ = 1112 (left column) and Re∗ = 4250 (right column). The LES results at
Re∗ = 1112 are compared to the DNS results showing an acceptable agreement and
indicating that the LES model is performing as designed. To put the computational cost
in perspective, the LES model took around 10min (clock-time) to reach the steady state
solution, relative to around 4 hr (clock-time) for the same simulation time in the DNS.

5.2.2

Stable atmospheric boundary layer: the GABLS study
As mentioned before, the simulation of a stable ABL is know to be challenging,

since turbulence is suppressed and the results are more sensitive to numerical errors.
Following the GABLS study, the domain size of 400 m × 400 m × 400 m is used,
with initial potential temperature consisting of a mixed layer (a.k.a constant potential
temperature of 265 K) up to 100 m, with an overlying capping inversion with strength
of 0.01 K/m above. The prescribed surface cooling rate of 0.25 K/hr, geostrophic
wind speed of 8 m/s and Coriolis parameter of f = 1.39 × 10−4 s−1 (corresponding to
latitude of 73o N) are applied for 9 hr, and statistics are averaged over the last hour.
A large amount of data are available from various participants in the GABLS project
(http://galbs.netoffice.com). A good summary of this project with an inter-comparison
study of several simulations is reported by Beare et al. (2006). In all of our simulations,
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Figure 5.3: Results of LES of neutrally stratified EBL at Re∗ = 1112 (left) and Re∗ =
4250 (right): (top) Normalized mean velocity profile; (middle) Ekman spiral; (bottom)
Profiles of normalized Reynolds stresses. The circles represent DNS data discussed in
Chapter 3.
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a uniform resolution of 6.25 m in each direction is used. Two PrSGS values (0.6 and
1.0) are considered here for comparison. Figure 5.4 shows the time evolution of MoninObukhov length scale, surface friction velocity and surface buoyancy flux of the stable
ABL simulation with PrSGS = 1. Similar to the findings of Beare et al. (2006), the present
simulation reaches quasi-steady state after about 8-9 hr, after which time-averaging
can be done. Figure 5.4 shows a time-averaged surface buoyancy flux of 2.58 × 10−4
m2 s−2 , corresponding to the heat flux (−ρc p hw0 θ0 i) of -10.03 Wm−2 , as well as the
time-averaged friction velocity of 0.235 m/s. These values are within the range of surface
heat fluxes (-10 to -19.6 Wm−2 ) and friction velocities (0.23-0.28 m/s) obtained in the
GALBS study. The time-averaged MO length scale is found to be 122.7 m which also is
within the range reported in the GALBS study (86-125 m). The friction velocity in this
case is obtained directly from LES resolved velocity (at first grid point above surface)
and using MO similarity theory.
In Fig. 5.5, several time- and horizontal-averaged profiles, i.e., mean velocity,
mean potential temperature, momentum flux hu0 w0 i and heat flux hθ0 w0 i, are compared
between the current results and the GABLS study. A small dependence of results on the
value of PrSGS is seen. Although both cases are within the envelope of the GABLS cases,
the PrSGS = 1 shows better agreement than the PrSGS = 0.6 choice. A low level jet (LLJ)
forms at about 200 m. As mentioned before, the formation of LLJ is one of the distinctive
features of the stable ABL caused by a buoyancy effect on the momentum balance
between vertical divergence of momentum flux and the Coriolis force (Nieuwstadt, 1984).
The meridional component of velocity (in spanwise direction) has a maximum at about
100 m. The vertical profile of the mean potential temperature shows the formation of a
moderately stratified layer that is capped by an inversion that starts at the LLJ nose at
200 m. An almost linear behavior in the momentum and heat fluxes is observed until
the inversion. Consistent with the findings of Beare et al. (2006), the main deviations in
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Figure 5.4: The time evolution of: (a) Monin-Obukhov length scale (L); (b) Surface
friction velocity (u∗ ) and (c) Surface buoyancy flux (B0 = g/θ0 hθ0 w0 i0 ) of the stable
ABL simulation with PrSGS = 1. These plots show an quasi-steady state after 8 hr of
simulation.
statistics (with respect to initial values) occur at the top of the boundary layer compared
to the lower part. Given the difficulty of the stable ABL simulations, which are very
sensitive to the numerical model, the current results indicate successful validation of the
current LES implementation.
Chapter 5, in part, is currently being prepared for submission for publication in
“Energies” S. M. I. Gohari, S. Sarkar, A. Korobenko, Y. Bazilevs, Elsevier, 2017. The
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Figure 5.5: Vertical profiles of time- and horizontal averaged: (a) wind speed; (b)
potential temperature; (c) resolved momentum flux and (d) resolved heat flux compared
with the MO case in the GALBS study (shown with circles) conducted by Brown et al.
(1994); Beare and Macvean (2004). The initial profiles are shown with dash lines.
dissertation author was the primary investigator and author of this paper. The support
provided by NSF grant CBET-1306869, and the computer resources provided by XSEDE
TG-OCE130016 allocation are gratefully appreciated.

Chapter 6
LES of stratified ABL and FSI
simulations of wind turbines
Wind is a renewable energy resource that offers several distinguished advantages
over other sources. These advantages include negligible carbon and pollutant emission,
fast and relatively inexpensive construction, and modern technology that has enabled
significant improvement in reliability and efficiency. Wind turbines operate in conditions
dictated by the atmospheric boundary layer and that motivates the present research in
coupling ABL simulations with wind turbine dynamics in this chapter and in Chapter 7.
The SBL presents a particularly difficult challenge to wind turbine performance
and the integrity of its mechanical components. This is because of the complex unsteady
behavior that has been discussed in the previous chapters: turbulence collapse, global
intemitency, low level jets with enhanced wind shear, and wave-like motions. Numerical
simulations of ABLs can be used for realistic modeling of the environment which, with
the use of Fluid-Structure Interaction (FSI) at full scale, can give realistic predictions of
of extracted power, rotor loading, and blade structural response. Such an integration is
performed through collaborative work between the Sarkar group (performs the stratified
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flow simulations) and the Bazilevs group (from the structural engineering department,
who have performed all the FSI simulations), and to our knowledge this is the first time
such a computation has been done in open literature.
In the present work, the large eddy simulations of the atmospheric boundary
layers (developed and studied in Chapter 5) is coupled with the numerical simulations of
wind turbines, to advance the computational modeling of wind turbines. The loading on
the wind turbine blades and the wakes depend on atmospheric boundary layer and in turn,
the atmospheric boundary layer patterns, on wind farm scales, depend on wind turbine
dynamics. In order to simulate the coupled problem, the LES model developed in Chapter
5 is used to generate a realistic ABL dataset, which is utilized as inflow condition for FSI
simulation of blade motions with proper kinematic and dynamic conditions for coupling
the two systems. This chapter is organized as follows. First, an embed framework for
coupling the atmospheric boundary layer simulation to the FSI-friendly framework is
introduced. The chapter continues with a brief introduction on FSI calculation and its
methodology (all of these calculations are done in professor Bazilevs’s group). Next, a
simulation of an isolated full-scale 5 MW offshore wind-turbine rotor in a stably stratified
ABL is presented. Finally, the chapter ends by presenting the results of FSI simulations of
two back-to-back wind turbines. The results of this chapter is used to develop a reduced
model with low computational cost and reasonable accuracy (discussed in Chapter 7).

6.1

Fluid-Structure Interaction method for wind turbine
simulations
As mentioned before, the FSI calculations are done in professor Bazilevs’s group,

however a brief introduction on the methodology is given here for completeness. FSI
simulations are important for accurate and reliable modeling, which can facilitate blade
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failure prediction and design optimization. The FSI framework developed in Bazilevs et al.
(2012a, 2011b) employs IsoGeometric Analysis (IGA) for structural mechanics, and nonmatching discretizations at the interface between the fluid and structure sub-domains (for
FSI modeling). This discretizations requires the use of proper data interpolation between
the non-matching interfaces, which can be done by using a sliding interface(Hsu and
Bazilevs, 2012). The numerical method used in FSI modeling of the wind turbine includes
the Arbitrary Lagrangian-Eulerian Variational Multiscale (ALE-VMS) formulation within
a finite-element method (FEM) model. The ALE-VMS method originated from the
residual-based variational multiscale (RBVMS) formulation of incompressible turbulent
flows proposed by Bazilevs et al. (2007a) for stationary domains, and is an extension of
the RBVMS method for moving domains by using the Arbitrary Lagrangian-Eulerian
(ALE) method (Hughes et al., 1981). The present formulation uses the FEM-based
ALE-VMS approach augmented with weakly-enforced boundary conditions (Bazilevs
et al., 2012b). The former acts as a numerical model that can handle turbulence, while
the latter relaxes the mesh size requirements near solid surfaces. Bazilevs et al. (2007a)
and Akkerman et al. (2008) show that the ALE-VMS method requires relatively fine
resolution near solid surfaces, in order to obtain accurate results for wall-bounded flows,
making this method computationally costly. For this reason, weakly-enforced boundary
condition formulation was introduced by Bazilevs and Hughes (2007), which significantly
improved the performance of the ALE-VMS method in the presence of under-resolved
boundary layers (Bazilevs et al., 2007b; Bazilevs and Akkerman, 2010). More details
can be found in Bazilevs et al. (2015).
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6.2

On the coupling of the LES of ABL and the FSI of
wind turbines
Figure 6.1 shows a one-way coupling between the ABL and wind turbine simula-

tors at the interface between domains 1 and 2. The ABL simulation is performed with a
horizontally periodic domain (domain 1 with horizontal dimensions of order 1 km and
vertical dimension of order 500 m), where the flow over the bottom, solid boundary is
driven by a geostrophically balanced wind. Variable time stepping is used resulting in
∆t of the order of 0.08 s to 0.2 s depending on the resolution. The ABL simulation is
performed over a time period of a few hours (similar to the GABLS study in Chapter
5). The wind turbine simulation is performed in domain 2 with blade radius of about 60
m and hub height of about 100 m. The grid size away from the blades is comparable
to the one used in the LES of ABL, while the grid size near the solid surfaces is much
smaller (about 1-2 cm in the normal direction). The outer domain dimensions are on
the order of 300 m (the similarity of domain dimensions will simplify the data transfer
between the domains). The time step of the FSI simulation is of the order 0.0001 s, due
to the fine grid resolution near the solid-surfaces. As a result, FSI is performed over a
time period of a few minutes. Therefore, the data generated from the ABL simulation
(domain 1) is sub-sampled and the FSI simulations have finer resolution in both space
and time, but with a shorter time span. Velocity, pressure and temperature data from the
ABL simulation is convected across the inflow planes of the wind turbine simulation
using an appropriate interpolation, performed by converting the structured grid data of
gteh ABL simulation to the piecewise bilinear representation in the FSI simulation.
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Figure 6.1: Coupling scheme between the ABL simulator and FEM wind turbine (WT)
simulator. The ABL simulations are done in domain 1 to provide the time-dependent
inflow boundary condition for the wind turbine simulation performed in domain 2.

6.3

Simulation of stand-alone wind-turbine rotor in a
stratified ABL
The performance of a full-scale wind-turbine rotor interacting in a stably stratified

atmospheric boundary layer is one of the problems studied in Bazilevs et al. (2015), and
that work is summarized here. The large-eddy simulation of a stable ABL developed
and validated in Chapter 5 (the GALBS study) was used for this study. The LES was
performed in a cube with side of 400 m and uniform grid size of 5 m. The reference
temperature was set to 260 K with a capping inversion strength of 0.01 K/m, starting
at 100 m upwards. The geostrophic wind speed was 8 m/s, and the Coriolis parameter
f = 1.39 × 10−4 s-1 was used. The data from the LES was used as the inlet boundary
conditions for the ALE-VMS wind-turbine rotor computation. The wind-turbine domain
was a cylinder that is 240 m in length and diameter, including a 5 MW wind-turbine
rotor with diameter of 120 m, similar to Bazilevs et al. (2012a); Akkerman et al. (2008);
Bazilevs and Hughes (2007). The rotor spins with a prescribed constant angular velocity
in the wind-turbine domain, wherein the grid is dense near the blade-surfaces to better
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resolve the ABL turbulent flow impacting the rotor.

(a)

(b)

Figure 6.2: Wind-turbine rotor domain: (a) The initial velocity field obtained by interpolation of the LES data; (b) Mean velocity and temperature obtained by solving governing
equations for a non-spinning domain (Bazilevs et al., 2015).
As mentioned previously, the FSI calculations are done by professor Bazilevs’s
group.To impose the turbulent inlet velocity and temperature boundary conditions, the
solution data is transferred from the structured grid of the LES simulation to the unstruc-
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tured mesh of the spinning rotor domain, as described in section 6.2. The spinning rotor
domain is immersed into a larger LES domain and the velocity and temperature data
assigned to the nodes of the cylinder inflow plane and lateral boundaries is obtained by
interpolating the LES data (see Fig. 6.2a). At the outlet, traction boundary conditions are
prescribed. The distribution of outlet traction is obtained by solving the governing equations with the given inflow condition on a non-spinning domain (meaning that the rotor is
removed). More details on this boundary condition can be found in Bazilevs et al. (2015);
Takizawa et al. (2015). The compatibility of the two numerical models as a coupled
whole can be examined, after obtaining the outlet traction boundary condition. Figure
6.2b shows the mean velocity and temperature as a function of the vertical coordinate, at
x = 120 m and x = 240 m, downstream of the inflow (when the rotor is removed). The
results are compared to the mean of the velocity and temperature imposed on the inlet
(which corresponds to the interpolated LES data). The profiles are very close, suggesting
that the ALE-VMS method preserves the LES profiles in the absence of the wind turbine.
The time-step size of ALE-VMS computation was ∼ 2.0 × 10−4 s. The flow is initialized
using the interpolated LES data, and the computation is started impulsively.
The vorticity isosurfaces at t = 8.5 s are shown in Fig. 6.3. Due to the presence of
the inversion layer, tip vortices travel with different speeds, faster near the top and slower
near the bottom of the domain. As a result, the perfect helical pattern of tip vortices,
which is expected in the case of uniform flow, no longer exists. As the rotor turns and
blades travel in and out of the inversion layer, they break the parity of flow structure
in streamwise direction and introduce strong vertical mixing of momentum (shown in
Fig. 6.3b). This inversion-layer mixing propagates downstream and gives a complex and
hitherto largely unstudied wake behavior. The time evolution of rotor-loads and output
power can be found in Bazilevs et al. (2015). They will be used in Chapter 7.
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(a)

(b)

Figure 6.3: Isolated wind-turbine rotor in an ABL: (a) Vorticity isosurfaces colored by
flow speed (in m/s) at t = 8.5 s; (b) Flow speed (in m/s) contours on a 2D slice of the
problem domain showing mixing of the inversion layer in the rotor wake (Bazilevs et al.,
2015).
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6.4

FSI simulations of two back-to-back wind turbines
in a stratified ABL
This section takes the first step in simulation of wind-turbine clusters by studying

the aerodynamic and fluidstructure interaction of two back-to-back wind turbines. In the
conducted simulations, the wind turbines are located one behind the other at a distance of
four rotor diameters, resulting to a noticeable power production loss of the downstream
turbine due to the wake velocity deficit of the upstream turbine. A multi domain approach
is used in order to keep the computational cost affordable (Korobenko et al., 2017).
Similar to the section 6.3, the stand-alone ABL simulations is used to provide inflow
boundary conditions to the FEM wind-turbine simulator (Fig. 6.1). The ABL simulation
used in the section is similar to the GABLS study, presented in Sec. 5.2.2
Figure 6.4 shows few results of FSI simulation of two horizontal-axis wind
turbines operating in an ABL. Figure 6.4.a shows vorticity iso-surfaces colored by wind
speed with the emerged vortices. Rotor-tip vortices of the upstream turbine have a helical
pattern for a distance of about one rotor diameter. They later break up and eventually
merge with vortices shed from the root and tower to form larger structures at a distance
about two/three rotor diameters. These larger structures impact the downstream-turbine,
and merge with the vortices shed from the tower and rotor-tip of downstream turbine.
The helical pattern of rotor-tip vortices for the downstream turbine is only maintained
for a short downstream distance, since the incident velocity is significantly perturbed
(Fig. 6.4.b). It should be noted that the computational domain should be large enough
to account for the wake drift due to Coriolis force, specially when there is a strong
transversal velocity.
Figure 6.4.b shows mean streamwise velocity, averaged over six rotor revolutions,
at different locations along the centerline as a function of height. Velocity profile at the
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inlet corresponds to the unperturbed ABL simulation. The profile appears significantly
distorted passing the upstream wind-turbine, and slowly recovers along the downstream
distance. The velocity profile is almost recovered, up to the hub height when flow reaches
the downstream turbine. In the distance between the two turbine, a velocity deficit with
the order of about 1-2 m/s is observed. This velocity deficit leads to a drop in the power
production of downstream wind-turbine (Korobenko et al., 2017). A detail discussion on
the structural analysis, power drop and differences between pure aerodynamic and FSI
results are presented in Korobenko et al. (2017).

6.5

Conclusions
Results of this chapter show that the ALE-VMS computations of wind turbines

can be coupled to LES of the atmospheric boundary layer, providing new insights on
wind turbine performance under realistic environmental conditions. A full-scale 5 MW
wind-turbine rotor in a stratified ABL is simulated and significant variations in flow
structures, the rotor-blade thrust and torque loads are observed (Bazilevs et al., 2015).
These results, presented for the first time in the open literature, indicate that stratification
strongly affects the transient rotor loads, and should be considered in the structural
and aerodynamic analyses of wind turbine blades. Such results will be helpful in the
prediction of fatigue damage and in the optimization of blade lifetime. Moreover, the
aerodynamic and FSI analysis of two back-to-back wind turbines (at full scale and with
full complexity) are carried out (Korobenko et al., 2017). For a given set of operating
conditions, a drop in power production of 10-15% between the upstream and downstream
turbine is predicted. Utilization of actual ABL conditions and strong FSI coupling were
found to be important in the modeling of the blade structural response to the flow. The
results of these simulations will be used in developing a reduced wind-turbine model
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(a)

Figure 6.4: FSI simulation of two horizontal-axis wind turbines in an ABL: (a) Vorticity
isosurfaces colored by flow speed; (b) Streamwise velocity averaged over six rotor
revolutions and plotted at different downstream locations (denoted by x) as a function of
height (Korobenko et al., 2017).
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with significantly less computational cost, in order to analysis the performance of wind
turbines operating under different atmospheric conditions.
Chapter 6, in part, is a reprint of the material as it appears in “Computers and
Fluids” A. Korobenko, J. Yan, S. M. I. Gohari, S. Sarkar, Y. Bazilevs, Elsevier, 2017. The
dissertation author was one of the primary investigators and a coauthor of this paper. The
support provided by NSF grant CBET-1306869, and the computer resources provided by
XSEDE TG-OCE130016 allocation were gratefully appreciated.

Chapter 7
Wind turbines operating under
different stability levels in a stratified,
rotating atmospheric boundary layer
Wind turbines operating within the atmosphere boundary layer, the turbulent
layer of the atmosphere near the surface, were investigated through FSI simulations in
Chapter 6. It was shown in sections 6.3 and 6.4 that wind turbines are influenced strongly
by atmospheric conditions such as surface cooling condition and the geostrophic wind
that determine the unsteady evolution of wind velocity and wind direction. It was also
shown that the wind turbines operating in the turbulent ABL result to a highly mixed
region behind the wind turbine, which may span several turbine-diameters downstream.
This interaction was studied through FSI simulations of an isolated wind turbine (section
6.3) and two back-to-back wind turbines (section 6.4) operating in a given atmospheric
flow. These simulations provide results with high accuracy for the interaction between
wind turbines and ABL, the load distribution on each blade and the overall performance.
However, they are not directly suitable for temporally-long simulations or the simulation
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of wind farms due to limitations of time stepping and grid resolution. An alternative
is to use a simpler representation of wind turbines, generally known as rotor predictive
models, and use the FSI data to improve its accuracy in predication the bulk properties
of wind turbines. The ultimate goal in implementation of such a reduced model is to
obtain a computationally in-expensive model (calibrated with the FSI data) which does
not have the computational limitations of FSI simulations. Using this reduced model,
we primarily investigate the influence of surface cooling on the velocity structure, wind
turbine performance, and the behaviour of the wind-turbine wake based on LES for four
different stability levels corresponding to weakly, moderately, and strongly stable ABL.
The computational overhead of the developed model is only 1.45% compared to the
original LES model.

7.1

Overview of rotor predictive models
Momentum theory is commonly used to estimate the thrust, efficiency and the

power output of an idealized wind turbine. Following the work of Headland (1995), the
analysis starts by assuming a stream tube, wherein the wind flows in and out through
the ends and no wind exits through the other boundaries (shown in Figure 7.1). In this
theory, the wind turbine is modeled as an actuator disk, imposing forces on the flow.
Several assumptions are made in the derivation of this theory including steady-state,
homogeneous, inviscid flow; uniform velocity at disk (i.e. uniform thrust), infinite
number of blades and a non-rotating wake region. The air mass flow through the stream
tube can be calculated as
dm
= ṁ = ρ0 AU∞ ,
dt

(7.1)

wherein A is the annular area, U∞ is the free-stream wind speed, and ρ0 is the density of
the wind at standard conditions. Two major bulk properties often used in evaluation of
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the wind turbine performance are thrust (the force imposed by the wind on the turbine),
and the output power. In momentum theory, thrust is computed using the conservation of
linear momentum as

T = U∞ (ρ0 AU∞ ) −Ue (ρ0 AU)e = ṁ(U∞ −Ue ) ∝ U∞2 ,

(7.2)

wherein Ue is the exit velocity of wind at the outlet of the stream tube. Using the Bernoulli
equation and considering finite pressure drop across the disk, the thrust force can be
written as T = 21 ρ0 A(U∞2 −Ue2 ). Similarly, the power output from the turbine, P, is equal
to thrust multiplied by velocity at disk, Ud
1
P = TUd = ρ0 A(U∞2 −Ue2 )Ud .
2

(7.3)

Although the momentum theory can provide basic knowledge about the wind turbine
performance, different method are available in computational predictions of wind turbine
performance such as the blade element momentum (BEM) theory, the generalized actuator
disk, the actuator line and the actuator surface. These methods are briefly explained
below.

U
free-stream

U

T

Ud

actuator disk

Figure 7.1: Actuator disk model used in the momentum theory, edited from Headland
(1995).
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While the momentum theory considers momentum balance only in one direction,
the BEM theory extends this model to include rotational effects through conservation
of angular momentum. This method is widely used for industrial applications and is
generally classified into inviscid or viscous models. The commonly used inviscid model
is the vortex wake method, wherein the shed vorticity in a wake is employed to compute
the induced velocity field. In this method, the vorticity can be either distributed as discrete
vortices (Voutsinas et al., 1994) or as vortex line elements (Miller, 1983; Simoes and
Graham, 1991), with the distribution being determined by either a prescribed wake or a
free wake. Although these approaches (especially the free wake analysis) may provide
relevant information to study turbine wake physics, they are computationally expensive
and present problems due to development of excessive deformation of the discrete vortex
elements in the wake region.
The generalized actuator disk model (ADM) represents a straightforward extension of the inviscid BEM methods. The major difference between the two models is that
the radial independence of the BEM method is replaced by the solution of Navier-Stokes
equations. The forces acting on the rotor are calculated using a blade element approach
and corrected for 3D effects. Similar to the momentum theory, the standard version of
this model assumes an infinite number of blades, meaning that the forces are equally
distributed on a disk in a fully 3D flow field, i.e. the generalized actuator disk model
represents the turbine rotors by equivalent forces distributed on a permeable disk wit
zero thickness. Actuator disk methods have proven their capability to match different
rotor predictive methods through the years, and have been widely used (Kang et al.,
2014; Wu and Porté-Agel, 2011; Mikkelsen, 2003; Johnstone and Coleman, 2012) due
to its acceptable performance in the prediction of bulk properties of wind turbines, low
computational cost and low sensitivity to the input parameters. As an extension to the
generalized actuator disk model, Sørensen and Shen (2002) introduced the actuator line
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method wherein the forces are distributed along lines representing the rotor blades. This
approach was developed to avoid the assumption of infinite number of blades and can
capture turbine wake characteristics such as tip, root and bound vortices. However,
this method may not be necessarily better than other rotor predictive models due to its
complex dependence on many input parameters (also, currently there is no clear guideline
on how to evaluate these parameters (Nodeland, 2013)), its inaccuracy raising from the
usage of tabulated airfoil data (Wu and Porté-Agel, 2011), potential inaccuracy in the
prediction bulk output power and thrust (due to over-stabilized wake region behind the
turbine (Kang et al., 2014)), and its high computational cost (Mikkelsen, 2003).
The aim of the present work is to develop a computationally fast and reasonably
accurate model to represent wind turbines in an ABL. The generalized actuator disk
model is used since it has least input parameters, provides a reasonable prediction of bulk
power and thrust, and is computationally inexpensive. The novelty of the present work
is to enhance the performance of the generalized actuator disk model by obtaining the
required input parameters from the data obtained from the detailed LES/FSI computations.
Therefore, the inaccuracy arising from an ad hoc tuning procedure will be minimized.
The generalized actuator disk model augmented with FSI-calibrated parameters is used to
calculate wind-turbine induced forces in the governing equations of ABL (see Eq. 2.1).

7.2

FSI-calibrated actuator disk model: Implementation
and validation
The generalized actuator disk model (ADM) represents a straightforward exten-

sion of the inviscid blade element momentum (BEM) methods (Fingersh et al., 2006).
The standard version of this model assumes an infinite number of blades, meaning that
the generalized actuator disk model represents the turbine rotors by equivalent forces
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distributed on a permeable disk with zero thickness. Actuator disk methods have proven
their capability to match different rotor predictive methods through the years, and have
been widely used (Kang et al., 2014; Wu and Porté-Agel, 2011; Mikkelsen, 2003; Johnstone and Coleman, 2012) due to their acceptable performance in the prediction of bulk
properties of wind turbines and low computational cost. The aim of the present work is to
enhance the performance of the generalized actuator disk model by obtaining the required
input parameters from the data obtained from the detailed FSI/LES computations that
is previously conducted in Chapter 6 (Bazilevs et al., 2015; Korobenko et al., 2017).
Therefore, the inaccuracy arising from an ad hoc tuning procedure will be minimized.
The generalized actuator disk model augmented with the FSI-calibrated parameters is
used to calculate wind-turbine induced forces in the governing equations of ABL (see Eq.
2.1), as discussed in this section.
To parametrize the turbine-induced forces, two modified versions of actuator disk
model (ADM) are considered: an ADM with uniform distribution (ADM-U), and with
non-uniform distribution (ADM-NU). For both models, the actuator disk is denoted as the
area swept by the blades, where the integrated turbine-induced forces are parametrized
and distributed over the spatial resolution used in the LES model. The proposed actuatordisk models consider a constantly loaded disk with a thrust force acting in the axial
direction, and a tangential force resulting in the aerodynamic torque as
T = 12 ρ0CT u2d πR2 =

R 2π R R

1
2
3
2 ρ0 BCφ vd πR

R 2π R R

T =

=

0

0

0

0

fa rdrdφ,
(7.4)
fφ

r2 drdφ,

where T is the aerodynamic thrust, T is the aerodynamic torque, fa is the axial force per
unit rotor area, fφ is the tangential force per unit rotor area, ud and vd are correspondingly
the unperturbed resolved axial and transversal velocities of the incident flow in the centre
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of the rotor disk, R is the wind turbine radius, CT is the thrust coefficient, Cφ is the torque
coefficient of each blade, and B is the number of the blades.
Considering a uniform distribution of forces over the disk (ADM-U), the corresponding forces at radius r, the radial distance from the hub center computed in the
(y − z) plane of wind turbine, are
fa = 12 ρ0CT u2d ,
fφ =

(7.5)

3
2
4 ρ0 BCφ vd .

Thereafter, these forces are projected onto LES model as
Fx = fa ∆z∆yG(r),
(7.6)

Fy = fφ sin(φ)∆z∆yG(r),
Fz = fφ cos(φ)∆z∆yG(r),
where φ is the sweep angle at each radial distance, and G(r) = 12 erfc

r2 −R2
2R2 δr



is the area-

projection function from cylindrical coordinate to Cartesian coordinate (Johnstone and
Coleman, 2012). A similar approach is used to parametrize the forces induced by the
tower on the flow. The tower is described as a permeable rectangle area, Atower , between
the hub height and the surface. The tower-induced drag force acting upon the incoming
flow is parametrized using a formulation similar to the axial force of ADM
1
Fxtower = ρ0 AtowerCDtower u2d ,
2

(7.7)

where CDtower is the tower drag coefficient.
Figure 7.2 shows the time evolution of the aerodynamic thrust and torque computed from the FSI simulations preformed by Bazilevs et al. (2015). These data are
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calculated for a 5MW wind turbine rotor with three blades, a hub height of 100 m and a
rotor diameter of D = 2R = 126 m. Using the quasi-steady values of thrust and torque,
around 289 kN and 1560 kNm respectively, one can compute the time-averaged value of
CT ≈ 1.15 − 1.35 and Cφ ≈ 0.20 − 0.25. These values are found to be in the range that
has been commonly used for CT and Cφ in previous studies (Johnstone and Coleman,
2012; Mikkelsen, 2003; Sørensen et al., 1998; El Kasmi and Masson, 2008; Mirocha
et al., 2014).
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Figure 7.2: Time evolution of the aerodynamic forces: (a) Thrust; and (b) Torque for the
FSI simulation performed by Bazilevs et al. (2015). The quasi steady value of around
289 kN, and 1560 kNm are used to obtain the CT and Cφ coefficients, respectively. The
FSI time stepping is O(10−4 ).
The next step in advancing the present implementation is to consider a radial
distribution of axial and tangential forces, denoted by Ga (r) and Gφ (r), respectively.
These functions need to satisfy
T=

R 2π R R a
0
0 G f a rdrdφ,

T =

R 2π R R φ 2
0
0 G f φ r drdφ.

(7.8)

These radial-distribution functions are generally a function of wind-turbine operating
conditions, the incident flow angle and the wind-turbine manufacturing details such as
cross-sectional airfoil type and the twist angle. To minimize the inaccuracy arising from
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an ad hoc tuning procedure coming from tabulated airfoil data, the following simplified
expressions for Gφ (r) and Ga (r), computed based on the normalized geometry details
given in Bazilevs et al. (2011a) and the time-averaged statistics of FSI simulations
conducted in Korobenko et al. (2017), are obtained
r
r
Ga (r) = 2 (1 − ) + 2/3,
R
R

φ

G (r) =

1.64 Rr
14.76(1 −

r
R)

r
R

≤ 0.9

r
R

> 0.9

.

It should be noted that similar radial distributions have been reported by (Hong et al.,
2012; Dighe, 2015). For a wind farm simulation, ud and vd should be correspondingly
computed for each wind turbine, while the rest of parameters are fixed.
The performance of the developed models are compared to the FSI data and
presented in Figure 7.3. Figure 7.3 shows the time evolution of aerodynamic thrust and
torque, computed for a wind turbine rotor interacting in an ABL similar to the one used
by Bazilevs et al. (2015), where the wind-turbine domain was a cylinder with 240 m
length and 240 m diameter, including a 5 MW wind-turbine rotor with diameter of 120
m (no tower effect was included, see Bazilevs et al. (2015)). The the inlet boundary
conditions for the FSI computation was obtained from the LES performed in a cube with
side of 400 m and uniform grid size of 5 m, the reference temperature of 260 K, a capping
inversion strength of 0.01 K/m starting at 100 m upwards, the geostrophic wind speed of
8 m/s, and the Coriolis parameter f = 1.39 × 10−4 1/s (see Chapter 6). The ADM-U has
a constant under estimation of the aerodynamic thrust and a slight over estimation of the
aerodynamic torque. In contrast, the ADM-NU has a better agreement with the FSI data
due to a more accurate radial distribution of the forces on the blades. The ADM-NU with
the given parameters is used in the rest of present work unless otherwise is noted.
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Figure 7.3: Time evolution of the aerodynamic forces: (a) Thrust; and (b) Torque for
uniform (ADM-U) and non-uniform (ADM-NU) models. The (blue) dashed line shows
the time-averaged value obtained from the FSI simulations of Bazilevs et al. (2015) (see
Figure7.2). The LES time step is O(10−1 ) s.

7.3

Stratified atmospheric boundary layers without wind
turbines
The simulations are divided into two stages: 1) The precursor stage, in which the

fully developed ABL is generated without the presence of any wind turbine. Horizontal
periodicity is assumed at this stage; 2) The primary stage, in which the wind turbines
are added and the flow data from the corresponding precursor simulations is provided as
the initial conditions. In this study, all numerical simulations were run for a long period
of time to assure the emergence of quasi-steady conditions and statistically converged
results are presented in the following.
The atmospheric boundary layers simulated in the precursor section are introduced
here. The computational domain size is Lx × Ly × Lz =1600 m × 800 m × 600 m
in the streamwise, spanwise and vertical directions, respectively, and the grid size is
Nx × Ny × Nz = 321 × 161 × 81. The horizontal grid spacing is uniform of 5 m, however,
the vertical grid spacing is uniform (5 m) up to 200 m and gradually stretches moving
upward. The transport and variability from flow scales larger than the domain size are
neglected. Four different stratification conditions are considered, weakly stable (case
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A), moderately stable (case B and C), and strongly stable (case D). For all cases, the
initial potential temperature profile consists of a mixed layer (a.k.a constant potential
temperature of 285 K) up to 100 m, with an overlying capping inversion with strength of
0.01 K/m above (the reference potential temperature, θ0 , is set to 263.5 K The Coriolis
parameter is set to be f = 1.39 × 10−4 1/s (corresponding to latitude of 73o N), with a
prescribed geostrophic wind speed of U∞ = 8 m/s in the streamwise above 450 m using a
Rayleigh damping layer, which minimizes the spurious reflection of gravity waves. The
periodic boundary condition is used in all horizontal directions, and the stress-free/fluxfree condition is used at the upper boundary. The bottom boundary is adiabatic (zero
cooling flux) in case A, while there is a prescribed surface cooling rate of -0.25 K/h, -0.5
K/h, and -1 K/h in cases B, C, and D, respectively. PrSGS = 1 is used according to the
sensitivity analysis of Chapter 5. The physical time to reach the quasi-steady state in each
condition is about 9 hours and the statistics are obtained during the last 5000 s. In this
section, the Reynolds average of any quantity, computed by averaging over horizontal
planes, is denoted by h.i and the corresponding fluctuation is denoted by superscript 0 .
Figure 7.4 shows the vertical profiles of the time- and spatial-averaged statistics
for different stability conditions. Although the geostrophic wind is fixed aloft, the
variability in the lower part of the boundary layer is considerable as stability varies(Figure
7.4a). The streamwise velocity shows the formation of a LLJ in the stratified cases and,
with increasing stability, the jet strengthens and the height of the maximum velocity
(known as LLJ nose), decreases. Although the spanwise velocity over the span of
the wind turbines (shown with gray-dash lines) generally decreases, the net horizontal
momentum across the wind turbine increases with stability. Figure 7.4(b) shows the
vertical profiles of potential temperature under the different stability conditions. A large
temperature gradient appears in the lower part of the ABL in moderately and strongly
stable cases (Kosović and Curry, 2000), whereas the profile of the ABL with adiabatic
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bottom boundary is almost vertical corresponding to a surface layer that is well mixed by
turbulence. Vertical profiles of resolved momentum and heat fluxes are plotted in Figure
7.4(c) and (d), respectively. The magnitude of turbulent momentum flux decreases by
increasing the stability (Zhou and Chow, 2011; Huang and Bou-Zeid, 2013), and the the
profile for each case shows an approximately linear variation with height in the region
spanned by the wind turbine. Similar to the vertical profiles of potential temperature, the
gradient of turbulent heat flux near the surface and the magnitude of maximum heat flux
increase with increasing stability rate (Figure 7.4d) (Huang and Bou-Zeid, 2013).
Bulk properties of the simulated cases with different stability conditions are
presented in Table 7.1. The Obukhov length, a measure of stability, decreases from case
B to D as the cooling rate increases from 0.25 K/hr to 1 K/hr. The boundary layer height,
δ95 , defined as the height at which hu0 w0 i reduces to 0.05u2∗ , also progressively decreases
from case A to D. The normalized boundary layer thickness, δ95 /L, decreases from case
A to D showing that the dependence of the boundary layer thickness on the Obukhov
length is nonlinear. The bulk Richardson number based on the density difference across
the boundary layer thickness is computed as

Rib =

g
hθ(δ95 )i − hθs i
δ95
.
θ0
U∞2

(7.9)

The present cases cover a wide range of stability levels in the stratified ABL. The most
stable case considered here has Rib = 0.5, a value that is larger than in previous studies
of wind turbines, i.e. Rib ≈ 0.15 in Chamorro and Porté-Agel (2010), L/δ ≈ 0.6 in
Abkar and Porté-Agel (2015), L/δ ≈ 0.55 in Xie and Archer (2017), and Rib ≈ 0.22 in
Bhaganagar and Debnath (2014). The behaviour of the wind turbines under such a strong
stability is discussed in section 7.4.
In summary, an increased wind shear, a lowered LLJ, a larger total buoyancy
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contrast, a shallower boundary layer form when the stability rate increases. An important
consequence for the wind turbine in the present problem is that the net mean momentum
flux of the incoming ABL across the span of the wind turbine is significantly higher
while the incoming turbulent fluxes are lower. The variability of the wind speed and wind
direction across the rotor height also increases.
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Figure 7.4: Vertical profiles of time- and horizontal-averaged statistics for different cases
considered here: (a) Mean horizontal velocities; (b) Mean Potential temperature; (c)
Resolved momentum flux; and (d) Resolved heat flux. The dash-gray lines shows the
location of the top tip and bottom tip of wind turbine in the current study.
The structures of stratified turbulence are shown in Figure 7.5 by presenting the
contour plots of instantaneous vertical vorticity, ωz , in different horizontal planes at
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Table 7.1: Bulk properties of the simulated cases with different stability conditions (time
and spatial averaged). Subscribe “s” indicates the surface values with z0 = 0.1. Here,
δ95 refers to the boundary layer height at which hu0 w0 i = 0.05u2∗ , Bs = θg0 hθ0 w0 is is the
surface bouyancy flux, and Rib =
Cases huhub i hvhub i
[m/s] [m/s]
A
B
C
D

5.78
6.39
7.26
8.84

3.32
3.39
3.30
2.19

βhub
[o ]

hθ(δ95 )i−hθs i
g
θ0 δ95
U∞2

u∗
[m/s]

is the bulk Richardson number.

Bs
[m2 /s3 ]

29.77 0.307 0.00E-4
27.96 0.238 -2.62E-4
24.46 0.208 -2.94E-4
13.93 0.167 -3.18E-4

L
[m]

δ95
[m]

∞
333.5
126.12 213.4
77.36 167.1
37.37 126.6

L/δ95
[-]

Rib
[-]

∞
0.591
0.463
0.296

0.176
0.238
0.315
0.492

z = 40 m (top row), z = 100 m (middle row), and z = 160 m (bottom row). By increasing
the stability rate, the intensity level of vortical structures decreases at all heights, thus
indicating a lower turbulence for more stable regimes (similar to Figure 7.4c). However,
an increase in the stability rate does not uniformly affect the layer: turbulence suppression
is stronger away from the surface while near the surface structures appear to be less
affected. At the lower-tip height (z = 40 m), the vorticity is still strong among all of
the cases, whereas it has almost extinguished for the strongly stable regime (case D)
at the hub height (z = 100 m) and the upper-tip height (z = 160 m). In this case, the
capping inversion layer and the LLJ nose occurs around the hub height, the height that
is considered as the top edge of the boundary layer (Mahrt, 1999; Stull, 1988), which
minimize the turbulence activity at around this level (see Figure 7.4).

7.4

Atmospheric boundary layers interacting with wind
turbine
In this section, the interaction of an isolated wind turbine is investigated under the

above-described stratified cases. In each case, the corresponding precursor simulations
(section 7.3) is used as the initial condition. To avoid the turbine-induced wake affecting
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(a)

(b)

(c)

Figure 7.5: Contour plots of instantaneous vertical vorticity, ωz , in different horizontal planes, z = 40m (top), z = 100m (middle), and z = 160m (bottom), for precursor
simulations: (a) Case A; (b) Case B; and (c) Case D (half domain is shown).
the flow upwind of the turbine, two buffer zones on the left and the right of computational
domain are employed to adjust the flow from the far-wake condition to that of the
precursor condition (Port-Agel et al., 2011; Wu and Porté-Agel, 2011). Each buffer
zone consists of 10 cross-stream planes with an e-folding time of one rotational period
(1/ f ) that are arbitrarily chosen from the corresponding precursor simulations, to avoid
periodicity and to preserve the realistic turbulence at the inlet of the stratified ABL.
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The 5 MW wind turbine of section 7.2 with hub height at z = 100 m, rotor
diameter of D = 126 m, and tower width of Atower = 25 m is placed at x0 = 275 m,
y0 = 160 m in the simulations. The wind-turbine parameters are similar to the ones
discussed in section 7.2 with CDtower = 0.8 for Case A and B and CDtower = 0.2 for case
C and D. The steady-state data from the precursor simulations are used as the initial
conditions, and each simulation is performed over four hours of physical time with the
statistics being averaged over the last two hours. In this section, the Reynolds average
of any quantity, computed by averaging over time, is denoted by overbar (..)
¯ and the
corresponding fluctuation is denoted by superscripts 0 .
To elaborate the bulk effects of wind turbine on the stratified ABL, the timeaveraged streamwise velocity with the projected streamlines, u, and the time-averaged
spanwise vorticity, ωy , in the vertical plane of wind turbines are presented in Fig. 7.6. The
region behind the wind turbine consists of a rotor wake and a tower wake whose mean
flow statistics show a strong dependence on stability level. The rotor wake includes vortex
shedding from the wind turbine tips. As a result, the vorticity, ωy , is intensified at the
upper-tip and the lower-tip heights of wind turbine (with alternating sign). In all cases, the
wake region barely expands in the vertical region above the upper-tip height and a stronger
stability limits the vertical mixing to a narrower region between the surface and the upper
tip (Bhaganagar and Debnath, 2014). The projected streamlines in these cases show a
weak upwelling of bottom shear behind the wind turbine. In case D, the LLJ occurs near
the hub height and the vertical shear of the incoming ABL generates two distinct wake
regions behind the wind turbine. The upper-blade wake region is confined in the vertical
region between the hub height and the upper-tip height and, owing to reduced turbulent
fluxes, the wake deficit is preserved up to 900 m downstream. In contrast, the mean shear
near the surface vertically advects the tower wake region from about z = 40 m to the
hub-height, where it strikes the upper-tip wake region at about 375 m downstream. In
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this case, the upwelling of bottom shear behind the wind turbine is considerably stronger,
as shown by the projected streamlines. The time-averaged spanwise vorticity, shown in
the right column of Fig. 7.6, also confirms such an interaction between the upper and
lower shear layers behind the wind turbine in case D. Similar wake behaviour (without
the tower effects) has been previously reported by Bhaganagar and Debnath (2014). The
effects of stability level on the unsteady behaviour of wake region is discussed in the
following.
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(c)

(d)

(e)

(f)

(g)

(h)

Figure 7.6: Contours of time-averaged streamwise velocity (a,c,e,g) and spanwise
vorticity (b,d,f,h) in the vertical plane of single wind turbines: (a-b) Case A; (c-d) Case B;
(e-f) Case C; and (g-h) Case D. The streamlines projected on each plane are also plotted.
Figure 7.7 show the time-averaged turbulent kinetic energy, TKE, and buoyancy
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flux, B =

g 0 0
θ0 θ w ,

in the vertical center plane. Stability induces qualitative changes in

the spatial distribution of TKE. The wake region behind the wind turbine extracts the
momentum from the mean flow, which creates turbulence. Such extraction becomes larger
by increasing stability, resulting to a larger turbulence in the near-wake/intermediate
region in more stable cases. Buoyancy production and TKE increase at x > 1000 m due
to the expansion of the far-wake region and the recovery of the velocity profiles (see
Fig. 7.8). In case D, there is a strong turbulence generated due to the tower wake in
the near wake region. At about 500 m downstream, there is a thin layer at the inversion
layer, z ≈ δ95 , where the interfacial interaction of upwelling bottom shear layer with the
inversion layer develops Kelvin-Helmholtz (KH) rollers with high buoyancy production
and large TKE. The visualization of instantaneous velocity fields (not shown) confirm
the development of KH rollers at the inversion layer. It should be noted that the vertical
height at which TKE caps is at about z ≈ δ95 in all cases.
Figure 7.8 illustrates the wake expansion in the horizontal plane at the hub height
with the contour plots of the instantaneous vertical vorticity (left column) and the vertical
momentum flux (right column). The lateral expansion of wind turbine wake is different
among the cases due to the dependency of the wind veering angle on the stability rate.
Further, different features are observed in the near/intermediate wake and far wake regions
behind the turbine. The opposite directions of ωz that occurs on the two sides of the center
line depicts the rotation of the wake region behind the wind turbine (Xie and Archer,
2017). In case A, the region that contains the large-scale coherent structures elongates up
to about 225 m (x/D ≈ 2) downstream. By increasing the stability, the structures start
to breakdown with the emergence of alternating directions in a globally intermittent ωz
field. Furthermore, the variability of the wake region in the lateral direction, known as
the wake meandering, becomes stronger by increasing the stability rate since the vertical
expansion of the wake region is suppressed (Bhaganagar and Debnath, 2014). In case
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Figure 7.7: Contours of turbulence kinetic energy, TKE, (a,c,e,g) and buoyancy destruction rate, B = θg0 θ0 w0 , (b,d,f,h) in the vertical plane of single wind turbines: (a-b) Case A;
(c-d) Case B; (e-f) Case C; and (g-h) Case D.
D, the lateral mixing of wake region start to progressively increase after about 800 m
downstream, where the temporal variability of vorticity is strong (see Fig. 7.9), and the
mean velocity profiles start to gradually recover (see 7.6).
Vorticity fluctuations play a key role in transferring energy among different scales
of a turbulent flow (Tennekes and Lumley, 1972). The mean square of such fluctuations,
i.e. the variance of vorticity fluctuations , is defined as

σ2ω = ω0 ω0 ,

(7.10)

105

(a)

(b)

Figure 7.8: Contour plots of instantaneous vertical vorticity, ωz (a) and vertical momentum flux, u0 w0 (b) in the horizontal plane of hub-height for single wind turbines: (top)
Case A; (middle) Case B; and (bottom) Case D.
where ω0 = ω − ω is the vorticity fluctuation. To quantify the temporal variability of the
wake region behind the wind turbine, the variance of vertical vorticity fluctuations is
computed using Eq. 7.10. Figure 7.9 shows the distribution of σ2ωz (d) behind the wind
turbine, where d is the distance from the hub center along the mean-flow veering angle.
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In case B, C and D, the variance of vorticity fluctuations shows a profile with two peaks
at d ≈ 175 m and the other at d ≈ 600 − 700 m. The former peak is associated with the
vortex shedding behind the turbine, while the latter one is due to the vortex meandering
at a further downstream location (see Fig. 7.8). In the cases with weak and moderate
stratification, i.e. cases A and B, the vorticity fluctuation variance behind the wind turbine
is relatively low. However, the wake temporal variability behind the turbine increases
by increasing the stability rate. In case D, the vortex shedding and the interaction of the
lower-tip and upper-tip vortices yields to a progressive increase of σ2ωz behind the turbine.
Further, the second peak of σ2ωy in this case occurs at around 725 m downstream location,
where the wake region starts to laterally meander and becomes dissipative (see bottom
right of Fig. 7.10).
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Figure 7.9: The distribution of vertical vorticity fluctuation variance, σ2ωz (d), behind the
wind turbine where d = (x − x0 )/ cos(βhub ) is the distant from the hub center along the
mean-flow veering angle.
In Fig. 7.10, the normalized streamwise velocity deficit, ∆u/Uhub , are plotted
in several y − z planes to visualize the wake during its downstream propagation. Here,
∆u measures the deficit of the streamwise velocity behind the turbine with respect to
the incoming streamwise ABL velocity. Figure 7.10 shows that stability changes the
location of the wake center and also deforms the shape of the wake from a circle or
ellipse. Generally, a complex 3D structures are formed in the wind turbine wake region
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due to both wake rotation and the wind veering. There is a notable effect of the lateral
stretching of the wake region, as reported in the earlier observations of Magnusson and
Smedman (1994). In all the cases, the distribution of velocity deficit is asymmetric due
to the effects of mean veering angle on the wake rotation. Hence, the distribution of
velocity deficit is skewed in the direction of the mean flow, evidently depicted in the
strongly stable regime, case D (bottom row in Fig. 7.10).
For the near wake region at x − x0 = 125 m, the centre of the wake is not aligned
with the streamwise direction and shifts in the positive y-direction owing to the positive
spanwise velocity. The shifting is aligned with the mean flow veering angle and decreases
by increasing the stability rate (column a in Fig. 7.10) because the spanwise velocity,
hvi, decreases (figure 7.4a). The vertical shear of spanwise velocity (∂hvi/∂z) increases
from case A to D leading to an increase in lateral distortion of the wake with increasing
stability. At the downstream location of x − x0 = 250 m, the wake region starts to stretch
in the opposing lateral directions above and below the hub height, while its spanwise
travel is smaller in more stable cases (column b in Fig. 7.10). It should be noted that
although the wake region is vertically confined in more stable cases (see Fig. 7.6), its
stretching in the direction of the mean flow veering angle enhances the lateral mixing
(Xie and Archer, 2017). The differences in the wake lateral stretching and its orientation
are more distinguished at a further downstream location, x − x0 = 500 m, where the wake
gradually starts to dissipate (column c in Fig. 7.10).
Finally, as it is important to investigate the extent to which the power generation
of the wind turbine is affected by the stability rate, the extracted power by the turbine is
estimated by

P = TUd ,

(7.11)
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Figure 7.10: Structures of turbine wakes in the y − z planes for case A (top), case B
(middle), and case D (bottom) at several downstream location of: (a) x − x0 = 125 m
(x/D ≈ 1); (b) x −x0 = 250 m (x/D ≈ 2); and (c) x −x0 = 500 m (x/D ≈ 4). The contours
are the time-averaged normalized streamwise velocity deficit, ∆u/Uhub , where ∆u =
uinflow (z) − u(x, y, z,t),puinflow is the time-averaged streamwise inflow velocity shown in
Fig. 7.4, and Uhub = huhub i2 + hvhub i2 is given in Table 7.1. The rotor region of the
turbine is represented by the dashed circle.
where Ud is the unperturbed resolved axial velocity of the incident flow in the centre of
the wind turbine disk (similar to the rotor-equivalent wind speed of Wagner et al. (2011)
and Xie and Archer (2017)), and T is the total aerodynamic thrust force computed by
the ADM model. The time evolution of aerodynamic thrust and power extraction under
different stability conditions are shown in Fig. 7.11. Owing to the dependency of the
upstream wind speed on the stability at the hub height (see Fig. 7.4), the power extraction
and the aerodynamic thrust become larger by increasing the stability rate. However, for
the wind turbines operating in a moderately or strongly stable regimes, cases C and D, the
increased aerodynamic thrust exhibits high-frequency oscillations that may have notable
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effects on the axial motions of the wind-turbine structural components (Korobenko et al.,
2017). Hence, the emergence of a well-defined LLJ at the hub height, which is common
in a strongly stable atmospheric flow, can result to a higher power extraction albeit with a
potential reduction in the remaining useful fatigue life of wind turbine.
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Figure 7.11: Time evolution of bulk properties of a single wind turbine under different
stability conditions: (a) Aerodynamic thrust; and (b) Extracted power.

7.5

Conclusions
Numerical simulations of wind turbines operating under different regimes of

stability are performed using LES. A reduced model, based on the generalized actuator
disk model (ADM), is implemented to represent the wind turbines within the ABL. Data
from the fluid-structure interaction (FSI) simulations of wind turbines have been used to
calibrate and validate the reduced model. The present study is one of the first to use FSI
data for the implementation of the ADM, and provides a guideline for implementation of
such model with affordable computational costs. The computational cost of this method
to include wind turbines is affordable and incurs an overhead as low as 1.45%.
The structure of the stable ABL includes the emergence of LLJs in the mean
flow, height-varying wind angle, large and nonuniform vertical shear in wind speed,
and turbulence. Shear and buoyancy compete in this regime: shear mostly generates
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turbulent motions, and negative buoyancy, which is a result of the radiative cooling,
inhibits turbulence. These conditions significantly affect the wake behind the wind
turbines operating within a stable atmosphere. Therefore, the present study provides a
contribution to the understanding of wind turbine wakes in a stably-stratified atmosphere
by providing the relation between the wake properties and the relevant stable ABL
characteristics.
The behaviour of an isolated wind turbine is investigated for different levels of
stratification: weakly, moderately, and strongly stable. For the wind-turbine wake, the
background turbulence and mean vertical shear of stratified ABL contribute significantly
to the wake shape, growth rate and recovery. In a weakly and moderately stable ABL, the
wake region behind the turbine is symmetric along the mean veering angle with unbroken
coherent structures. The background turbulence in such regimes develops a mixing layer
downstream which helps the recovery of the mean velocity profiles. In contrast, the wake
region behind the turbine in the strongly stable case is asymmetric due to a non-uniform
LLJ shear at around the hub height. In this case, the wake region is vertically confined
in a narrow region between the surface and the upper-tip height, the wake decay is slow
and its tail elongates for about 1.5 km (12 rotor diameters) downstream. Therefore, the
vertical expansion of wake region is mainly controlled by the stratification rate at the
wind-turbine heights.
Due to the wind veering arising from the Coriolis effect, the wake shape becomes
remarkably deformed during its downstream propagation. The main characteristics of
downstream wake propagation include: 1) The shift of wake center along the wind veering
angle (increases with increasing stratification rate); 2) Wake stretching in opposing lateral
directions owing spanwise-velocity shear (increases with increasing stratification rate);
3) Lateral mixing and the wake meandering (increases with increasing stratification rate).
The temporal variability of the flow behind the wind turbine is examined using the mean
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square of vorticity fluctuations. Two regions with high temporal variability are found at
d ≈ 175 m and at d ≈ 600 − 700 m behind the turbine. The former peak is associated
with the vortex shedding behind the turbine, while the latter one is due to the vortex
breakdown at a downstream location. By increasing the stability, the temporal variability
of the wake increases, especially near the wind turbine.
The variations of stratification level induces variations in power extracted by the
wind turbine. The more stable regime extracts more absolute power, owing to the higher
upstream wind speed at the rotor level. However, the extracted power in such regimes
exhibits high-frequency oscillations with large amplitude that may have adversely effect
the useful fatigue life of the wind turbine.
Chapter 7, in part, is currently being prepared for submission for publication in
“Energies” S. M. I. Gohari, S. Sarkar, A. Korobenko, Y. Bazilevs, Elsevier, 2017. The
dissertation author was the primary investigator and author of this paper. The support
provided by NSF grant CBET-1306869, and the computer resources provided by XSEDE
TG-OCE130016 allocation are gratefully appreciated.

Chapter 8
Summary and conclusions
A series of numerical simulations has been conducted in an attempt to improve
our understanding of the flow physics of stable planetary boundary layers, including the
behaviour of stratified turbulence and the interaction of stable boundary layers with wind
turbines. A few of the important conclusions from these studies are summarized in this
section.
The dynamics of stratified turbulence were studied in Chapter 3 and 4, using
direct numerical simulation (DNS) of Ekman layers. In simulations conducted in Chapter
3, a constant surface buoyancy flux was imposed at the surface, leading to a dynamically
evolving (temporally increasing) net buoyancy difference across the Ekman layer. Three
cases were simulated with different values of the initial Obukhov length, L, including
twice, equal and half the neutral boundary-layer length scale, δN = u∗N / f , corresponding
to weak, moderate and strong stability, respectively. Under strong stability, there was
temporal intermittency (extinguishing of turbulence in the boundary layer followed
by rebirth) as well as global intermittency (presence of turbulence patches inside an
otherwise quiescent boundary layer) in the flow field during the initial transient period.
These simulations showed that for a sufficiently strong buoyancy flux, the response of
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the Ekman layer to the surface buoyancy flux includes: a low-level jet (LLJ) formation,
episodes of turbulence collapse/rebirth events, a decrease in the surface-layer height
(defined as the height of the maximum in the velocity profile), and a double-peaked
profile of turbulent kinetic energy with the minimum at the LLJ nose. The time-height
plots of TKE budget terms and gradient Richardson number suggested that the transport
of fluctuations due to the outer layer oscillation to the surface layer, combined with the
increased shear of the LLJ, result in the recovery of turbulence. After recovery, turbulence
differed from the initial state, exhibiting global intermittency with patches of small-scale
turbulence embedded in quasi-laminar regions. Finally, it was observed that the initial
collapse of surface-layer turbulence depends on the stratification rate, which motivated
an investigation on obtaining a turbulence collapse criterion in Chapter 4.
In Chapter 4, we investigated Ekman flows that were simulated with finite-time
stabilizing buoyancy flux. The main objectives of interests included: i) characterization
of the initial collapse of turbulence, ii) quantification of the late-time flow; and iii)
assessment of the flow evolution at different Reynolds numbers. Our literature survey
+
indicated that the criterion for turbulence collapse is an initial Lcri
≈ 700 which is the

lowest initial L+ for turbulence reported in the field measurements of strongly-stable
nocturnal nights (Banta et al., 2007), as well as in simulations of stratified channels
(Armenio and Sarkar, 2002; Flores and Riley, 2011) that show continuous turbulence.
+
The conducted simulations with initial Lcri
≈ 700 in series A of Chapter 4 confirmed

that there was a turbulence collapse irrespective of the variation of Reynolds number
among cases. Transitional Ekman flow during the initial decay period was found to
have spatio-temporal intermittency that appears as isolated turbulent streaks near the
surface although the turbulence aloft decays in a globally homogeneous manner. We
hypothesized that the turbulence decay scale was O(L/u∗N ) since L is the length scale
introduced by the stabilizing buoyancy flux and u∗N is the velocity scale of the initial
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boundary-layer fluctuations. The DNS results of this chapter showed that the adjustment
to the imposed surface buoyancy flux occurred on a time scale of 4.06L/u∗N and the
nondimensional magnitude of the decay rate of vertically integrated turbulent kinetic
energy was Re∗ /(4.06L+ ). The cases of series A in Chapter 4 have the same L+ ≈ 700
but the Reynolds number, Re∗ , ranges between 700 and 1720. Although all cases depicted
initial collapse, independent of Reynolds number, the final state varied. The case with
highest Re∗ = 1720 in the DNS remained non-turbulent while fluctuations recover in the
other cases leading to spatially intermittent turbulence. All the cases had a near-surface
layer with subcritical Rig and develop a low-level jet (LLJ) with mean velocity magnitude
larger than the geostrophic value. A notable difference at the large Re∗ = 1720 was that
the height with a supercritical value of Rig > 0.25 occurs well below the LLJ which
prevents instability in the jet and thus precludes the possibility of the vertical transport of
fluctuating energy from the sheared region of the LLJ into the near-surface layer. The
LLJ shear was stronger at the large Reynolds number, but the near-surface stratification
was also strong leading to supercritical Rig . Future work may include investigation of the
dynamics of a SBL over a rough surface or over a non-flat topography.
DNS simulations modeled in Chapter 3 and 4 provide means to assess some
meteorological characteristics that are repeatedly observed in ABL measurements. Some
of the main similarities between the ABL measurements and DNS results include:
•

Intermittency: Intermittent turbulence is one of the fundamental features of stably
stratified ABL (Mahrt, 1999). In a pioneering ABL field study, Kondo et al.
(1978) mentioned “As the local gradient Richardson number increases, intermittent
turbulence appears, especially in temperature fluctuations.” Similarly, there are
many other ABL observations that have previously reported inttermitency such as
Holtslag and Nieuwstadt (1986); Mahrt (2014); Van de Wiel et al. (2003).

•

Low-level jets: The transition from a neutrally-stratified ABL to a stably-stratified
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regime results to a LLJ formation, even in absence of other factors such as terraininduced flow and baroclinicity, as presented in Chapter 3 and 4. Such a behaviour
has been previously reported by field observations of Beare and Macvean (2004);
Holtslag (2006); Beare et al. (2006); Banta et al. (2007); Cuxart and Jiménez (2007).
The DNS results showed a LLJ with a nose at z ≈ 0.05δN , with a maximum supergeostrophic overshoot of u/u∞ − 1 ≈ 20% − 50%. Considering typical values of
friction velocity u∗ ≈ 0.3 m/s and f = 10−4 1/s in the DNS-derived scaling, gives a
LLJ nose height around 150m in the SBL. Following are some ABL measurements
in support of such findings: 1) Banta et al. (2007) reported LLJ nose height at
around 150-300 m with the overshoot of 20-60%; 2) Beare et al. (2006) reported
LLJ nose height at around 150-180 m with the overshoot of 25%; 3) Banta et al.
(2002) reported LLJ nose height at around 100-200 m with the overshoot of 1070%, where the LLJ is associated with the stable stratification raising from the
surface cooling.
•

Turbulence collapse: In an analysis of the Cooperative Atmosphere-Surface
Exchange Study in 1999 (CASES-99), Banta et al. (2007) reported “Eventually
LLJ-generated turbulence burst downward to the surface to couple LLJ turbulence
aloft to the surface, but for a period of 6hr, vSBL structure was observed near the
surface.” Such observation is similar to the the analysis obtained from the present
DNS simulations. Further, the 6hr collapse time period reported by Banta et al.
(2007) corresponds to a nondimensional time of f t ≈ 1.98, which is also similar to
the results of DNS collapse timescale.

•

Unsteadiness: Stratification effects become strong enough when the buoyancy
timescale becomes similar to the rotational timescale, i.e. L/u∗ ∼ 1/ f . The
conducted DNS in Chapter 3 and 4 considered such conditions, where the stable
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Ekman layer was unsteady with no equilibrium state. Here are some examples
from the measurements of strongly stable ABL that supports such findings: 1)
Banta (2008) analyzes data from two locations in the Great Plains of the USA.
Their fig. 7 shows a LLJ that progressively strengthens during the entire night
of Sept. 5, 2003. Their fig. 10 shows a layer of streamwise velocity variance,
σ2u , in the SABL that thickens with time; 2) Oct. 14, and Oct. 20 1999 in the
CASE-99 study, see σ2w evolution in Fig. 6 of Banta et al. (2007). Over the course
of 12hrs, there is no steady state reported for those stable nights. Furthermore,
there are episodes of turbulence cessation and growth similar to DNS simulations;
3) 6 October 1999 in the CASE-99 study (see Fig. 14 in Sun et al. (2012)). Over
the course of 14hr, there is no steady state in velocity; 4) Sept. 15, 2003 in the field
measurement of Pichugina et al. (2008) (see their Fig. 9). The time series of TKE
shows intermittency during the entire night time and an increasing trend as in the
DNS results; 5) The night of 26/27 Jan 2001 at a deforested site in the Amazonian
region (Costa et al., 2011). Their Fig. 1 shows temporal intermittency in the
friction velocity throughout the night. Their Fig. 1 shows temporal intermittency
in the friction velocity throughout the night.
Furthermore, Fig. 2 of Xia et al. (2011) shows 12 nights between 15 August and 3
September 2009 at a site in the Carpathian Basin in Hungary where the temperature
at 2m height drops continuously and the wind speed at 9.4m height does not present
any steady state. Figure 10 (b) of Sun et al. (2012) shows near-surface temperature
decrease throughout the night. For such measurements, the flux boundary condition
used in Chapter 3 and 4 is likely to be more realistic than constant temperature
boundary condition.
The interaction of wind turbines with the SBL were investigated in Chapter 6 and
7, using a large-eddy simulation (LES) model advanced in Chapter 5. Major features
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of the LES model were as follows: (i) A low storage, third order Runge-Kutta method
was used as the time marching algorithm; (ii) Derivatives in the spanwise direction were
computed using Fourier transforms, while the derivatives in the other two directions were
computed using the central second-order finite difference method; (iii) Dealiasing of
non-linear terms was performed using the 3/2 rule; (iv) The effects of subfilter scales
considered in the Sub-Grid-Scale (SGS) tensors that were computed using the dynamic
SGS modeling formulation of Germano et al. (1991); (v) A wall model based on MoninObukhov similarity theory was employed at the surface; and (vi) A two-part eddy
viscosity model was used, which blends a near-surface mean-field model to the dynamic
Smagorinsky model. The validation of LES model for a moderately stable atmospheric
boundary layer, GEWEX Atmospheric Boundary Layer Study (GABLS) (Beare et al.,
2006) was provided in section 5.2.2.
In Chapter 6, the large eddy simulations of the atmospheric boundary layers
were coupled with the Fluid-Structure Interaction (FSI) simulations of wind turbines
(Professor Bazilevs group at SE department performed the FSI simulations). The LES
model was used to generate a realistic ABL dataset, which was subsequently utilized as
inflow condition for FSI simulation of wind turbines. Using the coupled LES/FSI framework, a simulation of an isolated full-scale 5 MW offshore wind-turbine rotor (Bazilevs
et al., 2015), as well as a simulation of two back-to-back horizontal wind turbines in
a moderately stratified ABL (Korobenko et al., 2017) were conducted. Furthermore,
the results of these simulations were used to develop a reduced model for wind turbine
representation (discussed in Chapter 7).
Chapter 7 studied the numerical simulations of wind turbines operating under
different regimes of stability using LES. A reduced model, based on the generalized
actuator disk model (ADM), is implemented to represent the wind turbines within the
ABL. Data from the fluid-structure interaction (FSI) simulations of wind turbines have
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been used to calibrate and validate the reduced model. The present study is one of the
first to use FSI data for the implementation of the ADM, and provides a guideline for
implementation of such model with affordable computational costs. The computational
cost of this method to include wind turbines is affordable and incurs an overhead as
low as 1.45%. The structure of the stable ABL includes the emergence of LLJs in the
mean flow, height-varying wind angle, large and nonuniform vertical shear in wind speed,
and turbulence. Shear and buoyancy compete in this regime: shear mostly generates
turbulent motions, and negative buoyancy, which is a result of the radiative cooling,
inhibits turbulence. These conditions significantly affect the wake behind the wind
turbines operating within a stable atmosphere. Therefore, the present study provides a
contribution to the understanding of wind turbine wakes in a stably-stratified atmosphere
by providing the relation between the wake properties and the relevant stable ABL
characteristics. The behaviour of an isolated wind turbine is investigated for different
levels of stratification: weakly, moderately, and strongly stable. For the wind-turbine
wake, the background turbulence and mean vertical shear of stratified ABL contribute
significantly to the wake shape, growth rate and recovery. In a weakly and moderately
stable ABL, the wake region behind the turbine is symmetric along the mean veering
angle with unbroken coherent structures. The background turbulence in such regimes
develops a mixing layer downstream which helps the recovery of the mean velocity
profiles. In contrast, the wake region behind the turbine in the strongly stable case is
asymmetric due to a non-uniform LLJ shear at around the hub height. In this case, the
wake region is vertically confined in a narrow region between the surface and the upper-tip
height, the wake decay is slow and its tail elongates for about 1.5 km (12 rotor diameters)
downstream. Therefore, the vertical expansion of wake region is mainly controlled by
the stratification rate at the wind-turbine heights. Due to the wind veering arising from
the Coriolis effect, the wake shape becomes remarkably deformed during its downstream
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propagation. The main characteristics of downstream wake propagation include: 1) The
shift of wake center along the wind veering angle (increases with increasing stratification
rate); 2) Wake stretching in opposing lateral directions owing spanwise-velocity shear
(increases with increasing stratification rate); 3) Lateral mixing and the wake meandering
(increases with increasing stratification rate). The temporal variability of the flow behind
the wind turbine is examined using the mean square of vorticity fluctuations. Two regions
with high temporal variability are found at d ≈ 175 m and at d ≈ 600 − 700 m behind the
turbine. The former peak is associated with the vortex shedding behind the turbine, while
the latter one is due to the vortex breakdown at a downstream location. By increasing
the stability, the temporal variability of the wake increases, especially near the wind
turbine. The variations of stratification level induces variations in power extracted by the
wind turbine. The more stable regime extracts more absolute power, owing to the higher
upstream wind speed at the rotor level. However, the extracted power in such regimes
exhibits high-frequency oscillations with large amplitude that may have adversely effect
the useful fatigue life of the wind turbine. Future work may include simulations of wind
farms with several turbines using the developed actuator disk model.
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