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ABSTRACT OF THE DISSERTATION 

 

Activation of Enzymatic Cascades by Calcium Transients in Reconstructed Hippocampal 

Dendritic Spines 

 

by 

 

Daniel Keller 

Doctor of Philosophy in Neurosciences 

University of California, San Diego, 2008 

Professor Terrence Sejnowski, Chair 

 

The long-term goal of this project is to develop a model to explain the critical 

time window involved in the pairing protocol used for the induction of long-term 

potentiation (LTP) and long-term depression (LTD).  This requires a detailed analysis of 

dendritic Ca
2+

 dynamics in dendritic spines and an investigation of the Ca
2+

-mediated 

signal transduction cascades initiated by neural activity.  The model drew upon 

experimental data from the literature and projects in this proposal concerning the 

biochemical reactions that occur in the spine following the influx of Ca
2+

. These 



xiii 

measurements were incorporated into MCell, a Monte Carlo computer program that 

simulates sub-cellular signaling.  MCell uses ray-tracing techniques to follow the random 

walk and interaction between diffusible molecules.  The spatial profile of calcium-

binding protein activation in hippocampal area CA1 dendritic spines of different shapes 

was studied using a 5 µm x 5 µm x 5 µm volume of hippocampal area CA1 neuropil from 

mouse that has been reconstructed to serve as the anatomical substrate of the simulations. 

This allowed simulations of neurotransmitter release and diffusion in the extracellular 

space as well as the ensuing influx of Ca
2+

 to be accurately modeled. The estimated 

[Ca
2+

] and Ca
2+

-bound CaM in small functional microdomains, such as in the 

postsynaptic density was also monitored in spines of varying shapes, sizes, and neck 

lengths.  The model measured the response following an EPSP, an action potential, or 

combinations of both. Finally, the effects of pump localization on the shape and 

amplitude of calcium transients in dendritic spines were simulated, revealing that pump 

placement affects the decay time in spines.



1 

I. Introduction to Calcium Signaling and Plasticity 

Though the phenomenon of memory can be approached at many levels, at the 

most fundamental level it stems from alterations in the efficacy of connections between 

neurons at synapses. In order to understand higher abstractions of memory, it may 

ultimately prove useful to start at the finest scale, deriving simpler learning rules for 

synapses in response to complex stimuli as well as an understanding of the intrinsic 

variability of synaptic connections. 

Long-term potentiation (LTP) and long-term depression (LTD) are lasting changes 

that occur at synapses in response to particular patterns of presynaptic and postsynaptic 

activity. Experimental evidence for long-term increases in synaptic strength was first 

demonstrated in the rabbit hippocampus. Tetanizing perforant path afferents to the dentate 

gyrus led to LTP of the synaptic connections (Bliss and Lømo 1973). Shortly thereafter 

LTD was also demonstrated (Lynch et al. 1977).  

Postsynaptic free Ca
2+

, an important intracellular messenger, is required for the 

induction of both LTP and LTD, and it seems likely that the concentration and gradient of 

the Ca
2+

 accumulation determines the extent and direction of the postsynaptic 

modification.  This may be mediated by the concerted actions of various protein kinase 

and phosphatase molecules at the postsynaptic site. The tuning of bi-directionally 

modifiable synapses in some way forms the basis for learning and memory, adaptation and 

experience-dependent development.  

Traditionally LTP and LTD have been induced induced by large and non-

physiological induction protocols. For example, repeated wholesale stimulation of input 
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pathways for 1 s at 50 Hz, a commonly-employed LTP induction paradigm, leads to a 

huge increase in calcium in the dendritic spines of CA1 neurons above 50 µM (Connor et 

al. 1999). Such gross manipulations are often necessary in order to observe the change in 

response caused by either an alteration in the probability of release (e.g. Bekkers and 

Stevens 1990) or a change in receptor efficacy (e.g. Manabe, 1992; Davies, et al. 1989). 

Real networks, however, act via more subtle perturbations in synaptic strength and via 

complicated patterns of inputs. It is therefore desirable to use biologically realistic 

induction protocols understand what happens in real systems.  

In a form of plasticity known as spike-timing dependent plasticity (STDP), the 

precise timing of presynaptic and postsynaptic activity determines the magnitude and 

sign of changes in synaptic strength in hippocampal slice (Markram et al. 1997), 

dissociated cell culture (Bi and Poo 1998) and many other systems. These studies indicate 

that active synapses increase in strength if the a synaptic event giving rise to an excitatory 

postsynaptic potential (EPSP) precedes the action potential (AP) within a window of less 

than 20ms. On the other hand, if the action potential precedes the EPSP, the synapses 

depress (Figure 1.1). 
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Figure 1.1 STDP in layer 2/3 of rat visual cortex (after Dan and Poo 2006). The precise timing of 

synaptic input with respect to postsynaptic firing induces changes in synaptic magnitude and 

direction. 

 

 Since most synaptic inputs contact dendrites, signaling to the synapse that the neuron has 

generated an output is thought to be conveyed by backpropagating action potentials 

(Magee and Johnston 1997). Consistent with the STDP data and with traditional 

LTD/LTP data are optical imaging studies examining the accumulation of Ca
2+ 

in the 

spines and dendrites of the postsynaptic cell.  These studies have shown Ca
2+ 

to enter the 

cell through either synaptic currents (Regehr and Tank 1992, Segal 1995), or through 

voltage-dependent calcium channels (VDCC), assumably activated by back-propagating 

action potentials (Jaffe et al, 1994) and a combination the two (Yuste and Denk 1995, 

Koester and Sakmann 1998).  Spike-timing-dependent LTD can also be obtained via 

activation of metabotropic glutamate receptors (Birtoli and Ulrich 2004, Nevian and 

Sakmann 2006) and after dendritic release of endocannabinoids (Safo and Regehr 2005, 

Sjostrom et al. 2003).  
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Where the synapse is located on the dendritic tree may also be an important 

factor. Recent evidence indicates that local dendritic spikes separate from action 

potentials occurring in the axon can influence plasticity (Golding et al. 2002). 

Furthermore, pairing of synaptic input with local NMDA spikes and concurrent 

application of brain-derived neurotrophic factor (BDNF) is necessary for induction of 

LTP at distal inputs onto basal dendrites of somatosensory cortex pyramidal neurons 

(Gordon et al. 2006). Channel densities can also differ markedly at different points in the 

dendritic tree (e.g. Berger et al. 2001). The slower rise time and extended duration of 

dendritic spikes means that the learning rules of timing-dependent plasticity will differ 

from classical STDP (Nevian et al. 2007). The time window for induction of LTD in 

layer 2/3 pyramidal neurons is broader for distal inputs, due also to greater calcium-

dependent suppression of NMDA receptors in the distal dendrite (Froemke et al. 2005). 

The timing of backpropagating action potentials relative to the onset of glutamate 

binding to NMDA receptors determines the degree of NMDA receptor activation (Kampa 

et al. 2004, 2006) and concomitant Ca
2+

 influx via relief of the Mg
2+

 block of the NMDA 

receptors (Kampa et al. 2004, Vargas-Caballero and Robinson 2003).  When confocal 

microscopy was used to image Ca
2+

 influx into the spines and dendrites of neocortical 

slices under similar stimulation protocols to those used by (Markram et al. 1997, and Bi 

and Poo 1998), experimenters observed an NMDA-dependent local accumulation of Ca
2+

 

in spines after an EPSP and a diffuse increase in Ca
2+

 concentration in both spines and 

dendrites following a somatically initiated action potential (Koester and Sakmann 1998).  

The Ca
2+

 accumulation was super-linear if the EPSP preceded the action potential by 50 
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ms, yet was sub-linear if the action potential preceded the EPSP by an equivalent amount 

of time.  

The CA3 to CA1 glutamatergic synapse of the hippocampus figures prominently 

in the literature, as researchers have performed extensive experiments on plasticity and 

neurotransmission in the region due to ease of preparation, accessibility, and abundant 

protocols. The synapses themselves, located on spine heads that can possess widths of 

less than a micron, fall just on the border of resolution by traditional light microscopy. 

Hence it will prove necessary to augment experimental observations with detailed 

modeling and inferences in order to obtain a precise understanding of synaptic function.  

The postsynaptic density (PSD) directly under the site of Ca
2+

 influx through 

NMDARs, is seen in the electron microscope as a thickening extending about 50 nm into 

the dendritic spine.  The proteins comprising the PSD are spatially arranged in a highly 

organized manner (Lee and Sheng, 2000; Kennedy, 2000) and high-resolution anatomical 

measurements suggest their localization is important for signal transduction cascades in 

the spine (Valtschanoff and Weinberg, 2001).  Recent advances in the synthesis of 

fluorescent Ca
2+

 indicators (Zacharias et al, 2000) and the development of two-photon 

scanning laser microscopy (Denk et al, 1990; Denk and Svoboda, 1997) have permitted 

progress in the measurement of Ca
2+

 dynamics in small compartments (Yuste et al, 1999, 

Sabatini et al. 2001).  The resolution of these optical methods, however, is still 

constrained to hundreds of nanometers, significantly larger than the spatial extent of the 

different proteins involved in biochemical signaling.  Optical measurements following 

neural activity therefore only measure volume-averaged Ca
2+

 concentrations, with peak 

concentrations in the range of 1 µM.  However, calmodulin (CaM), a major Ca
2+

-binding 
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protein in neurons has a KD of about 5 µM (Cohen and Klee, 1998) and is often activated 

by neural activity.  

 Even within the small compartment of a spine head, the calcium level experienced 

by calcium-binding proteins varies substantially. There exist small regions with very high 

Ca
2+

 concentrations, microdomains, sufficient for the activation of CaM, that are too fine 

to be resolved by light microscopy (which only reports the volume-averaged 

concentration across the entire spine). To some extent, clever experiment design can 

partially circumvent the limitations of optical microscopy. For example, expression of 

calmodulin mutants impaired in different lobes has shown that different lobes are 

responsible for facilitation or inactivation of calcium channels and that each may resolves 

local or global aspects of the calcium signal (DeMaria et al. 2001). Yet to interpret the 

results of such experiments properly they still need to be framed in a modeling paradigm. 

Microdomains are also relevant to communication from the synapse to nucleus via the 

extracellular signal-regulated kinase-mediated signaling cascade, (Hardingham et al. 

2001). EGTA-mediated suppression of global calcium levels does not affect activation of 

this pathway. 

At the synapse, calcium microdomains activate proteins involved in plasticity and 

memory consolidation pathways. In order to model the effect of location, enzyme models 

were placed at different distances from the site of calcium entry and their relative 

activation in response to stimulation were compared. Several proteins are relevant for 

calcium-induced plasticity, including calmodulin, calcineurin, and CamKII. Figure 1.2 

shows some of these putative processes involved in plasticity. The calcium influx from 

NMDA receptors causes activation of the panoply of pathways that give rise to LTP, 
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LTD, and depotentiation. Such a switch involves at least two competing pathways, one 

which phosphorylates CamKII and other receptors, and another pathway mediated by 

phosphatases which dephosphorylate these targets.  

 

   

 

 

 

 

 

 

 

Figure 1.2 Pathways thought to be involved in plasticity (modified from Bhalla et al., 1999). The 

Calcineurin-I1-PP1-CamKII pathway is boxed. 
 

Calcineurin might mediate depotentiation of CamKII through the dephosphorylation 

pathway acting through calcineurin, inhibitor-1, and protein phosphatase I (PP1), 

highlighted in red in Figure 1.1. The rate constants describing CAMKII activation in vitro 

have been established by the Kennedy laboratory. Although the macroscopic sensitivity 

of the enzyme to calcium concentrations has been established, a detailed kinetic model 

for calcineurin has still not been constructed despite decades of work on the enzyme 

(Stemmer et al. 1994). In particular, the involvement of partially-active states of 

calcineurin in which the modulating calmodulin is bound to only one lobe of calmodulin 

has not been well-characterized. By using mutant calmodulin in which either the calcium-
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binding sites of the N-lobe or C-lobe of calmodulin are knocked out, we have found that 

calcium bound to either of the calmodulin lobes is sufficient to activate calcineurin. This 

information is being used to construct a discrete-state model of the calmodulin-dependent 

activation of calcineurin. A discrete state model of calcineurin can now be inserted into 

simulations to determine the sensitivity to local levels of calcium.  

The relative activation of both the wild-type calcineurin and CamKII was also 

assayed under conditions in which the amount of calcium is varied. Under low calcium 

conditions, the calcineurin-meditated pathway might be preferentially activated while 

under high calcium conditions the CamKII pathway might be more active. Conventional 

plasticity dogma holds that high calcium levels give rise to potentiation while low 

calcium levels induce depotentiation or depression. Comparing the two enzymes under 

the same assay conditions was important for understanding if their inherent kinetics can 

give rise to the switch between LTP and LTD.  

Each NMDA receptor consists of NR1 subunits in association with NR2A or 

NR2B subunits. NR2B-containing NMDA receptors have a much longer time course of 

activation (~300 ms) compared to NR2A-containing receptors (50-80 ms) (Cull-Candy et 

al. 2001). At first glance one might suppose this to be the reason why blockade of NR2B 

receptors occludes low frequency (1-3 Hz) induced LTD, whereas blockade of NR2A 

receptors occludes high-frequency induced LTP (Liu et al. 2004). The frequency 

dependence of calcium signaling could thus depend on the relative distribution of NR2A 

and NR2B containing receptors.  Alternatively, the proportion of current through NR2B 

receptors that is carried by calcium might be higher than the proportion of NR2A calcium 
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current (Sobczyk et al. 2005). Bigger spines have more NR2B-containing receptors than 

smaller ones (ibid). 

Calcium and inactivity dependent slowing of calcium extrusion mechanisms may 

also affect the frequency response of spines (Scheuss et al. 2006). Higher frequency 

stimuli lead to LTP, while lower frequency stimuli lead to LTD. Understanding the 

balance of calcium extrusion mechanisms with the time course of influx is necessary in 

order to understand the calcium levels experienced by the enzymes that lead to plasticity.  

Observations by the Weinberg group suggest that plasma membrane calcium 

(PMCA) pumps are localized at the base of spines. To determine if this makes a 

difference in the amplitude of calcium transients experienced in the spine head, 

simulations were conducted to compare the case of pumps clustered at the base versus 

pumps uniformly distributed. One possible reason for the effects of pump localization is 

that microdomains near the point of calcium entry increase the concentration of calcium 

that pumps in the vicinity are exposed to.  If pumps are located farther away they see less 

calcium and therefore less effective. Resolving the influence of pump localization on the 

calcium level is important for understanding signal transduction. This is best done 

computationally because of the difficulties in obtaining and interpreting the results of 

pump manipulations experimentally. 

Previous workers have implicated the size and length of the spine head as an 

important factor in the size and duration of calcium transients induced by synaptic 

stimulation. Measurements of diffusional transport through spine necks have shown that 

fluorophores bleached in the spine head take up to 100 times longer to recover than they 

would if they underent free diffusion, indicating that the spine neck imposes a barrier 
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upon diffusion (Sabatini et al. 2001). Noguchi et al. 2005 used a circuit-based model to 

estimate the decay of calcium transients within the spine head based in conjunction with 

fluorescent measurements. They found that the neck conductance can vary by more than 

a factor of 10 and that it can be controlled independently of spine volume. Their 

estimated spine buffering capacity was 86, similar to many other estimates which fell in 

the range of 40-120 (Zhou and Neher 1993, Helmchen et al. 1996, Maeda et al. 1999) but 

different from the 20 measured by Sabatini 2002. Accurate modeling of the detailed 

geometry of the system will extend such observations and bring a new level of realism to 

our understanding of calcium compartmentalization.  

Calcium interacts with proteins within the volume of spine head, many of which 

are freely diffusing. The extent to which diffusing buffer introduce artifacts into calcium 

microdomains was unknown, since most simulations in the past have relied on static 

buffers. The simulations in this work employ diffusing proteins and indicators.   

Ca
2+

 indicators themselves perturb the state of the system they attempt to measure 

(Helmchen et al. 1996). Therefore calibration of the models should also employ 

simulated indicator. Majewska found that action potential-induced spine calcium exhibits 

two distinct phases (Majewska et al. 2000). During the first phase, calcium quickly 

decays to dendritic levels and a slower phase in which the spine follows dendritic 

kinetics. Of course, introduction of calcium indictors may extend and augment the 

difference in decay kinetics. To what extent are unperturbed neurons affected by this 

process?   

Realistic simulation of intracellular Ca
2+

 dynamics in spines relies on accurate 

representation of calcium sources, sinks, and diffusion boundaries since the calcium that 
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enters the cell binds to pumps and internal proteins and is eventually extruded. To model 

the initial stages of calcium entry and binding, we have developed a model using the 

MCell program that accurately simulates experimentally measured Ca
2+

 dynamics using a 

realistic biophysical framework involving the diffusion of molecules by random-walk 

Brownian motion and their reaction with cellular elements (Franks et al., 2002a, 2002b).  

This model allows for Ca
2+

 entry into a dendritic spine through voltage-dependent 

calcium channels (VDCCs) and NMDA receptors, extrusion via pumps on the cell and 

endoplasmic reticulum membranes, and the binding of Ca
2+

 to various intracellular 

effectors, including cytoplasmic Ca
2+

 buffers and CaM.  

MCell uses rigorously validated and highly optimized Monte Carlo algorithms to 

simulate the random-walk Brownian motion of discrete diffusing molecules and 

concomitant uni- and bi-molecular chemical reactions in a complex three dimensional 

environment reflecting realistic cellular microstructure. Thus, the impact of subcellular 

organization on the temporal and spatial evolution of biochemical reaction/diffusion 

systems can be studied using MCell.  To model such a system it is necessary to specify 1) 

the geometry of the subcellular structures of the system, 2) the diffusion constants and 

initial locations of diffusing molecules, 3) the locations of transmembraneous or scaffold-

tethered effector molecules, 4) the reaction mechanisms and kinetic rate constants 

governing the interaction of diffusing molecules with each other and effector molecules, 

and 5) an appropriate time step and number of iterations with which to simulate the 

spatial and temporal evolution of the system (Stiles and Bartol, 2001).  According to 

Brownian dynamics random walk and Monte Carlo algorithms, the average radial 

distance traveled in a random walk step and the probability that collisions and binding 
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occurs both depend on the value of the simulation time step.  The simulation time step 

also determines the numerical accuracy of MCell simulations, because of the ratio of the 

time step to the average lifetimes of the chemical reactant states in the simulation (Stiles 

and Bartol, 2001).   

The power of using MCell to simulate cell signaling is that the Monte Carlo 

implementation incorporates 3D ultrastructural details and preserves the stochastic nature 

of the diffusion and reaction processes. Most other models of calcium within spines 

solved differential equations in a cable model and so can not easily address either of these 

aspects (Crook et al. 2007, Noguchi et al. 2005, Naoki et al. 2005). Thus, the MCell 

simulation output contains quantitative spatio-temporal dynamics and stochastic noise 

that reflect the underlying probabilistic nature of the actual biological system.  In some 

cases, this noise is undesirable and must be reduced by averaging across multiple 

simulations.  In other situations, the inter-trial variability is itself of interest.  MCell has 

been used to model vesicular release (Stiles et al., 2001), diffusion in the synaptic cleft 

(Clements, 1996; Franks et al., 2002), and investigate the impact of neuronal shape on 

tortuosity (Tao and Nicholson, 2004). The new version of MCell also permits interaction 

of diffusing molecules with each other.  

            The time-course of neurotransmitter in the synaptic cleft exerts a profound 

influence on the spatio-temporal activation of NMDA receptors, a key source of Ca
2+

 in 

spines. We have now reconstructed a sufficiently large volume of neuropil and 

surrounding dendritic spines to ensure an accurate model of neurotransmitter time course. 

This geometry input to the MCell model is a mesh derived from serial EM microscopy 

from the laboratory of Kristen Harris. While serial section electron microscopy has been 
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an invaluable tool in studying brain ultrastructure, it has one important limitation – the 

thickness of the slice can only be as thin as 50 to 80 nm.  While thinner slices can be cut, 

they cannot be used for electron microscopy (Hayat 2000). We have been able to 

circumvent the z-resolution problem by developing meshing procedures that interpolate 

between successive contours and impose an appropriate extrapolated spacing on those 

mesh elements. 

Thus, there are many unanswered questions and important details pertinent to the 

role of calcium in dendritic spines. The simulations described in the following chapters 

provide a framework through which the power of MCell can be leveraged to address 

these issues in the quest to understand how memory and cognition arise from the physical 

structure of the mind. 



14 

II. Calcium Pump and Endogenous Calcium Binding 

Protein Modeling and Calibration 

 

Endogenous Calcium Binding Proteins and calcium removal mechanisms exert 

tremendous influence on the course of calcium transients. Spines possess two primary 

species of calcium extruders, sodium calcium exchangers (NCX) and plasma membrane 

calcium ATPases (PMCA). Both have different Michaelis-Menton kinetics. The principal 

calcium binding protein modeled is calbindin-D28k. Some simulations include a generic 

calcium binding chosen such that the extrapolated native buffer capacity is ~15. 

 

2.1 Calcium Extrusion Mechanisms 

 

The model assumes that both NCX and PMCAs operate via the following kinetic schema: 

 

 

For PMCA pumps, the turnover rate k2 is 100 s
-1

, and Km is 0.2 µM. The equation has one 

free parameter, k-1, which was selected to be 200 s
-1

. Setting this value in turn constrains 

the value of k1 according to the following equation: 

 

1

21

k

kk
Km

+
= −  

PumpU  +  Ca
++

             PumpB              PumpU        
k-1 

k1 k2 



  15 

 

 

This constraint therefore establishes k1 at 1.5·10
9
 s

-1
 M

-1
. 

A similar scheme applies to the NCX pump. The Km of 3 µM is much higher than 

that of PMCA pumps, but the turnover rate k2 is much higher, 3000 s
-1

.  k-1 was set at 

1000 s
-1

. This in turn set k1 at 1.3·10
9 

s
-1

 M
-1

. 

Experimentally, in the presence of 500 µM of the low-affinity buffer Fluo-4 

(Kd=0.34 µM), partial inactivation of PMCA pumps increased the decay time of a weak-

depolarization-induced calcium response by almost a factor of two (Scheuss et al. 2006). 

Inhibition of NCX also resulted in a nearly two-fold increase in the decay time of the 

calcium transients. Use of similar MCell simulation conditions, containing Fluo-4, 

allowed calibration of the calcium response to an action potential. Calcium pumps were 

adjusted such that the decay constant in the presence of both extrusion mechanisms. This 

occurs when 1055 PMCA channels and 160 NCX are present per square micron. Figure 

2.1 shows the decay response of the calcium transient when both NCX and PMCA are 

present, and for NCX alone as well as PMCA alone. 
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Figure 2.1 The decay of action-potential-evoked transients with both PMCA and NCX (red black 

trace, ττττ=15 ms), PMCA alone (black trace, ττττ =32 ms), and NCX alone (green trace, ττττ =29 ms).  

 

The results match Scheuss et al. in that the PMCA and NCX pumps each account for 

approximately 50% of the clearance of calcium. 

In some simulations, SERCA pumps were added to an ER-like compartment. 

SERCA pumps have a maximal rate of 3.96 nmol/mg min and a Km of 0.26 uM 

(Shannon et al. 2000). If k-1 is 50 s
-1

 and k2 are set to 100 s
-1

,then k1 is 10
9
 s

-1
 µM

-1
. 
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2.2 Endogenous Calcium Binding Proteins 

 

The identity, mobility, and amount of endogenous calcium binding proteins 

(CBPs) in spines are poorly characterized. Most often the amount of calcium binding 

proteins is expressed in terms of the buffering capacity, the derivative of the number of 

calcium bound to a CBP with respect to the number of free calcium. Measurements of 

buffering capacity vary tremendously. Some authors have found buffering capacities 

exceeding 80 (Zhou and Neher 1993, Helmchen et al. 1996, Maeda et al. 1999), while 

others predict a buffering capacity of about 20 (Sabatini et al. 2002). 

Several reasons might account for these discrepancies. First, neurons might 

exhibit natural heterogeneity. Second, technique varies among different workers and 

equilibration of indicator depends on the time between patching and recording. If 

insufficient time is allotted, indicator concentrations within the cell might not reach those 

within the pipette. Third, calcium binding proteins might diffuse out of the cell into the 

pipette. Some investigators have cast doubt upon the washout hypothesis, since short 

loading does not seem to alter the fundamental extrapolated time and [Ca
2+

] amplitude 

characteristics (Helmchen et al. 1996). 

In later simulations, we decided to use Calbindin as the sole CBP in the spine, 

since it probably accounts for the bulk of all CBPs (Müller et al. 2005).  
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2.3 Mobility of Spine Head Proteins 

One hypothetical scenario which initially caused some concern is that under 

conditions of near indicator saturation, the distance separating available indicator 

molecules from the average calcium molecule might be greater than the average calcium 

diffusion distance. This situation was thought to be a possibility in the region directly 

under the NMDA channel, perhaps responsible for a local saturation effect in which dye 

molecules closer to the channel would be saturated and hence not report the correct 

calcium concentration. We suspected this scenario because the reported calcium 

concentration differed in the case in which the dye was permitted to diffuse freely versus 

the case in which its mobility was set to zero. 

 In order to assess whether or not binding of indicator and calcium is “diffusion 

limited,” a Mathematica simulation was constructed. We examined a compartment 

containing 20 µM of Oregon Green was mixed with varying amounts of calcium. We 

compared the time predicted from the kinetics of the on rate with the average time it takes 

for an average calcium to diffuse the distance to the nearest unoccupied indicator 

molecule.  

The kinetically-limited on rate was given by: 

 

][

1

reeIndicatorfkon

kinetic =τ  

 

For OGB, kon is 4.5e8 M
-1

s
-1

. 
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The average edge length of a cube separating unbound indicator is: 
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The average distance of a calcium ion to any of the box corners is thus: 

 

2

3 edged
length

⋅
=  

 

The time constants at varying amounts of free indicator were assayed. The following 

figure shows the results. 

 

Figure 2.2 Lifetime of a calcium ion versus the concentration of free indicator. The red trace is based 

on the kinetic lifetime, while the blue trace is the diffusion-limited lifetime. 
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The red trace denotes the kinetic lifetime, while the blue trace indicates the diffusion 

lifetime. The kinetic lifetime exceeds the diffusion lifetime at all concentrations of 

interest, indicating that diffusion limiting is not a factor. 

An alternative method to arrive at the same conclusion used the Smoluchowski 

Equation to estimate the maximal reaction rate between Ca
2+

 and indicator molecules in 

solution. The behavior of binding in the diffusion-limited case was be examined. The 

Stokes radius of each diffusing species is given by: 

 

D

kT
R

πη6
=       (i) 

 

In the above equation k is the Boltzmann constant, T the temperature, n the viscosity of 

water, and D the Diffusion coefficient of the species. The viscosity inside a cell is 1.7e-3 

Pa · s. The hard-sphere collision diameter between calcium and the indicator is the sum of 

the radii of each species. Substituting the relevant constants into (i), it is 3.04 nm.  

The Smoluchowski derivation of the maximal reaction rate gives: 

 

ABAab NDDdk )(4max += π  

 

where dab is the hard sphere collision diameter found above, and DA and DB are the 

diffusion constants of the two species. NA is Avogadro’s number. Solving the equation 

for the upper limit of the reaction rate kmax gives 1.1e10 M
-1

s
-1

. The ratio of kon to the 

upper limit kmax is 0.04. Therefore 1 in 25 collisions results in a reaction.  Since this is a 
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relatively small proportion, the reactions between Ca
2+

 and indicator are not diffusion 

limited. 

 

2.4 Length Diffused During an Action Potential 

During an action potential, of duration 2 ms, calcium ions are able to spread throughout 

most of the spine. To see why, we have only to compute the distance each ion can diffuse 

during this length of time: 

 

τDL 2=  

 

With the diffusion constant D set at 2.2 · 10
-6

 cm
2
/s and the time τ set at 2 ms, each 

calcium ion will diffuse 0.9 µm.
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III. Calmodulin Activation by Calcium Transients in 

the Postsynaptic Density of Dendritic Spines 

 

3.1 Background 

When calcium ions enter a neuron they can induce a wide range of outcomes in a 

variety of neuronal signaling pathways, including those responsible for both persistent 

increases and decreases in synaptic strength (Kennedy 1989). Dendritic spines, the sites 

of most excitatory synapses in the central nervous system, serve to chemically 

compartmentalize local changes in calcium ion concentration (Ca
2+

, henceforth referred 

to as “calcium”) (Koch and Zador 1993, Sabatini et al. 2002, Svoboda et al. 1996). 

Synapse-specific changes in synaptic strength depend on activation of multiple calcium-

dependent signaling molecules in individual spines.  However, it is not clear how 

selective activation of particular signaling pathways can be achieved within a single spine 

head less than 1 µm in diameter since calcium in free solution can rapidly diffuse across 

this distance.  

Spines serve as chemical compartments for calcium-driven reactions. Calcium in the 

spine head is isolated from the rest of the dendrite by the spine neck, where the length 

and width of the neck defines coupling between the two compartments (Majewska et al. 

2000, Noguchi et al. 2005) and can be regulated by neural activity (Bloodgood and 

Sabatini 2005). The spine head itself is not well-mixed, for even within the confines of 

the simulated compartment, long-lasting calcium gradients can persist for many tens of 
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microseconds. Such microdomains and the concomitant modulation of calcium signals 

within them have been studied in a variety of contexts. For example, Crank-Nicholson 

diffusion calculations can predict calcium microdomains at distances below 100 nm in 

spines (Müller et al. 2005). Calmodulin located near calcium channels can direct channel 

regulation, and indeed the effective local calmodulin level near calcium channels has 

been show to be in the millimolar range (Mori et al. 2004). Microdomain regulation of 

calcium channels mediated by CaM is lobe-specific (Liang et al. 2003). Furthermore, 

activation of CaM in microdomains is likely to depend upon the diffusion constant of 

CaM (Naoki et al. 2005). The amplitude and extent of calcium within the spine also 

influences spine motility through processes mediated by actin and myosin (Holcman et 

al. 2004). Synapse-to-nucleus signaling mediated by extracellular signal-regulated kinase 

(ERK1/2) is initiated by calcium microdomains at synaptic N-methyl-D-aspartate 

receptors (NMDARs) (Hardingham et al. 2001). Presynaptically, calcium can become 

highly elevated for submillisecond intervals (Llinás et al. 1995), activating local sensors 

(Augustine et al. 2005).  

Specific activation of a particular signaling cascade may depend on a sensor that 

reads the spatio-temporal average of intracellular calcium in the entire spine. 

Alternatively, spatially distinct sensors may detect highly localized calcium elevations. In 

dendrites, but not necessarily spines, specific activation of different protein effectors 

downstream of calcium entry has been shown to depend on the source of calcium 

entering the cell, including NMDARs (Hardingham et al. 2001, Takasu et al. 2002) and 

voltage-dependent calcium channels (Deisseroth et al. 1996, Dolmetsch et al. 2001). In 

hippocampal and neocortical pyramidal cells, the two main sources of spine calcium are 
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voltage-dependent calcium channels and NMDARs. Calcium-permeable α-amino-3-

hydroxy-5-methylisoxazole-4-propionic acid receptors (AMPARs), while present at these 

synapses, make no measurable contribution to the calcium current (Koester and Sakmann 

1998, Yuste et al. 1999, Sabatini et al. 2002, Buldakova et al. 2007). Calcium enters 

through voltage-dependent calcium channels during backpropagating action potentials, 

and through synaptic NMDARs when pre-synaptic glutamate release and postsynaptic 

depolarization are coincident (Yuste and Denk 1995, Sabatini et al. 2002, Markram et al. 

2007). The precise distribution of voltage-dependent calcium channels within spines 

remains poorly characterized, but they are generally assumed to distribute evenly over the 

surface of the spine. NMDARs, in contrast, localize to the postsynaptic density (Kharazia 

et al. 1996, Takumi et al. 1999). The different locations of these two calcium sources 

should produce different spatial calcium profiles in the spine immediately after influx. 

However, these profiles will only have physiological relevance if they activate different 

downstream targets.  

Calmodulin is a calcium-dependent protein required for the initiation of many 

different signaling pathways including long-term potentiation (LTP) and long-term 

depression (LTD) (Mulkey et al. 1994). Calmodulin has two lobes, each of which can be 

independently activated by binding two calcium ions (DeMaria  et al. 2001). Calmodulin 

has a relatively low calcium affinity, and slow mass-action kinetics (Cohen and Klee 

1988). If equilibration of calcium within the spine is extremely rapid, then formation of 

the four calcium-bound activated CaM should be independent of either its spatial 

distribution in the spine or the source of calcium entry. 
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To test the hypothesis that CaM activation is sensitive where it is located within the 

spine, we developed a biophysically realistic Monte Carlo model of a dendritic spine that 

included calcium influx, extrusion and buffering. The model, implemented in MCell 

(Kerr et al. 2008, Stiles and Bartol 2001), simulates the diffusion of each calcium ion 

with a random walk at high temporal and spatial resolution, as well as biochemical 

reactions between calcium and other molecules in signal transduction cascades. This 

approach preserves the stochasticity inherent in signaling with a small number of 

molecules. Our results show that approximations based on the assumption that calcium is 

well mixed are invalid and that strong calcium gradients can persist long enough to 

activate CaM in microdomains under conditions that lead to LTP and LTD. 

 

3.2 Methods 

The activation of postsynaptic NMDA receptors by glutamate released in an 

idealized, 3D neuropil has been described elsewhere (Franks et al. 2002, Franks 2002, 

Franks et al. 2003). Here we present the methods used to model the voltage-dependent 

gating of calcium channels and calcium influx, the binding of calcium to various 

intracellular binding partners, and the establishment of intracellular calcium homeostasis. 

To model the calcium dynamics in the spine head, the model includes voltage-dependent 

calcium channels, calcium pumps, NMDA and AMPA receptors, and calcium binding 

proteins. MCell models the chemical behavior of discrete particles but not electrical 

properties. To accommodate electrical effects, a NEURON simulation was coupled to the 

MCell model. 
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MCell uses rigorously validated and highly optimized Monte Carlo algorithms to 

simulate the random-walk Brownian motion of discrete diffusing molecules and 

concomitant uni- and bi-molecular chemical reactions in a complex three dimensional 

environment reflecting realistic cellular microstructure. Thus, the impact of sub-cellular 

organization on the temporal and spatial evolution of biochemical reaction-diffusion 

systems can be studied using MCell.  We used version 3.0 of MCell (Kerr et al. 2008), 

which differs from previous versions of MCell in that it allows pairwise interactions 

between diffusing molecules (http://www.mcell.cnl.salk.edu). We were therefore able to 

model binding of diffusing calcium with diffusing endogenous calcium binding proteins 

(CBPs) and exogenous fluorescent calcium indicators.  

To model a system with MCell it is necessary to specify 1) the geometry of the sub-

cellular structures of the system, 2) the diffusion constants and initial locations of 

diffusing molecules, 3) the locations of transmembraneous or scaffold-tethered effector 

molecules, 4) the reaction mechanisms and kinetic rate constants governing the 

interaction of diffusing molecules with each other and effector molecules, and 5) an 

appropriate time step and number of iterations with which to simulate the spatial and 

temporal evolution of the system (Kerr et al. 2008, Stiles and Bartol 2001). According to 

the statistics of a Brownian dynamics random walk as well as Monte Carlo reaction-

diffusion algorithms, the average radial distance traveled in a random walk step and the 

probability that binding occurs both depend on the value of the simulation time step.  The 

ratio of the simulation time step to the mean lifetimes of the chemical reactant states 

determines the numerical accuracy of MCell simulations (Kerr et al. 2008, Stiles and 

Bartol 2001). In general, the time step should be chosen so that the probability that 
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binding occurs during the span of one time step is less than 1 (generally not greater than 

0.5) to obtain errors of less than 1-2%. 

This MCell model differed from previous models of spine microdomains in that 

discrete molecules were represented in 3D space. In principle, for simulations with a 

large number of particles, similar results for calcium profiles could result from the 

numerical solution of partial differential equations (PDEs) in 3D space. We chose to use 

MCell for two primary reasons. First, MCell explicitly accounts for diffusion and 

interaction of discrete particles at high spatial resolution with complex cellular geometry 

at much less computational expense as compared to PDE and other stochastic methods. 

The geometry of the model shown here represents an intermediate step along the path to 

simulation of a more realistic geometry reconstructed from electron-microscope 

tomography. Consideration of complicated geometric constraints would prove difficult to 

address with other numerical tools currently available. The spatial resolution of MCell 

depends only on the simulation time step and not on the granularity of a finite element 

mesh. Second, MCell incorporates stochastic effects such as binding and unbinding of 

glutamate to discrete channels, the stochastic flickering of activated channels, and 

binding and unbinding of individual calcium ions with diffusing endogenous proteins and 

calcium indicator. Stochastic effects are particularly relevant when the number of 

participating molecules is small. In the relatively large spine used in this model (volume 

0.125 fL) an average resting calcium concentration of 50 nM entails only 3-4 free 

calcium ions. The macroscopic concept of concentration breaks down under such 

conditions. The relatively small numbers of calcium ions and other signaling molecules 
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means that consideration of discrete particles will become increasingly important for 

detailed, biologically realistic simulations. 

 

3.2.1 Geometry of the MCell Model 

The model encompassed a 4 µm × 4 µm × 4 µm volume of simplified neuropil 

composed of cuboidal elements, as previously described (Franks et al. 2002, Franks 

2002). The presynaptic bouton consisted of a cuboid 0.5 µm on a side adjacent to the 

spine head, creating a 20 nm synaptic cleft (Figure 3.1).  

 

Figure 3.1 Schematic representation of the model. (A) A segment of dendrite with a single spine 

(grey). A presynaptic bouton (green) was separated from the synaptic face of the spine by a 20 nm 

cleft. (B) voltage-dependent calcium channels (yellow) were randomly distributed at low densities 

across the spine and dendrite membranes, whereas NMDARs (red) and AMPARs (not shown) were 

restricted to a patch centered on the synaptic face of the spine. (C) Calcium pumps were distributed 

evenly on the cell membrane. (D) CBPs were uniformly distributed in the interior. 
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The spine head, also a 0.5 µm cuboid, was connected to a dendritic shaft by a neck 

measuring 0.5 µm long and 0.2 µm wide. The dimensions were consistent with average 

measurements derived from transmission electron microscopy (Sorra and Harris 2000). 

The model included extrasynaptic elements representing other dendrites, axons, and glial 

components of the neuropil. For clarity these are not shown in Figure 3.1. 

 

3.2.2 NEURON Simulations and Coupling to MCell 

We adapted a previously published NEURON model of a layer 5 neocortical 

pyramidal cell (Figure 3.2A) (Mainen et al. 2005) to compute the time series of dendritic 

voltage and calcium channel gating parameters. This was used to compute a time series 

of voltage-dependent open probabilities (Popen) for each channel-type, which in turn was 

then converted to a time series of kinetic rate constants (Kerr et al. 2008, Stiles and Bartol 

2001).  MCell then read the files of kinetic rate constants in order to calculate open-

closed transitions of voltage-dependent calcium channel and blocked-unblocked 

transitions of NMDARs. 

Action potentials in the NEURON model were induced with a brief somatic current 

injection (3 nA for 1.5 msec). The action potentials propagated back into the dendritic 

arbor (Figure 3.2B).  
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Figure 3.2 NEURON simulations for voltage-dependent channel gating. (A) Membrane potential 

measured in a dendritic spine located on the proximal part of the apical dendrite. APs were evoked 

by short current injections into the soma. (B) An AP initiated in the soma (blue trace) propagated 

back into the dendrite (red trace). (C) Popen of VDCC Ca
2+

 channels in the spine during an AP. (D) 

The gating parameter Kon of the NMDA channel during an AP. (E) EPSPs were simulated by placing 

5 synapses at different locations in the dendritic arbor. (F) Five EPSPs caused a small deflection in 

voltage at the soma but a large local depolarization in the spine. (G) Popen of VDCC Ca
2+

 channels in 

the spine during an EPSP. (H) The gating of the NMDA channel during an EPSP. The Mg
2+

 block of 

the NMDA channel was transiently relieved during an AP but not an EPSP. 

 

A pair of connected pyramidal cells has ~5 synaptic connections, and induction of an 

action potential in one cell induces an excitatory postsynaptic potential of approximately 

2 mV peak amplitude and 30 msec half-width, as measured in the soma of the other 

(Markram et al. 1997).  Five synapses were therefore placed on the cell (Figure 3.2E). 

We assumed that release at each synapse was reliable and equal in strength. The exact 
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number and strength of concurrent synapses is not a key parameter since these make a 

minimal contribution to relief of magnesium ion blockade in NMDARs at the synapse of 

interest. Excitatory postsynaptic potentials were simulated as synaptic current injections 

in the NEURON model, 

 

))()(()( synmsynsyn EtVtgtI −= ,    (1) 

 

where Isyn(t) is the synaptic current and Esyn is the synaptic reversal potential (0 mV). 

Synaptic conductance, gsyn(t), was modeled as an alpha function described by 
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where 
syn

g  is the maximal synaptic conductance, τ is the decay constant and tonset is 

the time of the beginning of the excitatory postsynaptic potential. The spine head 

simulated in MCell was assumed to be isopotential. An appropriately sized somatic 

excitatory postsynaptic potential resulted for τ = 2.5 ms and 
syn

g  = 0.75 mS/cm
2
. 

Activation of the proximal apical synapse alone (Figure 3.2F) resulted in a 5.8 mV 

voltage increase when measured locally, but only 0.4 mV in the soma.  

 

 

 



  32 

 

3.2.3 Voltage-Dependent Gating of Calcium Entry 

Voltage-dependent calcium channels were placed on the dendritic and spine 

membrane in the MCell simulation. A five-state model for voltage-dependent calcium 

channels was adopted (Bischofberger et al. 2002). The rates governing transitions in this 

model depend upon the membrane voltage. The NEURON-derived changes in membrane 

potential were converted into the time-varying rates for each of the transitions and 

imported into MCell as a time series.  

A model of ligand-gating of the L-mode of NMDA receptors (Popescu et al. 2004) 

was modified to take into account the voltage dependence of the magnesium block. The 

different ligand-gated states of NMDA receptors were made voltage-dependent, so that 

each ligand-dependent state could either be blocked or unblocked. State transitions were 

governed by opening (kunblock) and closing (kblock) rate constants, 
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The probability of a receptor being unblocked was 
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Assuming a constant extracellular magnesium concentration of 1 mM, the standard 

relation (Jahr and Stevens 1990) was used: 



  33 

 

 

57.3/][1

1
)(

2)*062.0( +−
⋅+

=
Mge

VP
mVmunblocked    (5) 

 

where Punblocked(Vm) is the voltage-dependent unblocked probability of a single channel. 

Each state of the NMDA channel shuttles between blocked and unblocked substates with 

a blocking rate kblock unblocking rate kunblock. Taking kblock at a fixed rate of 2000 per 

second, kunblock for each time point was determined by equating equations 4 and 5 and 

solving for kunblock (Nowak et al. 1984). The values of kunblock were then imported into 

MCell as a time series governing the unblocking rate of NMDA channels. The rates for 

ligand-dependent state transitions were identical whether the channel was in a blocked or 

an unblocked state. Depolarization associated with the action potential substantially 

reduced the magnesium block on NMDA. 

 

3.2.4 Calcium Currents through Open Channels 

The large difference between intracellular and extracellular calcium concentrations 

produces rectifying currents through calcium channels best described by the Goldman-

Hodgkin-Katz equation. These currents often have nearly linear I-V relationships at 

physiological potentials, with different apparent calcium reversal potentials for different 

channel types (Hille 2001). To simulate the passage of ions through an open channel, we 

therefore assumed ohmic conductances and a constant, non-depleting extracellular 

calcium concentration. Thus, the rate at which calcium ions entered the cell through a 

single channel (rchannel) was 
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where γchannel is the single channel conductance, Echannel is the apparent reversal potential, 

z is the valence of the ion (z = 2 for calcium) and ec is the elementary charge, 1.6 × 10
-19

 

C. Thus, the average number of ions that entered the cell through a single channel per 

time-step, ∆Nchannel, was 

 

tVrVN mchannelmchannel ∆=∆ )()(      (7) 

 

where ∆t is the time interval. Ion channel flux is a Poisson process. The probability 

that exactly n ions enter through an open channel, p(n), on any single time step was 

therefore given by 

 

channelN
n

channel e
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np
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!

)(
)(      (8) 

 

For each iteration and channel, the value of a single random number was used to 

choose n according to the probability distribution, p(n). The entry of calcium ions was 

modeled by generating the n ions at the cytoplasmic side of the channel. As voltage 

changed, rchannel and Nchannel were updated accordingly. 
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The I-V relationship of voltage-dependent calcium channel is linear over the range of 

voltages in the spine (-65 mV to -3 mV; from NEURON simulations), with an apparent 

reversal potential of 45 mV (Magee and Johnston 1995a, b). Two inactivating voltage-

dependent calcium channels and one non-inactivating voltage-dependent calcium channel 

have been reported per dendritic patch (Sakmann and Neher 1995). Their distinction 

between inactivating and non-inactivating voltage-dependent calcium channels was based 

on differing responses to prolonged step depolarizations. Here, the activating 

depolarization was the brief action potential, and we assumed deactivation-rates far 

greater than inactivation-rates. Consequently, these channels were grouped together as a 

single type of voltage-dependent calcium channel. Assuming an average patch size of 1.5 

µm
2
 (Sakmann and Neher 1995), we inserted voltage-dependent calcium channels at a 

density of 3 per µm
2
, corresponding to, on average, ~4 voltage-dependent calcium 

channels in the spine. The voltage-dependent calcium channels were distributed evenly 

over the surface of the spine except in one simulation examining the effect of clustering 

them at the postsynaptic density. These values were consistent with published estimates 

of the number of calcium channels in spines (Sabatini and Svoboda 2000). The single-

channel calcium conductance was 2.5 pS (Church and Stanley 1996).                                                                                  

 

3.2.5 Glutamate Receptors 

NMDA receptors were placed on the postsynaptic membrane within a small circle 

(350 nm diameter) at a density corresponding to approximately 20 NMDA receptors per 

synapse (Figure 3.1B), consistent with physiological, anatomical, and simulation 

estimates (Nusser et al. 1998, Spruston et al. 1995, Takumi et al. 1999, Franks 2002). 
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Over a range of negative membrane potentials, approximately 10% of the current through 

NMDA channels was carried by calcium which, in the absence of the magnesium block, 

has an approximately linear I-V-relationship through the range of physiological voltages 

(Garaschuk et al. 1996, Schneggenburger et al. 1993, Schneggenburger 1996, Burnashev 

et al. 2005). We therefore modeled calcium entry through NMDA channels according to 

Eqn. 1 with the calcium conductance gNMDA set to 4.5 pS, or 10% of the 45 pS total 

conductance (Spruston et al. 1995). At physiological calcium concentrations, ENMDA 

extrapolated to 3 mV (Jahr and Stevens 1993). The blocking and unblocking of the 

channels was governed by Eqn. 5. Calcium-impermeable AMPA receptors (830 per µm
2
) 

were included for completeness (Franks et al. 2002). 

 

3.2.6 Calcium Leak and Extrusion 

Calcium was extruded from the cytoplasm by pumps distributed across membrane 

surfaces (Figure 3.1C). Calcium pumps were modeled with Michaelis-Menten kinetics 

according to 

 

UBk

k

U PumpPumpPumpCa
K
 →+

←

→
+

3

2

1

2     (9) 

 

where k3 is the turnover rate at which a calcium-bound pump returns to the unbound 

state with the removal from the simulation of a calcium ion. The maximum pumping 

velocity (Vmax) is the product of the turnover rate and the pump density and was defined 

per unit area in the model. Calcium extruders fell into two classes: Plasma membrane 
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calcium ATPases (PMCA) and sodium calcium exchangers (NCX). They were placed on 

the surface of the cell membrane at a density of 150 per µm
2 

PMCA and 32 per µm
2 

NCX 

(Figure 3.1C), balanced such that each removes approximately the same amount of 

calcium in response to an action potential. PMCA pumps have a KM of 0.2 µM (Carafoli 

1992) and a turnover rate of 100 per second while NCX pumps have a KM of 3 µM but a 

turnover rate 10 times higher than that of the ATP-driven pumps (Blaustein and Lederer 

1999), or 1,000 per second. 

Resting calcium levels were maintained by balancing extrusion with a nonspecific 

leak current associated with each calcium extruder. Fixing the rate of each leak channel 

to 25 ions per second per PMCA and 48 ions per second per NCX resulted in a basal 

dendritic calcium concentration ([Ca
2+

]i) of 50 nM (Majewska et al. 2000, Helmchen et 

al. 1996, Majewska et al. 2000, Maravall et al. 2000). Detailed descriptions of the leak 

and extrusion mechanisms are described elsewhere (Franks 2002). 

 

3.2.7 Intracellular Calcium Binding and Calcium Fluorescence 

Mobile endogenous calcium binding proteins (CBPs) may be dialyzed during whole-

cell recordings (Müller et al. 2005). This may explain the low values of endogenous 

calcium buffer capacity measured using fluorescent calcium transients in spines (Sabatini 

et al. 2002). Calcium buffering was therefore modeled using two scenarios. When 

simulating calcium imaging experiments that use fluorescent indicators, we included 

exogenous Oregon Green BAPTA-1 (OGB1) with specified kinetics and mobility (Table 

3.1) but no mobile endogenous buffer. For simulations of unperturbed neurons 45 µM of 

mobile calbindin-D28k was included (Müller et al. 2005).  The calbindin-D28k model 
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had four independent calcium binding sites, two of medium affinity and two of high 

affinity (Table 3.1). A basal level of 5 µM of a CBP with fast kinetics was included in all 

simulations (Table 3.1). The parameters used are intended to represent a typical neuron, 

though in all likelihood the buffering capacity of different pyramidal cells in the cortex 

varies from cell to cell. 

The model also included calmodulin. In the CaM model used, each lobe of CaM 

binds calcium independently (Figure 3.3) (Mihalas 2006, Mihalas and Kennedy 2005).  

 

Figure 3.3 Calmodulin state diagram. Each lobe of calmodulin can bind 2 Ca
2+

 ions independently of 

the other lobe. The N lobe has faster kinetics than the C lobe. 

 

Rate constants were determined by fitting the macroscopic rates of calcium association 

with calmodulin to the model (Table 3.1). The double-bound form of CaM can modulate 
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calcium binding proteins under certain conditions (Shifman et al. 2006), thereby 

influencing plasticity. 

 

Table 3.1 Parameters used for Ca
2+

 diffusion and binding. 

Parameter Value Source 

Calcium diffusion constant 220 µm
2
s

-1
 Adapted from  

Allbritton et al. 

1992 

Calbindin   

   Medium affinity site association-rate 4.35x10
7 

M
-1

 s
-

1
 

Nagerl et al. 2000 

   Medium affinity site dissociation-

rate 

35.8 s
-1

 ibid 

   High affinity site association-rate 0.55x10
7
M

-1
 s

-1
  

   High affinity site dissociation-rate 2.6 s
-1

  

   Diffusion constant 28 µm
2
s

-1
 ibid 

Fast Calcium-Binding Protein   

  association-rate 6x10
7
 µm

2
s

-1
  

  dissociation-rate 1200 s
-1

  

   Diffusion constant 0 µm
2
s

-1
  

Oregon Green BAPTA-1  Eberhard et al. 1991 

    Diffusion-rate 84 µm
2
s

-1
  

   Indicator association-rate 0.43x10
9
  

   Indicator dissociation-rate 79 s
-1
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Table 3.1 continued 

Parameter Value Source 

Calmodulin   

   CaM concentration in the postsynaptic 

density 
260 µM  

   C-lobe first association rate 6.8x10
6
 M

-1
 s

-

1
 

 

Mihalas 2006,  

Cohen and Klee 

1988 

   C-lobe first dissociation rate 68 s
-1

 ibid 

   C-lobe second association rate 6.8x10
6
 M

-1
 s

-

1
 

 

ibid 

   C-lobe second dissociation rate 10 s
-1

 ibid 

   N-lobe first association rate 108x10
6
 M

-1
 

s
-1

 

ibid 

   N-lobe first dissociation rate 4150 s
-1

 ibid 

   N-lobe second association rate 108x10
6
 M

-1
 

s
-1

 

ibid 

   N-lobe second dissociation rate 800 s
-1

 ibid 

 

In the MCell simulations, 750 molecules of CaM were included within the 

postsynaptic density. In simulations testing the location effects of CaM activation, an 
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additional 750 molecules were distributed uniformly throughout the spine head. 750 

molecules in the spine head corresponded to a concentration of 10 µM, while the same 

number of molecules in the postsynaptic density corresponds to an effective 

concentration of 500 µM. Though the exact quantity and localization of CaM remains 

poorly-characterized experimentally, the qualitative differences in activation between 

postsynaptic density and uniformly-distributed CaM should hold through a wide range of 

concentrations. 

In some simulations, calcium buffers with OGB1-like kinetics were also included. 

Fluorescence, F(t), was measured as 

 

UBf IIRtF +⋅=)(      (10) 

 

where IB and IU are the number of indicator molecules that are calcium-bound and 

calcium-free, respectively, and Rf is the difference in fluorescence intensity of the 

calcium-bound versus the calcium-free species of the indicator; (Rf = 9 ; Haugland 1996). 

Fluorescent transients, (∆F/F), were measured as 

 

0

0)()(

F

FtF

F

tF −
=

∆
 ,     (11) 

 

where F0 is the fluorescence averaged over a pre-stimulus interval. The intracellular 

concentration of free calcium ions ([Ca
2+

]i) was measured by counting the number of free 

calcium ions in a compartment and dividing by its volume. The fluorescence-predicted 
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calcium concentration ([Ca
2+

]pred), however, was calculated using the standard equation 

for determining concentration from fluorescence, 
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)(
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2

tFF

FtF
KCa IDpred

−

−
=+ ,    (12) 

 

where KD(I) is the dissociation constant of the indicator, Fmin equals ITotal (i.e. IB + IU) the 

total number of indicator molecules and Fmax equals the product of ITotal and Rf  (Tsien 

1989). 

Fluorescence-predicted [Ca
2+

]i allows the measurement of buffering capacities 

(Maravall et al. 2000, Neher and Augustine 1992). The change in [Ca
2+

]pred in a 

compartment immediately after a brief calcium current, such as an action potential, can 

be described by 
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where [Ca
2+

]T is the total amount of calcium entering the compartment and κB and κs are 

the added and endogenous calcium-binding ratios, respectively. κB was defined as 
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where [Ca
2+

]rest and [Ca
2+

]peak are resting and peak values of [Ca
2+

]pred and ∆[I ·Ca
2+

] is 

the increase in the amount of calcium-bound indicator. KD(I) is the dissociation constant 

of the indicator. κS can then be predicted when plotting the inverse of the change in 

predicted calcium concentration (1/∆[Ca
2+

]) against κB (Maravall et al. 2000), which is 

the ratio of calcium ions that enter a compartment that are bound by endogenous CBPs to 

those that remain free. A central assumption in the determination of κs is that extrusion is 

very slow compared to buffering. For determination of κs we therefore measured the 

change in [Ca
2+

]pred with different concentrations of OGB1 by running simulations in 

which the pump and leak densities were set to zero. 

Parameters were either selected or adjusted to simulate experiments conducted 

between 30-32ºC. All MCell simulations were run with a time-step (∆t) of 100 ns. 

Because NEURON simulations were run with an integration time step of 25 µs, all MCell 

values imported from NEURON were updated only when they changed. The parameter 

values specified above represent the mean values used. At initialization of each 

simulation, the number and positions of receptors, channels, pumps and binding proteins 

were randomly assigned on specified surfaces (Stiles and Bartol 2001). Simulations were 

run on a cluster of 2.2 GHz AMD Opteron workstations running Debian Linux. It took 

approximately 60 hours of computer time on a single processor to simulate 1 second of 

real time.  
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3.2.8 Calibration of Simulated Action Potentials and Excitatory Postsynaptic 

Potentials 

During an action potential, the change in membrane voltage caused a significant 

decrease in the calcium driving force through a voltage-dependent calcium channel, The 

number of open voltage-dependent calcium channels in the spine head during an action 

potential peaked at 1.8 ± 0.75 (n = 20), with the ensemble average number of open 

channels also reaching a maximum at 1.8 (Figure 3.4B). The average flux of calcium ions 

through voltage-dependent calcium channels peaked at 0.33 pA per µm
2
 with a total flux 

of 1,276 ions per µm
2
 following an action potential (Figure 3.4C). 
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Figure 3.4 Calcium currents through voltage-dependent calcium channels. Relevant voltage traces at 

the synapse are shown above each column. (A) Ensemble average (n=40) of open voltage-dependent 

calcium channels across 1 µm
2
 of membrane in response to a backpropagating action potential 

elicited by a current injection into the soma (at arrow). Inset: Single trials show voltage-dependent 

calcium channel stochasticity.  (B) Average voltage-dependent rate of calcium ion flux through a 

single open voltage-dependent calcium channel during action potential, as derived from the 

NEURON simulation. (C) Current density (solid trace) and cumulative flux of calcium ions across 1 

µm
2
 during an action potential (dashed trace). (D) Ensemble average (n=100) of open NMDARs 

across 1 µm
2
 of membrane in response to the release of glutamate (at arrow) and a small 

depolarization. Inset: Probability distribution of n for a 4.5 pS NMDAR at -65 mV. (E) Average rate 

of calcium ion flux through a single NMDAR as a function of voltage during an excitatory 

postsynaptic potential (F) Calcium current density from 10 NMDA receptors distributed across the 

postsynaptic density (solid trace). 

 

Following the release of 1,500 glutamate molecules to stimulate an excitatory 

postsynaptic potential, the peak number of unblocked open NMDARs (Franks et al. 

2002) was 4.5 ± 0.6 channels, with an ensemble average of only ~0.1 open channels at 

peak (Figure 3.4D). The glutamate number and NMDARs quantities used were calibrated 
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to yield reasonable stimulation characteristics while maintaining fidelity to experimental 

measurements. The relatively small excitatory postsynaptic potential barely affected the 

rate of calcium flux through open NMDARs (Figure 3.4E). Release of glutamate resulted 

in a peak calcium current of 0.3 pA µm
-2

 through NMDARs (Figure 3.4F). In order to 

decrease the voltage-dependent magnesium blockade during an excitatory postsynaptic 

potential, in some simulations an action potential (AP) was applied 10 ms after onset of 

the excitatory postsynaptic potential (EPSP). Although the total amount of glutamate-

bound NMDARs remained the same, the ensemble average number of peak open 

channels increased to 0.96 during the EPSP-AP stimulation. This conferred a peak 

synaptic calcium current of 0.18 pA and a total integrated influx of 4,000 ions 1 sec after 

transmitter release. 

 

 

 

3.3 Results  

3.3.1 Simulated Action Potentials and Excitatory Postsynaptic Potentials 

To predict the dynamics of calcium at microsecond and nanometer resolutions, the 

model must first match measurements taken at experimentally observable scales. We 

therefore began by directly comparing the performance of our model with experimental 

measures of calcium influx, buffering, and extrusion in simulations of the fluorescence of 

OGB1 (100 µM) following an action potential (Figure 3.5). These simulations were 

performed in the absence of calbindin-D28k, which is assumed to have dialyzed out of 

the cell during whole-cell recording. The peak amplitude of the volume-averaged 
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simulated fluorescent transients varied considerably (mean ∆F/F, 0.76; coefficient of 

variation,  0.27, Figure 3.5A) due to the small number of stochastically fluctuating 

voltage-dependent calcium channels in the spine. The transients had a rapid onset (20-

80% rise, 1.4 ms) and a double exponential decay (decay constants, 47.9 ± 9.25 ms and 

450± 30 ms). These results agree with experimental measures of calcium dynamics in 

dendritic spines measured with similar concentrations of high affinity indicator (Koester 

and Sakmann 1998, Yuste et al. 1999, Majewska et al. 2000, Holthoff et al. 2002).  

 

Figure 3.5 Calcium dynamics following an action potential. (A) Volume-averaged OGB1 (100 µM) 

fluorescent transients. Grey traces, single trials; black trace, ensemble average of 20 trials. The inset 

shows the dendritic voltage during the event. (B) Action potential-evoked transients simulated with 

different concentrations of OGB1. (C) Inverse amplitude of [Ca
2+

]pred as a function of κκκκB. Each point 

shows the mean ±SD for 20 trials with different concentrations of indicator. A regression line (solid 

line) was fit to the data. Extrapolating the line, the y-intercept gave the estimated amplitude of the 

unperturbed transient, the x-intercept gives the estimated κκκκS.  
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The calcium binding ratio (κS, Blaustein and Lederer 1999) provides a quantitative 

description of the intracellular buffering of calcium ions.  Derivation of κS exploits the 

dependence of the peak and decay of fluorescent calcium transients on the concentration 

of exogenous buffer (κB). Our model reproduced this dependence on indicator 

concentration. The fluorescent transients became smaller and slower with increasing 

concentrations of OGB1 (Figure 3.5B). Plotting 1/[Ca
2+

]pred versus κB predicts a peak 

calcium amplitude with zero added buffer of 1.5 µM and a κS value of 15 (Figure 3.5C). 

The model was again consistent with experimental measures of calcium influx, buffering, 

and extrusion following back-propagating action potentials. 

NMDARs, situated on the synaptic face of the spine, were the only active calcium 

source during a subthreshold excitatory postsynaptic potential. Since they are mostly 

blocked by magnesium at subthreshold voltages, the amount of calcium entering the 

spine through NMDA receptors during an EPSP was relatively small. Quantal release of 

glutamate resulted in highly variable fluorescent transients in the spine (Figure 3.6).  
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Figure 3.6 Calcium dynamics following an EPSP. (A) Volume-averaged OGB1 fluorescent transients 

measured in the spine. Thin grey traces are single trials and thick black traces represent the average 

of 20 trials. (B) Calcium concentration in the spine. The grey trace shows results with 100 µµµµM of 

OGB1. Also shown is the [Ca
2+

]pred derived from the fluorescent transient (red). A simulation 

conducted without OGB1 (black trace) also included 45 µµµµM calbindin-D28k, as would be present in 

unperturbed neurons. EPSPs were elicited by release of glutamate at times indicated by the arrows. 
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Individual traces showed large fluorescence spikes that decayed rapidly after individual 

NMDARs opened and calcium entered the spine. These rapid calcium transients were not 

well synchronized, they are not well represented by averaging across trials, which instead 

convolves the rapid individual transients with the slow gating of NMDA receptors (20-

80% rise time, 9.0 ms; decay constant, 254 ms).  

 

3.3.2 Calcium Indicators Do Not Perfectly Track Fast Calcium Changes  

How accurately does the OGB1 fluorescence transient predict the underlying calcium 

dynamics in dendritic spines? On the whole, OGB1 (100 µM) fluorescence accurately 

reported the volume-averaged calcium concentration in the spine (Figure 3.7A). In 

particular, [Ca
2+

]i and [Ca
2+

]pred were indistinguishable at baseline and a short time after 

the action potential. However, the model illustrates a dramatic difference between [Ca
2+

]i 

and [Ca
2+

]pred immediately after voltage-dependent calcium channels open following an 

action potential (Figure 3.7A inset). When voltage-dependent calcium channels open, 

calcium enters the spine and is subsequently bound by OGB1, leading to an increase in 

∆F/F. The large difference between the between [Ca
2+

]i and [Ca
2+

]pred during the action 

potential reflects the free cytoplasmic calcium that has not yet bound to OGB1. We 

explored this interaction in detail, as described below. 
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Figure 3.7 Action potential-induced transients visualized with an indicator. (A) True calcium 

concentration (grey trace) in action potential simulations run with 100 µM of OGB1. [Ca
2+

]pred (black 

trace) is derived from the fluorescent transient. The calcium concentration predicted by the dye did 

not rigorously follow the time course of the actual calcium transient. The inset shows an expanded 

view of the initial rise segment. (B) Increasing both the on-rate and the off-rate by a factor of 10, 

thereby maintaining the same Kd, diminishes the discrepancy between the calcium signal (grey) and 

the indicator-predicted signal (black). The inset shows an expanded view of the initial rise segment. 

(C) Immobile indicator caused the indictor calcium signal to linger (black trace) as compared with 

the signal obtained using indicator that diffused at the normal diffusion-rate (grey trace). Increasing 

the diffusion constant of the indicator by a factor of 10 (red trace) increased the decay rate from the 

spine head as well as equilibration with the dendritic shaft. Eventually the calcium signal in all traces 

converges to the slower dendritic removal rate. The inset shows the first few milliseconds of the 

event. (D) The predicted calcium (black trace) and actual calcium using an immobile indicator. (E) 

The predicted calcium (red trace) and actual calcium using a 10x mobile indicator. 
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Although OGB-1 is based on BAPTA, which is considered a ‘fast calcium buffer’, we 

wondered whether increasing the speed at which the buffer can bind calcium would 

increase accuracy in predicting intracellular calcium levels. Increasing both the on- and 

off-rates of OGB1 10-fold - thereby maintaining the same Kd – dramatically increased the 

accuracy of [Ca
2+

], as reflected by the closer agreement between [Ca
2+

]i and [Ca
2+

]pred 

(Figure 3.7B).  Although the peak value of [Ca
2+

]pred did increase marginally (by 2 nM), 

the agreement reflects more effective buffering of calcium rather than better temporal 

resolution of [Ca
2+

]pred. We also suspected that [Ca
2+

]pred might be sensitive to the OGB1 

mobility. We therefore compared calcium dynamics with the diffusion coefficient of 

OGB1 (DOGB1) either increased 10-fold or set to zero (Figure 3.7C).  

The mobility affected how quickly the indicator-predicted transients decayed. When 

the mobility of the indicator was increased tenfold (Figure 3.7C, red trace) the rate of 

decay of the predicted calcium increased substantially. At longer time intervals the signal 

tracked the slower decay kinetics of the parent dendrite. With increased mobility, the 

peak of predicted calcium was slightly less than the control case since some of the bound 

indicator diffused out of the spine head between the onset of stimulation and the peak of 

the transient. When the indicator was immobilized (Figure 3.7C, black trace), the decay 

time of the predicted transient increased because bound indicator did not diffuse from the 

spine. 

We systematically varied the dissociation constant and on-rate of the indicator (not 

shown). For all Kd ranges tested, the kinetics of the indicator affected the magnitude of 

the predicted signal. Faster indicator on-rates allowed better prediction of the actual 

calcium transient resulting from physiological stimuli. Furthermore, as expected, 
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simulations performed with lower affinity indicator predicted larger free calcium ranges 

that approached the unperturbed condition.  

We also simulated native conditions in unpatched cells having no OGB1 indicator but 

containing 45 µM calbindin-D28k. Under these conditions, [Ca
2+

]I peaks at 1.7 µM after 

an action potential, markedly higher than in simulations conducted in the presence of 100 

µM OGB1 but without the calbindin-D28k (0.36 µM). After the initial influx of calcium 

following an action potential, calcium levels dropped precipitously with fast and slow 

decay time constants of 3 ms and 95 ms. The fast phase of the decay corresponded to 

rapid buffering of free calcium immediately after closing of the voltage-dependent 

calcium channels and the slow decay was a function of extrusion as well as the affinity of 

the CBPs.  

In order to understand the extreme case of no endogenous buffering proteins, we also 

performed simulations in the absence of calbindin-D28k and calcium indicator. Under 

these conditions, the average action potential induced calcium level over the entire spine 

head reached a maximum of 11.1 µM. This is significantly higher than the peak of 1.5 

µM obtained by extrapolating the predicted calcium obtained at varying levels of calcium 

indicators to the case of no added indicator, and is a consequence of the inability of 

indicators to exactly track calcium influx during the action potential. 

Calcium transients following synaptic stimulation also resulted in differences 

between the indicator-predicted calcium transients and the actual calcium traces (Figure 

3.5B). For simulations with 100 µM OGB1 but without calbindin-D28k, the mean peak 

[Ca
2+

]i (i.e. the average amplitude of all peaks, independent of when they occur) was 1.07 
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± 0.7  µM but the peak of the averaged calcium transient was only 0.17 µM (Figure 

3.6B). Although [Ca
2+

]pred more closely matched the temporal properties of the actual 

free calcium during an excitatory postsynaptic potential than an action potential, it still 

underestimated [Ca
2+

]i. The indicator did not properly track the high frequency 

components of the calcium signal arising from the flickering of NMDA transients during 

the excitatory postsynaptic potential and also diverged at longer time scales.  

What underlies the difference between actual and predicted calcium concentrations?  

We considered a simplified, well-mixed system without pumps and other calcium 

sources. The time constant with which the system approaches equilibrium in response to 

an impulse injection of calcium can be calculated by solving a differential equation. In a 

more complicated system such as the dendritic spine, with extrusion pumps and diffusion 

pathways out of the spine head, the system would approach a steady-state rather than an 

equilibrium. The simple unicompartmental model was represented by the following 

differential equation for the bound indicator: 

 

BkCaUk
dt

dB
offon −⋅⋅= +2       (15) 

 

The concentration of bound indicator B, unbound indicator U, and free calcium in the 

above equation were set to the appropriate equilibrium values at t=0. In the above 

equation kon and koff were the indicator on and off rates. kon was 4.5 ⋅10
8
 M

-1
s

-1
 and koff 

was 79 s
-1

. In the case of 100 µM total indicator, the unbound indicator concentration was 

80 µM under basal conditions with 50 nM free calcium. If free calcium was 
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instantaneously increased by 30 µM the time constant to approach the new equilibrium 

was 33 µs.  

To corroborate the above estimate we simulated (using MCell version 3.0) an isolated 

cube measuring 0.5 µM on a side containing 100 µM of indicator. If calcium was 

released uniformly throughout the cube, the MCell result agreed well with the 

unicompartmental differential equation result (Figure 3.8A). 
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Figure 3.8 Simulation of 100 µµµµM OGB-1. (A) The predicted (dashed black) and MCell (red) bound 

OGB-1 closely matched if calcium was uniformly released.  If calcium was released from the center 

of one of the faces in the MCell simulation, it took longer for the system to reach equilibrium (solid 

black). (B) For a 1 ms duration injection pulse modeled using differential equations, the actual Ca
2+

 

(dashed black) exceeded the indicator-predicted Ca
2+

 (green). After the pulse was shut off the system 

quickly equilibrated. If Ca
2+

 was injected uniformly (red) in an MCell simulation, the results agreed 

with the differential equation model. However, if Ca
2+

 was released from the center of one of the face 

(solid black) the divergence from the well-mixed unicompartmental model was even greater. (C) The 

difference between the injected Ca
2+

 rate and the net rate of binding to the indicator. When channels 

first opened it took time for the net binding rate to the indicator to approach the influx rate, and 

during this interval the free Ca
2+

 increased. This surfeit of free Ca
2+

 was maintained as long as Ca
2+

 

was injected. The inset shows a magnified difference in rates during the injection. When the injection 

pulse was shut off the indicator quickly equilibrated with the excess free Ca
2+

.   
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However, in real spine heads calcium enters through ion channels in the membrane.  

Thus, the well-mixed assumption is not a realistic view of calcium dynamics in real cells.  

If the calcium was released from a point source at the edge of the cube, as if entering 

through a single ion channel, equilibration was slower (70 µs; Figure 3.8A). 

Additionally, calcium influx during a backpropagating action potential occurs 

continuously for a period on the order of a millisecond, rather than an instantaneous 

increase. In this case, the calcium can be expressed as: 

 

BkCaUkr
dt

dCa
offoni +⋅⋅−= +

+
2

2

   (16) 

 

where ri is the influx rate.  We solved the unicompartmental equation of the simplified, 

well mixed system with an injected calcium influx rate of ri = 30 mM/s, for 1 ms. At the 

end of the pulse there was a more pronounced divergence in the indicator-predicted 

calcium concentration from the actual free calcium concentration (Figure 3.8B). This 

occurred because the calcium did not bind the indicator instantaneously and steadily 

accumulated while calcium was being injected (Figure 3.8B). Eventually the net rate of 

indicator binding approached the rate of influx as free calcium levels increased (Figure 

3.8C). When the injection pulse ended after 1 ms, the system equilibrated with the same 

fast kinetics observed previously for a single instantaneous release. If MCell was used to 

simulate release of calcium from the center of a one side of a cube, the free calcium level 

was higher than predicted by the unicompartmental simulation. 
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This effect is consistent with our observations in MCell that increasing OGB1 binding 

kinetics increases the accuracy of calcium concentration prediction. This manipulation 

decreased the time needed for the net binding rate of the indicator to approach the 

injection rate upon the onset of a pulse, so less excess calcium accumulated. 

Because calcium channels and NMDA receptors can open for long periods, during 

these events the actual free calcium concentration will diverge from the instantaneous 

concentration predicted by the indicator. Furthermore, the presence of calcium pumps, 

additional buffers, and diffusion through the spine neck in real spines imposes additional 

low-pass filtering characteristics upon the system. 

 

 

3.3.3 Action Potentials and Excitatory Postsynaptic Potentials Exhibit Different 

Calcium Spatial Profiles 

NMDA channels were clustered at the postsynaptic density. Voltage-dependent 

calcium channels, on the other hand, through which most of the calcium entered during a 

backpropagating action potential, were distributed evenly over the surface of the spine. 

The difference in the placement of calcium sources led to differences in the volumetric 

profile of calcium in response to both types of stimuli.  

The calcium concentration was sampled in three distinct regions of the spine: at the 

postsynaptic density, in the middle, and at the base of the spine (Figure 3.9). We assumed 

native conditions for these and subsequent experiments: no OGB1 is present and a 

calbindin-D28k concentration of 45 µM was used.  
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Figure 3.9 Input-dependent calcium gradients across the spine, in the presence of 45 µM calbindin-

D28k. (A) Instantaneous calcium current through voltage-dependent calcium channels in the spine 

during an action potential. The time of somatic current injections is indicated by the arrow. (B) 

Schematic (lower left) shows the spine subdivided into three distinct sampling regions: the 

postsynaptic density (red), the middle (green), and the base (blue) of the spine calcium concentration 

in each of the three sampling regions is shown during the action potential. The colors of traces 

correspond to the three sampling regions shown in the schematic. Action potentials did not result in 

calcium gradients across the spine. The black trace at the bottom of the figure shows the volume-

averaged [Ca
2+

]i in the entire spine. (C) Instantaneous calcium current through NMDARs during an 

excitatory postsynaptic potential. (D) Calcium concentration in each of the three subregions of the 

spine during an excitatory postsynaptic potential as well as the volume average. Excitatory 

postsynaptic potentials resulted in large calcium gradients across the spine. (E) Open voltage-

dependent calcium channel channels during an action potential simulation in which voltage-

dependent calcium channels were clustered at the postsynaptic density. (F) Input-dependent calcium 

gradients across the spine during the action potential. Calcium concentration is shown in each of the 

three sampling regions, and the volume average is depicted at the bottom.  
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Backpropagating action potentials, by virtue of the presumably uniform distribution 

of voltage-dependent calcium channels throughout the spine, generated a relatively 

uniform calcium distribution. The calcium current underlying the action potential-

generated calcium influx occurred over in the course of a few milliseconds (Figure 3.9A). 

The single-trial calcium concentration in the entire spine following an action potential 

exhibited a sharp peak (Figure 3.9B, black trace). Since the calcium entered throughout 

the spine, calcium gradients during an action potential did not occur. Instead, [Ca
2+

]i in 

the spine was elevated nearly uniformly (Figure 3.9B).  

In contrast to the action potential case, the only calcium influx during excitatory 

postsynaptic potentials occurred through NMDARs restricted to the synaptic surface of 

the spine. During a single subthreshold excitatory postsynaptic potential, the volume 

averaged [Ca
2+

]i (Figure 3.9D) and instantaneous NMDAR calcium current (Figure 3.9C) 

in the entire spine were comparable in amplitude to that of the action potential. However 

when calcium levels were compared across sub-regions of the spine, a large long-lasting 

calcium gradient extended across the spine during an excitatory postsynaptic potential. 

Specifically, calcium concentration in the postsynaptic density, where the NMDARs are 

located, was extremely high but decreased to near resting levels at the base of the spine.  

The results were of course predicated on the assumption that voltage-dependent 

calcium channels were distributed uniformly over the spine head. If they clustered, for 

example, at the postsynaptic density, a very different action potential calcium profile 

would result. Figure 3.9F shows the action potential calcium response in the postsynaptic 

density, middle, and base of the spine that would occur if all of the calcium channels 

were to reside at the postsynaptic density. In this case, calcium levels became elevated in 
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the zone directly adjacent to the site of the channels. The high sensitivity to calcium 

channel placement warrants further studies of voltage-dependent calcium channel 

localization. 

In addition to an excitatory postsynaptic potential launched from baseline voltages, 

we simulated an additional case with the magnesium block relieved by physiological 

stimuli. In this simulation, a backpropagating action potential (AP) arrived at the spine 10 

ms after the presynaptic release of glutamate. The concomitant depolarization abolished 

the magnesium blockade and permitted much more calcium influx into the spine (Figure 

3.10A). The supra-threshold EPSP-AP stimulus exhibited higher levels of calcium than 

did the subthreshold excitatory postsynaptic potential but, as with the subthreshold case, 

elevated amounts of calcium persisted near the point of entry (Figure 3.10B). Reversing 

the order of excitatory postsynaptic potential and action potential stimuli such that the 

action potential preceded the excitatory postsynaptic potential did not alleviate the 

magnesium blockade as much (Figure 3.10C). The excitatory postsynaptic potential 

component of this stimulus did induce a gradient in the spine, but on average the calcium 

response to an AP-EPSP was much less than that derived from an EPSP-AP (Figure 

3.10D).  
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Figure 3.10 The effect of shifting the order of excitatory postsynaptic potential and action 

potential stimuli on calcium gradients across the spine, in the presence of 45 µM calbindin-D28k. An 

excitatory postsynaptic potential (EPSP) preceding an action potential (AP) by 10 ms results in 

increased calcium influx. (A) Instantaneous calcium current through NMDARs. (B) Calcium 

concentration in each of the three subregions of the spine during the EPSP-AP event. Note the large 

calcium gradient across the spine. The black trace shows the volume averaged [Ca
2+

]i in the entire 

spine when an excitatory postsynaptic potential preceded an action potential by 10 ms. The arrow 

indicates the time of glutamate release. (C) Open NMDARs when the stimulus is an action potential 

preceding an excitatory postsynaptic potential by 10 ms. (D) Input-dependent calcium gradients 

across the spine. The black trace shows the volume averaged [Ca
2+

]i in the entire spine. 
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3.3.4 The Spatial Extent of Microdomains Depends on the Amount of Endogenous 

CBPs Present 

There are conflicting experimental results measuring levels of endogenous calcium 

buffering (Müller et al. 2005, Sabatini et al. 2002). Two possible reasons might account 

for these conflicting results. Perhaps some CBPs diffuse out of the cell and into the 

pipette during the indicator equilibration period, thereby attenuating the levels of CBPs. 

Alternatively, some subsets of pyramidal cells might not express high levels of CBPs. To 

accommodate both of these possibilities we also simulated excitatory postsynaptic 

potential responses both with and without 45 µM of calbindin-D28k. Persistent calcium 

microdomains were observed in excitatory postsynaptic potential simulations both with 

and without calbindin-D28k (not shown). Simulations without calbindin-D28k 

manifested larger calcium transients and the calcium gradient induced by an excitatory 

postsynaptic potential extended farther. Immobilizing calbindin-D28k did not 

significantly change the spatial extent of the observed microdomains. 

 

3.3.5 Calmodulin Activates Differently in Response to Action Potentials and 

Excitatory Postsynaptic Potentials 

Are the calcium gradients that occur across the spine following synaptic stimulation 

physiologically relevant? To examine this question we asked whether CaM responded to 

the very rapid spikes in calcium concentration seen at the postsynaptic density following 

influx through flickering NMDARs. Calmodulin is a ubiquitous calcium effector protein 
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with slow mass action kinetics. We monitored the activation of two populations of CaM 

in the spine. One population of CaM was concentrated at the postsynaptic density and the 

other was uniformly distributed throughout the spine (Figure 3.11 upper left illustration). 

The total number of CaM molecules was equal for the two populations and the 

distribution of CaM within the spine had no effect on intracellular calcium dynamics 

following an action potential.  
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Figure 3.11 Activation of CaM is sensitive to its distribution and the mode of calcium entry. The 

schematic shows the two populations of CaM, concentrated in the postsynaptic density and also 

uniformly distributed through the spine. (A) Action potential (AP)-evoked changes in CaM-2 C-lobe 

activation with CaM either clustered at the postsynaptic density (red) or uniformly distributed 

throughout the spine (green). The inset zoom shows no significant difference between clustered and 

uniform C-lobe responses. (B) Excitatory postsynaptic potential (EPSP)-evoked CaM-2 C-lobe 

transients. (C) EPSP-AP-evoked CaM-2 C-lobe transients. (D) AP-EPSP-evoked CaM-2 C-lobe 

transients (E) AP-evoked changes in CaM-2 N-lobe activation. The inset shows a close-up view. The 

N-lobe of diffuse calmodulin is slightly more activated than that of calmodulin clustered at the 

postsynaptic density. (F) EPSP-evoked CaM-2 N-lobe transients. (G) EPSP-AP-evoked CaM-2 N lobe 

transients. (H) AP-EPSP-evoked CaM-2 N lobe transients. The inset shows a close-up view. The N-

lobe of diffuse calmodulin was slightly more activated than that of calmodulin clustered at the 

postsynaptic density in response to the action potential component, but in response to the excitatory 

postsynaptic potential component the N-lobe clustered calmodulin exhibited a greater response. (I) 

Action potential induced changes in CaM-4 activation. (J) EPSP-evoked CaM-4 activation. (K) 

EPSP-AP-evoked CaM-4 activation. (L) AP-EPSP-evoked CaM-4 activation. Each trace is the 

average of 20 trials. 
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The activated states of calmodulin responded differently depending on the location of 

the calmodulin and the type of stimulus. Clustering of calmodulin at the synapses versus 

distributing it uniformly throughout the spine did not significantly affect the amount of 

double-bound C-lobe CaM that resulted from an action potential (Figure 3.11A). 

However, the uniformly-distributed CaM population exhibited a slightly higher peak in 

the N-lobe response following an action potential than did the postsynaptic density-

clustered CaM population (Figure 3.11E). The N-lobe of CaM, with its faster kinetics, 

was particularly sensitive to the large, local and rapid calcium spikes produced by action 

potentials. In contrast to the action potential stimulus case, in response to either an 

excitatory postsynaptic potential or an EPSP-AP stimulus, postsynaptic density-clustered 

CaM exhibited higher levels of all activated states of CaM (Figure 3.11 B,C,F,G,J,K, red 

traces) as compared to the population of uniform CaM (green traces). Even the slower C-

lobe exhibited differential activation, with enhanced levels of activation in the 

postsynaptic density. Thus even molecules with relatively slow mass-action kinetics can 

respond differentially to gradients within the spine. When an action potential was 

presented 10 ms before an excitatory postsynaptic potential, an intermediate calmodulin 

profile combining aspects of single action potential and single excitatory postsynaptic 

potential responses resulted (Figure 3.11 D, H, L). The influx of calcium during the 

excitatory postsynaptic potential component of the AP-EPSP stimulus was slightly larger 

than that resulting from a subthreshold excitatory postsynaptic potential alone due to 

partial magnesium blockage relief afforded by the voltage tail of the preceding action 

potential. 
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3.4 Discussion 

The Monte Carlo model of intracellular calcium dynamics in spines typical of CA1 

pyramidal cell dendrites, which incorporated biophysically-realistic mechanisms of 

calcium influx, extrusion and buffering and constrained by measured parameters, agreed 

with experimental measurements of postsynaptic calcium dynamics using calcium-

sensitive indicators following both an action potential and an excitatory postsynaptic 

potential. After matching measurements at larger spatial scales, the model was then used 

to investigate calcium dynamics at higher spatial and temporal resolution. Activation of 

CaM depended on the mode of calcium entry and its spatial distribution in the spine. The 

concentration of calcium-binding proteins such as calbindin-D28k
 
also influenced the 

extent of spatial microdomains. 

Distributing the CaM either clustered in the postsynaptic density or diffusely in the 

spine head did not significantly affect activation of its C-lobe following an action 

potential stimulus. The N-lobe activation, however, was enhanced when it was uniformly 

distributed. The enhanced activation of the N-lobe of the uniform CaM arose because 

more CaM resided in close proximity to all of the calcium channels spread throughout the 

spine. Synaptic clustering of CaM in the postsynaptic density greatly increased formation 

of activated CaM states following an excitatory postsynaptic potential, as compared with 

diffusely distributing the CaM. Both the C-lobe of CaM and the fully-occupied CaM4 

states of CaM have relatively slow kinetics of formation. Thus, calcium gradients in 

spines persisted for sufficiently long to differentially activate slow downstream targets. 

Enzyme cascades reliant on recruitment of free CaM are therefore expected to be 
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sensitive to the location of the enzymes that bind CaM as well as the diffusion of CaM 

itself. 

Calmodulin increases its affinity for calcium when associated with the proteins it 

modulates (Xia and Storm 2005). Therefore, one would expect the actual amount of 

calcium-bound calmodulin to be greater for stimuli influencing calmodulin in complex 

with other proteins. The amount of calcium-bound calmodulin would thus be greater than 

that observed in these simulations, although the qualitative effect should be similar. 

It is generally believed that the intermediate levels of calcium give rise to 

depotentiation or depression, whereas more concentrated calcium pulses cause 

potentiation. Models of downstream cascades that incorporate calcium dynamics can 

predict the strength of plasticity in response to different stimuli (Graupner and Brunel 

2007). The spatial localization of calcium microdomains and the duration of the calcium 

gradients add an additional layer of complexity since they may serve to differentiate 

depotentiation and depression processes from those leading to potentiation.  

The postsynaptic density, a thicket of proteins situated directly at the site of calcium 

influx through glutamate-gated receptors, exhibits a high degree of molecular 

organization (Kennedy 2000, Sheng and Sala 2001, Valtschanoff and Weinberg 2001). If 

the equilibration of calcium within a single compartment were sufficiently rapid it would 

preclude any specificity imparted by spatial localization of different calcium sensors. 

However, as demonstrated here, the calcium microenvironment experienced within and 

nearby the postsynaptic density differs markedly from the rest of the spine and can 

selectively activate signaling complexes. This is consistent with the high degree of 

organization of proteins comprising the postsynaptic density. 
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Enzymes residing in the postsynaptic density that are involved in processes leading to 

potentiation and AMPA clustering, such as CaMKII, would be subject to high effective 

concentrations of calcium in response to synaptic stimulation. Pathways that lead to 

depotentiation might involve components that are more uniformly distributed, such as 

calcineurin or protein phosphatase I. These molecules could interact with the components 

in the postsynaptic density if they remained activated long enough to diffuse to regions 

where they could mediate the process of depotentiation. The location, diffusion constants, 

and kinetics of the relevant molecules remain poorly-characterized but are of key interest 

in predicting their interactions with calcium in the spine. 

At short time scales, beyond the range of most optical measurements, there is a 

divergence of indicator-predicted calcium concentration from the actual concentration. 

Prolonged transients occur because calcium accumulates at the onset of the transient 

before the net indicator binding rate can approach the influx rate. The difference persists 

throughout the injection. For very fast transients below the steady-state time constant, the 

on-rate for the indicator may not be fast enough and also binding of calcium to the 

indicator may be diffusion limited. The last point is salient, for even the ideal indicator 

with a high on-rate and high Kd could consistently under-predict calcium levels due to 

physical limitations on the maximal rate of encounter between an indicator molecule and 

a calcium ion. This limit is approached when the reaction on-rate is on the order of 10
9
-

10
10

 M
-1

s
-1

. In the simulations we carried out, the diffusion limit did not substantially 

contribute to under-prediction. Increasing the on-rate and off-rate of the indicator while 

maintaining the same Kd permitted better tracking of the actual free calcium, indicating 

that the primary cause of divergence was the low on-rate of the indicator. Available 
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calcium indicators seldom have faster on-rates than the values of the on-rates used in 

these simulations. Furthermore, real indicators make a tradeoff between the contradictory 

properties of high on-rate and low affinity (high Kd). It follows that endogenous CBPs 

transducing calcium signals in spines are subject to similar kinetic constraints.  

There are other possible mechanisms that will be explored in future simulations.  

Spines contain several NMDA receptor subunit types in addition to the NR2A subunit 

assumed in the model. The model also assumed uniform distribution of voltage-

dependent calcium channels based upon a common kinetic model. Recent evidence, 

however, suggests that there are several types of voltage-dependent calcium channels 

within the spine and that the admixture of channel types may differ from that found on 

the parent dendritic shaft (Bloodgood and Sabatini 2007). Furthermore, extrusion 

mechanisms may slow in response to repeated stimuli via a calcium-mediated process 

(Scheuss et al. 2006). Variability within the signaling cascade imposes additional 

limitations on the fidelity of the signal relayed by calcium (Yeung et al. 2004). 

We conclude that calcium gradients in dendritic spines are sufficiently persistent to 

differentially activate downstream calcium effector proteins. Thus, functional calcium 

microdomains in spines are a simple mechanism for imparting selectivity to calcium-

dependent signal transduction cascades leading to plasticity and remodeling of dendritic 

spines and could serve a similar role in other calcium signaling systems such as those in 

presynaptic terminals and cardiac myocytes. 
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IV. The Effects of Calcium Pump Placement on the 

Duration and Amplitude of Synaptic Transients 

 

4.1 Introduction 

Calcium extruders do not distribute uniformly within the spine. PMCA cluster at 

the base and neck (Weinberg personal communication, Burette and Weinberg 2007) and 

NCX exhibits a seven-fold increase in density in dendritic shafts as compared with 

dendritic spines (Lorincz et al. 2007). 

 Several isoforms of PMCA exist. The postsynaptic side contains a high 

concentration of PMCA2 (Burette and Weinberg 2007). The Weinberg group examined 

PMCA densities were collected through immunolabelling of pumps and subsequent 

electron microscopy staining.  

 Conceivably, pumps could be excluded from the spine by several mechanisms.  

Anchoring sites present within the dendrite might not be present within the spine. Or, the 

sharp angle present at the boundary between the spine and the dendrite may act through 

unknown biophysical mechanisms to exclude pumps and their associated proteins or lipid 

rafts. 

 A reduced concentration of pumps in the spine might occur for two reasons: to 

permit elevated concentrations of calcium in the spine, or to prolong the length of the 

calcium transient. We show that the primary effect of reduced pump density in the spine 

head itself is not an increase in amplitude but rather an increased length of time of the 

transient. 
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4.2 Methods 

 

These simulations made use of a simplified geometry consisting of a cuboidal 

spine head, neck, and dendritic shaft (Keller et al. 2008). NMDA receptors were placed at 

the posy-synaptic density, and HVA Ca
2+

 channels were placed on the surface at a 

density of 4 µm
-1

. Mechanisms for all surface effects are as described previously. 

Sampling boxes placed at the PSD, in the center of the spine, and at the base of the spine 

monitored the local concentration gradients experienced under homogenous versus 

differential placement of calcium extruders. 

 

4.2.1 Calibration of the Model 

NCX and PMCA pumps were inserted into the membrane such that they each 

remove approximately the same amount of calcium from the spine head in response to an 

action potential. The basal decay constant was 15 ms with both inserted, and 30 ms when 

any one was removed. This corresponded to 161 NCX pumps and 1055 PMCA pumps 

per square micron. Oregon Green Dye was added in increasing amounts to an exogenous 

buffering capacity of 20, 50, and 100. With no calbindin in the model, the extrapolated 

buffering capacity was 20 and the extrapolated time constant was 18.5 ms.  
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Figure 4.1 Buffering capacity measurements. A) Extrapolated reciprocal of calcium concentration 

versus buffering capacity. B) The time constant versus buffering capacity. 

 

  Simulations compared the cases of even distribution of PMCA and NCX versus 

differential distribution in which extruders are situated at the base of the spine or on the 

dendritic shaft. The average calcium levels that resulted from the case of uneven densities 

of calcium pumps were compared with the calcium levels that arise when the same 

number of pumps was uniformly distributed. The simulations compared the following 

explicit cases: 

 

A) PMCA and NCX uniformly distributed 

B) NCX present at in the spine 1/7 of the dendritic shaft density 

C) The same number of PMCA clustered in the neck such that the total number of 

PMCA in the spine is the same 

D) Both (B) and (C) 
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The resulting calcium transients within the spine head were sampled and the 

amplitude and duration calculated. Two types of synaptic events were simulated: an 

action potential and an EPSP preceding an AP by 10 ms. Furthermore, these simulations 

were conducted under conditions of both high (45 µM calbindin and 10 µM fast calcium 

binding protein) and low (10 µM fast calcium binding protein only).   

The effects on signal sequestration between the spine head and the dendrite were 

next examined. Calcium transients in response to an EPSP were sampled in the spine 

head as well as in the region within the dendrite directly underlying the spine. The ratio 

of the peak values of the calcium excursions in the spine head to that within the dendrites 

were compared in both cases. If the spine neck acts as a superior sequestration barrier 

with more pumps, then the ratio of the spine head calcium to the dendrite calcium were 

higher when pumps are located at the base of the spine. Additionally, the decay of 

variance in spine head calcium levels was examined during an action potential. 

 

4.3 Results 

The first experiment used a MCell model of a spine head to assess the effects of 

uneven pump distribution during stimulation by an EPSP event which preceded an action 

potential by 10 ms. Differences in the magnitude and duration of calcium transients were 

observed when NCX and PMCA were unevenly distributed throughout the spine head. In 

the control case they were uniformly distributed (Figure 4.2). In these simulations 45 µM 

of calbindin was included. 
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4.3.1 EPSP-AP Simulation 

 

  Distributing the PMCA in the base of the spine while removing them from the 

spine head increased the magnitude of the calcium transient as compared with the control. 

Similarly, decreasing the total number of NCX in the spine to 1/7 that of the dendritic 

shaft, while retaining the same number of NCX in the simulation led to an increase in the 

magnitude of the calcium transient within the spine head. Finally, simulation of both 

effects shows that calcium transients within the spine head are prolonged and increased 

as compared to the control.  

 

Figure 4.2 Simulation of the effects of differential pump placement for an EPSP-AP. A) Simulations 

for which the total PMCA number in the spine is maintained at a constant number by increasing the 

number at the base while removing them from the spine head. If the NCX density is concurrently 

reduced (green trace) removal of the calcium in the spine head takes longer as compared with the 

control (blue trace). Removing the PMCA from the spine head while maintaining the same total 

number and keeping a uniform distribution of NCX results in a slightly larger calcium trace (black). 

Maintaining a uniform PMCA distribution while decreasing the density of NCX in the spine also 

increases the calcium transient (red trace). (B) This simulation is the same as A except that in all 

simulations in which PMCA is removed from the spine head the density at the base is not increased 

to maintain the same overall number of PMCA in the spine. 
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If no calbindin is included in the spine head, the differences in the cases becomes 

greater, as figure 4.3 shows. 

 

Figure 4.3 Simulation of the effects of differential pump placement for an EPSP-AP, with no 

calbindin present in the spine. The control (green trace) is for all calcium extruders evenly 

distributed over the surface of the spine. Distributing the PMCA in the base of the spine while 

removing them from the spine head (red trace) increases the magnitude of the calcium transient as 

compared with the control. Similarly, decreasing the total number of NCX in the spine to 1/7 that of 

the dendritic shaft while retaining the same number of NCX in the simulation (black trace) leads to 

an increase in the magnitude of the calcium transient within the spine head. Finally, simulation of 

both effects (blue trace) shows that calcium transients within the spine head are increased as 

compared to the control. 

 

Table 4.1 summarizes the amplitude and decay time results for the case in which 

PMCA, when differentially distributed, is removed from the spine head but increased at 

the base so that the same total number of PMCA is present in the spine. Distributing the 

PMCA at the base of the spine and reducing the concentration of NCX in the spine 

increases the decay time. Popescu model receptors are used in these simulations. 
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Table 4.1 EPSP-AP responses for PMCA retained at the same number. PMCA distributed at the 

base conserve the total number of PMCA within the spine head. For all simulations, n=20. 

PMCA  NCX Amplitude (µM) Decay time of 

averaged traces 

(ms) 

Uniform Uniform 1.7 ± 1.6 136  

Uniform Dendrite 1.7 ± 1.6 139  

Base Uniform 2.3 ± 1.6 175  

Base Dendrite 2.3 ± 1.6 507  

 

Similar results are observed when PMCA are removed from the spine head but 

maintained at the base of the spine at the same density (Base 1X) rather than total 

number, as in the previous table. 

Table 4.2 EPSP-AP responses for PMCA maintained at the same density. In the Base 1X case PMCA 

are removed from the head and maintained at the same density in the base and neck. Thus the total 

number of PMCA in the spine is reduced. For all simulations, n=20. 

PMCA  NCX Amplitude (µM) Decay time of 

averaged traces 

(ms) 

Uniform Uniform 1.73 ± 1.6 136  

Uniform Dendrite 2.55 ± 1.5 165  

Base 1x Uniform 2.07 ± 1.7 144  

Base 1x Dendrite 2.03 ± 1.5 494  
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If Lester and Jahr style receptors are used instead of Popescu ones, transients last longer 

but the same qualitative effects are still observed. 

 

Table 4.3 EPSP-AP responses for PMCA maintained at the same density, using a simpler model of 

NMDARs. For all simulations, n=20. 

PMCA  NCX Amplitude (µM) Decay time of 

averaged traces 

(ms) 

Uniform Uniform 1.76 ± 1.32 150  

Uniform Dendrite 2.02 ± 1.5 209  

Base 1x Uniform 2.16 ± 2.0 213  

Base 1x Dendrite 2.05 ± 2.0 616  

4.3.2 Action Potential Simulation 

 

We also obtained the calcium signal in response to backpropagating action potentials. 
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Figure 4.4 Action Potential Ca
2+

 response.  A) Response when the pumps are moved from the spine 

head to the base of the spine. B) 1X response. The green is when both PMCA is at the base and NCX 

is reduced. The red denotes the situation in which spine NCX is at lower concentration and PMCA is 

uniform. Blue is when NCX is at reduced concentration and PMCA is uniform. Black is when both 

are uniformly distributed at normal concentrations. 

 

Although the decay times of action potentials are similar no matter where the pumps are 

placed, the absolute magnitude of the calcium response varies slightly. Table 4.4 

summarizes the results. 
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Table 4.4 Summary of the effects of pump placement on the magnitude of the action potential, with 

calbindin. For all simulations, n=20. 

Pump Placement Amplitude (µµµµM) Decay Time (ms) 

NCX Uniform,  

PMCA uniform 

1.7 ± 1.2 1.6 ± 1 

NCX Uniform,  

PMCA base same total 

number 

1.93 ± 1.7 0.8 ± 0.2 

NCX Uniform,  

PMCA base same density 

1.95 ± 1.7 1.5 ± 0.8 

NCX reduced in 

dendrite,  

PMCA uniform 

1.76 ± 1.5 1.2 ± 0.8 

NCX reduced in 

dendrite,  

PMCA base same total 

number 

1.94 ± 1.7 1.1 ± 0.6 

NCX reduced in 

dendrite,  

PMCA base same density 

2.08 ±1.7 1.6 ± 0.7 

 

If no calbindin is present in the system, the pump placement has a more pronounced 

effect on the time course of transients. 
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Table 4.5 Summary of the effects of pump placement on the magnitude of the action potential, no 

calbindin. For all simulations, n=20. 

Pump Placement Amplitude (µµµµM) Decay Time (ms) 

NCX Uniform,  

PMCA uniform 

5.4 ± 5.5 2.66 ± 1.1 

NCX Uniform,  

PMCA base same total 

number 

8.4 ± 0.5 2.3 ± 1.0 

NCX Uniform,  

PMCA base same density 

8.3 ± 5.3 1.7 ± 0.9 

NCX reduced in dendrite,  

PMCA uniform 

7.5 ± 5.5 2.1 ± 0.8 

NCX reduced in dendrite,  

PMCA base same total 

number 

7.9 ± 4.7 3.2 ± 1.2 

NCX reduced in dendrite,  

PMCA base same density 

7.8 ±5.3 4 ± 1.4 

 

Placing NCX at the base increases the magnitude of the transient, while placing both 

PMCA and NCX at the base increases it still more. Placing PMCA at the base also yields 

a much larger transient, close to the amount seen when both NCX and PMCA were 

placed at the base. 
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4.4 Discussion 

The distribution of pumps primarily impacts the decay time course of the 

transient, not the peak amplitude experienced during a synaptic signaling event. 

Extending the time course of signal decay may affect enzymes involved in synaptic 

plasticity. 

Spine heads can be classified as pumpers and diffusers. In diffusers, a greater 

proportion of spine head calcium is removed by diffusion instead of pumps, meaning that 

the impact of the spine neck length is more critical. The decay of signals is typically 

slower within the dendrite. The transients are not as large or as long because the surface 

area to volume is not as high as in the dendrite. In the spine head, transient decay via 

diffusion through the spine neck eventually permits the transient to equilibrate with the 

slower dendrite decay. 

Why might PMCA pumps located at the base of the spine pump less calcium than 

uniformly-situated pumps in the low buffering capacity case? This can probably be 

attributed to the effect of calcium microdomains within the spine. Pumps situated closer 

to the site of calcium influx would be subject to an increased effective concentration of 

calcium and hence would pump more. Pumps located farther away would be exposed to 

less calcium and consequently would be less effective at limiting the amplitude of 

calcium near the site of influx.  

Placement of NCX was reduced in the spine permits larger calcium excursions 

within the spine head that would normally be suppressed by calcium extrusion. Therefore 

simulations in which NCX was reduced experienced longer apparent calcium decay 
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compared to the control case. In control simulations NMDA channels still opened during 

the tail period but the small amounts of calcium entering were rapidly removed.  

The simulations have shown that calcium pump localization can sequester 

calcium within the spine head as well as to permit higher excursions of calcium 

amplitude at the PSD. The effect holds across a wide range of buffer capacities and 

magnitudes of free Ca
2+

, and therefore represents a robust finding. There are several 

functional consequences. A large amount of calcium close to the PSD might better 

activate enzymatic signaling cascades located there. Calcium also causes changes in the 

mobility of spines (Holcmann et al. 2007). 
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V. A Compartmental Model of the Spine and Dendrite 

 

In order to rapidly calibrate the coupling of the spine head to the dendrite without 

resorting to MCell, an 18-compartment model was constructed in Mathematica.  

 

Figure 5.1 The 18-compartment multi-compartmental model constructed in Mathematica.  

 

The model used the following equations to describe the coupling among compartments:  
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In the above example, each compartment, indexed by n, contains OGB, calbindin, and a 

calcium-binding protein. The OGB and calbindin can diffuse between compartments, 

while the CBP remains stationary. 
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When calcium alone was included in the simulation with a diffusion constant of 

2.2 10
-6

 cm
2
/s, the time constant for coupling was ~60 ms. No calcium-binding proteins 

or pumps were present in these simulations. Measurement of diffusion out of the spine, 

however, is conducted with indicators which also can diffuse out of the spine. We 

simulated the case of an indicator with Oregon-Green-like kinetics and a diffusion 

constant of 0.84 cm
2
/s. When the dye is included the time constant for equilibration 

approaches 800 ms. Thus, compartmentalization by the spine neck is very effective. 

In order to match spine and dendritic buffering capacities in the multi-

compartmental model, an iterative process was employed. The ratios of the surface 

densities of the PMCA and NCX calcium extruders were first set so that they each 

removed approximately 50 percent of the spine head calcium entering in response to an 

action potential. Using these surface densities, the absolute number of the calcium 

extruders was set so that so that the extrapolated calcium removal time in the dendrite 

was 15 ms. Next, the buffering capacity of the dendrite was adjusted by changing the 

concentration of immobile CBP in order to yield the correct extrapolated buffering 

capacity. The volume of the dendrite was next adjusted so that the extrapolated maximal 

calcium was 1.1 µM. Once this was accomplished, the spine head was next examined. 

The head size, buffering capacity, and neck length were each adjusted to match the 

desired constraints. 

 

The multi-compartmental model was first compared to a MCell model that 

contained only the fast calcium-binding protein. The multi-compartmental model 

accurately reproduces the transients in both the spine and dendritic shaft (Figure 5.2). 
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Figure 5.2 A comparison of a multi-compartmental model and the MCell model, run with 100 mM of 

Oregon Green BAPTA-1. The amount of calcium predicted from the bound indicator in the spine 

head and shaft is plotted for the multi-compartmental model (red line) and the averaged results from 

20 MCell runs (blue line). This example is run with a spine head size of 0.5 µµµµm, a neck length of 0.5 

µµµµm, and a dendrite diameter of 0.8 µµµµm. 

 

In order to match experimental results, the model had a spine head size of 0.5 µm, a neck 

length of 0.5 µm, and a dendrite diameter of 0.8 µm. The extruder densities are 35 NCX 

per µm
2
 and 165 PMCA per µm

2
. 
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VI. A Monte-Carlo model of Synaptic Transmission and 

Calcium Dynamics in an EM-based Hippocampus 

Reconstruction 

 

6.1 Introduction 

Dendritic spines in the hippocampus exhibit tremendous variation in volume, 

length, and shape. To what extent do these geometrical properties influence the time 

course of spine calcium that occurs in response to stimulation and backpropagating action 

potentials? 

Simulations can extend the experiments traditionally used to explore the system, 

which include monitoring of Ca
2+

 indicators in tandem with electrophysiological 

stimulation. Though much knowledge has derived from such an approach, there are still 

some potential artifacts. Patching of cells may dialyze internal proteins. Also, indicators 

themselves introduce perturbations due to their mobility and the Ca
2+

 buffering inherent 

in their operation. Simulations can mimic native conditions unfettered by experimental 

constraints. This can be accomplished by incorporating realistic geometry derived from 

electron microscopy (EM) into a simulation of diffusing calcium. 

Theoretical results indicate that spine neck length is a critical factor. In an empty 

spine, the time for emptying of the spine head can be expressed as (Holcman et al. 2006): 
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The first term describes the emptying of the spine head, while the second describes the 

transit time through the spine neck. In the absence of buffers and pumps, these intervals 

are 4 and 0.8 ms, respectively.  

Experimental observations indicate that time constant for equilibration between 

the spine and dendrite is longer than that predicted from simple equations not 

incorporating buffers and other effects. In the presence of buffers that diffuse more 

slowly than free calcium, the time constant for emptying the spine is longer. Some 

researchers have found that the time constant for spine head equilibration is as short as 20 

ms (Augustine et al. 2003), while others have found that it is more than 80 ms (Sabatini 

et al, 2002). Neck length may play a critical role in the wide range of equilibration times 

observed. 

 Neck lengths of spines may change on a relatively short time scale (Holcman et 

al. 2006, Korkotian and Segal 2001, Majewska et al. 2000), which may serve to regulate 

the decay of spine head calcium. Furthermore, morphological changes and internal space 

reorganization caused by movement of internal organelles may also influence spine 

calcium transients. 

Dendritic shaft diameter may also have an effect on spine calcium decay. Imaging 

results suggest that calcium in spines in thin dendrites have single exponential decay 

rates, while those in thick dendrites have double exponential decay rates (Holthoff et al. 

2002). Distal spines also have more active calcium extruders (ibid). 
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In order to simulate calcium decay in dendritic spines, we used MCell. MCell is a 

Monte-Carlo cell simulator that allows the diffusion and classical interactions of 

individual molecules to be tracked. It uses rigorously validated and highly optimized 

Monte Carlo algorithms to simulate the random-walk Brownian motion of discrete 

diffusing molecules and concomitant uni- and bi-molecular chemical reactions in a 

complex three dimensional environment reflecting realistic cellular microstructure. Thus, 

the impact of sub-cellular organization on the temporal and spatial evolution of 

biochemical reaction/diffusion systems can be studied using MCell.  We used version 3.0 

of MCell, which differs from previous versions of MCell in that it allows pairwise 

interactions between diffusing molecules (http://www.mcell.cnl.salk.edu). We were 

therefore able to model binding of diffusing calcium with diffusing endogenous calcium 

binding proteins (CBPs) and exogenous indicators.  

To model a system with MCell it is necessary to specify 1) the geometry of the 

sub-cellular structures of the system, 2) the diffusion constants and initial locations of 

diffusing molecules, 3) the locations of transmembrane or scaffold-tethered effector 

molecules, 4) the reaction mechanisms and kinetic rate constants governing the 

interaction of diffusing molecules with each other and effector molecules, and 5) an 

appropriate time step and number of iterations with which to simulate the spatial and 

temporal evolution of the system (Stiles and Bartol 2001, Kerr et al. 2008).  According to 

the statistics of a Brownian dynamics random walk as well as Monte Carlo reaction-

diffusion algorithms, the average radial distance traveled in a random walk step and the 

probability that binding occurs both depend on the value of the simulation time step.  The 

ratio of the simulation time step to the mean lifetimes of the chemical reactant states 
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determines the numerical accuracy of MCell simulations (Stiles and Bartol, 2001, Kerr et 

al. 2008).  In general, the time step should be chosen so that the probability that binding 

occurs during the span of one time step is less than 1 (generally not greater than 0.5) to 

obtain errors of less than 1-2%. 

The literature contains several examples of EM reconstructions of synapses. 

Harlow et al. reconstructed the active zone of the neuromuscular junction (Harlow et al. 

1998). Successively more complicated MCell models of the neuromuscular junction have 

also been created (Stiles et al. 2001). A reconstruction of the ciliary ganglion spine mat 

(Shoop et al. 2002) was used to create an MCell model of ectopic release (Coggan et al. 

2005). A large-scale EM-based functional model of hippocampal spines, though, has not 

yet appeared in the literature. 

 

6.2 Methods 

 

6.2.1 Mesh Construction  

A 5 µm x 5 µm x5 µm section of traced and segmented neuropil from the CA1 

region of hippocampus was meshed using Contour Tiler, a program that fits triangles to a 

stack of contours (Bajaj et al. 1996). The mesh was checked to ensure that it was 

watertight, non-intersecting, and self-consistent. 
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A B C 

   

Figure 6.1 The neuropil in the simulated volume.  A) The complete neuropil. Axons are green, 

dendrites yellow, and glial cells are blue. B) All of the axons in the model. Release sites were 

positioned at the sites of axonal overlap with PSDs on the dendrites of interest. C) The glial cell, with 

a total surface area of 220 µµµµm
2
 and volume of 180 µµµµm

3
, was coated with glutamate transporters to 

rapidly remove glutamate following release. Scale bar is 1 µµµµm. 

 

We simulated two dendrites. The large apical dendrite had a diameter of 2.1 µM. 

A smaller dendrite had a diameter of 0.8 µM. The smaller dendrite (Figure 6.2A) contains 

20 simulated spines while the main dendrite contains 73 simulated spines (Figure 6.2B). 

Spines intersecting the edge of the reconstructed space were not simulated. 

A B 

  

Figure 6.2 The simulated dendrites. A) The smaller dendrite B) The simulated main apical dendrite. 

The data sets were meshed using Contour Tiler. Scale bar is 1 µµµµm. 
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The endoplasmic reticulum and mitochondria were reconstructed by tracing them 

in Reconstruct (Figure 6.3).  

 

Figure 6.3 An example EM trace of the ER (blue) and mitochondria (red) in the main dendrite 

(yellow).  Connected spines that are part of the principal dendrite are shown as filled yellow regions. 

Scale bar is 0.5 µµµµm. 

 

The simulated ER in both dendrites was populated with SERCA pumps (Figure 

6.4). No calcium pumps were placed upon the mitochondria surface.  

A B 

  

Figure 6.4 Internal structures of the dendrites. The reconstructed endoplasmic reticulum (blue) and 

mitochondria (red) for the small (A) and large (B) dendrites. Scale bar is 1 µµµµm. 
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The ER in the dendrite is one interconnected compartment. Less than 10 percent of the 

spines in the simulated dendrite had protrusions of the ER specialized as the spine 

apparatus.  

 In the reconstructed main dendrite the ER volume was 0.4 fL and the cytosol 

volume is 15 fL. There were two mitochondria, one with a volume of 0.2 fL, a surface 

area of 4.5 µm
2
, and diameter of 0.22 µm. The other had a volume of 0.4 fL, a surface 

area of 7.5 µm
2
, and diameter of 0.23 µm. Both extended through the length of the 

dendrite. In the small dendrite, the volume of the ER was 6.85 aL. Two mitochondria 

were present, with a total mitochondrial volume of 0.19 fL and average diameters of 0.22 

µm and 0.25 µm. The small mitochondria did not extend the length of the dendrite and 

measured 1.2 µm in length. 

 Some potential artifacts in the ER reconstruction arise from the gap separating 

each EM micrograph. Because successive contours do not always overlap, Contour Tiler 

does not always connect them properly. However, visual inspection shows that the error 

in estimates of ER surface area and volume is less than several percent. 

 

6.2.2 Membrane Surface Molecules 

The dendrite surface was populated with an assortment of molecules. Voltage-

gated calcium channels (VGCCs) were distributed on the cell surface at a density of 3 

µM
-1

. NMDA receptors and AMPA receptors were inserted into the Post-Synaptic 

Density (PSD).  

Ca
2+

 was extruded from the cytoplasm by pumps distributed across membrane 

surfaces. The Ca
2+

 pumps were modeled with Michaelis-Menten kinetics according to 
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where k3 is the turnover rate at which a Ca
2+

-bound pump returns to the unbound state 

with the removal from the simulation of a Ca
2+

 ion. Vmax was defined as the product of 

the turnover rate and pump density and was defined per unit area. Ca
2+

 extruders fell into 

two classes: Plasma membrane calcium ATPases (PMCA) and sodium calcium 

exchangers (NCX). PMCA pumps have a KM of 0.2 µM (Carafoli, 1992) and a turnover 

rate of 100 per second while NCX pumps have a KM of 3 µM but a turnover rate 10 times 

higher than that of the ATP-driven pumps (Blaustein and Lederer, 1999), or 1,000 per 

second. The KM of SERCA pumps was set to 0.26 µM (Shannon et al. 2000). 

Resting Ca
2+

 levels were maintained by balancing extrusion with a nonspecific 

leak current associated with each calcium extruder. This yielded a basal dendritic [Ca
2+

]i 

of 100 nM (Helmchen et al., 1996; Majewska et al., 2000a; Majewska et al., 2000b; 

Maravall et al., 2000.). Detailed descriptions of the leak and extrusion mechanisms are 

described elsewhere (Franks, 2002).  

SERCA pumps were inserted at a density of 1973 µm
-2

 (Sneyd et al. 2006). HVAs 

and NMDARs were modeled according to the method we employed in a simpler model 

(Keller et al. 2008). Although we also experimented with a more complicated NMDAR 

model (Popescu et al. 2004), the on-rates for this model were so high that the receptors 

quickly saturated, a phenomenon inconsistent with experimental observations.  
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We characterized the calcium dynamics and calibration points for a canonical 

model (Keller et al. 2008) and used the calibration described below as the starting point 

for the current model incorporating the 3D morphology of hippocampal CA1 neurons. At 

first, in order to facilitate simulation speed, the total volume was subdivided into 2 x 2 x 

2 µm sub-models centered upon a particular spine of interest for simulation in MCell. 

Each sub-model consisted of a synaptic bouton abutting a spine and a section of the 

dendrite. With subsequent improvements in MCell, we found that it was no longer 

necessary to divide the geometry into smaller sections for simulation, and that the entire 

main dendrite could be simulated. It should be noted that for even larger simulations 

involving multiple dendritic and axonal processes or for a larger reconstructed volume, 

dividing segments into manageable blocks will prove useful.  

The extent of the PSD and positioning of the vesicle release sites were determined 

from the EM data. PSD volumes were reconstructed and superimposed upon the 

presynaptic membrane to identify the location at which glutamate receptors should be 

located (Figure 6.5). 
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Figure 6.5 The PSD, head, and neck, and shaft regions of the dendrite were annotated in the model. 

 

NMDA receptors were placed on each PSD. We placed 10 NMDA receptors on 

each PSD. The NMDA receptors were based upon a trapping block kinetic scheme with 

activation and deactivation reactions for both Mg
2+

-free and Mg
2+

-bound channels 

(Figure 6.6, Vargas-Caballero and Robinson 2004).  
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Figure 6.6 The NMDAR model was based on Vargas-Caballero and Robinson 2004. The receptor has 

blocked and unblocked states, and is not symmetric. 

 

NEURON simulations were conducted to determine the voltage experienced at the spine 

during action potentials, and these voltages were used to find the voltage-dependent 

transition rates in the NMDA model (Keller et al. 2008, Mainen and Sejnowski 1996). 

The astrocyte was coated with glutamate transporters in order to remove 

glutamate released after a signaling event. The density of 10,000 µm
-1

 was similar to 

estimates from the literature (Lehre and Danbolt 1998). The spines of interest and its 

parent dendrite were surfaced with PMCA and NCX pumps.  

 

6.2.3 Sampling Boxes 

Sampling boxes were fit to each of the spines in the model (Figure 6.7) in order to 

measure the calcium and calcium-bound dye within each spine head. 
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A B 

  

Figure 6.7 Sampling boxes used in the model for the small (A) and large (B) dendrites. 

 

In order to sample the calcium concentration within the dendritic shaft we constructed a 

shell that enveloped the dendritic shaft but excluded the spines (Figure 6.8). 

A B 

  

Figure 6.8 Dendritic shaft sampling volumes for the small (A) and large (B) dendrites. The shells fit 

over the main body of the dendrite, excluding the spines. 

 

The sampled concentrations excluded the concentration on molecules within internal 

structures such as ER and mitochondria. Concentrations within each sampling region 

were output every 10 microseconds. 

 



  100 

 

6.3 Results 

 

6.3.1 Model Calibration 

In order to predict the behavior seen at fine spatial and temporal scales, the model 

must match the experimental data taken at coarser scales. Several parameters in the 

model were set by indirect measurements from the literature: the concentration and nature 

of the calcium binding proteins as well as the density of PMCA and NCX. All 

calibrations were carried out in the small dendrite because its dimensions were most 

similar to those examined in most experimental studies. 

Some studies show a lower endogenous buffering capacity in spines (Sabatini et 

al. 2002, Cornelisse et al. 2007). Because bound indicator at various exogenous buffering 

capacities behaves roughly linearly in the ranges tested experimentally, we incorporated a 

calcium binding protein into the simulations that would have a consistent buffering 

capacity up to several micromolar of calcium. Incorporating 270 µM of a protein with a 

Kd of 10 µM satisfied this requirement while conferring a moderate buffering capacity 

(Figure 6.9A). In some simulations we chose to explicitly test the effects of adding 45 

mM of calbindin, as may be present in certain types of pyramidal neurons (Müller et al. 

2005).   
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Figure 6.9 Nonlinear effects in CBPs and extrusion. (A) The concentration of bound CBP versus the 

concentration of free calcium, when 270 µM of CBPs are present. The Kd was chosen to be high 

enough that a roughly linear trajectory was followed in the range of interest. (B) The calcium 

extrusion rate as a function of free calcium for the combination of pumps employed. (C) The 

buffering capacity of Ca
2+

-bound extruders as a function of free calcium. The total moles of occupied 

extruders are divided by the volume of the dendrite to obtain an effective molar concentration of 

Ca
2+

-occupied pumps. The buffering capacity is the derivative of this quantity with respect to free 

calcium. 

 

The nonlinear properties of calcium pumps manifest at higher levels of calcium when the 

PMCA extruders (Kd= 0.2 µM) saturate (Figure 6.9B). This ceiling is not reached at 

lower calcium levels. Therefore, as a proportion of total calcium efflux, PMCA are more 

effective at lower calcium levels and calcium removal does not proceed by a strictly 

exponentially-decaying process.  

 The calcium extruders used in the simulation can buffer calcium, as they possess 

an intermediate Ca
2+

-bound state that is in dynamic equilibrium with the unbound 

extruder state. At higher ranges of free calcium, more calcium is effectively buffered by 

the extruders (Figure 6.9C). This is sufficient to confer a significant buffering capacity to 

the dendrites even in the absence of other calcium-binding proteins.  

   

Ultimately, PMCA and NCX extruders were placed on the dendrite shaft surface 

of the cell membrane at a density of 250 per µm
2 

PMCA and 70 per µm
2 

NCX. The ratio 

(3.57 PMCA : 1 NCX)  of the extruders was balanced such that each removed 
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approximately the same amount of calcium in response to an AP, with 500 mM Fluo-4 

indicator present in the medium (Scheuss et al. 2006). Furthermore, the total density of 

extruders was adjusted so that the extrapolated zero-indicator time constant for the 

dendrite was 15 ms in the canonical model. To perform this test we infused indicators 

into the dendrites and assessed the response to a backpropagating action potential. The 

calcium indicator FF-1 was infused at concentrations of 240, 600, and 800 µM. Predicted 

zero-indicator buffering capacities using this technique ranged from 10 to 50 (Figure 

6.10). 

 

Figure 6.10 The decay times and reciprocal of the change in calcium at various concentrations of 

exogenous buffer. 
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The SERCA pump removal rate was adjusted such that, when removed, the time 

constant of decay within the dendrite under low indicator conditions (FF=240 µM) rose 

from 40 to 52 ms, or 30%. This is comparable to increases observed experimentally 

(Mainen et al. 1999, Sabatini et al. 2002). 

As it is likely that most experimental data was taken from spines of greater size, 

we sampled only spines in the top 30% of spine volumes in the calibration process. All 

spines, however, were considered in the subsequent simulations. Spines with the smallest 

head volumes experience high calcium transients which introduce nonlinearities by 

saturating calcium pumps and endogenous proteins with low Kd. 

 When NMDA receptors are doubly bound by glutamate, they cycle in and out of 

open states. On average, only 3 NMDA receptors become activated per synapse per 

stimulation (Nimchinsky et al. 2004). This observation is consistent with the 1500 

molecules of glutamate used in the model. 

 

6.3.2 Reconstructed Neurons 

Morphology, head volume, and length parameters of the simulated spines vary 

widely, but these parameters fall into a well-characterized distribution range. Spine 

volumes typically fall into the range of 0.04 – 0.56 fL, while spine neck lengths range 

from 0.16-2.13 µm (Sorra and Harris 2000). The spine neck diameters range from 0.04–

0.5 µm, and total spine length ranges from roughly 0.2–2 µm (Harris and Stevens, 1989). 

The average spine head volume in the sample is 0.03 µm
3
 and the average spine neck 

length from the apex of the spine to the base is 0.85 µm. The spine volume and lengths in 

the dendrites are consistent with the values reported in the literature (Figure 6.11).  
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Figure 6.11 Distribution of measured values in the large dendrite. The average spine head volume in 

the sample is 0.03 µm
3
 and the average spine neck length from the apex of the spine to base is 0.85 

µm. 
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6.3.3 Stimuli Presented 

Two types of stimuli were presented to the system: a backpropagating AP and an 

EPSP-AP. During the EPSP-AP event the EPSP preceded the AP by 10 ms, and the 

depolarization introduced by the AP relieved the Mg
2+

 block of the NMDARs. This 

permitted large amounts of Ca
2+

 to flow through the NMDARs for a brief period of time. 

1500 glutamate molecules were release at sites located in the presynaptic membrane 

(Figure 6.12).  

A B C 

   

Figure 6.12 Time lapse release of glutamate (blue molecules) onto a dendritic spine from a 

presynaptic terminal (not shown for the sake of visibility). Frames A, B, and C are taken at 0.01, 2, 

and 15 µµµµs, respectively. All other components of the neuropil were present in the simulation but 

removed in this view for clarity. Scale bar is 0.25 µµµµm. 

 

The synaptic cleft distance that glutamate must traverse is 20 nm. NMDARs 

become doubly bound to glutamate and cycle between closed and open states. Due to 

relief of the Mg
2+

 block by a backpropagating action potential, a super-linear Ca
2+

 influx 

was first observed in the spine head, followed by decay to baseline (Figure 6.13). 
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A B C 

   

Figure 6.13 Synaptic decay after stimulation. Snapshots for A, B, and C were taken at 0.1, 8, and 100 

ms, respectively. The presynaptic en passant axon is shown in green at the right and the postsynaptic 

spine is shown in yellow at the left. Glutamate molecules (blue) rapidly dissipate while calcium 

(white) influx lasts longer. Scale bar is 0.5 µµµµm. 

 

Because of the uncertainty of the nature and amount of endogenous calcium-

binding proteins present in the dendrite, for each stimulus type conditions were simulated 

with and without 45 µM calbindin.  

 

6.3.4 AP Stimuli 

The typical response to AP stimuli was a very sharp peak and fast decay falloff 

(Figure 6.14).  
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A B 

  

Figure 6.14 The Ca
2+

 response averaged over the whole spine head during a single trial of all the 

spines present in the simulation during an action potential. The bold line is the average of all the 

spines. (A) Simulations performed without calbindin. (B) Simulations performed with calbindin. 

 

Without calbindin present (Figure 6.14A), the average peak calcium transient over the 

whole spine head is 1.8 µM. The average decay time is 10 ms. With calbindin present the 

peak calcium amplitude was 0.53 µM, much less than without calbindin. The average 

spine decay time with calbindin was 33 ms. The distribution of amplitude and decay 

constants with respect to geometrical parameters was plotted for the case of no extra 

calbindin (Figures 6.15, 6.16) and with calbindin (Figures 6.17, 6.18). 
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Figure 6.15 AP amplitude response without calbindin, and its dependence on geometrical 

parameters. 
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Figure 6.16 AP decay time response without calbindin, and its dependence on geometrical 

parameters. 



  110 

 

 

Figure 6.17 AP amplitude response with calbindin, and its dependence on geometrical parameters. 
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Figure 6.18 AP time decay response with calbindin, and its dependence on geometrical parameters. 
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We ran a regression on all of the relevant geometrical factors (Table 6.1). 

 

Table 6.1 AP Regression results against each of the geometrical parameters for (A) amplitude and 

(B) time constant. 

A B 

Parameter Regression 

r without 

calbindin 

Regression  

r with 

calbindin 

1/ Spine Head Volume     0.7221     0.6601 

1/Whole Spine Volume     0.7789     0.7382 

Neck Cross Section    -0.2740    -0.2679 

Spine Length     0.0830    -0.0210 

Neck Length    -0.0960    -0.1103 

Base-PSD length    -0.1742    -0.1641 

Head Surface Area    -0.5766    -0.5422 

Whole Surface Area    -0.5660    -0.5452 

Head Surface Area/Head 

Volume 

    0.6832     0.6686 

Whole Surface 

Area/Whole Volume 

    0.7492     0.7263 

 

Parameter Regression r  

without calbindin 

Regression r  

with calbindin 

Spine Head Volume     0.5161     0.1848 

Whole Spine Volume     0.5145     0.1938 

Neck Cross Section     0.0132    -0.0193 

Spine Length    -0.0131     0.2434 

Neck Length     0.2876     0.2386 

Base-PSD length     0.3804     0.2615 

Head Surface Area     0.5253     0.2139 

Whole Surface Area     0.5522     0.2386 
 

 

There is an inverse dependence of the amplitude on the volume. Amplitude of the AP 

response transient has little correlation with neck length, and it is better correlated with 

the ratio of the surface area to volume. The decay time is correlated with spine head and 

whole spine volume. At higher decay time values (Figure 6.16b), the decay time in the 

spines approaches that of the parent dendrite and thus levels off. The decay time has a 

weak correlation with neck cross section and the base-psd length. It also correlates well 

with surface area.  

 



  113 

 

 We chose three canonical cases to examine in more detail (Figure 6.19). The 

larger spine in figure 6.19A contains an internal apparatus.  

A B C 

   

Figure 6.19  Representative spines and the calcium transients experienced during a backpropagating 

action potential. The spine calcium transients seen with SERCA (blue) are similar to those observed 

without SERCA (red). The scale bar is 0.5 µµµµm. 

 

The geometrical parameters for each of the above spines are listed in the following table. 
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Table 6.2 Geometrical parameters for the canonical spines. 

Parameter Spine A Spine B Spine C 

Base-tip length 0.68012 1.3796  0.89319  

Neck cross section  0.0275  0.0102 0.00884  

Neck length 0.8612   1.004  0.2902  

Base-psd_length 1.128 1.462 0.5198  

Total surface area  2.62   0.91  0.506  

Head surface area 1.9011  0.3882  0.3812 0.0234 

Whole spine volume 0.19696  0.035701   0.019877 

Spine head volume 0.15533 0.018125 0.89319  

 

 

In the larger spine (figure 6.19A) the amplitude was lower, since calcium is diluted into a 

larger volume. In spine 19B the amplitude was larger due to the small head size and the 

decay time was longer due to the length of the neck. Spine 19C was most similar of the 

majority of spines in the data set, and its behavior fell between the two extremes. 

 We simulated the large spine both with and without the spine apparatus under 

unperturbed native conditions (without added indicator but including SERCA), and found 

that it makes little difference in the amplitude of the transient observed (Figure 6.19 red 

traces). SERCA effects on spine transients might only manifest under conditions in which 

exogenous buffer is introduced into the neuron. 
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6.3.5 EPSP-AP stimuli 

 

The typical response to EPSP-AP stimuli was a very sharp increase as calcium 

entered through NMDAR channels with the Mg
2+

 voltage block removed, a plateau stage 

in which NMDARs cycle in and out of the open state, followed by a fast decay (Figure 

6.20). 

 

Figure 6.20 The average EPSP-AP Ca
2+

 response averaged over all spines present in the simulation. 

The red line shows the response with calbindin, while the black line shows the response without 

calbindin. 

 

Without calbindin (Figure 6.20), the average peak calcium transient is 5.1 ± 1.1 µM, and 

without calbindin it is 6.9 ± 1.1 µM. The amplitudes correlate well with the reciprocal of 

spine head volume and the ratios of surface area to volume (Table 6.3), as it does in the 

AP data. With calbindin present, the average decay time is 20 ms. The decay time 

correlates with the volume, surface area, as well as the base to PSD length. 
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Table 6.3 Regression results of EPSP-AP properties against each of the geometrical parameters for 

(A) amplitude and (B) time constant. 

A B 

Parameter Regression 

r without 

calbindin 

Regression  

r with 

calbindin 

1/ Spine Head Volume 0.4678 0.3790 

1/Whole Spine Volume 0.5468 0.3770 

Neck Cross Section -0.2092 -0.1367 

Spine Length 0.2297 0.0725 

Neck Length -0.2383 -0.0107 

Base-PSD length -0.2942 -0.1111 

Head Surface Area -0.4715 -0.2638 

Whole Surface Area -0.4991 -0.2510 

Head Surface Area/ 

Head Volume 

0.4067 0.3605 

Whole Surface Area/ 

Whole Volume 

0.5179 0.4206 

 

Parameter Regression r  

without calbindin 

Regression r  

with calbindin 

Spine Head Volume     0.2181     0.0249 

Whole Spine Volume     0.2248     0.0165 

Neck Cross Section    -0.0901    -0.0888 

Spine Length     0.0845    -0.0306 

Neck Length     0.1437    -0.0051 

Base-PSD length     0.1946     0.0289 

Head Surface Area     0.1744     0.0497 

Whole Surface Area     0.2127     0.0456 
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Figure 6.21 The parameter dependence of the EPSP-AP calcium transient in the absence of 

calbindin. The graphs show (A) amplitude on volume (B) decay time with volume (C) amplitude with 

length (D) amplitude with length. 
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Figure 6.22 The parameter dependence of the average EPSP-AP calcium decay in the absence of 

calbindin. Because the individual traces are highly variable and often exhibit multiple peaks, the 

standard deviation based on individual trials is not shown. 
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The time constants were mostly dependent on the receptor kinetics governing the 

dissociation of glutamate and entering of the desensitized state. During the longer cycling 

time of the double-bound NMDARs, the decay of calcium from the spine may influence 

the accumulation of calcium in the spine head, since calcium may build up before it can 

be removed. 

 

6.3.6 The Effect of Indicator Diffusion Constant  

What effect does increasing the diffusion constant of the indicator have on the 

decay rate of spines observed with indicator? To answer this question we increased and 

decreased the diffusion constant of the indicator by a factor of 10 and monitored the 

response to backpropagating action potentials when the indicator F4F was present at 240 

µM. 

                                

Figure 6.23 The average fluorescent transient in spines under conditions in which the diffusion 

constant of the indicator is increased (black) and decreased (green) by a factor of 10, compared to the 

normal case (red).  
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The slow indicator produced slower transients, and the faster indicator produced faster 

transients. This shows that a diffusion artifact may be introduced into estimates of spine 

head decay times obtained using calcium indicators. 

 

6.3.7 Distribution  of Calcium Pumps  

Some studies have shown that concentrations of calcium pumps are lower in 

spines than in the parent dendrites and may be distributed unevenly. PMCA cluster at the 

base and neck (Weinberg personal communication, Burette and Weinberg 2007) and 

NCX exhibits a seven-fold increase in density in dendritic shafts as compared with 

dendritic spines (Lorincz et al. 2007). If this is the case, then a greater correlation in 

transient amplitudes and decay constants with spine length would be expected. 

We assessed the extreme case of complete removal of calcium pumps from the 

spine head, while compensating for the loss by increasing the concentration of calcium 

extruders in the dendritic shaft. In the absence of any calcium binding proteins in the 

spine head, the decay time of calcium in response to an action potential increased to 10 

ms, though the peak amplitude of the calcium transient was similar to the case of evenly-

distributed pumps. 
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Figure 6.24 Calcium decay in spines in the absence of calcium pumps in the spine head (red). The 

control case in which extruders are evenly distributed is shown in blue. 

 

We sampled the distribution of decay times within the spine in the absence of 

calcium pumps. Experimental studies have shown that the length of time required for 

equilibration of the spine variance with the dendrite varies from ~0 to well over 200 ms 

(Sabatini et al. 2002). In the absence of pumps within the spine, diffusion of calcium and 

calcium-binding proteins out of the spine head is the only means of calcium exit from the 

spine. In simulations, the average length of the equilibration time is 27 ms without 

pumps, versus 10 ms in the control case. 

 

6.3.8 Dendrite Diameter Differences 

 If the indicator is removed from the system and the dendrites are simulated under 

unperturbed conditions, the decay constants in the dendrite are relatively fast for both the 

small and large dendrites (Figure 6.25). 
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Figure 6.25 Dendrite calcium dynamics for large and small diameter dendrites, run under 

unperturbed conditions.  

 

The small dendrite exhibited an average peak calcium amplitude change of 

535 nM and decay constant of 25 ms. The large dendrite exhibited an average peak 

calcium amplitude of 221 nM and decay constant of 17 ms. Because the surface to 

volume ratio of the larger dendrite is smaller than that of the small dendrite, one would 

expect the magnitude of the AP-elicited calcium transient to be smaller, as it is. 

 Under conditions in which 200 µM of the indicator calcium green was infused 

into the dendrite, both the small and large dendrites had similar decay constants. The 

small dendrite time constant was 184 ms and the large dendrite time constant was 191 

ms. This may be in part be due to a greater proportional population of SERCA pumps in 

the large dendrite. When SERCA pumps were removed from the simulation, the small 

dendrite decayed in 280 ms and the large dendrite in 426 ms.  
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6.4 Discussion 

The decay of calcium in the spine head under native conditions is likely to be on 

the order of 10-15 ms. As expected, addition of endogenous buffers affects both the 

decay times experienced in response to an action potential as well as the amplitude of the 

signal. 

Calcium channels and receptors on the membrane are likely to scale according to 

the surface area of the spine, which is proportional to the square of the radius of the spine 

head. The volume of the spine is proportional to the cube of the radius of the spine head. 

Therefore, neglecting pumps and diffusion effects, the total amplitude of the calcium 

experienced should proportional to the ratio of surface area to volume. This relationship 

was observed in the data. 

We wondered why the actual decay rate under unperturbed conditions is less than 

that predicted by extrapolation of the calcium indicators under different buffering 

conditions. In large part this can be explained by the fact that the indicators themselves 

have a slower diffusion constant than does calcium. For example, consider the case of 

Ca
2+

 versus OGB1. The diffusion constants differ by several-fold. At low concentrations 

of indicator, when the decay time in spines is low, the difference in diffusion rates slows 

the exit of indicator from the spine. Therefore extrapolated calcium decay times obtained 

by using calcium indicators are slower than what may actually occur. 

Under conditions in which the dendrite is heavily loaded with indicator, some 

experiments have found that large diameter dendrites exhibit a slower decay to baseline 

than do smaller dendrites (Holthoff et al. 2002). When SERCA is removed from our 

simulation and equivalent amounts of indicator are introduced, the fluorescent transient in 
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the larger dendrite is slower than in the smaller dendrite. Nonetheless, the dendrite 

diameter did not make much difference in the decay time of calcium transients within the 

dendrite, under our unperturbed simulation conditions.  

In the hippocampus, pyramidal cells located in deep layers receive more input, 

and also have more calcium binding proteins as compared to shallow layers which 

receive more input (P. Fuentanalba pers. Com.). The amount of calcium binding proteins 

present may be a homeostatic mechanism to modulate the amplitude of calcium transients 

experienced. As the results show, calcium transients in simulations with extra calbindin 

are much smaller that in basal condition. Such heterogeneity in the buffering capacities of 

neurons may also explain why estimates of buffering capacity in the literature differ 

markedly. 

During conditions of synaptic stimulation in which the Mg
2+

 blockade on 

NMDARs is partially removed by a backpropagating action potential, the efflux of 

calcium out of the spine head is still fast although the overall transient is prolonged due to 

opening and closing of NMDARs for an extended period of time. As with the case of the 

action potential, a major factor in the amplitude of the transient is the spine volume. 

Because the transients can persist for a longer time, however, there is ample time to 

associate with endogenous calcium binding proteins. Therefore an additional factor in the 

amplitude of calcium transients under these conditions is the endogenous buffering 

capacity of the spine.  

It may prove that periodic influx of a certain amount of calcium is required to 

increase the size of the spine, but after the size of the spine reaches a certain size the 

influx of calcium is diluted too much to activate the relevant processes responsible for 
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increasing the size of the spine.  This may be a factor in why spine sizes do not increase 

indefinitely. Furthermore, we observed a ceiling on the decay time in the simulations. 

Increasing the volume or surface area of spines does not afford a concomitant increase in 

the observed decay time. 

Simulations conducted with calcium indicators have shown substantial correlation 

of decay times with geometrical properties. However, when indicator is removed and 

simulations are conducted without added calbindin the spine neck length has only weak 

correlations with the decay time of calcium transients. Indeed, average amplitude and 

decay time as a function of any particular geometrical parameter did not fall outside of a 

factor of two of the mean of the overall data set, no matter what the geometrical 

parameter. This begs the question of what the functional ramifications of the spine neck 

in vivo are. It may be that the mobility and length of the spine serves primarily to allow it 

to sample neighboring axons rather than modulate the sequestering ability of the spine 

head. Spines may explore their neighborhood without altering the calcium dynamics.  
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VII. The relative activation of Calcineurin and 

Calmodulin Dependent Protein Kinase II by partially-

occupied Calmodulin 

 

7.1 Introduction 

Influx of Ca
2+

 into the spine occurs at excitatory synapses either when N-methyl-

D-aspartate (NMDA)-type and Ca
2+

-permeable α-amino-3-hydroxy-5-methylisoxazole-4- 

propionic acid receptor (AMPA) glutamate receptors are activated in response to synaptic 

stimulation or when voltage gated Ca
2+

 channels (VGCCs) open due to depolarization of 

the cell. Even though Ca
2+

 inputs are required for changes in synaptic strength (Lynch et 

al. 1983), it is not clear how this single second messenger molecule mediates intricate 

changes in the magnitude and the direction of the synaptic strength. It is generally 

assumed that the prolonged low level of Ca
2+ 

that occurs during low frequency 

stimulation leads to synaptic weakening, while the brief higher Ca
2+ 

range above a certain 

threshold initiated by high frequency stimulation leads to synaptic strengthening (Bear et 

al. 1997, Artola et al. 1993, Zucker 1999, Shouval et al. 2002). Although some reports are 

in accord with this hypothesis (Cho et al. 2001, Yang et al. 1999), recent evidence shows 

that the Ca
2+ 

magnitude alone may not govern the direction of the synaptic strength 

(Nevian and Sakmann 2006).  
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Despite inconclusive studies about what
 
characteristics of the Ca

2+ 
signal are 

critical, the Ca
2+

 signal ultimately activates numerous signaling molecules in the cell, 

which in turn affect the final synaptic efficacy. Calmodulin (CaM) is a major Ca
2+

 sensor 

protein among numerous Ca
2+

 binding proteins at synapses. It senses the initial Ca
2+

 

signal and binds to Ca
2+

 ions at its four Ca
2+

 binding sites at saturating Ca
2+

 conditions. 

Therefore, a quantitative understanding on how Ca
2+

 signals cause changes in synaptic 

plasticity requires the study of how the numerous CaM targets differentially activate in 

response to various Ca
2+

 inputs (Xia and Storm 2005). 

The major CaM targets involved in NMDA receptor dependent synaptic changes 

include Calmodulin-dependent protein kinase II (CaMKII), a major protein kinase, and 

calcineurin (CaN), a major protein phosphatase. CaMKII is implicated in pathways 

leading to strengthening of the synapse (Lisman et al. 2002, Silva et al. 2002, Silva et al. 

1992), while CaN participates in weakening of the synapse (Mulkey et al. 1994, Malleret 

et al. 2001).  Therefore, the balance between protein kinases and phosphatases is 

considered critical for bidirectional changes in synaptic plasticity (Wang and Kelly 

1996). 

The affinity the four Ca
2+

 bound form of CaM for CaN  (Kd~ 0.01-10 nM) 

(Hubbard and Klee 1987) is much higher than its affinity for CaMKII (Kd ~ 40-80 nM) 

(Meyer et al. 1992, Cohen and Klee 1988). The difference in the affinities of CaM for 

these two enzymes is thought to explain bidirectional regulation of the synaptic strength 

at different Ca
2+

 concentrations. This argument needs further elaboration, since during 

synaptic activity Ca
2+

 levels may not ever attain sufficiently high levels for Ca
2+

 ions to 
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occupy all four binding sites on CaM for an extended period of time (except perhaps in 

microdomains). In most studies the Kd ’s of CaM for the enzymes were measured at 

saturating Ca
2+

 concentrations.  

Our previous work showed that CaM with less than four Ca
2+

 ions bound to it can 

activate CaMKII, albeit not as effectively as WT CaM does. Therefore, the dependence 

of CaMKII activity on Ca
2+

 is more sensitive than what had been previously assumed 

(Shifman et al. 2006). This was demonstrated with designed CaM mutants that retain the 

same closed structure that the molecule normally assumes in Ca
2+

 free solutions and that 

bind only 2 Ca
2+

 binding sites at either the N terminal (CaM-N
WT

C
MUT

) or C terminal 

(CaM-N
MUT

C
WT

).  In addition, we found that the affinity of Ca
2+

 for CaM increases in the 

presence of CaMKII, as do other CaM target proteins (Meyer et al. 1992, Olwin and 

Storm 1985). Therefore, even though Ca
2+

 levels do not reach the lowest KD of Ca
2+

 for 

CaM, CaM with less than 4 Ca
2+

 bound can pre-associate with CaM targets and facilitate 

the recruitment of Ca
2+

 to the target during Ca
2+

influx. These findings about the 

sensitivity of CaMKII activity to Ca
2+

 amplitude prompted us to examine the sensitivity 

of the CaN activity to Ca
2+

 amplitude for comparison. 

In addition to the amplitude of the Ca
2+

 signal, the duration of Ca
2+

 input also 

plays a role in the bidirectional regulation of the synaptic strength. We questioned 

whether the difference in the time scales with which Ca
2+

 binds to CaM/enzymes or 

Ca
2+

/CaM bind to the enzymes might explain the frequency-dependent changes in 

synaptic modification. The exact values of binding and unbinding rates of Ca
2+

/CaM to 

and from the two above enzymes when the two enzymes coexist are not known. 
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In this paper, using biochemical and computational methods, we quantitatively 

examined how the amplitude and the duration of Ca
2+ 

signal could differentially activate 

the two major CaM targets, CaMKII and CaN, for NMDAR-dependent synaptic 

modifications. We found that both CaMKII and CaN can be activated by CaM that is 

bound to less than 4 Ca
2+

 ions, and that the affinity of CaN for partially-occupied CaM is 

much higher than that of CaMKII.  In homogeneous conditions, the Ca
2+

 concentration at 

which half-maximal enzyme activity occurs, Kact [Ca
2+

], is sub-micromolar for CaN and 

is in the several micromolar range for CaMKII.  With a larger amount of CaMKII than 

CaN, Kact [Ca
2+

] for CaMKII shifted to a lower Ca
2+

 and the Ca
2+

-dependent activity 

increase above the basal level for CaMKII was much steeper than of CaN even at lower 

levels of Ca
2+

. Under these conditions the Ca
2+ 

window in which the normalized CaN 

activity is higher than that of CaMKII may not exist unless CaMKII activity is perturbed 

by other signaling molecules such as phosphatases. Our computational model showed 

that, during a Ca
2+ 

pulse that lasts for a few milliseconds, the difference in binding and 

unbinding rates of Ca
2+

 and Ca
2+

-activated CaM to and from CaMKII or CaN greatly 

affects the relative levels of their activation.   

 

7.2 Materials and Methods 

Section 1.01 7.2.1 Expression and Purification of calcineurin  

Recombinant human CaN was expressed and purified according to the method of 

Mondragon et al. 1997 (Mondragon et al. 1997).  A plasmid containing the genes for the 
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CNAα and CNB subunits in pET15b expression vector was transformed in E. coli BL21 

(kind gift from Dr. J.O. Liu). The plasmid was co-transformed with another plasmid 

encoding the yeast myristoyl-CoA expressed in pBB131. Expression was induced with 

IPTG when absorbance of the culture reached 0.6. Cells were lysed by sonication for 1 

minute for 5 cycles, and centrifuged to yield a crude lysate. The lysate was then subjected 

to ammonium sulfate precipitation, talon affinity chromatography, and calmodulin 

sepharose chromatography. Fractions containing pure CaN were pooled and dialyzed 

against a buffer containing 50 mM Tris, 2mM DTT, 1 mg/ml Bovine serum albumin, 0.1 

mM PMSF, and 0.02% sodium azide (pH 7.5). Concentration was measured with light 

UV spectroscopy at 278 nm with an extinction coefficient of 57940. 

Section 1.02 7.2.2 RII peptide preparation 

The RII peptide (Asp-Leu-Asp-Val-Pro-Ile-Pro-Gly-Arg-Phe-Asp-Arg-Arg-Val-

Ser-Val-Ala-Ala-Glu) was purchased from American Peptide Corporation, Sunnyvale, 

CA, which was designed after the sequence from the PKA catalytic subunit and a major 

substrate for CaN.  In order to measure CaN activity, we measure the dephosphorylated 

peptide amount over time. For radioactive assays, the peptide was initially 

phosphorylated with 
32

P ATP according to Hubbard et al.  (Hubbard and Klee 1987, 

Hubbard et al. 1991).  
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Section 1.03 7.2.3 Design of CaM null mutant 

CaM-N
MUT

C
MUT 

, which lacks all four Ca
2+ 

binding sites at both terminals was 

constructed by ligating the N terminal sequence of CaM-C
WT 

to the C terminal sequence 

of CaM-N
WT

 (Shifman et al. 2006). The 240 bp fragments containing the N terminal lobe 

in CaM-C
WT 

was extracted after digestion with Ear I and Nco I (New England Biolabs, 

Ipswich, MA). The fragment corresponding to the C terminal lobe in CaM-N
WT

 was 

digested with Ear I and BamH I.  The host pET vector was cut with Nco I and BamH I. 

All fragments were gel purified and ligated together with T4 DNA ligase. Constructs 

were transformed into XL1-Blue Competent Cells (Stratagene, La Jolla, CA). 

 

Section 1.04 7.2.4 Calmodulin Expression 

CaM mutants were expressed as previously described (Shifman et al. 2002). WT 

Bovine CaM was purchased from CalBiochem (San Diego, CA) and was dialyzed against 

0.01M Tris buffer (pH 7.2). The concentration of CaM was measured with light UV 

spectroscopy at 278 nm with an extinction coefficient of 3240. 

 

Section 1.05 7.2.5 Calcineurin Enzymatic Assays 

Following established methods (Hubbard et al. 1991), we used a 50 µL reaction 

mixture containing 50 mM Tris, 0.1 M NaCl, 1mM MgCl2, 1mM DTT, 1 mg/ml Bovine 

serum albumin and various amounts of CaCl2, CaN and CaM. For saturating Ca
2+

 

conditions, we used 5 mM CaCl2. An excess of peptide substrate was included in the 
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reaction solutions. Reactions were terminated with 0.5 mL stop solution composed of 0.1 

M potassium phosphate with 0.05% trichloroacetic acid (pH 7). In order to determine the 

dependence of activity on CaM concentration, we stopped the reactions with 0.5 mL stop 

solution while the reaction velocity is still in the linear time regime (about 5 minutes for 

various CaM concentrations with 6nM CaN). To obtain the dependence of CaN activity 

on Ca
2+

, the desired free Ca
2+

 concentration (100 nM-10 µM) was obtained by mixing 

appropriate amount of Ca
2+

 concentration buffer kits Ca
2+

 high (100mM CaEGTA) and 

Ca
2+

 low (100 mM K2EGTA solutions) (Molecular Probes, Eugene, OR). 

 

Section 1.06 7.2.6 Computational Modeling 

The computational model was designed to calculate the relative CaMKII and CaN 

activity levels at the concentrations of Ca
2+

, CaM, CaMKII and CaN that likely occur at 

synapses. The parameters needed to quantitatively describe CaMKII and CaN activities at 

various Ca
2+

/CaM concentrations are: (1) the dissociation constant Kd [CaM] of WT CaM 

and CaM mutants for the enzymes, (2) the enzymatic rates kp supported by these CaM 

variants at saturating Ca
2+

/CaM conditions, and (3) the cooperativity factors s1, s2, r1, and 

r2, multipliers which describe the increase the relative increase in the affinity of CaM for 

Ca
2+

 when CaM is bound to the enzyme. By summing over the partial activities of the 

enzymes supported by the various Ca
2+

-bound states of CaM, we obtained the theoretical 

value of the activities for the enzymes. 
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(A) Deduction of affinities of WT CaM and CaM mutants for CaN; kd [CaM] and 

the enzymatic activities from experiments 

A mathematical description of CaN activity under saturating Ca
2+

 conditions 

involved several steps: (i) CaM4 binding to CaN, (ii) binding of CaM4-CaN to the RII 

substrate  (Km~ 30 µM [16, 22])  (iii) release of labeled 
32

P from RII by CaN.  The 

equations we used are 

[CaN]'(t) = −kd1[CaN](t) *[CaM](t) + kd2[CC](t),

[CaM]'(t) = −kd1[CaN](t) *[CaM](t) + kd2[CC](t),

[CC]'(t) = kd1[CaN](t) *[CaM](t) − kd2[CC](t)

−ks1[CC](t) *[RII](t) + ks2[CC − RII](t) + kp[CC − RII](t),

[RII]'(t) = −ks1[CC](t) *[RII](t) + ks2[CC − RII](t),

[CC − RII]'(t) = ks1[CC](t)*[RII](t) − ks2[CC − RII](t) − kp[CC − RII](t),

[RII − d]'(t) = kp[CC − RII](t)

 

where [CaN], [CaM], [CC], [CC-RII], and [RII-d] are the concentrations of CaN, CaM, 

CaN-CaM complex and CaN-CaM-RII, dephosphorylated RII respectively. kd1 and kd2 

are the binding rate and unbinding rate of CaN and CaM. ks1 and ks2 are the binding rate 

and unbinding rate of RII to and from the CaN-CaM complex respectively and kp is the 

enzymatic rate. We assumed all binding and unbinding events (i) and (ii) are faster than 

the enzymatic rates and used the equilibrium approximations for CaM binding to CaN 

and CaM-CaN binding to RII.  We factored out the Ca
2+

-dependent kinetics due to excess 

Ca
2+

 amount. We fitted curves with various kd’s (or kp’s) and chose the estimated value as 

the one that minimized the error between the curve and the experimental data. 
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The steady-state fraction of CaM4-CaN can also be expressed as 

x + [CaN ]+ kd −
2

(x + [CaN ]+ k
d

) − 4[CaN ]x

2[CaN ]
, where [CaN ]is the concentration of CaN, x  is 

[CaM4] and k
d

 is the dissociation constant between CaN and CaM. We fitted this 

nonlinear equation curve with unknown k
d

 to the experimental results. Both approaches 

yielded similar results. 

 

 (B) Measurement of Kact [Ca
2+

] from experiments on Ca
2+

-dependent CaN and 

CaMKII activity 

To obtain Kact [Ca
2+

], we fitted our results to the Hill equation, 

f ([Ca
2+ ]) =

A
[Ca2+ ]

kact

 

 
 

 

 
 

n

1+
[Ca

2+]

kact

 

 
 

 

 
 

n
, 

where A is a normalization coefficient and n is the Hill coefficient.  

 

(C) Comparison of Ca
2+

-dependent CaMKII and CaN activity under homogenous 

and equilibrium conditions 

The model included Ca
2+

 binding to free CaM, binding of Ca
2+

/CaM to CaN or 

CaMKII, and binding of Ca
2+ 

to CaM-CaN or CaM-CaMKII . The system was treated as 

a well-mixed equilibrium condition. CaM with one or two Ca
2+

 ions bound at the N-lobe 

of is written as CaM1N  and CaM2N, and CaM with one or two Ca
2+

 ions bound at the C-



  135 

 

lobe is written as CaM1C  and CaM2C respectively. The fully-occupied CaM was denoted 

by CaM4. 

 Figure 7.1 summarizes all possible Ca
2+

-bound states of CaM. CaM with 

different number of Ca
2+

 ions bound to it can associate with either CaMKII or CaN. 

Experimentally-determined parameters for the affinities of CaM for CaN or CaMKII 

were Kd (CaM2,C), Kd (CaM2,N), Kd (CaM4) and the enzymatic rates kp supported by these 

CaM mutants. Other undetermined parameters such as Kd (CaM1,C ), Kd (CaM1,N), Kd 

(CaM2N,C), Kd (CaM3,C), Kd (CaM3,N) and kp supported by these partially occupied CaMs 

were estimated either with the cooperative factors s and r or with interpolation. The 

affinity of Ca
2+

 for CaM bound to either enzyme increases by a factor of s1 and s2 when 

Ca
2+

 occupies the binding sites on CaM at the N terminal first and second time, while the 

affinity increases by a factor of r1 and r2 when Ca
2+

 occupies the binding sites on CaM at 

the C terminal first and second time. 
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Figure 7.1 Diagram of the chemical reaction scheme of Ca
2+

 binding to various Ca
2+-

bound CaM or 

binding of Ca
2+

/CaM to CaMKII or CaN in the presence of either enzyme under equilibrum 

conditions. CCaM represents CaN-bound to CaM, while KCaM represents CaMKII-bound to CaM. 
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 These affinity changes also affect the affinity of CaM for the enzymes when CaM 

is bound to any number of Ca
2+ 

ions. The dissociation constants for each of the Ca
2+

-

bound states of CaM can be written as: 

Kd(CaM0) = Kd(CaM4) s1 s2 r1 r2 

Kd(CaMN1) = Kd(CaM4) s2 r1 r2 

Kd(CaMN2) = Kd(CaM4) r1 r2 

Kd(CaMC1) = Kd(CaM4) s1 s2 r2 

Kd(CaM2N,C) = Kd(CaM4) s2 r2 

Kd(CaMN3) = Kd(CaM4) r2  

Kd(CaMC2) = Kd(CaM4) s1 s2 

Kd(CaMC3) = Kd(CaM4) s2 

             Each Ca
2+

-bound state of CaM-CaMKII or CaM-CaN has a enzyme turnover rate 

associated with it, kCaM i −enzyme , where i is the number of Ca
2+

 ions bound to CaM. We 

estimated the values of k
1

CaMKII and k
3

CaMKII by interpolating the curve based on the 

experimentally measured rates of k
4

CaMKII and k
2

CaMKII (Tables 7.1 and 7.2). For CaN 

activity, we used k
1
CaN ≈ k

2
CaN ≈ k

3
CaN ≈ k

4
CaN . The kinetic parameters related to the 

CaMKII activity were obtained from Shifman et al. 2002  and the values related to the 

CaN activity were from the experiments. 
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Section 1.07 Table 7.1 Comparison of Kd [CaM]’s for CaMKII and CaN for various CaM species  

Number of Ca
2+

 ions  

on CaM  

CaM Species Kd [CaM] for CaN Kd [CaM] for CaMKII 

1 CaM1N 

CaM1C 

79 nM* 

7 µM*  

223 µM* 

111 µM* 

2 CaM2N 

CaM2NC 

CaM2C 

680 nM 

15 nM* 

260 nM 

20 µM 

10 µM* 

 5 µM 

3 CaM3N 

CaM3C 

136 nM* 

0.6 nM* 

0.89 µM* 

0.44 µM* 

4 CaM4 5 nM 0.04 µM 

* These values are estimated based on the cooperativity factors that were obtained with 

the fitting method.  

 

Section 1.08 Table 7.2 Comparison of kp values for CaMKII and CaN stimulated by various CaM 

species 

Number of Ca
2+

 ions on 

CaM  

CaM 

Species 

Kd [CaM] for 

CaN 

Kd [CaM] for 

CaMKII 

1 CaM1N 

CaM1C 

12/sec*  

12/sec*  

0.05/sec* 

0.05/sec* 

2 CaM2N 

CaM2NC 

CaM2C 

12/sec 

12/sec*  

12/sec 

0.1/sec 

0.1/sec* 

0.1/sec 

3 CaM3N 

CaM3C 

12/sec*  

12/sec*  

0.5/sec* 

0.5/sec* 

4 CaM4 12/sec 1/sec 

* These values are estimated with interpolation. 
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             We computed the activity function f, which describes the level of activity for 

each enzyme at a given [Ca
2+

/CaM] by summing the product of the activity of each CaM-

CaN state and the occupancy of the state:  

f (CaN activity)= Σi kCaM i −CaN [CaM i − CaN] ,   

f (CaMKII activity)= Σi kCaM i −CaMKII [CaM i − CaMKII] , 

where  [CaMi .CaN] is the concentration of CaMi bound to CaN and [CaMi .CaMKII ] is 

the concentration of CaMi bound to CaMKII.  We normalized measured activities of the 

two enzymes by the activity at the saturating Ca
2+

 level or at the basal Ca
2+

 concentration 

of 0.08 µM. 

Using the results of Ca
2+ 

dependent CaN activity, we refined the values of s and r 

by fitting them into several experimental curves that show the enzyme activity at various 

[Ca
2+

]. In order to find a best fit, we calculated the error by summing over the difference 

of the experimental data and the calculated value of the activity function at a given set of 

s and r.  We used the experimentally measured parameters as modeling constraints (Kd 

(CaM2C)~0.26 µM, Kd (CaM2N)~0.68 µM) and found the best fit.  The best fit resulted 

from r1=5, r2=27.2, s1=450, and s2=0.12.  For CaMKII, we obtained s1=s2=11 using a 

similar method. 

In the model, some details of enyzme activation were ignored for the sake of 

simplicity. For example, we did not include the fact that a dimer pair of CaMs from each 

holoenzyme will initiate the autophosphorylation of CaMKII (Rosenberg et al. 2005). We 

obtained the same order of magnitude in the value of Ca
2+

 for the half-maximal CaMKII 
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activity using the simple approach as we would with an extensive model that included the 

detailed CaMKII structure. For the CaN model, we primarily focused only on Ca
2+

 

binding sites on CaM that further activate CaNA since the increase in CaN activity when 

CaM binds to CaNA is much higher than Ca
2+

 binding to CaNB. Therefore we either 

ignored the multi Ca
2+

 binding sites on CaNB or made the approximation that when one 

Ca
2+

 ion binds to CaNB at 10
-6

 µM the CaN activity would be 5% of the maximal 

activity. 

 

(D) Comparison of CaMKII and CaN activities under a dynamic Ca
2+ 

pulse  

The models explored three different ways of incorporating the increased Ca
2+

 

affinity for various Ca
2+

-bound states of CaM in the presence of CaN. In Model A, when 

CaM was bound to CaN, the binding of Ca
2+ 

to the C terminal was accelerated while the 

unbinding of Ca
2+

 from the N terminal was delayed.  We implemented this hypothesis by 

multiplying the on-rates for Ca
2+

 binding to the C-lobe by the r1 or r2 factors while 

leaving the off-rates from the C lobe unchanged. Similarly, the on-rates for Ca
2+

 binding 

to the N-lobe did not change, while the off-rates from the N lobe were divided by s1 or, 

s2. In model B, we assume that only the on-rates for Ca
2+

 binding to the each terminal 

changed. Therefore, the on-rates for Ca
2+

 binding to the N-lobe were multiplied by the s 

factors while the off-rates were unchanged.  Similarly, the on-rates for Ca
2+

  to the C-lobe 

were multiplied by the r factors while the off-rates were unchanged from the rates of 

CaM in solution. Finally, in model C, the on-rates for Ca
2+

 binding to the N-lobe were 
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unchanged while the off-rates were divided by the s factors. Also the on-rates for Ca
2+

 

binding to the C-lobe were unchanged while the off-rates were divided by the r factors.  

In all models, on/off-rates of CaM species to/from the enzymes were adjusted with the 

equations below, where for CaMKII s1=s2 and r1=r2. 
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The kinetic models and parameters are summarized in Figure 7.2 and Tables 7.3 and 7.4. 
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Figure 7.2 A diagram of the chemical kinetic reaction scheme of Ca
2+

 binding to various Ca
2+-

bound 

CaM or binding of Ca
2+

/CaM to CaMKII or CaN in the presece of either enzyme under dynamic 

conditions. CCaM represents CaN-bound to CaM, while KCaM represents CaMKII-bound to CaM. 

 

We used [CaN]=[CaMKII]=3 µM and [CaM]=12 µM in our simulations. The off-rate of 

CaM4 from CaMKII was set at 50 s
-1 

(Meyer et al. 1992). To explore how the differential 



  143 

 

on rate of CaM binding to the enzymes, we tried 50 s
-1 

and 1 s
-1

 as the off-rates of CaM4 

from CaN. 

Table 7.3 Kinetic parameters for calcium binding/unbinding to/from apo-calmodulin in the 

literature. Based on Schifman et al. 2006, Cohen and Klee, 1998 , and Mihalas, S. 2006. 

Parameter Value 

Calmodulin  

C-lobe first dissociation constant 10.0 x10
-6

 M 

C-lobe second dissociation constant 1.5 x10
-6

 M 

C-lobe first association rate 6.8x10
6
 M

-1
 s

-1
 

 

C-lobe first dissociation rate 68 s
-1

 

C-lobe second association rate 6.8x10
6
 M

-1
 s

-1
 

 

C-lobe second dissociation rate 10 s
-1

 

N-lobe first dissociation constant 38 x10
-6

 M 

N-lobe second dissociation constant 7.4x10
-6

 M 

N-lobe first association rate 108x10
6
 M

-1
 s

-1
 

N-lobe first dissociation rate 4150 s
-1

 

N-lobe second association rate 108x10
6
 M

-1
 s

-1
 

N-lobe second dissociation rate 800 s
-1
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Table 7.4 Parameters used in the model for calcium binding to CaM in the presence of CaN  

Parameter Model A Model B Model C 

N0C0 C-lobe forward rate  3.4×10
7
 M

-1
 s

-1
 3.4×10

7
 M

-1
 s

-1
 6.8×10

6
 M

-1
 s

-1
 

N0C0 C-lobe backward rate  68 s
-1

 68 s
-1

 13.6 s
-1

 

N0C1 C-lobe forward rate  1.9×10
8
 M

-1
 s

-1
 1.9×10

8
 M

-1
 s

-1
 6.8×10

6 
M

-1
 s

-1
 

N0C1 C-lobe backward rate  10 s
-1

 10 s
-1

 0.36 s
-1

 

N1C0 C-lobe forward rate  3.4×10
7
 M

-1
 s

-1
 3.4×10

7
 M

-1
 s

-1
 6.8×10

6
 M

-1
 s

-1
 

N1C0 C-lobe backward rate  68 s
-1

 68 s
-1

 13.6 s
-1

 

N1C1 C-lobe forward rate  1.9×10
8
 M

-1
 s

-1
 1.9×10

8
 M

-1
 s

-1
 6.8×10

6
 M

-1
 s

-1
 

N1C1 C-lobe backward rate  10 s
-1

 10 s
-1

 0.36 s
-1

 

N2C0 C-lobe forward rate  3.4×10
7
 M

-1
 s

-1
 3.4×10

7
 M

-1
 s

-1
 6.8×10

6
 M

-1
 s

-1
 

N2C0 C-lobe backward rate  68 s
-1

 68 s
-1

 13.6 s
-1

 

N2C1 C-lobe forward rate  1.9×10
8
 M

-1
 s

-1
 1.9×10

8
 M

-1
 s

-1
 6.8×10

6
 M

-1
 s

-1
 

N2C1 C-lobe backward rate  10 s
-1

 10 s
-1

 0.36 s
-1

 

N0C0 N-lobe forward rate  1.1×10
8
 M

-1
 s

-1
 4.9×10

10
 M

-1
 s

-1
 1.1×10

8
 M

-1
 s

-1
 

N0C0 N-lobe backward rate  9.2 s
-1

 4150 s
-1

 9.2 s
-1

 

N0C1 N-lobe forward rate  1.1×10
8
 M

-1
 s

-1
 1.2×10

7
 M

-1
 s

-1
 1.1×10

8
 M

-1
 s

-1
 

N0C1 N-lobe backward rate  6923 s
-1

 800 s
-1

 6923 s
-1

 

N1C0 N-lobe forward rate  1.1×10
8
 M

-1
 s

-1
 4.9×10

10
 M

-1
 s

-1
 1.1×10

8
 M

-1
 s

-1
 

N1C0 N-lobe backward rate  9.2 s
-1

 4150 s
-1

 9.2 s
-1

 

N1C1 N-lobe forward rate  1.1×10
8
 M

-1
 s

-1
 4.9×10

10
 M

-1
 s

-1
 1.1×10

8
 M

-1
 s

-1
 

N1C1 N-lobe backward rate  9.2 s
-1

 4150 s
-1

 9.2 s
-1

 

N2C0 N-lobe forward rate  1.1×10
8
 M

-1
 s

-1
 1.2×10

7
 M

-1
 s

-1
 1.1×10

8
 M

-1
 s

-1
 

N2C0 N-lobe backward rate  6923 s
-1

 800 s
-1

 6923 s
-1

 

N2C1 N-lobe forward rate  1.1×10
8
 M

-1
 s

-1
 1.2×10

7
 M

-1
 s

-1
 1.1×10

8
 M

-1
 s

-1
 

N2C1 N-lobe backward rate  6923 s
-1

 800 s
-1

 6923 s
-1

 

 

 

7.3.1 CaM mutants that have only two Ca
2+

 binding sites at one of the terminals 

stimulate robust CaN activity. 

CaN activity at various Ca
2+

 concentrations has been characterized in the 

literature (Stemmer and Klee  1994). They reported that [Ca
2+

] needed for half-maximal 

activation for 30 nM CaN ranges from 0.6-1.3 µM, under conditions in which [CaM] was 

varied from 0.03- 20 µM. They found that the binding of Ca
2+

 ions to CaM in the 
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presence of CaN is cooperative and inferred from the Hill coefficient (2.8-3) that at least 

3 Ca
2+

 ions are required for CaM dependent stimulation of CaN activity. So far, there has 

been no direct evidence that CaN activity can be stimulated by CaM that has less than 

four Ca
2+

 ions bound.  

We tested whether the previously designed CaM mutants, which bind only 2 Ca
2+

 

binding sites either at the N terminal (CaM-N
WT

C
MUT

) or at the C terminal (CaM-

N
MUT

C
WT

), could further stimulate CaN activity. As a measure for CaN activity, we 

quantified the released amount of labeled phosphate from a CaN substrate, 
32

P RII, while 

it was dephosphorylated by CaN. Control experiments showed that the released amount 

of 
32

P significantly increased in the presence of WT CaM, as compared with the released 

amount in the absence of CaM (Figure 7.3A). This result, performed at saturating Ca
2+

 

conditions, indicated that WT CaM stimulated the CaN enzymatic activity beyond the 

CaN activity level stimulated by Ca
2+ 

only. To study the dependence of CaN activity on 

[WT CaM] at saturating Ca
2+

 conditions, we obtained the initial rate of CaN activity at 

various [CaM] and at saturating Ca
2+

 conditions by measuring the accumulated released 

labeled 
32

P activity up to a time point until which the CaN activity still remained linear in 

time (~ 5 min for [CaN] ~ 6 nM) (Figure 7.3B). We repeated similar experiments in the 

presence of the designed CaM mutants (CaM-N
WT

C
MUT

, CaM-N
MUT

C
WT

). We found that 

both of CaM mutants could stimulate CaN activity beyond the CaN activity stimulated by 

Ca
2+

 only (Figure 7.3C, D). Therefore CaM with only 2 bound Ca
2+

 ions at each terminal 

could bind to CaN and further stimulate CaN activity. 
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Figure 7.3 CaN enzymatic activity stimulated by CaM at saturating Ca
2+

 concentrations The initial 

rate of released amount of labeled 32P from RII peptide was measured as CaN activity (50 mM Tris, 

0.1 M KCl, 1mM MgCl2, 1mg/ml BSA). All assays are performed under saturating Ca
2+

 

concentrations. (A) Comparison of CaN activity in the absence of and in the presence of CaM. 

([CaN]=6nM, [CaM]=0, or 1 µµµµM) (B) Dependence of CaN activity on [WT CaM]. (C) Dependence of 

CaN activity on [N
MUT

C
WT

]. (D) Dependence of CaN activity on [N
WT

C
MUT

].  

 

         In order to obtain the dissociation constant Kd [CaM] of WT CaM and CaM 

mutants for CaN, we fitted the CaM binding model with various Kd [CaM] to the 

experimental data for the dependence of CaN activity on [CaM]. The Kd [CaM] that 

minimized the error between the experimental data and the simulation curve was 2 nM.  

A nonlinear curve fitting with an equation that described the fraction of CaM bound to 

CaN also showed a Kd [CaM] of  ~ 2nM (± 1 nM).  
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For CaM mutants, analysis revealed that Kd [CaM] was 260 nM (± 113 nM) and 

680 nM (± 117 nM) for CaM-C
WT

 and CaM-N
WT

 respectively. Therefore, Ca
2+

 binding to 

the C terminal domain on CaM was more effective at stimulating CaN activity.  

Kd [CaM mutants] for CaMKII in our previous results fell in the micromolar range (5-20 

µM) as compared to several hundred nanomolar (200-700 nM) for CaN. Therefore, under 

homogeneous conditions, partially-occupied CaM could activate CaN much more 

effectively than it did CaMKII . 

 

7.3.2 Rates of CaN activity stimulated by CaM mutants are comparable to those 

stimulated by WT CaM.  

To determine the rate of CaN enzymatic activity supported by CaM mutants kp, 

we measured the rate at which CaN dephosphorylates 
32

P RII under conditions in which 

CaN was maximally stimulated by Ca
2+

 and CaM. Under these conditions [CaM]  greatly 

exceeds Kd [CaM] and [Ca
2+

] greatly exceeds Kd  of Ca
2+

 for free CaM. The best fit to the 

experimental curve of released 
32

P RII in time showed that kp was ~3.5/sec in the 

presence of WT CaM was (Figure 7.4A). The kp stimulated by the CaM mutants was 

2.4/sec for CaM-C
WT 

and 2.8/sec for CaM-N
WT

 (Figure 7.4B, C). The rates of CaN 

activity supported by both CaM mutants were comparable to the rate supported by WT 

CaM.   

In comparison, the turnover rate of CaMKII activity supported by CaM mutants 

(~0.1/sec) was 10% of that of WT CaM (~1/sec).  Therefore, CaMKII exhibited a greater 

increase in its activity upon subsequent Ca
2+

 binding to CaM/CaMKII than did CaN. 
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kp  of CaN in the absence of CaM at saturating Ca
2+

 conditions was estimated to be ~ 

0.5/sec (Figure 7.4D). Previous work (Stemmer and Klee 1994) reported that CaN has 

about 10% of its maximal activity at saturating Ca
2+

 in the absence of CaM. 

 

Figure 7.4 CaN enzymatic rate stimulated by CaM at saturating concentrations of Ca
2+

 /CaM. The 

solid circles are from experimental data and the dashed lines are from the best fitting results. (A) 

CaN activity in time when CaN is stimulated by WT CaM ([CaN]=30 nM, [CaM]=10µµµµM) CaN 

activity in time when CaN is stimulated by 10µµµµM N
MUT

C
WT

 (B) or 10µµµµM N
WT

C
MUT

 ([CaN]=30 nM) 

(C) CaN activity in time in the absence of CaM ([CaN]=18 nM) 
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7.3.3  The CaM mutant (CaM-N
MUT

C
MUT

) with all Ca
2+ 

binding sites disabled does 

not stimulate the CaN activity beyond the level stimulated by Ca
2+ 

only. 

Based on the result that CaN activity can be further stimulated by partially-

occupied CaM beyond the level stimulated by Ca
2+ 

only, we suspected that CaM binding 

alone to CaN, without any Ca
2+

 ions bound to CaM, might further stimulate CaN activity 

as well. We designed a CaM mutant that has all four Ca
2+ 

binding sites disabled (CaM-

N
MUT

C
MUT

). Comparison of the CaN activity stimulated by CaM-N
MUT

C
MUT

 at saturating 

Ca
2+ 

conditions and the CaN activity with Ca
2+

 only revealed no statistical difference in 

their enzymatic activities (Figure 7.5). Therefore CaM binding alone to CaN, without 

Ca
2+ 

binding to CaM, did not further stimulate the enzymatic activity beyond the level 

stimulated by Ca
2+

 only. 

 

 

 

Figure 7.5. Comparison of CaN activity stimulated by N
MUT

C
MUT

 and without CaM added. The 

comparison shows no significant difference in their activities. 
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7.3.4  The Ca
2+

 concentrations at which the half-maximal CaN activity occurs at 

sub-micromolar levels for both WT and lobe-mutant CaM. 

In order to obtain the dependence of CaN activity on Ca
2+

 concentration, we 

measured the initial velocity of CaN activity stimulated by CaM variants at various 

[Ca
2+

]. We used 0.2 µM CaN, which was higher than the concentration of an enzyme 

normally used in in vitro assays and closer to the elevated levels found at synapses.  

Kact ([Ca
2+

]), the Ca
2+ 

concentration at which the half maximal CaN activity occurred, 

was obtained by fitting the data to the Hill equation. The Hill equation has an n 
th

 order 

dependence on [Ca
2+

], depending on the number of available Ca
2+ 

sites on CaM species. 

The obtained Kact ([Ca
2+

]) was 0.21 µM (±0.09 µM) when CaN was stimulated by 12 µM 

WT CaM (Figure 7.6A). The best fit for the WT CaM was obtained with n=4. For CaM 

mutants, Kact ([Ca
2+

]) was 0.63 µM (±0.07 µM), and 0.47 µM (±0.07 µM) when CaN was 

stimulated by 12 µM CaM-C
WT

 and 12 µM CaM-N
WT

 respectively (Figure 7.6B, C).  The 

best fit was obtained with n=2. 
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Figure 7.6 Dependence of CaN activity stimulated by CaM variants at various [Ca
2+

] ([CaN]=0.2 

µµµµM). Solid circles are experimental curves and dotted lines are computational simulations. (A) 

Dependence of CaN activity on [Ca
2+

], in the presence of 12 µµµµM WT CaM. (B,C) Dependence CaN 

activity on  [Ca
2+

] at 12 µµµµM N
MUT

C
MUT

,12 µµµµM N
MUT

C
WT

. The error bars represent SEM. 

 

7.3.5  Comparison of activities of CaMKII and CaN at various [Ca
2+

] and [CaM] 

under equilibrium conditions via computational modeling. 

Ca
2+

 and CaM are tightly controlled inside the cells and their available free 

concentrations are believed to be low. On the other hand, [CaMKII] and [CaN] are higher 

than [Ca
2+

/CaM] at the PSD. In particular, CaMKII was found in high abundance at 

synapses compared to other signaling proteins [26]. In order to compare CaN and 

CaMKII activities at the various [Ca
2+

/CaM], [CaMKII] and [CaN] that are likely to 
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occur at synapse, we used a computational model. The computational model incorporated 

the two key experimental results. First, partially occupied CaMs bound and activated both 

CaMKII and CaN and the affinities were higher for CaN. Second, the increase in CaMKII 

activity supported by CaM as the number of Ca
2+

 ions on CaM/CaMKII increased was 

steeper than that of CaN. In our simulations, we used the experimental values for the 

enzymatic activities supported by CaM2N, CaM2C, CaM2NC and estimated the activities 

supported by other CaM species. Tables 7.1 and 7.2 summarize the results and list the 

parameter values. 

 Based on the above experimental results, CaN activity was expected to reach its 

maximal level at lower Ca
2+

 concentrations than CaMKII did due to its higher affinity for 

any CaM species. Therefore, there exists a window of Ca
2+

 concentrations in which one 

can observe a higher CaN activity over CaMKII activity. We define ∆[Ca
2+

]1/2 as the 

difference in the Ca
2+

 concentrations for their half-maximal activities (Kact ([Ca
2+

])). 

Quantifying the relative activities of the enzymes and ∆[Ca
2+

]1/2 , despite the lack of 

consideration of other signaling molecules, can provide an approximate Ca
2+

 range in 

which the activities of phosphatases are higher than those of kinases. In this Ca
2+

 range, 

weakening of synaptic strength rather than strengthening might occur.  

The experimentally obtainable values were enzymatic activities normalized to those at 

the basal Ca
2+

 levels of ~80 nM. We expected that the normalized CaN activity would be 

higher at lower Ca
2+

 levels while the normalized CaMKII activity would be higher higher 

Ca
2+

 ranges. We defined ∆[Ca
2+

]basal  as the range of Ca
2+  

concentrations where the 
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normalized CaN activity is higher than the normalized CaMKII activity, when the 

normalization is performed based on the activity values at the basal Ca
2+ 

level. 

We computed the activation of CaMKII and CaN when they coexist at equal 

amounts in concentrations similar to those likely to occur at synapses 

([CaMKII]=[CaN]=3 µM).  For 1 µM CaM, the average number of Ca
2+ 

ions bound per 

CaM/enzyme molecule reached just over 1 for CaN and CaMKII as Ca
2+

 approached the 

saturating condition (Figure 7.7A, solid black for CaMKII and solid grey for CaN). With 

our best fit parameters, CaMKII reached the CaM4-bound form before CaN did as Ca
2+

 

increased, due to its higher cooperativity of Ca
2+

 binding. Therefore, in the presence of 

CaMKII, CaN buffered CaM better at a lower Ca
2+ 

concentration. For 12 µM CaM, at 

least 2 Ca
2+

 ions were bound to CaM/CaN starting at [Ca
2+

]free=0.6µM while CaMKII-

CaM-Ca2  species appeared starting only at [Ca
2+

]free=2.5 µM (Figure 7.7A, dotted black 

for CaMKII and dotted grey for CaN). However, since the cooperativity of Ca
2+

/CaM is 

higher for CaMKII than for CaN, CaMKII reached the four Ca
2+

 bound form 

(CaMKII_CaM_Ca4) at a lower Ca
2+

 concentration than CaN given our determined 

parameters. 
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Figure 7.7 Calcium-dependent activation. (A) Average number of Ca
2+

 ions that are bound per each 

CaM/enzyme when [CaM]=1 µµµµM (solid) and 12 µµµµM (dotted) respectively for [CaMKII]=[CaN]=3 

µµµµM. For all simulations, black is for CaMKII and grey is for CaN. (B) Normalized enzymatic 

activities for CaMKII and CaN at various [Ca
2+

] when [CaM]=1 µµµµM (solid) and 12 µµµµM (dotted) 

respectively for [CaMKII]=[CaN]=3 µµµµM. The activities are normalized by the activity at saturating 

[Ca
2+

]. (C) Normalized enzymatic activities of CaMKII and CaN at various [Ca
2+

] for 

[CaMKII]=[CaN]=3 µµµµM when [CaM]=1 µµµµM (solid) and 12 µµµµM (dotted) respectively. The activities 

are normalized by those at the basal Ca
2+

 level. (D) Normalized enzymatic activity for 

[CaMKII]=30µµµµM and [CaN]=3 µµµµM when [CaM]=1 µµµµM (solid),and 12 µµµµM (dotted) respectively. The 

activities are normalized by those at saturating Ca
2+

 level.  

 

          We calculated Kact ([Ca
2+

]) for each enzyme, normalizing the activities of the 

enzymes by those at saturating Ca
2+

 concentration at the synapse ([Ca
2+

]=10 µM).  For 1 

µM CaM, Kact ([Ca
2+

]) was 0.5 µM and 4.4 µM for CaN and CaMKII respectively, i.e., 
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∆[Ca
2+

]1/2 =3.9 µM (Figure 7.7B solid black for CaMKII and solid grey for CaN). For 

12µM CaM, Kact ([Ca
2+

]) was estimated to be 0.25 µM and 2.7 µM for CaN and CaMKII 

respectively, i.e., ∆[Ca
2+

]1/2 =2.45 µM (Figure 7.7B dashed black for CaMKII and dashed 

grey for CaN). Therefore, given that other conditions are the same, ∆[Ca
2+

]1/2 was smaller 

due to higher CaMKII activation when more free CaM was available. 

In order to estimate the net increase of the enzymatic activities above the basal 

level, we normalized the activities of the two enzymes by those at basal Ca
2+ 

concentration (~80 nM). The maximal activity of CaN was 12 and 4.8 times as those 

calculated at the basal level for 1 µM and 12 µM CaM, respectively. However, the 

maximal activity of CaMKII was 628 and 5789 times as those calculated at the basal 

level for 1 µM and 12 µM CaM respectively. This demonstrated that a higher amount of 

CaM facilitated the net increase of CaMKII activity (Figure 7.7C dashed black for 

CaMKII and dashed grey for CaN). With this normalization paradigm we were not able 

to observe ∆[Ca
2+

]basal, the window of [Ca
2+

] in which the net increase of CaN activity 

surpassed that of CaMKII, since the net increase of CaMKII activity surpassed that of 

CaN almost immediately when [Ca
2+

] rose beyond the basal level (Figure 7.7C solid for 1 

µM CaM, dashed for 12 µM CaM).   

In order to explore more physiologically plausible conditions, we tested whether a 

more abundant CaMKII amount compared to that of CaN would alter Kact  [Ca
2+

] 

significantly ([CaMKII]=30µM, [CaN]=3µM). The scenario with 1 µM CaM would be 

suitable if abundant CaM storage exists at synapses and the process of the release of free 

CaM upon Ca
2+

 influx is not as fast as CaM binding to CaMKII or CaN. For 1µM CaM, 
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Kact  [Ca
2+

] for CaN was 0.35 µM and 0.25 µM at respective CaM concentrations of 1 µM 

(solid), 12 µM (dotted). The corresponding Kact  [Ca
2+

] for CaMKII were 3.9 µM and 2.0 

µM. ∆[Ca
2+

]1/2 = 3.55 µM and 1.75 µM for 1 (solid) and 12 µM (dotted) CaM 

respectively. Therefore, a much higher amount of CaMKII narrowed the ∆[Ca
2+

]1/2 

somewhat (Figure 7.7D). 

 

7.3.6  Comparison of activities CaMKII and CaN during dynamic Ca
2+ 

influx in 

spines via computational modeling.  

In this section, we examine the activation of the two enzymes when Ca
2+

 influx 

into the spine is rather dynamic than static.  To consider activation of the two enzymes 

during dynamic Ca
2+

 signals, it is necessary to incorporate into the model the binding and 

unbinding rates of Ca
2+

/CaM to and from the two enzymes in addition to their 

dissociation constants. Previously, Ca
2+

 binding/unbinding rates to and from the 

CaM/CaMKII complex in homogeneous conditions were deduced from the given 

cooperative factors [27]. The analysis was based on the experimental results that showed 

the dissociation of labeled CaM from CaMKII at various [Ca
2+

]. The interesting finding 

from this analysis was that the cooperative factors were reflected in accelerated on-rates 

of Ca
2+

 to the CaM/CaMKII complex at the C terminal of CaM, while it was reflected in 

the delayed dissociation-rates of Ca
2+

 from the N terminal of CaM. This finding runs 

contrary to the commonly accepted notion that the increase in the affinity of a ligand for 

its target is reflected mainly in the dissociation-rate of the ligand from its target.  
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In order to study how differential Ca
2+

 binding/unbinding to/from CaM/two enzymes 

affects the activation of the two enzymes, we subjected kinetic models for activation of 

CaN and CaMKII to a single Ca
2+ 

pulse that mimicked a brief and constant Ca
2+

 influx 

(Figure 7.8). The amplitude of the Ca
2+

 influx ranged from 0.5 or 5 µM and the duration 

of the Ca
2+

 influx was 5 milliseconds. This pulse, albeit simple, was used to simulate 

large and short Ca
2+ 

stimulations suitable for LTP induction or small and prolonged Ca
2+

 

influx suitable for LTD induction. We computed the activation levels of the two enzymes 

and normalized the activity at the basal level of their activities at equilibrium ([Ca
2+

]= 80 

nM). 

 

Figure 7.8  The schematic diagram of a Ca
2+

 pulse of various amplitude and duration. 

 

Since the binding and unbinding rates of Ca
2+

-bound CaM to and from CaN are 

not known, we assumed several scenarios. The first scenario was that binding and 

unbinding of Ca
2+

 ions to and from CaM/CaN occurs in the same way with 

CaM/CaMKII, i.e., there are accelerated binding events at the C terminal of CaM and 

delayed Ca
2+ 

unbinding events from the N terminal of CaM and (Model A). In alternative 

scenarios, the cooperativity factors were reflected either only in the accelerated Ca
2+ 
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binding events at both terminals (Model B) or only in the delayed Ca
2+ 

unbinding events 

at both terminals (Model C).   

We found that the time scale in which the activities of the two enzymes reached 

the equilibrium status depended critically on the on-rate of CaM to the enzymes. 

Therefore, not only the rate of Ca
2+ 

binding and unbinding to and from the CaM/enzyme 

complex, but also the on-rate of CaM to the enzymes may influence differential 

activation of the two enzymes. We considered a scenario in which the on-rate of CaM4 to 

CaN was the same as that for CaMKII (Figure 7.9) or the on-rate of CaM4 to CaN was 

much slower (0.1 times) than that for CaMKII (Figure 7.10). The on-rates of the various 

Ca
2+

-bound states of CaM changed according to the cooperativity factors. We used 

[CaMKII]=[CaN]=3 µM and [CaM]= 1 µM or 12 µM in the simulations. 
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Figure 7.9 Normalized activities of two enzymes above the basal level in time when the duration of 

Ca
2+

 pulse is for 5 milliseconds (Black for CaMKII and gray for CaN). The on-rate of CaM4 for CaN 

is as fast as the one for CaMKII. (A,B) Simulation based on Scenario A when [Ca
2+

]=0.5 µµµµM and 5 

µµµµM. (C,D) Simulation based on Scenario B when [Ca
2+

]=0.5 µµµµM and 5 µµµµM. (E,F) Simulation based on 

Scenario C when [Ca
2+

]=0.5 µµµµM and 5 µµµµM.  
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Figure 7.10 Normalized activities of two enzymes above the basal level when the duration of Ca
2+

 

pulse is for 5 milliseconds (Black for CaMKII and gray for CaN). The on-rate of CaM4 for CaN is 0.1 

times as the one for CaMKII. (A,B) Simulation based on Scenario A when [Ca
2+

]=0.5 µµµµM and 5 µµµµM. 

(C,D) Simulation based on Scenario B when [Ca
2+

]=0.5 µµµµM and 5 µµµµM. (E,F) Simulation based on 

Scenario C when [Ca
2+

]=0.5 µµµµM and 5 µµµµM.  
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The equations reached the equilibrium status within 20-120 msec depending on the 

model. In Figures 7.9 and 7.10, the black line indicates CaMKII activity and the grey line 

indicates CaN activity. The left column shows activation to a 0.5 µM pulse and the right 

column shows activation to a 5 µM pulse. 

The simulations showed that using Model B, the normalized CaN activity was 

higher than that of CaMKII for lower Ca
2+ 

amount, while the normalized CaMKII 

activity was higher than that of CaN when the Ca
2+ 

amount was higher when the on-rate 

of CaM4 to CaN was the same as that of CaM4 to CaMKII (Figure 7.9C, D). The results 

were similar when the on rate of CaM4 to CaN was reduced to 10 % of the on rate to 

CaMKII. For Model A, the normalized CaMKII activity was higher than that of CaN 

activity for either lower or higher Ca
2+

 amount (Figure 7.9A, B). The qualitative results 

for Models A and B did not change when the on rate of CaM4 to CaN was reduced to 10 

% (Figure 7.10). For Model C, the normalized CaN activity was higher at a lower Ca
2+ 

pulse and the normalized CaMKII was higher at a higher Ca
2+ 

pulse when the on-rate of 

CaM4 to CaN was the same as that for CaMKII (Figure 7.9 E, F). But when the on rates 

of CaM4 to CaN was reduced to 10 %, CaMKII activation prevailed at both high and low 

Ca
2+

 pulses (Figure 7.10 E, F). 

In summary, with a dynamic Ca
2+

 pulse, there was an optimal range of kinetic 

parameters such that at low Ca
2+

 the normalized CaN activity was higher than that of 

CaMKII and at high Ca
2+

 the normalized CaMKII activity was higher than that of CaN. 
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7.4 Discussion 

       

Synaptic modification occurs via transduction of synaptic stimulations into 

cellular processes that strengthen or weaken of synaptic efficacy. The exact mechanism 

of the transduction has yet to be elucidated, and the question still remains as to which 

Ca
2+

 characteristics determine the final changes in synaptic strength. If the amplitude and 

the duration of Ca
2+

 signals are major determinants for the sign and the magnitude for 

synaptic modifications, these characteristics might be reflected in differential activation 

of the major Ca
2+

 sensing signaling molecules.  

We used biochemical and computational methods to examine how the amplitude and 

duration of Ca
2+

 input might differentially activate two major CaM targets: CaMKII and 

CaN. We focused on the activation of the two enzymes since processing of the initial 

Ca
2+

 signal may occur during their activation and final activation of the AMPA receptors 

may correspond to the amplified difference in relative activation of the two enzymes. We 

carefully examined the affinities of the partially-occupied CaM for the two enzymes and 

the enzymatic activities supported by those CaM at the Ca
2+ 

levels that are likely to occur 

during synaptic activity. Most Ca
2+

 threshold arguments compare the affinities of CaM 

for the two enzymes at Ca
2+

 saturating conditions. Consideration of non-saturating ranges 

was necessary because at Ca
2+

 ranges relevant for synaptic activity may not be 

sufficiently high to saturate all Ca
2+

 binding sites on CaM (except briefly in 

microdomains).  
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Our value of Kd [WT CaM] for CaN is greater than the reported value of ~ 0.1 nM 

(Hubbard and Klee 1987) and also exceeds a recently reported value(Quintana el al. 

2005). In Hubbard and Klee, they used the dialysis method with the labeled 
125

I-CaM to 

measure Kd [WT CaM]. In Quintana et al., they used the stop flow fluorescence technique 

to measure the binding and unbinding rate of fluorescence CaM to and from CaN at 

saturating Ca
2+

 conditions. The discrepancy of our results with others may arise because 

we measured Kact [WT CaM] as a proxy for Kd [WT CaM]. It is also possible that labeled 

CaM might not behave in the same way as native CaM. Even with other measurements of 

Kd [WT CaM], it is clear that CaN activity is higher than CaMKII activity under 

equilibrium conditions and the activity is not reduced much by the higher CaMKII 

amount nor by different CaM concentrations.  

Numerous studies have suggested the importance of the C terminal domain of 

CaM in regulation of its target proteins. We also observed that Ca
2+

 binding to the C 

terminal domain on CaM proved more effective at stimulating CaMKII and CaN than did 

Ca
2+

 binding to the N terminal domain.  This characteristic of CaM regulation of its target 

proteins seems more common than previously suspected. 

We demonstrated that partially-occupied CaM can activate both CaMKII and CaN 

and that the CaM affinity is much higher for CaN. The Ca
2+

 concentration for half-

maximal activity is a few µM for CaMKII whereas it is a few hundred nM for CaN at 

equilibrium conditions. However, the activity increase above the basal level is higher for 

CaMKII very rapid compared to CaN since the CaMKII activity supported by CaM 

increases more steeply than that of CaN as the number of bound Ca
2+ 

increases. This 
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mechanism could be useful for kinases activation at higher Ca
2+ 

ranges.  With our 

optimized parameters ∆[Ca
2+

]basal , the window of Ca
2+

 range in which the normalized 

CaN activity above the basal level is higher than that of CaMKII was hard to find. This 

strongly indicates the importance of other signaling molecules, such as PP1 (a 

phosphatase known to dephosphorylate CaMKII), that suppress CaMKII activity at lower 

Ca
2+ 

concentrations but are not as effective when Ca
2+

 rises.   

The activities of the two enzymes both saturate around 10 µM [Ca
2+

]. The 

window of Ca
2+ 

concentrations between the half maximal values of both enzymes, 

∆[Ca
2+

]1/2 , can be as narrow as ~1 µM for a relevant range of CaM concentrations. With 

the increase in [CaM], ∆[Ca
2+

]1/2 is broadened, while more abundant CaMKII can make 

∆[Ca
2+

]1/2 narrower. 

The simulations with dynamic Ca
2+ 

input demonstrated that the time scale and the 

manner in which Ca
2+

 binds and unbinds to and from CaM/enzyme can lead to a different 

outcome on differential activations of the two enzymes within a short time scale. We 

found that under certain conditions, the normalized CaN activity is much higher than that 

of CaMKII activity at lower Ca
2+

 and the reverse is true at higher Ca
2+

 concentrations 

before the dynamics reaches the equilibrium condition. Results on Models B and C 

provided a possible scenario consistent with the widely believed hypothesis that short, 

high magnitude pulses can induce LTP while long pulses of lower calcium can induce 

LTD.  

          The simulation was performed with a Ca
2+

 step pulse simpler than the Ca
2+

 influx 

that may occur in real spines. In addition, local handling of Ca
2+

 in the spine was not 
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considered in the simulations.  Since actual synaptic modification involves multiple 

processes occurring at different time scales, more extended simulations involving 

realistic pulses along with extended signaling molecules may refine the findings and 

clarify the important Ca
2+ 

characteristics beyond the Ca
2+ 

threshold hypotheses.  

The simulations here tested relative activation of CaMKII and CaN under 

simplified conditions with the biochemical finding that partially-occupied CaM could 

activate the enzymes. We found that the kinetic rates of Ca
2+

 binding and unbinding to 

the CaM-enzyme complex are critical parameters in the relative activation of the two 

enzymes, and identified a range of parameters consistent with observed features of the 

dependence of LTP and LTD on Ca
2+

 input. 
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VIII. Effects of Different NMDA Subunits 

 

NMDA receptors are the primary source of Ca
2+

 influx during synaptic signaling; 

blocking VDCCs, CICR, and AMPARs does not significantly reduce synaptic Ca
2+

 

transients (Sabatini et al. 2001).  

N-methyl-D-aspartate (NMDA) receptors are heteromers, and each has NR1 

subunits associated with NR2 subunits. NR2 subunits fall into two primary subtypes, 

NR2A and NR2B. The presence of each subunit confers different properties upon the 

time course of opening. NR2A-containing receptors stay open for about 80 ms, while 

NR2B-containing receptors remain open for 300 ms.  

 

8.1 Scaling of NMDA receptor number with PSD size and the Relative 

Calcium Current Flowing  

 

The NMDA current scales with spine head volume and PSD volume. In order to 

calibrate the total number of NMDARs with spine head volume, we turned to the 

glutamate uncaging experiments of Noguchi et al. 2005. They found that the relation 

between INMDA and spine volume is tightly correlated for spines on the same dendrite. 

However, the slope of the best fit is not the same for spines on different dendrites and 

indeed varies markedly. For this analysis we will assume that the NMDA current adheres 

to the following equation. Other researchers found that the NMDA current declines 

slightly with increasing volume (Sobczyk et al. 2005), even though the calcium observed 
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varies tremendously. To simplify matters we will assume that the peak NMDAR current 

remains fixed for all spines and is 5 pA. Assuming that this peak NMDA current results 

from activation of all NMDARS and that the conductance of NMDA receptors is 4.5 pS 

per channel and furthermore that the neurons are clamped at -70 mV, this equation 

translates to approximately 15 NMDARs per spine: 

 

15=+ BA nn  

 

The ratio of NMDA A to NMDA B containing receptors also influence upon the amount 

of calcium that enters the spine head, since more of the current through NMDA B 

receptors might be carried by calcium (Sobczyk et al. 2005). Experimental work indicates 

that the NMDA B blocker Ifenprodil reduces the currents through NMDA receptors by 

39.5%: 
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The ratio of the change in calcium to the current magnitude declines by 43.7%: 
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Inserting the previous equation and rearranging: 
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Solving the equations, nA=9.075 and nB=5.925. Then ∆CaB/∆CaA =2.96. 

 

If the average calcium current through NMDA receptors is 10% of the total current, then: 

 

15
1.0 BBAA CanCan ∆+∆

=  

 

Solving the equation yields ∆CaA =0.0563 and ∆CaB = 0.1668.  

Thus, it seems likely that NMDA receptors exist in different ratios in spines and 

that the Ca
2+

 current through each differs. However, the rough estimates of relative 

calcium current derived here are not sufficiently constrained to be used in MCell. 

Therefore for the following simulations equal calcium current through both channels was 

assumed. 

 

8.2 Effects of Different NMDAR subunits on Pair-Pulse Ratios 

 

Analysis of open and closed time histograms has shown that NR2A receptors remain in 

high, medium, and low modes for varying lengths of time (Popescu et al. 2004). Each 

mode has different kinetic properties. Dr. Popescu recommended using the L mode as the 
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best analogue of the in vivo situation. Accordingly, 15 L-mode NMDA receptors are 

distributed within the canonical model. 

 

NR2A and NR2B receptors are expressed differentially as well. Smaller spines tend to 

have less NR2B than do larger ones (Sobczyk 2005). Also, embryonic and juvenile 

animals express more NR2B-containing receptors than do adults. 

We seek to determine the effect of different NMDA receptor subtypes on the 

shape and size of calcium transients that occur at different frequencies of stimulation, and 

assay whether the NR2B signal can integrate over time. The modeling results were 

verified with experimental results from dye indicator studies.  

Detailed kinetic models for both NR2A and NR2B receptors have recently been 

developed (Popescu and Auerbach 2003, Banke and Traynelis 2003). Figure 8.1 shows 

the Popescu model of an NR2A-containing receptor.  

   

 

 

Figure 8.1 Kinetic model of the NR2A receptor. 
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The low mode model of Popescu et al., with a decay time constant of 42 ms, were used as 

the primary mode for NR2A subunits. The membrane on the post- synaptic side was 

studded with a total of 10-20 NR2A subunits containing receptors.  The kinetic model of 

the NR2B-containing receptor is shown in Figure 8.2.  

 

 

 

 

 

 

 

 

 

 

            These models have been implemented in MCell and were used to test the effects 

of different frequency stimulation on the amount of calcium influx. 

  The question of whether the NR2B calcium signal can integrate over time 

at low frequencies will be answered by applying doublet of pulses to a system containing 

only NR2B receptors and examining the amplitude of the second calcium peak relative to 

the first. It is not feasible to simulated extended frequency trains because of an 

accumulation of as-yet poorly characterized nonlinear effects. Recent evidence shows 

that calcium extruders such as PMCA and NCX may inactivate with use and also with 

calcium levels (Scheuss et al. 2006).  

Figure 8.2. Kinetic model of the NR2B receptor. 
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NR2B subunits are reportedly found in greater numbers in smaller spines. 

Preliminary simulations will set the spine volume at 0.08 fL.  The ratio of NR2B to 

NR2A receptors were calibrated using the data from Sobczyk et al. (2005), which shows 

the amplitude of bound indicator with and without blockade of NR2B receptors. 

Incorporation of the spine apparatus will also influence the extent of calcium 

accumulation and depletion. About 10% of hippocampal spines contain smooth 

endoplasmic reticulum (SER), which forms a ‘spine apparatus’ in 80% of large spines 

(Harris 1999). The spine apparatus clears away 30% of calcium under normal conditions 

(Mainen et al. 1999). We will gauge the effects of having a spine apparatus upon the 

calcium transients in spines of similar volumes and shapes.  

If the NR2B signal does not integrate over time, then the maximum amplitude of 

the calcium excursion will remain constant with each stimulation. If calcium accumulates 

in the spine head even at low frequencies, then the amplitude of the calcium signal would 

be expected to increase during the course of a stimulation train. The accumulation in 

response to stimulation intervals of 10 to 100 ms was assessed, since the frequency 

response to repeated stimulation may vary as a consequence of the NMDA receptor 

composition within spines. We conducted simulations in both small and large spines to 

assay the relative contributions of these receptors to calcium levels in response to 

repetitive stimulation.  

 

8.3 Results 

NMDARs exhibit similar open probability ratios in response to double stimulation 

(Figure 8.3). Subsequent stimulation within the first 25 ms results in a second peak that 



  172 

 

approaches that of the first, but still falls short. At a 50 ms stimulation interval the 

average number of open NMDARs exhibits a slight depression before eventually 

leveling. The ratios of peak calcium also exhibit similar profiles (Figure B), though there 

is a sharp decline in the ratio at 50 ms. 

 

Figure 8.3 The ratio of open receptors for repeated synaptic stimulation for NR2A (black) and NR2B 

containing receptors (red) as well as the Lester and Jahr model (green). The mean and SEM is 

plotted. For all simulations, n=200. 

 

Because of the exceptionally high on-rate, models of the synapse the number of 

glutamate was reduced to 1500 to ensure that the Popescu-type NMDARs do not saturate 

during synaptic signaling. Experimental observations indicate that NMDARs are not 

saturated (Mainen et al. 1999). Although the Lester and Jahr model NMDARs do not 

saturate, once doubly-bound they do not have the experimentally-observed pattern of 

opening and closing. 
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To derive the added effect of an additional pulse at t=0, the effects of releasing 

twice as much glutamate were assayed. The additional effect due to the added glutamate 

was taken to be the number of NMDA receptors activated when twice as much glutamate 

was released minus the number activated by the normal amount of glutamate. To 

compute the pulse ratio this figure was then divided by the number of receptors activated 

by a single pulse.  

The kinetics of NMDA receptors are not the only factors determining the 

magnitude of calcium transient induced by successive stimuli. Calcium clearance within 

the spine also plays a role. Under normal conditions the decay constant from dendritic 

spines is about 15 ms. Therefore one would expect calcium release arising from closely 

spaced pulses to be enhanced relative to the amount predicted by the paired pulse ratio of 

the NMDARs.   

 

Figure 8.4 Comparison of peak calcium rations for the different receptors. For all simulations, n=15. 
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At longer time scales the peak calcium ratios echo the peak ratios predicted by the 

open receptor ratio. A similar time-course is observed for both receptor types. The 

calcium influx for an EPSP-AP and AP-EPSP also consequently varies (Figure 8.4). The 

Lester and Jahr model is intended to consolidate a number of NMDAR-subunit 

containing types into the same model, and so was not included in the calcium 

simulations. 

 

8.4 Discussion 

Once NR2B receptors become bound, they cycle in and out of the open state 

longer than do the NR2A receptors. Thus we suspected that calcium signals arising from 

paired NR2B stimulation might summate at longer intervals than the signal arising from 

NR2A signals. However, we did not observe this type of summation for stimuli in which 

EPSP activation was paired with AP stimulation. During this type of stimulus, most of 

the calcium influx occurs during relief of the magnesium blockade by the action 

potential. Therefore calcium influx does not summate. Furthermore, although the paired 

pulse ratio for activation of NR2B receptors does decrease with increasing time intervals, 

at longer time intervals of 200-300 ms it is less than one. The paired pulse ratio for NR2A 

receptors is near one in this range. Therefore summation of NR2B receptors relative to 

NR2A receptors at longer stimulus intervals is unlikely to occur. 
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IX. Conclusions and Future Work 

  

The recurrent theme in all the simulations presented in this work is that signaling 

in small compartments can run counter to one’s intuition. Even in compartments as small 

as a spine, large sustained gradients exist which can activate biologically-relevant 

molecules in a location-dependent manner. Furthermore, the actual calcium concentration 

can differ from that predicted by calcium indicators, due to the fact that calcium does not 

equilibrate instantaneously with the indicators. Another instance in which the indicator 

may give a different result is in predictions of the decay time of calcium transients within 

spines. The observed decay time is dependent on the mobility of the indicator, which is 

usually slower than that of calcium. Factors such as calcium extruder placement also 

affect the observed decay time of calcium transients in spines, even if overall pumping 

capacity is maintained constant across the dendrite. Frequency-dependent calcium 

accumulation in simulations of NR2A- and NR2B-containing receptors is similar, despite 

the fact that the NR2B receptor stays doubly-bound longer.  Experimentally, we found 

that calcineurin can be activated by calmodulin bound to less than 4 calcium ions. 

Previous modelers have often adopted a sequential model of calcineurin in which only 

the 4-bound state is biologically active. A parallel model in which calmodulin lobes are 

separately activated is more appropriate. 

The ultimate goal is to be able to provide an arbitrary stimulus to the neuron and 

predict the synaptic changes that would occur. These simulations represent an initial step 

along this path, as they incorporating realistic geometry into the MCell simulations of 
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calcium within the hippocampus. Certainly, as more knowledge of enzymes involved in 

plasticity becomes available, models of their behavior will be integrated into the MCell 

simulations. Such molecules would include CaMKII models derived from the Kennedy 

lab, the new model of calcineurin developed in this work, as well as additional 

phosphatases and structural components of the PSD. At the same time, new means of 

interfacing with higher, more abstract, levels should be developed. For example, 

currently the interface with NEURON is unidirectional in that the voltage from 

NEURON is read into MCell. Changes within the MCell simulation, such as opening of 

an ion channel, do not affect the NEURON voltage. The problem could be solved by 

running NEURON stepwise in conjunction with MCell, or by bypassing NEURON 

altogether and allowing MCell to attach an abstract NEURON-like compartmental model 

to the boundaries of the simulation. Simulation of electro-diffusion within the confines of 

the simulated MCell space would also be essential for such an interface. 

An immediate next step would be to include the new model of calcineurin in 

MCell simulations and compare it to the spatial profile activation of CaMKII. Because 

binding of 2 calcium ions to either lobe of calmodulin is sufficient to activate it, one 

would expect it to have less spatial dependence within the spine head than enzymes that 

have greater reliance on the 4-calcium bound of calmodulin. This is consistent with the 

premise that extended (during which time calcium can distribute across the spine), low 

amplitude calcium signals cause depotentiation, a phenomenon presumably mediated in 

part by calcineurin.  

These simulations have addressed aspects of calcium-dependent plasticity, but 

non-calcium dependent plasticity exists both in CA1 and in other areas. In cortex, for 
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example, retrograde signaling via endocannabinoids is an important mediator of 

depotentiation (Bender et al. 2006). Simulation of metabotropic glutamate receptor 

activation, once meaningful data on their kinetics becomes available, also would allow 

understanding of non-calcium-dependent plasticity. 

 Simulation of initiation and propagation of catalytic calcium release from the 

endoplasmic reticulum may now be possible given that long dendrites and their internal 

structure have been reconstructed. Stimulation of synapses on dendrites leads to 

production of inositol 1,4,5-trisphosphate (IP3) which diffuses to the apical dendrite to 

activate IP3 receptors on the ER (Peercy et al. 2008). It may be that spines containing the 

spine apparatus are preferential sites of initiation of these waves. This could permit global 

modulation of the dendritic calcium environment by “super-synapses” at an intermediate 

timescale. 

It is my hope that future students of MCell will carry the torch by adopting the 

realistic geometry dendrite model and expanding upon it, just as I did with the canonical 

model. Perhaps, several generations down the line, the model will be sufficient to fully 

explain the processes giving rise to memory. 

 

 

 

 



178 

Appendix. Directory Structure of the Model 
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