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DYNAMICS OF LIQUID FILAMENT BREAKUP 

D.W. Bousfield, G. Marrucci, and M.M. Denn 
Lawrence Berkeley Laboratory and 

Department of Chemical Engineering 
University of California, Berkeley, CA 94720 

ABSTRACT 

The non-linear growth of surface tension-driven disturbances leading to 
breakup of a liquid filament is studied, using a one-dimensional approx
imation of the filament dynamics. The results are consistent with linear 
stability analyses during the initial portion of the transient, but also 
enable calculations at long times approaching breakup. Nonlinearities 
associated with inertial stresses lead to the formation of satellite 
droplets for Newtonian jets. The retardation of disturbance growth and 
stabilization of viscoelastic jets at long times is shown to be a conse
quence of nonlinearities associated with the buildup of large extensional 
stresses. 
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INTRODUCTION 

The breakup of a liquid filament into droplets is an important. step in a 
variety of processes. Applications in a wide range of industries have 
recently been enumerated by Schummer and Tebel (1982). The mechanisms 
governing the early stages of breakup of Newtonian jets appear to be 
generally understood (Bogy, 1979; McCarthy and Molloy, 1974). This is not 
the case for viscoelastic jets; it is observed experimentally that jets of 
polymer solutions generally take longer to break up into droplets than 
purely viscous jets of comparable viscosity, and sometimes do not break up 
at all, while existing theory for the stability of viscoelastic filaments 
predicts a more rapid growth of disturbances (Goldin et al., 1969; Gordon et 
al., 1973; Middleman, 1965). 

We show here the results of a dynamical analysis of the growth of surface 
tension-driven disturbances on thin filaments of Newtonian and Maxwellian 
liquids, using a one-dimensional approximation analogous to that used in the 
analysis of fiber spinning (Denn, 1980). The results are consistent with 
linear stability analyses during the initial portion of the transient, but 
they also enable calculations at long times approaching breakup. Nonlin
earities associated with inertial stresses lead to the formation of satel-
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lite droplets for Newtonian jets, as observed experimentally (Goedde and 
Yuen, 1970). The retardation of disturbance growth and stabilization of 
viscoelastic jets at long times is shown to be a consequence of nonlineari
ties associated with the buildup of large extensional stresses. An asymp
totic analysis of long times points up the essential differences between 
nonlinear disturbance growth on purely viscous and viscoelastic filaments. 

ONE-DIMENSIONAL ANALYSIS 

The basic assumption in the analysis is that the wavelength of a disturbance 
remains constant in time as a surface tension-driven disturbance grows and 
droplets form. This assumption is based on photographic evidence of the 
breakup of filaments forced with a constant frequency (Gordon et al., 1973; 
Goedde and Yuen, 1970). The momentum equation at each position in a thin 
Newtonian filapent, averaged over the filament cross-section and neglecting 
radial momentum, is then 

. r :a ra - ur 
l; . - + uul; u ua 

-2 I~ -1· u - r rdz; 

1 l; • 2 -- I aur dz; 6r 0 

F 
r 

(l) 

(2) 

(3) 

(4) 

(5) 

Here the dimensionless variables are r • R/R , t; • z/L, and a ~ at/nR
0

, 

where R and R are the radius and initial ra~ius of the filament, res
pectively; z ~s position; L is half the disturbance wavelength; t is time; 
and a and n are the liquid surface tension and viscosity, respectively. 
Subscripts denote partial differentiation. The parameters a and a are 
defined as 

a • R /L 
0 

2 
paR L 

a • (--f)(R) 
n o 

2 p is the density, and the dimensionless group n /paR is the square of the 
0 Ohnesorge number. The limit of negligible inertia is obtained for a ~ 0, 

while the equations appropriate for small curvature follow b~ taking a :a 0. 
Small curvature with negligible inertia requires that paR /n go to zero 
more rapidly than a 2• 

0 

For a Maxwell fluid we record the thin filament equations analogous to Eqs. 
(1) and (2) only in the limit a • 0, a • 0, since this is the only form for 
which computational results have been obtained: 
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T11 and Tzz are the axial and radial components of the extra stress, normal
ized with respect to a/R

0
• The viscoelastic parameter ~ is defined 

where A is the Maxwellian relaxation time. 

It is observed experimentally that at long times the viscoelastic filament 
approaches a configuration approximated b~ a long cylinder of uniform radius 
connecting two large droplets. The pressure in the droplets can be taken to 
be close to atmospheric, in which case the radius of the cylinder decreases 
uniformly according to the equation - . . 

~ !. + 9~ 2 ( r) 2 - 41 .!. - 6r - 1 ... 0 ( 8) 
• r r 
r 

·Equation (8) is equivalent to a special case of Eq. (66) of Sch~mmer and 
Tebel (1982). The Newtonian fluid is recovered in the limit of no elas
ticity: 

q, + 0 : r • constant - e/6 

For e >> q, the asymptotic behavior for a Maxwell fluid follows as 

e >> ~ : tnr - constant - e/3~ 

(9) 

(10) 

It is clear from this asymptotic behavior that a Newtonian filament in this 
configuration would rupture in a finite time of order e "" 6 (t "" 6nR

0
/a), 

while a viscoelastic filament would thin much more slowly; the exponential 
approaches zero for 9 - 9¢, corresponding to t - 9A• Viscoelastic effe~cts 
will therefore dominate if q, >> 1. 

The initial growth rate in the absence of inertia is available analytically 
from the linear stability theory of Middleman (1965). This can be expressed 
as 

tn (r-1) • tn (r(o)-1) + - 9-6-q, 

NUMERICAL RESULTS 

(11) 

Equations (1) and (2) or (6) and (7) are readily solved by a straightforward 
procedure of marching in time at each spatial position, with all spatial 
derivatives and integrals evaluated at the start of the time step. Initial 
conditions were taken to correspond to a small sinusoidal perturbation about 
a uniform cylinder to facilitate comparison with results from linear sta
bility theory. In accordance with the stability theory, a disturbance will 
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grow on a Newtonian filament· only for a < 1/rr and on a Maxwellian filament 
in the absence of inertia only for ~ < 6. 

Profile development with time is shown in Figs. 1 and 2 for a Newtonian 
filament with a a 0.1; a • 0 in Fig. 1, corresponding to a very viscous 
liquid, and a • 1080 in Fig. 2, typical of a glycerine-water solution. The 
disturbance grows most rapidly for the viscous liquid at the midpoint be
tween the developing droplets. The effect of inertia is to cause the most 
rapid growth to occur close to the droplet during the latter stages of 
breakup, leading to the breaking off of a large droplet from a thin liga
ment; this nonlinearity is the source of the satellite droplets observed in 
experiments on glycerine-water solutions by Goedde and Yuen (1970). 

Profile development with time is shown in Fig. 3 for a Maxwell fluid with 
~ • 2. The g~owth rate of the disturbance is initially more rapid than for 
a viscous Newtonian fluid, in accordance with linear stability theory; at 
longer times the growth is retarded and the filament approaches a configura
tion corresponding to a long cylinder connecting two large droplets, which 
is the configuration described by Eq. (8). The calculations were stopped 
when a theory of small curvature (a=O) became clearly inadequate. 

Comparison between the growth of a disturbance on viscous Newtonian and 
Maxwellian filaments is facilitated in Fig. 4, where the diameter of the 
filament midpoint (the thinnest point) is plotted versus time. The broken 
lines shown in the figure are Middleman's linear stability theory, Eq. 
(11). There is a qualitative change in the thinning of the viscoelastic 
filament at long times, with an asymptotic approach to breakup described by 
Eq. (10); in contrast, the Newtonian filament breaks up in a finite time. 

The stabilization of jets of polymer solutions is usually attributed to 
resistance to extensional deformations (e.g., Gordon et al., 1973). The 
computed stretch rate re at ~ • 0.4 for the viscoelas·tic filaments is shown 
in Fig. S. Clearly the long-time stabilization corresponds to the rapid 
growth of Ar , which is consistent with the known extensional behavior of 
Maxwellian liquids (Denn and Marrucci, 1971). It is this nonlinear behavior 
resulting from the buildup of extensional stresses that inhibits the breakup 
of the viscoelastic jets. Inclusion of a finite tensile stress at t • 0 to 
account for residual stress resulting from exiting the nozzle, as in the 
linear stability analysis of Goren and Gottlieb (1982), retards the initial 
disturbance growth but has little qualitative effect on the ultimate non
linear behavior. 

CONCLUSION 

The one-dimensional analysis explains the important experimentally-observed 
features of filament breakup, including the initial linear growth, the 
formation of satellite droplets, and the retarded breakup of viscoelastic 
jets. The calculations are in good quantitative agreement with the detailed 
transient finite-element calculations carried out by Keunings (1984), and 
the method therefore provides an effective, low-cost means of studying the 
effect of rheological properties and disturbance initiation on filament 
stability and breakup. · 
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Fig. 1. Profile progression for a Newtonian filament, 
a.•O. 1, s-o. 
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Fig. 2. Profile progression for a Newtonian filament, 
a.•O.l, S • 1080. 
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Fig. 3. Profile progression for a Maxwell fluid filament, 
a•0.1, a•O, ~-2. 

5 

""" MAXWELL 

~ NEWTONIAN 

10 

e 
15 

Fig. 4. Filament midpoint radius as a function of time, 
a=0.1, S•O, for a Newtonian fluid and a Maxwell 
fluid with ~-2. Broken lines are from the linear 
stability analysis, Eq. (11). 
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Fig. 5. Dimensionless stretch rate (Are) versus 
dimensionless time (t/A) at ~ • 0.4 for 
a Maxwell fluid, a=O, e~o. 
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