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ABSTRACT OF THE DISSERTATION

Generative Problem Solving for Relational Data
Construction, Verification, and Discovery of Problems

By
Goli Vaisi
Doctor of Philosophy in Electrical Engineering and Computer Science
University of California, Irvine, 2026

Professor Phillip Chen-Yu Sheu, Chair

Artificial intelligence systems are traditionally designed to solve problems that have already
been defined. However, a more general form of intelligent problem solving should also sup-
port the ability to generate new problems, represent them in computational form, validate
their meaning, and connect them to appropriate solution methods. This dissertation devel-
ops Generative Problem Solving (GPS) as a framework for moving from predefined problem
solving toward the systematic generation, translation, validation, and solution of computa-

tional problems.

The first part of this dissertation introduces GPS-Relational, a grammar-guided framework
for problem solving over relational databases. The framework translates natural-language
problem descriptions into executable SQL by decomposing complex requests into relational
components, mapping them to database schemas, and validating their semantic compatibility
before constructing the final query. A formal grammar and Semantic Validity Model provide
an explicit representation of relational operations and constraints, enabling complex prob-
lems to be constructed from validated components rather than generated as unconstrained
text. The same grammar also provides a foundation for systematically generating relational

problem instances with controlled structure and complexity.
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The second part extends this generative capability by using the structured representation
in the reverse direction to support the generation and verification of complex relational
problems and their natural-language descriptions. Complex SQL structures are decomposed
into explicit dependencies and translated into natural language, while round-trip translation
and execution-based comparison are used to determine whether the generated descriptions
preserve the intended relational semantics. Controlled query generation and database popu-
lation further enable the creation of informative benchmark problems with varying structural
complexity. Together, these mechanisms support not only problem generation, but also sys-

tematic validation and diagnosis of errors in generated problems and translations.

The final part extends GPS beyond problems that can be represented and solved directly
through conventional SQL. An object-relational representation is introduced to describe
more complex computational structures, including graph entities, relationships, objectives,
and constraints. This representation enables the generation of graph-based problems such as
constrained shortest-path and influence-based optimization problems and provides a bridge
from natural-language problem descriptions to the structured inputs required by specialized
solvers. In this way, GPS is extended from relational query problems toward broader classes
of computational problems whose solutions require algorithms beyond traditional database

query processing.

Together, these contributions establish a progression from translating and solving relational
problems, to systematically generating and validating problems, and finally to extending
problem generation beyond SQL to more general computational problem classes. The dis-
sertation demonstrates how explicit grammars and structured representations can provide
a foundation for Al systems that do more than answer predefined questions: they can con-
struct, analyze, validate, and ultimately expand the space of problems that can be compu-

tationally explored.



Chapter 1

Introduction

Artificial intelligence systems are traditionally designed to solve problems that have already
been defined. A user provides a task in an expected form, and the system attempts to com-
pute an answer. Although this approach has enabled significant progress, it limits intelligent
systems to the passive consumption of existing problems. A more general form of intelligence
should also support the generation, representation, validation, and discovery of problems.
Such a capability can produce new test cases, expose weaknesses in existing solvers, support
controlled evaluation, and identify computational problems that have not yet been studied

in a systematic form.

Large Language Models (LLMs) have made it possible to express computational tasks
through natural language. In database systems, for example, users can describe an in-
formation need in ordinary language and ask a model to translate it into SQL. However, the
fluency of an LLM does not guarantee that its output preserves the intended meaning. A
generated query may be syntactically valid and executable while still containing incorrect
joins, incompatible comparisons, misplaced aggregations, or altered dependencies between

nested operations. Similar difficulties arise in the reverse direction, where a fluent natural-



language explanation of a SQL query may omit conditions or misrepresent its relational
structure. These limitations become more significant as problems grow in complexity and

contain multiple dependent operations.

This dissertation develops a grammar-guided approach to Generative Problem Solving (GPS).
GPS extends the traditional objective of solving predefined tasks by enabling a system to con-
struct, translate, validate, and, when an appropriate solver is available, solve computational
problems. The grammar provides an explicit representation of the structural components of
a problem and the rules by which those components may be composed. Unlike unconstrained
generation, this representation makes it possible to inspect the reasoning process, enforce

domain-specific validity conditions, and systematically control problem complexity.

The first part of this dissertation introduces GPS-Relational for natural-language-to-SQL
translation and relational problem generation. The framework decomposes complex natural-
language intent into smaller relational components, maps those components to the avail-
able database schema, and validates their compatibility before constructing executable SQL.
A Semantic Validity Model prevents operations that are syntactically acceptable but se-
mantically meaningless, such as aggregating incompatible attributes or connecting entities
through invalid relationship paths. The same grammar also supports the controlled gen-
eration of natural-language and SQL pairs with different relational structures and nesting
depths. These generated problems can be executed to produce reference answers and can
therefore be used to evaluate language-model-generated SQL without requiring the generated

SQL to match a single reference string or structure.

The second part considers the reverse direction: translating SQL into natural-language ex-
planations. A readable explanation is not necessarily a faithful explanation, particularly
when a query contains nested subqueries, aggregation dependencies, joins, or set operations.
The proposed framework evaluates explanation faithfulness through round-trip translation.

A natural-language explanation is translated back into SQL, and the reconstructed query is



compared with the original query through execution. When the results differ, the framework
decomposes both queries into structural blocks and identifies the source of the mismatch,
including dropped conditions, aggregation-scope errors, and incorrect dependencies between
nested components. In this way, the grammar supports not only translation, but also verifi-

cation and structural diagnosis.

The third part extends the GPS framework beyond conventional relational queries. The
database representation is expanded from a relational schema to an object-relational rep-
resentation capable of describing graph entities, attributes, relationships, objectives, and
constraints. This extension supports the generation of natural-language graph problems
such as constrained shortest-path problems and more complex graph-based tasks involving
influence or interactions between computed structures. The system represents each gener-
ated problem in a structured form and translates it into the requirements expected by a
compatible graph solver. When an existing solver supports the generated problem class, the
framework can connect generation with problem solving. When no solver is available, the
generated specification can instead serve as a formally described problem instance for future

algorithm development.

The central thesis of this dissertation is that a grammar can provide a unified foundation
for generative problem solving across multiple directions and domains. In the relational
setting, it supports forward translation, reverse translation, executable validation, bench-
mark generation, and failure diagnosis. In the graph setting, it supports the generation and
formal specification of optimization and problem-solving tasks beyond SQL. The grammar
is therefore not limited to producing sentences or queries; it defines a structured space of
computational problems and provides mechanisms for navigating, validating, and extending

that space.

The remainder of this dissertation is organized as follows. Chapter 2 presents GPS-Relational

for natural-language-to-SQL translation, semantic validation, recursive decomposition, SQL



construction, and controlled benchmark generation. Chapter 3 presents SQL-to-natural-
language translation, round-trip verification, structural diagnosis, and execution-aware eval-
uation. Chapter 4 extends the framework to object-relational representations and graph-
based problem generation, including shortest-path and higher-order graph problems. Finally,
Chapter 5 summarizes the contributions, discusses the limitations of the current framework,

and presents directions for future research.



Chapter 2

GPS-Relational: Generative Problem

Solving with Relational Databases

This chapter presents GPS-Relational, a framework for evaluating large language model
(LLM)-generated SQL by constructing an executable reference SQL query from the same
natural-language intent and database schema. GPS-Relational constructs the reference query
through grammar-guided decomposition, schema mapping, semantic validation, and SQL as-
sembly. The reference SQL is executed to produce the expected result, which is compared
with the execution result of the LLM-generated SQL, allowing equivalent SQL forms to be
accepted without requiring textual or structural matching. In addition, GPS-Relational sup-
ports large-scale benchmark generation by systematically synthesizing natural-language and
SQL pairs with controlled nesting depth and relational complexity. These generated prob-
lems enable systematic evaluation of LLM performance across varying levels of structural
complexity. Experimental results demonstrate that GPS-Relational constructs executable
reference SQL across existing benchmark and complex generated queries, while LLM execu-

tion accuracy decreases significantly as nesting depth increases.



2.1 Introduction

Large language models (LLMs) have made natural language to SQL translation more ac-
cessible. Given a user question expressed in natural language (NL) and a database schema,
current models can often generate SQL that is syntactically valid and, in many cases, ex-
ecutable. This progress has shifted the main challenge from generating SQL to evaluating
whether the generated SQL correctly represents the user’s intent. This evaluation becomes

especially difficult when queries are complex, deeply nested, or produced at scale.

Evaluation methods for text-to-SQL commonly rely on execution-based evaluation, where
the generated SQL is executed and its result is compared with the result of a reference
SQL query. However, this approach depends on having reliable reference SQL queries and
benchmark test cases with sufficient structural coverage. Standard text-to-SQL benchmarks
such as Spider [1] have been important for comparing models, but they provide limited
coverage of nested and structurally complex queries. When such reference cases are limited,
recent work has explored using LLMs to compare SQL queries and decide whether they
have the same meaning [2, 3]. However, the reliability of this evaluation depends on the
model making the judgment. If that model makes an incorrect or inconsistent decision, the
evaluation result may also be unreliable. As a result, there is still a need for an evaluation
framework that can construct executable reference queries and reference answers for complex
natural-language intents, especially when the query requires nested reasoning, aggregation,

comparison, or multi-step relational structure.

To address this need, we present GPS-Relational, a relational-database extension of Gen-
erative Problem Solving (GPS). GPS is a general problem-solving paradigm that supports
both solving computational problems and generating new problem instances for testing,
learning, and refinement. GPS-Relational adapts this paradigm to relational databases and

applies it to the evaluation of language-model-generated SQL through grammar-guided refer-



ence construction. Given a natural-language query and a database schema, GPS-Relational
recursively decomposes the query intent into smaller relational components, maps those
components to schema-level operations, validates the mapped structure, and constructs an
executable reference SQL query. The reference SQL is then executed to obtain the expected
result. An LLM is evaluated by giving it the same natural-language query and schema,

executing its generated SQL, and comparing the result with the reference result.

GPS-Relational also supports programmatic benchmark generation. Since existing bench-
marks provide limited coverage of deeply nested and structurally complex queries, the same
grammar can be used to generate natural language and SQL pairs with controlled levels of
nesting and relational complexity. These generated cases can provide a benchmark for stress
testing of LLM behavior beyond standard examples and for measuring how the performance

changes as query structure becomes more complex.

One might ask why a dedicated framework is necessary for benchmark generation when
modern Large Language Models can easily produce large datasets. To investigate this,
we first prompted ChatGPT to generate 1,000 natural-language queries for a given retail
database schema. At first glance, it appeared able to produce a large number of query
examples. However, upon closer inspection, the outputs relied largely on superficial variation:
most examples followed simple query patterns and differed mainly by replacing entities,

attributes, keywords, or values, such as city names or product categories.

In a second test, we made the prompt more specific by requesting 10,000 queries with
more than 15 levels of nesting. Rather than generating 10,000 structurally distinct complex
queries, ChatGPT returned a master template for deep nesting and described how variable
substitution within that template could produce 10,000 examples. The template achieved
nesting by repeatedly stacking similar EXISTS-style clauses over the same few tables. Al-
though such outputs may be syntactically valid, this mechanical expansion does not provide

meaningful relational complexity or the logical diversity needed for real-world benchmark



evaluation.

This motivates the design of GPS-Relational. The framework is built on a foundational
set of relational patterns that cover core SQL operations, including projection, filtering,
aggregation, grouping, joins, comparisons, set operations, and nested subqueries. These
patterns are not fixed sentence templates. They are grammar-defined building blocks, and
explicit composition rules determine how they can be combined and expanded according to
the requested level of complexity. The system then fills the required slots using schema-
grounded entities, attributes, operators, and values, while checking that each combination
is structurally and semantically valid. As a result, GPS-Relational can generate a large and
diverse set of meaningful NL-SQL pairs, rather than simply producing surface-level variations
of the same query form. This provides controlled coverage of relational logic across different

levels of query complexity.

More importantly, benchmark construction requires more than generating many examples.
Even with advanced prompting, LLM-generated outputs still require validation for schema
compliance, structural constraints, semantic validity, and execution correctness. GPS-Relational
builds these checks into the generation process, providing a more reliable and reproducible

foundation for constructing controlled NL-SQL benchmarks.

This paper makes two main contributions. First, we introduce GPS-Relational, an evalua-
tion framework that constructs executable reference SQL from natural-language intent and
uses the resulting reference answers to evaluate LLM-generated SQL. Second, we provide a
benchmark generation pipeline that creates natural language and SQL pairs with controlled
levels of nesting and relational complexity, enabling systematic evaluation beyond standard

benchmark examples.



2.2 Related Work

Research on natural-language interfaces to databases has followed several directions, in-
cluding rule-based semantic grammars, schema-aware query interpretation, synthesis-guided
construction, and more recent LLM-based text-to-SQL systems. Farly systems such as
LADDER [4], LUNAR [5], and CHAT-80 [6] relied on hand-crafted semantic grammars and
domain-specific rules. These systems provided interpretable mappings from natural lan-
guage to database operations, but they required substantial manual engineering and were
difficult to transfer across schemas. Later systems such as PRECISE [7], NaLIR [8], SODA
[9], Templar [10], and DBTagger [11] improved portability by incorporating schema linking,
dependency parsing, metadata, query logs, or learned keyword mapping. These approaches
addressed important parts of the grounding problem, but they still generally attempt to
resolve the user request into a complete query interpretation as a whole. This becomes dif-
ficult when the intended SQL contains nested conditions, scoped aggregations, comparative

subqueries, or coordinated relational branches.

Another line of work uses sketch-based, synthesis-guided, or alternative specification meth-
ods. SQLizer [12] generates query sketches and completes them through type-directed syn-
thesis and repair, while DBPal [13] uses templates and synthetic paraphrases to reduce
manual engineering. SCYTHE [14] and SQLSynthesizer [15] synthesize SQL from input-
output examples rather than directly from natural language. Ontology-based systems such
as ATHENA [16] and ATHENA++ [17] use domain ontologies to connect natural-language
expressions to relational content, including more complex analytical queries. These meth-
ods improve different aspects of SQL construction, but many still rely on fixed templates,

sketches, examples, or ontology engineering.

Recent LLM-based text-to-SQL systems have achieved strong performance on standard

benchmarks. Methods such as DIN-SQL [18] use decomposition and self-correction, while



MAC-SQL [19] uses a multi-agent framework for collaborative SQL generation. Other ap-
proaches, such as PICARD [20] and TeCoD [21], constrain generation to improve syntactic
or structural validity. These systems show the strength of LLMs for translating natural lan-
guage into SQL, but their outputs may still be unreliable for deeply nested, schema-sensitive,
or relationally constrained queries. In contrast, GPS-Relational is not proposed as another
probabilistic SQL generator. Its role in this paper is to construct an executable reference
SQL query from the same natural-language intent and schema, so that LLM-generated SQL

can be evaluated by execution-result comparison.

Evaluation for text-to-SQL has also evolved. Exact string matching is too restrictive because
different SQL queries can be semantically equivalent. Execution accuracy, used in bench-
marks such as Spider [1], is more appropriate because it compares query results rather than
SQL text. However, execution-based evaluation depends on having reliable reference SQL
and sufficient benchmark coverage. Existing benchmarks have been essential for progress,
but they provide limited control over nesting depth and relational complexity, especially
for stress-testing model behavior on systematically deeper query structures. Recent model-
based evaluation approaches, such as LLM-SQL-Solver 2] and FLEX [3], investigate whether
LLMs or improved execution-based metrics can help assess SQL equivalence and reduce eval-
uation errors. These approaches are useful, but they still introduce dependence on learned

or model-based judgment.

GPS-Relational provides a complementary evaluation strategy. Instead of asking another
model to judge the LLM output, it constructs a reference SQL query through grammar-
guided decomposition, schema mapping, semantic validation, and SQL assembly. The refer-
ence SQL is executed to produce the expected result, and the LLM output is evaluated
by comparing execution results. In addition, because the same grammar can generate
natural-language and SQL pairs with controlled nesting depth and relational complexity,

GPS-Relational supports benchmark generation for cases that are difficult to cover system-

10



atically with static datasets alone.

2.3 System Overview

GPS-Relational is a grammar-guided framework for NL2SQL reference construction and
evaluation. Given a natural-language problem and a database schema, the framework dy-
namically constructs an executable reference SQL query from the intended meaning of the
input. This reference query is then executed on the database to produce the expected result

used to evaluate SQL generated by a language model or another NL2SQL system.

We define the reference construction process as

f : (pa D) — Qrefv

where p represents the natural-language problem, D denotes the database schema, and Q¢
is the reference SQL query constructed by GPS-Relational. The reference query is not used
to require a language model to produce the same SQL text or the same SQL structure.

Instead, it is used to produce the expected execution result:
Rref = Exec(Qrefv D)

For the same input p and schema D, a language model produces its own SQL query Qrpwm,

whose execution result is

Riinm = EXGC(QLLM, D)-

The generated SQL is evaluated by comparing Rypy with R.ee. Thus, GPS-Relational pro-
vides the reference answer for evaluation while allowing the evaluated model to generate any

SQL form that produces the same result.

11



The construction of Q¢ follows the NL2SQL pipeline used throughout the framework. The

system architecture, illustrated in fig. 3.2, consists of three primary stages:

1. Decomposition: The query intent is extracted from p and recursively broken into
smaller relational components, such as projections, filters, aggregations, comparisons,
set operations, and nested conditions. The decomposition rules introduced in sec-
tion 2.4 define how complex natural-language intent is represented before SQL con-

struction.

2. Schema Mapping: The decomposed components are mapped to schema-specific ta-
bles, columns, and relationship paths in D. This stage grounds the natural-language
intent in the available database structure and determines which schema elements are

needed to construct the reference query.

3. Semantic Validation: The mapped components are checked using the Semantic
Validity Model. This stage evaluates whether the selected schema elements are com-
patible with the required operations, semantic types, domains, and relationship paths.

Components that pass this validation are used in the construction of Q) ef.

After decomposition, mapping, and semantic validation, the framework assembles the vali-
dated components into executable SQL. For complex queries, GPS-Relational organizes the
reference query using Common Table Expressions (CTEs). The CTE structure is used to
construct complex reference SQL in a modular way, preserving the dependency structure

identified during decomposition.

The same reference construction process also supports benchmark generation. By controlling
the grammar rules, nesting depth, and relational composition patterns, GPS-Relational can
create natural-language and SQL pairs with specified levels of structural complexity. These
generated pairs provide controlled test cases for evaluating how language models behave as

query structure becomes more complex.

12
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Figure 2.1: GPS-Relational evaluation framework. The upper pipeline constructs the refer-
ence SQL query Q¢ from the natural-language query and database schema, executes it to
obtain the reference result R,.f, and compares it with the execution result Ry of the SQL
generated by the LLM.

2.3.1 Semantic Validity Model

A fundamental challenge in query generation is distinguishing between queries that are exe-
cutable and those that are logically meaningful. We define a query as semantically void if it
satisfies the grammatical rules of SQL but violates the semantic constraints of the relational

model.

To prevent the generation of such queries, we define a Semantic Validity Model that checks
whether each mapped operation is compatible with the schema’s semantic types, domains,
and relationship paths. This model supports the construction of reference SQL queries whose

operations remain grounded in the database structure.

13



Semantic Types

The model begins by partitioning the database schema into three disjoint semantic types:
Measures (M), Identifiers (1), and Nominals (N). These categories map physical columns
to the functional roles attributes play within a query and determine which SQL operations

are semantically valid.

e Measures (M): Quantitative attributes representing magnitudes (e.g., Balance,
Loan Amount). These are the only attributes for which arithmetic comparisons and

mathematical aggregations, such as SUM or AVG, produce statistically consistent results.

e Identifiers (/): Key-like attributes that denote entity identity (e.g., Customer_ID,
Branch_ID). They support identity-based operations such as equality checks and rela-
tional joins. They are not valid targets for quantitative aggregations such as SUM or
AVG, though order-based aggregations such as MIN and MAX may be meaningful when

the identifier has an interpretable ordering.

e Nominals (N): Categorical attributes used for classification (e.g., City, Transaction_Status).
They function as grouping keys or string-matching filters but are excluded by the model

when used as inputs for arithmetic operations.

Semantic Domains

While semantic types establish broad relational boundaries, they alone cannot ensure the
logical compatibility of attributes that share the same classification. For example, a schema
may contain two distinct columns categorized as measures, such as Annual _Salary and
Account Balance. Although both support mathematical operations, comparing them is

invalid because they refer to incompatible underlying units.
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To address this, the framework introduces semantic domains, where we let Domain(c) rep-
resent the conceptual unit or dimension associated with attribute c¢. Under this model, an
operation is considered valid only when the participating attributes share matching semantic
domains. Formally, this requires that Domain(c;) = Domain(cg). This prevents semantic
collisions, such as an attempted join between Total Balance and Product_Quantity, even

if both are stored as numeric types.

2.3.2 Semantic Validity Constraints

The foundational definitions of types and domains are operationalized through a set of
logical constraints that determine whether a query’s intent is meaningful. These constraints
make semantic violations detectable during mapping and reference SQL construction. We
categorize these rules into three levels: Local Constraints, Relational Constraints, and Global

Constraints.

To bridge the gap between human intent and relational logic, we formalize these violations
as semantic errors. Each rule defined in the following subsections corresponds to a specific
error condition used during validation. If a violation is detected, the mapped component is

rejected and is not used in the reference SQL.

Local Constraints

Local constraints govern the structural validity of individual expressions within a single
clause. To operationalize these rules, the framework utilizes a Local Semantic Incompatibil-
ity Matrix that maps SQL operator categories to semantic types. This matrix serves as the
first validation filter, identifying operations that are semantically invalid despite being syn-

tactically valid in standard SQL. As shown in table 2.1, grouping operations are restricted to
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identifiers and nominals, since grouping over continuous measures does not yield meaningful

semantic partitions.

Table 2.1: Local Semantic Incompatibility Matrix.

SQL Operation Category Measure (M) Identifier (/) Nominal (N)
Quantitative Aggregation (SUM, AVG) Valid Invalid Invalid
Extreme Value Aggregation (MIN, MAX) Valid Valid Invalid
Cardinality Aggregation (COUNT) Valid Valid Valid
Grouping (GROUP BY) Invalid Valid Valid

To formally define the validity of an operation over a column ¢, let 7(¢) € {M, I, N} denote
the semantic type of c. We then define a validity function V(op, ¢). Let Oquant = {SUM, AVG}
represent the Quantitative Aggregation category and Opange = {MIN,MAX} represent the Ex-

treme Value Aggregation category. The formal validity rules are defined as:

T(C) = M’ lf op € Oquant

V(op,c) <= {7(c) € {M, I}, if 0p € Orange

True, if op = COUNT

\

These constraints are checked during the mapping and validation stages:

For grouping operations, the system restricts permissible semantic types to those representing
discrete categories or unique entities (IV, I), explicitly excluding continuous measures (M)

to avoid semantically invalid results. This is formalized as:

V(GROUP BY,c) <= 7(c) € {N,I}

Finally, while equality (=) is used in local filters (e.g., City = ‘Chicago’), it is treated as

an identity check within a domain rather than a relational comparison of magnitude. For
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such point-filters, the rule is Value Admissibility, asserting that a constant value v must be

a valid member of the set defined by the column ¢’s semantic domain:

V(=,¢,v) <= v € Domain(c)

Relational Constraints

Relational constraints govern interactions between two distinct entities, such as column-to-
column comparisons in joins or column-to-value comparisons involving magnitude. Unlike
local constraints that focus on internal structure, relational constraints ensure that the re-

lationship between entities is grounded in a shared conceptual space.

The first requirement for any relational interaction is domain equivalence. This ensures that
two attributes are conceptually compatible, regardless of their underlying data types. For

any binary operator op, validity is defined as:

V(op, c1,¢2) <= Domain(c;) = Domain(cz)

This prevents semantic collisions, such as joining a Department_ID with an Employee_Age,

even if both are represented as integers.

The second requirement applies specifically to Inequality Operators (>, <,>,<). As es-
tablished, while equality (=) only requires identity within a domain, inequality requires a
directional relationship based on magnitude. This imposes a stricter constraint involving

both the semantic domain and the semantic type:

V(0Pineq, ©,y) <= (1(x) = M A7(y) = M) A (Domain(z) = Domain(y))
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By enforcing this dual constraint, the framework ensures that inequality is applied only to
measures (M) that share the same unit of analysis. This prevents logically flawed queries,
such as comparing a geographical nominal to a numerical constant or comparing two mea-

sures from unrelated domains (e.g., Revenue > Temperature).

Global Constraints

Global constraints evaluate consistency across multiple clauses or query components. These
rules identify cases in which SQL may execute successfully while still violating the intended

relational structure.

Multi-Query Set Operations. For operations such as UNION, INTERSECT, and EXCEPT,
the framework enforces domain consistency across the projected result sets. This ensures
that columns merged from different queries share the same semantic purpose. Formally, for

a set operator ops; and two queries ()1, ()2, validity is defined as:

V(0pset, Q1, Q2) <= Domain(Proj(Q1)) = Domain(Proj(Qs))

Degenerate Aggregation. This constraint identifies logical contradictions between a fil-
tering predicate and an aggregation target. Let S represent the set of records satisfying
the WHERE clause conditions. A degenerate aggregation error occurs if a statistical operator
op € {AVG,SUM} is applied to a set with cardinality one. This typically occurs when a filter

is applied to a unique identifier (1):

V(op, S) = False <= |S| = 1 A op € Oquant

Example: SELECT AVG(Salary) FROM Employees WHERE Emp_ID = 101. Since Emp_ID is a
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unique identifier, the result set S contains only one record, making the “average” mathe-

matically redundant and semantically void.

Projection Cardinality. This rule ensures that the grain of the query is logically com-
patible with the attributes in the SELECT clause. For a query to be valid, every projected
attribute a must either be part of an aggregate function or be defined in the grouping set G.

This prevents projection ambiguity, where the output cardinality is undefined:

V(Projection) = True <= Va € SelectClause : (a € Aggregated) V (a € G)

Example: SELECT City, SUM(Sales) FROM Transactions. Without a GROUP BY City clause,
the query is ambiguous because City has a higher cardinality than the single-row result pro-

duced by the SUM function.

2.4 Recursive Decomposition and Structural Mapping

The GPS-Relational framework constructs executable reference SQL from natural language
(NL) intent by mapping linguistic structures to a set of grammar-defined patterns. This
process is governed by a grammar expressed in Extended Backus—Naur Form (EBNF), which

defines the correspondence between linguistic constructs and relational operations.

Rather than mapping queries to a fixed catalog of templates, the system dynamically con-
structs atomic units by combining a Base Pattern (B) with a compatible Filter Pattern (F').
Formal definitions for these patterns are provided in fig. 2.2. An atomic query consists of

a base pattern (B), optionally paired with a compatible filter pattern (F'). When a filter is
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present, the query is represented as the pair (B, F'). The compatibility of (B, F') is deter-
mined by the Semantic Validity Model (section 2.3.2), which enforces the semantic type and

relational constraints required for valid SQL operations.

Some linguistically valid query intents cannot be instantiated as a single atomic pattern.
In such cases, the composition is not rejected; instead, it triggers recursive decomposition,
which separates the operation into nested query components that can each be instantiated

as valid atomic patterns.

2.4.1 Atomic Pattern Grammar

The production rules R, presented in fig. 2.2, define the structural primitives used to instan-
tiate atomic query components. Each rule specifies how a linguistic pattern is mapped to a

canonical SQL fragment.

By combining a Base Pattern (B) with a compatible Filter Pattern (F'), the resolver generates

semantically grounded query components. In fig. 2.2, expressions of the form

{} = SQL

denote a translation from an abstract pattern specification to its corresponding SQL real-

1zation.

For generality, the placeholder {value} represents either a literal constant (e.g., a string or

number) or a scalar value produced by a nested query.

These patterns define the logical output of a query:

e By (Projection): Produces a set of entities or attributes.
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e B, (Scalar Aggregation): Computes a single quantitative value.

e B3 (Grouped Aggregation): Computes aggregated values over entity groups.

These patterns define the scope of query constraints:

e F} (Categorical Filter): Applies conditions to individual records via the WHERE

clause, triggering Value Admissibility (section 2.3.2) to verify operand compatibility.

e F, (Numeric Filter): Applies conditions to individual records via the WHERE clause,

triggering Value Admissibility (section 2.3.2) to verify range compatibility.

e F3 (Aggregate Filter): Applies conditions to aggregated results via the HAVING
clause, triggering Global Constraints (section 2.3.2). When combined with a scalar
base (By), the filter cannot be directly instantiated as a single atomic pattern and

therefore requires recursive decomposition.

An atomic unit is accepted when the composition (B, F') satisfies the semantic admissibil-
ity conditions defined in section 2.3.2. Invalid compositions indicate the need for recursive
decomposition strategies, as described in section 2.4.2. For semantic consistency during
generation, we distinguish between target_list (nominal/ID attributes for retrieval) and
target (numerical attributes for calculation). Furthermore, group_list defines the cate-
gorical boundaries for aggregated results, while the filter attribute (cat_attr or num attr)
specifies the row-level constraints. Finally, agg denotes the aggregation function, and op

denotes the comparison operator used in filter predicates.

2.4.2 Vertical Decomposition

Vertical decomposition provides the recursive structure required to construct complex refer-

ence queries from natural-language intents that exceed the capacity of a single atomic pat-
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tern. By breaking a query into vertical layers, the system checks that each sub-component
satisfies specific semantic conditions before integration. We formalize vertical decomposition

as a generalized structural mapping function:

fC : (Qouta Qm) = Qout(@in)

Here, the inner query )y, computes an intermediate structure, such as a relational set, an
entity list, or a scalar value, that satisfies the operand requirements of the outer query (Qgys.
The proofs and algorithms for the rules in this section are presented in the author’s PhD

dissertation.

The system dynamically applies three primary vertical rules based on the linguistic context:

Vector Distribution (C})

This rule prevents analytical degeneracy when an outer aggregation targets an inner ag-
gregation. Rather than allowing the inner intent to collapse into a single global scalar, C}
maps the inner query into a grouped distribution (Bs) to preserve the population structure.
As illustrated in example 2.1, C isolates the inner average computation so that the outer
maximum operation is applied across a mapped distribution of values rather than a single

invalid point.
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Example 1.

Find the mazimum of average balance of customers who have an account in branches in Chicago.

Decomposition.
Qout (B2) : maximum of Qinner
Qin(Bs + F1) : average balance per customer who has an account in branches in Chicago

Instantiated SQL.

SELECT MAX(sub.v) FROM (
SELECT a.customer_id, AVG(a.balance) AS v
FROM Account a JOIN Branch b ON a.branch_ id = b.branch_id
WHERE b.city = ’Chicago’
GROUP BY a.customer_id
) AS sub;

Set Membership (C5)

This rule handles set-membership nesting, where the outer query depends on a set produced
by an inner query. For this rule, the inner query must output a single-column list of entity
keys, which corresponds to By or Bs. This rule also resolves aggregate filtering conflicts.
When the decomposition stage identifies an inner scalar base (Bs) constrained by an ag-
gregate filter (F3), the inner unit is converted into a grouped query rather than a scalar
query. This inner unit then serves as the population used by the outer layer. As seen in
example 2.2, C5 evaluates the aggregate filter in the inner query to generate a valid subset
of entities, allowing the outer query to compute its aggregation strictly for that isolated

population.
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Example 2.
Find the average balance of customers whose mazimum balance is more than 1000.

Decomposition.

Qout (B2) average balance of customers in Qjy

Qin(B1 + F3) customers whose maximum balance is greater than 1000

Instantiated SQL.

SELECT AVG(a.balance) FROM account a
WHERE a.customer_id IN (

SELECT customer_id

FROM account

GROUP BY customer_id

HAVING MAX(balance) > 1000
)

Comparative Subquery (Cs)

This rule handles dynamic operands where a comparison operator targets a computed ex-
pression rather than a literal constant. It isolates the computation into an inner scalar query
(Bs), producing a single value to satisfy the outer operator’s requirement. As shown in ex-
ample 2.3, the comparative operand is dynamic. C'3 processes the targeted aggregate clause
as the inner subquery, returning a computed scalar value that is subsequently used by the

outer query’s comparison operator.
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Example 3.

Find customers whose balance is more than the average balance of customers who have an account in branches in Chicago.

Decomposition.

Qout(B1 + F2) customers whose balance is greater than Qiy

Qin(B2 + F1) average balance of customers who have an account in branches in Chicago

Instantiated SQL.

SELECT customer_id FROM account

WHERE balance > (
SELECT AVG(balance)
FROM account a JOIN branch b ON a.branch_id = b.branch_id
WHERE b.city = ’Chicago’

)

2.4.3 Horizontal Decomposition

Horizontal decomposition addresses queries containing parallel logical units or distinct entity
sets that require set-theoretic combination. This strategy handles lateral complexity, where
a coordinating conjunction links two conditions over the same entity domain. To resolve this
structure, the system identifies the Nominal Anchor N, which serves as the shared subject

for both conditions, and decomposes the intent into two parallel branches:

Qa = f(N,Condy,), Qp = f(N,Condp)

where Cond, and Condpg denote the specific linguistic constraints associated with each

branch. The system then composes these branches using a generalized set-mapping function:

fo: (Qa,Qp) = SetOperation(Q 4, Qp)

By establishing this shared anchor, the system requires that both branches project the same

key attribute, thereby satisfying the Projection Cardinality requirement.
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example 2.4 illustrates how these base branches are extracted before any set operation is

applied.

Example 4.

Find customers who have an account in Chicago [CONNECTOR] a loan in Chicago.

Decomposition.
N : all customers
Q4 : customers with an account in Chicago
@p: customers with a loan in Chicago

SQL Branches.
Q_A: SELECT customer_id FROM account a JOIN branch b ON a.branch_id = b.branch_id WHERE

b.city = ’Chicago’

Q_B: SELECT customer_id FROM loan 1 JOIN branch b ON l.branch_id = b.branch_id WHERE
b.city = ’Chicago’

Once the independent branches Q)4 and Qg are successfully instantiated, the system maps
the specific linguistic connector to a generalized set-mapping function to compose the final
query. The framework then applies the appropriate composition rule based on the linguistic

context.

Set-Based Coordination (Cy, C5, C)

143 ”»

These rules cover standard conjunctions such as “and,” “or,” and “but mot.” Once the
two branches are independently resolved, the system combines them using the relational
operator that matches the intended connector. In this way, the decomposition remains the
same across the three cases, while the final composition changes according to the logical

relation expressed in the natural language query.
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Symmetric Difference (C)

This rule handles exclusive conditions, typically triggered by expressions such as “or ... but
not both.” In this case, the system still begins from the same independently computed
branches ()4 and ()p, but instead of directly intersecting, uniting, or subtracting them, it
returns only those entities that belong to exactly one branch. This composition is represented

as:

(Qa\@p) U (Qp\Qa)

This construction ensures that entities satisfying both conditions are explicitly excluded from

the final result.

Double Exclusion (Cy)

»

This rule handles joint negations, typically expressed by phrases such as “neither ... nor.
Here, the two decomposed branches again represent the entities satisfying each individual
condition, but the final result is computed relative to the full anchor population N. The
system first forms the union of the two exclusion branches and then subtracts that combined

set from the shared baseline population:

N\ (QaUQ@g)

This allows the framework to return only those entities that satisfy neither condition.

table 2.2 summarizes how each horizontal rule combines the pre-computed branches into

valid SQL structures.
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Table 2.2: Summary of Horizontal Decomposition Composition Rules.

Rule Linguistic Pattern SQL Composition

Cy,Cs5,Cs  and, or, but not Q-A [INTERSECT / UNION / EXCEPT] Q.B
Cy or... but not both  (Q_A EXCEPT Q_B) UNION (Q_B EXCEPT Q_A)
Cs neither... nor N EXCEPT (Q_A UNION Q_B)

2.5 Recursive Query Resolution and Assembly

Recursive query processing converts the hierarchical interpretation produced in section 2.4
into executable SQL through three steps: organizing the query into dependent levels, resolv-
ing these levels bottom-up into schema-grounded units, and assembling them using Common

Table Expressions (CTEs).

2.5.1 Recursive Level Resolution

This stage organizes a complex query into dependent relational levels. example 2.5 provides
the running example. fig. 2.3 shows how the query is split into a hierarchy: the construction
both ... and creates a horizontal branch at Level 5 for accounts and loans in Chicago, while

the remaining levels capture the vertical nesting of aggregations and comparisons.

Example 2.5.

Find the mazimum of the average balance of customers whose minimum balance is more than the mazimum balance of

customers who have both an account and a loan in branches in Chicago.

The hierarchy is resolved bottom-up, from leaves to root, converting each level into a slot-
filled relational unit. At each level, the main intent determines the base relational form,
such as projection or aggregation, while the attached constraint defines the filter. If a value
relies on a nested child, the parent stores a reference to that child rather than a literal. The

resulting slot-filled hierarchy is shown in fig. 2.4.
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2.5.2 Schema Mapping and Semantic Validation

The slot-filled units are grounded to physical database tables, columns, and join paths using
lexical similarity [22] and relational context. When a term acts as a filter, the framework
identifies candidate columns and searches through the schema graph G to connect the column
back to the main entity of the level. In the running example, resolving Chicago at Level 5

identifies branch.city and the join path linking Branch to the Account or Loan branch.

After candidate mappings are found, the Semantic Validity Model from section 2.3.2 is
applied to check whether the mapped components satisfy the required type, domain, and re-
lationship constraints. Mappings that violate these constraints are rejected, while mappings
that remain structurally valid but under-specified are treated as ambiguities and preserved

for clarification.

Typical semantic errors include type mismatches, invalid relationships, attribute mismatches,
invalid concepts, and domain inconsistencies in set operations. Typical ambiguities include
schema-linking ambiguity, column or attribute ambiguity, and granularity ambiguity. To-
gether, these checks ensure that the slot-filled levels are grounded to reachable and relation-

ally coherent schema elements before SQL assembly.

2.5.3 Modular SQL Assembly with CTEs

Grounded levels are assembled into SQL from the innermost level outward using Common
Table Expressions (CTEs). Each resolved level becomes a separate CTE definition, preserv-
ing the dependency structure established during decomposition. The final SELECT statement

composes these CTEs according to the original recursive hierarchy.

For example 2.5, the final SQL in fig. 2.5 uses an INTERSECT for the coordinated Level 5

branches, followed by CTEs that resolve the nested maximum, minimum, average, and final
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maximum operations. This modular structure provides a direct implementation path from

recursive levels and supports localized inspection of intermediate query logic.

2.6 Benchmark Generation Pipeline

The same grammar used to construct reference SQL can be used to generate controlled
benchmark cases. The pipeline creates a structural skeleton, binds its slots to schema el-
ements, and synthesizes both the natural-language query and its reference SQL. Because
nesting depth and relational composition are controlled during generation, and semantic
constraints are enforced throughout the process, the resulting pairs can be used to evaluate

model behavior beyond standard benchmark examples.

The generation process is governed by the grammar and dependency rules introduced earlier
in the paper. The base and filter productions are defined in fig. 2.2, while the vertical nesting
compatibility rules are summarized in table 2.3. Together, these rules define which atomic

patterns can be combined and which nested extensions are valid during generation.

Table 2.3: Vertical Nesting Rules and Compatibility.

Rule Operation Valid Inner Base Valid Outer Filter
C4 Append aggregation By -
Cy Set-membership nesting By/Bs Fy/F2
C3  Replace {value} with subquery B, F,/F;3

Using these productions and compatibility rules, the generator constructs each benchmark
query in three stages. First, it builds a structural skeleton by recursively selecting compatible
base, filter, and compositional patterns. Second, it binds the abstract slots in the skeleton to
schema elements that satisfy type, domain, and relationship constraints. Third, it resolves
operators and values and synthesizes the natural-language query. The generated query is then

passed through the GPS-Relational reference construction pipeline described in Secs. 2.3-2.5
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to produce the corresponding reference SQL Qyef.

Algorithm 1 formalizes the recursive natural-language generation process. The algorithm
takes as input a target nesting depth L, a schema S, a grammar G, and a dependency
matrix M. It first initializes an empty skeleton (Line 2). At the innermost level, £ = 0, it
selects a base pattern B, chooses a compatible filter F', and stores this atomic unit as the
core of the skeleton (Lines 4-8). For each outer level, the algorithm retrieves the previous
layer, selects a compatible compositional rule C', then chooses a valid filter and base pattern
for the new layer according to the dependency matrix (Lines 10-17). This bottom-up loop
continues until the target depth L is reached, producing a structural skeleton with controlled

nesting complexity.

After the skeleton is generated, BindSchema grounds each layer to the database schema by
selecting a filter attribute, identifying reachable columns, and choosing compatible target
attributes (Lines 22-28). Finally, GenerateNL resolves operators and values and synthesizes
the natural-language query from the grounded skeleton (Lines 29-33). The resulting Qny, is
then translated by GPS-Relational into (Q).f, which is executed to obtain the expected result

used during evaluation.

Phase 1: Recursive Structural Generation

In the first phase, the system constructs a valid structural skeleton by recursively selecting
compatible base, filter, and compositional patterns from the generation grammar. The
process begins at the innermost level and expands outward, ensuring at each stage that the
newly added layer satisfies the compatibility constraints defined by the grammar in Fig. 2.2

and the dependency matrix in Table 2.3.

To illustrate, consider a target complexity level L = 2:
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Input : Target nesting depth L, schema S, grammar G, dependency matrix M
Output: Structural skeleton Skeleton and natural-language query Qnr,
1 Function GenerateSkeleton(L,S,G, M)

2 Skeleton < [];
3 for £+ 0 to L do
4 if £ =0 then
5 B + Random({B1, B2, B3});
6 ValidFilters < LookupFilters(B);
7 F < Random(ValidFilters);
8 Skeleton.Append((¢, 2, B, F));
9 else
10 (¢ — 1, Cin, Bin, Fin,) < Skeleton[l — 1];
11 ValidRules < LookupRules(Bin, M);
12 C < Random(ValidRules);
13 ValidFilters < LookupFilters(C);
14 F < Random(ValidFilters);
15 ValidBases < LookupBases(F);
16 B < Random(ValidBases);
17 Skeleton.Append((¢,C, B, F));
18 end
19 end
20 return Skeleton;
21 end
22 Function BindSchema(Skeleton, S)
23 foreach layer in Skeleton do
24 a < SelectFilterAttribute(layer, S);
25 R <+ ReachableColumns(a, S);
26 target < SelectTarget(R);
27 end
28 end
29 Function GeneratelNL(Skeleton, S,G)
30 Params <— ResolveOperatorsAndValues(Skeleton, S);
31 QNL ¢ SynthesizeFromTemplates(Skeleton,Params, G);
32 return Qni,;
33 end

Algorithm 1: Recursive Generation of Natural-Language Benchmark Queries

e Innermost Core: The generator first selects an atomic unit (¢ = 0,0, By, F}), which

serves as the anchor.

e Outer Layer 1: It wraps this core with a structurally compatible layer, yielding

(f - 1, Cg,Bl, FQ)

e Outer Layer 2: A final extension produces (¢ = 2,Cy, By, FY).

The resulting hierarchy is therefore:

(6227027317}?1)7 (6217037317172)7 ( :07®7327F1)-
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Phase 2: Semantic Schema Binding

Once the structural hierarchy has been generated, the system binds each abstract slot to
schema elements that satisfy both semantic type constraints and relational reachability. For
nested structures, the framework also checks that inner outputs remain compatible with the

outer slots that consume them. Applying this process to the running example yields:

e Outermost level (B + F}): The target is grounded to customer.name, and the
categorical filter is grounded to branch.city, with the filter value supplied by the

next inner level through rule Cs.

e Middle level (B; + F3): The numeric attribute is grounded to account.balance,

with its comparison value supplied by the innermost level through rule Cj.

e Innermost level (By+ F}): The aggregation target is grounded to account.balance,

and the categorical filter attribute is grounded to branch.city.

Phase 3: Parameter Resolution and NL Synthesis

In the final phase, the remaining functional parameters are resolved and the grounded struc-
ture is synthesized into natural language. Atomic value slots are filled by sampling literals
from the corresponding schema domains, while nested value slots are replaced by the syn-

thesized output of lower levels.

For the running example:

e The engine resolves the set-membership relation at the outer level, the scalar compar-

ison operator at the middle level, and the aggregation at the innermost level.
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e The literal value for the deepest categorical filter is sampled as Chicago, consistent

with the domain of branch.city.

After parameter resolution, the final generated query is not assembled as free text, but
synthesized directly from the validated structural skeleton. For the running example, the

final synthesized query is:

Find customer names whose city is in the set of branch cities where account
balance is greater than the average account balance of customers whose branch

city is Chicago.

The generated query is then processed by the decomposition, mapping, validation, and

assembly pipeline described in Sections 2.3-2.5 to construct the corresponding reference

SQL Qref-

2.7 Experiments and Results

The experimental evaluation is designed to validate GPS-Relational as an NL-to-SQL veri-
fier and to demonstrate its use in benchmarking large language models. The evaluation is

structured into two phases:

e We evaluate the translation reliability of GPS-Relational using existing ground-truth
datasets such as Spider and a manually curated set of highly complex natural-language
queries. This experiment tests whether the framework can translate NL questions into

executable SQL and identify unsupported or invalid cases.

e We use the validated GPS-Relational pipeline to generate a benchmark of complex

NL/SQL pairs with controlled nesting depth and relational complexity. These reference
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outputs are then used to evaluate LLM-generated SQL by comparing execution results

and analyzing how query complexity affects translation accuracy.

2.7.1 Reference Construction Accuracy

This experiment evaluates whether GPS-Relational can reliably translate natural-language
queries into executable SQL that can be used as a reference for later LLM evaluation. The
test set contains 500 natural-language queries. Of these, 400 were sampled from Spider across
multiple database schemas and query types to test generality on existing benchmark exam-
ples. The remaining 100 were generated from the GPS grammar to test complex structures,
including nested aggregation, set membership, comparative subqueries, conjunction-based
set operations, and multi-level dependencies. Within this grammar-generated set, 86 cases
were valid complex queries, and 14 cases were intentionally generated as unsupported or
invalid inputs to test whether the framework would reject cases for which a reliable reference

SQL should not be constructed.

For the valid complex cases, the grammar first produced candidate natural-language and SQL
pairs. The researchers then manually checked the natural-language intent, SQL structure,
and execution result to confirm that each retained pair was valid. For each test case, GPS-
Relational received the natural-language question and the corresponding database schema.
The framework either produced an executable SQL query QQgps or rejected the input when

a required mapping, semantic constraint, or SQL construct was outside its coverage.

The generated query was executed and compared against the expected result: the Spider
gold result for Spider cases and the manually checked result for the valid grammar-generated
complex cases. A generated GPS query was counted as correct when its execution result
matched the expected result. table 2.4 reports the number of total inputs, rejected inputs,

generated SQL queries, and execution accuracy computed only over the generated SQL
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queries.

Table 2.4: GPS-Relational reference construction results by query source.

Source Total Samples Rejected Generated SQL Exec. Accuracy
Spider 400 18 382 100%
Generated complex 100 14 86 100%
Total 500 32 468 100%

Table 2.5: Rejected cases during reference construction.

Rejection Reason Cases
Missing lexical or operator mapping 10
Column or attribute ambiguity 8
Type mismatch 6
Domain inconsistency 5
Out-of-scope SQL structure 3
Total 32

The rejected cases were manually reviewed and grouped by rejection reason, as shown in
table 2.5. Missing lexical or operator mappings occurred when key phrases or comparison
expressions could not be grounded to known schema elements or operators. Column or
attribute ambiguity occurred when a phrase could map to more than one plausible schema
element. Type mismatch and domain inconsistency occurred when the requested operation
violated the semantic constraints defined by the framework. Out-of-scope SQL structures
were cases that required constructs not covered by the current grammar. No generated SQL
failed execution-equivalence checking against the expected result. These results indicate that,
within its supported grammar and mapping coverage, GPS-Relational constructs reliable

executable SQL across existing benchmark queries and grammar-generated complex cases.

2.7.2 LLM Evaluation on Generated Benchmark

This experiment evaluates LLM-generated SQL using the benchmark generated by GPS-
Relational. The goal is to measure how execution accuracy changes as query structure

becomes more complex. For each benchmark case, the natural-language query and schema
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were given to GPT-5, and the generated SQL was executed on the same database instance
as the GPS-Relational reference SQL. The GPT-5 output was counted as correct when its

execution result matched the reference result.

We evaluated GPT-5 on 1000 GPS-generated benchmark queries. The benchmark was strat-
ified by nesting depth: 250 Level 0 queries, 300 low-complexity queries at Levels 1-3, 300
intermediate-complexity queries at Levels 4-9, and 150 high-complexity queries at Levels 10—

15. This distribution tests both common flat queries and increasingly complex nested queries.

Performance was measured using execution accuracy. Because SQL queries can be written
in multiple equivalent forms, the evaluation compares returned result tables rather than
SQL text. Thus, a GPT-5 query is accepted if it produces the same execution result as the

GPS-Relational reference query.

fig. 2.6 shows GPT-5 execution accuracy across the four nesting groups. Accuracy remains
high for Level 0 queries, decreases for Levels 1-3, and drops sharply for deeper nesting
levels. The lowest performance occurs at Levels 10-15, where the model must preserve

multiple dependent subqueries and coordinated relational conditions.

A manual review of failed cases showed two common failure patterns. First, the model
often lost track of dependencies between nested query levels, causing filters or aggregations
to attach to the wrong scope. Second, in deeper multi-table queries, the model sometimes
selected unsupported join paths or introduced unnecessary joins. These errors suggest that

the main difficulty is preserving the intended relational structure as nesting depth increases.
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Query Pattern (Q):

Q = {Intent Verb} {B} [{Relational Trigger} {F}]
{Intent Verb} ::= Find | List | Show | Return
{ Relational Trigger} ::= whose | where | who | with | which

Base Patterns (B) B:=Bi| B2 | B3
e B; (Projection):

{target_list} L spLect {target_list} FROM {table}
e By (Scalar Aggregation):
{agg} {target} Jy seLecr {agg}({target}) FROM {table}
e B3 (Grouped Aggregation):

;  SELECT {group_attr}, {agg}({target})
{agg} {target} per {group} — FROM {table}
GROUP BY {group_attr}

Filter Patterns (F) F :=F | F> | F3
e [y (Categorical Filter):

{ cat_attr}{op}{value} s where { cat_attr}{op}{value}

e F» (Numeric Filter):

{num_attr}{op}{value} L where {num_attr}{op}{value}

e F3 (Aggregate Filter):

{agg} {num_attr} {op} {value} s mavine {agg}({num_attr}){op}{value}

Figure 2.2: Formal grammar definitions mapping abstract natural language slots (left of
the arrow) to their corresponding SQL realizations (right). In the query skeleton, B and F’
denote the natural language forms of the base and filter productions, respectively.
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4 [Level 1: Find the maximum of [Level 2] }

~.

Cy {Level 2: average balance of [Level 3] }

~.

Level 3: customers whose minimum balance is

® | 'more than [Level 4]

~

Cy {Level 4: maximum balance of [Level 5] }

~

Level 5: customers who have an account in
branches in Chicago

Chain: customers who have a
loan in branches in Chicago

- -

¢,

Figure 2.3: Hierarchical level map for the running example, including the conjunction-driven
split at Level 5.

MAIN
CHAIN
By + Fy
By + Fy
target: customers, rel:
L5 target: customers, rel: loan
account
cat: branches, value:
cat: branches, value: .
, Chicago
Chicago
By
L4 |agg: maximum, target: balance
nested: 15
B + F>

target: customers, attr:

L3 minimum_balance
op: >, value: L4
L]
B
L2 |agg: average, target: balance
nested: L3
By

L1

agg: maximum, nested: L2

Figure 2.4: Slot-filled hierarchy for the running example, with parallel resolution at L5 and
nested scalar composition from L4 to L1.
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WITH
Level_5 AS (
SELECT a.customer_id
FROM Account a JOIN Branch b ON a.branch_id = b.branch_id
WHERE b.city = ’Chicago’
INTERSECT
SELECT 1.customer_id
FROM Loan 1 JOIN Branch b ON l.branch_id = b.branch_id
WHERE b.city = ’Chicago’
),
Level_4 AS (
SELECT MAX(a.balance) AS max_bal
FROM Account a
WHERE a.customer_id IN (SELECT customer_id FROM Level_5)
))
Level_3 AS (
SELECT a.customer_id
FROM Account a
GROUP BY a.customer_id
HAVING MIN(a.balance) > (SELECT max_bal FROM Level_4)
),
Level_2 AS (
SELECT AVG(a.balance) AS avg_bal
FROM Account a
WHERE a.customer_id IN (SELECT customer_id FROM Level_3)
GROUP BY a.customer_id
)
SELECT MAX(avg_bal)
FROM Level_2;

Figure 2.5: Final SQL assembled from recursively resolved CTEs for the running example.

100 -

80 -

60

40 -

Execution Accuracy (%)

20 4

0 1-3 4-9 10-15
Nesting Level

Figure 2.6: GPT-5 execution accuracy on 1000 GPS-generated benchmark queries stratified
by nesting depth.
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Chapter 3

GPS-CQ: Reasoning over Complex

Relational Queries

In this chapter, we introduce GPS-CQ), an automated Generative Problem Solving framework
for evaluating the faithfulness of natural-language explanations of complex SQL queries. The
framework uses an SQL-to-natural-language-to-SQL round trip: an LLM-generated explana-
tion is translated back into SQL, and the original and reconstructed queries are executed on
dynamically generated database instances to test whether they produce equivalent results.
When the results differ, GPS-CQ decomposes the queries into structural blocks and diagnoses
errors involving aggregation scope, omitted conditions, nesting, join dependencies, and fil-
tering logic. The framework also supports controlled benchmark generation. It first explores
varied query structures to identify patterns that are difficult for a model and then generates
targeted cases based on the diagnosed weaknesses. Canonical explanations constructed from
these cases can provide structure-aware examples for later SQL-to-natural-language research.

Model fine-tuning remains future work.
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3.1 Introduction

SQL remains the standard language for accessing and analyzing relational databases, but
complex SQL queries are notoriously difficult for non-expert users to interpret. The meaning
of a complex query is rarely contained in a single clause. It is distributed across a sequence
of interacting components, including nested subqueries, joins, aggregations, and set opera-
tions. To make these complex queries more accessible, Large Language Models (LLMs) are

increasingly used to translate structured SQL into natural language explanations.

LLMs often produce fluent and readable summaries even when the explanation contains
a semantic error. Some explanations combine operations that should remain dependent.

Others omit a condition or describe the relationship between nested queries incorrectly.

e N\ I

Sample schema and data Original SQL query LLM Explanation
Table A: Customers “Find the names of customers whose
i SEERGI-0*Nane completed orders are greater than
customer_id game FROM Customers ¢ JOIN Orders o the average order amount.”
1 Alice ON c.id = o.customer_id
5 Bob WHERE o.status = 'completed’ ‘l’
GROUP BY c.id, c.name Reconstructed SQL
Table B: Orders HAVING SUM(o.amount) > SELECT DISTINCT c.name
(SELECT AVG(amount) FROM Orders); FROM Customers c JOIN Orders o
order_id | customer_id status amount ONF ¢ .idh="0zcustomer id
101 1 completed | 40 WHERE o.status = 'completed'
102 1 leted 20 AND o.amount >
= Execution result Correct result (SELECT AVG(amount) FROM Orders);
103 2 completed 70
; Execution result Incorrect result
104 2 pending | 90 Wiilag: Sl ]

1 Bob

\ \ J J

Figure 3.1: Aggregation-scope error caused by a fluent but unfaithful SQL-to-natural-
language explanation.

fig. 3.1 shows an aggregation-scope error caused by a fluent but unfaithful explanation. The
original SQL compares each customer’s SUM(o.amount) over completed orders against the
average order amount. However, the LLM explanation describes completed orders them-

selves as being greater than the average, which shifts the comparison from a customer-level
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aggregate to individual order amounts. As a result, the reconstructed SQL returns a different

result, even though the explanation appears natural and plausible.

Detecting these subtle logical failures is difficult, mainly because of limits in current evalu-
ation methods. Existing benchmarks lack controlled examples with known reasoning struc-
tures. Execution-based validation is also hindered by the absence of informative database
instances. Complex queries frequently return empty results on standard datasets, making it
impossible to empirically prove that a translated explanation diverged from the source logic.
Without controlled queries and meaningful database instances, it is difficult to determine
whether an LLM is truly preserving SQL semantics or merely producing a plausible lexical

approximation.

GPS-CQ is an automated Generative Problem Solving framework for complex relational
queries. It evaluates an explanation through an SQL-to-natural-language-to-SQL round
trip. The explanation is reconstructed as SQL, and both queries are executed on the same
dynamically populated database instance. SMT-based population helps deeply constrained
queries return non-empty results. Matching outputs mean that the explanation passes veri-
fication for that instance. A difference causes GPS-CQ to decompose the queries into atomic

blocks and locate the structural source of the error.

GPS-CQ uses diagnosed structural weaknesses to guide benchmark generation. The initial
cases cover varied query structures and nesting depths, including differences in aggregation
and joins. Their failures identify structures associated with lower model accuracy, which
become the focus of targeted cases. Canonical explanations from these cases can serve as
structure-aware examples for later SQL-to-natural-language translation. The same cases
may also contribute to future fine-tuning datasets. This paper focuses on verification, with
structural diagnosis used to support inference-time guidance. Model training remains outside

its scope.
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3.2 Related Work

3.2.1 SQL Explanation and Query Decomposition

Research on SQL explanation has examined how to make structured queries more un-
derstandable to users. SQL-to-text systems have translated query structure into natu-
ral language using explicit structural representations, templates, or graph-based encodings
23, 24, 25, 26]. These works show that preserving structural information improves the faith-
fulness of generated explanations. But they generally aim to generate one fluent explanation
of the SQL query as a whole. They do not expose the query logic as an explicit sequence of

validated intermediate steps.

A related line of work studies decomposition as a way to improve interpretability of complex
SQL. In particular, automated query decomposition has been used to break a SQL query into
constituent subqueries and present them in a step-through form for debugging and inspection.
This decomposition-based view is relevant to GPS-CQ because it exposes a complex query as
a sequence of smaller units, even though SQL itself is declarative [27]. Earlier systems apply
these units to execution debugging and the inspection of intermediate data. In GPS-CQ),
decomposition is used to determine whether an LLM-generated explanation preserves the

structure of the source SQL query.

3.2.2 Large Language Models for SQL Translation

Recent progress in database-language interfaces has been dominated by large language mod-
els. In Text-to-SQL, current methods improve generation through decomposition, schema
linking, metadata augmentation, self-correction, and iterative refinement [28, 29, 30]. Benchmark-

oriented work has further shown that model performance depends strongly on schema com-
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plexity, domain shift, and benchmark design [1, 31].

These advances primarily address the generation of SQL from natural language. GPS-CQ
examines whether a natural-language explanation of an existing SQL query preserves its rela-
tional semantics. The explanation is reconstructed as SQL and evaluated against the source
query through execution agreement. When the results differ, structural diagnosis identifies
changes in aggregation scope, filtering conditions, or dependencies between query blocks.
In this setting, decomposition supports verification and diagnosis rather than generation.
SQLucid uses intermediate explanations to support SQL generation [32], whereas GPS-CQ

evaluates the executable faithfulness of an explanation associated with a given query.

3.2.3 Formal Verification, Evaluation, and Database Generation

A third thread of related work comes from formal verification and query evaluation. Research
on SQL equivalence and symbolic reasoning has shown that SMT-based and symbolic meth-
ods can reason about SQL semantics beyond surface form [33, 34]. More recently, formal
verification has been applied to Text-to-SQL evaluation by actively searching for counterex-
ample databases that differentiate generated SQL from gold SQL, thereby exposing cases

where static execution-based evaluation can be overly optimistic [35].

Verification methods often compare two SQL queries or search for database instances that
expose differences between them. GPS-CQ uses execution equivalence for a different purpose.
It tests whether a natural-language explanation preserves the meaning of its source query. To
do this, the explanation is converted back into SQL. The reconstructed query and the source
query are then executed on the same populated database. If the results differ, GPS-CQ

examines the query structures to locate the mismatch.

Database-generation research also informs this evaluation. Previous systems generate data
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that satisfy query constraints and help test database behavior [33]. They show why data
should be created with the query in mind. This is important for deeply nested SQL because

an ordinary database may cause the query to return an empty or uninformative result.

Most earlier data-generation systems were developed for database testing or workload gener-
ation. Some also support grading. GPS-CQ uses database population to produce informative
outputs for round-trip evaluation. Values that affect query execution are generated using
SMT constraints. The remaining attributes are filled with stochastic values. The resulting
database allows GPS-CQ to compare the original and reconstructed queries and investigate

any difference between their results.

3.3 Problem Definition

This section formally defines the SQL-to-natural-language explanation problem under the
requirement of execution equivalence. We characterize the structural failures that disrupt
this equivalence and define the execution-aware benchmark generation setting used to expose

them.

3.3.1 Verified SQL-to-Natural-Language Explanation

Let S be a relational database schema, and let @) be a complex SQL query over S. The
objective of the SQL-to-natural-language explanation problem is to generate an ordered
natural-language explanation

E = {ey,ea,...,6n)
that faithfully describes the relational logic of ().

The input to the problem is the pair (Q,S), where @ specifies the relational computation
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and S provides the schema information required to interpret tables, attributes, joins, and
constraints. The output is the explanation F, where each statement e; represents one logical

step of the query.

The explanation must preserve the semantics of ). It must retain all query conditions,

preserve dependencies between nested subqueries, and represent aggregation scope correctly.

We do not rely on subjective judgments of fluency. Instead, we evaluate correctness through
round-trip execution agreement on an informative database instance. Let T'(E) denote the
SQL query reconstructed from the generated explanation £. We say that E passes round-trip
verification on [ if

Exec(Q, I) = Exec(T'(FE), I).

Under this definition, the reconstructed SQL must produce the same result as the original

query on [.

3.3.2 Structural Reasoning Failures

When a language model produces a fluent but incorrect explanation, the reconstructed query

T(F) may no longer preserve the behavior of the original query . In such cases,

Exec(Q, I) # Exec(T(E),I).

We classify these deviations as structural reasoning failures. These failures occur when
the explanation distorts the internal relational structure of the query. In our round-trip
evaluation, the observed execution-equivalence failures fall into three dominant categories:
aggregation scope errors, condition dropping, and dependency misalignment. For GPT-4o,

these account for 35%, 41%, and 24% of failed cases, respectively. For Llama-3-70B, they
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account for 28%, 34%, and 38%, respectively.

Representative failure types include:

e Aggregation Scope Errors: confusing row-level quantities with grouped or aggre-
gated computations, such as explaining a grouped aggregate or HAVING condition as

if it were a condition on individual rows.

e Condition Dropping: omitting intermediate predicates or filtering constraints during
explanation compression, including WHERE predicates, nested filters, or join-related

conditions required to preserve the original query logic.

e Dependency Mismatch: misrepresenting the relationship between nested inner
queries and the outer queries that consume their results, including errors in IN, EX-

ISTS, scalar subqueries, or parent-child query-block dependencies.

section 3.3.2 gives representative examples of how each failure category appears as a mis-

match between the source and reconstructed SQL fragments.

Examples of structural failure categories.

Category erc Qpred

Aggregation scope GROUP BY customer_id WHERE amount > 1000
HAVING SUM(amount) > 1000

Condition dropping WHERE status = ’completed’ WHERE status = ’completed’
AND city = ’Irvine’

Dependency mismatch WHERE customer_id IN WHERE customer_id IN
(SELECT customer_id ...) (SELECT account_id ...)

In the first row, the aggregate condition is reconstructed as a row-level filter; in the second, a

required predicate is omitted; in the third, the inner query returns an incompatible identifier.

A secondary objective of the framework is to localize these failures by decomposing queries
into atomic structural blocks. The finer-grained structural components used during diag-
nosis, such as filtering, aggregation attachment, grouping, projection, join dependency, and

nesting relation, are treated as diagnostic evidence within these broader failure categories.
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3.3.3 Execution-Aware Benchmark Generation

Evaluating explanation faithfulness requires an environment in which query behaviors are

empirically distinguishable. We therefore define a benchmark record as a tuple

(Qia Ii7 Rz)7

where (); is a complex SQL query over schema S, I; is a populated database instance over
S, and
R; = Exec(Q;, I;)

is the execution result of (); on I;.

Let G denote a SQL generation grammar, and let © denote a set of structural generation
constraints, including projection width, join structure, aggregation patterns, comparison

predicates, and nesting depth.

Given (S, 3G, 0), the benchmark generation problem is to construct a finite collection

B={(Q;I;, R},

whose queries exhibit controlled structural complexity while preserving executable ground

truth.

A valid benchmark record must satisfy three conditions: (); must be syntactically valid and
consistent with schema S; I; must satisfy the schema and query constraints required for
meaningful execution; and R; must be informative, so that semantic differences between

structurally different queries can be observed through execution.

A central challenge is that deeply nested SQL queries frequently return empty or uninfor-

mative outputs on standard database instances. In such cases, incorrect explanations or
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Figure 3.2: Overview of the GPS-CQ round-trip verification and diagnosis pipeline.

reconstructed queries may appear correct simply because the database does not expose the
semantic difference. Therefore, benchmark construction requires structurally controlled SQL

queries. It also requires database instances that make semantic differences observable.

The benchmark generation process supports two stages. The first stage performs broad
structural exploration across diverse query patterns, nesting depths, aggregation structures,
and join configurations. The second stage can generate additional targeted cases around
diagnosed weak structures. The objective is to support execution-aware evaluation and

failure diagnosis of LLM-generated SQL explanations.
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3.4 GPS-CQ Verification and Diagnosis Framework

This section formalizes the verification and diagnosis framework used by GPS-CQ. The
framework starts with a source SQL query Qg.., schema S, and database instance I. An LLM
first translates Q.. into a natural-language explanation E. A second LLM then reconstructs

SQL from F using the same schema S. We denote the reconstructed query as
Qpred = T(E>

fig. 3.2 summarizes this round-trip verification process and the diagnosis path triggered when

execution results diverge.

The framework executes Qgec and Qpreq on the same database instance I. If their results
agree, F passes round-trip verification on I; otherwise, structural diagnosis begins. During
diagnosis, both queries are decomposed into atomic SQL blocks and represented as depen-
dency graphs. Redundant blocks are removed before the reduced structures are compared in
dependency order. The first divergence may reveal an aggregation-scope error or a dropped
condition. It may also expose an incorrect nesting or dependency relation. Differences in

joins provide finer-grained evidence, as do errors in projection and grouping.

The reduced structure of Qg also supports canonical explanation generation. After identi-
fying the valid non-redundant structure of Q)g., the framework can realize each remaining
block as a step in a canonical natural-language explanation. This explanation serves as the

verified reference explanation for the source SQL query.

Definition 3.1 (Valid SQL). A SQL query Q is valid with respect to schema S if:

1. Q is syntactically parseable into atomic blocks Qg, Q1, . . ., Qr under the decomposition

rules;
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2. each block Q); satisfies the semantic type and domain validity constraints;

3. each block Q); is constraint-feasible with respect to S under the SMT-based verification

procedure.

We denote the set of all valid SQL queries with respect to schema S as Q(S).

Definition 3.2 (Round-Trip Verification). Let Qg. € Q(S) be a valid source SQL query,

and let E be a natural-language explanation of Q.. Define

Qpred == T(E)

as the SQL query reconstructed from E. For a valid and informative database instance I

over schema S, define

Rsrc = EXGC(erC, I), Rpred - ExeC(Qpreda [)

The explanation E passes round-trip verification for Qg. on I if

Rsrc = Rpred .

Definition 3.3 (Structural Diagnosis). Let Qg € Q(S) be a valid source SQL query, let E

be a natural-language explanation of Qse, and let

Qprea = T(E)

denote the SQL query reconstructed from E. For a valid and informative database instance

I over schema S, let

Rsrc = EXeC(erC, [)7 Rpred - Exec(Qpreda I)
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If
Rsrc % Rpred )

then a structural diagnosis identifies the query block or dependency relation where the behav-
101 of Qprea first diverges from the behavior of Qge. The diagnosis is obtained by comparing
the reduced dependency graphs of Qse and Qprea in dependency order and assigning the mis-
match to the corresponding structural component, such as projection, filtering, aggregation,

nesting, or join dependency.

3.4.1 Validity Checking

Before performing structural verification or generating a canonical explanation, the frame-
work checks whether the input SQL query belongs to the valid query class Q(S). This check
establishes the conditions required by the subsequent decomposition and redundancy results.
A query that fails any validity condition is rejected or flagged, and no canonical explanation

is generated.

The semantic type and domain constraints used in this validity stage are adapted from
the GPS-Relational reference-construction framework introduced in our earlier work [36].
Here, they ensure that the SQL blocks entering the verification and diagnosis pipeline are

syntactically executable and semantically meaningful with respect to the schema.

The first condition is syntactic decomposability. The input query must be parseable into

atomic SQL blocks
QOana-'ka

under the decomposition rules of the framework. This means that nested SELECT statements,
scalar subqueries, membership subqueries, aggregate subqueries, and dependent predicates

must be identifiable as separate blocks with well-defined input-output dependencies.
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The second condition is semantic type and domain validity. Each block @); is checked to
ensure that its relational operations are meaningful with respect to the schema S. Let 7(c)
denote the semantic type of a column ¢, and let Domain(c) denote its conceptual domain.
Aggregation, comparison, grouping, and set operations are valid only when their operands
satisfy the required type and domain constraints. For example, a quantitative aggregation
such as AVG or SUM is valid only over numerical measure attributes, while a magnitude

comparison such as > requires both operands to be measures from compatible domains.

Formally, for an operation op applied to column ¢, the local semantic validity condition is
written as

V(op, ¢) = true.

For binary comparisons between two operands z and y, the framework requires compatible

semantic types and domains. For inequality comparisons, this requires
V(0Dipeq T, Y) == (T(x) =MAT(y) = M) A (Domain(a:) = Domain(y)),

where M denotes a measure type. This prevents semantically invalid SQL structures from
entering the verification and explanation pipeline for SQL expressions that compare incom-
patible quantities, such as age and balance, even if the SQL expression is syntactically

executable.

The same compatibility requirement also applies across dependency edges between nested
blocks. If a parent block consumes the output of a child block through a membership
predicate such as IN, the child block must return a key- or domain-compatible set. If the
parent block consumes the child output through a scalar comparison, the child block must
return a scalar value whose semantic type and domain are compatible with the compared
expression. Thus, validity is checked both locally within each block and across the parent-

child dependency introduced by nesting.
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The third condition is constraint feasibility. After semantic validity is checked, each block
is encoded as a satisfiability problem. The formula combines schema constraints and query
constraints:

¢ = q)schema A (I)query-

Here, ®ypema encodes structural constraints such as column types, nullability, primary keys,
and foreign-key relationships, while ®q,ery encodes the predicates that determine row mem-

bership. The block is considered feasible only if the resulting formula is satisfiable:

SAT(®) = true.

If ® is unsatisfiable, then the block is structurally or logically impossible under the schema

constraints, and the input query is not treated as an element of Q(S).

Thus, validity checking serves as a gatekeeping stage:

Q € Q('S) — Csyn(Q) A Csem(Q) A Csat(Q)a

where Cyyn(Q)) denotes syntactic decomposability, Csem(Q) denotes semantic validity, and

Csat (@) denotes constraint feasibility.

3.4.2 Query Decomposition

Given a valid SQL query @ € Q(S), the first step of the framework is to expose its inter-
nal computation structure. Rather than treating () as a single monolithic operation, the

framework decomposes () into atomic query blocks

QOan?"'an-
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SELECT c.name
FROM Customers c
WHERE c.id IN (
SELECT o.cust_id
FROM Orders o
WHERE status=
'completed"’
GROUP BY cust_id
HAVING SUM(amt)
> (SELECT AVG(
amt)
FROM Orders)
AND c.region_id

QO:
SELECT c.name FROM Customers
WHERE id IN (Q1), rgn IN (Q3)

Q
SELECT o.cust_id FROM Orders
WHERE status = 'completed'
GROUP BY cust_id

\_HAVING SUM(amt) > (Q2)

Q2:
SELECT AVG(amt) FROM Orders

Q3:
SELECT r.id FROM Regions r
WHERE r.rating > 4

Q1

IN (
SELECT r.ig (b) Decomposed blocks

FROM Regions r
WHERE r.rating>4)

(a) Nested SQL query Q2

(c) Dependency graph Gg

Figure 3.3: Decomposition of a nested SQL query into atomic blocks and the corresponding
dependency graph.

The representation of complex relational meaning through atomic grammar-defined units
follows the GPS-Relational framework introduced in our earlier work [36]. GPS-CQ adapts
this representation to existing SQL queries by extracting atomic blocks for local relational

operations and their dependencies.

Each block @); represents one local relational operation that can be expressed independently
in SQL while preserving its role in the full query. Depending on the structure of (), an
atomic block may define a filtered relation, compute a grouped result, produce an aggregate

value, or return a scalar or set-valued result consumed by another block.

The decomposition begins from the outermost query block, as shown in Figure 3.3a. The
input SQL is parsed into a structural representation so that nested SELECT clauses and
dependent predicates can be identified explicitly. When an embedded subquery is found, it
is extracted as a separate block @);, and its occurrence in the enclosing block is replaced by a
placeholder reference to ();. This procedure is applied recursively until no nested subquery

remains. The resulting atomic blocks are shown in Figure 3.3b.
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After the blocks are extracted, the framework constructs a dependency graph

Go=(V,E),

where each node v € V' corresponds to one atomic block and each directed edge

(Qi,Q;) €E

indicates that the result of ); is consumed by @);. Thus, edges point from inner blocks to the
enclosing blocks that depend on them. Figure 3.3c illustrates this structure for the running

example.

This graph representation provides the structural reference used later for round-trip recon-

struction, execution-aware verification, and localization of structural reasoning failures.

Lemma 3.1 (Decomposition Equivalence). Let @ € Q(S) be a valid SQL query decomposed

into atomic blocks Qo, Q1,...,Qk. Then for every valid database instance I over schema S,

Exec(Q, I) = Exec(Qo[Q1, - - ., Qkl, ).

Proof. We prove the claim by structural induction on the nesting depth d of Q.

Base case. If d = 0, then () contains no nested subquery. The decomposition procedure

produces a single block Qg = ). Therefore,

Exec(Q, I) = Exec(Qo, I).

Inductive step. Assume the claim holds for all valid SQL queries of nesting depth less
than d. Let @ be a valid query of nesting depth d > 1. By the decomposition procedure,

each nested subquery ¢; is extracted as a block @);, and its occurrence in the enclosing block
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is replaced by a placeholder reference to @);.

Each extracted subquery ¢; has nesting depth less than d. By the induction hypothesis,

Exec(q;, I) = Exec(Qi[--- ], I).

Because relational query evaluation is compositional, replacing a subquery by an execution-
equivalent query expression preserves the result of the enclosing query. Therefore, replacing
every extracted subquery ¢; by its corresponding reconstructed block @); preserves the exe-

cution result of Q.

Hence,

EXGC(Q, I) = EXGC(QO[QD cee 7Qk]> I)

3.4.3 Dependency Graph

The dependency graph Gg = (V, E) records how the decomposed blocks are composed into

the full query. Its vertex set is

V ={Qu. Q1,...,Qx},

where each vertex represents one atomic query block. A directed edge

(Qi)Qj) € E

is added when (), consumes the output of ();. Thus, ); must be evaluated before @);.

The graph therefore represents the execution dependency among atomic blocks. If a block
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has no incoming edges, then it does not consume the output of any other block and can be
evaluated independently. If a block has one or more incoming edges, then those predecessor
blocks must be resolved first. The final output block is @)y, which consumes the required

intermediate results and appears after them in a topological ordering.

Because each edge is introduced only when a nested subquery is extracted from an enclosing
query, dependencies always move from an inner block to the block that contains it. Thus,
the dependency relation follows the nesting structure of the original SQL query and cannot

create a cycle.

Lemma 3.2 (DAG Validity). Let @ be decomposed into atomic query blocks Qq, Q1, - - ., Qk,
and let Gg = (V, E) be the dependency graph, where each node represents a query block and
each edge (Q;,Q;) € E means that Q); consumes the result of Q;. Then Gq is acyclic, and

any topological ordering of G evaluates every block before any block that consumes it.

Proof. By construction, an edge (Q;,Q);) is added exactly when the result of @); appears as

a placeholder inside );. Therefore, ); depends on @);, and (); must be resolved before @);.

Since (); is extracted from a subquery nested inside @);, every dependency edge points from
an inner block to an enclosing block. Hence, along every edge, the nesting depth strictly
moves from a deeper subquery toward an outer query block. A cycle would require some
block to eventually depend on itself, which would require the nesting relation to return to a
deeper block after moving outward. This is impossible because SQL subquery containment

is hierarchical.

Therefore, G is acyclic. Since every acyclic directed graph admits a topological ordering,
there exists an ordering of the blocks such that if (Q;, Q);) € E, then @); appears before Q.

Thus, every block is evaluated before any block that consumes its result. O]
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3.4.4 Redundancy Elimination

After constructing the dependency graph G, the framework removes query blocks that
do not change the key set consumed by downstream blocks. We consider two forms of
redundancy. The first occurs when an intermediate block only reselects the same key set
produced by a predecessor block without adding a new relational operation. The second
occurs when two sibling blocks are combined by a set operator or a boolean connective, and

one block is contained in the other.

Intermediate Redundant Blocks

We call a block Q); an intermediate redundant block if it consumes the output of a predecessor
block ();_1 and returns the same key set without adding a new predicate, aggregation,

grouping condition, projection change, or set operation. Suppose @); has the form

Qi =TK (UKEFK(Qi—1)(R))7

where R is the same base relation used by @);_; and K is the key column projected by @;_.
Since (); introduces no additional relational constraint or computation, it does not change

the key set passed to downstream blocks.

In this case, the framework removes (); from the dependency graph and redirects its consumer

to the block that produced the same key set. That is, the path

Qi-1 — Qi — Q)

is replaced by
Qi1 — Q.
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Lemma 3.3 (Redundant Block Elimination). Let Q;_1, Q;, and Q; be blocks in Gg such
that (Qi—1,Q;) € E and (Q;,Q;) € E. Suppose Q; is of the form

Qi =Tk (UKEWK(Qi—1)(R))7

where:

1. R is the same base relation queried by (Q;_1;
2. K 1is the key column projected by Q;_1;
3. Q; adds no predicate, aggregation, grouping, projection change, or set operation;

4. Qi—1 1s obtained from R using only selections and projections over attributes of R.

Then
WK(Qi) = WK(Qzel)-

Proof. Let
A= WK(Qz‘—l).

By definition of @),
Tr(Q:) = WK(UKEA(R>)-

Since ;1 is obtained from R using only selections and projections, every key value in A

must already occur in R on column K. Therefore,

Thus,
WK(UKGA(R)) = Aﬂﬂ'K(R) = A.
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Since A = mx(Q;-1), we obtain

WK(Qi) = WK(Qz‘—O.

Therefore, ); returns the same key set as );_; and can be removed without changing the

input received by any downstream block @);. m

Example 3.1. Consider the following nested SQL query:

SELECT c.name
FROM Customers c
WHERE c.id IN (
SELECT c2.id
FROM Customers c2
WHERE c2.id IN (
SELECT o.customer_id
FROM Orders o

WHERE o.status = ’completed’

The innermost subquery returns the identifiers of customers with completed orders. The mid-
dle subquery reselects the same customer identifiers from Customers but adds no new pred-
icate, aggregation, grouping condition, projection change, or set operation. By Lemma 3.3,

the middle block can be eliminated, yielding the equivalent query:

SELECT c.name

FROM Customers c

WHERE c.id IN (
SELECT o.customer_id
FROM Orders o

WHERE o.status = ’completed’
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Sibling Block Containment

A second form of redundancy arises when two sibling subqueries constrain the same parent
key. Let )1 and Qs be sibling blocks consumed by the same parent block, and let Sy([/)
and Sz(I) denote the sets of unique key values returned by these blocks on a valid database

instance [. If

Si1(I) € Sa(1)
for every valid database instance I, then )y is the stricter block and ()5 is the weaker block.

This containment condition also covers duplicate sibling blocks as the special case Sy (I) =
Sy(I). Predicate subsumption is another special case: for example, if ¢; > ¢y, then x > ¢

implies z > ¢y, so the predicate x > ¢y is weaker and can be removed from a conjunction.

The following set identities justify the elimination:

51§52 =4 51052251,

and

Containment Checking. In the implementation, the containment condition Sy (1) C S(I)
is checked before applying the elimination rule. The framework represents each sibling block
by a logical summary of the constraints that define its returned key set. Let C; and C5 denote
the summaries of ()7 and @)y, respectively. Containment is verified by checking whether the

counterexample condition

Cl A _'02

is satisfiable. If this formula is unsatisfiable, then no valid assignment satisfies C; while

violating Cy; therefore C; = Cy, and the framework treats Si(1) C Sy(I) as verified for the
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encoded block summaries.

Lemma 3.4 (Containment-Based Sibling Elimination). Let Quain be a query block that filters
an outer tuple x using two sibling subqueries Q1 and Qo over the same key attribute. Let
S1(I) and S3(I) denote the sets of unique key values returned by Q1 and Q2 on a valid

database instance I. Suppose that, for every valid database instance I,

Si(I) € Sa(1).

Then the following eliminations preserve the selected key set of the parent block:

TENNTEQRy=1 € Q1

and

TEQVIEQR=x € Q.

Equivalently, under duplicate-eliminating set semantics,

Q1 INTERSECT Q5 = Q,

and

Ql UNIUNQQ = QQ.

Proof. The SQL predicate x € Q); is evaluated as a boolean membership test. Its truth value
depends only on whether x appears among the key values returned by ();. Therefore, for
each valid database instance I, each subquery (); can be associated with a set of returned

key values S;([]).

By assumption,

Si(1) € Sy(1).
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Hence, for any outer tuple value x,

x € Sl(]) — I € SQ(I)

For the conjunctive case, the parent condition requires

T € Sl(])/\l'e SQ(]),

which is equivalent to

T e Sl(l> N SQ(I)

Since S (1) C So(I),
S1(1) N Sa(I) = Si(I).

Thus,
x € Sl(I) Nx € SQ(I) < x € Sl([)

Therefore, under AND or INTERSECT, the weaker sibling ()5 can be eliminated and the stricter

sibling ()7 is retained.

For the disjunctive case, the parent condition requires

T € Sl(I)\/x c SQ(]),

which is equivalent to

S Sl([> U SQ(I)

Since Sl(l) Q SQ(I),
S(I) U Sa(I) = Sa(1).
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Thus,

x € Si(I)Va e Sy(I) < x € Sy(I).

Therefore, under OR or duplicate-eliminating UNION, the stricter sibling )1 can be eliminated

and the weaker sibling @) is retained.

These equivalences hold for every outer tuple x and every valid database instance I, so the

selected key set of the parent block is preserved. O]

Example 3.2. Consider a parent query that filters customers using two sibling subqueries

connected by AND:

SELECT c.name
FROM Customers c
WHERE c.id IN (
SELECT o.customer_id
FROM Orders o
JOIN Payments p ON o.order_id = p.order_id
JOIN Branch b ON p.branch_id = b.branch_id
WHERE o.status = ’completed’
AND p.payment_type = ’credit’
AND b.branch_city = ’Irvine’
AND o.amount > (
SELECT AVG(02.amount)

FROM Orders o2

AND c.id IN (
SELECT o03.customer_id
FROM Orders o3
JOIN Payments p3 ON o3.order_id = p3.order_id
WHERE o3.status = ’completed’

AND p3.payment_type = ’credit’
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Let Q)1 be the first subquery and Q)2 be the second subquery. The first subquery contains all
requirements of the second subquery: a completed order and a credit payment. It also adds
additional restrictions, namely that the payment is associated with an Irvine branch and that
the order amount is above the average order amount. Therefore, every customer identifier

returned by Q1 is also returned by Yz, so
S1(I) C Sy(1).
By Lemma 3.4,

cid € Q1 Ncid € Qy = c.id € Q.

Thus, the second sibling subquery is eliminated.

Remark. The UNION case in Lemma 3.4 assumes standard duplicate-eliminating set seman-
tics. It does not apply to UNION ALL, since UNION ALL preserves duplicate multiplicities.
Eliminating a contained branch under UNION ALL may change the multiplicity of output

tuples.

After all applicable elimination rules are applied exhaustively, the resulting reduced depen-

dency graph is denoted by Gg,.

Theorem 3.1 (Reduced Structural Equivalence). Let Go) be the reduced dependency graph
obtained from G¢ after applying the redundancy elimination rules exhaustively. Let QQ* be the
SQL expression represented by composing the remaining blocks of G¢, in topological order.

Then for every valid database instance I over schema S,

Exec(Qo[Q1, - .., Qk), I) = Exec(Q*, I).
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Proof. The reduced graph Gy, is obtained by a finite sequence of elimination steps. Each

step is one of the two redundancy eliminations defined above.

First, if the step removes an intermediate redundant block, then by Lemma 3.3, the removed

block returns the same key set as its predecessor:

7TK<Q1’> = WK(Qz’—1)-

Thus, any downstream block receives the same key set after the edge is redirected from Q);

to Q1.

Second, if the step removes a containment-based sibling block, then by Lemma 3.4, the
parent block’s selected key set is unchanged under the corresponding AND, OR, INTERSECT,

or duplicate-eliminating UNION composition.

Therefore, each individual elimination step preserves the execution result of the current
composed query expression. By induction over the finite sequence of elimination steps,
the final reduced expression ()" represented by G, is execution-equivalent to the original

decomposed expression Qo[Q1, ..., Qx]. Hence,

Exec(Qo[Q1, - .., Qk), I) = Exec(Q*, I).

Exhaustive Redundancy Reduction

Theorem 3.1 shows that applying the redundancy elimination rules preserves the executable
semantics of the decomposed SQL query. We now state the corresponding minimality prop-

erty of the reduced graph. This minimality is with respect to the two elimination rules
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defined in Section 3.4.4: intermediate redundant-block elimination and containment-based

sibling elimination.

Theorem 3.2 (Redundancy Minimality). Let GY, be the reduced dependency graph obtained
from Gq after exhaustively applying the redundancy elimination rules. Then G, is mini-
mal with respect to these rules: no remaining block in G, satisfies either the intermediate

redundant-block condition or the containment-based sibling elimination condition.

Proof. We prove the claim by contradiction. Suppose there exists a remaining block or

sibling condition in G¢, that satisfies one of the redundancy elimination conditions.

First, suppose there exists a block Q; € V/(Gy) satisfying the intermediate redundant-
block condition. Then ); consumes the output of some predecessor block @Q;_1, queries
the same base relation, projects the same key column K, and adds no additional predicate,

aggregation, grouping, projection change, or set operation. By Lemma 3.3,

WK(QZ) = WK(Qi—l)-

Therefore, (); can be removed by redirecting its downstream consumer to );_; directly.

Second, suppose there exist sibling blocks ()1 and Qg in Gy, that satisfy the containment-
based sibling elimination condition. Then, for every valid database instance I, their returned
key sets satisfy either

Si(I) € Sa(I)

or the symmetric containment relation. By Lemma 3.4, the appropriate sibling can be
removed according to the corresponding AND, OR, INTERSECT, or duplicate-eliminating UNION

composition without changing the selected key set of the parent block.

In either case, an additional elimination step would be possible. However, G¢, is defined as

the graph obtained after applying the redundancy elimination rules exhaustively. Hence, any
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block or sibling condition satisfying one of these elimination conditions should already have
been removed. This contradicts the assumption that such a removable structure remains in

G-

Therefore, no remaining block in G¢, satisfies either redundancy elimination condition. Thus,

G7 is minimal with respect to the defined redundancy elimination rules. ]

3.4.5 Structural Error Diagnosis

When full-query execution detects a mismatch between Qg and Qpreq, the framework begins
structural diagnosis. Execution equivalence has already established that the explanation is

not faithful; diagnosis locates where the semantic divergence begins.

Require: Source SQL @y, reconstructed SQL Qpreq, database instance I
Ensure: Round-trip verification result or diagnosed failure category
Rsrc — EXGC(erC, ])
Ryred < Exec(Qprea, I)
if Rgc = Rprea then
return PASS
end if
G%.. < ReduceGraph(BuildGraph(Decompose(Qge)))
G7 eq < ReduceGraph(BuildGraph(Decompose(Qpred)))
(P, Ustes Uprea) < AlignBlocks(G.., G oq)
if Uge # 0V Uprea # 0 then
return DEPENDENCYMISMATCH
. end if
. for each (b, bpred) € P, in dependency order do
R, . < ExecSubgraph(bg., G% ., I)

src src?

R .4 < ExecSubgraph(bpreq, G

if R, # R, then
return ClassifyMismatch (b, bpred; Garer Ghred)

end if

: end for

: return OTHERSTRUCTURALMISMATCH

I T
R R vl =

1)

*
pred>

T S G S Y
SR ISR

—
e

Algorithm 2: EXECUTIONDRIVENSTRUCTURALDIAGNOSIS

Algorithm 2 decomposes Qgc and Qprea into atomic SQL blocks, constructs their dependency
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and G 4 denote the reduced dependency

graphs, and removes redundant blocks. Let G pred

src

graphs of Qg and Qpred, respectively. The framework compares these graphs in dependency

order, beginning with the innermost blocks and ending with the final output block.

For each corresponding pair, the framework compares the block-level execution results on the
same database instance. Matching results advance the comparison to the next dependent
block. A mismatch identifies the first divergent block and its dependency edges. This

execution check excludes structural differences that do not affect query behavior.

The first divergent block or edge determines the diagnostic label. Aggregation-scope er-
rors involve differences in an aggregation function, grouping attribute, or HAVING condition.
Missing predicates, nested filters, and join-related conditions indicate condition dropping.
Dependency mismatch is assigned when an inner block connects incorrectly to its consumer
through IN, EXISTS, a scalar subquery, or a consumed output column. section 3.3.2 in

section 3.3.2 provides examples of these failure categories.

Each localized failure is recorded as a structural pattern rather than as an isolated query
error. This pattern includes the failed block, the filter or comparison structure attached to
it, the parent-child dependency relation, the aggregation or grouping scope when present,
and the depth of the block in the dependency graph. For example, a failure may correspond
to a grouped aggregation block with a HAVING predicate being reconstructed as a row-level

WHERE predicate.

The benchmark-generation component uses the extracted failure pattern to produce addi-
tional valid and executable examples with the same weak structure. These targeted cases
show whether the failure is accidental or systematic and focus testing on structures that

explanation models are most likely to misrepresent.
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3.5 Benchmark Generation

We now describe our approach to the SQL benchmark generation problem defined in sec-
tion 3.3.3. Because existing benchmarks lack controlled examples of deeply nested and
structurally complex queries, our goal is to systematically generate a diverse benchmark of
executable records in the form (Q, I, Exec(Q, I)) from a given schema. This generation pro-
cess supports both broad structural exploration and targeted generation of additional cases

in model-specific weak regions identified through evaluation.

The generation process begins with grammar-guided SQL synthesis, building bottom-up
from atomic blocks to recursively composed queries. Next, database population ensures
these queries yield informative execution results. We also enforce scalability control. This

bounds the overall query space by limiting projection width, join paths, and nesting depth.

3.5.1 SQL Synthesis

We generate benchmark queries by extending the recursive construction of GPS-Relational
[36]. The generator starts with an innermost atomic block and recursively adds depen-
dent outer blocks. Base templates, filter patterns, and vertical-nesting rules determine the

abstract SQL skeleton before schema elements are assigned.

Nesting Depth Bound. Nesting depth is a generation parameter that must be fixed
before query construction begins. Without an upper bound, recursively wrapping blocks
may produce queries that are either structurally redundant or not executable on the target

database engine.

First, the schema itself limits how many meaningful dependencies can be introduced. Once

the nesting depth exceeds the longest simple dependency path in the schema graph Gg,
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the generator may revisit tables or roles that have already appeared in inner blocks. Such
queries may still be syntactically valid, but they add little new relational complexity to the

benchmark.

Second, database engines impose practical execution limits on nested subqueries. For exam-
ple, Microsoft SQL Server lists nested subqueries with a maximum value of 32 in its maximum
capacity specifications [37]. MySQL also defines an error condition for excessive SELECT
nesting, ER_TO0_HIGH LEVEL_OF NESTING _FOR_SELECT, although the referenced documenta-
tion does not specify a fixed numerical bound [38]. Queries exceeding such practical limits

may be syntactically valid but fail at runtime.

For these reasons, we define an initial structural upper bound on nesting depth as

Lmax = min(LS, Ldbms)a

where

Ls = max |p|
pEP(Gs)

is the length of the longest simple dependency path in the schema graph Gg, and Lgyms is
the nesting limit of the target database engine. The schema-based bound Lg prevents struc-
turally redundant nesting, while the execution-based bound Lgyms ensures that generated

queries remain executable. Any selected nesting depth L must satisfy

L S Lmax~

In practice, the effective nesting depth used during benchmark construction is further evalu-
ated empirically based on execution feasibility, generation scalability, and runtime behavior

on the target database system. Section 4.7 reports this analysis.
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Slot Type Constraints. Each generated block contains typed slots that restrict the
schema elements allowed in its SQL template. Within a block, the SQL role determines the
slot type. An aggregation slot such as AVG({column}) requires a numerical measure column,
whereas the value in WHERE {column} = {value} must come from the selected column’s
domain. Across nested blocks, the output of an inner query must be compatible with the
consuming outer slot. Membership conditions such as WHERE {column} IN (Qiuner) require
the outer and returned columns to have compatible keys or domains. Scalar comparisons
such as HAVING AVG({column}) > Qe require both operands to belong to compatible
numerical domains. These constraints limit the candidate columns, comparison operators,

and aggregation functions considered during schema binding.

Column Assignment Search Space. A single atomic SQL block may contain column
slots that must be assigned from the set of candidate attributes reachable in the schema
graph. Let C' denote the number of candidate columns available for a generated query block.
If the generator were allowed to choose any non-empty subset of these columns, the number

of possible column choices is

which grows exponentially with C'. As the schema grows and more attributes become reach-
able, even a single atomic block can have an intractably large column-assignment search
space. To control this, the generator restricts each atomic block to at most K column

placeholders.

Proposition 3.1 (Bounded Column Assignment Search Space). For fized K, the number of

possible column assignments for an atomic SQL block is polynomial in C.

Proof. If each block contains at most K column placeholders, then the selection of columns is
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Require: Block b = (s, ¢, v), database d, used signatures H
Ensure: Column assignment z, join set J, signature o
1: repeat
2:  Sample z; from Cy(7)
3z {zn}, J« 0
4 for ¢; < ¢y : ¢, do
5: Run BF'S from T,
6: At each frontier table T', compute C;(T) = {c € T | 7(c) = 7;}
7 Let T* be the first frontier table with C;(7*) # ()
8 if no such 7™ exists then
9: Resample zy; restart
10: end if

11: Sample z; uniformly from C;(T™)
12: z+zU{z}
13: J < JUPath(T,,,T")

14:  end for

15:  Build signature o = {(role;, T%,, z;) }i*,

16: until o ¢ H

17 H+ HU {CT}

18: for v; < v; : v, do

19:  Sample v; from the domain of its associated column in z
20: end for

21: return z,J, o

Algorithm 3: SCHEMA AWARECOLUMNSAMPLING WITHSIGNATURECONTROL

restricted to subsets of size at most K. Therefore, the number of possible column assignments

is bounded by B
> (f) < KCK = o(C*).

i=1
Since K is fixed by the template grammar, the column-assignment search space is polynomial

in C. O

Join-Path Control. During schema binding, type compatibility alone is not sufficient to
produce relationally coherent SQL blocks. Two columns may satisfy the required semantic
types but belong to tables that are far apart in the foreign-key graph, forcing the generated

query to include long or unnecessary join paths. For example, if a block requires a numerical
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target column and a text filter column, independent sampling may choose the target from
an account table and the filter from a distant branch region table, even when a closer
compatible filter exists in a neighboring table. This produces syntactically valid SQL, but
the join structure may be artificial and harder to interpret. Our schema binding procedure
controls which column types are selected. It also controls how far the selected tables are

from the anchor table of the block.

Schema-Aware Column Sampling. To implement this control, we anchor each atomic
block at the table of the first selected column and search outward through the foreign-key

graph until a type-compatible column is found.

For a given database d, we construct a foreign-key graph over the schema tables and traverse
it as an undirected graph for join reachability. The distance between any two tables is
the minimum number of hops required to connect them through foreign-key relationships.
Define an atomic block b as (s, c,v), where s is the structural pattern, ¢ = [cy,...,¢p] s
the ordered list of column placeholders, and v = [vy, ..., v,] is the list of value placeholders.
Each placeholder ¢; carries a slot type constraint 7; that must be satisfied by any assigned
column. Denote T, as the table containing column ¢, and let C4(7) be the set of all columns
in d satisfying type constraint 7. The schema-aware column sampling procedure is described

in Algorithm 3.

The intuition behind this sampling strategy is as follows: once the first column is selected,
subsequent columns are drawn from tables that are as close as possible in the foreign-key
graph, so as to minimize unnecessary joins and produce relationally coherent queries. We
achieve this by performing a breadth-first traversal of the foreign-key graph from the table
of the first selected column and taking the first frontier that contains a type-compatible
candidate. To preserve benchmark diversity while still allowing column reuse, we maintain

a set, of previously generated column-role signatures H. A new assignment is accepted only
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if its signature has not already appeared in H.

For example, suppose the sampled block produces

SELECT AVG(account.balance)
FROM account
JOIN customer ON account.customer_id = customer.id

WHERE customer.city = ‘Irvine’;

The corresponding column-role signature is

o = {(target, account, balance), (filter, customer, city)}.

Thus, the same column may still appear in future queries, but the same target—filter table-

column pattern is not generated repeatedly.

3.5.2 Canonical Explanation Construction

After a valid SQL query is generated, the benchmark also constructs a canonical natural-
language explanation from the same grammar structure. This explanation is not produced
by an LLM. Instead, it is generated from the SQL skeleton, slot assignments, and dependency

structure used during SQL synthesis.

Each generated SQL query is represented as a sequence of atomic blocks. For each block,
the generator records the corresponding tables, columns, predicates, aggregation functions,
comparison operators, constants, and references to child blocks. The natural-language ex-

planation is then produced by rendering each block as one ordered explanation step.
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Phase One: Deterministic Value Generation

Domain Schema Constraints Generated Partial Row
(e.g, balance 2 0) | SMT Solver SAT | id name city balance
] e.g,Z3 Extraction
Query Constraints (cg,23) 2_050
(e.g, WHERE balance = 2000) T

Phase Two: Stochastic Value Generation

3 | Completed Row
Unassigned Column Variables
(id, name, city) Synthetic Data id name city balance
Generator : :
e (Faker) 101 | Alice Johnson | Irvine | 2050
(e.g., string types) [ T T

Figure 3.4: Two-phase database population workflow.

The blocks are realized in dependency order, so inner queries are described before the outer
queries that consume them. This gives each benchmark record a structurally aligned refer-

ence explanation:

(Qi7 [i7 Ri7 EZ)?
where @ is the generated SQL query, I; is the populated database instance, R; = Exec(Q;, I;)
is the execution result, and F; is the canonical explanation.

The benchmark therefore includes executable SQL queries and reference explanations aligned
with the known query structure. These controlled references are used to test whether LLM-

generated explanations preserve the same relational dependencies.

3.5.3 Database Population

The objective of database population is to pair each generated benchmark query () with a
database instance I such that executing () on I produces an informative, non-empty result.

This requirement is necessary for execution-based evaluation: if both the original query and
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a reconstructed query return empty results, semantic differences between them may remain

hidden.

We formulate population as a constraint-guided value generation problem. As summarized
in fig. 3.4, the procedure has two phases. The first phase assigns values to the columns that
directly affect query execution, including columns used in joins, filters, grouping, aggregation,
and nested predicates. These values are generated by solving schema and query constraints.
The second phase fills all remaining unconstrained attributes with type-appropriate synthetic

values.

The population procedure must satisfy three global requirements:

e Non-empty output: the generated instance must satisfy

Exec(Q, ) # 0.

e Null avoidance: values used in query predicates must be non-null, preventing null-

rejecting predicates from invalidating the generated rows.

e Positive numeric domain: numeric values used in aggregation or comparison pred-
icates are generated from a positive domain when required, so aggregate operations

such as SUM and AVG produce meaningful non-zero results.

Phase One: Deterministic Value Generation

In the first phase, the system extracts the constrained columns of (). These include columns
that appear in join predicates, selection predicates, grouping clauses, aggregate expressions,

and nested query conditions. The corresponding values are generated using an SMT solver
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over a formula

o = (I)schema A (I)queryu

where ®gema encodes schema constraints such as primary-key uniqueness, non-nullability,
foreign-key relationships, column types, and available value ranges, while @y, encodes the

predicate constraints required for () to return a non-empty result.

Rather than assigning arbitrary values, the solver translates SQL conditions into symbolic
constraints and produces witness values that make the relevant predicates true. For equality
constraints, such as status = ’active’, the symbolic attribute is restricted to the literal
constant. For inequality and range constraints, such as balance > 1000, the solver selects a
satisfying witness value from the valid domain. When no explicit numeric range is provided,
unbounded numeric domains are constrained to a strictly positive base, such as x > 1, to

avoid unintended zero-valued witnesses.

For aggregation predicates, the population step generates witness rows whose collective val-
ues satisfy the aggregate condition. For cardinality constraints of the form COUNT(x) > k,
the generator instantiates at least k£ 4+ 1 matching rows. For magnitude aggregates such as
SUM(z) > ¢ or AVG(x) > ¢, the solver generates witness values {z1,...,x,}, where z; is

the value of attribute x in the i-th inserted row, such that

n 1 n

E T; > C or - E x; > ¢,
X n -

=1 =1

respectively. For extremum aggregates, such as MIN(z) > ¢ or MAX(z) < ¢, the constraint
is applied to every inserted witness row in the group: for all 7, the generated value x; must

satisfy x; > c or x; < ¢, respectively.

Values are inserted into the database in an order that preserves referential integrity. Parent

rows are generated before child rows so that primary keys can be propagated into the corre-
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sponding foreign-key columns. Columns participating in join predicates are unified during

solving, ensuring that the exact same value is inserted on both sides of the join.

Phase Two: Stochastic Value Generation

After all query-constrained columns have been assigned values, the remaining unconstrained
attributes are filled using stochastic synthetic generation. These columns do not affect the
truth of the query predicates, but they are needed to complete valid tuples in the database
instance. For such attributes, Faker is used to generate type-appropriate values, such as

names, cities, dates, or categorical labels.

Finally, the generated query is executed on the populated instance:

R = Exec(Q, I).

If R = (), the population step is repaired or regenerated. Otherwise, the benchmark stores

the executable record

(Q,I,R).

3.6 Evaluation

The evaluation covers SQL-to-NL-to-SQL faithfulness measured by execution equivalence,

query-generation robustness, and feasible nesting capacity.

Implementation details. SQL queries are executed using SQLite through Python’s sqlite3
interface. SQL parsing and decomposition are performed using SQLGlot, and satisfiability
checking is performed with the Z3 SMT solver through SMT-LIB encodings. Unconstrained

database fields are populated using Faker or schema-defined sample values.
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3.6.1 Execution Equivalence and Failure Diagnosis

To assess whether relational semantics are preserved through the SQL-to-NL-to-SQL round
trip, we evaluate GPT-40 and Llama-3-70B using standard zero-shot prompts across a bench-
mark of 1,000 generated queries, which are stratified by nesting depth. Both the source query
and the reconstructed query are executed against the generated database instance, and a
prediction is counted as correct only when the execution outputs match exactly. Because all
source queries are guaranteed valid by the schema and generation grammar, any execution
mismatch directly identifies semantic loss during translation rather than ambiguity in the

original query.

As shown in table 3.1, execution equivalence decreases as nesting depth increases. Both mod-
els perform strongly on single-depth queries, but accuracy drops sharply on nested queries,

especially when multiple dependency levels must be preserved.

Table 3.1: Execution equivalence by nesting depth.

Nesting Depth GPT-40 Llama-3-70B
Overall 74.5% 58.2%
Depth 1: simple joins and filters ~ 91.2% 83.4%
Depth 2: nested subqueries 68.5% 49.1%
Depth 3+: deeply nested SQL 42.1% 21.6%

table 3.2 reports the distribution of error types among incorrect predictions only; each failed

case is assigned to one dominant failure category, so the categories sum to 100% for each

model.

Table 3.2: Failure diagnosis among queries that failed execution equivalence.

Failure Type GPT-40 Llama-3-70B
Aggregation scope error 35% 28%
Condition dropped 41% 34%
Dependency mismatch 24% 38%
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3.6.2 GPS-CQ Query Generation Robustness

Generation of query-constrained values becomes deterministic after a SQL skeleton is fixed
and the SMT solver returns sat. The returned witness values populate the constrained fields.
Unconstrained attributes remain stochastic, as described in section 3.5.3. The robustness
measurement therefore focuses on GPS-CQ query-structure generation. As reported in ta-
ble 3.3, an attempt succeeds only when the sampled SQL skeleton can be bound to valid

schema elements and its constraints are satisfiable.

Let N denote the total number of GPS-CQ query-generation attempts and = the number
rejected. Of 1,000 attempts, 843 produced valid SQL queries, giving a success rate of 84.3%.
Among the 157 rejected attempts, 61.8% lacked an eligible schema binding and 38.2% con-

tained SMT-unsatisfiable constraints.

Table 3.3: GPS-CQ query-generation robustness over 1,000 generation attempts.

Metric Result
Generation attempts (V) 1,000
Successfully generated SQLs (N — z) 843 (84.3%)
Rejected attempts () 157 (15.7%)

Rejected attempts arose from limited schema coverage or contradictory constraints. Some
schemas lacked reachable measure, ID, or attribute columns for the generated query skele-
ton. Other attempts produced nested filters or comparisons that made the SMT constraints

unsatisfiable.

3.6.3 GPS-CQ Feasible Nesting Capacity

Because deeper nesting requires more successful schema bindings across multiple query levels,
we evaluate the framework’s feasible nesting capacity. We compare two schema settings: a

compact schema with fewer role-compatible measure, ID, and attribute columns, and a broad
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schema with more reachable columns for each required relational role.

For each schema and target depth, we requested 1,000 valid SQL queries. For each requested
query, the generator was allowed up to 10 attempts. If no valid schema-bound SQL query
was produced within 10 attempts, that requested query was counted as failed. The success
rate reports the percentage of requested queries that were successfully generated within this

attempt limit. We report the success rate as:

Number of valid queries generated

Success Rate =
Number of requested queries

This experiment measures the nesting depth at which the framework can still generate mean-
ingful, schema-bound SQL queries before schema coverage or constraint feasibility becomes
limiting.

Table 3.4: GPS-CQ feasible nesting capacity by schema setting and target depth.

Target Depth Compact Schema Broad Schema

1 99.2% 99.8%
3 94.5% 96.1%
5 62.1% 88.4%
7 18.3% 74.2%
10 0.0% 41.5%
15 0.0% 12.1%

As shown in Table 3.4, the compact schema begins to degrade after Depth 3 and becomes
infeasible by Depth 10 due to binding failures. The broad schema provides greater coverage,
maintaining feasible generation through Depth 7 before deeper nesting substantially reduces

robustness.
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Chapter 4

GPS-SD: Set-level Problem Discovery

in Object-Relational Domains

This chapter presents GPS-SD, an extension of the grammar-based GPS framework for
discovering set-level relational problems in object-relational domains. Unlike conventional
natural-language-to-SQL approaches that operate primarily on individual records and at-
tributes, GPS-SD treats sets of entities as first-class objects and combines them with domain-
defined functions, comparisons, aggregation, quantification, and nested structures. Given an
object-relational schema and a vocabulary of set-level functions, the framework systemati-
cally generates structurally and semantically valid problem formulations and represents them
using a formal SQL-like language that supports corresponding natural-language descriptions.
The framework is evaluated in the influence and shortest-distance domains, demonstrating
two complementary forms of problem discovery. In the influence domain, the generated
problem space recovers formulations supported by an existing influence-maximization solver
while also revealing additional structures beyond its coverage. In the shortest-distance do-
main, extending a first-order shortest-path operation to sets exposes a new family of set-level

optimization problems. Solver methods are developed for this discovered family, together
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with complexity and approximation guarantees. These results demonstrate how GPS-SD can
connect generated problems to existing solution methods while also identifying new problem

classes that require the development of additional solvers.

4.1 Introduction

Natural language querying has become a central goal for relational databases, since many
users who need answers from structured data cannot write SQL themselves. This has moti-
vated a large body of work on translating natural language questions into executable queries.
Early systems relied on rule-based and grammar-based methods; more recent work uses
learned semantic parsers and large language models. Most of these methods define queries
over individual tuples and attributes in the relational schema, even when joins or aggre-
gations are involved. Many real problems, in contrast, are naturally defined over sets of

entities, not individual records.

Consider the question, “Which group of three genes has the strongest combined influence
on this set of diseases?” The object being sought is a set of genes, and its quality is deter-
mined by an influence function evaluated between that set and a set of diseases. Problems
with this structure arise in biomedical influence analysis, where sets of influential genes are
identified through graph-based influence maximization [39]. Similar set-selection problems
arise in social networks, where a fixed-size set of seed nodes is selected to maximize influence
spread [40], and in facility location, where a set of facilities is selected to minimize distance-
based service objectives over a set of clients [41]. In each case, the answer is a set whose

quality depends on a function evaluated over or between sets, rather than a single record.

Standard SQL can encode some such problems through complex combinations of subqueries

and aggregation. But conventional query frameworks do not explicitly support arbitrary

86



sets as query objects together with domain-defined functions evaluated over those sets. As
a result, existing grammars and benchmarks largely omit this problem space. This omission
is also hard to notice, since these problems do not appear as failed queries. They simply do

not occur among the problems that the systems are designed to represent.

GPS-SD extends our earlier GPS-Relational framework [36] to discover set-level relational
problems from a schema and a vocabulary of domain-defined functions. The schema supplies
the objects and relationships in an application. The function vocabulary specifies the rela-
tionships evaluated over sets of those objects. The grammar uses this information to build
set selections and conditions. It supports comparisons over aggregated or quantified values,
including nested expressions. Semantic rules remove formulations that are not structurally
or semantically well formed. Accepted problems are stored in a formal SQL-like represen-
tation. The framework describes these problems in natural language and maps supported

natural-language problems back into the same formal form.

GPS-SD uses problem generation to expose formulations beyond those already handled by
an application or solver. We examine this process in the influence and shortest-distance do-
mains. The influence cases include formulations handled by an existing maximization solver
and additional cases outside its scope. Extending shortest-path operations from individual
objects to sets reveals a set-level optimization family not supported by the original solver.
We develop solver support for this family and analyze its computational complexity and ap-
proximation guarantees. This example connects problem generation with the development

of a new solution method.

The remainder of this paper is organized as follows. Section 4.2 reviews related work in
natural language to SQL translation, problem formalization, set level querying, and solver
integration. Section 4.3 introduces the set level relational framework and formal grammar.
Section 4.4 presents grammar guided problem generation and semantic filtering. Section 4.5

describes the mapping between the formal representation and natural language. Section 4.6
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develops solver support for constrained set to set optimization and establishes its complexity

and approximation properties. Section 4.7 presents the experimental evaluation.

4.2 Related Work

Research on formalizing natural-language problems has focused mainly on converting ex-
isting problem descriptions into structured forms suitable for computation or optimization.
NL4Opt [42] extracts semantic entities from linear-programming word problems and gener-
ates a meaning representation for solver input. Holy Grail 2.0 [43] uses large language models
to derive constraint models from natural-language descriptions of combinatorial problems.
Both approaches assume that the problem description is given in advance. Neither generates
possible problem formulations from a domain schema and a vocabulary of domain-defined

functions.

Grammar-based generation has mainly been used to create instances or queries within a
predefined problem space. GraPPa [44] uses a synchronous context-free grammar to gen-
erate synthetic natural-language and SQL pairs for table semantic parsing, while SING-
SQL [45] and OmniSQL [46] extend schema-conditioned synthesis to larger-scale query gen-
eration. Related work in combinatorial optimization has also used grammar-based genera-
tion to construct heuristics or algorithms for an established problem class, such as variable-
selection heuristics for constraint satisfaction [47] or perturbative heuristics for routing and
timetabling [48]. In all of these studies, the problem class is known in advance. The grammar

is used within that class, not to identify new problem formulations.

Set-oriented query frameworks provide another closely related direction. Subset-query ap-
proaches allow queries whose results are subsets of tuples satisfying collective conditions [49],

while the Package Query Language (PaQL) [50] supports the selection of groups of tuples
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subject to global constraints and optimization objectives. More recent higher-order relational
formulations provide abstractions in which candidate relations or sets can be manipulated as
query objects [51]. These approaches show that set-level problems can be modeled without
a fixed query structure. However, they start from a known set-level query or optimization
objective. They do not explore the space of problems a schema and domain-defined functions

could construct.

A separate body of work is directly relevant to the constrained set-to-set optimization family
developed in Section 4.6. Facility-location problems select a set of facilities to serve a set
of clients according to distance-based objectives. Classical formulations such as k-median,
k-center, k-supplier, and max-min dispersion are NP-hard and admit well-studied approxi-
mation algorithms [52, 53, 54, 55, 41]. Another line of research studies shortest paths under
constraints such as resource budgets, forbidden elements, and label restrictions using spe-
cialized shortest-path algorithms [56, 57]. These two lines of work generally address different
settings. Facility-location methods typically assume an unconstrained distance metric, while
constrained shortest-path methods focus on individual source-target pairs. The constrained
set-to-set optimization family developed in Section 4.6 combines these settings by evaluat-
ing set-selection objectives over constrained path distances and determining when classical

approximation guarantees continue to apply.

GPS-SD uses an object-relational schema and a vocabulary of domain-defined set-level func-
tions to generate problem formulations for a domain. The resulting formulations can match
established problem classes or reveal cases for which solver support has not yet been devel-

oped.
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4.3 Set-Level Relational Problem Framework

The proposed framework represents relational problems in which the unknowns are sets of
objects and the relationships of interest are evaluated between those sets. It takes an object-
relational schema and a vocabulary of domain-defined functions as input. These elements
are used to construct a formal SQL-like representation that identifies the sets to be found,
their domains and constraints, and the functions used to evaluate them. The framework also
supports the recognition of set-level problems whose results require computation over graph

structure.

4.3.1 Object-Relational and Graph Setting

A set-level problem can be expressed over an object-relational schema containing object
types, relationships, and attributes. When the schema admits a graph interpretation, ob-
ject instances correspond to vertices and relationships correspond to edges. Relationship
attributes may provide labels, weights, or other values used by the problem. We denote the
resulting graph by

G = (V,B),

where V' contains the object instances and E represents the relationships among them.

Following the set-variable formulation in [58], we define a set variable as a subset of V'
whose members belong to a declared object type. A set literal denotes an explicitly specified
subset. Problems may search for one or more sets or compare a searched set with a fixed or

independently defined set.

A domain-defined function evaluates a relationship, cost, or measure over sets of objects. A

function has the general form f(A, B), where A, B C V. When its dependence on the graph
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must be explicit, we write f(A, B; G).

Definition 4.1 (Computational Graph Problem). Let P = (G, f), where G = (V, E) and
f is evaluated over one or more subsets of V. A mnecessary condition is that changing the

relationship structure can change the value of f:

3G, = (V,Ey), Gy = (V.By), ABCV:

Ey # Es, f(A, B;Gh) # f(A, B; Ga).

This condition alone is not sufficient. A direct relationship lookup may change when one
edge changes, even though its evaluation does not require graph topology. The sufficient
requirement is that the result of f depends on the topology connecting or relating its input

sets. There must exist a function h such that

f(Aa B; G) = h(Av B7TOpOG(AvB)) )

where Topog (A, B) denotes the path and connectivity structure within or between A and B.

The function h cannot be evaluated from vertex attributes or one fixed relationship alone.

The next subsection describes how GPS-SD recognizes this structure using the graph inter-

pretation and function definitions supplied for an application domain.

4.3.2 Framework Recognition of Computational Graph Problems

The preceding definition characterizes a computational graph problem independently of how
it is recognized. GPS-SD performs this recognition using domain information supplied in
advance. It does not infer the graph interpretation directly from the natural-language de-

scription.
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A domain expert identifies which object types correspond to vertices and which relationships
correspond to edges. The expert also declares the functions whose evaluation requires the
topology described in Section 4.3.1. These functions form the graph-function library Fyraph-

Each entry specifies the function name, its valid set arguments, and its domain meaning.

Given a natural-language problem, the parser matches its object references to the declared
vertex types and its relationship references to the declared edge types. Function expressions
are matched against the supplied function vocabulary. If these elements cannot be grounded,

the graph-based status of the problem remains undetermined.

Let P = (G, f) be a grounded problem. After confirming the graph interpretation of its

objects and relationships, GPS-SD applies the recognition rule

f € Farapn = RecognizedGraph(P).

Membership in Fgapn is sufficient for recognition because the domain expert has already
verified that each included function requires graph topology. A function that only reads an
object attribute or one fixed relationship is not included. If a formulation contains several

functions, the function defining its graph-dependent condition or objective must belong to

-Fgraph .

Once the problem has been grounded and recognized, its sets, functions, and conditions are

assembled using the formal grammar presented in the next subsection.

4.3.3 Formal Grammar

Building on the object-relational setting described above, we define a restricted SQL-like

grammar for representing set-level problems. Figure 4.1 presents its abstract structure. Each
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Grammar Rules

terminals in quotes - nonterminals defined with ::= - comment = meaning

Query = StandardQuery | ExistsQuery

StandardQuery ii= "SELECT" SelectClause "FROM" FromClause [ "WHERE" WhereClause ] [ LimitClause ]
ExistsQuery = "SELECT" “EXISTS" "(" StandardQuery ")"

# SELECT — what the query returns

SelectClause = SelectItem { "," SelectItem } # one or more returned expressions
SelectItem 1= SetName | Func # a set or a function value

# FROM — declare the set variables and their domains
FromClause = SetDecl { " SetDecl } # one or more set declarations
SetDecl = "set-of-" Domain SetName # e.g., set-of-gene A

# WHERE — conditions

WhereClause L= Condition { "AND" Condition } # one or more conjunctive conditions
Condition SizeCond | SetCond | FuncCond # supported condition forms
SizeCond "size(" SetName ")" CompOp IntValue # compare a set cardinality
SetCond SetName "=" SetlLiteral | SetName "<>" SetName # bind a set or require distinct sets
FuncCond qu= Func CompOp FuncRight # compare a function value
FuncRight Her | NumValue | Func | "(" StandardQuery ")"

| "ANY" (" StandardQuery ")"
| | "ALL" "(" StandardQuery ")"

| Aggregate "(" StandardQuery ")" # scalar, function, nested, quantified, or ageregated result
# Functions and operators
Func = FunctionName "(" SetArg "," SetArg
[ "," ConstraintSpec ] ")" # two sets with optional constraint
s
SetArg = SetName | Setliteral # symbolic or explicit set
ConstraintSpec any domain-defined constraint expression # optional function constraint
CompOp e O N I P [y Iyt ¥ comparison operator
Aggregate ri= UMIN" | “"MAX" | "AVG" | “SUM" # scalar aggregation operators
# LIMIT — restrict the number of returned results
LimitClause HE "LIMIT" IntValue # maximum number of results to return

# Value tokens

SetLiteral "“{" NameList "}" # explicitly listed set

NameList Name { "," Name } # one or more schema object names
SetName Identifier # label for a set variable
IntValue positive integer literal (1, 2, 3, ...) # must be positive

NumValue any numeric literal # e.ge, 3, 045, 10.2

Name any schema object name # e.g., BRCA1, Breast Cancer

Figure 4.1: Grammar rules for set-level relational queries.

problem uses the familiar SELECT, FROM, and optional WHERE clauses, extended to support

set variables, set literals, and functions evaluated between sets.

The Query production has two forms: a StandardQuery and an ExistsQuery. A StandardQuery
contains SELECT and FROM clauses, followed by optional WHERE and LIMIT clauses. An
ExistsQuery wraps a standard query in SELECT EXISTS(...) and returns a Boolean value

indicating whether the inner query produces at least one result.

The SelectClause of a standard query contains one or more SelectItem expressions. Each
item may be a symbolic set variable or a function expression. A standard query may

return sets, function values, or both. For example, SELECT A, SELECT A,B, and SELECT
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A,influence(A,B) are permitted forms. The optional LIMIT clause bounds the number of

returned results. LIMIT 1 is used when only one satisfying result is requested.

The FromClause declares the symbolic set variables available within the query. Each SetDecl
associates a SetName with an entity domain supplied by the input schema, using the form
set-of-Domain SetName. The clause may contain one or more declarations, including multi-
ple variables associated with the same domain. For example, set-of-gene A, set-of-gene

B, and set-of-disease C declare two gene-set variables and one disease-set variable.

The optional WhereClause expresses restrictions and comparisons over the declared sets. It
contains one or more conditions connected by AND. The grammar distinguishes three forms

of condition: cardinality conditions, set conditions, and function conditions.

A SizeCond restricts the cardinality of a symbolic set by comparing size(SetName) with

an integer value. For example, size (A)=3 restricts A to sets containing three members.

A SetCond either binds a symbolic variable to an explicitly listed set or requires two sym-
bolic sets to be distinct. The first form has the structure SetName = SetLiteral, such as

B=D1,D2. The second has the structure SetName <> SetName, such as A<>C.

A FuncCond compares the value of a set-level function with another permitted expres-
sion. A function expression contains two required set arguments. It may also include a
ConstraintSpec when an optional constraint argument is declared in the function vocab-
ulary. Each set argument may be a symbolic set variable or an explicit set literal. For
example, influence(A,B) evaluates the influence associated with the ordered pair of sets
A and B. The optional argument allows a function such as shortest_distance(A,B,C) to

include a domain-defined path constraint C'.

The comparison operator in a function condition may be =, >, <, >=/ or <=. Its right-hand side

may be a numeric value, another function expression, or a nested standard query. Thus, the
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grammar permits forms such as influence (A,B)>0.5 and influence(A,B)>influence(C,B).

A nested StandardQuery that returns a single value may be used directly. If it returns
multiple values, ANY or ALL can quantify the result. An aggregate such as MIN, MAX, AVG, or
SUM can instead reduce it to one scalar value. Because StandardQuery appears recursively
within FuncRight, a nested query may contain another nested query. This permits multiple

levels of nesting without requiring a separate rule for each depth.

4.4 Problem Generation

The formal grammar defines the space of structures that may be used to represent set-level
relational problems. Problem generation instantiates these structures by selecting schema
domains, declaring set variables, choosing returned expressions and conditions, and com-
bining them into complete formal SQL-like representations. This section first presents the
grammar-guided construction process and then introduces the semantic rules used to con-

strain and validate the generated combinations.

4.4.1 Grammar-Guided Generation

The grammar in Figure 4.1 defines the alternatives available within each clause, while Fig-
ure 4.2 illustrates how these alternatives are selected and combined. The generator does
not rely on a single fixed problem template. Instead, it follows the grammar productions to
determine the number and types of set variables, the expressions returned by the problem,

the conditions imposed on the sets, and the form of each function comparison.

Step 1: Construct the FROM clause. The generator begins with the object types provided

by the input schema. It selects one or more types and declares one or more symbolic set
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o Declare FROM variables o Choose SELECT variables e Choose WHERE conditions o Assemble formal query

SELECT choices come from declared set variables. WHERE options (choose one or more) Combine the components into a final SQL-like query.
Node-type pool Declared set variables. e ‘
nodeType 1 S 3 E size(setvar) - Intvalue
I SELECT <¢selected set variables»
nodeType 2 Dadlire e O Set-definition constraint
B Choose & ,
two or o Setvar = {... .} | FROM <declared set variables>
o] set-of-nodeType2 €
ype! (e more - e
e ditic l WHERE <chosen conditions>
Func(SetVar, SetVar) op RHS
nodeType N
RHS can be:
+ Numeric value (e.g., ©.5)
« Another function value |
(e.g., Func(Setvar, Setvar))
@) FrOM @ seLecT (3 WHERE (@) Final SQL-like Query
Domain pool Declared variables Choose from declared set variables. Choose conditions. SELECT 61
. FROM set-of-gene Gl
[ size(G1) = 2 ,
S & ) set-of-disease D1
gene set-of-gene 61 i E Y Yama WHERE  size(G1) = 2
g AND D1 = {Breast Cancer,

[ 20 Diabetes
disease set-of -disease D1 D1 4 St = Diabetes}
B AND  influence(Gl, D1) >

[“influence(e1, p1) > ence(G1,
ANY(similarity(G1, D1)) ANY(simrilarity(61, D1))

(@ FrROM (2 sELECT (3) WHERE (@) Final SQL-like Query
Domain pool Declared variables Choose from declared set variables. Choose conditions. SELECT 61, D1
{ eizeal) = 3 ] FROM  set-of-gene  Gl,
gene set-of-gene 61 G1 " Gl set-of-disease D1
el WHERE  size(G1) = 3

some D1 = {Ovarian Cancer} J ;
disease D1 D1 [ AND D1 = {Ovarian Cancer}
AND  influence(G2, D1) > @.5

[ influence(62, D1) > 8.5 ]

Figure 4.2: Grammar-guided construction of formal set-level problem representations.

variables for each selected type. For example, a schema containing gene and disease objects
may produce the declarations set-of-gene G1, set-of-gene G2, and set-of-disease D1.

Together, these declarations form the variable pool used to construct the remaining clauses.

Step 2: Construct the SELECT clause. The generator chooses one or more expressions
permitted by the SelectItem production. An outer problem may return one or more declared
set variables, such as SELECT G1 or SELECT G1,G2. The grammar also permits function
expressions in this clause. This form is used particularly within nested problems, where the

selected function values become the input to a comparison in the enclosing problem.

Step 3: Construct the WHERE clause. The generator selects one or more condition forms
defined by the grammar. A cardinality condition may restrict the number of objects con-
tained in a set, as in size(G1)=3. A set condition may bind a symbolic variable to an

explicitly specified collection, as in D1={Diabetes,LungCancer}. A function condition is
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constructed by selecting a function from the function vocabulary, choosing its two set argu-
ments, selecting a comparison operator, and constructing its right-hand side. The right-hand
side may be a numeric value, another function expression, or a nested problem. Examples

include influence(G1,D1)>0.5 and influence(G1,D1)>influence(G2,D1).

Step 4: Assemble the formal representation. The selected components are assembled
as a StandardQuery. The generator may append a LIMIT clause when a bounded number
of results is requested. For a decision problem, it wraps the standard query in SELECT
EXISTS(...). Choices made in the preceding steps produce different formal problem struc-
tures. For example, the following representation searches for a set of three genes whose

influence on a fixed disease set is greater than 0.5:

SELECT G1

FROM set-of-gene G1, set-of-disease D1
WHERE size(Gl) = 3

AND D1 = {Diabetes, LungCancer}

AND influence(G1,D1) > 0.5

Recursive construction of nested problems. When the right-hand side of a function
condition is selected as a nested problem, the same construction procedure is applied re-
cursively. The nested structure contains its own SELECT, FROM, and optional WHERE clauses.
Its SELECT clause returns the function values required by the enclosing comparison, and the

result may be used directly or through ANY, ALL, or an aggregate.

For example, the following representation searches for a three-gene set G1 whose influence

on D1 is at least as large as that of every other three-gene candidate set G2:
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Semantic rule categories applied during problem generation.

Category Requirement

Variable and scope Variables must be declared and referenced within a valid scope.

Function and type Function arguments must match their required set types.

Comparison and nesting Compared expressions must have compatible types and cardi-
nalities.

Logical consistency Conditions must be mutually consistent.

Other or redundant struc- Variables and outputs must contribute to the defined problem.
tures

SELECT G1
FROM set-of-gene G1, set-of-disease D1
WHERE size(G1) = 3
AND D1 = {Diabetes, LungCancer}
AND influence(G1,D1) >= ALL (
SELECT influence(G2,D1)
FROM set-of-gene G2

WHERE size(G2) = 3

The nested problem is generated using the same grammar as the enclosing problem. The
variable G2 is declared in the nested FROM clause, its cardinality is specified in the nested
WHERE clause, and influence(G2,D1) is returned for comparison with the outer function
value. Because the grammar is recursive, the same process may be repeated to construct

additional levels of nesting.

4.4.2 Semantic Filtering

The grammar guarantees that a generated representation follows the permitted SELECT--FROM--WHERE
structure, but structural correctness alone does not guarantee that the represented problem

is meaningful. Because the grammar productions may be combined independently, a gen-
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erated representation may contain properly formed clauses while failing to define the sets

returned by the problem.

For example, the following representation is structurally valid according to the grammar:

SELECT A

FROM set-of-gene A, set-of-gene C, set-of-disease B
WHERE size(C) = 3

AND B = {D1,D2}

AND influence(C,B) > 0.5

However, the selected set A does not participate in any condition and is not constrained by
either its size or a function relationship. The representation therefore places conditions on C
and B while returning an unrelated set A. Although every clause conforms to the grammar,

the generated structure does not define a meaningful problem for A.

To prevent such combinations, we introduce a semantic filter that applies additional rules
beyond the syntactic grammar. These rules were derived from recurring failure patterns
observed when independently combining grammar productions. They target problems in-
volving variable scope, disconnected outputs, incompatible function arguments, unbounded
candidate sets, inconsistent constraints, and improperly formed nested comparisons. Their

effectiveness in reducing semantically invalid generated problems is evaluated in section 4.7.

The semantic filter may be applied incrementally during generation by restricting each selec-
tion to semantically compatible alternatives and again after construction as a final validation
step. A generated representation is retained only when it satisfies all applicable rules listed

in Section 4.4.2.

Nested structures are checked using the same rules. Their locally declared variables belong

to the nested scope, while references to variables declared by the enclosing problem are

99



permitted. The expression returned by the nested SELECT clause must also provide the value
expected by the enclosing comparison. For example, a comparison with ALL requires the

nested structure to return compatible function values for the candidate sets being compared.

4.5 Natural-Language Description and Parsing

The formal SQL-like representation provides a common structure for connecting generated
problems with natural language. We use this connection in two directions. Each generated
formal problem is mapped to a canonical natural-language description, with components that
correspond directly to elements of the formal representation. A natural-language problem
that follows the supported description pattern can also be parsed back into the same formal
form. Both directions use a shared vocabulary that associates formal functions, comparison

operators, quantifiers, and aggregates with their natural-language expressions.

4.5.1 Generating Natural-Language Descriptions

A natural-language description is constructed from the components of the formal represen-
tation rather than generated as an unrestricted sentence. The framework uses a vocabulary
that associates each formal element with a corresponding linguistic expression. For example,
the operator > may be expressed as “greater than,” while a comparison of the form >= ALL
over the candidate sets may be expressed as “maximum among all candidate sets.” Domain-
defined functions are treated in the same way: the function vocabulary supplies the phrase

used to describe the relationship computed by each function.

The descriptions follow a canonical pattern that exposes the main components of a set-level

problem:
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Mapping from the formal representation to the canonical natural-language pattern.

Formal component NL component Role

SELECT Aq1,...,A, <m> Number of sets requested

set-of-Domain A; <object type> Type of the requested sets

size(A;)=k <k> Cardinality of each requested set

B={...} <target set> Set on which the function is eval-
uated

f£(4;,B) <function> Set-level relationship being evalu-
ated

Operator and quantifier <comparison> Relationship between the two
function values

Numeric, function, or nested <RHS> Value or candidate expression

expression used for comparison

Find <m> set(s) of <k> <object type> whose <function> on <target set> is <comparison>

<RHS>.

Each slot in this pattern is obtained directly from a component of the formal representation,

as summarized in Section 4.5.1.

For example, the formal components SELECT A, size(A)=3,B={D1,D2}, and influence(A,B)>0.5

instantiate the pattern as:

Find one set of three genes whose influence on {D1,D2} is greater than 0.5.

Nested representations are translated compositionally. They do not require a separate tem-
plate for every possible nesting structure. The nested representation is first translated using
the same mapping, and its description is then incorporated into the right-hand side of the en-
closing condition. For example, a condition comparing influence(A,B) with ALL influence
values produced by candidate sets of the same size can be described as “whose influence on
B is maximum among all sets of three genes.” This recursive construction allows the same

description mechanism to be applied at arbitrary nesting depths supported by the grammar.

The purpose of the canonical description is to preserve the information represented formally:
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the requested sets, their cardinalities and types, the function being evaluated, the target of
that function, and the comparison that defines the problem. Because this direct composition
may produce language that is correct but less natural stylistically, an LLM can optionally
be used after the mapping step to paraphrase the canonical description. In this case, the
LLM changes only the wording; the meaning and formal components of the problem remain

fixed.

4.5.2 Parsing Natural-Language Problems

The reverse direction begins with a natural-language problem, not a generated formal rep-
resentation. The parser grounds the terms in the question to the predefined objects and
relationships in the schema; if these cannot be matched, the problem is not treated as a

supported graph-based problem.

The parser recognizes the canonical pattern defined in Section 4.5.1 and identifies the values
occupying its semantic slots. It also determines whether the problem requires existence
testing or a bound on the number of returned results. These elements are then mapped to the

corresponding grammar components and assembled into a formal SQL-like representation.

Consider the canonical structure:

Find <m> set(s) of <k> <object type> whose <function> on <target set> is <comparison>

<RHS>.

The parser first extracts <m>, <k>, and <object type>. The value of m determines the
searched set variables Ay, ..., A,, placed in the SELECT clause, while the object type deter-
mines their FROM declarations and k produces the corresponding cardinality conditions. The
<target set> produces a target-set variable and its set binding. The function and compar-

ison phrases are matched against the shared vocabulary to obtain the corresponding formal
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function and operator, and the right-hand side determines the final comparison expression.

For example, the parser decomposes

Find one set of three genes whose influence on {D1,D2} is greater than 0.5.

into the requested-set count m = 1, cardinality & = 3, object type gene, function influ-
ence, target set { D1, D2}, comparison greater than, and numeric right-hand side 0.5. These

components are mapped to:

SELECT A

FROM set-of-gene A, set-of-disease B
WHERE size(A) = 3

AND B = {D1,D2}

AND influence(A,B) > 0.5

When the right-hand side expresses another candidate-set problem, the parser applies the
same procedure recursively and constructs the corresponding nested representation. Thus,
the parsing process mirrors the compositional description process. It does not require a

distinct parsing rule for each nesting depth.

The deterministic parser expects the semantic components of the problem to occur in a
recognizable form. A natural-language problem may express the same meaning using wording
that does not directly match the canonical vocabulary or pattern. In such cases, an LLM
can be used as a normalization step to rephrase the input into the supported canonical form.
The normalized sentence is then processed by the parser in the same manner as a directly
recognized sentence. The LLM does not construct the formal representation itself. It only
bridges linguistic variation between unrestricted natural language and the pattern the parser

recognizes.
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4.6 Constrained Set-to-Set Optimization

The Shortest-Distance Schema in the following section illustrates a case in which the gram-
mar of Section 4.3 and the semantic rules of Section 4.4 generate second-order problems
involving set-level functions such as shortest_distance(A,B), while the reference solver
provides only shortest-path computation between individual nodes. Here, we consider a
class of such problems in which a subset of one entity set is selected with respect to another
using shortest-path distances subject to path constraints. We characterize the computational
properties of these problems and identify conditions under which approximation guarantees

can be obtained.

4.6.1 Problem Definition

Following the object-relational setting of Section 4.3.1, object instances correspond to nodes

and relationships to weighted edges; attributes may further assign categorical labels to both.

Definition 4.2 (Colored Weighted Graph). A colored weighted graph is a tuple G =
(V,E,w,cy,cp, Xy, XE), where V' is a set of vertices, E C'V XV a set of edges, w: E — R*
assigns non-negative edge weights, and ¢y -V — Xy, cg : E — Y assign labels from finite
alphabets. In an object-relational schema this arises from an object table (nodes with type
attributes) and a relationship table (edges with weight and type attributes), e.g., road segments

with length and road-class columns.

A path m = (vg,...,v) is a sequence of vertices connected by edges, with weight w(r) =

S g w(vi, viga)-

Constraint categories. We classify path constraints into five categories by their compu-

tational structure. Category A (hard filters) forbids certain nodes or edges, or restricts
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paths to edges of allowed types; validity is memoryless. Category B (finite memory)
contains constraints expressible by finite automata over the path, such as the requirement
to visit at least one node of a designated waypoint set. Category C (budgets) bounds
accumulated resources, such as the number of hops or the total cost. Category D (global
precomputed) filters by precomputed global properties (centrality, community member-
ship), reducing to a Category-A-style subgraph restriction after preprocessing. Category
E (path-dependent) contains constraints whose validity depends on the full path history,

such as simple-path (no-revisit).

Definition 4.3 (Constrained Distance). Given a constraint set C, let 1l¢(u,v) denote the
set of u—v paths satisfying C. The constrained distance is dc(u,v) = Mingerg ) w(T),

with de(u,v) = oo if He(u,v) =0, and de(u,u) = 0.

Definition 4.4 (Constrained Set-to-Set Optimization). Given a colored weighted graph G,
a candidate set S C V', a target set T C 'V, a budget k, and a constraint set C, select X C S

with | X | = k optimizing one of:

1
k-median: m}}n ] U;gg(l de(u,v)  (average service distance);

k-center: min maxminde(u,v)  (worst-case service distance);
X veET ueX

k-dispersion: max n)l(in;”é de(u,v)  (diversity; no target set).
UVEX, UFV
Because S and T are distinct sets, the min—-maz objective is the k-supplier problem; classical

k-center results apply only to the special case S =T.

In the vocabulary of Section 4.3, these objectives can be represented by set-level functions
built on the pairwise operation de. Average distance corresponds to k-median, worst-case
distance to k-center, and minimum pairwise distance f(A, A) to k-dispersion. Different

choices of C define constrained versions of these objectives that remain expressible by the
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grammar. Combining the three objectives with the five constraint categories, together with
structural variants such as within-set diameter bounds, produces the second-order problem

classes considered here.

4.6.2 An Example Problem

Consider a municipal schema with location objects (candidate shelter sites and communi-
ties), road relationships carrying length and road-class attributes, and a flood-zone attribute

marking hazardous locations. A planner asks, in natural language:

“Choose 3 emergency-shelter sites from the candidate sites so that the average
evacuation distance from the communities is minimized, where evacuation routes

must not pass through flood-zone areas.”

The problem is second-order because the decision variable is a set of shelter locations and
the objective is defined by constrained shortest-path distances between the selected sites
and the communities. In the function vocabulary, shortest_distance(A, B, avoid Fy )
returns the constrained distances from members of B to their nearest member of A, with
paths through flood-zone nodes excluded. The corresponding minimization can be expressed

using <= ALL over candidate sets:
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SELECT A1l

FROM set-of-location Al, set-of-location B

WHERE size(Al1) =

AND AVG(shortest_distance(Al, B, avoid Fy)) <= ALL (
SELECT AVG(shortest_distance(A2, B, avoid Fy))
FROM set-of-location A2

WHERE size(A2) =

Formally, this is the k-median objective of Definition 4.4 with the Category A constraint
“avoid Fy”, where S is the candidate site set, T is the community set, £ = 3, and Fy the

flood-zone nodes:

de( — id Fo\.
XCS\FV |X\ 3 ]T| Zgg}} C u, U) C {av01d V}

Other instances covered by the formulation include:

e Content-delivery server placement minimizing worst-case latency over routes with at

most h hops (k-center with a Category C hop limit);

e Diverse backup-server selection avoiding compromised links (k-dispersion with Cate-

gory A forbidden edges);

e Warehouse placement restricted to highway routing (k-median with a Category D edge-

type filter);

e Service-center placement where all routes must pass a security checkpoint (k-center

with a Category B waypoint).
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4.6.3 Complexity and Approximation Guarantees

We now characterize the computational complexity and approximation guarantees of these

problems. Throughout, G is undirected and edge weights are non-negative.

Theorem 4.1 (NP-Hardness by Restriction). Constrained k-median, constrained k-center
(k-supplier), and constrained k-dispersion are NP-hard for every constraint class that con-

tains the trivial constraint set (e.g., no forbidden elements, hop limit h > n, all edge types

allowed).

Proof. With trivial constraints, dz coincides with the ordinary shortest-path metric and the
problems specialize to their classical unconstrained versions, each NP-hard: k-median [52,
59], k-center and k-supplier [60, 61], and max—min dispersion [55]. A polynomial algorithm

for the constrained generalization would therefore solve an NP-hard problem. O]

Theorem 4.2 (Constrained Distance Computation). Suppose each constraint in C is state-
Markovian: representable by a finite state space QQ with an initial state, a per-edge transition
function, and accepting states, such that a path is valid iff its state trajectory is defined and
ends in an accepting state. Then all constrained distances from a source are computable by a
label-setting (Dijkstra) algorithm on the product space V- x @ in O(|Q|m + |Q| nlog(|Q|n))
time. In particular, Categories A and D have |Q| = 1; a Category B automaton contributes
its state count; a hop limit h gives |Q| = h+1; an integer budget B gives |Q| = B+1 (pseudo-
polynomial; real-valued budgets require Pareto-dominance label-correcting methods [56, 57]).
For Category E the induced state space may be exponential (e.g., 2" for simple paths), and

no polynomial bound is claimed.

Proof. Under the state-Markovian assumption, the feasibility and valid extensions of a par-
tial path depend only on its endpoint and constraint state, so Dijkstra’s invariant applies

verbatim to the product graph with |@Q|n vertices and at most |Q| m arcs; the bound is Dijk-
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stra’s with a binary heap. The search must continue past a target reached in a non-accepting
state (e.g., a waypoint not yet visited) and report the first extraction of the target in an

accepting state. L]

The Structural Dichotomy: Concatenation-Closure

Whether classical approximation guarantees extend to constrained distances depends on

concatenation-closure of valid paths rather than subpath-closure.

Definition 4.5 (Subpath-Closure and Concatenation-Closure). C is subpath-closed if ev-
ery contiguous subpath of a valid path is valid. C is concatenation-closed if for all u,v,w,

every m € lle(u,v) and mo € Ile(v,w) satisfy m o me € He(u, w).

The two properties are incomparable: hop limits are subpath-closed but not concatenation-

closed, while waypoint requirements are concatenation-closed but not subpath-closed.

Lemma 4.1 (Triangle Inequality). If C is concatenation-closed, then de(u,w) < de(u,v) +
de(v,w) for all u,v,w € V. If moreover G is undirected and validity is invariant under path

reversal (as for all categories considered here), dc is a symmetric extended pseudometric.

Proof. If either right-hand term is infinite the claim is trivial. Otherwise take shortest valid
paths m,, and 7, (minimizers exist for state-Markovian constraints, since the search space
of Theorem 4.2 is finite with non-negative weights). By concatenation-closure 7, o m,, €
e (u, w), so de(u, w) < w(mTyy)+w(Tyy) = de(u, v)+de(v, w). Symmetry follows by reversing

shortest valid paths. O

Proposition 4.1 (Classification). (i) Categories A and D are concatenation-closed: they
restrict valid paths to a fived subgraph G' C G, so d¢ is the shortest-path metric of G'. (ii)
The must-visit waypoint constraint of Category B is concatenation-closed but not subpath-

closed; general reqular-language constraints need not be. (i1i) Category C is subpath-closed
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but not concatenation-closed, and may violate the triangle inequality (Example 4.1). (iv)

Category E is in general neither.

Proof. (i) Validity is a per-element condition, preserved by both gluing and cutting. (ii) If
m visits a required node, so does m; o mo; a subpath avoiding it is invalid. (iii) Subpaths of
an h-hop path have at most h hops, but concatenating two h-hop paths may use 2h. (iv)

Concatenating two simple paths may repeat vertices. O

Example 4.1 (Category C Violates the Triangle Inequality). Let G be the path vy — vy —
vy — v3 — vy with unit weights plus the edge {vo,v4} of weight W > 4, under hop limit h = 2.
Then de(vg,v2) = de(va, v4) = 2 but de(vg,v4) = W >4 (and = oo without the extra edge).
Hop-constrained distances are therefore not metrics, and the guarantees below do not apply
to Category C. The experiments in Section 4.7.4 further show that algorithms relying on the

metric property can perform poorly for Category C constraints.

Approximation Guarantees

For the remainder of this subsection, C is concatenation-closed and reversal-invariant, and
instances are feasible (all distances appearing in the objective are finite for at least one size-k

solution).

Theorem 4.3 (Constrained k-Supplier: Greedy 3-Approximation). Consider the algorithm:
pick an arbitrary client t; € T and set X1 = {x1} with r1 = argmingegde(x,t1); for
i =2,...,k, let t; be the client farthest from X;_1 and add x; = argmingeg de(z,t;). The
output X = Xy, satisfies maxer minge x de(x,t) < 3r*, where r* is the optimal radius over

all X* C S, | X*| = k.

Proof. Let r be the greedy radius, attained by client 0, and for each client ¢ let f(t) € X*

satisfy de(f(t),t) < r*. Since f(t;) € S is available to the argmin defining z;, we have
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de(x;,t;) < r* for every i; in particular, if 0 = ¢; for some i then r < r* and we are done, so
assume otherwise. For ¢ < j, when ¢; was selected the facility z; was already present, and
by the farthest-client rule and monotonicity of coverage, de(ws,t;) > mingex; , de(z,t;) >
Mingeyx, , de(x,0) > r; the triangle inequality then gives d¢(t;,1;) > r — r*, and likewise
de(t;,0) > r —r*. Thus the k + 1 clients t1,...,t;, 0 are pairwise at distance > r — r*, yet

they are served by only k£ optimal facilities, so two of them lie within r* of the same facility

and hence within 2r* of each other. Therefore r — r* < 2r* ie., r < 3r*. O]

The client-based initialization is essential: seeding instead with the candidate minimizing the
maximum distance to all clients (a 1-supplier heuristic) admits instances with unbounded
approximation ratio. When S =T = V| placing each new center at the farthest client itself

recovers the classical factor 2 [53]; in the set-to-set setting, factor 3 is best possible unless

P=NP [54].

Theorem 4.4 (Constrained k-Median: Local Search). A solution X that is locally optimal
under single swaps satisfies p(X) < 5 ¢(X*), where ¢ is the k-median objective; local optimal-
ity under p-swaps yields (X ) < (3+2/p) ¢(X*). With the standard e-improvement stopping

rule, polynomial running time is guaranteed at the cost of (5+¢), resp. (3+2/p+¢) [41].

Proof. The charging argument of Arya et al. [41] uses only the availability of the optimal
facilities in S, symmetry, and the triangle inequality, and is otherwise oblivious to how
distances arise; by Lemma 4.1, d¢ provides all three. The 1/|T| normalization cancels in the

ratio. O

Theorem 4.5 (Constrained k-Dispersion: Greedy 2-Approximation). Farthest-first greedy
(arbitrary first node; then repeatedly add the candidate mazimizing the minimum distance
to the selected set) returns X whose dispersion is at least §*/2, where 6* is the optimal

dispersion.
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Proof. We claim that at every iteration i < k, some w* € X* has min,cx, dec(w*,v) > §*/2.
Otherwise every w € X* has a witness v(w) € X; with de(w,v(w)) < §*/2; since | X*| =
k > i, two distinct w,w’ share a witness v, and the triangle inequality gives de(w,w') < 0%,
contradicting the optimal dispersion. By the greedy rule, each inserted node is at distance
> 6% /2 from all previously selected nodes; hence for any pair in X, the later-inserted member

was at distance > 0*/2 from the earlier one, and the dispersion of X is at least 6*/2. O

[Optimality of the Guarantees] Unless P=NP, constrained k-supplier admits no (3 — ¢)-
approximation [54] and constrained k-dispersion no (2 — ¢)-approximation [55]; constrained
k-median admits no (1 + 2/e — ¢)-approximation unless NP C DTIME(n®Uogloen)) [62, 63].
All bounds follow by restriction as in Theorem 4.1. Thus Theorems 4.3 and 4.5 are optimal

and Theorem 4.4 is within a constant factor of optimal.

Consequently, constant-factor approximation guarantees apply when the constrained dis-
tance is concatenation-closed, including Categories A and D and the waypoint variant of
Category B. Constrained distances for Categories A—D are polynomial-time computable un-
der the assumptions of Theorem 4.2. For Category C, the loss of the triangle inequality
prevents the approximation guarantees above from carrying over, while Category E may

require exponential state.

4.7 Experimental Evaluation

We evaluate the proposed framework on two different object-relational application domains:
a Gene-Disease Influence Domain and a Location-Road Network Domain. The experiments
address two questions. First, we examine whether the semantic rules are necessary for
restricting grammar-generated structures to meaningful problems and whether their effect is

consistent across different domains. Second, after semantic validation, we examine whether
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the generated problem space corresponds to known problem classes with existing solution

methods or exposes problem classes that require new solver development.

4.7.1 Experimental Setup

The first experiment uses a Gene-Disease Influence Domain in which genes and diseases are
represented as objects connected through weighted relationships. The function vocabulary
includes influence(A,B), where A is a set of genes and B is a set of diseases. The function
returns a numeric value representing the collective influence of the genes in A on the diseases
in B. Using this schema and function vocabulary, the framework generates different set-level

influence problem formulations.

The second experiment uses a Location—Road Network Domain in which locations are rep-
resented as nodes and road connections as weighted relationships. The function vocabulary
includes shortest_distance(A,B), where A and B are sets of locations. The function re-
turns a numeric value representing a distance relationship between the two sets based on
shortest-path distances between their members. Using this schema and function vocabulary,

the framework generates different set-level shortest-distance problem formulations.

For each domain, we generated 1,000 problems under two configurations. In the grammar-
only configuration, problems are generated directly from the grammar without enforcing
the semantic rules. In the grammar + semantic rules configuration, generation is restricted
by the semantic requirements described in Section 4.4.2. This comparison isolates the con-
tribution of the semantic component while keeping the underlying grammar and domain

vocabulary unchanged.
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4.7.2 Effect of Semantic Rules

Figure 4.3a shows the overall effect of the semantic rules. For the Gene-Disease Influence
Domain, 253 of the 1,000 grammar-only problems are meaningful, while 747 contain at least
one semantic issue. The Location-Road Network Domain produces a similar result: 238
problems are meaningful and 762 are rejected by the semantic rules. In contrast, generation
using the grammar together with the semantic rules produces 1,000 meaningful problems for

each domain.

. Meaningful Queries . Queries Rejected by Semantic Rules

1000

800

600

400

Number of Generated Queries

200

Grammar Only Grammar + Semantic Rules Grammar Only Grammar + Semantic Rules

Influence Schema Shortest Distance Schema

(a) Effect of semantic rules on generated problems.

M Variable & Scope Errors M Function & Type Errors M Comparison & Nesting Errors B Logical Consistency Errors. M Other / Redundancies

13.5% 12.8%
(180) (182)

1.4%

12.7% (162)

(169)

14.2%
(189)

Influence Schema Shortest-Distance Schema

(b) Distribution of semantic error occurrences in grammar-
only generation.

Figure 4.3: Semantic evaluation for the Gene-Disease Influence and Location-Road Distance
domains. The two domains exhibit similar grammar-only validity rates and similar distribu-
tions of semantic error categories.
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The similarity between the two grammar-only results is notable. Although the two domains
use different schemas and set-level functions, only about one quarter of the unrestricted
grammar-generated problems are meaningful in either experiment. This suggests that the
need for semantic restrictions is not specific to a particular domain or function, but arises
more generally from the possible combinations of set variables, functions, comparisons, con-
straints, and nested structures permitted by the grammar. To examine the rejected problems
in more detail, we group the detected semantic issues into five categories: variable and scope
errors, function and type errors, comparison and nesting errors, logical consistency errors,
and other or redundant structures. Their distributions are shown in Figure 4.3b. Because a
generated problem may contain more than one semantic issue, the category counts represent

occurrences of semantic errors rather than mutually exclusive groups of problems.

The distributions are again similar across the two domains. Variable and scope errors form
the largest category in both experiments, accounting for 34.6% of the detected issues in
the Gene-Disease Influence Domain and 39.9% in the Location-Road Network Domain.
Function and type errors form the second largest category in both cases, accounting for
approximately one quarter of the detected issues. The remaining categories also occur at
broadly comparable rates. The two domains also show similar numbers of rejected grammar-
only problems. Together, these results indicate that the semantic rules address recurring

structural issues across different application domains, not issues specific to just one.

4.7.3 Problem Discovery Screening

We next examine whether the generated problem formulations correspond to computational
problems studied in existing research and whether available solution methods can be reused
or extended to support them. Because the generation process can produce a large problem

space containing many combinations of functions, constraints, comparisons, quantifiers, and
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nesting structures, we first organize this space before comparing it with existing research.
The screening process consists of four steps: normalization, structural matching, grouping,

and problem-type assignment.

Step 1: Normalization. Normalization is applied directly to the generated SQL-like
representation. The purpose is to remove differences that correspond only to particular
instances while preserving the structure that may determine the computational problem.
Numerical constants are replaced by scalar constants, explicit set literals are replaced by
defined sets, and set-variable names are normalized while their roles within the query are
preserved. Functions, comparison operators, quantifiers such as ALL and ANY, the number

and relationship of selected sets, and the nesting structure are retained.

For example, the expressions

size(A)=3, B={D1,D2}, influence(A,B)>0.5

are normalized as

size(rolel)=scalar constant,
role2=defined set,
influence(rolel,role2)>scalar constant,

respectively. Thus, different cardinalities, target sets, or threshold values do not by them-

selves create different normalized structures.

Step 2: Structural Matching. The normalized representations are then compared using
structural matching criteria. Two problems are considered structurally equivalent when their
corresponding SELECT and WHERE structures match. The SELECT comparison considers the

number and structure of the returned sets. The WHERE comparison considers the number
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of conditions, the role or function involved in each condition, the comparison operator, and
whether the comparison target is a scalar, defined set, function value, or nested query. Nested

queries are compared recursively using the same criteria.

Step 3: Grouping. Problems that satisfy the structural matching criteria are placed in
the same group. For example, two queries may use different set cardinalities and different

target sets but reduce to the same normalized form:

SELECT rolel

FROM set-of-X rolel, set-of-Y role2

WHERE size(rolel) = scalar constant

AND role2 = defined set

AND influence(rolel,role2) >= ALL (
SELECT influence(role3,role2)
FROM set-of-X role3

WHERE size(role3) = scalar constant

Such queries represent different instances of the same structural problem and are therefore
analyzed as one group. This step reduces the generated problem space to its structurally

distinct forms rather than treating every generated instance independently.

Step 4: Problem-Type Assignment. Fach structural group is then assigned a compu-
tational problem type according to its overall semantics. The primary types considered in
this work are optimization, search or feasibility, decision or existence, and enumeration. Op-
timization problems compare candidate sets to determine a maximum or minimum. Search
or feasibility problems request a set satisfying specified conditions. Decision or existence
problems ask whether such a set exists, while enumeration problems return all sets satisfy-

ing the conditions. A structural group may also combine these types, for example by placing
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an optimization condition inside an existence query.

LLM-Assisted Research Screening and Expert Verification. Research screening is
performed after normalization, grouping, and problem-type assignment. Each structural
group is screened once instead of reviewing every generated instance. The LLM receives the
representative normalized SQL-like structure together with its abstract natural-language

form.

The natural-language form removes instance-specific values while retaining the function se-
mantics and computational relationships. For example, the normalized influence-maximization

structure is described as

Find a set of k objects whose influence on a target set is maximum among all

comparable candidate sets.

The LLM uses both representations to retrieve relevant terminology and potentially related
publications. It does not determine whether a formulation is known or novel. Each suggested
match is checked against the corresponding publication. A structural group is classified as
known only when the published problem definition covers the normalized structure. Groups
without a verified match are retained as candidate discoveries for further literature review.

The absence of a match is not treated as proof of novelty.

Among the 1,000 semantically valid problems generated for the Gene—Disease Influence Do-
main, 238 were classified as optimization problems. The screening process found verified
matches for 15 of them: 10 maximization problems and 5 minimization problems. The
other 223 optimization problems had no verified match. The remaining generated problems
consisted of 244 search or feasibility problems, 245 decision or existence problems, and 273

enumeration problems. No verified matches were found for these groups.
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SELECT Al, A2
FROM set-of-gene Al, set-of-gene A2
WHERE size(Al) = 3
AND size(A2) = 3
AND Al <> A2
AND MIN(MAX(influence(Al,{D1}), influence(A2,{D1})}),
MAX(influence(Al,{D2}), influence(A2,{D2}))
) »= ALL (
SELECT MIN(MAX(influence(Cl,{D1}),influence(C2,{D1})),
MAX(influence(C1,{D2}), influence(C2,{D2}))})
FROM set-of-gene C1, set-of-gene (2
WHERE size(C1)=3
AND size((C2)=3
AND C1 <» C2
);

NL Translation
Find two sets of 3 genes whose minimum of their maximum influence on
{D1} and {D2} is maximum among all pairs of two sets of 3 genes.

Figure 4.4: Candidate discovery: a generated two-set problem with nested min-max influence
optimization.

The maximization matches include the influence-maximization structure studied by Wang
et al. [39]. A fixed-size set is selected to maximize its influence on a target set. The same

structure also appears in social-network influence maximization [40].

Figure 4.4 presents a generated two-set problem with nested min—max influence optimization.
The formulation combines several structural operations within one problem and did not
have a verified direct match after LLM-assisted screening and manual review. It is therefore

retained as a candidate discovery.

The Location-Road Network Domain produced 256 optimization problems, 254 search or
feasibility problems, 234 decision or existence problems, and 256 enumeration problems.
Among the optimization problems, 79 had verified matches with existing work: 3 maximiza-
tion problems and 76 minimization problems. The remaining 177 optimization problems had

no verified match. No matches were verified for the other problem types.

Screening the unmatched shortest-distance groups exposed the constrained set-to-set opti-
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mization family developed in Section 4.6. This family was selected for further study, and its
solver support is evaluated in section 4.7.4. These results show that GPS-SD can recover
established computational problems while isolating structures that may require new solution

methods.

4.7.4 Solving Constrained Set-to-Set Optimization Problems

The analysis in Section 4.7.3 identified a family of constrained set-to-set optimization prob-
lems among the generated shortest-distance problems. We evaluate the solver of Section 4.6
on this family using the constrained-distance procedure of Theorem 4.2 and the approxima-

tion algorithms of Theorems 4.3 to 4.5.

We conduct three experiments: approximation quality relative to exhaustive optima, runtime
scaling of exact and approximate solution methods, and the cost of constrained-distance com-
putation across constraint categories. All experiments use random colored weighted graphs
(about three edges per node, weights uniform in [1, 10]) whose node sets are partitioned into

candidates S, targets T', and free routing nodes on which routing constraints act.

Optimality across instance size and constraint type. The first study runs 675 in-
stances: five instance sizes (n = 12 to 28, with |S| from 4 to 11 and k from 2 to 4) x nine
constraint configurations x three objectives x five seeds. Exact optima are obtained by enu-
merating all (“2 ‘) facility subsets over the same precomputed constrained distances used by
the approximation algorithms; 669 of the 675 instances are feasible (the six exceptions arise
when a constraint disconnects the network, affecting all solvers equally). Table 4.1 reports
the mean and worst approximation ratio for each configuration and objective, pooled over

sizes and seeds.

For concatenation-closed configurations, all observed approximation ratios remain within
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Table 4.1: Approximation ratio vs. exact optimum by constraint configuration (mean / worst
over up to 25 runs per cell, n = 12-28). Guarantees 5 for k-median, 3 for k-supplier, > 0.5
for k-dispersion—apply only to concatenation-closed (CC) configurations. TAdditionally, in
3 of 25 runs greedy dispersion returned an infeasible set although a feasible optimum existed.

Configuration Cat. CC  k-median k-center k-dispersion
Unconstrained - Yes 1.00 / 1.00 1.00 / 1.02 0.97 / 0.85
Forbidden nodes A Yes 1.00 /1.00 1.02 /1.20 0.95/ 0.64
Forbidden edges (20%) A Yes 1.00 /1.02 1.02 /133 0.96/0.74
Edge types (3 of 4) D Yes 1.00 /1.03 1.03/1.42 0.96/0.65
Waypoint (must-visit) B Yes 1.00 /1.00 1.00 /1.00 1.00 / 1.00
Hop limit h =3 C No 1.00 /1.00 1.00/1.02 0.96 / 0.64
Hop limit A = 2 C No 1.00/1.00 1.01/1.20 0.88/0.50
Cost budget (75th pct.) C No 1.00/1.00 1.00/1.02 0.87 /0.19f
Forbidden + hop h=4 A+C No 1.00/1.00 1.02/120 0.96/0.74

their theoretical guarantee: single-swap local search stays within 1.03 of the k-median op-
timum (bound: 5), the client-seeded greedy within 1.42 of the k-supplier optimum (bound:
3), and greedy dispersion within 0.64 of the dispersion optimum (bound: 0.5). The quality
does not systematically degrade with instance size; the worst ratios occur at n = 20-24,
rather than at the largest tested size. The Category C experiments also illustrate the fail-
ure mode described in Example 4.1. Under the cost-budget constraint, greedy dispersion
attains a ratio of 0.19, below the classical 1/2 guarantee, and returns an infeasible set in
three additional runs despite the existence of a feasible optimum. For the hop-limit config-
uration with A = 2, the minimum observed ratio is 0.50. These failures are observed only
in the tested non-concatenation-closed configurations. The edge-type case gives the largest

k-supplier ratio, 1.42, below the factor-3 bound in Theorem 4.3.

The speedup of approximation. The second study fixes a Category A configuration
(forbidden routing nodes, where guarantees apply) and grows the candidate pool and budget
from (|S], k) = (10, 3) to (26,6) on graphs of n = |S| + 25 nodes, with |7'| = 15, comparing

the solve-phase runtime of exact enumeration and the approximation algorithms over the

same precomputed distances (six runs per tier: three objectives x two seeds).
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Table 4.2: Exact vs. approximate solve-phase runtime and quality as the candidate pool
grows (means over 6 runs per tier; ratio range spans all objectives).

|S| &k Subsets Exact (s) Approx. (ms) Speedup Ratio range

10 3 120 0.003 0.55 6x  [1.00, 1.22]
14 4 1001 0.024 1.15 21x  [0.94, 1.32]
18 5 8568 0.244 2.83 86x  [0.96, 1.00]
22 5 26334 0.769 5.22 147x  [1.00, 1.00]
26 6 230230 7.683 6.71  1144x  [0.91, 1.10]

Exact enumeration grows rapidly with (‘i‘): runtime increases from 0.003 seconds for 120
subsets to 7.683 seconds for 230,230 subsets. At the measured enumeration throughput
of approximately 3 x 10* subsets/s, enumerating (})) ~ 1.03 x 10'° subsets would take
approximately four days, excluding distance computation. The approximation algorithms
remain below 20ms throughout while every measured ratio stays within the theoretical
bounds and most stay within 10% of the optimum. At these growth rates, exhaustive
enumeration is practical mainly for validating small instances. For larger candidate sets,
the approximation algorithms require much less solving time while retaining the guarantees

established in Section 4.6.3.

Constrained computation by category. The third study isolates the other runtime
component: the constrained-distance phase of Theorem 4.2, whose cost is predicted to scale
with the constraint state space |@|. We fix the source-target workload (up to 30 x 30 pairs)
and measure the total distance-computation time on graphs of n = 50 to 200 nodes for one
configuration per category, reporting the slowdown relative to unconstrained Dijkstra on the

same pairs.

The measured factors in Table 4.3 are stable across graph sizes and broadly consistent with
the state-space analysis, although the slowdown is not proportional to |Q|. Categories A
and D add little overhead in these experiments, with slowdowns of at most 1.18x. The

hop limit costs a small constant factor (= 2.2x, well below its |Q] = h+1 = 6 worst
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Table 4.3: Distance-phase slowdown relative to unconstrained Dijkstra (same pairs; uncon-
strained absolute time 0.29s at n = 50 rising to 1.81s at n = 200). The cost-budget rows
certify feasibility for the 75% of pairs within budget by construction.

Configuration Cat. Q| n=50 n=100 n=150 n=200
Forbidden nodes A 1 1.04x  0.99x 1.13x  1.18x
Edge types D 1 1.06x 1.13x  1.04x  1.09x
Hop limit h =5 C 6 237x  2.37x  220x  2.10x
Waypoint B 2 3.87Tx 4.27x  4.02x  3.80x
Cost budget C pseudo-poly. 8.3x  11.6x 9.9x 10.4 %

case, since most shortest paths use few hops). The waypoint constraint costs ~ 4x: its
automaton has only two states, but the search must also continue past targets reached in
the non-accepting state (Theorem 4.2). The real-valued cost budget is the most expensive
tested configuration, with overheads around 8-12x. Unlike the finite-state constraints above,
accumulated cost cannot generally be represented by a fixed-size state space, consistent with
the pseudo-polynomial complexity described in Theorem 4.2. For the tested Category E

no-revisit constraint, runtime differs between feasible and infeasible queries.

These experiments evaluate the solver introduced for the constrained set-to-set problems
identified in Section 4.7.3. On the tested concatenation-closed configurations, the approxi-
mation algorithms satisfy their theoretical bounds and remain close to the exact optimum on
small instances. Their solve-phase runtime scales much better than exhaustive enumeration
as |S| and k increase. The constrained-distance experiments further show that computa-
tional overhead depends strongly on the constraint categories: filtering constraints add little
overhead, finite-state constraints incur moderate costs, and resource- or history-dependent
constraints can be significantly more expensive. The measured runtime differences are con-

sistent with the computational distinctions established in Section 4.6.3.
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Chapter 5

Conclusion and Future Work

5.1 Conclusion

This dissertation developed Generative Problem Solving as a structured approach for con-
structing, validating, and discovering computational problems. The central idea is that
problem formulation should be part of the reasoning process rather than treated only as an
input supplied to a solver. Across the three frameworks, grammars and semantic represen-
tations define how problems are constructed, which combinations are meaningful, and how

a generated formulation can be evaluated or connected to a solution method.

GPS-Relational established the foundation for this approach in relational databases. It
constructs executable reference SQL from natural-language intent through decomposition,
schema mapping, semantic validation, and query assembly. Execution results provide the
basis for evaluating LLM-generated SQL without requiring it to match a single reference
expression. The grammar also supports benchmark generation with controlled relational

structures and nesting depths.
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GPS-CQ extended the framework to natural-language explanations of complex SQL. It eval-
uates an explanation through an SQL-to-natural-language-to-SQL round trip and compares
the original and reconstructed queries through execution. When their results differ, the
framework identifies errors involving aggregation scope, omitted conditions, or dependencies
between query blocks. The same structural information supports the generation of targeted

benchmark cases around observed weaknesses.

GPS-SD moved beyond conventional SQL by treating sets of entities as first-class objects. It
generates set-level problem formulations from an object-relational schema and a vocabulary
of domain functions. Evaluation in the influence and shortest-distance domains recovered
known problem structures and exposed formulations outside the scope of existing solvers. In
the shortest-distance domain, this process led to a constrained set-to-set optimization family

for which solver methods, complexity results, and approximation guarantees were developed.

Together, these frameworks show how an explicit representation of problem structure can
support translation, validation, diagnosis, benchmark generation, and problem discovery.
The progression from GPS-Relational to GPS-CQ and GPS-SD extends Generative Problem
Solving from constructing executable relational queries to examining their explanations and

discovering computational problems that require additional solution methods.

5.2 Future Work

The GPS-Relational experiments identified inputs that could not be processed because of
missing lexical or operator mappings, ambiguous schema references, or unsupported relation-
ship paths. Future work can expand this coverage while preserving the semantic restrictions
that prevent invalid queries. Improved schema grounding and ambiguity resolution would

allow the framework to support a wider range of natural-language formulations and database
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structures.

GPS-CQ currently uses diagnosed structural weaknesses to guide benchmark generation and
provide structure-aware examples. Model training remains outside the scope of the present
work. A direct extension is to use these examples for fine-tuning and then evaluate whether
targeted training reduces aggregation-scope errors, condition dropping, and dependency mis-
matches. The diagnosed patterns could also guide an explanation model during generation

rather than being used only after an incorrect explanation is detected.

Future work on GPS-SD will broaden the vocabulary of set-level functions and reduce the
amount of domain information that must be supplied in advance. Unsupported compu-
tational functions could be identified and presented to domain experts for implementation.
Schemas that do not include a declared graph interpretation could also be mapped to suitable
graph representations. The framework could then combine functions from different abstract

models over the same schema, including relationships such as influence and similarity.

Greater automation can also support category discovery and literature screening for gen-
erated problem structures. Such automation would help organize a larger problem space
and identify possible connections to existing work. Expert review should remain part of this

process, particularly before an unmatched formulation is treated as a new problem discovery.

These directions preserve the main principle of the dissertation: generated problems should
remain connected to explicit structures that can be inspected, validated, and related to

available solution methods.
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