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THE SYMPLECTIC ISOTOPY PROBLEM FOR RATIONAL CUSPIDAL CURVES

MARCO GOLLA AND LAURA STARKSTON

ABSTRACT. We define a suitably tame class of singular symplectic curves in 4-manifolds, namely
those whose singularities are modeled on complex curve singularities. We study the corresponding
symplectic isotopy problem, with a focus on rational curves with irreducible singularities (rational
cuspidal curves) in the complex projective plane. We prove that every such curve is isotopic to a
complex curve in degrees up to 5, and for curves with one singularity whose link is a torus knot.
Classification results of symplectic isotopy classes rely on pseudo-holomorphic curves together with
a symplectic version of birational geometry of log pairs and techniques from 4-dimensional topology.

1. INTRODUCTION

In this article, we take up an extensive study of singular curves in the symplectic category. We
focus on rational (genus zero) curves, taking advantage of the singularities to obtain low-genus curves
with high degree. We primarily study irreducible rational cuspidal curves, but also consider reducible
configurations with rational cuspidal components. Rational cuspidal curves are a source of rich com-
plexity in algebraic geometry [Pall9, [KP17, [PP17, [PP18]. We use the term cusp to refer to any locally
irreducible singularity, but we focus on cusps locally modeled on {zP = y9} where p and ¢ are relatively
prime (the link is a (p, g)-torus knot). To our knowledge, prior work on singular symplectic curves
has been restricted to nodes, simple cusps ((2, 3)-cusps), and tacnodes (simple tangencies between two
branches). Rational cuspidal curves provide an effective class to work with in the symplectic category
because pseudoholomorphic curves are most powerful in the rational (genus-0) case. We give obstruc-
tion results determining which rational cuspidal curves are realizable symplectically in the complex
projective plane, as well as isotopy classification results proving uniqueness of realization up to sym-
plectic isotopy. Both of these problems (existence and uniqueness) are difficult even in the complex
algebraic category, and in the symplectic category, uniqueness has not even been proven for smooth
curves of degree greater than 17 (our results apply to singular curves of arbitrary degree).

Complex plane curves have a distinguished history in algebraic geometry: from Zariski’s examples
of singular sextics with distinct fundamental groups in their complements [Zar29], to many more recent
results continuing to the present from line arrangements to cuspidal curves (see for example [Hir83|
Har86l [Z1.83 Ryb11] [ACCO3, [ACCMO5, [KP17]). Algebraic geometers have built up powerful tools
to tackle these problems: braid monodromy [Moi81l [Lib89], Alexander invariants [Lib82], the log
minimal model program [Miy01], Miyaoka’s inequalities [Miy84]. For example it was conjectured
that every rational cuspidal curve has at most four cusps. This has recently been proven by Koras
and Palka [KP19] using the almost minimal model program [Pall9] (see [Pio07), [ZO96l Ton05] for
previous progress on this problem and [PPI7, [PP18|] for more recent developments). However, a
complete classification of singular plane curves is still far out of reach in this rich subject. Beyond
questions of which singular curves exist, serious study has been devoted to asking how many planar
realizations there are of a given singular curve up to automorphisms of the plane, diffeomorphisms
of their complements, or isomorphisms of the fundamental groups of their complements. Distinct
realizations (under one of these equivalence relations) are often called “Zariski pairs” and it is unknown
in general which curves have Zariski pairs.

Compared to algebraic geometry, the development of tools in symplectic geometry has occurred rel-
atively recently. The classification of any type of symplectic planar curve, at first glance, is completely
intractable because the space of symplectic curves is a relatively poorly understood infinite-dimensional
moduli space. By contrast, the space of complex algebraic curves of a particular degree with particular
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2 MARCO GOLLA AND LAURA STARKSTON

singularities is cut out by finitely many discriminant polynomials in finitely many complex variables.
However, Gromov’s theory of pseudoholomorphic curves brought some hope that some information
about moduli spaces of symplectic curves could be understood. In particular, Gromov classified smooth
symplectic surfaces in the complex projective plane in degrees 1 and 2 up to symplectic isotopy. While
further work extended this to classify smooth symplectic surfaces up to degree 17 [Sik03] [She00, [ST03],
in degrees greater than or equal to 18 the question remains open.

Question 1.1 (Symplectic Isotopy Problem). Is every smooth symplectic surface in CP? symplectically
isotopic to a complex curve?

This question is equivalent to asking, is there a unique symplectic isotopy class of symplectic surfaces
in each degree? The equivalence results from the fact that the moduli space of smooth complex curves
of fixed degree is connected. (The space of all degree-d curves is parameterized by the coefficients
of the defining polynomial, and singular curves have positive complex co-dimension.) Because of the
difficulty of the classification for smooth symplectic curves, there has been somewhat limited work on
singular symplectic curves [McD92al, S99 [She04] Bar99l [Fra05]. Nevertheless, the study of singular
symplectic curves in CP? has significant ramifications for the study of all symplectic 4-manifolds via
branched covering constructions [Aur00} [Aur06].

Our first result addresses curves with a single cusp singularity. Such curves exist in every degree
d > 3, so we are not bound by the uniform degree constraints encountered in attempts to answer
Question Note that the degrees and singularities for possible complex curves of this type were
classified in [FLMNO7].

Theorem 1.2. In CP2, every symplectic rational unicuspidal curve whose unique singularity is the
cone on a torus knot is symplectically isotopic to a compler curve, and has a unique symplectic isotopy
class.

As a corollary to our results, we see there are no Zariski pairs of rational unicuspidal curves with
one Puiseux pair. To our knowledge, the literature does not contain the statement that there are
no Zariski pairs for such complex algebraic curves. However, experts believe this might follow from
the negativity conjecture of [PP17, [PP18] (which would prove the statement for arbitrary rational
cuspidal curves of log general type), together with some analysis of direct classifications in the cases
of log Kodaira dimension at most 1.

A great deal of complexity arises when we consider rational curves with more than one cusp.
Although there are basic restrictions relating the degree to the genus of the torus knots appearing
as the links of the singularities, there are many combinations of cusp singularity types which cannot
be realized by complex algebraic curves even though they satisfy these basic adjunctive requirements.
We initiate exploration of multi-cuspidal curves in the symplectic setting with low-degree rational
cuspidal curves. The corresponding problem in algebraic geometry has a long history. Complex
algebraic rational cuspidal curves in degrees at most 5 were completely classified [Nam84] (see [Moe08]
for a more modern exposition). The classification of which rational cupsidal curves of degree 6 can be
realized complex algebraically was completed by Fenske [Fen99].

Here we look at symplectic curves up to degree 5. While we do show in Section[7.3] that our methods
can say something for curves of degree 6, even those with significantly different properties than those
appearing in degree 5, we do not venture into the combinatorics to give a complete classification. In
fact, already in degree 5 there is a great deal of complexity which could indicate how the symplectic
category relates to the complex one. The techniques we develop to classify the variety of curves in
degree 5 provide a model for how one could approach many other cases in higher degrees. In degree 5,
there are 19 different possible combinations of different cusp types which satisfy the basic degree-genus
restrictions. Of these 19, we show 9 cannot embed symplectically into any symplectic manifold, 8 embed
into CPP? with a unique symplectic isotopy class, and the remaining 2 more only embed symplectically
and relatively minimally into CP2#4CP2. Comparing to known results on such algebraic curves we
obtain the following theorem.



THE SYMPLECTIC ISOTOPY PROBLEM FOR RATIONAL CUSPIDAL CURVES 3

Theorem 1.3. In CP?, every symplectic rational cuspidal curve of degree at most five is symplectically
1sotopic to a complex curve and has a unique symplectic isotopy class. In particular, there are no Zariski
pairs for rational cuspidal curves of degree up to 5.

As mentioned above, our techniques in fact obtain much stronger results than classifications in CP2.
For each of the rational cuspidal curves we consider, we in fact classify the existence and uniqueness of
minimal symplectic embeddings into any closed symplectic 4-manifold (up to symplectomorphism and
symplectic isotopy of the pair). Classifications up to symplectomorphism of the pair reduce to ambient
symplectic isotopy statements in the case that the ambient manifold is CP2 by Gromov’s result that
the space of symplectomorphisms of (CP?, wgg) is homotopy equivalent to PU(3) [Gro85, [MS12], so
in particular is path-connected.

To each singular symplectic curve C, we associate a contact 3-manifold (Y, {¢) which appears on the
boundary of a concave neighborhood of the curve. Our classifications of symplectic embeddings of the
curves provide classifications of all symplectic fillings of the contact manifolds associated to our curves.
Thus we get new examples of contact manifolds which have no (strong) symplectic fillings, unique
symplectic fillings, and non-unique but finitely many symplectic fillings that are classified. Previous
complete classifications of symplectic fillings have primarily been restricted to lens spaces [Lis08|,[PV10],
Seifert fibered spaces [O0O05, [Stal5], and torus bundles [GLI6]. Our contact 3-manifolds are more
general graph manifolds which do not fall in any of these previous classes.

One question we had early on in our investigations, was whether symplectic embeddability of a
certain type of rational cuspidal curve could distinguish the complex projective plane from a potential
exotic or fake copy of CP2. We found that this cannot be the case.

Theorem 1.4. If X is a rational homology CP? that contains a rational cuspidal curve, then X is
symplectomorphic to CP2.

A similar question was raised by Chen [Chel§|, who asked which symplectic 4-manifolds with the
same rational homology as CP? could be split along a contact-type hypersurface into two pieces, one
of which was a rational homology ball.

We also prove a number of existence and uniqueness results for reducible configurations whose
components are rational. These results play a role in proving the results for irreducible rational
cuspidal curves. We summarize here some examples of these results.

Theorem 1.5. Any configuration of symplectic conics and lines of total degree at most five either has
a unique symplectic isotopy class or is obstructed in Section|5.2 There is a unique symplectic isotopy
class for each of the infinitely many configurations composed of one rational degree-d curve C with a
singular point with multiplicity sequence [d — 1] together with a line which is tangent to C' of order d.

Two more complicated configurations of two conics with additional lines appear in Figures [10| and
and with further techniques we prove they also have unique symplectic isotopy classes.

To prove these results and relate them to each other, we develop a symplectic theory of birational
geometry for pairs (X*,C) where X is a symplectic 4-manifold and C is a (potentially singular)
symplectic curve. We apply this, along with pseudoholomorphic curve techniques, to give symplectic
classifications of many reducible configurations of curves in CP2. We define symplectic proper trans-
forms of curves, and see that the outcome is only well-defined up to symplectic isotopy (meanining a
related through a smoothly varying equisingular family of symplectic curves, not necessarily related
by an ambient isotopy). Because we use symplectic blow-ups and blow-downs throughout the paper,
most of our statements are true only up to symplectic isotopy. The theory of symplectic birational
geometry is based in fundamental work of McDuff on symplectic blow-up and blow-down. We develop
this theory for “log” pairs (X%, C?) to study singular symplectic curves and their isotopy classifica-
tions. While symplectic geometry does not have the full strength of algebraic geometry’s log minimal
model program, by combining this symplectic birational geometry with pseudoholomorphic techniques
and topological tools, we are able to prove many new results that have not been addressed with
pseudoholomorphic curves alone.
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Organization. The paper is organized as follows. Section [2| defines singular symplectic curves and
their equivalences, provides background on complex curve singularities and their resolutions, defines
the contact manifold associated to a singular curve, and reviews previous topological obstructions to
rational cuspidal curves. Section [3|develops the tools utilizing pseudoholomorphic curves and birational
geometry that we constantly use throughout the paper. In particular, Sections and [34] contain
the crucial definitions of symplectic proper transform, and of birational derivation and birational
equivalence of configurations of curves, respectively. Section {4| proves Theorem Section [5] studies
symplectic isotopy problems for reducible configurations, which will be used to study the isotopy
problem for rational cuspidal curves. Sections [6] and [7] give the proofs of Theorems and
respectively. In Section [§] we will give an example, communicated to us by Stepan Orevkov, of a
symplectic rational (non-cuspidal) curve that is not isotopic to any complex curve. The appendix
contains a result about rational homology ball symplectic fillings of lens spaces that we use in the
proof of Theorem

Acknowlegments. This project originated from conversations the two authors had during the intensive
semester on Symplectic geometry and topology at the Mittag-Leffler Institute; we acknowledge their
hospitality and the great working environment. Further progress was made during the BIRS conference
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of the AIM workshop Symplectic four-manifolds through branched coverings for their interest in the
project. MG acknowledges hospitality from Stanford University and UC Davis. LS is grateful for
hospitality from Université de Nantes. LS was supported by NSF Grant No. 1501728 and 1904074.
We would like to thank J6zsi Bodnér, Erwan Brugallé, Roger Casals, Paolo Ghiggini, Andras Némethi,
Tomasz Pelka, Olga Plamenevskaya, Danny Ruberman, Andréas Stipsicz, and Chris Wendl. Finally, the
authors would like to thank Stepan Orevkov for his comments and for communicating us the example
in Section [8

2. SYMPLECTIC SINGULAR CURVES

We will recall some basic facts about singularities of complex curves; a good reference for the
material we cover here is [Wal04].

Let C in C? be the zero set of an analytic function F(z,vy), such that F(0,0) = 0; we say that
C is singular at the origin if ‘?}—5(0,0) = %—5(0,0) = 0. We suppose that F' is locally irreducible, i.e.
irreducible in the ring C[[z,y]] of power series in two variables; in this case, we will say that the
singularity is a cusp. (Note that certain authors call cusps only the singularities of type (2, 3); we will
refer to the latter as simple cusps.)

Up to diffeomorphism, C' can be parametrized (in a neighborhood of the origin) as the image of
¢: C — C? defined by ¢(t) = (t™,a1t® + - - + axt®) for some positive integers m < by < --- < by
and some ay,...,ar € C*. Moreover, if we require that the sequence e; defined by e; = ged(m, by),
e; = ged(e;—1, b;) is strictly decreasing, the exponents m, b; are uniquely determined. In this case, ¢ is
the Puiseux parametrization of C, and (m;by,...,bs) are the Puiseuz exponents of C; m is called the
multiplicity of the singularity.

Recall that the link of the singularity is the diffeomorphism type of (S: N C, S.), where S; = 9B is
the boundary of a ball of radius ¢ < 1. The fact that the singularity of C' at the origin is irreducible
translates into the condition that the link is a knot (i.e. has one component).

The Puiseux exponents determine the topology of the singularity: two singularities have the same
Puiseux exponents if and only if their links are diffeomorphic [Wal04, Proposition 5.3.1].

In this paper we will be almost exclusively concerned with singularities whose Puiseux expansion
has k = 1, i.e. it is of the form (m;b;); we will say that the singularity is of type (m,b1). The link of
a singularity of type (m,b1) is the torus knot T'(m, b1) (which is isotopic to T'(by, m)).

2.1. Singular symplectic curves. We are now ready to define the main objects of interest in the
paper.
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Definition 2.1. A singular symplectic curve C in a symplectic 4-manifold (X, w) is a subset C' C X
such that:

e there exists a finite subset Sing(C') € C' such that C'\ Sing(C) is a smooth symplectic subman-
ifold of X;

e every g € Sing(C) has an open neighborhood U C X, such that there exists a symplectomor-
phism (U,CNU) — (V,DNV), where V. C C% and D is a complex curve.

We call Sing(C) the set of singularities of C, C'\ Sing(C) the smooth part of C.We say that C is
cuspidal if all its singularities are cusps (i.e. irreducible).

Note that we do not assume that X is closed.

We restrict to singularities modeled by complex curves because these are the singularity types that
can occur in pseudoholomorphic curves by two results of McDuff, that we summarize in the following
theorem.

Theorem 2.2 (McDuff [McD92b]; see also Micallef-White [MW95]). Let C be a J-holomorphic curve
in an almost complex 4-manifold (X, J).

(1) If C is not multiply covered, there is a neighborhood U of each of its singular points such that
the pair (U,U N C) is homeomorphic to the cone over (S%, K,) where K, is an algebraic link
in S3 that depends only on the germ of C at x.

(2) There are an almost complex structure Jy and a Jy-holomorphic curve Cy, such that Jy is
integrable near each of the singular points of Co and (X,C) is homeomorphic to (X, Co);
moreover, Jo can be chosen to be arbitrarily close to J in the C°-topology and Cy can be
chosen to be arbitrarily close to C' in the C'-topology.

Since the symplectic condition is C'-open, it is preserved by C''-small isotopies. It follows that any
J-holomorphic singular curve for any w-compatible .J is C'-close to a curve Cy whose singular points
have complex models. Since C'-close isotopies do not affect questions of existence or uniqueness, we
work strictly with the singular symplectic curves with smooth complex charts as given in Definition [2.1

There are two good definitions for what the genus of C' should be. Recall that every singularity can
be perturbed; that is it can be replaced with a Milnor fiber, locally defined by a perturbation of the
equation for the singularity. The genus of the Milnor fiber is also the 3-genus of its link, and it is a
topological invariant of the singularity. If ¢ is a singular point of C, with r branches, we define p(q),
the Milnor number of q, as the first Betti number of the Milnor fiber of the singularity of C' at ¢; we
define 6(q) by 26(q) = u(q) + r — 1. If q is a cusp point of C, then §(q) is just the genus of the Milnor
fiber of the singularity.

For the following definition, we borrow the terminology from algebraic geometry.

Definition 2.3. Let C be a singular symplectic curve and let f : ¥ — X be a parameterization of
C: that is ¥ is a smooth Riemann surface, f(X) = C, the critical values of f are contained in the
singularities of C', and at smooth points ¢ € C, f~!(c) is a single point. We say that f (or sometimes
Y) is a normalization of C. Then we call py(C) := g(X) the geometric genus of C, and we will say
that C' is rational if its geometric genus is 0.

We call

(2.1) Pa(C) i=ps(C)+ > 8(p)
p€Sing(C)
the arithmetic genus of C.
Since p,(C) is the genus of a symplectic smoothing of C, C satisfies the adjunction formula
(2.2) Kx -C+C-C+2—-2p,(C)=0.

Our focus will be on singular symplectic curves in CP2. In this case, because Hy(CP?;Z) =2 Z, the
homology class of a curve is determined by an integer. We will use the convention that [CP!] with
the complex orientation is the positive generator 1. Note that ([w],[CP']) = [ w > 0. Since all
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symplectic surfaces have positive symplectic area, their integral homology classes will correspond to
positive integers. Extending the terminology from the algebraic case, we have the following definition.

Definition 2.4. The degree of a (singular) symplectic curve C' in CP? is the positive integer d such
that [C] = d[CP!] € Ho(CP?;Z).

We will focus on classifying pairs (X, C') which are relatively minimal, meaning there are no excep-
tional spheres in X that are disjoint from C. The following definition will be convenient.

Definition 2.5. A singular symplectic curve C' is said to be minimally embedded in a symplectic
4-manifold (X, w) if X \ C contains no exceptional symplectic (—1)-spheres.

There is a natural equivalence relation between different singular curves.

Definition 2.6. A symplectic equisingular isotopy of singular symplectic curves is a one-parameter
family of singular symplectic curves Cy C (X,w) such that for each ¢,¢" € [0, 1] the curves C; and Cy
have topologically equivalent singularities.

Equivalently, we can think of an isotopy as a smooth 1-parameter family of symplectic maps f;: ¥ —
X such that the singular points of f; are constant in X, and that they have fixed topological singularity
type.

We may sometimes drop the term equisingular for brevity and simply say that Cy and Cy are
symplectically isotopic, with the understanding that all of the isotopies we consider in this article are
equisingular.

Note that each singularity is locally uniquely determined up to equisingular isotopy by the smooth
isotopy class of its link. Our definition of a symplectic singular curve required the existence of a
local symplectomorphism to a complex curve singularity. Here we verify that complex curve singular-
ities with the same topological type have the same symplectomorphism type. Thus we can take one
representative complex model for each topological type of curve singularity.

Lemma 2.7. Suppose Cy and Cy are two complex curves in (C% wsiq) where (0,0) is a singular point
for C; such that the link of the singularities at (0,0) in C; for i = 0,1 are smoothly isotopic. Then
there exist an equisingular family of curves (C})ie(o,1) such that C} has a singularity at the origin for
each t, and there are neighborhoods Uy and Uy of (0,0) such that C; NU; = CINU; fori=0,1.

Proof. We can choose two complex charts around (0,0) such that, for ¢ = 0,1, C; has a Puiseux
expansions
Y= célxbl/m + c};lH:ﬂ(blH)/m +...

Two singularities are topologically equivalent if and only if they have the same Puiseux exponents
(m;by,...,b;). In terms of the Puiseux expansion, this means that céj # 0 and that ¢, = 0 for every
bj < £ < bji1 such that e; { £. Since the space of sequences {c¢} satisfying these constraints and the
space of local charts are both connected, we can always isotope one singularity into the other without
changing the singularity type. O

Remark 2.8. For smooth symplectic curves in any symplectic 4-manifold (X, w), any 1-parameter family
of curves C} is induced by an ambient symplectic isotopy. Namely there exist symplectomorphisms
U, (X,w) = (X,w) with Ug = Id and ¥;(Cy) = C;.

On the other hand, singular curves carry local symplectomorphism invariants beyond their topolog-
ical type. Therefore there can be a 1-parameter equisingular family of symplectic (or even complex)
curves which may not be related by an ambient symplectic isotopy.

The differences stem from the preservation by symplectomorphisms of “angles” between collections
of symplectic planes intersecting at the origin. For a cusp singularity, the angles are not as easily
visible, but after blowing up to a normal crossing resolution, the position of the intersection points
of the exceptional divisors can vary. After blowing down one exceptional divisor, different relative
intersection positions of other curves with that exceptional divisor will change the symplectic angles
between the resulting transversally intersecting curves. These angles will have an effect on the geometry
of the cusp when you blow down completely to undo the resolution.
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This is the analogue of the situation in the complex category, where, for instance, there are moduli
of ordinary quadruple points in (C2,0) that are connected, but not isomorphic. These are distinguished
by the cross-ratio of the four points the four branches determine in IE”(T(OVO)(CQ) = CP'.

In order to see the symplectic analogue of the complex statement, we reduce to the linear case, and
argue by dimension-counting. Consider two ordinary n-tuple points in (C2, (0,0)) for some n > 1. If
there is a global symplectomorphism ¢ : (U, (0,0)) — (V,(0,0)) between open sets containing them
that sends one singularity to the other, then the differential di (o) is a linear symplectomorphism of
(T(O’O)(Cz, w) that sends identifies the n-tuple of tangent spaces to the branches of the two singularities.
The space Sp(4) of linear symplectomorphisms of (R* w = wgiq) has finite dimension djs , and that
the Grassmannian Gr,,(4,2) of symplectic planes in (R* w) has finite dimension dg,, too. Since the
diagonal action of Sp(4) on Gr,,(4,2)*™ is smooth for each n, the dimension of the orbits is at most djs.
The space of w-planes intersecting positively and transversely is open and non-empty in Gry,(4,2)*".
This proves that, as soon as djs < ndg;, the action cannot be transitive on any connected component,
and in particular that there are isotopic ordinary m-tuple points that are isotopic but not ambient-
symplectomorphic. In fact, one can compute dis = 10 and dg, = 4, since the symplectic condition is
open, and therefore dg, is the same as the dimension of the Grassmannian of 2-planes in R*. This
shows that n = 3 already suffices.

2.2. Resolution of singularities. Recall from [Wal04] that the diffeomorphism type of the link
determines the topology of the resolution; recall that every curve singularity can be resolved by blowing
up (sufficiently many times). If 7 : X > Xisa (multiple) blow-up at a point z € X, and C C X is a
curve, we call 7= 1(C'\ {z}) the proper transform of C under 7, and we denote it with C; we also call
771(C) the total transform of C under 7, and we denote it with C.

For every singular curve C' C X, there exists a composition of blow-ups 7 : X — X such that C is
smooth; we call any such 7 a resolution of C. Note that the singularity of C' is a cusp if and only if
7| & is one-to-one.

There are two natural stopping points when resolving a singularity: the minimal resolution is the
smallest resolution such that the proper transform C of C is smooth; the normal crossing resolution
is the smallest resolution such that the total transform C of C is a normal crossing divisor, i.e. all
singularities are double points H

Recall that the multiplicity m,, of a singularity p of C C X is the minimal intersection of a germ of
a divisor D at p with C; that is, m, = minp(C - D),; the multiplicity of a singularity has the following
interpretation: blow up X at p, obtaining X , which contains the corresponding exceptional divisor
E; then m), is the intersection number of £ and C~', ie. my, = C - E. In terms of homology, there is
an orthogonal decomposition Hy(X) = Hy(X) @ Z[E], and we have [C] = [C] — mp[E]. In particular
[C]2 = [C]? — m2

p*

figures/torus-blowup.{ps,eps,pdf} not found (or no BBox)

FIGURE 1. A handle diagram interpretation of the blow up of a singularity of type
(p,q). There are p strands on each side, and the rectangular box with the +1 denotes
a full twist.

We record the singularity types at each step in the minimal resolution into a sequence of integers,
called the multiplicity sequence, as follows. Suppose that the minimal resolution of a singularity of C' is
a sequence of k blow-ups, and call C; the proper transform of C' after the first j — 1 blow-ups, so that
Cy = C, and Cy4 is the proper transform of C in the minimal resolution. Then C; has a singularity
of multiplicity m;, and we write [my,...,my| for the multiplicity sequence of the singularity of C.
Note that m;;1 < m; for each 7, but that not every sequence of integers correspond to the multiplicity

1The terminology in the log algebraic geometry community (e.g. in [KP17, [PP17, [PP18| [KP19]) seems to by slightly
different: they call minimal weak resolution (or, in earlier papers, minimal embedded resolution) what we call minimal
resolution, and minimal log resolution what we call normal crossing resolution.
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sequence of a singularity; for instance [3,2, 2] is not the multiplicity sequence of any singularity. The
multiplicity sequence of an irreducible singularity determines the singularity [Wal04, Theorem 3.5.6];
however, the multiplicity sequence is defined both for irreducible and reducible singularities.

Remark 2.9. Algebraic geometers often consider the multiplicity sequence associated to the normal
crossing divisors resolution of the singularity, rather than the one associated to the minimal resolution.
In fact, one determines the other: if the latter ends in my > 1, the former coincides with it until the
kth entry, and then ends with a sequence of 1s of length my. These last entries corresponds to the
blow-ups needed to make the last exceptional divisor in the minimal smooth resolution disjoint from
the proper transform of the curve.

Given a cuspidal curve C, we say that the multiplicity multi-sequence of C' is the union of all
multiplicity sequences of singularities of C. This is only well-defined up to choosing an order of the
cusps. Instead of making the choice, we just sort all the entries decreasingly. We use double-bracket
notation to denote the multiplicity multi-sequence: [[myq, ..., my]].

Ezample 2.10. The multiplicity of a singularity whose link is the torus knot T'(p, ¢) is min{p, ¢}. For
a singularity of type (p,p + 1), one blow up already yields a smooth curve, and so the multiplicity
sequence is [p]. In general, after blowing up once at a singularity of type (p, ¢), the resulting curve has
a singularity whose link is T'(p, ¢ — p). Iterating this process, eventually reaches a smooth curve.

The following are the singularities that will appear in our examples.

e For a singularity of type (p, kp+1), the multiplicity is p, and singularity of the proper transform
in the first blow-up is of type (p, (kK — 1)p + 1). It follows inductively that the multiplicity
sequence is the string of length k, [p,...,p]. In particular, a curve with a singularity of type
(p,2p + 1) and a curve with two singularities of type (p,p + 1) have the same multiplicity
multi-sequence, [[p, p]].

e A singularity of type (p + 1,2p + 1) has multiplicity sequence [p + 1,p]. In particular the
singularity of type (3,5) has multiplicity sequence [3, 2].

e A singularity of type (p,4p — 1) has multiplicity sequence [p,p,p,p — 1] (p > 3).

It follows from the adjunction formula that

(2.3) 5p) = 5 3 mylm; —1).

Here we describe the normal crossing resolution of singularities of type (p, ¢). This is best described
in terms of continued fraction expansions; given a rational number r, we write

1

I
a2 — T T
L

r:[ala"'aak] =a; —

for its (negative) continued fraction expansion, where a; > 2 for each i > 2.

In what follows, we will adopt the notation al’ to denote a string of ¢ entries, all equal to a; for
instance [2[4] will be the multiplicity sequence of the singularity of type (2,2¢ + 1), and [71¥, 5]~ will
be the negative continued fraction expansion of the fraction Fysy5/Fap11.

It consists of a plumbing of spheres along a three-legged star-shaped graph decorated by Euler
classes. The Euler class on the central vertex is —1; that is, the central vertex is the exceptional
divisor corresponding to the last blow-up in the resolution. Two of the legs are linear chains whose
decorations give the continued fraction expansions of

p*and q*,
pP—q q—p

where gg* =1 mod p and 0 < ¢* < p, and pp* =1 mod ¢q and 0 < p* < q.
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More precisely, the resolution graph of the singularity of type (p, ¢) looks like the following:

—ax —am

71/ Y P °
d \_bl _bn

where

pfq* = [a1,...,am])” and qu* = [b1,...,bn] ", and the hollow dot represents the proper trans-

form of C. (It might be helpful to recall that -2 = [am, ..., a1]” and
r(p, q) is the remainder of the division of p by q.)

The following lemma is well-known among algebraic geometers; we include a proof both for com-
pleteness and to give an example of the techniques for low-dimensional topologists.

qf%(pwq) = [bn,...,b1], where

Lemma 2.11. Suppose C is a symplectic curve in (X,w) with a singularity of type (p,q) at xzq.

Consider the normal crossing divisor resolution of the singularity of C at xg in (X,w). Then the
proper transform C of C in X satisfies C-C =C - C — pq.

Proof. We prove the result by induction on the length ¢ of the multiplicity sequence of the singularity.

If ¢ = 1, the singularity is of type (p,p + 1) for some p, and the first blow-up already gives the
minimal smooth resolution. The total transform of C' in the minimal resolution consists of the proper
transform of C' and the exceptional divisor, and the two have a tangency of order p; as observed above,
the proper transform has self-intersection C - C' — p?. To get to the normal crossing divisor resolution,
we blow up p times at the tangency; since the proper transform of C' was already smooth, each of these
blow-ups decrease the self-intersection by 1, hence C-C =C-C —p?> —p-1=C-C — p(p+ 1), thus
proving the base case.

If ¢ > 1, blow up once at z; the singularity of the proper transform of C will be of type (p,¢—p) (or,
possibly, (¢ — p,p)), and the length of its multiplicity sequence decreases by 1 by definition; therefore
5’-5:C~C—p2—p(q—p):C-C—pq,asdesired. O

If C is a curve of self-intersection s with a unique singularity of type (p, ¢), then the total transform
of C is the full plumbing graph, where the hollow dot is replaced by a vertex with Euler class s — pq.
Typically, in the case of a unique singularity, if s — pg > 1, we will blow-up further times along the
edge between the central vertex and this short leg to change the coefficient on the central vertex to
—2 and add a chain of s — pg — 2 more (—2)-vertices, a single (—1)-vertex, and a single +1-vertex.

In general, we can resolve each singularity of C' independently of the others; furthermore, if all
singularities are of type (p;,q;), the total transform of C' will look like a plumbing tree, obtained by
fusing the resolution graphs of the individual singularities along the hollow vertex, whose weight is
§— Z,‘ bigi.

For instance, when C is a rational curve with self-intersection 16, with a singularity of type (2, 3)
and one of type (2,5), the total transform C of C' in the normal crossing resolution of C' is described
by the following plumbing diagram:

.\.1 0 —.1/
—3/ \—.3 —2

Here the vertex labelled with 0 =16 —2-3 — 2 - 5 is the proper transform C of C, and is obtained by
fusing the corresponding hollow vertices in the resolution diagrams for the two singularities of C.

2.3. The cuspidal contact structure and its caps.
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Theorem 2.12. Given a curve C, with specified singularity types and normal Euler number s. Suppose
s=C-C > 0. Then there exists a symplectic manifold (N,w) with concave boundary such that N is a
regular neighborhood of C, such that [C]?> = s in N. Moreover, every symplectic embedding of C' into
a symplectic manifold (X,w) has a concave neighborhood inducing the same contact boundary.

Proof. Let C denote the normal crossing resolution of C' which is a collection of transversally inter-
secting curves with specified genus, intersections, and normal Euler numbers. The intersections are
generic double points.

A regular neighborhood U of C' can be constructed as a plumbing of surfaces. Moreover, by undoing
the normal crossing resolution, we see that U is the blow-up of a regular neighborhood N of C. In
particular the intersection form of U is (s) & (—1)®" for some n > 0.

Because s = C-C > 0, the intersection form of the plumbing is not negative definite. We claim that
the inclusion QU — U induces the trivial map on the second cohomology group: H ER(U) — HgR(aU ).
This follows from the long exact sequence of the pair (U,0U): in fact, the map H?(U,0U;Z) —
H?(U;7Z) is presented by the intersection form of U; since the latter is non-degenerate, the map
H2:(U,0U) — HZ23(U) is an isomorphism. It follows that wy is exact on OU. (The exactness
assumption is automatically satisfied if C' is rational and cuspidal, since in that case QU is a rational
homology sphere, and therefore H3g (0U) = 0.)

Construct a concave symplectic structure on U, such that C is a symplectic submanifold using the
construction of [GS09] adapted to the concave case [LM14, Theorem 1.3]. Blow down to obtain the
symplectic structure on N.

The existence of an equivalent concave neighborhood in any symplectic embedding follows similarly
from blowing up to the normal crossing resolution and using the analogous result of [GS09, LM14]. O

Definition 2.13. Given a singular symplectic curve C, defined by the collection of its singularities
and its self-intersection, we define (Yo, &c) by Yo = —ON, and ¢ as the contact structure induced by
the concave symplectic structure.

Note that the contact structure depends only on the topological types of the singularities of C, its
geometric genus, and its self-intersection. We will often abuse terminology, and say that a singular
curve is the datum of the types of singularities of C' and its self-intersection. Also, observe that, in
order to define (Y¢,&c), we are using that there exists a resolution, and that the double points in C
are all positive.

This is a generalization of the contact structures introduced by Chen (see [Chel8l Section 4]) for
rational curves. The focus in [Chel8] was on curves in CP? (or in symplectic manifolds with the
same algebraic topology). Chen described the contact structure using transverse symplectic handle
attachment, instead of using the normal crossing resolution. The two contact structures are actually
the same because they are both the canonical contact structure on the boundary of a small concave
neighbourhood of the curve, though we will not use this fact here.

There are natural concave caps of the contact manifold (Yo, &¢), each related by blow-ups on
the interior (which do not affect the symplectic and contact structure on the boundary). The first
natural cap is a neighborhood U of the singular curve itself, and the others are neighborhoods of the
total transform of the resolutions. Call (V,wy ) the blow-up of (N,wy) corresponding to the minimal
resolution of C, and (U,wy) the blow-up to the normal crossing resolution.

Definition 2.14. We call (N, wy) the concave neighborhood or neighborhood cap of (Yo, &c). We call
(U,wy) the normal crossing cap of (Yo, €éc), and (V,wy ) the minimal cap of (Yo, &c).

If a singularity has multiplicity sequence [myq,...,mg], the minimal cap contains an exceptional
divisor that has a tangency of order my with the proper transform of the curve.

Remark 2.15. We recall that, if C' is an algebraic curve in CP? of degree d, then the contact structure
&c is defined algebraically. It is a hyperplane section of the Veronese embedding of the degree d, and
hence its complement inherits a Stein structure from CM =PM \ H.
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Remark 2.16. Note that in our setup, C need not be realised as a symplectic curve embedded in
a closed Kahler surface. Instead its regular neighborhood can be defined using its self-intersection
number, genus, and singularities. We will exhibit examples of such curves which do not embed in a
closed symplectic manifold (see Section [7)).

The next proposition and corollary will be the key that will allow us to carry our proofs of the main
statements from the level of fillings of cuspidal symplectic structures to the level of curve isotopy.

2.4. Topological obstructions. We mention here two techniques used previously to obstruct rational
cuspidal curves in CP? which have topological interpretations and can thus obstruct symplectic curves
(not just complex algebraic curves).

The semigroup condition was first discovered by Borodzik and Livingston [BLI4]. Recall that to
each curve singularity x there is an associated semigroup I';, that records the local multiplicities of
intersections of germs of curves with the singularity; for instance, for a singularity of type (p, q), the
semigroup is generated by p and g. We define the counting function R, of I'; as R,(n) = #(I'x N
(—o00,n—1)), and the minimum convolution FoG of two functions as (FoG)(n) = mingez F(k)+G(n—
k); given a rational cuspidal curve C of degree d, with cusps x1,...,xx, and associated R-functions
Ry,...,Ryp,let R = Rj¢---0Ry. Then, [BL14l Theorem 6.5] asserts that, for each j = —1,0,...,d—2,

G+1G+2)

(2.4) R(jd+1) = T4 =2,

Note that this is a smooth obstruction: it obstructs the existence of a rational homology 4-ball which
glues by a diffeomorphism of the boundaries to a regular neighbourhood of C.

Remark 2.17. In fact, the function R only depends on the multiplicity multi-sequence, not the way
it is split into multiplicity sequences for individual cusps [BN16, Theorem 1.3.12]. Moreover, one can
see that the semigroup condition is a generalization of Bézout’s theorem: see, for instance, [FLMNO0G,
Proposition 3.2.1].

Ezxample 2.18. In the case of quintics, the only multiplicity multi-sequence that is excluded by the
semigroup criterion is [3, 3], which corresponds to two rational cuspidal curves, one with a singularity
of type (3,7) and one with two singularities of type (3,4).

Remark 2.19. There is a strengthening of [BL14] to curves of odd degree, using involutive Heegaard
Floer homology, due to Borodzik, Hom, and Schinzel [BHSIS]; in particular, by [BHS18| Section 5.1],
the curves with cusps of types {[2,2,2],[2,2,2]} and {[2,2,2,2,2],[2]} are also obstructed.

The spectrum semicontinuity is an inequality on the Levine—Tristram signature and nullity functions
of the links, 04,7 : S' — Z. This was originally formulated in terms of Hodge-theoretic data, and then
recast in more topological terms by Borodzik and Némethi [BN12, Corollary 2.5.4]. We refer to their
paper for details. From a curve C, by choosing a generic line ¢, we obtain a genus-p,(C) cobordism in
S$3 x [0,1] from the connected sum K of links of all singularities of C, to the torus knot T'(d,d); this
cobordism is obtained from removing a neighborhood of a path connecting all singularities of C', and
a neighborhood of the line ¢. Suppose that C' is rational and its singularities are k cusps. Then K is
a knot, and we have:

(2.5) (ora,a)(C) +11(a,0)(C)) — (0x(¢) + 1K (¢)) > 1 —d
(2.6) (=or(a,a)(C) + 1r(@.a)(C) — (—ox () + 1K (¢) > 1 —d.

This obstruction is topological, once we assume that there exists a degree 1 curve ¢ that intersects C
transversely and positively in d points. This assumption is satisfied when C' is a symplectic cuspidal
curve, because we can choose an almost complex structure such that C' is J-holomorphic. Then each
J-holomorphic line intersects C positively, and the space of J-holomorphic lines has (real) dimension 4.
The J-holomorphic lines which intersect C' at a singular point or tangentially has positive codimension
(real codimension 2) in the space of all J-holomorphic lines. Therefore there is a J-holomorphic line
which intersects C' positively and transversally in d points.
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Ezample 2.20. The spectrum semicontinuity obstructs the existence of a quintic with two cusps of
type (2,7). As mentioned in Remark above, this was also obstructed by using Floer-theoretic
techniques. The spectrum semicontinuity is a stronger obstruction, because it holds in the topologically
locally flat category, rather just the smooth category.

3. PSEUDOHOLOMORPHIC TECHNIQUES

3.1. Proper transforms in symplectic blow-ups. In the symplectic category, blowing up and
blowing down take on a slightly different character than they do in algebraic geometry [McD91]. To
perform a symplectic blow-up at a point p in a symplectic manifold (X, w), we first choose a Darboux
chart centered at p. Remove a ball inside this chart of radius A, and collapse the boundary by the Hopf
fibration to obtain the exceptional divisor. Alternatively, remove a ball of radius A + € centered at p
and replace it with a & neighborhood of a copy of CP! of symplectic area A in O(—1). The symplectic
form on the ring of the ball between radius A and A + ¢ agrees with the symplectic form on O(—1)
when the zero section is a symplectic submanifold of area A. A symplectic blow-down reverses the
operation, replacing a € neighborhood of an exceptional divisor of symplectic area A with a ball of
radisu A 4 € (or equivalently deleting the exceptional divisor of symplectic area A and replacing it by
a closed ball of radius ).

Remark 3.1. In the algebraic geometric (or smooth) category, the blow-up has a well-defined effect on
both the variety and its subvarieties. The effect on the subvarieties gives rise to the notions of the total
and proper transforms discussed in Section [2:2] The proper transform turns first order data of the
subvariety at the point p into zeroth order information (and second order information into first order
information, etc). Because the symplectic blow-up deletes an entire ball instead of just a point, we
need to define the total and proper transforms of (singular) symplectic curves in symplectic 4-manifolds
with a bit more care.

When we perform a symplectic blow-up at a point, we will always choose the radius A + € of the
symplectic ball to be sufficiently small such that every sphere S, (p) of radius 0 < r < X + ¢ intersects
the symplectic curves transversally. Note that using the radial vector field in the Darboux chart as a
Liouville vector field, the spheres S,.(p) are contact-type hypersurfaces.

Suppose now that we have a symplectic curve C in X, and that we blow X up at a (possibly singular)
point p on C. The transverse intersections of C' with the contact spheres are transverse links 7). in
the spheres S,.(p). Note that if we identify spheres of different radii by a rescaling contactomorphism,
the transverse links 7). in the spheres of different radii 0 < r < A 4 € are all transversally isotopic
to each other. If p is a smooth point, the transverse link T, will be the standard unknot of maximal
self-linking number. If p is a singularity, T, will be transversally isotopic to an algebraic link.

For the algebraic proper transform in the blow-up, the exceptional divisor E replaces the point p,
and the proper transform C intersects F according to its tangent derivative information at that point.
Thus the proper transform is a finite-point compactification in the algebraic blow-up of the family
of transverse links 7. C S,.(p). We would like to have a similar proper transform in the symplectic
blow-up, but in this case we delete a ball of radius ) instead of only a point. Therefore, the links T;. for
0 < r < X\ would be cut out. We cannot guarantee that the transverse links 7;. for A < r < A + ¢ will
finite-point compactify as r — A with the same diffeomorphism type as the family 7. for 0 < r < A+«
asr — 0.

To overcome this issue, we will squeeze the entire transverse isotopy T, for 0 < r < A + ¢ into the
collar where A < r < A + ¢ by reparameterizing the radial coordinate by a smooth, strictly increasing
function p such that p(¥) = 7¥— A near ¥ = A and p(7) = 7 near A+¢. In other words, in the symplectic
blow-up, for A < 7 < \ + ¢, the proper transform intersects the sphere Sy in a link T defined by

T; = Tp(;)
As7 — A, p() = 0. Therefore this family extends via a finite-point compactification in the exceptional
divisor in the same manner as the algebraic proper transform. Note that We do not change the
symplectic structure on the ambient symplectic 4-manifold, we only modify the symplectic curve.
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Lemma 3.2. The surface Uy 7.y,. T7 15 a symplectic curve.

Proof. We want to prove that the tangent spaces to the surface are still symplectic subspaces; the idea
is that this is true because the bases for the tangent spaces only differ by a positive scaling factor p’(r).
Namely, if ¢(r,t) denotes a polar parameterization of the original surface such that ¢(r,t) = (T,-(¢), r),
then ¢(r,t) = (T, (t), p(r)) is a parameterization for the new surface and

8(; / ap 8% (‘)p

= (rt) = p(r)=— t = (r,t) = == t

gy (D) =P ()5 (p(r). ), 50 (rt) = 2 (p(r), 1)
so the value of w must be positive on an oriented basis for the curve parameterized by 25 since it is
positive on an oriented basis for the curve parameterized by ¢. O

A symplectic blow-down reverses this procedure. Deleting a e-neighborhood of an exceptional sphere
of weight A (i.e. the symplectic area is mA?), we replace it with a symplectic ball of radius A + . To
define the image of a symplectic curve which intersects the exceptional divisor over By (p) we reverse
the squeezing procedure above to stretch the transverse link family back out. Namely we take the
surface defined by the union of the center p of the ball together with the transverse links 7, C S,.(p)
where B

TT = Tp—l(T).

Note that the definition of the proper transform depends on the choice of the Darboux chart, of €

and of p. However, the symplectic isotopy class is independent of all these choices.

Proposition 3.3. The symplectic isotopy class of the proper transform of a singular symplectic curve
C C (X,w) is independent of the choice of the Darbouz ball, of € and p, and is related to the algebraic
proper transform by a diffeomorphism supported in a neighborhood of the exceptional divisor.

Proof. We start by showing independence of €. Without loss of generality assume that e; > g¢. If
one blow-up/down is performed using £y with function pg and the other using £; with function p;, we
may extend p to the interval [\, A + €1] by extending by the identity on the interval [A + €9, A + €1].
Therefore, without loss of generality we may assume €y = €; and simply show independence of p;.

To find the symplectic isotopy connecting the proper transforms for different choices of p;, define a 1-
parameter family of proper transforms using ps(r) = (1—35)po(r) +sp1(r). The required characteristics
of p are convex conditions so ps(r) defines a symplectic proper transform for s € [0, 1] interpolating
between the two choices of proper transform.

We now note that the space of embeddings of Darboux balls (with varying radius) in any connected
symplectic manifold is itself connected. Thus, in order to prove independence (up to isotopy) of the
Darboux ball, we can suppose that we have a 1-parameter family D; of Darboux balls centered at p,
parametrized by symplectomorphisms (¢;: D — X )te[0,1] connecting two Darboux balls Dy and D;.
(We can assume that the balls have the same volume by passing to a subfamily.) Then, by choosing
p + e < r, and applying the recipe above, we obtain a 1-parameter family 5t~of symplectic proper
transforms that varies with smoothly with ¢, i.e. a symplectic isotopy between Cy and C;.

To see that the symplectic proper transform is related to the algebraic proper transform by a
diffeomorphism, simply re-stretch out the ring between radius A and A + € in the blow-up by reparam-
eterizing the radial coordinate by p~! (and shrink by reparameterizing by p in the blow-down). Note,
this diffeomorphism will not be a symplectomorphism. 0

3.2. Pseudoholomorphic curves. Here we prove two technical lemmas that we will use throughout.

Lemma 3.4. Let (M,w) be a symplectic 4-manifold and C C M be a symplectic surface whose only
singularities have a blow-up resolution such that the only singularities of the total transform are positive
w-orthogonal nodes. The space J*(C) of almost complex structures J which are compatible with the
symplectic structure w such that C' is J-holomorphic is non-empty and contractible.

All of the cuspidal curves we consider have normal crossing resolutions, and thus this lemma ap-
plies. We will occasionally use this for reducible curves, where the nodal intersections may not be
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w-orthogonal. However, a symplectic positive transverse intersection of two surfaces in a symplectic
4-manifold, can be transformed to an w-orthogonal intersection via a symplectic isotopy (see [Gom95]
Lemma 2.3] and [Sym96, Lemma 3.2.3]). Whenever necessary, we will implicitly perform this isotopy
to make all nodes w-orthogonal. Since all of the statements we make are up to symplectic isotopy, this
modification does not affect the results, so we may omit mentioning it explicitly before invoking this
Lemma.

Proof. Let C be the total transform with w-orthogonal normal crossing singularities. Let J%(C)
denote the set of almost complex structures i on M #NEN@Q such that each component of the total
transform C'is J-holomorphic. For each such J € J%(C) the projection 7 : M#NCP? — M induces a
unique almost complex structure J € J%(C') such that the blow down 7 is pseudo-holomorphic. This
map J%(C) — J%(C) is a fibration. Therefore it suffices to prove that J%(C) is contractible and
non-empty. For simplicity of notation, we will remove the tildes and assume that C' is an w-orthogonal
normal crossing divisor in a symplectic manifold (M, w).

To prove that the space of almost complex structures compatible with a given symplectic structure
is contractible, one shows the statement first at the level of vector spaces, by showing the space of
complex structures on a vector space compatible with a given symplectic form is a retract of the space
of inner products which is contractible. Then the space of w-compatible almost complex structures on a
manifold is the space of sections of a bundle with contractible fibers, so it is contractible. (See [Can01l
Chapter 12].) In our case, for the fibers over points in C, instead of looking at all compatible almost
complex structures at that point, we further restrict to looking at compatible almost complex structures
which preserve the tangent spaces to each of the components of C. If we show at the vector space
level, that these spaces are still contractible, then we will still be taking sections where each fiber is
contractible so the space of such almost complex structures will still be contractible.

J is an almost complex structure compatible with a symplectic structure w on a 4-dimensional vector
space V and W is a 2-dimensional symplectic subspace preserved by J, then the symplectic complement
W« is also preserved by J. This is because, forany X € WandY € W« 0= w(X,Y) =w(JX,JY)
and 0 = w(JX,Y) = —w(X,JY) so JY € W« since it is symplectically orthogonal to a basis for V.

Conversely, if W C (V,w) is a symplectic subspace, W« is another symplectic subspace. Let w; and
wsy denote the restrictions of w to W and W« respectively. Then for any almost complex structures
J1 on W compatible with w; and J, on W« compatible with wy, the almost complex structure
J =J1®Jy on V is compatible with w. (Note that without w-orthogonality, it is not generally possible
to ensure that there is a tame almost complex structure on the whole space which restricts to a given
J1 and Jy on two transversally intersecting symplectic subspaces.)

Let J; and J> denote the space of compatible almost complex structures on (W, wy) and (W« ws)
respectively. Then for any ¢ € C, the fiber 7% (C). = J1 X J2. Since J; and J, are contractible (being
the space of compatible almost complex structures on smaller dimensional symplectic vector spaces),
their product J«(C). = J1 X J2 is contractible. O

The strength of using J-holomorphic curves is that we have much greater control over their geomet-
ric intersections. T'wo general symplectic surfaces may intersect with a canceling pair of positive and
negative intersections, but in this case they could not be realized as J-holomorphic simultaneously for
the same almost complex structure J. When (M, w) is a 4-manifold with a compatible almost complex
structure J, the orientation induced by w and J agree. Two transversally intersecting J-holomorphic
curves can be easily seen to have positive intersections because the almost complex structure induces
complex orientations on each of the curves at an intersection point, which adds up to the positive ori-
entation on the 4-manifold induced by J. More generally, any (not necessarily transverse) intersection
between simple J-holomorphic curves (possibly with singularities) contributes positively (see [MS12|
Section 2.6, Appendix E.2]).

Lemma 3.5 ([McD90]). Let h,er,...,en be the standard basis for Hy(CP*#NCP?) with h* = 1 and
e2 = —1. Suppose C is a configuration of positively intersecting symplectic surfaces in CP2#NCP?. Let

%

€iy,---,€i, be exceptional classes which have positive algebraic intersections with each of the symplectic
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surfaces in the configuration C. Then there exist disjoint exceptional spheres E;, ..., E
the classes e;,,. .., €;

i, representing

, respectively such that any geometric intersections of E with C are positive.

Blowing down exceptional spheres using this lemma, together with exceptional spheres appearing
in a configuration, eventually we will blow down spheres in all e; classes and reach a configuration in
CP2.

Proof. Fix an almost complex structure J € J“(C) which is C*°. Let A = {e;,, ..., €;,). Asin [McD90,
Theorem 3.4], one can find a maximal collection of disjoint exceptional J-holomorphic curves generating
A. (These necessarily represent e; classes, since these are the only classes of square —1 which are
positively oriented by J.) They will intersect C positively because both are J-holomorphic. O

The order of the e; which we choose to J-holomorphically blow down does depend to some extent
on the configuration C because if one of the surfaces in C represents the class e;, —e;;, — -+ — €4,
then we cannot blow down a J-holomorphic exceptional sphere in the class e;, until we have blown
down exceptional spheres in the classes e;,,...,e; first. This is because e;, has negative algebraic
intersection number with e;; —e;, —--- —e;,. If K = 0 then the surface in C represents the class e;, so
it can itself act as the J-holomorphic exceptional sphere. However, this is the only restriction on the
ordering because the positively intersecting exceptional classes can be geometrically realized disjointly.

3.3. Embeddings of plumbings into CP2# NCP?. Suppose P is a plumbing of symplectic spheres,
such that one of the spheres has self-intersection +1. In our context, this will typically be a neighbor-
hood of the normal crossing resolution of a rational cuspidal curve (or possibly a further blow-up). A
theorem of McDuff strongly restricts the closed symplectic manifolds in which P can symplectically
embed.

Theorem 3.6 ([McD90]). If (X,w) is a closed symplectic 4-manifold and Cy C X is a smooth symplec-
tic sphere of self-intersection number +1, then there is a symplectomorphism of (X,w) to a symplectic
blow up of (CP?, \wgs) for some X > 0, such that Cy is identified with CP!.

More generally, McDuff’s result shows that if the plumbing contains a sphere of square p # 4,
p > 0 then the symplectic manifold is the p'* Hirzebruch surface and the sphere is identified with
the associated O-section. A sphere of square 4 might be the conic in CP? or the sphere representing
2[5?% x {*}] + [{*} x S?] in S? x S%. A sphere of square 0 is a fiber in a ruled surface. We will
typically work in cases where we can guarantee that our symplectic 4-manifold is a blow-up of CP? (or
occasionally in §2 x S2). (Note that S? x S2#CP? = CP?#2CP2.)

We will now discuss how to classify all symplectic embeddings of P into CP24#NCP?. A symplectic
embedding of a rational cuspidal curve is equivalent (by a sequence of blow-ups supported in a neigh-
borhood of the rational cuspidal curve) to a symplectic embedding of its normal crossing resolution
plumbing (U, wy).

We classify embeddings of P into CP?#NCP? in two steps (similar arguments appear in many
classification of fillings results, starting with Lisca [Lis08]). First, we determine the possibilities for the
map on second homology induced by the embedding. Since the core spheres of the plumbing form a
basis for Hy(P), we just need to classify the possible classes in Ho(CP?4#NCP?) that these symplectic
spheres can represent. The restrictions here are given by the adjunction formula and the intersection
form on P, as well as the constraint that the +1-sphere in P is identified with CP! ¢ CP?#NCP?.
Next, for each possible adjunctive embedding Hy(P) — Ho(CP2#NCP?), we will classify the geometric
realizations of embeddings P — CP?#NCP? up to symplectic isotopy. Typically, we will show that
such a geometric embedding is unique or that it cannot exist. This will be done by supposing that
we have such a geometric embedding into CP?#NCP?, keeping track of the configuration formed by
the core symplectic spheres of the plumbing, and then blowing down using Lemma [3.5] We then
look at the possible images of this configuration after blowing down to CP?. This will generally be a
reducible configuration, which we will then try to classify up to symplectic isotopy. This classification
of reducible symplectic configurations in CP? is the subject of Section



16 MARCO GOLLA AND LAURA STARKSTON

Now we analyze the possible homology classes represented by the spheres in P. A symplectic surface
¥ in a symplectic 4-manifold (X,w) satisfies the adjunction formula . When X = CP?#NCP?,
Kx = —c1(X) = —3H + E; + -+ + Ey. Here our convention is that h is the class of CP!, with
dual H and e; is represented by the " exceptional sphere with dual E;. The following lemma is a
generalization of [Lis08, Propositions 4.4]

Lemma 3.7. Suppose ¥ is a smooth symplectic sphere in CP?#NCP? intersecting CP' non-negatively.
Then writing [X] = aph + a1e1 + -+ anyen (so ag > 0), we have:

(1) Y (a? + a;) = 2 + a2 — 3ay.

(2) If ag = 0, there is one ig such that a;, = 1 and all other a; € {0, —1}.

(3) If ag # 0, then for alli>1, a; <0.
Some particular cases which we will use often are:

(4) Ifap =1 orap =2, a; € {0,—1} for all 1 <i < N.

(5) If ag = 3, then there exists a unique ig such that a;, = —2, and a; € {0, —1} for all other i.

The self-intersection number of ¥ can be used to compute how many a; have coefficient 0 versus —1.

Proof. Since ¥ is a sphere (g = 0), the adjunction formula gives

3ag a1 +---+ay =2+at—al —---—a%
which can be rearranged to item Note that a? +a; > 0 since a; € Z, so the coefficient ag determines
a bound on the possible coefficients a;.

To prove items [2| and [3] we use positivity of intersections. Suppose for contradiction that a;, > 0.
Since ¥ and CP! are symplectic with non-negative intersections, there is an almost complex structure
on CP?#NCP? such that ¥ and CP! are J-holomorphic by Lemma By Lemma we can blow-
down a J-holomorphic exceptional sphere in the class e; for some i. If we blow down a J-holomorphic
sphere corresponding to e; for i # ig, the hypotheses on Y. are unaffected. Therefore eventually,
we have a situation where both X and e;, are represented by J-holomorphic spheres, so if a;, > 0
then [X] - e;, < 0. Since J-holomorphic spheres must intersect non-negatively, this can only occur
if ¥ is exactly equal to the J-holomorphic exceptional sphere representing e;,. If ag # 0, this is a
contradiction, and if ag = 0, it implies a;, = 1 and ¥ is a blow-up of the exceptional class representing
ei,- In this case, for a;; # a;, the same argument shows that a;; cannot be negative so we get item @

The particular cases follow from combining items [I] and [3] and observing which integers give low
values of n? + n. O

In the following lemmas, C; and C); are smooth symplectic spheres in a positive plumbing in
CP?#NCP? such that [C;] - h = [C}] - h = 0.

Lemma 3.8. If [C;] - [C}] =1 (and [C;] - h = [C;] - h = 0), there is exactly one exceptional class e;
which appears with non-zero coefficient in both [C;] and [C;]. The coefficient of e; is +1 in one of
[Ci],[C;] and —1 in the other.

Proof. 1t follows from Lemma [3.7)item [2} that [C;] and [C;] have the form [Ci] = €y, — €, =+ — €n,.
[C)] = €my — €m, — -+ — em,. Since the algebraic intersection is +1, either en, = €, Or €p, = €n,

for some k,p. To rule out the possibility that both of these occur, we consider the symplectic areas.
Since C; and C; are both symplectic spheres, (w, [C;]), (w, [C;]) > 0. Each of the exceptional classes
also has positive symplectic area. Let (w,ep,) :=a > 0 and (w, ep,) := b > 0. Then

0<{(w,[Ciy <a—D and 0<{(w,[Cj]y<b—a
which is a contradiction. O

Lemma 3.9. If e,, appears with coefficient +1 in [C;] then it does not appear with coefficient +1 in
the homology class of any other sphere in the plumbing.

Proof. This follows from positivity of intersection and Lemma [3.7] g
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Lemma 3.10. If [C;] - [C;] = 0, then either there is no exceptional class which appears with non-zero
coefficients in both, or there are exactly two exceptional classes e,, and e, appearing with non-zero
coefficients in both. One of these classes ey, has coefficient —1 in both [C;] and [C;] and the other e,
appears with coefficient +1 in one of [C;] or [C;] and coefficient —1 in the other.

Proof. This follows from a similar argument as in Lemma[3.8] but with an additional exceptional class
appearing with coefficient —1 in both [C;] and [C}] to cancel out the positive intersection. O

When there is a linear chain of such symplectic spheres with self-intersection —2 (consecutive spheres
intersect once), there are few options for the homology classes of the spheres in that chain.

Lemma 3.11. Suppose ¥1,...,% are a chain of symplectic spheres of self-intersection —2 disjoint
from CP' in CP2#NCP2. Then the homology classes are given by one of the following two options up
to re-indexing the exceptional classes:

(A) i) =ei—eiy1 fori=1,... k.

(B) [Ez] = €41 — €4 fOT‘i = 1,...7143.
The homology class of any surface disjoint from the chain has the same coefficient for e, ..., exy1.

Proof. By Lemmaitem each [X;] = €xi — €k~ Since consecutive spheres intersect once positively,
by Lemma either

(1) ki =Kkit or

(2) ki =k
Each exceptional class can appear with positive coefficient at most once by lemma so all ki are
distinct. Therefore if for any ig, ki = kéO'H, we must have that &} = k" for all 49 < i < k. We can
never switch from choosing option [2 to choosing option [1| as we go down the chain.

If ki = kot and kot = kD72 (fe. if we switch from option [I| to option , then we have
[Zio] = €a — €py [Zigt1] = b — €, and [Z;,12] = eq — ep. Since [E;] - [Zig+2] = 0 we must have
(e —ep) - (eq—ep) =0Dbut (e, —e€p) - (eq—ep) = €4 -4 —1 < 0, so we cannot switch from option to
option [2 either.

Therefore if we start with option we get Choice and if we start with optionwe get Choice
For last statement, let a; denote the coefficient of e; in [X]. Then the statement follows from 0 =
(] [E] = F(ai — ait1). O

Often, only one of these options can occur. The following particular case will appear frequently in
our homological classifications.

Lemma 3.12. If 3,...,%; form a chain of (—2)-spheres as in Lemma such that the chain
(B)

is attached to another symplectic sphere Lo which does intersect CP', option can only occur if
€2, ... ,epr1 all appear with coefficient —1 in [Xo]. In particular if [Xo] - h = 1, option can only
occur if [So]?> <1 —k.

Proof. By Lemma all coefficients of exceptional classes in [Xg] are negative. Let [Zg] = aoh +
>; aiei. Since [Eo] - [X1] = 1 because they are joined in the chain, the exceptional class which appears
with coefficient +1 in [¥;] must appear with coefficient —1 in [Xo]. If the chain X;,...,3; has
homology classes as in option this means as = —1. Since [Xg] - [X;] =0 for i = 2,...,k, we find
that —a;41 +a;, =0fori=2,...,ksoay=---=ag41 = —1.

When oy = 1, a; € {0,—1} for all i > 1 by Lemma so [$o]? = 1 — #{a; # 0}. If we have
the chain of —2 spheres with homology classes as in option we must have at least k non-zero
coefficients so [$o]? < 1 — k. O

These lemmas, together with some arithmetic considerations, will generally suffice to allow us to
classify all possibilities for the homology classes of the spheres in a normal crossing resolution. Given
these homology classes we can apply Lemma to blow down to a configuration in CP2. The way
that the exceptional classes appeared in the homology classes of the plumbing spheres affects the
intersections between the proper transforms. We record the data of these intersections, including the



18 MARCO GOLLA AND LAURA STARKSTON

degree of tangency between surfaces at each intersection and when intersections between different
components coincide. There may also be singularities in a single component which we record as well.
Fixing this data of the singularities and intersections, we then try to classify symplectic configurations
of surfaces in CP? up to equisingular symplectic isotopy. In the next section we solve this classification
for families of singular reducible configurations of symplectic surfaces in CP? that we will need.

3.4. Birational transformations. In complex dimension 2, a birational transformation is a sequence
of blow-ups and blow-downs. Since blow-ups and blow-downs can be done symplectically [McD90],
these transformations from algebraic geometry can be imported into the symplectic context. When
we have a singular surface in CP2, the birational transformation may change the singularities and self-
intersection number of the surface. The blow-ups can begin to resolve singularities, and blow-downs
may create new singularities.

There are two ways that we will relate singular symplectic surfaces in CP? using birational trans-
formations. The first notion is weaker, but for two surfaces related in this way, the existence of one
type of singular surface will imply the existence of another type of singular surface.

Definition 3.13. A symplectic surface Yo C (M,w) is birationally derived from another symplectic
surface X1 C (M, w) if there is a sequence of blow-ups of the pair (M, %) to the total transform
(M#NCP?, il), followed by a sequence of blow-downs of exceptional spheres 7 : M#NCP? — M,
such that 3y = 7(%).

Note that this relation is directional. If Y5 is birationally derived from X, it is not typically true
that X7 is birationally derived from X;. To strengthen this notion, we need the much more restrictive
condition that the exceptional spheres that are blown down by 7 are actually contained in ;. The
following definition will allow us to relate the symplectic isotopy classifications of 31 and ¥,.

Definition 3.14. ¥ C (M, w) is birationally equivalent to 3o C (M, w) if there is a sequence of blow-
ups of the pair (M, ;) to the total transform (M# NCP?, ivl)7 followed by a sequence of blow-downs
of exceptional spheres m : M#N CP? — M such that the exceptional locus of 7 is contained in ivl and
22 = W(El).
Note that if if ¥y is birationally equivalent to X5, then Xy is birationally equivalent to X1, because
(%) = El is obtained by a sequence of blow-ups of X5, and the exceptional spheres needed to
blow—down El to ;1 are contained in El If ¥ and X5 are birationally equivalent, they are each
birationally derived from the other.

Without the extra condition for birational equivalence, a birational derivation is not an equivalence
relation. If we start with 35 and blow up to get 7~ (23), we only have that %, C 7~ ( 2) because
%, := 7 1(03) contains the additional exceptional spheres that were not contained in S,. Therefore
when we blow down the exceptional spheres in 21, the image of Eg will only contain 3, instead of
being equal to ¥;. A weaker equivalence relation could be obtained from the definition of birational
derivation by replacing the condition Yo = 71'(2\1) by ¥o C 71'(2\1) however this relation will not be
particularly useful to us.

Note that the number of components of the configuration is preserved by a birational equivalence
but not by a birational derivation.

Ezample 3.15. Let X1 be a configuration of a single conic C' (degree 2 symplectic surface) with three
lines L1, Lo, L3 (degree 1) that intersect the conic tangentially at three distinct ponts, and intersect each
other transversally at three distinct points. Blowing up at each of the three tangential intersections,
the self-intersection number of C' goes down to +1 and [L;]*> = 0. The intersections between C and L;
become transverse and there are three additional gxceptmnal spheres E, Ep, E5 which pass through

those intersection points. See Figure [2| Because [C]? = +1 and C is a smooth sphere, we can find a

symplectomorphism of CP2#3CP? which identifies C with CP'. Calculating the homology classes of
the other surfaces in the picture using Lemma[3.7] and intersection numbers, we find the only option is

[C} :h, [Ll] :h—el, [LQ} :h—eg, [Lg]:h—eg
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FIGURE 2. Birational derivation.
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FIGURE 3. Birational equivalence.

[E1] =h—ea —e3, [E2] =h —e1 —es, [E3] =h—e1—e

Using Lemma to blow-down positively intersecting exceptional spheres in classes eq, e, €3, the
configuration blows down to seven lines intersecting in six triple points (the three triple points that
already existed between C| L;, E; for i« = 1,2,3, and the three triple points that are created when
blowing down e, es,e3). Note, the exceptional spheres which are blown down are not included in
the configuration. Therefore the configuration of seven lines with six triple points can be birationally
derived from the configuration of a conic with three tangent lines. However, these are not birationally
equivalent.

In order to get a birational equivalence, we would need to include in the original configuration,
the spheres that eventually will be blown down. The exceptional sphere S; representing e; intersects
FE5, E3, so when FEs; and FEj3 are blown down, S; has self-intersection +1 and passes through the
tangential intersections between C' with Lo and C' with Ls. The other exceptional spheres descend
similarly to lines passing through two of the tangential intersections. We find there is a birational
equivalence between a conic with three tangent lines together with three lines through the three pairs
of tangent points with a configuration of seven lines with six triple points and three double points. See

Figure [3]

Now we conclude some relations between the symplectic isotopy problems for birationally related
configurations.

Proposition 3.16. If 31 is a configuration of (potentially singular) symplectic curves embedded in
(M,w), and Xq is birationally derived from X1, then any subconfiguration of Xo embeds into (M,w).

This statement is immediate from the definition, but the utility of the statement is that we will
show that certain singular symplectic curves ¥; cannot embed into CPP?, using the non-existence of a
subconfiguration of symplectic curves that can be birationally derived from ;.

Proposition 3.17. Suppose Xo is birationally derived from ¥, and suppose Yo has a unique (non-
empty) equisingular symplectic isotopy class in (M,w). Then X1 also has a unique (non-empty) sym-
plectic isotopy class in (M,w). If (M,w) = (CP? wgs) and X2 can be realized by a complex curve, then
Y1 can also be realized by a complex curve.

Proof. Suppose any two symplectic embeddings of ¥4 into (M, w) are symplectically isotopic. Let Qg
and @7 be two symplectic embeddings of ¥; into (M,w). Then there is a sequence of blow-ups of Q;
to @vl blow-downs to R; such that R; is a symplectic embedding of ¥ into (M, w). Then there exists a
family R; of equisingular symplectic embeddings of X5 into (M, w) for ¢t € [0, 1] which connects Ry and
R;. For each Ry, perform the sequence of blow-ups along the appropriate smooth or singular points
in R; to give @ for ¢ € [0, 1] agreeing with the blowups of Qg and @ for ¢ = 0,1. Now there are
exceptional spheres in @t for each ¢ € [0, 1] which can be blown down to give equisingular symplectic
embeddings Q; of X1 into (M,w). This gives a symplectic family connecting Qo and Q1.

Since complex curves are preserved under birational transformations, the last statement follows
from the same proof. O

If 1 and ¥, are birationally equivalent, they are each birationally derived from the other yielding
the following corollary.

Corollary 3.18. Suppose ¥1,% C (M,w) are birationally equivalent. There is a unique equisingular
symplectic isotopy class for ¥1 C (M,w), if and only if there is a unique equisingular symplectic
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isotopy class for X9 C (M,w). Moreover, if the equisingular symplectic isotopy class contains complex
representatives for one, it contains complex representatives for the other.

3.5. Riemann—Hurwitz. The Riemann-Hurwitz obstruction uses symplectic information in a more
global way. Fix an almost complex structure J on CP? such that C is J-holomorphic. Fix a point
p € CP2, and consider the pencil of J-holomorphic lines through p, and the associated projection
7, : CP?\ {p} — CP!. Restricting this projection to 7 : C — CP!, and pre-composing with the
normalization map n : C — C, gives a ramified covering map won : C — CP!. The fact that the
only singularities are ramification points follows from positivity of intersections between J-holomorphic
curves. Ramification points arise from tangencies between lines in the pencil with C' and from singular
points of C'. A singular point ¢ whose multiplicity sequence has the first two terms my and mg 2 will
give rise to a ramification point = n=1(q) of index m, if the J-line from p to ¢ is transverse to C
at ¢. If the J-line from p to ¢ is tangent to C at ¢ then x will have ramification index mgy + mq 2.
A vpriori, if p € C, the map is not well-defined at p, but in fact, 7 has a unique continuous extension
defined by sending p to the image of the J-holomorphic line through p which is tangent to C' at p. If
p is a singular point whose multiplicity sequence starts with [m,, m, 2] (where we set my 2 = 1 if the
multiplicity sequence has length 1) then the ramification index of mon at p is my 2.

The Riemann-Hurwitz formula is the calculation of the Euler characteristic of the branched covering
in terms of the ramification indices and degree of the cover. If 7 := mon : C — CP! is a k-fold ramified
cover with ramification points x1,...,z, with corresponding ramification indices ez(z;) then

£

J4
X(©) =2 =0+ Y (k+ 1= exlay) = 2k~ Y (ex(a;) — 1).

Jj=1

In our case, Cisa 2-sphere so X(CN') = 2. Suppose d is the degree of C. If we choose p ¢ C, then
a generic line through p intersects C' d times, so the degree of the cover is d. Therefore the above
equation specializes to

¢

2d -2 =" (ex(x;) —1).
j=1
If instead, we choose p € C, where p has multiplicity m,, (where m,, is the first entry of the multiplicity
sequence if p is a singular point and is 1 if p is a smooth point of C'), then a generic line through p
intersects C' at d—m,, other points. Therefore 7 is a degree (d—my,)-fold cover. This gives the following
equation and inequality. The inequality is particularly useful as an obstruction to symplectically
realizing certain cuspidal curves in CP2.

14

2(d—my) —2= Z(lj -1 = Z(mq — 1)+ (mp2— 1),

j=1 q#p
which we re-write as follows:
(3.1) 2d —2mp > 24 (mg—1)+ (mpa —1).
q#p

Ezxample 3.19. We can apply Riemann—Hurwitz to exclude the following configurations of cusps for a

quintic: {[3,2], (2], [2]}, {[3], [2], [2], [21}, {[2,2], (2], [2], 2], [2]}, and {[2],[2], (2], 2], (2], [2]}. In the first
case, we project from the [3, 2]-cusp, and we obtain the following contradiction.

2(5) —2(3)>2+1+1+1.
In the second, we project from the [3]-cusp:
2(5) —2(3)>2+1+1+1.
In the third case we project from the [2,2]-cusp:
2(5)—2(2)>2+1+14+14+1+1,



THE SYMPLECTIC ISOTOPY PROBLEM FOR RATIONAL CUSPIDAL CURVES 21

and in the last from any of the cusps, to obtain:
2(5)—2(2)>2+1+14+1+1+1.

Thus, in each of the four cases, we get a contradiction.

4. THE NECESSITY OF RATIONALITY

An interesting question to ask is the following: can we distinguish exotic symplectic 4-manifolds
(for example a potentially exotic CPP?) in terms of the singular symplectic submanifolds they contain?
For example, we will show that there are certain rational cuspidal curves which admit no symplectic
embedding in CP2, but a priori such curves could admit symplectic embeddings in an exotic symplectic
CP2. Though this is an alluring hope, we explain here that rational cuspidal curves we consider here
cannot exist in any exotic or even homology CP?. As mentioned in the introduction, a similar question
was raised, and partially addressed, by Chen [Chel§].

We recall that Taubes proved that any symplectic structure on the standard, smooth CP? is in fact
symplectomorphic, up to rescaling, to the Fubini-Study form [Tau96, Theorem 0.3].

We consider triples (X,w,C), where X is a homotopy CP?, w is a symplectic form on X, and C is
a symplectic rational cuspidal curve, and show that X is necessarily CP2.

This question is answered in the algebraic setting by dividing into two cases, depending on the
sign of the canonical divisor. If X is an algebraic surface that is a rational homology CP?, either
K x is not nef, which proves that X is rational (and hence CP?, by our homological assumption) or
Kx is nef, in which case Yau proved that X is a ball quotient [Yau77, [Aub76]. These are known
as Mumford surfaces, or fake projective planes; the first example was given by Mumford [Mum?79],
and were classified by Cartwright and Steger [CSI0], building on work of Prasad and Yeung [PY07].
Since they are all ball quotients, they have no symplectic rational curves, for maps from S2 lift to the
universal cover, and there are no compact complex (or symplectic) curves in B%.

In the proof of Theorem [T.4] we, too, will distinguish between the two cases, according to the sign
of the canonical divisor Kx (or, equivalently, of the first Chern class); we will use techniques inspired
by gauge theory in both cases, albeit in two different ways. The proof in the case where Kx < 0 is
essentially known to experts, and was already proved by Chen [Chel8, Corollary 2.3]; we give a slightly
different proof here. The proof in the case Kx > 0 uses tools from Heegaard Floer homology, and is
the part of the proof that is genuinely novel.

Proof of Theorem[I.]} Recall that, for links of curve singularities and their connected sums one has
that the invariant v+ coming from Heegaard Floer homology [HWT6], the slice genus, and the 3-genus
all agree [HW16| Proposition 3]. Since py(C) = 0, the arithmetic genus p,(C) of C is equal to the sum
of the d-invariants of the singular points of C'. In particular, if we let K denote the connected sum of
all links of singularities of C, then v*(K) = p,(C).

Since X admits a compatible almost-complex structure J, ¢3(J) — 2x(X) — 30(X) = 0. As X is
assumed to be a homotopy CP?, this implies that c?(J) = 9, and thus ¢;(J) = £3PD(h) (where
h = [CP!] € Hy(CP?% Z)).

If C has degree d and c;(J) = 3h, as it is for (CP? ,wps), the adjunction formula yields
pa(C) = 3(d — 1)(d — 2), and Proposition [4.1| below guarantees that X is the standard CP2.

We turn now to the case when c¢;(J) = —3h; as in the algebraic case, we argue that there are
no symplectic 4-manifolds X with ¢;(J) = —3h admitting rational cuspidal curves. In fact, now the

adjunction formula yields:

d+1)(d+2
pa(0) = LFIE2)
Consider the boundary of a regular neighborhood N of C, which is homeomorphic to 522 (K). Then
the complement of the interior of N, taken with the opposite orientation, is a rational homology ball

whose boundary is 53, (K). Since p,(C) = v+ (K) we have that

d(d — 1) d(d—1) — (d+1)(d +2)
2 2

—vH(K) = =-2d-1<0,
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contradicting the bound obtained in [AG17, Theorem 5.1]. O

We conclude the proof with the following proposition, which is mostly a corollary of [MS96, Corol-
lary 1.5]. This, in turn, follows from work of Liu [Liu96], building on Taubes’ work on Seiberg—Witten
theory. (See also [Wenl8, Theorem 7.36] for a more modern and self-contained treatment.) The theo-
rem asserts that, if C' is a smooth symplectic curve in a closed symplectic 4-manifold (X,w) such that
{c1(w),C) > 1, and C is not a (—1)-sphere, then (X,w) is rational or ruled. Using the adjunction
formula, we can rephrase the hypothesis on the first Chern class into an assumption on the self-
intersection. Namely (c;(w), C) = 2—2g(C) + [C]?, so the hypothesis is equivalent to [C]? > 2g(X) — 1
and C is not an exceptional sphere. (Note that the case g(X) = 0 is McDuff’s theorem.)

Proposition 4.1. Suppose C is a rational cuspidal curve with C - C > 2p,(C) —1 > 0. If C
symplectically embeds into a closed symplectic manifold (X,w), then (X,w) is a rational surface.

Proof. By deforming the curve C in a regular neighborhood using the Milnor fibration model, we
can find a smooth, symplectic surface C’ C (X,w) in the same homology class as C, with genus
9(C") = p(C). By [MS96, Corollary 1.5], (X,w) must be either a rational surface or an irrational
ruled surface (X', w’). However, Lemma [4.2| below shows that X’ cannot be irrational ruled. O

Lemma 4.2. Let C be a (possibly singular) curve of positive self-intersection in a (possibly non-
minimal) symplectic 4-manifold (X', w’), ruled over a Riemann surface X. Then p,(C) > g(X).

Proof. Let J € J*(C). By [McD90, Theorem 3.4] we can find a maximal collection of disjoint J-
holomorphic exceptional spheres, to blow down to a minimal surface b : (X', w’) — (X, w) that is still
ruled over . Let C' = b(C). Note that C is still a singular symplectic surface and it is J-holomorphic
where J is the almost complex structure on X induced from J.

Now, (X, w) is symplectomorphic to a ruled surface. Let B be the homology class of a smooth fiber.
Consider the moduli space M(J’, B). As argued in [McD90, Proposition 4.1], if J is regular for the
associated Fredholm operator, there is a unique J-holomorphic B curve from M(J, B) through each
point p € X. Moreover, because B? = 0 > —2, J is automatically a regular value of the associated
Fredholm operator Pp ([Gro85], [McD90, Lemma 2.8], [HLS97]). Therefore we have a projection map
7 : X — X whose fibers intersect C' positively.

By compactness and positivity of intersection, (7 ob)|c is onto X. Let n : C’ — C be the normaliza-
tion map, and note that, by definition, g(C") = py(C'). Pre-composing m o b with n yields a surjective
map ' = (rob)on:C" — X, hence g(C") > ¢g(3), as desired. O

5. SYMPLECTIC ISOTOPY PROBLEMS FOR REDUCIBLE CONFIGURATIONS

In order to obstruct and classify symplectic isotopy classes of rational cuspidal curves and symplectic
fillings of their associated contact manifolds, we will perform birational transformations to relate the
original problem to a classification of a reducible configuration consisting of multiple lower degree
smooth components intersecting in a particular way. Depending on the intersection pattern, such a
configuration may be verified to have a unique symplectic isotopy class, or shown not to exist in CP?2.
Examples of such configurations shown not to exist symplectically in CP? appeared in [RS19]. The
example from that article that we will use most is the Fano plane—a configuration of seven lines
intersecting in seven transverse triple points.

Typically, we will use script letters to denote abstract configuration types, and non-script letters to
denote actual realizations.

5.1. Existence and uniqueness. Our first method of extending symplectic isotopy results to a larger
collection of reducible configurations is through the following lemma that allows us to add a line with
limited constraints to an existing configuration. A single smooth component is known to have a unique
symplectic isotopy class in CP? if its degree is at most 17 [ST05].

The following proposition gives a way of obtaining many configurations in CP? with unique isotopy
classes by adding degree-1 components sufficiently generically.
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Proposition 5.1. Suppose C; is a configuration in CP? obtained from Cy by adding a single symplectic
line L intersecting Cy positively such that either

(1) L has a simple tangency to one of the curves of Cy (either at a special point or a generic point
on that curve) and intersects no other singular points of Co, or
(2) L intersects the curves of Cy transversally in at most two singular points of Cy

then Cy has a unique equisingular symplectic isotopy class if and only if C1 does.

Proof. We start with the more difficult direction: assume Cy has a unique equisingular isotopy class
then we will prove C; does as well.

Let LA U C4 and L? U C® be symplectic realizations of C;. By assumption, there exists an equi-
singular symplectic isotopy C* of C° = C4 to C' = CB. Then there exists a family of compatible
almost complex structures .J; such that C* is Ji-holomorphic for ¢ € [0,1]. Now, L4 is a symplectic
line, but it may not be Jy-holomorphic. Let L™! be equal to L* after a symplectic isotopy to ensure
w-orthgonality of intersections, and let L? be L” after any necessary w-orthogonalization symplectic
isotopy. Let Ct = C4 for t € [~1,0] and let C* = C® for t € [1,2]. Then LA U C* is equisingularly
symplectically isotopic to L= UC~! and LB UCP is equisingularly symplectically isotopic to L*UC?,
so we prove the result by connecting L=' U C~! to L? U C? by an equisingular symplectic isotopy.

L' U C~! is J_i-holomorphic for some compatible almost complex structure .J_;, and L? U C?
is Jo-holomorphic for some compatible Jo using Lemma Choose a path J; for ¢t € [—1,0] such
that C4 is Js-holomorphic for all ¢ € [—1,0], connecting J_; to Jy, using Lemma again. Similarly
choose compatible J; such that C® is J,-holomorphic for all ¢ € [1,2], connecting .J; to Jo. Now C*
for t € [—1,2] is an equisingular symplectic isotopy which is Ji-holomorphic. We will initially define
L! for t € [~1,2] as a J;-holomorphic line, connecting L™! to L%, The definition of L' depends on
whether the configuration C; requires L? to intersect the curves of Cy transversely or tangentially.

In the tangential case (item , if the point of tangency is a singular point of Cy, let Pt € CP? be
the corresponding singular point of C* for ¢ € [—1,1] where L? is required to intersect tangentially, and
let T denote the tangent direction to C* which is required to be tangent to Lt at P!. If the tangency
is not required to occur at a special point on Cp, let P* be a generic point on the component of C*
where the tangency is supposed to occur and let T% be a tangent vector to C* at P?. Let L' be the
unique J;-holomorphic line which passes through the point P* with tangent direction T7.

Recall, that for any almost complex structure J compatible with the symplectic form, and any point
and tangent vector (P, T), there is a unique J-holomorphic line through P with tangent vector T. This
follows from the analogous statement that in CP2#CP?, there is a unique j—holomorphic curve through
any point in the fiber class h — e. This is proven in [McD91l Lemma 3.3] using the evaluation map
on the moduli space of J-holomorphic curves. By blowing up at the point P, there is a unique point
on the exceptional divisor corresponding to the tangent vector T', so this determines a unique point
in CP2#CP2. Taking the corresponding J- -holomorphic curve in the fiber class and then blowing back
down to CP2, we obtain the J-line with the given point and tangency constraints. Uniqueness follows
from positivity of intersections.

In the transverse case (item , let P?, Q" be points on C* where L' should intersect C? according
to the configuration C;. They should include the singular points of C* which L? is required to pass
through, and can also include generic points on components of C? if there are less than two singular
points of Cy which L should pass through to obtain C;. Then let L be the unique J;-holomorphic line
which passes through P! and Q*.

Recall that Gromov proved that for any almost complex structure J compatible with the symplectic
form, and any two distinct points (P, @), there is a unique J-holomorphic line through P and @ [Gro85].

L'UC? for t € [—1,2] is close to providing an equisingular symplectic isotopy. Certainly, the curves
are symplectic for all ¢, and we have controlled most of the singularities to remain fixed. The only
potential loss of equisingularity is if the line L passes through a singular point of C° which is not P*
or Q! or if L' becomes tangent to a component of C* at a point other than the specified (P?,T?). We
will modify the family near such points.
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For a given J;, the space of J;-holomorphic lines in CP? has real dimension four. The subspace
of lines which intersect C' at a particular singular point has is stratified with real co-dimension at
least two, and similarly the subspace of lines which intersects C' tangentially is stratified with real
co-dimension at least two.

Suppose L' has a degenerately singular intersection with C* at a point x; € C' C CP? for t € [to, 1]
(generically we expect to =t and [to,t1] = {to}). Fix neighborhoods U C U’ of x such that U C U’
and U’ contains no other singularities of the configuration L' U C* for t € [to,t1]. Choose 0 < € < ty,
e < 1 — t; sufficiently small such that no singularity of L* U C* passes through OU and there are no
singularities of L' UC" in U'\ U for t € [to — &,¢1 + €], and the intersections of L' U C* inside of
U are as required for the configuration C; for t € {toc —e,t1 +€}. Let E — [tg — €,t1 + €] be the
fibration whose fiber E; over t € [tg — &, t1 +¢€] is the space of Ji-holomorphic lines. Let B; C E; be the
subset of Ji;-holomorphic lines which pass through x; or has a tangency to C NU. B, C E, is stratified
with real co-dimension at least two. Therefore we can find a section of E which agrees with L near
t € {to — &,t1 + €}, which avoids B = U;B; and is chosen arbitrarily close to the original section of
E defined by L. This gives a new path of lines Lt fort e [to — &,t1 + €]. Outside of U’, these new
lines may have uncontrolled degenerate intersections, but inside U’, they have the correct intersection
behavior to provide an equisingular symplectic isotopy. Therefore we will splice the lines Lt with the
original family L' inside U’. Because we can choose L! C?-close to L!, we can find symplectic lines
which agree Lt inside U and agrees with L? outside U’. Performing this local modification near the
finitely many points at times where degenerate singularities occur and renaming the resulting family
Lt, we eventually reach a C;-equisingular symplectic isotopy.

Conversely, assume C; has a unique symplectic isotopy class and C° and C! are symplectic realiza-
tions of Cy. Let J; be almost complex structures making C* .J;-holomorphic for i = 0, 1. Let (P?, Q%) or
(P, T%) be the point and/or tangency data that a line is required to satisfy to extend Cy to C; chosen
as above for i = 0,1. Let L' be the unique J;-holomorphic line through P! and Q' or through P*
tangent to T for i = 0, 1. If L; passes through additional singular/tangency points of C* which cause
it to differ from the configuration C;, perform the local C?-small perturbation of L; near this point as
described above to obtain a nearby symplectic realization of C; given by C* U L. Then by assumption
on Cy, there is an equisingular symplectic isotopy C* U L! from C° U L° to C* U L'. Deleting L' from
this isotopy gives an equisingular symplectic isotopy from C° to C*. O

We can immediately recover unique isotopy classifications for small line arrangements.

Corollary 5.2. A symplectic line arrangement with at most siz lines has a unique symplectic isotopy
class.

Corollary 5.3. Any configuration of one symplectic conic with three symplectic lines has a unique
symplectic isotopy class unless it is the configuration G of Figure (which we obstruct in Proposition
5.21).

Proof. Gromov proved there is a unique symplectic isotopy class of a conic @ in CP? [Gro85]. We are
adding at most three lines, and we will add lines tangent to the conic first. Therefore we will add the
first line, L; which intersects this conic either tangentially at a point or transversally at two points
and this does not change the uniqueness of the isotopy classification by Proposition If the second
line Lo is tangent to the conic, it must intersect L; generically off of (). Similarly, if all three lines are
tangent to (), they must intersect generically unless they form the configuration G where they intersect
at a triple point away from @). Therefore tangent lines can be added with no further constraint than
their tangency to the conic at a point, and thus Proposition [5.1] suffices in these cases. For lines being
added with no tangency condition to @, the only combinatorial constraints can be that L; should pass
through an intersection point of QN L; or L; N Ly, for j, k < i. Since L; can intersect L; at most once,
the combinatorics requires L; to pass through at most ¢ — 1 < 2 points, so Proposition suffices to
prove there is a unique symplectic isotopy class of such a configuration. O
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FIGURE 5. Birational equivalence from A to B. The upper right and lower left con-
figurations are the same, just redrawn indicating a symplectomorphism of CP2#3CP?
identifying the black +1-curve with CP*.

Our second strategy to extend the known list of unique symplectic isotopy classes of reducible curves
is to use birational transformations to modify configurations to collections of curves where at most one
of the components is degree greater than one. We use a birational equivalence to relate the reducible
configuration of interest to a reducible configuration we can understand through Proposition We
give below a collection of examples using this technique, which we will use later on in the paper.

5.1.1. Two conics with a common tangent line. Let G3 denote the configuration consisting of two conics
@1 and ()2 and a line L tangent to both @1 and Q2 (at different points) such that @1 and @2 intersect
at one point with multiplicity 3 and at another point transversally. See Figure [4]

Proposition 5.4. G3 has a unique equisingular symplectic isotopy class.

Let A denote the augmented configuration obtained from Gs by adding two additional lines Lo and
L3 where Lo is tangent to Q1 and Q2 at their multiplicity 3 tangency point and Ls intersects (1
transversally at its tangent point with L, and its tangent point with Q2. See upper left of Figure

Let B denote the configuration consisting of a conic R and four lines My, Mo, M3, M, such that M;
and M, are tangent to R, the intersection of M3 with Ms lies on R, the intersection of M5 with My
lies on R and My, My and M, intersect at a triple point. See lower right of Figure

Lemma 5.5. There is a birational equivalence between A and B.

Proof. Starting with A blow up twice at the multiplicity three tangential intersection of @1 with Qo
and once at the tangential intersection of L; with ;. The resulting configuration in CP2#3CP? is
shown on the upper right of Figure [5| There are three exceptional divisors Dy, Dy, D3 where Do and
D3 have self-intersection —1 and D; has self-intersection —2. The proper transforms of L, and Lg
have self-intersection —1 so they can be symplectically blown down. After this the proper transform of
D1 becomes a (—1)-exceptional sphere which can be blown down as well. The resulting configuration
is B as in the bottom row of Figure 5] O

Proof of Proposition[5.4} Since A is obtained from G3 by adding one line with a point tangency con-
dition, and one line with two point conditions, G3 has a unique equisingular symplectic isotopy class
if and only if A does by Proposition [5.1} By Lemma and Proposition A has a unique eqg-
uisingular symplectic isotopy class if and only if B does. We can build B as follows. Start with the
single conic R which has a unique symplectic isotopy class by Gromov [Gro85]. We will then apply
Proposition four times to add the four lines, starting with the two tangent lines M; and Ms, then
adding M3 transversally through the tangent intersection of My with R, and finally adding M, through
M; N My and the other intersection of M3 with R. Therefore B has a unique equisingular symplectic
isotopy class so Gz does as well. O

Remark 5.6. The configurations 4 and B were not pulled out of thin air to understand Gs. To find
these configurations, start with G and blow up twice at the tangency of ()1 and Q)2 and once at
the tangency of Q1 and L; to make these intersections transverse and to bring the self-intersection
number of Q1 to +1. Keep track of the exceptional divisors in the total transform. Now apply McDuft’s
theorem to identify the proper transform of Q; with CP! and determine the possible homology classes
of the other curves in the configuration in terms of the standard basis (they are uniquely determined
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FIGURE 6. Birational transformation between Ay (left) and By (right).
figures/AB1.{ps,eps,pdf} not found (or no BBox)

FIGURE 7. Birational transformation between A; (left) and B; (right).

up to re-indexing). Next blow down exceptional curves in classes e, es, e3 and observe the effect on
the configuration (it will descend to B). To change this from a birational derivation to a birational
equivalence, we need to add in curves representing the e; which are not represented by curves in the
configuration. Back-tracking these curves to Gs we find the two lines we need to augment G by to get

A.

We can prove similar uniqueness statements for configurations of two conics with a common tangent
line when the conics intersect more generically. Let Go denote the configuration of two conics simply
tangent to each other at one point with a line tangent to both conics away from their intersections.
Let G; denote two transversally intersecting conics with a line tangent to both.

Proposition 5.7. Gs has a unique equisingular symplectic isotopy class.

Proof. Let the conic components of Gy be denoted by @1,Q> and the line by L;. We can always
augment realizations of Gy to the configuration A by adding two more lines Ly through the tangential
intersection of ;1 with @2 and the tangency point L N Q2. There is a birational equivalence of A,
to a configuration Bs consisting of a single conic, two tangent lines, a line passing through one of the
tangency points (and otherwise generic), and a line passing through the intersection of the two tangent
lines (and otherwise generic). (See Figure @) B> has a unique equisingular symplectic isotopy class by
Proposition U

Proposition 5.8. G; has a unique equisingular symplectic isotopy class.

Proof. Let the conic components of G; be denoted by @1,Q2 and the line by L;. Fix two of the four
intersection points ¢1,ge of @1 with Q2 and let p = L1 N Q2. We can always augment realizations of
G1 to the configuration A; by adding three lines through the three pairs of the points p,q1,q2. A;p is
birationally equivalent to B;, the configuration built from one conic with one tangent line, and four
other lines intersecting as in Figure[7] B; can be built by repeated applications of Proposition [5.1] so
it has a unique equisingular symplectic isotopy class. O

By a similar set of birational transformations, we can prove uniqueness of the symplectic isotopy
class of two conics without the additional tangent line. There are five ways that two conics can intersect
each other: transversally at four points, with one simple tangency and two transverse points, with one
triple tangency and one transverse point, with two simple tangencies, or with one quadruple tangency.
Note that the last two configurations cannot be realized with an additional common tangent line (see
Proposition |5.24)).

Proposition 5.9. Any of the five configurations of two positively intersecting symplectic conics has a
unique equisingular symplectic isotopy class.

Proof. Blow up the configuration three times at intersection points between the two conics. This
transforms each of the conics to a +1-sphere, and includes three exceptional divisors (whose intersection
configuration depends on the configuration of conics we started with). Regardless of the starting
configuration, the pairwise intersections between curves in the configuration (including the exceptional
divisors and proper transforms of the conics) are transverse and each pair of curves intersects at most
once. By McDuff’s Theorem there is a symplectomorphism of the resulting CP?#3CP? which
identifies the proper transform of one of the conics with CP!. By Lemma the proper transform
of the other conic represents the class h = [CP!], and the exceptional divisors represent classes of the
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form h —e; —e; or ¢; —e;. By Lemma we can realize new exceptional spheres in the classes e;
which intersect the configuration positively, and blow these down. Consequently we can blow down
any exceptional spheres which then appears in the configuration representing a class e;. At the end, we
reach a configuration of at most five curves in CP?, each representing the class h = [CP!]. Therefore a
configuration of at most five symplectic lines can be birationally derived from the original configuration
of two conics. Since any configuration of at most five lines has a unique nonempty symplectic isotopy
class by Proposition [5.1) we conclude that the configuration of two conics has a unique nonempty
symplectic isotopy class by Proposition 3.1 O

Corollary 5.10. Any configuration of two conics with one line has a unique equisingular symplectic
isotopy class (which is empty only if it is obstructed in Proposition m

Proof. This follows from Proposition[5.9|and Proposition[5.I]when the line is not required to be tangent
to both conics. This is because the line must intersect each conic exactly twice (with multiplicity), and
the only special points occur at the intersection of both conics (so a tangent line could not go through
any special points, and a transverse line could go through at most two special points). When the line

is tangent to both conics, this follows from Propositions and O

5.1.2. Unisingular curves with a mazimally tangent line. Suppose (C,0) is the germ of a (not neces-
sarily irreducible) singularity with multiplicity sequence [d — 1]. Up to topological equivalence, (C,0)
is determined by a partition d = (dy,...,dy,) of d — 1, i.e. an un-ordered m-tuple of positive integers
dy,...,dy, such that dy + -+ + d,, = d — 1; here m is the number of branches of (C,0). Therefore,
if (C,0) has multiplicity sequence [d — 1], we say that it is of type d if the corresponding partition is
d. Note that link of a singularity of type d is obtained by cabling the link comprising m fibers of the
Hopf fibration with cabling parameters (d1,d; + 1),. .., (dm,dm + 1).

Proposition 5.11. For each positive integer d and each partition d of d — 1 there exist a unique
isotopy class of reducible symplectic curves C' U L in CP? such that:

e C is a rational curve of degree d in with a singular point with multiplicity sequence [d — 1] and
of type d;
e [ is a line with a tangency of order d with C, away from the singular point of C.

Moreover, each such isotopy class contains a complex curve.

Proof. The following lemma shows that if we add a collection of tangent lines, and a line through the
two singular points to C'U L, then there is a birational equivalence to a configuration of lines with
a single triple point and a single m-fold point. Such a configuration of lines has a unique symplectic
isotopy class containing complex representatives by [Stal6, Proposition 4.1]. Let C°U L% and C' U L}
be two symplectic representatives of the specified configuration in CP2. By Proposition we can add
tangent lines 77, ..., T and a line through the two singular points R’ to each configuration for i = 0, 1
without changing the symplectic isotopy properties of the configuration. By Lemma there is a
birational equivalence from C*U LU R'UT}{ U---UT}, to a configuration of lines which has a unique
symplectic isotopy class. Therefore by Proposition the configurations CYUL°URUTYU---UTY
and C*UL'UR'UT} U---UT} are symplectically isotopic and each is symplectically isotopic to
a complex configuration. Therefore the subconfigurations C° U L and C! U L! are symplectically
isotopic and are isotopic to complex curves. O

Lemma 5.12. Let C and L be as above. Let T1,...,T,, be tangent lines to the m branches of the
singularity of C intersecting L generically, and let R be the unique line through the singularity of C
and the point of tangency between L and C. Then the configuration CULU RUTy U---UT,, is
birationally equivalent to a configuration of m + 3 lines where m + 1 intersect at a single point and the
other two intersect the m + 1% at a triple point. (See Figure @)

Proof. Blowing up at the singular point of C' yields a smooth rational curve, the proper transform of
C, with m tangency points with the exceptional divisor Ejy, of order dy,...,d,, respectively. Blow up
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FI1GURE 8. Birationally equivalent configurations.
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F1GURE 9. The configuration of curves in the proof of Lemma The long curved
orange and blue curves are (—1)-spheres which will be blown down to obtain the line
arrangement on the right of Figure @
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F1GURE 10. The configuration H built from a conic with three tangent lines and three
additional lines intersecting in triple points as shown.

d; times at the i-th tangency, so that the proper transform of Ej is disjoint from that of C'. Next, blow
up d — 1 times at the tangency of C' with L, so that their proper transforms intersect transversely.

We obtain the configuration of rational curves represented in Figure [0}

The proper transform of C has self-intersection +1 = d? — (d — 1)2 — 2(d — 1), and is a smooth
sphere. We identify it with CP! and use this to determine the homology classes of the other curves in
the configuration.

By Lemma and their pairwise disjointness, the vertical (—1)-curves intersecting C' must rep-
resent classes h — eg — €4 for i = 1,...,m with the final vertical (—1)-curve which also intersects
L in the class h — eg — €9. The chains of (—2)-curves emanating from these (—1)-curves are fully
determined by Lemma to be e} —eb,...,e4 | — ey . The last chain of (—2)-curves is simi-
larly e —€9,...,e¢9 , — €Y ;. Intersection relations imply [Eg] = ey — €} — -+ — €Y ;| and [L] =
h—ej—---—ey —---—ef"—---—ef' . The proper transforms of the tangent lines represent the classes
efii for 1 < i < m, and the proper transform of the line through the two singular points represents the
class €)_,. Therefore we can blow down these exceptional curves, and consequently blow down the
entire chain of (—2)-curves as the end curve becomes an exceptional divisor.

The resulting configuration consists of m+3 symplectic lines coming from the proper transforms of C,
L, and the m+1 vertical (—1)-curves. The first m vertical (—1)-curves will have a common intersection
point which is the image of the blow-down of ¢g. C, L and the last vertical (—1)-curve have a common
triple intersection point before blowing down, so this is preserved in the proper transform. O

This completes the proof of Theorem

Proof of Theorem[1.5 Line arrangements of degrees up to six are proven to have a unique and non-
empty isotopy class in Corollary Configurations of one conic and up to three lines are dealt with
in Corollary while configurations of two conics, or two conics and a line are taken care by Corol-
lary while Proposition settles the case of a rational degree-d curve with a unique singularity
of multiplicity [d — 1] and a line with an order-d tangency. O

5.1.3. Two more configurations. Here we show two additional configurations have a unique symplectic
isotopy class. The proofs require some new ideas along with the pseudoholomorphic techniques and
birational transformations we have been relying on. For the first, we utilize a fixed point argument.
For the second, we define certain branched covering maps from a singular curve to CP' utilizing
pseudoholomorphic tangent lines and pencils. We will need the uniqueness of these configurations
to prove there are unique symplectic isotopy classes of certain cuspidal quintics in Propositions [7.1]]
and [12

The first configuration, that we call H, is comprised of a conic inscribed in a triangle of tangent
lines with vertices A, B, and C, and three lines 1, {5, {3 through A, B, and C respectively, such that
their pairwise intersections are on the conic. See Figure
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Proposition 5.13. There is a unique equisingular symplectic isotopy class of the configuration H.

Proof. Consider the configuration H of a single symplectic conic with three distinct tangent lines. This
configuration has a unique equisingular symplectic isotopy class by repeated application of Proposi-
tionbecause a single conic does [Gro85]. Moreover, for each symplectic realization of Hg in CP?, the
space of almost complex structures J on CP? for which the realization is J-holomorphic is non-empty
and contractible by Lemma Therefore the space of pairs (Hy, Jy) where Hy is a Jy-holomorphic
realization of Hg is a path connected space.

For a fixed pair (Hy, Jp), we will prove that we can add Jp-holomorphic lines to Hy to get a realization
of H in exactly two ways, and the map p : {H € H symplectic} — {(Ho, Jy) € Ho x J“(Hp)} is a
double covering map. Then we will show that for a particular pair (Hg§',4), the two extensions to
complex realizations of ‘H are symplectically isotopic. Therefore any two symplectic realizations Hy, Ho
of H can be equisingularly symplectically isotoped each to one of the two extensions of (Hg'd, i) and
these two extensions are equisingularly symplectically isotopic, so H; and H, are as well.

For a given B = (Hy, Jy), let @ denote the conic in Hy, and let p1, ps, ps denote the three points of
intersection of the three tangent lines. Consider the three pencils of lines m; : CP2\ {p;} — £; through
the points p;, i = 1,2, 3, where ¢; are Jy-holomorphic lines not containing p;. Restricting these pencils
to the conic @, gives a branched double covering map m;|g : @ — ¢; with exactly two branch points.
The map is degree two because a generic line intersects the conic () in two points. There are two
branch points, each corresponding to a point ¢ € (Q where the Jy-holomorphic line through ¢ and p; is
tangent to @, by the Riemann-Hurwitz formula: 2 =2(2) — > o (ex,(¢) — 1).

Let fP : Q — Q denote the unique involution such that ;0 fZ = 7;|g. Note that fZ is independent
of the choice of the auxiliary line ¢;. Informally, fZ(q) is the other intersection of the line ¢, , through
p; and ¢ with Q; if £,, , is tangent to @, then fP(q) = q.

Consider now the composition f£ o ffo fF: @ — Q: this is a complex automorphism of @), which
therefore has two fixed points a; and as. Note that if ¢ is one of the tangent points between @) and a
line in Hy, then ¢ is not a fixed point of f£ o f£ o fP because each tangency point is fixed by exactly
two of the f and is sent to a different point by the third f7.

Add to Hy Jo-holomorphic lines Ly through p; and a, Ly through ps and fi(a), and Ls through ps
and f2(f1(a)). Note that Ls intersects Ly at a point on @ if and only if a € {a1,as}. Therefore each
realization of H which is Jp-holomorphic and whose conic and tangent lines agree with Hy, is given
by H U Ly U Ly U L3 where the L; are defined using a € {a1,a2}. This tells us that the preimage of
a point in the map p : {H € H symplectic} — {(Ho, Jo) € Ho x J¥(Hp)} is two realizations of H.
Moreover, the constructions of a1, as and Lq, Lo, L3 depend continuously on Jy, the conic @), and the
points p1, p2, p3, which depend continuously on Hy € Hg, so p is a covering map.

Finally, we consider the relation between two explicit complex realizations of H with the same
underlying Hy. Let Hy be the following realization of Hy. Start with three lines in R? intersecting
to form an equilateral triangle ABC with side length AB = 1 in the real Euclidian plane, and its
inscribed circle @, and then we complexify the configuration. For § € (0, %), consider the half-line
% starting from A, interior to the angle BAC, and such that the angle between £4 and AB is 6.
Analogously, define ¢ and ¢2,. Let X = (%, N¢%, Y =2, N ¢4, and Z = (% N (% (here we drop the
dependence on ¢ for convenience). We claim that there is a unique 6y € (0, §) such that X, Y, and

Z all lie on @ and that for § — 6 the corresponding points all lie on @, too. The area of the triangle
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FI1GURE 11. The configuration £ of two conics and three lines. There are two tangency
points between the conics not visible in the real picture.

XY Z is given by:

Axyz = Aapc — Aapz — ABcx — Acay = Aapc —3AaBz

- AB -sin(Z —-0) _—_
:E—B-EAX-AB-SinQ:£—3-1-#~A3-sin9
4 2 4 2 sm%r

= 73 — /3 - sin (g —9) sinf = %(1 —2005(7T 26‘) + 2 cos (%))

L
= ?(1 — cos (% — 29))
and the latter is a continuous, decreasing function from [0, ] to [0, +00), taking values % at § =0
and 0 at § = Z. This means that there is a unique values of 0 < 6y < & such that the area of XY Z
is the area of the inscribed triangle in Q). By rotational symmetry, at 6y the triangle XY Z is in fact
inscribed in @, i.e. the configuration of H = HyU ﬁﬁ’ U E%‘? U EZS’ is a realization of H. We observe that
a reflection across one of the axes of the triangle preserves the triangle and the inscribed circle. Since
it preserves incidences, it sends the configuration H to a configuration H' that realizes H (indeed, H'
corresponds to the solution 6; = § — f; note that ¢; > %). We can extend the reflection to a complex
linear isometry in PU(3). Since PU(3) is a path connected subset of Symp(CP?), there is a family of
symplectomorphisms carrying H to H' and tracing out a symplectic isotopy between them. O

The second configuration, that we call £, is made up of two conics Q1, Qs, tangent at two points,
together with three lines such that each line is tangent to Q; and the pairwise intersections of the lines
are three distinct points on Qs. See Figure

Proposition 5.14. There is a unique non-empty equisingular symplectic isotopy class of the configu-
ration L.

Proof. We define two auxiliary configurations, £ and Lj. The latter, £, consists of a tricuspidal
quartic V and the triangle of lines passing through its singularities. The former, £’, is obtained from
L{ by adding a bitangent to V, i.e. a line that is tangent to V at two distinct points, each of which is
a smooth point of V.

First, observe that £ is birationally equivalent to the configuration £’. This is seen by blowing
up once at each vertex of the triangle formed by the three lines, and then blowing down the proper
transforms of the three lines (which are (—1)-spheres).

Next, we see that £, has a unique symplectic realization, up to isotopy. Using the inverse birational
equivalence just described, we see that L], is birationally equivalent to the configuration Hg of a conic
inscribed in a triangle of lines, which has a unique realization, up to isotopy, by unique realization of
conics and a repeated application of Proposition [5.1

What we really want to show is that £’ has a unique symplectic isotopy realization, which will
follow from showing that there is a unique way, up to symplectic isotopy, to add the bitangent line to
L{ to get L£'. This is shown in the following proposition. Then because of the birational equivalence
above, L itself will have a unique non-empty equisingular isotopy class. O

Proposition 5.15. Any tricuspidal quartic ¥V C L{, has a unique bitangent up to isotopy which inter-
sects the lines in L} generically. Therefore, L has a unique symplectic realization.

Proof. Fix a tricuspical quartic V' C CP2, and call Vj the set of smooth points of V. Let n : CP! — V
be the normalization map. Fix an almost complex structure J compatible with w such that V is J-
holomorphic. Note that the set of such choices is contractible by Lemma [3.:40 We will prove that there
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is a unique J-holomorphic bitangent line to V. Since this will hold for every J compatible with V', we
will have a unique J-holomorphic realization of £’ whose tricuspidal quartic agrees with V for each
J € J¥(V). Varying J through this contractible (and thus path-connected) space yields equisingular
isotopies fixing V' and isotoping the lines (the triangle of lines through the cusps and the bitangent
line) in the configuration of £’ by definining the lines L; and T as the unique J;-holomorphic lines with
the specified intersection properties. Therefore any two symplectic extensions of V' to a realization of
L' will be related by an equisingular symplectic isotopy.

From now on, we fix a J which makes V' J-holomorphic, and all of our choices of curves will be
J-holomorphic.

Fix a generic J-holomorphic line ¢ to be the target of a pencil-like map.

First, we associate to each point p € Vp, a J-holomorphic line ¢, with the property that £, is tangent
to V at another point g # p, ¢ € V. We prove that such ¢, exists and is unique in Lemma By
tangency at ¢, we mean that either ¢ € V and ¢, is tangent to V' at ¢, or that ¢ is a cusp of V, and
£, is the tangent to the cusp. We also note that, in fact, the line £, might also be tangent to V" at p,
in which case it is a bitangent to V.

Next, define a map ¢¢ : Vo — £ by p — £, N {. Extend this map to V' by letting, for each cusp
p of V, £, be the tangent to V at the cusp. We can show that this extension gives a continuous
map ¢; : V — £ as follows. For any point ¢ in a neighborhood of a cusp p, let 7, be the unique
J-holomorphic tangent line to V at ¢. Then the family of submanifolds 7 varies continuously with
g. Therefore the intersection points with multiplicities T, N V' also vary continuously with g. When
q #p, Ty,NV = {q,pq,7q} where ¢ has multiplicity two and p, and r, have multiplicity one. When
qg=p, T,NV = {p,r} where p has multiplicity three and r has multiplicity one. Therefore we must
have ry — r as ¢ — p and p, = p as ¢ — p. Now, let N be a small closed neighborhood of p in
V, and consider the map f : N — V defined by f(¢) = p, (we choose N sufficiently small to be
able to distinguish p, (the points which converge to p as ¢ — p) from r, (the points which converge
to r as ¢ — p). Then f is a continuous map and f(p) = p. Additionally, f is injective because if
f(¢) = f(¢') = pq then the J-holomorphic pencil based at p, would include a tangent line to V' at
g and a tangent line to V at ¢’, but such a pencil can only include a single tangent line to V by
Lemma Since N is compact, and f is continuous and injective, f is a homeomorphism onto
its image. Therefore f(N) C V is homeomorphic to a disk centered at p. In particular, there is a
neighborhood U of p such that for all p} € U, £y, is tangent to V inside N so £, =T, for some ¢; € N.
Therefore if py — p, £y, =Ty, — T).

Let ¢ = ¢y on : CP* — . We will show that ¢ : CP' — / is a branched covering of degree 6 and
analyze all the ways in which ramification points can arise.

Given a point s € £\ V, ¢~ 1(s) consists of points p such that the unique J-holomorphic line
through s and p is tangent to V' at a point different from p (i.e. ¢, passes through s). Therefore,
we need to understand the J-holomorphic lines in the pencil based at s which have tangencies to V.
Lemma [5.17| proves that if the lines in such a pencil have tangencies of multiplicities my, ..., my then
Ele(mi — 1) = 3. Therefore we could have in the pencil through s either

(a) three distinct tangent lines to V, each intersecting V' transversally at two other points (or if
the tangency is at a cusp, intersecting V' only at one other point transversally, but counting
the cusp as the other point),

(b) one bitangent line to V' and one tangent line with two transverse intersections to V', or

(c) at least one line in the pencil has tangencies to V' of multiplicity higher than 2.

(Note that there cannot be a line with three distinct tangencies to V since V only has degree 4 and
three tangencies would contribute 6 to the intersection.)

In the first case (the generic case), we have 6 points in ¢~1(s) coming from the six transverse
intersections of the tangent lines with V. (In the case that one of the tangent lines is tangent at the
cusp, the two points are the cusp point and the transverse intersection.) Since transversality is an open
condition, any such s has an open neighborhood U such that the pencil through s’ € U falls into the
first case. After possibly shrinking U, we can show ¢~*(U) is homeomorphic to U x {1,2,3,4,5,6}. To
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show this, let ¢ € V' be a point such that the line from ¢ to s is tangent to V' at ¢. For ¢, converging
to ¢, the tangent line to V at ¢, intersects ¢ at points s; convering to s, and intersects V at points p;
and p? converging to p',p? € ¢~ 1(s). Because the number of tangent lines to V in any given pencil
is finite, we can ensure that if ¢ is sufficiently close to ¢, then pi # pi, for i = 1,2, and s; # s for
t # t'. Therefore the maps q; — s; and ¢; — p} are continuous and injective maps, so they locally have
continuous inverses. Since ¢(p;) = s¢, we see that ¢ is a covering map of degree 6 at generic points.

In the second case, the bitangent line intersects V' at the two tangent points, pg, p1. By Lemma|5.17]
if 79 is a bitangent J-line to V through s € £\ V, then there can be only one other J-line 7; which
is simply tangent to V and passes through s. Therefore by definition of ¢, ¢~!(s) consists of the
two transverse intersections of 7, with V' and the two tangential intersections 79 N V. Thus there
are only four preimage points instead of 6 so the contribution to the Euler characteristic reduction is
oo (€ol@) — 1) = 2.

The third case is ruled out as a possibility in Lemmas and

Next, consider a point s € £ NV (there are four of them). It follows from Lemma that there
is a unique line ¢4 which passes through s and is tangent to V at a different point ¢ # s. Its two
transverse intersections with V' (s and one other point p) will be regular points in ¢~!(s) as in the
generic case. The only other way that a line tangent to V could pass through s is if the tangency
occurs at s. Let T be the tangent J-line to V at s. Then the only other points in ¢~!(s) are the two
points where T intersects V' transversally. (By genericity of ¢, we ensure that T intersects V' at two
points transversally.) Therefore ¢~1(s) consists of four points instead of six, so at each intersection
SELNV, Y ch1(5(eg(@) —1) =2.

Finally, we apply the Riemann—-Hurwitz formula to ¢:

2= X(CP) = 6x(CP) = Y (eole) =) =128~ 3 (es(a) — 1),

z€CP? z€CP\n—1(¢)

Therefore } ccpiy -1 (€g(x) — 1) = 2. Since the only contribution to ramification indices for points

in ¢~1(¢\ V) is a bitangent, and each bitangent contributes 2 to this sum, we conclude that there is
a unique J-holomorphic bitangent line to V' as claimed. O

Lemma 5.16. For every point p € Vg there is a unique line £, through p that has a tangency to V at
another point q # p.

Proof. Consider the J-linear pencil based at p: mp : CP? \ {p} — CP!. Restrict my to V '\ {p}, and
extend it to m : V — CP! by defining m1(p) = T}, where T}, is the tangent to V at p. The map
m1 is continuous: the tangent T}, is the only curve that has local multiplicity of intersection 2 with
C at p, and the lines /£, through p and g converge to such a curve as ¢ limits to p. Finally, define
7 : CP! — CP! by m = 7, on, where n : CP! — V is the normalization. By positivity of intersections,
7 is a branched cover CP* — CP! of degree 4 — 1 = 3. Moreover, if n(x) is a cusp of V, then z is a
ramification point of x. The index of x as a ramification point is 2 if p is not the intersection of the
tangent to x with V', and 3 otherwise.
In the former case, the Riemann-Hurwitz formula yields:

2 =x(CP") =3x(CP") = > (ex(x)=1)=6-3— > (ex(z)—1),
zECP n(z)eVy

which implies that there is exactly one point z in CP' such that 7 has ramification of index 2 at .
This means exactly that £, is tangent to V' at n(z).
In the latter case, Riemann—Hurwitz gives:

2 = \(CP) = 3x(CPY) — 3 (enl) ~1)=6-2-1-1— 3 (ex(a) 1)
rcCP! n(z)eVy

which means that the only ramification points of 7w are at the preimages of cusps of V. This means
that the only tangent to V' through p is the tangent to the cusp.
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F1GURE 12. The Fano configuration of seven lines intersecting in seven triple points.
figures/3lineconic.{ps,eps,pdf} not found (or no BBox)

F1GURE 13. Configuration G consists of three lines intersecting at a common triple
point, each tangent to a conic.

We exclude the possibility that n=!(p) itself is a ramification point of 7 in Lemma If this
occurred, T, would be a simple inflection line of V', which is exactly what the lemma obstructs. O

Lemma 5.17. Given a point s € CP?2\ V, consider the linear J-holomorphic pencil through s. The
multiplicities of tangencies of J-lines in this pencil with V' satisfy Y (m; — 1) = 3.

Proof. Let m be the composition of the normalization map n with the restriction of the linear pencil to
V. Since V is degree 4, a generic line in the pencil intersects V' at 4 points, so 7 is a degree-4 map. It
has ramification points of index at least 2 at each of the preimages of the cusps (which will be higher
exactly if there is a tangent line in the pencil). The Riemann—Hurwitz formula now gives:

2=8- > (ex(z)—1).
z€CP?

Since there is a contribution of 3 to >~ _cpi(ex(2z) — 1) coming from the three cusps, there must be
exactly a contribution of 3 to ) cpi(ex(z) — 1) coming from tangencies. O

Lemma 5.18. The tricuspidal quartic V' has no simple inflection J-lines at smooth points.

Proof. Suppose p € Vj is a simple inflection point, and let ¢ be the unique other intersection of 7,
and ). Observe that, by positivity of intersections, ¢ € V. Now define the branched covering map
7' : CP! — CP! as in Lemma but using the point ¢ as the base of the pencil instead of p. This
is a degree 3 cover. The three cusps contribute 3 to > _cpi(er(2) — 1). Riemann-Hurwitz implies
that there can be at most one additional simple ramification point of 7/, but n=1(p) is a ramification
point of index 2, a contradiction. O

Lemma 5.19. The tricuspidal quartic V' has no multiplicity-4 tangent J-lines.

Proof. If there were such a J-line, tangent with multiplicity 4 at a point p € Vj, then we can look at
the pencil of J-lines through p and restrict to V' \ {p} and precompose with the normalization. This
gives a branched covering 7’ : C — C with ramification points of index 2 at each of the three cusps.
This violates the Riemann—Hurwitz formula because we would have

1=31-) en(z)<3-1-1-1=0. O
zeC
5.2. Obstructions. Next we will show that certain singular configurations do not symplectically

embed into CPP? using birational derivations, and the following result.

Theorem 5.20 ([RS19]). There is no symplectic embedding in CP? of the Fano plane: seven lines
intersecting positively at seven triple intersection points (see Figure @)

The next configuration we will consider is made up of three lines each tangent to a conic such that
the three lines intersect each other at a triple point. We will call this configuration G (Figure [13]).

Proposition 5.21. There is no symplectic embedding of G into CP2.

Proof. Let Q be any smooth symplectic sphere in CP? with [Q] = 2h. Let Ty, T, and T3 be three
symplectic tangent lines at points p1, ps, and ps on Q. Suppose 17, Th, and T3 all intersect at a
common triple point.
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FIGURE 14. Birational derivation from G to the Fano configuration.

Follow Figure with the rest of the proof. Blow up once at each of py, ps, and p3. Then the
proper transform of Q is a symplectic sphere of self-intersection +1 so it can be identified with CP!
with homology class h via a symplectomorphism ¥ of CP?#3CP?. Under this identification, Lemma
and the intersections of the components determines the homology classes of the remaining curves as
follows:

\I/*[@]:h, \Il*[Ti]:h—ei, \I/*[Ei]:h—el—62—€3+€i.

Next, by Lemma we can blow-down exceptional spheres in the homology classes e; such that
any intersection with ¥(Q), ¥(T;), or W(E;) is positive. After blowing down three times, the proper
transform in CP? of each of the seven surfaces is in the homology class h and there are the following
triple intersections: P; = U(Q) N W (E;) N ¥(T;) for i = 1,2,3, Ry = U(T1) N V(Ey) N W(E3), Ry =
U(Ty) NY(Ey) NY(Es), Rz = ¥(T3) N U(E;) N ¥(Ey). If there were a seventh triple intersection
between W(T}), ¥(Ty), and ¥(T3) this would give an embedding of the Fano configuration into CP2.

Note that the exceptional spheres representing eq, e, e3 are not contained in the total transform of
the embedding of G, so the Fano plane is birationally derived from G, but they are not birationally
equivalent. O

Remark 5.22. The existence of a symplectic embedding of G into CP? can also be obstructed using a
J-holomorphic linear pencil based at the triple point p, and finding a contradiction using Riemann—
Hurwitz. Indeed, consider the projection 7 : @ — CP' induced by the pencil; by positivity of inter-
sections, this is a branched covering map; each tangent to @ through p gives a branching point of 7 of
index 2, and Riemann-Hurwitz yields:

22 =2x(Q) = x(CP") + > ex(q) > 5,
q€Q
a contradiction.

G is dual to the configuration G*, comprised of three conics in a pencil (intersecting at four triple
points) and a line tangent to all three of them. We can also obstruct G*.

Proposition 5.23. There is no symplectic embedding of the configuration G* in CP2.

Proof. We will show that G is birationally derived from G*. Blow up at three of the four basepoints of
the pencil; the proper transforms of the conics are symplectic +1-spheres, intersecting at a single point
(namely, the fourth basepoint). We can apply McDuff’s theorem, to identify one of the three conics
with CP!. Then Lemma implies the other two conics are also symplectic lines, and the image of
the tangent line has class 2h — e; — es — e3. Blowing down positively intersecting exceptional spheres
in classes eq, ez, e3 using Lemma [3.5] G* blows down to a conic simultaneously tangent to each of the
three concurrent lines. g

We also obstruct the following related configurations:

G4: comprising two conics with a single point of tangency of order 4, and a line tangent to both;
Go9: comprising two conics with two simple tangencies, and a line tangent to both.

Proposition 5.24. There is no symplectic embedding of any of the configurations G4 or Ga 5 in CP2.

Proof. Suppose that there existed an embedding of G4 in CP?. Blow up three times at the tangency
point of the two conics; the proper transforms of the two conics are two +1-spheres. See Figure
Applying McDuff’s theorem, we obtain a birational transformation of CP? blown up three times that
sends each conic to a line. Using Lemma [3.7] and intersection numbers, the proper transforms of the
three exceptional divisors (in the order in which we made the blow-ups) are mapped to spheres in
homology classes e; — es, ea — ez, and h — e; — e, and the proper transform of the line is sent to the
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FIGURE 15. Birational derivation of G from G,.

figures/G22toG. {ps,eps,pdf} not found (or no BBox)

FIGURE 16. Birational derivation of G from G5 .

homology class 2h —e1 — ez — e3. Using Lemma[3.5] to blow down a positively intersecting sphere in the
class eg followed by the (—1)-spheres in the configuration representing e and ej, we get a birational
derivation of G.

For G » we blow up twice at one of the tangencies, and once at the other. See Figure Identifying
the proper transforms of the conics with CP!, the homology classes of the other curves in the total
transform are uniquely determined by Lemma |3.7| and intersection numbers. The proper transform
of the line is again identified with a sphere in the class 2h — e; — e; — e3, and exceptional sphere at
the intersection where we blew up once represents h — e; — e5. The two exceptional curves from the
other blow-ups are identified with spheres representing the classes h — e; — ez and e; — e;. Using
Lemma to blow-down exceptional spheres in classes ey, es, €3, the configuration blows down to a
configuration containing G (with an additional line). Therefore G can be birationally derived from Ga2
so an embedding of G, 5 into CP? is obstructed. O

6. UNICUSPIDAL CURVES WITH ONE NEWTON PAIR

The goal of this section is to prove Theorem that every symplectic unicuspidal curve in CP?
is isotopic to a complex curve. In fact, for each of such curve we will classify all of its symplectic
embeddings into any closed symplectic manifold. Correspondingly, we classify all the strong symplectic
fillings of the corresponding contact manifolds.

According to [Liuld, Theorem 2.3] (see also [BCG16, Remark 6.18]), if a rational cuspidal curve with
a unique singularity of type (p, q) satisfies the adjunction formula, that is (p—1)(¢—1) = (d—1)(d—2),
then (p, ¢) belongs to the list of [FLMNO7, Theorem 1.1]; namely, (p, ) is one of:

(p,p+ 1), with p > 2, and the curve has degree p + 1;

(p,4p — 1), with p > 2, and the curve has degree 2p

(Fj—2,Fjt2), with j > 5 and odd, and the curve has degree Fj;
(sz; Fj2+2) with 7 > 3 and odd, and the curve has degree F}Fj o;
(

(

3,22), and the curve has degree 8;
6,43) and the curve has degree 16.

Here, F; denotes the ' Fibonacci number; recall that the sequence {F;} is defined by the recursion
Fj+1 = Fj + Fj—h starting from FO = 07 F1 =1.

The infinite families all have log Kodaira dimension —oo and the two sporadic cases are of log
general type (see [FLMNOT, Section 1.2]).

Since symplectic curves satisfy the adjunction formula , we can restrict to the six cases above.
For each of them, we will use a resolution to classify symplectic fillings of the associated contact 3-
manifold, and correspondingly classify the symplectic embeddings of these cuspidal curves in closed
symplectic manifolds up to sympletic isotopy.

In Section we will describe the choice of resolutions providing caps that we use to classify the
embeddings. Each such resolution will contain a smooth symplectic +1-sphere as the proper transform
of the cuspidal curve. In Section[6.2] we use McDuff’s theorem and the lemmas of Section [3.3] to classify
all homological embeddings of each of the resolutions. In this story, the two Fibonacci families will
play a different role; we will treat them in Section [6.3] In Section [6.4] we will look at geometric
realization of these homological embeddings, and will prove a strengthening of Theorem Finally,
in Section we will talk about rational blow-down relations.
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F1GURE 17. The top and bottom legs correspond to the continued fraction expansions
P = [p+1]~ and b= [2[P~1]]~ | respectively. The chain on the right is artificially
longer than needed to make a +1-sphere appear.

B, = o2 o2 e o2 o1 — otl

F1GURE 18. The top and bottom legs correspond to the continued fraction expansions

£ =1[p]” and % = [2[P=2] 3,2, 2], respectively. The chain on the right is artificially

longer than needed to make a +1-sphere appear.

6.1. The resolutions. We will now produce symplectic caps for each of the six cases listed above,
except the Fibonacci families (for which we will have a different argument in Section below). In
general, the cap will correspond neither to the minimal resolution, nor to the normal crossing divisor
resolution of the singularity; the goal will be to find a smooth symplectic +1-sphere.

We start with the first family: a degree-(p 4+ 1) curve with a unique singularity of type (p,p + 1).
We first find the normal crossing resolution. In the notation of Section [2:2] we have g =p+1, p* =p
(since p? = 1 (mod p+ 1)) and ¢* = 1. We are interested in the continued fraction expansions of

£ and -2+ which are [2P~1]~ and [p + 1]~, respectively. Since the curve has degree p + 1, its

p—1 p+1-p’
self-intersection is (p + 1)2, and therefore the self-interection of the proper transform in the normal
crossing divisor resolution has self-intersection (p +1)? — p(p + 1) = p + 1. We blow up p times along
this third leg (i.e. at the interection between the latest exceptional divisor and the proper transform
of the curve). The net effect of this operation is that the central vertex is decorated by Euler class —2
and the third leg consists of a chain of (p — 1) (—2)-vertices, a (—1)-vertex, and a +1-vertex. We will
refer to this symplectic plumbing as A,; see Figure

We now turn to the second case: a degree-2p curve with a singularity of type (p,4p—1). The normal
crossing resolution of this unicuspidal curve has two legs with expansions of # = [p|~ and jﬁ :é =
[2[P=2]3,2,2]~, and the third leg has one vertex, which is initially decorated by (2p)? — p(4p — 1) = p.
We blow up along this leg p — 1 times, so that the central vertex is decorated by —2, and the third leg
becomes a chain of p — 2 vertices decorated by —2, one by —1, and one by +1. We will refer to this
symplectic plumbing as Bj,.

The normal crossing resolution for the singularity of type (3,22) has two legs expanding % =1[2,2]~
and 22 = [4,20%]]~ with the third leg decorated by 8% — 322 = —2. Since we want a sphere of square
+1, we blow back down to the minimal resolution, whose neighborhood will be called £;. The triple
edge indicates a multiplicity three tangency between the +1-sphere and the (—1)-sphere.
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FIGURE 20

The normal crossing resolution for (6,43) has two legs corresponding to the continued fraction
expansions g = [20]]= and 4—73 = [7,29]~, and the third leg is labeled by 16> — 6 - 43 = —2. Again we
must blow down three times to get a +1-sphere. We end up between the minimal smooth resolution and
the minimal normal crossing resolution, with a configuration indicated by the graph below. We call the
neighborhood we will call &. Here the +1- and (—4)-spheres intersect tangentially with multiplicity
3, and the (—1)-sphere intersects these two at the same point transversally.

6.2. The homological embeddings. In this subsection, we will apply McDuff’s theorem to each
of the caps of the previous subsection. In order to shorten up the statements in this section, the
+1-sphere in each of the configurations will always implicitly be identified with a line in a blow-up of
CIP?, and correspondingly its homology class will be identified with h.

We start with the configuration A, corresponding to curves with a singularity of type (p,p + 1).

Lemma 6.1. In the configuration A, of Figure the homology classes of the curves in the chain
which excludes the (—p — 1)-sphere are:
(hyh—eg—e1,61 —€a,...,€p_1 — €, €p — €pi1, Eptl — Ept2,..-,Cop_1 — €2p)
and the symplectic (—p — 1)-sphere represents
e —er— - —ep.

Proof. The class of the chain excluding the (—p — 1)-sphere is uniquely determined by Lemma
The remaining (—p—1)-sphere intersects once positively with the class e, —e, 11 and zero with the other
classes. Since the class e, 41 appears with positive coefficient already, by Lemmas [3.8} [3.9} and [3.10] -
the class of this last sphere is uniquely determined as stated.

The cap corresponding to the rational cuspidal curve with singularity of type (p,4p — 1) has similar
restrictions on its possible homology classes.

Lemma 6.2. In the configuration B, of Figure the long chain starting with the +1-sphere and
including the entire configuration except the (—p)-sphere has two possible homology configurations
differing only in the last sphere of the chain when p > 3. The first possibility is:

(h7 h —€p —€1,61 —€2,..., ep72 - epfla epfl - ep7 ep - 6p+1a ety 621)73 - 62;072’
€2p—2 — €2p—1 — €2p,€2p — €2p41,€E2p 41 — 62p+2)-
For the other possibility, the last sphere can represent the class ezp_1 — €.
In both cases, there is a unique possibility for the class represented by the (—p)-sphere:
€p—€1 — - —€p—_1.
When p = 2, there is an additional case where the long chain starting at the +1-sphere represents
(hyh —eo —e1,e1 — ea,e0 — €1 — €3,€3 — €4,€4 — €5)

and the length-one arm is a (—p)-sphere in the class es — eg.
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Note that the second option is a homological embedding into CP?#(2p + 2)CP? whereas the first
option is a homological embedding into CP2#(2p+3)CP2. Since the cap has b = 1 and b, = 2p+2, the
symplectic filling complementary to the first embedding will have b, = 1 and the one complementary to
the second embedding will be a rational homology ball filling. In particular, the filling complementary
to the second homology embedding is the only one that could give the complement of the rational
cuspidal curve in CP2.

Proof. The B, configuration is identical to the .A,_; configuration with three additional vertices of
weights —3, —2, —2 on the lower left leg. Therefore all of the homology classes excluding these last
three, are determined by Lemma By Lemmas and the (—3)-sphere must represent
€ap_2 — €2p—1 — €gp unless p = 2 (we will come back to this case). When p > 3, the subsequent
(—2)-sphere must represent ez, — eap11, and the last (—2)-sphere can either represent es,41 — €apy2 OF
€2p—1 — €2, by Lemma

When p = 2, the (—3)-sphere is not fully determined by the previous chain and the roles of the
(—3)-sphere and the (—p)-sphere can switch yielding the additional option. O

Lemma 6.3. There are three homological embeddings of the symplectic configuration Es into blow-ups
of CP? given as follows, listed linearly starting from the +1-sphere.

(6.1) (h,3h —2eg —€e1 — ez —e3 — €4 —e5 —eg, €1 — €7,€7 — €8,€8 — €9,€9 — €10, €10 — €11,€11 — €12)
(6.2)  (h,3h—2eg —e; —ey —e3 —eg—e5 —ep,€1 — €7,€3 — €1,€3 — €2,€4 — €3,€5 — €4,€6 — €5)

(6.3)  (h,3h —2eg —e1 —ez —e3 —eg —e5 —ep,€0 — €1,€] — €3,€3 — €3,€3 — €4,€4 — €5,€5 — €6)

Proof. The class of the (—1)-sphere which intersects CP! with multiplicity three is determined by
Lemma The remaining chain of (—2)-spheres has one of two forms determined by Lemma If
it has form except for the first sphere in the chain, all of the exceptional classes appearing in the
chain must have coefficient —1 in the previous sphere (Lemma, which uniquely yields option
If the chain has the form in Lemma for option the exceptional class with positive coefficient
for the first (—2)-sphere is either eg or e (without loss of generality). To ensure the correct intersection
numbers, this uniquely determines options [6.3] and [6.1] respectively. O

The possibilities for embeddings of & are determined in the same way for the lower chain. The
intersection numbers then limit the possibilities for the indices of the exceptional classes on the upper
chain as follows.

Lemma 6.4. There are siz homological embeddings of the symplectic configuration Eg into blowups of
CP2. As in Lemmal[6.5, there are three possibilities for the lower chain:

(1) (h,3h —2eq —e1 —--- —eg,e1 — €10, €10 — €11, €11 — €12, €12 — €13, €13 — €14, €14 — €15)
(2) (h,3h —2eg —e1 —--- —eg,e1 — €10,€2 — €1,€3 — €2,€4 — €3,€5 — €4,€6 — €5)
(3) (h,3h —2eq —e1 — - —eg,e0 — €1,€1 — €2,€2 — €3,€3 — €4,€4 — €5,€5 — €5)

When the lower chain is option[1], the upper chain can be

(6.4) (h —es —eg,e8 — e7,e7 — €6)

When the lower chain is option[]] or, respectively, [3, the upper chain can be

(6.5) (h —ep — e16,€16 — €17,€17 — e18)  respectively (h —eg — e11,€11 — €12, €12 — €13)
When the lower chain is any of the three options, the upper chain can be

(6.6) (h —es —eg,eg — e7,e9 — €3)
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6.3. The Fibonacci families. We start with the third family, (F;_q, Fjt2) with j odd. We recall
that Fibonacci numbers satisfy the identity Fj2 = F;_9F;12—1, so that by Moser [Mos71] the boundary
Y; of a regular neighbourhood of a curve in this family, with the orientation induced by the cuspidal
contact structure &;, is

Y; = —S%J_Q (T(Fj_3, Fj42)) = —L(F},—F} ;) = L(F}, F} ).

Note that the identity F , = F;_4F; —1 implies that F? y = —1 (mod F}), and that ged(F;_o, Fj) =
Fyca(j—2,j) = F1 = 1, since j is odd. In particular, Y; = L(m?, mk—1) for some m, k with ged(m, k) = 1.

Since there is a symplectic realization of a rational cuspidal curve in CP? in this family, coming from
algebraic geometry [FLMNOQT], {; has a rational homology ball symplectic filling. By Proposition
&; is the canonical contact structure on Y (perhaps up to conjugation), and by Proposition this
filling is unique up to symplectic deformation.

We now turn to the third family, (FjQ, Fj2+2), with j odd. Call (Yj’, ¢’) the cuspidal contact manifold;
by Moser [MosT71],

Y]/ = _S:;szszrz (T(Fj2’ Fj2+2)) = _(L(Fj2’ _Fj272)#L(Fj2+2’ _sz)) = }/}#}/7+2

As above, by [FLMNOQT7], ¢’ has a rational homology ball (strong) symplectic filling Wy; moreover,
(Y',&5) is the contact connected sum (Y}, 7;)#(Yj12,m;42). Note that &} is planar, since all contact
structures on lens spaces are; we recall that, by [Wenl0], all strong symplectic fillings of planar contact
structures can be deformed to Stein fillings, so that Wy is in fact the boundary connected sum of
two rational homology ball fillings of n; and 742, by Eliashberg [EI90]. This implies that, up to
conjugation, n; = &; and 7,42 = 12, and that they both have a unique rational homology ball
symplectic filling; again, by [EIi90], so does ¢;.

6.4. Isotopy classification.

Theorem 6.5. In CP2, every symplectic rational unicuspidal curve whose unique singularity is the
cone on a torus knot is symplectically isotopic to a complex curve.

o The only minimal symplectic embedding of a rational unicuspidal curve with a (p,p + 1)-
singularity with normal Euler number p? into a closed symplectic manifold is the unique em-
bedding into CP?.

o There are exactly two minimal symplectic embeddings of a rational unicuspidal curve with a
(p,4p — 1)-singularity with normal Euler number 4p? into closed symplectic manifolds. One
into CP? and another into S? x S?, each unique up to symplectomorphism.

e There are exactly three minimal symplectic embeddings of a rational unicuspidal curve with a
(3,22)-singularity with normal Euler number 64. They are embeddings into CP?, CP?#CP?,
and CP2#6CP? with each unique up to symplectomorphism.

e There are exactly six minimal symplectic embeddings of a rational unicuspidal curve with a
(6, 43)-singularity with normal Euler number 256. There is a single symplectic embedding
into CP2, CP?#CP?, CP2#4CP2, and CP?*#9CP?, up to symplectomorphism. There are two
symplectic embeddings into CP?#6CP?, up to symplectomorphism.

In each of these cases, each symplectic isotopy class of embeddings corresponds to a distinct mini-
mal symplectic filling of the associated contact manifold, distinguished by their second homology and
intersection forms.

Proof. We start with the non-Fibonacci families.

Suppose we have a symplectic embedding of the cuspidal curve into (X,w). Then we have an
embedding of the resolution A,, B, & or & into X #KCP2. Identifying X #KCP? with CP?# N CP?
and the +1-sphere with a line using McDuff’s theorem, we classified the homological embeddings using
Lemmas and Next use Lemma [3.5] to find exceptional spheres representing the classes
e; to blow down until we reach CP2. The core spheres of A, or B, descend to two symplectic spheres
each in the homology class h of the line. There is a unique symplectic isotopy class of two lines by
Proposition 5.1l Every embedding of the cap is obtained by blowing up two symplectic lines according
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to the homology classes specified, therefore there is a unique symplectic isotopy embedding for each
homological embedding.

Lemma gives a unique homological embedding of A, (which is obtained from the cuspidal curve
by blowing up 2p + 1 times) into CP2#(2p + 1)CP?. Therefore these cuspidal curves only embed into
CP2.

Lemma gives two homological embeddings of B, (which is obtained from the cuspidal curve by
blowing up 2p+2 times), one into CP?#(2p+3)CP? and the other into CP2#(2p+2)CP2. Therefore the
cuspidal curve has one symplectic embedding into CP? and another into either CP?#CP? or S? x S2.
We will see in Proposition [6.6] below that the latter embedding is obtained from the former by doing a
rational blow-up of T*RP2, thus showing that the ambient 4-manifold is indeed S? x S2. It is however
instructive to see this directly, so we flesh out the argument here: recall that we have C' C X a
curve, and that the we look at the embedding of the total transform of C' in a blow-up X of X. The
intersection form of X is recovered from that of X by “algebraically blowing down” all the exceptional
divisors in in the total transform of C'; this boils down to taking the orthogonal of the homology classes.
That is, we have to look at the orthogonal of the classes

h—e() —€1,€2p—2 —€2p—1 —€2p,€0 — €1 — " — €p—1,€; — €41 (Z S {1,...,2p—3,2p,2p+ 1})

in Hy(X) = (h, e, ..., ezpt2); orthogonality to the classes e; — ;11 forces classes in the orthogonal to
be of the form

ah —boeg — bi(er + -+ + ezp—2) — bap_1€2p—1 — bap(e2p + €2p 41 + €2p42).

The orthogonal is generated by C1 = ph — (p —1)eg —e1 — -+ —e2p—1), Co = ph — (p — 1)eg — e —
oo — €9y — €9y — €2p41 — €gpr2. We calculate CF = 0 and that C3 = —2, so that the intersection
form of X is even, hence necessarily X = S? x 52.

For &, after blowing down the exceptional spheres in the e; classes using Lemma [3.5] the configu-
ration descends to a symplectic nodal or cuspidal cubic (depending on whether the exceptional sphere
of class eg intersects the configuration transverally or tangentially), together with a symplectic line
which is tangent to the cubic with multiplicity 3. Each such configuration has a unique symplectic
isotopy class by Proposition with d = 3. Note that we are looking at the proper transform of the
singular cubic in a blow-up of the minimal smooth resolution. The nodal and cuspidal cubics have
proper transform which are symplectically isotopic in the blow-up (just perturb locally the tangency
of the symplectic exceptional sphere e; to create two transverse intersections). Therefore for each ho-
mological embedding, there is a unique symplectic isotopy classes of embeddings of the cuspidal curve.
The three homological embeddings of £ (which is obtained from the cuspidal curve by 7 blow-ups)
are into CP?#7CP?, CP2#8CP? and CP2#13CP?. Therefore the cuspidal curve has one symplectic
embedding in CP?, one in either CP2#CP? or S? x S? and one into CP2#6CP2. To determine that
the second embedding is into CP2#CP? instead of S? x S? we find a homology basis complementary
to the classes of the exceptional divisors in the embedding of & (3h —2eg —e1 — -+ — eg, €1 — e7,
€a —e1, €3 — €3, €4 — €3, €5 — €4, and eg — e5). Such a basis is given by 10h — 6eg — 3(eq +- - -+ e7) and
6h —3eg —2(e1 +- - - +e7). The intersection form generated by this basis is the odd form for CP?#CP2:

R

The configuration & descends similarly under blowing down, with an additional line passing through
the inflection point and otherwise intersecting the cubic either generically, tangentially, or transversally
through the singular point, depending on the choice of homological embedding. There is a unique
symplectic isotopy class of these configurations by Proposition [5.1] when the line added intersects the
cubic at the inflection point and two other generic points, or at the inflection point and the node/cusp
point.

In the case that the line intersects the cubic once at the inflection point and tangentially at another
smooth point, we will show that there is a unique symplectic isotopy class of such lines when the cubic
is nodal and no such line if the cubic has a cusp.
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Choose an almost complex structure J which makes the cubic R together with its inflection line
J-holomorphic (note the space of such J is contractible by Lemma . Let p denote the inflection
point on R. Consider the pencil of J-lines through p, 7 : CP?\ {p} — CP! and restrict this to R\ {p}.
This restriction extends over p by sending p to the image of the line tangent to R at p. We pre-compose
with the normalization of R.

In the cusp case, projecting the cubic from the inflection point gives a degree-2 map 7: CP! — CP!
with at least two ramification points (corresponding to the inflection line and the cusp respectively).
Therefore Riemann—Hurwitz reads: 2 = 2 -2 — > (e;(p) — 1), which implies that these are the only
two ramification points, from which we deduce that there is no other tangent drawn to the cubic from
the inflection point. In the nodal case, the projection m: CP! — CP! of the cubic from p has no
ramification at the node, and ramification 2 at the inflection line, so there is exactly another point of
ramification 2, which corresponds to a tangency to the cubic. Therefore, there is a unique realization
for the configuration obtained from & by blowing down, which in turns gives a unique isotopy class
for the unicuspidal cubic.

Therefore, for each fixed homological embedding of the resolution, there is a unique symplectic
embedding of the cuspidal curve. The resolution is obtained from the cuspidal curve by performing
10 blow-ups. Therefore the embeddings of the resolution into CP?#10CP2, CP?#11CP2, two into
CP2#16CP?, one into CP?#19CP?, and CP?#14CP? correspond to embeddings of the cuspidal curve
into CP2, CP2#CP? or S? x 52, two embeddings into CP?#6CP?, and one into CP?#9CP? and
CP2#4CP2.

It remains to distinguish the two embeddings into CP2#6CP? and prove that this cuspidal curve
embeds into CP?#CP? instead of S? x S2. For the latter question, the answer is similar to the &3
case, but e7 is replaced by ejg. Therefore a basis for the homology complementary to the exceptional
divisors is given by 10h — 6eg — 3(e1 + - - - + g + e19) and 6h — 3eq — 2(e1 + - - - + €6 + e1p) which have
the odd intersection form of CP2#CP2.

To distinguish the two embeddings into CP?#6CP?, we show that their complementary symplectic
fillings have different intersection forms. The two homological embeddings we are considering from
Lemma both use option [I| for the lower chain, and differ in the upper chain, being either option
or

A homology basis for the complement of the embedding of the cap (not just the exceptional spheres
but also the proper transform representing h) in the first case (option is given by the following.

{60 — €4 —€5,62 —€] —€10 — " — €15,62 —€3,63 —€4,64 —€5,€0 + €9 — €6 — €7 —68}-
giving an intersection form represented by

-3 0 0 -1 0 -1
0 -8 -1 0 0 0
0 -1 -2 1 0 0
Q=] _47 o 1 2 1 o0
0O 0 0 1 -2 0
-1 0 0 0 0 -5

In the second case (option a basis is given by the following.
{e2 —e1 —eig— -+ —eis5,62 —€3,63 — 4,64 — €5,€5 — €5,€0 — €5 — €6}

giving an intersection form represented by

-8 -1 0 0 0 0
-1 -2 1 0 0 0
0 1 -2 1 0 0
Q2 = 0O 0 1 -2 1 -1

0 0 0 1 -2 0
0 0 0 -1 0 -3

Since det Q1 = 256 and det Q2 = 64, the two embeddings are not even homeomorphic.
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We now conclude with the two Fibonacci families; in the previous subsection, we have shown that
in each case the cuspidal contact structure has a unique rational homology ball filling up to symplectic
deformation. In particular, there is a unique symplectomorphism class of curves in CP?2 for each of the
members of either family, and by Gromov there is a unique symplectic isotopy class, so the complex
representatives are necessarily in that isotopy class. 0

6.5. Rational blow-down relations. In this section we study the relationships between the two
fillings of the cuspidal contact structure associated to the rational unicuspidal curves in the second
family, i.e. those with a singularity of type (p,4p — 1). The two fillings are complements of concave
neighborhoods of the two different embeddings.

We will study the two sporadic cases (3,22) and (6,43) in a companion paper [GS], by showing that
the corresponding cuspidal contact structure is in fact the canonical contact structure on the link of a
singularity (compare with Stipsicz—Szabé—Wahl [SSzZW08]) and studying the relationship between the
different fillings.

As argued in Section the two Fibonacci families correspond to lens spaces with their canon-
ical contact structure, for which fillings and rational blow-down relationships have been extensively
studied [BO1S].

Recall that each rational curve with self-intersection 4p? and a singularity of type (p,4p — 1) comes
with two ﬁllings, VV()7 Wl, with b2 (W,) =1.

Proposition 6.6. Let C be a rational unicuspidal curve with a singularity of type (p,4p —1) and self-
intersection 4p?, and & the corresponding cuspidal contact structure. Then the two symplectic fillings
of & are related by a rational blow-down of a symplectic (—4)-sphere.

Proof. We need to look for a symplectic (—4)-sphere in the filling with b = 1, which we will call Wj.
Recall from Lemma @ that the embedding of the spheres of the plumbing B, whose complement is
W, are:

h,h—eg—ei,e1—€2,...,€2p_3—€2p_2,€2,_2—€2p_1—C2p, €2p — C2p41, €2p+1 — E2p+2,€0 — €1 — "~ —Ep_1
The homology class eap_1—eap—eapt1—e2pt2 generates the orthogonal of these classes in Hy (CP2#(2p+
2)CP?). We can choose to realize the configuration above by performing the last three blow-ups on
the exceptional sphere in class eg,—1. Then, the proper transform of e;,_1 is an embedded symplectic
sphere in the class esp_1 — e2p — €ap11 — €2p42 With self-intersection —4, in the complement of the
embedding of B,. Since £ only has two strong symplectic fillings, the rational blow-down of this
(—4)-sphere must give the unique rational homology ball filling. O

7. LOW-DEGREE CUSPIDAL CURVES

The goal of this section is to prove Theorem namely, we want to prove that every curve of
degree up to 5 has a unique isotopy class, and that this class contains a complex representative.

We split the proof degree by degree; there are no singular lines or conics, so we only need to start
at degree 3. By the degree-genus formula , a cuspidal cubic can only have one singularity, which
is necessarily a simple cusp. This case was already considered in Section [6}

In the next two subsections, we will look at quartics and quintics. As in the previous section, we
will actually provide classifications of symplectic embeddings of these cuspidal curves (with prescribed
normal Euler number) into any closed symplectic manifold, equivalently classifying the symplectic
fillings of the associated contact structures.

7.1. Quartics. By the degree-genus formula , a cuspidal quartic can only have multiplicity multi-
sequence [[3]] or [[2,2,2]]; correspondingly, the allowed types of configurations of singularities are the
following:
e [3]: a single cusp of type (3,4) which we showed has a unique symplectic isotopy class of
embeddings into CP? in Section [6}
e [2,2,2]: a single cusp of type (2,7) which was also shown to have a unique embedding into
CP? in Section @
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e [2,2],[2]: one cusp of type (2,5) and one of type (2,3) will be shown to have a unique relatively
minimal symplectic embedding into each of CP?, CP2#CP?, and S? x S? in Proposition
e [2],]2],[2]: three simple cusps will be shown to have a unique symplectic embedding into CP?
in Proposition
As it turns out, all these configurations are realized by a rational cuspidal quartic in CP?, and each

realization has a unique equisingular isotopy class in CP2. The bicuspidal quartic also has realizations
in CP2#CP? and S? x S2.

Proposition 7.1. Let C be a curve with normal Euler number 16 with one cusp of type (2,5) and one
of type (2,3). Then the only relatively minimal symplectic embeddings of C are into CP?, CP24CP?,
and S? x S%. For each of these there is a unique non-empty symplectic isotopy class of embeddings up
to symplectomorphism. Correspondingly, the associated contact structure £ has three fillings; one is
a rational homology ball, and the other two have second Betti number 1 and are distinguished by their
intersection forms.

Proof. Suppose C' embeds minimally symplectically in (X,w). Blow up at the (2,3)-cusp of C to
the normal crossing resolution, and blow up at the (2,5)-cusp once more than its minimal resolution
(not quite normal crossing). See Figure The proper transform of C' becomes a smooth symplectic
+1-sphere, so we apply McDuff’s theorem to identify it with a line in some blow up of CPZ2.

We determine the homology classes of the remaining divisors in the total transform of C relative
to this identification. Using Lemma and the intersection relations, the homology classes of the
divisors have three possibilities differing from each other only in the (—2)- and (—3)-spheres in the
normal crossing resolution of the (2, 3)-cusp. The divisors in the resolution of the (2,5)-cusp must be
h—e1 —ez, h—e3 —eq4 —e5 and e5 — eg, and the (—1)-curve in the resolution of the (2, 3)-cusp must
be in the class h — e; — e3 (up to relabeling the e;). The remaining (—2)-sphere class must be either
e1 —eg or ez —eyq. If it is e — eg there are two possibilities for the (—3)-sphere class: e3 — e5 — eg and
es —eq — eq. If the (—2)-class is e3 — e4, the (—3)-class must be e; — es — e7. See Figure

figures/2quartic.{ps,eps,pdf} not found (or no BBox)

FIGURE 21. A resolution of a rational cuspidal quartic with one cusp of type (2, 3)
and one of type (2,5) with the possible homological embeddings.

Observe that two of these three possibilities requires 7 exceptional classes and the third requires 6
exceptional classes. Since the resolution was obtained from the cuspidal curve by blowing up 6 times,
the two embeddings of the resolution using 7 exceptional classes correspond to potential embeddings
of the cuspidal curve into either CP2#CP? or S% x S2.

In option B, where the (—3)-sphere represents e3 — e4 — ey and the (—2)-sphere represents e; — es,
the homology of the complement of the exceptional divisors is generated by 2h —e; — es — e3 — e4 and
4h — 2eq — 2e5 — 2e3 — eq4 — e5 — eg — e7. (The reader can check these have intersection 0 with all the
exceptional divisors in the resolution.) The intersection form generated by these two classes is

o]

so this corresponds to an embedding of the bicuspidal quartic into S? x S2.

In option C, where the (—3)-sphere represents e; — ea — ey and the (—2)-sphere represents es — ey,
the homology of the complement of the exceptional divisors in the resolution is generated by 3h —2e; —
e —e3—ey —e5—eg —er and bh — 3e; — 2es — 2e3 — 2e4 — €5 — eg — ey which gives an intersection form

-1 0
0 1
so this corresponds to an embedding of the bicuspidal quartic into CP?#CP?.

The embedding of the resolution using six e; classes (option A) corresponds to a potential embedding
of the cuspidal curve into CP?2.
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To verify that there is a unique isotopy class for each homology embedding, we apply Lemma |3.5
to find exceptional spheres in the e; classes. In all three cases, the configuration blows down to four
lines with one triple point and three double points. This has a unique symplectic isotopy class by
Proposition |5.1

The complement of the embedding of the cuspidal curve into CP? is a rational homology ball filling.
We can further check that the fillings complementary to the embeddings of the cuspidal curve into
CP?#CP? and S? x 8?2 are in fact differentiated by their intersection forms. Since each has by = 1,
we simply need to find the self-intersection number of a class orthogonal to all of the divisors in the
cap (the exceptional divisors together with the proper transform which represents h). In option B, the
embedding into S? x S2, such a class is represented by e4 — e5 — eg — e; which has self-intersection
number —4 (and actually is represented by a symplectic sphere which can be blown down to get the
rational homology ball filling). In option C, the embedding into CP?#CP?, such a class is given by
e1 — eg — e3 — e4 + 2e5 + 2eg + 2e7 which has self-intersection number —16. Therefore the two fillings
are not homeomorphic.

O

Finally, we turn to the case of three cusps of type (2,3). We call 4, Es, and E3 the three exceptional
divisors in the minimal resolution of the curve.

Proposition 7.2. Let C be a curve with normal Euler number 16 with three cusps of type (2,3). Then
the only relatively minimal symplectic embedding of C is into CP? and this is unique up to symplectic
isotopy. Correspondingly, the associated contact structure £o has a unique minimal symplectic filling,
and it is a rational homology ball.

Proof. Suppose C' embeds minimally symplectically in (X,w). Blow up at each cusp twice giving a
resolution in between the minimal resolution and the normal crossing resolution. See Figure The
proper transform of C' becomes a smooth symplectic +1-sphere, so we apply McDuff’s theorem to
identify it with a line in some blow up of CP?, and determine the homology classes of the exceptional
divisors relative to this identification. The exceptional divisors from the first two cusps are uniquely
determined up to relabeling the e;, and there are three options for the exceptional divisors for the
third cusp as shown in Figure

figures/3quartic.{ps,eps,pdf} not found (or no BBox)

FIGURE 22. A resolution of a rational cuspidal quartic with three cusps of type (2, 3)
with the possible homological embeddings.

Next, we blow down exceptional spheres in the e; classes in each case using Lemma (3.5} The
two homological embeddings utilizing seven e; classes (options A and B) both blow down to a Fano
configuration of seven lines with seven triple points (three are already in the resolution and four
more come from blowing down ey, es,e3,e4). The Fano configuration is obstructed from realization
by symplectic (or even smooth) lines by Theorem Since both embeddings of the cuspidal curve
into any symplectic manifold with b, = 2 have birational derivations to the Fano configuration, they
cannot exist by Proposition [3.16

The last homological embedding (option C) uses six e; classes so since the resolution was obtained
from the cuspidal curve by performing 6 blow-ups, this option corresponds to an embedding of the
cuspidal curve into CP2. We now verify this exists uniquely, by blowing down exceptional spheres in
e; classes using Lemma In this case, the configuration blows down to seven lines intersecting in 6
triple points and two double points. This can be built up line by line using Proposition [5.1] Therefore
it has a unique symplectic isotopy class so there is a unique symplectic isotopy class of C' in CP? by

Proposition [3.17 a

7.2. Quintics. A quintic C in CP? has arithmetic genus p,(C) = 3(5—1)(5 —2) = 6. This allows for
a large number of potential ways to absorb that genus into cusps. Some of these types of collections
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of cusp are realized by rational cuspidal complex curves of degree five, and others cannot be realized.
Here we prove that each equisingular type which is realized by complex curves, has a unique symplectic
isotopy class of realizations, and that equisingular types which do not admit a complex realization do
not admit a symplectic realization either.

To prove Theorem [I.3]for quintics, and the classifications of embeddings into other closed symplectic
manifolds, we first consider what are the possible multiplicity multi-sequences which yield a rational
cuspidal curve of arithmetic genus p,(C) = 6.

If C is rational and cuspidal, then p,(C) = > d(p), where the sum is taken over all singular points
of C. By Equation , summing %m(m — 1) over all multiplicity sequences of singular points, we
have to obtain 6; this leaves the following possibilities to arise as multiplicity multi-sequences of the
singularities of C: [[4]], [[3,3]] [[3,2,2,2]], and [[2,2,2,2,2,2]].

As observed in Section not all sequences of integers correspond to multiplicity sequences of
singularities. In particular, among the possible sequences coming from the list above, [3,2,2] and
[3,2,2,2] are not allowed. This leaves with the following possibilities for each individual singularity:

4]
3l
3,
9l

which corresponds to the singularity of type (4,5);

I, which corresponds to the singularity of type (3,3k +1) (k = 1,2);

], which corresponds to the singularity of type (3,5);

|, which corresponds to the singularity of type (2,2k+ 1), (k=1,...,6).

e o o o
>

[
[
[
[

=

In particular, all singularities we encounter here have one Puiseux pair. Starting from degree 6 on,
there will appear curves with multiple Puiseux pairs. For instance, in degree 6, there is a unicuspidal
curve whose singularity has multiplicity sequence [4, 2, 2,2, 2]; the link of this singularity is the iterated
torus knot 7(2,3;2,17) (i.e the (2,17)-cable of T'(2,3)).

Theorem [1.3for degree 5 results from analyzing all the possibilities, which we do in the Propositions
making up the rest of this subsection. We provide a summary list here.

e Curves with one cusp of type [4] = (4,5) or one cusp of type [2,2,2,2,2,2] = (2,13) are cases
where we classified embeddings in Section [f]

e The two options for the multi-sequence [[3, 3]] are obstructed in Proposition

e The multi-sequence [[3,2, 2, 2]] can be split into cusps in five different ways, which are addressed
in Propositions (existence and uniqueness in CP?) and Proposition (obstructed).

e The multi-sequence [[2,2,2,2,2,2]] can be split into cusps in ten different ways. We obstruct
any symplectic embedding for five of these cases in Propositions [7.7 and [7.8 In three more
cases, we classify all embeddings where we find minimal symplectic embeddings into CP2#4CP?
in Proposition Finally, the last two cases have unique symplectic embeddings in CP?, as

we show in Propositions and

For the multi-sequence [[3, 3]], as mentioned in Example the semigroup condition obstructs
such quintic curves from being realized even smoothly in CP?. For the two possible cusp types with
this multi-sequence, we prove with other techniques that there is no symplectic embedding of these
curves in any closed symplectic manifold. Our proof actually shows that a resolution of such a curve
admits no adjunctive embedding into a blow-up of CP? when we identify a +1-sphere in the resolution
with the line. This is the crudest type of obstruction from the perspective of this paper, occurring
already at the level of homology.

Proposition 7.3. There is no symplectic embedding into any closed symplectic manifold of a rational
cuspidal curve C' with normal Euler number 25 and with a single cusp of type (3,7) or with two cusps
of type (3,4). Thus, the corresponding contact manifolds have no symplectic fillings. In particular,
there is no symplectic rational cuspidal quintic in CP? with one singularity of type (3,7) or two of type
(3,4).

Proof. For the case of a single cusp of type (3,7), we blow up the normal crossing resolution three
additional times, and obtain the configuration shown in Figure
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FIGURE 23. A resolution of a rational cuspidal quintic with one cusp of type (3,7)
with the only possible homological embedding.

We identify the +1-curve with a line in CP2#NCP? by McDuff’s theorem. The homology classes
of the upper chain are uniquely determined by Lemmas [3.7] and [3:12) to be

(h,h —eg —e1,e1 — ez, e —e3,€3 — €4,€4 — €5,€5 — €5).

The (—4)-sphere must have the form e;, — e;; —e;, — €;,. By Lemma the classes ey, ..., e5 cannot
appear with positive coefficient twice. Using this and the intersections with the other classes in the
chain, the (—4)-sphere represents ey — e3 — ea — 1. The remaining (—2)-sphere, C' must have the form
[C] = e; —eg since [C] - (eg —e1 — ez —e3) = 1 and ey, e9, e3 cannot appear with positive coefficient
again. Because [C]- (h —eg —e1) = 0, we must have [C] = e; — ey, but then [C] - (e; — e2) = —1 when
it should be 0. Therefore there is no adjunctive embedding of this resolution configuration.

For the curve with two cusps of type (3,4), the normal crossing resolution graph is given by Figure 24]
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FIGURE 24. A resolution of a rational cuspidal quintic with two cusps of type (3,4)
with the only possible homological embedding.

Again, identify the +I1-sphere with a line in CP?#NCP?. By Lemmas and the chain
emanating to the right from the +1-sphere initially has two possibilities

(h—eg—er,er —ez,eg —e3) or (h—eg—ep,er —ez,e0—ep)

The other (—1)-sphere must have the form h — ey — f; or h — e; — f; based on its intersection with
the +1 and other (—1)-spheres. This rules out the second possibility for the chain emanating to the
right because ey — e; intersects non-trivially with both options. The chain emanating to the left from
the +1-sphere is uniquely determined similarly as shown in Figure

But then the two (—4)-spheres must each have one exceptional class with coefficient +1, and that
class must appear with coefficient —1 in the (—1)-sphere they are adjacent to. Since e; and f; have
already appeared with positive coefficient, and no exceptional class can appear with positive coefficient
twice by Lemma [3.9] there is no possible homological embedding. 0

Now we consider three related cases of rational cuspidal quintics which symplectically embed
uniquely into CP?. Each of these curves is known to have a complex algebraic realization in CP2,

Proposition 7.4. If a rational cuspidal curve C' has normal Fuler number 25 and one of the following
three cusp collections

(1) one of type (3,5) and one of type (2,5)

(2) one of type (3,4) and one of type (2,7)

(8) one of type (3,4), one of type (2,5), and one of type (2,3).
then only relatively minimal symplectic embedding of C' is into CP? and this embedding is unique up to
symplectic isotopy. Equivalently, the corresponding contact structure && has a unique minimal filling
which is a rational homology ball.

Proof. For each of three cusp types, we blow up to a resolution where the proper transform of the
cuspidal curve is smooth and has self-intersection +1. We apply McDuff’s theorem to identify the
+1-sphere with a line in CP?#NCP2.

For the curve with a (3, 5)- and (2, 5)-cusp take the normal crossing resolution at the (3,5)-cusp, and
the minimal smooth resolution at the (2, 5)-singularity, blown up one additional time as in Figure
Note this resolution was obtained from the cuspidal curve by blowing up a total of 7 times (there are
7 exceptional divisors). Relative the identification of the +1-sphere with a line, the homology classes
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of the other curves are uniquely determined up to relabeling the e; by Lemma |3.7| and the intersection
relations as shown in Figure Note that this homological embedding uses seven e; classes, so if this
resolution is minimally embedded, the ambient symplectic 4-manifold must be CP247CP2. Thus if
we return to the cuspidal curve by blowing down seven times to reverse the resolution, the cuspidal
curve can only minimally symplectically embed in CP2. Blowing down spheres in the e; classes using
Lemma[3.5] gives a birational derivation from the cuspidal curve to a line arrangement of four lines with
a single triple point. This line arrangement has a unique symplectic isotopy class by Proposition [5.1
Therefore this cuspidal quintic has a unique symplectic isotopy class in CP? by Proposition m
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FIGURE 25. A resolution of a rational cuspidal quintic with one cusp of type (3,5)
and one of type (2,5) with the only possible homological embedding.

For the cuspidal curve with a (3,4)- and (2,7)-cusp, blow up two times more than the minimal
resolution at the (3, 4)-cusp, and blow up one time more than the minimal resolution at the (2, 7)-cusp
as in Figure The homology classes relative the +1-line are uniquely determined as shown, and
use seven e; classes (the same as the number of exceptional divisors in the resolution). Therefore,
the cuspidal curve embeds symplectically minimally only in CP2. Using Lemma to blow down
exceptional spheres in the e; classes to CP?, the configuration descends to 5 lines {L;} where Ly, Lo, L3
intersect at a triple point and L3, L4, L5 intersect at a triple point, and the other intersections are
generic. This has a unique symplectic isotopy class by Proposition Since this line arrangement
is birationally derived from the embedding of the cuspidal curve, Proposition implies that the
cuspidal curve has a unique symplectic isotopy class in CP2.
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FIGURE 26. A resolution of a rational cuspidal quintic with one cusp of type (3,4)
and one of type (2,7) with the only possible homological embedding.

For the curve with cusps of type (3,4), (2,5), and (2,3), we blow up to the minimal resolution and
then once more at each of the (3,4)- and (2, 5)-cusps resulting in Figure The homology classes
relative the +1-line are uniquely determined as shown. (The uniqueness requires a little additional
thought in this case, because some of the curves a priori have other options (the (—3)-curve and the
(—2)-curves disjoint from the line). However, any combinations of these other than the one shown
violate the intersection relations.) The unique homological embedding uses the same as the number of
e; classes as exceptional divisors in the resolution. Therefore, the cuspidal curve embeds symplectically
minimally only in CP?.
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FIGURE 27. A resolution of a rational cuspidal quintic with one cusp of type (3,4),
one of type (2,5), and one of type (2,3) with the only possible homological embedding.

Using Lemma to blow down exceptional spheres in the e; classes gives a birational derivation
from the cuspidal curve to a configuration with a conic and five lines with intersections as shown in
Figure This configuration has a unique equisingular symplectic isotopy class by iteratively applying
Proposition [5.1] starting with Q¢ and adding L, ..., L5 one at a time in order as shown in Figure
Therefore this cuspidal quintic has a unique symplectic isotopy class in CP? by Propositionbecause
it has a birational derivation to a configuration with a unique symplectic isotopy class.

O
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FIGURE 28. The configuration in CP? resulting from blowing down eq,...,e7 from
Figure The images of the exceptional spheres are indicated by e(é). This has a
unique equisingular symplectic isotopy class by iteratively applying Proposition [5.1
starting with Qg and adding L4, ..., L5 one at a time in order.
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FI1GURE 29. The unique homology classes of an embedding of the blow-up of a cuspidal
curve with one cusp of type (3,5) and two of type (2,3).

The remaining two possible cuspidal quintics with multi-sequence [[3,2,2,2]] are obstructed from
being realized by complex curves in CP? by the Riemann-Hurwitz formula (see Example. Because
we can use J-holomorphic curves to recover the Riemann—-Hurwitz formula for symplectic curves, the
same obstruction holds in the symplectic case. However, we can actually prove the stronger statement,
that these rational cuspidal curves cannot symplectically embed in any closed symplectic manifold.
Moreover, reversing our argument will recover an obstruction to a symplectic Fano plane, first proven
in [RS19].

Proposition 7.5. A rational cuspidal curves C with normal Euler number 25 and either

(1) one cusp of type (3,5) and two of type (2,3), or
(2) one cusp of type (3,4) and three of type (2,3)

has no symplectic embedding into any closed symplectic 4-manifold. Equivalently, the associated contact
structure £ has no symplectic filling.

Proof. Suppose C' embeds symplectically minimally into (X,w). Blow up four times to the minimal
resolution and then once more at each of the three tangency points, until C' has self-intersection +1,
and the configuration is given as in Figure Apply McDuff’s theorem to identify X#7CP? with
CP2#NCP? sending C to a line. The homology classes of the other curves are uniquely determined by
Lemma [3.7] and the algebraic intersection numbers as in Figure There are exactly seven e; classes
appearing so if C' was minimally symplectically embedded in X, we must have X#7CP? = CP?#7CP?
so X = CP?. This together with the Riemann-Hurwitz obstruction suffices to ensure C does not embed
into any closed symplectic manifold. However, going a bit further, if we apply Lemma to blow
down exceptional spheres representing the e;, the configuration blows down to seven lines intersecting
in seven triple points: the Fano plane (Figure . (The exceptional spheres representing eg, eq, e3, 4
blow down to triple point intersections between lines.) Therefore the Fano line arrangement in CP?
can be birationally derived from this cuspidal quintic.

Thus, we obtain a proof of the following corollary, independently of [RS19]. (They prove the stronger
statement in the smooth, rather than symplectic, category.)

Corollary 7.6. The Fano configuration cannot be realised as a configuration of symplectic lines in
CP2. O

The cuspidal quintic with one (3,4)-cusp and three (2,3)-cusps is obstructed similarly. This time
we blow up to the minimal resolution and then blow-up one additional time at each of the three (2, 3)-
cusp points (a total of 7 blow-ups). The resulting configuration is shown in Figure Identifying the
+1-sphere with a line, the homology classes of the other curves are uniquely determined by Lemma [3.7]
and the intersection relations as shown. There are exactly seven e; classes used so the only possible
4-manifold where this cuspidal curve can minimally symplectically embed is CP2. Blowing down using
Lemma [3.5] yields a configuration consisting of the Fano configuration together with a singular cubic.
Since the Fano configuration cannot exist (by Theorem or Corollary , this cuspidal quintic
cannot embed into CPP? by Proposition g
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Fi1GURE 30. The unique homology classes of an embedding of the blow-up of a cuspidal
curve with one cusp of type (3,4) and three of type (2, 3).
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F1GURE 31. Minimal resolution of a rational cuspidal quintic with one cusp of type
(2,7), one of type (2,5), and one of type (2,3) with the possible homological embed-
dings.

There are two other quintics which are obstructed from realization by complex curves in CP? using
Riemann-Hurwitz (Example [3.19)). We can obstruct these curves from embedding symplectically into
any closed symplectic 4-manifold also.

Proposition 7.7. Let C' a rational cuspidal curve with normal Euler number 25, with either

(1) one cusp of type (2,5) and four of type (2,3), or

(2) siz cusps of type (2,3).
Then C does not embed symplectically into any closed symplectic 4-manifold and contact structure Ec
associated to C' is not symplectically fillable.

Proof. Assume C embeds in (X,w). In both cases, we blow up 6 times to the minimal resolution,
where the proper transform of C has self-intersection +1. We apply McDuff’s theorem and classify
homological embeddings of the configurations.

Every exceptional curve which is simply tangent to the 4+1-curve will be represent a conic with
homology class 2h —e;, —- - — e;; by Lemma[3.7] Since any two of these conics are disjoint, each pair
must share exactly four exceptional classes with coefficient —1. When there are more than three such
conics, there are two ways this can happen: either all of the conics have the form 2h—e; —ey—e3—egs—e;
(for all different values of ) or all of the conics have the form 2h —e; —--- —eg +¢; for j € {1,...,6}
(this is possible when there are at most 6 conics).

Keeping these generalities in mind, we now focus on the case with five cusps. There are five conics
tangent to the +1-line, which must have homology classes fitting one of the two possibilities discussed
above. The remaining (—2)-sphere intersects one of these conics and in each case, its homology
class is uniquely determined bsaed on its intersections with the conics as in Figure In the first
embedding where the conics all have the form 2h — e; — es — e3 — e4 — €;, there are 10 exceptional
classes so X#6CP? = CP2#10CP?, so this corresponds to an embedding of the cuspidal curve in
X = CP2#4CP?.

Blowing down exceptional spheres in e; classes using Lemma the configuration in CP2#10CP?
descends to five conics all intersecting at four common fixed points (the images of ej, s, e3, €4), with
a line tangent to all five conics. This contains the configuration G* which is obstructed by Propo-
sition Since we birationally derived an obstructed configuration, by Proposition this ho-
mological embedding of the minimal resolution configuration into CP2#10CP? cannot be realized by
a symplectic embedding (equivalently the cuspidal curve does not have a corresponding relatively
minimal embedding into CP24#4CP?).

In the second embedding, only 6 exceptional classes are used so this corresponds to a symplectic
embedding of the cuspidal curve in CP2. This is obstructed by the Riemann-Hurwitz obstruction (see
Example .

In the six-cuspidal case, there are six conics tangent to the +1-curve C'. Again, there are two possible
homological embeddings, fully determined by the two options for the classes of the conics described
above. The first case uses 10 exceptional classes and thus corresponds to an embedding of the cuspidal
curve into CP?#4CP?. Blowing down with Lemma the configuration descends to six conics in
a pencil with a line tangent to all six. This contains the configuration G* so by Propositions
and there is no relatively minimal symplectic embedding of this cuspidal curve into CP?#4CP2.
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FIGURE 32. Minimal resolution of a rational cuspidal quintic with one cusp of type
(2,9) and two of type (2,3) with the possible homological embeddings.
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FiGURE 33. Minimal resolution of a rational cuspidal quintic with one cusp of type
(2,7), one of type (2,5), and one of type (2,3) with the possible homological embed-
dings.

The second homological embedding uses 6 exceptional classes and thus corresponds to an embedding
of the cuspidal curve into CP?, which is obstructed by Riemann-Hurwitz (Example [3.19). O

In the previous two cases, we had potential symplectic embeddings of the minimal resolution into
CP2#10CP? with homology classes determined relative the +1-curve being identified with a line.
Blowing down exceptional spheres in the e; classes lead to a configuration of conics and a line that we
could obstruct because it contained G*. Next, we give three more cases where we can obstruct all of
the possible configurations of conics and lines resulting from blowing down e; classes.

Proposition 7.8. Let C' a rational cuspidal curve with normal Euler number 25, with either

(1) one cusp of type (2,9) and two of type (2,3),

(2) one cusp of type (2,7), one of type (2,5), and one of type (2,3), or

(8) two cusps of type (2,5), and two of type (2,3).
Then C does not embed symplectically into any closed symplectic 4-manifold and contact structure ¢
associated to C is not symplectically fillable.

Proof. In all three cases, the minimal resolution results from 6 blow-ups, and the proper transform
of the cuspidal curve becomes a smooth +1-sphere C' which we use to apply McDuff’s theorem. The
six exceptional divisors are either (—1)-curves tangent to C' or (—2)-curves disjoint from C. The two
choices (up to relabeling the e;) of homological embedding for the tangent (—1)-curves each determine
the homology classes of the (—2)-spheres. The minimal resolutions with their two possible homological
embeddings are shown in Figures and

For each of the three cuspidal curves, there is one homological embedding option where all of the
tangent conics represent homology class of the form 2h —e; — eg — e3 — e4 — ¢; (the upper option
in red in the figures). If we use Lemma to blow down exceptional spheres in the e; classes, this
gives a birational derivation to a configuration that contains (or equals) G*. Since G* is obstructed
by Proposition there cannot be any symplectic embedding of the resolution with such homology
classes in CP2#10CP?.

For each of the cuspidal curves we consider the remaining homological embedding, and blow down
exceptional spheres representing the e; using Lemma [3.5]

For the curve with one (2,9)-cusp and two (2, 3)-cusps, the minimal resolution is shown in Figure
Focusing on the lower (black) homological embedding, we blow down spheres representing classes
eg, €1, €2, and ez all to the same point. Because all four of these exceptional spheres intersect the two
conics on the right (which resolved the two (2, 3)-cusps), the resulting configuration in the blow-down
will contain two conics which intersect at a single point with multiplicity 4, one more conic, and a
line tangent to all three conics. Focusing on the first two conics and the tangent line, we see this
configuration contains G4, obstructed by Proposition Therefore by Proposition the cuspidal
curve with a (2,9)-cusp and two (2, 3)-cusps cannot symplectically embed into CP2.

For the curve with one cusp each of types (2,7), (2,5), and (2, 3), the minimal resolution with the
possible homological embeddings appears in Figure[33] Again focusing on the lower (black) homological
embedding, which is the only one left to rule out, we blow down exceptional spheres in e; classes using
Lemma We see that exceptional spheres in classes ej,es, and eg all blow down to the same
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FIGURE 34. Minimal resolution of a rational cuspidal quintic with two cusps of type
(2,5) and two of type (2,3) with the possible homological embeddings.
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FIGURE 35. Minimal smooth resolution of a rational cuspidal quintic with one cusp
of type (2,11) and one of type (2, 3).
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F1GURE 36. Minimal smooth resolution of a rational cuspidal quintic with one cusp
of type (2,9) and one of type (2,5).

point, and exceptional spheres in classes e3 and e4 blow down to the same point. The two leftmost
conics (coming from the last resolving exceptional divisors of the (2, 7)- and (2, 3)-cusps) each intersect
e1, e, ez, and e4. Therefore after blowing down these two conics become tangent at two different points
and the +1-sphere descends to a line tangent to each. Therefore G, 2 appears as a subconfiguration
of the result of blowing down. Since Gy 2 is obstructed by Proposition @ the cuspidal curve cannot
symplectically embed because it has a birational derivation to an obstructed configuration.

For the curve with two (2,5)-cusps and two (2,3)-cusps the minimal resolution with homological
embeddings is in Figure To rule out the second homological embedding shown in black, we blow
down using Lemma [3.5] The exceptional spheres e; and eg blow down to the same point as do the
spheres es and e3. The two central conics coming from exceptional divisors where the (2, 3)-cusps were
blown up both intersect all four of these exceptional spheres. Therefore these two curves descend to two
conics tangent at two points with a line tangent to both, which again is the obstructed configuration
Ga,2. Thus by Propositions and this cuspidal curve cannot symplectically embed. O

In the next three cases, we look at the bicuspidal curves with multi-sequence [[2,2,2,2, 2, 2]]. This
is the first case where we find relatively minimal symplectic embeddings into a nontrivial blow-up of
CP?. All three cases have relatively minimal symplectic embeddings into CP?#4CP? and one of the
cases also has a symplectic embedding into CP?.

Proposition 7.9. Let C' a rational cuspidal curve with normal Euler number 25.

If C has one cusp of type (2,9) and one of type (2,5), then C' has a unique minimal symplectic
embedding in CP? and a unique minimal symplectic embedding into CP2#4CP? up to symplectic isotopy
and symplectomorphism. FEquivalently the corresponding contact structure o has two symplectic fillings
with bo = 0,4 respectively.

If C has one cusp of type (2,11) and one of type (2,3), or two cusps of type (2,7) then C has
a unique minimal symplectic embedding into CP2#ACP? up to symplectic isotopy and symplectomor-
phism. Equivalently the corresponding contact structure o has a unique symplectic fillings with bo = 4.

Proof. In all three cases, we will blow up the cuspidal curve to its minimal resolution where the proper
transform C is a smooth +1-sphere that we identify with a line using McDuff’s theorem. Because
there are exactly two cusps, the resolution will always contain two (—1)-exceptional divisors tangent
to the +1-curve and four other (—2)-exceptional divisors.

We determine homology classes relative the +1-curve. The two tangent (—1)-divisors necessarily
must be 2h —e; — ey —e3 —eq —e5 and 2h — ey — e3 — eq4 — €5 — eg (up to relabeling the ¢;). We
then determine the options for the four (—2)-curves according to the intersection relations. These are

shown in Figures and
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FIGURE 37. Minimal smooth resolution of a rational cuspidal quintic with two cusps
of type (2,7).

In each case, there are two possible homological embeddings of the minimal resolution. One into
CP2#6CP? and the other into CP?2#10CP?. If these homological embeddings can be realized sym-
plectically, they would give symplectic embeddings of the cuspidal curve into CP? and CP?#4CP?
respectively.

In any of the three cases, if we assume we have a relatively minimal symplectic embedding of the
minimal resolution into CP?#10CP?, and we blow down exceptional spheres representing the e; using
Lemma the resulting configuration in CIP? consists of two conics with a line tangent to each. This
is the configuration G; which has a unique symplectic isotopy class by Proposition [5.8] Therefore we
have a birational derivation from the cuspidal curve in CP?#4CP? to a configuration with a unique
nonempty symplectic isotopy class so by Proposition [3.16] each of the three types of cuspidal curves
has a unique relatively minimal symplectic embedding in CP?2#4CP? up to symplectomorphism.

For the homological embedding of the minimal resolution into CP2#6CP?, we consider each cuspidal
curve separately.

For the case with one cusp of type (2,11) and one of type (2, 3), we start with a relatively minimal
embedding of the resolution into CP?#6CP? and blow down exceptional spheres in the e; classes using
Lemma [3.5] The exceptional spheres in classes e, €3, €4, €5, and eg all blow down to the same point.
This produces a multiplicity 4 tangency between the two conics so the configuration descends to Gy
which is obstructed (Proposition . Therefore this cuspidal curve does not symplectically embed
in CP?.

Next, we start with a symplectic embedding into CP?#6CP? of the minimal resolution of the curve
with one cusp of type (2,9) and one of type (2,5) with the second homological embedding given
in Figure Blowing down exceptional spheres in the e; classes, we see that the spheres in classes
es, €4, €5, and eg descend to the same point, and those in classes e; and e5 descend to another point. The
effect is that the conics become tangent at one point with multiplicity 3 and intersect transversally
at another point. This yields the configuration G3 which has a unique symplectic isotopy class by
Proposition [5.4] Therefore in this case, there is a unique relatively minimal symplectic embedding of
this cuspidal curve into CIP?.

Finally, considering a potential symplectic embedding into CP?#6CP? of the minimal resolution of
the cupsidal quintic with two cusps of type (2,7), the homological embedding is given in Figure
Blowing down exceptional spheres using Lemma we find that exceptional spheres in classes ey, €5,
and eg descend to one point and those in classes eq, es, and ez descend to another point. This has the
effect that the two conics intersect tangentially at two points. Therefore the configuration descends to
Ga,2 which is obstructed by Proposition Thus there is no symplectic embedding of this cuspidal
quintic in CP?. O

Remark 7.10. The rational cuspidal quintic with two cusps of type (2,7) can be alternatively be
obstructed in CP? using spectrum semicontinuity as in Example

Finally, there are two more possible collections of cusps with multi-sequence [[2,2,2,2,2,2]]. There
can be three cusps of type (2,5) or one of type (2,7) and three of type (2,3). Each of these cases
turns out to have a unique symplectic embedding into CP? and no other relatively minimal symplectic
embeddings. Some of the reducible configurations of conics and lines that appear in these proofs
required more extensive arguments to establish their uniqueness in Section |5 so we separate these two
cases as the trickiest of the bunch.

Proposition 7.11. If a rational cuspidal curve C has normal FEuler number 25 and three cusps of
type (2,5), then only relatively minimal symplectic embedding of C' is into CP? and this embedding
s unique up to symplectic isotopy. Equivalently, the corresponding contact structure o has a unique
minimal filling which is a rational homology ball.



THE SYMPLECTIC ISOTOPY PROBLEM FOR RATIONAL CUSPIDAL CURVES 53

figures/252525. {ps,eps,pdf} not found (or no BBox)

FI1GURE 38. Minimal resolution of a rational cuspidal quintic with three cusps of type
(2,5) with the possible homological embeddings.

figures/27232323.{ps,eps,pdf} not found (or no BBox)

F1GURE 39. Minimal resolution of a rational cuspidal quintic with one cusp of type
(2,7) and three of type (2,3) with the possible homological embeddings.

Proof. We look at the minimal smooth resolution at each singularity of C'; the proper transform of C
is a smooth +1-sphere, and the total transform is given in Figure with the possible homological
embeddings where the +1-sphere is identified with a line.

Blowing down exceptional spheres in e; classes with Lemma the homological embedding of the
resolution into CP2#10CP? blows down to the configuration G*, so it is not realizable by Proposi-
tion (.23

The other homological embedding is of the minimal resolution into CP2#6CP?. After blowing down
e; spheres we obtain three conics with three intersection points, such that each pair of them are tangent
at a distinct intersection point, plus one line tangent to each of the three conics at a different point.

We are better equipped to work with configurations with a single conic and many lines than many
conics and a single line. Therefore, we will find a birationally equivalent configuration. First add one
line through each of the three pairs of intersection points of the conics (each intersecting the tangent
line generically). This does not change the symplectic isotopy classification of the configuration by
Proposition [5.1} The resulting configuration is birationally equivalent to the configuration H of one
conic with six lines intersecting in triple points as shown in Figure The birational equivalence
comes from by blowing up once at each of the three intersection points of the conics and then blowing
down the proper transforms of the three added lines. H has a unique equisingular symplectic isotopy
class by Proposition so this cuspidal quintic also has a unique equisingular symplectic isotopy
class in CP2. g

Proposition 7.12. If a rational cuspidal curve C' has normal Euler number 25 and one cusp of type
(2,7) and three of type (2,3), then only relatively minimal symplectic embedding of C' is into CP? and
this embedding is unique up to symplectic isotopy. Equivalently, the corresponding contact structure
o has a unique minimal filling which is a rational homology ball.

Proof. In the minimal resolution, the proper transform of C' is smooth with self-intersection +1 so
we use McDuff’s theorem to identify it with a line and classify the homological embeddings of the
exceptional divisors in Figure

As above, using Lemma to blow down e; exceptional spheres, the first homological embedding
blows down to a configuration that contains G*, so it leads to no embedding by Proposition

The second homological embedding uses exactly six exceptional classes therefore corresponds to an
embedding of the cuspidal curve in CP2. Blowing down exceptional spheres in e; classes in the second
homological embedding yields a configuration of four conics and a line. At one point, pg, three of the
conics @1, Q2, Q3 intersect tangentially with multiplicity three and the fourth conic Q4 is tangent to
these three with multiplicity two. There are three transverse triple intersections of @Q;, @;, @4 for the
three pairs {4,j} C {1,2,3}. The line L is tangent to all four conics, but does not go through any of
the intersections of the Q.

We again look for a birational equivalence to a configuration with fewer conics and more lines. To
ensure we get a birational equivalence, we first add a line T" tangent to the four conics at pg. This does
not change the symplectic isotopy uniqueness by Proposition Next we blow up three times at pg
to separate the conics at that point. The proper transform of T becomes a (—1)-exceptional sphere
which we can blow down, and then we blow down two more (—1)-exceptional spheres as in Figure
The result is the configuration £ together with an additional line. £ is made up of two conics Pi, Py
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FIGURE 40. Birational equivalence.
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FI1GURE 41. The fake Pappus configuration.

with two tangencies, together with three lines such that each line is tangent to P; and the pairwise
intersections of the lines are three distinct points on P,. The line K that is added to £ as the result
of this birational equivalence is tangent to the two conics at one of their tangent intersection points.
The symplectic isotopy classifications of £ and £ U K are equivalent by Proposition Since L has
a unique symplectic isotopy class by Proposition this cuspidal curve has a unique symplectic
isotopy class in CIP2.

O

7.3. A note on sextics. In degree 6, there is only one multiplicity multi-sequence that passes the
semigroup condition, but such that we cannot find a cap with a sphere of positive self-intersection;
this multiplicity multi-sequence is [[3, 2[7)]].

Proposition 7.13. There is no rational cuspidal curve in CP? whose multiplicity multi-sequence is
(13, 217]).

Note that, in fact, this shows that the corresponding contact structures have no rational homology
ball fillings (see Section {4| above).

Proof. The only allowed multiplicity sequences that are subsets of [[3,2[7)]] are [2[¥]], [3], and [3,2];
these are all simple singularities of types Ask, Eg, and Eg, respectively; their links are 7'(2,2k + 1),
T(3,4), and T'(3,5), respectively.

Suppose such a curve exists; perturb it to get a smooth curve C’ of genus 10, and take the double
cover X(CP?,C") of CP? branched over C’; this is a K3 surface, and, by construction, it contains
(as pairwise disjointly embedded) the double covers of B* branched over the Milnor fibre of all the
singularities of C.

All these Milnor fibres are negative definite, since the singularities are simple, and their second Betti
numbers sum to 20, which contradicts the fact that by (K3) = 19. O

Remark 7.14. This is where our approach for sextics differs from the previous cases we examined:
here we are not trying to classify fillings, but rather looking specifically at embeddings in CP?, or,
equivalently, at rational homology ball fillings. Moreover, the same argument can be used to narrow
down the number of different splittings of the multiplicity multi-sequences that one needs to consider;
namely, there can be no sextic whose singularities are all simple.

8. DIFFERENCES BETWEEN THE COMPLEX AND SYMPLECTIC CATEGORIES

Every complex algebraic curve in CP? is a symplectic surface (potentially singular), but most sym-
plectic surfaces are not complex algebraic. However, in many situations, a symplectic surface is sym-
plectically isotopic to a complex curve. This is known for smooth symplectic surfaces of degree at
most 17 and is conjectured for smooth symplectic surfaces in CP? in general. However, for singular
curves, there need not always be an equisingular symplectic isotopy from a symplectic configuration
to a complex configuration. This is easiest to verify when there is a singular symplectic configuration
whose singularity types cannot be realized by any complex curve configuration. Some examples of
reducible configurations with this property come from surprising and ancient theorems in projective
geometry. For example, the Pappus theorem shows that given a configuration of lines as in Figure [}
the points X, Y, Z are necessarily collinear. Therefore there is no complex line arrangement consisting
of the lines in Figure 41| together with an extra line passing through X and Y but not Z.



THE SYMPLECTIC ISOTOPY PROBLEM FOR RATIONAL CUSPIDAL CURVES 55

figures/configC. {ps,eps,pdf} not found (or no BBox)

FIGURE 42. On the left is a degree-8 curve (orange) with three reducible singularities
with one branch of type (3,5) and the other smooth. A triangle of lines passes through
these three singular points. On the right is the same triangle of lines with three conics.
At each intersection point on the triangle, one pair of the three conics intersects
tangentially and the third intersects these two transversally. Configuration D is built
by overlaying the two sides of this configuration. The three lines on each side coincide
and the tangent direction to the (3, 5)-cusp part of each singularity of the orange curve
agrees with the common tangent direction to two of the three conics at the intersection
points.

figures/configT.{ps,eps,pdf} not found (or no BBox)

FIGURE 43. Configuration 7 consists of a conic with three tangent lines, together with
three additional lines passing through the tangent intersections and the intersection
of the other two lines, and intersecting each other in double points as shown. In a
complex algebraic arrangement, these three additional lines would necessarily intersect
each other all at the same point in a triple intersection.

Other examples of reducible symplectic configurations which are not realizable with complex alge-
braic curves come from pseudoline arrangements. A pseudoline arrangement is a collection of simple
closed curves in RP? each of which each represents the homology class [RP!]. It was proven in [RS19)
that any pseudoline arrangement in RP? can be extended (after isotopy) to a symplectic line arrange-
ment in CP2. Therefore any pseudoline arrangement which is not realizable by straight lines (over the
complex numbers) gives another example of this phenomenon.

We have seen for rational cuspidal curves in the unicuspidal and low degree cases we looked at,
every symplectic realization in CP? is symplectically isotopic to a complex curve. This is in contrast
to the differences appearing in the reducible configurations just mentioned. However, the differences
between symplectic and complex singular curves are not restricted to reducible configurations.

Using birational transformations, we provide here an example of an irreducible singular curve which
is realizable symplectically but not complex algebraically. This example was given to us by Orevkov,
and we are very grateful to him for explaining it to us. Although this curve is irreducible, its sin-
gularities are not cuspidal, they are locally reducible. It remains open as to whether there are any
symplectic rational cuspidal curves in CP? which are not symplectically isotopic to a complex rational
cuspidal curve.

Theorem 8.1. There is an irreducible symplectic rational curve of degree 8 that is not equisingularly
isotopic to a complex curve.

More precisely, we will demonstrate a specific example of a symplectic surface C' of degree 8, with
three reducible singularities (not cuspidal), each isomorphic to a singularity of type (3, 5) plus a generic
line. That is, the singularity is defined by an equation locally modeled on x(x® + 3°) = 0. We then
prove that no complex curve with the same singularities can exist.

To understand the symplectic existence and complex obstruction to this rational singular curve, we
relate it via a birational transformation to a reducible configuration that is easier to understand.

Define a configuration D by adding to the degree-8 rational singular curve C, three conics and
three lines with the following intersection conditions. The three lines {1, {5, f3 must pass through the
three pairs of the singular points of C. The three conics ¢1, g2, g3 must each pass through the three
singular points of C, and each must be simply tangent to two of the cuspidal branches and transverse
to the third (none should be tangent to the smooth branch of C' at the singularities or the lines ¢;).
The singular points of C' are the only singular points of D because there are no further intersections
between C, l1, {2, 03, q1,q2, g3 for degree reasons. (See Figure )
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FIGURE 44. Intermediate configuration between configurations D and 7. The singu-
lar component is a degree 4 curve with three simple cusps. There is one line through
each pair of these three cusps, together with one line tangent to each cusp. The in-
tersections of the three tangent lines are required to be three distinct double points
instead of a coinciding triple point.

Define another configuration 7, built from a triangle of three lines with an inscribed conic, and
three non-concurrent lines drawn from a vertex of the triangle to the opposite tangency point. (See

Figure [43])
Lemma 8.2. The two configurations D and T are birationally equivalent.

Proof. Blow up at the singularities of C, creating three exceptional divisors ey, 2, 5. The singularities
of the proper transform C' are three simple cusps, and for each cusp, there is one exceptional divisor
e; intersecting C' tangentially at that cusp and transversally at one other smooth point of C'. Each ;
has been blown up twice so the self-intersection number of each ¢; is —1 so we can then blow down the
proper transforms /1, {5, {3, returning to CP? with a new configuration of curves. C blows down to a
quartic with three simple cusp singularities. g1, g2, g3 blow down to three lines, each passing through
two of the simple cusps. The three exceptional divisors ej,es, es blow down to three tangent lines
to the cusps of C, and they intersect in three distinct points (i.e. the contractions of ¢1,¢s,¢3). See
Figure

Now blow up at the simple cusps of C, resolving the singularities and creating three tangent ex-
ceptional divisors f1, fa, f3. The proper transforms of the lines ¢, g2, g3 become exceptional divisors
which can then be blown down. The result is the configuration 7 where C'is sent to the smooth conic,
f1, f2, fs become its tangent lines, and e, es, e3 blow down to lines, each connecting a tangency of C'
and f; with the intersection of f;;1 and f;_1 (here we consider the labels modulo 3). O

Lemma 8.3. The configuration T is symplectically realizable, but not complex realizable.

Proof. We start by proving that 7 is not complex realizable. In fact, this follows from Brianchon’s
theorem; this states that if an hexagon ABC DEF is circumscribed to a conic, then AD, BE, and CF
are concurrent. Indeed, if we call ACE the vertices of the triangle in T, and B, D, F' the tangency
points of the conics (so that B lies on AC'), then ABCDEF is a degenerate hexagon circumscribed to
a conic, and therefore AD, BF, and C'E are concurrent.

To prove the existence of a symplectic realization of T, we just perturb the degenerate Brianchon
configuration locally around the triple point of intersection of the secants. Since the symplectic con-
dition is open, performing this operation in a C' small way preserves the fact that the curves are
symplectic. O

Proof of Theorem[8.1, We construct the curve C starting from the configuration 7; indeed, Lemma[8.3]
shows that 7 exists symplectically, and by Lemma D is birationally equivalent to it; since C is a
component of D, we have proved its existence as a symplectic curve.

Conversely, suppose that C' existed as a complex curve. We can augment any such realization of C' to
a configuration D as follows. Let p1, p2, p3 be the three singular points of C. There is a unique complex
line through any pair of distinct points, so let ¢1, s, 3 be the unique lines through the three pairs of
p1, P2, p3. Each transverse intersection of ¢; with C' at p; contributes +4 to their intersection number.
Therefore py, p2, ps cannot be collinear since then C' would intersect a line with intersection number 12
instead of 8. Therefore the three lines ¢; are distinct. Furthermore, the intersections of £; with C' must
be transverse, because a tangential intersection would add an additional positive intersection beyond
the required 8. Similarly, the ¢; cannot intersect C' at any other point besides the p;.

If we fix two distinct points A, B € CP? with complex lines in their tangent spaces T4, T, and a
third distinct point C' € CP2, there is a unique complex conic through A, B, and C tangent to T4
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and Tg. (These five conditions give five linear constraints on the six projective coeffiecients of the six
degree two monomials. The solution is unique because any two such conics would have intersection
number 5 instead of 4.) In general, it is possible for this conic to be singular by degenerating into two
lines. Let 71, To and T3 be the complex tangent line directions to the simple cusps of C' at pi, po,
and ps. Letting A = p;, Ta = T;, B = pj+1, I = 1341, and C = p; 42 with mod 3 cyclic indices for
t = 1,2,3, we construct three conics as required in the configuration D. To check that none of these
conics is a degenerate pair of lines, we observe that the unique pair of lines through AB and AC is a
pair of the ¢; which are not tangent to T4 and thus cannot be the chosen conic.

Therefore if we had a complex realization of C', we could construct a complex realization of the
configuration D and then use the birational transformation to construct a complex realization of the
configuration 7, but this is impossible. d

APPENDIX A. SYMPLECTIC RATIONAL BALL FILLINGS OF LENS SPACES

In this section, we prove two results on rational homology ball fillings of lens spaces. The first has
recently appeared in independent work of Fossati [Fos19, Theorem 4].

Proposition A.1. If a lens space (L(p, q),&) has a weak symplectic rational homology ball filling, then
there exist coprime integers 0 < k < m such that (p,q) = (m?,mk — 1), and £ is universally tight.

The family coincides with the family of cyclic quotient singularities with rational disc smoothing,
which were classified by Wahl [Wah81 Example 5.9.1] (see also [Lis08| Corollary 1.2]). In the proof,
we will use the Ozsvdth—Szabé contact invariant [OSz05] in Heegaard Floer homology [0Sz04b]; the
relevant properties of the theory are the non-vanishing of the contact invariant for fillable contact
structures [0Sz05, Theorem 1.5], the fact that lens spaces are L-spaces (i.e. they have the smallest
possible Heegaard Floer homology) [OSz04a, Proposition 3.1], and the absolute grading on Heegaard
Floer homology [OSz03].

Proof. Call L = L(p,q) and W a weak symplectic rational homology ball filling of (L, §). Since & is
fillable, it is tight [EG91]. All tight contact structures on lens spaces are planar [Sch07], and it follows
from Wendl’s theorem that all weak symplectic fillings can be deformed to Stein [Wenl0]. Let J denote
a complex structure such that (W, J) is a Stein filling of (L, &).

In particular, W admits a handle decompositions with no 3-handle. This implies that w1 (W) is a
quotient of (L), and hence it is cyclic. Since L bounds a rational ball, p = m? for some positive
integer m, and from the long exact sequence of the pair (W, L) and the universal coefficient theorem,
it follows that Hy (W) = Z/mZ (this is classical; see e.g. [AG17, Proposition 2.2]).

Let W' be the universal cover of W. We know that x(W') = mx(W) = m. As W’ is simply
connected, Hy(W’) = 0. Since W’ has a decomposition without 3-handles, lifted from that of W, we
deduce that Hs(W’) = 0 and that Ho(W’) is torsion-free. Adding all pieces together, it follows that
Ho(W') = Z™~1. The boundary L’ is the m-fold cover of L, and therefore L' = L(m, q). Let & be the
pull back of € to L, filled by the pull back J’ of J. The first Chern class ¢;(J’) of J’ is the pull-back
under the covering map of ¢1(J). Since the latter is torsion and H?(W’) is torsion-free, c1(J') = 0.

The Ozsvdth-Szabé contact invariant ¢(¢') € HF (=L’ t/) lives in degree d(—L/,t¢/), computed
as the degree of the map associated to the cobordism X = W'\ B*. The degree of the map Fxs.,
carrying ¢(€) to ¢(&st) is

AJ) —=2x(X) = 30(X) m-1

degFX,SJ/ = 4 = 4

and hence d(—L’, t/) = ™1,

It follows from [AGI17 Lemma 4.5] that ¢ = £1 (mod m). By explicitly computing correction terms
of L(m,=+1), we see that if ¢ =1 (mod m) there is no spin® structure on L(m, ¢) with correction term
(m—1)/4.

Therefore we reduced to the case when ¢ = —1 (mod m). That is, ¢ = mk — 1 for some 0 < k < m.
Since L bounds a smooth rational homology ball, it follows from Lisca’s classification of lens spaces
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that bound rational homology balls that ged(m, k) = 1 or ged(m, k) = 2 [Lis07] (see [Lecl2l Page 247
for an amendment to the statement of [[is07, Theorem 1.2] that includes the case ged(m, k) = 2). The
former case corresponds to structures in Wahl’s family, and we set out to exclude the second.

In this case, m = 2m/ is even, and we can look at the m”-fold cover (W J") of (W,J), with
boundary (L”,£"); observe that our assumption ged(m, k) = 2 implies that L = L(2m,2m — 1). The
same argument as above shows that d(—L", te) = ml;’l = msz' However, by classification of tight
contact structures on lens spaces [Hon00], L(2m,2m — 1) admits a unique tight contact structure &p,
namely the boundary of the plumbing of 2m — 1 copies of 752, whose corresponding contact structure
has degc(§y) = =22

To conclude the proof, we need to show that £’ is universally tight. As mentioned above, however,
&' is tight (because it is filled by W’), and L' = L(m, m — 1) admits a unique tight contact structure
(by [Hon00]). Since on each lens space there is always a universally tight contact structure (obtained
by taking a quotient of S% with its standard contact structure), ¢’ is universally tight. O

Alternatively, in the last part of the proof, one can argue that the unique contact structure on
L(2m,2m — 1) is also universally tight, and then so is £&. Then Lisca’s classification of fillings [Lis08]
Corollary 1.2] rules this possibility out.

The second result concerns the uniqueness of the rational homology ball filling. It is very likely that
the result is known to experts (either in the context of Milnor fibers of cyclic quotient singularities,
or in the context of symplectic fillings of contact structures), but we were unable to locate the precise
statement.

Proposition A.2. The standard contact structure on the lens space L(m? mk — 1) has a unique
rational homology ball symplectic filling up to symplectic deformation.

The proof is, in fact, somewhat implicit in Lisca’s classification paper [Lis08]. We refer to the paper
for notation and context. We start by recalling the following two facts about continued fractions. Both
facts follow from Riemenschneier’s point rule [Rie74] (see [Lis08, Lemma 2.6]).

If we have two continued fraction expansions [a]~ and [b]~ such that

1[at, - am]™ +1/[b1,... b~ =1

(or, equivalently, the two associated fractions are of the form p/q and p/(p— q) for some ¢ < p coprime
positive integers), we say that [a]~ and [b]™ are dual to each other.
If [a]~ and [b]~ are dual to each other, then ) (a; —1) = >"(b; — 1). We also have that

[nl, sy N1, 1,’[’Lj+1, ce ,ng]_ =0
if and only if [n;_1,...,n2,n1]” and [nj41,...,ne are dual to each other.
Proof. The (negative) continued fraction expansion of m’;zil is of the form [ny,...,nj-1,2,n541,..., 0],

such that [ni,...,n-1,1,n,11,...,n0" = 0 (see the proof of [Lis08, Theorem 1.2(c)]).

Recall from the proof of [Lis08, Theorem 1.1] that symplectic deformation classes of symplectic
fillings of L(p, q) with % = [n1,...,ne]” correspond to strings m = (myq,...,my) such that 1 <m; <n;
for each i and [mq,...,me]” = 0.

Moreover, the Euler characteristics of the filling corresponding to m is > (n; —m;), so that the filling
is a rational homology ball if and only if m; = n; for all indices except for one, for which m; = n; — 1.
We claim that for such any p,q there is at most one index j such that the corresponding sequence

m = (ny,...,nj-1,n; — 1,n;41,n¢) has [m|~ =0, and in that case n; = 2.
If n; > 2, then [m]~ is the continued fraction expansion of a rational number p’/¢’ > 1. Suppose
now n; = 2. If [m]~ =0, then [n;_1,...,n1]” and [nj41,..., 1]~ are dual to each other; however, as

j varies between 1 and /¢, the difference

> tn=1)=> (nn—1)

h<j h>j
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is strictly decreasing, hence there is at most one value of j such that it vanishes. As we recalled above,
the difference must vanish if [n;_q,...,n1]” and [nj41,...,n¢ " are dual to each other.
The proposition now follows. O
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