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( 3) 

where • r denotes !!_,~ (the oscillation-center variables), f is the 

quasi-static-phas~-space ·density, K
2 is the quadratic (in E ) part 

-w 
of the Hamiltonian, arid the prime on ~ represents Hermitian 

(reactive) part. Now the ·linear susceptibility ~ has been inten

sively studied in many problems of interest. Hence Eq. (3) reduces 

the problem of the ponderomotive force, which heretofore has required 

extensive algabraic calculations, to a previously solved linear 

problem. More explicitly, we obtain, upon functional differentiation 

with respect "to- f, · 

(4) 
Before discussing applications of K

2
, we note in passing 

that Eq. (3) implies a virial theorem (also known as the complex 

Poynting theorem). 
15 

We sum ( 3) over species, introduce the dielectric 

tensor £ - I + L X +A_ it"' 
s -w and use the linear ~mxwell equation 

'J X B -i(w/c)£ . ;. obtaining -w 

= ( 471 )-l{f d3x( 1;1 2 - 1~,/) 
v 

-lf 2 * \ - w d a ·elm ~tf-!lu{ 
v . ( 5) 

The last term, a surface integral over the plasma volume V, can be 

expressed (by Faraday 1s.law·_as (c2;anw2)f 'J ·(~ + ~ 

Returning to expression {4), we present three examples of its 

application. First, consider a cold uniform magnetized plasma (~ 

parallel to z-axis). Here ~ is well-known16 , and leads to 

-4-

* * l irl( E E - E E ) 
+. yx xy , 

W..w2 
- rlJ 

( 6) 

where the species label is suppressed, n = eB/mc, and the field 

amplitude components E , E , E refer to E (x = R). · This result 
X y Z -w- -. 

is momentum-independent, and can be interpreted as a scalar potential 

energy ~hose gradient yields the ponderomotive force. (For the case 

'J x E = 0, w < < Q, this expression was obtained recently by G. ---w 

Johnston et al4, in connection with the.fiiamentation of lower-

hybrid cones; their approach, based on ·the y_ 9v in the fluid 

equation, necessitated lengthy-algebra.) 

As a second application, ;onsider a complex geometry (e. -g. 
-

a tokam~k), with the particle motion in the quasi-static field ex-

pressed in terms of the three action invariants I and their conju

gate angle variables ~ (e. g. 1. = magnetic moment, bounce action, drift 

surface). The known expression17 for ~ in this ·case yields 

(4nf
1 L! • ~{(w-! • ~ l-1 1fd3

s i:(!£)' j!c~l!ll 2 }' 
' ! (7) 

where '-

R. is a set of 3 integers, and .J_(~I!,~) is the current density of a 

particle at!,~. The resonant denominator (w- t • S) warns us 

·that the ponderomotive Hamiltonian K is inapplicable to resonant 

particles, as is well known. Here K2 depends on momentum !' 

and leads to a shift in the particle frequencies ~ = 3K/3!. This 

change has been taken into account in (7), by renormalizing the 

· resonant denominator. 
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ABSTRACT 

We have obtained an exact, simple, and general 

relation between the second-order Hamiltonian, repre

senting the ponderomotive force on the oscillation-

center of.a particle in a high-frequency field, and the 

standard linear Vlasov susceptibility. For an unmagnet

ized plasma,. this force can be reduced to the Lorentz 

form, with pseudomagnetic (and induced pseudoelectric) 

fields quadratic in the amplitude of the .high-frequency 

field. 

The concept of ponderomoti ve force has bee.n extremely 

useful in interpreting the nonlinear interaction of radiation with 

plasma. A survey of early work1 , on the quasi-static force caused 

by a high-frequency field, was oriented toward the question of 

r. f. confinement of plasma. ~bre recently, this concept has 

been applied to the parametric instabilities caused by radiation in 

unmagnetized2 and magnetized3- 5 plasmas. 

* This work was supported in part by the U. S. Energy Research 

and Development Administration, under the auspices of the Division 

of Magnetic Fusion Energy. 
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6 
Since the ponderomotive force acts on the oscillation-center 

of a particle, a systematic treatment for Vlasov plasma can be 

based on the Hamiltonian of an oscillation-center. A canonical 

formalism for the latter was first developed by Dewar, to establish 

a rigorous theory of quasilinear diffusion. 7 It was then used by 

8 S. Johnston to study induced scattering of waves in magnetized 

plasma, greatly simplifying the standard9 Vlasov derivation; and 

by Johnston and Kaufman for three-wave interaction
10 

in nonuniform 

magnetized Vlasov plasma. 

We have used Lie transforms11 to investigate a number of non-

linear problems; the details will be reported in a longer publica

tion.12 In this paper we present the result for the Hamiltonian of 

an oscillation-center in a (possibly elect~omagnetic) field of fixed 

frequency w: 

= E (x) e-iwt + c.c. , 
-iJJ-

( 1) 

superimposed on a quasi-static (possibly nonuniform) magnetic and 

electric field. This Hamiltonian K(~,~) turns out to be expressible 

in terms of a Poisson bracket10•13, which we recognize as the same 

Poisson bracket that appears in the generalized expression
14 

for the 

s( , 
linear Vlasov susceptibility ~ ~~~ ). The latter is defined by the 

relation 

(41T/iw) <1_>: (~) = J d3x' ~~ (~,~·) • ~(!
1

) , 
( 2) 

where <.J..> is the Vlasov current density, and s is the species 

label. 

The relation obtained is 
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As a final application, we consider. a hot unmagnetized 

plasma subject to a weakly modulated longitudinal wave ~(!.) 

= -17[4(~)ei~.".!). Here we use tl,e longitudinal susceptibility 

x(~,w) = C4ne
2
;1?f13

p [w-.! • ~(E.)r1 ~ • af;aE. 

Our general formula(4) then yields for this case 

( 8) 

an obvious generalization7 of the standard formula for the pondero-

Now, however, the 

momentum-dependence yields a new result; if we expand to first order 

in k • ~w , we find 

(9) 

where · (10) 

is the standard scalar pseudGpotential, and 

( 11) 

is the new vector pseudopotentia1. 18 

Treating K2 as a small perturbation to the unperturbed 

Hamiltonian, the corresponding perturbation L
2 

to the Lagrangian19 

is L2 = -K2 = -e ~ + ~ ~ • {f. . The Lagrangian equation of motion 

for the oscillation center is 'then (to first order in jE j2 and 
-(JJ 

-6-

are the pseudo-electric and -magnetic fields. We note the pseudo-

Faraday law 17 x £. = - ~ ~~. From ( 12) and ( 11 ), we see that 

a wave packet in an unmagnetized plasma produces a pseudomagnetic 

field 

( lJ) 

qualitatively .similar to the magnetic field pattern of a charged 

particle. The implication of this pseudofield for the generation of 

true magnetic fields by radiation20 ~ill be ·explored a~ length in 

a future publication. We note in passing that the expansion ( 9) 

can be taken to second order in velocity, ·to produce a tensor mass 

renormalization. 

We are indebted to Dr. 0. Manley for continued encouragement 

and critical appreciation, to Prof. A. Bers for the hospitality 

of the M. I. T. Lower-Hybrid Workshop, where this work was completed 

and presented, and to the members of the LBL plasma theory·group 

for their stimulating critiques. 
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