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Abstract

On extremizers for adjoint Fourier restriction inequalities
and a result in incidence geometry

by
René Leonardo Quilodran
Doctor of Philosophy in Mathematics
University of California, Berkeley
Professor Michael Christ, Chair

Whenever we have a bounded linear operator 7' : X — Y between two Banach spaces
X,Y we can ask what nonzero elements z* € X satisfy || Tz*|| = ||T||||=*||. Such elements
of X are called extremizers for the inequality ||Tx| < ||T|[|z]]. A sequence {z,}nen in
X satisfying ||z,|| < 1 and ||Tx,|| — ||T]|, as n — oo, is called an extremizing sequence.
For extremizing sequences we can ask whether they are precompact after the application of
symmetries of the operator 7. We can also ask for the value of the operator norm of 7', ||T]|.

The adjoint Fourier restriction operator associated to a hypersurface S with measure
o in RY, f — fo, is known to be bounded from L? to LP in the case of the cone, the
hyperboloid and the paraboloid in R¢, for a certain range of exponents p € [1, 00]. Existence
and nonexistence of extremizers, precompactness of extremizing sequences, Euler-Lagrange
equations for extremizers and best constants is what we study in the first three parts of this
dissertation.

In the first part we study the adjoint restriction inequality on the cone, I'? C R3. We
prove that extremizing sequences for the inequality from L?*(T'?) to L5(R?) are precompact
up to the natural symmetries of the cone, dilations and Lorentz transformations.

In the second part we study extremizers on the hyperboloid in dimensions 3 and 4. We
prove that in both cases extremizers do not exist and compute the best constant in the
adjoint Fourier restriction inequality.

In the third part, in a joint work with Michael Christ, we consider the case of the
paraboloid, or equivalently, Strichartz inequalities for the Shrodinger equation. It is shown
there that a natural class of functions, the Gaussians, known to extremize the L? — LP
adjoint Fourier restriction inequalities in dimensions 2 and 3 are no longer critical points, and
thus are not extremizers, of the nonlinear functional associated to the LY — LP inequalities
for ¢ # 2. The case of mixed norms is also studied.

In the last chapter we look at an incidence geometry problem, the problem of counting
noncoplanar intersections of lines in R?. The problem can be seen as a discrete version of



the Kakeya problem, an open problem in real analysis. There we prove a sharp upper bound
for the number of transverse intersections of a collection of lines.



To my families,

the one in Galvarino, the one in Santiago and the one in Berkeley.
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Chapter 1

Introduction to extremals for Fourier
restriction inequalities

We give here an introduction to the topic of extremals for Fourier restriction inequalities.
Without trying to be exhaustive we will give an overview of recent results in this subject as
well as discuss the general ideas in some of the results which are relevant for this dissertation.

Let d > 2 and S C R? be a an n-dimensional submanifold of the Euclidean space and
o a positive Borel measure on S. The adjoint restriction operator, or extension operator,
associated to (S, 0) is

Tf(z) = / i f(y)do(y). (L1)

defined for z € R? and f € S(R?). The operator T is the formal adjoint of the operator R,
defined by Rg = g|s, for g € S(R?), i.e. the restriction of the Fourier transform of g to S.

With the Fourier transform in R? defined to be g(z) = [p.e ™ g(y)dy we have T f(z) =
fo(x).

We are interested in the case where S is a hypersurface in R? and the measure o = - dp,
where p is the surface measure on S and ¢ € C*(R%). Examples include the paraboloid,
sphere, hyperboloid and cone endowed with their natural measures.

Under conditions on S that include smoothness and nonvanishing Gaussian curvature an
estimate of the kind!

| Tl omray < Cll fll2(s) (1.2)

holds for a certain range of p € [1,00]. Suppose p is such that (1.2) holds and let R =
SUDot fer2(s) ||Tf||Lp(]Rd)||fH221(S) be the best constant, then we can talk about extremizers
and extremizing sequences:

Definition 1.1. An extremizing sequence for the inequality (1.2) is a sequence {f,} of
functions in L*(S, o) satisfying || f,|[r2(s) < 1, such that || f,0 pge) = R as n — oo.

IFor different kinds of conditions an range of exponent p we refer to Chapter 8 in [45].
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An extremizer for (1.2) is a function f # 0 which satisfies ch\fHLp(Rd) =R fllr2(s)-

Our main purpose here is to mention different results that prove the existence of extrem-
izers, the precompactness of extremizing sequences and/or that compute the best constant.

We start with the work of Kunze [31] where he considers the adjoint Fourier restriction
on the parabola in R?, P! = {(y, %yz) :y € R} with measure o(y,y’) = §(y — %yz)dydy’,
defined as

[ fio = /R £, b)dy, (1.3)

for f € S(R?).
One has the following estimate [47]

[follzsme) < Clf[[r2r)- (1.4)
Using the technique of concentration-compactness of Lions [32], Kunze proves

Theorem 1.2 ([31]). There exists an extremizer for inequality (1.4). Moreover, nonnegative
extremizing sequences are precompact, after the application of symmetries.

1.1 The method of Foschi

The work of Foschi [20] is of special importance for us. He relies on the equivalent formulation
of the restriction inequality in terms of a convolution inequality, obtained via the Fourier
transform. In [20], he considers the case of the restriction on the paraboloid (or equivalently,
Strichartz estimates for the Schrodinger equation) in dimensions 2 and 3, and the case of
Strichartz inequalities for the wave equation in dimensions 3 and 4. This last ones are
related to the restriction on the cone, case considered by Carneiro [7], who used the method
developed by Foschi. We mention here that Hundertmark and Zharnitsky obtained the same
result as Foschi for the restriction on the paraboloid, using a different method. To state their
theorems we need to introduce the measures on the respective manifolds.

For d > 1, let P = {(y, 3|y|*) : y € R?} C R denote the paraboloid in R**!. In P?
we consider the scale invariant measure o(y,y') = 6(y — 3|y|*)dydy’, i.e.

[ttt = [ 3P,

for all f € Co(R*). The adjoint Fourier restriction operator is then
Tf(r.1) = folzt) = / e e f(y)dy,
R2

We denotelby = {(y,|y|]) : y € R} € R4 the cone in R with measure o(y,y') =
oy = lyDlyl dydy’"
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In the case of the paraboloid, if (d,p) = (2,4) or (d,p) = (1,6) then (see [47])
Ifollo@any < Cllf 2o, (1.5)
and in the case of the cone, if (d,p) = (2,6) or (d,p) = (3,4) then
HJ/C;”LP(]RCHI) < Ol fll 2y (1.6)
Theorem 1.3 (]20],[28]). The following inequalities are sharp

(27)>
313
||f0||L4(1R3) < 23/47T||f||L2(P2),

HfO'HLG(lRQ) < Hf”LQ(IP1)7

and there is equality if and only if f(y) = e oW*+bvte forq ce C, Rea >0 and b € C2 or
C3? depending on the case.

Theorem 1.4 ([7]). The following inequalities are sharp

)| £l 2 ey
@)™ £l 2y

| follLsws)

1follsm

NN

and there is equality if and only if f(y) = e~y Fe fora,cc C, Mea >0 and b € C? or
C? depending on the case.

By considering the inequality in convolution form, one can reduce the problem to the
computation of the convolutions o * o for the inequality from L? to L*, and o * o * o for the
inequality from L? to LS.

We will give an idea of Foschi’s method with two examples. In the first we will sketch the
proof of Theorem 1.3 in the case of the paraboloid in R? and in the second, that extremizers
do not exist for a perturbation of the paraboloid.

1.1.1 An existence result

Let us consider Theorem 1.3 in three dimensions

Theorem 1.5 ([20], [28]). For any f € L*(P?),

I follrams) < 22/47]| fll r2ee).-

The inequality is sharp and there is equality if and only if f(y) = ealvl’tbute fora,c e C,
Rea >0 and b € C%.
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Foshi’s argument relies on the following lemma

Lemma 1.6. Let f € L*(P?), then for all (£,7) € R* x R we have
[fox fo(&, )] <|fFPo*|ffPo(&,7) oxal&, 7). (1.7)
Before we prove the lemma we give the proof of the theorem
Proof of Theorem 1.5. Using Plancherel’s theorem,
|foliz = I(Fo) iz = 1(fo = foYllze = (2m)*2| fo * folLe.

so we need to show that || fo x fo| 2 < 72| f]|2, for all f € L*(R?) with equality only if f
is a Gaussian. Applying the Lemma, and denoting P the support of o * o, gives

|fo % follZams, < /P FPo x| fPo(€,7) - 0 % o€, 7)dédr (1)
< sup a*o—-/ 20+ | f 20 (€, 7)dedr (1.9)

(&m)er P
= |lo % 0| o) | Fll 22 g2y (1.10)

It is not hard to compute o * o explicitly. The symmetries of the paraboloid can be used to
simplify the calculations. One gets

0% 0(&T) = TX(r> 1)y

and therefore
1for s follams) < 721 f | iaen) (1.11)
as desired.

We now show that the inequality is sharp. To have equality in (1.11) we must have
equality in (1.8) and (1.9). Since o % o is constant in its support, (1.9) is an equality. For
equality in (1.8), we need equality in (1.7) for a.e. (£,7) in the support of fo * fo. On the
one hand it is easy to show that for f(y) = e~alvPtbyte with a,b, ¢ as in the statement of
the theorem, (1.7) becomes equality for all (£, 7). Foschi shows that the converse holds by
studying a certain functional equation obtained from (1.7) by imposing the Cauchy-Schwarz
inequality (1.12) below to be equality. O

Proof of Lemma 1.6. Note that
fox foler) = |16 =)o = Hol? = e — )y
= | JWI=) -~ slyl? = 3121)8(6 —y — 2)d=dy

— L2 = Ly,)2
= [ a7 7 ey
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For each (£, 7), the measure

1 2 1 2
T—sly|* — 5|z
Hen = 5( £2|_y]y_;| | )dzdy

is defined as the pullback of the Dirac delta on R x R? by the function ® ;) : R? x R? —
R x R? given by
Plen (Y, 2) = (T = 3lyl* = 312", —y — 2).

Denote by (f ® g)(y,z) = f(y)g(z), so that
fO'*fO'(f,T) - <f®f7]-® 1>(§,7’)‘

Using the Cauchy-Schwarz inequality we obtain

on Fol&,TIE < 1F © Pl @ Ly (112
Now,
I & alfer = [ 1670 3(7 W~ ) daay
=P+ lgPo(e. )
for all f,g € S(R?), and the result follows. O

1.1.2 A nonexistence result

Here we consider a perturbed paraboloid. For a > 0 let S, = {(y,3|y|> + aly|*) : y €
R?} C R?, endowed with the measure o,(y,v') = 6(y' — 1|y|* — aly|*)dydy’. There exists
C = C, < oo such that for all f € L?*(S,) the following inequality holds

[foallams) < CllfllLais.): (1.13)
We have the following result,

Theorem 1.7. Let a > 0. For all f € L*(S,)

I foallsms) < 2471 fll2s,)-
The inequality is sharp and there are no extremizers.

Remark 1.8. Note that the measure o, is not the surface measure on S,. On the one
hand, if surface measure is used, then it is not hard to see that an inequality as (1.13)
does not hold. On the other hand, if surface measure, o, ,, is used on the truncation of S,,
Sap = {(, 3ly* + aly[*) : y € R?, |y| < p} for p > 0, then an inequality as (1.13) holds.
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The existence of extremizers depends on the relationship between a and p. The first step
in proving precompactness of extremizing sequences is to obtain a lower bound for the best
constant, of the form

Cop = sup Hfaa,pHL‘*(Ri‘)Hf”ﬁl(sa e 2/, (1.14)
fEL?(Sa,p,0a,p) ’

Inequality (1.14) is a necessary condition for the argument in [9] to work. A stronger condi-
tion is needed to prove that every extremizing sequence is precompact, as one needs to rule
out concentration at every point on S, ,, not just at the vertex (0,0) € S, , (see Proposition
1.17). A sufficient condition to dismiss concentration seems to be

C.,p > (2m)¥* sup |04, * 04, (y) /4,
yeP

where P is the part of the boundary of the support of o, , * 0, ,, contained in the surface
{(y, ly|* + &ly|®) : y € R*}. Observe that (1.14) is equivalent to the weaker condition
Cap > (21)% 04, * Ua,p<o)|1/4-

If p is sufficiently large, independent of a, then (1.14) holds for all @ > 0. For small p,
it is possible to show that if a is small, then (1.14) holds, and if a is large, then (1.14) does
not hold. More precisely, there exists ag € [%, i] with the property that for all a > ag, there
exists pyg > 0 such that C, , = 2%/*7 if p < py and C,, > 23/*7 if p > py, and if a < ag then
C.,, > 247 for all p > 0. We do not prove this here.

As for the case of the paraboloid, the proof of Theorem 1.7 reduces to the calculation of
Oq * 0.

Lemma 1.9. For any a > 0 we have
mx(r > 3161 + 5l€l)
(8a(r — 7I€I* — §I€1*) + (1 + al¢[*)?)

Sketch of proof. In the case a > 0 there are no exact symmetries, so we write

04 % 04(&,7) < 3 (1.15)

0% o(6,7) = / 5 — Le — yP — Lyl* — ale — yl* — aly|*)dy.
RQ

The use of the change of variables n = %5 — 1, polar coordinates and a few more changes of
variables gives the formula

do
4 1 2ah2(a, €,0)))1/2

/2
eol&n) =xtr> Y+ 36l [ o (1.16)
4

where h(a,&,0) = (1 + alé]?(1 + 2 cos? 0)).

a



CHAPTER 1. ON FOURIER RESTRICTION INEQUALITIES 7

For()g@g%

Y

2a(7 = 11" = FIEI") + 4a*h*(a, €, 0) = 2a(7 — 3IE* — &1¢]") + 5(1 + aleP (1 + 2 c0s6))?
> 2a(7 — §J¢1* — §1¢") + $(1 + alg]?)”.

Then

(7 > 1€+ glel)
(8a(r = §1€1° = &1l + (1 +al¢)?)

0% 0,(§,7) < 77

m
Proof of Theorem 1.7. The same argument as for the paraboloid gives the inequality
1/2
1f 0 foullizms) < llow* oall i s | F132s,): (1.17)

Lemma 1.9 and (1.16) imply that [|o, * 04/1=®rs) = 7 for all @ > 0, just as the case of the
paraboloid, that corresponds to a = 0. Hence

1/2

| foo* fou|lL2ms) <7 Hin?(sa)-

To show that the inequality is sharp we consider the extremizing sequence {f,/|fnll2}nen,
where f,(y) = eGP +aly®) - Gince fn is the restriction of the linear function in R3, e="%3,
to Sy, one sees that f,0, % f,04(§,7) = e "0, % 04(&, 7). A calculation shows

lim || fuoa * faoallze |l full ;2 = 772
n—oo

To prove that extremizers do not exist we note that (1.15) implies that
o, % 0,(&,7) < for all (§,7) # (0,0),

and therefore (1.17) is a strict inequality whenever f # 0 as can be seen from the equivalent
of (1.9) for S,. O

This very same method allows us to prove that for the hyperboloid H? = {(y, /1 + |y|?) :

y € R} with Lorentz invariant measure o(y, ') = 6(y' — /1 + IyIQ)%, extremizers do
v

not exist for the inequalities

lfollemary < Cllfllz2@a) (1.18)

for (d,p) equal to (2,4),(2,6) and (3,4). We also compute the value of the best constant for
those three cases of (d,p).
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1.2 A refinement of the adjoint Fourier restriction ine-
quality

Moyua, Vargas and Vega gave in [34] a refinement to the Fourier extension inequality. This

refinement will be important for the proof of Christ and Shao discussed in Section 1.3 and we

will obtain an analogous result for the cone in R3. To state their result we let ® : B(0,2) C
R? — R be a C* function satisfying

det(@ixjé[)) > 1,

for all x € B(0,2) = {x € R?: |z| < 2}. This implies that the surface S = {(y, ®(y)) : ly| <
1} has nonvanishing Gaussian curvature and thus 7'f defined by

Tf(at) = Folot) = [ eore 90 i)y (1.19)
lyl<1
satisfies -
| folleams) < C|l fllL2yi<1)s (1.20)

for all f € L*(B(0,1)), for C' < oo independent of f.
For 1 < p < 2 the cap space X, is defined as

X, = {£:1fllx, :=(%354(% [ 1graz)™") "< oo}, (1.21)

where, for § =277, j =1,2,..., {tF}1en denotes a grid of squares with disjoint interior and
dimensions § X 9.
Moyua, Vargas and Vega prove the following,

Theorem 1.10. For every p > 12/7 there exists C, < oo with the property that for all
feX,,
[follims) < Cpllfllx, - (1.22)

They also prove that X, is a bigger space than L?) provided that p < 2,

Proposition 1.11. Given 1 < p < 2 there exists C' < oo such that for every f € X,
1fllx, < ClIfll 22

Rogers and Vargas [40] obtain the same type of refinement for the adjoint Fourier re-
striction inequality on the saddle {(z1,z2,73) € R3 : x3 = z; 2o} where the measure
d(z3 — x1 x9)drdradrs is used. Moreover they refine the inequality in Proposition 1.11
in an analogous way to that obtained by Christ and Shao for the case of the sphere. In [9],
that refinement is used to obtain a “cap decomposition” of a given function f € L?(5?%). We
will discuss this in the next section.
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1.3 The concentration-compactness argument of Christ
and Shao

In this section we give a general idea of the proof given by Christ and Shao for the existence
of extremizers for the Fourier extension inequality on the sphere. The work of Christ and
Shao [9] is the first that considers the case of a compact manifold, in this case the sphere
S? C R®. They develop a general concentration compactness argument suitable to be used
for other manifolds.

Let S? = {y € R3: |y| = 1} denote the sphere in R? and o the surface measure on S2.
The adjoint Fourier restriction operator on S? is defined by

Tf(z) = folr) = / e f(y)do(y). (1.23)

52

forz € R?* and f € L?(5?). With the Fourier transform defined to be §(§) = [ e 4g(x)dx

—

we see that T f(x) = fo(x). The Thomas-Stein inequality for the adjoint Fourier restriction
operator states that there exists C' < oo such that

[ follzams) < Cll fllz2cs2), (1.24)

for all f € L*(S?).
Denote by R the best constant in (1.24),

T
R= sw T £ L2r)

. (1.25)
ozrerz(s?) |1 flz2(s2)

The use of Plancherel’s Theorem allows us to rewrite (1.24) as a convolution inequality,

1Folls = 1(Fo)llze = I(fo * fo) |2 = 2m)*?| fo * fol|re.

Then (1.24) is equivalent to
Ifo* follzmsy < ClfI1 72052 (1.26)

The convolution form of (1.24) implies that H]f/|\a||4 > || folla for all f € L2(5?) and so
in the analysis of extremizers and extremizing sequences we can restrict to the case where
the functions are nonnegative.

The main theorem in [9] is

Theorem 1.12. There exists an extremizer in L*(S?) for the inequality (1.24). Moreover,
any extremizing sequence of nonnegative functions in L*(S?) for the inequality (1.24) is
precompact.
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A symmetry of the functional T allows to reduce to the case of even functions, func-
tions satisfying f(z) = f(—=z) for all z € S?. So in what follows we will assume that the
extremizing sequences are of even functions.

The argument in [9] relies on a refinement of (1.24) coming from [34] as stated in Theorem
1.10. We will restate the result for the case of the sphere.

A cap C = C(z,r) with center z € S? and radius r € (0,v/2] is the set of all points
y € S? such that |y — z| < r where | - | denotes the euclidean distance in R3. For each
k > 0 choose a maximal subset {z]} C S? satisfying |2} — 24| > 2% for all i # j. Then the
caps Gl =C (zi, 27%) cover S? for each k and they have finite overlap, that is, there exists a
constant C, independent of k, such that a point in S? belongs to no more than C' caps C,Z.
This is the analog of the grid {75} of Section 1.2. For p > 1 the X, norm is defined by

_4k 1/ » 4/p
171, = Z; o7 1)

Theorem 1.10 implies that for p > 12/7 there exists C' < oo such that for any f € L?(S5?),

IFollams) < Cllflx, (1.27)

What is important about p is that one can take it in the interval (1,2). From Proposition
1.11 the X, norm is bounded by the L? norm, but a further refinement is needed for the
argument to work. The following is proved in [9]

Lemma 1.13. For any p € [1,2) there exists C < oo and~y > 0 such that for any f € L*(S?),
_ 0
I, < €L (supled ™ [ 1r1)" (1.28)
k

Putting together (1.28) and (1.27) gives

— B ¥
1ol < C1E (suplel ™ [ 171)"

This tells us that if ||?c\r||L4(]Rs) is large then there exists a cap C such that f puts compar-
atively large mass in C. This can be made rigorous and the result is a “cap decomposition” of
a function f € L*(S?), f = >"°° f,, where, for each v, f, is supported in a pair of antipodal
caps and the f,’s have disjoint supports. The previous sum is L? convergent. More useful
properties of the decomposition can be obtained if f is a d-nearly extremal, i.e.

1Folle = (1 — )R f e

The final purpose of the decomposition is to prove a concentration-compactness result
in the spirit of that of Lions [32]. This we record in Proposition 1.17 below, but before we
introduce some definitions and general results in measure theory, taken from [26].

Let (X, B, 1) be a measure space,
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Definition 1.14. Let p € [1,00). A subset H of LP(X) is called equiintegrable of order p if
for every € > 0 there exists § > 0 such that for every measurable subset A of X of y-measure
at most ¢,

/Wﬂ%ugafmaufey,
A

It is an easy exercise to show
Proposition 1.15. Let ‘H be a bounded subset of LP(X). Then, H is equiintegrable of order
p if and only if

lim | f|Pdp =0, (1.29)
R=oo Jy 171> RY

uniformly with respect to f € H.
In the case of finite measure the following holds,

Proposition 1.16. Suppose u(X) < oco. Let {f.} be a sequence in LP(X) and let f € LP(X).
The sequence {fy}nen converges to f in LP if and only if the following two conditions are
satisfied:

1. {fn}nen converges in measure to f,
2. The family {f, : n € N} is equiintegrable of order p.

Now returning to the extremizers for the sphere, for z € S? we say that a sequence
{ futnen of functions in L%(S?), satisfying || f,.|l2 — 1 as n — oo, is concentrating at the pair
{z,—z} if for every e,r > 0 there exists N € N such that for all n > N

/ ()P < e
min(|z—z|,|z+z|)>r

The cap decomposition argument applied to d-nearly extremals imply the following
concentration-compactness result.

Proposition 1.17. Let {f,}nen be an extremizing sequence for (1.24) of even nonnegative
functions in L*(S?). Then there exists a subsequence, again denoted {f,}nen, and a de-
composition f, = F, + G, where F,,,G, are even and nonnegative with disjoint supports,
lim, .o [|Grll2 =0, and {F, }nen satisfies one of the two possibilities:

(1) {F, :n € N} is equiintegrable of order 2.

(11) {F,}nen concentrates at a pair of antipodal points.
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Of course, since ||G,|l2 — 0 as n — oo, then { f, }en also satisfies one of the two possibili-
ties above. We write the proposition in that way so one sees it follows from Proposition 2.7 in
[9]. The dichotomy comes from Proposition 2.7 in [9] where the decomposition f,, = F,, + G,
is accompanied by the existence of a cap C,, = C(z,,1,). If limsup,,_,., 7, > 0, then (i) holds
in Proposition 1.17, while if lim sup, _, . 7, = 0, (ii) holds.

The desirable case is the equiintegrability of {F),},en and the concentration must be
ruled out. To prove the precompactness we will use the following result of Fanelli, Vargas
and Visciglia from [18], for the case of the sphere.

Proposition 1.18 ([18]). Let T': L?(S?) — L*(R?3) be the Fourier extension operator defined
in (1.23). Let {fn}nen C L*(S?) such that:

(1) [ fall2 = 1;
(i) Jim |T frllzawsy = Tl 2ez2(s2),L4m3)) 5
(iti) fo— f#0;
(iv) Tf, — Tf a.e. in R3.
Then f, — f in L*(S?), in particular ||f|lo =1 and | T f||raws) = [T cer2(s2),04(m2)) -

This result says that the only obstruction for the precompactness of an extremizing
sequence is that every weak limit is zero. We show that under the equiintegrability condition,
nonnegative extremizing sequences have nonzero weak limits.

Proposition 1.19. Let { f, }nen be a sequence of L*-normalized nonnegative functions. Sup-
pose that { fn }nex s equiintegrable of order 2, then every L*-weak limit is nonzero.

Proof. Since ||fn|l2 = 1 for all n, the set of L?-weak limits is nonempty. After passing to a
subsequence we can assume f, — f, as n — oo, for some f € L?(S?). Suppose f =0 a.e. in
S2. Then, by the weak convergence it follows that

fo(y)do(y) — fly)do(y) =0, as n — 0.
5?2 52

Since f,, > 0 this tells us that {f, },en converges to 0 in L*(S?) and thus f,, — 0 in measure.
In view of Proposition 1.16, f,, — 0 in L?(S5?), and so 1 = ||fu|l2 = 0 as n — oo, which is a
contradiction. Thus, f # 0 as was to be shown. [

This easily implies

Corollary 1.20. Let {f,}nen and {F,}nen be as in Proposition 1.17. Suppose that {F, }nen
satisfies condition (i). Then {f,}nen is precompact.
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Proof. Since f,, = F,,+G,, and F,,, G,, have disjoint supports, we have || F, || — 1 as n — oc.
Also,
ITElla Z T fulla = 1TGulla = T fulla = RIGall2,

thus ||TF,|ls = R as n — oo. Therefore {F), }en is an extremizing sequence of nonnegative
functions. By assumption {F},},cn is equiintegrable of order 2, so every L? weak limit is
nonzero. For a subsequence, called the same, F,, — F, for some 0 # F € L?(S?). Every
condition in Proposition 1.18 is satisfied by {F,}.en and so F,, — F in L?(S?) and F is
an extremizer to (1.24). It follows that f, — F as n — oo in L?(S?), and so {f,}nen 18
precompact. O

To show that the second possibility in Proposition 1.17 is not possible we will use Foschi’s
argument. Let C = C(z,7) be a cap in S? and consider the adjoint Fourier restriction operator
onC, T.,,

T.,f(zx) = /C eV f(y)do(y).

We are interested in || 1%, || = supgser2(c) ||TZerL4||f||EQ1
By rotation invariance, it is enough to analyze T, when z is the north pole of S? and
so we will drop the subscript z and write 7). for T ,. We prove the following proposition.

Proposition 1.21. For any r > 0, ||T,|| = 2%/*r and lim ||7,.]| = 23/47,
r—0

It will be important for the argument to consider the norm of the adjoint restriction
operator associated to two antipodal caps, C(z,7)UC(—z,7). This can be written as T}, :=
T.,+T_,,, whenr < V2, so the two caps are disjoint. When considering the norm we can
drop the subscript z. From Proposition 1.21 we obtain

Corollary 1.22. Let r € (0,1/2). Then ||T,|| = (3/2)Y4|T.||. Thus lim IT,|| = 2'/23Y/47.
r—0

Before proving Proposition 1.21 and Corollary 1.22 we will prove that condition (ii) in
Proposition 1.17 can not happen.

Lemma 1.23. Let {f,}nen, {Gn}nen and {F,}nen be as in Proposition 1.17. Then {F,}nen
satisfies condition (i).
Proof. By using the function 1 one obtains a lower bound on ||T|| = R > ||T1]| 4 ||1||221(52) =
2. Since 27 > 212347 we get || T > lim+ ||TZ,,||, for any z € 52

r—0

By contradiction, suppose {F}, },en satisfies condition (ii), that is, it is concentrating at
the pair {z, —z}, for some z € S?. Let 1y > 0 be such that

IT..|| < |7, for all < r.
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Consider hy, := (Xc(z,r0) + Xc(=270)) Fn- Then
[Thnllps 2 (1T Fall s = T (Fn = h) |22 Z | TFullzs — RIE = hall2- (1.30)
By the concentration assumption

lim ||F, — hnlls = 0. (1.31)
n—oo

As noted in the proof of Corollary 1.20, {F,},en is an extremizing sequence. This
together with (1.30) and (1.31) imply that {h, },en is an extremizing sequence for (1.24). On
the other hand, T'h,, = T, ,hy,, therefore R = lim ||T,,h,|| < R, which is a contradiction.

n—oo

O

Proof of Corollary 1.22. The condition r < 1/2 ensures that if f is supported on C(z,r) and
gin C(—z,7), then fo * fo,go * go and fo * go have disjoint supports. The rest follows as
in [20, pg. 754-755] or [37]. We give the argument again here.

For a function f € L*(C(z,7r)UC(—2,7)) we can write f = f, + f_, where f, is supported
on C(z,7), and f- on C(—z2,7). One then has || f||Z2(s2) = | f+[172(52) + 1/~ I72(52)-

Observe that

T, fllbs = 1T fs + Tf-|ta = |(Tfr +TF-)?|[2
= (T f)? + (Tf-)* + 2T f)(Tf)][3.

Using that product transforms into convolution under the Fourier transform we see that
the Fourier transforms of (T'f;)?, (T'f-)* and (Tf,)(Tf_) are supported on disjoint sets,
therefore

ITer flle = T Fill s + 1T F-N7s + 4NT£) (T L) 2

ST fellzs + 1T F-N1s + AT FOUZNTF)Z (1.32)

ST Nz + 1F=Nze + Al F Iz N - N1Z2) (1.33)
3

<SITF A IZ2 + 1F-11Z2)° (1.34)
3

= SIT 1A 12,

where we have used the sharp inequality (as in [20])

g(X+Y)2, XY >0

X?+Y?+4XY <
where equality holds if and only if X =Y. Thus, for all f € L*(C(z,r) UC(—2z,71))

~ _ 3
1T Flzall Al sy < ST
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To obtain the lower bound we observe that if {f,},en is an extremizing sequence for T, ,.,
then {\%(fn + gn) }nen is an extremizing sequence for T, ., where g,(z) = f,(—x). This is
so because with this choice of g,, (1.32) and (1.34) become an equality and (1.33) becomes
an equality in the limit as n — oo. O

Proof of Proposition 1.21. For o, the surface measure on S?, one calculates that

27
oxo(x)= — X|a|<2-

2]
Let o, be the restriction of o to C(z,r). Clearly o, x 0,.(x) < o * o(z) for all x € R? and
o, % o.(x) = o % o(x) for all x in a neighborhood of z. From the formula of the double
convolution of ¢ we obtain

oy % 00 || Lo may < 7+ 0,(1), where 0,(1) — 0 as r — 0%. (1.35)

Foschi’s argument implies that |7} < (27)%%||o, * 0T||2/£(R3) and by using a family of linear

functions in R? restricted to C(z,r) which concentrate at z we obtain ||1}.|| > (27)%/47!/4.
Thus ||T,|| — 2347 as r — 0F. O

1.4 Existence of extremals in the nonendpoint case

In this section we discuss the results of Fanelli, Vega and Visciglia contained in [18]. In [18]
they consider the problem of existence of extremizers for Fourier restriction inequalities in
the nonendpoint case, for compactly supported measures.

In this section, d > 1 and g will denote a finite, positive and compactly supported
measure on R?. The Fourier extension or adjoint Fourier restriction operator T}, is defined
by

T5@) = [ e hpduty). (1.36)

for all z € R? and f € S(R%). We will say that yu satisfies the restriction condition with
respect to p € [1, 0], denoted as (RC'),, if T}, is a bounded operator from L?(p) to LF(R?).

Since p is finite, we have || T, f|l < || fll2llpll*/?, where ||u|| = p(R?), thus p has the
(RC)w. An interpolation argument shows that if 4 has the (RC), then it has the (RC'), for
all p < g < o0

Examples of measures are surface measure on a compact hypersurface in R? of nonvanish-
ing Gaussian curvature, d > 2. Such a measure y satisfies (RC'), for all p > 2(d+1)/(d—1),
[45, Chapter 8].

If pu satisfies the (RC'), for some 1 < p < oo, there exists C), < oo such that

ITfll ey < Coll Fllz2)- (1.37)
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and so we can study the problem of existence of extremizers and precompactness of extremiz-
ing sequences as in Definition 1.1 with R the best constant in (1.37). The following theorem
is proved

Theorem 1.24. Let ;i be a finite, positive and compactly supported measure on R? and let
po(p) = inf{p € [1,00] : (RC'), holds for p}.

Then for every p satisfying max(2,po(p)) < p < 0o there exists an extremizer for (1.37) with
respect to p. Moreover, for every extremizing sequence { fn}nen for T, w.r.t. p, there exists
{@p tnex C R such that {€Yh,(y) }nex s precompact in L*(p).

Note that this theorem does not apply to the L?(5?) — L*(IR?) case of the sphere (52, o)
studied in [9] since p = 4 equals py(c). The theorem is sharp in the sense that for the
endpoint po(p) the conclusion does not hold in general. Examples of this are a truncated
cone in R? or R* with p = 6 and 4 resp., a truncated paraboloid in R? or R?® with p = 6
and 4 resp., or a truncated hyperboloid in R? with p = 4.

They prove a very interesting proposition of which Proposition 1.18 is a special case,

Proposition 1.25 ([18]). Let H be a Hilbert space, p € (2,00) and T : H — LP(R?) be a
bounded linear operator. Let { fn}nen C H such that:

(i) || fallz = 1;
(i) Jim 1T fullcawsy = 1T M| 2w, e @may)s
(iii) fo— f#0;
(iv) Tf, — Tf a.e. in R%
Then f, — f in H, in particular || f|lz =1 and | T f|| oway = 1T 23, 10 (Ra)) -

Note that in the case of H = L?*(u), and T' = T, the adjoint Fourier restriction operator,
conditions (i) and (ii) are satisfied, by definition, by and extremizing sequence {f,}nen-
Condition (iii) follows after passing to a subsequence, by the Banach-Alaoglu Theorem.
If f, = fin L?(u), and if p is compactly supported, then condition (iv) follows. Thus,
Proposition 1.25 states that for compactly supported measures, the only obstruction to the
existence of extremizers is that every L?-weak limit of every extremizing sequence is zero.

We used this proposition to give an alternative approach to the existence of extremizers
for S2. We will use it in the next chapter for the case of the cone to show that extremizing
sequences are precompact up to symmetries of the cone.
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1.5 Extremizers for Strichartz inequalities

In [17], Fanelli, Vargas and Visciglia consider the problem of extremizers for Strichartz
inequalities. Their result includes a large family of such inequalities.
Consider the Cauchy Problem

u(0,2) = f(x), (1:38)

where u(t, ) = (ui(t,7),...,u,(t, ) : R x R4 — C", f(x) = (fi(z),..., fo(z)) : RT — C".
In (1.38), A(D)u is the the multiplier

{i@tu + h(D)u =0,

—

h(D)u(t,§) = /]Rd e Eh(x)u(t, x)dx,

where the symbol h(&) = (hi,j(€)>i,j:1 ....
We make the following assumptions:

» 18 a matrix valued function.

(H1) there exists 0 < s < £ such that (1.38) is globally well-posed in H*, and the unique
solution given via the propagator, u(t, z) = P f(z),

(H2) the flow ¢P) is unitary onto H®, that is || P)f|| ;. = ||f|

s is the same as in (H1).

s, for all t € R, where

For the function h we will assume:

(H3) h is homogeneous of degree k, for some k > 0, i.e. h(\) = AFh(E), for all A > 0 and
¢ e R™

Suppose that for s as in (H1) a Strichartz estimate

1P fllp s < CIIf]

s (1.39)

holds. Then, using the homogeneity condition (H3) p and ¢ have to satisfy the relation

kod_d
poq 2
Condition (H2) implies .
1€ £l oo i = N1 £ 1l

that together with the Sobolev embedding H* C Ld%s, for 0 < s < d/2, gives

% < OIS

e £ e
L
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Thus, if an estimate like (1.39) holds with p < ¢, then interpolating with the last inequa-
lity gives (see [1] for interpolation of mixed norms)

e fllz;, < CIf]

Hs»

for r =2(d+k)/(d — 2s).
It is extremizers for this last kind of estimate that is considered in [17]. Their theorem
states

Theorem 1.26. Let assumptions (H1), (H2) be satisfied for some 0 < s < d/2 and let (H3)
be satisfied for some k > 0. Moreover, assume that for some 2 < p < q¢ < ©

e P £l p g < Cf]

Hs»

2(d+k)

5. » we also have

so that, for r =
™) Flly, < RIS (1.40)
with

R = sup ||e”h(D)fHL;z.
£l gs=1 ’

Then, there exists fo € H® such that

/ol

that is, there exists an extremizer for (1.40). Moreover, extremizing sequences are precom-
pact, after the application of symmetries.

go=1 and [P foll =R,

The proof is short and simple and uses Proposition 1.25 together with a result of Gérard

[21] about the Sobolev embedding H* C Lo,
Of interest to us is the case h(§) = ||, that gives estimates for the adjoint Fourier
restriction operator on the cone. The Strichartz estimates for d > 2 are

e Fllpre < CIFN 2203 (1.41)

under the admissibility condition

1 d-1 d-1
_+—:—7 p>27 b, q 2700'
R (b.4) # (2.0)

Taking p = q gives

ez’t\D|f‘

Lj%djll) < CHfHH%, d > 2.
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Using the Sobolev embedding as before gives

, d—1
6”|D|fHLd2(?+3f <Clflypeer 0o <——, d>2 (1.42)

t,x

In the cone I'" = {(y,|y|) : v € R¥} C R with measure o(y,y') = 6(y' — |y|)d?ﬁ|y/
considered in Section 1.1 the adjoint Fourier restriction operator is

Tfat) = Folwt) = [ e g
RIxR Yl
Then Tf(z,t) = e Plg, where §(y) = f(y)|y|™". For the norms we have the equality

e = F - 19l* 2 || 2ray, s0 (1.42) gives the weighted estimate

lg]

~ . d—1
1770, 2 gy < CIF Wiz, 00 < 5=, d>2

We will study the case d =2 and ¢ =0,

| follesws) < C|l fllL22 (1.43)

which is not covered by Theorem 1.26. The existence of extremals and the value of the
best constant are known, [7]. The part of this dissertation dedicated to the cone proves that
extremizing sequences are precompact, after the application of symmetries of the cone. The
argument can be used for other manifolds, for example, for the L? — L° estimates for Fourier
restriction on curves in R2.

Our argument for the cone will use the method of Christ and Shao in [9] and also some
of the techniques developed by Fanelli, Vargas and Visciglia in [18] and [17], that allow a
simplification of the argument in [9].

1.6 A few more references

There have been several results on existence of extremizers and/or computation of best
constants for Fourier extension operators and Strichartz inequalities. We mention here some
of those not already discussed: [4],[6],[12],[27],[42].

1.7 The results proved in this dissertation related to
Fourier restriction inequalities

We prove three results concerning Fourier restriction inequalities (and one result on inci-
dence geometry that we introduce later). We have already mentioned two, the cone and
hyperboloid. In brief the results are
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Theorem 1.27. Any extremizing sequence of nonnegative functions in L*(T'%) for the ine-
quality (1.43) is precompact up to symmetries, that is, every subsequence of an extremizing
sequence has sub-subsequence that converges in L*(T'?) after the application of symmetries of
the cone.

Here, the symmetries we refer to are dilations and Lorentz transformations. Concerning
inequality (1.18) for the restriction on the hyperboloid H?, we define

g
Hy,—  sup Il folloematn

ozrerzme) | f N2y

as well as -
_ o
Hd,p _ sup ||f ||LP(]Rd+1)
0#fcL2(H?) HfHLQ(]Hd)
where H? is the two sheeted hyperboloid H? = H*U —H? = {(y,9') € R4 : y? =1+ |y|*}.
We prove

Theorem 1.28. The values of the best constants are, Hayy = 23/*1 Hyg = (27)%/% and
H;, = (27)°%. In each of the three cases of pairs (d,p) extremizers do not exist.

For the two sheeted hyperboloid the best constants are, Hyy = (3/2)Y/*Hyy, Hyg =
(5/2)Y*Hy and Hz 4 = (3/2)/*H3 4. Here extremizers do not exist either.

In a joint work with Michael Christ, we consider the adjoint restriction inequality on the
paraboloid, or equivalently, Strichartz inequalities for the Schrodinger equation. As stated
in Theorem 1.3, Gaussians extremize the adjoint Fourier restriction inequality in dimensions
d= 2, HfO'”LG(RQ) < CHf”Lz(]pl), and d = 3, ”fO'HLzL(]R:a) < C”fHLQ(IPQ)

There are LP — L9 estimates for J/”;,

||f0||Lq(1Rd+1) < CHfHLP(IPd), (1-44)

where ¢ = ¢(p, d) is specified by

d
-1 _ 1 —pt

for 1 < p < p(d), for a certain 2 < p(d) < 2(d+1)/d.
There are mixed norm estimates,

HfUHL;L%(IRHd) < CHf”LZ(]Pd)

where ¢,r > 2 satisfy

with endpoint ¢ = oo excluded for d = 2.
The main result is
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Theorem 1.29. Let d > 1, let 1 < p < 2(d+1)/d, and set ¢ = q(p,d). Radial Gaussians
are critical points for the LP — L9 adjoint Fourier restriction inequalities if and only if
p = 2. Radial Gaussians are critical points for the L* — L; L% Strichartz inequalities for all
admissible pairs (r,q) € (1,00)%.

This tells us that Gaussians are not extremizers for (1.44) if p # 2. It is a conjecture of
Foschi that Gaussians are extremizers if p = 2 and d > 1. As for the mixed norms, we can
mention that Carneiro [7] proved that Gaussians are extremizers for the L? — L¥ L2 estimate
in dimension d = 1.
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Chapter 2

On extremizing sequences for the
adjoint restriction inequality on the
cone

It is known that extremizers for the L? to L® adjoint Fourier restriction inequality on
the cone in R? exist. Here we show that nonnegative extremizing sequences are precompact,
after the application of symmetries of the cone. If we use the knowledge of the exact form
of the extremizers, as found by Carneiro, then we can show that nonnegative extremizing
sequences converge, after the application of symmetries.

2.1 Introduction

We study the properties of extremizing sequences for the Fourier restriction inequality on the
cone in dimension 3 for which the adjoint restriction inequality can be rewritten equivalently
as a convolution inequality. Carneiro [7], using the method developed by Foschi [20], found
the exact form of the extremizers for the adjoint Fourier restriction inequalities in dimensions
3 and 4 but there seems to be no mention in the literature as to whether extremizing sequences
are precompact after appropriate rescaling!. That is the question we try to answer in this
paper using the methods developed by Christ and Shao [9] to analyze the corresponding
inequality for the sphere in three dimensions.

We denote I'? = {(y,y') € R? x R : ¢/ = |y|}, the cone in R®. A function f on I'? can be
identified, and we will do so, with a function from R? to R. On I'* we consider the measure

1[17] answers this question in the nonendpoint case and appeared while this manuscript was being pre-
pared. We comment on that later in the introduction.
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o(y,y) =0y — |y])d@"7d|3/, that is, for a function f on the cone

dy
do = y
/Fgf o ]RQf(y),y‘

We will denote the LP(I'?, o) norm of a function f as || f|| o2y, || fllze@) or || f]lp-
The extension or adjoint Fourier restriction operator for the cone is given by

Tiet) = [ e )y 2.)

where (z,t) € R*> x R and f € S(R?). With the Fourier transform §(§) = [ e " *g(x)dx
we see that T'f(z,t) = j/";(—x, —t).
A well known bound, [47], for T'f is given in the following theorem

Theorem 2.1. There exists C < oo such that for all f € L*(T'?) the following inequality
holds

1T fllzows) < Cllf 22 (2.2)
Denote by C the best constant in (2.2), that is
T

C= sup T Az (2.3)

oxrer2r?) I flleze)

The use of the Fourier transform allows us to write (2.2) in “convolution form”, namely

ITF 2o msy = 1T lr2me) = 1(FO) Nr2msy = [(fo * fo * fo)lliaems
= (27r)3/2||f0 x fox fo|r2ms), (2.4)

thus [|T(f)|lzs < |IT(|fD|lze. This implies that if {f,}nen is an extremizing sequence then
s0 i {|ful}nen-

In what follows we will restrict attention to nonnegative functions f € L?(T'?).

Definition 2.2. An extremizing sequence for the inequality (2.2) is a sequence { f,, }nen of
functions in L*(T'?) satisfying || f,||2r2) < 1, such that |Tf,||Lers) = C as n — co.
An extremizer for (2.2) is a function f # 0 which satisfies ||T'f||Ls(r3) = C|| f| 2.

The main theorem of this chapter is

Theorem 2.3. Any extremizing sequence of nonnegative functions in L*(T'%) for the ine-
quality (2.2) is precompact up to symmetries, that is, every subsequence of an extremizing
sequence has a sub-subsequence that converges in L*(T'?) after the application of symmetries
of the cone.
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The symmetries of the cone we refer to are dilations and Lorentz transformations that
will be studied in Section 2.7, and Theorem 2.3 will be stated in a more precise form as
Theorem 2.29 below.

With the knowledge of the exact form of the extremizers to (2.2) given by Carneiro in
[7] one can improve Theorem 2.3 to obtain

Theorem 2.4. Any extremizing sequence of nonnegative functions in L*(T'?) for the inequa-
lity (2.2) converges in L*(T'?), after the application of symmetries of the cone.

Define the function g by its Fourier transform as g(y) = f(y)|y|™'. Then

: 1 o 1
itvV—A — @Y ity 60 dy = ——T t 2.5
e g() (%)2/6 e"¥g(y)dy o) f(z,t), (2.5)
and
1113 gy = 1/

where we used the H2(R2) norm

2 _ AN (2
1913 gy = | 1500 Pl
We see that
—2 -1 itV A -1
Em) T o 1 1 zaey = I gllomallgl g o (2:6)
and (2.2) is equivalent to
itV=A ¢
16 g1z ) < o5l (2.7

From (2.6), {f.}nen is an extremizing sequence for (2.2) if and only if {g,}nen, with
an(y) = fn(y)|y|™!, is an extremizing sequence for (2.7).

The problem of computing the best constant in (2.2) and the exact form of the extremizers
was solved by Carneiro in [7]. With the normalization of the Fourier transform discussed
earlier, Carneiro proves

Theorem 2.5 ([7]). For all f € L*(T?),

I follmsmsy < (2m) | fll2cre)- (2.8)

and equality occurs in (2.8) if and only if f(y,|y|) = e~ WHbv+e where a,c € C, b € C?, and
|Reb| < Rea.
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We will use this result to prove Theorem 2.4.

Fanelli, Vega and Visciglia proved in [17] a general existence theorem for extremizers of
Strichartz inequalities. We state here the case of the cone, in its equivalent form via (2.5).
For d > 2 and 0 < o < %2 the following Strichartz estimates hold (see [17, Example 1.1])
itV —A

le (2.9)

gHL%(RdH) C||9HH2+U (R)"

t,x

In [17], using “remodulation” (equation after [17, equation 2.12]) “rescaling” and “trans-
lation” ([17, equation 2.15]) the following theorem is proved,

Theorem 2.6 ([17]). Let d > 2 and 0 < o < %X, Then there exists an extremizer for
(2.9). Moreover, extremizing sequences are precompact, after the application of symmetries:
“remodulation”, “rescaling” and “translation”.

We point out here that their method does not apply to the endpoint case studied in this
paper, 0 = 0 and d = 2, because of the existence of further symmetries, Lorentz invariance,
as discussed in Section 2.7. The symmetries referred to in Theorem 2.6, when expressed in
the dual formulation for f € L?(I'?) are, in respective order:

o f(y)~ e Mf(y), s eR,
o f(y) ~ A2f(\y), A >0 and

o fy) ~ e f(y), yo € R

From the Lorentz invariance of inequality (2.2), and the fact that the Lorentz group is not
generated modulo a compact subgroup by the elements listed above, it follows that the final
conclusion of Theorem 2.6 cannot be true in the endpoint case d = 2, 0 = 0. This indicates
that the proof in [17] likewise cannot apply to this endpoint case.

On the one hand, for d > 2, under admissibility conditions in (p, ¢) one has the Strichartz
estimates
zt\/i

”6 g“L”Lq (RA+1) X CHQH

1 1,1
Pt 2 (Ra)’

so that for the case of the H2(R%) one needs p = ¢ which then makes Theorem 1.1 in [17]
not applicable.

On the other hand, at the level of the proof of [17, Theorem 1.1], one sees that [17,
equation 2.12] does not hold for 0 = 0 (or s = 1/2 as appears there) and d = 2. For this
we show that there are extremizing sequences { g, nen such that He“mgnﬂ reers — 0 as
n — oo.

This is the same as having extremizing sequence {f,}nen such that || Tf,||pecrs — 0 as
n — o0o. For this we use the Lorentz invariance and the characterization of extremizers for
the cone given in Theorem 2.5.
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From Section 2.7, ||T'(f o L)||zsmsy = ||Tf||s(ms3), for every Lorentz transformation L
preserving I'2. Let f be an L?>-normalized extremizer, say f(x1,z2,23) = coe**. We take a
sequence of Lorentz transformations L*® and f o L* is also an L?-normalized extremizer. We
now compute |[(Tf) o L*||zecra. We have

i 27TC()
BA iy e
and
i = 2D

(1 — 12+ |x|?)2 + 442
Now we use L*(x,t) = ( (lflsgff 75, T, (ltjsi"’j} ) and note that by making the change of variables

u = (1 + st)(1 — s?)7"Y2, v = 2, we obtain

/|(Tf) o L*(z, ) *dz = (1 — 52)1/2/ ITF (21, 0, 520 + H(1 — 82)/2) A

Then, if s #0
?él]g /]R2 (Tf)o Ls(x,t)|4dx =(1- 52)1/2 ?él]%{) /132 |T f(x1,x2, s(x1 + t))|4dx
dxdz

= (2m)%ck (1 — sH)V2su / 2

(2m) ol ) ek Jre (1— 52(21 + )2 + 23 + 23)? + 45%(w1 + 1)?
dxdx

— (2m)4 A (1 — §2)1/2 / 1752 )

(@) el = 5°) v Jre (1— 8222 + (21 + 02 + 22)? + 4577

It is not hard to show that for (s,t) € [1/2,1] x R

/ dl‘ldIQ < C
rz (1 — 8202 + (z1 + )2 + 23)2 + 4s227

with C independent of s and ¢. Therefore

sup/ (Tf) o L*(z,t)[*dz < C(1 — s*)Y/2.
R2

teR

Hence lim ||T(f o L°)|[zeors = 0.
s—1— ¢

Notation: We will write X <Y or Y 2 X to denote an estimate of the form X < CY,
and X =< Y to denote an estimate of the form c¢Y < X < CY, where 0 < ¢,C < oo are
constants depending on fixed parameters of the problem, but independent of X and Y.

When writing integrals, we will sometimes drop the domain of integration or the measure
when it is clear from context.
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2.2 The structure of the paper and the idea of the
proof

The proof of Theorem 2.3 follows the lines of the proof of precompactness of extremizing
sequences for the adjoint Fourier operator on the sphere S* C R? given in [9].

In Section 2.3 we give a (known [47], [44, Chapter 2]) proof of Theorem 2.1, with a view
towards a refinement in terms of a cap space, as used in [9] and proved in [18] for compact
surfaces in R? of nonvanishing Gaussian curvature. In Section 2.4 we obtain bounds that we
will use in Section 2.5 to obtain the following cap estimate,

_ _ v/3
I Pl < 10005 (sup e [ 1117720) (2.10)

where the supremum ranges over all “caps” C C I'? and v > 0 is a small universal constant.
This is the analog of Lemma 6.1 in [9].

For a function satisfying ||T'f| rems) = dC||f]|z2, the estimate in (2.10) allows the ex-
traction of a cap C with good properties:

(@) < Csll fll=lCl2xe(@). and | fxellz = ns f]lo-

This is the content of Section 2.6. In Section 2.7 we discuss symmetries of the cone.
This includes dilations and Lorentz transformations and they allow us to take a cap C and
transform it into a cap C’ with better properties: C’ is contained in a bounded region,
independent of the extremizing sequence, and has big measure.

The existence of symmetries of (I'?, o) simplifies the argument, compared to [9]. Two
ways are possible, use the arguments of Fanelli, Vega and Visciglia contained in [18] and [17]
carried out in Section 2.8; or use the decomposition algorithm as done by Christ and Shao
and carried out in Section 2.9.

For the argument based on [18] and [17], a single extraction of a cap and the use of
symmetries is enough to prove precompactness. In the case of the argument based on [9], a
cap decomposition is needed. For an extremizing sequence, the cap decomposition is used
to show that after dilations and Lorentz transformations, the extremizing sequence has a
uniform L*-decay at infinity. The uniform decay plus a result inspired from [18] allows us to
complete the proof of precompactness.

In the last section, we prove that extremizing sequences converge, after the application of
symmetries of the cone. This is an easy task, that follows from the fact that the extremizers
for (2.2) are known and that the group of symmetries of the cone acts transitively in the set
of extremizers.
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2.3 The adjoint Fourier restriction inequality

Abusing notation we will write f(r,0) = f(z), where x = (rcosd,rsin@), that is the polar
representation of z. Note that in polar coordinates the measure |y|~'dy becomes dr df.
In the proof of Theorem 2.1 we will need the following standard lemma.

Lemma 2.7 (Fractional integration). Let 1 < p,q < oco. Then for any g € L*(R), h € L1(R)

the following holds
/ / (SYR(D)I[E — s|~dsdt < Cpgllgllzrllhllze.

wherea =2—1 —Lgnd 1 +1>1.
P q P q

From Lemma 2.7 we have

Lemma 2.8. Let 1 < p,q < oo with }D +% > 1 and let « = 2 — Then for any

g € LP([0,27]), h € L([0,27]) the following holds

1_1
p q

/ / £)lIsin(t — )| dsdt < Cpqlgllio ] (2.11)

Proof. We split the integral in sixteen pieces according to [0,2x] = [0,7/2] U [7/2,7] U
[7,37/2] U [37/2,27], and then it will be enough to show that

(m+D)7/2  p(n+1)m/2
/ / l9(s)h(®)]| sin(t — )| *dsdt < Cpllgloolibllze,

mm/2 w/2

for all m,n € {0,1,2,3}. For this we use a simple change of variable that allows us to use
Lemma 2.7.

Ift,s € [jm/2,(j + 1)7/2], for some j € {0,1,2,3}, then |t — s| < 7/2 and we use that
2t — s| < |sin(t — s)| < [t — s].

If s € [0,7/2] and t € [r,37/2] we can use the change of variables ¢’ = ¢ — m so that
"€ [0,7/2]. We note that |sin(t — s)| = |sin(t’ — s)|.

If s € [0,7/2] and t € [7/2,n] we further split the intervals as [0,7/2] = [0,7/4] U
[7/4,7/2] and [7/2,7| = [7/2,3n/4] U [3n/4,7]. If s € [0,7/4] and t € [rn/2,37/4] or
if s € [n/4,7/2] and t € [37/4,7], then |sin(t — s)| > 1/v/2 and the desired inequality
follows from an application of Holder’s inequality. If s € [r/4,7/2] and t € [r/2,37/4], then
|t — s| < /2 and we can use the inequality 2|t —s| < |sin(t —s)| < |t — 5| as in the first case
discussed. Finally, if s € [0,7/4] and ¢ € [37/4, 7] we use the substitution ¢ = ¢ — 7 so that
t' € [-m/4,0]. Since |sin(t — s)| = |sin(t' — s)| and |t — s| < 7/2 we can conclude as before.

The other cases follow in the same way. O]
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Proof of Theorem 2.1. We split f(y) = >_,cp fe(y) where fi(y) = f(y)Xor-1<yj<or. Then
(Tf)(x,t) = Y Tfi-Tfu
ke k' €7,

Taking L? norm in both sides, using the triangle inequality and Lemma 2.9 below we get

ITfl7s < CZQilkikl‘/GkaHLQ(g)“fk’HL2(a)-
Y

To conclude we use the Cauchy-Schwarz inequality

ITSIZe < CQ 2 Vo) fulFar) (D 27 Vol fullZeo)? < ClflTay. O
k,k! kK

Lemma 2.9. There exists a constant C' < oo with the following property. Let k, k' € 7 and
f,g € L*(I'?) with f and g supported in the regions 281 < |y| < 2% and 21 < |y| < 2¥
respectively, then

ITf - Tglles < C27FFVO| £l 2lgll 12 (2.12)

Proof. We can split
f(ﬁ 9)9(7J7 9/) = f(T, 0>g(rl7 0/)(X7“>T' + X7"<T')(X9>9' + X9<9/) for a.e (T’, T/7 07 0/)
Thus by the triangle inequality we can assume, without loss of generality, that 6 > 6 and

r < r’ in the support of f(r,8)g(r',6").
Using polar coordinates and Fubini’s Theorem we have

Tf-Tg(x,t) :/ / 6ix'(y+y’)eit(\y|+|y’|)f(y)g(y/>’y‘fl‘y/‘fl dydy/
R2 JIR2
N / i (rcostbrtcostrsintr'sind) it 1) £ (1. 0)g (1", 0') OO/ drdl”.

We make the following change of variables
(r,7",0,0) — (u,s,0) = (rcosf +r'cos rsinf +r'sin@,r+1r' r),

which is injective in the region where 6 > @', r < r’. The Jacobian of the transformation is

d(u, s, 0)

-1 _
I = a(r,r",0,0")

= rr'sin(6 — 6").

Using the change of variables
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7f Totet) = [ ([ e ity Jduds) de.

and by Minkowski’s inequality and Hausdorff-Young inequality,

ITf-Tgllr: < /H/ wuetts £(y)g(y') Jduds
R3

<c[(fuw \S/Qduds)Q o

2/3
/ /If Y>3 (")~ %|sin(9—9’)|—%Jduds) do.

SdQ

We now use that r =< 2, 7/ =< 2¥ and Hélder’s inequality to obtain
, 2/3
ITf - Tyl < C(2F2F )‘1/3(2’“)1/3 / |f(w)g(y")*?| sin(6 — 9’)|‘%Jdudsd9)
, 2/3
= 0@ / ol sin(@ — 0)| baodd'arar’)”. (2.13)
On the other hand, by Lemma 2.8

/ |F()g(y)¥?| sin(0 — @)~ 2dOd0 drdr’

//\erQdG dr//]gr@’]d@) dr’

, 3/4
<o) / £r,0)drds) / 90", 0)2dr'a0’)

Then, as 2F < 2¥
77 Tglls < C@2¥) 5 min((24)17, (2¥) )22 ) 9] £l [,
= C27 O min((29)%, 2%) )| fll 20) 9] 220)-
We note that 27 *+F)/6 min((2k)1/3 (2K)1/3) = 2=Ik=K1/6 o
ITf - Tgllzs < C27 V0| fll20) 9]l r2o)- =

Proposition 2.10. There exists a constant C' < oo with the following property. Let f €
L*(T?) and for k € Z let fi(y) = f(y)X{2t-1<)yj<ory- Then

. /
IT ey < (k)

keZ
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Proof. By rewriting ||T f”%G(Rg) as the L? norm of a trilinear form and using the triangle
inequality we have

IT IS =TS - Tf - Tf e = || SO Tfe Tf - Th|| < STITS TS Tl
i,5,k 1,5,k

Now for each i, j, k, without loss of generality we can assume that |j — k| = max(|i' — j'| :
i',j" € {i,j,k}). Using Holder’s inequality, Theorem 2.1 and Lemma 2.9 we get

ITfi - Tf; Tfillee < NTFilles|Tf; - Thille < C270 M0 fill |l fill ol fill e (2.14)
Now, using the maximality of |j — k| we see that |j — k| > |i — j| + 5]j — k| + 3|k — i|, and
hence from (2.14),

ITfi - Tf; - Tfillpe < 27VA87 0= ASo ==t ol o | £ o] el -

Then
ITflze < © Y 271l u= kSt ol | £ o fl e,
ijk
and a final application of Holder’s inequality gives the desired conclusion

ITfllge < C Y 27 W im IS £ 12, < O Y I fillZee 0

i,k kEZ

2.4 Preliminaries for the cap bound for the adjoint
Fourier operator

Recall that in the computation of |[(Tf)?| s, in equation (2.13) with g = f, we came across
the expression

/ |f(r,0)f (", 6| sin(6 — 6")|"/2dAd6' drdr’ .

By assuming the angular support of f is contained in the region 0 < 6 < 7, that is
f(r,0) =0if 6 ¢ [0, %], we can study instead the comparable expression

/ |£(r, 0)f(r',0)|3/%|0 — 0| ~Y/2dBad’ drdr.

Instead of using fractional integration in 6,6’ and Hoélder’s inequality in 7,7’ we want to
obtain a “cap type” inequality for 7" of the form in Theorem 4.2 in [34].

Definition 2.11. By a cap C we mean a set C C I" whose projection to the plane R? x {0}
is of the form [2¥7! 2*] x J, when written in polar coordinates (r,6), where k € Z and
J C [0,27] is an interval. We will identify the cap C with its projection to the zy-plane and
write C = [2F71,2%] x J.
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For a cap C = [2F71, 28] x J, |C| := o(C) = 2F71|J]|, and for any A > 0, A\C = [A\2F~1, \2¥] x
J, s0 a(AC) = Ao (C).

Definition 2.12. Let 0 < o < 1 and p = 2/(2 — «). Define, for f,g € LP(R), the bilinear
operator

B(t) = [ f@)glel)la | dods’ (2.15)

Note that the kernel x € R +— |z|~ has a strictly positive Fourier transform and thus B
is nondegenerate and satisfies the Cauchy-Schwarz inequality |B(f, ¢)|*> < B(f, f)B(g,9).

Lemma 2.7 implies that |B(f, f)| < CprH%p(]R). We can say more if we work with the
Lorentz spaces LP7(IR) (see [46] for an introduction to Lorentz spaces). We have the following

bound for B [36]
1B OIS e w)-

This bound will allow us to prove the following

Proposition 2.13. Let 0 < o < 1 and p = 2/(2 — «). There exist constants C' < oo and
d € (0,2) such that for all f € LP(R) the following inequality holds,

B, N 1| >6

B <C 2;5 6p St
(F:1) < U swp s (i

where I ranges over all compact intervals of R, Ey = {x € R : 28 < |f(2)] < 281} and
fk = fXEk, keZ.

Proof. We will use the following characterization of the LP? norm. If we decompose f as
in the statement of the proposition, f =", _, fi where f; have disjoint supports, Ej, and
2"y e, < |fi] < 28'xg,, then

1102 = D I fellZe- (2.16)
k

It follows from (2.16) that || f]|2,> < || £11%, supy || fxll7»7, from where the following bound
is obtained

IBUDIES Vs sup 1FllZ"

We can improve the previous estimate. For this, let n > 0, S = {k : || fxll, = 1l fll,}, and

9= es fr- Then [B(f —g, f—g)| S n*7P||flZ,- Since || f|[7o = X2, | full 7 we obtain that
|S| < n7P. Therefore, by Cauchy-Schwarz

B9 9)'"* < kZS [B(fe, i)l * < 18| max | B(fi fio) 2 < 77 max [ B(fe. fi)| /2.
S
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We deduce that
B O <IB(f =g, f = 9" +1B(g, 9)["* < ™2 fllzo + 07" max |B(fi, fi)|",
and squaring we obtain that for all n > 0
[BUL DS 0PN 2w+ 07 max | B(fi, fi)l-
Optimizing in 7 gives
|B(f. NI S max|B(fi, f)l I /117°, (2.17)

for some § € (0,1) (the optimization gives 6 = 2(2 — p)/(2 + p)). Thus it is then enough to
obtain a bound on B(f, f) where f = xg.

Lemma 2.14. There exist C < oo and v € (0,1) with the following property. For every E
subset of R of finite measure

]EDI|>

e (2.18)
|E| + ]

B(xe. x) < Cllxelis (sup

where the supremum ranges over all compact intervals I of R.

Proof. Let {I f}jez be a partition of the real line into intervals of equal length 2. Then

e~ [ ]

F(ar1cleyl<2t)

=> ) 2 *EnIENIT]
ko j
SO 2 ENTP
ko J

where I ¥ has the same center as I} and double length. From now on we will rename I ¥ by
IF.
J

Now we fix k and estimate Y, 27**|E' N IF[*. Let n be such that 2" < [E] < 2"*'. We
will divide the analysis into the cases where k < n and k£ > n. Recall that p = 2/(2 — «),
and let v € (0,1) be a number to be determined later. We first consider the case k < n. We
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have

Y o RENDP Y |ENTF2 ko‘sup|Eﬂ[k|
J J

EnNIF \v
S 1Bl2 (sup ) 20

|E| + |If )
o |ENIF
|E|1+72k(1 20) (sup —\E\ n ’Ik’>
|E NI\~
IEHU’“!)
|E NIk
\EI+II’“!>

|E‘2 a|E| 1+a+72k(1 a—v) (sup

< Ixel2 9070 (sup
Now if £ > n we will have

o ENIFP <Y |ENT2T kasup|EﬂI'€|
J J
|Eﬂ[k|> k'y‘ ‘177
|E|+ |If]

e |\ENIF|
= | B>kl (supm>

|ENIE| \7

|E|+|I’“|>
|E N IF|
|E|+II’“|>

< |E|27Fe (sup

= | B[P~ 2*727 (sup

< slizs2 4= (sup

Thus if we choose v > 0 smaller than min(1 — «, @) we obtain the desired conclusion after

adding over k
|[ENI| >

Bl +[1]
By combining Lemma 2.14 and (2.17) we obtain that for f € L?

Bxe:xe)  Ixellis (sup s

EpNI| \%/2
(f ) ST S}?F 1fellz |Ex| + |1
that implies (after we rename §v/2 by 0)
ExN I\
B(. 1) < II1%° 5p<—| )
(£0) S s Al (T

since || fillp/11 < 1 and s (L fully/1F1)° < (Lillo/1£1,)772. 0
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| Ek[+1]

A )6 < ( ~1+1/ / )5
, 17
s;prkHL (,Eka N S;EP’ | I!fk!

To see this, we rewrite | f[|9, =< 2"|E,|%? and [, |fi| =< 2%|Ex N I]. It suffices to show
that for all &k, I

5
We note that supy ;|| fxl|%» <M> is bounded by (sup; |I|7V7 [, |f|)(S Indeed, we

have

B, N |
| Ex| + 1]

which is equivalent to | Eg|%/P|1]° < |[I]°/P(|Ey| + |1|)°. This holds trivially in the case |Ej| <
|I|, while in the case |Ey| > |I| we rewrite the inequality as

| < <1+ || >5< 7| >5(1+1/p)
h |Exl/ \|Eg| ’

which holds because —1 4 1/p < 0.
We have proved the following proposition

5
|Ek|5/p( ) < I[P B A TP,

Proposition 2.15. Let 0 < o < 1 and p = 2/(2 — o). There ezist C < oo and § € (0,2)
with the following property. For all f € LP(R)

Bf,1) < Iy (sup 11747 [ 171de)" (2.19)

where I ranges over all compact intervals of R.

Using the Cauchy-Schwarz inequality for B and a decomposition as in Lemma 2.8 we
obtain the corollary,

Corollary 2.16. Let 0 < a <1 and p =2/(2 — ). There exist C < oo and 6 € (0,2) such
that for all f € LP([0,27]),
: ~1+1/ ’
/ F(@) fy)lsine = y)| dady < C| 1258000 (sup 117417 / flde)
[0,27]2 I I

where I ranges over all intervals of [0, 27].

We now consider the operator we will use to control the adjoint Fourier operator 7'
Definition 2.17. Let 0 < a < 1 and p = 2/(2 — «). We define the bilinear operator
Q : LP(R?) x L”(R?) — R by

Q(f,g9) = /(R2)2 f(r,x)g(r', )|z — 2’|~ *dzdx’drdr’, (2.20)
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Note that we can write Q(f, f) = B([ f(r,x)dr, [ f(r',2")dr").
For f € LP(r,x) with || [ f(r,x)dr|» < oo we use (2.19) to obtain

2- 5
<sup][]1+1/p//]f(r,x)|drd:c> : (2.21)
LY I I

Suppose that f(r, z) is supported where 2871 < r < 2% then flff r,x)drdr = fc
where C = 287128 x I, and || [ f(r,z)dr|/» < 2 (k=1)(1- l/p)Hf”Lp (rz)- Thus, it follows from
(2.21) that

AN s | [1reaar]

é
QP ) SRS (sup e [ (£ fdrds) (222
c c
where we used 27 1I| = |C|.
In the case we are interested in we will need to estimate Q(f;. 3/2 ,?/ 2) with the support

of fi as before and f;, € L?, with a = 1/2 and p = 4/3.

Corollary 2.18. There exist C' < oo and § € (0,2) with the following property. Let k, k' € 7,
and f,g € LY3(R?) and suppose that f(r,x), g(r,z) are supported in the regions [2F71, 2F] x R
and [27 1 2%] x R respectively. Then

N - 5 - 5
QDR < PSR lal (swwier™ [171) (suler [ al)
(2.23)
Proof. This follows from (2.22) and the Cauchy-Schwarz inequality for @,
Q(f.9)* < Q(f, £)Qg, ). O

For fi, fir € L2(]R(r x)) supported where 25-1 < r < 2¥ and 2! < r < 2¥ respectively
we obtain

/ 5 (5
QU2 firP12)2 < 22EHO £ 350 155 02

) —1/4 3/2\° —1/4 3/2\°
sup |C| | fil sup [C]| [fel™") - (2.24)
¢ c c C
The use of the Cauchy-Schwarz inequality for (), and a decomposition as in Lemma 2.8

implies that for f, fir € L*(R, x [0, 27],) supported where 2¥~1 < r < 2% and 2V -1 < r < 2¥
the following estimate holds

([ Vet a2 sinGe = ) ) 20 I A

(swpler [ 1) (supier \fk/ri”/?) - (22)
C C c C
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2.5 The cap bound for the adjoint Fourier restriction
operator

Proposition 2.19. There ezist C < oo and § € (0,2) with the following property. Let
k,k' € 7 and f,g € L*(T?), with f and g supported in the regions 281 < |y| < 2F and
2K =1 L |y| < 2 respectively, then

) )

/ (2-9) 3\3 _ 3

I - Tolls < €A 155 (suwler ™ [ 17E) (supler [ 1)
(2.26)

Proof. Recall from Section 2.3, equation (2.13), that we have the inequality

ITf - Tgllzs < C(2°2%) 7"/ min(2*, 2%)"/3
2/3
/ 1F()g(y)[*?|sin(0 — )| 1/2d0d«9drdr>

From (2.25) we obtain

ITf-Tgllos S (262¢)1/3 min(28, 28) /32006 £ 2 02 g ||L22 s

5/3
(swpier [ 1p)" (suwler [ 1gP2)"
C C C C

which as in the proof of Lemma 2.9 can be rewritten as

/ 2 6 2 2 6 2
ITf - Tgllps < 2710 £ 22 gl e

5/3 5/3
(sup et [ 1) (supie [ 1) o
c C c C

Corollary 2.20. There exist C < oo and § > 0 with the following property. If f € L*(T'?)
and fr = fXor-14yj<2k, k € Z, then

26/3
||Tf||%6(]R3 CZ ||fk||L2(F2)<Slép |C|_1/4/C|fk|3/2dg> . (2.27)

ke
Proof. We start by writing ||T'f||3¢ = [|[Tf - Tf||zs and Tf = >, ., T fx, so the triangle
inequality gives

ITf-Tflls <D NTfe- Tl

k. k!
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that together with Proposition 2.19 gives

/ (2—4)/2 (2—4)/2
ITFIe S D 27 ¥ fel Gl el e

k,k!
5/3 5/3
(sup el [ 1) (supler 7 [ 1)
C C c C

The desired conclusion follows by the Cauchy-Schwarz inequality. O

By using Proposition 2.19 instead of Lemma 2.9 we can obtain an analog of Proposition
2.10, that is

Proposition 2.21. There ezist C < oo and § € (0,2) with the following property. Let
f e L*(T?) and for k € Z let fi(y) = f(y)X(or-1<)yj<ory. Then

5\ 1/3
HTfHLG(]RS < (Z||fk||i2(i’>1§2/2<81clp|C|—1/4/c|fk|3/2dg> ) . (2.28)

Proposition 2.22 (Cap estimate). There ezist C' < oo and 6 € (0,2) such that for all
f € L3(T'?) the following estimate holds

5/3
I s < OIS e, (suw lel 4 / /) (2:29)

Proof. From Proposition 2.21 we have
5\ 1/3
7l & (SNl (upier™ [ 172a0)')
c

For each k, using that § < 2/3 (0 can be taken as small as desired by changing the corres-
ponding implicit constants C' in the inequalities) we have

4
1515 (sl [ VA 2a0)” = Ll sl (sup el | 17 do)
¢ C
1
<Uflall 13" (pier [ 112d0)
C
Then, adding over k,

5/3
I7 A S W1 (supel = [ 172de) 0
c
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2.6 Using the cap bound

We will prove the analog of [9, Lemma 2.6].

Lemma 2.23. For any 0 > 0 there exist Cs < oo and ng > 0 with the following property. If
f € L*(1?) satisfies |Tf|l¢ = 6C||f||2 then there exists a decomposition f = g+ h and a cap
C satisfying

0 < gl |p] < [f]; (2.30)
g, h have disjoint supports, (2.31)
l9()] < Csll fll2[CI™ P xe (), for all z, (2.32)
1gll2 = ns|| fl2- (2.33)

Proof. For convenience, normalize so that || f||;2r2) = 1. By Proposition 2.22 there exists a
cap C such that

/|f|3/2drd0 > Le(d)|c).
C

Let R > 1 and define £ = {z € C: |f(z)] < R}. Set g = fxg and h = f — fxg. Then
g, h have disjoint supports, g +h = f, g is supported on C, and ||g||.c < R. Since |h(z)| > R
for almost every = € C for which h(z) # 0 we have

/|h|3/2 < R—1/2/h2 < R—1/2”f||% _ R_I/Q.
C C

If we choose R by setting R™/2 = 1¢(8)|C|*/*, then

LMW=LWW—lWW>ﬁ@mM-

By Holder’s inequality, since g is supported on C,
~1/6 s2\% o /
lgllz > 117 [ 1g2) " > ¢(6) = @) ]2 > 0. =

We note that the conditions |g(x)| < Cs||f|l2IC]~%xc(x) and ||gl2 = 5| f]|2 easily imply
a lower bound on the L' norm of g.

Lemma 2.24. Let g € L*(T'?) satisfying |g(z)| < alC|7*xc(x) and ||g|l2 = b, for some
a,b>0 and C C T?. Then there is a constant C = C'(a,b) > 0 such that

lgllza 2y > ClCI2.

Proof. The hypotheses on g imply that |a=!|C|"/2g(x)| < xe(x) < 1 and thus ||a=!|C|"/?¢]3 <
la=*C|*2g||,. Therefore

lgll > a~MCI2]1gll3 = a™'6[C[ 2. 0
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2.7 Using the group of symmetries

A Lorentz transformation, L, in R? is an invertible linear map that preserves the bilinear
form
A(z,y) = 21y1 + Tays — T3Y3,

xr = (I1,$2,I’3)7y = (9171/2793) € Rga Le.

A(z,y) = A(Lz, Ly), for all z,y € R?.

Examples of Lorentz transformations are L', M* and Ry given next. For t € (—1,1) we
define the linear map L' : R®* — R3 by

1+ txs T3 + t:z:1>

7:L"
Vi—e v i-e

{L'}1e(21,1) is a one parameter subgroup of Lorentz transformations. Similarly,

L2y, 29, 73) = <

To +txg T3+ ta:'2>

M (21, 29, x :<:v, ,
(e ms) =\ 00 A= i p

is a Lorentz transformation.

One computes that L' and M preserve the cone for all + € (—1,1), that is, L{(I'?) =
M!T?) = T2 For A > 0 we define the dilation Dy : R* — R? by D,(z) = Az that clearly
satisfies Dy (I'?) = I'? for every A > 0. For 0 € [0, 27| we denote by Ry the rotation in R? by
angle 6 about the z3-axis

Ro(x1, 9, x3) = (11 c080 — xo8in 6, x18in 6 + x5 cos b, x3).

Ry preserves the cone for all 0 < 6 < 27.
Associated to L', M*, Dy, Ry are the operators L', M*, D} and R} acting on a function
f e L*(I?) by

L¥f=foL', M*"f=foM' Dyf=X"7foD, Rjf=foRy, (2.34)
where “o” denotes composition. We also define L, = 1 —t2L' = D ;= L' and L} by
L f(xy, w0, 3) = (1 — Y4 f o Ly(21, @9, 25) = (1 — t)YAf (2y + tas, V1 — 12 29, 3 + tay).

The measure ¢ is invariant under the action of Lorentz transformations that preserve the
cone, and in fact is the only one with that property, up to multiplication by constant; for
this we refer to [39] where the case of the cone in R? is considered. In this paper we only
need to know that for every ¢ € (—1,1), L' and M" preserve the measure o and this can be
done directly using the change of variables formula and seeing that the Jacobians work out.
We write it in the next proposition and include the proof for completeness.
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Proposition 2.25. For any t € (—1,1) the linear maps L', M* are invertible, preserve I'?,
that is LY(T?) = M*(T'?) = T2, and preserve o, that is, for any f € L'(T'?)

folLldo = foMido = fdo.
2 2 r2

Proof. Letting P(xq,xq,x3) = (%9, 21, 23) we see that M* = Po L' o P and so it is enough
to prove the statements for Lf. The inverse of L' is L™*. That L!(I'?) C I'? follows from the

equality
t 2 t 2
<x3+ 931) _ (a:1+ l‘3> +x§

V1—1t? V1—1t?

T3+ txy 0
Vi—iz ™

whenever 22 = 23422 and z3 > 0. Since the same is true for L™, it follows that L/(T'?) = "%
For the invariance of the measure, let f € L'(I'?). We have

Y1+ tys ys +tyr\  dyidys
OLt«I)xyI do-x7x7x :/ < ’ ’ )
/f (e mw)doton e m) = | I A= =) i

2 2
where y3 = /97 +y3. We use the change of variables u = 44 — Nty y1+y2, v =1ys. We

and the inequality

V1-t2 V1-t2
note that the Jacobian is
ou,v) 1 <1+ ty, )
Oy, y2)  V1—-12 N

or equivalently

yl,yz /72+y V1-12
2\/f‘h +y2+ty1

Now, since L'(y1, y2,y3) lies in F2 we also have

+ t’yl
VuZ+0?2 = Ys Tt )
V1 —t2
It follows that the Jacobian factor can be rewritten as
(Y1, Y2) _V v+ 3
a(ua U) V u? + 02

Therefore, letting w = vu? + v2,

/ f(y1+ty3 y y3+ty1> dy1dys _ F(u,v,w) dudv
VI—E VI8 g e VR 2

/foLtda:/fda. 0

or equivalently,
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The Lorentz invariance of the measure implies invariance of the L? norm, for f € L*(T'?)

I fll 20y = IMY fll 120y = D3 Sl 200y = |1 Ro S 20y = 1 L7 fllr2io) = |1 fll 2@y (2:35)

Using the Lorentz invariance of o it is direct to check that for all p € [1, oo] the LP norm
of T'f does not change under Lorentz transformations in the sense that

IT(f © L)l[errsy = ITfl Lo (s)- (2.36)

Indeed, writing
Tf(x,t) = / Ve f(y,y)do(y,y') = / e MmN £y o Vo (y, o),
thus
T(7 o Lfayt) = [ eAC0 fo Liy,y)do(y.y)
- / HAHE=OLWIN f o Ly, y)do (y,y)

= / A=W £y, Vo (y, ).

Since for a Lorentz transformation L, |det L| = 1, (2.36) follows by change of variables in
the case p € [1,00). When p = 0o, (2.36) follows since L is invertible.
We can use the group of symmetries to widen caps, that is, we have

Lemma 2.26. Let C C [1/2,1] x [0,27] be a cap in T2 Then there exist t € [0,1) and
0 € [0,27] such that Ly 'R, (C) satisfies

o(L7 R;1(C)) > % and L7 R;M(C) € [1/4,1] x [0, 27]. (2.37)

Proof. Let 6 € [0, 2] be such that R, 'C = [1/2,1] x [—¢, €], for some € € [0, 7]. The measure
of Cis 0(C) = |C| = ¢, and so we can assume £ < 1/2, otherwise we are done by taking ¢ = 0.
The inverse of L; is L;* = (1 — t2)"Y2L~* and the measure of L, 'R, *(C) is

o(Li B (0) = o((1 = )7 2L Ry (€)= ol (1) Ry (1 - £9)720))
= o((1—)7%¢) = (1 - )24 (C),

where we used the invariance of o under Lorentz transformations and that o(AC) = |A|o(C)
for any A € R.

Let ¢ be such that o(L; 'R, '(C)) = 1, that is t = (1 — [C|)Y? = (1 — £2)/2. Now we
write R, 'C = {(rcosp,rsing,r) : 1/2<r < 1,—e < ¢ < €}, so that

cosp —1t . 1 —tcosyp

L;lR;1<C) = {r(l — t2>1/2<m, sin @, —<1 — )i

):1/2<7’<1,—6<gp<8}.
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Note that for 1/2 < r <1 and —e < ¢ < € we have

_1/2|cos<,0—t|< 1—t 1

2
r(l=#) (1—¢2)1/2 = = i St

because cos ¢ > cose > t. Similarly

sin e

r(1 —t3)7Y?|sing| < <1
£
and
1 < 1 1—t¢ 1 —tcosyp 1
- X = SN S
1520140 20— 1—¢
Then t = (1 — £%)'/2 gives the desired conclusion. O

Corollary 2.27. Let {f,}nen be a sequence of monnegative functions in L*(T'?) with
| fullz2qr2y = 1 and such that there exists a cap C, C [1/2,1] x [0, 2] with the property

/ fado > c|Ca|'?, (2.38)
Cn

where ¢ > 0 is independent of n. Then there exist sequences {t, }nen C [0,1) and {0, }nen C
[0,27] such that {L; Rj fa}nen satisfies that every weak limit in L*(I'?) is nonzero.

Proof. Lj and R} preserve the L?(I'"*) norm thus ||L} R} f, | 22y = 1 for any ¢ € [0,1) and
0 € [0,2r]. It follows that for any sequences {t,},en C [0,1) and {6, }nen C [0, 27], the set
of L?-weak limits of {L; R f,} is nonempty.

Under the action of Lj R} the integral of a function f changes according to

/L;;R;fda = (1 —tz)—l/‘*/R;fda = (1 —t2)—1/4/fda. (2.39)
By Lemma 2.26, for each n there exist ¢, € [0,1) and 6,, € [0, 27] such that
1
o(L; 'Ry (Cp)) > 5 and L;'Ry1(C,) C [1/4,1] x [0, 27].

Suppose that for a subsequence (that we call the same) L; Rj f, — f, as n — oo, for
some f € L?(I'?). Using (2.38) and (2.39) we have

[ wmgirs0-g) [ g
[1/4,1]x[0,27] Cn
C

> (1 —t2)7V4Cu V2 = (o (L7 Ry HCH))Y? > (2.40
n tn On

5

From (2.40) and the weak convergence it follows that

c
fdo > —>0
/[1/4,1]><[0,27r] V2
and so f # 0. m
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2.8 The proof of the precompactness

In this section we prove that up to symmetries of the cone, an extremizing sequence is
precompact.

We will give two proofs. In this section the proof will be based on [18] and [17]; the other
will be based on [9] with a modification coming from [18] and is given in Section 2.9.

Recall that C, given in (2.3), denotes the best constant in the inequality (2.2), in other
words, C = ||T||, the norm of the operator T as a map from L*(I'?) to L%(RR?).

We start by stating Proposition 1.1 of [18] for the cone.

Proposition 2.28 ([18]). Let T : L*(T%,0) — L%(R?) be the Fourier extension operator
defined in (2.1). Let { fn}nex C L*(T'?) such that:

(i) lin 1 fulls = 1
(i) i [T, oms) = C
(iii) fo— f#0;
(w) Tf, — Tf a.e. inR3.
Then f, — [ in L*(I'?), in particular ||flls =1 and ||T f||ers) = C.

We have changed slightly condition (i) in Proposition 1.1 of [18] from |[|f.| = 1 to
lim,, o0 || fnll2 = 1, but the proposition as stated here is easily shown to be equivalent to the
one in [18] by considering f, /|| ful2-

We now restate the precompactness theorem, Theorem 2.3, in a more precise way,

Theorem 2.29. Let {f,}nen be an extremizing sequence for (2.2) of nonnegative functions
in L?(I'?). Then there exist sequences {t,}nen C (—1,1), {On}nen C [0,27] and { N, }nen C
(0,00) such that {L; Ry D3 fn}nen is precompact, that is, any subsequence has a convergent
sub-subsequence in L*(T'?).

Proof. Since {f,}nen is an extremizing sequence, for all n large enough || Tf,[l6 = || f2llo-
By Lemma 2.23 with 6 = 1/2 there exists C' < oo and n > 0, a decomposition f,, = ¢, + hy,
and a cap C,, satisfying (2.30), (2.31), (2.32) and (2.33). Using that || f,.||z2 — 1, as n — oo,
and Lemma 2.24 for g, gives

lgnll 1 vy = CICa|'2,

where C' is independent of n.
Now there exists {\, }nex C (0, 00) such that A\;'C,, C [1/2,1] x [0, 27] and \,,'C, is a cap
as in Definition 2.11. By dilation invariance {D} f.}nen is also an extremizing sequence,
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with || D3 full2 = ||full2. The decomposition for f,, gives a decomposition for D5 f., D} fn =
D3 gn + D} hy, and

/ D} fado = || D3, gallry = CIA'Cl 2.
An Cn

We now apply Corollary 2.27 to { D5 f.}, to obtain sequences {t, }nen C [0,1) and {60, }nen C
[0, 27] such that every weak limit of {L; Ry D} fu}n in L*(T'?) is nonzero.

In view of Proposition 2.28 the theorem is proved if we show that, after passing to a
subsequence, if L; Ry D5 f, — f, as n — oo, then TL} Ry D} f, — Tf a.e. in R®. We
will do this by using the following proposition. ]

Proposition 2.30. Let {u,}nen be a uniformly bounded sequence in L*(T?), i.e.,
sup,, |[unllz =: ¢ < oo. Suppose there exists u € L*(T'?) such that u, — u as n — oo.
Then, there ezists a subsequence {un, }ren such that Tu,, — Tu a.e. in R3.

Proof. The proof of this is contained in the proof of Theorem 1.1 in [17]. We repeat it here
for the convenience of the reader (and the author). We start by defining v, (y) by its Fourier
transform

A~

b (y) = un(y)ly| ™",
and 9 (y) = u(y)ly|™".
Since ||U/n||%2([‘2) = fR2 |U/n(y)

The operator T' applied to u, equals e'™V=2y,. Fix t € R, by the continuity of ¢*vV~2 in
H'2(R?), we have

|2% < 02 we see that ||U"||§J1/2(]R2) = fR2 |@n(y)|2|y|dy < CQ~

eitm itmv
weakly in H'/2(R?), as n — co. Then, by the Rellich Theorem ([11, Theorem 1.5]), for any

R>0

Uy, — €

ezt\/ —Avn N ezt\/ —AU

strongly in L?(B(0, R)), as n — oo. Denote by

Fale) = /x|<R

By Holder’s inequality and Sobolev embedding, H'/?(R?) ¢ L*(R?), we obtain

. 2 .
eZt‘/_A(U dr = ||ezt\/—A<v

n_v)

n U)H%?(B(O,R))'

F,(t) < CR||e™ =2 (v, — v) | <2CR,

‘|§'{1/2(R2

consequently, by the Fubini and dominated convergence Theorems we have that

[rwn=[.[..

, 2
V=B (v, — )| dxdt — 0
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as n — oo. This implies that, up to a subsequence,
e™V=A(v, —v) = 0 ae. in B(0,R) x (=R, R).

Repeating the argument on a discrete sequence of radii R, such that R, — oo, as n — oo
we conclude, by a diagonal argument, that there exists a subsequence v,, of v,, such that

VA (v, —v)(z) = 0 ae. for (z,t) € R* x R,
or equivalently, in terms of the sequence {u, },en,
Tty —Tu—0 ae. in R -

This concludes the proof of Theorem 2.29. For the proof of Theorem 2.29 using the
Christ-Shao argument we will need the next proposition, an analog of Proposition 2.28,
which of course follows from Propositions 2.28 and 2.30, but the idea is to give an alternative
approach.

We denote B(0, R)¢ := {x € R? : |x| > R}, the complement of the ball B(0, R).

Proposition 2.31. Let T : L*(T'%,0) — L5(R?) be the Fourier extension operator defined in
(2.1). Let {fo}nen C L*(I'?) such that:

(i) tim fulls = 1
(i) nll_{ilo |7 fullzo(msy = C;
(i) fo— f#0;
(iv) sup || fullL2(B(0,R)) < O(R), where O(R) — 0 as R — oo.
neN
Then f, — f in L*(I'?), in particular || f||2 = 1 and ||T f||Ls(rs) = C.

Proof. Our proof follows that of Proposition 1.1 in [18]. We will denote by 0,(1) a quantity
depending on n only that satisfies lim,, ,o, 0,(1) = 0. We will allow o,(1) to change from
line to line without changing its name.

Let R > 0. Note that because of the weak convergence we also have || f|| z2((0,r)e) < O(R).
Denote f® = f X B(o,r) and fB=fx B(o,R)- Because of the weak convergence and the compact
support of f%# and fZ we have

T(fE — T(f), ae. in R?,
and because of the continuity of T,

IT(fo = £ 6 ITCf = f)lle < CO(R). (2.41)
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Thus by triangular inequality, using that | Tf — T'f%||¢ < C for all n and the binomial
expansion

T fo = TFIE < (1T fo = Thalls + IT(f5 = £l + 1T = f)lle)°
<|T£F=TFE5 + CO(R), (2.42)
and similarly
ITf = TFlg < I Tfo =TI + CO(R). (2.43)

Using the Brézis and Lieb Lemma as in [18] we get
T £ = TG = 1T L0lle — ITSEG + onr(1), (2.44)

where 0, r(1) — 0 as n — oo, when we keep R fixed. Using (2.41), (2.42) and (2.44) we
obtain
1T fo = T£lls = (1T fulls = I1T£16)] < 0n.r(1) + CO(R), (2.45)

By the weak convergence

1fo = f12 = Ifallz = IF112 + 0n(1) (2.46)

or equivalently
T [[f — f3 =1 1413 (2.47)

Using that {f,}nen is a maximizing sequence for 7" we get

s ITLIE (T f — THIE + T8 + 0,.m(1) + COR)
171" = "7 T s 1o — FIE 4 712 + ouD)
T f — T2+ | TF2 + 0n,r(1) + CO(R)s

h 1fn = FII3 + [[F113 + 0n(1)

where we used the inequality

+on(1) (2.48)

+ on(1), (2.49)

(a+b+c) <a +b +c, forall a,b,c>0and 0 <t < 1.
The continuity of 7" and (2.49) imply

IT121Lfn = FI3+ ITFI2 + 0nr(1) + CO(R)S
1o = FI3+ 1£13 + 0a(2)

I <

+ on(1),

and hence

ITIPLfn = S13 + 113 + 0a(1) < ITIPIFn = FI3 + ITS1E + 0nr(1) + CO(R)S,
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that after canceling terms implies
1
ITIPAUAIZ + 0a(1)) < NTFI§ + 0n,r(1) + CO(R)S.

Since we also have the inequality | Tf||2 < ||T||?|| f]|3 we can take the limit as n — oo in the
previous inequality followed by a limit as R — oo to obtain

1T flle = 7111/ 1l2- (2.50)

Note that this implies that f is an extremizer for T since f # 0 by hypothesis. It remains
to prove that f, — f in L?(I'?). Using (2.49) and (2.50) we get

TN 13 + 1T fo = TSN + 0nr(1) + CO(R)S

IT)* < + 0,(1),
1fa = FII3+ L £1I3 + 0n(1)
which as before implies
IZIP U = F115 4 0a(1)) S T f = TSI + 00 (1) + CO(R)5. (2.51)
and by continuity of T
ITfo = TFIle < ITIPILF — FI5- (2.52)

Using (2.51), (2.52) and (2.47) we can take the limit as n — oo and then the limit as R — oo
to obtain

lin 17, = T} = |71 = 171B)

Now, using this last equality together with (2.45) and the fact that {f,},ex is an L2-
normalized extremizing sequence gives

TN = lim |7 fulls = IT1°CL = LA12)° + ITI°0A115,

therefore
(L=1IF13)°+ 1F15 =1 and || fll. < 1.

This easily implies that either ||f]ls = 1 or ||f||2 = 0. The latter case does not hold since
[ # 0 by assumption. Thus ||f|ls =1 and f, — f in L*(T?). O

2.9 The Christ-Shao concentration compactness argu-
ment
We are now ready to use the Christ-Shao concentration compactness argument to gain control

over extremizing sequences. We follow the same lines as in [9] so many of the arguments
are the same. We will indicate when changes are needed, but will not go over the entire
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argument. We note that there will be one part we will do in a different way, namely we will
not study “cross terms”, section 14 in [9], but instead we will use an argument in [18] that
to the author seems much easier. In this way we avoid the need of the use of Fourier integral
operators (sections 7.3 and 7.4 in [9]).

We now state the results from [9] of interest for us. We indicate the changes needed in
our case and if we just state the result without proof is because it is exactly as in [9] with
the possible exception of changing norms from L* in their case to L% in our case.

Definition 2.32. A nonzero function f € L*(T'?) is said to be a d-nearly extremal for (2.2)
if

1T fllzoms) = (1 = 0)Cl|fll2(r).
Lemma 2.33. Let f = g+ h € L*(T'?). Suppose that g 1 h, g # 0, and that f is a §-nearly
extremal for some ¢ € (0, le] Then

Ils ITHls s
< C'max ,61/2). 2.53
171 Cran, ") (2.53)

Here C' < 00 is a constant independent of g, h.

Let M be the set of all caps modulo the relation C ~ C’ if there exists k € Z such that
C,C" C [2F1 2%] x [0,27]. We define the following metric on M.

Definition 2.34. For any two caps C,C’ C I'?,
o([CL[C) = |k — K| (2.54)

where C = [2F71,2F] x J and C' = [2F71,2¥] x J' and [C] denotes the equivalent class
[C]={[2""1,2*] x I : I C [0,27] and I is an interval }.

We will also write o(C,C") = o(|C], [C']).
The equivalent of [9, Lemma 7.5] is the bilinear estimate in Lemma 2.9. We restate it in
the language of caps.

Lemma 2.35. Let f,g € L*(I'?) supported in the caps C,C' respectively, then
ITf - Tglls < C272CCV % fllz]lglla

m particular
ITxc - Txerls < C279C S| 2(c'V2,

Here C < 0o 1s a universal constant.
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We now move to the decomposition algorithm, [9, Section 8]. Note that the decomposition
algorithm does not depend on the specific manifold we are dealing with, it just requires
Lemma 2.23.

Given a nonnegative function f € L?(I'?), the decomposition algorithm gives, in brief, a
sequence of disjoint caps {C, },en, constants {C,},cn, nonnegative functions f, supported
on C, and nonnegative functions G,, whose support is disjoint from fy + --- + f,_1, such
that f, < C,|C,|"Y?xe,, f = Zfl\[:—ol fu+ Gy, forall N >0, and f = > 7, f,, where the
sum is L?(I'?)-convergent, [9, Lemma 8.1].

Other useful properties can be obtained if f is nearly extremal for (2.2). Lemmas 8.2,
8.3 and 8.4 in [9] have exact analogs for the cone. We mention here the ones we will use.

The analog of Lemma 8.3 in [9] for the cone implies

Lemma 2.36. There exists a sequence of positive constants v, — 0 and a function N :
(0,3] — Z* satisfying N(6) — 0o as § — 0 such that for any nonnegative f € L*(T'?) that
is d-nearly extremal, the functions {f,,G,},ex obtained from the decomposition algorithm
satisfy

Gy ll2, [ fulla <l fll2 for all v < N(6).

This lemma will be used in the following way: given £ > 0 we can find v(e) such that
v, < & for all v > v(e). If we let d(¢) be such that N () > v for all § < §(¢) it follows
that an inequality ||Gn|2 > €® applied to a %5(5)—nearly extremal f whose decomposition
is {f,,G,}ven, implies N < N(d()) or N > N(3d(g)). The fact that {||G,|2}ven is a
nonincreasing sequence discards the second possibility, hence N < N(d(¢)) =: M..

From Lemma 2.23, the analog of Lemma 8.4 in [9] follows

Lemma 2.37. For any € > 0 there exist . > 0 and C. < oo such that for every d.-nearly
extremal nonnegative function f € L*(T'?), the functions f,, G, and the caps C, associated
to f wia the decomposition algorithm satisfy f, < C.||fll2|Co|™?xe, and ||f,ll2 = 0. f|l2
whenever |Gy ||z = €|| fl|2-

We now move to the analog of [9, Lemma 9.2]. The only difference in the proof compared
to that in the Christ-Shao paper is that we need to replace the L* norm by the L5 norm.

Lemma 2.38. For any ¢ > 0 there exists 6 > 0 and A < 0o such that for any 0 < f € L*(I'?)
which is d-nearly extremal, the summands f, produced by the decomposition algorithm and
the associated caps C, satisfy

0(Cj,Cr) < X whenever | fjlla = €|l fll2 and || fill2 = || fll2- (2.55)

Proof. Tt suffices to prove this for all sufficiently small €. Let f be a nonnegative L? function
which satisfies ||f]2 = 1 and is d-nearly extremal for a sufficiently small § = (), and let
{G,, f,}ven be associated to f via the decomposition algorithm. Set F' = fov:o fo.
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Suppose that || fj, |l = € and ||figll2 = €. Let N be the smallest integer such that
|Gniall2 < €% Since ||G, |2 is a nonincreasing function of v, and since ||f,|2 < [|G. |2,
necessarily jo, kg < N. Moreover, from the comment after Lemma 2.36, there exists M. < oo
depending only on ¢ such that N < M.. By Lemma 2.37, if 9 is chosen to be a sufficiently
small function of e then since |G, ||z = € for all v < N, f, < 0(¢)|C|~/2x¢ for all such v,
where 6 is a continuous, strictly positive function on (0, 1].

Now let A < oo be a large quantity to be specified. It suffices to show that if d(e) is
sufficiently small, an assumption that o(C;,Cx) > A implies an upper bound, which depends
only on ¢, for .

There exists a decomposition F' = Fy+Fy =) .o fu + g fo, where [0, N] = S US,
is a partition of [0, N], jo € Si, ko € S, and o(C;,Ci) = A/2N > \/2M. for all j € S; and
k € Sy. Certainly ||Fill2 = || fjll2 = € and similarly ||F5|| > €. The cross term satisfies

ITF - TFls <> Y ITf-Tfills < M2y(A\/2M.)6(e)?,
JESI kESs
where y(A) — 0 as A — oo by Lemma 2.9. Expand
ITF-TF|3 < ITRls + |TFlls + 15((TF)* - TE|5 + 15| TF - (TF)*|l3
+ 20| TFy - TF3 + 6| (TF)® - Tl + 6| TFy - (TF)° |1
By using Holder’s inequality

|TF - TFI} < ITRE + | TFS+ 20| TF - TR}
6T + [ TR|8ITF - TH;
(TR 2+ |TBIRITE - THL,

and using that 7 is continuous and denoting C = ||T'|| we get

ITF-TF|3 < C(I1Rlls + || Foll3) + 20[|TF, - TF|3
+6CH (| Al + 12T - TF|5
+15C*(|1 Bl + | BR)ITE: - TE |3,

Since Fy and F, have disjoint supports, ||Fi||% + || F3||3 < || f|l2 = 1 and consequently

312 + [[F2llz < max(E 3, 1 F2013) - (IS + [1F2]2) < (1—€%) - 1=1-¢%
73113 + 17213 < max(| F 3, [ Fl13)* - (RS + [F2]l5) < (1 =€) 1= (1 &%)
Thus
ITF-TF|3 < C(1 —€*)* + 20(M2v(A/2M.)0(e)*)°
+6C*(1 — ) M2y (\/2M.)0(e)?
+ 15C%(M2~(\/2M.)0(£)?)>.
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On the other hand repeating the previous calculations with F} = F and Fy = f — F and
using that || flla =1, ||f — Flla < & < 1 we get

(1=0)°CO < ITf - TS5 <N TF-TF|3+ Clfllllf = Fll2
<||ITF-TF|3 + Ce®.

Hence
(1—0)5C% < Ce® + CO1 — &%) + 20(M2y(A\/2M,)0(£)?)?
+ 6CH1 — &) M2y (\/2M.)0(e)* + 15C* (M2~ (\/2M.)0(£)?)>.

Since v(t) — 0 as t — oo, for all sufficiently small £ > 0 this implies an upper bound,
which depends on ¢, for A\, as was to be proved. O

Proposition 2.39. There exists a function © : [1,00) — (0,00) satisfying ©(R) — 0 as
R — oo with the following property. For any € > 0 there exists 6 > 0 such that any
nonnegative function f € L*(T'?) satisfying ||flls = 1 which is d-nearly extremal may be
decomposed as f = F + G where F,G are nonnegative with disjoint supports, |G|l < €, and
there exists k € 7, such that

[ IP@Pds@) <Om) VR > 1.
|z|>2FR
/ |F(2)[2do(z) < O(R) VR > 1.
|z|<2kR—1
Remark 2.40. It will be clear from the proof of Lemma 2.41 that if there exists a cap
C C [2k0 2ko+1] x [0, 27] such that g := fxc satisfies

l9(2)| < CIfllzIC] ™ xe, Yo and
gll2 = [l fl2

for C| ¢ universal constants, then we can take k = kg, and F' > g.

Lemma 2.41. There exists a function © : [1,00) — (0, 00) satisfying ©(R) — 0 as R — oo
with the following property. For any € > 0 and R € [1,00) there exists 6 > 0 such that
any nonnegative function f € L*(T?) satisfying || f|lo = 1 which is 6-nearly extremal may be
decomposed as f = F + G where F,G are nonnegative with disjoint supports, ||G|ls < &, and
there exists k € Z such that for any R € [1, R)

/|>2kR |F(2)|*do(x) < O(R) , and (2.56)

/@R_l |F(z)*do(z) < O(R). (2.57)



CHAPTER 2. ON EXTREMIZING SEQUENCES FOR THE CONE 53

Proof that Lemma 2.41 implies Proposition 2.39. Let © be the function promised by the
lemma. Let ¢, f be given, and assume without loss of generality that ¢ is small. Assuming
as we may that © is a continuous, strictly decreasing function, define R = R(e) by the
equation O(R) = ¢2/2. Let k,§ = 5(6 R(g)) along with F,G satisfy the conclusions of the
lemma relative to €, R(g). Define x to be the characteristic function of the set of all € R?
which satisfy |z| > QkR or x| < 2"R~'. Redecompose f = F + G, where F = (1 — x)F and
G = G+ xF. Then ||G |2 < 2¢, while F satisfies the required inequalities. For R > R we
have F' = 0, and if R < R, then,

[ @Rl < [ P@)Pdet) < O(R),
|z|>2FR |z|>2kR

and similarly for the other integral. O]
We now prove Lemma 2.41, the analog of Lemma 10.1 of [9]

Proof. Let n : [1,00) — (0,00) be a function to be chosen below, satisfying n(t) — 0 as
t — 0o. This function will not depend on the quantity R.

Let R > 1, R€[1,R], and € > 0 be given. Let § = (e, R) > 0 be a small quantity to be
chosen below. Let 0 < f € L*(T'?) be a d-nearly extremal, with || f||s = 1.

Let {f,},en be the sequence of functions obtained by applying the decomposition al-
gorithm to f. Choose § = d(¢) > 0 sufficiently small and M = M (e) sufficiently large to
guarantee ||Gpr41|l2 < €/2 and that f,, G, satisfy the conclusions of the analog of Lemma
8.4 and Lemma 8.3 in [9] for v < M. Set F =3 f,. Then ||f — F|ly = ||Garsal2 < /2.

Let N € {0,1,2,...} be the minimum of M, and the smallest number such that || fy 1]/ <
1. N is bounded above by a quantity which depends only on n. Set F = Fy = fozo fo. It
follows from Lemma 8.4 in [9], that

|F' — Fll2 < v(N) where v(n) — 0 as n — 0. (2.58)

This function ~ is independent of ¢, R.

To prove the lemma, we must produce an integer k£ and must establish the existence of
©. To do the former is simple: To fy is associated a cap Cy C [2F~1 2%0] x [0, 27] such that
fo < C|Co|~"?x¢,, for some universal constant C. k = kg is the required integer. Note that
by Lemma 2.23, || fo||2 > ¢ for some positive universal constant ¢. This implies, by Lemma
2.24, that ||foll1 = ¢|Co|*/?, for some universal constant ¢/. This last remark will be of use
after rescaling.

Suppose that functions R — n(R) and R — O(R) are chosen so that

n(R) — 0 as R — oo,
v(n(R)) < O(R) for all R.

Then by (2.58), F' — F already satisfies the desired inequalities in L?(T'?), so it suffices to
show that F(x) = 0 whenever |z| > 2R or |z| < 2R
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Each summand satisfies f, < C(n)|Ck|™"?xc,, where C(n) < oo depends only on 7, and
in particular, fi is supported in Cg. || fx|l2 = n for all & < N, by definition of N. Therefore
by Lemma 2.38, there exists a function 1 +— A(n) < oo such that if § is sufficiently small as
a function of n then o(Cx,Cy) < A(n) for all & < N. This is needed for n = n(R) for all R
in the compact set [1, R], so such a § may be chosen as a function of R alone; conditions
already imposed on § above make it a function of both ¢, R. The independence from e is
needed since for § < ¢, if f is a ¢’-nearly extremal then is is also a §-nearly extremal.

Let 73, € Z be such that Cj, C [27,27F1] x [0, 27]. Then |7, — ko| < A(n), so 27 < 2k02A(™)
and 27 > 2k0272"  Choosing R + n(R) so that 2 "®) < R gives F(z) = 0 when
|z| > 2k R and when |z| < 20 R™L. m

We are now ready to give a proof of Theorem 2.29 based in the Christ-Shao concentration
compactness argument.

Alternative proof of Theorem 2.29. Let { f,}nen be an extremizing sequence. We start as in
the proof of Theorem 2.29 by using Lemma 2.23 with 6 = 1/2 to decompose f, = g, + hy,
and to obtain a cap C, satisfying the conclusions of Lemma 2.23. We then find {\, },en,
{tn}nen and {6, }nen such that the support of L; Ry D5 gy is contained in a bounded region
independent of n and has measure comparable to 1.
Define f, = L} R} D} fa, Gn = Li, R, D5 gn, by = L}, R D} hy, and C, = L' Ry ' D 'C,..

Then §, and h,, have disjoint supports, §, is supported on C, C [1/4,1] x [0, 27], o(C,) > :
and there exist 0 < ¢, C' < oo independent of n such that

19(2)] < Cllfull2lCal ™ 2xg, (2),  and [|gallz > e full2- (2.59)

We now apply Proposition 2.39 to {fn}ne]N with £, = 1/n, n > 1, to obtain a subsequence of
{fu}nen (that we call the same), that satisfies the following. Each f, can be decomposed as
fn = F, + G, with F,, G,, nonnegative with disjoint supports, |Grll2 < % and F), satisfies
both (2.56) and (2.57) for certain k = k,, € Z.

Denote by €, := supp F}, the support of F},. For all n large enough so that 1/n < ¢/8
and [ fn|l2 > 1/2 we have Q, N C, # 0 and ||gnxq,ll2 > §. Then [ Fuxe, l2 = llgnXanllz > §
and |F,xe (7)) = |Gaxa, (2)] < ClCal™Y*X6 na, (2) < 20X¢, na, (7). The lower bound in the
L? norm of Foxe, imply |(fn NQ,| > >0 for ¢ independent of n. As in Lemma 2.24 this
implies

[ Fuldo > ¢ >0, (2.60)
Cn

with ¢’ independent of n.

The conditions ||Fy,xg [l2 > §, Cn C [1/4,1] x [0, 27] together with the L*decay estimates
(2.56) and (2.57) imply that |k,| < C’ < oo for a constant C’ independent of n.

As [|Gplla = 0 as n — oo, {F), }nen is an extremizing sequence of nonnegative functions.
After passing to a subsequence F,, — F for some F € L*(I'?) and F # 0 since the F,’s
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satisfy (2.60). Therefore {F},},ex satisfies all the conditions in Proposition 2.31 and thus
F, — F in L*(I'?) and also f,, — F in L?(I'?).
This shows that {f, }nen is precompact up to symmetries of the cone as needed. O

2.10 On convergence of extremizing sequences

In this section we prove Theorem 2.4. We start with a general discussion.

Let (X, B, 1) be a measure space and let G be a group acting on L*(X), with an action
that preserves the L? norm, that is ||¢* f||12(x) = || fllr2(x) for all g € G and f € L*(X). For
an element f € L?(X) we consider its orbit under G, G(f) :={g*f : g € G}.

Proposition 2.42. Let f € L*(X) and {fn}nen a sequence in L*(X) with the property that
every subsequence has an L*-convergent subsequence whose limit lies on G(f). Then there
exists a sequence {gn}nex C G such that g’ f, — f in L*(X), as n — oo.

Proof. For each n let g, € G be such that
. : R 1
lgnfo = Fllzex) < ;g(f; g™ fo = Fllz2cx) +

We show that {g f, }nenw converges to f by showing that every subsequence has a further
subsequence that converges to f. Take a subsequence (that we call the same), {g* f, }nen-
By hypothesis, f, has a convergent subsequence (that we call the same) to an element in
G(f). That is f, — ¢*f, as n — oo, for some g € G. By the definition of g, and the
invariance of the norm under the action of G we get

g5 fr = flizco < g™ fu = fllr2eo + o= Ifn = 9" fll2ex) + - 0
as n — 00. Il

From Theorem 2.5 the extremizers for (2.2) are all of the form
g1, T, 13) = e~ ¥ br2mcmtd (2.61)

where a,b,¢,d € C and [(Reb,Rec)| < Rea, and here 3 = /a7 + 23 As indicated
in [20], any extremizer can be obtained from go(x1,z2,23) = e by applying Lorentz
transformations and dilations.

We define G as the group generated by L', M* and D,, s,t € (—1,1), » > 0 under
composition. The action of G is given by the action of the generators as in (2.34) : L™ f =
folLt, M>*f = foM?*and D}f = r'/2f o D". That G preserves the L*(I'?) norm follows
from the Lorentz invariance of o.

Lemma 2.43. The set of real, L?>-normalized extremizers for inequality (2.2) equals the orbit
of go(y) = 712~ Wy € R2, under the group G.
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Proof. A computation shows

Lt o MS(ZL‘ - ) B (-Tl +t(1xi:_25)r12/2 To + ST3 % +tl’1>
1,42,43) — (1—t2)1/2 ) (1_82>1/27 (1—t2)1/2

Then

rTs ST

gooLtoM*oD, = rag~z exp(—

For given a > 0 and b,¢ € R with |(b,¢)| < a we want to solve the equations

,
(1— s2)1/2(1 — $2)1/2 =4
sr
(1 — s2)1/2(1 — 2)1/2 =0,
tr
m =c.

Since a # 0 and |b| < a we have b/a = s € (—1,1). Also c¢/a = t(1—s?)"/2 sot = T =
5 and we see that |¢| < 1. Finally r = a(1—s?)2(1—-#2)/2 = (> —b*—?)'/2. The L*

norm is preserved by the action of G thus a normalized, real extremizer g(y) = e~alvl=ty2—cyi+d
can be obtained from gy by composing with L! o M*® o D, for the computed values of ¢, s and

r.

Proof of Theorem 2.4. From the previous discussion we have that the group G gives all real
extremizers as the orbit of gy. Proposition 2.42, Theorem 2.3 and Theorem 2.5 give a proof

of Theorem 2.4.

(1—s2)172(1 — t2)1/2 o (1— 32)1/2(1 _ 752)1/2 o (1— 252)1/2

o6

).

]

]
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Chapter 3

Nonexistence of extremals for the
adjoint restriction inequality on the
hyperboloid

We study the problem of existence of extremizers for the L? to LP adjoint Fourier res-
triction inequalities on the hyperboloid in dimensions 3 and 4, in which cases p is an even
integer. We will use the method developed by Foschi in [20] to show that extremizers do not
exist.

3.1 Introduction

For d > 1 let H? denote the hyperboloid in R4, H? = {(y, /1 + |y|?) : v € R%}, equipped

with the measure o(y,y) = d(y — /1 + |y|2)% defined by duality as
Yy

/Hdg(y’?/)dff(y,y’) = /]Rdg(y, \/TW)\/;ZTLW.

for all g(y,y') € Co(H?).
A function f : H* — R can be identified with a function from R¢ to R and in what follows
we will do so. We will denote the LP(H?, o) norm of a function f as || f||zo@ay, |f||zr(0) or

1£1p-

The extension or adjoint Fourier restriction operator for H¢ is given by
Tf(wt) = / eI F(y) (1 + [y )2 dy (3.1)
R4

where (z,t) € R? x R and f € S(R%). With the Fourier transform in R4 defined to be
§(&) = fRdH e~ @8g(x)dz, we see that Tf(z,t) = fo(—x,—t).
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It is known, [47], that there exists Cy, < oo such that for all f € L?(H?) the following
estimate for T'f holds

T fll Loma+ry < Capll fl r2ma (3.2)
provided that
2(d+2)/d<p<2(d+1)/(d—1), ifd>1

3.3
6<p< oo, ifd=1. (33)

For p satisfying (3.3) we will denote by H,, the best constant in (3.2),

TflLe
Hye sy 1Ty
orrerzmdy  |fllz2me

We will also look at the two sheeted hyperboloid H? = {(y,y') € R¢ xR : y? = 1+|y|*}.
We endow it with the measure & = o 4+ 0~ where

/ / / d d/
ot y) =o(y,y) =0/ — V1t |y?)

VI+yP?
o (y,y) =0y +V1+y]?) dydy
/ |2

We denote by T the corresponding adjoint Fourier restriction operator, T'f = f/a\+ + f/a\—. If
(d,p) satisfies (3.3), then the following constant is finite,

_ T
Hy, = sup Hmﬂ_ (3.4)
serzmay | fllzzce)

Definition 3.1. An extremizing sequence for the inequality (3.2) is a sequence { f,, }nen of
functions in L?(H?) satisfying || f,||r2(s) < 1, such that |7 f, | zo(ga+1) — Hayp as n— oo .
An extremizer for (3.2) is a function f # 0 which satisfies |7 f||ora+1) = Hap || fll22(0)

An analogous definition of extremizing sequence and extremizer will be used for (3.4).
We will be interested in the following pairs of (d,p): (2,4), (2,6) and (3,4), which are
the only cases for d > 1 where p is an even integer. The main result of this chapter is:

Theorem 3.2. The values of the best constants are, Hoy = 234w Hys = (27)%/% and
H;, = (27m)%/4. In each of the three cases of pairs (d,p) extremizers do not exist.

For the two sheeted hyperboloid the best constants are, }_1274 = (3/2)1/4H274, 1:1276 =
(5/2)Y*Hy and Hs 4 = (3/2)Y/*Hs 4. Here extremizers do not exist either.
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We normalize the Fourier transform in R? as
9O = [ eyl
]Rd
With this, the convolution and L?*(IR¢) norm satisfy

frg=1g and ||fll2me = C0)7*| fll2me)-

When p is an even integer we can write (3.2) in “convolution form”. If p = 2k then

HTfH'izk(]Rdﬂ) = (Tf)* | 2mary = |(fo) ]l Lamasny = [|(fo 5 - % fo)|lp2mar)
= 2m) V2| fo % - x fo agrary, (3.5)

where fo*---* fo is the k'"-fold convolution of fo with itself. Therefore, for p even integer,
(3.2) is equivalent to

[for s foll gy < 2m) " ENC o £l ey, for all £ € S(RY).

For reference, we write here the best constants in convolution form,

sup || o foll otpen 1 ey = 7%,
fEL?(H?)
1/3 _
sup || fo # fo s fol w1 F Il 3 = (2m)"%,
feEL?(H2)
1/2 _
sup || fo x foll otm 1| 2 g, = (2m)Y°
feL2(H3)

It would be interesting to analyze the case d = 1 for even integers greater or equal to 6.
Our argument relies on the explicit computation of the n**-fold convolution of the measure
o with itself and this seems to be computationally involving if n > 3.

Interpolation shows that for d = 2 and p € [4,6] we have H,, < Hj Hj ", where
i = g + %. We do not know whether extremizers exist for p € (4,6) as our method needs
p to be an even integer.

One could consider, for s > 0, the hyperboloid H? = {(y, \/s2 + |y|?) : y € R} equipped

with the measure Y
/2 1.2 yay
Us(ya y/) - 5(y/ - s? + |y|2)ﬁ (36)
Vs? + |yl
As we mention in Section 3.2 this measure is natural since it is the only Lorentz invariant
measure on HY. Let T, f(z,t) = fas(x t). For (d,p) satisfying (3.3) the estimate

|Tsf || zoaery < Hap,sll fll 2 (3.7)
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holds, where

T
H,,,:= sup HfHL—p(]Rd“). (3.8)
rerzmey |1 fllz2ame)
is a finite constant.
Simple scaling, as shown in Appendix 1, relates Hy, s and Hy,:

H,,, — s D2 0/pE, (3.9)

Moreover {f, }nen is a extremizing sequence for (3.2) if and only if {s~(@V/2f, (s71)}, o is
an extremizing sequence for the inequality for T, s > 0. Thus for the problem of extremizers
and properties of extremizing sequences it is enough to study s = 1.

For any p € (0,00) we can consider the truncated hyperboloid H? , = {(y, \/s* + [y[?) :
y € RY |y| < p} endowed with the measure which is the restriction of as to H? . We denote
by T, the corresponding adjoint Fourier restriction operator, T,f = T'f for f € L*(H? ).
Slnce one has the estimate |7, f||zo®a) < C|f|lz2(me ), it follows that for d > 1 and p >
2(d 4 2)/d the estimate

Lo fll ety < Cllf || L2qme ) (3.10)

holds for some constant C' = C(d, p, s, p) < 0.

A theorem of Fanelli, Vega and Visciglia in [18] implies that if d > 1 and p > 2(d + 2)/d,
then complex valued extremizers for (3.10) exist. There are nonnegative extremizers if p
is an even integer as can be seen from the equivalent “convolution form” of (3.10). This
shows that for (d,p) = (2,6) and (d,p) = (3,4) there are extremizers for (3.10). The case
(d,p) = (2,4) does not follow from the result in [18] since it is the endpoint. Our argument
here shows that in this case extremizers do not exist.

3.2 The Lorentz invariance

The Lorentz group is defined as the group of invertible linear transformations in R4 pre-
serving the bilinear form (z,y) € R x R4 s z - Jy, where J is the (d + 1) x (d + 1)
matrix J; ; =0if ¢ # j, J;; = —1if 1 <i < d and Jg414941 = 1.

Let us denote by £+ the subgroup of Lorentz transformations in R4! that preserve HY.
It is known that o, is invariant under the action of £ and moreover is the unique measure
on H? invariant under such Lorentz transformations, up to multiplication by scalar; for this
we refer to [39] where the case d = 3 is considered, but the same argument can be adapted
tod > 2.

For t € (—1,1) we define the linear map L' : R4 — R by

L&, ... &4, T) = (\5/1%’52 5’\7/1—1__2551512)

{L'}1e(—1,1) is a one parameter subgroup of Lorentz transformations, contained in £+,
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For i,j € {1,...,d} we let P, ; be the linear transformation that swaps the ith and jth
components of a vector in R4,

For any orthogonal matrix A € O(d, R) the transformation (§,7) — Ra(&,7) = (A€, 1)
belongs to L.

By composing the transformations P;; and L' for suitable 4, j’s and ¢’s it is not hard
to see that if (£,7) € R satisfies 7 > |¢], then there exists L € £t such that L(¢,7) =
(0,+/7%2 — £2). Alternatively, this can be achieved by using the transformations R4 and L':
we first find A € O(d, R) such that A¢ = (|£],0,...,0). We take t = —|¢|7~! and note that
Lt(RA(gvT)) :Lt(|€|70>"'70’7) = (07 T2 — |€|2)

For p € [1,00], L € L' and f € LP(H?) we define

L'f=folL,

(1))

where “o” denotes composition. The invariance of the measure o, under the action of £
implies that for all p € [1,00) we have || f||Lr(may = [|L* f|| p(me), and the equality for p = oo
holds since Lorentz transformations are invertible. It is also direct to check that for p € [1, 0o]
we have || Ts(L* f)|| Lo (wa+r) = [|Ts f]| po(ra+1y. Therefore, if { f, }nen is an extremizing sequence
for (3.7) and {L, }nen C LT, then {L? f,, }nen is also an extremizing sequence for (3.7).

The Lorentz transformations we will use in this paper are the P;;, R4 and Lf. The
invariance of o, with respect to these transformations can be seen directly by using the
change of variables formula and seeing that the Jacobians work out.

3.3 On Foschi’s argument

For ease of writing we will define ¥s : R — R by
Vs(x) = Vs + 22

We let 1 := 1);. We will abuse notation and write 1,(y) to mean 1,(|y|), for y € R<.
For measures j, v in RY, their convolution is defined by duality as

/ gd(ux v) = / oz + y)du(z)dv(y),

for all g € Cy(R?).

For a measure ; in R% and n > 1 we will denote u*™ = pix- - -%u, the n*"-fold convolution
of p with itself.

The measure o, on H? satisfies that the n'"-fold convolution o™ is supported in the

closure of the region Py, = {({,7) : 7 > /(ns)?2 + [£|?}. For any fixed (§,7) € Py, we
define the measure on (R%)" by

fier) = 0 (T ~Wsl@) = - ws(x”)) de, ... dz,.
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With the Dirac delta, d;, on R? x R defined as
(6o, f) = F(0), for all f € S(RY x R),
fer) is the pullback of dy on R¢ x R by the function ® . : (RY)" — R? x R given by

Py (1, oy @n) = (€= a1 =+ =2, T = (1) = -+ = Pha(n)).

As discussed in [20], the pullback is well defined as long as the differential of @ -y is
surjective at the points where ®( ;) vanishes. The differential of ® ;) is surjective at a
point (1,...,2,) if and only if ;,..., 2, are not all equal. Now ®( )(z,...,z) = 0 if and
only if 72 = (ns)? + [£]?, that is, at the boundary of P,,,. Thus, the pullback is well defined
on Pg.

For each (§,7) € Py, we define the inner product (-, ), and norm || - ||, associated
to e r) as

(F,G>(£’T):/( ., F(xy,...,2,)G(21, ..., 20) dite (21, ., 20),
R n
||F||%EJ):/ F(r, s )P ditgey (21, 2),
(RA)"

What connects this inner product with inequality (3.2) is the following identity. For
fiyooos fo € LA(HY)

10g %% [h,0s = o€ — L= —Xp)
f f /(Rd)n ¢s($1) Q/JS(I‘n) (6 v r )

T —Ys(x1) — -+ — () day .. . dxy,

- /(Rd)" Ys(x1) .. s(Ty) dpve,y (... xp)
- <F’ G>(£7‘F)7

where F(xq,...,2,) = w(ill()f}g i”(("i")m and G(xy,...,z,) = ws(m)l/?..l.ws(xn)l/2'

Lemma 3.3. Let f € S(RY), then the n'"-fold convolution of fo, with itself satisfies
*n 1/2
1(£o) ™ | gy < oS g | £ e (3.11)

Moreover, for f # 0, for equality to hold in (3.11) it is necessary that o™ & 7) = ||Ug*n)||Loo(]Rd)
for a.e. (£,7) in the support of (fo,)t™.
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Proof. Let g € S(R4*1), then by definition of the convolution we have

fa) S
Ys(x1) .. s(Ty)

Ty ...dx,

<gaf0£*n)> :/9($1++$n7¢s($1)++¢s($n))

_/g($1+"'+96m1/1s(151)+"'+¢s($n)) f(ml) f(xn) dx dx
B V()2 ()12 P ()12 __¢( yr2n
ZL’1+ —|—l‘n,1/15($1) + +77Z)s(xn)) )2
‘/ IXERIEACS - dea) ¢s :cn>d5”
(g%, o™V 2 £ gy

*n)|11/2 n
\memémgmwmmy

which proves (3.11) by taking the supremum over g € L*(R4).
Now if

1/2
1ol N ey = oS ™ 12 gy £ 15 e

then, taking g = foi™, we must have equality in (3.12)

((fol™),00™) = [ fol™ |

which occurs if and only if

O‘g*n) ||Loo (R4);

g™ (€, 7) = (|00 | oo e
for a.e. (¢,7) in the support of fol™

From Lemma 3.3 and (3.5) we obtain

Corollary 3.4. Let (d,p) satisfy (3.3) and suppose p = 2k is an even integer. Then

1T f irmany < Cm) P IO oo 1 1 g

and thus

* 1
Hd,ps B (271')(d+1)/p|’ (xk) ||L/£ (Ra+1)°

In the three cases of pairs (d,p) that interest us in this paper, (3.14) gives

H;,, < (27r)3/4|]05 * Us||Loo(R3)7

Hs s (27r)1/2H08 * Og % O and

I

<
Hs,, < 270, * 08||2/<3>(1R4)’

For the nonexistence of extremizers we will be using the following result,

63

N[

... dzx,

(3.12)

(3.13)

(3.14)
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Corollary 3.5. Let (d,p) satisfy (3.3) and suppose p = 2k is an even integer. Suppose that

Hy, = (27)0/7|| o (*k)HlL/f,f (ra+1y and that o (7,€) < ||o"P|| poo(rasry for ace. (§,7) in the

support of ¥ Then extremizers for (3.2) do not exist for the pair (d,p).
Proof. This is direct from the last assertion in Lemma 3.3. ]

Lemma 3.6. Let f € S(RY), then the n'"-fold convolution of fo, with itself satisfies

O_(*n) 2 f2<1: ) f2( ) *N)
ot < [ T ot b ) 4 )
(3.15)

Proof. We will prove the case n = 2 as the general case is analogous requiring only more
notation. Following Foschi’s argument we write

L S@I)
forefon(er)= [ T EE = 0 — (@) — ) ddy
- / T} (3.16)

From Cauchy-Schwarz, for (£, 7) € Py,

) (2)/(v) 1
[foux fou(7,)] < H SIRY (T@stm%ws(y)% o (3.17)
Now
L 3.18)
5 erle = o ten ¢
as can be seen from (3.16) by taking f = 1. Then,
f@)fly) |12

1fous foull < / 1 « 0u(€.7)dr de

‘W o
) ( o) VRO
/73d2/Rd)2 wsy 0 f—x—y s 3(5’ )dl’dyd d’f

:/ (x) Y /P“ ( V() = Waly ))as*as(f,T)defdxdy

( )
Vs(y) E—x—y
_ (:c)f F@fy o i )
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3.4 Nonexistence of extremizers

In this section we prove Theorem 3.2. We start with the computation of the double and
triple convolution of o, with itself.

Lemma 3.7. Let d =2, s > 0 and o, the measure on H? given in (3.6). Then, for (§,7) €

R?Z xR
2
706 T) = T e Ry (3.19)
05 % 05 % 04(E 7'):(27r)2(1—L> (3.20)
o S = e MG Ry :
In particular, ||og * 04||Lors)y = £ and for all (§,7) in the interior of the support of o, * o,

we have o, x 04(&,7) < |05 * 0| oo (w3)-
Also, ||os* 04 % 04| 1ooma) = (2m)? and for all (§,7) € R™, o, x 0, % 0,(£,7) < |05 * 04
O'SHLoo(]R:S).

Proof. 1t is easy to compute the convolution,
osx 05(0,7) :/ 6(r—2/s2 + |?J|2)L =27r/005(7_2 2 rdr ‘
s s\Y, B2 82 + |y|2 0 82—|—’I“2
Let u = 2v/s%2 + r2, then
> du

1
osx05(0,7) = 27r/ S(r — u); =2mx (7 > 2s)—
-

2s

By Lorentz invariance we obtain
2T

o5 % 05(&,7) = \/ﬁ—_iWX{T%/@s)mﬂ?}'

For the triple convolution we use the expression we just obtained for the double convolution,

dy
osx0g % 04(0,7) :/ oxo(T =+ Y]} —y)—F——ms
2 V824 Jyl?

— (2m)? /Oo X(T = Vs 2> /(282 1% rdr
o (T VSRR 2 s g

Let u = v/s? + r2, then

72—332

2r du
V-0 (@ =)

os %05 %05(0,7) = (27T)2X{7->33}/

7'2735
'LL
(27)° X {r>3s
X{>3}/s VT2 — 271U+ 52
(27T) (1 - _>X{T>3S}



CHAPTER 3. NONEXISTENCE OF EXTREMALS FOR THE HYPERBOLOID 66

By Lorentz invariance,

3s
- 2
Og % Og * 05(67 7—) - (27T) (1 - \W)X{T> /(35)2_,_‘&2}‘ u

A different proof of Lemma 3.7 is given in Appendix 2.
Lemma 3.8. Let d =3 and s > 0. Then for (£,7) € R* x R

452 1/2
Og * 08(57 7') = 27T<1 — 7_2_—’§|2> X{T> (25)24_‘5'2}. (321)

In particular, ||og % 04| eoray = 21 and for all (§,7) € R, 0% 04(§,7) < ||os * 05| oo (R4 -

Proof.
0y % 04(0,7) :/ 5 — 2/ T P :47r/005(7—2\/82+7’2) ridr
I R? s* =+ [yl 0 s?+r?
Let u = 2v/s%2 + r2, then
o] /u2 — 452 VT2 — 482
osx05(0,7) = 27r/ ot — u)udu = QWT—SX{T>25}
2 u T

452\ 1/2
= 27T<1 — g) X{r>2s}-

Therefore, by the Lorentz invariance,

462 1/2
05 % 05(&,T) = 2”(1 o2 |§|2> X{r=+/(25)241€)2} -

A different proof of Lemma 3.7 is given in Appendix 3. From Corollary 3.4, Lemma 3.7
and Lemma 3.8 we obtain

Corollary 3.9. We have the following upper bounds for the best constants,
H2’4 < 23/47'(', H2’6 < (27’(’)5/6, and H3,4 < (271')5/4.
For the lower bound for the best constants we will exhibit explicit extremizing sequences.

Lemma 3.10. Let d =2 and s > 0. For a > 0 we let f,(y) = e V=W o € R2. Then

. . 23/471'
Jim [T fall oy L fall 2y = —72 (3.22)
Jim 1T fall oy 1 fall 2 a2y = (2)°. (3.23)
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A proof of this can be found in Appendix 2. For the case d = 3 we have an analogous
result.

Lemma 3.11. Let d =3 and s > 0. Fora > 0 let f,(y) = e VW 4 ¢ R3. Then

lim HTSfaHL‘l(R‘l)HfaHZ?l(oS) = (271')5/4.
a—07t

For a proof of Lemma 3.11 see Appendix 3.

Note that Corollary 3.9, Lemma 3.10 and Lemma 3.11 imply that for (d,p)
the sequence {f,/||fallz2(s,) }as0 i an extremizing sequence as a — oo, for (d,p)
{fa/ll falle2(o) a0 18 an extremizing sequence as a — 0% and for (d,p) = (3,6),
{fa/ll fallL2(o.) a0 is an extremizing sequence as a — 0.

Proof of the first part of Theorem 3.2. Combining Corollary 3.9, Lemma 3.10 and Lemma
3.11 we obtain the first part of Theorem 3.2, namely the value of the best constants,

H274 = 23/47T, H2’6 = (271')5/6, and H376 = (271')5/4.

That extremizers do not exist is a consequence of Corollary 3.5 and the last assertions about
the infinity norm of the double and triple convolution of o with itself, contained in Lemma
3.7 and Lemma 3.8. O

We now prove the assertion given in the introduction about extremizers for the truncated
operator T, for d = 2 and p = 4.

Proposition 3.12. Let (d,p) = (2,4) and s > 0. For any p > 0, the best constant in (3.10)

equals 23/451% and there are no extremizers for (3.10).
Proof. The nonexistence of extremizers follows from the nonexistence for (3.2) if we prove
that the best constant for the truncated hyperboloid equals the best constant for the entire
hyperboloid, Hy 4 ;. For this we need a lower bound.

Since the extremizing sequence { f, /|| fall2 }a>0 given in Lemma 3.10 concentrates at y = 0
as a — 00, one easily sees that for the sequence { fox|y1<,/|l faX|yi<pll2}a>0

Tp(faXiieo/ I faxinipllz) = 224w /s1  as @ — oo,

giving the desired lower bound. O

3.5 On extremizing sequences

We are interested here in properties of extremizing sequences for (3.2). The Lorentz inva-
riance of o, implies that given an extremizing sequence {f, }nen for (3.2), and a sequence of
Lorentz transformations {L, },ex preserving H? then {f, o L, }nen is also an extremizing
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sequence. Even though there is this symmetry group we can obtain some general properties
concerning concentration of extremizing sequences.

Consider first the case d = 2 and p = 6. From Lemma 3.10 it follows that the sequence of
functions { f,/||fall2}a>0 18 an extremizing sequence as a — 07. This particular extremizing
sequence concentrates at spatial infinity, that is, for any ¢, R > 0 there exists ag > 0 such
that for all 0 < a < ao, ||fo/|lfall2llz2(B0,R)) < €, where B(0,R) = {y € R*: |y| < R}. Next
we show that this is the case for any extremizing sequence.

Proposition 3.13. Let {f,}nen be an extremizing sequence for (3.2) in the case (d,p) =
(2,6), then for any e, R > 0 there exists N € N such that for alln > N

[ fullz2(B0,m) <é
that is, the sequence concentrates at spatial infinity.

Proof. Let ¢, R > 0 be given. From the proof of Lemma 3.6 and from Lemma 3.7, for the
inequality in convolution form, we have

ano's * fnas * an-SH%Z(]R?’) < /

P23
. AGIAOIAE
— (2n) /P
— (9m 2L £ 116, fo@) fa(y) fulz) 12 3s drdf
(212 fulS2(ony — (27)? /P LOLDEG P St

INCORTNENNEIE
Since || fu0s * fuos * fuos||72gs) — (2)? as n — 0o we obtain

2

fn(x)fn(y)fn(z) kO %O (7_ é‘)deé‘
Uo(2)20,(y) 2 (2)2 lme) T T T

2 3s
iy (1- —m>d7d§

fn(x)fn(y)fn(z) 2 drd§
- : - — =0 , 3.24
/p b@ )it e o —gp T 320
and thus there exists N € N such that for all n > N
fal@) fuly )fn( ) 1P deS £

< .
/7>2,3 Us(2)20(y)2 ()2 1m0 /T2 = JEF 3V/s7 + B2
From Lemma 3.6 the expression in the left hand side can be written as
/ fa(z) fuly )fn( ) |12 drdg

Pos 10 (2) 204 (y) 2005 (2)2 1m0 \ /72 — | €2

F2(2) f2 () f2(2) ™= y(@) = o(y) = u(2))__drdg
Uu(@)a(y)s(2) /p 5( E—z-y—2 >—72_|§|2d dy d
(@) fa(y) fa(2) T (@) = Uuy) N

=) @) (2) /p 5( E—z—y—2 >Td dt dvdyd

N / P@fwfe)  dedyds

= Jiso.my Us(@)0u)0s(2) () + () + 1 (2)
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If 7,y,2 € B(0, R), then 3s < 9,(x) + ¥s(y) + ¥s(2) < 31s(R) = 3vs? + R% Therefore, for
alln > N

ers i P ws ws< > ws< ELC VR TR VE 2+P@ iy
and so, sup || fn|l2(B(0,r)) < € as desired. O

nz

We now turn to the case d = 3 and p = 4. Here we can also prove that extremizing
sequences must concentrate at spatial infinity, the analog of Proposition 3.13.

Proposition 3.14. Let {f,}nen be an extremizing sequence for (3.2) in the case (d,p) =
(3,4), then for any e, R > 0 there exists N € N such that for alln > N

[ fullz2(Bo,R)) <€
that is, the sequence concentrates at spatial infinity.

Proof. The proof follows the same lines as the one for Proposition 3.13. Using the convolution
form of the inequality we obtain the analog of equation (3.24),

@) @) fa(2) 2 1, (45T 12
/p Vu() 304 (y) 2 ha(2) 2 W(l (-7 |§|2) )drds =0 asn = oo,
If we use the bound 1— (1 — _{8‘252)1/2 >1—(1- 4%22)1/2 and 0 < ¥(x) +¢s(y) < 2¢5(R)

whenever |z|, |y| < R we obtain

f?"b( )fn( )fn( ) 2 452 1/2
Lt tllo (- (- ) aree
> (1= () Yo

The conclusion follows as in the proof of Proposition 3.13. O

We now analyze the last case (d,p) = (2,4). Since oy * 04(§,7) = |05 * 0| Loo(ms)
whenever 7 = /52 + |£]?, that it, at the boundary of the support, it is not hard to see that
there are extremizing sequences that concentrate at any given point in H2. For the example
of extremizing sequence given in Lemma 3.10, the concentration occurs at the vertex of the
hyperboloid, (§,7) = (0,s) =: P. We want to show that any extremizing sequences must
concentrate.

Since one can have extremizing sequences concentrating at any point in the boundary it
is possible to construct an extremizing sequence that concentrates on a dense set of H? in
the sense that given a sequence {y,}nen C H? there exists {f, }nexn C L*(H?), extremizing
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sequence, with the property that for any ¢ > 0 and r > 0 there exists N € N such that for
alln > N

| neram <e (3.25)

Equivalently, by taking a Lorentz transformation L, € £* with L '(y,) = (0,s) = P and
using the Lorentz invariance of the measure, (3.25) can be written as

/ L fuly)P dou(y) < &,
|Ln(y—P)|>r

where L* f,(y) = fu(Lny). We show that this is the only possibility for an extremizing
sequence.

Proposition 3.15. Let {f,}nen be an extremizing sequence for (3.2). Then there ezists a
sequence {L,}nen C LT satisfying that for any e,r > 0 there exist N € N such that for all
n>=N

/ Ly fu(y)? dog(y) <, (3.26)
ly—P|>r
where P = (0, s) is the vertex of the hyperboloid HZ.

For the proof of the proposition we will need to introduce the function d, : R?> x R? = R
given by the formula

l.0) = - (o) + s 0))? — la+9f2)2 1
Elementary properties of d, are contained in the next lemma whose proof is left to the reader.
Lemma 3.16.
(i) For all x,y € R?, dy(z,y) = ds(y,z) = 0 and ds(z,y) = 0 if and only if v = y.
(ii) For all x € R?, lim d(z,y) = oo.

ly|—o00

(iii) For every R > 0 there exists 0 < C1(R), Co(R) < oo such that
Ci(R)]z — y* < ds(z,y) < Co(R)|z — y.
for all x,y with |z|, |y| < R.

Property (ii) implies that for given y € R? the d,-ball of radius R > 0 and center y,
Bi.(y, R) := {x € R? : dy(z,y) < R}, is a bounded set. Property (iii) relates the dy-ball
with the Euclidean ball, for y with |y| < R and r > 0

B(y,cr) C By, (y,7) C B(y,dVr), (3.27)

for some constants ¢, ¢ depending on R and r only.
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Proof of Proposition 3.15. The first task is to find a sequence {y,}nen C H? such that an
analog of (3.25) is satisfied. It will be convenient, for notation only, to identify functions
from H? to R with functions R? to R and points in H? with points in R?. This is done via
the projection of H? onto R? x {0}.

From Lemma 3.6 and from Lemma 3.7, for the inequality in convolution form, we have

I sy < [ [P oty
T @) P2
T nlY) drd
Nl v
< Zllfull =

Since || fu0s * fu0sl|72gsy — T as n — oo we obtain

/ fa(@) faly) |12 2s
P22 wS(x)%w (y)é (r8) /72 — |€[?

Similarly as in the proof of Lemma 3.6 the expression in the left hand side can be written as

drdé — 1 as n — oo, (3.28)

/ fu(@) fu(y) |2 2s drde
Pol ()20 (y)7 1) /72 — [€?
_ fa(@) f2(y) T —ho(z) — () 2
N /(132)2 Vs(2)s(y) /732 5( E—x—y ) N =drd¢ dr dy
_ / fa(@) f3(y) 25 Ledy
w22 Us(@)0s(y) (Vs(2) + Us(y))? — |2+ y[?) /2
_ Fa@) i) p o
N /(11%2)2 Vs (2)s(y) Ril@ y)do dy

Observe that

I Inl0) gy | ol = 1
/(]R?)2 Vs()Ys(y) LA

and

2s 1
Ks(x7y) = ((¢s(x) +¢S(y)>2 _ |x+y|2)1/2 - dS(ZL‘,y) +1 st

for all z,y € R?. Equation (3.28) implies that

fa(@) fiy)
R2)2 Vs(2)s(y)

K (x,y)dedy — 1 as n — co.
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Denote h,(y) = f(y)?/1s(y), so that [, h,(y)dy = 1. For € > 0 we can write

/(R2)2 b (2) i (y) Ks (0, y)dx dy = / b (2) P (y) K (0, y)de dy

ds(z,y)<e

+ / (@) (9) Ko (2, y) iz dy
ds(z,y)>e

1
<l = (1= =) | L Tal)(g)drdy
s(x,y)>¢e

Then, as the left hand side tends to 1 as n — oo we conclude that

lim ho(z)hy(y)dx dy = 1.

oo dS (Ivy)<5

Using the Fubini Theorem we can write

/ () () dy = / haly) / () ddy
ds(z,y)<e R2 ds(z,y)<e

< Rl sup/ hp(x)dx.
ds(z,y)<e

yeR2
Then
lim sup / hp(x)dz = 1. (3.29)
Bds (yvg)

n—oo yERQ

Fix a continuous function v : (0,00) — (0,1) satisfying v(¢) — 0 as ¢ — 0*. Then (3.29)
implies that there exists N(g) € N such that for all n > N(¢)

sup / ha(y)dy > 1 — (),
Bds(yve)

yeR?

and so there exists {2 },>n() C R? such that

/ ho(y)dy > 1 — 27(e).
Bds(yi#‘:)

In this way, each € > 0 we have a number N(e), and a sequence {y; }n>n(e).-

The construction of the sequence {y,}n,en will be obtained by a diagonal process. We
take a strictly decreasing sequence {ej}ren with e, — 0 as & — oo. This gives a sequence
{N(k)}ren and {yF}i=n@) k=0 We can assume that the sequence {N(k)}en is strictly
increasing. For each n > N(1) we let I(n) = inf{k : N(k) < n}

Define {y, }nen by

g i > N(1)
= v . ifn < N(1)
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where 1) € R? is arbitrary, but fixed.
Now let € > 0 be given. Take k such that g, < e. For n > N(k) we have l[(n) > k, so
€i(n) Lep<e and

/ . hn(y)dy > 1 — 27(5l(n))a
Bds (ynn 75l(n))

and hence
/ hn(y)dy > / l hn(y)dy > 1= 2y(eym) = 1 = 29(e).
Ba, (yn€) Bay (4™ e1(my)

Since y(g) — 0 as ¢ — 07 we have just proved that for any e, > 0 there exists N € N such
that for all n > N

dy
fay)———=21-c¢ (3.30)
/Bds(yn,s) V 52 + |?J|2

To finish we need to use the Lorentz invariance. This is better done without the iden-
tification of H? with R? that we have been using, so we now lift everything to H2. Let
D,:{(&7) € R* X R: 7> |¢|]} = R be defined by

Di((&1,m), (&2,72)) = (28) M ((m +7)* — [&1 + &)/ = 1,

and observe that for every L € LT, Dy(L(&1,71), L(&2,72)) = Ds((&1,711), (&2, 72)).
Let 2, = (Yn, ¥s(yn)) € H2. We can write (3.30) equivalently as

/ £(2)2do(2) < .
Dy (z,2n)>r

By the Lorentz invariance of D, and o, for L, € £ such that L '(z,) = (0,s) = P we have
that for every €, > 0 there exists NV € N such that for all n > N

[ P > 1-
Ds(z,P)<r
which implies
A CRECEIEE
|z—P|<\/1

for all » > 0 sufficiently small, independent of £ and n, proving the proposition. O

3.6 The two sheeted hyperboloid

In this section we consider the two sheeted hyperboloid

HY = {(y,y) e R x R:y? = s* + |y|*}

s —



CHAPTER 3. NONEXISTENCE OF EXTREMALS FOR THE HYPERBOLOID 74

with measure
_ _1 _1
o5y, y) = 6(y — /82 + Y2 + [y[) 2 dydy’ + (v + /s + [y2)(s* + |y|*) " 2dydy’

and adjoint Fourier restriction operator defined by T, f = fo,, for f€S (R4,
H? is the union of the two sheets

= = {(y,y) € R xRy = £(s” + [y[)*}.

What in this section we are calling H** is what before we denoted by H? (that change of
notation is convenient here). In the previous section we proved that for H4T (and thus also
for H%™) extremizers do not exist for the cases (d, p) = (2,4), (2,6) and (3,4). Here we show
that extremizers for T1¢ do not exist either and compute the best constants.

The adjoint Fourier restriction operator on H%* is denoted by T, and the one on H%~
will be denoted T, . For s = 1 we will drop the subscript s.

For sets A, B C R? we denote A+ B ={a+b:a € A, b B}, the algebraic sum of A
and B, and —A = {—a:a € A}. We start with the following lemma.

Lemma 3.17. Ford > 1 we have

H& + HET C {(,7) € R x R: 7 > /(25)2 + [€]2}, (3.31)
Hi + 1A C {(6,7) € RIx R+ |7 < v/(25) + €2}, (3.32)
HY™ +HY c {(€,7) e RYx R: 7 < —/(29)% + [€2). (3.33)

Proof. The first assertion was already proved when we computed the double convolution
osx 0s. We do it again. If £ =z + y and 7 = ¢s(z) + ¥4(y), then 7 > 2s > 0 and squaring

7= (s(2) + U5 (y)® = 25% + |2 + [y + 2(s* + [2*) /2 (s> + |y|) /2.

On the other hand,

(€17 = |z +yl* = 2" + |y + 22 - y.
Using z - y = |z||y| cos 8, with 6 the angle between x and y we see that (3.31) is equivalent
to the inequality for real numbers a, b, s > 0

(s +a*) (s> +0))V? > s* + ab (3.34)

which is easily shown to hold, by squaring both sides.
We proceed in a similar way for the second part. Let £ = z + y and 7 = ¢5(z) — ¢¥s(y).
Then
7_2 _ 282 + |JZ|2 + |y|2 i 2(82 + |l’|2)1/2(82 + |y|2)1/2'

As before we see that (3.32) is equivalent to

(& + [P 4 ) < 2y,
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which in turn is equivalent to the easy to verify inequality for real numbers a,b,s > 0
(82 + a2)1/2(82 + 62)1/2 > ab — 82.
As for (3.33), it follows from (3.31) by observing that H%~ = —H%™, O

Lemma 3.18. Let d > 1, then

HET +HYT +HIT C{(€m) e RYx Re7 > V/(3) + [€2), (3.35)
HI™ +HI™ +HI” C{(€7) €R' x R:7 < —/(35)2 + [¢2}, (3.36)
HE + HET + HE C {(€,7) e REX R :7 > —/(35)2 + [€]%}, (3.37)
HY* + HE + HY C{(€,7) € R x R : 7 < /(39)° + €12}, (3.38)

Proof. We know from Lemma 3.17 that
HE* +HIT C {6 7) 17 2 V/(29)2 + €7}
We start with (3.35). Let £ =z +y and 7 > 194(x) + ¥4(y) > 0. By squaring,
7> 58 4 [+ [of? +2045° +[a) (s + [y
Then (3.35) would follow from
(4s” + )2 (s> + [y )2 = 28" + -y,
which is equivalent to the easy to verify inequality for real numbers a,b,s > 0
(4% + a®)2(s* + b*)V? = 25° + ab.

We now establish (3.37). Let & = z+y, 7 = ¢o5(x) —s(y). If 7 > 0 we are done, so suppose
that 0 > 7 > ¥as(x) — 1s(y), then

72 <587+ [af? + [yl — 2(48% + )27 + yP) 2,
and (3.37) would follow from
—(4s® + [ 2 (s + [y < 28"+,
which is equivalent to show
(4% + a®)V2(s* + 0H)Y? > ab — 25

for all a,b,s > 0 and this last inequality holds.
Both (3.36) and (3.38) can be proved in a similar way. O
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For a function f € L?(H%) we can write f = f, + f_, where f, is supported on H%*,
and /- on HE~. One then b [/ Bagag = 125, + 1 s

Proposition 3.19. Let d € {2,3} and s > 0. Then
I:Id74’5 = (3/2)1/4Hd,4,sa

and extremizers for the L*(H%) to L*(RY) adjoint restriction inequality on H¢ do not ea-
ist.  Moreover, if {fn}nen is an extremizing sequence for T then {fun+/|fu+ll2tnen and
{fo /I fn—ll2}nen are extremizing sequences for Ts and T, in HE* and HE™ respectively.

Proof. We want to show

- _ 3
sup T flallS I A ey = 5H o (3.39)
0#feL2() °

For the inequality ]|Tsf||‘i4||f\|2§(ﬂg) < 3Hj, , we use the argument in [20, pg. 754-755].

We will restrict attention to the case s = 1, but the other cases follow in the same way, or
by the use of scaling. Observe that

ITflzs = T fr + T f-lle = (T fe + T f2)?II7
= (T f)* + (T ) + 2T f (T )72

Using that product transforms into convolution under the Fourier transform we see that
the Fourier transforms of (T'f,)% (T~ f_)* and (Tf,)(T~f_) are supported on H4* +
He+, HE +H%~ and HY +H®% ™ respectively. Those three sets have intersection of measure
zero by Lemma 3.17, therefore

ITFI = T Fe e+ 1Tl + ANTE T Ol (3.40)
3 SR(TATAE PR PRI FA TS (3.41)
3
< SHAI B + 1732 (3.42)
3
= SHLIfIL (3.43)

where we have used the sharp inequality (as in [20])

3

X2+ Y2 +4XY < 2(X+Y)2, XY >0 (3.44)

Y

where equality holds if and only if X =Y. Thus,

= _ 3
T 7L ey < 5 (3.45)
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To establish (3.39) in the case s = 1, let {f, 4+ }nen be an extremizing sequence for 7'
By identifying a function on H%* with a function from R to R we let f, _(y) = fui(y),
y € RY, that is, the complex conjugate of f, . Then f, = \/ii(fwr + fn—) is an extremizing
sequence for T on ¢ since (3.42) becomes equality and (3.41) becomes equality in the limit
n — oo.

To prove the nonexistence of extremizers we note that for f # 0 there is equality in (3.45)
if and only if there is equality in (3.41) and (3.42). There is equality in (3.42) if and only if
| fell2 = || f=|l2- There is equality in (3.41) if and only if

| T fillr = Haall fll czuasy, 1T f- |l = Haall f- || 2.y, (3.46)

and |T'f,| = |T~ f_| a.e. in R%
By Theorem 3.2 we know that (3.46) can not hold for nonzero f, and f_ proving the
nonexistence of extremizers for the L?(H?) to L*(R?) adjoint restriction inequality on H¢.
Now let { f,, }nen be an extremizing sequence for T, i.e. ||f,|l2 < 1 and nlggo 1T full o ray =

(3/2)Y/4H, 4. For the decomposition f, = f, 1 + f._, we see that

3

i (o I+ e + Al e B o B2) = 5.

This implies that if lim,, o || fn+] 22 and lim,, o || fn,— || 2 exist then they must be equal, and
so equal to 1/v/2. Therefore any subsequence has a convergent subsequence with limit 1/v/2.
This implies the existence of both limits and lim, e || fu.4 |2 = limy oo | fa— |2 = 1/3/2.
If we write || T fo4|la = anHaall fol|L2ne+y and [T fo —|l4 = bHaall f-||2(ma—y. Then,
as before, lim,, o @y || fr 4|2 = \/Li, and so lim,,_,., a, = 1, and similarly lim,, ,., b, = 1.
Hence, {fu+/|lfo+ll2tnen and {fun— /|| fu—ll2}nen are extremizing sequences for Ty and
T, in H4* and H%~ respectively. O

Proposition 3.20. Let d € {1,2} and s > 0. Then
Hy, = (5/2)/"Hags, (3.47)

and extremizers for the L*(H?) to L(R?) adjoint restriction inequality on H? do not ex-
ist.  Moreover, if {fn}nen is an extremizing sequence for T then {fu+/|fo+ll2tnen and
{fo— /I fn-ll2}nen are extremizing sequences for Ts and T, in HE* and HE™ respectively.

Proof. A proof of this is contained in 20, pg. 758-760]. It follows the same lines as Proposition
3.19. One first writes HTsfH%G(]RS) = H(Tsf)3\|%2(R3) and f = f, + f_. Expanding (T,f, +
T, f-)? and using Plancherel’s Theorem together with Lemma (3.18) plus Holder’s inequality

one obtains
25

||Tsf|’g6”f||226(1ﬁg) < ZHS’G’S’

proving Hy g s < (5/2)Y/3Hy,. The reverse inequality in (3.47), the nonexistence of extrem-
izers and the property of extremizing sequences stated in the proposition are handled as in
the proof of Proposition 3.19. We skip the details. O
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Proposition 3.19 and Proposition 3.20 give the proof of the second part of Theorem 3.2.

3.7 Appendix 1: Scaling

Here we record the scaling for the family of operators {7Ts}s~0. Recall from the introduction
that for s > 0, H? := {(y,/s®+ |y|?) : v € R%} equipped with the measure o,(y,y') =

I 2 2\ __ dydy’
5(3/ V85 + |y| )\/m
The operator Ty defined on S(IR?) by
—— . . d
T,f(2,t) = fou(—a, ~t) = / AT ) R
R V2 + |y|?

We want to show that Hy,, ; defined in (3.8) satisfies (3.9). If we make the change of
variables v = sy in the expression defining 7' f(x,t), then

_ [ it/ TR dy
Tian) = | 0

o ) - —ddq
:/ es lz-yelt\/mf(sfly) S 7y2 :
R4 \/ 1 + s |y‘

_ 87d+3/2 / eis_lx-yeis_lt\/32+|y|2871/2f(571y) dy
R4 V82 + Jy|?

from where s3/2T f(sx, st) = Ty(sY/2f(s71))(x, ) and it follows that
1SV [ pmary = [ Tos™ 2 (575 | o e
On the other hand
dy _ s~ dy
f)P——= = sy ——=
JL Pt = [l

_ _ - dy
—3 d+2/ |S 1/2f(s ly)|2
R

VEEIE

that is || f|l 2@y = s~ @272 s 2 f(s71) || 12(0s), thus
sDPZEVPIT f| ooy | | 20y = 1 Tss™ 2 F (s momesn 152 F (57 ) 12 0

and it follows that for all s > 0

Hy,, — s D/2- @0/, (3.48)
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3.8 Appendix 2: some explicit calculations for the case
d=2

The exponential integral function Ei(z), for  # 0, is defined by
o] 6—t x et

where the principal value is taken for x > 0.

Lemma 3.21. Let a > 0 and f,(y) = e V=W € R2. Then

|’Tsfa|’%6(R3)Hfa”;g(as) = (27)°(1 — 6as — 36a*s*e"* Ei(—6as)), and (3.50)
4
_ m s o
1T fallzagsy l fall 2o,y = 2°—(—4ase™ Bi(—das)). (3.51)

Proof of Lemma 3.10. Using the expressions in Lemma 3.21

: 6 —6 13 5 o o 2.2 6as i/ _ 5
ali%i 1T fallzs l fall 20y = ali)%l+(27r) (1 — 6as — 36a”s“e”* Ei(—6as)) = (2)

and
4

. _ . m - m
lim I Ts fallzall fall 220y = lim 23?(—461564 Ei(—4as)) = 23?- u

Remark 3.22.

1. Tt is not hard to see that the function a — 1 — a + a*e® Ei(—a) is a strictly decreasing
function for a € [0,00) which tends to 0 as a — oo and to 1 as a — 07. Then
T fal|S 6] faHZQﬁ(US) is a strictly decreasing function of a, for each fixed s.

2. The function a — —ae®Ei(—a) is strictly increasing for a € [0,00), tends to 0 as
a— 07, and to 1 as @ — oo. Then |]TsfaH‘i4HfaHZ§(as) is a strictly increasing function
of a, for each fixed s.

Proof of Lemma 3.21. We first compute the L?(o,)-norm of f,,

_ dy < V22 r
falli2o :/ e 2V L = of e
| HLQ( ) R2 s2 + |y|? 0 Vs 41?2

o T
=27 e 2y = —e20,
s a

The formulas in (3.50) and (3.51) are easier to compute in their equivalent convolution form.
Let g,(&,7) = €77 and observe that f,0s * f,0, = gu0s * g0 and f,0, * fo0s * foo0, =
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Ga0s * §a0s* go0s. Then, because g, is the exponential of a linear function, g,0s* g,04(&,7) =
9a(&,T)os x 05(€,T) and g,05 * §u0s * §u05(&,7) = go(§, T)0s * 05 % 05(&, T), therefore

3s

2
/72 _ |§|2> Xir\/(s)*+IglP}
5 00 ()" —2at 3s 2
= (2m) e <1 — —) rdrdr
3s JO T2 — 1?2

0o p4/T2—(3s)2 r r
= (27?)5/3 /0 e 27 (r + (3s)* 5 — 6s 2)d7“d7’

T2 — 2 t2 —r

||faas * foos * faO-SH%?(]R3) = / drdg

. G_QaT(QT(')4 (1 _
X

= (27)° /300 e 27(1(7 = (35)%) + (3s)*(log T — log(3s)) — 6s(1 — 3s))dr

1 o0 o0
= (27?)5<§/ e 2T dr + (33)2/ e 7 log TdT
3

S 3s
[e%S)

— 686_6“5/0 e 2T rdr — (;) + (3s)? log(3s))/3 e_QGTdT)
—6as —6as s —6as
B 5 /e (14 6as(1 + 3as)) ,e "**log(3s) — Ei(—Gas)  Gse
= (2m) ( 8a3 + (3s) 2a 4a?

_ (252 1 (35)? log(3s)) GQZM).

Rearranging the terms we have

_ (35)? Ei(—6a5)66“5 6s >

—bas 1
[ fa0s * fa0s * faos||T2gmsy = (2m)%€™° ( 2a - 8a?

8a3
Then

_ N 1 Ei(—6as)e%®  6s
| faos * faos * faasH%z(Rg)HfaHLg(as) = (27)°7 3a3<8a3 — (35)2T B %>

= (27)*(1 — 6as — 36a*se®* Ei(—6as)).
For the case of L?,

2 . —2art (27T)
HfaUs*faUsHU(]RS) —/Rsze ’6‘2X{T>\/(28 +1¢1? }def

7'2 (23
(2m) / / e 2T 2drdr
— T

:(27r)< aslog(252)a Ei(— 4as) 10g(23)€;aa5>
= —(27)?

Ei(—4as)
2a
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Then
Ei(—4as)
272

= z(—4ase4as Ei(—4as)). O
s

| faos faUsH%m@)HfaHsz‘(as) = _(27")36164%

Our aim now is to give an alternative proof of Lemma 3.7.

Lemma 3.23. Let d =2 and s > 0. Fora > 0 let f,(y) := e V"W e R2. Then

_ —it)2 2
e~ (a—it)2+|z|

Va— 7 +al?

Proof. To compute the function Ty f,(z,t) we use polar coordinates where the polar axis is
parallel to z, so that = -y = |z||y| cos 8, with 8 the polar angle.

dy
V524 |yl?

00 2
; : 71,2 _ 7.2 r
_ / / ez\x|7“005961t\/s +r e av/'s?+r : 2d9d7".
0 Jo Vse+r

Tofu(z,t) = 27 (3.52)

Tofalw,t) = / ViV P HE a5yl

Now from [33, pg. 26] we have that for b > 0
2r
/ ecos0q0 = 21 Jo (b)),
0

where Jy is the Bessel function of the first kind of order zero. Thus

Tsfolz,t) =27 etV Tt gmaVstr® g ;dr
= [

=27 e (@=i)Vs2Hr2 gl ;dr
/ ol e

= 27T/ e~ @ o (|lz|Vu2 — s2) du

which is the Laplace transform of the function Jy(|z|v/u? — s?). It is known ,[35, pg. 129],
that the Laplace transform of Jy(avu? — b?), for a,b > 0, is given by

00 e—0VAZ+a?
/ e M Jo(avu? — b2)du = (3.53)

b NOYEE

for A with 2e(A\) > 0, and the branch of the square root is the one that is real in the positive
real line. For a derivation of this formula we refer the reader to [49, pg. 416].
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Using (3.53) we conclude that
=" (a—it)2+|x|?

Vi —it)? + [z

and the lemma is proved. O

Tsfo(z,t) =27

Alternative proof of Lemma 3.7. Let a > 0 be fixed and f,(y) = e *V**¥*  From Lemma

3.23 we have

_ —it)2 2
e~ (a—it)2+|z|

Ve —it)? + [z
We note that if we let g(¢§,7) = €77, then go, * gos * go(§,7) = g(§,7) - 0 x 05 ¥ 04(§,7) =
fsas * fsas * fsas(ga 7—), and thus

(Tsfs(z, t))g = (9o * gos * gos) (z,1).
Applying the inverse Fourier transform gives

g(§,7) o5 xosx0(§,T) = ((TsfS)g)v(&T)

Tsfs(x, t) =27

from where
sk 05 % 04(6,7) = e T(Tofo)*V (€, 7).

From the explicit expression for T fs,

_ —it)2? 2
e 3s+/ (a—it)2+|x|

(/(a—it)” +[z])?

(Tofs(x,1))* = (27)°

and on the other hand, if Reb > 0

0o (o) , 673sb
/ / e VAN d\ =
3s A b2

/ / (a—it) +\x|2 IV ( )3 e (a—it)2+|z| (T f ( ))3
(27) "d\ = (27 = (T, fs(x,t
s \/ (@ —it)? + |z (V/(a—it)? + [z[?)?

so then

and thus o o
(27’(’)2 / / TXfX ({L‘, t)d)(d)\ = (Tsfs (l’, t))g. (354)
3s A

Using the representation of Ty f), in terms of the Fourier transform gives

(27) / / Ty f (z, t)dNd) = (2r) / / Fvow(z, t)dNd\ (3.55)
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Combining (3.54) and (3.55) and using Fubini’s theorem gives

; dNd\
((Tsfs) ) y T 27T / / 24 |€| ) (V)2+[gl?
3s ()\/)2 + ’5‘2
NENNPIE N
— 2 ot - VORI -39 S iaar
] = dv _ d)
We now make the change of variables v = 1/ (\)2 + [£[?, so T to get

((Tsfs)g)v(g’ T) - (27T)2 / EBCITE (5<T a U)(\/m N 38)\/062—_de

35
_ 2 o —art
= (27) <1 /772_@2)6 X{r /s HIERY

It follows that

3s

_ 2
05k 05 % 05(&, 7) = (2) (1 - W)X{@\/@s)%&l?}‘

The case of the double convolution can be done in the same way using f23 e P\ = _M,

for all b with Reb > 0. [l

Remark 3.24. For any n > 1 and b with SRe b > 0 we have

e 00 —bA
_ e n+1
/ / e M dhy = —
An41 A2

and thus we can compute, in the same way as before, the nt"-fold convolution 05 ) for any
n > 1.

3.9 Appendix 3: some explicit calculations for the case
d=3

Proof of Lemma 3.11. For the L? norm we have

d 0 r? dr

2 _ —2a+/52+|y|? Y _ —2aV/s2+4r?

= e —— = e ——
||fHL2(as) /1;3 $2 + ’y|2 0 /52 4 12

> —2au 4 > —2z
=4r e ? \/u2—32du:¥/as e ¥ /2?2 — (as)2dw.

S
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Then
2

.a 2 _
alf(% ?HfHL?(JS) = 1.

Using the convolution form of the inequality, our goal is to show

lim a4||fgs * fas(gﬂ—)H%?(IR‘l) = 27T3.
a—0t

As in the proof of Lemma 3.21

452

2 _ —2art 2 o
Hfao—s * fao—s(gvT)HLQ(IR‘l) - \/IR><]R3 e (27T) (1 72 _ |£|2>X{T> |£‘2+(25)2}d7—d€
oo pa/T2—(29)2 452
= (277)247r/ / e 2T (1 S >7"2drd7
2s 0
1

T2 2

~ 1677 /2 Oo e (S(r% = (25))F +452((7* = (28)%)F — 7 log(~ il T;S_ (25)2))057

6r [~ o, /1 o3 48, o1 T T+ /7% — (2as)?
== /2 e (35 (% = (2a8))F + —((7 - (2a5)")* — T log( — ))dr.

as

Multiplying by a* and taking the limit as a — 0" gives

LA 2 167° [ 5 s 3

lim a®|| foos * faos(§, )72 me) = e “Tridr = 27°. O
a—07F 3 0

Alternative proof of Lemma 3.8. The two fold convolution of o, with itself can be computed

directly by using changes of variables. We will use the method of an earlier version of Foschi’s

paper [20], available on the arXiv. Given £ € R?\ {0} we can use spherical coordinates

adapted to &, that is, we can write n € R? as

n = (psinf cos p, psinfsin ¢, p cos )

where p = |n| > 0, 8 € [0,7] is the angle between 7 and £ and ¢ € [0,27] is an angular
variable. Then
dn = p*sin 6 dpdfde.

If we let ¢ = |£ — |, then
¢ =g —nl* =& + p* — 2[¢|pcos

and changing variables from 6 to ¢ gives 2¢ds = 2|¢|psin #df. The Jacobian of the change of
variables  — (p, <, ) is

dn = %dpdgdgo.
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The variables p and ¢ are subject to the conditions |p — ¢| < |¢] < p+¢. With this we can
write

ST — 2 — 2 2 2
rovon(rg) = [ NI RD IV,
W JETE— Py TP
o S(r— VT — T
el fo—<l<iel 2 2 /2 2
dlessg ™ Veravee
2T

Il e,

where u = /s + p?, v = V/s? + ¢2 and R, is the image of the region {(p,s) € R% : [p — ¢| <
€], p + < = [£|} under the transformation (p,s) — (u,v). Using the change of variables
a=u—v,b=u+wv,so that 2dudv = da db, we get

ps dpds

d(T —u —v)dudv,

(r — b) dbda.

os % 05(T,&) = |

T
— 1)
¢l Jg,

where R, is the image of R, under the map (u,v) — (a,b). Now it is not hard to see that
R is contained in the region {(a,b) : |a| < |£], b = 1/(25)? + |£|?}. Computing the region
R, gives the explicit formula for oy * oy,

27
0% 04(6,7) = E'T = 2u(&T) X ey

where u(€, 7) is implicitly defined by the equation 7 = u(&, 7)4((\/u(€, 7)2 — 52— |€])%+52)1/2

and u(&,7) > s. Note that simple algebraic manipulation shows that

452
—2 =g (1- )
(T u(§77—)) |§| 7_2 _ |€|2
This implies
452 \1/2
05 % 05(T,§) = 27T<1 T2 ‘§’2> Xz y/eP @92y -
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Chapter 4

Gaussians rarely extremize adjoint
Fourier restriction inequalities for
paraboloids

This chapter is joint work with Michael Christ.

4.1 Introduction
Let P4~! be the paraboloid in R,
P ={(y,ya) € R x R :yy = L1/}

Equip P4~! with the appropriately dilation-invariant measure o on R? defined by

/}Rd fWya) do(y',ya) = FW 3l dy,

Rd—1

where dy’ denotes Lebesgue measure on R 1.
The adjoint Fourier restriction inequality states that for a certain range of exponents p,

[follLamay < Cllfllro@a-r,0) (4.1)
for some finite constant C' = C'(p, d), where g = ¢(p) is specified by

d—1
-1 __ o1

This inequality is known to be valid for 1 < p < pg for a certain exponent py > 2 depending

2d

on d, and is conjectured to be valid for all p € [1, 7% ).
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The case p = 2 is of special interest, since it gives a space-time upper bound for the
solution of a linear Schrodinger equation with arbitrary initial data in the natural class
L2(R¥1Y). While the cases p # 2 also give such bounds, they are expressed in terms of less
natural norms on initial data.

The more general Strichartz inequalities (4.3) are phrased in terms of mixed norms. For
simplicity we restrict our discussion of mixed norm inequalities to the case p = 2. For
R¢, adopt coordinates (z,t) € R4! x R. For r,q € [1,00), for u : Rit — C, define
[l gy s = (f ([ Ju(z, t)|? dx)™/7 dt)"/". The Strichartz inequalities state [48] that

||f0||L§Lg < CHfHLQ(]P’d*l,a) (4-3)
for all r, q, d satistying ¢, > 2 and

2 d—-1 d-1
" + . 2 (4.4)
with the endpoint ¢ = co excluded for d = 3.

By a radial Gaussian we mean a function f : P41 — C of the form f(y,|y|*/2) =
cexp(—z|y — yol®> +y - v) for y € R¥L where 0 # ¢ € C, yp € R*!, and v € C! are
arbitrary, and z € C has positive real part. Radial Gaussians on P?~! are simply restrictions
to P41 of functions F(z) = e*“*¢ where w = (w', wy) € C? satisfies Re(wy) < 0.

Radial Gaussians extremize [20] inequality (4.1) for p = 2 in the two lowest-dimensional
cases, d = 2 and d = 3. More than one proof of these facts is known. It is natural to ask
whether these are isolated facts, or whether Gaussians appear as extremizers more generally.
Additional motivation is provided by recent work of Christ and Shao [9],[10], who have
shown the existence of extremizers for the corresponding inequalities for the spheres S* and
S?2. Their analysis relies on specific information about extremizers for the paraboloid, which
can be read off from explicit calculations for Gaussians, but which has not been shown to
follow more directly from the inequality itself. If Gaussians were known to be extremizers
for P! it should then be possible to establish the existence of extremizers for S¢1.

In this paper, we discuss a related question: Are radial Gaussians critical points for the
nonlinear functionals associated to inequalities (4.1) and (4.3)? These functionals are defined
as follows.

B(f) = Bpalf) = % (45)

where ¢ = ¢(p, d) is defined by (4.2) and

1Folly, s
U(f) =Vyralf) = —77— (4.6)
1712
® is defined for all 0 # f € LP(P4! o), while U is defined for all 0 # f € L*(P4! o). (4.1)
and (4.3) guarantee that ®, 4, ¥, are bounded functionals, for the ranges of parameters
indicated.
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By a critical point of @ is of course meant a function 0 # f € LP(P4"!) such that for any
g € LP(P*),
O(f +eg) =D(f) +o(le]) as e = 0. (4.7)

Here ¢ € C. For d > 3, there is a range of exponents for which ®,, is conjectured to be
bounded but for which this is not known [2],[28]. But @, 4( f) is well-defined and finite for any
Schwartz function, so we may still ask whether (4.7) holds whenever f is a radial Gaussian
and ¢ is an arbitrary Schwartz function. This gives a definition of critical point which is
equivalent whenever the functional is bounded.

It is a simple consequence of symmetries of these functionals that for fixed p, ¢, 7, d, one
radial Gaussian is a critical point if and only if all are critical points. Our main result is as
follows.

Theorem 4.1. Let d > 2, let 1 < p < 2d/(d — 1), and set ¢ = q(p,d). Radial Gaussians
are critical points for the LP — L9 adjoint Fourier restriction inequalities if and only if
p = 2. Radial Gaussians are critical points for the L?* — LY L% Strichartz inequalities for all
admissible pairs (r,q) € (1, 00)2.

For spheres S9!, the situation is different; constant functions are critical points for the
analogues of both functionals.

4.2 FEuler-Lagrange equations

We will show that extremizers must satisfy a certain Euler-Lagrange equation, then check
by explicit calculation whether radial Gaussians satisfy this equation. In this section we
formulate and justify the Euler-Lagrange equations.

Let ¢g¥ denote the inverse Fourier transform of g.

Proposition 4.2. Let d > 2, let 1 <p < 2d/(d—1), and set ¢ = q(p,d). A complex-valued
function f € LP(P41) with nonzero LP(P*~') norm is a critical point of ®,4 if and only if
there exists X\ > 0 such that f satisfies the equation

(IFol2F7)"

For S4=1, the same equation likewise characterizes critical points, except of course that
the restriction on the left-hand side is to S*', and q can take on any value in [q(p,d), o).

A is determined by | f]|, and ®(f); multiply both sides of (4.8) by f and integrate with
respect to o.
__ Both exponents ¢ — 1, p — 1 are strictly positive, and ¢ —2 > 0. Moreover, since f € L?,
fo € L% and therefore |fo|72fo € L9(~1(R9). Therefore by the Fourier restriction ine-
—_~ —_~ \/
quality, the restriction to P41 of (| fol|2 fa> is a well-defined element of LP/(=1)(P4=1 ¢).

Thus the left-hand side of (4.8) is well-defined for any f € LP(P4!, o).

= N fIP2f almost everywhere on P71, (4.8)
pi—
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Proposition 4.3. Let (q,r,d) satisfy the necessary and sufficient conditions (4.4) for the
Strichartz inequalities. A nonzero complex-valued function f € L*(P*~Y) is a critical point
of W, q if and only if there exists X > 0 such that f satisfies the equation

(Fotw 0 Fole, D21 Fo (. 0ll5") = Af ae. on P (4.9)

The Euler-Lagrange equation for S?~! takes the corresponding form. It follows at once
that constant functions are critical points for S because |7|?72 is a radial function, the
inverse Fourier transform of any radial function is radial, and the restriction of any radial
function to S¢~! is constant.

Propositions 4.2 and 4.3 will follow from the following elementary fact.

Lemma 4.4. For any exponents q,r € (1,00), there exists -y > 1 with the following property.
Let F,G € LiLi of some measure space(s), and assume that ||F|| ;s # 0. Let z € C be a
small parameter. Then

|F+ 2G50 = 1 F g + 7 / VB F (o, 8)|7 Re(=G, 1)/ F(a, £)) dar it + O(|2])

(4.10)
as z — 0.

Here Fy(z) = F(x,t) and || F||9 = [ |F(z,t)]?dz. The constant implicit in the remainder
term O(|z|7) does depend on the norms of F,G. It is a consequence of Holder’s inequality
that the double integral is absolutely convergent.

An immediate consequence is:

Proposition 4.5. Let T be a bounded linear operator from LP to L} L% where p,q,r € (1,00).
For 0 # f € LP define ®(f) = [|Tf||;-1a/ I fIl},- Then any critical point f of ® satisfies the
equation

(T (@, t) [Tf ()12 ITFCDI") = AP f (4.11)
for some X\ € [0, 00).

Again, it is a consequence of Holder’s inequality that the indicated function belongs to
the domain L} L% of the transposed operator T*.

Proof of Lemma 4.4. Let € > 0 be a small exponent, to be chosen below. Assume throughout
the discussion that |z| < 1. Write Fy(z) = F(z,t), Gi(z) = G(z,t), ||[Fi]| = || F(-,t)||re, and
|G|l = [|G (-, 1) | za- Define

Q= {z e R : |2G(z,t)| < |2[|F(z,t)] and F(x,t) # 0} (4.12)
w={t:[[F]l # 0 and [2[ |G| < [2]7[| ][} (4.13)
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Fix p € (0,¢ — 1). For x € Q;, expand
1+ 2G(2,8)/F(a,t)]" = 1+ qRe(2G(x,1)/F(z,t)) + O(|2G(x, 1)/ F(w, 1))

to obtain

(F +2G) (2, 0)|"de = | [F(z,t)[*de +q | [F(z, )" Re(2G(2, 1)/ F(x,1)) dz
Q¢ Q Q¢
+O(I2PIEN TG ).

The contribution of R\ ©, is negligible, because of the following three bounds:

[ WP [ G = Gl (414)
Rd_l\Qt ]Rd—l\Qt

similarly

|, )| Re(2G () [ F(x,1))] da < Cl2|" |G| (4.15)

Rdil\Qt

and

/ |F(z,t) + 2G(x,t)|? de < Qq/ (|F(:1:,t)|q + |2]9|G(x, t)|q) dx
RA-1\Q RA—1\Q (4.16)
< Oz |G "

Define
H<t) - “FtH + HGtH

Then f]R H(t)"dt < oo. We have shown that if ¢ > 0 is chosen to be sufficiently small,
depending on ¢, then

/Rdl |F(z,t) + 2G(x,t)|? dx
= | F)l? + q/R |F(x,1)|7 Re(2G (, 1)/ F(x, 1)) do + O (||| G H@)T177)  (4.17)

for all sufficiently small o > 0.
Suppose that ¢ € w. For any |z] < 1,

NG N T H ()77 < [ R B H ()T = O(12|0%) < 1.

Similarly, by Holder’s inequality;,

| F|| 7 /]Rd_1 |F(x,t)|?Re(2G(x, 1)/ F(z,t)) de = O(min(|z|||Gt||||E||_1, |z|€)) < 1. (4.18)
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Therefore for all sufficiently small z € C,

I[P a6y’ = (L gl I [ POl Se(Gla, ) Fia, ) da

r/q

+ 0(|Z!“”HGtH”"||Ft!|"1H(t)q’1’”))
=1+ rHFth/ |F(z,t)]?Re(2G (2, t)/F(x,t)) dx
Rd—1

+O(l] NG H ()7 7)

~o(lF| |

PG /) dz)’

= 1+r||Ft||_q/ |F(x,t)|?"Re(2G(x,t)/F(z,t)) dz
]Rd—l
+ Oz NG N F 1),

provided that ¢ < 1, using (4.18) to deduce the final line. Provided that ¢ is chosen to
satisfy o < min(r — 1, 1), an application of Holder’s inequality now yields

/(/]R F 4 2G| da)
= [UEr o [1RI [ PG Or eGP 0) do +0(0177).  (419)

It remains to verify that the contribution of R \ w is negligible. If ¢ ¢ w then [|F}| <
[2['E NGl so

( |F(x,t) + 2G(z,1)|7 dz) 9 < C|z|* (|G| (4.20)

Rd—1
and consequently

/ (/ |F(x,t)+zG(:):,t)|qu)q/7"dtgC|z|(1_‘5)’"/ 1G 7 dt = O(12|2);  (4.21)
R\w JRd4-1

R\w

in the same way,
[ WEIrdes [ 06 = ogi, (1.2
R\w R\w
Finally
[ MBI [P RGP o) ddi < [ IRIG d
R\w Rd-1 R\w
S ’z‘rCs/ HGtHT dt (4.23)
R\w

= 0(2"%%).
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In conjunction with (4.19), the three bounds (4.21),(4.22),(4.23) complete the proof once &
is chosen to be sufficiently small. m

4.3 The casep=2and q=r

Functions in LP(P?~! o) may be identified with functions in LP(R?"!) via the correspon-
dence f(y,|y*/2) = g(y) for y € R¥'. We will often make this identification without
further comment. Thus a function g € LP(R?!) is said to satisfy the equation (4.8), if
the corresponding function f(y,|y|?/2) = g(y) does so. We will sometimes write go, for
g € LP(R%1), as shorthand for fo, where f, g corresponding in this way.

Lemma 4.6. Fiz p,d and let ¢ = q(p,d). Suppose that f € L*(R) satisfies the Euler-
Lagrange equation (4.8). Then so does the function y' — pf(rAy + v)e® ™ for any r > 0,
p€C\{0}, Ac O(d—-1), and v,w € R,

The proof is left to the reader. To prove our main result, it suffices to consider henceforth
the radial Gaussian f(y) = e /2y € R%!, for which fo(z,t) = u(x,t) takes the form

=t - e »
= (2m) @ D/2(1 4 i)~ (=D 2 lel?/204it)

Throughout the discussion we will encounter real powers of 1 £+ it and of ¢ — 1 — it. These
are always interpreted as the corresponding powers of log(1 £ it) and of log(¢ — 1 — it)
respectively, where the branch of log is chosen so that log(1) = 0 and log(1 + it) is analytic
in the complement of the ray {is : s € [1,00)}, while log(1l — it) and log(q — 1 — it) are
both analytic in the complement of the ray {—is: s € [1,00)}, with values 0 and log(q — 1)
respectively when ¢t = 0. Thus

|72y = (27)(a-DE-D/2(] 4 g2)=-Da-D/a(q 4 i) ~(a-D/z el () /2
— (2m) @ DD/ 2y~ @24 | gy @D/l a1t /201447)

We now begin to analyze the inverse Fourier transform [ [ e ¥e2® |z, t)|92u(x, t) dz dt
by calculating the integral with respect to x € R4,

/ eim~ye—%|ﬂf‘2%da} _ (27T)(d—1)/2<q —1- it)_(d_l)/Qe—%lyIquit‘
Rd—1

1+¢2
Thus

(|u|q72u>v(y, ly[2/2) = (27)2(@-D)/2

/ MP/2(1 4 42y~ (d-D(a=2)/4(1 4 it)—(d—l)/z(q —1—it
R

—(d—1)/2 1 2



CHAPTER 4. GAUSSIANS RARELY EXTREMIZE 93

which simplifies to

(2)2ld-1)/2 / (1pit)~D@2/4(1 gy~ T@-D-2+ 5601 (g1 _jpy=a-0/2 31 (it=55455) gy
R

(4.25)
Consider first the case p = 2. Then ¢ = 2(d+1)/(d—1) =2+ 25,50 (d—1)(¢—2)/4 =1
and the integral with respect to t € R becomes

2
it— 14t

(22172 / (14 i) (1 — it) 4972 — 1 — ip)~@-D/2ea(i-755) g
R

where a = |y|?/2. This may be evaluated by deformation of the contour of integration
through the upper half-plane in C. In the upper half-plane, the integrand is meromorphic
with a single pole at t = 7. Therefore the integral equals

1

(Qm')(Qﬂ)q(d—l)/%—lQ(d—3)/2q—(d—1)/2ea(i'i—q_%.i) _ (27.‘.)d+22(d—3)/2q—(d—1)/2€—a
= (Qw)d+22(d—3)/2q—(d—1)/26—Iy\2/2 — (27T)d+22(d_3)/2q_(d_1)/2f(y).

Since p = 2, f = |f|P72f for p = 2 and thus the Euler-Lagrange equation (4.8) is indeed
satisfied.

Now consider the general mixed-norm case. The Euler-Lagrange equation is modified via
the factor || fo(-,t)[|7,?. By (4.24),

(2r) 3(r=0) (@) (1+1/a)

3 r— —L(d-1)(r— -
”fo-("t)”qu: qld—1(r—a)/2q (1+t2) 3 (D062

Set

J(a) = / (14 it) 3@ D2 (1 _ i)~ 5D}
R
it— 1+t

(g —1—it) 2@ D= qr. (4.26)

Since p = 2, the Euler-Lagrange equation (4.9) is satisfied if and only if J(a) is a constant
multiple of e~®. Using the equation (4.4) which relates ¢ to r, J(a) simplifies to

. 2
J(a) = / (1+it) (1 — it)2@3) (g — 1 — it) 2 (D750 gy,
R

which was shown above to be a constant multiple of e™¢.



CHAPTER 4. GAUSSIANS RARELY EXTREMIZE 94

4.4 The case p # 2

We will use the following simple lemma.

Lemma 4.7. Let H(t) : C — C be holomorphic on the upper half plane {Im(t) > 0} and
continuous in its closure, and suppose that |(1+it) H(t)| = O(]t|~17°) as |t| — oo, for some
0 > 0. Then for vy > —1,

/R(l +it)"H (t)dt = —2sin(ym) /000 Yy H (i +iy)dy,

and for v = —1
/ (14 it) H(t)dt — 2 H(3).
R

This is obtained via contour integration in the region {Jm(t) > 0} \ {iy : y € [1,00)}.
As a consequence of Lemma 4.7 we have the following: Suppose that H is real-valued,
nonnegative when restricted to the imaginary axis, and satisfies H(i) > 0. If v > —1, then
Jr(1+it)YH(t)dt = 0 if and only if v > 2 is an integer.

Define I : [0,00) — C by

I(a) :/(1+it>411(d1)(q2)(1—zt)411(d Dia=2t5(d=1) (g _ 1 — j)~zd-Dgalit= qiﬁf,-t)dt (4.27)
R

where d > 2, and ¢ > 2% is defined by (4.2). The integrand is

d-1)(q—2) (1 1y 14t2
=) —a(g 1)<q71>2+t2)

Ot~

and since ¢ > 2 and (d_l)# > 1, it belongs to L'(R) for all a > 0. We note that (1]y])
equals the expression in (4.25) up to constant.
Our goal is to demonstrate:

Lemma 4.8. As a function of a € [0,00), the function I is a constant multiple of e~®~1)@
only if p = 2.
Proof. Case 1 : p < 2. Consider
e*I(a) :/(1+Z~t)—}1(d—1)(q—2)(1 it) i D@45 g 1 jp)ald-D)ee 0T
R
Expanding the exponential in power series and interchanging integral and sum gives

o0

Z% (= 2"y,

k=0
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where
Iy = / (1+ i) =302 g ()dt,
R
with
Hy(t) = (1= it) D25 (g — 1 — )=o),

H), satisfies the hypothesis of Lemma 4.7, and Hy(iy) > 0 for all y > 0.
Now e®I(a) is a constant multiple of e~=2 if and only if there exists ¢ € C such that

for all £ > 0,
2 —p\F
]k—c<q_2> . (4.28)

Let ko = [(d—1)(¢—2)/4], the smallest integer > (d—1)(¢—2)/4, and consider any k > k.
By Lemma 4.7,

I = =2 Sin(aw)/ YT @D@D [ (G dy)dy
0

where o, = k — (d — 1)(¢ — 2) /4.

Suppose first that p is such that (d — 1)(¢ — 2)/4 is not an integer, so I # 0. Now
sin(agyim) = —sin(agm) and thus I, is alternating while ¢(2 — p)*(g — 2)7* is not. If p is
such that (d — 1)(¢ — 2)/4 is an integer (necessarily > 2 as p # 2) and (4.28) holds we get
that ¢ = 0 since J, = 0 for k > ky. On the other hand, kg —1 > 1 and I}, # 0, for

Tyyo1 = w2~ 1(d-1)(g—2)+1(d— 1)+1q—k0 (d—1)+17

by Lemma 4.7.
Case 2: p > 2. It is now convenient to work with

e~V (q) =
/(1 _}_Z't)—i(d—l)(q—@(l —it)” L(d-1)(g—2)+1(d- 1)( —1—it)” - Do (P—l‘i‘“_ql%it)dt;
R

we need to show that this expression is not constant, as a function of a € [0,00). For

2<p<2d/(d—-1), (d—1)4(q—2) = 45)’_11) — %3 Jies in [1/2,1). Therefore the integrand has an
integrable singularity at ¢t = 7, so we may expand the exponential factor in the integrand in

power series to obtain an analogue of Ij:

e? ) (a ZEI,C

where

I :/(1+zt)—i(d—1><q—2>H,g(t)dt,
R
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with

Hy(t) = (1 — it) 1@ D@ 243060=0 (g 1 — i)™ =30D (pg — p — g+ (¢ — p)it)".

H, satisfies the hypothesis of Lemma 4.7, is real when restricted to the imaginary axis
and nonnegative at least when k is an even integer.
Lemma 4.7 gives

I, = 2sin(i(d — 1)(q — 2)m) / y~ 1@ (G iy dy. (4.29)

0
Since (d — 1)(¢ — 2)/4 € [3,1), the factor sin(3(d — 1)(¢ — 2)7) is nonzero. If k is an
even positive integer, then the integrand is nonnegative, so the integral in (4.29) is likewise
NONZero. O]



97

Chapter 5

Introduction to the joints problem

The joints problem is a problem in incidence geometry. Let d > 2 and L a collection
of lines in RY. A joint of L is a point that is the intersection of d lines in L, not all in a
common hyperplane. We will call J the set of joints determined by L.

The joints problem asks the following: what is the maximum number of joints determined
by a set of lines in R of a given cardinality?

The problem is interesting if d > 3 as for d = 2 one easily gets |J| < |L|? and this upper
bound is sharp in the sense that there are sets of n lines such that |J| = n?. For instance, a
set of n/2 vertical lines and n/2 horizontal lines gives |J| = n?/4. Similarly, in R? one has
the trivial bound |J| < |L|¢. A much better upper bound exists.

For a lower bound, we can do as in the two dimensional case. Consider a set of d - n¢~
lines, divided in d sets Ly, ..., Ly of the same cardinality n¢~!, where the lines in L; are
pairwise parallel, orthogonal to the coordinate plane {(z;...,74) € R? : z; = 0}. We
arrange them so that for each (zq,...,z4) € 7 satisfying 1 < z; < nforall 1 < i < d,
there exist ¢, € Ly,...,0y € Ly such that 2 = N%_¢; . Then the number of joints equals
|J| = n? = (pd=1)#/d=1) = q=d/(d=1)|[|4/(d=1) " Therefore the maximum number of joints
determined by a set of n lines in R? is Q(n®/(@=1),

Here we discuss different developments that lead to the proof of the upper bound,

1

Theorem 5.1 ([29],[38]). Let L be a collection of lines in RY. Then the cardinality of the
set of joints of L, J satisfies |J| = O(‘L‘d/(d—l)).

This theorem was proved by the author in [38] and independently by Kaplan, Sharir and
Shustin in [29] (the two papers appeared on the arXiv the same day).

5.1 A bit of a history of the problem

The problem seems to appear for the first time in [8], and it was considered in the three
dimensional case only until [29] and [38] appeared and gave the optimal upper bound in all
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dimensions. For the three dimensional case the optimal bound is |J| < |L|*/2. Partial results
are:

1. In [8] it was proved that |.J| = O(|L|"/%).

2. This was improved by Sharir in [43] who obtained |.J| = O(|L|**/**10g®/** |L|), which
is O(|L|613).

3. Later, Feldman and Sharir [19] obtained |J| = O(|L|"'¥%10g%**|L|), which is
O(|L|16252),

The problem also appears in the book “Research Problems in Discrete Geometry” [5], in
Chapter 7.1, problem 4.

It was recently that Guth and Katz [23] gave an affirmative answer for the three dimen-
sional case,

Theorem 5.2. The number of joints defined by a set of n lines in space is O(n®/?).

Their proof uses the ideas from [13] for the finite field Kakeya problem that we discuss in
the next section where we also mention the result of Bennett, Carbery and Tao, that proves
a weaker result by using a multilinear Kakeya estimate.

Our proof for n > 3 also uses the polynomial method of Dvir, but in a different way.

On one more development for the three dimensional case, Elekes, Kaplan and Sharir [14]
simplified the proof of Guth and Katz and extended their techniques to obtain a bound on
I(J', L), the number of incidences between an arbitrary subset J' of J and L,

Theorem 5.3. Let L be a set of n lines in R3 and J' be a set of m joints of L. Then
I(J', L) = min{O(m*3n), O(m**n*? + m + n)}.

The bound is tight in the worst case.

5.2 A relation with the Kakeya problem

A Kakeya set £ C RY is a compact set containing a unit line segment in every direction,
that is, for all e € S9! there exists + € R® such that x +te € E for all ¢t € [0,1]. The
Kakeya conjecture states,

Conjecture 5.4. A Kakeya set in R? has Hausdorff dimension equal to d.

We refer to [50] for a survey on this problem. In [50] the following finite field analog of
the Kakeya problem is proposed:
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Let IF, be the field with ¢ elements and let V' be a d-dimensional vector space
over F,. Let £/ be a subset of V' which contains a line in every direction, that is

VO#eeV,dz eV :ao+tec E, foralltel,.
Does it follow that |E| > Cyq®?

After several partial results, Dvir [13], gave a very simple proof of this finite field Kakeya
problem. His method uses the following linear algebra result,

Lemma 5.5. For d,n > 1 let N = (dzn) — 1, and uy,...,uny € Fg. Then there exists a
nontrivial polynomial P : F* — T of degree deg P < n that vanishes on all ui, ..., uy,

and his idea is to study the properties of a polynomial that vanishes on every point of a
Kakeya set.

Dvir’s method suggests the introduction of tools from algebraic geometry, properties of
polynomials and their zero set, to treat incidence geometry problems and this has been
developed by different authors, some examples being in [15], [14], [16], [23], [24].

A stronger statement than Conjecture 5.4 is the Kakeya maximal operator conjecture, a
survey can be found in [30]. For 0 < § < 1 we let a 6-tube denote a tube in R? of length 1
and cross section of radius 9.

Conjecture 5.6. Let T = {T; : i € I} be any collection of §-tubes in R?, whose orientations
are d-separated in S~!. Then

. (d-1)/d
HZ XT‘ paran S Ced (Z |T|> : (5.1)
TeT Ter

Inequality (5.1) can be written equivalently as
d
[ )

TeT

from where a multilinear version can be deduced.

It was Bennett, Carbery and Tao who proposed in [3] a multilinear version of the Kakeya
problem. Suppose T4, ..., T, are families of 6-tubes in R% and assume that for each 1 < i <
d, the tubes in T; have the long sides pointing in directions belonging to some sufficiently
small but fixed neighborhood of the i** standard basis vector e; € S?'. We will refer to
such family of tubes as transversal. In [3] it was proved

< CECS_E (5d—1 |T|) (dfl)’
Ll/(dfl)

Theorem 5.7. Ifd/(d — 1) < q < 0o, then there exists a constant C, independent of § and
the transversal family of tubes T4, ..., Ty, such that

(% )

d
<ol 5.2
: ]1:[1 Ty (5.2)

La/4(Rd
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Furthermore, for each € > 0 there is a similarly uniform constant C' for which

(s )

Jj=1 T;e

d
<Co [ oyl (5.3)
Jj=1

L1/(d=1)(Rn)

The proof is based on the monotonicity of the inequalities under the heat flow. Using
Theorem 5.7, they obtained a nearly optimal bound for joints in R?* under the assumption of
transversality. More precisely, for 0 < 6 < 1, we say that the lines (1, {5, {5 are f-transverse if
the parallelepiped generated by unit vectors parallel to the lines has volume at least 6. A 6-
transverse joint of a collection of lines L is a joint that is the intersection of three #-transverse
lines in L.

Theorem 5.8. For any 0 < 0 < 1, the number of 0-transverse joints is

OE(|L|3/2+€971/275)

for any € > 0, where the subscript of the O by € means that the implicit constant can depend
on €.

The endpoint case of Theorem 5.7, ¢ = d/(d— 1), without the ¢ loss, was settled by Guth
in [22]. Note that by scaling (5.3) is equivalent to the inequality

(3 )

where the tubes T" are “unit” cylinders, that is, have cross section of radius 1 and infinite
length.

For 0 < 6 < 1 we will say that the families of cylinders T, ..., Ty are f-transverse if any
collection of lines /4, ..., 04 with ¢; parallel to some tube in T;, is f-transverse, that is, the
volume of the d-dimensional box generated by unit vectors parallel to the lines has volume
at least 6.

L1/(d-1) ]Rn 05 H |T |

T;€T;

Theorem 5.9 ([22]). Let 0 < 0 < 1 and let Ty,..., Ty be a collection of 0-transverse unit

cylinders. Then
(s )

Jj=1 T;e

d
< Cop VEUTT Ty
j=1

L1/(d=1)(Rd)

Guth makes use of what can be seen as the continuum version of the polynomial method
of Dvir. The correspondence can be seen reflected in the next proposition, the polynomial
ham sandwich theorem,

Proposition 5.10. Let N = (d+”) 1 and Uy, ..., Uy be finite volume open sets in RY.
Then there exists a polynomial P : R* — R of degree deg P < n such that the algebraic
hypersurface Z = {x € R?: P(x) = 0} bisects each of the sets Uy,...,Uy.
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Compared to Lemma 5.5, we change points by open sets of finite volume, and vanishing
at the points by bisecting the open sets.

Using Proposition 5.10 and the pigeonhole principle only, Guth proved a weaker version
of Theorem 5.9, namely

Proposition 5.11. Let Ty,..., Ty be transverse families of unit cylinders in R? of equal
cardinality A. Let I be the set of points that belong to at least one cylinder in each direction,
1.€.

then Vol(I) < C, A%/(d=1),

A much stronger tool than Proposition 5.10 is needed for the general case and the tech-
niques involve the use of algebraic topology. If Proposition 5.11 follows from Proposition
5.10 which is the analog of Lemma 5.5, then Theorem 5.9 can be said to be a consequence
of the continuum analog of the following lemma

Lemma 5.12. Let d,N > 1, uy,...,uy € Fg and my,...,my € N. Then there exists a
nontrivial polynomial P : ]Fg — F, of degree deg P < (Z;VZI m®)? that vanishes on all

j
Uy, ..., uy at degree my, ..., my respectively.

The problem of counting joints can be seen as a discrete analog of Proposition 5.11. The
families of tubes gets replaced by a single family of lines L, and the set I by the set of joints
J. The condition on transversality is translated in the definition of J, we only count those
intersection than come from “transverse” lines, lines not lying in the same hyperplane. The
volume of I, Vol(I), is replaced by the cardinality of J, |J|. The upper bound for both
is exactly the same. Moreover, the proof of Theorem 5.1 given by the author in [38] was
inspired by the proof of Proposition 5.11 and in its original form followed the same lines. A
simplification to the proof was later pointed out by Fedor Nazarov.

Different problems can be suggested based on this analogy between joints and multilinear
Kakeya. For a collection of lines L in R%, J the set of joints and for # € J we define I(z) to
be the number of lines in L passing through x and B(z) to be the number of ways in which

x can be written as the intersection N%_,¢; with ¢1,...,¢4 € L not all lying in a common
hyperplane, up to permutations. Note that [(z) < d- B(z) < (I(;)).

Problem 1. Are the following true?

D I(@)D e 2 (5.4)
zeJ
> Bx)h S L (5.5)

zeJ
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Chapter 6

The joints problem in R"

We show that given a collection of A lines in R", n > 2, the maximum number of their
joints (points incident to at least n lines whose directions form a linearly independent set)
is O(A™™=D). An analogous result for smooth algebraic curves is also proved.

6.1 Introduction

In a recent paper, Katz and Guth [23] proved that the number of joints determined by a
given collection of A lines in R? is O(A4%?), where a joint (in R?) is a point which is incident
to at least three noncoplanar lines of the given collection. Lately, Elekes, Kaplan, and Sharir
[14] extended the results in [23] to obtain a bound on the number of incidences between
a collection of lines and a given subset of their joints, in R?, which implies the result on
the number of joints (they also consider a more general situation where joints are replaced
by an arbitrary set of points satisfying that no plane contains more that O(A) points and
each point is incident to at least three lines). Both results make use of algebraic geometric
properties of polynomials in three variables, which bound the number of critical lines (lines
where the polynomial and its gradient both vanish) a polynomial can have in terms of its
degree. For more references on this problem, consult [23] and [14].

Our proof does not require the algebraic geometric considerations in [23] and [14] about
polynomials in n variables but just the fact that given m points in R", there exists a nonzero
polynomial Q € R[zy,...,x,] such that @) vanishes on all the given m points and whose
degree is bounded by d < m!/". The method can be seen as, and was largely inspired
by, an adaptation of the methods in [22] to the discrete case, more precisely the result in
the section “warmup to multilinear Kakeya” of [22], together with the application of the
polynomial method as in [13].

We point out that an independent proof of the bound on the number of joints, due to
Kaplan, Sharir, and Shustin [29], appeared at the same time as the one presented in the first
version of this work. Our proof has some similarities with the proof in [29] (for example,
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compare Lemma 6.2 and the “Differentiating” step in the proof of Theorem 1 in [29]).

6.2 The main result

For a given collection of lines L in R" consider the set J of points of the form N}, ¢;, where
¢; € L for all 1 < ¢ < n and the directions of the lines ¢4,..., ¢, are linearly independent.
We will refer to J as the set of transverse intersections, or joints, of L.

Notation. In this section the letters L and J will always be used with the same meaning,
a set of lines in R™ and the set of joints determined by the set of lines, respectively. We
will denote by |S| the cardinality of the set S. We also use the notation X <Y, Y 2 X,
Y = Q(X), or X = O(Y) to denote any estimate of the form X < CY, where C is a
constant that depends only on the dimension n. We use X = O(Z) to denote X = O(Z)
and Z = O(X).

Our main theorem is the following.

Theorem 6.1. Let L be a collection of lines in R™. Then the cardinality of the set of joints
of L, J satisfies |J| < |L|™1,

We start by proving the following lemma.

Lemma 6.2. Let J' be a subset of J with the property that every line £ € L with £ N J" # ()
contains at least m points of J', that is, |¢ N J'| = m for some given constant m. Then
|J'| = C,m™, where C,, is a constant depending on n only.

Proof. By contradiction, assume there exists an arrangement of lines L and points J’ as in

the statement of Lemma 6.2, where |J'| < m?n, where K is a big constant depending on n

only that we will choose later. Let @ € R[zy,...,x,] be a nonzero polynomial that vanishes

on every point of .J'. We can choose @ of degree deg(Q) < ¢(n)|J'|'™ < [‘;(f})nm (because the

space of polynomials of degree < d has dimension (*%") = ©(d")). Choosing K sufficiently
big depending on n only we can ensure that deg(Q)) < m. The restriction of @ to any line of
L which intersects J’ is a polynomial in one variable of degree < m that vanishes on at least
m points, hence it vanishes identically. From @[, = 0 we obtain VQ - v|, = 0, where v is
the direction of ¢. Therefore at each point of J', V@ is orthogonal to a linearly independent
set of n vectors, so it is zero. Now every component of V() vanishes on J' and has degree

deg(VQ) < deg(Q) < m. We can apply the same argument to every component of V@, so

inductively we obtain %‘;ff = 0 on J' for every multi-index a« € N™. From here it follows that
( is identically zero, which is a contradiction. O

Following the initial publication of this work, Fedor Nazarov observed that the proof of
Theorem 6.1 follows immediately from Lemma 6.2.
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Proof of Theorem 6.1. Let m = K|J|*/", where K satisfies K"C,, > 1 and C,, is the constant
in the conclusion of Lemma 6.2 (hence K depends on n only). We start an iterative process
to remove lines from L having a control in the number of joints removed at each step. Let
L = L and J© = J. Suppose that L) C L, LY # () has been defined, and let J® C J
denote the set of joints determined by L. With the choice of m, there must be a line
¢; € L™ that contains no more than m points of J®: otherwise, by Lemma 6.2, we would
have |J| > |J®| > C,m™ = K"C,|J| > |J|, which is a contradiction.

Define L0+Y = LO\{¢} and let JO+Y be the set, possibly empty, of joints of LUFD,
which are necessarily contained in .J. In this way we have |J@| < [J0HD| 4 m.

Since for i > |L| — (n — 1) we have J® = ), we conclude that |J| = [J©| < m|L| =
O(]J|""| L), whence we obtain |.J| < L[/, O

6.3 The case of algebraic curves

A bound similar to the one in Theorem 6.1 can be proven if we replace lines by algebraic
curves. By a smooth curve v we mean a curve such that its tangent vector ¥ exists at every
point of v and is nonzero. Given a collection C of smooth curves we define the set of joints,
J, determined by C as the set of incidences of at least n curves in C such that the tangent
vectors of the curves at the intersection are linearly independent.

We start by considering a special case of algebraic curves. Let C be a set of smooth
curves, each parametrized by polynomials; that is, if v € C, we can parametrize it as y(t) =
(Pi(t), ..., P.(t)), where each P; is a polynomial in one variable of degree at most d for a
given constant d. We let J denote the set of joints determined by C.

A minor modification of Lemma 6.2 gives the following.

Lemma 6.3. Let C and J be as in the previous paragraph, and let J' be a subset of J with
the property that |y N J'| = m for every curve v € C with yNJ' # 0 for some given constant
m. Then |J| = Q(m™/d").

The conclusion follows as in the case of lines, and the bound on the number of joints is
|J| < C,le|v (=N gn/(n=1) "where C, is a constant depending on n only.

More generally, if we consider an irreducible, smooth algebraic curve v of degree d, and
if @ € R[zy,...,x,] has degree < m/d, and its zero locus intersects -y on at least m different
points, then the curve is contained in the zero set of @), that is, Q|, = 0, by an application
of Bezout’s theorem (see, for example, Chapter 1 in [25] or Chapter 3 in [41]). Hence the
same conclusion as in Lemma 6.3 holds if we let C consist of irreducible, smooth algebraic
curves of degree at most d. Therefore we have the following theorem.

Theorem 6.4. Let C be a collection of irreducible, smooth algebraic curves of degree at most
d i R™. Let J denote the set of joints determined by C. Then the cardinality of J satisfies
|J| < C,lCV=Ngn/ =) for some constant C,, depending on n only.
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6.4 The original proof of Theorem 6.1

We include here the original proof we had of Theorem 6.1. We derive the following conse-
quence from Lemma 6.2. Let ¢: J — L be a function satisfying x € ¢(x) for all z € J, that
is, for each x, ¢ selects a line incident at x. Note that for each x € J we have at least n
transverse lines intersecting at . Thus at each x we have at least n different lines to choose
from. We call such a function a coloring of J.

Proposition 6.5. There exists a coloring ¢ of J such that for every line { € L,
Hx elnJ:clx) =L} =O(JMm).

Short proof, sketch. We will use the same method as in the proof of Theorem 6.1. With the
notation as in the proof of Theorem 6.1 we know that for i > |L| — (n — 1) we have J® = 0.
Let ig < |L| — (n — 1) be the first time J@ is empty. We let ¢; € L be the line deleted at the
i—th step, that is ¢; € LO\ LY Every point in J is contained in some line ¢;, 1 <4 < 4.
For x € J let i(x) be the first time a line containing x is deleted, ie, x € {;(;) and = # ¢; for
i < i(z). Define c(x) = €;(;). Since ¢; is such that the number of joints of L contained in
?; is less than or equal to m, it follows that [{z € J : ¢(z) = ¢;}| < m, and the proposition
is verified. ]

The original proof. Let m = |J| and note that for any coloring ¢ of J, W (¢) := [{x € (N J :
c(x) = L} satisfies W(¢) < [N J|. We use an inductive method to define the coloring c.
Choose an ordering J = {x1,...,z,,}. By a provisional coloring ¢, on J, := {z1,...,x,} we
mean a function ¢, : J, — L with x € ¢,(x) for all x € J,. Given a provisional coloring ¢,
we define the provisional counting function, W,, on L by W, (¢) = [{z € (N J, : ¢, (x) = (}].
We will say that the provisional coloring c, is acceptable if W, (£) < Km!'/" for all ¢ € L, for
a given big constant K depending only on n that we will choose later. The Proposition is
proven if we can find an acceptable coloring c¢,,.

Define the provisional coloring ¢, on {x1,...,z,} inductively by setting ¢;(z1) = ¢;, for
an arbitrarily selected line ¢; € L intersecting x;. It follows that W;(¢;) = 1, W;(¢) = 0, for
all ¢ # (1, which is acceptable if we choose K > 1.

We will show that if ¢, is an acceptable coloring on {x1,...,z,} then, by possibly modi-
fying ¢,, we can obtain an acceptable coloring ¢, on {x1,..., 2,1}

Suppose ¢, is an acceptable coloring on {z1, ..., z,}. The good case is the following: there
is a line ¢, intersecting x,; such that W, (f,11) +1 < Km!/™._ In this case we let Cyt1 ON
{z1,...,2,, 2,41} be defined by c,11(z;) = ¢, (x;) for all 1 < i < v, and ¢,q1(2py1) = oy -
It follows that W, 1 (¢) = W, (¢) for all £ # 4,4, and W,1(¢,11) = W, (¢,11) + 1, so that
cy11 1s acceptable.

We now turn to the complementary case, the bad one. Here we have W, () > 1 Km!'/"
(the % is just because Km!'/" may not be integer), for all £/ € L incident at z,.,, and we
note that there are at least n such lines with linearly independent directions. Now look at
each point z; € £ N J, with ¢,(x;) = ¢, where ¢ is a line incident at z,,1. If we can change
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the value of ¢, (z;) to say ¢, (x;) = ¢, for £’ # ¢, for some i, without violating the restriction
on W, (¢') (that is W, (¢') + 1 < Km!/"), then we are done, as we define ¢, (7;) = ¢, (z;)
for j < v and z; # x;, cpy1(x;) =0, cpy1(xyi1) = €. If we can not find such z; this means
that for any ¢ incident at z,,1, for any point z; € £NJ, with ¢,(x;) = ¢, and any ¢ incident
at z; we have W, (¢) > 1 Km!/".

We let

IO = {reJ:xelnlJ, for some ¢ incident at x,; and ¢,(x) = ¢}
and if 1(?) is defined we let
1) = {2 € J, : there exists 2’ € ') and £ incident at 2’ s.t. = € £ and ¢, (z) = (}.

We note that, similarly as we did for points in IV if # € I(®) and ¢ is such that c,(z) = ¢
and there exists ¢ # ¢ incident at x such that W, (¢) +1 < Km'/™, then by modifying c,
on the corresponding points on I U --- U I(9), we can obtain an acceptable coloring ¢,
on {xy,...,x,41} as desired.

If this is not the case, that means that for any x € |JJ, 1) =: J" and any ¢ € L of the
at least n transverse lines incident at z we have W, (¢) > %K m'/™. Note that "1 = [()
for all sufficiently large o, since these are nested subsets of the finite set J. We let L’ denote
the set of lines of L incident to some point of J’. Thus for all £ € L’ we have

1
§Km1/n <SW,(0) < |enJ), (6.1)

where the second inequality comes from the inclusion {x € N J, : ¢, (x) = ¢} C N J', that
we show now. We first note that if z € 1(°) is such that c,(x) = ¢, then any 2’ € £ .J, with
c,(x') = £ is in 19, Now for £ € L' we have £ N .J' # (), so let z;, € £NJ'. For x;, we have,
1, € J' hence x;, € I'9) for some o > 1, then any z € £ N J, with ¢,(x) = £ is in either
in 1€ or in ItV (depending whether ¢, (x;,) = ¢ or not), thus € J’ and the inclusion
follows.

Now use Lemma 6.2 together with (6.1) applied to L' and J’, to obtain

7] > C(n)(%[(ml/")" _ %C(n)[(”m.

We now choose K big enough, depending on n only so that 2%6’ (n)K™ > 1. Hence we obtain

|J| = |J'| > m = |J| which is a contradiction. This means that in the bad case we can
always modify ¢, to obtain an acceptable coloring ¢, ;. Therefore the Proposition is proved,
by induction. O

¢

For those familiar with [22], a coloring as in Proposition 6.5 is the analog in “warmup to
multilinear Kakeya” in [22] to finding directions v;x)o(x) such that for the k-th cube Q, the
directed volume Vznq, (Vj),atk)) i large (Vzng, (Vik).ak)) < 1). The next proposition follows
exactly as in the last paragraphs in the mentioned section of [22].
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Proof of Theorem 6.1. By Proposition 6.5 there exists a coloring ¢ satisfying [{z € £ N J :
c(z) = £} = O(|J|"") for all £ € L. For each x € J we have a distinguished line, namely
c(x). We have just associated a line to any point € J. There are in total |L]| lines and
|.J| points. By the pigeonhole principle, there is a line, £*, associated to 2 |J|/|L| different
points, therefore [{z € ¢*NJ :c(x) =} 2 |J|/|L].

On the other hand [{z € ¢* N J : c(x) = ¢} < |J|[Y". From here it follows that
| S 1L, O
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