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Abstract

The Johansen-Granger representation theorem for the cointegrated vector autoregressive

process is derived using the companion form. This approach yields an explicit representation
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1. Introduction

The Johansen-Granger representation theorem1 states that a vector autoregressive process A(L)Xt

= "t, integrated of order one, has the representation Xt = C
Pt
i=1 "i + C(L)"t + A0; where

fC(L)"tg is stationary if f"tg is stationary and where A0 depends on initial values (X0;X¡1; : : :);
(see Johansen (1991, 1996)). Johansen’s result gives explicit values of C whereas the coe¢cients

of the lag polynomial, C(L); and the initial value, A0; are given implicitly.

This representation of cointegrated processes is known as the Granger representation and is

synonymous with the Wold representation for stationary processes. Because the representation

dividesXt into a random walk and a stationary process, it can be viewed as multivariate Beveridge-

Nelson decomposition where the labels are permanent and transitory components, (see Beveridge

and Nelson (1981)).

The Granger representation is valuable in the asymptotic analysis of cointegrated processes,

where typically only an explicit expression for C is needed. Explicit values for the coe¢cients

in C(L) are useful in common feature analysis, (see Engle and Kozicki (1993)), and in impulse

response analysis, (see Lütkepohl and Reimers (1992), Warne (1993), and Lütkepohl and Saikkonen

(1997)), where the coe¢cients of C(L) are interpreted as the transitory e¤ects of the shocks "t.

Similarly, in asymptotic analysis of the model with structural breaks, see Hansen (2000), it is

valuable to have an explicit value for A0:

In this paper, explicit values of coe¢cients as well as initial values are found using the com-

panion form, making use of the algebraic structure that characterizes this model.

From Johansen (1996) we adopt the following de…nitions: for an m £ n matrix a with full
column rank n, we de…ne ¹a = a(a0a)¡1 and let the orthogonal complement of a; be the full rank

m£ (m¡ n) matrix a? that has a0?a = 0:
In Section 2 the explicit representation is derived. In Section 3 we consider deterministic

aspects of the representation. Section 4 contains concluding remarks and the appendix contains

relevant algebra.

1The original Granger representation theorem, given by Engle and Granger (1987), asserts the existence of an
error correction representation of Xt; under the assumptions that ¢Xt and ¯0Xt have stationary and invertible
VARMA representations, for some matrix ¯: The Johansen-Granger representation theorem, of Johansen (1991,
1996), makes assumptions on the autoregressive parameters, that precisely characterizes I(1) processes, and states
results on the moving average representation of Xt:
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2. The Granger Representation for Autoregressive Processes Integrated

of Order One

We consider the p-dimensional vector autoregressive process of order k

Xt = ¦1Xt¡1 +¦2Xt¡2 + ¢ ¢ ¢+¦kXt¡k +©Dt + "t; t = 1; : : : ; T;

where the process’ deterministic terms are contained in Dt and where "t, t = 1; : : : ; T is a sequence

of independent identically distributed stochastic variables with mean zero2.

The process can be re-written in error correction form:

¢Xt = ¦Xt¡1 +
k¡1X
i=1

¡i¢Xt¡i +©Dt + "t; t = 1; : : : ; T

where ¦ = ¡I+Pk
i=1¦i and ¡i = ¡

Pk
j=i+1¦j : The conditions that ensure that Xt is integrated

of order one, referred to as Xt being I(1), are stated in the following assumption:

Assumption 2.1. The assumptions of the Johansen-Granger representation theorem are:

(i) The roots of the characteristic polynomial

det(A(z)) = det(I ¡¦1z ¡¦2z2 ¡ ¢ ¢ ¢¦kzk)

are either outside the unit circle or equal to one.

(ii) The matrix ¦ has reduced rank r < p; and can therefore be expressed as the product ¦ = ®¯0

where ® and ¯ are p£ r matrices of full column rank r:

(iii) The matrix ®0?¡¯? has full rank, where ¡ = I ¡Pk¡1
i=1 ¡i and where ®? and ¯? are the

orthogonal complements to ® and ¯:

The …rst assumption ensures that the process is not explosive (roots in the unit circle) or

seasonally cointegrated (roots on the boundary of the unit circle di¤erent from z = 1), (see

Hylleberg, Engle, Granger, and Yoo (1990) or Johansen and Schaumburg (1998)). The second

ensures that there are at least p ¡ r unit roots and induces cointegration whenever r ¸ 1: The

2The Granger representation is not relying on the assumptions on "t; since it is entirely an algebraic derivation.
However the i.i.d. assumption is important for some of the interpretations of the representation.
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third assumption restricts the process from being I(2); because (iii) together with (ii) ensures

that the number of unit roots is exactly p¡ r:
Under these assumptions, Johansen (1991) showed that Xt has the representation Xt =

C
Pt
i=1 ("i +©Di) + C(L) ("t +©Dt) + A; where C = ¯? (®0?¡¯?)

¡1
®0?: By using the com-

panion form of the process, it is possible to obtain explicit values for the coe¢cients of the lag

polynomial C(L) = C0+C1L+C2L2+ ¢ ¢ ¢ ; and the initial values contained in A; as I show below.
The following lemma will be useful.

Lemma 2.2. Let a and b be m£ n matrices, m ¸ n with full column rank n; and let a? and b?
be their orthogonal complements, respectively.

The following …ve statements are equivalent.

(i) The matrix (I + b0a) does not have 1 as an eigenvalue.

(ii) Let v be a vector in Rm: Then (b0a)v = 0 implies v = 0:

(iii) The matrix b0a has full rank.

(iv) The m£m matrix (b; a?) has full rank.

(v) The matrix b0?a? has full rank.

Proof. The equivalence of (i), (ii) and (iii) is straightforward, and the identity

j(a; a?)j j(b; a?)j = j(a; a?)0(b; a?)j = j

0B@ a0b 0

a0?b a0?a?

1CA j = ja0bj ja0?a?j
proves that (iii) holds if and only if (iv) holds. Finally, the identity

j(b; b?)j j(b; a?)j = j(b; b?)0(b; a?)j = j

0B@ b0b 0

b0?b b0?a?

1CA j = jb0bj jb0?a?j
completes the proof.

2.1. The Companion Form

We transform the process into the companion form, by de…ning

X¤
t =

¡
X 0
t;X

0
t¡1; : : : ;X

0
t¡k+1

¢0
4



so that with suitable de…nitions

¢X¤
t = ¦¤X¤

t¡1 +©
¤
t + "

¤
t

= ®¤¯¤0X¤
t¡1 +©

¤
t + "

¤
t ;

which converts the process to a vector autoregressive process of order one. The needed de…nitions

are

¦¤ =

0BBBBBBBBBBB@

®¯0 +¡1 ¡2 ¡ ¡1 ¢ ¢ ¢ ¡k¡1 ¡ ¡k¡2 ¡¡k¡1
I ¡I 0

. . .
...

¡I 0

0 0 I ¡I

1CCCCCCCCCCCA
;

®¤ =

0BBBBBBB@

® ¡1 ¢ ¢ ¢ ¡k¡1

0 I 0

...
. . .

0 I

1CCCCCCCA
; ¯¤ =

0BBBBBBBBBBB@

¯ I 0 ¢ ¢ ¢ 0

0 ¡I I

...
. . .

I

0 ¢ ¢ ¢ 0 ¡I

1CCCCCCCCCCCA
;

"¤t =

0BBBBBBB@

"t

0

...

0

1CCCCCCCA
; ©¤t =

0BBBBBBB@

©Dt

0

...

0

1CCCCCCCA
:

It is easily veri…ed that the orthogonal complements of ®¤ and ¯¤ are given by

®¤? =

0BBBBBBB@

®?

¡¡01®?
...

¡¡0k¡1®?

1CCCCCCCA
; ¯¤? =

0BBBB@
¯?
...

¯?

1CCCCA :

Lemma 2.3. Let ®; ¯; ®¤ and ¯¤ be de…ned as above, and assume that Assumption 1.2.1 holds.

Then the eigenvalues of the matrix (I + ¯¤0®¤) are all less than one in absolute value.
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Proof. By Assumption 1.2.1 (iii); the identity

®¤0?¯
¤
? = ®

0
?(I ¡ ¡1 ¡ ¢ ¢ ¢ ¡ ¡k¡1)¯?

shows that ®¤0?¯
¤
? has full rank, and by Lemma 1.2.2, we have that 1 is not an eigenvalue of

(I+¯¤0®¤). However we need to show that the eigenvalues are smaller than one in absolute value.

Therefore consider an eigenvector v = (v01; : : : ; v0k)
0 6= 0 of (I+¯¤0®¤); e.g. (I+¯¤0®¤)v = ¸v: The

upper r + p rows of (I + ¯¤0®¤)v yields

v1 + ¯
0(®v1 +¡1v2 + ¢ ¢ ¢+¡k¡1vk) = ¸v1

(®v1 +¡1v2 + ¢ ¢ ¢+¡k¡1vk) = ¸v2

which implies ¸¯0v2 = (¸¡1)v1; and the remaining part implies v2 = ¸v3 = ¢ ¢ ¢ = ¸k¡2vk: The case
¸ = 0 clearly ful…lls j¸j < 1 so assume ¸ 6= 0: Multiply the second set of equations by (¸¡ 1)=¸k

and substitute z = 1=¸ to obtain

[I(1¡ z)¡ ®¯0z ¡ ¡1(1¡ z)z ¡ ¢ ¢ ¢ ¡ ¡k¡1(1¡ z)zk¡1]vk = 0:

This is equivalent to ¯̄̄̄
¯I(1¡ z)¡ ®¯0z ¡

k¡1X
i=1

¡i(1¡ z)zi
¯̄̄̄
¯ = 0;

and since Assumption 1.2.1 has jzj > 1 we conclude that j¸j < 1:
The result has the implication that under Assumption 1.2.1 the sum

P1
i=0(1 + ¯

¤0®¤)i is

convergent with limit (¯¤0®¤)¡1, such that a process de…ned by Yt =
P1
i=0(1 + ¯

¤0®¤)iut¡i is

stationary whenever ut is stationary.

Lemma 2.4. With the de…nitions above we have the identities:

(I ¡C¡) = (I ¡C¡)¹̄¯0

I = (I ¡C¡)¹̄¯0 +C(¡¡ I) +C¹®?®0?:

Proof. Since I = ¯(¯0¯)¡1¯0 + ¯?(¯
0
?¯?)¡1¯

0
? = ¹̄¯

0 + ¯? ¹̄
0
?; the …rst identity follows from

(I ¡C¡) = (I ¡C¡)(¹̄¯0 + ¯? ¹̄0?)
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= (I ¡C¡)¹̄¯0 + ¯? ¹̄0? ¡ ¯?(®0?¡¯?)¡1®0?¡¯? ¹̄0?
= (I ¡C¡)¹̄¯0;

and the second follows by applying the …rst identity and that C = C¹®?®0?:

We are now ready to formulate the main result.

Theorem 2.5 (The Johansen-Granger representation theorem). Let a process be given

by the equation

¢Xt = ¦Xt¡1 +
k¡1X
i=1

¡i¢Xt¡i +©Dt + "t;

and assume that Assumption 1.2.1 holds. Then the process has the representation

Xt = C
tX
i=1

("i +©Di) +C(L)("t +©Dt) +C(X0 ¡ ¡1X¡1 ¡ ¢ ¢ ¢ ¡ ¡k¡1X¡k+1)

where C = ¯? (®0?¡¯?)
¡1
®0? and where the coe¢cients of C(L) are given by

Ci = GQ
iE1;2

where

G = ((I ¡C¡);¡C¡1; : : : ;¡C¡k¡1)

Q =

0BBBBBBBBBBB@

I +¦ ¡1 ¢ ¢ ¢ ¡k¡2 ¡k¡1

¦ ¡1 ¢ ¢ ¢ ¡k¡2 ¡k¡1

0 I 0 0

...
. . .

...

0 I 0

1CCCCCCCCCCCA
E1;2 = (Ip; Ip; 0; ¢ ¢ ¢ ; 0)0:

Proof. Under Assumption 1.2.1 the pk £ pk matrix (¯¤; ®¤?) has full rank. We can therefore
obtain the Granger representation for X¤

t by …nding the moving average representation for the

processes ¯¤0X¤
t and ®

¤
?
0X¤

t individually and then stacking them and multiplying by (¯¤; ®¤?)
0¡1:

First, consider the process

¯¤0X¤
t = (I + ¯

¤0®¤)¯¤0X¤
t¡1 + ¯

¤0("¤t +©
¤
t ):
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Since all the eigenvalues of (I + ¯¤0®¤); according to Lemma 2.3, are smaller than one in absolute

value, the process has the stationary representation

¯¤0X¤
t = C

¤(L)("¤t +©
¤
t )

where C¤i = (I+¯
¤0®¤)i¯¤0, and where by stationary we mean that ¯¤0X¤

t ¡E
¡
¯¤0X¤

t

¢
is stationary.

Next consider the random walk

®¤0?X
¤
t = ®¤0?X

¤
t¡1 + ®

¤0
?("

¤
t +©

¤
t )

= ®¤0?X
¤
0 +

tX
i=1

®¤0?("
¤
i +©

¤
i ):

A representation for X¤
t is now obtained as

X¤
t = (¯

¤; ®¤?)
0¡1

0B@ C¤(L)("¤t +©¤t )Pt
i=1 ®

¤0
?("

¤
i +©

¤
i ) + ®

¤0
?X

¤
0

1CA :
The entire matrix (¯¤; ®¤?)

0¡1 is given in the Appendix, for our purposes we only need its upper

p rows that de…ne the equation for Xt. These rows are given by

¡
(I ¡C¡)¹̄;¡C¡s1; : : : ;¡C¡sk¡1; C¹®?

¢
with the de…nition ¡si = ¡i + ¢ ¢ ¢+¡k¡1: For simplicity, we de…ne

F =
¡
(I ¡C¡)¹̄;¡C¡s1; : : : ;¡C¡sk¡1

¢
and obtain the representation for Xt:

Xt = (F;C¹®?)

0B@ C¤(L)("¤t +©¤t )Pt
i=1 ®

¤0
?("

¤
i +©

¤
i ) + ®

¤0
?X

¤
0

1CA
= FC¤(L)("¤t +©

¤
t ) +C¹®?

tX
i=1

®¤0?("
¤
i +©

¤
i ) +C¹®?®

¤0
?X

¤
0

= C(L)("t +©Dt) +C
tX
i=1

("i +©Di) +A;

8



where the initial value is explicitly given by

A = C¹®?®¤0?X
¤
0 = C(X0 ¡ ¡1X¡1 ¡ ¢ ¢ ¢ ¡ ¡k¡1X¡(k¡1));

and the coe¢cients of the polynomial C(L) are given by

Ci = F (I + ¯¤0®¤)i¯¤0E1

= FDiB0E1;2;

with the additional de…nitions

D = (I + ¯¤0®¤)

B =

0BBBBBBBBBBB@

¯ 0 0 ¢ ¢ ¢ 0

0 I 0 0

0 0 0 0

...
. . .

0 0 0 ¢ ¢ ¢ 0

1CCCCCCCCCCCA
; E1 =

0BBBBBBBBBBB@

Ip

0

0

...

0

1CCCCCCCCCCCA
and E1;2 =

0BBBBBBBBBBB@

Ip

Ip

0

...

0

1CCCCCCCCCCCA
:

Because (I + ¯0®)¯0 = ¯0(I + ®¯0) we have that

DB0 = B0Q

where Q is as given in the theorem. Thus, the coe¢cients can be written as

Ci = FD
iB0E1;2 = FB0QiE = GQiE1;2

where

G = FB0 =
¡
(I ¡C¡);¡C¡s1; : : : ;¡C¡sk¡1

¢
;

where we applied the identity (I¡C¡)¹̄¯0 = (I¡C¡) of Lemma 2.4. This completes the proof.

Corollary 2.6. The coe¢cients of C(L) can be obtained recursively from the formula

Ci = Ci¡1 +
iX

j=1

(¦ + ¡j)¢Ci¡j ; i = 1; 2; : : : ;

9



where C0 = I ¡C and ¢C0 = I and where we set ¡j = 0 for j ¸ k:

Proof. From the proof of the Johansen-Granger representation theorem we have that Ci =

GQiE1;2. So by de…ning

Ai =

0BBBBBBB@

A1;i

A2;i
...

Ak;i

1CCCCCCCA
= QAi¡1 = QiE1;2;

tedious algebra (given in the Appendix) leads to the relation

Ci = Ci¡1 +A2;i; C¡1 = ¡C; i = 0; 2; : : :

and the structure of Q yields the equation

A2;i =
iX

j=1

(¦ + ¡j)A2;i¡j ; A2;0 = I i = 1; 2; : : : :

By inserting A2;i¡j = Ci¡j ¡Ci¡j¡1 we …nd the equation of the corollary.
As a special case we formulate the representation for the vector autoregressive process of order

one.

Corollary 2.7. Let ¢Xt = ®¯0Xt¡1 + "t be a process ful…lling Assumption 1.2.1. Then we have

the representation

Xt = C
tX
i=1

"i + (1¡ C)
1X
i=0

¡
I + ®¯0

¢i
"t¡i +CX0

where C = ¯? (®0?¯?)®
0
?:

The result of Corollary 2.7 is derived directly in Johansen (1996) by dividing the process into

its stationary and non-stationary part with the identity I = ®
¡
¯0®

¢
¯0+¯? (®0?¯?)®

0
?: The proof

of Theorem 2.5 made use of the more general identity I = (I ¡C¡) ¹̄¯0 + C(¡¡ I) +C¹®?®0? of
Lemma 2.4, which simpli…es to the identity in Johansen (1996) when ¡ = I; as is the case for a

VAR(1) process.

3. Deterministic Terms

In this section we study the stationary polynomial’s role for the deterministic term. The deter-

ministic part plays an important role for the asymptotic analysis of this model, because the limits

10



of some test statistics depend on the deterministic term. The literature has developed a notation

for models with di¤erent deterministic terms which we shall adopt.

First we analyze the model H1: This model contains only a constant ©Dt = ¹0; which in

general will give rise to a linear trend in the process Xt. Next, we also analyze its sub-model H¤
1 ;

which has the deterministic term ©Dt = ®½0. This is equivalent to the restriction on the constant

C¹ = 0; which is precisely what is needed for Xt not to have a linear trend. We also analyze the

models H and H¤: Model H has a linear deterministic trend ©Dt = ¹0 + ¹1t; which gives rise to

a quadratic trend in the process Xt, and the sub-model H¤, has the deterministic trend restricted

to ©Dt = ¹0 + ®½1t, which prevents the Xt from having a quadratic trend.

3.1. The Models H1 and H¤
1

When the deterministic term is simply a constant ¹0 = ©Dt; the Granger representation is given

by

Xt = C
tX
i=1

"t¡i +C(L)"t +C(1)¹0 +C¹0t+A:

So unless C¹0 = 0; the constant ¹0 leads to a deterministic linear trend in the process Xt. The

matrix C(1) is calculated in the appendix and is found to be

C(1) = ¡(I ¡C¡)¹̄¹®0 (I ¡ ¡C)¡C
Ã
k¡1X
i=1

i¡i

!
C

= ¡BA0 ¡CªC;

where B = (I ¡C¡)¹̄; A0 = ¹®0 (¡C ¡ I) and ª =Pk¡1
i=1 i¡i =

Pk¡1
i=1

Pk¡1
j=i ¡j :

This result encompasses two …ndings from Hansen and Johansen (1998). The …rst is that

E(¯0Xt) = ¯0C(1)¹0 = ¹®
0(¡C ¡ I)¹0;

and the second is that in H¤
1 ; where ¹0 = ®½0; the linear trend vanishes while the constant in the

process is given by C(1)¹ = ¡(I ¡C¡)¹̄½:

11



3.2. Models H and H¤

When the deterministic term contains a linear trend, ©Dt = ¹0 + ¹1t; the deterministic part of

the Granger representation is given by

1
2C¹1t

2 +C
¡
¹0 +

1
2¹1

¢
t+C(L) (¹0 + ¹1t) ;

(see Hansen and Johansen (1998)). This can be re-written as

1
2C¹1t

2 +
¡
C¹0 +

¡
1
2C +C(1)

¢
¹1
¢
t+

Ã
C(1)¹0 ¡

1X
i=0

iCi¹1

!
: (3.1)

So unless ®0?¹1 = 0 the linear trend ¹1 leads to a quadratic deterministic trend in the process Xt:

The only term of (3.1) not derived previously, is
P1
i=0 iCi: This term is derived in the appendix

and is given by

BA0 +CªC +BA0¡BA0 ¡BA0ªC ¡CªBA0 ¡CªCªC ¡ k(k ¡ 1)
2

CªC:

In model H¤ where the linear trend is restricted to ¹1 = ®½1; (3.1) reduces to

¡
C¹0 ¡ (I ¡C¡)¹̄½1

¢
t+C(1)¹0 +

¡
(C¡¡ I)¹̄ ¡C(1)¢ ½1

which encompasses a result from Johansen (1996, equation 5.20), because the expression for ¿1;

in Johansen (1996, equation 5.20), equals
¡
C¹0 ¡ (I ¡C¡)¹̄½1

¢
.

4. Conclusion

We gave an explicit expression of the moving average representation for processes integrated of

order one using the companion form for the process. The explicit expression is useful to have

in studies of impulse response functions and in common features analysis. As a side bene…t the

approach gives a new proof of the Johansen-Granger representation theorem, a proof that some

might …nd more intuitive and easy to follow than previous proofs.

12



Appendix A: Proofs

A.1. The Inverse of (¯¤; ®¤?)

In the proof of the Johansen-Granger representation theorem we need an explicit expression for

the …rst p rows of (¯¤; ®¤?)
0¡1: The entire matrix is given by

(¯¤; ®¤?)
0¡1 =

0BBBBBBBBBBBBBBB@

(I ¡C¡)¹̄ ¡C¡s1 ¢ ¢ ¢ ¡C¡sk¡1 C¹®?

(I ¡C¡)¹̄ ¡C¡s1 ¡ I
. . . ¡C¡sk¡1 C¹®?

(I ¡C¡)¹̄ ¡C¡s1
. . .

. . . ¡C¡sk¡1 C¹®?
...

...
. . .

. . .
...

...

(I ¡C¡)¹̄ ¡C¡s1
. . . ¡C¡sk¡1 C¹®?

(I ¡C¡)¹̄ ¡C¡s1 ¡C¡sk¡1 ¡ I C¹®?

1CCCCCCCCCCCCCCCA
;

which is veri…ed by multiplying it by (¯¤; ®¤?)
0 and using the identity (I ¡ C¡)¹̄¯0 = (I ¡ C¡)

from Lemma 2.4.

A.2. The Expression for Ci

In Corollary 2.6 we asserted the relation Ci = Ci¡1+A2;i; i = 1; 2; : : : : This relation is proved as

follows. First, notice from the equation for Ai given by

Ai =

0BBBBBBB@

A1;i

A2;i
...

Ak;i

1CCCCCCCA
=

0BBBBBBBBBBB@

I +¦ ¡1 ¢ ¢ ¢ ¡k¡2 ¡k¡1

¦ ¡1 ¢ ¢ ¢ ¡k¡2 ¡k¡1

0 I 0 0

...
. . .

...

0 I 0

1CCCCCCCCCCCA
Ai¡1; A0 = E1;2

that Ak;i = A2;i¡k+2 k ¸ 2; and that A1;i = A1;i¡1 +A2;i, why A1;i =
Pi
j=1A2;j : So that

A2;i =
iX

j=1

(¦ + ¡j)A2;i¡j ; A2;0 = I i = 1; 2; : : : ;

and note that CA2;i = C¡1A2;i¡1 + ¢ ¢ ¢+C¡k¡1Ak;i¡1:
Next consider

Ci = GAi = (I ¡C¡)A1;i ¡C¡s1A2;i ¡ ¢ ¢ ¢ ¡C¡sk¡1Ak;i

13



= (I ¡C¡) (A2;i +A1;i¡1) +C(¡¡ I)A2;i ¡C¡s2A3;i ¡ ¢ ¢ ¢ ¡C¡sk¡1Ak;i
= (I ¡C)A2;i + (I ¡C¡)A1;i¡1 ¡C¡s2A3;i ¡ ¢ ¢ ¢ ¡C¡sk¡1Ak;i
= (I ¡C)A2;i + (I ¡C¡)A1;i¡1

¡C(¡s1 ¡ ¡1)A2;i¡1 ¡ ¢ ¢ ¢ ¡C(¡sk¡2 ¡ ¡k¡2)Ak¡1;i¡1 ¡C(¡k¡1 ¡ ¡k¡1)Ak;i¡1
= GAi¡1 +A2;i

= Ci¡1 +A2;i:

Which completes the proof.

A.3. An Expression for C(1)

In the analysis of the deterministic terms we need to calculate

C(1) = F
1X
i=0

¡
I + ¯¤0®¤

¢i
¯¤0E1 = ¡F

¡
¯¤0®¤

¢¡1
¯¤0E1:

The inverse of

¯¤0®¤ =

0BBBBBBBBBBBBBB@

¯0® ¯0¡1 ¯0¡2 ¢ ¢ ¢ ¯0¡k¡2 ¯0¡k¡1

® ¡1 ¡ I ¡2 ¢ ¢ ¢ ¡k¡2 ¡k¡1

0 I ¡I 0

...
. . .

. . .
...

. . . ¡I 0

0 I ¡I

1CCCCCCCCCCCCCCA
;

is given by

¡
¯¤0®¤

¢¡1
=

0BBBBBBB@

¹®0 (I ¡ ¡C) ¡¹̄ ¹®0 (I ¡ ¡C) ¡s1 ¢ ¢ ¢ ¹®0 (I ¡ ¡C) ¡sk¡1
(I ¡C¡) ¹̄ ¡C¡s1 ¡ I ¡C¡sk¡1

...
. . .

(I ¡C¡) ¹̄ ¡C¡s1 ¡ I ¢ ¢ ¢ ¡C¡sk¡1 ¡ I

1CCCCCCCA
:

So
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¡
¯¤0®¤

¢¡1
¯¤0 =

0BBBBBBB@

¹®0 (I ¡ ¡C) ¡¹®0 (I ¡ ¡C) ¡s1 ¢ ¢ ¢ ¡¹®0 (I ¡ ¡C) ¡sk¡1
¡C C¡s1 + I C¡sk¡1
...

. . .

¡C C¡s1 C¡sk¡1 + I

1CCCCCCCA
and therefore we …nd

¡
¯¤0®¤

¢¡1
¯¤0E1 =

0BBBBBBB@

¹®0 (I ¡ ¡C)
¡C
...

¡C

1CCCCCCCA
; (A.1)

and …nally that

C(1) = ¡ ¡(I ¡C¡)¹̄;¡C¡s1; : : : ;¡C¡sk¡1¢
0BBBBBBB@

¹®0 (I ¡ ¡C)
¡C
¡C
¡C

1CCCCCCCA
= (I ¡C¡)¹̄¹®0 (¡C ¡ I)¡C

0@k¡1X
i=1

k¡1X
j=i

¡j

1AC:
= BA0 ¡CªC

where B = (I ¡C¡)¹̄; A0 = ¹®0 (¡C ¡ I) and ª =Pk¡1
i=1

Pk¡1
j=i ¡j =

Pk¡1
i=1 i¡i:

A.4. An Expression for
P1
i=0 iCi

In the case where the deterministic term is given by ©Dt = ¹0 + ¹1t we make use of

1X
i=0

¡
I + ¯¤0®¤

¢i
i =

³¡
¯¤0®¤

¢¡2
+
¡
¯¤0®¤

¢¡1´
:
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The second term is calculated in the case with ©Dt = ¹, and the term we need to add is given by

¡
¯¤0®¤

¢¡2
¯¤0E1 =

0BBBBBBB@

A0¡BA0 ¡A0ªC
BA0 +CªC +C

...

BA0 +CªC + (k ¡ 1)C

1CCCCCCCA
thus

F
¡
¯¤0®¤

¢¡2
¯¤0E1 = BA0¡BA0 ¡BA0ªC

¡CªBA0 ¡CªCªC ¡ k(k ¡ 1)
2

CªC

so that

1X
i=0

Cii = F
³¡
¯¤0®¤

¢¡1
+
¡
¯¤0®¤

¢¡2´
¯¤0E1

= BA0 +CªC +BA0¡BA0 ¡BA0ªC

¡CªBA0 ¡CªCªC ¡ k(k ¡ 1)
2

CªC:
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