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ABSTRACT OF THE DISSERTATION

Communication-Reduced Distributed Control and Optimization of
Multi-Agent Systems

by

Yong Ding

Doctor of Philosophy, Graduate Program in Electrical Engineering
University of California, Riverside, June 2022
Dr. Wei Ren, Chairperson

This dissertation proposes communication-reduced solutions to the containment
control, distributed average tracking and distributed time-varying optimization problems of
multi-agent systems.

The objective of containment control in multi-agent systems is to design con-
trol algorithms for the followers to converge to the convex hull spanned by the leaders.
Sampled-data based containment control algorithms are suitable for the cases where the
power supply and sensing capacity are limited, due to their low-cost and energy-saving
features resulting from discrete sensing and interactions. In addition, sampled-data control
has advantages in performance, price and generality. On the other hand, when the agents
have double-integrator dynamics and the leaders are dynamic with nonzero inputs, the ex-
isting algorithms are not directly applicable in a sampled-data setting. To this end, this
dissertation proposes a sampled-data based containment control algorithm for a group of
double-integrator agents with dynamic leaders with nonzero inputs under directed commu-

nication networks. By applying the proposed containment control algorithm, the followers
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converge to the convex hull spanned by the dynamic leaders with bounded position and ve-
locity containment control errors, and the ultimate bound of the overall containment error
is proportional to the sampling period.

In the distributed average tracking problem, each agent uses local information to
track the average of individual reference signals. In some practical applications, velocity
measurements may be unavailable due to technology and space limitations, and it is also
usually less accurate and more expensive to implement. Before deriving the event-triggered
approach, we first present a base algorithm without using velocity measurements, which sets
the stage for the development of the event-triggered algorithm. The base algorithm has an
advantage over the existing related works in the senses that there is no global information
requirement for parameter design. Building on the base algorithm, we present an event-
triggered algorithm that further removes continuous communication requirement and is free
of Zeno behavior. It is suitable for practical implementation since in reality the bandwidth
of the communication network and power capacity are usually constrained. The event-
triggered algorithm overcomes some practical limitations, such as the unbounded growth of
the adaptive gain and requirement of additional internal dynamics, by constructing a new
triggering strategy. In addition, a continuous nonlinear function is used to approximate the
signum function to reduce the chattering phenomenon in reality.

In distributed optimization of networked systems, each member has a local cost
function, and the goal is to cooperatively minimize the sum of all the local cost functions.
The distributed time-varying optimization problem is investigated for networked Lagrangian

systems with parametric uncertainties in the dissertation. Usually, in the literature, to ad-
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dress some distributed control problems for nonlinear systems, a networked virtual system
is constructed, and a tracking algorithm is designed such that the agents’ physical states
track the virtual states. It is worth pointing out that such an idea requires the exchange
of the virtual states and hence necessitates communication among the group. In addition,
due to the complexities of the Lagrangian dynamics and the distributed time-varying opti-
mization problem, there exist significant challenges. This dissertation proposes distributed
time-varying optimization algorithms that achieve zero optimum-tracking errors for the net-
worked Lagrangian agents without the communication requirement. The main idea behind
the proposed algorithms is to construct a reference system for each agent to generate a ref-
erence velocity using absolute and relative physical state measurements with no exchange
of virtual states needed, and to design adaptive controllers for Lagrangian systems such
that the physical states are able to track the reference velocities and hence the optimal
trajectory. The algorithms introduce mutual feedback between the reference systems and
the local controllers via physical states/measurements and are amenable to implementation
via local onboard sensing in a communication unfriendly environment. Specifically, first, a
base algorithm is proposed to solve the distributed time-varying optimization problem for
networked Lagrangian systems under fixed graph. Then, based on the base algorithm, a
continuous function is introduced to approximate the signum function, forming a continu-
ous distributed optimization algorithm and hence removing the chattering. Then, by using
the structure of the base algorithm, a distributed time-varying optimization algorithm is

designed for networked Lagrangian systems under switching graphs.
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Chapter 1

Introduction

Due to the advantages in achieving group performance with low operation cost
and flexible scalability, and potential practical applications in vehicle formation, sensor
networks, cooperative surveillance, and so on [88, 95], distributed cooperative control of a
group of robots/agents have drawn massive attention from various scientific communities.
Consensus is an important research subject in distributed cooperative control of multi-
agent systems, where all the agents reach an agreement on a state of interest. A number of
distributed consensus algorithms have been proposed to solve the consensus problems for
a group of agents with no leader [90, 94] and one leader [55, 10]. In this dissertation, we
address three more complex and challenging problems for multi-agent systems, which are
containment control, distributed average tracking and distributed time-varying optimization

of multi-agent systems. We provide communication-reduced solutions to these problems:

1. Sampled-data containment control for double-integrator agents with dynamic leaders

with nonzero inputs,



2. Robust distributed average tracking for double-integrator agents without velocity mea-

surements under event-triggered communication,

3. Distributed time-varying optimization of networked Lagrangian systems.

Thus, we continue with an overview of containment control, distributed average tracking

and distributed time-varying optimization problems.

1.1 Containment Control

Consider a collection of autonomous, mobile agents consisting of multiple leaders
and followers, and the objective of the containment control [60] is to drive the followers
to converge to the convex hull spanned by the leaders. Several natural phenomena exhibit
the relationship between leaders and followers in the containment control problem. For
instance, several sheepdogs gather a flock of sheep and guide them safely to a desired
location [110]. Another biological example is provided in [53, 23], where female silkworm
moths are capable of releasing a certain kind of pheromone to attract male moths to swarm
in tight geometrical configurations. On the other hand, the containment control problem
has practical applications. For instance, several robots capable of self-navigation are able to
guide a group of agents to cross a partially known area [23]. Also, the containment control
problem has applications in coordination of a group of robots [11].

A number of algorithms have been reported in the literature to deal with the con-
tainment control problem under various scenarios. For instance, containment control algo-
rithms are proposed for a group of single-integrator agents [9, 72], double-integrator agents

[11, 68, 72|, and agents with general linear dynamics [70] and Euler-Lagrange dynamics [78].



The aforementioned results are derived for continuous-time cases, which require continuous
sensing and interaction among agents. However, when each agent has limited power supply
and sensing capacities, energy saving becomes one of the main factors that the designers
have to take into account. Because of the advantages in cost reduction, the event-triggered
and discrete-time containment control algorithms are studied in the literature.

Several different event-triggered containment control algorithms are proposed in
the literature. See [131, 80, 24, 75, 22, 126, 74] for instance. These event-triggered contain-
ment control algorithms require that each agent continuously monitor the communication
channels and certain states, and continuously compute and check the event-triggering func-
tions to see whether they exceed some threshold. These actions will cost additional energy
and resources. It is also worth noting that in [131, 80, 24, 75, 22, 126, 74], the leaders’
inputs are either zero or designed to drive the leaders to some stationary locations, which
are simpler than the case where the dynamic leaders’ inputs can be arbitrary as long as
they are bounded.

Discrete-time containment control algorithms are proposed for multi-agent systems
with single-integrator dynamics [23, 112], double-integrator dynamics [2, 118, 73, 72], higher-
order integrator dynamics [116, 98], and general discrete-time linear dynamics [70]. The
containment control problem for heterogeneous multi-agent systems is addressed in [99],
where the followers have single- and double-integrator dynamics and leaders are single-
integrator agents.

Among these discrete-time containment control algorithms, the sampled-data based

ones stand out because of their advantages in performance/accuracy, price and generality.



Also it is more coincident with practical applications in real life. For instance, sampled-data
based algorithms are proposed in [73] and [72] to solve the containment control problem
for multiple agents with fractional-order double-integrator dynamics and ordinary double-
integrator dynamics, respectively.

In the above mentioned discrete-time containment control algorithms, however,
the leaders’ inputs remain zero, which greatly simplifies analysis and design. One natural
question arises is how to solve the containment control problem for the case where lead-
ers’ inputs are nonzero. In this case, discontinuous algorithms are usually used to achieve
containment control for continuous-time single- and double-integrator agents [11, 9]. How-
ever, the discontinuous algorithms proposed in [11, 9] require each agent to continuously
interact with its neighbors, and it is not clear whether it is applicable for double-integrator
agents in a sampled-data setting. A solution to the question is provided in [23] for discrete-
time higher-order-integrator agents if the leaders’ trajectories are described by polynomial
functions. Such trajectories can be generated by integrator agents with polynomial inputs.
However, it is not directly applicable when the followers’ dynamics become complicated
and the leaders’ inputs are non-polynomial as considered in this thesis. Also, note that to
implement the discrete-time containment control algorithm in [23], each double-integrator
follower needs to store a great amount of historical state information to update its controller.

In the sampled-data setting, there exist new challenges for the containment control
of double-integrator agents with dynamic leaders with nonzero inputs. The coexistence of
the sampled-data setting, double-integrator dynamics and dynamic leaders with nonzero

inputs, makes the containment control problem more difficult and complicated, and renders



the existing related results in the literature inapplicable. Therefore, the development of
new sampled-data containment control algorithm is needed for double-integrator agents

with dynamic leaders with nonzero inputs.

1.2 Distributed Average Tracking

During the recent decade, the distributed average tracking problem, which includes
consensus and distributed tracking as special cases, is formulated and addressed in the
literature. In the distributed average tracking problem, each agent has a time-varying
reference signal, and the goal is to design controllers for the agents based on local information
such that all the agents are able to track the average of these reference signals. Because of
the time-varying tracking objective and the lack of access to error signals, the distributed
average tracking problem is theoretically more challenging compared with consensus and
distributed tracking problems.

In the literature, there are cases where each agent aims to only estimate the aver-
age of these reference signals, which is often termed as dynamic average consensus. Some
applications, such as feature-based map merging [1], and distributed Kalman filtering [4],
have been reported in the literature. Several linear distributed algorithms are established to
deal with the dynamic average consensus problem for certain types of reference signals. For
instance, the dynamic average consensus problem is solved in [104], [3] and [122] for reference
signals with steady state values, with a common denominator in their Laplace transforms,
and slowly varying reference signals, respectively. The dynamic average consensus prob-

lem is solved with bounded steady state error for a strongly connected, weight-balanced



interaction topology in [65], where the discrete-time counterparts are addressed as well. A
class of nonlinear algorithms is proposed in [85] for reference signals with bounded devi-
ations, and the dynamic average consensus error is bounded. A non-smooth algorithm is
proposed in [14], which enables each agent to keep track of the average of a class of reference
signals with bounded derivatives. More recently, combined with an adaptive scheme, two
dynamic average consensus algorithms without correct initialization are proposed in [43]
such that each agent is able to estimate the average of the reference signals. Also, a robust
dynamic average consensus algorithm is proposed for directed networks, which guarantees
an arbitrary prescribed small steady-state error bound.

The aforementioned algorithms focus on estimator design, and in reality, some
tasks, such as region following formation control [13] and coordinated path planning [108],
require that each agent has a certain dynamics, and the goal is to design controllers for
each agent such that its physical states track the average of multiple time-varying reference
signals. In this context, the term distributed average tracking is often used. A nonsmooth
algorithm is presented in [21] for double-integrator agents. It requires that the accelerations
of the individual reference signals be bounded. For general linear systems, the distributed
average tracking problem is addressed in [128]. The distributed average tracking algo-
rithms mentioned above need full state information (e.g., both positions and velocities for
double-integrator agents) to update the controllers. However, in some practical applica-
tions, partial states may be unavailable due to technology and space limitations. Moreover,
it is usually less accurate and more expensive to implement velocity measurements com-

pared with position measurements. Hence, it is worth investigating the distributed average



tracking problem for double-integrator agents without using velocity measurements. In [50],
the authors investigate the problem described above. However, in [50], the lower bounds of
the design parameters depend on the bounds related to the reference signals and the graph
information including the largest and smallest nonzero eigenvalues of the Laplacian matrix,
which are global information and may be inaccessible to the agents. Also, the algorithm
in [50] is sensitive to parameter selection as a certain parameter is required to be exactly
equal to a certain value.

All these aforementioned continuous-time distributed average tracking algorithms
require each agent to continuously interact with its neighbors. However, it may not be prac-
tical due to the constrained bandwidth of the communication network and power source.
On the other hand, discrete-time distributed average tracking algorithms require agents
to interact with each other periodically. It may result in a waste of network resources.
Furthermore, with regard to general bounded reference signals, there usually exist tracking
errors by using the discrete-time algorithms. Thus, it makes sense to employ event-triggered
control strategies to address the distributed average tracking problem. They take advantage
of opportunistic aperiodic sampling to improve efficiency. In [64], the authors extend the
algorithm in [65] by incorporating an event-triggered communication strategy, but specific
initialization is needed for a certain variable, and there exist non-zero tracking errors for
general bounded reference signals. A robust dynamic average consensus algorithm under
dynamic event-triggered communication is proposed in [45] for agents to estimate the aver-
age of the reference signals. These works focus on the estimation aspect of the distributed

average tracking problem, where the agents’ dynamics are essentially single integrators.



1.3 Distributed Time-varying Optimization

Recently, the distributed optimization problem has attracted a significant amount
of attention from different research societies due to its wide applications in power systems,
sensor networks, machine learning and so on. In distributed optimization of networked
systems, each member has a local cost function, and the goal is to cooperatively minimize
the sum of all the local cost functions. A number of distributed optimization algorithms have
been presented in the literature. See [123] and the references therein for instance. These
results (e.g., [123] and the references therein) usually assume fixed local cost functions
for the agents. However, the local cost functions might be time-varying in many practical
applications, which reflects the fact that the optimal point might be changing over time and
forms an optimal trajectory. For example, in the economic dispatch problem [25], a group
of power generators aim to meet the power demand and minimize the total generation cost,
which is the summation of each generator’s individual cost. In a day, the power demand
of a specific region changes over time, and the cost to generate the same amount of power
also changes due to the fluctuation of resource’s price and availability. These two reasons
would result in a time-varying cost function for each generator. Hence, it is meaningful to
investigate the distributed time-varying optimization problem.

In the literature, there are extensive distributed discrete-time algorithms that
solves the time-varying optimization problem. See [124, 71, 5, 102] for examples. There usu-
ally exist bounded convergence errors to the optimal trajectory by using the discrete-time
algorithms. There is another body of literature on distributed continuous-time optimization

algorithms for time-varying cost functions. These distributed continuous-time optimization



algorithms have various applications in practice. One important applications lies in the
coordination of a team of robots, where each robot’s dynamics are described by differential
equations and the team objective is to track an optimal trajectory defined by all the team
members’ cost functions. For instance, by constructing a quadratic objective function for
each agent, the distributed time-varying optimization algorithms can be applied to solve
the distributed average tracking of multi-agent system (see Remark 34 later for details). A
few distributed time-varying optimization algorithms are established for single-integrator
agents [106, 25, 107], double-integrator agents [92] and agents with integrator-like nonlinear
dynamics [57]. In reality, a broad class of robots can be modeled by Lagrangian dynamics,
for example, the planar elbow manipulator and autonomous vehicles [105]. The Lagrangian
dynamics, which are the focus of this part of the dissertaion, are more complicated than
single and double integrators, and are different from and cannot be included as special cases
by the model considered in [57]. The complexity of the dynamics creates more challenges
to solve the distributed time-varying optimization problem.

Some results addressing distributed coordination problems (e.g., consensus, or
more generally, distributed optimization) for agents with nonlinear dynamics introduce dis-
tributed observers or virtual systems at a higher level, where the agents communicate their
observer states (virtual states independent of the agents’ physical states/measurements)
with neighbors such that the observer states or virtual states reach consensus on the de-
sired optimal point/trajectory. Then control algorithms are designed for the agents to track
the virtual states (serving as reference trajectories). However, due to the lack of physical

states/feedback (e.g., agent positions) in the observers, the reference trajectories generated



by such an approach do not explicitly take into account the physical agents’ interaction with
the environment and their capability. Also, such an approach cannot be implemented based
on local measurements via onboard sensors without communication in a communication

unfriendly environment.

1.4 Contribution of Dissertation

In this dissertation, we focus on the following three problems:

1. Sampled-data containment control for double-integrator agents with dynamic leaders

with nonzero inputs,

2. Robust distributed average tracking for double-integrator agents without velocity mea-

surements under event-triggered communication,

3. Distributed time-varying optimization of networked Lagrangian systems.

The contributions of this dissertation are discussed as follows.

In the first part of the dissertation (e.g., Chapter 2), we address the containment
control problem in a sampled-data setting for double-integrator agents with multiple dy-
namic leaders with nonzero inputs under directed communication networks. The contribu-
tions of this part are two-fold. First, a sampled-data based containment control algorithm
is proposed for double-integrator agents, which eliminates the requirement of continuous
sensing and interactions. It is more suitable for practical applications, since continuous
sensing and interaction are not energy-efficient, and demand a larger portion of energy on

board compared with periodic ones. Second, the proposed algorithm is proposed for the
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case where there are multiple dynamic leaders with nonzero inputs, which is one of the main
differences distinguishing our work from the existing discrete-time distributed containment
control algorithms in the literature. By the proposed algorithm, we show that all the fol-
lowers converge to the convex hull spanned by the leaders with bounded errors. Both the
collective position and velocity containment control errors are bounded, and the ultimate
bound of the overall containment control error is proportional to the sampling period.

In the second part of the dissertation (e.g., Chapter 3), we focus on an event-
triggered mechanism to solve the distributed average tracking problem for double-integrator
agents without using velocity measurements. Before deriving the event-triggered approach,
we first present a base algorithm to solve the distributed average tracking under continuous
communication. Then we present an event-triggered distributed average tracking algorithm
that further removes the continuous communication requirement. In contrast, [50] consid-
ers the problem of distributed average tracking of double-integrator agents without using
velocity measurements under continuous communication, which does not enjoy the bene-
fit of the event-triggered algorithm proposed in this part. While the base algorithm has
some connection with [50], it is worth mentioning that even this base algorithm has an
advantage over [50] in the sense that no global information is needed for parameter design.
We would also like to point out that the base algorithm has a different structure from the
one in [50]. Such structure and its independence on global information lay a solid base for
the development of the event-triggered algorithm. The proposed event-triggered algorithm
is able to achieve distributed average tracking with zero tracking errors, does not require

correct initialization, and is free of Zeno behavior. In contrast to [45], which is limited
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to only single-integrator agents, double-integrator agents without using velocity measure-
ments are considered in this part, which is a more complicated and challenging problem. It
is also noted that there are some practical limitations for the algorithm in [45]. First, the
time-varying gain may grow unbounded due to persistent disturbance, which would affect
the convergence and the success of the event triggering scheme. Second, an extra internal
dynamics is needed to ensure the exclusion of Zeno behavior, which may cost extra com-
putational power and storage space. In addition, the use of the signum function may cause
the chattering phenomenon in real applications. The proposed event-triggered algorithm
overcomes the aforementioned limitations in [45]. In this algorithm, a new adaptive law
and a new event-triggering strategy are constructed and a continuous nonlinear function is
used to approximate the signum function.

In the third part of the dissertation (e.g., Chapter 4), we propose communication-
free distributed time-varying optimization algorithms for networked Lagrangian agents with
parametric uncertainties. The main idea of the proposed algorithms is constructing a refer-
ence system for each agent, which is driven by the physical states instead of virtual states
between neighbors and generates a reference velocity, and then designing adaptive con-
trollers such that the agents’ physical states track their reference velocities, and hence the
optimal trajectory. The algorithms introduce mutual influence/feedback between reference
systems and local controllers via physical states/measurements and are amenable to im-
plementation via local onboard sensing in a communication unfriendly environment. Due
to the coupling and mutual influence of the reference systems and the agents’ dynamics,

there are significant new challenges in the convergence analysis. In particular, the reference
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systems are rewritten as coupled and perturbed networked second-order systems by taking
the tracking errors between agents’ velocities and their own reference states as disturbances.
Due to the use of the nonlinear functions (the signum function and the one in (4.17) later)
in the construction of the reference systems, the coupled and perturbed networked systems
have disturbances inside and outside the nonlinear functions, and the general input-to-state
stability analysis might not be directly applicable. This requires novel rigorous analysis on
the impact of disturbance on the optimum-tracking performance of the perturbed systems.
To this end, this dissertation carefully examines the perturbed systems, and obtains the
input-to-state-like stability from the disturbances to optimum-tracking errors. That is, the
optimum-tracking errors remain bounded if the disturbances are bounded in a certain sense
and converges to zero if the disturbances converge to zero (See Proposition 36 for instance).
These intermediate results facilitate the convergence analysis of the proposed algorithm for
the networked Lagrangian agents.

To be exact, we first design a base algorithm for the networked Lagrangian systems
to achieve exact optimum tracking under fixed graph. Since the base algorithm uses the
signum function to construct the reference systems, which might cause chattering during the
implementation in practice. Built on the base algorithm, we then propose to approximate
and replace the signum function in the reference systems with a smooth nonlinear function,
generating continuous control torques for the Lagrangian systems. Such an approximation
method can be found in [83, 34], where traditional stabilization of a single agent is addressed.
While addressing the time-varying optimization of multi-agent systems is more complicated

and the theoretical proof can not be directly implied from [83, 34]. Using a similar structure
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of the base algorithm, we then design a distributed time-varying optimization algorithm for
networked Lagrangian systems under switching graphs, which is more applicable than the
base algorithm in the terms of the types of interaction graph among the agents. However,
fixed Hessian matrices are assumed for the cost functions, and it is more restrictive compared
with the base algorithm. It is also worth mentioning that the reference systems designed
for the fixed and switching graph cases are different.

Comparison with Related Works. The works [127, 133, 132] focus on solving the
distributed time-invariant optimization problem for networked Lagrangian agents. They
follow the aforementioned distributed observer idea, which rely on the exchange of virtual
states between neighbors. The work [127] also considers the case of time-invariant cost
functions with additive uncertainties modeled by time-dependent functions, and nonzero
bounded optimum-tracking errors are achieved. In contrast, the proposed algorithms in
this part of the dissertation solves the optimization problem with time-varying cost func-
tions, which is not addressed in [133, 132]. Compared with [127], the problem considered
in this part is more general and can be solved with zero optimum-tracking errors. More
importantly, the proposed algorithms relies purely on physical states without the need for
exchange of virtual states and can be implemented in a communication unfriendly appli-
cation. In contrast, the communication of virtual states between neighbors is necessary in
[133, 132, 127]. The structure of the proposed algorithms is inspired by [115], where the
consensus and leader-following tracking of networked Lagrangian systems are addressed.
However, the problem considered in this part is more complex and challenging, and in-

cludes the consensus and leader-following tracking of networked agents as special cases. In
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[92], the distributed time-varying optimization problem is solved for networked single and
double integrators, and the method of signum function approximation is also applied to
deal with the chattering issue while implemention. However, we consider the distributed
time-varying optimization of networked Lagrangian systems, and the agents’ dynamics are
more complex. As an intermediate step in the convergence analysis, a perturbed networked
second-order system is investigated. Compared with [92], where, essentially, a disturbance-
free networked second-order systems is considered, additional analysis is needed to address
the influence on the system performance for the coexistence of the disturbances and the

signum function or its approximation.

1.5 Preliminaries

In the reminder of this chapter, we introduce notations, algebraic graph theory

and Lagrange dynamics.

1.5.1 Notations

Throughout this thesis, let R, R>o and Ry denote the sets of all real numbers,
all nonnegative real numbers and all positive real numbers, respectively. For a set S, |S|

denotes the cardinality of S, and for a real number = € R, |z| denotes the absolute value of

x. The transpose of matrix A is denoted by AT. For a given vector x = [x1,...,2,]T € RP,
define [lz]l; = XV [zil, llzll, = Iz + -+ [p[?, and [Jzfl, = maxj—1,.p|zi|. For
a symmetric matrix A € RP*P, let A\j(A) < --- < XAy(A) denote its eigenvalues. The

Kronecker product of matrices A and B is denoted by A ® B. Let diag{A4i,..., A},
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where A; € R™ ™ represent the block diagonal matrix with the i-th block in the main
diagonal being A;. For a vector z € RP, define sgn(x) = [sgn(x1),...,sgn(z,)]’ where
sgn(x;) = 1if x; > 0, sgn(x;) = 0 if x; = 0, and sgn(z;) = —1 if z; < 0. Let Oy, xp, € R™*™
and 1,x, € R™*" denote the m x n dimensional zero and all-ones matrix, respectively,
and for simplicity, let 0,, = Op,%x1 and let 1,, = 1,ux1. I, € R™*™ denotes the iden-
tity matrix. For a time-varying function f : R? x R>9 — R, its gradient, denoted by
Vf(g,t) € RP with ¢ € RP and t € R>g, is the partial derivative of f(q,t) with respect
to ¢, and its Hessian, denoted by H(q,t) € RP*P  is the partial derivative of the gradient

V f(q,t) with respect to g. Define £, = {z : [0,00) = R | sup;sq [|2(t)||o, < 0o} and L5 =

{x :[0,00) = R? | \/fooo 2T (t)x(t)dt < oo}. A continuous function w : [0,a) — [0, 00) is
said to belong to class K if it is strictly increasing and @ (0) = 0. It is said to belong to class
Koo if @ = 00 and w(r) — 0o as r — co. A continuous function p : [0,a) x [0,00) — [0, 00)
is said to belong to class KL if, for each fixed s, the mapping p(r, s) belongs to class K with
respect to r and, for each fixed r, the mapping p(r, s) is decreasing with respect to s and

p(r,s) = 0 as s = co.

1.5.2 Graph Theory

For a multi-agent system consisting of IV agents, the interaction topology can be
modeled by an undirected graph G = {V,E}, where V = {1,...,N} and £ C V x V denote
the node set and edge set, respectively. An edge denoted by (i,j) € £, means that agent ¢
and j can obtain information from each other. In an undirected graph, the edges (i, j) and
(7, 1) are equivalent. It is assumed that (7,7) ¢ £. The neighbor set of node 7 is denoted by

Ni={j€V](ji) € E}. The adjacency matrix A = [a;;] € RV*N of the graph G is defined
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such that a;; = 1if (j,1) € € and aj; = 0 otherwise. For an undirected graph, a;; = aj;. The

€ RVXN associated with the adjacency matrix A is defined as

Laplacian matrix L = [L;;]
Li=> JEN; @ij and for ¢ # j, L;j = —a;;. By arbitrarily assigning an orientation for every
edge in G, let B = [B;;] € RNV*I€l denote the incidence matrix associated with graph G,
where B;; = —1 if edge e; leaves node ¢, B;; = 1 if it enters node ¢, and B;; = 0 otherwise.

An undirected path between node i; and i is a sequence of edges of the form

(i1,12), (i2,13), ..., (ix—1,1k), where i € V. A connected graph means that there exists an

undirected path between any pair of nodes in V.

1.5.3 Lagrange Dynamics

We consider N Lagrangian systems, and the interaction topology among these
agents is characterized as the graph G. The equations of motion of the i-th Lagrangian

system can be described by [105]

M;(q:)di + Ci(qi5 ¢i)di + 9i(q;) = 7 (1.1)

where ¢; € RP is the generalized position (or configuration), M;(g;) € RP*P is the inertia
matrix, C;(gi,q;) € RP*P is the Coriolis and centrifugal matrix, ¢;(¢;) € RP is the gravi-
tational torque, and 7; € RP is the exerted control torque. Three well-known properties

associated with the dynamics (1.1) are listed as follows [105, 46].

Property 1 The inertial matriz M;(q;) is symmetric and uniformly positive definite, and
there exist positive constants ka and kg such that ||Ci(gi, Gi)|lo < ke ||@illo and ||gi(¢:) ||y < kg,

Vie V.
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Property 2 The Coriolis and centrifugal matriz C;(q;,q;) can be suitably chosen such that

the matriz M;(q;) — 2Ci(qs, ¢i) is skew-symmetric.

Property 3 The dynamics (1.1) depend linearly on an unknown constant parameter vector

¥; € R™, that is, for any x,y € RP, it holds that

Mi(gi)x + Ci(qi» @)y + 9i(@) = Yi(ai, Gir y, ©)0s, (1.2)

where Yi(qi, Gi,y, ) is the regressor matriz.
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Chapter 2

Sampled-data Containment
Control for Double-Integrator
Agents with Dynamic Leaders with

Nonzero Inputs

2.1 Problem Statement
Consider a network of n agents whose interactions are represented by the directed
graph G. Each agent 7 has double-integrator dynamics given by
7i(t) = vi(t), 0i(t) =wi(t), i=1,..., n,

where r;(t) € RP and v;(t) € RP denote the position and velocity of agent 7 at time ¢,

respectively, and w;(t) is the corresponding control input. In this part, we consider a
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sampled-data setting where the agents have continuous-time dynamics while the control
inputs are based on zero-order hold and the interactions with neighbors are made at discrete

sampling times. Then the system can be discretized as

2

T‘i[k + 1] = T'Z[k'] —i—T’Uz‘[k] + 5

(2.1)
vilk + 1] = v [k] + Tk,

where T is the sampling period, k is the discrete-time index, and r;[k] € RP, v;[k] € RP and
u;[k] € RP represent the position, velocity, and control input of the ith agent at ¢t = kT,
respectively.

We adopt the definitions of the leaders and the followers used in [8]. That is, an
agent is called a leader if and only if it has no neighbor, and otherwise it is called a follower.
Without loss of generality, let # = {1,...,m} and .Z = {m+1,...,n} denote the follower

set and the leader set, respectively. Therefore, the row-stochastic matrix D associated with
the directed graph G can be written as
Dy Do
On—m)xm L (n—m)x(n-m)
where Dy € R™X™ and Dy € R™X(=m) We assume that G satisfies the following assump-

tion.

Assumption 1 For each of the followers, there is at least one leader that has a directed

path to the follower.

Lemma 1 [70] Under Assumption 1, the matriz Dy has all the eigenvalues within the unit
circle, and each entry of (I, — D1)~' Dy is nonnegative, and each row of (I, — D7)~ Do

has a sum equal to 1. O]
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Definition 2 Let C be a set in a real vector space S C RP. The set is convex if, for any
x and y in C, the point (1 — a)x + ay € C for any o € [0,1]. The convex hull for a set of
points X :={x1,...,xm} in S, denoted by Co(X), is the minimal convex set containing all

points in X, that is, Co(X) = {d7", Bixi | x; € X, 3; > 0,57, B = 1}.

In this chapter, the objective is to solve the containment control problem, that is
to design u;[k] for follower i, i € .7, by using its own and neighbors’ states, {;};en;ufi}
and {v;};en;uqsy, such that all followers’ positions and velocities converge to the convex
hull spanned by the dynamic leaders’ positions and velocities, respectively, which are given
by Co({r;}ic#) and Co({v;};c.¢), respectively.

Note that by properly designing w;[k] for leader ¢ € .Z, the leader will be able to
follow a certain desired trajectory. Then, the leaders are capable of guiding the followers
through a certain region safely and reach the desired location. We assume that the leaders’

inputs are pre-designed and satisfy the following condition.

Assumption 2 The inputs of the leaders are bounded, i.e., for any j € £, ||lu;[k]||, < c1,

where c1 1s a positive constant.

2.2 Sampled-data Containment Control

In order to solve the multi-agent containment control problem, we consider the

following controller for follower 7 as

i = 3 dg (U i ) - bl - ). e 2
JeLUT
(2.2)
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where d;; is the (i, j)the entry of the matrix D, and 71,72 > 0 are constant. Essentially,
the term M make use of past data to approximate the acceleration of agent j.
Therefore, each follower only uses its own and its neighbors’s current and previous velocities
as well as the current positions to update its control input, which means the algorithm (3.5)
can be implemented in reality.

Define the position and velocity containment control errors for follower i as x;[k] =
> i=1 dij(rilk] = r;[k]) and y;[k] = >°U_, dij(vi[k] — v;[k]), respectively. Define the collective

T

. . : T
position and velocity containment control error as X[k] = (z [k],..., 2, [k]) and Y[k] =

(yi [K], - .. ,y;[kz])T, respectively. Using (3.5) for (2.1), we have

T T
X[k+1]= (A1 @ L) X[k] + (A2 @ I,) Y [k] — <2D1 ® Ip> Y[k —1]+ <2D2 ® I,,) A[K]
Yik+1] = (A21 ® IP)X[k] + (A22 ® Ip)Y[k] - (Dl ® Ip)Y[k -1+ (D2 ® Ip)A[k‘]a

where

T2 T2
Apn = (1 - 271) I, + 771171,

T2 T T2
Ajg = (T - 2’72) I, + <2 + 272) Dy,

Aoy = =T (I, — Dy),

Ago = (1 = T2) I + (1 + T2) Ds.

and Alk] = 2vp[k] — vi[k + 1] — vr[k — 1] with vi[k] = (v;H[k],...,vT[k])T. Define

Zlk+1) = (X [k+1,Y [k +1], X T[], Y T[k]) . Tt then follows that

Z[k + 1] = AZ[k] + BA[k], (2.3)
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where A = A® I, with

A Az Opxm —LDy
Aoy Az Opxmn  —D1

I, Omxm  Omxm  Omxm

Omxm Im 07n><7n Ome

~ T
and B=[2,1,0,0] ® (D2®1,).
The eigenvalues of A play an important role in determining the solution of (2.3).

Therefore, we investigate the eigenvalues of A in the following. We first present three useful

lemmas before moving on.

Lemma 3 (Generalized Schur’s Formula [66]) Let M;; € R™™", i,5 € M, where M =

{1,...,m}, and

My -+ My

Mml e Mmm

If M;j, i,5 € M pairwise commute, i.e., M;; M;s = MisM;; for all possible pairs of indices

1,7 and l,s, then

det(M) = det ( Z Sgn(w)MM(l)M%@) - Mmﬂ(m)> ,

TESM

where det(-) denotes the determinant of a matriz, m is a permutation, set Sy, denotes the
set of all possible permutations of the M, and sgn(w) denotes the parity of the permutation

. O

Lemma 4 Let P(z) be a polynomial of order three with complex coefficients in the form of
P(2) = 22+ 12?2 + agz + as, where oy = p; +3qi, i = 1,...,3 and j is the imaginary unit.
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The polynomial P(z) has all its zeros in the open left half of the z-complex plane if and only

if pr > 0, pipa + p1qiga — p1ps — g3 > 0, and det(Ms) > 0 where

P1 P3 D5 —q2 —q4
1 po pa —q1 —q3
Pt p3 0 —q

0 @ @ p1 p3

0 @1 g pl po

Proof: This lemma is a special case of the Theorem 3.2 in [39], and the proof is

thus omitted. O

Lemma 5 [56] The matriz M € R™ ™ has eigenvalues 1, ..., A\n. Let g(x) = ap + a1z +
o dapzk be a polynomial, and let g(M) = aplp, +a1 M +--- +apMF*. Then the etgenvalues

Ofg(M) are g()\l); T g()‘n) O

With the above three lemmas, we can obtain the following results on the eigenval-

ues of the matrix A.

Lemma 6 Suppose that Assumption 1 holds. Let )\; be the ith eigenvalue of Dy. The
matriz A has all etgenvalues within the unit circle if and only if there exist positive scalars
T, v1 and 2 such that

272 1—|N\J?

L =1,... 2.
T'71 > |1_>\l|27 ? 9y ’m’ ( 5)
and
299 1= A\ 20— AP 16(Im {Ai})*73 :
_—— —— = -T -2 >0 =1,...,m 2.6
(T AR e T a0 i=bem (26

hold. In addition, such positive scalars T', v1 and vo always exist.
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Proof: First, we prove that the matrix A defined in (2.4) has all eigenvalues within
the unit circle if and only if there exist positive scalars T', 73 and 2 such that (2.5) and

(2.6) hold. Note that the characteristic polynomial of A is given by

sy — A1 —A1z Omxm LDy
—Ao sl — A2a Omxen D1
det(slym — A) = det
_Im Ome SIm Ome
i Omxm —In Ormxm slm ]

= det (S {S(S[m — AH)(SIm — Agg) — sA19A491

1
+ (sl — A11)Dy — 2D1A21]>
T2 T2
= det <s{ [53 — (2 — 771 — T’Yz) 52 + (1 + ?’Yl
T2
- Tw)s]lm + [(—1 - TWz) s?
T2
+<2—2"}/1+T’YQ>8—1:|D1 s

where we have used Lemma 3 to obtain the second to the last equality because sl,,, — Aq1,
—A12, 0 %Dl, —Aogy, sly, — Ago, D1, —1,, and sl,, commute pairwise. Let A1, ..., Ap,
be the eigenvalues of D1. Then by Lemma 5 and the fact that the determinant of a matrix is

the product of its eigenvalues, it holds that det[gi(s)Ly + g2(s)D1] = [ 112 [g1(s) + g2(s)\il,

where g1 and g2 are two polynomial functions of s. Thus, it follows that
m
T 1
det(slyy, — A) = le[l <s{s3 — (2 — 771 - T’yg) s? + <1 + 771
T2
— T"yg)S + [(—1 -5 N T’yg) s

T2
+(2—271+T72>S—1])\i .
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Thus, the roots of det(sly,, — A) = 0 either equal to zero or satisfy

T2
83 + | -2 - >\’L + (1 — )\Z) (2")/1 + T’YQ) 82
2.7)
T2
+ 1+2)\i+(1—)\i)<2’h —T’Y2) s—Xi=0.

It is trivial when the roots of det(sls,, — A) = 0 are zero. Note that the matrix A has all
eigenvalues within the unit circle if and only if, for any eigenvalue of Dy, the roots of (2.7)
all lie inside the unit circle. Instead of computing the roots of (2.7) directly, we apply the

bilinear transformation s = % to (2.7), which yields

(1= A)T?712° +2(1 — )Tz + (1 — X\i)(4 — T?y)z
(2.8)
+4(1+N) —2(1 = X\)Ty2 = 0.
Such bilinear transformation maps the left half of the complex z-plane to the interior of
the unit circle in the s-plane, it then follows that (2.7) has all the roots within the unit
circle if and only if (2.8) has all the roots in the open left half of the complex plane. Since

Assumption 1 holds, it follows that |1 — A;| > 0 by Lemma 1. Note that both v; and the

sampling period 7" are positive. Then (2.8) is equivalent to

2240122+ avz+p3 + 43 = 0. (2.9)
_ 2Ty, _ 4-T2%y _A0-P) 2Ty —s8Im{n}
where a1 = T2, Q2 = 725, 0 P3 = [ox 2Ty — T and g3 = NPT Denote by

P(z, \;) the left hand side of (2.9) for some given \;. Note that for a given \;, P(z, \;) is a
polynomial in the indeterminate z of degree 3. Then for a given \;, by Lemma 4, P(z, \;)
has all the zeros in the open left half of the complex plane if and only if the positive scalars
T, v1 and 79 satisfy

fi>0, j=1,....3, i=1,....m, (2.10)



with fi = a1, f& = anag — p3, and fi = (a1ae — p3)?ps — g3a3. Tt is easy to see that

(2.5) follows from f{ > 0 and fi > 0, i = 1,...,m. Note that fi > 0 can be written as
(2.6). Thus, the matrix A has all eigenvalues within the unit circle if and only if there exist
positive scalars T', 71 and -2 such that (2.5) and (2.6) hold.

By the fact that p is an eigenvalue of A if and only if p is also an eigenvalue of
A, we conclude that A has all eigenvalues within the unit circle if and only if there exist
positive scalars T', 71 and -2 such that (2.5) and (2.6) hold.

In the following, we show that such positive scalars T', v; and o always exist.

Obviously, fi >0Vi=1,...,m. We rewrite f; and fi,i=1,...,m as

— N2
T

11— Xi*n
i =39 8(1 —[Ni[*)3 85— 8(1 — |Ail*)*2
’ 11— X7 1= Nil*yf
2
473, 16(Im {A:}) fy%] 4+ [4<1 — NP3
7 11— Aif*97 11— Xl
L 20= ‘)‘i‘Q)g]BG B {(1 - Ai!2)272]55}
1= Ailfyf 1= Xil*y} ’

where § = 4. Note that fi and f! are three polynomials in the indeterminate 8 of degree
T 2 3

3 and 8, respectively. The leading coefficients (the coefficient of the term with the highest

i i i ._ 8% i . 256(1—|Xi[*)y3 :
degree) of f3 and f5 are e, := ol and e := TESWER respectively. We can see that
1 T 1
eé >0Vi=1,...,m,since 71,72 > 0. When Assumption 1 holds, the eigenvalues of Dy are

located inside the unit circle by Lemma 1, which implies that 1 — [\;> > 0Vi=1,...,m.
It then holds that e} > 0 Vi = 1,...,m. Then it follows that, for any eigenvalue of D;, and

any given positive constants v; and o,

lim f{=+4o00, j=23.
T—0+ fj J
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Hence, given any eigenvalue of Dj, and for any positive finite constants v; and 79, there
always exists a positive constant T', such that for any T < T, f4 > 0 and fi > 0 hold.
Let T = minj—y__,n Ty,- When T < T, fJ’f, 7 =1,...,3, hold for any eigenvalues of D1,
which implies the existence of these three positive scalars T', 77 and 7, such that (2.10)

holds for any eigenvalue of Dj. O

Theorem 7 Let Assumptions 1 and 4 hold. If the positive scalars T, v1 and 7o satisfy
(2.10) for any eigenvalue of Dy, using the algorithms (3.5) for (2.1), the followers converge
to the convex hull spanned by the leaders with bounded position and velocity containment
control error, and the overall containment control error, | X[k]||, + |Y[k]|ly, s ultimately
bounded by 2cicoTv/n —m H§H2 /(1 — p), where ¢ is given in Assumption 4, and positive

constant ca and p € [0,1) satisfy ngHz < cop?, j > 0.
Proof: Tt follows that the solution of (2.3) is

Z[k] = Ak Z +ZA’“ =1 BAJi.

=0

Then, it holds that

1Z[K]]l, < | A*2[0]|, + A’“ NG

HA’“H 1Z[0][l, + 2v/m — mTey

RS

Z Ak i—1
=0

where we have used the fact that

1ALy = 12vLfi] = vrli + 1] — wrli — 1]
< lorli + 1] = wiliflly + lorli] — vrli — 1l

< 2v/n—mTlc
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holds for all ¢ if Assumption 4 holds. Since Assumption 1 holds, and by Lemma 6, if
the positive scalars T', 71, and 2 satisfy (2.10) for any eigenvalue of D;, the matrix A
has all the eigenvalues within the unit circle. Then by [67, 61], there exist two finite
positive constants ¢z and p € [0,1) such that HZJH2 < cap?. Then, we have ||Z[k]|, <
capt || Z[0] ||y + 2T c1cav/n — m(1 — p*) HEHQ /(1 — p) < oo, which implies that both the po-
sition and velocity containment error are bounded. It also follows that limy_, || Z[k]]], <

2Tcieav/n —m HEHQ /(1—p), since limy_,, p¥ = 0. Therefore, it holds that limy,_, (|| X [k] ||y +

1Y [k]1) < Tty /21 XTI + 2 1Y TG = limg oo | 201 < 2Tercov/m = | B /(1-

p). This completes the proof. ]

Remark 8 The ultimate overall containment control error is proportional to the sampling
period T. As T — 0, || X[k]|| + [IY[K]||; — O, which implies that the position and velocity

containment errors for each follower approach zero eventually.

Remark 9 The discrete-time controller (3.5) is robust to bounded state disturbance. Con-
sider that rilk + 1] = ri[k] + Tv;[k] + T;ul (k] + d K], vilk + 1] = vik] + Tw;lk] + dY[K],
where df[k] and d}[k] are the position and velocity disturbances, respectively. Since (2.3)
is a linear time-invariant system, then under the state disturbances, the followers are still
capable of converging to the convex hull with bounded errors, the value of which depends
on the bounded disturbances, in addition to the sampling period and the choices of positive
scalars v1 and 2.

The real-world communication environment may be corrupted by noise, that is,
each agent has access to noisy state information received from its neighbors. In the present

case, each agent i receives 7;[k] = r;[k] + nj[k] and v;[k] = vj[k] + nY[k] from its neighbor
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i, where nj and ni € RP are noise vectors. The entries of each moise vector are drawn
independently from some identical zero-mean distribution. Then by using noisy transmitted
position and velocity information in the control law (3.5), that is, replacing r;[k] and v;[k]
with 7;[k] and v;]k], the followers are to converge to the convex hull spanned by the leaders

with bounded error in expectation. The variance of the resulting overall containment control

error 1s also bounded.

Remark 10 The containment control problem for double-integrator agents in a sampled-
data setting is also investigated in [72]. However, in [72], the leaders are with zero inputs,
which can be included as a special case of this chapter. Moreover, when the leaders has
nonzero inputs, the sampled-data containment algorithm proposed in [72] does not work
anymore. It is also worth noting that the analysis and controller design have been greatly

simplified under the assumption of zero inputs for the leaders.

2.2.1 Selection of the Sampling Period

The sampling period T' plays an essential role in ensuring that the matrix A has all
its eigenvalues inside the unit circle and thus the convergence. Although it has been proven
from Lemma 6, that given a communication network G satisfying Assumption 1 and some
positive scalars v, and 9, one can always find small enough sampling period T' such that
(2.5) and (2.6) hold, it is still not clear about how to choose appropriate sampling period
T. We address this problem in the following.

Given any positive scalars v; and 72, we can obtain the solution to (2.5) as

(211 = AP
. . 2= NP2 | 2.11
S1 { |[0<T < i { (1= [X*)m =
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The inequality (2.6) can be equivalently expressed as
aiT3 — abT? + T — a}) < 0, (2.12)

where a = (1—[Ai?)?|1 = Xi[*777y2, ab = 2(1 = [Ni)y [(1— [Nil?)? 71 + 211 — Al *93], af =
A]1— N[y { [|1 — i+ 4(Tm { A} )2} V221 — \)\i|2)271} and af, = 8(1— | \i[2)|1— \s|*~2.
The left-hand side of the inequality in (2.12), denoted by ¢;(T"), is a polynomial of T" with
order 3. There are at most three roots for g;(T) = 0, and then set Si can be obtained. Let

S =", Si. Therefore, we have the following corollary.

Proposition 11 Suppose that Assumption 1 holds. Let X\; be the ith eigenvalues of D;.
The matriz A has all eigenvalues within the unit circle if and only if the sampling period

T eSS NSsy. O

Note that from Lemma 6, a small enough sampling period T" always exists such that
the eigenvalues of A are located inside the unit circle. The following corollary gives a rough
idea on how to choose a small enough sampling period given the underlying communication

networks and positive scalars y; and ~e.

Corollary 12 Suppose that Assumption 1 holds. Let \; be the ith eigenvalue of Dy. Given
positive scalars v1 and 2, the matriz A has all eigenvalues within the unit circle if the

sampling period T € (0,T,) where

2(1 — NP1 — N)?
I in (=P =\
i=1,....m 11— N|*+ 4(Im {)\i}) } yg +2(1 = [N\|?)%m

Proof: The sets of S has been derived in (2.11). We focus on solve the inequality

(2.12). Note that a{T3 —aiT? < 0if 0 < T < % and ailT —ah <0if0<T < Z—é Then,
1

i
as
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7

the inequality (2.12) holds if 0 < T' < min {a—Q, Z—é} In addition, it can be verified that
1

1
as

i 2 i . . g
% < % < Z—Z Therefore, if 0 <T' < min;—1,._m {Z—?} = Ta, (2.5) and (2.6) hold. O

Note that Lemma 6 and Proposition 11 give necessary and sufficient conditions
such that A has all its eigenvalues inside the unit circle, and Corollary 12 only provides a
conservative interval for the sampling period 7', which is a sufficient condition.

It can be seen that the sampling period T' should be small enough if the design
parameter y; and 2 are chosen to be large numbers. This observation coincides with the
proof of Lemma 5. Also, note that as 7' — 0, the controller (2) turns into a continuous-time
controller, and it is well-known that the followers are to converge to the convex hull as long
as 1 and 79 are positive. However, the resulting continuous-time controller as T' — 0 cannot
be implemented in practice since each agent’s input depends on its neighbors’ inputs while
the neighbors’ inputs depend on their neighbors’ inputs, which creates algebraic loops. In
contrast, the introduced control algorithm (2) uses data from neighboring agents and can
be implemented in a distributed manner in reality.

Given a graph satisfying Assumption 1, and any 7; and 2, to implement control
algorithm (3.5) in practice, one can calculate the value of Tj given in Corollary 11, and
select a valid sampling period 7" in the range (0,7},). If the interaction topology among the
followers is undirected, all the eigenvalues of D; are real and inside the unit circle, then a

simplified results can be obtained.

Corollary 13 Suppose that Assumption 1 holds, and the interaction topology among the

followers is undirected. Given positive scalars 1 and 7y, the matrizc A has all etgenvalues

—22
within the unit circle if the sampling period T € (0, min;—1,..m { (1_)\,)2:(212)211)_%)2% })
g 2 0
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2.2.2 Design of scalars v; and 7

Though for any given scalars, vv; and -, Corollary 12 provides a way to select a
valid sampling period T, it is also important to design the scalars, v; and 2, under given
T. It is because sometimes, small enough sampling period cannot be guaranteed due to
economic constraint and energy consumption issues, and each sampling device has limits on
its sampling frequency. We provide the following results on the design of v; and ~» given

any sampling period T

Proposition 14 Suppose that Assumption 1 holds. Let \; be the ith eigenvalue of D;.
Given the sampling period T', the matriz A has all eigenvalues within the unit circle if the

positive scalars 1 and o are chosen such as

0 <~ < min {|1_)\i‘2 (2%—\/@>}, (2.13)

1,..., 1-— |)\2‘2 T
2(1 — NP1 = N

0 <72 < min (2.14)
i=1,...m [|1 — At +4 (Im{Ai})ﬂ T
16(Im{x;})*+3 ,
where ¢i = =X PTRi— B -nPT] E = L
Proof: By (2.6), it is easy to see that
2(1 = Nf)
< 1,....,m. 2.15
Y2 ’1 _ )\Z‘QT ) ) ,m ( )
Note that (2.6) is equivalent to
2")/2 1- ’/\z|2 2 .
—_ —¢; <0 =1,... 2.16
( T ‘I_AiP’Yl ¢z< 9 ? ) "z ( )

where ¢; is given in the statement. The left hand side of (2.16) has two zeros, i.e.,

11— Xi|? (272
M1,i, and y12; = TN\ T + /i ).

33



Then the solution to (2.16) is y3 > max;=1, m {711} Or 71 < min;—1 ., {712,}. Note that
Y1 > maxi=1,.m {711,} contradicts (2.5). Hence, we have (2.13). Since v; > 0, and in order

to ensure such choice of v; exist, it requires that vi2; > 0 Vi = 1,...,m, which yields that

21— [1=Nil?
|1—)\z‘|4+4(1m{/\i})2]T

Y2 < minj—i . m { { } Combining (2.15), we have (2.14). Therefore, if
v and 7, are selected to respectively satisfy (2.13) and (2.14), (2.5) and (2.6) hold, which
implies that all the eigenvalues of matrix A are inside the unit circle. O
It can be seen that the two design parameters v; and 7 should be small if the
sampling period T is chosen to be a large number.
In practice, given the graph G satisfying Assumption 1 and the sampling period T,
one can first choose 7, satisfying (2.14), and then choose 7 satisfying (2.13) given selected

v2. Such choice of 71 and 7, ensures that (2.5) and (2.6) hold. If the interaction topology

among followers is undirected, a simplified result can be obtained.

Corollary 15 Suppose that Assumption 1 holds, and the interaction topology among the
followers is undirected. Given the sampling period T, the matrix A has all etgenvalues
within the unit circle if the positive scalars v1 and 72 are respectively chosen such as 0 <

. 2(1—X;)2 . 2(1-X2
y1 < ming—i,..m {((1?2))772} and 0 < o < minj—1,. m {ﬁ} n

Remark 16 The design of the sampling period T and parameters v1 and o depends on the
eigenvalues of the matriz D1, which is related to the underlying interaction graph. In real
applications, one can always let the weights dij, j € Ny U{i} for agent i to be ﬁ, which
is valid since it ensures that D is a row-stochastic matriz. The number of possible values
of D such that the underlying interaction graph satisfies Assumption 1, is finite since there

are a finite number of agents. Note that the choice of the sampling period T and the design
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parameters 1 and o depends on each other. If the parameters ~v1 and o are fized, for
each possible D, one can select T by Corollary 12. Among these values of T, the smallest
one can be selected for implementation in practice. If the sampling period T is fized, valid
scalars y1 and 2 can be selected in a similar manner.

2.2.3 Two Special Cases

Discrete-time Single-integrator Agents

When the agents have single-integrator dynamics given by

we implement the following control law for follower i € .7

i = 3 dy(PEEPEE - e ), (219

JELUF
where v is positive constant to be determined. Define the containment control error for
follower i as @;[k] = >=7_, dij(ri[k] — r;[k]). Define the collective containment control error

vector as X [k] = (z{ [k],..., ), [k])T Let W[k] = (X T [k + 1},XT[]<;])T. Then we have

Wk + 1] = A\W k] + BiAL[K], (2.19)
DQ ®Ip

where El = A1 ®1I, and §1 = with

Ompx (n—m)p

(=T + A +Ty)Dy =Dy
Ay = . (2.20)

Im Ome
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Lemma 17 Suppose that Assumption 1 holds. Let \; be the ith eigenvalue of D1. Then

2[1-Xi[2[2(1-Re{r},) —[1-x|?]
|1—>\i|4-|-4[Ilrn{/\i}]2

0; > 0 holds, where 6; = . If the positive scalars T and v satisfy

i=1,....,m

T~y < min {1, _min 91-} , (2.21)
then the matriz gl has all eigenvalues within the unit circle.

Proof: The proof can be derived by following a similar analysis of Lemma 3.3 in

[10] and the properties of the Kronecker product, thus is omitted here. ]

Corollary 18 Suppose that Assumptions 1 holds and the leaders’ inputs are bounded, i.e.,
lluilk]|ly < c3, @ € L, where c3 is a positive constant. If the positive scalars T and v satisfy
(2.21), using the algorithms (2.18) for (2.17), the followers converge to the convex hull
spanned by the leaders with bounded position containment error, and the ultimate bound
of overall containment control error, | X[k, is czcaT+/2(n —m) HEHQ /(1 — p1), where

positive constant ¢4 and py € [0,1) satisfy HE{‘L <eupl, j>0.

Proof: By following a similar analysis in the proof of Theorem 7, it can be

obtained that limy_,o ||[Wk]||, < 2C3C4T\/n—mH§1H2/(1 — p1). Therefore, it holds

that limy e [|X[K]l, = §limeoo o/ (TXTE]T, + TX[E = 115)° < %2 limpoo W], <

cseaT/2(n —m) H§1H2 /(1= p1). O

Discrete-time Double-integrator Agents

When the agent i’s model is descretized as
Y’i[k + 1] = TZ[I{?] + Tvl-[k:]

(2.22)
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where 7;[k] € RP, v;[k] € RP and w;[k] € RP represent the position, velocity, and control

input of the ith agent at ¢t = kT, respectively.

Use the same definitions of z;[k| and y; [k] respectively for the position and velocity

containment errors of the follower i, and X [k] and Y [k] respectively for the collective position

and velocity containment control errors. Using (3.5) for (2.22) for each follower, and defining

Zk+1 = (X"k+1,Y [k+ 1], X[k, YT [k:})—r, we then have the same form of system

as

Zk +1] = A2 Z[k] + BoAK],

with Ay = Ay ® I, and By = [1,1,0,0]" ® (Dy ® I,,), where

Ao

Ome

with 14_121 = —T'yl(Im — Dl) and AQQ = (1 — T’YQ)Im + (1 + T”)/Q)Dl.

Lemma 19 Suppose that Assumption 1 holds. Let \; be the ith eigenvalue of D1.

Im

Ome

Ome

Ome

Ome

Ome
—Dy
Ome

Ome

The

matriz As has all eigenvalues within the unit circle if and only if there exist positive scalars

T, v1 and ~2 such that

4!

and

2p (LA
11— X2

+1>T, i=1,...,m,

401 = AP

[ 1 1—|N|?
Tyi |1 =Xl2(2v2 —Tm

16(Im {\; })?
S [P S LA
1= A [1T297
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In addition, such scalars T', v1 and 2 always exist.

Proof: The proof can be obtained by following a similar analysis procedure in the

proof of Lemma 6, thus is omitted here. O

Corollary 20 Suppose that Assumptions 1 and 4 hold. If the positive scalars T, v, and o
satisfy (2.23) and (2.24), the followers converge to the convex hull spanned by the leaders
with bounded position and velocity containment error, and the ultimate bound of overall
containment control error, || X[k]|lo + Y k]|, is 2c1csTv/n —m HEQHZ /(1 = p2), where ¢q
is given in Assumption 4, and positive constants cs and py € [0,1) satisfy HgéHz < C5p§,

J=0. O

Remark 21 The containment control problem for agents with the same model as (2.22)
has been addressed in [2]. However, in [2], the leaders’ dynamics are assumed to be the
same as the followers with zero control inputs. The proposed algorithm (3.5) can deal with
the case where the leaders have bounded nonzero inputs, which is more general, and the

corresponding result takes into account the more realistic sampled-data setting.

2.3 An Illustrative Example

We provide a simulation to illustrate the results obtained in previous section.

Consider a group of ten agents, which are labeled as 1,...,10. Denote by % =
{1,...,6} and £ = {7,...,10} the sets of followers and leaders, respectively. The directed
communication network is shown in Fig. 4.1. Let (ry,[k], ry,[k]) and (vy, (K], vy, [k]) be the

coordinates of agent ¢’s position and velocity at time k. The input of the ¢th leaders is
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chosen to be w;[k] = —ﬁ sin(2gk) + 0.01(i — 6)2e= 010k j ¢ £ Set the sampling
period T to 0.1, and choose v; = 0.9 and 5 = 1.25. The control law (3.5) is implemented for
all the followers with dynamics (2.1). The resulting trajectories of positions and velocities
are shown in Fig. 2.2. It can be seen that both positions and velocities of all the followers

converge to the convex hull spanned by those of the four leaders.

o

Figure 2.1: Directed network topology for a group of ten agents, which are labeled from
1 to 10. There are four leaders, which are denoted by grey-filled circles. The rest are the
followers.
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(b) Velocity.

Figure 2.2: Position and velocity trajectories of the agents with dynamics (2.1) under a
directed network topology presented in Fig. 4.1. The followers’ input is implemented with
(3.5). The solid lines denote the trajectories of leaders’ positions and velocities, and the
dashed lines denote the followers’ positions and velocities. The black circles and red squares
denote the positions (velocities) of the leaders and followers, respectively. The areas formed
by four connecting black lines are convex hull spanned by the leaders. Two snapshots at
t = 15s and t = 25s show that all the followers’ positions and velocities are in the convex
hull spanned by the leaders.
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Chapter 3

Robust Distributed Average
Tracking for Double-integrator
Agents Without Velocity
Measurements Under

Event-triggered Communication

3.1 Problem Statement

In this chapter, we consider NV physical agents, and the interaction topology among
these agents is characterized as the undirected graph G = (V, ). Unless otherwise stated,

throughout this chapter, we assume a time-invariant graph. Each agent ¢ is modeled by
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double-integrator dynamics

.CC,(t) = ’Ui(t), @i(t) = ui(t), 1€V, (31)

where x;(t) € RP and v;(t) € RP are the ith agent’s position and velocity, respectively, and
u; is its control input.

Each agent has a time-varying reference signal x] € RP, ¢ € V satisfying

Ti(t) =vl(t), 0 (t)=wui(t), i€V, (3.2)

where v} (t) € RP and u] (t) € RP are the velocity and acceleration of the ith agent’s reference
signal, respectively. We assume that the reference signals are generated internally by the
agents, and that each agent has access to its own reference signal, and the velocity and
acceleration of the reference signal. In this chapter, we make the following assumption on

the reference signals, and the velocities and accelerations of the reference signals.

Assumption 3 For any two connected agents, the local difference in reference signals x} (t),

xg(t)-;rr(t)H <

their velocities vj (t) and their accelerations a; (t) are bounded, i.e., SUpc(o o) ‘ :
oo

V(i,j)€E
@@-@@ng.

o0

SHORIHO]

<7, and suprci|

7, subicloco) |
o0 V(i) €€

V(i,j)€E

In the distributed average tracking for a group of double-integrator agents, the
objective is to design controller u; for agent i € V such that each agent’s position (velocity)
is capable of tracking the group average of their reference signals (their reference signals’

velocity). That is, for any ¢ € V, it is achieved that lim; ‘

zi(t) - & L 0], =0

and lims_, o

vi(t) — Z;\le v;-"(t)H2 = 0. In this chapter, we are particularly interested
in developing a controller for each agent without velocity measurement and in the absence

of any correct initialization. The motivation behind is that employing velocity measuring
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device is usually costly in the aspect of finance and energy. Also, the velocity measure-
ments are less accurate compared with position measurements. On the other hand, perfect
initialization is hard to achieve in reality.

Before moving onto the main results, a lemma is presented in the following.

Dy1 Dr2
Lemma 22 [7] For any symmetric real matriz, M, of the form M = , it
DI, Do

holds that M = 0 if and only if one of the following condition hold: i) D11 > 0 and

Dy — DI,D' D1g = 0; ii) Dag = 0 and D1y — D1oDy' DT, = 0.

3.2 Distributed Average Tracking without Velocity Measure-

ments

In this section, we introduce a distributed average tracking algorithm for double-
integrator agents without using the velocity measurements and in the absence of any correct
initialization. In the rest of the chapter, we omit the argument ¢ for brevity.

We design a filter for each agent ¢ as

bi = —k(x; — x7) — 26(w; — vF) + uf

N
— E aijﬂ'ijsgn(aci —Zj —+ w; — ’U)j)
7j=1

W; = d)l + H(ZL‘i - JE:), 1€ V, (3.3)

where k € R is a positive constant to be determined, ¢; € RP is the internal state of the

filter, w; € RP is the output of the filter, and m;; is a time-varying gain for the edge (i, j) € £,
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satisfying the following adaptation law

7:('1']‘ = Qjj Hl‘i—l‘j‘l—wi—w]’H17 1€V (34)

with 7;;(0) > 0 if (4, j) € £. In addition, each agent i needs to coordinate with its neighbor
J € N; to ensure m;;(0) = mj(0). In this way, the gains 7;; and 7j remain equal to each

other. We design the controller for agent ¢ as

w = —k(x; —x]) — k(w; — o)) +ul
N
— Z az-jmjsgn(xi —xj +w; — wj), 1€ V. (3.5)
j=1

Essentially, the filter is designed such that its output is capable of tracking the average of
the reference signals’ velocities, and the controller is applied to drive each agent’s position
to the average of the reference signals and velocity to the output of the filter. Note that
the designs of the filter (3.3) and the controller (3.5) for each agent i depend on only
local information and the positions and filter’s outputs from its neighbors. Therefore, it is

implementable in reality.

Remark 23 Note that there is no requirement on the initialization of each agents’ position
and velocity, as well as the internal state of the filter. Thus, the proposed algorithm (3.3)-

(3.5) is called robust distributed average tracking algorithm.

Let z = [x{,...,xN , v = [vl,...,v%]T, and w = [wlT,...,wjj\}}T. Define

i=(M®L)z, 1 =(M®I,)v, and & = (M ® I,)w, where M = Iy — +:151%. For brevity,
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T .
define a = [af,...,ak]" with o = ka4 kv] 4+ u]. Then we have

n
Il
S

V= —Ki— K+ (M I,)a

— (BII® I)sgn [(BT ® L) (2 + w)] (3.6)
and

W= —KE — 260 + K0 + (M @ I

— (BII® I)sgn [(BT ® I) (& +w)] (3.7)

where IT € RI€XIl is a time-varying diagonal matrix, and the sth diagonal entry, denoted
by Ilgs, represents the weight on the sth edge. That is, if the sth edge is between agent ¢

and agent j, then Il = m;;.

Theorem 24 Suppose that the undirected graph G is connected, and Assumption 4 holds.
Using the algorithm (3.3)-(3.5) for (3.1), distributed average tracking is achieved asymptot-

ically if k > 3+2f

Proof: ~ We prove this statement in two steps. In the first step, we prove that
for any ¢ € V, x; — %Zj\f:l xz; and v; — %Zj\;l vj as t — oo. In the second step,
we prove that for any ¢ € V, Zj 1T — Z] 2 and Z] 1V — Z; 1V as b — oo.

1NN
T szzla;j2

, = 0 hold for all 7 € V. For simplicity, we denote these two steps

=0 and

1 N r
Vi = 2oje1 Y]

by consensus and sum-tracking steps, respectively.

45



Define X = [icT, o7, wT]T. Consider a Lyapunov function candidate as

L p o (g = T)
V=X PX+2;214, (3.8)
1=1 j=

where -
/J“INp ONpXNp INp

P = ONpxNp Inp —Inp | (3.9)

Ing  —Inp 2Ix,

and m,, is a positive constant to be determined. By Lemma 22 and the properties of the

Kronecker product, it holds that P is positive definite if and only if p > 1. Therefore, V is

positive definite.

Taking the derivative of V along (3.6)-(3.7) yields

V=-XTQX + @ +0)T(MeI,)a

1 N N
=52 > aimig e — w4 wi —

i=1 j=1
N N N N
1 ) Tm .
YD REIEED Dot
i=1 j=1 i=1 j=1
where ) )
+ 3
Kl Np —E Ing S 1INy
— /’L+H _1+3I<L 1
Q S (Y [ 36 (3.10)
3K 143k
| Sivp  —T5 I 3KINp ]

Note that [lo; — |, < & by Assumption 4, and let Nyax = maxiey |[N;|. Then it holds

that
1 N
(M @ I)all,, < cmaxd > flai —ajll,
N ey . <
J=1j#i
N-o1& ANmax (N — 1)
< 3 - ayl, < S (3.11)

i=1 jeN;
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where & = kZ" 4+ kU" + a”. For brevity, define
aNpax(N — 1)
f == (3.12)

Note that

- 1
lot+all < 5> D lloi— 25+ wi—wl,y

i=1 j=1,j%i
N
< Z o s
<maxg ) sz xj +w; — wj||,
J=1,j#1
N—1 N N
< TZZ%]‘ H:Ci—l’j—i-wi—ijl.
i=1 j=1

It then holds that (Z+w)T (M ®I,)a < w Zfil Ejvzl a;j ||; — xj + w; — wj||;. Then, it

follows that V < —XTQX — M Zf\il Zjvzl agj ||z; — x5 + w; — wj||;, where the fact
= \T T = — LN N

that (Z+w)" (BI®Ip)sgn[(B @ 1) (T+w)] = 5 2521 Dy aijmij || (2 — 5) + (wi — wj) |l

is used. Selecting an my,, such that m, > 3, one has
V< -XTQX = -WI[X].

By Lemma 22, the matrix @ is positive definite if and only if K > u + ﬁ = f(w),
which implies that @ is positive definite if £ > min,~1 f(p) = % Thus V < 0,
which implies that V' is nonincreasing. Then it follows that X and m;; are bounded. Note
that V is bounded from below by zero. Thus, lim; . V exists and is finite. Note that
Jo WX (n)dr < = [§ VIX(7), {mij (1) }ijevldr = VX (0), {m5(0)}i jev] — VX, {mi;}ijev].
Therefore, lim; o fot WI[X(7)]dr exists and is finite. It follows from (3.6), (3.7) and As-

sumption 4 that Z, v and @ are bounded. Hence, Z, 0, and @ are uniformly continuous. Con-

sequently, W[X] is uniformly continuous by the definition of W[X] and X. By Barbalat’s
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Lemma, it can be concluded that W[X] — 0 as t — oo, which implies that lim;_,oc X = 0yp,.

This completes the consensus step.

Second, define S, = Zjvzl xj — Ejvzl xi, Sy = Zjvzl vj — Z;V:1 v, and Sy =
0 1 0
Z;V:l w; — Z;VZI v;. Then we have that S = —k 0 —k | ®I = (A®I1),)S,

—K K —2K

. The characteristic polynomial of A is pa(s) = s + 2ks? + (k +

where § = [ST, 5T, 571"
k?)s + k2. According to the Routh-Hurwitz stability criterion, it is easy to verify that if
k > 0, all the zeros of p4(s) = 0 have negative real parts, which means that A is Hurwitz.
Note that x > % > 0. Then the matrix A is Hurwitz, which indicates lim;_,o, S = 03,.
This completes the sum-tracking step. |

Note that the dynamics (3.6) is discontinuous due to the introduction of the signum
function in the controller and filter design (3.3)-(3.5). Then, the solutions should be under-
stood in terms of differential inclusion by using non-smooth analysis [37, 26]. However, since
the signum function is measurable and locally essentially bounded, the Filippov solutions for
the closed-loop dynamics always exist. The Lyapunov function used in the proof is contin-

uously differentiable. Then its set-valued Lie derivative is a singleton at the discontinuous

points. Therefore, the proof is valid as in the case without discontinuities.

Remark 25 Note that the algorithm (3.3)-(3.5) has some connection with the first algo-
rithm in [50]. In the first algorithm in [50], there are multiple design parameters, the design
of which depends on the largest and smallest nonzero eigenvalues of the Laplacian matrix,
the bounds on the reference signals, and the total number of the agents in the network.

Also, the first algorithm in [50] is sensitive to parameter selection as a certain parameter is
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required to be exactly equal to a certain value. However, the algorithm (3.3)-(3.5) overcomes
these limitations in [50], and solve the distributed average tracking problem if k is greater
than a constant. It is easy to select a suitable value for k and implement the algorithm.
It is also worth noting that the structures of the controller (3.5) and the filter (3.3) are
different from the ones in [50]. Such newly designed structures and their independence of

global information lay a solid base for the development of event-triggered approaches.

Remark 26 The algorithm (3.3)-(3.5) is implementable since k is constant, which can
be chosen off-line before running the algorithm and embedded to each agent. Once the
algorithm starts to run, the agents communicate with only local neighbors and there is no
need to have access to any global information. If each agent chooses its own k;(0) off-line
such that k;(0) > %, then each agent can run the max consensus algorithm in [51]:
ki(k + 1) = maxjen;uqiy 1/5(k)}, where k is discrete time instance, to drive each agent to
reach consensus on max;cy k;j(0). It is proved that the max consensus algorithm converges
in finite time. To determine when to stop the max consensus algorithm, each agent needs

to know the diameter of the graph. However, one can always be more conservative to run

the max consensus algorithm long enough, which guarantees the convergence.

Remark 27 Theorem 38 shows that the agents are capable of achieving distributed average
tracking under any fixed connected undirected communication network. It is actually able to
extend to the case of arbitrarily switching connected communication networks with positive
dwelling time. The function defined in (3.8) can be used as a common Lyapunov function

during the proof process.
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3.3 Event-triggered Distributed Average Tracking without

Velocity Measurements

The algorithm (3.3)-(3.5) in Section 3.2 requires each agent ¢ to continuously ex-
change the position, x;, and the output of the filter, w;, with its neighbors. However,
continuous communication may not be practical due to the constrained bandwidth of the
communication network in reality. To this end, we investigate the event-triggered dis-
tributed average tracking, which removes the requirement of continuous communication. It
is worth mentioning that no velocity measurements and no initialization requirements are
needed as well.

It is noted that there are several practical limitations for the event-triggered algo-
rithm in [45]. First, due to the nature of the adaptation law, the adaptive gains can only
increase. It is normally the case that there exist measurement/communication noise and/or
persistent disturbances in practical systems. In such case, perfect consensus cannot be
achieved, and consequently, the adaptive gains and the control inputs will grow unbounded,
which would affect the convergence and the success of the event-triggered scheme. Second,
implementing the algorithm in [45] requires each agent to maintain an additional internal
dynamics to ensure the exclusion of Zeno behavior. Such additional dynamics may cost
extra computational power and storage space. Finally, the use of the signum function in
the algorithm design will cause chattering phenomenon in real applications. To overcome
these limitations, we propose a novel event-triggered distributed average tracking algorithm

without using velocity measurements and requiring correct initialization.
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We propose the following distributed average tracking algorithm with the filter

bi = —k(x; — x7) — 2K(w; — vF) + ul

N
— E aijmjh(:%i — .%j + ’lf)i — ’lf)j,t)
Jj=1

w; = QZ)Z + Ii(a?i — $:), 1€V, (313)
and the controller
u; = —k(x; —xf) — k(w; —v)) +uj
N
— Z aijmjh(ii — SAC]' + W; — ’LZ)]', t), 1€V, (314)
j=1

and m;; is governed by the following adaptation law

ﬁij = a;j; [—pijm-j + R; + (i‘z — :i'j + w; — ijj)T
Xh(i“i—f%j-f—ﬁ}i—ﬁ)j,t)], 1€V, (3.15)

where Z;(t) = x; (tij) and w;(t) = wj(tij) te [tij,t‘,ij+1), denote the last broadcast position
and filter output of agent j, respectively, and tij = max{ti ‘ ti < t} is the latest triggering
time instant of agent j, p;; and R; are positive constants to be determined, and A : RP x

R>p — RP is a nonlinear function [34] defined as

yA
hiz,t) = —————,
&) = L ne?

¢t is time varying, and as

where n and ¢ are positive constants. The boundary layer ne™
t — oo, the continuous function h(z,t) approaches the discontinuous function sgn(z).

For each agent i € V, define
Cg, = Ti — T, ey, = Wi — w;, (3.16)

K3
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and the triggering time instant is determined by #{ = 0 and
ti:—i—l — min {t | fz (t, Tj, Wi, {Iij, wj}je/\/iu{i})> O} 5 (317)
where f; (t, xi, wi, {Zj, wj}jeNiU{i}) is agent i’s triggering function, which is given by

f,’ (t, Tiy Wy, {':%J’ wJ}JENLU{Z})

~

= ‘Heafi + ew, [l; Ri + (e, + ewi)TQ —eie” it (3.18)

where @ = Zjvzl a;jmijh(&; — & + w; — Wj,t), and R;, € and ¢; are positive constants to
be determined. Note that the triggering function in (3.18) takes values in R and depends
on time ¢, its current position x; and current filter’s output w;, and its own and neighbors’
last broadcast positions {Z;};en;uqiy and filter’s outputs {w;};ea;uqsy- For agent i, at
the triggering time instant, it updates its filter’s input and controller by using its current
position and filter’s output, and broadcasts its current position and filter’s output to its
neighbors. In the meantime, e,, and e,, are reset to zero. When an event is triggered at
its neighboring agent j, it receives newly broadcast position and filter’s output, and update

its filter’s input and controller immediately.

Theorem 28 Suppose that the undirected graph G is connected, and Assumption 4 holds.

Apply the algorithm (3.13)-(3.15) to (3.1) with Kk > 3+§‘/§, and the triggering time instant

)\min (Q)
Amax (P) ’

is determined by (3.17) with the triggering function defined in (3.18), where p;j >
€ >0, >0,17>0,c>0, and the matrices P and Q are given in (3.9) and (3.10) with

_ 343
-3

" , respectively. Then,

(i) if B < R; < Bmaxjen; {1, pij\/p(N — 1)}, distributed average tracking is achieved with
bounded error;

52



(ii) if R; > Bmaxjen; {1, pij/P(N —1)}, distributed average tracking is achieved with zero

error.

In addition, the triggering law (3.17) excludes Zeno behavior while running the algorithm

(3.13)-(3.15)

Proof: ~ We first prove statement (i). The proof follows the same two steps
described in that of Theorem 38. Use the same definitions of Z, © and @ as in Section 3.2.
For notational simplicity, let x = Z + @ and x = (M ® I,,)(Z + @) with x; = &; + @; =
T; — %Z?lexj + w; — %Z?f:le and Y; = &; — %Z;V:H:“j + W; — %Zjv:ﬂ% Then we

have

ST
I
[SH

V= —Ki — K+ (M ® I,)a

Yo aymh(fa = X5, 1)
- : (3.19)

N . .
> jm1 aNGTNGR(XN — X5 t)

Consider the function V' defined in (3.8). Taking the derivative of V' along (3.19) yields

V=-XTQXx +xT(M @ I,)a

N ~ ~
> =1 a15m1h(X1 — X, 1)

| angmvsh(Re = %)

1 N N
+ 522%(%’ — Tm)-

i=1 j=1
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Then by using the facts that m;; = mj; and h(—z,t) = —h(z,t), it holds that

V< —XTQX — (ex + ew) (M ® I)ax

N N 2
0 gyl

i=1 j=1
N
+Z (ex;, + €w;) Zamﬂw Ty — &j + Wy — Wy, t)
AijPi R;
+ZZT — T + % (71'1']' —7Tm)
i=1 j=1
N N
QiiTm , . . .
-0 (i — X)) h(Ri = Xo 1),
i=1 j=1

where 3 = (N — 1)3. Note that

algel B N N Tm , ~ NN PN N
DD i |5 ki = X5l — 5 = %) h(ki — %51 1)
i=1 j=1

N N > ~ ~

Za.. QHX_AH Tm, aleXi_Xng
1 (2
i=1 j=1 ! T IXi = X;lly +ne=
N N
B 7T
<35 (P el ).

where the fact that ||x; — x;ll; < /PlIXi — X;ll5 is used. Since ab < % + g—i Va,b € R holds

for any € > 0, it then follows that

»> ”2 < <—7Tz‘j + ;) (Tij — ™)

i=1 j=1 Pij

N N

R.

3yt [ (mis — )2+ ( —ﬂm> (i _wm)]

i=1 j=1 Pij

N N 2

ip 1 (R,

Exe i)
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Thus, selecting a 7, such that m,, > B\/Z) yields that

= —XTQX+§:§:%M (Ri—w >2
= 4 m

i=1 j=1 Pij

T N N p—: o @ijPij 2
+7ZZCLUT/€ _ZZ 4 (ﬂ-lj_ﬂ-m)

i=1 j=1 i=1 j=1
ANmax (N — 1) &
+ ma+ Z ez, + €w,[l;
i=1
N N
+Z(e:ti +ewi)TZ Uﬂ-ljh( _xj_‘_wl wj’t)’
i=1 j=1

where we have used the Holder’s inequality. Then implementing the triggering condition

(3.17)-(3.18) yields

N N
VS—XTQX—FZZLJIU <i—7rm> —l—Zee pit
i=1 j=1

. T,
=1 j= Pij

N N
+ %ﬂ > agne ™~ Z Z aijfij (mij — Tm)?

i=1 j=1 i=1 j=1
N NN
R D NI 3
i=1 i=1 j=1
L NN
1 ZZG pij = Aq/p) (Tij — Tm)®
=1 j=1
N N
eyt (M)
p,. 7Tm
i=1 j=1 4
N N
<+ S TS S
i=1 i=1 j=1
aijpi ; 2
Qij Pig 7
ryy s (Y
i=1 j=1 R

where Ag/p = )‘“““((?3)), and the last inequality holds because p;; > Ag,/p. According to the
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Comparison Lemma in [62], it holds that

) 2
V S ef)‘Q/Pt |:V + AQ/PZZ CLz]p’L] <Z — »n—m) :|

=1 j=1 Pij
a;;Pi ; 2
19 P1g 1
S s (B )
i=1 j=1
N

_)‘Q/PtZ/< <,01 )‘Q/P) +7T;n|_/\/;-|'r/e—(c_>‘Q/P)T)d7"

Pij

1 N
wl_NijlfL’j’

o 2
Therefore, lim;—oo V = Ag/p Zfil Zj\le % (& - Wm) ) 5’

LN LN
Vi — N ijl Ug’ 5’ and sz - ijl w]HZ are all bounded.

Second, define S, S, and Sy, as in the proof of Theorem 38. Note that Zf\il Z;V:1 aijmigh(Xi—
X;j) = 0 holds for any i € V because m;; = 7j; and h(—z,t) = —h(z,t). As aresult, by a sim-
ilar proof of Theorem 38, it follows that lim; Z;Vﬂ Tj= Z;V p 27 and limy—0 ZJ LV =

N 1 N r . 1 N r
ZJ 1 V5. Therefore, lim; oo (ml - W ZFI :cj> and limy_,oo <vi — ZFI vj) are bounded.

For the proof of the statement (ii), we consider the following Lyapunov function

candidate as

Vo = fXTPXJr ZZ(W )2

=1 j=1

Taking the derivative yields that

Vo < —XTQX — (ex + ew)T (M @ I)a

+Z (ex; + €w;) Zazﬂw Ty — Tj + W; — Wy, 1)
@ijPij 6
—ZZT my =2 ZZ%Hxl %l
=1j=1 i=1 j=1
1NN op
D) Z Z —ai;j(Xi — — %) h(Ri = %5, 1)-
i=1j=1"4

Notice that —(e; + €y)T (M ® I,)a < B|lex + ew||; Implementing the triggering condition
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(3.17)-(3.18) yields that

Vy < XTQX—t—Zee eit 4 — ZZ—awne ot

i=1 j= 1
2
aijPij R;
-3y (- 1)
i=1 j=1 Pij
< )\Q/PV"‘ZEZG wit 4 = ZZ %3776 —c
=1 j= 1
pij A/ Ri\?
3 (%) (ny B
=1 j=1 Pij
< )\Q/pV+Zeze eit 4~ ZZ awne —et
=1 j= 1

where the last inequality holds by noting that p;; > Ag/p in the statement. Following the
similar line of analysis as in the proof of statement (1), we have limy_, o Vo = 0, which
implies that z; — % Zjvzl Tj, v; = % Zjvzl vj, and w; — % Zf;l wj, as t — oo. Hence,
the consensus step is completed. The sum-tracking step can be completed by the same
analysis to that in the proof of statement (i). Therefore, the distributed average tracking
is achieved with zero tracking error.

Next we prove that the proposed event-triggering mechanism (3.17)-(3.18) is able
to exclude Zeno behavior. Since V' (or V3) is bounded according to the analysis above, it
is concluded that ||z;||;, ||ws|l; Vi € V and |m;;| V(4,7) € £ are all bounded. It then follows

that ||Z;]|;, ||wi]|; are bounded. Let w*** = SUPte[0,00) |l Zi]],, and W™ = SUPte[0,00) ;]| -
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Note that

Hem + Cw; ||1 R; + (exi + ewi)TCAi < ||em + ewi“l R; + ‘(em + ewi)Tgi

)

< ||2i — @i + W — will (Ri n \

~

< llew, + eurlly (Ri+ |G

Gi

)
).

where (; is defined in (3.18). The next event will not be triggered before ‘||emi + ew,|l; Ri +

< (8= ) @ 4 i) (R + |

(]

(e, +ewi)T@ = ¢;e~¥it. Thus, a lower bound is given by 7* = ¢t —t* that solves the equation

(=17 @ + o) (R + |6

Lk L4k
)T* = ere ¥iT e Pl
o0

It is apparent that 7* > 0, which implies no Zeno behavior. This completes the proof. W

From the triggering condition (3.17)-(3.18) and the proof of Theorem 40, the
function €;e~ % serves as the time-varying threshold for the term |||es, + ey, |, Ri + (€x; +
ewi)T@ = F(eg, + ew;). Once F(eg; + ey,) reaches the threshold, the agent is triggered.
Therefore, selecting proper ¢€; and ¢; allows one to affect the rate of triggering times. To
be exact, a larger value of ¢; and a smaller value of ¢; intuitively lead to a lower triggering
rate.

The matrices P and () are accessible to agents since once « is determined, the form
of these two matrices are fixed. Then, the eigenvalues of P and @) can be easily computed

by each agent.

Remark 29 As indicated in Theorem 40, the lower bound of the design parameter R; de-
pends on some global information such as the total number of agents in the network and

the bounds related to the reference signals. However, the parameter is constant and can be
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determined off-line before running the algorithms. One can always be more conservative to
select a large enough number for R;. Moreover, due to the challenging nature of the problem
studied in this chapter, it might be inevitable to have certain piece of global information to
determine the lower bound for the design parameter. This is also the case in the literature
[45, 64], even when solving a simpler problem compared to the one studied in this chapter.
In addition, to obtain a better estimate of the lower bound of the design parameter, one can
use some ezisting algorithms in the literature [51, 109] to estimate the global information

by interacting with local neighbors.

Remark 30 The adaptation law (3.15) is partially inspired by [128]. The difference is the
adoption of R; in (3.15) for each agent. From Theorem 40, we can see that the value of R;
has an effect on the tracking error. As stated in Theorem 40, distributed average tracking is
achieved with zero tracking error when R; is sufficient larger. It is also worth noting that in
this chapter, an event-triggered communication mechanism is proposed to avoid continuous
interactions and reduce the communication cost. In addition, only position measurements

are used. These two points distinguish the present work from the one in [128].

Remark 31 The distributed average tracking problem is solved by the proposed event-
triggered algorithm, and Zeno behavior is excluded, which removes the requirement of con-
tinuous interactions among agents. Compared with the existing works on event-triggered
distributed average tracking algorithms [45, 64], the proposed one (3.13)-(3.15) contributes
in the following two aspects: i) the algorithm is able to be implemented for double-integrator
agents without using velocity measurements, which is economical and energy efficient; ii)

several practical limitations have been overcome by the newly designed triggering strategy.
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3.4 Illustrative Examples

In this section, we provide examples to illustrate the results obtained in this chap-
ter.

We consider a group of twenty physical agents (N = 20) given in (3.1), which
are labeled as 1,...,20. The agents form a ring topology. In the simulation, we set u] =
A;sin(V;t+¢;) in (3.2) with 4; = —0.04(0.7i+0.5)2[2(i — 3.5) —2(—1)], ¥; = 0.2(0.7i+0.5),
and ¢; = (2ir/N) — .

Select k = 5 and 7;;(0) = 1000 for any ¢ and j that are connected. Implement
the algorithm (3.3)-(3.5) for (3.1). The simulation results are shown in Fig. 3.1. It can
be seen that all the agents’ physical states, positions and velocities, are capable of tracking

2 2 .
2—10 ngl z7 and % ngl v, respectively.

‘ ‘ ‘
120 .
2 2j=1%5 | |

T

Ui

-100

Figure 3.1: Using algorithm (3.3)-(3.5) for (3.1), twenty agents’ position and velocity tra-
jectories. The black lines denote the average of the reference signals and their velocities.
The rest are the position and velocity trajectories of these twenty agents.
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In the following, we use the algorithm (3.13)-(3.15) for (3.1) with the same set
of reference signals. The triggering time instants are determined as in (3.17) with the
triggering function defined in (3.18). For simplicity, we set R; = 2000, ¢; = 1000, p; = 5
and p; = 1074 for any i = 1,...,20. Let n = 10 and ¢ = 1. The position and velocity
trajectories for those twenty agents are shown in Fig. 3.2. It can be seen that all the agents’
physical states, positions and velocities, are capable of tracking 2—10 E?il a:}" and 2—10 232'21 v}”,
respectively. The number of triggering time instants for each agent is presented in Fig. 3.3.
In this simulation, we use a fixed-step solver to solve the system, and the fixed-step size is
107°. In the 10 seconds simulation time, agents 1 — 20 are triggered 3.69%, 3.80%, 3.84%,
3.93%, 3.91%, 4.03%, 3.99%, 4.08%, 4.02%, 3.90%, 4.09%, 3.78%, 4.02%, 3.79%, 3.85%,

3.68%, 3.49%, 3.27%, 3.34%, and 3.72% of times. Therefore, the proposed distributed

average tracking algorithm (3.13)-(3.15) avoids continuous communication.

1520
— % =1 % |

T

Ui

-100

Figure 3.2: Using algorithm (3.13)-(3.15) for (3.1), twenty agents’ position and velocity
trajectories.
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10 ‘ : : ‘ ¢ maaa 7
——The total number of triggering time instants

Time(s)

10° 10t 102 10° 10* 10° 10
The number of triggering time instants

Figure 3.3: The number of triggering time instants of the agents while using algorithm

(3.13)-(3.15) for (3.1). The black line denotes the total number of triggering time instants.
The rest are the number of triggering time instants for these twenty agents.
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Chapter 4

Distributed Time-varying
Optimization of Networked

Lagrangian Systems

4.1 Problem Statement

In the distributed time-varying optimization problem, each Lagrangian agent aims
to cooperatively track the optimal trajectory determined by the group objective function.

Let ¢*(t) € RP denote the optimal trajectory, and it is defined as

N
¢*(t) = arg min { > Kila®), t]}, (4.1)

(t) i=1
where f;[q(t),?] : R? x R>g — R is the local cost function associated with agent i € V. In
the rest of the chapter, it is assumed that ¢* € £% . This assumption is satisfied in most

applications in practice. It is assumed that f;[¢(t),t] is known only to agent i. Note that
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SN fila@), 1] = SN filas(t), 1] if qi(t) = q;(t) = q(t) for all i,5 € V, and hence to find

q*(t) defined in (4.1) is equivalent to find the optimal solution

N
{ai(t),. . qn(t)} = argmin { Zfi[(h‘(t)ut]}v

{a1(®),man O} (5=

Subject to ¢i(t) = q;(t) Vi # j,

where ¢f(t) = q;(t) = ¢*(t) Vi # j. Therefore, in this chapter, the goal is to design
the control torques 7;, i € V, for the agents (1.1) such that each agent’s position g;(t) is
capable of tracking ¢/ (t) = ¢*(t), and {¢j(t),..., ¢y (t)} minimizes the group cost function
Zij\il filgi(t),t]. That is, design 7; for each agent i such that lim ,o[gi(t) — ¢*(¢)] = 0p,

Vi € V. We make the following assumptions on the cost functions.

Assumption 4 Fach cost function fi(q;,t), i €V, is twice continuously differentiable both
in q; € RP and t, and strongly convex in q; and uniformly in t. That is, H;(q;,t) is always
positive definite and there exists a positive constant m such that \; [Hi(qi,t)] >mVj €
{1,...,p}, Yi €V holds uniformly in t. In addition, each H;(q;,t) is upper-bounded, i.e.,

| Hi(qs,t)]|o <m VieV.
Assumption 5 The Hessian matrices satisfy H;(q;,t) = H;(q;,t) Vi, j € V.

Assumption 6 For each agent i € V, %Vfi(qi,t), %Vfi(qi,t) and 8?7;%Vfi exist.
In addition, if agent i’s position q;, i € V, is bounded, then %Vfi(qi,t), %Vfi(qi,t),

aa—:?Vfi(qi,t) and %Vfi(qi,t) are all bounded.

In Assumption 4, the uniform strong convexity of the objective functions guaran-

tees that the optimal trajectory ¢* is unique for all ¢ > 0, and it also ensures that H;(q;,t)

64



Vi € V is invertible for all . The upper-boundedness of the Hessian matrix is equivalent to

the Lipschitz continuity of the gradient V f;(g;,t). In Assumption 6, one sufficient condition
: o) 9?2 9?2 9?2

for the existence of 5V fi(gi,t), 5=V fi(ai, 1), WVfi(qi, t) and 5iaq Vi, can be that each

cost function f;(q;,t), i € V, is at least three times continuously differentiable in ¢; and ¢.

Assumptions 4-6 are some similar/same assumptions that are used in prior related works

[102, 92, 57].

Lemma 32 [6] Let f(z) : RP — R be a continuously differentiable convex function with

respect to x. The function f(x) is minimized at x* if and only if V f(z*) = 0,.

4.2 Distributed Time-Varying Optimization of Networked La-

grangian Agents Under Fixed Graph

In this section, we assume the interaction topology of the Lagrangian agents is
modeled as a fixed graph G € 4.
4.2.1 The Base Algorithm

For each agent ¢ € V, construct a reference system as

bi=— Y [ala — q5) + B — d5)]

JEN;

—v > senfale —¢) + Bld — 45)] + @i, (4.2)
JEN;

where o and 3 are some positive constants to be determined, and ¢; is defined by
pi = —Fy(qit) — Hi(qi, t)V fi(ai, 1), (4.3)
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with
1 0
Fi(gi,t) = H; (¢ t) %vfi(%'at) + Vfi(gi,t)| - (4.4)
Note that Assumptions 4 and 6 guarrantee the existence of ¢;, i € V. Define
S; = qz — V5. (4'5)

The adaptive controller for the Lagrangian system (1.1) is given by

A~

7 = —Kis; + Yi(qi, Gi, vi, 03) 0, (4.6)

O; = T3V (g4, iy viy 03) 4, (4.7)

where K; and I'; are symmetric positive definite matrices, and 1§Z is the estimate of ¥;. In
the algorithm, the reference system (4.2) generate a desired reference velocity v; for each
agent 7, and the adaptive controller (4.6)-(4.7) is used to drive each agent’s velocity ¢; to

track its local v;, and in the meantime, ¢; to track the optimal trajectory.

Remark 33 It is worth emphasizing that the algorithm (4.2)-(4.7) does not rely on ex-
change of wvirtual variables between neighbors. Especially, the reference system (4.2) is
driven by agents’ physical state information, i.e., q;, ¢;, ¢ — q; and ¢; — ¢;. Such design
excludes the usage of communication channels, and can be implemented by onboard sensors.
This feature distinguishes this algorithm from existing results on distributed optimization
of networked Lagrangian systems, e.g., [127, 133, 132], where inter-agent communication
is required. In addition, the algorithm (4.6)-(4.7) with ¥; defined in (4.2) addresses the
distributed time-varying optimization problem with zero optimum-tracking error, while the

works [133, 132] are limited to distributed time-invariant optimization, and the work [127]
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only addresses a special case of time-varying cost functions with nonzero bounded optimum-
tracking errors. It is also worth pointing out that such design results in the fact that the
reference systems and agents’ dynamics are highly coupled. The convergence analysis of
such coupled systems is quite complex and challenging. However, in the literature, when
distributed control problems are addressed for nonlinear systems, networked virtual systems
are constructed completely independent of the agents’ dynamics, which makes the analysis

much easier and more straightforward compared with our convergence analysis later.

Assumption 7 Foranyi,j € V, there exist positive constants c1 and ca such that ||¢; — ¢;]|; <

ci(lla — qilly + 11 — g5lly) + ca-

Remark 34 Assumptions 4-7 can be satisfied in many situations in practice. If the cost
function are constructed as fi(qi,t) = ||lgi(t) — ri(t)||3 where qi(t) € R? and ri(t) € RP
are agent i’s position and local reference signal, respectively, the distributed time-varying
optimization algorithms can be applied to address the distributed average tracking of net-
worked agents, which has found applications in region following formation control [13] and
coordinated path planning [108]. Note that Assumption 4 holds trivially from the above
construction of fi(qi,t). Also, the boundedness assumptions of r;, 7; and ¥; are commonly
placed when dealing with the distributed average tracking of networked agents [50], and such
boundedness assumptions implies that Assumptions 6 and 7 hold. In addition, when the cost
functions have a slightly more general form as fi(qi,t) = ||pg; + gi(t)Hg, where p € Ry and
gi(t) is a time-varying function, which is a commonly used cost function for energy mini-
mization [57, 50], Assumptions 6 and 7 are satisfied under the boundedness assumption of

9i(t), gi(t) and g;(t). It is also worth pointing out that under Assumption 5, the value of the
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constants ¢1 and co in Assumption 7 depend mostly on the structure of the cost functions

and their state-independent parts.

4.2.2 Convergence Analysis

Before moving on to the convergence analysis of the distributed optimization al-

gorithm, an essential lemma is presented, which is used later.

Lemma 35 Let z = [z'ip, e ,ij\}] and s = [slT, e ,s;{,] where z; € RP and s; € RP Vi € V.
Suppose that v € Ry.. It holds that
—72T(B ® I,)sgn [(BT ® I,) (z + Bs)]

<=y |(BT @ L)z||, +218[(BT @ I)s|

1 Y

where B is the incidence matrix associated with the graph G.

Proof:  Define P = {1,...,p}, and let z; , and s, ;, denote the k-th entry in vector

z; and s;. It holds that
— 2" (B® I)sgn [(BT ® 1) (2 + Bs)]

=—v Y (2 —2) senlz — 2 + B(si — s))]
(1,5)€€

==y > > (zik — ziw)senlzik — 2k + Bsik — 5ik)]

(i,j)€E keP

= _'YZ Z A%y,

keP (i,5)€€

where Aﬁj = (2ik — Zjk)sgN [sz — 2k + B(sik — st)], and the equalities are obtained by

using the definition of the signum function. For any k € P, define
566 = {(Z,j) e& ‘ Zik — %k + B(Si,k - Sj,k) = 0}.
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Note that Aﬁj = 01if (4,7) € EF. Tt then holds that

—72"(B®I,)sgn [(BT ® I,) (z + Bs)]

=), > Ay

KEP (i.1)eE\E}

For any (i,7) € £\ &}, it holds that

— A

(zik — 2jk)? + B2k — 2jk) (Sik — Sjik)
|Zik — zjk + B(Sik — Sjk)]

= —Y|zix — zjk + B(Sik — Sjk)l

(sik — 8j6) 21k — 2jk + B(Sik — 8jk)]
zik — zjk + B(sik — Sjk)]

+B

IN

—Y\|zig — zjk + B(sigk — Sj)| +VBlsik — Sjikl

IN

~|zik — 2kl = Blsigk — sjxl] +vBlsix — sjul;

where the last inequality follows from the Triangle Inequality. For any k € P, define

3
3

£f = {(1.9) € € | sk — 230l 2 Blsie — 5

gh = {(iaj) €& ’ |26 = Zj k| < Blsik = sjk
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Then, it follows that

-7 Z Af,j

(i.5)EENEG

<= > (lzik — 2kl — 2815k — sk

)

(i,4)€ER\ES
7 D lmigk— 2zl
(i.j)e€r
<=y D lmk—zal+298 D Isik — sl
(i,5)€€ (i.§)EER\EE

+ 7y Z |Zi,k—2j,k|+275 Z |5i,k—5j,k|

(i.4)€ES (i.j)e€r
<=y Y lak =zl +298 D lsik— skl
(i) €€ ()€€

where the last inequality holds due to the definition of £¥. Hence,

—v27(B® I,)sgn [(BT ® Ip) (z + Bs)]

<> ) <|Zi,k — zj k| = 2Bsik — Sj,k:|>
kEP (i,5)€€
==y > lz—zl +298 D lsi — sl
(i.5)€€ (i,)€E
=y ||(B" @ L)z, + 2v8]||(B" ® I)s|, -
This completes the proof. |

Using the definition of s; in (4.5), the reference system (4.2) can be rewritten as
¢i = vi + 8i (4.8)

o ==Y [ala — aj) + Bloi —vj + 51 — 55)]
JEN;

— Z sgn|a(q; — q;) + B(vi — vj + 5 — s5)] + . (4.9)
JEN;
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By the system reformulation, the reference system (4.2) (i.e., (4.8)-(4.9)) can be viewed
as a group of networked perturbed double-integrators with disturbances s;, ¢ € V. The
following proposition shows that the system (4.8)-(4.9) is input-to-state-like stable from
the disturbances (i.e., s;, ¢ € V) to the optimum-tracking errors (i.e., ¢;(t) — ¢*(t), i € V).
That is, optimum-tracking errors are bounded and convergent to zero if the disturbances

are bounded in a certain sense and convergent to zero.

Proposition 36 Consider a group of N agents, and their interaction is described by the

graph G. FEach agent’s dynamics are given by (4.8)-(4.9). Suppose that Assumptions 1-7

3k+2v/k[aXa(L)+2k]+4adz (L) —k
Toaxy(L)—k @

hold. Let o and B be chosen such that a > )\22(’2) and 8 >
with k = cipAn(L)(N — 1)%|€|, and ~ be chosen such that v > co(N — 1)2|E|. Then, the

following two statements hold.
1. If s; € L5 N LY Vi €V, it holds that ¢; — q* € L5 Vi€ V.

2. If s; € LE N LY and si(t) — 0, Vi €V as t — oo, it holds that ¢;(t) — ¢*(t) Vi € V

ast — oo.

Proof:  The proof of statements is divided into two steps: the coordination step
and the optimum-tracking step. In the coordination step, it is proved that the coordination
errors, ¢; — + Zjvﬂ gj and v; — + Z;VZI vj, are bounded and convergent to zero if s; Vi € V
are bounded and convergent to zero, respectively. In the optimum-tracking step, it is proved
that Zjvzl Vfi(gj,t) € L5 if s; € LB Vi eV, and Zjvzl Vfi(gj,t) = 0, ast — 0 if s; € L5
and s; — 0, Vi € V. Hence, the statements follow by combining these two steps.

First, consider the coordination step. Let ¢ = [q{, el qf,
s = [slT,...,s%]T, and ¢ = [golT,...,(p]TV]T. Define z = (M ® Ip)q and y = (M ® Ip)v,
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where M = — %1 Nl%. Then it holds that

i=y+(M®I)s (4.10)

y=—(L®I)(ar+ By +Bs) +(M&I,)p

— (B ® I)sgn[(B" @ I,)(ax + By + Bs)]. (4.11)
Define the function
T
11z 2a8L oly x
V= 3 ® Ip . (4.12)
Y aly By Yy

Note that the function V' is positive definite if g < 2X2(L). Taking the derivative along

the solution of (4.10)-(4.11) yields V = U; + U, where

Uy = _azﬂfT(L ® Ip)x - ?JT[(52L —aly)® Ip]y

+2aB2T (L@ I,)s — B2y (L ® I)s + ay’ (M @ I,,)s,

and
Uz = (az” + By")(M @ I)p — y(ax” + By")
X (B ® Ip)sgn| (BT ® I,) (ax + By + Bs)].
Consider the term U;. For notational simplicity, let z = ax+ Sy and £ = [xT, yT] T
Note that

2T (L@ Ip)s < |lly IL @ Ll lIslly

< AN(L)VNp ), sl -
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Similarly,

y (L ® I))s < AN(L)VNpllyll lIslle

y'(MeL)s=y"s <yl sl

Then it holds that

U1 < —a®Ao(L) |3 = [8*Aa(L) — o] [lylf3
— BT (L ® I)s 4+ 2aB2T (L ® I)s + ay” (M @ I)s
—XTQ1X + 208 AN (L)v/Np|lz|y lIs]
+ [B°AN(L)V/Np + o] |yl [Is]]
~XTO1X + enm(ll=lly + llyll) N8l

< =XTQiX + erv/2Np €]y 18]l »

where X = [||z]|,, Hy||2]T, Q1 = diag{a?Xz(L), 82X2(L)—a}, and cpr = max {2aBAN(L)v/Np, B2An(L) /]
al.

Consider the term Us. Note that

N Ny
Izl => "1 > ~ (%~ %)
i=1 ||j=1,j%i 1
NN
<y 3 sl
=1 j=1,j7#i
N
z»m sl
J=LJ#Z
<! ZZsz %ll;
i=1 jeN;

(N =1 [[(B" @ 1),
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and it follows from Assumption 7 that

(M @ Ip)ell, < (M & L)l

Z Z loi — @5l

i=1 jeN;

S

<(V-1) [01 |87 © L), + e | (BT L)l

+al|(BT @ )s]), +calél].

Note that

I(B" @ 1)z, < al|(B" @ L)all, + 8| (B" @ L)y,
(BT @ L)e|, < VIElp||(B"  L)a|l, < ki ll2ll,,
1(B" @ L)yll, < Fallyll, .

(BT @ Lp)s|l, < ku lslly < ka2 [1sllo

(BT @ L)z, <k llzlly < ks llly,

where k1 = \/|E|pAn (L), k2 = \/N|E|p2An (L) and k3 = /|E|pAn (L) (a2 + B2). Then,

(M@ L) <zl [(M @ L)l
< XTQoX + ky ||€]l, |1l oo + 7 || (BT ® 1) ]|,

where Q2 = k , k= c1k¥(N —1)% ky = c1(N — 1)2Npks HBT®IpH, and
CX—FB 6

2
7 = ca(N — 1)2|€|. From Lemma 35, it follows that

—72T(B ® I,)sgn [(BT ® Ip) (z + Bs)]

<=y [[(B" @ 1) 2|, + 298 |[(B @ 1) s , -
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Then, it holds that
Up < —(y—) H(BT ®IP)ZH1 + 278 H(BT ®Ip)3H1
+ XTQaX + ka [I€lly 15l
< —(r=mVa(D) [1zlly + 298k |1sll

+ XTQaX + ka €l 15 o

Hence,

V < =XTQX + (emv/2Np + ka) [I€]l5 151l o
— (v =mVA2(D) [zl + 278k [|s]l o -

where Q = (Q1—@2. Note that @ is positive definite if o >

and 5 >

3k+24/k[ada (L) +2k]+4arz(L)—k

2k
A2(L) 4dado(L)—k

Then, —XTQX < —\,, || X||3, where )y, is the smallest eigenvalue of Q, i.e., Ay = A1 (Q).

V < = €15 + (erv/2Np + k) (1€l 18]l
— (v =)V 2(L) ||zl + 2782 |15l
= (1 —20) €]3 — (v — m) v/ A2(L) ||z,
— 200 [[€][3 + (carv/2NDp + k) 1€l 18]l o
+2v8k2 ||l o 5

n € (0,1). Note that the term —2\,,n ||£||§ + (e v2Np + ka) ||€llo 18]l oo + 27vBk2 ||5]] o is

non-positive if [|¢]|, > max {dy s, ,d2/][s]l« }, where di = CM\/ +k4 and dy = 21511:72.

Note that p(r) = max {dyr,d2+/r} is a class K function. It holds that
V< =1 —20) [I€]13

—(v=mvx(L) 2lly Y[Elly = A(llsllo)-
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It then follows from [62, Theorem 4.19] and the property of the input-to-state stability [62
p. 175] that = € £ and y € £YF if s € £5P, and that z(t) — Onp and y(t) — Opyp
as t — oo if s(t) = Onp as t — oo. Then, the coordination step is concluded from the
definitions of = and y.

Consider the optimum-tracking step. Let x = Z;V:1 Vfi(gj,t) and ¢ = Zévzl [vj+

Fj(gj,t)]. It holds that

N
*x+ZH g, t) (v + Fy) + Y Hj(g;,t)s; (4.13)
j=1
N
— > Hj(a;, )V f(gj,1). (4.14)
j=1
Define the Lyapunov function candidate
1, 1.4
W= X X + §¢ . (4.15)

Taking the derivative of W along the solution of the networked system (4.8)-(4.9) yields

that

W X [ZH qj,t U]+Zatvf] qj, )]
7j=1
N

T Hilg.t)s;
N
4 Z Hj(Qjﬂt)Sj] s

J=1

T
— 7 [Z Hj(q;, 1)V f;(g;, t)]

j=1

= —x"x+x

where Assumption 5 has been used. Note that

N N

T Hila 0| < I omlol

: j:

<3 IxIZ + —Znsjug.

IN

/\
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It follows that

N
: 1, .9 Nm? 9
W< =3I+ =5 3 lssll-
j=1

Then, it holds that 2W + ||x||§ < Nm? Zévzl ||sJHg Integrating over [0,t] on both sides

yields that

t t N t
> / Wdr + / IxI2dr < Nm? 3 / Is;]2dr,
0 0 =Jo

which is equivalent to

t N t
AW (1) + /0 IxI2dr < 2W(0) + Nm? 3 /0 Is;l2dr.
j=1

If s; € £5 Vi € V, it holds that fot Hstng < oo Vi € VVt>0. Note that W(t) > 0
Vt > 0. It then holds that 2W(¢) + fg Ixll5d7™ < 0o Wt > 0, which implies that W (t) €
Ll and x € £5. Hence, it follows from (4.15) that x € L% and ¢ € £5%. By As-
sumption 4, it holds that function Zévzl fj(q,t) is strongly convex in ¢q. Then it follows

. — %12 N —~ N * T el * —
from Assumption 5 that Nm ||g — ¢*||5 < {ijl Vfi(qt) — Zj:1 Vfilq ,t)} (q—q") =

N _ N r N N N e 1T

(S V@) =S V)] @@= e+ 2 Ve - S5 V)] @ -
q*). Then, it holds that

N N
Nmlg—ql, < | S VH@ ) -3 VEia.t)
j=1 j=1 9

N N
+1) Vgt =Y Vi)
=1 j=1

2

From Assumption 4 and Mean Value theorem, there exist a positive constant M such that

| Vi@ ) = 205 Va0, < S IV6@ D = Vil < X35 M g - all

Since Zjvzl fi(g*,t) = 0,, and recall that ¢; — + Zjvzl qj € L5, then it can be shown
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that ||g — ¢*|l, < oo, and hence ¢; — ¢* € L5 Vi € V. This concludes the first part of the
statement.

Recall that x € £8 and ¢ € LE. If s; € L5 Vi € V, it follows from (4.13) that
X € L5, which implies that x is uniformly continuous. Recall also that x € L5, then it
follows from Barbalat’s Lemma [62, p. 323] that Zévzl Vfi(gj,t) = 0, as t — oco. Recall
from the coordination step that x; — z; and v; = v; Vi,j € Vast = oo if 5;, =+ 0, Vi€V
as t — oo. Hence, if s; € L5 N LY and s; — 0, Vi € V, it follows from Lemma 32 that

qi(t) = ¢*(t) Vi € V as t — oco. This concludes the second part of the statement. [

Proposition 37 Suppose that Assumptions 1-7 hold. For the system (4.8)-(4.9), if s; €

L2 ﬂﬁg Vi €V, then all p; € L5 Vi€ V.

Proof:  From the optimum-tracking step in the proof of Proposition 36, it holds
that ¢; € L5 and v € L5 Vi € V. By Assumptions 4 and 6, it holds that V f;(¢;,t) € L5
and %Vfi(qi,t) € L5 Vi € V. Hence, v; € L5 Vi € V. Note also that %Vfi(qi,t),
%V fi(gi,t) and %;%V fi are all bounded by Assumption 6. Thus, it follows that ¢; € L5,
Vie. [

With Propositions 36 and 37 at hand, the convergence of the distributed opti-
mization algorithm (4.6)-(4.7) with v; and ¥; given by the reference system (4.2) can be

established by the following theorem.

Theorem 38 Suppose that Assumptions 1-7 hold, and let o and 3 be chosen such that

3k4+2\/k[ad2(L)+2k]+4ar2(L)—k .
o> 52y and > SEHCRCIE DL o with = eipAn(L)(N — 1PIE], and 7 be

chosen such that v > co(N — 1)%|€|. Using the controller (4.6)-(4.7) with v; and v; given by
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the reference system (4.2) for the networked Lagrangian system (1.1) solves the distributed

time-varying optimization problem, that is, q;(t) = ¢*(t) Vi € V as t — oc.

Proof:  For any i € V, define Lyapunov function candidate W; = %siTMi(qi)si +
%AﬁiTI’i_lAﬁi with AY; = 191 — 19;. By using Property 2, the derivative of W; along the
trajectories of the Lagrangian system (1.1) with the adaptive controller (4.6)-(4.7) can be
written as I/VZ = —siTKisi < 0. Hence, it holds that s; € £5 N L”Q’ and ?3‘2 e LB VieV.

Using (4.5), we can rewrite (4.2) as the system (4.8)-(4.9). Since s; € L5 N £}
Vi € V, it follows the analysis of Proposition 37 that ¢; € £, ¢; € L5 and v; € L5 Vi € V.
From (4.8), it then holds that ¢; € £5 Vi € V. From (4.9), it holds that v; € £5 Vi € V.

Substituting (4.6) into (1.1) and using Property 3 yield that
Mi(qi)$i + Ci(is Gi)si = —Kisi + Yi(is Gi, vi, 0:) AV, (4.16)

Then by using Property 1 and (4.16), it holds that $; € L% Vi € V. It can thus be shown
that s; Vi € V are uniformly continuous. Recall that s; € £) Vi € V. Using Barbalat’s
lemma [62, p. 323], we obtain that s;(t) — 0, as t — oo for any ¢ in V. Then, from the

second statement of Proposition 36, it follows that ¢;(t) — ¢*(t) Vi € V as t — oo. [ |

4.2.3 Distributed Time-varying Optimization Algorithm Removing Chat-

tering

Note that the control torques may involve the chattering issue in practice [103],
since ¥;, given in (4.2), introduces the signum function in the controller (4.6). This subsec-
tion focuses on the distributed time-varying optimization algorithm that generates contin-

uous control inputs, and hence removes the chattering issue while application in practice.

79



To reduce the effects of chattering, we introduce a differentiable function A(-) to
approximate and replace the signum function, which results in continuous control torques

for the Lagrangian agents. The function h(-) is given by

r

h(r) = ", + e (4.17)

where r € R? and ¢ is a positive constant. Such an idea of using continuous approximation
can be found in [83]. Compared with the traditional stabilization of a single agent considered
n [83], the time-varying optimization of networked nonlinear systems addressed here are
more challenging, and theoretical proof can not be directly implied. After replacing the
signum function in (4.2) with the function (4.17), the reference system for agent i € V
becomes
U = — Z (g — q5) + B(di — d5)]
JEN;

- Z hla(g — qj) + B4 — 45)] + @i, (4.18)
JEN;

where ¢; is defined in (4.3). As in Section 4.2.2, a similar preliminary lemma is presented

first, and it is then used in the convergence analysis.
Lemma 39 Let v € Ry, and z;,s; € RP, i € V. It holds that

7 > (s —z) hlz =z + B(si — s))]

(3,5)€€

< Z (2 — zilly — 28 1si — sjll, —€), (4.19)

(i,9)€€

where £ is the edge set of the graph G.
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Proof: ~ From the definition of h(-) in (4.17), it follows that

=7 > (s —z)"hlzi =z + B(si — s))]

(i,5)€€
== Y llzi—z+B6si—s)ly+v Y ¢
(, j)ee (i,5)€€
+VZ si— ;)T [z — zj + B(si — s5)] — &2
()eE ||ZZ_ZJ +5(51_53)H2+5

By using the Cauchy-Schwarz inequality, it holds that (s; — s;)7 [2; — z; + B(s

lsi — sjll2llzi — zj + B(si — s5)||2. It then follows that

=7 Y (= 2) h[z =2+ Blsi — 5)]

(i,)€€
— Y llzi— 2+ Bsi—splly+v Y Bllsi —sill,
(i,5)€€ (i,5)€€
Bellsi — sjlly + g2
D DL o :
(e (e P A T Bl sl Fe

Define

& ={(0.5) € € | llzi — zjlly = Bllsi = sl

E- ={(i.5) € € | llzi — zlly < Bllsi — s}
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Bellsi—s;ll,+e?

P ) g > 0V(i,j) € &, it then holds that

Since I

= D (= 2) hlzi— 2+ Blsi — s5)]

(i.5)e€
<=7 Y |z =zl = Bllsi — sl |
+9 > (e+Blsi—silly)
<=y Y lz—zlly+8 D llsi—silly
(i.5)€E+ (i,)€E+
— B Z l[si = sjlly + Z 2 — zjll,
(i,5)€€~ (i.5)e€~
+9 > (e+Blsi—silly),
(i,5)e€

where the first inequality follows from the reverse triangle inequality. By the definition of

E_, (4.19) follows. |

Theorem 40 Suppose that Assumptions 1-7 hold, and let Let o and B be chosen such that

3k+2+/klara(L)+2k]+4ar2(L)—k .
a > /\22(’2) and 8 > VH 4ZE>\2)(L)—]k 27k o with k = cipAN(L)(N — 1)2|€|, and v

be chosen such that v > ca(N — 1)%|€|\/p. Using the controller (4.6)-(4.7) with ¥; defined
in (4.18) for the networked Lagrangian system (1.1) solves the distributed time-varying
optimization problem with bounded optimum-tracking errors, that is, q;(t) — ¢*(t) € L5

Vie V.
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Proof: ~ 'We use the definition of s; in (4.5) and rewrite (4.18) as

V; = — Z [a(qi — Qj) + B(v; — vj + 8 — Sj)] + ©;
JEN;

- Z hla(g — g;) + B(vi — vj + s — s5)]. (4.21)
JEN;

We only need to prove a similar statement for the networked system (4.20)-(4.21) as in
Proposition 36: ¢; — ¢* € L5 Vi € V if s; € L5 N LE Vi € V. As in the proof of Proposition
36, we also divide the proof into the coordination step and the sum-tracking step. In the
coordination step, let ¢, v and ¢ denote the column stack vectors of all ¢;’s, v;’s and ¢;’s,
i € V, respectively, and define = (M ® I,)q, y = (M ® I,)v, and z = ax + Sy as in the

proof of Proposition 36, then, we have

i=y+(M®I)s (4.22)

y=—(L@I,)(ax+By+ps)+ (M I,)p—~yH. (4.23)

where H = [HT,... , H]] with H; = D ieN; h[z — 2 + B(si — s;)]. By using the same
Lyapunov function candidate as in the proof of Proposition 36, we have V=-XTQxX +

(earv2Np+ka) lEll 18]l oo +7 || (BT @ L) 2||, +278k2 lIsll oo =7 2 i jyes (2 — 2) T [0 — 2+

a?Xo(L) — ak —atBy

B(si—s;)] where X = [l [lyll,]", € = [+7,47]", Q = i
—otBE B2Ay(L) — a — Bk

c _1\3
o= @@ UN b — k2N - 12 k= VIEPAN), ks = V/NIEPAN(D), ks =

VIEIPAN(L)(a? + 52) and ky = c1(N — 1)?Npks || BT @ || .. By Lemma 39, it follows
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that
— Z (z, — zj)Th [Zz —Zj + B(Sz — Sj)]
(4,9)€E

<=7 > (llzi = zlly, — 28 lsi — sll, — €)

(i,5)€€

gl
< =B )<l ks sl +ele
where ks = 274 ||B” ® I,||,, and the second inequality is obtained by using the facts that
Pll1

7l < l7lly < /Pllr]ly for any € RP. Hence,

V <A [I€]5 + (earv/2Np + ka) (€]l 15l

- (\Zﬁ — 7r> (B @ L) |, + ks |Isll, +vel€]

< —An(1-3n) ] — (

75~V I,
— 3\ €113 + (enrv/2Np + Ka) I€]l5 N1l oo

ks [[slly +vel€l,

where we have used the inequalities — || (BT ® I,) zHl < —|[(BT ® 1) zH2 < —vX2(L) |2l
and ||s|l, < |[3]|, and the fact that v > m,/p to obtain the second inequality. Note

that the term —3\,;,n ||§H§ + (e v/2Np + ka) [|€ll5 I8l &5 |Is]l; + ~el€] is non-positive if

I€lly > p = max{cMi VIka ||| o )Tl o/ 222 } It then holds that

V< =An(1—2n) |I€]5
—(y=mvrD) =y VIl = p
This shows that £ € £27, and hence ¢; — & Z;Vﬂ g € L% and v; — & Zjvzl v; € L.
The proof of the sum-tracking step is similar to that of Proposition 36 by noting that
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>V >jeni) Plald — ¢;) + Bvi —vj + s — sj)] = 0p, and thus is omitted. Therefore, it
can be concluded that ¢; — ¢* € L% if s; € L% N Eg Vi € V for networked system (4.20)-
(4.21). For each i € V, by using the same Lyapunov function W; in the proof of Theorem
38, we have s; € L5 N LL Vi € V. Hence, we can conclude that ¢; — ¢* € £5. That is, the
distributed time-varying optimization problem of networked Lagrangian agents is solved
with bounded optimum-tracking errors. |

There are other continuous functions that can be used to approximate the signum
function, such as sat(g) and tanh(g) where ¢ € Ry. When the signum function in (4.2)
is replaced with a time-varying function h(r) = W [34], it can be shown that
qi(t) — q*(t) = 0, Vi € V as t — oo. The proof follows by the similar line of analysis in

Lemma 39 and Theorem 40, which is omitted.

Remark 41 The design of the reference system in (4.2) is inspired by the work [92], and
the method of approximating the signum function using (4.17) has been applied in [92] to re-
move the cahttering. However, this work considers the distributed time-varying optimization
problem for networked Lagrangian systems, and proposed algorithms can be implemented by
using on-board sensors taking physical state measurements (absolute and/or relative posi-
tion and velocity measurement). The Lagrangian dynamics are more complex compared with
single- and double-integrator agents considered in [92]. Moreover, the complezities of the
problem of interest and agents’ dynamics pose challenges in the convergence analysis. For
instance, as an intermediate step in the convergence analysis, two statements are established
for the networked system (4.8)-(4.9) (or (4.20)-(4.21) in the case of using signum function

approximation), which can be seen as networked second-order systems perturbed by distur-
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bances si, 1 € V. Hence they are different from the disturbance-free double-integrator model

considered in [92], and there are significant technical challenges.

4.3 Distributed Time-varying Optimization Algorithm Un-

der Switching Graphs

In this section, we focus on solving the distributed time-varying optimization prob-
lem under switching graphs when the cost functions satisfy Assumption 4 and the following

assumption.

Assumption 8 For any i € V, the gradient of the cost function f;(q;,t) can be written as
Vfi(qgi,t) = Hq; + gi(t), where g;(t) is a smooth time-varying function. In addition, There
exist a positive constant g such that supycpoo) [19:(D)ll2 < g, SUPsefo,00) [19i(E) [l < G and

SUPsefo,00) 1Gi(E)llg < g Vi€ V.

For each agent i € V, construct the reference system as

0= —adgi—y Y sen(a —qj+di — dj) + @i (4.24)
JEN(t)

where a and y are positive constants to be determined,

and F;(gi,t) is defined in (4.4). The adaptive controller for the Lagrangian system (1.1) is

given by (4.6)-(4.7).

Theorem 42 Suppose that Assumptions 1, 4 and 8 hold. Let @ € Ry and v > 2(04 +

m

1)(N — 1)g. Using the controller (4.6)-(4.7) with ©; defined in (4.24) for the networked

86



Lagrangian system (1.1) solves the distributed time-varying optimization problem, that is,

—agi — i — H ' agi(t) + (o +

qgi(t) = ¢*(t) Vi €V as t — oo.
From Assumption 8, it follows that ¢;

Proof:
1)gi(t) + §i(t)]. Define D; = —H '[agi(t) + (o + 1)gi(t) + gi(t)]. Then, it follows from

Assumptions 4 and 8 that ||D;||,, < 2(a+1)g:= D. It follows from (4.24) and (4.5) that

Gi = vi + 5
0 = —agq; — (a+ 1)v; — (a+1)s;
-y Z sgn(qi—qj—l—vi—vj—I—Si Sj) +D;
JEN(t)
T o 25]T. Tt then holds that

Define z; = ¢; + v; and z = [zl,...

—4[B(t) ® L,)sen{ [B"(t) © ,) (= + )} + D,

,sh]T and D = [D],..., DY]". Define x = (M ® I,,)z. It holds that

where s = [s{,.
t=—-ar—a(M®I)s+ (M®I,)D
(4.26)

—7[Bt) ® L]sgn{ [B"(t) ® L] (z + 5)}.

Tx. Taking the derivative of V yields

Consider the Lyapunov function candidate V = %CE

that
- ) . .
V=—a|z||;—ar’ (M ®I))s+z" (M&I,)D

—y2l [B(t) ® I,|sgn{ [BT (t) ® ] (x + 5) }.
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Note that 7 (M ® I,)D < (N —1)||(BT @ I)z||, | D], < D(N —1)||(BT @ I,)z||,. By

Lemma 35, it holds that

— 2" [B(t) ® Lsgn{ [B" (t) ® L] (z + 5)}

IN

—v[IIB* (1) @ Lzl + 29 [[[B" () @ L]s]],

IN

= |[[B" () ® L]x||, + ki |15l

where k1 = yN (N —1), and we have used the fact that 2 || [BT () ® Ip]sHl <2v||[BT(t) @ L) H1 |s]l; <

YN(N — 1) ||s||; to obtain the second inequality. Then, it holds that

V< —allz);+allzl, sl — v |[(BT ® 1) 2],
+ ki |sll, + DN = 1) ||(B" & I)x||,
< —allz|; +allzly sl + ksl

« 2, @ 2
< =5 llall3 + 5 Islf + ka lsly -

where we have used the fact that v > D(N — 1) to obtain the second inequality and used
the Young’s inequality ||z|,[s]; < 3 )13 + 3 |s||? to obtain the last inequality. Define

continuous functions p(r) = $r? and w(r) = $r® + kir, which are class Ko functions.

Then, it holds that

V< —p(llzlly) + = (lslly),

which implies that (V,p,w) is a common ISS-Lyapunov triple! for the switched system

(4.26). By [77, Theorem 2.1], it holds that the system (4.26) is uniformly (with respect to the

A common ISS-Lyapunov triple (V,p,w) for the switched system & = f,(z,u) consists of a positive
definite radially unbounded continuous differential function V' : R™ — [0, +00) and class K functions p and
w such that VV(z)fo(x,u) < —p(||z]ly) + @(||lull,) for all z € R™, all w € R™ and all ¢ € T, where I is the
index set for the switched system [77].
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switching signal for the graph) input-to-state stable. That is, there exist a class XL function
w and a class IC function p such that ||z (t)]|, < w(|lz(0)], >t)+#<suPongt ls(7)]l4 ) Hence,
it can be concluded that = € Eévop if se Eévop and x — Opp if s = Onp as t — oo.

From the definitions of x and z, it holds that
(M®I,)§=—(M®I)g+ (M®I,)s+z.

Note that (M ® I,)§ = —(M ® I,)q is a standard exponentially stable linear time-invariant
(LTI) system. Then, it holds that ¢; — Z;vzl qj € L% and v; — & Zﬁvzl v; € LB VieV
ifsiéﬁgoWGVandqi%%Z;V:lqj andvl-%%Zé\levjViGVast%ooifsiﬁopas
t — o0.

Use the same definitions of x and v as in the proof of Proposition 36, and it holds

that

N
= —arp — Oéz Sj- (4.27)
j=1

Note that ¢ = —a) is a standard exponentially stable LTI system. Then, the system (4.27)
is input-to-state stable. Hence, ¢ € L5 if s; € L5 Vi € V and ¢ — 04 as t — oo if s; — 0,
VieV ast — oo.

Note that (4.13) holds. It then holds that x € £5 if s; € L5 Vi € V and x — 04
ast — oo if s; = 0, Vi € V as t — 0o. The rest of the proof follows from the same analysis

in Theorem 38, which is thus omitted. |

Remark 43 As shown in Remark 34, the distributed time-varying optimization algorithms
can be used to solve the distributed average tracking of networked Lagrangian agents, which

is the topic investigated in [16]. The proposed algorithms in this chapter has the following
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advantages over [16]. Firstly, zero tracking error can be guaranteed for general bounded
reference signals, which cannot be done by using the algorithms in the work [16] in the
same settings. Secondly, the algorithms only use absolute and/or relative measurements
of the physical states with respect to the neighbors, while the work [16] requires addition
communication of some virtual variable. Lastly, the algorithms (4.6)-(4.7) with ©; given by

the reference system (4.24) works under switching graphs.

Remark 44 The structure of the proposed distributed algorithms for networked Lagrangian
agents are partially inspired by [115], where the consensus and/or leader-following of net-
worked Lagrangian systems are investigated. In this chapter, the distributed time-varying
optimization problem is addressed, which are more complexr and challenging and include
the consensus and leader-following as special cases. Moreover, while dealing with the dis-
tributed time-varying optimization for networked Lagrangian agents, the analysis is quite
different from the work [115]. The nonlinear functions, such as the signum function and
the one defined in (4.17), are used to constructing ¥;, which forms a perturbed closed-loop
networked double-integrator systems with s; as disturbance in the model and inside the non-
linear functions (see (4.8)-(4.9) for an example). This chapter provide rigorous analysis on
the performance of the perturbed systems under bounded and convergent disturbances. In
addition, when considering distributed time-varying optimization problem, additional anal-
ysis steps are required, see the optimum-tracking steps in the proof of Proposition 36 and

Theorem 38 for instance.

Remark 45 As shown in Theorems 38-42, the lower bounds of the design parameters (e.g.,

v, a, B and k) depend on some global information, such as the bounds on the cost functions
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and the graph. It is worth mentioning that these design parameters are constants, and can
be determined off-line. Once they are chosen, one can embed them into each agent and im-
plement the proposed algorithms by using only local information (e.g., local cost functions,
absolute/ relative measurements on physical states), which implies that the proposed algo-
rithm can be implemented in a distributed way. In addition, one can be conservative and
select large enough values for these parameters. Also, one can use some existing algorithms
[109, 51] to estimate the bounds about the cost functions and the graph, and then choose

appropriate values for the parameters based on the estimated bounds.

4.4 Illustrative Examples

In this section, we provide examples to illustrate the results in this chapter. We
consider a group of ten planar manipulators with two revolute joints [105, pp. 259-262]
(N = 10), which are labeled from 1 to 10 (V = {1,...,10}). The interaction among these
ten agents is characterized as the graph in Fig. 4.1. The i-th manipulator/agent’s dynamics

are given as

dinGin + di2Giz + cingin + ci2Giz + gin = Tl

di21Gi1 + dizaGiz + ci214i + gi2 = Tia
where ¢; = [qil, qu]T € R? is the generalized coordinates, dj11 = mﬂl?d + mig(lgl + l?c2 +
2ilico cos qia) + Jin + Jig, dina = dior = mia (15,9 + linlica cos gin) + Jiz, digz = minliy + Ji2,
ciil = 0di2, citz = o(Gi2 + i), cio1 = —0Gi1, 0 = —miglilicasingiz, gin = (Mirlic1 +
moli1)g cos gi1 +mialicag cos(qi1 +qi2), giz = Mialicag cos(qi1 +¢i2), and g is the gravitational
acceleration. For agent ¢, J;;, mjj;, l;;, and [;.; are the moment of inertia, mass, length, and
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the distance from the previous joint to the center of mass of link j, respectively. Suppose
that ¥; = [%i1,..., 0] where Ui = mald, + mi(13 + 125) + Jia + Jiz, Yiz = maalinlica,
Vi3 = miglfcz—kJig, Wia = mi1lic1 +myolin and 95 = mysl;ee. In the simulations, let m;; = 0.4
kg, miz = 0.8 kg, l;1 = 0.8 m, liz = 1.2 m, J;1 = 0.0213 kgm?, Ji» = 0.096 kgm?, licy = 31
and [0 = %lig for any i € V. Assume that for each i € V, m;1, myo, l;1, Lo, lict, lic2, Ji1 and
Jip are unknown. Let o; = [m1l2, +mio(I3 +125)+Ji + iz, Maolitlica, miglZ.0+ Jio, mit lic1 +
mz‘Qlil,miglz‘CQ]T € R®. From Property 3, it holds that for any = = [acl,acg]T and y =
[ va) s Yilgi iy, ) € R2S = [Yirlgi, dir y, @) Yir (g3, Gir v, @)] | where Vi (i, 6i,y, @) =
(21, cos(qi2) (2z1 + @2) — sin(gi2)(dizy1 + diny2 + Gizy2), T2, g cos(gi1), g cos(qi1 + Qi2)]T and
Yia (i, Gir y, ©) = [0, cos(gia)x1 + sin(gi2)giny1, 21 + 2,0, g cos(gin + Qi2)]T

Each agent i € V has a local cost function fi(q,t) = [g;1 — 0.1isin(¢)]? + [gs2 —
0.14 cos(t)]?, and denote by ¢* = [qi‘, q%]T the optimal trajectory that minimizes the sum of
all the local cost functions Z}gl fi(g,t). In the following algorithm validations, the initial
values are chosen as follows: for any i € V and any j € {1,2}, ¢;;(0) and ¢;;(0) are generated
randomly from the ranges [—0.5,0.5], and v;(0) = ¢;(0) 4+ 0.112, and 9;(0) = 0s.

We first validate the distributed time-varying optimization algorithm (4.6)-(4.7)
with ©; defined in (4.2). The interaction among these ten agents are described by a time-
invariant graph given by Graph 1 in Fig. 4.1. In this simulation, we select I'; = 0.5I5 and
K; =251 forany i € V, a = 0.3, § =1 and v = 8. The position trajectories and control
torques are presented in Fig. 4.2 and Fig. 4.3, respectively. From Fig. 4.2, it shows that

all the agents track the optimal trajectory, i.e., ¢;(t) — ¢*(t) — 02 Vi € V. It can be seen

from Fig. 4.3 that there exists chattering.
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Figure 4.1: Hlustration of a switching interaction graph among the ten agents.

We then validate the distributed time-varying optimization algorithm (4.6)-(4.7)
with ©; defined in (4.18). We select I'; = 0.415 and K; = 12I, for any ¢ € V, a = 0.5,
B8 =1.5,v=7and € = 0.5. The position trajectories and control torques are presented in
Fig. 4.4 and Fig. 4.5, respectively. From Fig. 4.4, it shows that all the agents track the
optimal trajectory with bounded errors, i.e., ¢; — ¢* € £2 Vi € V. It can seen from Fig. 4.5

that the control torques are smooth and the chattering is removed.



qi1

qi2

Time(s)

Figure 4.2: The position trajectories of Lagrangian agents (1.1) by using the distributed
time-varying optimization algorithm (4.6)-(4.7) with ©; defined in (4.2). The black lines are
the optimal trajectories for each dimension, and the rest are the trajectories of ¢;, and g;,,
i=1,...,10.

We use the same set of cost function to validate the algorithm (4.6)-(4.7) with
¥; defined in (4.24). The interaction among these ten agents are described by a switching
graph shown in Fig. 4.1. The interaction graph states from Graph 1. Then after every 0.25
seconds, it switches to the next graph and the process repeats. We use the same setting for
the initial values, and select I'; = 0.09/5 and K; = 141 for all 7« € V, a = 1 and v = 25.
The position trajectories are presented in Fig. 4.6. It can be seen from Fig. 4.6 that the

agents track the optimal trajectory, i.e., ¢;(t) — ¢*(t) — 02 Vi € V.
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40 T T T T

Figure 4.3: The control torques of Lagrangian agents (1.1) by using the distributed time-
varying optimization algorithm (4.6)-(4.7) with ©; defined in (4.2).

qi1

q;2

Time(s)

Figure 4.4: The position trajectories of Lagrangian agents (1.1) by using the distributed
time-varying optimization algorithm (4.6)-(4.7) with v; defined in (4.18). The black lines
are the optimal trajectories for each dimension, and the rest are the trajectories of ¢;, and
Giyoi=1,...,10.
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Figure 4.5: The control torques of Lagrangian agents (1.1) by using the distributed time-
varying optimization algorithm (4.6)-(4.7) with ©; defined in (4.18).

qi1

qi2

Time(s)

Figure 4.6: The position trajectories of Lagrangian agents (1.1) by using the distributed
time-varying optimization algorithm (4.6)-(4.7) with o; defined in (4.24). The black lines
are the optimal trajectories for each dimension, and the rest are the trajectories of ¢;, and
Qiy, 1 =1,...,10.
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Chapter 5

Conclusions

This dissertation has investigated the following problems:

1. Sampled-data containment control for double-integrator agents with dynamic leaders

with nonzero inputs,

2. Robust distributed average tracking for double-integrator agents without velocity mea-

surements under event-triggered communication,

3. Distributed time-varying optimization of networked Lagrangian systems.

Firstly, we proposed a sampled-data based containment control algorithm for a
group of double-integrator agents under directed communication networks. This algorithm
contributes the solution to the discrete-time containment control problem with dynamic
leaders whose inputs are nonzero. It has been shown that, by applying the proposed contain-
ment control algorithm, the containment control problem is solved with bounded position
and velocity containment control errors, and the ultimate bound of the overall containment

control error is proportional to the sampling period.
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Secondly, we investigated the distributed average tracking problem for double-
integrator agents without velocity measurements under event-triggered communication.
First, a base algorithm has been proposed, which remove the dependence of the design
parameters’ lower bounds on global information. Built on the base algorithm, an event-
triggered distributed average tracking algorithm has been designed to remove the continuous
communication requirement. The event-triggered algorithm is developed with a new adap-
tation law and a new triggering condition which overcomes several practical limitations.
In addition, a continuous nonlinear function is used approximate the signum function to
reduce the chattering phenomenon in reality.

Finally, we have investigated the distributed time-varying optimization of net-
worked Lagrangian systems with parametric uncertainties. The proposed optimization al-
gorithms can be implemented by using only on-board sensors and drive the agents to track
the optimal trajectory. First, a base optimization algorithm has been designed to achieve
zero optimum-tracking error under fixed graphs. Built on the base optimization algorithm,
a continuous variant has been developed, which is capable of generating continuous control
torques for the networked Lagrangian systems and hence reducing the chattering. Then,
by using the structure of the base optimization algorithm, a distributed time-varying opti-

mization algorithm has been designed under switching graphs.
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