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S T R U C T U R AL L E A R N I N G I N 

C O N N E C T I O N I ST S Y S T E M S* 

Andrew G. Barto and Charles W. Anderson 

Departmen t  o f  Compute r  an d Informatio n Scienc e 
Universit y o f  Massachusetts ,  Amhers t  M A 0100 3 

Abstract 

Although networks of neuron-like computing elements can be constructed to implement Mf function or 

operatio n on e desires ,  i t  i s a  highl y nontrivia l  proble m t o devis e algorithm s tha t  penni t  network s t o lear n 

reliabl y an d efficientl y ho w t o realiz e desire d nonlinea r  function s withou t  bein g provide d wit h implementatio n 

details .  I n particular ,  learnin g algorithm s tha t  wor k fo r  singl e layer s o f  adaptiv e element s canno t  b e extende d 

easil y t o multilaye r  o r  recurrentl y connecte d network s wher e structura l  change s mus t  b e produced .  W e 

describ e a n approac h t o thi s proble m whic h use s stochuti c searc h a s doe s th e Boltzman n learnin g procedur e 

(Ackley ,  Hinton ,  an d Sejnowski ,  19S5) ,  bu t  whic h i s otherwis e quit e differen t  fro m tha t  method .  W e presen t 
severa l  simulation s o f  layere d adaptiv e network s t o illustrat e ou r  method .  I n addition ,  w e briefl y revie w a 

variet y o f  previou s approache s t o thi s genera l  proble m i n orde r  t o plac e thes e variou s method s i n perspectiv e 

and t o sugges t  a  rang e o f  alternative s wit h whic h th e performanc e o f  nove l  method s shoul d b e compared . 

INTRODUCTION 

One goal of connectionist modelling as pursued by researchers in Cognitive Science and Artificial Intelli-

genc e i s t o bridg e th e ga p betwee n th e behavio r  o f  network s o f  neuron-lik e computin g element s an d comple x 

form s o f  behavio r  tha t  appea r  a t  highe r  level s (Hinto n an d Anderson ,  1981 ;  Feldman ,  1985) .  Learnin g i s 
likel y t o pla y a n importan t  rol e i n thi s researc h sinc e i t  m a y b e necessar y i n orde r  t o tak e advantag e o f 

th e representationa l  potentia l  o f  connectionis t  network s (Hinton ,  1984) ,  an d sinc e thes e network s contai n 
obviou s parameter s tha t  ca n b e adjuste d throug h experience—th e connectio n weights .  However ,  althoug h 

network s o f  neuron-lik e computin g element s ca n b e constructe d t o implemen t  an y functio n o r  operatio n on e 

desires ,  i t  i s  a  highl y nontrivia l  proble m t o devis e algorithm s tha t  permi t  network s t o lear n reliabl y an d 
efficientl y ho w t o realiz e desire d nonlinea r  function s withou t  bein g provide d wit h implementatio n details . 
I n particular ,  learnin g algorithm s tha t  wor k fo r  singl e layer s o f  adaptiv e element s canno t  b e extende d easil y 
t o multilaye r  o r  recurrentl y connecte d networks . 

A significan t  advanc e i n thi s are a i s th e Boltzman n learnin g procedur e recentl y describe d b y Hinto n 
and Sejnowsk i  (1983 )  an d Ackley ,  Hinton ,  an d Sejnowsk i  (1985 )  tha t  b  base d o n th e analog y betwee n 

thermodynami c system s an d network s o f  neuron-lik e element s pointe d ou t  b y Hopfiel d (1982) .  I n th b pape r 

we describ e a n approac h t o thi s proble m whic h use s stochasti c searc h a s doe s th e Boltzman n procedure , 

but  whic h i s otherwis e quit e differen t  fro m tha t  method .  W e presen t  severa l  simulation s o f  layere d adaptiv e 
network s t o illustrat e ou r  method .  I n addition ,  w e briefl y revie w a  variet y o f  previou s approache s t o thi s 
genera l  proble m i n orde r  t o plac e thes e variou s method s i n perspectiv e an d t o sugges t  a  rang e o f  alternative s 

wit h whic h th e performanc e o f  nove l  method s shoul d b e compared .  Mos t  o f  thes e studie s ar e quit e old ,  bu t 
we thin k the y ar e relevan t  give n th e renewe d interes t  i n network s o f  th b kind . 

1. PARAMETRIC VERSUS STRUCTURAL LEARNING 

One of the problems with learning systems using the single-layer learning procedures b that learning 

proceed s u p t o a  certai n poin t  an d the n stops .  W h e n th e parameter s tha t  ar e adjuste d b y th e learnin g 

algorithm—i n a  network ,  usuall y th e connectio n weights—reac h opt imu m values ,  th e degree s o f  freedo m o f 
th e syste m ar e exhauste d eve n thoug h th e proble m facin g th e syste m m a y b e fa r  fro m solved .  Somehow , 

th b parametri c learnin g shoul d b e augmente d wit h itruettra l  learnin g b y whic h th e role s o f  th e parameter s 

'Thi s researc h wa s supporte d b y th e Ai r  Forc e Offic e o f  Scientifi c  Researc h an d th e Avionic s Laborator y (Ai r  Forc e 
Wrigh t  Aeronautica l  Laboratories )  throug h contrac t  F33615-83-O-1078 .  W e than k Ric h Sutton ,  P .  Anandan ,  Joh n 
Moore ,  an d Harr y Klop f  fo r  thei r  theoretica l  contribution s an d helpfu l  discussions . 
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i n detenninin K behavior ,  an d no t  jus t  thei r  values ,  ar e altere d b y th e leamint ;  process .  Sinc e on e ca n alway s 

regar d structure s a s bein g parameterized ,  s o tha t  adjustin g structure s amount s t o adjustin g mor e parameters , 

thi s dutinctio n i s no t  completel y straightforward .  However ,  wha t  w e mea n b y structura l  learnin g generall y 

involve s a  spac e o f  parameter s tha t  i s  s o large ,  an d a  performanc e evaluatio n surfac e tha t  b  s o complex ,  tha t 

th e usua l  algorithm s fo r  parametri c adaptatio n d o no t  work .  Structura l  learnin g i s intimatel y relate d t o th e 

proble m o f  adaptivel y developin g ne w representations ,  fo r  example ,  b y th e creatio n o f  '̂ ne w terms, "  sinc e i t 

i s  th e representatio n tha t  determine s th e role ? o f  th e parameters . 

One ca n vie w th e adjustmen t  o f  a  connectio n weigh t  i n a  comple x networ k a s a  structura l  adjustmen t  sinc e 

i t  affect s th e role s o f  othe r  weight s i n generatin g networ k behavior .  A  comple x networ k wil l  hav e ver y m a n y 

adjustabl e weights ,  an d th e relationshi p betwee n change s i n a  weigh t  an d change s i n networ k performanc e 

(i.e. ,  th e gradien t  o f  th e networ k performanc e inde x wit h respec t  t o th e weight )  wil l  b e complicate d b y 

nonlinea r  dependencie s o n th e weight s o f  othe r  elements—dependencie s tha t  d o no t  mak e themselve s know n 
throug h informatio n loetU y availabl e t o th e connectio n i n question .  Additionally ,  eve n i f  thi s gradien t  coul d 

be determine d locally ,  followin g i t  ca n lea d t o networ k performanc e tha t  i s onl y locaU y optimal .  Globa l 

searche s tha t  d o no t  suffe r  fro m th u deficienc y m a y b e to o slo w fo r  th e larg e searc h space s tha t  aris e i n 

structura l  learning . 

2. LAYERED AND RECURRENT NETWORKS 

Our work to date has been restricted to the study of layered networks that do not have recurrently 

connecte d elements .  Th e Boltsman n learnin g method ,  o n th e othe r  hand ,  i s restricte d t o symmetricall y 

connected ,  henc e totall y recurrent ,  networks .  I n layere d network s th e entir e stag e correspondin g t o th e 

runnin g o f  a  Boltzman n networ k o r  Harmon y syste m (Smolensky ,  1983 )  t o "therma l  equilibrium "  usin g 

simulate d annealin g appear s i n a  degenerat e form :  i t  i s  jus t  th e proces s o f  evaluatin g th e input/outpu t 
functio n realize d b y th e network ,  an d n o iterativ e relaxatio n procedur e i s required .  Hence ,  layere d network s 

do no t  solv e nontrivia l  constrain t  satisfactio n problems .  O n th e othe r  hand ,  onc e a  layere d networ k ha s 
learned ,  it s performanc e i n computin g thi s functio n i s essentiall y  instantaneous . 

We hav e restricte d attentio n t o layere d network s becaus e i t  seeme d t o u s tha t  obtainin g structura l  learnin g 

i n thi s cas e woul d b e easie r  than ,  an d a  prerequisit e for ,  obtainin g i t  i n th e recurren t  case .  Boltzman n learnin g 

shows tha t  thi s u  no t  true ,  bu t  th e principl e employe d ther e doe s no t  appea r  t o exten d t o asymmetri c 

networks .  W e hav e no t  ye t  decide d o n th e bes t  wa y t o exten d ou r  approac h t o th e recurren t  case ,  bu t  w e 
do no t  thin k i t  i s  inherentl y limite d t o nonrecurren t  networks .  Futur e researc h wil l  concer n th e cas e o f 
recurren t  bu t  asymmetri c networks .  W e hav e als o bee n influence d b y th e extensiv e histor y o f  attempt s t o 

exten d single-laye r  learnin g result s t o nonrecurren t  network s havin g multipl e layers ,  an d w e briefl y revie w 

some o f  thes e studie s i n orde r  t o plac e ou r  approac h i n it s prope r  context . 

S. REVIEW OF LAYERED NETWORK STUDIES 

Assume that a multilayered network has been designed by deflning the output of each element as a 

parameterize d functio n o f  it s  input ,  an d b y specifyin g th e interconnection s amon g th e elements .  Wha t 

value s shoul d b e assigne d t o th e parameter s o f  th e networ k i n orde r  t o implemen t  som e desire d input/outpu t 

function ? Th e mos t  straightforwar d approac h b  t o directl y searc h th e spac e o f  th e network' s parameter s 

fo r  thos e value s tha t  maximiz e som e measur e o f  th e network' s overal l  performance .  B y a  direc t  searc h 

we mea n on e i n whic h successiv e set s o f  paramete r  value s (i.e. ,  weights )  ar e evaluate d b y seein g ho w th e 
networ k perform s wit h thos e value s i n it s require d task .  Relevan t  gradien t  informatio n b  no t  obtaine d 
locall y b y th e adaptiv e elements ,  an d a  centralize d searc h contro l  m e c h a n b m b  required .  Gibtra p (1971) , 

w ho ha s pursue d th b direct-searc h approach ,  use d guide d rando m searc h method s tha t  ca n b e effectiv e 

unde r  condition s encountere d wit h multilayere d networks .  Whateve r  th e searc h metho d used ,  however , 
directl y searchin g a  spac e o f  dimensio n equa l  t o th e numbe r  o f  weight s i n a n entir e networ k b  a n extremel y 

time-consumin g proces s fo r  al l  bu t  th e simples t  cases . 

Most  result s fro m earl y adaptiv e networ k researc h concer n layere d network s i n whic h onl y th e element s 
of  th e flnal  (output )  laye r  adapt .  Example s o f  suc h network s ar e th e Perceptron  o f  Rosenblat t  (1962)  an d 

network s o f  "adalines "  (adaptiv e /mea r  dements )  studie d b y Widro w (1962) .  I n thes e case s th e learnin g 

algorithm s ar e variant s o f  th e no w well-know n error-correctio n procedure s tha t  adjus t  weight s base d o n th e 
discrepanc y betwee n a  unit' s  respons e an d it s desire d respons e supplie d b y som e agenc y i n th e network' s 
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envirouneD t  ( a 'ieacher^) .  Ther e ar e obrion s di£9caltie s i n extendin g thes e error-correctio n techniqae s t o 

layere d networks .  Ad^ t i n f  th e term s o f  Hinto n an d Sejnowsk i  (1983) ,  le t  n s distinguis h a  network' s v m h U 

dement i  fro m it s hUie u dementi .  Vuibl e element s ar e thos e whos e actirit y  i s directl y availabl e t o th e 

network' s environmen t  an d tha t  ar e require d t o assum e certai n value s fo r  variou s inpu t  pattern s provide d 

t o th e network .  Hidde n element s ar e thos e whos e activit y u  no t  directl y visibl e an d tha t  ar e someho w t o 
provid e a n encodin g o f  inpu t  signal s tha t  wil l  allo w th e vuibl e element s t o respon d correctly .  Althoug h i n 

many task s i t  m a y b e possibl e fo r  th e network' s teache r  t o provid e erro r  signal s t o th e networic' s visibl e 

element s (sinc e i t  i s  thes e tha t  defin e th e network' s response) ,  i t  m a y no t  b e possibl e fo r  thi s teache r  t o 

provid e analogou s erto f  signal s t o th e hidde n element s withou t  «  prior i  knowledg e o f  th e implementatio n 

detail s o f  th e desire d input/outpu t  function .  I f  thi s knowledg e wer e available ,  the n th e proble m woul d b e 

quit e differen t  fro m th e one s i n whic h w e ar e interested :  i t  woul d b e mor e o f  a  programmin g proble m tha n 
a learnin g problem . 

Some method s rel y o n th e generatio n o f  ne w element s rathe r  tha n o n th e adjustmen t  o f  th e parameter s o f 

existin g elements .  Method s tha t  generat e ne w element s generall y divid e th e learnin g proces s int o tw o stages . 

I n th e first  stage ,  th e weight s o f  th e first  laye r  (i.e. ,  th e laye r  tha t  directl y receive s th e externa l  inpu t  signals ) 

ar e hel d constan t  whil e on e o f  th e familia r  single-laye r  learnin g algorithm s i s use d b y th e second  layer .  I n th e 

secon d stage ,  th e secon d laye r  i s hel d constan t  whil e ne w element s ar e adde d t o th e first  layer .  Thos e element s 

whose output s ar e no t  significantl y influencin g th e secon d laye r  migh t  b e discarde d t o limi t  th e numbe r  o f 

elements .  Selfridge' s Pandemoniu m provide s a n exampl e o f  thi s two-stag e learnin g proces s (Selfridge ,  1959) , 
wher e ne w element s ar e create d b y "mutate d fission"  an d "conjugation "  o f  existin g elements .  Althoug h i t  i s 
not  describe d i n networ k terms ,  th e classifie r  syste m o f  Hollan d (1980 )  i s probabl y th e mos t  highl y develope d 

exampl e o f  generatin g ne w element s vi a thi s typ e o f  "geneti c recombination "  process .  Uh r  an d Vossle r  (1961 ) 

presente d anothe r  syste m tha t  effectivel y add s ne w element s t o th e first  layer .  Eac h ne w elemen t  i s se t  t o 

respon d t o a  subpatte m o f  th e curren t  inpu t  pattern .  Reilly ,  Cooper ,  an d Elbau m (1982 )  recentl y propose d 
a somewha t  relate d metho d tha t  incorporate s inpu t  pattern s a s "prototypes. " 

Method s fo r  generatin g ne w element s ar e attempt s t o avoi d th e combinatoria l  explosio n tha t  woul d resul t 

fro m havin g a n elemen t  fo r  eac h o f  th e possibl e combination s o f  availabl e signals .  Th e heuristi c employe d 
i s tha t  usefu l  higher-orde r  feature s wil l  ten d t o b e composition s o f  usefu l  lower-orde r  features .  A  techniqu e 
usin g thi s heuristi c m a y b e viewe d a s a  typ e o f  bea m $earc h (se e Bar r  an d Feigenbaum ,  1981) .  Th e searc h b 

conducte d b y formin g al l  pairwis e (fo r  example )  combination s o f  lower-orde r  feature s a t  eac h stage ,  an d the n 
removin g from  consideratio n al l  bu t  a  certai n numbe r  o f  the m befor e formin g th e nex t  stage' s combinations . 
At  eac h stage ,  th e numbe r  o f  feature s remaining  i s th e bea m widt h o f  th e search .  A  bea m searc h b  no t 
guarantee d t o resul t  i n a n optima l  solutio n bu t  ca n b e efficien t  i f  th e bea m b  sufficientl y narrow .  Althoug h 

not  usuall y associate d wit h network s o f  adaptiv e elements ,  bea m searc h ca n obviousl y b e relate d t o layere d 
networks .  Ivanhenko' s (1971 )  Grou p Metho d o f  Dat a Handling ,  fo r  example ,  ca n b e regarde d a s a  metho d 

fo r  constructin g a  layere d networ k usin g a  bea m search . 

Anothe r  approac h b  t o trai n th e first  laye r  o f  a  two-layere d networ k i n bolation ,  independentl y o f  th e 
secon d laye r  an d o f  th e network' s performanc e o n th e require d task .  Suc h open-loo p procedure s ar e referre d 

t o a s dniterin g methods .  Clusterin g method s ar e base d o n th e assumption s tha t  th e system' s inpu t  pattern s 
ten d t o (al l  int o natura l  cluster s du e t o thei r  intrinsi c structure ,  an d tha t  detectin g thes e cluster s b  significan t 
i n som e wa y fo r  th e performanc e o f  th e system .  Block ,  Nibson ,  an d D u d a (1964 )  use d a  clusterin g algorith m 

t o trai n th e first  laye r  o f  a  two-layere d network .  Fukushima' s Cognitro n (1973 )  an d Neocognitro n (1980 )  ar e 
othe r  example s o f  clusterin g algorithm s implemente d a s networks .  I n thes e network s a n elemen t  b  selecte d 
fo r  adjustmen t  i f  it s  outpu t  b  sufficientl y i n exces s o f  th e output s o f  neighborin g elements ,  an d it s weight s 

ar e adjuste d s o a s t o caus e i t  t o b e mor e vigorousl y activate d b y th e curren t  inpu t  pattern .  T h b typ e o f 
learnin g ha s als o bee n dbcusse d b y Grossber g (1976a ,  1976b )  an d Rumelhar t  an d Zipse r  (1985) . 

For  man y type s o f  problems ,  th e nee d b  no t  jus t  t o for m cluster s o f  inpu t  pattern s bu t  t o for m cluster s 

tha t  ar e ttefu l  i n term s o f  th e network' s interactio n wit h it s environment .  I n orde r  t o accomplb h thb , 

th e initia l  layer s mus t  us e th e informatio n containe d i n a n erro r  o r  evaluatio n signa l  tha t  b  provide d b y 
th e network' s environment .  Th e problem ,  a s dbcusse d above ,  b  tha t  th b erro r  o r  evaluatio n b  directl y a 

functio n onl y o f  th e network' s vbibl e elements .  Someho w th b informatio n mus t  b e use d t o tun e th e hidde n 
elements .  Rosenblat t  (1962 )  reporte d experiment s wit h a  stochasti c back-propagatio n schem e fo r  generatin g 
erro r  signa b fo r  interio r  elements ,  bu t  th e simples t  wa y o f  doin g th b b  t o adjus t  a  randoml y chose n elemen t 

when a n erro r  b  mad e b y a n outpu t  element .  T h b approac h wa s analyze d b y Alde r  (1975 )  w h o prove d a n 

extensio n o f  th e Ferceptro n Convergenc e Theore m fo r  layere d networks .  A s h e pointe d out ,  however ,  th e 
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algorith m wa s "les s tha n efficient. " 

Anothe r  metho d fo r  selectin g element s t o adjus t  i s  t o selec t  thos e element s tha t  woul d requir e th e leas t 

amount  o f  chang e t o correc t  th e network' s error .  Widro w use d th b metho d i n network s consbtin g o f  tw o 

layer s o f  adaline s (1962) .  T h u algorith m an d simila r  one s (e.g. ,  Stafford ,  1963 )  requir e a  rathe r  sophisticate d 

agen t  t o conduc t  th e trainin g o f  th e interio r  elements .  I n som e cases ,  th e sophisticatio n require d b y thi s agen t 

ca n b e reduce d i f  th e networ k structur e i s sufficientl y constrained .  Widrow' s (1962)  stud y o f  '̂ madalines " 

(multipl e adaline$ )  ca n b e interprete d i n thi s way .  Her e th e final  laye r  implement s a  fixed  logica l  function , 

an d onl y th e initia l  laye r  lettm s i n a  manne r  tha t  depend s o n thi s logica l  function .  System s lik e thi s hav e 

bee n calle d "committe e machines. "  Method s simila r  t o th b hav e bee n dbcusse d recentl y b y Reilly ,  Cooper , 

an d Elbau m (1982) ,  mentione d above ,  an d Hampso n an d Kible r  (1982 )  an d see m t o offe r  prombin g way s o f 

usin g network s fo r  nonlinea r  patter n classification . 

Some o f  th e aforementione d method s represen t  attempt s t o exten d error-correctio n method s t o al l  ele -

ment s o f  th e network ,  fo r  example ,  b y restrictin g networ k operatio n s o tha t  desire d response s fo r  interio r 

element s migh t  b e deduced .  Anothe r  approac h b  t o us e element s tha t  d o no t  requir e desire d response s o r 

erro r  signa b bu t  tha t  implemen t  reinforcement-learnin g algorithms .  Suc h element s ar e capabl e o f  improvin g 

performanc e wit h respec t  t o a n evaluatio n signa l  tha t  assesse s th e collectiv e activit y o f  th e networ k com -

ponents .  T h b metho d differ s from  wha t  w e calle d direc t  searc h sinc e activit y pattern s rathe r  tha n weigh t 

setting s ar e directl y evaluate d an d th e element s locall y estimat e th e relevan t  gradien t  information .  Ou r 

o wn approac h an d tha t  suggeste d b y Klop f  (1972 ,  1982 )  fal l  int o th b category ,  an d w e kno w o f  onl y a 
fe w earlie r  studie s tha t  ar e similar .  I n h b Ph.D .  thesb ,  Minsk y (1954 )  describe d th e S N A R C (Stochasti c 

Neural-Analo g Reinforcemen t  Calculator )  whic h h e constructe d i n 1951 .  I t  use d component s implementin g 

a simpl e stochasti c reinforcement-learnin g procedure .  Farle y an d Clar k (1954)  experimente d wit h stochasti c 

adaptiv e element s tha t  ar e simila r  i n principl e t o th e adaptiv e element s w e hav e developed .  I n simulatio n 

experiments ,  recurrentl y connecte d network s o f  thes e element s wer e abl e t o solv e som e simpl e dbcriminatio n 

tasks .  Widrow ,  Gupta ,  an d Maitr a (1973)  presente d a n extensio n o f  th e adalin e algorith m t o allo w i t  t o d o 

a for m o f  reinforcemen t  learnin g whic h the y calle d "selectiv e bootstra p adaptation. "  The y remarke d tha t 

th b extensio n m a y permi t  th e element s t o lear n a s component s o f  layere d networks .  W e no w describ e th e 

reinforcement-learnin g approac h i n mor e detail . 

4. LAYERED NETWORKS OF REINFORCEMENT LEARNING 
E L E M E N TS 

Consider an adaptive network operating in an environment that can evaluate the behavior of the network, 

tha t  b ,  o f  th e collectiv e behavio r  o f  th e network' s elements ,  bu t  canno t  specif y th e desire d behavio r  o f  eac h 
individna l  component. ^  Suppos e tha t  th e environmen t  evaluate s eac h o f  th e network' s over t  action s b y 

generatin g a  reinforcemen t  signa l  tha t  b  mad e availabl e eac h elemen t  o f  th e network. '  I f  w e vie w th e 

proble m fro m th e perspectiv e o f  a n individua l  elemen t  embedde d i n th e interio r  o f  th b network ,  w e ca n 

gai n som e understandin g o f  th e typ e o f  learnin g capabilit y  suc h a n elemen t  migh t  hav e t o possess .  Eve n i f 

th e environmen t  determinbticall y evaluate s th e network' s actions ,  th e relationshi p betwee n th b element' s 

action s an d th e evaluatio n signa l  wil l  no t  b e determinbti c becaus e i t  als o depend s o n th e behavio r  o f  othe r 

elements .  I n additio n t o thb ,  th e contingencie s face d b y th e elemen t  wil l  var y wit h tim e a s th e othe r  element s 

adapt .  Thus ,  eve n i f  th e overal l  tas k face d b y th e networ k involve s onl y fixed  determinbti c contingencies , 
th e tas k face d b y a n individua l  elemen t  wil l  involv e nonstationar y rando m contingencies . 

I f  a U th e element s i n th e networ k ar e abl e t o improv e thei r  individua l  leve b o f  performanc e unde r  thes e 

conditions ,  the n th e collectio n wil l  ab o ten d t o improv e it s performance .  T h b typ e o f  proces s involve s 

cooperativ e behavio r  mor e closel y relate d t o tha t  discusse d i n gam e theor y an d economic s tha n i t  b  t o th e 

cooperativ e phenomen a o f  physic s t o whic h Boltzman n learnin g b  related .  On e ca n regar d th e element s a s 

self-intereste d agent s an d a  networ k a s a  "team. "  T h b perspectiv e o n connectionb t  learnin g b  du e t o Klop f 

•B y a n agenc y i n a  network' s environment ,  w e d o no t  necessaril y  mea n a n agenc y ontsid e o f  th e devic e i n whic h th e 
networ k resides ;  thi s agenc y ma y b e anothe r  componen t  o f  th e overal l  learnin g system ,  suc h a s a  modnl e specialize d 
fo r  deliveria g reinforcemen t  t o othe r  modules . 

*I n th e researc h reporte d here ,  w e hav e no t  focnsse d o n problem s create d b y delaye d evaluation .  W e hav e extensivel y 
•tvdie d thes e problem s an d resnh s ar e reporte d elsewher e (Barto ,  Sntton ,  an d Anderson ,  19S3 ;  Sntton ,  1984) . 
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(1972,1982) ,  whos e theor y o f  th e "hedonisti c nenros "  sagfnt s tha t  niui y aspect s o f  leaniias ,  memory ,  an d 

intelligenc e m a y aris e from  thi s typ e o f  cooperativity . 

6. THE An-P LEARNING RULE 

Together with R. Satton, we have studied several types of adaptive elements capable of reinforcement 

learnin g (Anderson ,  1982 ;  Bart o an d Sntton ,  1981 ;  Barto ,  Satton ,  an d Anderson ,  1983 ;  Satton ,  1984) ,  ba t 

th e on e ase d i n th e simulation s describe d her e wa s develope d b y Bart o an d Ananda n (i n press )  w h o calle d it s 

learnin g algorith m th e Mtoeiaiiv e rewiri-pentUy ,  o r  A r - p ,  tlgorith m an d prove d a  convergenc e theorem . 

Detail s o f  thi s learnin g algorith m ar e provide d i n th e appendix .  Her e ther e b  onl y spac e t o poin t  ou t  th e 

following .  A n elemen t  implementin g th u algorith m i s a  linea r  threshol d devic e wit h a  randoml y varyin g 

threshold .  W e us e th e logisti c distributio n functio n s o tha t  a n elemen t  fires  wit h probabilit y  1/( 1 +  e'*!"^) , 

wher e «  i s th e tota l  stimulu s strength .  Thus ,  th e input/outpu t  behavio r  o f  th e elemen t  i s identica l  t o 

tha t  o f  th e element s use d i n Boltzman n learning ,  wher e T  i s th e "computationa l  temperature. "  Non e o f 

our  results ,  however ,  requir e th e us e o f  thi s specifi c  distributio n function .  Afte r  eac h action ,  th e elemen t 

receive s a  reinforcemen t  signa l  takin g value s + 1 an d - 1 t o respectivel y indicat e "reward "  an d "penalty. "  B y 

updating  it s weight s a t  eac h ste p (se e th e appendix )  th e elemen t  i s abl e t o improv e it s performanc e whe n it s 

environmen t  provide s stimulu s pattern s an d reinforcemen t  feedbac k accordin g t o th e followin g probabilisti c 
scheme.  A t  eac h ste p th e environmen t  present s th e elemen t  wit h a n inpu t  patter n x  &  X  C  ^ ^  (wher e 

S denote s th e rea l  numbers) .  Fo r  eac h patter n z  m X  an d eac h o f  th e element' s actions ,  y  =  0  o r  1 ,  th e 
environmen t  return s "reward "  wit h probabilit y  d(x,y )  whe n th e elemen t  emit s actio n y  i n th e presenc e 

of  inpu t  patter n z .  I t  deliver s "penalty "  wit h probabilit y  1  -  d(z,y) .  Th e elemen t  woul d maximiz e it s 

probabilit y  o f  receivin g rewar d i f  i t  responde d t o eac h z  i n X  wit h th e actio n y  fo r  whic h d[z ,  y )  i s  largest . 
Learnin g 'task s lik e thi s on e ar e relate d t o instrumental ,  o r  cue d operant ,  task s use d b y anima l  learnin g 

theorist s (wher e a n inpu t  patter n x  correspond s t o a  discriminativ e stimulus )  an d t o "two-arme d bandit " 

task s studie d b y mathematician s an d engineer s (e.g. .  Cove r  an d Hellman ,  1970 ;  Narendr a an d Thathachar , 

1974 ) 
Sinc e i t  nee d no t  b e tru e tha t  d[x ,  1 )  +  </(x,0 )  =  1 ,  fo r  a  give n inpu t  patter n x  i t  migh t  b e tru e tha t  n o 

matte r  wha t  actio n th e uni t  produces ,  i t  usuall y receive s rewar d (i.e. ,  d(x ,  1 )  >  . 5 m d d(z,G )  >  .5) ;  o r  i t 
migh t  b e tru e tha t  n o matte r  wha t  actio n th e elemen t  produces ,  i t  usuall y receive s penalt y (i.e. ,  d(x ,  1 )  <  . 5 
tn i  d{z ,  0 )  <  .5) .  Give n thes e possibilities ,  th e feedbac k receive d from  producin g on e actio n provide s n o 
informatio n abot t  th e $*itabilit y  o f  th e othe r  action .  Thi s propert y make s thi s tas k significantl y mor e difficul t 
tha n th e task s usuall y solvabl e b y neuron-lik e adaptiv e elements ,  ye t  i t  i s a n unavoidabl e featur e o f  task s face d 

by th e hidde n elements .  Bart o an d Ananda n (i n press )  prov e tha t  th e A n - p algorith m i s asymptoticall y 
optimal '  fo r  arbitrar y probabilisti c  contingencie s i f  th e se t  X  o f  stimulu s pattern s i s linearl y independent . 
Interestingly ,  whe n th e temperatur e T  i s zero ,  th e A r - p algorith m reduce s t o th e Perceptro n algorith m 

modifie d t o accep t  reward/penalt y feedbac k instea d o f  trainin g informatio n i n th e for m o f  desire d responses . 

So restricted ,  however ,  optima l  performanc e i s obtainabl e onl y fo r  deterministi c environment s (d{z ,  y )  =  0 
or  1 ,  fo r  al l  z  an d y) ,  an d suc h element s ar e no t  abl e t o lear n reliabl y whe n embedde d i n network s whe n a 

reinforcement-learnin g paradig m i s used . 

6. A MINIMAL CASE OF COOPERATIVE LEARNING 

Fig. 1 shows a network of two Ar-p elements, ei and e^. Only ei receives input patterns from the 
environment ,  an d onl y th e actio n o f  e ^  i s availabl e t o th e environmen t  (e i  i s  hidden ;  e ^  i s visible) .  Suppos e 

th e network' s output ,  th e outpu t  o f  e^ ,  affect s th e probabilit y  o f  rewar d fo r  bot h element s i n a  manne r  tha t 

depend s o n th e stimulu s patter n presente d t o ci .  I f  ther e wer e n o mean s fo r  c i  t o communicat e wit h ej , 
th e element s woul d b e capabl e o f  achievin g onl y limite d rewar d frequencies.  Th e actio n o f  e ^  infiuence s th e 

reinforcemen t  receive d b y bot h elements ,  bu t  i n th e absenc e o f  a  communicatio n link ,  e ^  remain s blin d t o 

th e discriminativ e stimulu s z .  O n th e othe r  hand ,  i n th e absenc e o f  a  communicatio n link ,  C i  ca n sens e th e 
discriminativ e stimulu s bu t  canno t  infiuenc e th e network' s actions .  Th e complementar y specialtie s o f  th e 
tw o element s hav e t o b e combine d i n orde r  fo r  eac h t o attai n optima l  performance .  I f  th e weigh t  connectin g 

*Mor e precisely ,  i t  b  e-optima l  fo r  eac h z  €  X ,  t o as e th e terminolog y o f  learnin g automat a theor y (se e Narendr a 
and Thathachar ,  1974) . 
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ei to cj can be adjasted properly, the network can respond correctly. However, the correct value of the 

interconnectin g weigh t  depend s o n ho w Ci  ha s learne d t o respon d t o z .  Conversely ,  th e correc t  behavio r  o f 

ei  depend s o n th e valu e o f  th e interconnectin g weight .  Thu s th e tw o element s mus t  adap t  simultaneousl y i n 

a tightly-couple d cooperativ e fashion . 

To b e mor e specific ,  w e se t  u p th e simulatio n i n th e followin g way .  A  trainin g ste p consbt s o f  presentin g a 

randoml y chose n inpu t  signa l  t o th e network ,  computin g th e network' s output ,  determinin g th e reinforcemen t 

signal ,  an d the n updatin g th e weights. ^  Th e stimulu s signals ,  x  =  0  an d z  =  1 ,  ar e equall y likel y t o occu r  a t 

eac h step ,  an d th e succes s probabilitie s implemente d b y th e network' s environmen t  ar e give n b y th e followin g 

table : 

X 

0 

1 

d(x,0 )  d(x,l ) 

. 9 . 1 

. 1 . 9 

Thu s i t  i s  optima l  fo r  th e networ k a s a  whol e t o respon d t o z  =  0  wit h visibl e actio n 0  t o obtai n rewar d 

wit h probabilit y  .9 ,  an d t o respon d t o z  =  1  wit h actio n 1  t o obtai n rewar d wit h probabilit y  .9 ,  yieldin g a n 

overal l  rewar d probabilit y  o f  .9 .  I f  th e discriminatio n i s no t  m a d e s o tha t  th e networ k respond s identicall y 

t o al l  inpu t  patterns ,  th e overal l  succes s probabilit y  i s  (. 9 •+ •  .l)/ 2 =  .5 .  Sinc e eac h elemen t  ab o adaptivel y 

adjust s it s threshol d (mor e precisely ,  th e m e a n valu e o f  it s  threshol d b y a4justin g a  "threshol d weight") , 

ther e ar e tw o way s th e networ k ca n solv e thi s problem—bot h element s ca n implemen t  th e identit y m a p ,  o r 

bot h ca n inver t  thei r  inpu t  signal—an d ther e ar e m a n y way s i t  ca n tail . 

Fig .  2 a an d 2 b sho w th e behavio r  o f  th e networ k fo r  a  typica l  sequenc e o f  SOO trainin g step s wit h A  =  .0 4 

and p  =  1. 5 (se e th e appendix) .  Fig .  2 a show s th e evolutio n o f  th e behavio r  o f  e i  i n term s o f  tw o graphs .  Th e 
first  show s th e conditiona l  probabilit y  tha t  e i  fires  (y *  =  1 )  give n tha t  it s inpu t  b  0 ,  an d th e secon d show s 

th e sam e thin g fo r  inpu t  1 .  Bot h o f  thes e probabilitie s star t  a t  . 5 sinc e th e weight s ar e initiall y  zero .  Fig .  2 b 

shows th e evolutio n o f  th e mappin g implemente d b y e i  an d c j  actin g togethe r  b y showin g th e probabilit y 
tha t  c t  fires  {y '  =  1 )  fo r  th e differen t  value s o f  th e networ k inpu t  z .  Fig .  2 c show s th e evolutio n o f  th e 

overal l  rewar d probability .  Fig .  2 d i s a  histogra m o f  th e numbe r  o f  step s require d t o reac h a  criterio n o f  9 8 % 

of  optima l  performanc e fo r  eac h o f  10 0 sequence s o f  trials .  I n al l  o f  th e sequence s th e networ k reache d thi s 

criterio n befor e 1,S0 0 steps .  I n abou t  hal f  o f  th e sequence s bot h element s learne d t o implemen t  th e identit y 

m a p,  an d i n th e othe r  half ,  bot h becam e inverters . 
A serie s o f  tw o element s i n a  discriminatio n tas k provide s on e o f  th e simples t  example s w e coul d devis e 

t o demonstrat e cooperativ e reinforcemen t  learning .  W e interpre t  th e resul t  a s illustratin g cooperativit y i n 

th e litera l  game-theoreti c sense ,  wit h th e interconnectin g lin k representin g a  "bindin g agreement "  b y whic h 

th e element s for m a  coalitio n fo r  mutua l  benefit . 

*Not e tha t  i n contras t  t o Boltzmui n learning ,  th e weight s ar e npdate d afte r  th e eac h presentatio n o f  a  singl e inpn t 
pattern . 
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7. A NONLINEAR TASK 

In the task just described, cooperative learning is required only because the network lacks a direct pathway 

from  inpu t  t o output .  Th e tas k itsel f  i s  easil y withi n th e capabilitie s o f  a  singl e element .  Her e w e dbcus s 

a tas k tha t  canno t  b e solve d b y a  singl e linea r  threshol d element ,  o r  an y single-laye r  networ k o f  them .  Th e 

networ k show n i n Fig .  3  ha s si x inpu t  component s an d a  singl e principa l  outpu t  (fro m elemen t  5) .  Ther e ar e 
39 weight s t o adjust ,  on e associate d wit h eac h o f  th e pathwa y intersection s an d on e threshol d weigh t  fo r  eac h 

element .  Th e rewar d contingencie s implemente d b y th e network' s environmen t  forc e th e networ k t o lear n 

t o realiz e a  multiplexe r  circui t  i n orde r  t o obtai n optima l  performance .  A  multiplexe r  b  a  devic e wit h n 

addres s input s an d 2 "  dat a input s (her e n  =  2) .  Give n a  patter n ove r  th e addres s pathways ,  i.e. ,  a n address , 

a multiplexer' s outpu t  i s  equa l  t o whateve r  signa l  ( 0 o r  1 )  appear s o n th e dat a lin e associate d wit h tha t 

address .  I t  therefor e route s signal s fro m differen t  inpu t  pathway s t o a  singl e outpu t  pathwa y dependin g o n 
th e "context "  provide d b y th e patter n ove r  th e addres s pathways .  Fo r  eac h o f  th e 6 4 possibl e inpu t  patterns , 
we rewarde d eac h elemen t  o f  th e networ k wit h probabilit y 1  i f  th e visibl e elemen t  (numbe r  5 )  produce d th e 

correc t  output ,  an d w e penalize d eac h elemen t  wit h probabilit y 1  otherwise .  Th e inpu t  pattern s wer e chose n 

randoml y fo r  presentatio n t o th e net .  A U o f  th e element s implemen t  th e A r - p algorith m wit h T  =  . 5 
excep t  fo r  th e vbibl e elemen t  (numbe r  5 )  whic h use s 7  =  0  (an d therefor e essentiall y  use s th e Perceptro n 

algorithm) . 

Thi s i s a  highl y nonlinea r  tas k sinc e th e natura l  generalization s ove r  th e se t  o f  inpu t  pattern s ten d t o 

be wron g wit h respec t  t o th e require d action s o f  th e network .  Consequently ,  i t  doe s no t  sho w th e strength s 

of  distribute d representation s (se e Hinton ,  1984) ,  bu t  i t  represent s a  rathe r  stringen t  tes t  o f  th e learnin g 

method .  Th e hidde n element s (element s 1-4 )  ar e necessar y i n orde r  t o creat e ne w feature s t o permi t  th e 

vbibl e elemen t  t o respon d correctly .  Fig .  4  b  a  hbtogra m o f  th e numbe r  o f  step s require d fo r  th e networ k t o 

respon d 9 9 % correctl y fo r  1,00 0 consecutiv e step s fo r  eac h o f  3 0 sequence s o f  tria b wit h p  =  1  an d A  =  .0 1 

(se e th e appendix) .  Th e averag e numbe r  o f  step s require d wa s 133,149 ,  o r  abou t  2,08 0 presentation s o f  eac h 

stimulu s pattern .  I n ever y sequenc e th e networ k reache d th e criterio n befor e 350,00 0 steps . 

8. DISCUSSION 

The multiplexer simulation suggests that layered networks of Ar-p elements are able to learn to im-

plemen t  associativ e mapping s tha t  ar e beyon d th e capabilitie s o f  individua l  elements .  Mor e importantly , 

the y ar e abl e t o d o th b whe n bein g directe d b y evaluativ e feedbac k tha t  b  base d o n knowledg e o f  "what " 
th e networ k a s a  whol e shoul d accomplb h bu t  n o knowledg e o f  "how "  th e networ k shoul d accomplb h it . 

Althoug h w e hav e no t  ye t  prove d convergenc e fo r  network s o f  A r - p elements ,  al l  o f  ou r  simulation s sugges t 
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Figur e 4 t  Simulatio n result s fo r  th e multiplexe r  task .  Se e tex t  fo r  explanation . 

extremely reliable performance. However, these results also sn^^est that, like Boltunann learning, the pro-
ces s m a y tak e a  considerabl e amoun t  o f  time .  I t  b  di£9cul t  t o evaluat e th e learnin g rat e o f  A r - p network s 
withou t  comparin g thei r  performanc e wit h tha t  o f  othe r  learnin g algorithms ,  an d w e ar e currentl y i n th e 

proces s o f  performin g comparativ e simulatio n studie s usm g som e o f  th e algorithm s mentione d i n Sectio n 

3.  A t  presen t  w e onl y kno w tha t  fo r  relativel y smal l  network s th e simples t  direc t  searc h generall y yield s 

almos t  n o improvemen t  i n performanc e b y th e tim e th e A r - p network s ar e performin g nea r  optimally . 

Ther e ar e als o a  numbe r  o f  method s fo r  acceleratin g convergenc e tha t  hav e bee n develope d fo r  conventiona l 

pattern-classificatio n algorithm s wit h whic h w e hav e no t  ye t  experimented . 

Despit e thes e importan t  question s regardin g learnin g rate ,  th e learnin g metho d w e hav e describe d ha s 
a numbe r  o f  attractiv e features .  First ,  th e trainin g procedur e doe s no t  requir e an y elaborat e o r  centralize d 
contro l  structures—i t  u  a  mor e o r  les s "natural' '  consequenc e o f  th e adaptiv e element s interactin g wit h 

one anothe r  unde r  contingencie s tha t  ar e simpl e t o implement .  Second ,  i f  thei r  initia l  architecture s permit , 

network s o f  A r ^ p element s ten d t o lear n th e eas y part s o f  a  proble m quickl y s o tha t  performanc e tend s 
t o remai n relativel y hig h whil e th e har d part s o f  th e proble m ar e bein g learned .  Appropriat e architecture s 

ar e thos e i n whic h hidde n element s ar e no t  strictl y interpose d betwee n layer s bu t  rathe r  for m auxiliar y 

sid e networks .  Thi s i s illustrate d b y th e multiplexe r  networ k i n whic h th e inpu t  pathway s t o th e networ k 
connec t  t o th e visibl e elemen t  a s wel l  a s t o th e hidde n elements .  Finally ,  althoug h i t  i s  no t  illustrate d b y 

th e simulation s describe d here ,  network s o f  A r - p element s ar e abl e t o lear n i n environment s tha t  canno t 
directl y instruc t  eve n th e visibl e element s bu t  ca n onl y evaluat e th e consequence s o f  thei r  activit y o n som e 

othe r  process .  A s ha s bee n suggeste d ebewher e (Barto ,  Sutton ,  an d Brouwer ,  1981) ,  thi s m a y b e importan t 
fo r  sensorimoto r  learnin g task s wher e evaluativ e feedbac k i s a  functio n o f  th e spatia l  resul t  o f  a  network' s 
actions . 

A P P E N D IX 

THE Ar-p algorithm 

Assume that at the start of the t*'^ step, the environment provides an element implementing the Ar-p 

algorith m wit h a  patter n vecto r  x(t )  =  [xi(t),... ,  z„(<) )  o f  rea l  numbers .  Th e elemen t  the n emit s a n actio n 
y(t )  tha t  i s  determine d b y a  rando m thresholdin g process : 

v{t ) 
= { -1 : 

i f  •(< )  +  1,( 0 >  0 ; 
otherwise ; (1 ) 

wher e «(/ )  =  J3"_< ,  Wi(l)xi(t )  i s  th e weighte d su m o f  th e inpu t  signa b an d th e {fj(l), « >  1 }  ar e independent , 
identicall y dbtribute d rando m variable s (w e use d th e logbti c dbtributio n wit h T  =  . 5 i n th e simulations) . 
Let  r(t )  denot e th e reinforcemen t  tha t  evaluate s th e consequence s o f  y{t) .  I t  take s th e value s + 1 an d —1 

t o respectivel y indicat e "reward "  an d "penalty. "  Th e weights ,  a;, ,  1  <  i  <  n ,  ar e update d accordin g t o th e 

followin g equation : 
p\r(t)y{t )  -  E[v(t)\,(t)}\x,(t )  i f  r( 0 =  + 1 ;  .̂ j 

Xp\r(t)y(t )  -  E{v{t)\B(i)}\xAi )  H  r(t )  =  - 1 ; 
A«;,( 0 = 
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wher e Awi[t )  =  Wi{ t  +  1 )  -  Wi{t) ,  p  >  0 ,  an d 0  <  A  <  1 .  £?{|/(/)|«(0} .  th e expecte d valu e o f  th e outpu t 
give n th e weighte d som ,  depend s o n th e distributio n functio n used .  Fo r  th e logisti c distributio n function ,  i t 

i s 

which is a sigmoidally-shaped function of »{t) with limits of -1 and +1 for ${t) respectively approachmg 

-0 0 an d +00 .  I n th e simulation s w e recode d th e value s o f  y{t )  t o b e 1  an d 0  instea d o f  1  an d - 1 whe n th e 

element s communicate d wit h on e another . 

I f  on e let s th e rando m variabl e ti{t )  i n (1 )  b e identicall y zer o (th e deterministi c "zer o temperature " 

case )  an d interpret s th e ter m r(t)y{t )  i n (2 )  a s a  trainin g signa l  givin g th e element' s desire d response ,  the n 

th e A/t- p algorith m become s a n asymmetri c for m o f  th e Perceptro n algorithm .  Additionally ,  i f  th e inpu t 
patter n x{t )  i s hel d constan t  an d non-zer o ove r  t ,  the n th e A r ^ p algorith m reduce s t o a  stochasti c learnin g 

automato n algorith m (se e Narendr a an d Thathachar ,  1974) ;  specificall y i t  reduce s t o a  nonlinea r  reward -

penalt y algorith m o f  th e non-absorbin g typ e a s define d b y Lakshmivaraha n (1979) .  Bart o an d Ananda n (i n 

press )  discus s th e A r - p algorith m i s mor e detai l  an d prov e a  convergenc e theorem . 
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