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Abstract

Advancements in Algorithms for Approximations of Rank Structured Matrices
by

Kristen Ann Lessel

Many problems in mathematical physics and engineering involve solving linear sys-
tems Az = b which are highly structured [I, 2]. These structured matrices, which
typically arise from discretizations of partial differential or integral equations, can be
represented compactly through specific algebraic representations. Two such algebraic
representations which fall into this category are the fast multipole method (FMM), origi-
nally introduced by Greengard and Rokhlin [3], and Hierarchically Semi-Separable (HSS)
(M]) . These representations, which exploit the low-rank structure of off-diagonal blocks,
have enabled fast solvers (linear time in certain scenarios) and are commonly used prac-
tice today.

In this thesis, we provide new advancements which further enhance the performance
of these algorithms. The contributions of this thesis are twofold: (i) we present a new
fast memory efficient construction algorithm for Hierarchically Semi-Separable (HSS)
representations, and (ii) we present a fast matrix-matrix multiply for the fast multipole
method (FMM).

The HSS representation takes advantage of the fact that off-diagonal blocks are known
to have low rank in order to yield fast solvers. The memory consumption of the HSS
representation itself is O(n) if the rank of the off-diagonal blocks is small. If the user is
not required to store the matrix A, but instead only provides a functional interface in
order to access the elements of the matrix, it is worthwhile to ask for the algorithm which

computes the HSS representation to be memory efficient as well. Previous algorithms,

Vil



[4, 5], have shown the HSS representation can be computed in O(n?) flops. Randomized
algorithms also exist [0l [7, §]. However, the memory requirements of these algorithms can
be excessive, requiring as much as O(n?) peak workspace memory [4, [6, [7, [5]. We deal
with this issue and present an algorithm that requires O(n'®) peak workspace memory
in the worst case, while still requiring only O(n?) flops.

The HSS Representation assumes off-diagonal blocks which have low rank, but in
practice there are many cases for which this criteria is not satisfied, and in fact can be
as much as O(y/n). For this reason, there is much interest in FMM, as it relaxes this
requirement, only demanding that off-diagonal blocks corresponding to well-separated
clusters have low rank. However, the structure of the FMM inverse is not known. To
better understand this problem, we consider the problem of computing a 1D FMM rep-
resentation of the matrix-matrix product of two 1D FMM matrices. We show that the
product of two standard (3 pt) 1D FMM matrices possesses a slightly modified 5 pt 1D
FMM structure, and we provide a linear time (O(n) flop) algorithm for computing this
product. Further, this work suggests that the inverse of an FMM matrix is not itself

FMM.
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Chapter 1

Introduction

The Fast Multipole Method (FMM) was originally introduced by Greengard and Rokhlin
[3] and has proven to be useful in a variety of applicactions [I} 2]. With this contribution,
accurate calculations of the motions of n particles interacting via gravitational or electro-
static forces can be carried out in only O(n) flops as compared with standard techniques
which require O(n?) flops. However, FMM representations may not be closed under in-
version, and so Hierarchically Semi-Separable (HSS) representations were introduced[4].
Previous HSS construction algorithms take as much as O(n?) memory at a cost of O(n?)
flops[4, 2]. HSS representations have the benefit that inversion and multiplication can
be performed in O(n) flops, however this comes with the constraint that all off-diagonal
blocks must be low-rank.

In we will present a memory efficient HSS construction algorithm for n x n
matrices with off-diagonal blocks that have low rank. Previous construction algorithms
can use as much as O(n?) memory [4, 2]. Randomized algorithms also exist[6), [7, §]. Here
we give an algorithm which takes only O(n'?®) peak workspace memory at most, while
still requiring only O(n?) flops.

The HSS representation is often used in practice [7, 9], however, since the HSS rep-

1



Introduction Chapter 1

resentation requires that all off-diagonal blocks have low rank, this might not be the
best approach because this criteria is not always satisfied. We will give one such com-
mon example in [chapter 3| in which off-diagonal blocks actually have rank O(y/n). In
these cases we might do better to consider using the FMM representation instead, which
would take advantage of this structure. Unfortunately, FMM itself is not closed under
multiplication or inversion, and further, the structure of the inverse is not known. The
FMM inverse is at least as complicated as the FMM matrix-matrix multiply, and so we
propose that to understand the structure of the FMM inverse we must first understand
the structure that results from the FMM matrix-matrix multiply. Here we will examine
the structure resulting from the 1D FMM matrix-matrix multiply in detail, which will
then allow us to provide insights into the structure of the inverse itself. Further, we will
also give on example where the matrix-matrix multiply will allow us to directly compute
an approximation to the inverse. In this thesis, we will only be addressing the 1D FMM
representation and therefore any reference to FMM is implied to be referring to 1D FMM

unless otherwise stated.

1.1 Partition Trees

Define a regular binary tree to be an ordered rooted tree in which each parent

node has two children. Denote the set of regular binary trees as 7,.,. Specifically each

eg-
child of a parent node is either a left child or a right child. A subtree rooted at the
left (right) child of a given node, r, is called r’s left (right) subtree [10]. Each node
in this regular binary tree is associated with an index (k;i), where k denotes the node’s
depth from the root node, and ¢ denotes left to right ordering in that level. Label the
root node as (0;1). Then every parent node has a labeling (k;4), with left child labeled
as (k+ 1;2i — 1) and right child labeled as (k + 1;2i).

2
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Define a partition tree to be a regular binary tree that has an integer, ng,; at every
node, (k;i), which satisfy the property that ny; = ngy1.2i-1 + ngr1.2;. A partition tree,
T, of depth d, is complete, if all levels k € {0,1,...,d — 1} of T have 2* vertices [10].

We use partition trees to hierarchically partition a matrix A € R™*". Let Tk and
T. be partition trees. Let my,; and ny; denote the integer at node (k;4) in Ty and T,
respectively. Let Apq1 = A, moy = m and ng; = n. Partitioning the rows and columns

of the matrix A according to the integers at the first level of Tk and T,

nia ni.2

3 3

mia A1;1,1 A1;1,2

AO;l,l = 7 . (1].)
mi.2 A1;2,1 A1;2,2
Recursively partitioning the block rows and block columns of A according to the integers

stored at the corresponding nodes of Tk and T, respectively,

Nk:2i—1 N:24

Mmp.2;—1 Ak;Zi—l,Qi—l Ak;?i—1,2i
Ak*l;i,kfl;i = . (12)

M2, Ak;Qi,Qz’—l Ak;%,m‘
Figure shows an example of a matrix which has rows partitioned according to a
partition tree T, and columns partitioned according to a partition tree 7. In any level,
when it is the case that the row partitions are the same as the column partitions, we
use the more simplified notation, Ay;; = Apir; (Figure |1.1). In this case, it is the
convention that the partition tree corresponding to the row partitions and the partition
tree corresponding to the column partitions are merged. For the purpose of this thesis

we will focus on this case.
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n2;1 n2:2 n2;3 N2:4
—— —

A2;1,1 A2;1,2

A2
A3;3.2;2
Ao

Az,

{
{
ml?{ A1;2,1 At;2,2:3 | A1;2,2:4

Figure 1.1: Example Block Partitioning of a Matrix, A, with Corresponding Partition
Trees, Tr (bottom right) and T (top left)

1.2 HSS Representation

Any matrix has an HSS representation, but if the matrix has off diagonal blocks with
low numerical rank, this representation will consume less memory. The HSS representa-
tion is defined as follows. Let T be a partition tree for the matrix A. Partition the rows
and columns of A according to T as defined in above. Suppose, Dy,; = Ay if (k;1) is

a leaf node and if (k;7) is not a leaf node,

_ T
Ak2ic12i = Uk;2ilek;2ifl;2in;2i7

(1.3)
Akz;2i72i—1 - Uk;2in;2i;2i—1V]3;2¢717
such that equation (1.4) holds.
Ukt12i-1 By 15201 Via12i-1Wi1p2i1
Ukﬂ' - 5 Vk;i = . (14)
Uk+1:2i Ri+1:2i Vier1:2i W12
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Bo.
Uss 2:2,1
: : : Vo 25 Va3 .
I Dy, Doy D2;3 Doy
(a) 2 level HSS (b) 2 level HSS tree

Figure 1.2: 2 level HSS Matrix and Binary Tree

Then, the HSS representation consists of basis matrices, Uy,;, and V., as well as Dy,;
for all leaf nodes, (k;7). Further, for all (k; ), which are not leaf nodes, the representation
consists of translation operators, Ry.;, W}.;, and expansion coefficients, By.;_, ;, for
i odd, and By for i even. The existence of this factorization is established [4], and
this will become more obvious as we proceed.

Define an HSS tree of the matrix A to be the corresponding partition tree of A
decorated with the matrices Uy, Vi, Diiiy Riyis Wiiis B j. We store Uy, Vi, Dy at
each leaf node (k;7). Ry, and Wy, are stored at each edge connecting parent to child
node, (k;i). Further we add edges to the partition tree from node (k;i) to node (k;j)
corresponding to By j, where j =i+ 1 and j =i — 1 (these edges corresponding to the
expansion coefficients run between sibling nodes). Since Uy,; (Vi) are only stored at leaf
nodes, only the smaller Ry.,; (W) are stored at each subsequent level. Basis matrices
at higher levels are obtained via matrix multiplication with corresponding translation
operators . In figure we give an example of a 2-level HSS representation of a

matrix, along with its corresponding HSS tree. In order that the translation operators
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(a) Hankel Blocks, ,Hy.oi—1 and, ,H .o (b) Hankel block, ,Hj_1., with k = 2,
with k=3, i =3 i=3

Figure 1.3: Row Hankel Blocks for HSS

Ry,.; and Wy, be as defined above, we must have that each Uy; be a column basis for the

corresponding row Hankel block, which is

THk;i = ( Ak;i,l Ak;i,Q e Ak:;i,i—l Ak;i,i—l—l e Ak;i,end ) . (15)

And likewise, we must have that each Vj.,; be a row basis for its corresponding column

Hankel block, which is

’

. = T T T T T
CH"??Z ( Ak;l,i Ak;2,i s Akz;i—l,i Ak;i+1,i s Akz;end,i ) : (16)

’

Notice that, ,Hy.; is the i'* block row of A in the k level HSS structure, excluding the
Ayii block. Similarly, (H ki 18 the @ block column of A corresponding to the & level
of the HSS representation, excluding the Ay.;; block as illustrated by Figures , and

1.3bl The i block row of A in the (k — 1) level HSS structure, excluding the Ay_1.;
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block, is rchfl;i (Figure [1.3b)) , and is defined as

p Ak2ic11 Arzicie oo Akoic12i—2 Ag2ic12i01 - Ak2iclend
er:—l;i =
Ak.2i1 Apoia . Ap2igi-2 Ar2izivr - Akiend (1.7)
= ( At Ak—1io oo Ap—viicr Ar—viiv1 - Ap—tiend ) :

The same definition is extended to the column Hankel blocks.

1.3 1D FMM Representation

Any matrix has an FMM representation, but if the matrix has the property that off
diagonal blocks which do not touch the diagonal have low numerical rank, this represen-

tation will consume less memory.

1.3.1 1D FMM 3pt Representation

The FMM 3pt representation is defined as follows. Let T be a partition tree for the
matrix A. Partition the rows and columns of A according to 7" as defined in above.

If (k—1,4,7) is a leaf node with ¢ = j then

Ak2i—1,2i-1 = Dy2i1,2i-1,
Ak2i—1,2i = Di2i—1,2i (1.8)
Ak2i2i-1 = D2 2i-1,

Ak2i2i = Diyoi2i
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If (k—1,4,j) is a leaf node with i = j — 1 then

= T
Ak;2i—1,2z‘+1 = Uk2i-1Br;2i-1,2i+1 ‘/]€;2i+1 )

_ T
Ak2i—1,2i42 = Uri—1Br2i—1,2i42 Vk;2i+2>

(1.9)
Ak2i2it1 = Diigit1,
T
Ak 2ive = Uk2iBri2ive Vi 1o
And if (k — 1,4,7) is a leaf node with i = j + 1 then
_ T
Ar2iv1.2i-1 = Ugiv1 Briv12i-1Viegi 1
Ak2it1,2i = Dis2it1,2i
(1.10)

= T
Arzit2,2i-1 = Urit2 Brygivai2i-1Vigai1

_ T
Apivoi = Uk;2i+23k;21+2;2ivk;2i~

such that equation holds.

Then, the FMM representation consists of basis matrices, Uy, and Vj;, as well
as Dy for all leaf nodes, (k;i). Further, for all (k;¢), which are not leaf nodes, the repre-
sentation consists of translation operators, Ry.;, Wj,, and expansion coeflicients,
Bhiiiv2, Briiits, Briiv1,i+3, Bryiv2, Briivss and Byigs iy

Define a 3pt FMM tree of the matrix A to be the corresponding partition tree
of A decorated with the matrices Uk, Vi, Dri, Rii, Wiy, Braj. We store Uk, Vi,
Dy.; at each leaf node (k;i). Ry, and Wy, are stored at each edge connecting parent to
child node, (k;i). Further we add edges to the partition tree from node (k;i) to node
(k;j) corresponding to By, ; (these edges corresponding to the expansion coefficients
run between cousin nodes). Just as in the HSS representation, since Uy; (Vi) are only
stored at leaf nodes, only the smaller Ry; (Wj,;) are stored at each subsequent level.

Basis matrices at higher levels are obtained via matrix multiplication with corresponding
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l; 3B3:2.4) o

Us L;Bszw‘ﬁ,

B ViL

Figure 1.4: 3 Level 3pt FMM Matrix

translation operators . In figure and we give an example of a 3-level FMM
representation of a matrix, along with its corresponding FMM tree. Note that in the
FMM 3pt representation the edges between cousin nodes correspond to the expansion
coefficients, whereas in HSS these edges run in between sibling nodes instead. Just as
in the HSS representation, in order that the translation operators Ry,; and Wj.,; be as

defined in we must have that each Uy, be a column basis for the corresponding row
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Us;
‘/3:1
D311
D3;1,2

Us;o
‘/3:2
D351
D320
D323

Bsi6,3:

Y Y oY

Us;z Uss Uss
V3.3 Vaa Vs
D335 D3.43 D354
D333 D344 D355
D334 D345 Dsse

Figure 1.5: 3 Level 3pt FMM Tree

10

D366
D367

U3:7
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D376
D377
D378
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‘/3:8
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R T FOCOOED OO LI EE T ]
er;zt—l ..................... H E )

........ :..... FTTTY, CYTTTTY PPrreH er:_.l;i
er;2'L : :

(a) Hankel Blocks, , H .21 and, . Hy.2; with  (b) Hankel block, , Hy_1,, with k =2, i = 3
k=3,i=3

Figure 1.6: Row Hankel Blocks for FMM

Hankel block, which is

er;i = ( Ak;i,l Apio ... Ak;i,i—Q Ak;i,z‘+2 Ak;i,end ) : (1-11)

And likewise, we must have that each Vj.,; be a row basis for its corresponding column

Hankel block, which is

My = ( Api Ak o Ahicsi Alirei o Alend, ) ' (1.12)
Notice that, er;z' is the " block row of A in the k level FMM structure, excluding the
Akiiic1, Agii and Ay 41 blocks. Similarly, CI-:T ki 18 the ¥ block column of A correspond-

ing to the k™ level of the HSS representation, excluding the Ay.;;, Ap;_1; and Ag;yi,

blocks as illustrated by Figures|1.6al and [1.6bl The i*" block row of A in the (k—1) level

’

HSS structure, excluding the Ay_1;;;-1, Ag—1; and Ag_1,41 blocks, is  Hy (Figure

11
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1.6b)) , and is defined as

’ Ak;%—l,l Ak;Qi—l,Q cee Ak;2i—1,2i—4 Ak;Qi—1,2i+3 cee Akz;Qi—l,end
THk—l;i =
Ak.2in Apoia o Ag2i2i-a Ar2i2i4s - Akiend
= ( Ak—l;i,l Ak—l;i,Q cee Ak—l;i,i—Q Ak—l;i,i+2 cee Ak—l;i,end
(1.13)

The same definition is extended to the column Hankel blocks.

1.3.2 FMM 5pt Representation

The FMM 5pt representation is the representation we obtain when we multiply two
FMM 3pt matrices and is defined as follows. Let T be a partition tree for the matrix A.
Partition the rows and columns of A according to 1" as defined in above. If (k—1,14,7)

is a leaf node with ¢ = j then

Ak2i—1,2i-1 = Dy2i—1,2i-1,

Ak.2i-12i = Dr.2i—1.2i,

(1.14)
Ak;2i2i-1 = Dis2ii1,
Ak2i2i = Dioii-
If (k—1,4,j) is a leaf node with i = j — 1 then
Apzi-12i41 = Urio1 Brozi- 12001 Vidas 11
Ak2ic12i42 = Drgi1pit2,
o . (1.15)

Ak2i2i+1 = Diigit1,

Ak;Qi,2i+2 = Dk;2i;2i+2'

12
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And if (k — 1,4, 7) is a leaf node with i = j + 1 then

Ak2iv1.2i-1 = Dy2it1,2i-1,

Ak;2i+1,2i - Dk;2i+1;2i7

(1.16)
= T
Apzit2.2i-1 = Ukit2 Brit22i-1Vigai 1
Ak;2i+2,2z' - Dk;2z’+2;2i-
And if (k — 1,4, 7) is a leaf node with i = j — 2 then
= T
Ak;2i+3,2i—1 = Uk;2i+3Bk;2i+3;2i—1Vk;gi_l,
_ T
Ak;2i+372i - Uk;2i+3Bk;2i+3;2in;2i7
(1.17)
— T
Arzita2i-1 = Ur2itaBrivazi-1Vigai1s
= T
Ak;2i+4,2i - Uk;2i+4Bk;2i+4;2in;2i.
Finally, if (k — 1,4, 7) is a leaf node with i = j + 2 then
_ T
Ak72171>21+3 - Uk,2l*1Bk,2271,21+3Vk721+3,
= T
Ak;2i—1,2i+4 = Uk;?i—lBk;?i—1;22‘+4%;2i+4, (1 18)

_ T
Ak2i2i+3 = Uk2iBr2i2itaVicoiyss

_ T
Ak;Zi,2i+4 - Uk;2i Bk;2i;2i+4 Vk;2i+4 .

such that equation holds.

Then, the FMM 5pt representation consists of basis matrices, Uy, and V.,
as well as Dy, for all leaf nodes, (k;i). Further, for all (k;¢), which are not leaf nodes,
the representation consists of translation operators, Ry.;, W;.;, and expansion co-
efficients, By.iii2, Briits, Brit1i+3, Brit2i, Britsi and Byiisiv1 for (k;7,7) not leaf
nodes and By ;3 and By.ts,+1 for (k;4, j) leaf nodes.

Define a 5pt FMM tree of the matrix A to be the corresponding partition tree of

13
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Figure 1.7: 3 Level 5pt FMM Matrix

A decorated with the matrices Uy, Vi, Dii, Rii, Wi, Brayj- We store Uy, Vi, Dy
at each leaf node (k;7). Ry; and Wy, are stored at each edge connecting parent to child
node, (k;i). Further we add edges to the partition tree from node (k;i) to node (k;j)
corresponding to By ; listed above. Again, since Uy,; (V4,;) are only stored at leaf nodes,
only the smaller Ry.; (W) are stored at each subsequent level. Basis matrices at higher
levels are obtained via matrix multiplication with corresponding translation operators
. In figure and we give an example of a 3-level 5pt FMM representation of a

matrix, along with its corresponding FMM tree. Note that in the FMM 5pt representa-

14
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Figure 1.8: 3 Level 5pt FMM Tree

15
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tion, at the leaf level, the edges representing the expansion coefficients skip yet one more
cousin node as compared with the 3pt FMM tree. We will explain how this structure

arises in detail as a result of the multiply of two 3pt FMM matrices in

1.4 Iterative vs Direct Methods

Computing A~'b can be done using iterative methods such as GMRES, Conjugate-
gradient, and BICGSTAB, to name a few. Iterative methods such as these repeatedly
apply the matrix A to a new right hand side, and each iteration must wait for the previous

iteration to converge. In some cases, for example when the condition number,
ka = | AIATI, (1.19)

is large, the convergence of these iterations may be slow and we will not end up with a
fast algorithm. For GMRES for example, if the eigenvalues corresponding to the matrix

are real, then residuals can be bounded by an upper bound that has a decay rate

\/RA — 1
EA+1
[11], 12]. We propose that in cases such as these, we might do better if we compute the

inverse directly.

1.5 HSS and FMM as Preconditioners

Preconditioning is the application of a transformation which lowers the condition
number (|1.19) of a given linear system. The system can then be more efficiently solved
using iterative methods. There are many examples of preconditioners, such as Jacobi,

16
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incomplete LU, and algebraic multigrid, to name a few. Both HSS and FMM are also
widely used as preconditioners [13, [I4]. If the linear system is derived from a ”smooth”
kernel (one that is not highly oscillatory), the off-diagonal blocks of the corresponding
matrix will have low rank. In these cases, using HSS and FMM representations as
preconditioners has the benefit that their cost scales well with the matrix size (O(n))

while also being relatively broadly applicable.

1.6 Permissions and Attributions

1. The content of and appendix [A.1]is the result of a collaboration with Matt
Hartman and Professor Shivkumar Chandrasekaran, and has previously appeared
in the STAM Journal on Matrix Analysis and Applications [I5]. It is reproduced

here with the permission of STAM: https://epubs.siam.org.

17
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Chapter 2

A Fast Memory Efficient
Construction Algorithm for
Hierarchically Semi-Separable

Representations

2.1 HSS Representation

The storage of a matrix A € R™ " in general will consume O(n?) memory, whereas
the HSS representation can potentially require much less than O(n?) memory. Therefore,
we are interested in construction algorithms which are efficient in both peak memory
consumption as well as speed. Previous algorithms, [4] and [5], consume at most O(n?)
memory, with a complexity of at most O(n?) flops. Other construction algorithms use
randomized techniques [6], [7], [8], [2]. As no explicit statement is given in regard to peak
memory consumption, we have inferred the memory complexity for these algorithms to be

at most O(n?). H? matrices are similar to HSS representations in hierarchical structure
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and the reader is referred to [16] for more details on complexity counts.

Here we introduce a fast algorithm that computes the HSS representation of a matrix
while using at most O(n'®) memory. The algorithm we present is very similar to [4] and
[5], with key differences introduced to minimize peak memory usage. Specifically, the
algorithm separates computations into 4 passes, the traversal of the HSS tree is modified
and a new method of computation for the expansion coefficients is introduced. Note
that merging the 4 passes, and using our newly introduced method for tree traversal
E], would yield a viable algorithm very similar to that given in [5], which would give a
negligible savings in flops at the expense of the increase in peak memory by a factor of
4. It is possible to combine all 4 passes, while using our newly introduced method for
tree traversal and retain O(n'®) memory, but since memory allocation is our focus here
we did not chose to merge these passes. Also note that any rank revealing factorization
can be substituted for the svd in our algorithm. Several such factorizations are rank
revealing QR factorization [17], [I8], [19], Interpolative Decomposition [20], [6] and rank
revealing LU factorization [21], [22]. If a non-orthogonal decomposition is used then the

formulas to compute the translation operators must be suitably adjusted as follows,

Rii1.0i1 = U;I+1;2,~_1 (Uksi)1, Rit12i = U/I+1;2i (Uksi)2, (2.1)
where,
Uss
Upi = Wi | | (2.2)
(Uk;i)Z

The same adjustment is extended to the column translation operators.

1See Section 2.2.1, Non-Leaf Node Computations
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2.2 HSS Construction Algorithm

In this section we present a recursive two phase construction algorithm. The first
phase (Algorithm [1)) is a deepest-first algorithm that computes the basis matrices at leaf
nodes and translation operators at edges connecting parent to child nodes. In the second
phase (Algorithm [2[ and , the expansion coefficients are computed. In this algorithm,
rather than asking the user to give the whole dense matrix as input, the user is asked
only to provide a subroutine which generates subblocks of the matrix. Similar algorithm
structure has been used by others [7] [5], and has been used since the first implementation
of these methods [4]. In practice the algorithm needs a parameter in order to compress
the Hankel blocks. One can provide a tolerance, ¢, and/or an upper bound for the rank
of the off-diagonal blocks, p. Notice if only an upper bound for the rank is provided, the

error becomes uncontrollable. These issues are of tangential interest to our paper.

2.2.1 HSS Algorithm - Phase 1

Leaf Node Computations - Phase 1
In order to obtain the Uy,’s at the leaf node we take an SVD of each row Hankel

block, , Hy;,

THk;i - (rUk:,z)(rEk,z)(ngﬂ) = ( Uk;i * ) |
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where, by definition, both .Uy ; and (), ; are orthogonal matrices, and %, ; is a diagonal

matrix. Likewise for Vj.; at each leaf node (k;1),

‘. Agi 0 Vsz
A = PV = (P + ) |
0 = *

Only the columns of Uy, and V)., which correspond to singular values above the chosen
tolerance, €, or rank, p are kept. The user can choose to give as input a tolerance, &,
such that all singular values smaller than e are discarded. Alternately, the user can
choose to give as input the rank, p, such that both U, and Vj,; contain at most p
columns. We denote TRUNC_SVD() as a function that returns an svd to this tolerance, ¢,
or alternatively this rank, p. Uy, and Vj; are stored at the leaf node (k;4) in our HSS

tree, and both (¥4,:)(Qf,;) and (Ppy)(Ag) are returned to the parent function.

Non-Leaf Node Computations - Phase 1
In order to generate the translation operators Ry.0i—1, Rk:2i, Wi2i—1 and Wy.o;, define

rﬁk;%—l = Zk;2i—1 Q;}F;Qi—p (2-5) cﬁk;m‘—1 = Pk;2i—1 Ak;zi—l, (2'6)

rf{k;Qi = Ek;% Qg;% (2-7> c]:‘lk;% = Pk;% Ak;%- (2'8)

Vertically concatenate each pair of blocks  H, ki1 and H k:2i» and remove the portion
of the blocks which correspond to the columns that lie in the diagonal block Dj_1,; as

shown in Figure . Likewise, horizontally concatenate each pair, ,H ki1 and Cﬁ k2

)¢

after removing the rows which correspond to the diagonal block Dj_;.;, as shown in Fig-

H,.,;) we can instead remove them

ure [2.1bl To remove these columns from rﬁ k21 (o
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from Qk.2i—1 (Qk2i). Expand Q. to obtain
T _
Qk;i - ( 511 ;Erz2 z;wkfl ) ’ (2.9)
where each qu is of size my,; X ng,;. Then define
T T T T T
Qk‘,’b - ( Qk‘;i,l “ e k},l,l—l Qk,l,l+1 e k;i,Qk—l ) P <210)

where we have excluded the block Q; ; from QF.;. This process can be repeated similarly
for the column blocks, and the compressed row and column Hankel blocks at node (k—1; 1)

are given by

Zk;Qi—l Q£2i71
er—l;i = ) (211)

Zk,% Qg,zl

ch—l;i = ( Pk;%—l Ak;Zz’—l Pk;% Ak;2z‘ ) . (2-12)

A visual representation of (2.11]) and (2.12)) are shown in Figures and The

corresponding part of the original Hankel blocks, Tﬁ k1., and CFI k_1.» With definitions
given in , are outlined in brown dashed lines.

We can then determine the translation operators, Ry.2;—1, and Ry.;, from  H ki
by performing a truncated SVD (Algorithm , line . Likewise, we can determine the
translation operators, Wi.o;—1, and Wy.o;, from .H k—1i- We then proceed iteratively in
order to obtain all translation operators at each edge from parent to child in our HSS
structure. At this stage we have stored Dy, and we have computed and stored every
basis matrix, Uy,; and Vi, at the leaf nodes. At each edge connecting child node (k; 1)
to parent node we have computed and stored every translation operator, Ry.; and Wj.;.

Algorithm [I| summarizes the computation of all Uy, at leaf nodes and Ry, at edges
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%
4 PeoiMk;2i
Ek;zi—lQ{;m’_1 d/n :
E,{ -------------- ;A --------- -ﬁ E............E _ {
' f Proi—1Ag;2i-1
~T m
Ek,zz’Qk;zi
(a) er—l;ia with k = 3, 1=3 (b) ch—l;ia with k = 3, 1 =3

Figure 2.1: Compressed Row and Column Hankel Blocks

connecting child node (k;i) to parent nodeﬂ We can compute Vj.; and W, similarly
by applying Algorithm (1] to A”. In this algorithm nodes are visited in a deepest first
order, by which we mean that at each parent node the algorithm will visit the child node
which is the root of the subtree with the greatest depth. If the depth of both subtrees

are equal, then the left child is visited first.

2.2.2 HSS Algorithm - Phase 2

In the second phase of our algorithm we compute all expansion coefficients, By ;, via
matrix multiplication. Memory consumption for this computation will maximally require

O(p*n) in the worst case, (as compared with O(p?logn) for a symmetric tree).

2In algorithms and |3| the translation operators and the expansion coefficients are computed at
the parent node to which they belong and so it can be more convenient to associate them with these
nodes as opposed to the edges at which they occur.
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Algorithm 1 Pass 1U - Memory Efficient HSS Algorithm

Require: tree = [root, treeL, treeR]. > tree is a tuple, containing root node, and right
and left subtree

1: function HSS_BAsis(tree)
2: if tree is a leaf node then
3 [Uk;i,zk;i,Qf;i] = TRUNC_SVD([Aki1 Akiz - Akiic1 Akiitr - Akiend))
4: return Z;”@;fl > Q;“ is defined as previously stated in equation
5: else > tree is not a leaf node
6: [, treeL, treeR] = tree
7 if DEPTH(treeL) > DEPTH(treeR) then
8: o Hyy1.0;1 = HSS_BAsis(treel)
9: oHy 1.0, = HSS_Basis(treeR)
10: else
11: oHy 1.0 = HSS_Basis(treeR)
12: oHyy1.0i 1 = HSS_BAsis(treel)
13: end if
14: H,. = rH}kfrl;zi—l )
r 4152

15: er+1;27;71 = (); er+1;2z' =()
16: [( R}’%“‘%‘l ) . Skis Xg) = TRUNC_SVD(, H} ;)

k+1;2i ’
17: return X X,CTZ > X;H is defined as previously stated in equation (12.10)
18: end if

19: end function

24



A Fast Memory Efficient Construction Algorithm for Hierarchically Semi-Separable Representations

Chapter 2
Leaf Node Computations - Phase 2
For (ki,1), (ko,7) leaf nodes, let us define
Bryjikai = Upyifkisika,s Viosi (2.13)
Then, for (kq,1), a leaf node, and (kq, j) is not, define
By iy = Brysika+1:2j-1 Wiy t1,25-1
(2.14)
+ Beysiko+ 12§ Wia 15255
Now for (k1,1), not a leaf node, and (kq, j) is a leaf node, define
T
Brysikaig = By 11,201 Bri+152i- 1k, 2.15)

T
+ Ry 1120 By +1:2i k5

Non-Leaf Node Computations - Phase 2

For both (k1,i), and (ks,j) not leaf nodes, we will have k; = ks, and thus we can

write
B j- = Bhysikasjs (2.16)
where k£ = k1 = k5. Let us then define
By = Ra_l;zi_lBk+1;2i71,2j71Wk+1;2j71
+ R£+1;2i_1Bk+1;2i71,2jWk+l;2j
(2.17)

T
+ Rpi1.0iBri12i2-1Wii12j1

T
+ Rji1.2iBrv1:2i2Wht1,25,
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Thus we have defined a set of recursions with which we can compute any By, ; in our
HSS structure.

To compute all By, iy, we present Algorithm [ and [3] This algorithm specifically
computes the expansion coefficients, Bj,;—1;. The expansion coefficient By, ;1 can be
computed analogously by simply interchanging the pair of indices (ki;4) with (ko;7) in
Algorithms[2] and [3] Note that in the following algorithm a node is a tuple which consists
of data, and left and right subtree, though, the details of where we store the data are
not relevant here since we access them by index notation. These are implementation
dependent details and for more information the reader can refer to the Matlab code that
is published on the Scientific Computing Group website [23]. Also, note that we use the
notation By, . k,;; = () to mean that the variable By,.; ,.; is no longer needed and can be

explicitly cleared from memory.

2.3 Memory Consumption

In this section we will compute the peak workspace consumption for Algorithms [1} [2
and [3] The HSS tree itself will consume at most O(np?) memory. In Phase 1, the main

workspace consumption are the compressed Hankel blocks, (2.11]), and (2.12). In Phase

2 it is the matrices By, .ik,.;- Let po = max  ng;. Lhe assumption here is that p is
(k;i) leaf node

small compared to n. In particular we will establish,

Theorem 1 Algorithms (1], [3 and[d have a memory complezity of at most O (p®>n'®).

2.3.1 Memory Consumption - Phase 1

In Phase 1 (Algorithm [1), we visit nodes in a deepest first ordering, and notice that

what further complicates our memory complexity calculation is the recursive nature of
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Algorithm 2 Pass 2BU - Computation of Expansion Coefficients (By.;_1 ;) Correspond-
ing to Diagonal Blocks

Require: tree is not a leaf node. tree = [root, treeL, treeR). > tree is a tuple,
containing root node, and right and left subtree
1: function B_DI1AG(tree)
2: [—, treeL, treeR] = tree > 3 (k1;i) s.t. it is the numbering for the root node of
treel.

3: > 3 (k2;7) s.t. it is the numbering for the root node of treeR.
4: if treelL is a leaf node and treeR is a leaf node then

5: Biiikoii = UpyiAkyiikoyg Vios

6: else if treeL is not a leaf node and treeR is not a leaf node then
7 Biiiky;j = B_LOFFDIAG(treeL, treeR)

8: B_Diac(treeL)

9: B_DiAcG(treeR)

10: else if treelL is a leaf node and treeR is not a leaf node then
11: [—, treeRL treeRR| = treeR

12: Biiriika+12—1 = B_OFFDIAG(treeL, treeRL)

13: Biiiiko+1:2; = B_OFFDIAG(treeL, treeRR)

14: Bryiikaii = Brsikat12j-1Wha+1,25-1 + Bl ko + 1,2 Who 1,25

15: Biysikat1:2j-1 = (); Bhyiikyti2i = ()

16: B_DiAcG(treeR)

17: else if treelL is not a leaf node and treeR is a leaf node then
18: [—, treeLL, treeLR] = treeL

19: Bi+1:2i-1ky,; = B_OFFDIAG( treeLL, treeR)
20: B, +1:2iky,j = B_.OFFDIAG( treeLR, treeR)
21: Biyiiks = By 1001 Bra12i- 1 ko + R 1.0 B 4132 k35
22: By 1211405 = ()5 By 41,21 k055 = ()
23: B_DiaAG(treeL)
24: end if

25: end function
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Algorithm 3 Pass 2BU - Computation of Expansion Coefficients (By.;—1;) Correspond-
ing to Off-Diagonal Blocks

Require: tree = [root, treeL, treeR]. > tree is a tuple, containing root node, and right
and left subtree

1: function B_OFFDIAG(treeL,treeR)
2: [—, treeLL, treeLR] = treeL
3: [—, treeRL, treeRR] = treeR
4: if treel is a leaf node and treeR is a leaf node then
ot Bkl;i,k2§j = Ulzl;iAkl;i,k2§j‘/;€2§j
6: return By .; 1.
7 else if treelL is not a leaf node and treeR is not a leaf node then
8: Bk1+1;2i—1,k2+1;2j—1 = B,OFFDIAG(tTeeLL,tTeeRL)
9: Bk1+1;2i—1,k2+1;2j— = B,OFFDIAG(tTGGLL,tT’QQGRR)
10: By +1:2i ks +1:2j—1 = B_OFFDIAG(treeLR treeRL)
11: Bl +1:2iky+1:2; = B_OFFDIAG(treeLR treeRR)
By = Ry p10i1 Brir12i 1k 1251 Whs 412251

1o + Ry i1 Broiic U2 Win )

+ Ry 10 Brar12i ks 11121 Wio 1121

+ Ry, 100 Bry 121 ko 4122 Who 1125
13: B 11:2i-1 ko 11:2-1 = (); Br1:2i-1k041325 = ();
14: By +12iks1152-1 = (); B 4120 k4125 = ()
15: return By, 1,.;
16: else if treel is a leaf node and treeR is not a leaf node then
17: Biiriika+1:2—1 = B_OFFDIAG(treeL,treeRL)
18: Biiriika+1:2; = B_OFFDIAG(treeL treeRR)
19: Biysikaij = Bhrusikat1:2i-1What1:2j-1 + Brosikat1:2iWha1:2
20: Biysikat1,2j-1 = (); Bhyiikyr12i = ()
21: return By, .; 1.
22: else if treelL is not a leaf node and treeR is a leaf node then
23: Bl +1:2i-1,kp;; = B_OFFDIAG(treeLL treeR)
24: By +1:2i ks = B_OFFDIAG(treeLR treeR)
25: Brysidas = Ry 1,21 Bry 412 1oy + Ry 410 Bro 120 01
26: By 1211,k = ()5 B 4120 k015 =
27: return By, . 1,
28: end if

29: end function
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Figure 2.2: Example of a tree with worst-case memory block cardinality of 5

our algorithm. The workspace allocated in one call to Algorithm [1| is added to any
further recursive calls to Algorithm [Il Therefore, we have to consider the depth of the
stack of these recursive calls, which is determined by the HSS tree. Therefore, for a given
number of nodes, we must find the HSS tree for which peak memory complexity will
be maximum. Without loss of generality, any HSS tree can be re-ordered such that the
depth of the left subtree is always larger or equal to the depth of the right subtree, and
therefore, in this section we only consider trees which have this property. Notice that we
make memory allocations at lines [§ and [9] and lines [I1] and [12] of Algorithm [I] Since we
are only considering trees which have the property that at each parent node, left subtrees
have depth which is larger or equal to that of the right, we will focus on calls to line
and line [9] only. When a call is made to line [9] a block of size n X p is left in memory
from line [§ After returning from a call to line [9] line [14] is executed the block is cleared
from memory at line [I5] Then, for a given number of nodes, we want to find the HSS
tree which will result in the maximum number of nested calls to line [ It is easier to
visualize memory consumption by tracking the memory allocation as one moves along
the HSS tree, as is shown in Figure 2.2]. Proposition [I] claims that for a given number of
nodes, such a tree satisfies properties (P1) and (P2), which are defined in the following

section. An example of trees which satisfy these properties is given in Figure [2.3]
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Definitions

Denote V(G) as the set of nodes for graph G.

For a set S, |S| is the cardinality of S.

A regular binary tree T' € 7T,., has the P1 property if for each node in 7', the depth
of the left subtree is greater than or equal to the depth of the right subtree (Figure [2.3).
We denote the set of trees with the P1 property as Tpy.

For a regular binary tree T' € 7,.,, a root-leaf path is a sequence of nodes (uy, ..., uy)
such that ug is the root of T', each subsequent node is a child of the preceding node, and
uy, is a leaf node. The set of root-leaf paths for 7" is denoted p,(T"). Figure shows a
regular binary tree with circled nodes denoting one such root-leaf path.

For each T' € Tp; and root-leaf path p € p,(T), the memory block cardinality
by, ¢ pr(T) — N maps p to a natural number using the following rule: b,,(p) is equal to
the number nodes in p whose right children are also in p, plus one.

For a tree T" € Tp;, the worst-case memory block cardinality, denoted b,,.(7T),
is defined as pergli?% : b (D).

For each T' € Tpy, the primary right branch is the subgraph of T' consisting of
the root node and subsequent right children. All primary right branches are line graphs.
The path along the primary right branch is denoted as p,;(T) (Figure [2.3a]).

A regular binary tree T € Tp; has the property P2 if b,.(T) = by(ppri(T)). We

denote the set of trees with the P2 property as Tps.

Results and Proofs

Our strategy is to determine the fewest number of nodes that a P1 tree can have while

generating a fixed number of memory blocks. This results in the following proposition:
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Proposition 1 For all d € N,

min V(T)|=d*+d+1. (2.18)
TGTPl ,bwc(T):d“l‘l

To show this, we use the following lemma, which tells us that the class of trees that

we need to search in consists of trees with the P2 property:

Lemma 1 For all Ty € Tpy \ Tpe, there exists Ty € Tpy such that by(T1) = bye(T2) and
V(Ty)| < |V(T1)].

Proof: 'We begin with the claim that T € Tpy \ Tpa. Then there exists p € p(T1)
such that b,,(p) > bn(ppri(T1)). Let v € p be the earliest node in p such that the
subsequent node is a left child. We create a new tree Tz(l) by removing v and its right
subtree from 77, and creating an edge between the parent of v and the left child of v
(if v is root, then we skip the latter). Now the path p := p\ {v} is a root-leaf path
for T2(1) and satisfies b,,,(p) = b (p). Given that T) has a finite number of nodes, and
the above procedure which obtains Tz(l) from 77 removes at least two nodes, we can
proceed inductively by repetition of this procedure on TQ(U. And by induction, for some
k > 0 we obtain Tz(k), that satisfies TQ(k) € Tpo, such that b,.(T7) = bwc(Ték)) and
V(T < |V(TY)|. Finally, define, Ty := 74" Figures and give examples of
such trees T7 and T, respectively. [ |

We are now ready to prove Proposition 1.

Proof: We begin with the claim that for all d € N,

min \V(T)| > d*+d+ 1. (2.19)
TETP1,bwe(T)=d+1

Suppose otherwise. Then there exists d € N and T" € argmin  |V(T")| such that
TETP1,bwe(T)=d+1

\V(T)| < d>+d+1. By Lemma 1, T € Tpy, therefore by(T) = by (ppi(T)) = d + 1.
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vp

UL

(a) T1 decorated with dotted line denoting (b) Ty
the newly created root-leaf path which gives
rise to Ts. Here the primary right branch is
the subgraph shown in bold, v, is the parent
node of v, and vy, is the left child of node v.
Circled nodes denote a single root-leaf path

Figure 2.3: Example 77 and T3 for Lemma 1, with byc(11) = bwe(T2) = 3

Then, using the P1 property and the definition of b,,, we have that the primary branch
of T has depth d.

Due to the P1 property, the left subtree of the root node must have have a depth of
at least d. Such a subtree must contain at least 2d — 1 nodes. Applying the same logic to
the right child of the root node, the next left subtree must contain at least 2(d — 1) — 1
nodes. We repeat this for the ith right offspring of the root node, obtaining left subtrees
consisting of at least 2(d — i) — 1 nodes for i € {0, ...,d — 1}. Including the primary right
branch, which consists of d + 1 nodes, we have

V) > de1+ Y-k +1)

k=1

d
= 2P +2d+1-2>k

k=1
= d*+d+1,

which contradicts |V(T)| < d*+d+1. Thus (2.19) is satisfied for all d € N. Furthermore,
by choosing the fewest number of nodes at each step of the construction of T', we obtain

a tree that satisfies T € Tpy, bue(T) = d+ 1, and |V(T)| = d*> + d + 1. Thus we have the

32



A Fast Memory Efficient Construction Algorithm for Hierarchically Semi-Separable Representations
Chapter 2

Nn4;1 T4;2  T4;9 N410 N4;13 0 N414 N4i5 N4:16 N4;15 n4;16
(a) Example Worst Case HSS Tree for Memory Con- (b) Maximal Depth Partition
sumption Tree

Figure 2.4: Example Partition Trees

result. [ |
Note that for any binary tree, the number of non-leaf nodes, Ny, will be one less

than the number of leaf nodes, Ny, i.e. Ny = N — 1. Then, since N, = n/py, we have

\V(T)|=N = n 1. (2.20)
Po

Proposition 1 implies that the worst case number of memory blocks is O (\/N )
Since a single memory block consumes approximately O(pn) memory, using , we
have that the worst case memory usage is O (p°°n'®). An example of a tree that generates
the worst case number of memory blocks is given in Figure In the case of such a
worst case memory tree, using a more accurate count we can show the maximum memory
consumption is actually n'?p®5 —n. However, for a complete partition tree, Phase 1 will

take at most O(pnlogn) memory. Further, for a regular binary tree of maximum depth

(see for example Figure [2.4b)) memory consumption is only O(np).
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2.3.2 Memory Consumption - Phase 2

In Phase 2 of our algorithm, at most 3 p x p blocks are stored in memory during
each recursive call, and this number can easily be cut down to one p x p block, though
we present the algorithm as is for clarity. Notice that each of the p x p blocks which
are returned on lines [§] through [I1] are cleared from memory on lines [13] and [14 This
equivalent statement is true for each of the if statement cases in Algorithms [2] and [3
This can clearly be seen by looking at lines 20] and [26] in Algorithm [3] as well as line
and 22/ in Algorithm . Therefore, given a tree of maximal depth, (Figure , peak

memory consumption for Phase 2 is np.

2.3.3 Total Memory Consumption

If a deepest first algorithm is not used the memory complexity can become O(n?),
whereas the worst case deepest first search path memory complexity is O (p°®n'?®). For
a complete partition tree however, the memory complexity is O(pnlogn). As shown
in [4], basis matrices and translation operators can be generated for smooth matrices
using Chebyshev polynomials. If the basis matrices are computed a priori, it is then
only necessary to execute Algorithms [2] and [3| to compute the expansion coefficients at a

cost of at most O(np). In the case of the complete partition tree this cost is reduced to

O(p*logn).

2.4 Flop Count

Let us compute the total number of flops for our algorithm. To begin, we see that
for any binary tree with a fixed number of nodes, the number of non-leaf nodes, Ny, will

be one less than the number of leaf nodes, N;. In other words, Ny = Ny — 1. We also

34



A Fast Memory Efficient Construction Algorithm for Hierarchically Semi-Separable Representations
Chapter 2

have that N = n/p. For Phase 1, we can see that at a leaf node, we generate 2 Hankel
blocks, and take 2 SVD’s at a cost of approximately 2n?p + 4n?. For a non-leaf node in
Phase 1, we take 2 SVD’s and perform 2 matrix multiplies at a cost of (2np? + 2np). So
the total flop count for Phase 1 will be 4n?p + 6n2.

For Phase 2, in which we compute all By,; ;, the number of flops will be maximum for
an even tree. The computation of each By, ; in the HSS tree requires the multiplication of
matrices of size pxp (Algorithmlineand, and costs at most 8p3. The computation
of By.12 (Bi2,1) begins at the bottom level of the recursion, Algorithm [3|line[5] This line
will be executed on (2% X %}) blocks, at a cost of 2p* flops each. The calculation of By 2
(B1.2,1) continues at line (12| of Algorithm , which will be executed on 4_11(2%) X 2£p) blocks,
at a cost of 8p® each. The next stage of calculation for By (Bi2,1), again on line [12] of
Algorithm 7 will be executed on 1—16(2% X 2%) blocks, and so on. Following this recursion,
the calculation of By,1 2 (or By.21) has a cost of n?p flops. At level 1 in the HSS tree, only
Bi.12, and Bi21 must be computed, and so the flop count for both is 2n%p. In a similar
fashion, we compute the number of flops required to compute By; ; at level 2 in our HSS
tree. At this level there are 4 By, j, at a cost of n?p flops. At level 3, we will compute 8
By j at a cost of $n?p. Summing all of these computations the cost of all By, ;, will be

at most 4n?p flops.

Thus for Phase 1 and Phase 2 combined, our algorithm has a complexity of O(n?p).

2.5 Numerical Experiments

In this section we will describe some experiments which demonstrate the speed and
peak memory consumption of our algorithm. Experiments were carried out in Julia on
a machine with a 2.5GHz Intel Core i5-3210M processor running Ubuntu with 8 GB of
RAM.
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For both the CPU run-time and the peak memory consumption simulations, the n xn
matrix A was chosen according to the formula A;; = /|2 — 2%|, where x} = i/n, for
1=20,1,...,n. The rank, p, was fixed across all tests. In the case of the HSS tree which
generates the worst case peak memory for a given number of nodes, the structure of the
tree was determined by calculating the number of nodes, N, in the HSS tree for a given
matrix with dimension, n, via . We construct the tree for the given dimension, n,
ranging from 256 to 1048576, according to the proof of Proposition [T} In tables 2.1 and
each leaf node has a partition size of no more than 2(3p) — 1, and no less than 3p.
The measurement of peak memory given in table was obtained from a counter in the
code which simply kept track of memory allocations and de-allocations. The numbers
listed are the maximum number of floating point allocations in memory during run-time.
Note that we only keep track of floating point array allocations, not lower order integer

allocations. CPU run-times and peak memory measurements are reported in Table

and 2.2
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time(s)

n p=3 | p=2©6
256 0.89 0.91
512 0.98 1.00
1024 1.26 1.22
2048 2.24 2.22
4096 6.11 6.35
8192 21.09 | 19.56
16384 71.18 | 78.24
32768 | 314.07 | 380.84
65536 1553 1559
131072 | 5768 D745
262144 | 23190 | 23523
524288 | 91485 | 89974
1048576 | 365345 | 381836

Table 2.1: CPU run-times in seconds for the worst case memory HSS tree with p = 3
(where p is the rank of the off diagonal blocks), with minimum partition at leaf nodes

of 3p.
Peak Floating Point Allocations

n p=3 p=©6

256 17376 28332

512 42240 69492
1024 106626 168948
2048 272502 426492
4096 712518 1089996
8192 1893606 2850060
16384 5067546 7574412
32768 13836228 20270172
65536 38172840 55344900
131072 | 105846120 152691348
262144 | 294842598 423384468
524288 | 825534894 1179370380
1048576 | 2319016548 3302139564

Table 2.2: Peak memory consumption in units of floating point allocations for the
worst case memory HSS tree with p = 3 (where p is the rank of the off diagonal

blocks), with minimum partition at leaf nodes of 3p.
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Fast Matrix-Matrix Multiply for the

Fast Multipole Method

3.1 Motivation and Examples

In we have covered a memory efficient algorithm for HSS. As mentioned
previously, HSS assumes off-diagonal blocks have low rank, however, in practice there are
examples where this is not actually the case. The 2D Laplacian is one such example. As
illustrated in , the off-diagonal blocks of this matrix have rank O(y/n). Using
the HSS representation in this case would require one to compress these off-diagonal
blocks or store this extra structure. Compressing these off-diagonal blocks would result
in a loss of accuracy since the blocks would be compressed from rank O(y/n) to O(p),
while storing this extra structure would lead to dramatically increased memory and CPU
usage. Clearly by using the 2D FMM representation we could instead preserve some of
this structure. In practice we are interested in inversion, however, since the structure of
the FMM inverse remains mysterious, we propose that we should first understand the
FMM matrix-matrix multiply. As motivation we present several examples where the need
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* % o
¥k *
i *
* % *
o * %
& * % .
* x ok

Figure 3.1: Structure of the 2D Laplacian. Off-diagonal blocks shown in red have a

rank of \/n

for the matrix-matrix multiply arises, as well as one special case where we can use the

matrix-matrix multiply to compute the inverse itself.

3.1.1 Schur Compliment

To compute the inverse we will have to compute the Schur Complement (shown in

red in [Equation 3.1|). The Schur Complement arises as the result of performing Gaussian

elimination, and so either explicitly or implicitly it will be computed. And so of course

you see that here we have need of matrix-matrix multiply.
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3.1.2 Matrix Functions

Matrix functions can often be well approximated by polynomials. For example in
Equation 3.2| we give the formula for the approximation of the exponential of a matrix
A.

Ak
o (3.2)

f(A) = exp(A) =)

This example makes clear that if we have access to an algorithm which computes the
matrix-matrix multiply, we would then directly be able to compute an approximation to
f(A). Further, if we can write f(A) as a short polynomial then it will have good FMM

structure. We will qualify this statement further in [section 3.2 As an example, there

has been some recent interest in this in regard to exponential integrators[24].

3.1.3 Computation of Eigenvalues and Eigenvectors

In order to compute the eigenvalues and eigenvectors of a matrix A, in practice,
matrix-matrix multiplies must be carried out. The QR algorithm for computing approxi-
mations to eigenvalues and eigenvectors, for example, requires that we iteratively perform

matrix-matrix multiplies|25].

3.1.4 Special Case Where FMM Matrix-Matrix Multiply Can

Be Used to Compute the Inverse

If the eigenvalues of the matrix A have some special properties, in other words, if

A(A) < 1, then we can write

fA)=T—-A)" =) A" (3.3)
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Here we can again see that if we have access to an algorithm which computes the matrix-
matrix multiply, we can directly compute an approximation to this inverse. If we can

write (I — A)~! as a short polynomial, we will have good FMM structure for this inverse

as well (see [section 3.2)).

3.2 FMM 3pt and 5pt Structure

In this section we provide some illustrations of the HSS, FMM 3pt and FMM b5pt
structures. We begin by first looking at the low rank structure of the HSS representation.
In we show an example of a 2 level representation in which the off-diagonal
blocks are low rank. The image on the left of shows an illustration of the low

rank structure, while the image on the right shows the low rank structure explicitly.

Uz Ba1 2V :

@ Dense Blocks
@® LowRank

Figure 3.2: Example 2 level HSS Representation
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In contrast, in we show an example of a 2 level FMM representation. Any
block that touches the diagonal is recursively partitioned, except at a leaf node where it
would be considered a dense block (Figure 3.4). Once a block is compressed it will not

be revisited.

by H | H
Doy 1 Doy 2 U2;1:B2;1,3Va5 |{U2;1B2;1,4 Vo

bl H
Doy Dy 3 Us;3B2;2,4Vay

N o
Uz;3B2;3,1 V5,1 Da32 Ds33 Dy34

=
%)
N
=

. mlp H
. U24B2a1 V571 [(U2:3 B2 Vo Doy 3 Do.4 4

. Dense Blocks
. Low Rank

Figure 3.3: Example 2 level FMM Representation

In this thesis, we will show that we obtain an FMM 5pt representation when we

multiply two FMM 3pt representations. We will go through these derivations in more

detail in [subsection 3.3.4] In |[Figure 3.5 we give a visual example which shows both

the FMM 3pt and the FMM 5pt structure. The FMM 3pt structure resembles that
of a tridiagonal matrix. When multiplying two tridiagonal matrices, the result is a
pentadiagonal matrix. Therefore, it should make sense intuitively, that when we multiply
two 3pt FMM representations, we obtain a bSpt FMM representation. This gives an

illustrative example of why the derivations for the matrix-matrix multiply are somewhat
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Level k£ — 1 Level k
i i+l i+2 i+3 b1 a e amea wes wd wes wes
e ele e Il | .
i+1| @ @ @ | @ j:::::: °
i+2 @ @ @ | @ '::::::
i+3| @ @® | @ | @ ® | ® : : : :

@ Dense Blocks

. Low Rank

Figure 3.4: Recursive FMM Structure

laborious. Additionally, if we consider the case where we can write the inverse as the sum

of the powers of our matrix (as shown in [subsection 3.1.4)), it also gives an illustrative

example of why we make the conjecture that the inverse of a (3pt) FMM matrix is likely
not FMM.

Notice that the difference in the low rank structure of 3pt FMM versus 5pt FMM is
that in 3pt FMM representation blocks on the diagonal and blocks that touch the diagonal
are considered dense, whereas in the 5pt FMM representation, neighbors of blocks that
touch the diagonal are considered dense as well . In practice when a 5pt

FMM representation is computed, it is converted back to a 3pt FMM representation.

43



Fast Matrix-Matrix Multiply for the Fast Multipole Method Chapter 3

FMM 3pt FMM 5pt

2i—1 2 2+1 2i+2 2+3 2i+4 2+5 2i+6 2i—1 2 241 2042 2043 2i+4 20+5 2046
6%-1 9 00 0 0 0 0|0 eI BN BEONN NN NN BN BN
SN AN BN BN NN BN NN NN SN AN NN BEONN NN NN BN
@9l 0|lo|le|e|le|e|e %110/ @| @ @|O|@ 0@
22 Q9| 0|0 0| 0|0 0|0 2910 ® ® @ 0 0 e
kil BN BN NN BN BN BN BN il NN REORN BN NN NEONN J
A BN AN BN BN BN BN BN J AR NN BN NECRN BN NN NNe)
i @gle|lelelel el e|e® x5 @l @|@|elo|je|e|e@
AU AN BN BN BN BN BN NN J S N BN NN BN BEORN NN

@ Dense Blocks - 3Pt & 5 Pt
Q Dense Blocks - 5 Pt Only
@ LowRank

Figure 3.5: Recursive FMM Structure

With this compression comes a loss in precision of

log(n)

Z (kp+no) = plog*(n) + nglog(n)

~ O(plog®(n)),

where ng is the smallest partition of the matrix, and is determined by the underlying
problem itself. (Anything smaller than ny = 3p will yield no gain in compression). In
practice only O(pc) is kept, where ¢ is some smaller constant. If this term becomes too
large, a compression step should be performed to compute a new low rank expression at

each level. We expect the computation cost for this to be roughly poly-logarithmic.
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3.3 FMM Matrix-Matrix Multiply Recursions

In order to consider recursion equations for the FMM matrix-matrix multiply we must
cover formulas for the dense blocks (Dy; ;), up-sweep recursions (Gy,;), column and row
basis operators (Ug;, Vi.i), column and row translation operators (Ry,;, W), down-sweep

recursions (Fy,; ;) and expansion coefficients (By,; ;). All of these formulas together will

allow us to define the FMM 5pt representation.

3.3.1 3pt FMM Dense Block (D, ;) Recursions

We begin with a linear system which is characterized by a matrix A. We begin by

defining,
Diag Diage
A - D0;171 - (34)
Dio1 Digpp
Recursive definitions for the dense blocks for 3pt FMM are as follows
Dii—12i-1 Drpio1.2i
D144 =
Dy2i 21 Dy.2i.2i
Dyoi-12it1 Drio12iv2
Dy_1iim1 =
Dioisiv1t Dyigite
T
Uks2i-1Br;2i-1,2i+1Vi2it1  Uk2i-1Br2i-12i+2Vi0i 10 (3.5)
D2 2i41 Uk.2i Br:2i 2i+2Vi:2i+2
Droivi2i-1 Dr2iv1,2i
Dy _1i414
Dyiv22i-1 Diito2i
Uk2i+1Br2it1,2i-1Vi2i1 Di.2iv1,2i

Uk2i+2Briiz2,2i-1Vi2i—1

45

T
Uk;Qin;2i+2,2i‘/k;;2i



Fast Matrix-Matrix Multiply for the Fast Multipole Method Chapter 3

Level k
2i—1 2i 2i+1 2i+2
Level £k —1 - S '
2i—1 Dk;2i_1,2i_1 Dk;2’i—1,2'i EUk;Zn—rEBk;ﬁi—l,ZH-lv);‘;’z,‘+1 ;Uk;zi—léBk;zi—l,2i+2VkP;12;+2
i 1+1
t D343 Di—15i,i41 2 Di;i,2i—1 Dy;2i,2i Di;2i,2i+1
i+1 Dy_15i41,i Dy—15i+1,i+1 2i+1 Dp;2i41,2: Dy2it1,2i41 | Drs2it1,2i42
2i+2 ;Ukﬂ-'ﬂfﬂk:ziw,z-—lVk’;’z;a Uk;2i§+2Bk;2i+2,2iV;£Iz,- Dk;2i+2,2i+1 Dk;25+2,2,‘+2

Figure 3.6: Recursive 3pt FMM Structure

In 3pt FMM any block which touches the diagonal will be recursively partitioned, except
at the leaf level where it will be considered a dense block. More specifically, if the row and
column indices of any block are separated by 2 or more, the block is low rank. If the row
and column indices are separated by less than 2 they must be recursively divided (except

at the leaf level where it will be considered a dense block). An illustrative example is

given in for clarity.

3.3.2 5pt FMM Dense Block (Dy. ;) Recursions

The 5pt FMM representation is the representation that results from the multiply of

two 3pt FMM representations. The recursive definitions for the dense blocks in the 5pt
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FMM representation are as follows
Dioi—12i-1 Dyi2ie1,2i
D144 =
D221 Dy2i 2
Digi—12i41 Drj2ie12i42
Dy_1iim1 =
Dioisiv1i Dy2ioits
Digi—12i41  Uk2i—1Br2i—1,2i+2Visito
Di.2i 2i41 D12 2112
Di.oi—12i+3  Dy2ic1,2i44
Dk‘—l;i,i—i—Q =
D2 2i43 D2 2114
Usoi1Bro: 10:12VL Usoi1Broi 1014V
k;2i—1Lk;2i—1,2i+3 V ;2443 k;2i—18k;2i—1,2i+4 V 2444
= (3.6)
T T
Uk;2in;2i,2i+3Vk;2i+3 Uk;Qin;2i,2i+4Vk;2i+4
Dioiv12i-1 Dy:2it1,2i
Dy_1ip1,; =
Dy.givo2i-1 Di2it2.2i
Dr.2iv1,2i-1 Dr2iv1,2i
UsoiioBroiioo 1V . Dioiioo:
k;2i42Pk;2i4-2,2i—1 VE.2;—1 k;2i4-2,24
Diits2i-1 Drigs2i
Dy 1425 =
Dioivapi1 Dy:2ita2i
UsoiraBroiiao 1 VI Us.oiraBroiiao: VA
- k;2i4+-3k;2i4-3,2i—1 V. 2i—1 k;2i+3 0 k;2i4-3,21 V ;24

T T
Uk:2i+4Br:2i4,2i-1 ‘/;9;21‘_1 Uk;2i+4Bk;2i+4,Qin;2i

In this representation, neighbors of blocks that touch the diagonal are now considered

dense blocks as well. More specifically if the row and column indices of a given block are

separated by 1 or 0, then that block is recursively divided (except at the leaf level where

it is considered a dense block). If the row and column indices are separated by 2 it is

divided into four low-rank blocks. Finally, if the row and column indices are separated
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Level k
2i—-1 2i 2i+1 242 2i+3 2i+4
LeVel k —_ 1 2i—1 | Dri-12i-1 Di;2i—1,2i Di;2i—1,2i+1
7 i+1 i+2
2i Di;2i,2i-1 Di;2i2i Di;2i,2i+1 Di;i,2i+2 U hi2i2i+aVidhisa
i De—13ii Dg—1sii+1 Di—1;i,i+2
2i+1 | Dgpit1,2i-1 Di;2it1,2i Di;2it1,2i+1 Digit12i+2 | Drzi-1,2i41 ! it 2 Viainal
P41 Di—15i41,6 Di—1;i+1,i+1 Di—1;i+1,i+2 = e
2i+2 [DsBraanVho|  Digaita,zi Diait2,2i+1 | Drzit22i+2 Di;aizita Die;2i,2i+2
) Dy—1it2,i Di—yjit2,i+1 | Dr-vjiv2,i+2
i+2 H
2+3  [WhaniBrasssaia Vo avaaVi | Dr;2i43,2i41 Diits2it2 | Dr;2it3,2i+s Di;2i+3,2i+4
244 [raiBuaiaoVih GBunisaaiVil [ woasn V| Digzivazive | Dr2ita2its Di;2ita,2i+4

Figure 3.7: Recursive 5pt FMM Structure

by 3 or more the block is already low rank. An illustrative example is given in

for clarity.

3.3.3 Notation for the FMM Matrix-Matrix Multiply

We want to carry out a matrix-matrix multiply,

, where A and A are 3pt FMM and C is 5pt FMM. We would like to know the exact

structure of C' and how we can compute it. We will follow the same notation for the

operators in each matrix itself, namely that each operator in A is decorated with a tilde to

denote that it is associated with this matrix. In we give an example of a block
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8x8 matrix-matrix matrix multiply to illustrate the notation. The choice in notation was

simply so that formulas would not be any longer than necessary.
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3.3.4 FMM Matrix-Matrix Multiply Formula Derivations

Up-Sweep Recursions

Let us make the standard up-sweep definition,

The recursion can then be obtained as follows

Uk:2i—1Ri2i—1
Uk;2iRk;2i
H H 7 D H H 17 D

= Wiaio1Viaio1Uki-1 Ri2i-1 + Wi Vio;Ugi R0

- H H H 1/H
Gl (Wk;Qilvk;Zil Wk;2ivk;2i)

H . H ~
- Wk;Qi—le;Qi—le;Qi—l + Wii2iGri Ri.i-

Where we have simply plugged in [Equation 1.4|for Uy,; and Vj;.

Column and Row Basis and Translation Operators

Before we can consider the matrix-matrix multiply recursions, we must first obtain a
recursion for the column and row basis operators, Uy;(C) and Vi;(C), as well as discover

what the row and column translation operators Ry.;(C) and Wy, (C) are. We claim

Uk7l(C) = ( Uk§i Dk;i,i—l[jk;i—l Dk;i,iUk;i Dk;i,i—l—lﬁk;i—O—l ) (38>
Recall that we are looking for operators that satisfy an equation of the form

Uk.2i-1(C)Ry.2i—1(C
Uk,_ln-(C) _ k;2 1( ) k;2 1( ) . (39)
Uk;2i<C)Rk+1;2i(0)
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As we show in [Figure 3.9| let us begin with our claim, We then simply

plug in the recursive definitions given earlier for our basis operators (equations and
the 3pt dense blocks (equations . We then carry out the multiply and notice we can

factor the matrix as shown.
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So indeed holds. Further, we have that
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Likewise, the recursion for the row bases of C (Vj,;(C)) can be found by carrying
out these same computations on the transpose. For brevity we will not repeat these

derivations here. Doing so we find that
- - - ~H
Vk‘,z(c) — ( ‘/l€§i D’gz—l,lkaz_l Dlgmvkﬂ Dk‘,’L+1,’L‘/k7’L+1 ) Y

and likewise the row translation operators are
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Matrix-Matrix Multiply

We are now ready to consider the multiplication AA = C, which we can write in

terms of dense blocks at the root level,
Do;1,1[70;1,1 = Do,11(0), (3.14)

where Dy.1 1 and D0;1,1 are given in 3pt FMM form and Dy 1(C) will be computed in

5pt FMM form. Let us generalize the problem and look at a formula of the form
Do;1,1l~70;1,1 + Uo;1,1(C)F0;1,1V0ﬁ71(C) = Dy.1,1(C), (3.15)

Where Fj; ; are our down-sweep Recursions. Notice that if we simply set Fy.11 = {}oxo

(a 0 x 0 empty matrix) we get back our original equation, [3.14] Therefore, beginning

with [Equation 3.15( we will compute the down-sweep recursions Fj; ;. The set of indices

that Fj.;; needs to be computed over are shown outlined in red in [Figure 3.10] As can
be seen in the figure, there are 10 unique such down-sweep recursion equations. We will
compute one such derivation here, and along the way we will get the representation for

the matrix C' as well.
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Level k
2i—1 2i 2i+1 2i+2 2i+3 2144
2i—1 | Dr2i—1,2i—1 Dy;2i—1,2i Dy;2i—1,2i41
2 Dy;2i.2i—1 Dy;0i.2: Di;2i.2i+1 Drgigive | UkiziBisi 2645 Vihis
2i+1 | Dgit1,2i-1 Dy;i41,2i Dy;2i41,2i+1 Dy2iv1,2i+2 | Dr2i—1,2i+1
2 +2 Dy;2i12,2i Dy;2i42,2i+1 Dy.2i42,2i42 Dy;2i,2i41 Dg;2i,2i42

21+ 3

2i+4

Dg;2i43,2i+1

Dy;2i23 2142

Di;2i+3,2i+3

Dg;2i43,2i+4

Dg;2it4,2i+2

Di;2i+4,2i+3

Di;2i44,2i+4

Figure 3.10: Set of indices (shown outlined in red) for which F}.; ; must be computed

In order to begin the derivation for the up-sweep recursions we must consider the

recursions for the matrix C' itself. Namely, we must compute recursions for Cj_1,;,,
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Cr—15,i+1, Cr—1:ii+2, Ch—1;i41, and Cl_1,i42, as shown in|Figure 3.11] We will only demon-
strate the derivations for one such block, as the derivations for the others follow the same

steps. We choose Cj_1,,1+1 and give an example of how to recurse down this term.

7 i+ 1 i+ 2
) Cr—1;ii Cr—1;i,i41 Cr—15,i+2
i+1 Cr—15i+1,i Cr—t5i+1i+1 | Cr—15i+1,i+2
) Cr—15i+2,i Cr—15i+25i+1 | Cr—15i+2,i+2
1+ 2

Figure 3.11: Blocks in C' for which recursions must be computed

We claim
Cr—1iii+1 = Dk—l;i,ka:—l;z’,i-i-l+Dk—1;i,z‘+1Dk—1;z‘+1,i+1+Uk—1;z‘(C)Fk—l;i7i+1Vk}£1;i+1(C)- (3.16)

Notice that this equation is trivially satisfied when k& = 1. If (k — 154, + 1) is a leaf
node then we can simply compute C.; 41 = Dg.it1(C) directly from this expression. If
(k—1;7,7+ 1) is not a leaf node, then we split this block and recurse down for each of
the 4 sub-blocks. Let us assume we are at a leaf node and recurse down this block by

plugging in definitions given in Equations [1.4] and [3.5
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3 7 H
Ck—t15i,i+1 =  Dr—1;1,iDk—150,i41 + De—130,i41 Dk~ 1504 1,041 + Uk—1,(C) Fe—154,i41 V21,541 (C)
Dy.o; : Dp.o; ; Uk.2i—1Br.2i i1 VH Uk.2i—1Br:2: o VI
_ k;2¢—1,2¢—1 k;2i—1,2¢ k;2i—1Pk;2i—1,2i4+1 V241 k;20—1Pk;20—1,2i+2 V.04 9
> 7B o H
Dy;2,2i—1 Dy;24,2i Dy;24,2i+1 Uk;2i Br;2i,2i42 V59,49
;204
Upi2i—1Brizi—1,2i01Va 1 Uki2io1Brizi—1,2i42VE, Diioit1.2i41  Drizi1 2
k;2i—1DPk;2i—1,2i4+1V9i41 k;20—1Dk;2i—1,2i42 V.9,492 k;2i4+1,2i+1 k;2i+1,214+2
+ + i2i+
" . .
Dy;24,2i41 Uk;2iBr;2i,2i+2 V2142 Dyi2iv2,2i+1  Dr2it2,2it2

Uk;2i71 (C)Rk;gi_1 (C)

Fyo—viin (| WH, ((OVE,. () WE, ,(CVE, ()
I ;2141 k;2i4+1 k;2i+2 k;2i+2
Uk;2i(C) Ry;2:(C) ( )

We then simply carry out the multiply as shown in [Figure 3.12|
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Let us look at each one of these four blocks individually, beginning with the upper
left blOCk, Ck;2i71,2i+1- We have

Cr_1,2i—1,2i+1
= Dg;2i—1,2iDk;2i,2i41 +
( Uk;2i—1  Dg2i—1,2i—2Uk;2i—2  Dr2i—1,2i-1Uk;2i—1  Dr;2i—1,2¢Uk;24 )

0 By.2i—1,2i+1 Brj2i—1,2i42 Vlfzi+1

0 0 0 VH B
k;2i k324,274 1
+ Rgai 1 (O)Fim1iit1 Willai 1 vk

o © © ©

Bii2i—1,2i41 0 0 Vk€2i+15k;2i+l,2i+l
0 0 0 Vk};121',+2bk;211+2,2i+1
Then if we define
I H
Criitz = Driiv1Dririive + Uki(C) FriivaViig2(C) (3.17)

The correct down-sweep recursion is

0 0 Bpgp2i—1,2i+1 Br2i—1,2i42
0 0 0 0 "
Fr2i-1,2i41 = - + Ryioi_1(C)Fi—153,i41 Wiai41- (3.18)
By2i—1,2i41 O 0 0
0 0 0 0

We then follow these same steps to compute all remaining Fj.; ; shown in [Figure 3.10, We
must also compute the expansion coefficients By ;(C). The set of indices that By ;(C)
need to be computed over is shown in |[Figure 3.13] Recall that we are recursing down

Ci—1,i,i+1 (Figure 3.12)). Let us now look at the upper right block of this term, Cj.9;—1 2i+2-
We have

Cri2i—1,2i42

= ( Ug2i—1  Dr2i—1,2i—2Uk;2i—2  Dp2i-1,2i—1Uk;2i—1  Di;2i—1,2iUk;24 )

~H
0 Bi;2i—1,2i+1  Bk;2i—1,2i+2 Vi2ita
0 0 0 VHE D, . )
H ki2i4+1Pk;2i41,2i+2
- + Rpi2i—1(C) Fr—15i,i+1 Wiiniqo HH _Rizil.2id
By;2i—1,2i+2 0 0 Vii2it2Pri2it2,2i42
_ . _
By;2i,2i4+2 0 0 Viei2i+3DPr;2i43,2i4+2
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2i—1 2 2i+1
2i—1 | Dgpi—1,2i—1 Dp;2i-1,2i Di2i-1,2i41
....... | F: | 2 :
2 Dy;2i,2i—1 Dy.2;,2: Dy;2i,2i4+1 Di;2i,2i+2
2i+1 | Dgoit1,2i—1 Dy;2i41,2i Dy.2i41,2i4+1 Dy2it1,2i42 | Dry2i—1,2i41

Dy;2i42,2i Dy.2i42,2i4+1 Dy.2i42,2i42 Dy.2; 2i+1 Dy.2; 2142
""" ” e ———
2+3  [UkaniBuanos Vi g UnairsBravsaVi | Di2i43,2i41 Dy.2ie3 2i+2 | Drs2it3,2i43 Dy.2i43,2i+4

2i+4 Dy;2iv4,2i42 Di.2i44,2i43 Di;2i44,2i+4

Figure 3.13: Set of indices (shown outlined in red) for which By ;(C) must be computed
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Then if we define

H
Criivs  Uki(C)Briins(C)Viiys(C), (3.19)
we can conclude
0 Bii2i—1,2i41  Br;2i—1,2i4+2
0 0 0 "
B2i—1,2i42(C) = - + Rpoi—1(C) Fr—1;6,i+1Wii2i42- (3.20)
Bp2i—1,2i+2 0 0
Br2i2i42 0 0

We can then follow this same procedure to compute all By, ;(C). We can similarly

compute the recursions for blocks Cj.9i2i+1 and Cp.g;2i42. The entire recursion for the

Ck—1.ii+1 block is shown in [Figure 3.14]
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3.3.5 FMM Matrix-Matrix Multiply Formula Summary

Here we will simply list all of the formulas necessary for computing the 5pt FMM

representation that results from the multiplication of two 3pt FMM matrices.

Up-sweep Formulas

HF

H D H D
Gk*l;i = Wk;Qifle;%fle;%fl+Wk;2in;2iRk;2i

Column and Row Bases

)

Uri(C) = (Uk;i Driic1Ukict D iU Dk;z‘,z‘+1Uk;i+1)

~ - - ~H
. — . H . H .
Viii(C) < Visi Dk;ifl,ivk;l—l Dk;i,z’Vk;z Dk;z‘+1,z‘vk;i+1 )

Column and Row Translation Operators

See [Figure 3.15]
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Down-sweep Formulas

See |[Figure 3.16| and [Figure 3.17]

69



Chapter 3

Fast Matrix-Matrix Multiply for the Fast Multipole Method

senurioj deams-umo( :971°¢ oISI

0 0 0 0
0 0 0 THEI-whEg
THI A THE BTy 1=y 4 =
M (D)1 Yy 0 0 0 0
et i-wgig 1HIEI-rhEg 0
00 0 T T+ g
gty ; 00 0 0
T=1g Y 10T —y 4t
(D)% L1 (D) ey + 00 0 0
0 0 @RI'Eg 1-1 et RGO T IR g | 1-18' g - 18 e =18 g
0 00 0
WAV Ty 1-2% 0 00 ¢ o»
(0)eim (D) q+ 0 00 wT-1ig

0

(Al T — 2g¢ 0
(O)gm* 1 (0)F g +|
0

(O)" |§m~§>.ﬁ.§ —A(D)T Ry +

TIN,HI@NEQ 00 .SN,N.T.@NU‘QN.T.@NQ@N.T.@NJI.smw&m+.@N,ml.&wm&mml@NEUMI.@NJI@NEQ

00 0
00 0
00 0
0 0 HBeHRage IR niTe g | 1T G- R NT =8 g 4 18— g1 e~ 1t g

0
0

0
1182+ GgT+R A N+ T -1 g 4 T- 1 THRAGT+HRH I T T8 g | T-10' e 18 g e — 124 e —18' T~ 12 g

0X0( ) =Ty

T+ =185

ﬁlwmr.smu&_m

A SIat

.sN{NG\ryN

:IH&JI@NJ\@

70



Chapter 3

Fast Matrix-Matrix Multiply for the Fast Multipole Method

sernurioj deams-umo( :LT°¢ 9ISr

0 0 0 0 J
: 0 0 0 T Hetag
WAV THVT—Y ey ~
(D)%% 1(0) q+| 0 0 0
0 ®etrg 1-1retHig 0 \
00 0 wieHtyg J
W ANV THVT—Y T+ 4 00 0 0
(D)8 1(0) ] I 0 0
00 TR;*&&M 0 \
0 0 0 T.&ﬁ*&aﬁ J
AQVH|.§%§.§+§|DEAQVHimEm+ 0 0 0 T.&iﬁsm&m
0 0 0 0
0 T-%THENg | 0 \
0 00 0 J
' - . 0 00 0
Abvi@m%\sﬁi .eTz,mADv.ﬁm&m.T 0 0 0 THET-%Hg
m+.&,.§£m 00 0 \
0 0 0 0
e+
Abvmtms\sﬁiéTﬂibv.&m&@+ 0 0 0 m
H 0 0 0 m.INJI.sN.&m
0 mimx&im 0 0

.sm,mim&h

.&;imﬁm

T.&.Himﬁm

Him,.ﬁmx&

mim,.&ﬁh

71



Fast Matrix-Matrix Multiply for the Fast Multipole Method Chapter 3

Expansion Coefficients

See |[Figure 3.18| and [Figure 3.19|
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Dense Blocks

Diii = Drii1Dii1i + DiiiDrii + Disiiir Disivri + Uk;i(C)Fk;i,inZ‘(C)
Dyiivi = Dk;i,ka;i,i—i—l + Dk;z‘,i+1Dk;i+1,i+1 + Uk;i(O)Fk;i,i—&-leﬁ_;.l(O)
Diit1i = Dris1iDrii + Diivriot Disivii + Uk;i+1(C)Fk;i+1,iV;£(C)
Driit2 = Diiis1Dyivrivo + Ui (C) Fryisir2 Vi 1o(C)

Diivoi = Dk;i+2,i+1Dk;i+1,i+Uk;i+2(C)Fk;i+2,inZ(C)

3.4 Experimental Results

Experiments were performed in Juliaﬂ on a machine with a 2.8 GHz Intel i7-7700
processor with 32 GB of RAM. We chose Julia because of its superior memory handling
capabilities (garbage-collection) as well as its high performance (when compared with
programs such as Matlab), while still having the ease of use of a scripting language[26].
As can be seen in the time for the matrix-matrix multiply scales linearly with
n as compared with the standard multiply?] We show a relative erroify for the FMM

multiply alone on the order of 1le—15 with cpu run-times as shown in

LCode is given in appendix

2When we refer to the standard multiply, we simply store each matrix A and Ain memory and call
AxA.

3We isolated the relative error for the matrix-matrix multiply by removing the error from the FMM
construction algorithm.
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time(s)

n FMM Multiply | Standard Multiply
256 .0042 .0004

512 0.007 0.014

1024 0.013 0.035

2048 0.116 0.129

4096 0.231 1.03

8192 0.348 7.29
16384 0.618 51.5
32768 1.23 Out of Memory
65536 1.60 Out of Memory
131072 2.87 Out of Memory

Table 3.1: CPU run-times for the FMM matrix-matrix multiply and standard multiply
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Conclusions

In Chapter 2 we focused on the case where the partition tree corresponding to the rows
of a matrix is the same as the tree which corresponds to its columns, though we can gen-
eralize the algorithm presented here to more complicated partition trees, including FMM
representations. The open question remains as to whether a linear memory algorithm
exists which does not give up the O(n?) flop constraint.

In Chapter 3 we have covered a linear time (O(n) flop) algorithm for the 1D FMM
matrix-matrix multiply. Based on our results, we conjecture that the inverse of FMM is
not itself FMM. There is a focus in the current literature on the 3pt FMM in regard to
approximating the inverse. However, the work presented here brings focus to the existence
of kpt FMM representations. The natural conjecture arises that some classes of matrices
might be better represented by a kpt representation, rather than a 3pt representation.

Several further questions arise from the results of this work, which we list here:

e For what class of matrices would a 3pt representation be good enough to approx-
imate the inverse? Clearly the special case of computing the inverse using the
matrix-matrix multiply that we illustrated in gives us one example for

which this would be true.
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e Conversely, does there exist some family of FMM representations where no kpt
representation yields a good approximation to the inverse? We conjecture that this
would seem to be true if we consider that we lose a factor of log®n in rank for
each multiply when we convert from 5pt to 3pt. Once k approaches y/n it would
become very inefficient. In this case perhaps we should consider Graph Induced

Rank Structure (GIRS)[27] as a way to think about the inverse of FMM instead.

e Are there conditions under which a kpt FMM representation could be good enough

to approximate an inverse?

e Are there families of matrices where a kpt FMM representation gives a good ap-
proximation to the inverse, but a (k — 2)pt representation does not? What is lost in
terms of accuracy and what is the tradeoff in extra memory storage when choosing

between a kpt and (k — 2)pt FMM representation in general?

We propose that future work should consist of the derivation of these matrix-matrix
multiply formulas for both 2D and 3D FMM as well as derivation of master formulas for
the matrix-matrix multiply for a 3pt times an kpt FMM representation. Such master
formulas, if they can be derived, will dictate what the formulas for the matrix-matrix
multiply will look like for any choice of k£ (odd), and would give further insight into the

structure of the FMM inverse itself.

78



Appendix A

FMM /HSS Julia Codes

A.1 HSS Julia Codes

A.1.1 HSS Construction

function Gen_HSS_Memory_Efficient(tree ,r)

#This is a memory efficient , two pass algorithm that takes in a Tree

#which is a partition tree for a given matrix which is described by the
#function, f, below and returns its corresponding Hss representation.
#Computation of U,R,V,W is done via deepest first post—ordering. B
#matrices are computed by in descending order (starting at root and finishing
#at the child). Relavant matrices are then multiplied and added

#from child to root in order to compute each B matrix. (Bottom Up Routine

# to compute B).

#INPUT : r (Int64) largest allowable rank of hankel blocks —
# this determines the amount of compression, and

# should be compatible with your input tree.

# (if the maximum allowable rank is p, then the

# tree partitions should be no smaller than 3p)

# Corresponding singular values below this rank

# will be dropped.

# tree (Tree) contains partition dimensions for

# each subdivision of the input matrix, for each

# of which there are a left and right child

structure

#OUTPUT: hss (Hss) contains matrices (Us, Vs, Bs Rs and
Ws) that compose the hss representation of the
input matrix, in addition to the partition
dimensions

#

#

# peakMem (Array{Int64}(1)) first entry is a memory counter
# and second entry is the maximum memory

#

Author: Kristen Ann Lessel — June 2015
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N = tree .m;

pm_count = 0;

pm_max = O0;

peakMem = [pm_count,pm_max];

hss, dummyl, dummy2, peakMem = HSS_Basis_TranslationOp(tree ,N,r,peakMem) ;
row_idx = 1;
col_idx = 1;

hss , peakMem = HSS_Expansion_Coeffs_Diag (hss,row_idx,col_idx ,N,peakMem) ;
hss, peakMem

function HSS_Basis_TranslationOp (tree:: Tree ,N::Int64 ,r::Int64 ,peakMem:: Array{Int64 ,1})

#Computes U’s, V’s, R’s, W's and D’s of HSS structure, and stores these

#heirarchically

#INPUT : N (Int64) grid size

# rank (Int64) largest allowable rank of hankel blocks —

# this determines the amount of compression, and

# should be compatible with your input tree.

# (if the maximum allowable rank is p, then the

# tree partitions should be no smaller than 3p)

# Corresponding singular values below this rank

# will be dropped.

# tree (Union(Node_Spine , Leaf_Spine))

# contains partition dimensions for each

# subdivision of the input matrix, for each

# of which there are a left and right child
structure

#OUTPUT hss (Union (Node, Leaf)) contains matrices
(U, V, R and W) that compose the

# hss representation of the input matrix, in

# addition to the partition dimensions

# rH (Array{Float64 ,2}) row hankel block with ’current’ U

# removed

# cH (Array{Float64 ,2}) column hankel block with ’current’ V’

# removed

if isa(tree,Leaf_Spine)

m = tree.m;

d = tree.d;

#generate indices for currrent diagonal block
m_idx = collect (d:(d+m)—1);
#generate indices for current off diagonal hankel block

butm_idx = [1:m_idx[1] —1; m_-idx[end]+1:N];

#function call to generate lowest level row and column hankel blocks
rH2 = f(m.idx, butm_idx ,N);

cH2= f(butm_idx ,m_idx ,N);

#keep track of peak memory

count = 2xlength (m_idx)*length (butm_idx) ;

peakMem [1] = peakMem/|[1]+ count ;

peakMem [2] = max(peakMem [1] , peakMem [2]) ;
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#take svds of upper row/left column and lower row/right column hankel blocks
Ur, Rr, Vr = svd_ranktol(rH2,r);

Uc, Rc, Vc = svd_ranktol(cH2,r);

#keep track of peak memory

count = length (Ur)+4 length (Vc)+length (Rr)+length (Vr)+length (Uc)+length (Rc);
peakMem [1] = peakMem|[1]+ count ;

peakMem [2] = max(peakMem [1] ,peakMem [2]) ;

#keep track of peak memory

count = length (rH2)+length (cH2);

peakMem [1] = peakMem[1] —count;

peakMem [2] = max(peakMem [1] , peakMem [2]) ;

rH2 = Array{Float64 }(undef,0) ;
cH2

Array{Float64 }(undef,0) ;

#D = f(m_idx,m_idx ,N)
leaf = Leaf(m,m,d,tree.depth,Ur,Vc, f(m_idx,m_idx ,N));

rH = diagm (Rr)*Vr’;
cH = Ucxdiagm (Rc) ;

count = length (Rr)+length (Rc);
peakMem [1] = peakMem[1l] —count ;
peakMem [2] = max(peakMem [1] , peakMem [2]) ;

leaf , rH, cH, peakMem
else #If not a Leaf

#Descend into the tree, depth first
if tree.treeL .depth >= tree.treeR.depth #left node deeper than right
#left recursive call

hssL, upperRow, leftCol, peakMem = HSS_Basis_-TranslationOp(tree.treeL ,N,r,peakMem) ;

#right recursive call

hssR, lowerRow, rightCol, peakMem = HSS_Basis_TranslationOp (tree.treeR ,N,r,peakMem) ;
else #right node deeper than left

#right recursive call

hssR, lowerRow, rightCol, peakMem = HSS_Basis_TranslationOp (tree.treeR ,N,r,peakMem) ;

#left recursive call

hssL , upperRow, leftCol, peakMem = HSS_Basis_TranslationOp (tree.treeL ,N,r, peakMem) ;

end

#starting index (row/col value) of its current diagonal block.

d = tree.d;
#indexes of rol/col hankel blocks excluding corresponding part of diagonal block

uR_idx = [1:(d—1); (d+hssR.m):(N—hssL.m)];
IR_idx = [1:(d—1); (d+hssL.m):(N—hssR.m)];
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rH_top = upperRow [:, uR_.idx];

rH_bottom = lowerRow [:, 1R_idx];

cH_left = leftCol [uR.idx ,:];

cH_right = rightCol[lR_idx ,:];

#keep track of peak memory

count = length (rH_top)+ length (rH_bottom)+length (cH_left)+length(cH_right);
peakMem [1] = peakMem|[1]+ count ;

peakMem [2] = max(peakMem [1] , peakMem [2]) ;

#merge remainder of Hankel blocks from children
rH2 = [rH_top; rH_bottom];
cH2 = [cH_left cH_right];

count = length (rH_top)+ length (rH_bottom)+length (cH_left)+length (cH_right);
peakMem [1] = peakMem[1l] —count;
peakMem [2] = max(peakMem [1] , peakMem [2]) ;

#take svd of remaining portions of blocks to determine Rs and Ws

Ur, Sr, Vr = svd_ranktol (rH2,r);

Uc, Sc, Ve = svd_ranktol(cH2,r);

#keep track of peak memory

count = length (Ur) +length(Sr) +length(Vr) 4+ length(Uc) +length (Sc) +length (Vc)
peakMem [1] = peakMem|[1]+ count;

peakMem [2] = max(peakMem [1] , peakMem [2]) ;

#keep track of peak memory %just added 10/8/15
count = length (rH2)+length (cH2) ;

peakMem [1] = peakMem|[1] —count ;

peakMem [2] = max(peakMem [1] ,peakMem [2]) ;

rH2 = Array{Float64 }(undef,0) ;
cH2 = Array{Float64 }(undef,0);

#partition Us to get R’s, partition V’s to get Ws
Rl = Ur[1l:size (upperRow,1) ,:];
Rr = Ur|[size (upperRow,1) +1:end,:];

W1l = Vc([l:size(leftCol ,2) ,:];

[
[
[
Wr = Vc[size (leftCol ,2)+1:end ,:];

#keep track of peak memory

count = length (Rl)+length (Rr)+length (WIl)+length (Wr);
peakMem [1] = peakMem|[1]+ count ;

peakMem [2] = max(peakMem [1] , peakMem [2]) ;

count = length (Ur) +length (Vc);
peakMem [1] = peakMem[1] —count ;
peakMem [2] = max(peakMem [1] , peakMem [2]) ;

hss = Node(hssL ,hssR,tree.m, tree.m, tree.depth,d, Array{Float64 ,2}(undef,0,0) ,Array{Float64 ,2}(
undef ,0,0) ,Rl,Rr,WIl,Wr) ;
#return relavant portions of hankel blocks

rH = diagm (Sr)*Vr’;
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cH = Ucxdiagm (Sc);

#keep track of peak memory

count = 2xr;
peakMem [1] = peakMem[1l] —count;
peakMem [2] = max(peakMem [1] ,peakMem [2]) ;

hss, rH, cH, peakMem

end

function HSS_Expansion_Coeffs_Diag(hss::Hss,row_idx::Int64,col_idx ::Int64 ,N

::Int64 , peakMem

Int64,1})
#Recursively computes Expansion Coefficients (B’s) of HSS structure for the
#upper left and lower right block of the current node
# —_—
# O\ x N\
# N\ \
# N\ x\
# —
#INPUT : hss (Union(Node, Leaf)) branch of current node,
# row_idx (Int64) row index of current node
# col_idx (Int64) col index of current node
# N (Int64) grid size
#OUTPUT: hss (Union(Node, Leaf)) contains matrices (U, V, B R and

input tree for a corresponding matrix, as

as corresponding partition dimensions and

R S S

depth for each node

if isa(hss.treeL ,Leaf) && isa (hss.treeR ,Leaf) #both nodes are leaves

Au = Array{Float64 }(undef,2);
Bu = Array{Float64 }(undef,2);
Al = Array{Float64}(undef,2);
Bl = Array{Float64 }(undef,2);

col_idx = col_.idx 4+ hss.treeL .m;
m_idx = collect (row_idx:(row_idx+hss.treeL .m—1));
butm_idx = collect (col_idx:(col_idx+hss.treeR.m—1));

Au = f(m-idx,butm_idx ,N);

Bu = hss.treeL .U’ xAuxhss.treeR .V;

Au = Array{Float64}(undef,0);

#keep track of peak memory

count = length (m_idx)*length (butm_idx) + length (Bu);
peakMem [1] = peakMem[1l]+ count;

peakMem [2] = max(peakMem [1] , peakMem [2]) ;

count = length (m_idx)*length (butm_idx) ;

peakMem [1] = peakMem|[1] —count ;
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peakMem [2] = max(peakMem [1] ,peakMem [2]) ;

Al = f(butm_idx,m_idx ,N);

Bl = hss.treeR.U’x Alxhss.treelL .V;

Al = Array{Float64}(undef,0);

#keep track of peak memory

count = length (m_idx)*length (butm_idx) + length(BI);
peakMem [1] = peakMem[1]+ count ;

peakMem [2] = max(peakMem [1] ,peakMem [2]) ;
count = length (m-idx)*length (butm_idx) ;
peakMem [1] = peakMem[1l] — count ;

peakMem [2] = max(peakMem [1] , peakMem [2]) ;
hss.Bu = Bu;
hss.Bl = Bl;
hss, peakMem

elseif !isa(hss.treeL ,Leaf) && !isa(hss.treeR, Leaf) #neither node is a leaf

#Calculate B’s for off—diagonal blocks

col_.idx = col_-idx + hss.treeL .m;

Bu, Bl, peakMem = HSS_Expansion_Coeffs_OffDiag(hss.treeL ,hss.treeR ,row_idx, col_idx ,N,peakMem) ;

col_idx = col_idx — hss.treeL .m;

hss.Bl = BIl;
hss.Bu = Bu;

#Calculate B’s for upper left diagonal block
hssL , peakMem = HSS_Expansion_Coeffs_Diag(hss.treeL ,row_idx, col_idx ,N,peakMem) ;

#Calculate B’s for lower right diagonal block
row_-idx = row-idx + hss.treeL .m;
col_idx = col_.idx 4+ hss.treeL .m;

hssR, peakMem = HSS_Expansion_Coeffs_Diag(hss.treeR,row_idx,col_idx ,N,peakMem) ;

hss.treelLL = hssL;
hss.treeR = hssR;

hss, peakMem

elseif isa(hss.treelL ,Leaf) && !isa(hss.treeR, Leaf) #left node is a leaf, right node
bu_l = Array{Float64}(undef,2);
bu-r = Array{Float64 }(undef,2);
bl_-1 = Array{Float64 }(undef,2);
bl_.r = Array{Float64}(undef,2);

#Calculate B’s for off—-diagonal blocks

#left block of upper right corner and upper block of lower left corner

#(these are computed in the same pass)
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# 0\ NN N

# 0\ Vx NN

# 0\ NN N

# N\ \

# 0N x N\ N\

# A\ \—— \

# 0\ AU

# o —

# (9)

col_.idx = col_-idx + hss.treeL .m;

Bu_-l, Bl.l, peakMem = HSS_Expansion_-Coeffs_OffDiag(hss.treeL ,hss.treeR.treeL ,row_idx,col_idx ,N
,peakMem) ;

bu_.l = Bu_lxhss.treeR.WI;

bl_1 = hss.treeR.RI’xBl_1;

#keep track of peak memory

count = length (bu-l)+length(bl_1);

peakMem [1] = peakMem[1]+4 count ;

peakMem [2] = max(peakMem [1] ,peakMem [2]) ;

count = length (Bu.l) 4+ length(Bl_.1); #gives number of elements
peakMem [1] = peakMem[1] — count;

peakMem [2] = max(peakMem [1] ,peakMem [2]) ;

Bu.l = Array{Float64}(undef,0);
Bl_.1 = Array{Float64}(undef,0);

#right block of upper right corner and lower block of lower left corner

#(these are computed in the same pass)

# ______________
# 0\ AU
# 0\ AR A
# 0\ AU A
# N\
# 0\ VoV
# N\ \———\—\
#

#

#

col_idx = col_.idx 4+ hss.treeR.treeL .m;

Bu.r, Bl.r, peakMem = HSS_Expansion_Coeffs_OffDiag(hss.treelL ,hss.treeR.treeR ,row_idx,col_idx ,N
, peakMem)) ;

col_idx = col_.idx — hss.treelL.m — hss.treeR.treeL .m;

bu-r = Bu_rxhss.treeR .Wr;

bl_r = hss.treeR.Rr’«x Bl_r;

#keep track of peak memory

count = length (bu_r)+length(bl_r);

peakMem [1] = peakMem[1l]+ count ;

peakMem [2] = max(peakMem [1] ,peakMem [2]) ;

count = length (Bu.r)+length (Bl_r);
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peakMem [1] = peakMem[1l] — count ;
peakMem [2] = max(peakMem [1] ,peakMem [2]) ;

Bu.r = Array{Float64}(undef,0);
Bl_r = Array{Float64 }(undef,0);

hss.Bl = bl_1 4+ bl_r;
hss.Bu = bu-l + bu.r;

count = length(bl_1)+length(bl_r)+length(bu_-l)+length(bu_r);
peakMem [1] = peakMem[1] — count;
peakMem [2] = max(peakMem [1] ,peakMem [2]) ;

bl_l1 = Array{Float64}(undef,0) ;
bl_r

Array{Float64 }(undef,0) ;
bu_l

Array{Float64 }(undef,0) ;
bu.r = Array{Float64}(undef,0);

#Calculate B’s for lower right diagonal block upper right
#block of lower right corner and lower left block of lower

#right corner

# o —

# 0\ AU

# 0\ NN N

# 0\ NN N

# \

# 0\ NN x N

# N\ \———\——\

# 0\ Voxo\ N

# o —

# (11)

row_-idx = row-idx 4+ hss.treeL .m;
col_.idx = col_-idx + hss.treeL .m;

hssR, peakMem = HSS_Expansion_Coeffs_Diag(hss.treeR ,row_idx,col_idx ,N,peakMem) ;

hss.treeR = hssR;

hss, peakMem

elseif !isa(hss.treeL ,Leaf) && isa(hss.treeR, Leaf) #right node is a leaf, left node is not
bu_.l = Array{Float64 }(undef,2);
bu_r = Array{Float64}(undef,2);
bl_1 = Array{Float64 }(undef,2);
bl_r = Array{Float64 }(undef,2);

#Calculate B’s for off—diagonal blocks

#upper block of upper right corner and left block of lower left cormner

#(these are computed in the same pass)

# —_—
# 00\ x 0\
I \
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# 0\ N\ \

# N\

# 0N N\ \

#0\ x \ O\ \

# 0N\ N\ \

# -

# (12)

col_idx = col_idx + hss.treeL .m;

Bu.l, Bl.1, peakMem = HSS_Expansion_Coeffs_OffDiag(hss.treeL.treeL , hss.treeR ,row_idx,col_idx ,N
,peakMem) ;

bu_-l = hss.treeL.Rl’*Bu_l;

bl_1 = Bl_lxhss.treeL .Wl;

#keep track of peak memory

count = length (bu_l)+length(bl_1);

peakMem [1] = peakMem[1l]+ count ;

peakMem [2] = max(peakMem [1] ,peakMem [2]) ;

count = length (Bu_l)+length(Bl_1);
peakMem [1] = peakMem[1] — count ;

peakMem [2] = max(peakMem [1] ,peakMem [2]) ;

Bu_l = Array{Float64 }(undef,0) ;
Bl_1 = Array{Float64}(undef,0) ;

#lower block of upper right corner and right block of lower left corner

#(these are computed in the same pass)

# —_—
# 0\ \ \ \
# A\ \———— \
# N N\ x O\
# N\
# N\ N\ \
# 0\ \ x\ \
# 0N\ N\ \
# —— __
# (13)
row_idx = row._idx + hss.treeL.treeL .m;

Bu.r, Bl.r, peakMem = HSS_Expansion_Coeffs_OffDiag(hss.treeL.treeR , hss.treeR ,row_idx,col_idx ,N

, peakMem) ;
row_idx = row.-idx — hss.treeL.treeL .m;
col_idx = col_.idx — hss.treeL .m;

bu-r = hss.treeL .Rr’+«Bu_.r;

bl_r = Bl_-rxhss.treeL .Wr;

#keep track of peak memory

count = length (bu_r)+length(bl_r);
peakMem [1] = peakMem[1l]+ count;

peakMem [2] = max(peakMem [1] , peakMem [2]) ;

count = length (Bu.r)+length (Bl_r);

peakMem [1] = peakMem|[1] —count ;
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peakMem [ 2]

Bu.r =

Bl.r =

hss . Bl
hss.Bu

#keep track of peak memory

= max(peakMem [1] , peakMem [2]) ;

Array{Float64 }(undef,0) ;

Array{Float64 }(undef,0) ;

bl_1 + bl_r;

bu-l 4+ bu_r;

count = length(bl_1)+length(bl_r)+length(bu_-l)+length(bu_r);

peakMem [1] =

peakMem [2] =

bl_1 =
bl_r

bu_l

bu.r =

#Calculate B’s

#lower

# left

*

#OF Ok OH OH K OHF OHH

hssL , peakMem = HSS_Expansion_-Coeffs_Diag(hss.treeL ,row_idx, col_idx ,N,peakMem) ;

peakMem|[1] — count;

max (peakMem [1] , peakMem [2]) ;

Array{Float64 }(undef,0) ;

Array{Float64 }(undef,0) ;

Array{Float64 }(undef,0) ;

Array{Float64 }(undef,0) ;

1

eft

block of upper

corner

hss.treelL =

hss, peakMem

end

function HSS_Expansion_Coeffs_OffDiag(treeL :: Hss,treeR :: Hss,row_idx

hssL;

for

upper

peakMem : : Array{Int64 ,1})

#Computes Expansion Coefficients

#and lower left

o
# 0\ O\ x\
# N\ \
# 0\ x \ \
# ———
#INPUT:

#

#

block of the

treeL
treeR
row_idx (Int64)

right diagonal block

left corner and upper right block of upper

(B’s) of HSS structure for the upper right

current node

(Union (Node, Leaf)) left branch of current node

(Union(Node, Leaf)) right branch of current node

row index of current node

38

::Int64 ,col_idx :: Int64 ,N

::Int64 ,
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# col_idx (Int64) col index of current node

# N (Int64) grid size

#OUTPUT: Bu (Array{Float62,2}) Expansion coefficient matrix B at the
# current level which corresponds to the upper

# right block

# Bl (Array{Float62,2}) Expansion coefficient matrix B at the
# current level which corresponds to the lower

# left block

Au
Bu

Al =

Bl

bu

Array{Float64 ,2} (undef);
Array{Float64 ,2} (undef);
Array{Float64 ,2} (undef);
= Array{Float64 ,2} (undef);

-1 = Array{Float64 ,2}(undef);

bu.r = Array{Float64 ,2}(undef);

bl_1 = Array{Float64 ,2}(undef);

bl_

if

r = Array{Float64 ,2}(undef);
isa (treeL , Leaf) && isa (treeR, Leaf) #If node is a leaf
m_idx = collect ((row_idx):(row_idx+treeL .m—1));

butm_idx = collect (col_idx:(col_-idx+treeR.m—1));

Au = f(m-idx, butm-idx ,N);

Bu = treeL.U’sAuxtreeR .V;

#keep track of peak memory

count = length (Au)+length (Bu);
peakMem [1] = peakMem[1l]+ count;
peakMem [2] = max(peakMem [1] ,peakMem [2]) ;

count = length (Au);
peakMem [1] = peakMem[1] —count ;

peakMem [2] = max(peakMem [1] ,peakMem [2]) ;

Au = Array{Float64 }(undef,0);

Al = f(butm_idx,m_idx ,N);

Bl = treeR.U’* Al*xtreeL .V}

#keep track of peak memory

count = length (Al)+length (Bl);
peakMem [1] = peakMem[1]+ count ;
peakMem [2] = max(peakMem [1] ,peakMem [2]) ;

count = length (Al);
peakMem [1] = peakMem[1] —count;
peakMem [2] = max(peakMem [1] ,peakMem [2]) ;

Al = Array{Float64}(undef,0);

Bu, Bl, peakMem

elseif !isa(treeL, Leaf) && !isa(treeR,Leaf) #If neither node is a leaf

#COMPUTE EXPANSION COEFFICIENTS
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#upper left corner of both upper right and lower left blocks
#(these are computed at the same time. One block will be of

#dimension MxN, the other will always be of dimension NxM)

#

# —_—

# A\ \ X \<——\—— MxN
N \
#\ Vo

# A\

# O\ x A<\ \— N
# N\ \ \

# N\ \

# 77777777777 —

# (1)

Bu_ll1, Bl_.11, peakMem = HSS_Expansion_Coeffs_OffDiag(treeL.treelL ,treeR.treelL ,row_idx,col_idx ,N
, peakMem) ;

bu_-ll = treeL .Rl’« Bu_llxtreeR .WI;

bl_11 = treeR.Rl’«* Bl_llxtreeL .Wl;

#keep track of peak memory

count = length (bu-ll)+length(bl_11);
peakMem [1] = peakMem[1]+ count;
peakMem [2] = max(peakMem [1] ,peakMem [2]) ;

count = length (Bu_-ll)+length(B1_11);
peakMem [1] = peakMem[1l] —count ;
peakMem [2] = max(peakMem [1] ,peakMem [2]) ;

Bu_ll = Array{Float64 }(undef,0);
Bl_11 = Array{Float64 }(undef,0);

#Lower left corner lower left block, and also the upper right corner of

#the upper right block

. -
#\ VoA

#\ \———\——-\

#\ Vo
R \

# 00\ \

# o\ \ \

# o\ x A\ \

# 7777777777 —

# (2)

col_idx = col_idx 4treeR.treeL .m;

Bu_lr, Bl_lr, peakMem = HSS_Expansion_Coeffs_OffDiag(treeL.treeL ,treeR.treeR ,row_idx,col_idx ,N
, peakMem) ;

bu_lr = treeL.Rl’«*Bu_lr*xtreeR .Wr;

bl_lr = treeR.Rr’« Bl_lrxtreeL .WI;

#keep track of peak memory

count = length (bu_lr)+length(bl_1r);
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peakMem [1] = peakMem[1l]+ count ;
peakMem [2] = max(peakMem [1] ,peakMem [2]) ;

count = length (Bu.lr)+length(Bl_lr);
peakMem [1] = peakMem[1l] —count;
peakMem [2] = max(peakMem [1] ,peakMem [2]) ;

Bu._lr = Array{Float64}(undef,0);
Bl_lr = Array{Float64}(undef,0);

#upper right corner of lower block, lower left corner of upper block
T —

# 0\ AU U

#\ =

# 0\ Vx o\ N

# N \

# 0\ \ox 0\ \

# o\ \ \

# N\ N\ \

# 77777777777 —

# (3)

col_idx = col_idx —treeR.treeL .m;
row_idx = row_idx +treeL .treeL .m;

Bu_rl, Bl_rl, peakMem = HSS_Expansion_Coeffs_OffDiag(treeL.treeR ,treeR.treelL ,row_idx,col_idx ,N
, peakMem) ;

bu_.rl = treeL.Rr’«xBu_rl*xtreeR.WI;

bl_rl = treeR.Rl’«* Bl_rlxtreeL .Wr;

#keep track of peak memory

count = length (bu_rl)+length(bl_rl);
peakMem [1] = peakMem[1]+ count ;

peakMem [2] = max(peakMem [1] ,peakMem [2]) ;
count = length (Bu-rl)+length(Bl_rl);
peakMem [1] = peakMem[1l] — count;
peakMem [2] = max(peakMem [1] , peakMem [2]) ;

Bu_.rl = Array{Float64}(undef,0) ;
Bl_rl = Array{Float64 }(undef,0);

#lower right corner of both lower left and upper left blocks

# 77777777777 S—
#\ Vo
#\ A==\
#\ AN
B\
#O0 N\ \
# o\ \ \
# N\ x\ \
# —_—
# (4)
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col_-idx = col_-idx +treeR.treeL .m;

Bu_rr, Bl._rr, peakMem = HSS_Expansion_Coeffs_OffDiag(treeL .treeR ,treeR.treeR ,row_idx,col_idx ,N
, peakMem) ;

bu_rr = treeL .Rr’*Bu_rr*xtreeR .Wr;

bl_rr = treeR.Rr’« Bl_rrxtreeL .Wr;

#keep track of peak memory

count = length (bu_rr)+length(bl_rr);

peakMem [1] = peakMem[1]+4 count ;

peakMem [2] = max(peakMem [1] ,peakMem [2]) ;

count = length (Bu_rr)+length(Bl_rr);
peakMem [1] = peakMem[1l] — count;
peakMem [2] = max(peakMem [1] ,peakMem [2]) ;

Bu.rr = Array{Float64}(undef,0) ;
Bl_rr = Array{Float64}(undef,0);

#Add b’s to form the B’s

Bu = bu.ll+bu_rl4+bu_lr+bu_rr;

Bl = bl_ll4+bl_rl+bl_Ir+bl_rr;

#keep track of peak memory

count = length (Bu)+length (Bl);
peakMem [1] = peakMem[1]+ count;
peakMem [2] = max(peakMem [1] ,peakMem [2]) ;

count = length (bu-ll)+length(bu-rl)+length(bu_lr)+length(bu_rr)+length(bl_11)+length(bl_rl)+
length (bl_Ir )+length(bl_rr);

peakMem [1] = peakMem|[1] —count ;

peakMem [2] = max(peakMem [1] ,peakMem [2]) ;

bu_11 = Array{Float64 }(undef,0);
bu_rl = Array{Float64 }(undef,0);
bu_lr = Array{Float64 }(undef,0);
bu_rr = Array{Float64}(undef,0);
bl_11 = Array{Float64 }(undef,0);
bl_rl = Array{Float64 }(undef,0);
bl_lr = Array{Float64 }(undef,0);
bl_rr = Array{Float64}(undef,0);

Bu, Bl, peakMem

elseif isa(treeL, Leaf) && !isa(treeR, Leaf) #If left node is a leaf, and right node is not
#COMPUTE EXPANSION COEFFICIENTS

#left block of upper right corner and upper block of lower left cormner

#(these are computed in the same pass)

# 7777777777 —
#\ VoV
#\ \ xS\ MN
#\ Vv
# N \
#\ x<em e\ NaM
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# o\ \ \
#\ \ \
b o .
# (5)

Bu.l, Bl.1, peakMem = HSS_Expansion_Coeffs_OffDiag(treeL ,treeR.treeL ,row_idx, col_idx ,N, peakMem
)

bu_-l = Bu_lxtreeR .WI;

bl_.1 = treeR.R1’*Bl_1;

#keep track of peak memory

count = length (bu-l)+length(bl_1);
peakMem [1] = peakMem[1]4 count;
peakMem [2] = max(peakMem [1] ,peakMem [2]) ;

count = length (Bu_l)+length(Bl_1);

peakMem [1] = peakMem[1l] —count ;
peakMem [2] = max(peakMem [1] ,peakMem [2]) ;
Bu.l = Array{Float64 }(undef,0);

Bl_.1 = Array{Float64 }(undef,0);

#right block of upper right corner, upper left block of lower left corner.

. -
# o\ Vv

# o\ Vo x

# Vv

# O\ \

#\ \ \

# o\ \ \

# 0\ x \

# 77777777777 S—

# (6)

col_.idx = col_.idx + treeR.treeL .m;

Bu.r, Bl.r, peakMem = HSS_Expansion_Coeffs_OffDiag (treeL ,treeR.treeR ,row_idx, col_idx ,N, peakMem
)

col_idx = col_idx — treeR.treeL .m;

bu_r = Bu_rxtreeR .Wr;

bl_r = treeR.Rr’«Bl_r;

#keep track of peak memory

count = length (bu_r)+length(bl_r);

peakMem [1] = peakMem[1]+ count ;

peakMem [2] = max(peakMem [1] ,peakMem [2]) ;

count = length (Bu.r)+length(Bl_r);
peakMem [1] = peakMem[1l] — count;

peakMem [2] = max(peakMem [1] , peakMem [2]) ;

Bu.r = Array{Float64}(undef,0) ;
Bl_r = Array{Float64 }(undef,0);

Bu = bu.l + bu_r;
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Bl = bl_.1 4+ bl.r;
#keep track of peak memory
count = length (Bu)+length (Bl);

peakMem [1] = peakMem[1l]+ count;

peakMem [2] = max(peakMem [1] , peakMem [2]) ;

count = length (bu_l)+length (bu_r)+length(bl_1)+length(bl_r);
peakMem [1] = peakMem|[1] —count ;

peakMem [2] = max(peakMem [1] ,peakMem [2]) ;

bu_-1 = Array{Float64}(undef,0) ;

bu_r Array{Float64 }(undef,0) ;

bl_1

Array{Float64 }(undef,0) ;
bl_r = Array{Float64 }(undef,0);

Bu, Bl, peakMem

elseif !isa(treeL , Leaf) && isa(treeR, Leaf) #If right node is a leaf, and left node is not
#COMPUTE EXPANSION COEFFICIENTS

#upper block of upper right corner and left block of lower left corner

#(these are computed in the same pass)

# —_——

\
\ % A<\ \—— N
\

#OF Ok OH OH K OHF OHH
—
—
—

os]
=

Bl.1, peakMem = HSS_Expansion_-Coeffs_OffDiag(treeL.treeL ,treeR ,row_idx,col_-idx ,N, peakMem
)
bu_l = treeL .R1’«*Bu_l;
bl_.1 = Bl_l*xtreeL .WI;
#keep track of peak memory
count = length (bu_l)+length(bl_1);

peakMem [1] = peakMem[1]+4 count ;
peakMem [2] = max(peakMem [1] ,peakMem [2]) ;
count = length (Bu_l)+length(Bl_1);
peakMem [1] = peakMem[1] — count ;
peakMem [2] = max(peakMem [1] ,peakMem [2]) ;

Bu.l = Array{Float64}(undef,0);
Bl_1

Array{Float64 }(undef,0) ;

#upper block of upper right corner and left block of lower left corner

#(these are computed in the same pass)
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#\ \ \

#\ S \

#\ Vox

# N\ \
A0V \

# N\ x\ \

# 0\ \

# ______________

# (8)

row_idx = row_idx + treeL.treeL .m;

Bu.r, Bl.r, peakMem = HSS_Expansion_-Coeffs_OffDiag (treeL.treeR ,treeR ,row_idx, col_-idx ,N, peakMem
)

row_idx = row_idx — treeL.treeL .m;

bu_r = treeL .Rr’+«Bu_r;

bl_r = Bl_rxtreelL .Wr;

#keep track of peak memory

count = length (bu_r)+length(bl_r);

peakMem [1] = peakMem[1]+4 count ;

peakMem [2] = max(peakMem [1] ,peakMem [2]) ;

count = length (Bu.r)+length(Bl_r);
peakMem [1] = peakMem[1l] —count;
peakMem [2] = max(peakMem [1] ,peakMem [2]) ;

Bu.r = Array{Float64}(undef,0) ;
Bl_r = Array{Float64 }(undef,0);

Bu = bu.l + bu_r;

Bl = bl_1 + bl_r;

#keep track of peak memory

count = length (Bu)+length (Bl);
peakMem [1] = peakMem[1]4 count;
peakMem [2] = max(peakMem [1] ,peakMem [2]) ;

count = length (bu-l)+length(bu_r)+length(bl_1l)+length(bl_r);
peakMem [1] = peakMem[1l] — count ;
peakMem [2] = max(peakMem [1] , peakMem [2]) ;

bu_l = Array{Float64}(undef,0) ;
bu_.r = Array{Float64 }(undef,0);
bl_1 = Array{Float64 }(undef,0);
bl_r = Array{Float64 }(undef,0);

Bu, Bl, peakMem

A.1.2 HSS Script

This section contains code which gives examples of how to call the functions in appendix@
cd (”C:\\ Users\\ klessel\\Dropbox\\Julia_home”)
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push ! (LOADPATH, pwd())

# push!(LOAD_PATH,” /home/ klessel /Dropbox/Julia_home/Polynomials/src”)

using HSS_Types

using Polynomials

using LinearAlgebra

# include (” /home/ klessel /Dropbox/Julia_home/Gen_HSS_Memory_Efficient. jl”)

# include (” /home/klessel /Dropbox/Julia_home /Build_Matrix_From_HSS.jl”)

include (?C:\\ Users\\ klessel\\Dropbox\\Julia_home\\Gen_HSS_Memory_Efficient. jl”)
include ("C:\\ Users\\ klessel\\Dropbox\\Julia_home\\Build_-Matrix_From_HSS. jl1”)
include ("C:\\ Users\\ klessel\\Dropbox\\Julia_home\\FMM_Functions. jl1”)

include ("C:\\ Users\\ klessel\\Dropbox\\Julia_home\\svd_ranktol. jl”)

N =

T

d =

mi

N =

nPart

256;

Int64;
Int64;
Int64;

Int64;

r=3; #hankel block rank

mi

nPart

#d = 1;
# tree, dummy = Gen_Tree_-Complete(minPart ,N,d);

3%r;

#tree = Gen_-Tree_Mtree (minPart ,N);

tree , dummy = label_tree (tree,1);

#H#

# #complete test tree

# N = 160;

# leafl = Leaf_Spine(4,4,—1,—1);

# leaf2 = Leaf_Spine(8,8,—1,—1);

# nodel = Node_Spine(leafl ,leaf2,12,12,—-1,—-1);
#

# leaf3 = Leaf_Spine(7,7,—1,—1);

# leaf4d = Leaf_Spine(21,21,—1,—1);

# node2 = Node_Spine(leaf3 ,leaf4 ,28,28,—1,—1);
#

# leafb = Leaf_Spine(14,14,—1,—1);

# leaf6 = Leaf_Spine(16,16,—1,—1);

# node3 = Node_Spine(leaf5 ,leaf6,30,30,—-1,—1);
#

# leaf7 = Leaf_Spine(25,25,—1,—1);

# leaf8 Leaf_Spine(65,65,—1,—1);

# node4 = Node_Spine(leaf7 ,leaf8,90,90,—1,—1);
#

# node5 = Node_Spine(nodel ,node2,40,40,—1,—1);
# node6 = Node_Spine(node3,node4,120,120,—1,—1);
#

# tree = Node_Spine(nodeb5,node6,160,160,—1,—1);
# tree, dummy = label_tree(tree,1);

##

println ("N = 7,

hss,

peakMem = @Qtime Gen_HSS_Memory_Efficient(tree ,r);

N, 7, rank = 7, r, 7, Minimum Partition
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println (” Peak memory count is 7, peakMem[2], 7 Float64 assignments”);

#test
A = Array{Float64 ,2}(undef ,N,N);
A = f(1:N,1:N,N);

B, dummyl, dummy2 = Build_-Matrix_-From_HSS (hss);
rel_err = norm(A-B)/norm(A);
println (”|[|A-B||/||A]|]] = ", rel_err);

A.1.3 HSS Functions

function Gen_Tree_Complete (minPart::Int64 ,N::Int64 ,d::Int64)

#function (minPart ,N)

#This code is for testing purposes only. Generates a tree

#structure that is not associated with any function. Function takes in the
#size of the desired matrix and generates a tree by splitting this

#repeatedly in half on the left and right for a ’'complete’ tree.

#INPUT: minPart (Int64) minimum number of partitions

# type of tree that will be generated

# N (Uint) number of points in desired

# function

#OUTPUT: tree (Union(Node_Spine , Leaf_Spine) contains split dimensions and depth at
# each level

if N/2 < minPart # leaf
depth = 0;
leafLL = Leaf_Spine (N,N,depth,d);

d =d + N;
leafL. , depth, d
else # node
treeL , depth_-1, d-1 = Gen_-Tree_-Complete(minPart,convert(Int64 ,N/2),d);
treeR, depth_r, d_r = Gen_Tree_Complete (minPart,convert (Int64 ,N/2),d_1);

depth = 1 + max(depth_1,depth_r);
tree = Node_Spine(treeL ,treeR ,N,N,depth,d);
tree, depth, d_r

end

function Gen_Tree_Mtree(minPart:: Int64 ,N:: Int64)

#function [tree] = Gen_TestTree(tree ,N)

#This code is for testing purposes only. Artificually generates a tree
#structure that is not associated with any function. Function takes in the

#number of desired nodes and generates a Worst case memory tree

# must have the line ’using Polynomials’ in the main routine

#

#INPUT :

# N (Int64) number of points in desired
# function

97



FMM/HSS Julia Codes

Chapter A

# minPart (Int64) minimum number of partitions
#OUTPUT: tree (Tree) contains split dimensions at

# each level, as well as whether or not the
# node is a leaf

# number of nodes

n = 2xfloor (N/minPart) —1; # n = N.N = N_.L —1, and N.L = N/minPart.

#depth of tree
nodeRoots = roots (Poly([1—n,1,1]));

d_exact = nodeRoots[nodeRoots.>0]; #choose the positive root.

#find maximum depth, d_max, of the tree we will generate

d_max = convert (Int64 ,ceil (d-exact [1]));

#Call the function initially on the root node of the tree.
# <=
# /\
# /\ /\

#/\ /\/\
tree = Gen_MTree_Right (N, minPart,d-max) ;

tree

function Gen_MTree_Right (m, minPart,depth)

#Descend into right branch of the root of the current subtree (pictured below)

#

# ) \<—
# /\ /\
#/\ /\/\

#INPUT :

# m (Int64) partition dimension of current

# node

# minPart (Int64) minimum number of partitions

# depth (Int64) depth of current node

# pB (Bool) a flag that denotes whether the

# current node is on the prime branch
#OUTPUT': tree (Tree) contains split dimensions at

# each level, as well as whether or not the
# node is a leaf

if !'(m < 2+minPart)
#Case 1: If we do have enough rows to split into 2 blocks of minimum
#partition size split and recurse on both children. If we do not, then

#not partition further; Return two leaf nodes.
#max number of blocks of minimum partition size we can have on this
numBlocks = convert (Int64 ,floor (m/minPart));
#remaining depth of the left subtree.

r.depth = numBlocks —1;

#if we cannot generate a full left subtree — only generate children
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#corresponding to the the number of partitions we have left.
if m <(depth +1)xminPart

mL = r_depth*minPart;

mL = depth*minPart;

#Left Subtree Call
treeL = Gen_MTree_Left (mL, minPart,depth);

#Right Subtree Call
#do we have enough rows to partition into two blocks of minumum partition size?
if m >= 2+minPart && m < 3s*minPart
#Case A: do we only have enough to split into two blocks and no
#more?(blocks must be of at least minimum partition size and no
#more than 2 times the minimum partition size)

#Ex: minPart = 60

# /\170

# 110 60

#

mL = m— minPart; #extra rows tacked onto left child

leafL = Leaf_Spine (mL,mL,—1,—1);

mR = minPart;
leafR = Leaf_Spine (mR,mR,—1,—1);

tree = Node_Spine(leafL ,leafR ,m,m,—1,—1);
tree
elseif m<(depth+1)*xminPart
#Case B: do we have enough to split into more than two blocks, but cannot
#generate a full left going subtree?

#Ex: (N = 4096) Depth of full tree 12. MinPart = 60.

#(Though here I am only showing partition dimensions for 3 levels.

#Dots indicate a part of the tree not shown. )

# . o /\

# . /\204
# . 144/\ 60
# . 60 84
# /\

mR = m — (numBlocks—1)*minPart;

treeR = Leaf_Spine (mR,mR,—1,—1);
tree = Node_Spine(treeL ,treeR ,m,m,—1,—1);
tree

else #(depth+1)*minPart < m

#Case C: We have enough rows to generate a full leftgoing subtree of depth d-max

mR = m— depthsxminPart;
treeR = Gen_MTree_Right (mR, minPart,depth);
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tree = Node_Spine(treeL ,treeR ,m,m,—1,—1);
tree
end
else #Case 2: we did not have enough rows to partition — label node as a leaf and return

leaf = Leaf_Spine(m,m—1,—1);

leaf

end

function Gen_MTree_Left (m, minPart,depth)

#Generate left branch of the root of the current subtree (pictured below)

#
# /\
# —>/\ /\
# /\ /\/\
#INPUT :
# m (Int64) partition dimension of current
# node
# minPart (Int64) minimum number of partitions
# depth (Int64) depth of current node
# pB (Bool) a flag that denotes whether the
# current node is on the prime branch
#OUTPUT: tree (Tree) contains split dimensions at
# each level, as well as whether or not the
# node is a leaf
if m < 2*minPart # if Leaf
#pB = false;
leafL = Leaf_Spine(m,m,—1,—1);
leafL
else #node
depth —= 1;
mL = m — minPart;
treeL = Gen_MTree_Left (mL, minPart ,depth);
treeR = Leaf_Spine(minPart,minPart,—1,—1);
tree = Node_Spine(treeL ,treeR ,m,m,—1,—1);
tree
end
end

function label_tree (tree,d)
#This function labels each node with the starting index (row/col value)
# of its corresponding diagonal block. Can also label the depth if the

# commented lines are uncommented
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#

#INPUT : tree (Tree) contains partition dimensions for

# each subdivision of the input matrix, for each
# of which there are a left and right child

# structure

# d (Int64) row and col index which corresponds to
# the first element in the current diagonal block
# at every mnode.

#OUTPUT: tree (Tree) same as input, that contains wvalid

# diagonal (row/col) index at each node

# (and depth if commented lines are uncommented.
#

# Author: Kristen Ann Lessel — Sept 2014
if lisa(tree,Leaf_Spine) # if not a leaf node
tree.d = d;
tree.treelL ,d = label_tree(tree.treeL ,d);

depth_1 = tree.treeL .depth;

tree.treeR ,d = label_tree(tree.treeR ,d);

depth_r = tree.treeR.depth;

tree.depth = 1 4+ max(depth_l,depth_r);

tree, d

else
tree.depth = 0;
tree.d = d;
d =d + tree.m;
tree, d

end

end

function Build-Matrix_-From_HSS (hss)

#Takes in an HSS matrix (structure) and returns the dense matrix A

#(nxn double). This code should be use for error checking/debugging only,
#in practice you should not construct the full matrix A since the amount of

#memory required to do so will be large. Uses feild labled Bu instead of Br

#

#INPUT : hss (structure) contains matrices (Us, Vs, Bs Rs and
# Ws) that compose the hss representation of the
# input matrix, as well as partition dimensions

# and if branch is a leaf.

#

#OUTPUT: A dense matrix A

if isa(hss, Leaf) #if leaf node

U = hss.U;

V = hss.V;

D = hss.D;

D, U, V
else
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#

left recursive call

Dl, Ul, VI = Build_Matrix_From_HSS (hss.treeL);

#right recursive call

Dr, Ur, Vr = Build_Matrix_From_HSS (hss.treeR);

#construct upper right and lower left block of current level

urb = Ulxhss.BuxVr’;

11b = Urxhss.BlxVIl’;

#create D, U and V to pass to parent

D
U
\4

D

end

= [DIl urb; llb Dr];
= [Ulxhss.Rl; Urxhss.Rr];
= [Vlxhss.WIl; Vrxhss.Wr];

, U, V

## HSS_Types.jl

module HSS_Types

export Leaf, Node, Hss, Leaf_Spine, Node_Spine, Tree

mutable struct Leaf{Tl <: Integer, T2 <: Number}

m::T1
n::T1
depth
d::T1

::T1

#diagonal index

U:: Array{T2,2}
V::Array{T2,2}
D:: Array{T2,2}

end

#Define node

mutable struct Node{Tl <: Integer, T2 <: Number}

treeL
treeR
m::T1
n::T1

depth ::

d::T1

:: Union{Node, Leaf} #Union(Node{T1,T2},Leaf{T1,T2}) doesn’t work
:: Union{Node, Leaf}

T1

Bu:: Array{T2,2}
Bl:: Array{T2,2}
Rl:: Array{T2,2}
Rr:: Array{T2,2}
WlL:: Array {T2,2}
Wr:: Array{T2,2}

end

#Define HSS structure
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const Hss = Union{Leaf,6 Node}

# #Define partition (spine) tree

mutable struct Leaf_Spine{T <: Integer}

m::T
n::T
depth :: T
d::T

end

mutable struct Node_Spine{T <: Integer}
treeL :: Union{Node_Spine{T},Leaf_Spine{T}}
treeR :: Union{Node_Spine{T},Leaf_Spine{T}}

m::T
n::T
depth :: T
d::T

end

Tree = Union{Leaf_Spine ,Node_Spine}

A.2 FMM Julia Codes

A.2.1 FMM Construction

function FMM_Construction2(tree :: Tree,r,f:: Function)

#This is a memory efficient , two pass algorithm that takes in a Tree

#which is a partition tree for a given matrix which is described by the
#function, f, below and returns its corresponding FMM representation.
#Computation of U,R,V,W is done via deepest first post—ordering. B
#matrices are computed by in descending order (starting at root and finishing
#at the child). Relavant matrices are then multiplied and added

#from child to root in order to compute each B matrix. (Bottom Up Routine

# to compute B).

#INPUT : r (Int64) largest allowable rank of hankel blocks —
# this determines the amount of compression, and
# should be compatible with your input tree.

# (if the maximum allowable rank is p, then the
# tree partitions should be no smaller than 3p)
# Corresponding singular values below this rank
# will be dropped.

# tree (Tree) contains partition dimensions for

# each subdivision of the input matrix, for each
# of which there are a left and right child

# structure

#OUTPUT fmm (FMM) contains matrices (Us, Vs, Bs Rs and

# Ws) that compose the fmm representation of the
# input matrix, in addition to the partition
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# dimensions
# peakMem (Array{Int64,1}) first entry is a memory counter
# and second entry is the maximum memory

# Author: Kristen Ann Lessel — November 2015

N = tree.m;

empty_tree = create_empty_tree(tree.depth);
#pm_count = 0;

#pm-_max = 0;

#peakMem = [pm_count ,pm_max];

fmm, dummyl, dummy2 = FMM_Basis_TranslationOp(empty_-tree ,tree ,empty_tree ,N,r,f);

row_idx = 1;
col_idx = 1;

fmm = FMM_Expansion_Coeffs_Diag (fmm,row_idx , col_idx ,N, f);

function FMM_Basis_TranslationOp (treeL :: Tree, tree :: Tree,treeR :: Tree ,N::Int64 ,r::Int64 ,f:: Function)

#Computes U’s, V’s, R’s, W's and D’s of FMM structure, and stores these

#heirarchically

#INPUT : N (Int64) grid size

# rank (Int64) largest allowable rank of hankel blocks —
# this determines the amount of compression, and

# should be compatible with your input tree.

# (if the maximum allowable rank is p, then the

# tree partitions should be no smaller than 3p)

# Corresponding singular values below this rank

# will be dropped.

# tree (Union(Node_Spine , Leaf_Spine))

# contains partition dimensions for each

# subdivision of the input matrix, for each

# of which there are a left and right child

# structure

#OUTPUT: fmm (Union(Node, Leaf)) contains matrices

# (U, V, R and W) that compose the

# hss representation of the input matrix, in

# addition to the partition dimensions

# rH (Array{Float64}(2)) row hankel block with ’current’ U
# removed

# cH (Array{Float64}(2)) column hankel block with ’current’ V’
# removed

if isa(treeL ,Leaf_Spine) && isa(tree,h Leaf_Spine) && isa (treeR,Leaf_Spine)
dl_.idx = collect (treeL.col_idx:treeL.col_idx+treeL .m—1);

d2_idx = collect (tree.col_idx:tree.col_idx+tree.m—1);

d3_idx = collect (treeR.col_idx:treeR.col_idx+treeR.m—1);
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m_idx = collect (treeL.col_idx:(treeL.col_idx+treeL .mftree .mttreeR .m)—1);
#generate indices for current off diagonal hankel block

butm_idx = [l:m_idx[1] —1; m_idx[end]+1:N];
diag_idx = collect (tree.col_idx:(tree.col_idx+tree.m)—1);

#function call to generate lowest level row and column hankel blocks
rH2 = f(diag-idx ,butm_idx ,N);
cH2= f(butm_idx ,diag-idx ,N);

#take svds of upper row/left column and lower row/right column hankel blocks
Ur, Rr, Vr = svd_ranktol (rH2,r);
Uc, Rc, Vc = svd_ranktol(cH2,r);

rH2 = Array{Float64}(undef,0);
cH2 = Array{Float64 }(undef,0);

leaf = Leaf(tree.m,tree.col_idx ,tree.depth,Ur,Vc, f(d2_idx ,d1_idx ,N),
f(d2_.idx ,d2_idx ,N) ,f(d2_.idx ,d3_idx ,N));

rH = diagm (Rr)*Vr’;
cH = Ucxdiagm (Rc) ;

leaf, rH, cH

elseif isa(tree, Node_Spine)

#I1f the center tree is a node

#Descend into the tree, depth first

if tree.treeL .depth >= tree.treeR.depth #left node deeper than right

if isa(treeL ,Node_-Spine) && isa(tree ,Node_Spine) && isa (treeR,Node_Spine)
# 2) All nodes

#left recursive call
fmmL, upperRow, leftCol = FMM_Basis_TranslationOp(treeL .treeR ,tree.treeL ,tree.treeR,N,
r,f);

#right recursive call
fmmR, lowerRow, rightCol = FMM_Basis_.TranslationOp (tree.treeL ,tree.treeR ,treeR.treelL ,N

s, f)s

#these are used to indexes of rol/col hankel blocks excluding corresponding part of
diagonal block
diag_-width_1 = treeL.treeL .m 4+ treeR.treeL .m 4 treeR.treeR .m;

diag_width_r = treeL.treeL .m 4+ treeL.treeR.m 4 treeR.treeR .m;

#indexes used to obtain compressed hankel blocks for the next level

uR_idx = [1:(treeL.col_idx —1); (treeL.col_idx + diag_-width_1):(N—(treeL.treeR.m + tree
.treeL.m + tree.treeR.m))];

IR_idx = [1:(treeL.col_idx —1); (treeL.col_idx + diag_-width_r):(N—(tree.treeL .m + tree.
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treeR.m + treeR.treeL .m))];

elseif isa(treeL ,Node_Spine) &&isa (tree ,Node_Spine) && isa (treeR ,Leaf_Spine)
# 3) Left and center are nodes, right is leaf
#left recursive call
fmmL, upperRow, leftCol = FMM_Basis_TranslationOp (treeL .treeR ,tree.treeL ,tree.treeR , N,
r,f);

#right recursive call

fmmR, lowerRow, rightCol = FMM_Basis_TranslationOp(tree.treelL ,tree.treeR ,treeR ,N,r,f);

#these are used to indexes of rol/col hankel blocks excluding corresponding part of
diagonal block
diag_width_1 = treeL.treeL .m 4+ treeR .m;

diag_width_r = treeL.treelL .m 4+ treeL.treeR .m;

#indexes used to obtain compressed hankel blocks for the next level

uR_idx = [1:(treeL.col_idx —1); (treeL.col_idx + diag_-width_l1):(N—(treeL.treeR.m + tree
.treeL.m + tree.treeR.m))];

IR_idx = [1:(treeL.col_idx —1); (treeL.col_idx + diag_-width_r):(N—(tree.treeL .m + tree.
treeR.m + treeR .m)) ];

elseif isa(treeL ,Leaf_Spine) && isa(tree ,Node_Spine) && isa(treeR,Leaf_Spine)

# 8) Left and Right are leaves, center is node

#left recursive call

fmmL, upperRow, leftCol = FMM_Basis_TranslationOp (treeL ,tree.treelL ,tree.treeR ,N,r,f);

#right recursive call

fmmR, lowerRow, rightCol = FMM_Basis_.TranslationOp (tree.treeL ,tree.treeR ,treeR ,N,r, f);

#these are used to indexes of rol/col hankel blocks excluding corresponding part of
diagonal block
diag-width-1 = treeR.m

diag_width_r = treeL .m

#indexes used to obtain compressed hankel blocks for the next level

uR_idx = [1:(treeL.col_idx —1); (treeL.col_idx + diag_-width_l1):(N—(treeL.m + tree.treeL
.m + tree.treeR.m))];

IR_idx = [1l:(treeL.col_idx —1); (treeL.col_idx + diag_-width_r):(N—(tree.treeL .m + tree.
treeR.m + treeR .m))];

elseif isa(treeL ,Leaf_Spine) && isa(tree ,Node_Spine) && isa(treeR,Node_Spine)

# 5) Left is a leaf, center and right are nodes

#left recursive call

fmmL, upperRow, leftCol = FMM_Basis_TranslationOp (treeL ,tree.treeL ,tree.treeR ,N,r,f);
#right recursive call

fmmR, lowerRow, rightCol = FMM_Basis_.TranslationOp (tree.treeL ,tree.treeR ,treeR.treelL ,N
sty f)5
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else #r
if

#these are used to indexes of rol/col hankel blocks excluding
diagonal block
diag_width_1 = treeR.treelL .m 4+ treeR.treeR .m;

diag_width_r = treeL .m + treeR.treeR .m;

#indexes used to obtain compressed hankel blocks for the next

uR_idx = [1:(treeL.col_idx —1); (treeL.col_idx + diag_-width_l):
.m + tree.treeR.m))];

IR_idx = [1:(treeL.col_idx —1); (treeL.col_idx + diag_-width_r):
treeR.m + treeR.treeL .m))];

ight node deeper than left

corresponding part of

level

(N—(treeL .m + tree.treeL

(N—(tree.treeL .m 4+ tree.

isa (treeL ,Node_Spine) && isa (tree ,Node_Spine) && isa (treeR,Node_Spine)

# 2) All nodes

#right recursive call
fmmR, lowerRow, rightCol = FMM_Basis_.TranslationOp (tree.treelL ,
s, f)5

#left recursive call
fmmL, upperRow, leftCol = FMM_Basis_TranslationOp (treeL .treeR,
r,f);

#these are used to indexes of rol/col hankel blocks excluding
diagonal block
diag_-width_1 = treeL.treeL .m 4+ treeR.treeL .m 4 treeR.treeR .m;

diag_-width_r = treeL.treeL .m 4+ treeL.treeR.m 4+ treeR.treeR .m;

#indexes used to obtain compressed hankel blocks for the next

uR_idx = [1:(treeL.col_.idx —1); (treeL.col_idx + diag-width_1):
.treeL .m + tree.treeR.m))];

IR_idx = [1:(treeL.col_idx —1); (treeL.col_-idx + diag-width_r):
treeR.m + treeR.treeL .m))];

elseif isa(treeL ,Node_Spine) && isa(tree ,Node_Spine) && isa (treeR,

# 3) Left and center are nodes, right is leaf

#right recursive call

fmmR, lowerRow, rightCol = FMM_Basis_.TranslationOp (tree.treelL ,

#left recursive call
fmmL, upperRow, leftCol = FMM_Basis_TranslationOp (treeL .treeR,
r,f);

#these are used to indexes of rol/col hankel blocks excluding
diagonal block
diag_width_1 = treeL .treelL .m 4+ treeR .m;

diag_-width_r = treeL.treeL .m 4+ treeL.treeR .m;

#indexes used to obtain compressed hankel blocks for the next
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uR_idx = [1l:(treeL.col_-idx —1); (treeL.col_-idx + diag-width_1):(N—(treeL.treeR.m 4+ tree
.treeL.m + tree.treeR.m))];

IR_idx = [1:(treeL.col_idx —1); (treeL.col_idx + diag_-width_r):(N—(tree.treeL .m + tree.
treeR.m 4+ treeR.m)) |;

elseif isa(treeL ,Leaf_Spine) && isa(tree,Node_Spine) && isa (treeR,Leaf_Spine)

# 8) Left and Right are leaves, center is node

#right recursive call

fmmR, lowerRow, rightCol = FMM_Basis_TranslationOp(tree.treelL ,tree.treeR ,treeR ,N,r,f);

#left recursive call

fmmL, upperRow, leftCol = FMM_Basis_TranslationOp (treeL ,tree.treeL ,tree.treeR ,N,r,f);

#these are used to indexes of rol/col hankel blocks excluding corresponding part of
diagonal block
diag_-width_1 = treeR.m

diag_-width_r = treeL .m

#indexes used to obtain compressed hankel blocks for the next level

uR_idx = [1:(treeL.col_.idx —1); (treeL.col_.idx 4+ diag-width_1):(N—(treeL .m + tree.treeL
.m + tree.treeR.m))];

IR_idx = [1l:(treeL.col-idx —1); (treeL.col-idx + diag-width_r):(N—(tree.treeL.m + tree.

treeR.m + treeR .m)) ];

elseif isa(treeL ,Leaf_Spine) && isa(tree, Node) && isa (treeR,Node_Spine)

# 5) Left is a leaf, center and right are nodes

#right recursive call
fmmR, lowerRow, rightCol = FMM_Basis_.TranslationOp (tree.treeL ,tree.treeR ,treeR.treelL ,N
v, f);

#left recursive call

fmmL, upperRow, leftCol = FMM_Basis_TranslationOp (treeL ,tree.treeL ,tree.treeR ,N,r,f);

#these are used to indexes of rol/col hankel blocks excluding corresponding part of
diagonal block
diag_width_1 = treeR.treelL .m 4+ treeR.treeR .m;

diag_-width_r = treeL .m 4+ treeR.treeR .m;

#indexes used to obtain compressed hankel blocks for the next level

uR_idx = [1:(treeL.col_.idx —1); (treeL.col_idx + diag-width_l):(N—(treeL .m + tree.treeL
.m + tree.treeR.m))];

IR_idx = [1:(treeL.col_-idx —1); (treeL.col_idx + diag-width_r):(N—(tree.treeL .m + tree.

treeR.m + treeR.treeL .m))];

end
end
rH_top = upperRow [:, uR_idx];
rH_bottom = lowerRow [:, I1R_idx];

cH_left = leftCol [uR_idx ,:];
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cH_right = rightCol [IR_idx ,:];

#merge remainder of Hankel blocks from children
rH2 = [rH_top; rH_bottom];
cH2 = [cH_left cH_right];

#take svd of remaining portions of blocks to determine Rs and Ws
Ur, Sr, Vr = svd_ranktol (rH2,r);
Uc, Sc, Vc = svd_ranktol(cH2,r);

rH2 = Array{Float64 }(undef,0);
cH2 = Array{Float64 }(undef,0) ;

#partition Us to get R’s, partition V’s to get Ws
Rl = Ur[1l:size (upperRow,1) ,:];

Rr = Ur[size (upperRow,1)+1:end,:];

W1l = Vc[l:size(leftCol ,2) ,:];

Wr = Vc[size (leftCol ,2)+1:end,:];

emptyleaf = Leaf(—1,—1,—1,Array{Float64 ,2}(undef,0,0) ,Array{Float64 ,2}(undef,0,0) ,Array{
Float64 ,2} (undef,0,0) ,Array{Float64 ,2}(undef,0,0) ,Array{Float64 ,2}(undef,0,0));

fmm = Node (fmmL,fmmR, emptyleaf ,emptyleaf,tree.m, tree.m, tree.col_idx ,tree.col_idx ,tree.depth,
Array{Float64 ,2} (undef,0,0) ,Array{Float64 ,2}(undef,0,0) ,Array{Float64 ,2}(undef,0,0) ,Array{
Float64 ,2} (undef,0,0) ,Array{Float64 ,2}(undef,0,0) ,Array{Float64 ,2}(undef,0,0) ,Rl,Rr,Wl,Wr)

5

#return relavant portions of hankel blocks
rH = diagm (Sr)*Vr’;
cH = Ucxdiagm (Sc) ;

fmm, rH, cH

elseif isa(tree, Leaf_Spine)

#if center tree is a leaf, but left and/or right tree are/is node(s)

if isa(treeL ,Node_Spine) &&isa (tree,Leaf_Spine) && isa (treeR ,Node_Spine)

# 4) Left and Right trees are nodes, center tree is a leaf

#recursive call

fmm, row, col = FMM_Basis_TranslationOp (treeL .treeR ,tree ,treeR.treelL ,N,r, f);

# #these are used to indexes of rol/col hankel blocks excluding corresponding part of
diagonal block
diag-width = treeL.treelL .m + treeR.treeR .m;

# #indexes used to obtain compressed hankel blocks for the next level
idx = [1l:(treeL.col_.idx —1); (treeL.col_idx + diag_width):(N—(treeL.treeR.m + tree.m +

treeR.treeL .m)) ];

elseif isa(treeL ,Leaf_Spine) &&isa (tree,Leaf_Spine) && isa (treeR ,Node_Spine)

#6) if left and center trees are leaves and right tree is a node
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#recursive call

fmm, row, col = FMM_Basis_TranslationOp (treeL ,tree ,treeR.treeL ,N,r,f);

#these are used to indexes of rol/col hankel blocks excluding corresponding part of
diagonal block

diag_-width = treeR.treeR .m;

#indexes used to obtain compressed hankel blocks for the next level
idx = [1:(treeL.col_idx —1); (treeL.col_idx + diag_-width):(N—(treeL .m + tree.m + treeR.
treeL .m)) |;

elseif isa(treeL ,Node_Spine) &&isa (tree ,Leaf_Spine) && isa (treeR,Leaf_Spine)

#7) if left tree is a node and center and right trees are leaves

#recursive call

fmm, row, col = FMM_Basis_TranslationOp (treeL .treeR ,tree ,treeR ,N,r, f);

#these are used to indexes of rol/col hankel blocks excluding corresponding part of
diagonal block

diag-width = treeL.treeL .m;

#indexes used to obtain compressed hankel blocks for the next level
idx = [1:(treeL.col_-idx —1); (treeL.col_-idx + diag-width):(N—(treeL.treeR.m +tree.m + treeR
-m)) ];

rH = row [:,idx];

cH = col[idx ,:];

fmm, rH, cH

#function FMM_Expansion_Coeffs_Diag (fmm:: Fss,row_idx ::Int64 ,col_idx :: Int64 ,N:: Int64 ,peakMem:: Array {
Int64 ,1})

function FMM_Expansion_Coeffs_Diag (fmm::FMM, row_idx :: Int64 ,col_idx :: Int64 ,N::Int64 ,f:: Function)

#Recursively computes Expansion Coefficients (B’s) of FMM structure for the

#upper left and lower right block of the current node

#

# _______________

# \\  \BI3\Bl4\

# N\ \—————— \

# \ \  \ \B24\

# "\

# \B31\ \ \ \

# \———— \

# \B41\B42\ \ \

# _______________

#INPUT : fmm (Union (Node, Leaf)) branch of current node,
# row_idx (Int64) row index of current node
# col_idx (Int64) col index of current node
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# N (Int64) grid size

#OUTPUT: fmm (Union(Node, Leaf)) contains matrices (U, V, B R and
# W) that compose the HSS representation of the

# input tree for a corresponding matrix, as well

# as corresponding partition dimensions and

# depth for each node

if isa (fmm.fmmUL, Leaf) && isa (fmm.fmmLR, Leaf)
#do nothing. Return

# 7777777
# \ D\ D\
# \—————— \
# \ D\ D\
b
fmm

elseif !isa (fmm.fmmUL, Leaf) && !isa (fmm.fmmLR, Leaf)

#Off diagonal block calls. Recursively compute B13,B14,B24,B31,B41,B42

# 7777777
#O\ N\ x\
# N\ \
#o\x 0\
4
col_idx = col_idx + fmm.fmmUL.m;

fmmUR, fmmLL = FMM_Expansion_Coeffs_OffDiag (fmm.fmmUL, fmm.fmmLR, row_idx , col_idx ,N, f);

col_idx = col_.idx — fmm.fmmUL.m;

#Upper Left Diagonal Block FMM Call

# 7777777
# O\ x
# o\ \
# 0

#
fmmUL = FMM _Expansion_Coeffs_Diag (fmm.fmmUL, row_idx , col_idx ,N, f);

#Lower Right Diagonal Block FMM Call

# [

# N\ \

R \

# N\ x\

# o ———

col_idx = col_-idx + fmm.fmmUL.m;
row_-idx = row-idx 4+ fmm.fmmUL.m;

fmmLR = FMM _Expansion_Coeffs_Diag (fmm.fmmLR, row_idx , col_idx ,N, f) ;

fmm . fmmUR = fmmUR;
fmm . fmmLL = fmmLL;
fmm . fmmUL = fmmUL;
fmm . fmmLR = fmmLR;
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elseif isa (fmm.fmmUL, Leaf) && !isa (fmm.fmmLR, Leaf)

#compute both upper b’s and lower b’s here (2 of them)
col_idx = col_idx + fmm.fmmUL.m;
fmmUR, fmmLL = FMM_Expansion_Coeffs_OffDiag (fmm.fmmUL, fmm.fmmLR, row_idx , col_idx ,N, f);

col_idx = col_.idx — fmm.fmmUL.m;

#Upper Left Diagonal BLock is a Leaf, so no call

#mmUL = LeafOffDiag (fmm.fmmUL.m,fmm.fmmLR.m,fmm.fmmUL. col_idx ,fmm.fmmLR. col_idx ,0, Array{
Float64 } (undef,0,0) ,Array{Float64 }(undef,0,0) ,Array{Float64}(undef,0,0) ,Array{Float64 }(
undef ,0,0) ,Array{Float64 }(undef,0,0) ,Array{Float64}(undef,0,0));

#Lower Right Diagonal Block FMM Call
col_idx = col_idx + fmm.fmmUL.m;
row_idx = row.idx 4+ fmm.fmmUL.m;

fmmLR = FMM_Expansion_Coeffs_Diag (fmm.fmmLR, row_idx , col_idx ,N, f);

fmm . fmmUR = fmmUR;

fmm . fmmLL = fmmLL;

fmm . fmmLR = fmmLR

elseif !isa (fmm.fmmUL, Leaf) && isa (fmm.fmmLR, Leaf)

#compute both upper b’s and lower b’s here (2 of them)
col_idx = col_.idx + fmm.fmmUL.m;
fmmUR, fmmLL = FMM_Expansion_Coeffs_OffDiag (fmm.fmmUL, fmm.fmmLR, row_idx , col_idx ,N, f);

col_idx = col_.idx — fmm.fmmUL.m;

#Upper Left Diagonal Block FMM Call
fmmUL = FMM_Expansion_Coeffs_Diag (fmm.fmmUL, row_idx , col_idx ,N, f);

#Lower Right Diagonal Block is a Leaf, so no call

#mmLR = LeafOffDiag (fmm.fmmLR.m,fmm.fmmUL.m,fmm.fmmLR. col_idx ,fmm.fmmUL. col_idx ,0, Array{
Float64 }(undef,0,0) ,Array{Float64 }(undef,0,0) ,Array{Float64}(undef,0,0) ,Array{Float64 }(
undef ,0,0) ,Array{Float64 }(undef,0,0) ,Array{Float64 }(undef,0,0));

fmm . fmmUR = fmmUR;
fmm . fmmLL = fmmLL;

fmm . fmmUL = fmmUL;

function FMM_Expansion_Coeffs_OffDiag (fmmUL ::FMM, fmmLR: :FMM, row_idx :: Int64 , col_idx :: Int64 ,N:: Int64 ,f::

Function)
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if isa (fmmUL, Leaf) && isa (fmmLR, Leaf)

## These are zero arrays becuase B’s at the leaf will be computed by Off_Diag_Outter.

leafUR = LeafOffDiag (fmmUL.m,fmmLR.m,fmmUL. col_idx ,fmmLR. col_idx ,0, Array{Float64 }(undef,0,0) ,
Array{Float64 }(undef,0,0) ,Array{Float64}(undef,0,0) ,Array{Float64}(undef,0,0) ,Array{
Float64 } (undef,0,0) ,Array{Float64 }(undef,0,0));

leafLR = LeafOffDiag (fmmLR.m,fmmUL.m,fmmLR. col_idx ,fmmUL. col_idx ,0, Array{Float64 }(undef,0,0),
Array{Float64 } (undef,0,0) ,Array{Float64 }(undef,0,0) ,Array{Float64}(undef,0,0) ,Array{
Float64 } (undef,0,0) ,Array{Float64 }(undef,0,0));

leafUR, leafLR

elseif !isa (fmmUL,Leaf) && !isa (fmmLR, Leaf)
#upper left corner of both upper right and lower left blocks
#(these are computed at the same time. One block will be of

#dimension MxN, the other will always be of dimension NxM)

#

# 77777777777 S—

#\ \ X \<mm\-— MxN
#\ —\
#\ Vo
B\

# O\ x A\ \— N
# o\ \ \

# 0\ \

# —_—

# (1)

B13, B31 = FMM_Expansion_Coeffs_OffDiag_Outter (fmmUL.fmmUL, fmmLR.fmmUL, row_idx , col_idx ,N, f);

#Lower left corner lower left block, and also the upper right corner of

#the upper right block

¢ _
#\ VoA
#\ \———\——-\
#\ Vo
R \
# 0\ A\ \
#\—————— \ \
# o\ x A\ \
# 777777777
# (2)

col_idx = col_idx + fmmLR.fmmUL.m;
B14, B41 = FMM_Expansion_Coeffs_OffDiag_Outter (fmmUL.fmmUL,fmmLR.fmmLR, row_idx , col_idx ,N, f);

#lower right corner of both lower left and upper left blocks
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# o\ \———\——\
# o\ Vo x

# A\

# 0N\ \

# o\ \ \

# 0\ x\ \

# _______________

# (3)

row_idx = row-idx -HmmUL.fmmUL.m;

B24, B42 = FMM_Expansion_Coeffs_OffDiag_-Outter (fmmUL.fmmLR,fmmLR.fmmLR, row_idx , col_idx ,N, f);

#upper right cornmer of lower block, lower left corner of upper block
# —— __
# 0\ AU
# 0\ \———\——— \
# 0\ Vx o\ N
# \
# 0\ \ o\ \
# N\ \ \
# N\ 0\ \
# 777777777
# (4)

col_idx = col_.idx — fmmLR.fmmUL.m #changed on 4/18/16
fmmUR_LL, fmmLL.UR = FMM_Expansion_Coeffs_OffDiag (fmmUL.fmmLR,fmmLR.fmmUL, row_idx , col_idx ,N, f)
; # x, o = FMM_Expansion_Coeffs_OffDiag ()

offDiag_depth = max(fmmLR.depth ,fmmUL. depth) ;
emptyleaf = LeafOffDiag(—1,—-1,—-1,—1,—1,Array{Float64}(undef,0,0) ,Array{Float64}(undef,0,0),
Array{Float64 }(undef,0,0) ,Array{Float64 }(undef,0,0) ,Array{Float64}(undef,0,0),
Array{Float64 }(undef,0,0));
fmmUR = Node(emptyleaf, emptyleaf, emptyleaf,fmmUR_LL,fmmUL.m,fmmLR.m,fmmLR. col_idx ,
fmmUL. col_idx , off Diag_-depth ,B13,B14,B24, Array{Float64 }(undef,0,0) ,Array{Float64
}(undef,0,0) ,
Array{Float64 }(undef,0,0) ,Array{Float64}(undef,0,0) ,Array{Float64}(undef,0,0),
Array{Float64 }(undef,0,0),
Array{Float64 }(undef,0,0));
fmmLL = Node(emptyleaf,emptyleaf ,fmmLL_UR, emptyleaf ,fmmLR.m,fmmUL.m,fmmUL. col_idx ,
fmmLR. col_idx ,offDiag_depth , Array{Float64}(undef,0,0) ,Array{Float64}(undef,0,0),
Array{Float64}(undef,0,0),
B31,B41,B42, Array{Float64 }(undef,0,0) ,Array{Float64 }(undef,0,0) ,Array{Float64 }(
undef,0,0) ,
Array{Float64 }(undef,0,0));

fmmUR, fmmLL

elseif isa (fmmUL, Leaf) && !isa (fmmLR, Leaf)
#right block of upper right corner and bottom block of lower left corner
#(these are computed at the same time. One block will be of
#dimension MxN, the other will always be of dimension NxM)
#
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# ——
# 0\ NN N

# \ D \  \BI3\<—— MxN
# 0\ VoV N

# \

# 0\ NV N

# o\ \—\— \

# 0\ B3\ \ \

# 77777777777 S—

# ) (5)

# \

# NxM

col_idx = col_idx +mmLR.fmmUL.m;
B13, B3l = FMM_Expansion_Coeffs_OffDiag_Outter (fmmUL,fmmLR.fmmLR, row_idx , col_idx ,N, f);

#left block of upper right corner and top block of lower left corner
#(these are computed at the same time. One block will be of

#dimension MxN, the other will always be of dimension NxM)

#

#

# 0\ NN N

# N D\ x\ \<— MxN
# 0\ NN N

# )\

# 0N x N\ N\

# N\ \———\——\

#\ \ \ \

# o ——

# - (6)

# \

# NxM

col_idx = col_idx — fmmLR.fmmUL.m;

fmmUR.L, fmmLL. L = FMM_Expansion_Coeffs_OffDiag (fmmUL,fmmLR.fmmUL, row_idx , col_idx ,N, f);
emptyleaf = LeafOffDiag(—1,—1,—1,—1,—1,Array{Float64}(undef,0,0) ,Array{Float64}(undef,0,0),
Array{Float64 }(undef,0,0) ,Array{Float64}(undef,0,0) ,Array{Float64}(undef,0,0),
Array{Float64 }(undef,0,0));
fmmUR = Node(emptyleaf, emptyleaf, emptyleaf,fmmUR.L,fmmUL.m,fmmLR.m,fmmLR. col_idx ,
fmmUL. col_idx ,fmmLR.depth ,B13,Array{Float64}(undef,0,0) ,Array{Float64}(undef
,0,0) ,Array{Float64 }(undef,0,0) ,
Array{Float64 }(undef,0,0) ,Array{Float64}(undef,0,0) ,Array{Float64 }(undef,0,0),
Array{Float64 }(undef,0,0) ,
Array{Float64 }(undef,0,0) ,Array{Float64 }(undef,0,0));
fmmLL = Node(emptyleaf,emptyleaf ,fmmLL_L,emptyleaf ,fmmLR.m,fmmUL.m,fmmUL. col_idx ,
fmmLR. col_idx ,fmmLR.depth, Array{Float64}(undef,0,0) ,Array{Float64}(undef,0,0),
Array{Float64 }(undef,0,0),
B31,Array{Float64}(undef,0,0) ,Array{Float64}(undef,0,0) ,Array{Float64}(undef,0,0)

s

Array{Float64}(undef,0,0) ,Array{Float64}(undef,0,0) ,Array{Float64}(undef,0,0));
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fmmUR, fmmLL

elseif !isa (fmmUL,Leaf) && isa (fmmLR, Leaf)
#upper block of upper right corner, and left block of lower left corner
#(these are computed at the same time. One block will be of

#dimension MxN, the other will always be of dimension NxM)

#

# 77777777777 S—
# N\ \ B3\
# A\ \
# 0\ N \
B\
#ON N\ \
#\B3L\ \ \
# 0\ \
# —_—
# (1)

B13, B31 = FMM_Expansion_Coeffs_OffDiag_Outter (fmmUL.fmmUL, fmmLR, row_idx , col_idx ,N, f);

#left block of upper right corner and top block of lower left corner
#(these are computed at the same time. One block will be of
#dimension MxN, the other will always be of dimension NxM)

#

# ______________
# 0 N\ \
# O\ —m\mm \
# 0\ x 0\
I \
# 0\ \
# O\ N\ x\ \
# OO0\ \
. -
# (8)
row_idx = row.idx + fmmUL.fmmUL.m;

fmmUR_R, fmmLL.R = FMM_Expansion_Coeffs_OffDiag (fmmUL.fmmLR,fmmLR, row_idx , col_idx ,N, f);

emptyleaf = LeafOffDiag(—1,—-1,—1,—1,—1,Array{Float64}(undef,0,0) ,Array{Float64}(undef,0,0),
Array{Float64 }(undef,0,0) ,Array{Float64 }(undef,0,0) ,Array{Float64}(undef,0,0),
Array{Float64 }(undef,0,0));
fmmUR = Node(emptyleaf, emptyleaf, emptyleaf ,fmmURR,fmmUL.m,fmmLR.m,fmmLR. col_idx ,
fmmUL. col_idx ,fmmUL.depth ,B13,Array{Float64}(undef,0,0) ,Array{Float64}(undef
,0,0) ,Array{Float64 }(undef,0,0) ,
Array{Float64 }(undef,0,0) ,Array{Float64}(undef,0,0) ,Array{Float64 }(undef,0,0),
Array{Float64}(undef,0,0),
Array{Float64 }(undef,0,0) ,Array{Float64}(undef,0,0));
fmmLL = Node(emptyleaf,emptyleaf ,fmmLL_R,emptyleaf ,fmmLR.m,fmmUL.m,fmmUL. col_idx ,
fmmLR. col_idx ,fmmUL. depth, Array{Float64}(undef,0,0) ,Array{Float64}(undef,0,0),
Array{Float64}(undef,0,0),
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end

end

function FMM_Expansion_Coeffs_OffDiag_Outter (fmmL::FMM,fmmR: :FMM, row_idx

Int

#function FMM_Expansion_-Coeffs_OffDiag (treeL :: Hss,treeR :: Hss ,row_idx

B31,Array{Float64 }(undef,0,0) ,Array{Float64}(undef,0,0) ,Array{Float64 }(undef,0,0)

’

Array{Float64 }(undef,0,0) ,Array{Float64 }(undef,0,0) ,Array{Float64}(undef,0,0));

fmmUR, fmmLL

64 ,f:: Function)

#Computes Expansion Coefficients (B’s) of HSS structure for the upper right

#and lower left block of the current node

# ——

# N\ x\

# N\ \

# O\ x N\

# ——

#INPUT fmmL (Union (Node, Leaf)) left branch of current node

# fmmR (Union (Node, Leaf)) right branch of current node

# row_idx (Int64) row index of current node

# col_idx (Int64) col index of current node

# N (Int64) grid size

#OUTPUT Bu (Array{Float62,2}) Expansion coefficient matrix B at
# current level which corresponds to the upper

# right block

7# Bl (Array{Float62,2}) Expansion coefficient matrix B at
# current level which corresponds to the lower

# left block

Au = Array{Float64 ,2};

Bu = Array{Float64 ,2};

Al = Array{Float64 ,2};

Bl = Array{Float64 ,2};

bu_l = Array{Float64 ,2};

bu_
bl_
bl_
if

r = Array{Float64 ,2};

1 = Array{Float64 ,2};

r = Array{Float64 ,2};

isa (fmmL, Leaf) && isa (fmmR, Leaf) #If node is a leaf
m_idx = collect ((row_idx):(row_idx+mmL.m—1));
butm_idx = collect (col_idx:(col_idx+HmmR.m—1));

Au f(m-idx , butm_idx ,N) ;

Bu

fmmL .U’ % AuxfmmR.V;

Au = Array{Float64}(undef,0);

Al f(butm_idx , m_idx ,N) ;

B1

fmmR. U’ % Al*fmmL.V;
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Al = Array{Float64 }(undef,0) ;

Bu, Bl

elseif !isa (fmmL, Leaf) && !isa (fmmR, Leaf) #If neither node is a leaf
#COMPUTE EXPANSION COEFFICIENTS

#upper left corner of both upper right and lower left blocks
#(these are computed at the same time. One block will be of

#dimension MxN, the other will always be of dimension NxM)

#

. -

# A\ \ % \<m—\—— MxN
# O\ \
#\ Vv

# O\ \

# O\ x \<\ \—— N
#o N\ \ \

# 0\ \

# 77777777777 S—

# (1)

Bu-l1, Bl.11 = FMM_Expansion_-Coeffs_OffDiag_-Outter (fmmL.fmmUL, fmmR.fmmUL, row_idx , col_idx ,N, f);
bu_ll = fmmL.RIl’*% Bu_ll *fmmR.W1l;
bl_11 = fmmR.RI1’* B1_11*fmmL.WI;

Bu_.ll = Array{Float64}(undef,0);
Bl1_.11 = Array{Float64 }(undef,0);

#Lower left corner lower left block, and also the upper right corner of

#the upper right block

# 7777777777 —
#\ Vo x
#\ V-
#\ VoV
B\
# 0\ \
# o\ \ \
# o\ x 0\ \
# _______________
# (2)

col_idx = col_-idx +HmmR.fmmUL.m;
Bu_lr, Bl_.lr = FMM_Expansion_Coeffs_OffDiag_-Outter (fmmL.fmmUL, fmmR.fmmLR, row_idx , col_idx ,N, f);
bu-lr = fmmL.RIl’* Bu_lr *fmmR.Wr;
bl_lr = fmmR.Rr’+ Bl_lr *fmmL.WI;

Bu_lr = Array{Float64}(undef,0) ;
Bl_lr = Array{Float64 }(undef,0);

#upper right corner of lower block, lower left corner of upper block
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#\ Vo
#\ \——\——-\
#\ NES U
# N\ \
#0\ A\ x\ \
# o\ \ \
A NN \
# ______________
# (3

col_idx = col_-idx —fmmR.fmmUL.m;
row_-idx = row-idx +mmL.fmmUL.m;
Bu_rl, Bl_.rl = FMM_Expansion_Coeffs_OffDiag_Outter (fmmL.fmmLR,fmmR.fmmUL, row_idx , col_idx ,N, f);
bu_rl = fmmL.Rr’+ Bu_rl*fmmR.WI;
bl_rl

fmmR. R1’* Bl_rl*fmmL.Wr;

Bu_.rl = Array{Float64 }(undef,0) ;
Bl_rl = Array{Float64}(undef,0);

#lower right corner of both lower left and upper left blocks

# 7777777777 —
#\ Vo
#\ V=
#\ Vo x
B\
#O0 N \
# o\ \ \
#\ A\ x\ \
# _______________
# (4)

col_idx = col_idx +HmmR.fmmUL.m;
Bu.rr, Bl_rr = FMM_Expansion_Coeffs_OffDiag_-Outter (fmmL.fmmLR,fmmR.fmmLR, row_idx , col_idx ,N, f);
bu-rr = fmmL.Rr’* Bu_rr*fmmR.Wr;
bl_rr = fmmR.Rr’* Bl_rr*fmmL.Wr;

Bu.rr = Array{Float64}(undef,0) ;
Bl_rr = Array{Float64}(undef,0);

#Add b’s to form the B’s
Bu = bu.ll+bu_rl4+bu_lr+bu_rr;
Bl = bl_ll4bl_rl4+bl_lr+bl_rr;

bu_11 = Array{Float64}(undef,0);
bu_-rl = Array{Float64 }(undef,0);
bu_lr = Array{Float64 }(undef,0) ;
bu_rr = Array{Float64}(undef,0) ;
bl_11 = Array{Float64}(undef,0) ;
bl_rl = Array{Float64 }(undef,0);
bl_Ir = Array{Float64 }(undef,0);
bl_rr = Array{Float64}(undef,0);
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Bu, BI

elseif isa (fmmL, Leaf) && !isa (fmmR, Leaf) #If left node is a leaf, and right node is not
#COMPUTE EXPANSION COEFFICIENTS

#left block of upper right corner and upper block of lower left corner

#(these are computed in the same pass)

# ______________

# 0\ AU A

# 0\ A x \<——\—— MxN
# 0\ AU A

# -\

# O\ x<—\—————\— NxM
# N\ \ \

# 0\ \ \

# _______________

# (5)

Bu.l, Bl_.1 = FMM_Expansion_Coeffs_OffDiag_Outter (fmmL,fmmR.fmmUL, row_idx , col_idx ,N, f);
bu-1 = Bu_l*fmmR.WIl;
bl_1 = fmmR.RI1’« B1_1;

Bu_l = Array{Float64}(undef,0) ;
Bl_1 = Array{Float64}(undef,0) ;

#right block of upper right corner, upper left block of lower left corner.

# _______________
#\ Vo
#\ Voo x
#\ Vo
# A\
#\ \ \
# N\ \ \
# N x \
. .
# (6)

col_idx = col_idx + fmmR.fmmUL.m;

Bu.r, Bl.r = FMM_Expansion_Coeffs_OffDiag_Outter (fmmL,fmmR.fmmLR, row_idx , col_idx ,N, f);
col_idx = col_.idx — fmmR.fmmUL.m;

bu-r = Bu_rxfmmR.Wr;

bl_r = fmmR.Rr’*« Bl_r;

Bu.r = Array{Float64 }(undef,0);
Bl_-r = Array{Float64}(undef,0);

Bu = bu.l 4+ bu_.r;
Bl = bl_1 4+ bl_r;

bu-l = Array{Float64 }(undef,0) ;
bu_r = Array{Float64}(undef,0);
bl_1 = Array{Float64}(undef,0) ;
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bl_r = Array{Float64 }(undef,0);

Bu, Bl

elseif !isa (fmmL, Leaf) && isa (fmmR, Leaf) #If right node is a leaf, and left node is not

#COMPUTE EXPANSION COEFFICIENTS

#upper block of upper right corner and left block of lower left corner

#(these are computed in the same pass)

# 7777777777 —

#\ \ox <o\ M
#\ \———— \

#\ \ \

# N\

A NN \

# O\ x \<mm\—mm——m \—— N
A NN \

# _______________

# (1)

Bu.l, Bl_.1 = FMM_Expansion_Coeffs_OffDiag_Outter (fmmL.fmmUL,fmmR, row_idx , col_idx ,N, f);
bu-1 = fmmL.R1’* Bu_l;
bl_-1 = Bl_l*fmmL.WI;

Bu.l = Array{Float64}(undef,0);
Bl.1 = Array{Float64 }(undef,0);

#upper block of upper right corner and left block of lower left corner

#(these are computed in the same pass)

# _______________
#\ \ \
#\ S \
#\ Ve
# A\
# o0\ \
#ON 0\ x\ \
# 0\ \
# _______________
# (8)
row_-idx = row.idx + fmmL.fmmUL.m;

Bu.r, Bl.r = FMM_Expansion_Coeffs_OffDiag_Outter (fmmL.fmmLR,fmmR, row_idx , col_idx ,N, f);
row_idx = row.-idx — fmmL.fmmUL.m;
bu-r = fmmL.Rr’* Bu_r;

bl_r Bl_r*fmmL.Wr;

Bu.r = Array{Float64}(undef,0) ;

Bl.r = Array{Float64 }(undef,0);

Bu bu-l1 + bu_r;

bl_1 + bl_r;

B1
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bu_-1 = Array{Float64}(undef,0) ;
bu_r = Array{Float64}(undef,0) ;
bl_.l1 = Array{Float64}(undef,0) ;
bl_r = Array{Float64 }(undef,0);

Bu, BI
end

end

A.2.2 FMM Matrix-Vector Multiply

function FMM_Multiply (fmm::FMM, x:: Array{Float64 ,2}) #(fmm::FMM,x:: Array{Float64}(2))
#function [b] = HSS_Multiply (hss,x)

#Takes in an a matrix in fmm form, Afmm, and multiplies this with an input

#array , x. Gives an array b as output. A_fmmxx = b.

#

#INPUT : fmm (FMM) a matrix in fmm form as given by the

# function FMM_Construction(). Contains partition

# dimensions and matrices (U, V, R,W and B), which are

# heirachically stored, and compose the fmm

# representation of the input matrix.

# x (Array{Float64 ,2}) input array to multiply with A.

#OUTPUT': b (Array{Float64 ,2}) output array from the resulting multiplication

# Author: Kristen Ann Lessel, klessel@engineering.ucsb.edu
#
# Copyright (C) 2016 Kristen Ann Lessel, (klessel@engineering.ucsb.edu)
#
# This program is free software: you can redistribute it and/or modify
# it under the terms of the GNU General Public License as published by
# the Free Software Foundation, either version 3 of the License, or
# (at your option) any later version.
#
# This program is distributed in the hope that it will be useful,
# but WITHOUT ANY WARRANTY; without even the implied warranty of
# MERCHANTABILITY or FITNESS FOR A PARTICULAR PURPOSE. See the
# GNU General Public License for more details.
#
# You should have received a copy of the GNU General Public License
# along with this program. If not, see <http://www.gnu.org/licenses/>.
# Notes regarding notation:
# fmmO contains 4 substructures , fmmUL, fmmUR, fmmLL and fmmLR, shown here:
# fmmO0
# -
# \ UL \ UR \
# \——\——\
# \ LL \ LR \
# —
#
# Visual interpretation of a left call:
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# fmmL fmmO0 fmmR

# o o—
# 0N\ x\ \ox o\ ox N\ AU N
#\———\——\ \———\——\ \——\-——\
# N\ N\ AU WA AU
# —
# Next level:

# fmmL fmm0  fmmR

# o —
# 0N v N x\ AT N O Y
# o\ e — \ N \—————— \
L N N N A N R Y
# A \ L
2 N N N Y A L R Y
# AN \ \r————m \——————— \
# NN v\ N\ A O N W
# —
# So when going down one level in the fmm tree we set our new fmmO = fmmO.fmmUL,
# set the new fmmL = fmmL.fmmUR, and set the new fmmR = fmmO.fmmUR
# (right calls work similarly)

# Visual interpretation of a right call:

# fmmL fmm0 fmmR

# -
# 0\ N\ AU N AU N
# \———\——-\ \——\———\ \——\——\
# NN\ \oxo\ox N AU
# [
# Next level:

# fmmL  fmmO fmmR

# —
£ U U U A A N N Y
# o\ N \ N \—————— \
L N N N A N N Y
# oA \ e \
2 N N N A S Y
# A\ N — \ S S — \
# 0 0\ x N x\ AT N N Y
# —

f = Array{Float64}(undef,0,1); # Array(Float64, size(fmm.RI1,2) ,1);
gtree = FMM_Upsweep (fmm, x) ;

depth = 0;
empty-leafoffdiag = LeafOffDiag(—1,—1,—1,—1,depth, Array{Float64}(undef,0,0) ,Array{Float64 }(undef
,0,0),
Array{Float64 }(undef,0,0) ,Array{Float64}(undef,0,0) ,Array{Float64}(undef
,0,0),
Array{Float64 }(undef,0,0));

g = Array{Float64 }(undef,0,1);
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empty-gleaf = Leaf_Gtree(0,1,depth,g);

b = FMM_Downsweep(empty_leafoffdiag ,fmm,empty_leafoffdiag ,x,f,empty_gleaf,h gtree ,empty_gleaf);

end

function FMM_Upsweep (fmm, x)

upsweep to compute ’s
P P P g

if isa (fmm, Leaf)

g = fmm.V’xx;
gtree = Leaf_Gtree (fmm.m,fmm. col_idx ,fmm.depth,g);
gtree
else
x]l = x[1:fmm.fmmUL.m, :];

gtreeL = FMM_Upsweep (fmm.fmmUL, x1) ;

xr = x [fmm.fmmUL.m+1:end ,:];

gtreeR = FMM_Upsweep (fmm.fmmLR, xr ) ;

#new g

g = fmm.Wl'x gtreeL . gHfmm.Wr’x gtreeR . g;

gtree = Node_Gtree(gtreeL ,gtreeR ,fmm.m,fmm. col_idx ,fmm.depth,g)

gtree

function FMM_Downsweep (fmmL, fmm0,fmmR,x,f, gtreeL , gtree0 , gtreeR)

#downsweep to compute f’s

if isa(gtreeL , Leaf_Gtree) && isa(gtree0, Leaf_Gtree) && isa (gtreeR, Leaf_Gtree)

# Case 1) if all are leaves

x-1

x[gtreeL.col_idx:(gtreeL.col_idx+gtreeL .m—1) ,:];
x-0

x[gtree0.col_idx:(gtree0.col_idx+gtree0 .m—1) ,:];
x-r = x[gtreeR.col_idx:(gtreeR.col_idx+gtreeR .m—1) ,:];

fmm0.Uxf + fmmO.D_l1*x_-1 + fmm0.D_0%xx_-0 4+ fmmO.D_r*xx_r;

o o
Il

#elseif isa (fmm0O, Node)

elseif isa(gtreeL , Node_Gtree) && isa(gtree0 ,Node_Gtree) && isa (gtreeR ,Node_Gtree)
# Case 2) if all are nodes
# flmmL fmmO0 fmmR
#
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# A N S Y \ \
# \———— A \ \ \
# AT N S U \ \
#

# \B31\ . \ . \ . \B13\B14\ \
# 2) \ \ \ \ \
# \B41\B42\ . \ . \ . \B24\ \
#

# \ A S S O U
# \ R e e e
# \ L S N S O W
#

# \ \ A N N Y
# \ \ N \—— \
# \ \ A N N Y
#

fl = fmm0.RI+f + fmmL.B3lxgtreeL.gtreeL.g + fmmR.B13xgtreeR.gtreeL.g + fmmR.Bl4xgtreeR .gtreeR.g;

bl = FMM_Downsweep (fmmL.fmmUR, fmmO0 . fmmUL, fmmO0 . fmmUR, x , f1 , gtreeL . gtreeR , gtree0 . gtreelL , gtree0 . gtreeR
)5

fr = fmmO0.Rr*f 4+ fmmL.B4lxgtreeL .gtreeL.g 4 fmmL.B42xgtreeL .gtreeR.g 4+ fmmR.B24xgtreeR .gtreeR .g;
br = FMM_Downsweep (fmm0 . fmmLL, fmm0 . fmmLR, fmmR . fmmLL,x, fr , gtree0 . gtreeL , gtree0 . gtreeR , gtreeR . gtreeL

)
b = [bl; br];

elseif isa(gtreeL, Node_-Gtree) && isa(gtree0, Node_Gtree) && isa(gtreeR, Leaf_Gtree)
#Case 3) if Left and Center Trees are nodes, Right is Leaf

# fmmL fmmO0 fmmR

#

# A N S Y \ \
# \—— A — \ \ \
# A S S U \ \
# \

# AR W U U = D - B \
# 3) \ \ \ \
# AT N \ \
#

# \ AU AU A
# \ AU AU N
# \ AU N AU N
#

# \ \ A N N Y
# \ \ N — \—— \
# \ \ S N N VY
#

#fix addition of 0x0 (empty) arrays to pxl arrays (for the second call of the routine each Bxg
needs to be of size pxl for the addition to go through)
if isempty (fmmR.B13)
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#If we are at the right most branch of the tree

fl = fmm0.Rl*f + fmmL.B3lxgtreeL .gtreeL .g;

else
fl = fmm0.RI+xf 4 fmmL.B3lxgtreeL . gtreeL.g 4 fmmR.B13xgtreeR.g;

end

bl = FMM_Downsweep (fmmL.fmmUR, fmmO0. fmmUL, fmmO.fmmUR,x, fl ,gtreeL .gtreeR ,gtree0.gtreelL ,gtree0.
gtreeR) ;

fr = fmmO.Rr*f 4 fmmL.B4lxgtreeL .gtreeL .g + fmmL.B42xgtreeL .gtreeR .g;

br = FMM_Downsweep (fmm0 . fmmLL, fmm0 . fmmLR, fmmR, x, fr , gtree0 . gtreeL , gtree0 . gtreeR , gtreeR ) ;

b = [bl;br];

elseif isa(gtreeL, Node_Gtree) && isa(gtree0, Leaf_Gtree) && isa (gtreeR, Node_Gtree)
#Case 4) if Left and Right Trees are nodes, Center is Leaf

# fmmlL fmm0  fmmR
#

# AU U W U \ \
# N \——— \ \ \
# A VT WP U N \ \
#

# AU U \ \
# \ \ \ \ \
# A U A \ \
#

# \ AU AU
# 4) \ \B31\ . \ \ . \B13\
# \ NN N AU
# \

# \ \ \ AU NP
# \ \ \———— \———— \
# \ \ \ NN N
#

# Here R =1
f_new = f 4+ fmmL.B3l*xgtreeL.gtreeL.g + fmmR.Bl3*xgtreeR .gtreeR .g;

b = FMM_Downsweep (fmmL.fmmUR, fmm0,fmmR . fmmLL,x, f_new , gtreeL . gtreeR , gtree0 , gtreeR . gtreeL ) ;

elseif isa(gtreelL, Leaf_Gtree) && isa(gtree0 ,Node_Gtree) && isa (gtreeR ,Node_Gtree)

#Case 5) if left tree is a leaf, and center and right trees are nodes

# fmmL fmmoO fmmR

#

# \ \ \ \ \
# \ \ \ \ \
# \ \ \ \ \
#

# \ \ AU \
# \ \ AUIEIER U \
# \ \ AU \
#
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# \ \ A N R VY
# 5) \ \ \ \

# \ B3l \ .\ .\ NN
#

# \ \ A N WA
# \ \ \——— \——— \
# \ \ A O N T
#

fl = fmmO.Rl*f + fmmR.B13xgtreeR.gtreeL.g + fmmR.Bl4xgtreeR.gtreeR .g;
bl = FMM_Downsweep (fmmL, fmmO . fmmUL, fmmO . fmmUR, x, fl , gtreeL , gtree0 . gtreeL , gtree0 .gtreeR);

#fix addition of 0x0 arrays to pxl arrays (for the second call of the routine each Bxg needs to be
of size pxl for the addition to go through)
if isempty (fmmL.B31)
#If we are at the leftmost branch of the tree
fr = fmm0.Rrxf 4+ fmmR.B24xgtreeR .gtreeR .g;
else
fr = fmmO.Rr+f + fmmL.B3lxgtreelL .g + fmmR.B24xgtreeR . gtreeR.g;
end
br = FMM_Downsweep (fmm0 . fmmLL, fmm0 . fmmLR, fmmR . fmmLL, x, fr , gtree0 . gtreeL , gtree0 . gtreeR , gtreeR . gtreeL
)

b = [bl;br];

elseif isa(gtreeL, Leaf_Gtree) && isa(gtree0 ,Leaf_Gtree) && isa(gtreeR ,Node_Gtree)

#Case 6) if left and center trees are leaves, and right tree is a node

# fmmL  fmm0 fmmR

#

# \ \ \ \ \
# \ . \ \ \ \
# \ \ \ \ \
# \

# \ \ NN N \
# 6) \ . \ \ - \B13\ \
# \ \ AU \
#*

# \ AT N N U
# \ \ \ \

# \ A S N W
#

# \ \ L S N WA
# \ \ N N \
# \ \ L U N WA
#

# Here R =1
f_new = f 4+ fmmR.Bl13xgtreeR .gtreeR .g;

b = FMM_Downsweep (fmmL, fmmO, fmmR . fmmLL, x, f_new , gtreeL , gtree0 ,gtreeR . gtreelL ) ;
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elseif isa(gtreeL, Node_Gtree) && isa(gtree0 ,Leaf_Gtree) && isa (gtreeR,Leaf_Gtree)

#Case 7) if left tree is a Node, and center and right trees are leaves

# fmmIL ~ fmmO fmmR

#

# NN N \ \ \
# N \——— \ \ \
# NN N \ \ \
#

# AU \ \ \
# 7) \B31\ . \ . \ . \ \
# AU \ \ \
#

# \ \ \ AU
# \ \ \ AU
# \ \ \ AU
# \

# \ \ \ AUEER NP
# \ \ \————— \———— \
# \ \ \ NN N
#

f_new = f + fmmL.B3lxgtreeL .gtreeL .g;

b = FMM_Downsweep (fmmL.fmmUR, fmm0,fmmR, x, f_new , gtreeL . gtreeR , gtree0 , gtreeR ) ;

elseif isa(gtreeL, Leaf_Gtree) && isa(gtree0 ,Node_-Gtree) && isa (gtreeR ,6 Leaf_Gtree)
#Case 8) if left and right trees are Nodes, and center tree is a leaf

# At the root both the left and the right leaves will be emtpy

# fmmL  fmmO0 fmmR

#

# \ AU N \ \
# \ AN \ \
# \ AR \ \
#

# Ao\ -\ B13 \
# 8) \ \ \ \ \
# B3l \ .\ .\ .\ \
#

# \ AU N \ \
# \ AU N \ \
# \ AU N \ \
#

# \ \ \ \ \
# \ \ \ \ \
# \ \ \ \ \
#

if isempty (fmmR.B13)

#We are at the right most branch of the tree ( at the root of the tree
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#these dimensions match, but with an uneven tree we have to modify the equation
#for empty LeafOffDiags)
fl = fmmO0.Rlxf;
else
fl = fmm0.Rlxf + fmmR.B13xgtreeR .g;
end

bl = FMM_Downsweep (fmmL, fmmO0 . fmmUL, fmmO . fmmUR, x , fl , gtreeL , gtree0 . gtreeL , gtree0.gtreeR);

if isempty (fmmL.B31)
#if we are at the leftmost branch of the tree ( at the root of the tree
#these dimensions match, but with an uneven tree we have to modify the equation
#for empty LeafOffDiags)
fr = fmmO.Rrx*f;
else
fr = fmmO.Rr*xf 4+ fmmL.B3lxgtreeL .g;
end

br = FMM_Downsweep (fmmO0.fmmLL, fmm0 . fmmLR,fmmR,x, fr , gtree0 . gtreeL ,gtree0 . gtreeR , gtreeR);

b = [bl;br];
b

A.2.3 FMM Matrix-Matrix Multiply

#

# Author: Kristen Ann Lessel, kristenlessel@gmail.com

# June 15 2018

# FMM x FMM Multiply and utilities

# This version allows for passage of Arrays of Arrays or OffsetArrays of Arrays

# This version stores F, B anc B_.C as Offset Arrays instead of using functions

function FMM_FMM_Multiply (D:: OffsetArray{OffsetArray {Array{Float64}}},U:: OffsetArray{Array{Float64}} ,R

:: Array{OffsetArray { Array{Float64}}},B:: Array{OffsetArray { OffsetArray {Array{Float64}}}} W:: Array{
OffsetArray {Array {Float64}}},V:: OffsetArray { Array{Float64}},D:: OffsetArray{OffsetArray{Array{
Float64}}},0:: OffsetArray { Array{Float64}},R:: Array{OffsetArray { Array{Float64}}},B:: Array{

OffsetArray {OffsetArray { Array{Float64}}}},
Array{Float64}},depth::Int64)

#Multiplies 2 fmm matrices, with U,R,B,W,V being from the first 3 point fmm structure,
#and U,R,B,W,V being from the second 3 point fmm structure. Output is a 5 point fmm

#structure stored in arrays as listed here:

#Input : D:: OffsetArray{OffsetArray{Array{Float64}}}

# U,V:: OffsetArray{Array{Float64}}

# R,W:: Array{OffsetArray {Array{Float64}}}

# B:: Array{OffsetArray{Array{Array{Float64}}}}

# depth:: Int64 (depth of the two input fmm structures)
#Output : D.C:: OffsetArray{OffsetArray{Array{Float64}}}

# U.C,V.C:: Array{Array{Float64}}

# R.C,WC:: Array{Array{Array{Float64}}}

# B_C:: Array{Array{Array{Float64}}}
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#Compute U_.C, V_C

U.C = Array{Array{Float64}}(undef,2" (depth)+1);

V.C = Array{Array{Float64}}(undef,2" (depth)+1);

for i = 1:2 . depth
UCli] [U[i] D[i][i—=1]*0U[i—1] D[i][i]*0[i] D[i][i4+1]*0[i+1]];
VCl[i] [V[i] D[i—1][i]’*V[i—=1] D[i][i]’*V[i] D[i+1][i]’V[i+1]];

end

L m , m , / m /

# Upsweep to Compute G
G = Array{OffsetArray{Array{Float64}}}(undef,depth);
for k = 1l:depth
Glk] = OffsetArray {Array{Float64}}(undef, —1:2"(k)+4);

end

#Compute G at the leaves
for i = 1:2"depth
G[depth][i] = V[i]’«U[i];

end

#Compute G at the nodes
for k = depth:—1:2
for i = 1:2"(k—1)

Glk—1][i] = W[k][2i—1]"*G[k][2i —1]+«R[k][2i—1]4W[k][2i] *G[k][2i]R[k][21];

end

#assign empty G matrices to the right and left of the edge of each tree
#(matrices outside the indices 1:2°k are 0x0 empty matrices)

for k = 1l:depth

G[k][—1] = zeros(0,0);
G[k][0] = zeros(0,0);
G[k][2 " k+1] = zeros (0,0);
G[k][2 " k+2] = zeros(0,0);
G[k][2 k+3] = zeros (0,0);
G[k][2"k+4] = zeros (0,0);

#Compute R_.C, W.C
Array{Array{Array{Float64}}}(undef,6depth);
Array{Array{Array{Float64}}}(undef,6depth);
for k = 1:depth
R-C[k] = Array{Array{Float64}}(undef,2"(k)+2);
WC[k] = Array{Array{Float64}}(undef,2"(k)+2);

R-C

wW.C

RC[1][1] = R[1][1]; #if i wanted to add this into the loop I would just have to

columns of matrices of Bl;x,x

RC[1][2] = R[1][2];

W.C[1][1]

=W[1][1];
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WCl1][2] =W[1][2];
for k = 2:depth
for i = 1:27(k—-1)

#create zero blocks of the appropriate dimensions
ml_Rl, nl_-Rl = size(R[k][2i—-3]); #m_Rl = m_Rr
ml_Rr, nl_-Rr = size (R[k][21—-2]);

i—1]);

(

mO_-Rl, nO_Rl = size (R[k][2
size (R[k][2i]);

(

(

mO-Rr, nO_-Rr

mr_Rl, nr_RIl size (R[k][21i+1]);

mr_Rr, nr_Rr = size(R[k][21+4+2]);

ml_Rl, nl_RI size (R[k][2i—3]);
size (R[k][2i—2]);

[

ml_Rr, nl_Rr [
size (R[k][2i—1]);

[

[

[

mO_R1, nO_RI

size (R[k][2i]);
size (R[k][2i+1])
mr_Rr, nr_Rr = size (R[k] 21+2])

mOJir, n0_Rr
mr_RI s nr_RI

ml_-W1l, nl.WIl = size (W[k][2i—3]); #m_-Wl = m_Wr
ml-Wr, nl-Wr = size (W[k][2i—-2]);

2i-1]);

211) ;

mr W1, nr-WIl = size (W[k][2i+1])

[
[
mO_-W1l, nO0_-WIl = size (W[k]|[
mO_Wr, n0_-Wr = size (W[k]]|

[
mr-Wr, nr-Wr = size (W[k][2i42])

mlWl, nlWl = size(W[k][2i—3]);
mlWr, nlWr = size(W[k][2i—2]);
mOWl, n0OWIl = size(W[k][2i—1]);
mOWr, n0OWr = size (W[k][2i]);
mrWl, nr-Wl = size(W[k][2i4+1]);
[

mrWr, nr-Wr = size(W[k][2i42]);

mrr_Rl, nrr_Rl =size (R[k][2i+3]);
mrr-W1, nrr W1 =size (W[k][2i+43]);

RC[k][2i—-1] = [R[k][2i—1] B[k][2i—1][2i —3]*G[k][2i—3]*R[k][2i—3] zeros(mO_Rl,n0_Rl) B[k
1125 —1][2i+1]*CG[k][2i+1]*R[k][2i4+1]+B[k][2i —1][2i4+2]*G[k][2i+2]*R[k][2i+2];
zeros (ml_Rr,n0-R1) R[k][2i—2] zeros(ml-Rr,n0-Rl) zeros(ml-Rr,nr-Rl);
zeros (mO_Rl ,n0_R1) zeros(mORIl,nl_Rr) R[k][2i—1] zeros(mORl,nr_Rl);
zeros (mO_Rr ,n0_R1) zeros(mORr,nl_-Rr) R[k][2i] zeros(mORr,nr_R1)];
WC[k][2i—1] = [W[k][2i—-1] B[k][2i—3][2i —1]"*G[k][2i—3]"*W[k][2i—3] zeros(mO0Wl ,n0-WI1) B[k
J[2i+1][2i —1]’*G[k][2i+1]"*W[k][2i+1] + B[k][2i+2][2i —1]"*G[k][2i+2] *W[k][2i+2];
zeros (ml_Wr,n0 Wl) W[k][2i—2] zeros(ml.-Wr,n0_WI1) zeros(ml.-Wr,nr_WI);
zeros (mO-W1, n0 Wl) zeros (mO-Wl,nl_-Wr) W[k][2i—1] zeros(m0_WIl,nr_WI);
zeros (mO_Wr, n0 Wl) zeros (m0_Wr,nl_.Wr) W[k][2i] zeros(mO_-Wr,nr_-Wl) ];

R.C[k][2i] = [R[k][2i] B[k][2i][2i —3]+G[k][2i—3]+R[k][2i—3] + B[k][2i][2i —2]*G[k][2i —2]+R[

k][2i-2] zeros(mO-Rr,n0_R1) B[k][2i][2i4+2]*G[k][2i+2]*R[k][2i+2];
zeros (mO_Rl ,n0_Rr) zeros(mO-RIl,nl_Rl) R[k][2i—1] zeros(mORIl,nr_Rr);
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zeros (mO-Rr ,n0-Rr) zeros(mORr,nl_-Rl1) R[k][2i] zeros(mO-Rr,nr_Rr);
zeros (mr_Rl ,n0_Rr) zeros(mr_Rl,nl_R1) zeros(mr_Rl,n0_Rl) R[k][2i+4+1]];
WC[k][2i] = [W[k][2i] B[k][2i—3][2i] *G[k][2i—3]"+«W[k][2i-3]+B[k][2i—2][2i] *G[k][2i—2] %
W[k][2i—2] zeros(mOWr,n0-W1) Blk]|[2i42][2i] *G[k][2i+2]"+W[k][2i+2];
zeros (mO_W1,n0 Wr) zeros(m0-WIl,nl_WI1) W[k][2i—1] zeros(mO0-WIl,nr_-Wl);
zeros (mO-Wr,n0 Wr) zeros(m0-Wr,nl_WI1) W[k][2i] zeros(m0-Wr,nr_-Wl);
zeros (mr-WIl,n0 Wr) zeros(mr-WIl,nl_WI1) zeros (mr-WIl,n0-W1) W[k][2i+1]];

if i = 2°(k—1)
R-C[k][2i4+1] = [R[k][2i+1] B[k][2i+1][2i —1]*G[k][2i—1]*R[k][2i—1] zeros(mr_Rr,nr_Rl) B
[k][2i4+1][2i+3]*G[k][2i43]*R[k][2i43] + B[k][2i+1][2i+4]*G[k][2i+4]+R[k][21+4];
zeros (mO_Rr,nr-R1) R[k][2i] zeros(mORr,nr-Rl) zeros(mO-Rr,nrr-Rl1);
zeros (mr_Rl,nr_R1) zeros(mr_Rl,n0_Rr) R[k][2i+1] zeros(mr_Rl,nrr_Rl);
zeros (mr_Rr ,nr_R1) zeros(mr_Rr,n0_Rr) R[k][2i+2] zeros(mr_Rr,nrr_Rl)];

R.C[k][2i+2] = [R[k][2i4+2] B[k][2i+2][2i —1]*G[k][2i—1]*R[k][2i—-1]4+ B[k][2i+2][2i]*G[k
][2i]*R[k][2i] zeros(mr-Rr,nr_Rl) B[k][2i+2][2i+4]*G[k][2i+4]*R[k][2i+4];
zeros (mr_Rl ,nr_Rr) zeros(mr_.Rl,n0_Rl) R[k][2i+1] zeros(mr_Rl,nrr_Rl);
zeros (mr_Rr,nr_Rr) zeros (mr_Rr,n0.-Rl1) R[k][2i+2] zeros(mr-Rr,nrr_Rl);
zeros (mrr_Rl ,nr_Rr) zeros(mrr-Rl,n0_R1) zeros(mrr_Rl,nr_R1) R[k][2i
+3]];
WC[k][2i+1] = [W[k][2i+1] B[k][2i—1][2i+1]"*G[k][2i—1]"*W[k][2i—1] zeros(mr.WIl ,nr-Wl)
Blk][2i4+3][2i4+1]"*G[k][2i+3]"*W[k][2i+3] + B[k][2i4+4][2i+1]"*G[k][2i4+4] *W[k][2i

+4];
zeros (mO-Wr, nr W1) W[k][2i] zeros(mO_Wr,nr_Wl) zeros (m0-Wr,nrr_Wl1);
zeros (mr-Wl, nr Wl) zeros (mr-WI1,n0_-Wr) W[k][2i+1] zeros(mr-WIl,nrr_W1);
zeros (mr-Wr, nr Wl) zeros (mr-Wr,n0-Wr) W[k][2i+2] zeros(mr-Wr,nrr_-W1) |;
WC[k][2i4+2] = [W[k][2i42] B[k][2i—1][2i4+2]’*G[k][2i—1]"+*W[k][2i—1] zeros (mrWr,nr_Wl)

Blk][2i+4][2i42]"*G[k][2i4+4]*W[k][2i+4];
zeros (mr-WIl,nr_Wr) zeros (mr_-WI1,n0_-WIl) W[k][2i+4+1] zeros (mr-WIl,nrr_W1);
zeros (mr-Wr,nr_Wr) zeros (mr-Wr,n0-WIl) W[k][2i+2] zeros (mr-Wr,nrr_W1);
zeros (mrr-W1,nr_Wr) zeros (mrr-WI1,n0-W1) zeros (mrr-WIl,nr_-WIl) W[k][21i
+311;

#Down—sweep recursions (F matrices)

F = Array{OffsetArray{OffsetArray{Array{Float64}}}}(undef,depth);
for k = 1l:depth
F[k] = OffsetArray{OffsetArray{Array{Float64}}}(undef,1:2 k+42);
for i = 1:2 k42
F[k][i] = OffsetArray{Array{Float64}}(undef,i —2:i+2);

end
end
F[1][1][1] = zeros(0,0);
F[1][1][2] = zeros(0,0);
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F[1
F{1][2]
F[1][3]

J11][3]
] (1]
] (1]
F[1][2][2] = zeros(0,0);
] (3]
] [2]

= zeros (0,0);
= zeros (0,0);
= zeros (0,0);
Fl1][2]
(3]

= zeros (0,0);
Fl1 = zeros (0,0);
for k = 2:depth

for i = 1:2"(k—1)

#create zero blocks of the appropriate dimensions
ml_Rl, nl_-Rl = size (R[k][21—-3]); #n_-Rl = n_Rr
ml_Rr, nl_Rr = size(R[k][2i—2]);

mO_Rl, nO_Rl = size(R[k][2i—1]);

mO_Rr, nO_Rr = size (R[k][
[
(

21]);
mr_Rl, nr_Rl = size (R[k][2i+1]);
mr_Rr, nr_Rr = size (R[k][2i+2]);
ml_Rl, nl-Rl = size(R[k][2i—3]);
ml_Rr, nl_Rr = size (R[k][2i—2]);
mO-Rl, n0-Rl = size (R[k][2i—1]);
mO-Rr, nO_Rr = size (R[k][2i]);
mr-Rl, nr_Rl = size(R[k][2i4+1]);
mr_Rr, nr_Rr = size (R[k][2i+42]);

ml.W1, nl.WI = size (W[k][2i—3]); #m_WIl = m_Wr
ml.Wr, nl_Wr = size (W[k][2i—2])
mO_WI, n0.WI = size (W[k][2i—1])
mO0-Wr, n0O-Wr = size (W[k][2i]);
mr-Wl, nr-WI1 =size (W[k][2i+1]);
mr_-Wr, nr -Wr =size (W[k][2i+2]);

mlWl, nlWl = size(W[k][2i—3]);
mlWr, nl-Wr = size(W[k][2i—2]);
2i—1]);
2i]);

mrWl, nr Wl = size(W[k][2i+1])

mOWl, nOWI = size (W[k]

[
[
[
mOWr, n0Wr = size (W[k]|
[
[

mrWr, nrWr = size(W[k][2i+2])

mrr_Rl, nrr_Rl =size (R[k][2i43]);
mrr-W1, nrr W1 =size (W[k][21i+43]);

#The size of the zero blocks in F correspond to the number of rows in each

#block of R-C, and the number of columns in each block of W_.C"H.

#F[k][2i—1][2i —1]

Flk][2i—-1][2i—-1] = [B[k][2i—1][2i —3]*G[k][2i—-3]*B[k][2i —3][2i—1] + B[k][2i —1][2i+1]+G[k][2i
+1]*B[k][2i+1][2i—1] + B[k][2i —1][2i4+2]*G[k][2i+2]*B[k][2i+2][2i—-1] zeros(mO_-Rl,ml_-Wr)
zeros (m0-Rl,m0_-W1) zeros (mO_-Rl, m0_-Wr) ;

zeros (ml_Rr ,mOWl) zeros(ml_Rr,ml.Wr) zeros (ml_Rr,m0_-WIl) zeros(ml_Rr,m0_-Wr
)
zeros (m0O-Rl ,mOWl) zeros (mORl,ml-Wr) zeros(mO-Rl,m0_-Wl) zeros(mO-Rl ,m0_-Wr
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)i

zeros (mO_Rr ,mOWIl) zeros (mO_Rr,ml_Wr) zeros(mO_Rr,m0_WI1) zeros (mO_Rr,m0_Wr
)]+
RC[k][2i—1]*xF[k—1][i][i]*WC[k][2i —1]";

#F[k][2i,21]

Flk][2i][2i] = [B[k][2i][2i—-3]*G[k][2i—3]+«B[k][2i—3][2i] 4+ B[k][2i][2i—-2]*G[k][2i—2]+«B[k][2i
—2][2i] + B[k][2i][2i42]*G[k][2i4+2]*B[k][2i4+2][2i] zeros(mO-Rr,m0-Wl) zeros(mO_Rr,m0-Wr)
zeros (mO_Rr ,mr_-WI) ;

zeros (mO-Rl ,mOWr) zeros(mO-Rl,m0-WI1) zeros (mO-Rl ,m0_Wr) zeros(mO-Rl,mr-W1);

zeros (mO_Rr ,mOWr) zeros (mO-Rr,m0-Wl) zeros (mO-Rr ,m0-Wr) zeros (mO-Rr,mr-Wl);

zeros (mr-Rl ,mOWr) zeros (mr-Rl,m0-Wl) zeros(mr-Rl ,m0-Wr) zeros (mr-Rl,mr-W1)] +
RC[k][2i]*F[k—1][i][i]*WC[k][2i];

#F[k][2i—1,2i]
Flk][2i—-1][2i] = [B[k][2i—1][2i —3]*G[k][2i—3]«B[k][2i—3][2i] + B[k][2i—1][2i+2]*G[k][2i+2]*B[k
][2142][2i] zeros(mO-Rl,m0-WIl) zeros (mO-Rl,m0-Wr) B[k][2i—1][2i+1];
B[k][2i—2][2i] zeros(ml_-Rr,m0-Wl) zeros(ml-Rr,m0-Wr) zeros(ml_Rr,mr-Wl);
zeros (mO_Rl ,mOWr) zeros(mO_Rl,m0_WIl) zeros (mO_Rl,m0_-Wr) zeros (mO_RIl,mr_.WI);
zeros (mO_Rr ,mOWr) zeros(mO_Rr,m0-Wl) zeros(mO_Rr,m0-Wr) zeros(mO_Rr,mr_-Wl)]
+

R.C[k][2i—1]«F[k—1][i][i]+*W.C[k][2i];

#F[K][21,21—1]
Flk][2i][2i—1] = [B[k][2i][21—3]*G[k][2i—3]«B[k][2i —3][2i—1] 4+ B[k][21i][21+2]+*G[k][2i+2]*B[k
J[2i+42][2i—1] B[k][2i][2i—2] zeros(mO-Rr,m0-Wl) zeros (mO-Rr,m0-Wr) ;
zeros (mO_Rl ,mOWl) zeros(mORIl,ml.Wr) zeros(mO-Rl,m0_-Wl) zeros(mO_Rl ,m0_Wr);
zeros (mO_Rr ,mOWI) zeros(mO_Rr,ml_Wr) zeros (mO_Rr,m0_WI) zeros (mO_Rr,m0_Wr) ;
B[k][2i+1][2i—1] zeros(mr-Rl,ml-Wr) zeros(mr_Rl,m0-Wl) zeros(mr_Rl,m0-Wr)] +
R.C[k][2i]*F[k—1][i][i]*WC[k][2i—1]";

#F[K][2i—1,2i+1]
F[k][2i—1][2i+1] = [zeros(mO-Rl,mrWIl) zeros(mO-Rl,m0-Wr) B[k][2i —1][2i4+1] B[k][2i—1][2i +2];
zeros (ml-Rr ,mrWIl) zeros(ml_-Rr,m0-Wr) zeros(ml-Rr,mr-Wl) zeros (ml_Rr,mr-Wr
)i
B[k][2i—1][2i+1] zeros(mORIl,m0_-Wr) zeros(mORl,mr-Wl) zeros(mORIl ,mr-Wr);
zeros (mO_Rr ,mrW1) zeros(mO_Rr,m0.-Wr) zeros(mORr,mr-Wl) zeros(mO_Rr,mr_-Wr
)1+
RC[k][2i—1]*xF[k—1][i][i+1]*WC[k][2i+1]";

#F[K][2i,21+2]
F[k][2i][2i42] = [zeros (mO_-Rr,mrWr) zeros (mO-Rr,mr-WIl) B[k][2i][2i42] zeros(mO_Rr,mrr-W1);
B[k][2i—1][2i+42] zeros(mO-Rl ,mr-Wl) zeros(mO-Rl,mr-Wr) zeros (m0-Rl , mrr_WI) ;
B[k][2i][2i42] zeros(mORr,mr-Wl) zeros (mO-Rr,mr-Wr) zeros (mO-Rr,mrr-W1);
zeros (mr-Rl ,mrWr) zeros (mr-Rl,mr-Wl) zeros (mr-Rl ,mr-Wr) zeros (mr-Rl ,mrr-W1)
1+
R C[k][2i]*F[k—1][i][i4+1]*xWC[k][2i+2]";

#F[k][2i,21+1]

F[k][2i][2i4+1] = [zeros (mO_Rr,mrWl) zeros(mO_-Rr,m0_-Wr) zeros(mO_Rr,mr-WI1) B[k][2i][2i+2];
B[k][2i—1][2i+1] zeros(mO-Rl,m0_-Wr) zeros(mO-Rl,mr-Wl) zeros (mORl,mr-Wr);
zeros (mO_Rr ,mrWI) zeros(mO_Rr,m0O_Wr) zeros (mO_Rr,mr_-Wl) zeros(mO_Rr,mr_-Wr);
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zeros (mr-Rl ,mrWl) zeros (mr-Rl ,m0-Wr) zeros (mr-Rl ,mr-W1) zeros (mr-Rl ,mr-Wr) ]
+
R.C[k][2i]*F[k—1][i][i+1]*W.C[k][2i+1]";

#F[k][21i+1,2i—1]
F[k][2i4+1][2i—1] = [zeros(mr-Rl,mOWIl) zeros(mr_Rl,ml.-Wr) B[k][2i41][2i—1] zeros(mr-Rl,m0_Wr);
zeros (mO_Rr ,mOWIl) zeros(mO_Rr,ml.-Wr) zeros (m0O_-Rr,m0-Wl) zeros(mO_Rr,m0-Wr) ;
Blk][2i+1][2i—1] zeros(mr-Rl,ml-Wr) zeros (mr_Rl,m0-Wl) zeros(mr-Rl ,m0-Wr);
B[k][2i+2][2i—1] zeros(mr_Rr,ml.-Wr) zeros (mr-Rr,m0-WIl) zeros(mr_Rr,m0_-Wr)] +
RC[k][2i4+1]*F[k—1][i+1][i]*WC[k][2i—1]";

#F[K][2i41,2i]

F[k][2i+1][2i] = [zeros(mr_.Rl,mOWr) B[k][2i+1][2i—1] zeros(mr_Rl,m0_Wr) zeros (mr_Rl,mr_.W1);
zeros (mO_Rr ,mOWr) zeros(mO_Rr,m0_-W1) zeros(mORr,m0_Wr) zeros(mORr,mr_-W1);
zeros (mr_.Rl ,mOWr) zeros(mr_Rl,m0_-Wl1) zeros(mr.Rl,m0_Wr) zeros(mr_Rl,mr_-W1);
B[k][2i+2][2i] zeros(mr.Rr,m0.-Wl) zeros(mr_Rr,m0.-Wr) zeros (mr_Rr,mr-W1)] +

R-C[k][2i+4+1]*F[k—1][i+1][i]*WC[k][2i];

#F[k][2142,2i]
F[k][2i42][2i] = [zeros(mr-Rr,mOWr) B[k][2i+2][2i—1] B[k][2i+2][2i] zeros(mr-Rr,mr-Wl);
zeros (mr-Rl ,mOWr) zeros (mr-Rl,m0-WIl) zeros (mr-Rl ,m0-Wr) zeros (mr-Rl,mr-WI);
B[k][2i+2][2i] zeros(mr-Rr,m0-Wl) zeros(mr-Rr,m0-Wr) zeros (mr-Rr,mr-Wl);
zeros (mrr_Rl ,mOWr) zeros(mrr_Rl ,mO_WI) zeros(mrr_Rl ,m0_Wr) zeros (mrr_Rl ,mr_-WI1)] +
R-C[k][2i+2]*F[k—1][i+1][i]*WC[k][21i] ;

#Calculation of B’s (Expansion Coefficients)

B_.C = Array{OffsetArray{OffsetArray{Array{Float64}}}}(undef,6depth);
for k = 1:depth

B.C[k] = OffsetArray{OffsetArray{Array{Float64}}}(undef,1:2"k+5);
for i = 1:2"k+5
B.C[k][i] = OffsetArray{Array{Float64}}(undef,i—5:i+5);

end

end

B_.C[1][1][4] = zeros(0,0);

B.C[1][1][5] = zeros(0,0);

B.C[1][1][6] = zeros(0,0);

B.C[1][2][5] = zeros(0,0);

B.C[1][2][6] = zeros(0,0);

B.C[1][4][1] = zeros(0,0);

B.C[1][5][1] = zeros(0,0);

B.C[1][6][1] = zeros(0,0);

B.C[1][5][2] = zeros(0,0);

B.C[1][6][2] = zeros(0,0);
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for k = 2:depth
for i = 1:2"(k—1)—1

#create zero blocks of the appropriate dimensions

ml_Rl, nl_Rl = size(R[k][2i—3]); #n_-Rl =

ml_Rr, nl_Rr = size (R[k][2i—2]);

[

(2

mO_Rl, nO_Rl = size(R[k][2i—1]);

mO_Rr, nO_Rr = size(R[k][21i]);

size (R[k][21+1]);
[

mr_Rr, nr_Rr = size(R[k][2142]);

mr_Rl, nr_Rl =

ml_Rl, nl_-Rl = size (R[k][2i—3]);
size (R[k][2i —2]);
size (R[k][2i—1]);

[
ml_Rr, nl_Rr = [
[

size (R[k][21]);
[
[

mO_RIl, nO_RI
mO_Rr, nO_Rr =
mr_Rl, nr_Rl size (R[k][21i+1])

mr Rr, nr_Rr = size (R[k][2i+2])

ml.W1, nl.Wl = size (W[k][2i—3])
ml-Wr, nl-Wr = size(W[k][2172])
mO_W1, n0.WI = size (W[k][2i—1]);
mO_Wr, nO_Wr = size (W[k][2i]);
mr-Wl, nr Wl =size (W[k][2i41]);
mr-Wr, nr-Wr =size (W[k][2i42]);

mlWl, nl.WI = size (W[k][2i—3]);
mlWr, nl Wr = size (W[k][2i—2]);
mOWl, nOWl = size(W[k][2i—1]);
mOWr, n0OWr = size(W[k][2i]);
mrWl, nr Wl = size(W[k][2i+1]);
mrWr, nrWr = size(W[k][2i+2]);

5

mrr_Rl, nrr_Rl =size (R[k][21+4+3]);
mrr_Rr, nrr_Rr =size (R[k][21i+4]);
mrr_Rl, nrr_Rl =size (R[k][2i43]);
mrr_Rr, nrr_Rr =size (R[k][2i4+4]);
mrr W1, nrr.WIl =size (W[k][21+43]);
mrr-Wr, nrr-Wr =size (W[k][21i+44]);
mrr Wl, nrr Wl =size (W[k][2i+3]);
mrr Wr, nrr Wr =size (W[k][2i4+4]);

mrrr-W1, mrrr_-Wr size (W[k][21+5])

mrrr_Rr = size (R[k][2i+5])

mrrr_-RI1 s

#The size of the zero blocks in B correspond to the number

#coresponding block of R.C, and the number of columns

#B_C[k][2i—1,2i+2]
B.C[k][2i—1][2i+2] = [zeros(mO_-Rl, mrWr)
zeros(ml,ﬁr s mr,Wr)

mrr_-W1) ;

#m_ W1 =

n_Rr

m-Wr

of rows

in

each

in each block of W.C"H.

Blk][2i—1][2i4+1] B[k][2i —1][2i+2]

zeros ( ml_Rr ,mr-W1) zeros( ml_Rr ,mr_-Wr)
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Blk][2i—1][2i4+2] zeros(mO-Rl ,mr-Wl) zeros(mO-Rl,mr-Wr) zeros (mO-RIl,
mrr_W1) ;

B[k][2i][2i4+2] zeros(mORr,mr-Wl) zeros(mORr,mr-Wr) zeros(mORr,mrr_-WI1)
1 +
R.C[k][2i—1]*F[k—1][i][i4+1]*WC[k][2i+2]"

#B_C[k][2i+2,2i —1]
B.C[k][2i+2][2i—1] = [zeros (mr-Rr,mOWIl) zeros(mr-Rr,ml.-Wr) B[k][2i+42][2i—1] B[k][2i+2][2i];
B[k][2i+1][2i—1] zeros(mr_Rl,ml_-Wr) zeros(mr-Rl,m0_-WIl) zeros (mr-Rl ,m0_-Wr
)
B[k][2i+42][2i—1] zeros(mr_Rr,ml-Wr) zeros(mr-Rr,m0-Wl) zeros (mr-Rr,m0-Wr
)
zeros (mrr_Rl ,mOWI) zeros(mrr_Rl,ml_Wr) zeros (mrr_Rl ,m0_WIl) zeros (mrr_Rl
;m0_Wr) ] +
RC[k][2i+2]*xF[k—1][i+1][i]*WC[k][2i—1]";

#B_C[k][21—1,2i43]
B.C[k][2i—1][2i43] = [B[k][2i—1][2i4+1]*G[k][2i+1]*B[k][2i+1][2i+3] B[k][2i—1][2i+2] zeros(
mO_Rl, mrr-W1) zeros(mO_-Rl,mrr_-Wr) ;
zeros (ml_Rr , mrr W1) zeros(ml_Rr,mr-Wr) zeros (ml_Rr,mrr-W1) zeros (ml_Rr

mrr_Wr) ;

)

zeros (mO-Rl , mrr-Wl) zeros (mO-Rl,mr-Wr) zeros (mO-Rl ,mrr-W1) zeros (m0-RIl
mrr_Wr) ;

B

zeros (mO_Rr , mrr Wl) zeros(mORr,mr-Wr) zeros (mORr,mrr.-W1) zeros(mORr,

mrr-Wr) | +
RC[k][2i—1]*F[k—1][i][i+2]*WC[k][2i+3]";

#B_C[k][2i—1,21+4]
B.C[k][2i—1][2i+4] = [B[k][2i—1][2i4+1]*G[k][2i+1]«B[k][2i+1][2i+4] + B[k][2i —1][2i4+2]*G[k][2i
+2]%B[k][2i+2][2i+4] zeros(mO_Rl,mrr-Wl) zeros (mO-Rl,mrr-Wr) zeros (mO-Rl, mrrr-W1) ;
zeros (ml_Rr , mrr Wr) zeros(ml_Rr,mrr-Wl) zeros(ml_Rr,mrr-Wr) zeros (ml_Rr,
mrrr_-W1) ;
zeros (mORIl , mrr-Wr) zeros (mO-Rl,mrr-W1) zeros (mO-Rl ,mrr-Wr) zeros (mO0-RIl
mrrr_-W1) ;
zeros (mO_Rr , mrr Wr) zeros(mORIl,mrr.-W1) zeros(mO.Rl ,mrr-Wr) zeros (m0_Rl
mrrr-WI1)] +
RC[k][2i—1]*F[k—1][i][i+2]*WC[k][2i+4]";

#B_C[k][2i,2i+3]
B.C[k][2i][2i43] = [zeros(mO_Rr,mrr-Wl) B[k][2i][2i4+2] zeros(mO_Rr,mrr-Wl) zeros (mO_Rr,mrr-Wr)
zeros (mO-Rl ,mrr-WI) zeros(mORl,mr-Wr) zeros(mO-Rl ,mrr-W1) zeros (mO-RI,
mrr-Wr) ;
zeros (mO_Rr , mrr-Wl) zeros (mO-Rr,mr-Wr) zeros(mORr,mrr-Wl) zeros (mORr,
mrr_Wr) ;
B[k][2i+1][2i+3] zeros(mr_Rl,mr-Wr) zeros(mr.Rl,mrr_-W1) zeros(mr_Rl,mrr_.Wr
)1+
RC[k][2i]*F[k—1][i][i+2]*WC[k][2i+3]";

#B_C[k][2i,2i+4]
B_C[k][2i][21+4+4] = [B[k][2i][2i+2]*G[k][21+2]*]§[k][2i+2][2i+4] zeros (mO_Rr, mrr_W1) zeros (mO_Rr
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,mrr-Wr) zeros (mO-Rr,mrrr_-W1);

zeros (mO_RIl , mrr Wr) zeros(mO_Rl,mrr_W1) zeros (mORIl,mrr_Wr) zeros (mO_RI,
mrrr-W1) ;

zeros (mO_Rr , mrr Wr) zeros(mORr,mrr-W1) zeros(mO_Rr,mrr.-Wr) zeros (mO_Rr,
mrrr_WI1) ;

B[k][2i+1][2i+4] zeros(mr_Rl,mrr-Wl) zeros (mr_Rl ,mrr_-Wr) zeros(mr_RIl,
mrrr_-WI1)] +
RCl[k][2i]*«F[k—1][i][i+4+2]«*WC[k][2i+4]";

#B_C[k][2i+3,2i —1]
B-C[k][2i+3][2i—1] = [B[k][2i+3][2i+1]*G[k][2i+1]*B[k][2i+1][2i—1] zeros(mrr-Rl,ml-Wr) zeros(mrr_-RI,
mO0-W1l) zeros (mrr_-Rl,mr_-Wl);
B[k][2i+2][2i—1] zeros(mr_Rr,ml_.Wr) zeros(mr_Rr,m0_WIl) zeros (mr_Rr,mr_-W1);
zeros (mrr_Rl ,mOWIl) zeros(mrr_Rl,ml_-Wr) zeros(mrr_Rl,m0_WIl) zeros (mrr_Rl ,mr_-W1);
zeros (mrr_Rr ,mOWIl) zeros(mrr_Rr,ml_-Wr) zeros(mrr_Rr,m0_-Wl) zeros (mrr_Rr,mr_-W1) ]
+
R.C[k][2i+3]*F[k—1][i+2][i]*WC[k][2i—1]";

#B_C[k][2i+3,2i]

B.C[k][2i+3][2i] = [zeros(mrr_Rl,m0Wr) zeros(mrr-Rl,m0_-WI1) zeros (mrr-Rl,m0_Wr) B[k][2i+3][2i+1];
B[k][2i+2][2i] zeros(mr-Rr,m0-Wl) zeros(mr_Rr,m0-Wr) zeros (mr_Rr,mr-Wl);
zeros (mrr-Rl ,mOWr) zeros (mrr-Rl ,m0-Wl) zeros(mrr-Rl ,m0_-Wr) zeros (mrr_-Rl ,mr-Wl);
zeros (mrr-Rr ,mOWr) zeros (mrr-Rr,m0-Wl) zeros(mrr-Rr,m0-Wr) zeros (mrr-Rr,mr-W1)] +

R.C[k][2i43]*F[k—1][i+2][i]*WC[k][2i] ’;

#B_C[k][2i+4,2i —1]
B.C[k][2i+44][2i—-1] = [B[k][2i+4][2i+1]*G[k][2i+1]*B[k][2i+1][2i—1] + B[k][2i+4][2i+2]*G[k][2i+2]+B[k
J[2i+2][2i—1] zeros(mrr_Rr,ml-Wr) zeros(mrr_Rr,m0_-Wl) zeros(mrr_Rr,m0-Wr) ;
zeros(mrr,ﬁl,mOWl) zeros(mrr,ﬁl,ml,Wr) zeros(mrr,lsd,mO,WI) zeros(mrr,ﬁl,mO,Wr);
zeros(mrr,ﬁr,mOWl) zeros(mrr,ﬁr,ml,Wr) zeros(mrr,ﬁlr,mO,Wl) zeros(mrr,ﬁr,mO,Wr);
zeros (mrrr_Rl ,m0OWIl) zeros(mrrr_Rl ,ml_.Wr) zeros(mrrr_-Rl ,m0_-Wl) zeros(mrrr_RI,
mO0-Wr) | +
R-C[k][2i+4]*F[k—1][i+4+2][i]*WLC[k][21—-1]";

#B_C[k][2i+4,2i]
B.C[k][2i+44][2i] = [B[k][2i+4][2i+2]*G[k][2i4+2]*B[k][2i+2][2i] zeros(mrr_.Rr,m0_Wl) zeros (mrr_Rr,m0_Wr)
B[k][2i+4][2i+1]
zeros (mrr_Rl ,mOWr) zeros(mrr_Rl ,m0_-Wl) zeros(mrr_Rl,m0-Wr) zeros(mrr_Rl,mr -W1);
Zeros(mrrJir,mOer) Zeros(mrr,ﬁr,mO,Wl) zeros(mrr,Rr,mO,Wr) zeros(mrr,ﬁr,mr,Wl);
zeros(mrrr,f{l,mO,Wr) zeros(mrrr,ﬁl,mO,Wl) zeros(mrrr,ﬁl,mO,Wr) zeros(mrrr,ﬁl,mr,Wl
)1+
RC[k][2i+4]*F[k—1][i+2][i]*WC[k][2i] ";

#Dense Blocks (D)
D.C = OffsetArray{OffsetArray{Array{Float64}}}(undef,1:2" depth+2);

for k = 1:2" depth+42
D_C[k] = OffsetArray{Array{Float64}}(undef , k—2:k+2);
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#Get sizes of F’s to create empty U.C[depth"2+1] and V_C[depth"2+1] so the multiply will go through
k = depth

m-V1l, n.V1 = size (F[k][2"depth —1][2"depth+1]);

m_Ul, n.Ul = size(F[k][2 depth+1][2"depth —1]);

mD1, n.Dl = size(D[2" depth][2 depth+1]);#size (D[k"2][k"2+1]); these are wrong somehow —17
m-D1, n_.D1 = size (D[2 depth+1][2"depth]); #size (D[k"24+1][k"2]);

V_C[2"depth+1] = zeros(n-D1,n_V1); #U.C[k"2+1]

U_.C[2"depth+1] = zeros(m-D1,m._Ul); #U_C[k"2+41]

for i =1:2"depth—1 #k 2—1
D.C[i][i] =D[i][i—-1]*«D[i—1][i] + D[i][i]*D[i][i] + D[i][i+1]D[i+1][i] + UC[i]*F[k][i][i]*V_C[i
17
D.C[i][i+1]

D[i][i]*D[i][i4+1] + D[i][i+1]«D[i+1][i+1] + UC[i]+«F[k][i][i+1]+V.C[i+1]";
D.C[i+1][i] = D[i+1][i]+D[i][i] + D[i+1][i+1]«D[i4+1][i] + UC[i+1]+F[k][i+1][i]+*V_C[i]";
D.Cli][i+2] = D[i][i+1]«D[i+1][i42] + UC[i]*F[k][i][i+2]*V.C[i+2]";
D.Cli+2][i] = D[i+2][i+1]«D[i+1][i] + UC[i+2]«F[k][i+2][i]*V.C[i]";

i = 27depth; #k"2;
DC[i][i] = D[i][i—1]*D[i—1][i] + D[i][i]*D[i][i] 4+ D[i][i4+1]D[i4+1][i] + U-C[i]*F[k][i][i]*VC[i];

D.C,UC,RC,B.C,WC,V.C

end
function Copy FMM (fmm :: FMM)
#Copy all matrices from the fmm structure into arrays
#Input: fmm: FMM
#Output: D:: OffsetArray{OffsetArray{Array{Float64}}}
# U,V:: OffsetArray{Array{Float64}}
# R,W:: Array{OffsetArray {Array{Float64}}}
# B:: Array{OffsetArray{OffsetArray{Array{Float64}}}}

#Copy U’s V’s
U = OffsetArray{Array{Float64}}(undef,0:2" (fmm.depth)+2);
V = OffsetArray{Array{Float64}}(undef,0:2" (fmm.depth)+2);

i =1;
U,V = Copy-UV (fmm,U,V,i);

#assign empty matrices to out of bounds U’s, V’s

U[0] = zeros (0,0)

U[2" (fmm.depth)+1] = zeros (0,0)
V[0] = zeros(0,0)

V[2" (fmm.depth)+1] = zeros (0,0)
#Copy D’s
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D = OffsetArray{OffsetArray{Array{Float64}}}(undef,0:2 fmm.depth+1);

for k = 0:2 fmm.depth+1

D[k] = OffsetArray{Array{Float64}}(undef ,k—1:k+1); #(0:k+1)
end
i = 1;
D = Copy-D(fmm,D,i ,fmm.depth)

#assign empty matrices to out of bounds D’s

D[1][0] = zeros(size(U[1],1) ,0);
D[2"fmm.depth][2 " fmm.depth+1] = zeros(size (U[2 fmm.depth],1) ,0);
D[0][1] = zeros(0,size(V[1]’,2));
D[2 " fmm.depth+1][2 fmm.depth] = zeros (0,size (V[2 fmm.depth]’,2));

#Copy R’s, W's

R = Array{OffsetArray {Array{Float64}}}(undef,fmm.depth);

W = Array{OffsetArray{Array{Float64}}}(undef,fmm.depth);

for k = 1:fmm.depth

R[k] = OffsetArray{Array{Float64}}(undef,—1:27(k)+4);
W[k] = OffsetArray{Array{Float64}}(undef,—1:2"(k)+4);
end
i =1;
1 = 1;

R,W = Copy RW (fmm,R,W, 1 ,1i)

#assign empty R, W matrices to the right and left of the edge of each tree

#(matrices outside the indices 1:2°k are 0x0 empty matrices)

for k = 1:fmm.depth

R[k][—1] = zeros(0,0);
R[k][0] = zeros(0,0);
R[k][2"k+1] = zeros (0,0);
R[k][2"k+2] = zeros (0,0);
R[k][2"k+3] = zeros (0,0);
R[k][2"k+4] = zeros (0,0);
W[k][—1] = zeros(0,0);
W[k][0] = zeros (0,0);
W[k][2"k+1] = zeros (0,0);
W[k][2"k+2] = zeros (0,0);
W[k][2"k+3] = zeros (0,0);
W[k][2"k+4] = zeros (0,0);

end

#Copy B’s

B = Array{OffsetArray{OffsetArray {Array{Float64}}}}(undef,fmm.depth);

for k = 1:fmm.depth

Blk] = OffsetArray{OffsetArray {Array{Float64}}}(undef,—1:2"k+4);
for i = —1:2"k+4

if mod(i,2)
B[k][i]
else

Blk][i]

—_— 1
= OffsetArray{Array{Float64}}(undef,i—2:i43); #(0:k+1)

= OffsetArray {Array{Float64}}(undef,i —3:1+42);
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1;

03

Copy-B(fmm,B,k, i)

#assign empty B matrices

#(matrices

for

to the right and left

outside the indices

k = 1l:fmm.depth #1l:fmm.depth—1

k.1lr, - = size(R[k][1]); #size (R[k+1][1]);

I_1r, - = size(R[k][2]);

kolw, - = size(W[k][1]); #~

1.lw, - = size (W[k][2]); #

k_3r, - = size(R[k][2"(k)—1])

1.3r, - = size(R[k][2"(k)])

k3w, - = size(W[k][27 (k) —1]) #~

13w, - = size W[k][2"(k)]) #~

Blk][—1][1] = zeros (0,k_.1w); Blk][1][—-1] =
Blk][—1][2] = zeros(0,l_-1w); B(k][2][—1] =
Blk][0][2] = zeros(0,l_-1w); B(k][2][0]
#print (”k = 7, k, ”\n”)

B[k][27 (k) —1][2" (k) +1] =
Blk][2" (k) —1][27 (k) +2] =
Blk][2" (k) ][2" (k)+2] =

Blk][2" (k) +1][2" (k) +3] =
Blk][2" (k) +1][2" (k) +4] =
B[k][2" (k) +2][2" (k) +4] =

zeros (k_3r ,0) ;
zeros (k_3r ,0) ;
zeros (1-3r ,0) ;

zeros (0,0) ;
zeros (0,0) ;
zeros (0,0) ;

D,U,R,B,W,V

end

of the edge of each

1:2"k are ?x0 empty matrices)

Blk][27 (k) +1][27 (k) -1] =
Blk][2" (k) +2][2" (k) -1] =
Blk][2" (k) +2][27 (k)] =

Blk][2" (k) +3][2" (k) +1] =
B[k][2" (k) +4][2" (k) +1] =
B[k][2" (k) +4][2" (k) +2] =

tree

zeros (k_1r ,0) ;
zeros (k_-1r ,0) ;

= zeros(l_1r ,0);

zeros (0,1.3w);

zeros (0,0) ;
zeros (0,0) ;
zeros (0,0) ;

zeros (0,k-3w) ;
zeros (0,k_3w);

function FivePointFMMtoMatrix (D_.C:: OffsetArray{OffsetArray {Array{Float64}}},UC:: Array{Array{Float64
}},R-C:: Array{Array{Array{Float64}}},B_.C:: Array{OffsetArray {OffsetArray { Array{Float64}}}} ,WC::

Array{Array{Array{Float64}}},V_C:: Array{Array{Float64}},fmm_idx:
# Reconstruct the matrix C to
OffsetArray { OffsetArray{Array{Float64}}}

#Input :
#
#
#
#*

level
#

test
DC::
U.C,V.C:: Array{Array{Float64}}

R.C,WC:: Array{Array{Array{Float64}}}
B.C:: Array{Array{Array{Float64}}}
fmm_idx:: Array{Array{Float64}} (stores

of the fmm structure)

depth ::
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#Output:

C:: Array{Float64}

BigU_C = Array{Array{Array{Float64}}}(undef,depth);

BigV_C = Array{Array{Array{Float64}}}(undef,depth);

for k = 1:depth

BigU_C [k] = Array{Array{Float64}}(undef,2"k);
BigV_C[k] = Array{Array{Float64}}(undef,2"k);

#Compute Big U’s
for i = 1:2" depth

and V’s

BigU_C[depth][i] = U.C[i];
BigV_C[depth][i] = V_.C[i];
end
for k = depth:—1:2
for i = 1:2"(k—1)
BigU.C[k—1][i] = [BigU.C
BigU_C
BigV_.C[k—1][i] = [BigV.C
BigV_C

#Multiply all the
C = zeros (N,N);

# Add the last ou

for k = 1l:depth+1
fmm_idx [k] =

#Insert the D blo

idx = fmm_idx [dep

for i = 1:2"depth

if i =

#first row has

Clidx [1]:
Clidx [1]:
Clidx [1]:

elseif i == 2

Blocks and insert them

K][2i—1]*R.C[k][2i —1];

K][2i]*R-C[k][21]];

k][2i—1]*WC[k][2i—1];

k][2i]*WC[k][21]];

t of bounds index so the

[fmm_idx [k]; N+41];

cks
th+1];

idx[2] —1,idx [1]:
idx [2] —1,idx [2]:
idx [2] —1,idx [3]:

#second row has only 4 D

Clidx [2]:
Clidx [2]:
Clidx [2]

idx [3] —1,idx [1]:
idx [3] —1,idx [2]:
idx[3] —1,idx [3]:

only 3 D blocks

idx [2] —1]
idx [3] —1]
idx [4] —1]

blocks
idx [2] —1]
idx [3] —1]
idx [4] —1]

into their

UBV’ for loop below

D.C[1][1];
= D.o[1][2];
= D.C[1][8];

D.C[2][1];
= D.C[2][2];
= D.C[2][8];
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Clidx [2]:idx[3] —1,idx [4]:idx[5] —1] = D.C[2][4];

elseif i == 2" depth-1

#second to last row has only 4 D blocks

Clidx[i]:idx[i+1]—1,idx[i—2]:idx[i—1]—1] = D.C[i][i —2];

Clidx[i]:idx[i+1]—1,idx[i—1]:idx[i]—1] = D.C[i][i—1];

é[idx[i]:idx[i+l]—l,idx[i]:idx[i+l]—l] =DC[i][i];

é[idx[i]:idx[i+l]—l,idx[i+1]:idx[i+2]—1] = DC[i][i+1];
elseif i == 2 depth

#last row has only 3 D blocks

Clidx[i]:idx[i41]—1,idx[i —2]:idx[i—1]—=1] = D-C[i][i —2];
Clidx [i]:idx[i+1]—1,idx[i —1]:idx[i]—1] = D-C[i][i—1];
Glidx[i]:idx [i+1]—1,idx[i]:idx[i+1]—1] = D.C[i][i];

else
#all other rows have 5 D blocks
cidx

i41]—1,idx [i —2]:idx [i —1]—1] = D.C[i][i—2];

sidx [i41]—1,idx [i —1]:idx[i]—1] = D.C[i][i—1];
s idx i+1]:idx[i+2]—1] = DC[i][i+1];

i+2]:idx [i43]—1] = D_C[i][i+2];

( [i] ( ] (
( [i] ( ] (
Clidx[i]:idx[i+1]—=1,idx[i]:idx[i+1]—1] = D-C[i][i];
( [i] [i+1]-1,idx [

( [i] ( ] (

cidx [1+41]—1,idx

#Multiply and insert all UBV’ blocks

#for each level
for k = 2:size(B.C,1)
#step through each L shaped block
for i = 1:2"(k—1)—1 #—1 because nothing to do at the last block

if i = 27(k—-1)-1
#only 2 UVB blocks at the last L shaped blocks for every level

Clfmm_idx [k+1][2i —1]:fmm_idx [k+1][2i] —1,fmm_idx [k+1][2i+2]:fmm_idx [k+1][2i+3]—1]

BigU_C[k][2i—1]«B_C[k][2i —1][2i+2]*BigV_C[k][2i+2]";

Clfmm_idx [k+1][2i+2]:fmm_idx [k+1][2i+3]—1,fmm_idx [k+1][2i —1]:fmm_idx [k+1][2i] —1]

BigU_C[k][2i+2]*B.C[k][2i+2][2i —1]*BigV_C[k][2i —1];

else

#10 UVB blocks at every other level

C[fmm_idx [k4+1][2i —1]: fmm_idx [k+1][2i] —1,fmm_idx [k+1][2i+2]: fmm_idx [k+1][2i+3]—1] =
BigU.C[k][2i—1]*B_C[k][2i —1][2i42]*BigV_C[k][2i+2]";

Clfmm_idx [k+1][2i —1]: fmm_idx [k+1][2i] —1,fmm_idx [k+1][2i +3]: fmm_idx [k+1][2i44] —1] =
BigU_C[k][2i—1]«B.C[k][2i —1][2i+3]+«BigV_C[k][2i+3]’;

Clfmm_idx [k+1][2i —1]: fmm_idx [k+1][2i] —1,fmm_idx [k+1][2i +4]: fmm_idx [k+1][2i45]—1] =
BigU_C[k][2i—1]«B.C[k][2i —1][2i+4]*«BigV_C[k][2i+4];

G fmm_idx [k+1][2i ]: fmm_idx [k+1][2i+1]—1,fmm_idx [k+1][21+3]: fmm_idx [k+1][2i+4]—1] =
BigU.C[k][2i]+B.C[k][21][21+3]*BigV_C[k][2i+3]"; #here
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Clfmm_idx [k+1][2i]: fmm_idx [k+1][2i+1]—1,fmm_idx[k+1][2i+4]:fmm_idx [k+1][2i+5]—1] =
BigU_C[k][2i]*B.C[k][2i][2i+4]*BigV_C[k][2i +4]";

Clfmm_idx [k+1][2i+2]:fmm_idx [k+1][2i4+3]—1,fmm_idx [k+1][2i —1]:fmm_idx [k+1][2i] —1]

BigU_C[k][2i+42]*B_.C[k][2i+2][2i —1]*BigV_C[k][2i —1]";

G fmm_idx [k+1][2i +3]: fmm_idx [k+1][2i44] —1,fmm_idx [k+1][2i —1]: fmm_idx [k+1][2i] —1
BigU_C[k][2i+43]*B.C[k][2i+3][2i —1]*BigV_C[k][2i —1]";

C[fmm_idx [k+1][2i +4]: fmm_idx [k+1][21+5]—1,fmm_idx [k+1][21 —1]: fmm_idx [k+1][2i] —1]
BigU_C[k][2i+4]*B_C[k][2i+4][2i —1]*BigV_C[k][2i —1]’; #here

Clfmm_idx [k+1][2i+3]: fmm_idx [k+1][2i44] —1,fmm_idx [k+1][2i ]: fmm_idx [k+1][2i+1]—1]
BigU_C[k][21i+3]*B_C[k][2i+3][2i]+BigV-C[k][2i];

Clfmm_idx [k+1][2i+4]: fmm_idx [k+1][2i45] —1,fmm_idx [k+1][2i ] : fmm_idx [k+1][2i+1]—1]

BigU_C[k][2i+4]*B_.C[k][2i+4][2i]*BigV_C[k][2i];

end
end
end
¢
end
function Copy-UV(fmm :: FMM, U :: OffsetArray{Array{Float64}}, V :: OffsetArray{Array{Float64}}, i
Int64)
if isa (fmm, Leaf)
U[i] = fmm.U;
V[i] = fmm.V;
u,v
elseif isa (fmm, Node)
U1l,V1l = Copy-UV (fmm.fmmUL,U,V,2xi—1)
U2,V2 = Copy-UV (fmm.fmmLR,U1,V1,2x*i)
U2,Vv2
end
end
function Copy-RW (fmm :: FMM, R :: Array{OffsetArray{Array{Float64}}}, W :: Array{OffsetArray{Array{
Float64}}}, 1 :: Int64, i :: Int64)

if isa (fmm.fmmUL, Leaf) #assuming a complete tree
R[1][2i—1] = fmm.RIl;
R[1][2i] = fmm.Rr;

W([1l][2i—1] = fmm.WI;
W([1l][2i] = fmm.Wr;

R,W

elseif isa (fmm.fmmUL, Node) #assuming a complete tree

R[1][2i—1] = fmm.RIl;
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R[1][2i] = fmm.Rr;

W[1l][2i—1] = fmm.WI;
W[1l][2i] = fmm.Wr;

#println (72i—-1 = 7, 2i-1)

R1,W1 = Copy-RW (fmm.fmmUL,R,W, 14+1,2i —1);
R2,W2 = Copy RW (fmm.fmmLR,R,W, 1+1,21);

R2,W2

function Copy.-D(fmm :: FMM, D :: OffsetArray{OffsetArray{Array{Float64}}}, i :: Int64, depth)

if isa (fmm, Leaf)

if i =1
D[i][i] = fmm.D_0;
D[i][i+1] = fmm.D_r;
elseif 1 == ."depth
D[i][i—1] = fmm.D_l;
D[i][i] = fmm.D.0;
else
D[i][i—1] = fmm.D_l;
D[i][i] = fmm.D_0;
D[i][i+1] = fmm.D_r;

end

elseif isa (fmm, Node)
D1 = Copy-D (fmm.fmmUL,D,2%i —1,depth)
D2 = Copy-D (fmm.fmmLR,D1,2xi ,depth)

D2
end
end
function Copy-B(fmm :: FMM, B :: Array{OffsetArray{OffsetArray{Array{Float64}}}}, k :: Int64, i
Int64) #Copy-B(fmm :: FMM, B :: Array{OffsetArray{Array{Array{Float64}}}}, k :: Int64, i :: Int64)

if isa (fmm.fmmUL, Leaf) #assuming a complete tree
# No B’s store at the leaf. Return
B

elseif isa (fmm.fmmUR, Node) #assuming a complete tree

Bl = Copy-B_OffDiag (fmm.fmmUR, fmm.fmmLL,B,k+1,i)
B2 = Copy-B(fmm.fmmUL,B1,k+1,2i—1);
B3 = Copy-B(fmm.fmmLR,B2,k+1,2(i4+1)—1);
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B3
end
end
function Copy-B_OffDiag (fmmUR :: FMM, fmmLL :: FMM, B :: Array{OffsetArray{OffsetArray {Array{Float64
333}, k :: Int64, i :: Int64)#Copy-B_OffDiag(fmmUR :: FMM, fmmLL :: FMM, B :: Array{OffsetArray{
Array{Array{Float64}}}}, k :: Int64, i :: Int64)

if isa (fmmUR, LeafOffDiag) #assuming a complete tree

#No B’s stored at the leaf. Return.
B

elseif isa (fmmUR, Node) #assuming a complete tree

#this will place all B’s between cousins in the array
i_new = 2i—1;

Blk+1][i-new][i_new+2] = fmmUR.B13;

Blk+1][i-new ][i_new+3] = fmmUR.B14;
Blk+1][i-new+1][i—-new+3] = fmmUR.B24;
Blk+1][i-new+2][i—new] = fmmLL.B31;

Blk+1][i-new +3][i-new] = fmmLL.B41;

Blk+1][i—-new +3][i—new+1] = fmmLL.B42;

Bl = Copy-B_OffDiag (fmmUR.fmmLL, fmmLL . fmmUR,B,k+1,i_new+1)

B1
end
end
function get_-fmm_indices (fmm :: FMM, fmm_idx :: Array{Array{Int64}} ,fmmm :: Array{Array{Int64}}, k
Int64 ,i :: Int64, depth :: Int64)

#stores indices given in the fmm structure into an array of arrays

#INPUT : fmm (FMM) fmm structure

# fmm_idx (Array{Array{Array{Int64}}}) Empty array of arrays

# k (Int64) level we are at in the tree/fmm structure

# i (Int64) current node at the kth level

# depth (Int64) total depth of the fmm tree

#OUTPUT fmm_idx (Array{Array{Int64}}) Array of arrays containing fmm indices
# fmm_idx (Array{Array{Int64}}) Array of arrays containing fmm partition

dimensions
if isa(fmm, Leaf)

fmm_idx [depth—k+1][i] = fmm.col_idx;

fmm m[depth—k+1][i] = fmm.m;

fmm_idx , fmm_m

elseif isa (fmm, Node)
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fmm_idx [depth—k+2][2i —1] = fmm.fmmUL. col_idx ;

fmm_m[depth—k+2][21i —1]

fmm_idx [depth—k+2][21i]
fmm_m[depth—k+2][2i] =

fmm . fmmUL .m;

fmm . fmmLR. col_idx ;

fmm . fmmLR . m;

fmm_idx ,fmm-m = get_-fmm_indices (fmm.fmmUL, fmm_idx ,fmm_m,k—1,2i —1,depth)

fmm_idx ,fmm-m =

fmm_idx , fmm-m

A.2.4 FMM Script

get_fmm_indices (fmm.fmmLR, fmm_idx ,fmm-m,k—1,2i ,depth)

This section contains code which gives examples of how to call the functions in appendix@

push ! (LOADPATH, pwd())
using FMM_Types

using Polynomials

using OffsetArrays

using LinearAlgebra

R S S S

include (” /home/ klessel /Dropbox/Julia_home/Tree_Functions. jl”)

include (” /home/ klessel /Dropbox/Julia_home/svd_ranktol. jl1”)

include (” /home/ klessel /Dropbox/Julia_home /FMM_Construction. j1”)
include (” /home/ klessel /Dropbox/Julia_home/FMM_Multiply. jl1”)

include (” /home/ klessel /Dropbox/Julia_home /FMM_FMM _Multiply_Final. j1”)
include (” /home/ klessel /Dropbox/Julia_home /FMM_Functions. j17)

include ("C:\\ Users\\ klessel\\Dropbox\\Julia_home\\ Tree_Functions. jl”)

include ("C:\\ Users\\ klessel\\Dropbox\\Julia_home\\svd_ranktol. jl”)

include (”C:\\ Users\\ klessel\\Dropbox\\Julia_home\\FMM_Construction. jl1”)
include (?C:\\ Users\\ klessel\\Dropbox\\Julia_home\\FMM_Multiply. j1”)

include (?C:\\ Users\\ klessel\\Dropbox\\Julia_home\\FMM_FMM_Multiply_Final. j1”)
include (?C:\\ Users\\ klessel\\Dropbox\\Julia_home\\FMM_Functions. j1”)

N = Int64;
r = Int64;
d = Int64;

minPart = Int64;
r=3; #hankel block rank
N = 32768;

minPart = 3x*r;

d = 1;

tree, dummy = Gen_Tree_Complete(minPart ,N,d);

#tree = Gen_Tree_Mtree (minPart ,N);

#tree ,

#mm = FMM_Construction(tree ,r);

dummy = label_tree (tree ,1);
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# #Complete Dummy Test Tree — 3

# #complete test tree

# N = 160
# leafl =
# leaf2 =
# nodel =

# leaf3d3 =
# leaf4
# node2 =

# leafb =
# leaf6
# node3 =

# leaf7 =
# leaf8 =
# noded =

# nodeb =
# node6 =

Leaf_Spine(4,—1,—1);
Leaf_Spine(8,—1,—1);
Node_Spine(leafl ,leaf2

Leaf_Spine(7,—1,—1);
Leaf_Spine(21,—1,—1);
Node_Spine(leaf3 ,leafd

Leaf_Spine(14,—1,—1);
Leaf_Spine(16,—1,—1);
Node_Spine (leaf5 ,leaf6

Leaf_Spine(25,—1,—1);
Leaf_Spine(65,—1,—1);
Node_Spine(leaf7 ,leaf8

level

12,-1,-1);
28, —1,—-1);
30, —-1,—1);
,90,—1,—-1);

Node_Spine (nodel ,node2,40,—1,—1);

Node_Spine (node3 ,node4,120,—1,—1);

# tree = Node_Spine(nodeb,node6,160,—1,—1);

# tree, dummy = label_tree(tree,1);
# ##mm::Fmm = FMM_Construction(tree ,r);
# fmm = FMM_Construction(tree ,r);

L ,

#Complete

# N = 340

# leafl =
# leaf2 =
# nodel =

# leaf3 =
# leafd =
# node2 =

# leafb =
# leaf6 =

# node3 =

# leaf7 =
# leaf8 =

# noded =

Dummy Test Tree — 4 level

Leaf_Spine(4,—1,—1);
Leaf_Spine(8,—1,—1);
Node_Spine(leafl ,leaf2

Leaf_Spine(7,—1,—1);
Leaf_Spine(21,—1,—1);
Node_Spine(leaf3 ,leaf4

Leaf_Spine(14,—1,—1);
Leaf_Spine(16,—1,—1);

Node_Spine(leaf5 ,leaf6

Leaf_Spine(29,—1,—1);
Leaf_Spine(61,—1,—1);

Node_Spine(leaf7 ,leaf8

12, -1, -1);
128, —1,—-1);
30, —1,—-1);
90, —1,—1);
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# nodeb5 = Node_Spine(nodel ,node2,40,—1,—1);
# node6 = Node_Spine(node3,node4,120,—1,—1);

# leaf8 = Leaf_Spine(10,—1,—1);
# leaf9 = Leaf_Spine(15,—1,—1);
# node7 = Node_Spine(leaf8 ,leaf9 ,25,—-1,—1);

# leafl0 = Leaf_Spine(23,—1,—1);
# leafll = Leaf_Spine(32,—1,—1);
# node8 = Node_Spine(leafl0 ,leafll ,55,—1,—1);

# leafl2 = Leaf_Spine(9,—1,—1);
# leafl3 = Leaf_Spine(26,—1,—1);
# node9 = Node_Spine(leafl2 ,leafl13,35,—1,—1);

# leafl4d = Leaf_Spine(24,—1,—1);
# leaflb5 = Leaf_Spine(41,—1,—1);

# nodel0 = Node_Spine(leafl4 ,leafl5 ,65,—1,—1);

# nodell = Node_Spine(node7,node8,80,—1,—1);
# nodel2 = Node_Spine(node9,nodel0,100,—1,—1);

# nodel3 = Node_Spine(node5,node6,160,—1,—1);
# nodeld4d = Node_Spine(nodell ,nodel2,180,—1,—1);

# tree = Node_Spine(nodel3,nodel4,340,—1,—1);

# FMM Construction

tree , dummy = label_tree (tree ,1);
fmmA = @time FMM_Construction2(tree ,r,f); #this one takes in the function f() as a variable
fmmB = @time FMM_Construction2(tree ,r,g);

# # #HNMM Vector Multiply

# x = rand(N,1);

# x = x/norm(x,2) ;

# b = FMM_Multiply (fmmB, x)
#

# Bl = g(1:N,1:N,N);

# b2 = Blxx;

#

# norm(b—b2,2) /norm(b2,2)

# FMM x FMM Multiply
D,U,R,B,W,V = Copy-FMM (fmmA)

D,U,R,B,W,V

Copy-FMM (fmmB)

depth = fmmA.depth;
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print ("FMM x FMM Multiply time: \n”)

D.C, U.C, R.C, B.C, WC, V.C = @time FMM_FMM _Multiply (D,U,R,B,W,V,D,U,R,B,W,V, depth);

#Store indices of each diagonal block and partition dimensions in arrays
fmm_idx = Array{Array{Int64}}(undef,depth+1);
fmm.m = Array{Array{Int64}}(undef,depth+1);

for k = 0O:depth
fmm_idx [k+1] = Array{Int64 }(undef,2"k);
fmm_m[k+1] = Array{Int64 }(undef,2"k);
end
fmm_idx [1][1] = fmmA. col_-idx;
fmmm[1][1] = fmmA .m;

fmm_idx, fmmm = get_fmm_indices (fmmA, fmm_idx ,fmm_m, depth,i,depth) #didn’t end up needing fmm-m

C = FivePointFMMtoMatrix (D_-C, U.C, R.C, B_.C, W.C, V_.C,fmm_idx,depth)

#Generate the Original matrix to compare to
# Al = f(1:N,1:N,N);
# A2 = g(1:N,1:N,N);

# C = AlxA2; # 8.115646911570535e¢—6

#use the FMM multiply routine to generate A, so that we remove the error that was contributed
#by the construction to isolate the error that is induced by the matrix multiply.

Al = zeros(N,0);

for i = 1:N

e = zeros (N,1);

e[i] = 1;
a = FMM_Multiply (fmmA,e)
global Al = [Al a];

A2 = zeros(N,0);
for i = 1:N

e = zeros (N,1);

e[i] = 1;
a = FMM_Multiply (fmmB, e)
global A2 = [A2 a];

print (” Standard Multiply time: \n”)

C = @time AlxA2

print (” Relative FMM xFMM Multiply Error: \n”)
norm (C—C, Inf) /norm (C, Inf)

A.2.5 FMM Functions
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function Gen_-Tree_Complete (minPart::Int64 ,N::Int64 ,d::Int64)

#function (minPart ,N)

#This code is for testing purposes only. Generates a tree

#structure that is not associated with any function. Function takes in the
#size of the desired matrix and generates a tree by splitting this

#repeatedly in half on the left and right for a ’complete’ tree.

#INPUT : minPart (Int64) minimum number of partitions

# type of tree that will be generated

# N (Uint) number of points in desired

# function

#OUTPUT: tree (Union(Node_Spine ,Leaf_Spine) contains split dimensions and depth at
# each level

if N/2 < minPart # leaf
depth = 0;
leafLL = Leaf_Spine(N,d,depth);

d =d + N;
leaflL. , depth, d
else # node
treeL , depth_1, d_-1 = Gen_Tree_Complete(minPart,convert(Int64 ,N/2) ,d);
treeR, depth_r, d-r = Gen_-Tree_-Complete (minPart,convert(Int64 ,N/2),d_1);

depth = 1 4+ max(depth_1,depth_r);
tree = Node_Spine(treeL ,treeR ,N,d,depth);

tree , depth, d_r

function Gen_Tree_Mtree(minPart::Int64 ,N:: Int64)

#function [tree] = Gen_TestTree(tree ,N)

#This code is for testing purposes only. Artificually generates a tree
#structure that is not associated with any function. Function takes in the

#number of desired nodes and generates a Worst case memory tree

# must have the line ’using Polynomials’ in the main routine

#

#INPUT :

# N (Int64) number of points in desired

# function

# minPart (Int64) minimum number of partitions
#OUTPUT: tree (Tree) contains split dimensions at

# each level , as well as whether or not the
# node is a leaf

# number of nodes

n = 2xfloor (N/minPart) —1; # n = N.N = N.L —1, and N.L = N/minPart.
#depth of tree

nodeRoots = roots(Poly([1—n,1,1]));

d_exact = nodeRoots[nodeRoots.>0]; #choose the positive root.
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#find maximum depth, d-max, of the tree we will generate

d_max = convert(Int64, ceil (d_exact[1]));

#Call the function initially on the root node of the tree.
# <
# /\
# /\ /\

#/\ /\/\
tree = Gen_MTree_Right (N, minPart,d-max) ;

tree

function Gen_MTree_Right (m, minPart,depth)
#Descend into right branch of the root of the current subtree (pictured below)

#

# / \<—

# /\ /\

#/\ /\/\

#INPUT :

# m (Int64) partition dimension of current
# node

# minPart (Int64) minimum number of partitions
# depth (Int64) depth of current node

# pB (Bool) a flag that denotes whether the
# current node is on the prime branch
#OUTPUT: tree (Tree) contains split dimensions at

# each level, as well as whether or not the
# node is a leaf

if !'(m < 2xminPart)
#Case 1: If we do have enough rows to split into 2 blocks of minimum
#partition size split and recurse on both children. If we do not, then do

#not partition further; Return two leaf nodes.

#max number of blocks of minimum partition size we can have on this left
numBlocks = convert (Int64 , floor (m/minPart));
#remaining depth of the left subtree.

r.depth = numBlocks —1;

#if we cannot generate a full left subtree — only generate children
#corresponding to the the number of partitions we have left.
if m <(depth +1)xminPart
mL = r_depth+*minPart;
else
mL = depthxminPart;

end

#Left Subtree Call
treeL = Gen_MTree_Left (mL, minPart,depth);

#Right Subtree Call

#do we have enough rows to partition into two blocks of minumum partition

if m >= 2«xminPart && m < 3*xminPart
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else #Case 2: we did not have enough rows to partition

#Case A: do we only have enough to split into two blocks and no

#more?(blocks must be of at least minimum partition
#more than 2 times the minimum partition size)

#Ex: minPart = 60

# /\170

# 110 60

#

mL = m— minPart; #extra rows tacked onto left child

leafL = Leaf_Spine(mL,—1,—1);

mR = minPart;
leafR = Leaf_Spine(mR,—1,—1);

tree = Node_Spine(leafL ,leafR ,m,—1,—1);

tree

elseif m<(depth+1)*xminPart

else

leaf

leaf

#Case B: do we have enough to split into more than two blocks,

#generate a full left going subtree?

size and no

#Ex: (N = 4096) Depth of full tree = 12. MinPart = 60.

but cannot

#(Though here I am only showing partition dimensions for 3 levels.

#Dots indicate a part of the tree not shown. )

# . /\

# . /\204
# . 144/\ 60
# . 60 84
# /\

mR = m — (numBlocks—1)*minPart;

treeR = Leaf_Spine(mR,—1,—1);
tree = Node_Spine(treeL ,treeR ,m,—1,—1);
tree

#(depth+1)*minPart < m

#Case C: We have enough rows to generate a full leftgoing

mR = m— depthxminPart;
treeR = Gen_MTree_Right (mR, minPart,depth);

tree = Node_Spine(treeL ,treeR ,m,—1,—1);

tree

= Leaf_Spine(m,—1,—1);

function Gen_MTree_Left (m, minPart,depth)
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#Generate left branch of the root of the current subtree (pictured below)

#

# /\

# —>/\ /\

# /\ /\/\

#INPUT:

# m (Int64) partition dimension of current
# node

# minPart (Int64) minimum number of partitions
# depth (Int64) depth of current node

# pB (Bool) a flag that denotes whether the
# current node is on the prime branch
#OUTPUT: tree (Tree) contains split dimensions at

# each level, as well as whether or not the
# node is a leaf

if m < 2+«+minPart # if Leaf

#pB = false;
leafL = Leaf_Spine(m,—1,—1);

leafL
else #node
depth —= 1;
mL = m — minPart;

treelL = Gen_MTree_Left (mL, minPart,depth) ;

treeR = Leaf_Spine(minPart,—1,—1);

tree = Node_Spine(treeL ,treeR ,m,—1,—1);
tree

end

function label_tree(tree::Tree,col_idx)
#This function labels each node with the starting index (row/col value)
# of its corresponding diagonal block. Can also label the depth if the

# commented lines are uncommented

#

#INPUT : tree (Tree) contains partition dimensions for

# each subdivision of the input matrix, for each
# of which there are a left and right child

# structure

# col_idx (Int64) row and col index which corresponds
# the first element in the current diagonal block
# at every node.

#OUTPUT: tree (Tree) same as input, that contains wvalid

# diagonal (row/col) index at each node

# (and depth if commented lines are uncommented.
#

# Author: Kristen Ann Lessel — Sept 2014
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if lisa(tree,Leaf_Spine) # if not a leaf node
tree.col_idx = col_idx;
tree.treeL ,col_idx = label_tree(tree.treelL ,col_idx);

depth_1 = tree.treeL .depth;

tree.treeR ,col_idx = label_tree(tree.treeR,col_idx);

depth_r = tree.treeR.depth;

tree.depth = 1 4+ max(depth_-1,depth_r);

tree, col_idx

else
tree.depth = 0;
tree.col_idx = col_idx;
col_idx = col_idx + tree.m;
tree, col_idx

end

function create_empty_tree(depth)

#creates a complete tree with partition dimensions of 0 at each node

#INPUT : depth (Int64) denoting depth of tree)
#OUTPUT empty_tree (Tree) empty partition tree with given depth
if depth == 0

empty_-leaf = Leaf_Spine(0,1,depth)

empty_leaf

else
depth = depth —1;
empty_-treelL = create_empty_tree (depth);
empty_-treeR = create_empty_tree (depth);
empty-tree = Node_Spine(empty_-treeL ,empty-treeR,0,1,depth+1);
empty_tree
end

function create_empty_fmm (depth)
#creates a complete fmm representation with partition dimensions of 0 at each node
#The fmmUR and fmmUL nodes are flipped for use with the FMM_Multiply ()

#Creates an empty FMM Representation of this form:

# 777777777
#\ N
#\ S —— \
#\ Vo
# o\ \
#0 N\ \
# \
# \
# _______________
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#

#The nodes on the diagonal could effectively be empty because they

aren ’t used,

#but this code assigns empty nodes/leaves/arrays to thesse as well.

depth (Int64) denoting depth of tree)

empty_tree (Tree) empty partition tree with given depth

empty-leaf = Leaf(—1,—1,depth, Array (Float64 ,0,0) ,Array(Float64,0,0) ,Array(Float64 ,0,0) ,Array(
Float64 ,0,0) ,Array (Float64 ,0,0));

,empty_treeLL = create_empty_-fmm_offdiag(depth);

empty_treelL = create_empty_fmm (depth) ;

empty_-treeR = create_empty_fmm (depth);

Node(empty_treeL ,empty_treeR ,empty_treeLL ,empty_treeUR,—1,—1,—1,—1,depth+1,

Array (Float64 ,0,0) ,Array (Float64 ,0,0) ,Array(Float64 ,0,0) ,Array(Float64,0,0) ,

Array (Float64 ,0,0) ,Array (Float64 ,0,0) ,Array(Float64 ,0,0) ,Array(Float64,0,0) ,

Array (Float64 ,0,0) ,Array (Float64 ,0,0));

#

#

#INPUT :

#OUTPUT

if depth ==
empty-leaf

else
depth = depth —1;
empty_treeUR
empty_-tree =
empty_tree

end

function create_empty_-fmm_offdiag (depth)
if depth ==

else

empty_-leaf_offdiag = LeafOffDiag(—1,—1,—1,—1,0,Array(Float64,0,0) ,Array(Float64,0,0),

Array (Float64 ,0,0) ,Array (Float64 ,0,0) ,Array(Float64,0,0) ,

Array (Float64 ,0,0));

empty_leaf_offdiag , empty_leaf_offdiag

depth = depth —1;

empty_-treeUR ,

empty-leaf =

empty_treeUR2

empty-treeLL2

empty_-treeLL = create_empty_fmm_offdiag(depth);

LeafOffDiag(—1,—1,—1,—1,—1,Array (Float64 ,0,0) ,Array (Float64 ,0,0) ,

Array (Float64 ,0,0) ,Array (Float64 ,0,0) ,Array (Float64 ,0,0) ,Array(

Float64 ,0,0));

= Node(empty_-leaf, empty_leaf, empty_leaf,empty_treeUR,—1,—1,—1,

—1,depth+1,Array(Float64,0,0) ,Array(Float64,0,0) ,Array(Float64,0,0) ,Array(Float64

,0,0),

Array (Float64 ,0,0) ,Array(Float64,0,0) ,Array(Float64,0,0) ,Array(Float64,0,0),

Array (Float64 ,0,0) ,Array (Float64 ,0,0));

= Node(empty_leaf, empty_leaf,empty_treeLL ,empty_leaf,—1,—1,—1,

—1,depth+1,Array(Float64 ,0,0) ,Array(Float64,0,0) ,Array(Float64,0,0) ,Array(Float64

156



FMM/HSS Julia Codes Chapter A

,0,0),
Array (Float64 ,0,0) ,Array (Float64 ,0,0) ,Array(Float64,0,0) ,Array(Float64,0,0),
Array (Float64 ,0,0) ,Array (Float64 ,0,0));

empty_-treeUR2, empty_treeLL2

end

end

function create_empty_gtree (depth)

#creates a complete tree with partition dimensions of 0 at each node

#INPUT : depth (Int64) denoting depth of tree)
#OUTPUT empty_tree (Tree) empty partition tree with given depth
if depth == 0
g = Array(Float64 ,0,1); #i have this as 3, but do i need to give an input fmm structure in
general to match the size of the g’s? Does the size of the empty matrix matter, is it used
at all?

empty_gleaf = Leaf_Gtree(0,1,depth,g)

empty-gleaf
else
depth = depth —1;
empty-gtreeL = create_empty_gtree(depth);

empty_gtreeR = create_empty_gtree (depth);

g = Array(Float64,0,1);
empty_gtree = Node_Gtree(empty_gtreeL ,empty_gtreeR ,0,1,depth+1,g);
empty_-gtree

end

function svd_ranktol(A:: Array{Float64 ,2} ,r::Int64)

#INPUT : A Array{Float64 }(2)

# r (Uint64) largest allowable rank of hankel blocks —
# this determines the amount of compression, and

# should be compatible with your input tree.

# (if the maximum allowable rank is p, then the

# tree partitions should be no smaller than 3p)

# Corresponding singular vectors below this rank

will be dropped.

#OUTPUT: Uhat (Array{Float64}(2)) left singular vectors of A
corresponding to singular values higher than
the chosen tolerance

Vhat (Array{Float64}(2)) right singular vectors of A
corresponding to singular values higher than
the chosen tolerance

Shat (Array{Float64} (1)) array containing the singular
values of A higher than the chosen tolerance

U, S, V= svd(A);

if isempty (A)

# # julia handles svd’s of empty matrices incorrectly at this time.

# These if statements correct that
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end

m, n = size (A);
if size(A,2) == 0
Uhat = Matrix{Float64}(I,m,n); #eye(m,n);
Shat = Array{Float64,1}(undef,0); #for some
construction code) will only accept this
otherwise
Vhat = Array{Float64 ,2}(undef,0,0);
elseif size(A,1) == 0
Uhat = Array{Float64 ,2}(undef,0,0);
Shat = Array{Float64 ,1}(undef,0);
Vhat = Matrix{Float64}(I,n,m);#eye(n,m);
end
else
Uhat = U[: ,1:r];
Shat = S[1l:r];
Vhat = V[:,1:r];
end
Uhat, Shat, Vhat

function f(rowldx,colldx ,N)

#function f(rowldx

#generates

:: Array{Int64 ,1},colldx

blocks of a matrix defined by

#is not efficient in matlab
#INPUT sr: (Int64) start row
# sc: (Int64) start column
# ml: (Int64) number of rows
# nl: (Int64) number of columns
# sInt: (Int64) start of interval
# elnt: (Int64) end of interval
# N: (Int64) grid size
#
#OUTPUT H: (Array{Float64 ,2}) matrix defined by
sInt = 0;
elnt = 1;

# number of rows

ml = length (rowldx) ;

# number of columns

nl = length (colldx);
H = Array{Float64 ,2}(undef,ml,nl);
if ml!= 0 || nl != 0

x = range(slnt ,stop=elnt,length=N);

reason the

input parameters.

input to produce a 0x0 matrix,

:: Array{Int64 ,1} ,N::Int64)

This function

given inputs

for ii = 1:ml
for jj = 1:nl
i_idx = rowldx[ii];
joidx = colldx[jj];
H[ii,§j] = saqrt(abs(x[i-idx]—x[j-idx]));
#[11, )] = log(l1+abs(x(iitsr)—x(jj+sc)));
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## FMM_Types. j1
# 1-16-18

module FMM_Types
export Leaf, LeafOffDiag, Node, FMM, Leaf_Spine, Node_-Spine, Tree, Leaf_-Gtree, Node_-Gtree, Gtree

mutable struct Leaf{Tl <: Integer, T2 <: Number}
m:: Tl #dimension of dense diagonal (square) matrix at current node
col_idx :: T1 #column index number of the matrix at the current node
depth ::T1
U:: Array{T2,2}
V::Array{T2,2}
D_1:: Array{T2,2}
D.0:: Array{T2,2}
D_r:: Array{T2,2}

mutable struct LeafOffDiag{Tl <: Integer, T2 <: Number}
m::T1
n::T1
col_idx ::T1
row_idx :: T1
depth ::T1
B13:: Array{T2,2}
Bl4:: Array{T2,2}
B24:: Array{T2,2}
B31:: Array{T2,2}
B41:: Array{T2,2}
B42:: Array{T2,2}

mutable struct Node{Tl <: Integer, T2 <: Number}
fmmUL: : Union{Node, Leaf , LeafOffDiag}
fmmLR:: Union{Node, Leaf , LeafOffDiag}
fmmUR: : Union{Node, Leaf , LeafOffDiag}
fmmLL:: Union{Node, Leaf , LeafOffDiag}
m::T1
n::T1
col_idx ::T1
row_idx ::T1
depth ::T1
B13:: Array{T2,2}
Bl4:: Array{T2,2}
B24:: Array{T2,2}
B31:: Array{T2,2}
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B41:: Array{T2,2}
B42:: Array{T2,2}
Rl:: Array{T2,2}
Rr:: Array{T2,2}
Wl:: Array{T2,2}
Wr:: Array{T2,2}
end
#Define FMM structure
FMM = Union{Leaf,Node, LeafOffDiag}

# #Define partition (spine) tree
mutable struct Leaf_Spine{T <: Integer}
m::T
col_idx ::T
depth:: T

mutable struct Node_Spine{T <: Integer}
treeL :: Union{Node_Spine{T},Leaf_Spine{T}}
treeR :: Union{Node_Spine{T},Leaf_Spine{T}}
m::T
col_idx ::T
depth:: T

Tree = Union{Leaf_Spine , Node_Spine}

mutable struct Leaf_Gtree{Tl <: Integer, T2 <: Number}
m::T1
col_idx ::T1
depth:: T1
g:: Array{T2,2}

mutable struct Node_Gtree{T1l <: Integer , T2 <: Number}
gtreeL :: Union{Node_Gtree ,Leaf_Gtree}
gtreeR :: Union{Node_Gtree , Leaf_Gtree}
m::T1
col_idx ::T1
depth ::T1
g:: Array{T2,2}

Gtree = Union{Leaf_Gtree, Node_Gtree}
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