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Abstract of the Dissertation
The Metalanguage of Category Theory

Christian Williams

Doctor of Philosophy, Mathematics
University of California, Riverside, September 2023

John Baez, Chairperson

Category theory is known as a language of mathematics. The fundamental concepts of the language
are systematized in a fibrant double category, a two-dimensional structure also known as a bicategory
equipped with proarrows.

We give a new definition of the structure: a bifibrant double category is a “two-sided bifibration”
from a category to itself, with a weak composition and identity. This way of thinking gives a way to
construct the fully three-dimensional category of bifibrant double categories, as follows.

A category forms a bifibrant double category, by forming the union of the arrow double category
with its opposite; we call this the weave double category. Then a two-sided bifibration or matrix
category is a span of categories forming a bimodule of weave double categories. We construct a
three-dimensional category of categories, functors, profunctors, and matrix categories; squares are
transformations, matrix functors, and matrix profunctors, and cubes are matrix transformations. This
structure is a “bifibrant triple category without interchange”, which we call a metalogic.

A bifibrant double category is a pseudomonad in the metalogic of matrix categories. This defines
the objects of a three-dimensional construction: a double functor is a morphism of pseudomonads,
a vertical profunctor is a “vertical monad” between pseudomonads, and a horizontal profunctor is a
bimodule of pseudomonads; a vertical transformation is a morphism of vertical monads, a horizontal
transformation is a morphism of bimodules, and a double profunctor is a bimodule of vertical monads.
A double transformation is a transformation of vertical bimodules. These form the metalogic of

bifibrant double categories.
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Introduction

Category theory is known as a unifying language of mathematics [13]. In recent years, the com-
munity of Applied Category Theory has begun to explore its potential as a unifying language of all
kinds of science [6]. Here, we propose that category theory is the language of thinking.
A “world” is a collection of types of things, and processes between types; these form a category.
A “thought” of the world is a relation of types, and a “process of thinking” is an inference between
relations; these form a category of “thoughts” which depends on pairs in the category of the “world”.
A logic is a two-dimensional structure of relations and inferences, over pairs of types and pro-
cesses: the structure known as an equipment, or framed bicategory [17]. We give a new definition,
via the notion of two-sided bifibration [2.2], and this motivates the name bifibrant double category.
The language of string diagrams [15] is dual to conventional diagrams: types and processes are

colored areas and vertical-pointing “bars”, relations and inferences are “strings” and “beads”.

bif. dbl. cat. dim. logic X Q,) Y
object 0 type
. . f : g
tight morphism process T 1 T

\Y
loose morphism H  relation
2

inference A R B

square

In this thesis, we construct the metalanguage of logics. The language of “metalogic” is both
visual and formal, expressed in both three-dimensional string diagrams and the co/descent calculus
of matrix categories. Imagery and syntax are complementary, so intuition and computation can
strengthen each other.

The simplest kind of logic is binary logic: types and processes are sets and functions; relations
and inferences are binary relations and entailments. This is known as the predicate logic of sets.

How do we make logics? This is summarized in a motto:
“a category is a matrix with composition and identity”.

A category is a type of objects, indexing a matrix of morphisms, with the structure of composition and

identity. In [17], Shulman presented the two main ways that we construct universes of categories:

vi



1. A bifibered monoidal category R — A forms a logic, in which a relation R: A | B is an object R
over A x B; this is a matrix, i.e. two-variable dependent type a: A,b: B F R(a,b): V.

2. Monads in a logic, self-relations equipped with composition and identity, form a richer logic.
A monad in a logic of matrices is a category, “enriched in” or “internal to” that logic.

These two constructions define the language of the co/end calculus [14]. Bimodules of monads
are matrices-with-composition; they compose by coend, a coequalizer of a coproduct, and divide by

end, an equalizer of a product. Below are the formulae for composition and transformation.
RoS = Yb R(—,b) x S(b,—)

[P,Q] = MNxy Py —QKy)
This is generalized logic [12]: coend is the “bilinear existential”, and end is the “natural universal”.

As a language of categories is the co/end calculus of a logic, we propose that category theory is logic.

Now, the central insight of our thesis: a logic is a matrix category with composition and identity.
For each pair of types there is a category of relations, and each pair of processes gives a profunctor

of inferences. So relations form a matrix of categories, and inferences form a matrix of profunctors.

We develop the notion of a “matrix of categories”, and its three-dimensional language, as follows.

Chapter 1: Spans of categories.
A span of categories A + R — B is a equivalent to a matrix of categories R(A, B) and profunctors
R (a,b), with sequential composition and identity. In the same way, a span of profunctors i < f — g
is equivalent to a matrix of profunctors i(f, g): Q(X,Y) | R(A, B) with composition and identity.

We introduce three-dimensional string diagrams: spans of categories are horizontal strings, pro-

functors are vertical bars, and functors are drawn as a closed loop or “bead within a bead”, inter-

preted as a transformation from inner to outer.
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A 715 B X Q Y
f g
A A D ]B B
R i
A 7|a B A R B
Span category Span profunctor
R(a1,by) o R(ag, by) = R(ajag, biby) i(f, g) o R(a,b) = i(fa, gb)

We introduce the concept of displayed profunctor 1.2, and show the double category of span cate-
gories A « R — B to be equivalent to that of displayed categories R : A x B — Cat. The matrices

R(A,B) are the basic data of the co/descent calculus.

Chapter 2: Matrix categories.
A matrix category R : A || B is a span of categories, with actions by both arrows and “op-arrows” in
A and B: the weave double category (A) is the union of the arrow double category and its opposite
X + K, forming a logic, and R is a bimodule from (A) to (B). In the terminology of [20], a matrix

category would be a “two-sided bifibration”.

.
n

-
L
[
L

matrix category matrix category
O (A)(Ag, A1) X R(A1,B) = R(Ag,B)  ©p:R(A,Bg) x (B)(Bo,B1) — R(A,B1)

viii



This generalizes from categories to profunctors: the arrow profunctor f:X | A consists of commu-
tative squares fy - a = x - f1, and parallel composition . The weave vertical profunctor (f): (A) | (B) is
the union of f and its opposite. A matrix profunctor i(f,g): Q(X,Y) | R(A,B) is a span of profunctors

f « i — g, which is a bimodule from (f) to (g).

C—/
] 1 1
T T T T L1 T T
matrix profunctor matrix profunctor

O (f)fo,f1) xi(fr,g) = i(fo,g)  @g:i(f,80) x (9)(g0,81) = i(f, 1)
Morphisms of matrix categories and matrix profunctors are matrix functors and matrix transfor-
mations. These form a double category MatCat over Cat x Cat. Sequential composition of matrix
profunctors over that of profunctors is defined by a coequalizer, which nullifies the parallel action of

zig-zags reassociating [(fo, go)] = [(f1,81)]: (f o ¢) and [(ko,lo)] = [(k1,11)]: (k o £). (Definition 43)

sequential composite

(myn) = fomokgonok) : mon

Moreover, MatCat is a logic, and MatCat — Cat x Cat is a double fibration [4]: sequential
composition of matrix profunctors preserves substitution of transformations (starting at Prop. 46).

Hence we call the structure MatCat — Cat x Cat a fibered logic.

ix



We then define parallel composition of matrix categories in Section 2.5. While profunctors com-
pose by quotient, matrix categories compose by codescent object [20], which adjoins an associator

isomorphism for the action by arrows and oparrows of the middle category.

parallel composition
a:(R,b®S)~ (R®b,S)

Dually, the category of matrix functors is constructed as a descent object [19]. So composition and
transformation of matrix categories are dual, just as in the co/end calculus (Theorem 55).

R® S = fB R(77B) X S(Ba 7)
[P,Q] = TMNX)Y. PX)Y)— QX,Y)

However, parallel composition does not preserve sequential composition of matrix profunctors:
because both dimensions are bimodules, both compositions involve colimits which the other cannot
represent. So Cat < MatCat — Cat is like a triple category without interchange, a structure on
span categories: we define a metalogic to be a fibered logic M — C x C, which forms a 2-weak

category in SpanCat. [Definition 54]



Chapter 3: The metalogic of logics.

A bifibrant double category, i.e. a logic, is a pseudomonad in MatCat.

logic composition unit
Because a logic is two-dimensional, there are two kinds of relations between logics: a vertical
profunctor consists of processes between logics, and a horizontal profunctor consists of relations
between logics. Two pairs are connected by a double profunctor, which consists of inferences between

relations, along processes.

meta relation meta process meta inference

[horiz. profunctor] [vert. profunctor] [dbl. profunctor]
For horizontal profunctors, parallel composition is a familiar bimodule action. Yet because ver-
tical profunctors are orthogonal, parallel composition defines a monad structure, and so double

profunctors are bimodules thereof.

BEE

H-prof. composition V-prof. composition D-prof. composition

Xi



So logics have two kinds of “relations”, and one kind of “function”: a double functor [A]: Ay —

A; maps squares of Aj to squares of A, preserving relation composition and unit up to coherent

isomorphism. This generalizes to transformations of vertical, horizontal, and double profunctors; all

four are defined by mapping squares in a way that coheres with parallel composition.

|
.

T

double functor

e

!

preserves composition;

double transformation

All together, logics form a metalogic: morphisms are functors, profunctors, and matrix categories;

squares are vertical transformations, horizontal transformations, and double profunctors; and cubes

are double transformations.

Below, the outline: we construct the metalogic of matrix categories, then apply the “horizontal

pseudomonad” construction to form the metalogic of bifibrant double categories; and we give a

metalogical interpretation of this structure.

VH

._]

MatCat

category
profunctor
matrix category

matrix profunctor

functor
transformation
matrix functor

matrix transformation

H.PsMnd(—)

(H)-pseudomonad
(H)-vertical monad
(H)-pseudobimodule

(H)-vertical bimodule

ps. mnd. morphism
v. mnd. morphism
ps. bim. morphism

v. bim. morphism

xii

bf.DblCat

bifibrant double category
vertical profunctor
horizontal profunctor

double profunctor

double functor
vertical transformation
horizontal transformation

double transformation

Logic

logic
meta process
meta relation

meta inference

flow type
flow process
flow relation

flow inference



As a double profunctor consists of inferences between logics, a double transformation is a “flow”
of meta-reasoning, a way to transform one system of reasoning into another.

In this sense, the language of bf.DblCat is the language of metalogic.

X4

xiii



Chapter 1

Spans of categories

Our aim is to define the setting in which we can construct and explore logics. The most basic
infrastructure we need first is spans of categories: a pair of categories of “types” which index a
category of “relations”.

The morphisms of Cat are functors and profunctors; now spans of categories constitute a third
dimension. Some work has considered Span(Cat) as a tricategory [20], but Cat is a double category,
and so Span(Cat) is really a lax triple category, a.k.a. “intercategory” [7]. Profunctors and spans of
profunctors are essential to metalogic, as these give processes and inferences between logics.

In this section, we introduce the three-dimensional visual language of spans of categories. Be-
cause one represents a category of relations connecting a pair of categories of types, we draw a span

of categories as a string in the horizontal dimension.

span transformation [i] : g = 41



1.1. SPAN CATEGORY

These spans form the new horizontal dimension, while profunctors are vertical, and functors are
transversal, i.e. “out of the page”. Hence the string diagrams of Cat are rotated to form the left and
right faces of a cube, while the middle “horizontal slice” is span categories and span functors (top
and bottom), span profunctors and span transformations (inner to outer).

To understand a span of categories as a dependent type, we show that inverse image along
A + R — B determines a displayed category, a diagram R*:A x B — Cat of categories and
profunctors, with a monad structure for composition of R. This extends to an equivalence of double

categories SpanCat ~ DisCat.

1.1 Span Category

Let A and B be categories. A span category from A to B is a category R with functors 7% : R — A
and 7 : R — B; we can denote the span by A <~ R — B, or R: A || B. Note this data is equivalent to
a functor (71X, ml¥) : R — A x B. The pair A, B are the base categories, and R is the total category;
we may refer to the span simply as R.

We can draw a span category A <+~ R — B simply as a string.

A—R—B

span category A <+ R — B

We can see a span category as a matrix of categories, by inverse image along R — A x B. The
notion of inverse image along a functor R — C has been given by Street in [18]; the resulting map
R :C — Cat is called a normal lax functor. The notion was later developed for use in type theory,

and rebranded as “displayed category” [1].
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1.1. SPAN CATEGORY

Definition 1. A displayed category R : A x B — Cat gives, for each pair:
objects A:A,B:B a category R(A, B)

morphisms a: A(Ag, A;),b:B(By,B1) a profunctor R(a,b): R(Ag, Bo) | R(A1, By)
composable pairs (aj, b1), (az, ba) a transformation r - r: ﬁ(al, bi)o ﬁ(a% be) = ﬁ(alag, bibs)
objects A: A,B: B an equality R(A,B)(—, —) = R(ida, idg)

so that composition is associative and unital, i.e. (r-r)-r=7r-(r-r)andidg -r =r =1r-idg.

We give the main proposition, and then expound through the visual language of span categories.

Proposition 2. Let A, B be categories, and let A + R — B be a span of categories. Inverse image

along R — A x B determines a displayed category R: A x B — Cat. [18]

For each pair of objects A: A, B:B there is a category R(A, B) of objects R: R which map to
(A, B), also known as the “fiber over” (A, B); this may also be denoted R4. This is given by pullback

in Cat, of R along the functor which selects the pair (A, B).

R(A,B) —— R

-

* (AB)— A X B

Color syntax now expands to a dependent type system of categories. The above pullback is
depicted by substituting objects A, B in the color of each category A,B. In this way, substitution
determines a matrix of categories. An entry is drawn on the right as a type in Cat, which we color
white as the “ambient” logic, outlined in blue and green to indicate that it is a diagram indexed by

categories A and B.
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1.1. SPAN CATEGORY

A'A R BB AR.B

category R(A, B)
Now, to consider the morphisms of a span category A <~ R — B, we consider the induced span
of profunctors, which we denote A + R — B. Profunctors are drawn as “bars” pointing downward,

and the hom of R is drawn as a bead from the R string to itself along the homs of A and B.

A R B
o e
IS T Y S

span hom-profunctor A + R — B
Just as for objects the functor R — A x B gives a matrix of categories, for morphisms the trans-
formation R = A x B determines a matrix of profunctors: for each pair a:A(Ag, A;),b:B(Bg, B;)
there is a profunctor R (a,b) from the category R(Ag, By) to R(A1,B;), also denoted E%. This is

given by pullback in Prof of the hom of R along the functor which maps the walking arrow to (a, b).

R(a,b)

R (Ao, Bo) R(A1,Bq)

B (Ao, Bo) (a,b) — (A1,Bq)

4 Contents



1.1. SPAN CATEGORY

The profunctor ﬁ(m b) is represented in color syntax by substituting a pair of morphisms (a, b) into
the hom-profunctors A, B. This determines a diagram of categories and profunctors R : A x B —
Prof, depicted on the right. Each profunctor is drawn as a blue and green “string of beads”, as its

elements can be understood as two-dimensional morphisms.

A Ao R Bo:B a.R.b

_A;L R iB AoRBy | ALR.B;

A: Al R B1 :B

profunctor R (a,b): R(Ag, Bo) | R(A1, By)
We can now go one level further, to see the morphisms of the span category. Given Ry : R (Ao, Bo)

and R; : R(A1,B;) we have 7_2'%(]{0, R;) is the set of morphisms r: R(Ry, R1) over (a,b).

A: AO ;t) B() :B a’]?/b

» Ao R.By A1 R.By

'RO Rl'

set R (Ro, R1)
As the string diagram suggests, we can think of the objects of R as relations, i.e. horizontal mor-
phisms, and morphisms of R as inferences, i.e. squares in a double category. Once we define matrix

categories, by adding horizontal composition, this interpretation will be literal.
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1.1. SPAN CATEGORY

This completes the data of a span category, which as we see is two-dimensional; we now consider
its structure of composition and unit, which is three-dimensional. We can draw a cube “head on” to
see the inner source 2-cell and the four side faces; then we can “slice down the middle” to see the
3-cell which connects the source 2-cell to the target 2-cell outside.

A span category has a composition transformation r - 7: ® o R = R over composition of A and

B. We draw equalities as dotted lines.

A R B
A R—5B R-RsrR Ry R
b —=1—=1
T ——A+— R — B =——1
P —=1—=1 ﬁ
‘_A<—R*>IB%“ R——— R
A R B

We can draw a three-dimensional string diagram in the same way, “head on”, but now we can
see more: because the source and target 2-cells are drawn as “beads”, the target can be depicted as

a large “hollow” bead. We’re looking at the front of a box and “poking a hole” to look inside.

A R B
A R B L
R
T ] T
fei—| 1
T<——A+— R —— B —= 1 T T .
P =1=1 R
‘_A<—R*>]B%_b A 7a ]B
A R B

composition span transformation
rer: 7?: o 7€ = 7€
Yet to see the actual 3-morphism, we still need to “slice down the middle”. As we do so, we draw

the middle slice as its “displayed category” equivalent.

6 Contents



1.1. SPAN CATEGORY

The span transformation r - 7: R o R = R determines a matrix of transformations: for each
composable pair of pairs (a;,b;): A(Ag, A1) x B(Bg,B1) and (ag, be) : A(A;, As) x B(B1, By), there

is a transformation r1 - ro :ﬁ(al, b1) o ﬁ(ag, be) = ﬁ(alag, bibs). This is given by functoriality of

pullback in Prof.
ﬁ | ﬁ \ ) / ﬁ
ﬁ(al,bl) Oﬁ(ag,bg) ****7};7;2***9 R(alag,blbg)
[0 — 1] [0— 1]
—
&al’bl)’(az’bﬂ) aaz»blbz)
. . . N it
(A x B) o (A x B) A xB

Again, this is given in color syntax by substituting morphisms (a;, b;) and (ag, bs) into the homs of

A and B. As diagrams become more complex, we may leave types implicit when they can be inferred

in context. We may also use R(a,b) or R for the hom-profunctors, rather than R(a,b).

Ay By
a1.7’1.b1 aQ.’R,.bg
aj R by AoRBy | ALRB; | A.R.B,
T T
ajag A, B, bibs
a2 bg
' R I alaQ.Ti.bﬂ)Q
R Au.R.BU AQ.R.BQ
Ay Bo

7 - T9 :R(al,bl) o R(E@,bg) = R(a1327b1b2)

On the left, we see the “hollow shell” of the cube; then to see the 3-morphism we slice down the

middle: on the right is the span transformation R o R = R, as a matrix of transformations.

The second structure of a span category R is a unit transformation idg = R. For each pair of

objects, there is an equality unit transformation which identifies the profunctor R (idy, idg) with the

hom of R(A,B). So, the identities in R(A, B) become identities in R (id,, idp).

Contents



1.1. SPAN CATEGORY

L]
1dARB
idI.A —m 7a N idI.B ARB AR.B
» da. R.idp

idr : RE = RE(—, —) = Rigs
Finally, this structure satisfies two properties: composition is associative and unital.

For any composable triple r1, 72,75 we have ry - (ry - 73) = (11 - 72) - 3.

%5}@}

R
T T — R | |
] ot
T
s

We introduce the coherence principle for three-dimensional string diagrams: in definitions, if
we draw a cube which can be constructed in multiple ways, it means that these constructions are

equal. Hence the above equation of associativity can be drawn as a single cube.

8 Contents



1.1. SPAN CATEGORY

associativity of span category composition

For any morphism r: ﬁﬁ(RO, R;) we have idg, - r =r =r - idpg,.

Contents



1.1. SPAN CATEGORY

In summary, a span of categories A + R — B is equivalent to a displayed category R:A X

B — Cat: a matrix of categories R(A,B) and profunctors R(a,b), with composition R(a,b;) o

ﬁ(az, be) = ﬁ(a1a27 bibs) which is associative and unital.

The relations of a logic form such a matrix of categories R(A, B); this is why span categories

provide essential infrastructure for metalogic. Once we add the structure of parallel composition, a

span category will be a “metarelation”, i.e. horizontal profunctor, between logics.

1.1.1 Span Functor

Let Ag + Ry — Bp and A; + R; — B; be span categories. A span functor from R, to R, is a pair

of functors [A]: Ag — A; and [B] : By — B4, and a functor [R]: Ro — R such that the two squares

commute, i.e. for any R: R, over (A, B) we have that [R]: R; lies over ([A], [B]).

This is equivalent to one commutative square, [R]: Ro — R over [A] x [B] : Ag x By — A; xB;.

Ao(*R()*}B()

[A] %] [E]
!

Al%RlﬁBl

Ry — R,

|

A()XBOW}AlXBl

Just as a span category forms a matrix of categories, a span functor forms a matrix of functors.

Proposition 3. Let Ry: Ay x By — Cat and R, :A; x By — Cat be displayed categories, and let

[A]:Ag — A, and [B]:B, — B, be functors. A displayed functor [R]: A, x By — Cat, over

[A], [B] from R, to R4 gives for each pair:
objects A:A,B:B
morphisms a: A(Ag, A1), b:B(Bg,B1)
composable pairs (a;, by), (ag, bs)

objects R: Ry (A, B)

a functor [R](A,B): Ro(A,B) — R1([A], [B])
a transformation [r](a, b) : Ro(a, b) = R1([a], [b])
an equality HT’]] (a1a27 blbg) = [[r]](al, bl) . [[’I"Il(ag7 bg)

an equality [idr] = idyg)

10 Contents



1.1. SPAN CATEGORY

Proposition 4. Let Ay + Ro — By and A; + R; — B, be span categories, let [A]: Ag — A; and
[B] : Bo — B4 be functors, and let [R] : Ry — R1 be a span functor over [A], [B].

Inverse image along [R] determines a displayed functor [R]: Ay x By — Cat.

Just as a displayed category is a lax functor or “poly-monad”, a displayed functor is also known

as a transformation of lax functors, i.e. a homomorphism of such monads. We now expound the idea.

A functor is a transversal morphism in SpanCat, and it is drawn as a string with a small “bubble”
pointer, filled with the color of its source. A span functor, like a transformation, is drawn as a solid

black bead, to distinguish from the “open” bead of a span profunctor.

Ay +—— Ry — By

[A] (5] (Bl

Lol A1 R B

A1<7R14>}Bl

span functor [R]: Ry — R
Inverse image defines a matrix of functors [R](A,B):Ro(A,B) — R1([A], [B]), by functoriality of

pullback.
h \ } / h
[R](A,B)
Ro(A,B) --=-=----- » Ra([A], [B])
* *
e ~
(A,B) ([Al.1BD)
'y ™~
AO X BO [A]x[B] Ay x By

Each functor is determined in color syntax by substituting a pair of objects A, B into the base cate-

gories Ay, By of the source span category Rg.
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1.1. SPAN CATEGORY

AgiA Ry B:By A Ry.B

A.RB A.R.B
T

Ai:A Ri B: By KRlﬁ

functor [R](A,B): Ro(A,B) — R1([A], [B])
In the same way for morphisms, the span functor induces a transformation of span profunctors. As
span profunctors are two-dimensional, this transformation is three-dimensional, depicted below on
the right. To distinguish this transformation in the diagram, we may designate it in white space

between the span functor and the hom of the target span category.

Ay B

Aq R1 B, .
\ T / Ao | By
Ao — RO — BO R
T 0 T
e Lt
———
AO — RO e IBO R Rl
e | SNoLTay B,

Al Rl Bl
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Inverse image determines a matrix of transformations [r] (a, b) : Ro(a, b) = R1([a], [b]), by func-

toriality of pullback in Prof.

" [r] _

h / v
r](a,b) =
Ro(a,b) 125 R ([a, [b])
[0—1] [0—1]
(ab) D)
1'd ~
Ao X Bo ([a].[bD) A1 X IB1

Again, this is represented in color syntax by substitution.

» ApRo.By a. 12’0'b AL Ry.B;
a b Ay RBy &P A RB
E?J a RO b }r) 01? 0 . 1 : 1
L —_ ApR1.By a T’ B K|.'R[.r[

R :Rl a./vi.

transformation [R](a,b): Ro(a,b) = R1([a], [b])
This completes the structure of a span functor [R]: Ry — Rq; lastly, this structure has the

property that it preserves the composition and unit transformations of the span categories Rq, R1.
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rirs

14
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1.2. SPAN PROFUNCTOR

idp

idz

So, a span functor [R]: Ry — R over functors [A]: Ag — A; and [B] : By — B, is equivalent to
a matrix of functors [R](A, B): Ro(A, B) — R1([A], [B]) and transformations [r](a, b) : Ro(a, b) =

R1([a], [b]), which preserves the composition and unit of Ry and R.

1.2 Span Profunctor

Recall that the collage of a profunctor forms a category, simply by making elements into morphisms.
This justifies the interpretation of these elements simply as morphisms between categories. So now, a
span of profunctors can be understood to consist of “morphisms between span categories”.

We introduce a new concept, displayed profuntor, given by inverse image along a transformation;
a displayed profunctor is a relation of displayed categories, completing the equivalence between the

logic of span categories and that of displayed categories.
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1.2. SPAN PROFUNCTOR

Definition 5. Let X + Q — Y and A + R — B be spans of categories. A span profunctor from
Q to R is a pair of profunctors f:X|A and ¢:Y|B, and a profunctor i: Q| R with transforma-
tions 7% :i = f(r2,xf) and 7 :i = g(nQ,7R), denoted i(f,g): Q(X,Y)| R(A,B), with elements
i+i(f,8)(Q, R) = ig(Q, R).

S 1R x 1R).

Note this data is equivalent to a transformation (w}, T i = (f % 9)(mg x ©2, 7R x 7k

X Q Y Q——+ 3R
A R B XXYWAXB

Above, we found that inverse image along a functor R — A x B determines a displayed category,
amap R:A x B — Cat with composition and unit. Now, we show that inverse image along a

transformation i = f x g determines a displayed profunctor: a bimodule of displayed categories.
Proposition 6. Let X + Q — Y and A + R — B be span categories, giving displayed categories
Q:XxY — Cat and R: A x B — Cat. Let i(f, g) be a span profunctor from Q to R.
Inverse image along the transformation ¢ = f x g determines a displayed profunctori: f x g —
Prof from displayed category Q to displayed category R, which gives for each pair:
elements f: f(X,A),g:9(Y,B) aprofunctor i(f,g): Q(X,A) | R(Y,B)
composable pairs (x, f), (v, g) a transformation ¢ - i: O(x,y) o i(f,g) = i(xf, yg)
composable pairs (f,a), (g,b)  a transformation i - r:i(f,g) o R(a, b) = i(fa, gb)
with associativity (q-i)-r=q-(i-7)
and unitality id@Q-i=i=14-id.R .
Just as a displayed category is a map R : A x B — Cat with a “monad” structure for composition,
i.e. a “lax functor”, a displayed profunctor is a bimodule of such monads. One of the few references

for this concept is given by Paré [16]. We now expound the concept, continuing to expand the visual

language of SpanCat.

Generalizing the hom of a span category, a span profunctor can be drawn as a bead which
connects the string of one span category to another, along the profunctors f and g drawn as bars

pointing downward.
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1.2. SPAN PROFUNCTOR

i
=

X
f

A R B

span profunctor i(f,g): Q| R
Inverse image along the transformation ¢ = f X g determines a matrix of profunctors: for each
f: f(X,A) and g:g(Y,B) there is a profunctor i(f, g) from category O(X,Y) to category R(A, B).
This is given by pullback in Prof of i — f x ¢ along the transformation which maps the walking

arrow to the pair (f,g): f x g.
i(f,g) ——— i

0—1 — (e — fxg
This pullback is represented in color syntax by substitution of a pair f, g onto the “bars” of the

profunctors f, g. The resulting profunctor i(f,g): Q(X,Y) | R(A, B) is a relation in the logic of Cat,

drawn on the right.

X:X Q@ VY'Y fi.g

LILZ £:9 I xov|ARB

A:A R B:B

profunctor i(f,g): Q(X,Y) | R(A, B)
So the above is the data of a span profunctor, which is two-dimensional. Now we explicate its

structure, sequential composition, which is three-dimensional.
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1.2. SPAN PROFUNCTOR

A span profunctor i: Q| R has a precompose action Joi — i, and a postcompose action by

10 R — i. Below, these are given in conventional diagrams, and then string diagrams.

X 42 Y

X « Q s Y
X 51 Y
X < Q 4 Q
==
ft +— X « o) s Y == 19 f f ; g g
fi i {q T T ||_|. T
_A< R >JB%. U
Lo I A R B
A < R ;
precompose action Qoi=i
X 412 Y
X < Q > Y
: : [ g L1 9 gt d
X « Q s Y
f =i — o
f1 <= A < R y B = 19 A =1 B
. R
d == b |
_A< R >IB%_ L
L . A R B
A < R b

postcompose action i o R = i

18 Contents



1.2. SPAN PROFUNCTOR

Precomposition by Q is a matrix of transformations (indexed by composable pairs) compg : Q(x,y)o

i(f,g) = i(xf,yg). This is given by the functoriality of pullback in Prof.

—

So, substitution in the string diagram for composition determines a transformation in Cat.

xQy fi.g

18 yg
Al

xf.j.yg

q- i Q(X7 Y) © Z(f7g) = Z(vayg)

Postcomposition by R is a matrix of transformations compy, : i(f, g) o R(a, b) = i(fa, gb).

" \ / |
i(f,g) o R(a,b) ---------- > i(fa, gb)
0 — 1] 0 — 1]
— ~
((f,2),(a,b)) (fa,gb)
~ ﬂ( >
(f x g)o (A x B) fxg
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1.2. SPAN PROFUNCTOR

fa el ob fi.e a’R.b
T T l_7’_| T T
a R b
; fa.j.gb

i-r:i(f,g) o R(a,b) = i(fa, gb)

Hence the structure of a span profunctor i : Q | R, precomposition by 0 and postcomposition by
R, is given by matrices of transformations O(x, y)oi(f, g) = i(xf,yg) and i(f, g) o R(a, b) = i(fa, gb).

To complete the exposition, this structure satisfies the property of associativity.

O(x,y) o i(f,g) o R(a,b) ————— Q(x,y) oi(fa,gb)

g

i(xf,yg) o R(a,b) i(xfa, ygb)

By the “coherence principle” of string diagrams, introduced for span categories, associativity can
be depicted simply by drawing the cube Q o i o R — i. This expresses that the cube is “coherent” or

well-defined, i.e. the two transformations JoioR —iare equal.
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1.2. SPAN PROFUNCTOR

Q(x,y) - (i(f, 8) - R(a, b)) (Q(x,y) -i(f,g)) - R(a, b)

Finally, composition is unital.

i
I\—Z.r‘]uil ] = [
t

. fi.g
X.QY | ARB _ I

i-idg

—— %
S
o hé

2>
=
&

=

idg - i

In summary, just as a span category can be understood as a matrix of categories, a span pro-
functor can be understood as a matrix of profunctors i(f,g): Q(X,Y)|R(A,B), with actions for

sequential composition ¢ - i : O(x,y) o i(f,g) = i(xf,yg) and i - r:i(f, g) o R(a,b) = i(fa, gh), which

are associative.
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This concept is precisely what was needed to complete the framework for metalogic: the infer-
ences of a logic, form a matrix of profunctors. Once we add parallel composition, span profunctors
will form “metainferences”, i.e. double profunctors, between logics. Metalogic is the language of

metainferences and their transformations.

1.2.1 Span Transformation

To complete the double category of span categories, we define transformations of span profunctors.
Just as a span profunctor can be understood as giving morphisms between span categories, a span

transformation is simply a functor of such morphisms.

Definition 7. Let Qp:Xo || Yo, Ro: Ao || Bo, ©1: X1 || Y1,R1: A || By be span categories.

Let [Q] : Qo — Q1 and [R]: Rg — R1 be span functors over ([X], [Y]) and ([A], [B]).

Let io(f1,91): Qo | Ro,%1(f1,91): Q1| R1 be span profunctors.

A span transformation [i] : ic = ¢; is a pair of transformations [f]: fo = f1 over ([X], [A]) and
lgl : 90 = ¢1 over ([Y],[B]), and a transformation [i]:i9 = i1 over ([Q], [R]), such that the two

squares cominute.

Xy < Q 1 > Yq
S A P
[X] Q] [Y]

G N
fit 1/ [] \ +91
Ay +— Ro —— By
v AN
[A] [R] [B]
~ X N ~
Al < Rl > 1
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1.2. SPAN PROFUNCTOR

Note this is equivalent to one commutative square of transformations, [i]:i9 — i1 over [f] x [¢]-

Qo il Ro

I | -~

XQXYO —t— A()XBO io
‘ foﬁgo ‘
@] [XIx[Y] [EIxD [ [AIx[B] [R]
4

X; x Yy 4}(172*} A x By fo)(gof[fﬂx[[g]]—) f1><g1

i | N

Ql + R1

11

[ —— &

Just as a span profunctor is equivalent to a matrix of profunctors, a span transformation is a

matrix of transformations.
Definition 8. A displayed transformation [i] : f x g — Cat; gives for each pair

morphisms f: f(X,A),g:9(Y,B) a transformation [i](f, g) :i0(f, ) = i1 ([{], [g])
preserving composition.

We now expound the idea, completing the visual language of SpanCat.

A span transformation is a cube: the inner face is the source span profunctor iy, and the outer
face is the target span profunctor ;. The left and right faces are transformations [f]: fo = f; and

lg] : g0 — g1, and the top and bottom faces are span functors [Q] : Qo — Q1 and [R]: Ro — R;.

X, qzl Y,

r
=
=

=5 =

(e

[an]
=

=.|| o

o

o~

b
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1.2. SPAN PROFUNCTOR

Substitution determines a matrix of transformations, again by functoriality of pullback.

[0 — 1]

-
(f,g)
e

DI

>

[f1x[e]

Jo X go

fixg

This is represented in color syntax by substituting elements f: fy, g: go into the profunctors of the

source span profunctor .

X.QY

f. Dg ARy.B

f.

g AEB
L] —

f.a.

Gal
!
b
o

So, the data of a span transformation is three-dimensional. Then it just has one property: the

transformation is natural with respect to the actions of i and ;.
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1.2. SPAN PROFUNCTOR

T T H_!_E_V_U T T
T . T
g
— ]
T - T . T
I
T T T LT U T
q-t
i
H
H
i
i
i
—
Il I
T T II T T
T
T . T
i-r
1
T T LI | T T
—i T B
S——
img!
L™ |
1T
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1.3. THE DOUBLE CATEGORY OF SPAN CATEGORIES

1.3 The double category of span categories

Span categories are the objects of a double category SpanCat; its relations are span profunctors,
whose composition is spans of profunctor composition. Understanding span profunctors to contain

inferences, this composition is sequential composition of inference.

Definition 9. Let m(f,k): R(X,A)|S(Y,B) and n(g,!): S(Y,B) | T(Z,C) be span profunctors. The

sequential composite (mon)(fog,kof):R(X,A)|T(Z,C) is the span of profunctor composites.

X R A X R A
fr r‘n +k
l
Y S B fogt mon kot
9+ ’I"l +1
l
Z T C / T C

An element of fogis an indexed pair Y.(f,g): f(X,Y) x g(Y,Z), and of ko ¢ is B.(k,1) : k(A,B) x
{(B,C). Then an element of m o n over ((f,g), (k,1)) is a pair S.(m,n):mi(R,S) x n¥(S,T), quo-

tiented by the relation of associativity: for any s: S(Sp, S1) we have Sy.(m, s -n) = S1.(m - s,n).

Composition of span profunctors is functorial, i.e. the composite of span transformations m : mo =
my and i : ng = ny maps (m,n) :mo(f, k) (R, S)xno(g,1)(S,T) to (m,n) :my(f, k) (R, S)xni(g,1)(S,T).

This defines horizontal composition of the double category of span categories.

Proposition 10. Span categories and span functors, span profunctors and span transformations

form a double category SpanCat.
In the same way, displayed categories form a double category.

Proposition 11. Displayed categories and displayed functors, displayed profunctors and displayed

transformations form a double category DisCat.

Proof. Sequential composition of displayed profunctors is defined: given m:f x k — Prof and
n:gxl — Prof, the composite (mon): (fog)x (kol) — Prof is (mon)((f,g), (k,1)) = m(f, k) xn(g,1).

This is functorial, defining parallel composition of the double category DisCat. O
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Hence to summarize the exposition of the section, we have an equivalence of double categories.

Theorem 12. The double category of span categories is equivalent to that of displayed categories.

SpanCat ~ DisCat

1.4 Parallel composition

Span categories have sequential composition. In the next section, we define “matrix category” as a
span category with parallel composition actions; and similarly for “matrix profunctors”. So, we first

need to define parallel composition of span categories, and span profunctors.

Definition 13. Let R: A ||B and S: B || C be span categories. The parallel composite R « S: A | C
is a span category defined by composition of spans in Cat. This means that an object of R * S over
A:A C:Cisapair R:R(A,B),S:S8(B,C) for some B:B. Hence the composite is equivalent to the
matrix of categories

(R+8)(A,C)=1XB:B. R(A,B) x S(B,C)
and similarly for morphisms.

-,

(R *8)(a,c) = Tb:B. R(a,b) x S(b,c¢)

Composition and unit of R o S are given by that of R and S; this structure is associative and unital.
In the same way, we define parallel composition of span profunctors.

Definition 14. Leti(d, f) : O(U,X) | P(V,Y) and m(f, k) : R(X, A) | S(Y, B) be span profunctors. The
parallel composite (i «x m)(d, k): (Q *S)(U,A) | (R = T)(V,B) is the span composite in Prof.

U 0 X R A
{ ) {
l l l
v P Y S B
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This means that an element of ¢« m over d:d(U, V), k: k(A,B) is a pair ¢:4(d, f) and m: m(f, k) for

some f: f(X,Y). This can be understood as pairs of horizontally composable squares.

U ¢ X & A
| | I

d 7 f m k
A

\% 5 Y & B

Hence the composite is equivalent to the following matrix of profunctors.

(i +m)(d,k) = Tf: £(X,Y). i(d, £) x m(f,k)

Parallel composition is functorial with respect to span functors and span transformations.

Because we only need to define composition in order to define matrix categories, we do not
continue to define the whole three-dimensional structure of SpanCat. It is an intercategory [7],
meaning that parallel composition is only lax functorial with respect to sequential composition, i.e.

for the diagram

U @) X R A
d+t ‘L J‘” T‘n Tk
| l l
A% P Y S B
| R N
l | |
A% Q Z T C

there is a noninvertible transformation (i x m) o (j *n) = (i o j) * (mon).
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Chapter 2

Matrix categories

A logic is a category of types and processes, indexing a matrix category of relations and inferences.

Section 2.1. To define matrix category, we first determine how a category forms a logic. Existing
literature has defined two-sided fibrations as bimodules of arrow double categories [20]; yet these
are not logics, because they lack conjoints. So in the first section, we define the logic of the weave

double category to be the coproduct of the arrow double category with its opposite.
Section 2.2 Then, we define matrix categories to be bimodules of weave double categories. The
“weave construction” extends to profunctors, giving the notion of matrix profunctor [2.3]. These

form a double category MatCat, which is fibered over Cat x Cat [2.4].

Section 2.5. Last, we define parallel composition of matrix categories, making MatCat a kind of

three-dimensional category which we call a “metalogic”.
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2.1. FIBRATIONS AND BIFIBRATIONS

2.1 Fibrations and bifibrations

A category is seen as a 1-dimensional structure of objects and morphisms; yet reasoning in a category
consists of 2-dimensional equalities between composites of morphisms. Every category forms a
double category, in fact three double categories, whose squares are commutative squares.

Two are known: the arrow double category K and its opposite K; modules are fibrations and
opfibrations. Yet ¢ and N are not logics; so we define the weave double category (A) to be the union

- e
A + A. Itis alogic, and its modules are bifibrations.

2.1.1 Arrow double category

Definition 15. Let A be a category. The arrow double category A is as follows: the base category
is A; a loose morphism is a morphism of A, and a square is a commutative square. Composition is
vertical composition of squares, and for each morphism there is an identity square.

We denote (vertical) processes by a, and (horizontal) relations by a.

A ay — A}
J J
| ! —
AV al — Al

(a0,a1) : A (8] — al)

Horizontal composition is that of morphisms and squares, and horizontal units are identities.

A9 ay — A a2 — A2 Ag ——— Ay
| | |

ag al az a a
l l ) l l
A? al — Al a2 — A2 A Ay
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2.1. FIBRATIONS AND BIFIBRATIONS

- B

!
] i

arrow category composition arrow category unit

By inducing an arrow double category, a category can act on span categories. If an object of
R :A||Bis to be a relation from an A-type to a B-type, then such relations should vary over processes

of A and B — this is a module of arrow double categories.

Definition 16. Let A and B be categories.
_>
A fibered category over A is a left module of the arrow double category A. This is a span
%
category R : A || 1, with a span functor ®: A x R — R, and coherent isomorphisms for associativity

and unitality. The action, called substitution, is a matrix of functors
. —
A0 R: A (A(), Al) X R(Al) — R(Ao)

which is contravariant in A. It is also known as “pullback”, and often denoted by a*(R;).
An opfibered category over B is a right module of the arrow double category B. This is a span
category R :1|| B, with a span functor ®: R B - R, and coherent isomorphisms for associativity

and unitality. The action, called image, is a matrix of functors

R®b:R(By) x B (By,B1) — R(By)

which is covariant in B. It is also known as “pushforward”, and often denoted by b(Ry).
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In string diagrams, with terminal category 1 as white space, the actions are drawn as follows.

i
L]

_q

1

[ ]
[ 1
LJ
[ ]
L

I

substitution image
— -
A(A(),Al) X R(Al) — R(A()) R(Bo) x B (B(), Bl) — R(Bl)
Arrow double categories are special, because every process has a companion: there are two

squares which “bend” the process up or down into a relation.

Definition 17. Let A be a category, with A the arrow double category. Each morphism a: A(Ag, Aq)

induces two squares: the cartesian square ¢.a and the opcartesian square 7.a, drawn below.

AO ;) Al AO _ AO
| |
a g.a n.a a
l l

A].  ——] A]. AO T} A].

Fibered and opfibered categories are usually defined in terms of cartesian and opcartesian mor-
phisms [9, Ch. 1,9]. These morphisms are given by the actions of squares in the arrow double

category, as follows.
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Proposition 18. In a fibered category R over A, a morphism r: Ry — R; over a:A(Ag, Aq) is

equivalent to n.aor: Ry — a ® Ry over id.Ay, by factoring through the cartesian morphism c.a o

id.Ry:a® Ry — R;.

e T f _I_ﬂ]

A1:A1T1

This gives a contravariant representation of morphisms over a.

—

R(a)(Ro, Rl) = R(Ro, a® Rl)

In an opfibered category R over B, a morphism r: Ry — R; over b:B(By,B;) is equivalent

to a morphism r o e.b: Ry @b — R; over id.B;, by factoring through the opcartesian morphism

ldRO o ’r]b : RO — RO ® b.

1—R'0—>B0:B0

Ro
1 : > By b > By
L

I
b
1—H!1—>B1:B1

This gives a covariant representation of morphisms over b.

—

R(b) (Ro, Rl) = R(RO ® b, Rl)
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2.1. FIBRATIONS AND BIFIBRATIONS

However, there is a limitation to the arrow double category: it is not a logic, because there are
no backwards-pointing arrows to be conjoints. This may at first seem like a technicality — surely all
equational reasoning of A can be expressed in X, right? Actually, no.

By introducing a second dimension, we distinguish between morphisms as processes and as rela-

tions. Based on how processes act on relations, there are four basic kinds of equations.

° ad—— o ) al—— o o —— 0 ° o <— 30 °
ap al ag a1 ao a1 ap al
° al—— @ o — 3! ° ° al—— @ o {— ,t °
natural factorization composition conatural
ao-a1:a0~al agzao-al'al aO-aU-alzal ao-aoza1~a1

Of course, each of the above equations can be expressed as a “natural” commutative square in an
arrow double category. However, there is an obstruction to reasoning about sequential composition.
Associativity has two forms, “forward” and “backward”: suppose that two pairs (a{,aJ) and
(a},a}) are equal in the composite profunctor A o A; then there is a “zig-zag” connecting the pair:

a sequence of morphisms a: A(A;, A;y1) or a&: A(A;41,A;), so that the squares commute. The two

unary cases are below.

[ ] [ ] [ ] [ ]

| | | |

! ! ! !
A() Aa— A1 A() <—a Al

forward associativity backward associativity
0.4 _ 41 0_ .1, %
aj-a=aj a] =aj-a
0_ 2.4l 520 _ o1
3.2 =a az a - a2 — 342
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2.1. FIBRATIONS AND BIFIBRATIONS

Forward associativity, on the left, is the composite of two “natural” squares, which can be ex-
pressed in the arrow double category. Backwards associativity, on the right, is the composite of a
“factorization” and a “composition” — this cannot be expressed in the arrow double category.

Hence we identify the following limitation.

Proposition 19. Let A be a category. In the arrow double category A, factorization and composition

squares do not compose in sequence; so backward associativity cannot be expressed.

This leads to an obstruction, when defining sequential composition of profunctors between “two-
sided fibrations”, i.e. bimodules of arrow double categories — the author learned this the hard way.
We could accept this limitation and still use these concepts to construct logics, but it would be
more complex than necessary. Rather, we understand the problem to be that arrow double categories

are not logics, and we instead determine the logic which a category does form.

2.1.2 Weave double category

Every category A defines a logic, called the weave double category (A). It is the union of ¢ and <AT,
the arrow double category and its opposite.

In the logic of (A), a relation is a zig-zag in A: an alternating sequence of arrows in X and
oparrows in K; and an inference is a weave: a composite of squares in K, opsquares in K, and
unit isomorphisms — the units of A and A are “united” by adjoining isomorphisms between each

identity arrow and oparrow.

Definition 20. Let A be a category, with arrow double category e
The op-arrow double category A is the horizontal opposite: K(AO, A = K(Al, Ay).
We denote an arrow by a: K(AO, A;), and an op-arrow by a: <K(Al, Ap). We use a for objects of

- - . .
A + A. Asquare of A is a square, and a square of A is an opsquare.

Definition 21. Define Dbl, to be the 2-category of double categories on A, double functors over

id.A, and identity-component transformations, a.k.a. icons [11].
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Given double categories Aq and A; on A, and double functors f,g: A9 — A; over id.A, an icon

~v: f = g gives for each ag: Ag a 2-morphism y(ag) : f(ao) = g(ao), subject to naturality.

A Ao A Ap — TGO A,
I
fl=7%|9 v(ao)
V
ao

Definition 22. Let A be a category. Define the weave double category (A) to be the 2-coproduct

of the arrow and oparrow double categories in Dbly.

X+4

(A)
So for every double category A «+— A — A there is the following natural equivalence.
Dbla ((A), A) ~ Dbls(A,A) x Dbls(A,.A)

We show the weave double category consists of the following loose morphisms and squares.
A zig-zag of A-morphisms is a nonempty sequence of morphisms (Ag, a1, . .., a, Ay) alternating

. . = L
with each &, either an arrow &;: A (A;_1,A;) or an op-arrow &, : A (A;_1, A;).

él ag ék—l ék
Ay Ay Ay Ay Ap g —— Ay

We may abbreviate a zig-zag by (a4, ...,a,) or simply by (a;).

A weave of zig-zags w: (a;) — (a,) is a composite of squares, opsquares, and unit isomorphisms.
Proposition 23. The weave double category (A) is equivalent to the free strict semi-double category,
i.e. associative double category without introducing a unit, on the following presentation.

— —
Generators. Squares of A, opsquares of A, and for each object A : A a unit isomorphism

Equations. Interchange, square and opsquare composition, vertical and horizontal associativity,

and mixed-unitor naturality: the details are given in the proof.
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Proof. Let w(A) be given by the following presentation.

Generators. Squares of X and opsquares of A

A0 =0
0 a 0 0 a 0
AO Al AO Al

ao

al ag

1 1 1 1
4) .<7
AO 51 Al AO 51 Al

and for each object A : A an isomorphism of the identity arrow and the identity op-arrow.

A AL A

1R

id.A

Generated from these squares, w(A) consists of all vertical and horizontal composites thereof, subject

to interchange and the following equations.

Equations.

- For each vertical-composable pair of K, the vertical composite in w(A) equals that of ¢
%

- For each vertical-composable pair of K, the vertical composite in w(A) equals that of A

A —20 A9 A9 25 A0 AY R AD AD 2 AD
T
Aé i} A% = ajal aja’ A(lJ (L A% = agaj ajaj
22 a2 l l a2 a2 l l
A2 P2, A2 A2 2, A2 AZ 2 A2 A3 2 A2

So vertical composition of w(A) is unital, by inheriting the vertical units of A and A.
- For each vertical-composable triple of w(A), vertical composition is associative.
- For each horizontal-composable pair of A, the horizontal composite in w(A) equals that of A.

- For each horizontal-composable pair of X, the horizontal composite in w(A) equals that of A
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a ay a
A —— A} —— A Af —— A} «—— A
| | | | |
ag aj az ag al a2
<+ <+ <+ <+ <+ <+
Al —— Al —— Al Al ——— Al «—— Al
0 51 1 4l 2 0 5l 1 51 2
1 2 1 2
2040 <00
0 122 0 0 142 0
% %
A0 A2 A0 A2
| | | |
ag a2 ag a2
~ ~ ~ ~
1 1 1 1
AO ~1a1 A2 AO 1.1 AQ
a1ag ajag

- For each horizontal-composable triple in w(A), horizontal composition is strictly associative.
- For each arrow and each op-arrow, naturality equations for the “mixed unitor” isomorphisms
7i(a):4 =4oid.A; 2 aoid.A; and A(a):4 = Aoid.A; = a0id.A;: the following equations hold for

right unitor naturality; and similarly for left unitor naturality.

af af af af
A — "t L AD A9 Ly AD AQ "t A9 AO L A9
0 1 0 1 0 1 0 1
H a9 id.A? H H al id. A9 H
0 _ % o A1 0 0 1 0 1 0
Ay — A} > AY A «— AY « AY
A0 4 AO A0 A9« AO > AY
0 AT T aay Y OTa T aag
a(l] a} a% = ao a} a(l) a% a} = a(l) al
v o v L v v » v
é d.A a id.A
1 1 1 M 1 1 1 1 1 1
Aj — A7 < A; Ay —— Ag A
Al — 5 Al y Al Al Al ¢ Al
HO al b iaa9 Hl HO al L ga0 Hl
1 1 1 1 1 1 1 1
AO 51 Al AO 4l Al AO 51 Al AO 51 Al
1 1 1 1

— —
We show that w(A) is a coproduct of A and A in Dbly.
First, w(A) is a double category: the horizontal unit of A can be chosen to be either id.A or id.A.
Either choice gives a unitor isomorphism for “mixed” composition of an arrow and an op-arrow, and

an equality for same-type composition. Below are the choices of right unitor; the left is analogous.

M(a): A=4aoid.A; = aoidAy A(a): 4 =doid.A; = doid.Ay
and or and
7i(d):4=aoid.A; A(a):a =doid.A;
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The naturality of each unitor has been imposed by fiat. The coherence with composition, i.e. triangle

identity, follows from associativity of horizontal composition in w(A).

AD T, A0 A9 A9 a A0 T, AQ
0 1 2 0 1 2
H a? H id.A9 a9 H H a? id.AY H a9 H

Ay —— A9 HAY 25 AJ = AY —— A9 HAY 2 AY
0 0 0 0 0 0 0 0

Ag a9 Al <iH.A‘1’ Al 49 Az Ao a0 Al <iELA‘1) Al a9 Az

Hence w(A) is a double category.

The inclusions i : x> w(A) and 4, : A= w(A) preserve horizontal composition strictly, and
one preserves the horizontal unit strictly while the other does up to the isomorphism id.A = id.A;
the coherence of the latter is automatic by strict composition preservation of iy and 4; and strict
unitality of K and K Hence iy and ¢, are (pseudo) double functors.

We demonstrate the universal property of these inclusions.

Let A be a double category on A, and f: g A, g: A — A be (pseudo) double functors from

the arrow and oparrow double categories. We define the copairing (f, g) : w(A) — A.

A0y pa) —2 R
(f,9)

- v —

A 7 A 7 A

Because w(A) is freely generated on a presentation, it suffices to define (f, g) on generators, verify it
is well-defined with respect to the equations, and then give coherent isomorphisms for composition
and unit preservation.

For each square in A and each opsquare in K, the copairing maps by f and g, respectively.

0 F(&%) 0
Ay ——+—— Al

20 f(ao,a1) a1
A A
fah
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A ——+— AY

a0 g(ao,a1) a1

Ag —— A
g(a%)
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Because f and g are double functors, there are isomorphisms 7n;:Us = f (iEi.A) and ng:Upx =

g(id.A); hence the copairing maps the unit isomorphism id.A = id.A to 77;1 - 7g-

fd.A)

A AL A A A
A T N

A ¢ A I‘l : ﬂ
id.A g(id.A)

So in general, (f, g): w(A) — A maps composites of these generators to composites of their images.
Because w(A) is strictly associative and A may not be, the copairing involves a choice of composition

order, i.e. either left- or right-association.

(f9(@x) = (frg)@) o ((f,9)(a2) o ({f,9)(as) 0--))

or

(fro)(ax)) = ((--{f,9)(ar-2)) o (f,9)(8r-1)) o ([, 9)(ak)
We verify the mapping is well-defined, and is a double functor which gives a factorization in Dbl,.
Because f and g preserve vertical composition in K and K, the copairing (f, g) respects those
equations. Horizontal composition f and g preserve up to isomorphism, whose naturality ensures

that (f, g) is well-defined on horizontal composites.

f(a%a9) f(afag)
A9 Ag A9

1R

A} o Al o Al
UICE)) H

‘ ’ o

AL —— 1 A} AS

f(a185)

1
f(azas)
Next, (f,g) is well-defined for vertical associativity, because it strictly preserves vertical compo-
sition; and for horizontal associativity, because it maps any horizontal composite to either the left-
associated or right-associated composite of the images. Lastly, (f, g) is well-defined for the equations

of unitor naturality, by the naturality of the unit preservation of f and g and of the unitor of A.
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0 1 4*—> Aj
a id.
A TN o SEAD 4o
A9 TG0 A0
A0 o __ 0
0 7d gl o
ag ap al = ag ay
id.Al) "
Al ALEAY A1
IRELIY Al
A —— Al —— A}
H fah” ! raa AD) H
Af —— Ay ——+—— Ad
0 1(@ah) ¢ @b !

Hence (f, g) is a well-defined mapping of squares; to prove it is a double functor, it remains to give
the coherent isomorphisms for composition and unit preservation.

Because (f, g) maps horizontal composites either left-associated or right-associated, it preserves
composition up to the associator « of A, and the composition isomorphisms p 7 and p4: the isomor-
phism sy .y is defined casewise as a horizontal composite of these, based on the types of the middle

pair of components in each composable pair of zig-zags.

Ao f(ar) Ay f(az) Ay Ao g(ar) A, g(az) A,
[ [
Iy Hg
N8 N8
Ay —————— A Ay ——+——— A
0 F(aras) 2 0 g(a1ds) 2
Ao f(?l) A, 9(52)?]”(53) As Ao 9(?1) A, f(éz)?g(éz) As
I I
(e} «
Y Y
A i A i i A
O Tfanogaz) 2 f(as) 3 g(@)of(az) 2 g(as) 3
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The associativity coherence of 11y and 1,4, together with the pentagon identity of «, provide the
associativity coherence of yi(¢ gy.

For unit preservation, f and g provide the isomorphisms

np:Us = fGAA) = (f.9)(dA)  and  ng:Us 2 g(id.A) = (f,9)(id.A),
so for either choice of unit, the coherence of 7 or 5, entails the coherence for 7s .
So the copairing is a double functor (f,g):w(A) — A, which by construction gives a strict
factorization of f and g through the inclusions of X and X
Now, it remains to verify the two-dimensional universal property. Let h, k: w(A) — A be a pair

of double functors, and let ~yq : h(ig) = k(i) and 77 : h(i1) = k(i1) be icons, as given below.

A ) R
<“g1>
h
5 h(io) h(i1) -
A A/OU' A U,"h A

k(io) k(1)

Each icon is a natural family of 2-cells yo(4) : h(&) = k(&) and 7 : h(&) = k(&). Just as for double

functors, we define the copairing for each arrow and op-arrow:

(v0,7)(8) =0(&)  and  (y0,m)(&) = 1(a).

In general, (yo,71)((a,)) is the horizontal composite of the unary images, conjugated by u;, and py.

Ay ' Apn
]
I
Ao %1 A1 t s f An—l - An
| |
(v0,71)(a1) (v0,71)(an)

4 4
A j A — o —+— A, A,

0 k(ar) ! I L Ve R
Hi
I
Ao t An

The naturality of vy and 4, and that of p;, and uy, provide the naturality of the copairing (vyo,v1).

This defines a factorization <’}/o, ’)/1>(i0) =7: h(’to) = ]4)(7,0) and <’}/o, ’)/1>(i1) =M h(’tl) = ]42(7,1)
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Last, we verify that this factorization is unique. Let 6:h = k be a transformation such that
d(i9) = vo and (i) = 1. Then §(a4) = v9(4) and 6(a) = 71(4). Yet because w(A) is generated by
arrows and op-arrows, this characterizes the transformation; hence we have § = (v, v1).

Thus w(A) is a coproduct, i.e. w(A) ~ A + A= (A); and so the weave double category can be

constructed from a presentation of squares, opsquares, and unit isomorphisms. O

The weave double category contains all equational reasoning of A, in that it contains the four
kinds of squares and their composites: the sequential composite of a factorization and a composition

square is below.

0 ag 0 0 ao 0 0 0
A — 2 5 A9 Ag — 2 5 A A9 > A9
a‘lJ/ lai
al ay = ad A% < A% aj
=l
Al +—a Al Al y Aj «a— Af » A
[
0 1 0 Al Al 1
ay as ag 0 < 0 ag
| |28
2 2 2 2 2 2

The arrows and oparrows of (A) are companions and conjoints.
Proposition 24. (A) is a bifibrant double category, i.e. a logic.

By coproduct, actions by the weave double category (A) are equivalent to pairs of actions by the
arrow and oparrow double categories X and K: so left modules are right modules are bifibrations.

To show this by universal property, we have to determine how R forms a double category over
A that represents actions on R. The key is to see that an action ©: TA>(A0, A1) x R(Ag) = R(Ay) is
equivalent to a displayed transformation of the following form.

So, we define the double category as the universal comma square.
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A
R(Ao) — R(A1) \ /

To define sequential composition of R.R, the displayed category R:A — Cat must be a pseud-
ofunctor, i.e. the composition transformation R(a;) o R(az) = R(ajaz) must be invertible. This is

known as an exponentiable category [18], a generalization of fibered and opfibered category.

Definition 25. Let R be an exponentiable category over A. The fiber-hom double category A +

R.R — A is the collage of the comma object of the displayed category R : A — Cat along itself.

fo
A8 f A?

R(AJ) —L 5 R(AY)

ap R(ao){ —— {R(al) ay

R(A}) ———— R(A})

A} Al

fr
The base category is A; a loose morphism over (Ag,A;) is a functor f:R(Ay) — R(A1), and a
square over (ag, a;) is a transformation ¢(fo, f1): R(ag) = R(a1). Parallel composition is sequential
composition in Cat.

Sequential composition is parallel composition of Cat, conjugated by composition isomorphisms

of R. Composing in sequence and parallel, the middle isomorphisms cancel, giving interchange.
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fo

R(AJ) R(AJ) ———— R(A)) R(AY)
R(ad)t 1= IR
R(agadt =—2>=— R(A}) h— R(A]) === {R(alad)
R(a2)+ P2 == 1R(ad)
R(AF) R(Af) ——— R(AD) R(AY)

Proposition 26. Let R — A be an exponentiable category over A. A right action on R by a double
category A over A is equivalent to a double functor A — R.R .

A left action A * R — R is equivalent to a double functor A°® — R.R.

Proof. Let A:Dbly, and ®: R x A — R be a module action. Then mapping

A:A to —©A:R(Ay) —- R(A;) and

a:A(A,A) to —0Oa:R(ag) = R(ar)
defines a double functor A — R.R: the associator (R ® A1) ® A2 = R ® (A; o As) defines the
composition isomorphism, and the unitor R = R ® U, defines the unit isomorphism; the coherence

equations correspond.

Theorem 27. (A)-modules are equivalent to bifibrations.

Proof. By coproduct, we have the following equivalence.

%

Dbl (& + A,R.R) ~ Dbl (A, R.R) x Dbl, (4, R.R)

This means that a right action by (A) is equivalent to a pair of right actions by K and TA) ; these give

R the structures of a fibration and opfibration. O

In the next section, we define matrix categories as bimodules of weave double categories. These
form a double category over that of categories; so we have to determine how the “weave construc-
tion” applies to categories and functors, profunctors and transformations.

First, how does the notion of “arrow category” generalize to profunctors?
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Definition 28. Let f:X|A be a profunctor. The arrow profunctor of f is the profunctor of arrow

categories 7 . X | A consisting of commutative squares; it forms a span profunctor f + 7 = f.

T (58) = {(fo: f(Xo, Ag), fr: F(X1, A1) | a-fo = f; - x}

Dually, the oparrow profunctor of f is the profunctor of oparrow categories ? X | x.

Fx,8) = {fo: f(Xo, Ao), f1: F(X1, A1) | x-fo = f1 - a)

XO —&> X1 XO <X— Xl
fo 7 f1 fo 7 f1
Ag ————— Ay Ag e Ay

Note the only difference between the arrow and oparrow profunctors is which morphism acts on

which element of f, i.e. “natural” squares versus “conatural” opsquares.

Just as commutative squares of a category compose in parallel, commutative squares of a pro-
functor compose in parallel. This defines a “vertical profunctor” from one arrow double category to

another; see Chapter 3.

Proposition 29. Let f:X|A be a profunctor. The arrow profunctor f «+ ? — f is a monad in

Span(Prof). Composition 7 * 7 = ? is that of commutative squares, and the unit is given by that

of X and A.
Xo %1 X, ) X5 X idax — X
fo 1 £, fo fa f id.f f
| | | | |
Ay 4 A, Ao A, A aA—— A

Dually, the oparrow profunctor is a monad in Span(Prof).

In string diagrams, the arrow profunctor is drawn as follows, and the oparrow profunctor is dual.
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PR
|
—— %

—~
.}

o
]

arrow profunctor composition unit

A |

=

~

Now in the same way, a profunctor of categories forms a “weave profunctor” of double categories.

Definition 30. Let f:X| A be a profunctor. Define the weave vertical profunctor between weave

double categories (f) : (X) | (A) to be the coproduct of ? and ? in the 2-category of monads on f.
Hence (f) is constructed from a presentation, in the same way as the weave double category (A).
Generators. Squares of ? and opsquares of ? ; and for each with identity domain or codomain,

a vertical composite with the unit isomorphism.

id.X id. X

X < X X y X Xo — X, Xo 2 X,
| = | = ol s o s
X X x X 14X x A i” » A A<ia'A A
of of s - | - |

Ay — Aq Ap < Ay A< A A A B > A

- For each vertical-composable pair of an element of (f) and a square in (X), a vertical composite.
- For each vertical-composable pair of an element of (f) and a square in (A), a vertical composite.
- For each horizontal-composable pair of elements of (f), a horizontal composite.

Equations.

- For each vertical-composable pair of X and ?, the vertical composite in (f) equals that of 7
- For each vertical-composable pair of X and 7, the vertical composite in (f) equals that of 7

- For each vertical-composable pair of 7 and K, the vertical composite in (f) equals that of 7
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- For each vertical-composable pair of ? and K, the vertical composite in (f) equals that of ?

X9 1, xo xq 1, xo X9 M xo X9 M xo
S U A ST N
X§—x1+X{ = xofo x1-f1 X «xi-X{ = xofo x1-f1
of of
Ao — Ay Ag —— Ay Ag —— Ay Ag «— Ay
Xo — X4 Xo — X4 Xo 22— X4 Xo 2 X4
o S

AY —a0» AY = foag f1-a1 A AY = foao fy-a1
of of ]
Ap —— A Ay —— Al Aj ——— A Aj —— A

So vertical composition of (f) is unital, by inheriting the vertical units of 7 and 7

- Vertical composition by the inverse of a unit isomorphism is the inverse of vertical composition
by the unit isomorphism.

- For each vertical-composable triple, vertical composition is associative.

- For each horizontal-composable pair of 7, the horizontal composite in (f) equals that of 7

- For each horizontal-composable pair of 7, the horizontal composite in (f) equals that of 7

X X X %
XO *1> X1 42> X2 XO (71 Xl <;2 X2
I I
fol f1 lfz fol f1 lf2
N N
Ay — A — Ay Ag +—— A +— Ay
aq ag a1 ag
X1X X1X
Xo . L SN X, X, « Xo
fol lfz fol J/f2
Ay ——— Ay Ay - A,
ajas alaz

- For each horizontal-composable triple of (f), horizontal composition is associative.

- For each horizontal-composable pair of vertical-composable pairs in (f), the interchange law.
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- The unit isomorphisms are natural with respect to identity squares and opsquares of {f).

< 121,X> X< X, 1d.x> X, X< <ia.x e X 4 X X
| =1 4 I T I
X XX = A o A X 4N X = A o A
A R
A« A A < A A A A > A
id.A id.A id.A id. A

Then (f) is a vertical profunctor from (X) to (A), essentially by definition, as follows.
The vertical actions of (X) on (f) and (A) on (f) is defined in generating (f); and they are
associative and unital, with the vertical unit of a zig-zag being the horizontal composite of vertical

identities.
X, (k) X,

fOJ( lfi

Ao P Ay Apy T Ay
[ H
| H

A4,1 > Ag
ag

Horizontal composition is defined in generating (f), and it satisfies associativity and interchange.
The unitors of (X) and (A) are natural with respect to elements of (f), by the naturality of the unit

isomorphisms with respect to identities of {f).

XO (Rig—1) inl Xk Xk XO (%K) Xk
H (Xk—1) H R id. X, H
Xo Xk—1 Xk » Xk
H (X—1) H R H id. X H
Xo Xp_1 X < X
fol fi‘,l f‘L J{fi = fo f;
~ -
A A, A A
T
AO - AE—l - A[ R >Ag
H (8¢-1) H ae id.Ap H
Ay - A - Ay Ag ———— Ay
(Ag—1) ag (ae)

This completes the definition of the weave vertical profunctor (f): (X) | (A).
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Finally, we extend the “weave construction” to functors and transformations. We denote each by
double brackets, [X] : Xy, — X, with application [X](X,) = [Xo]-

Definition 31. Let [A]: Ag — A; be a functor; this induces an arrow double functor [[K]] :KO> — Ki

and an oparrow double functor HX]] : ATO — E
Define the weave double functor ([A]): (Ag) — (A;) to be their coproduct. Hence ([A]) maps

squares to squares, opsquares to opsquares, and unit isomorphisms to unit isomorphisms.

Definition 32. Let X;, X1, Ao, A; be categories, and let [X] : Xy — X; and [A] : Ag — A; be functors.

Let fo:Xo | Ao, f1: X1 | Ay be profunctors, and [f]: fo = f1 a transformation over ([X], [A]).

X();JCOO—>AO

|
uxn‘ 11 [4]
Y

Xlgf'l—)Al

Then [f] gives a transformation of squares m : % = fl) and opsquares m : <f_o = <f_l

[Xo] — 21— [X4] [Xo] —— [xy]

[fo] [f:] [fo] [f1]

! ! ! !

[Ao] T’ [A4] [Ao] ‘T [A4]

Each square commutes by naturality: if x-f; = fjy-a, then we have [x]-[f;] = [x-f1] = [fo-a] = [fo]-[a]-
The weave vertical transformation ([f]): (fo)((Xo), (Ag)) = (f1)({X1), (A1)) is the coproduct

of these transformations, defined by mapping squares and opsquares of X and f and A.

This defines the “weave construction” by a mapping of squares from Cat to bf.DblCat: bifibrant
double categories and double functors, vertical profunctors and transformations; see Def. 58.

So the question is, does (—) form a double functor? i.e. how does it interact with profunctor
composition? Here we find that the associativity quotient of f o g introduces significant complexity

to the construction.
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The complexity of weaves and composition

Let f:X|Y and g: Y| Z be profunctors. The composite f o g:X|Z consists of pairs (f, g) quotiented
by associativity: (f,y-g) = (f -y, g), i.e. equivalence classes of “pairs up to associativity” [(f, g)].

Yet two pairs (fp,go) and (f1,g;) may be equivalent via many distinct zig-zags, while in the
composite we have only that [(fy,go)] = [(f1,&1)], with no specific zig-zag. This means that all
structures defined on f o g, i.e. actions of a matrix profunctor, must be independent of any choice of
pair and any choice of zig-zag.

Fortunately, the associativity quotient can be clearly characterized in the weave of the composite,

(f o g): the inner actions by zig-zags in Y are precisely the identity squares.

X X
. :
l | !
Y, () v
g‘O g‘l
| |
Z Z

Hence to define sequential composition of matrix profunctors, we must quotient by the action of
these zig-zags, to make these identity squares act as the identity; see Def. 43.

So, is (—) a double functor? The answer is no. Above, there are many distinct representations of
each identity square, so there is no transformation (f o g) = (f) o (g). Yet the other direction is also

obstructed, as the following composites of weaves cannot be expressed as squares in (f o g).

Xo —2 X, 2 X, 54 X, Xo % X,
+ + N
Y() T> Yl N Y1 T) Y2 YO Y1y2 Y2
1 2
| 0 N
YO 5 Y2 YO E— Y1 < Y1 E— YQ
192
gol lgl gol g‘l g‘2 lg:s
~ ~
Zy - A Lo —— 1y «— 1o —— 73
2 Z1 22 23

Proposition 33. Mapping a category A to the weave double category (A) defines a span functor

from Cat to bf.DblCat, which is neither a lax nor colax double functor.

51 Contents



2.2. MATRIX CATEGORIES

2.2 Matrix categories

We are now ready to define the primary concepts which underlie a logic.
We simplify the presentation of structures and coherences in two ways.

(1) We denote a transformation by its components, e.g. the associator of a matrix category is
(aOR)Ob=a® (ROD).

(2) We use the symbol © = y to denote that the two transformations from z to y, inferrable from

context, are equal; e.g. the two ways to reassociate four elements are equal.
((a1 © a2) © ag) OR= a1 ©® (ag ® (ag ®© R))

Additionally, we elide the associators and unitors of SpanCat; they can be inferred.

Definition 34. Let A and B be categories, with weave double categories (A) and (B).
A matrix category or two-sided bifibration R: A || B is a span category A + R — B which

forms a bimodule from (A) to (B).

Hence a matrix category R : A || B is a span category, with a pair of span functors for actions

Ae—— (A*R —— B Ac— R+B) — > B
) B
| |

A R B A R B

and three invertible span transformations for associativity

(A) * R (B) — (A0 — (A) xR

Oax(B) aRr Oa

| | |

R*<B> or—— R
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(A) x (A) *x R oxR—> (A) xR
| |
(A)+x® 0|¥|A (L ©*(B) o|c!B CL
| I l l I |
(A)*x R o—— R R * (B) o—— R
and two invertible span transformations for unitality
R R R=——=R
| - | P
id.zj*’R }_//UA R*j(d'B ”UB

(A)xR —o— R R+«B —o— R

so that the following transformations are well-defined, for associativity

(ax) O(RO((be)o(bm)))

((ak)o(ar)o(am))OR
(A) * (A) * (A) xR (3 R (A) * R * (B) = (B) [} R
(Ar)O(ar) O ((Am)OR)) (((3k)OR)®(be)) O (bm )
({ar)o(ae)) O(RO(bm)) RO((bk)o(be)o(bm))
R R * (B) x (B) * (B) [} R

(A) * (A) xR+ (B) {
(@) O((@) O RO (bm) (RO (1))@ (b)) @ (bm)

and for unitality.

RO(1d.Boo(br))

(A) * R R * (B) I R * (B)
S
(ROId.Bg)®(bs)

((ak)oid.Ax)OR

(A) xR |
(ar)O(id.AxOR)

The objects and morphisms of a matrix category are the loose morphisms and squares of a bifi-

brant double category, i.e. relations and inferences of a logic, via the collage; see Prop. 35.

A R B

Ao—ROO—>B0

| | | =
a r b T R
Lol

A —— B A R B

—{&=L

The actions by (A) and (B) define parallel composition of this double category, as we soon expound.
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_>
Because a weave double category is a coproduct, an action by (A) defines a pair of actions by A

— . ) .
and A, and a bimodule structure defines four actions. These are drawn as follows.

u
.

-
L
-
L

A -substitution B -image

.
n

-
L
=
L

<K—image B -substitution
Combining these pairwise, there are four distinct bimodule structures, which we name as follows.
K, ﬁ-bimodule K, (ﬁ-bimodule K, ﬁ-bimodule X7 ﬁ-bimodule

companion fibration opfibration conjoint
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Each action defines parallel composition by squares in A and B or opsquares in A and B.

A

ao

l

Ag

Ag

o P
| I

al r

| N8

Al —

é% 1 Rl
VR
I

al r

| N8

Al —
al 1 Ry

B

bo

l

Bg

o, BY by
[

T b()
Vool

s 1
Ry BO bl
B, gy
[

r bo
Vool

X 1
Ry A Bl

We draw a zig-zag as an arrow pointing in both directions, and denote the action as follows.

(ak) R,
k Ag i()

| [

WA ag T
! U

1 .
(30) A Ry

[ 1
L_|

left action by (A)

55

A}

ak

l

A

Rio B8 (bk)
[

r bo wB
Vool

) 1
Ry Bg (b)e

B)

bk

l

By,

r ®wp:R(Ro ® (by), R1 ® (b))

right action by (B)
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2.2. MATRIX CATEGORIES

Yet apart from functoriality, which involves weaves in A and B, the action is a structure on
objects; and an action by zig-zags is equivalent to a pair of actions by arrows and oparrows. Hence
for many definitions, particularly the coherence isomorphisms, we may simplify action notation to
a®Rand R®b.

We now proceed to draw the coherences of these actions in string diagrams, and show that they
define the parallel composition of a bifibrant double category.

The actions of a matrix category satisfy the following coherence. First, each action is a span
functor, i.e. it preserves the sequential composition of the span categories (A), R, (B).

Composing in (A) and R, then acting by (A), is equal to acting by (A) then composing in R.
Composing in R and (B) then acting by (B) is equal to acting by (B) then composing in R.

Hence the following two composite squares are well-defined.

(ar)

A9 AT, po A9 T, po BY
| | I | | I | |

ag wi a; 1 bg al 1 bg wg b;
1 1 v 1 1 v 1 1
Al — @) — Al — B} A} —— B} «— (5,) — B}
a‘g w? a‘_g 7“2 b‘g a‘g 7“2 b‘g w? b‘§
1 1 v 1 1 v 1 1
A2 e A2 + B3 A? + B3 = B2,

By the coherence principle, these equations can be expressed by drawing simultaneous sequential

and parallel composition. Note that this is the “interchange law” for double categories.
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i E———
[ ] [} 1 [ ]
| S ) B N | " R N
T T L T T L
1 1 ] 1
| S ) ) B | S I B N
] (=]
left interchange right interchange
1,2 . — (ol 2 . 1,2y 1y . 2
(wp - wi) © (r1-72) = (wpy ©71) - (W3 ©712) (r1-72) © (wg - wg) = (r1 ©wg) - (r2 © wg)

Next to unpack is the three-dimensional structure. The actions are associative and unital up to
coherent isomorphism: there are three “associators” for AAR, ARB, and RBB, and two “unitors”
for idy R and Ridg.

Three-dimensional string diagrams effectively depict the coherence of these isomorphisms. First,
each is natural with respect to the morphisms of (A), R, and (B).

The center associator is an invertible span transformation ((A) ® R) ® (B) = (A) ® (R ® (B)).
This can be drawn as a cube, with source on top and target on bottom, connected by the homs of

(A), R, and (B).

r'

[ ]
Ll
[
L
[ ]
L

r'

center associator

ar:a®(ROb)=2(AOR)®Db
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By the coherence principle, this cube expresses the naturality of the associator with respect to mor-
phisms of (A), R, (B): for every pair of weaves wy : (a%) — (a},) and wg : (b?) — (bL) the following
commutes.

((a) © R) © (b)) ——— (&) © (R© (bY))

(wa®OR)Ows waAO(ROWR)

l l

((an) © B) © (b)) ———— (a;,) © (R® (by))

aR

Continuing with the isomorphisms, there are associators for each composite action

left associator right associator
ap: (B10a) OR=a; © (a2 ® R) ag: RO (byoby) 2 (R®by)® by

and the left and right unitors, which are invertible span transformations.

] ]
| | L1 1 | | L | |
left unitor right unitor
va:R=idAOR vg: R=2 R®id.B
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Finally, we have the equations that these isomorphisms satisfy.

For each quadruple in (A)*(A)x (A) xR, (A)x(A) xR+ (B), (A)xRx*(B)*(B), and Rx* (B)* (B) x (B),

the two ways to reassociate are equal.

associator coherence

I | [] I | | E] | | I | [] | | [ [] I |
((ak) o (ap) o (am)) O R R® ({b) o (be) o (b))
= (ag) © ((8) @ ((&m) ® R)) = ((R® (b)) ® (be)) ® (by,)
.
| | I | | | | E] | | [] I |
((ax) o (8r)) © (R® (b)) (ar) © (R ({be) o (bim)))
= ((a) © ((8) © R)) © (bpm) = (({ax) © R) © (b)) © (by)

These equations define the “pentagon equations” of a double category.

59 Contents



2.2. MATRIX CATEGORIES

Last, the left unitor coheres with the left associator, and the right unitor coheres with the right

associator.

unitor coherence

]
L
]
L
]
Ll
]
L

((ag) 0id.A) ® R = (ax) © (id.A ® R) R® (id.Bo (by)) = (R®id.B) ® (bs)

These equations define the “triangle equations” of a double category.
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We summarize the definition, by dimension: 1 is data, 2 and 3 are structure, and 4 is property.

1. matrix category a span category R:A| B
2. precompose action aspan functor (A)OR:(A)xR —-R
postcompose action aspan functor RO (B):Rx(B) >R
3. associators inv. span trans. a,:(a; ©a8) OR = a0 (82 O R)
ar:(A0OR)®a=2a®(ROb)
ap:(RO®b1) ®by &2 R® (b; ® by)

unitors inv. span trans. wvy:R =2 idAGR

[

vg: R = ROid.B
4. assoc. coherence equations (8108083) OR=28, 0 (820 (83 ®© R))
a1 ® (R® (baobs)) = ((a1 ® R) @ by) ® bs
(81 082) ©® (RO bs) = (81 © (82 © R)) © by
R® (byobgobs) = (R®by) ®by) @by
unit coherence equations (acid A)OR=a® (idA®R)
R® (idBob) = (R®idB)®b
To complete the section, we show how matrix category forms a logic.

Proposition 35. Let R: A ||B be a matrix category, i.e. two-sided bifibration. The collage of R,

defined as follows, is a bifibrant double category. The base category is A + B, and the total category

is (A) + R+ (B).

A+B+— (A)+R+B) — A+ B

Parallel composition is given by the actions of (A) and (B) on R, and parallel composition in (A) and
(B). The associators and unitors are defined by the coherence isomorphisms of R, and those of (A)
and (B); their equations hold by fiat. The collage is a bifibrant double category, because morphisms

of A and B induce arrows and oparrows, which are companions and conjoints.
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2.2.1 Matrix functor [Descent]

A matrix category is a 2-bimodule, so its actions are associative and unital up to coherent isomor-

phism. In the same way, a matrix functor preserves the actions up to a coherent isomorphism.

Definition 36. Let [A]: A¢ — A; and [B] : By — B; be functors, denoted [A](Ao) = [Ao] : A;.
Let Ro:A¢ || Bp and Rq:A; || B; be matrix categories. A matrix functor [R(A,B)] from R, to

R1 is a morphism of 2-bimodules in SpanCat. This is a span functor

[A] %] (5]
| | |

with invertible span transformations called the left and right join

A xR
(Ao) * Ro —EIRL vy 4R, Ro * (Bo) Ry % (By)
| I | | I |
o)y [©a] o op [©5] O
! v ! ! v !
Ro IRl > Rl RO Rl > Rl

[[@A]] : [[30]] ® [[Ro]] = [[ao ® Ro]]

[©8] : [Ro] ® [bo] = [Ro ® bo]

which together are natural with respect to the center associator:

[a] o ([R] o [b]) —— ([a] @ [B]) © [b]

[A] ©4 [©s] [04] ©s [B]
[a] © [R®b] [a® R] ® [b]
| |
[©a] [©&]

] ]

[a0 (ROD)] ———Fr—— [GOR)© D]
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and each is natural with respect to its own associator:

([1] o [32]) © [R] ——— [a] © ([a2] © [RI) [R] © ([ba] o [b2]) ——— ([R] © [B]) © [P2]
[[@A]ICLA[[R]] HAHQL[[QA]] [[RIIQL[[GEJ] HQB]]CLE[[B]I
[31 0 82] © [R] [m] o8 0 R] [R] © [b1 o bo] [RoObi] o [by]
[[@‘A]] [[@‘A]l [[@L]] |[®‘1Bs]]
[(8; 082) ® R] ——F—— [8:1 © (82 © R)] [RO (by oby)] ———4—— [(R©b1) ©by]

and each is natural with respect to its own unitor.

[id.A] ® [R] —2— [R] [R] ® [id.B] —=— [R]
| |
[©a] [©r]
! !
[ildA®R] ———— [R] [R®id.B] ———— [R]

63 Contents



2.2. MATRIX CATEGORIES

A matrix functor is visualized as follows.

Dimension 2 is the mapping, a span functor with its induced span transformation.

Dimension 3 is the joins, which slide each action through the mapping.

L] L]
% E-IZI

left join right join

[(ax)] ©1 [R] = [(ax) ©0 K] [R] ©1 [(be)] == [R @0 (be)]
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Dimension 4 is the coherence equations, for associators and for unitors.

associator coherence

unitor coherence
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We summarize the concept of matrix functor.

2. matrix functor span functor IRI(TAL, [B]) : Ro(Ao, Bo) — R1(A1,Bq)
3. left join inv. span trans.  [©a] : [a0] © [Ro] = [80 © Ro]
right join inv. span trans.  [®s] : [Ro] ® [bo] = [Ro ® bo]
4. left assoc. coherence equation ([a1] o [a2]) © [R] = [a1 @ (a2 ©® R)]
center assoc. coherence equation [alo (IRl @ [b]) = [(A® R) ®b]
right assoc. coherence  equation [R] ® ([b1] o [b2]) = [(R®by) ® by]
left unit coherence equation [id.A] ® [R] = [R]
right unit coherence equation [R] ® [id.B] = [R]

To conclude the section, we derive a formula for the category of matrix functors between a pair of

matrix categories. This is the foundation of the “co/descent calculus” of bifibrant double categories.

The descent formula

In the same way that the set of transformations between profunctors is formed by an end, the
category of matrix functors between matrix categories is formed by a descent object [19].

A transformation of profunctors satisfies a naturality equation, and hence the end which forms
the set of transformations is an equalizer. By contrast, a matrix functor is only “natural” up to
isomorphism: the category of span functors equipped with a pair of joins is formed by the following

iso-inserter.

a]®[R], [R]O[b
S(Ro, Ry) AMLTFOMI) gy 4« R0 R1) x S(Ro * (Bo), Ra)
. |

150.1NS

~
Nat(Ro, R1) ([o:], [©s])
.

150.1N5

S(Ro, R1) S((Ao) * Ro, R1) x S(Ro * (Bo), R1)

([3OR], [ROD])

Each coherence equation of these joins is then imposed by an equifier.
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First, joining composites is well-defined:

(Falola2] OIR]
Nat(Ro.Ra) || || S(({o) = (A0) < Ro,RY)
[310(a20R)]
X
[Elo(RICE)
Nat(Ro, R1)a ~~es Nat(Ro, R1) H ﬂ S((Ao) * (Ro * (Bo)), R1)
[(BoR)Ob]
X
NatRo.R) ||| S(Rox ((Bo)x (Bo)).Ry)
[(ROb1)Obs]
and second, joining units is well-defined.
[id.AJo[R]
Nat(Ro, R1)a ﬂ S(Ro, Ra)
[ ©
MatCat(Ro, Ry) ~~2ens Nat(Ro, R1)a x
H [RIO[d.B]
Nat(Ro, R1)a ﬂ ﬂ S(Ro, R1)
]

All together, this constructs the descent object in Cat of the above functors and transformations.

S(((Ao) * (Ag)) * Ro, R1)

S({Ao) * Ro, R1) N x
MatCat(Ro, R1) ~%% S(Ro, Ry) +—— % —— S({Ag) * (Ro * (Bo)), R1)
— —
S(RU * <BO>7 Rl) X

S(Ro * ((Bo) * (Bo)), R1)

We denote the descent object, an equifier of an iso-inserter, by an “arrow product” notation.
MatCat[Ro — Ri] = [MA:Ag,B:By Cat[Ro(A,B) — Ry([A], [B])]

As we will see, the “descent” construction is dual to that of composition of matrix categories (2.5).
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2.3 Matrix profunctors

Just as a matrix category is a bimodule of weave double categories, a matrix profunctor is a bimodule

of weave vertical profunctors, which is coherent with the bimodule structures of the source and

target matrix categories.

Definition 37. Let X, Y, A, B be categories, and Q:X || Y R: A || B be matrix categories.

Let f:X| A and g: Y| B be profunctors, giving weave profunctors f < (f) — fand g « (g) — g¢.

A matrix profunctor i(f, g): Q(X,Y) | R(A,B) is a span profunctor which is a bimodule from (f)

to (g), which coheres with the associators and unitors of Q and R.

Hence a matrix profunctor is a span profunctor

X Q Y
f — 2‘ — 19
l
A R B

with two span transformations, precompose action by (f) and postcompose action by (g)

<X>*Q*©X*>Q Q*<Y> — oy — Q
<f>*{ —or= i i*<g>J[ =op=> i
<A>*R7®A\4>R R*<B> oz— R

which cohere with the associators and unitors of Q and R, as follows.

associator coherence

(X)* Q / Q
(X) % @ # (Y) ———— Qx(Y) 20(Q0F) 4 X0Q)OF
! ! \ \
(fyxit <= (f)*og :<f> f L of*(g) = _<f7>: °g = i [fo,f1]o(io[go,g1]) ([fo,f1]oi)o[go,81]
¥ Of N2 l
(8) #Rox (Y) —— R+ (B) A0 (ROD) — GOR) O
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(Hwit

(Y)

.
1

R —— R+ (B)

/ -

1«‘: — jxid —> {z*(g) =0y = 4

69

i

i

(£10%2)0Q — 5,0 (2 0Q)

[fo,f1,f2]o0d [fo,f1]o([f1,f2]0%)

l l

(B1082) OR —— 810 (82 O R)

QO (F1o72) —= (QOF1)OF2

i0[g0,81,82] (i0[go,g1])olg1,82]

l

R® (by oby) = (R®b1) ® by

dXoQ —=— Q@

id.fos %

ﬁA@RU—A> R

QoidY —X— Q
ioid.g i
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To unpack the definition, matrix profunctor elements are seen as squares of a double category.

X @ Y
X —9 v f ; g
|
I |
f i g
| A R B
A—5 B

matrix profunctor
i(f,9): QX,Y) [ R(A,B)

The actions of arrow profunctors (f) and (g) on i define parallel composition of squares:

Xo % X, ¢ Yo X, ¢ Yo v Y,
| | | | | | | |
fo f1 i g0 f1 i g0 g1
! ! | ! ! | ! !

Ay = Ay + By Ay + By = B,

C——1
[ ] [ ] [ ]
| | | S | | | I | |
precompose action postcompose action
op:i(fy*xi—1 og:ix(g) =1

and the associators and unitors of Q and R are natural with respect to these actions. By the coher-

ence principle, each equation can be drawn as a single string diagram.
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center associator coherence

left assoc. coherence right assoc. coherence

left unit coherence right unit coherence
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We summarize the concept of matrix profunctor, ordered by dimension.

2. matrix profunctor a span profunctor i(f,9): Q(X,Y) | R(A,B)
3. precompose action  a span transformation (f) @ i:(f)xi =1
postcompose action a span transformation i ® (g):i* (g) =i
4. assoc. coherence equations (X1 OX)OQ =8 6 (20 R)
xOQoy)=BOR) Ob
QO (71 0¥2) = (ROb1) ®by
unit coherence equations idXoQ=idAGOR

Q®idY = RoidB

Note. A matrix profunctor i(f, g) : Q(X,Y) | R(A,B) does not include nor entail any action of the
elements of f or g on Q or R. Visually, this means that in general the “bars” of f and ¢ connecting
X to A and Y to B do not bend; formally it means that the collage is not a bifibrant double category.
It is a special property when such actions do exist.

Last, we verify a key fact about matrix profunctors which is needed for the coherence of the three-
dimensional category of matrix categories [Theorem 54]. A span A < R — B is exponentiable or

“powerful” if pre- and post-composition by R have right adjoints [18].
Theorem 38. Matrix profunctors are exponentiable.

Proof. We follow the reasoning of Street in [18]. Let i(f,g): Q(X,Y) | R(A,B) be a matrix profunc-

tor, as defined above. This determines a displayed profunctor i: f x g — Prof with actions

Q(x,y)oi(f,g) = i(xf,yg) and i(f,g)oR(a,b) = i(fa,gb).

These actions are invertible, because Q and R are bifibrations: each i:i(xf,yg) and each i:i(fa, gb)

factor as the following elements of Q(x,y) o i(f,g) and i(f, g) o R(a,b), respectively.
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X, : Yo X @ Y
H H H H
X < Xy —F— Y, s Yo X X — % v« Y
SO N B S R R B
X; +>— X, ; Yo —— Y, Ag » Ag i By < By
B
X, < X, i Y, > Y, Ag — Ay + By +—— Bo
T T R P A [
A« A#B > B P‘T >A1TB1< BH1
_/‘l ; I‘i Ay : By

These inverses serve to define right adjoints to composition by f < i — g: given a span profunctor
J(f h):S(X,Z) | T(A,C), the right extension [i — j](g,h):[Q — S|(Y,Z)|[R — T](B,C) consists

of transformations i(—, g) = j(—, h) and actions as follows.

O(—,Yy) (e R(~,B) Q(-,Y) ED) R(~.By)

0) —— ) 0
[ A [ N
- T ) S(—,7) m T(—,Co) m T(_”01
| | |
! S(—,2) T(—,Cq)

Hence by reasoning exactly analogous to that of Street [18], matrix profunctors are exponentiable.

)

(= ah) (—ho)

O
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2.3.1 Matrix transformation

Just as a matrix profunctor is a bimodule of weave profunctors, which coheres with the associators
of its source and target matrix categories, a matrix transformation is a homomorphism of these

bimodules, which coheres with the joins of the source and target matrix functors.

Definition 39. Let [X]:X, — Xy, [Y]: Yo — Y1, [A]:Ag — A, [B]:By — B; be functors,
fo:Xo Ao, f1:X1 A1, go:Yo|Bo, g1:Yq|B; profunctors, and [f](X,A): fo = f1, [¢](Y,B):g0 =
g1 transformations.

Let Qo :Xo || Yo, Q1: X1 || Y1, Ro: Ao || Bo, R1:A; || By be matrix categories, and [Q] : Qp — 91,
[R]:Ro — Ri be matrix functors. Let io(fo,g0): Qo | Ro and i1(f1,91): Q1 | R1 be matrix profunc-
tors.

A matrix transformation [i](f, g) : i — ¢1 is a span transformation

fo 19 90
| | |
1 [7] [9]
1 1 |
1 11 g1
which coheres with the left and right joins of [Q] and [R].
Qo \ / 9
Xh*[Q
(Xo) + Qo —ETA, %) 4 @, olQl —2— xoq]
| | ‘ ‘
(fo)*io *[[4 (f1)*i1
o+ <—=o T <[[f]]> H ]] T o0 ——> —+iq IIf]]@[L]] [[f@b]]
(Bo) s Ro —— s (A1) +R [ © [R] ——— | éR]]
/ 0 ARy \ A [©n] &
Ro _ R1
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[Ql
'\Qo *(Yo) Lo, /

‘ \
i+ <o ioﬂz(ﬁo) [T +(IgD) i1+(g1)

Qo

[l
Ro * <BO> W Rq *

N

Ro R4
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2.3. MATRIX PROFUNCTORS

In string diagrams, a matrix transformation is drawn as:

matrix transformation

and the coherence with the joins of Q and R is drawn as follows.

H
1

L]
;

:
|

left join coherence right join coherence

We summarize the concept of matrix transformation.

3. matrix transformation a span transformation  [¢]([f], [¢]) : %0(fo, 90) = %1 (f1,91)

4. left join coherence equation [x]o[Q] =[a® R]

right join cohreence equation Qlely] = [Rob]
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2.4 MatCat over Cat x Cat

Matrix categories and matrix functors, matrix profunctors and matrix transformations form MatCat,

a bifibrant double category which is fibered over Cat x Cat.

Definition 40. Define MatCat to be the category of matrix categories and matrix functors. Com-
position of matrix functors is defined by that of span functors, and that of joins; one can verify this

satisfies the necessary coherence, and that matrix functor composition is associative and unital.

Definition 41. Define MatProf to be the category of matrix profunctors and matrix transformations.
Composition is defined by that of span transformations, and the coherence of the composite follows

from that of its factors. MatProf is equipped with projections to MatCat, giving a span of categories.

MatCat ¢+——— MatProf ———— MatCat

Theorem 42. MatProf is fibered over MatCat x MatCat.

Proof. Let Qo (X, Yo), Ro(Ag,Bo), ©1(X1,Y;) and R1(A;,B1) be matrix categories.
Let [Q]([X], [Y]) : Qo — Q1 and [R]([A], [B]) : Ro — R1 be matrix functors.
The matrix functor substitution matrix profunctor i; (f1, g1)([Q], [R]) : Qo(Xo, Yo) | Ro(Ag, Bo)

is defined by substituting functors into profunctors: f; ([X], [A]), %1 ([2], [Q]), ¢1 ([Y], [B]).

X4 1 Y
\ T / 11 (QR)
X o Yo Qy —+— Ry
| | |
fit < cart = 1 f1(X,A) <::h§} (QR)=—> g1 (Y¥,B)T =cart> 191 Q cart R
i ! |
Ay Ro By Q1 — R
Ay R1 B,

Hence it consists of elements

i (191, [RD) (F1, 81)(Qo, Ro) = i1(f1, 81)([Qol, [Ro])
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which can be understood as squares of the following form.

[Xo] —%L s [y
| I |
fy i1 g1
| | |

[Ao] T [Bo]

The substitution ilgi (Q,R) is a matrix profunctor, because it is a restriction of the matrix pro-

functor 4,; its actions by the arrow profunctors of f; and g; are inherited, as well as their coherence.
It is equipped with a cartesian morphism to i1, by universal property of pullback.

Hence MatProf is fibered over MatCat x MatCat. O
Now to complete the double category, we need only to define horizontal composition: sequential
matrix profunctor composition, in the direction of profunctors, as opposed to span composition.
To compose matrix profunctors m over f and n over g, we have to define an action by (f o g).
We can use the actions of m and n, because squares of (f o g) are composites in (f) o (g), as follows.
A square of (f o g) from %x:(X)(Xg,X;) to 2:(Z)(Zo,Z1) is a pair of elements of f o g so that

(fo,g0 - z) = (x-f1,g1). By the definition of equality in f o g, this means there is a zig-zag of arrows
NE ?(YO7 Y,) or oparrows ¥ : ?(YO, Y) so that each square commutes.

X04§(>X1 X();&)Xl
| |

fq f‘o f‘1
I I

| |
y— Y,
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Such a square equals the following sequential composite of a weave in f and a weave in g.

Xg —— X4 Xo Xy

Xo > Xg < 4dx) > Xo *&> X4

fo f x H

+

fo fo X4 » X4

[

() (&2} M M

Yo +—— Y, = Yo > Yg ¢«—— Yy > Y
& 0
~ ~

Zo > Lo g1 g1

go g1 H ‘4 l l
+

Zog —— 7y 4 > 71 A

H 2 (id.z) H

Zo — YA Zo > 7y

So a square (y;): (f o 9)((fo, g0), (f1,81))(%X, 2) factors as the sequential composite of the following.

U()A() . (fo,f()7...,X~f1,f1) : <f>(f07f1)(§(, <}7}€>)
(go,go'z,---7g1,g1)'v(2) : <g>(g0ag1)(<yk>72)

An opsquare (¥) : (f o g)((fo, 80), (f1, 1)) (%X, Z) factors as the sequential composite of the following.

o) (fo,x fo,... .01, 01) = (f)fo,f1) (X (F))
(80,805 ---:812,81) - v(2) = (9)(80,81)((Tk),2).
In general, a weave in f o g is a composite of these squares and opsquares with weaves in X and Z.
For any weave w: {f o g), denote by w(f): (f) the weave in f obtained by factoring each square and
opsquare as above; similarly denote the factor of g by w(g): (g).

These provide concise notation for defining the actions of (f o g).

This ensures the totality of the actions; so in fact, the crux of sequential composition is to ensure
that the actions are well-defined over the identities. Recall from 2.1.2 we noted that the associativity
quotient (f,y - g) = (f - y, g) defines the identity squares of (f o g).

Elements of fog and ko are determined only up to associativity, and distinct zig-zags give distinct
actions; so to compose matrix profunctors m(f, k): R(X,A)|S(Y,B) and n(g,¢):S(Y,B) | T(Z,C),

we need to quotient m o n by the actions of these identity squares in (f o g) and (k o £).
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Definition 43. Let m(f,k): R(X,A)|S(Y,B) and n(g,¥¢):S(Y,B) | T (Z,C) be matrix profunctors.

The sequential composite matrix profunctor (mon)(fog,kof): R(X,A)|T(Z,C) is defined to

be the following coequalizer.

R

mon-—

T

R

o

o

id*xR*id

id* T *id

X)«Rx(A) —o

—=0o= m

Hence elements are equivalence classes [S.(m,n)]:m o n, such that for each pair of zig-zags, and

each pair of pairs of weaves, the following are equated.

[S.(m,n)] = [vr - (1) © S © (b))).(wy @ m © wy, wy ©n O we) - v7']

X
X
|
fo
!
Yo
|
go
!
Z
Z

R
X — B LA

! | I | I
wy fj 7{; T 11);
¥
(74) Y, L? B, (bj)
I | I | I
Wg g1 n 1o wy
R
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2.4. MATCAT OVER CAT x CAT

This is a span profunctor f o g + m on — k o ¢ mapping each [S.(m,n)] to [Y;.(f1,g1)]
and [By.(ko,lp)]; this is well-defined because any other representative lies over equivalent pairs
Yo.(fo, go) and By.(kqy,11).

Moreover, m ¢ n is a matrix profunctor from f o g to k o £: as described above, every square and
opsquare in f o g is a composite of a weave in f and a weave in g. Because a weave in f o g is in
general a horizontal and vertical composite of squares and opsquares of f o g composed with weaves
in X and Z, we define the action inductively over the structure of a composite weave. Then for the
base generators, the quotient ensures that the action is well-defined.

- The action of a horizontal composite is the horizontal composite of the actions of each factor.

Xo X Xy —

A 1
I I i I Y
[ oo low | el [
A I B Yoo B
[ T A [ -
ZO Zl ZQ t C ZO Zl t C

- The action of a vertical composite of weaves in X and Z with a weave in f o g is the vertical

composite of the actions of the following factorization by op/cartesian squares.

Xy «— X§ Xy —— A
|

Lg b=
XgTX?ﬂHA X3 + Xi Xy —— A
|5 | [
X})%X% m XéTX% Xp m
¢ | Lol
Y0<T>Y140—>B = Y0<|—T>Y1 Y, —+— B
v | RN
|5 | [
Z}NLZ%HHC 70 79 7l —— C

Ly L]

Z})LZ% Zi —— C
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- The action by a square or opsquare is the action of its factorization into a weave in f and a

weave in g, on m and n respectively. The case of a square is given as follows, and an opsquare dually.

Xo X X, R A
XO X X1 IF A Xo > Xo > Xo L) Xl
)‘( € H m k
+
fo f1 m k fo fo X4 > X1
Pl
- _ + -
Yo Ly, § B - Yo Yoy, oy, — 9§ B
g0 g0
- <+
8o 81 n 1 Zo > Zo 81 81
[ U A
N 4
ZO P Z1 j"‘ C ZO —2 Z1 > Z1 > Z1
ZO B Zl jl" C

This action is well-defined by the quotient. Because squares and opsquares are the base generators

of weaves, this completes the induction. Hence the actions by (f o g) and (k o ¢) are well-defined.

Last, because the actions are defined componentwise, the coherence of m on with the associators

and unitors of R and 7 follows from that of m with R and S and that of n with S and 7.

XO(Roa) —ar— (XROR)OA

F¢O(m®by) (F:Om)Oby
1 1
y©(Sob) as— (7O S)®b

2O (nOby) (FeOn)Obl

1 1

zO(TOe) —ar— (zO0T)OC

Hence the sequential composite (m on)(f o g,k o £): R(X,A)|T(Z,C) is a matrix profunctor.
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Theorem 44. Matrix categories and matrix functors, matrix profunctors and matrix transformations

form a bifibrant double category, i.e. logic, which we call MatCat.

Proof. Because matrix profunctor composition is defined by coequalizer, it is canonically functorial.

Let [m]([f], [%]) : mo(fo, ko) = mi(f1, k1) and [n]([g], [4]) : no(go, o) = m1(g1,¢1) be a sequential-

composable pair of matrix transformations. The composite is defined as follows.
([mlon]):  (moomno)(foogo,koolo) = (mioni)(fiogr,kiotr)

[So-(mag, 10)] = [[So]-([mo], [no])]
To be a matrix transformation, this composite must cohere with the left and right joins of the
matrix functors [R]([X], [A]) and T ([Z], [C]); yet just as for matrix profunctors, this follows from

the coherence of [m] with respect to [R] and [S] and that of [n] with respect to [S] and [T].

&l © [R] —lexl— [0 R] [R] © [a] — [0 — [R©a]
[flolm] [Ife‘m]] [Im]]‘G[[k]] [[m‘ek]]
i ! i
[F1 o [S] — levl— [§© 9] [S] ® [b] — [es] — [S ® b]
[e]o[n] [[gJDnH [[nl]t‘D[[l]] [[n(Ll]]
] ] ]
[Z] ©[T] — ez — [z T] IT] @ [c] —lecd — [T ¢

This preserves composition of matrix transformations, by canonical functoriality of coequalizer.

The associator and unitors of MatCat are inherited from SpanCat: the span transformations

m = Rom Roem = m
(mom)op = mo(nop) m oo [(dRm)]  [rm)] = rem
((m,m).p)] = [(m, (n.p))] mo = mos moS = m
moe [(midS)  [ms)] = omes

are matrix transformations, and they are well-defined on equivalence classes in the sequential com-
posite because the quotient only reindexes along the base pair of morphisms.

Hence MatCat is a double category. O

We now define substitution of functors in matrix categories, and transformations in matrix pro-

functors; hence MatCat is fibered over Cat x Cat, and MatProf is fibered over Prof x Prof.
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2.4. MATCAT OVER CAT x CAT

MatCat +————— MatProf ——— MatCat

| | |

Cat x Cat «+————— Prof x Prof ———— Cat x Cat

Definition 45. A double fibration is a category in the 2-category of fibrations. See [4].

Proposition 46. Let Cat be the category of categories and functors, and let MatCat be the category

of matrix categories and matrix functors. The projection MatCat — Cat x Cat is a fibration.

Proof. Let [A]: Ay — Aq,[B]:By — B; be functors, and let R;: A; | B; be a matrix category. We

define the substitution matrix category R ([A], [B]): Ao || Bo as follows.

1. The span category Ay < R1([A], [B]) — By is the pullback of R, along the functors [A], [B].
So the category over Ag: Ag, By : By is R1([Ao], [Bo]), and similarly for morphisms.

Ag «————— Ra([Ao], [Bo]) ——— Bo

[[AL]] L l J [[IL]]
| |

Al Rl Bl

Hence R4 ([A], [B]) (a0, bo)(RY, R}) consists of squares 71 : Ry over ([ag], [bo])-

[AY] — s [BY]
| [ |
[EX T1 [bo]
l | !
[A}] —— [Bi]

2. The actions of A and B, on R4 ([A], [B]), span functors
(Ao)©o— = (Ag)*Ru([AL[B]) — Ru([A][B])

—©(Bo) :  TRau([A][B]) x (Bo) — Rai([A][B])

are those induced by pullback: map the arrow or oparrow by the functor, and then act on R;.
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2.4. MATCAT OVER CAT x CAT

ao: (Ao)(AD,Ag)  Ri:Ra([Ag],[B3]) — [ao] © Ry = Ri([AQ], [BO])
Ri:Ri([AGLL [BO])  bo:(Bo)(BY,By)  — R [bo] : Ra([AG], [Bi])

[ao] Ry [bo]

[Ac] i’ [B3]

[A9] [Bol

3,4. The associators and unitors are inherited from R, satisfying the necessary coherence.

The substitution matrix category R4 ([A], [B]) is equipped with a projection matrix functor to

R1, and this is a cartesian morphism over functors [A], [B], by universal property of pullback. O
In the same way, we define substitution of transformations in a matrix profunctor by pullback.
Theorem 47. MatProf — Prof x Prof is a fibration.

Proof. Let [X]:Xo — X1, [Y]: Yo — Yy, [A]: Ag — A4, [B] : Bo — B; be functors, and let Q; : X; || Y
and R : A || B; be matrix categories, with Q; ([X], [Y]) : Xo || Yo and R1([A], [B]) : Ao || Bo-

Let fo:Xo | Ao, f1:X1|A1, go:Yo|Bo, g1: Y, | By be profunctors, and [f]: fo = f1 and [¢] : go =
g1 be transformations. For a matrix profunctor ii(f1,¢91): Q1 | R1, define the substitution matrix

profunctor i1 ([f], [¢]) : @1 ([X], [Y]) | R1([A], [B]) from f, to go as follows.

2. The span profunctor fy < i1 ([f], [9]) — go is the pullback of 7, along transformations [f], [¢]-
fo «————— u([fol . [90]) ——— 90

i, e .
| l

fi 11 g

So the profunctor over fj : fo(Xo, Ao), 8o : go(Yo,Bo) is i1 ([fo], [go]) : Q1 ([Xo], [Yo]) | R1([Ao], [Bo]),

consisting of squares of the following form.

[Xo] —%—— [Yo]

[fo] i1 [go]

! I !
[Ao] ——— [Bdl
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3. The actions by the weave profunctors (f,) and (gy) are those induced by pullback.

[%o] Q1 [50]

3] x5 —%— 3] 3]
| | | |
[f6] [fo] z| J 0] [2o]
! ! U ! !
[A8] g [A3] —— [BY] ——— [B}]

4. Because the associators and unitors of Q;([X], [Y]) and R+([A], [B]) are inherited from Q;

and R, their coherence with i1 ([f], [¢]) is inherited from that of Q; and R with ;.

Theorem 48. MatCat — Cat x Cat is a double fibration.

Proof. We show that matrix profunctor composition preserves substitution.
Letm;(f, k) : R(X,A) | S(Y,B) and n;(g,¢): S(Y,B) | T(Z, C), for i: {0, 1}, be matrix profunctors.

Let [m] : mo = my and [n]: ny = n; be matrix transformations, and form the substitution.

X3 R Ay

AN | S

; Xo ¢———— Ru([X],[A]) ———— Ao
o Lk
‘ cart

1 AMXLYD <= m([F1.IkD) == k1 ([A][B])1

Y Yo S1([Y], [B]) Bo B,

_ 70(YLIZD) <= n(lgl.le]) == G(BLICDT

cart cart

\
7

Zo «— Tu([Z],[C]) ———— Co

e | N

Zl 7—1 Cl

The composite mq ([f], [k])on1 ([g], [¢]) consists of equivalence classes [S;.(m1, n1)] over [([fo], [g0])]
and [([ko], [lo])]- By comparison, the substitution (m ¢ n1)([f] o [g], [k] o [¢]) consists of equiva-
lence classes [S;.(m1,n1)] over pairs [(f1, g1)] and [(kq,1;)] which are equal to pairs [([fo], [go])] and

[([ko], [10])] by associativity.
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[Xo] [Xo] —*— [Ao] [Ao]
[[f‘o]] f‘l "|"|1 ki [ko]
] ! f ! |

[[Yo]] Y1 %1 B1 [[Bo]]

Hence the two are isomorphic.

my([£1, [g]) o na ([K], [€1) = (ma o na) ([T o [g], [%] © [€])

Thus, sequential composition of matrix profunctors preserves substitution of transformations.

This means that MatCat is a weak category in the 2-category of fibered categories, i.e. a fibered

double category.

MatCat «—— MatProf —— MatCat

| | |

Cat x Cat +——— Prof x Prof ———— Cat x Cat

As Cat and MatCat are bifibrant double categories, we call this structure a fibered logic.
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2.5 Parallel composition [Codescent]

We now define composition of matrix categories: Cat + MatCat — Cat is a metalogic [Def. 54].
Matrix categories compose in essentially the same way as profunctors; but rather than a coequal-
izer, the composite is a codescent object [20, Sec. 4]: this adjoinsto A + R - B+ S —» Ca

coherent associator of the inner actions of (B).

Definition 49. Let R:A||B and S:B| C be matrix categories. The composite matrix category
R ® S:A| Cis defined as follows. To the composite span category A + R * S — C, an associator

isomorphism is adjoined, by forming the iso-coinserter of the inner actions by (B).

w“”&mx
ars (R *8)a

| T

(R+(B)) xS —2*° 5 R«S

IR

This associator is natural by its universal construction, so for every weave wg : (B)({bs), (b¢)) and

r:R(Ro, R1), s:S5(S0,51) the following commutes.

(Ro, (br) ® So) — ars — (Ro @ (bg), So)

(r,wB®s) (rows,s)

! !

(Rl, <B[> ® Sl) — aRS —> (R1 ® <Bg>, Sl)

On the associator, two equations are imposed by coequifier, for reassociating a composite and a unit.

By. Rb1®(b2®S))
R+ (B) * (B) % S ﬂ ﬂ (R %8)a

Bs.((ROb1)Obs,S)

co.equi f

(R* S),g

B.(R,ild.B®S)
R+S ﬂ ﬂ (R+8)5 ~22 0 Re S

B.(R®id.B,S)
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All together, the parallel composite matrix category R ® S: A || C is the following codescent object.

O*(B)xS xS
_— _—
R (B) * (B) xS —— Rroxs —— Rx (B) S ¢—— Rridss RxS 20 s Ro S
- -
R (B)*©® R*O

We denote the codescent object by the following “arrow sum” notation, dual to 2.2.1.
(R®S)(A,C) = IB:B.R(A,B) x S(B,QC)

So, the parallel composite R ® S: A || C consists of pairs b.(r, s) : Bg.(Ro, So) — B1.(R1, 51), plus
a coherent associator ags : Bo.(R,b® S) 2 B;.(R®b, S).

The iso-coinserter which constructs the associator is drawn in string diagrams as follows: the
black bead is the colimiting span functor from (R *S) to (R*S),, and the inner face is the associator

isomorphism.

anslBo.(R,B O] S) = Bl(R@ B,S)

Each coequifier on the associator can be drawn as the cube which it makes well-defined.
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pe— —|;j

——{] (H—— —— I e
associator coherence unitor coherence
(R,b;®(ba®8)) = (RO®by) @by), S) (R,idB® S) = (R®id.B,S)

Matrix profunctors compose similarly; we need only impose one equation, for naturality of the

adjoined associators.

Definition 50. Let m(f,g): Q(X,Y)|R(A,B) and n(g,h):S(Y,Z)| T (B, C) be matrix profunctors.

X Q Y S Z
{ IS P {
|
A R B T C

The composite matrix profunctor m @ n: Q ® S| R ® T is defined as the following coequalizer.

(R (B))«T R*xT

\L
/ = \R®T:R®T

(mx(g))*n T mxn . /
| Re@em K
I~ / L (m=n) % men
(@« () «s Qs / /
m((gysm) men ==,
/ =

Qx ((Y) xS) QxS

Il
©
®
%)
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The profunctor ¢(m * n) forms all composites of elements g.(m, n) and the morphisms of Q ® S and
R ® T. Then, the coequalizer imposes that the associators are natural with respect to the elements.
So the elements of the composite (m®@n)(f,h): (Q®S)(X,Z) | (R® T)(A,C) are composites of:
morphisms  y.(¢,s): (Q®8)(Yo-(Qo,S50), Y1.(Q1,51))
associators ags: (Q®S)Y0.(Q,505),Y1.(Q0O7¥,S))
elements g.(m,n): (mx*n)(Y.(Q,S),B.(R,T))
associators arT: (R®T)(Bo.(R,be®T),B1.(R®b,T))
morphisms  b.(r,t): (R®T)(Bo.(Ro,To),B1.(R1,T1))

such that for any [gg, g1]: (9)(¥,b) and m :m(f, go), n:n(g, h) the following commutes.

Y0.(Q,7085) —2 5 Y,.(Q®7,S)

go-(m,[go,g1]OnN) g1.(mOlgo,g1],m)

| |

Bo.(R,bOT) —5—— B1.(ROD,T)

We denote the composite by the same “arrow sum” notation as for matrix categories.
(m®n)(f,h) = Xg:g.m(f,g) x n(g,h)

We now show that parallel composition defines a span of span functors MatCat * MatCat —

MatCat — but not a span of double functors.

Proposition 51. Parallel composition of matrix categories defines a span functor
® : MatCat « MatCat — MatCat.

Proof. As composition is defined by colimit, it is canonically functorial. Let [R]:Ro(Ag,Bg) —

R1(A1,By) and [S]([B], [C]) : So(Bo, Cy) — S1(B1, Cy) be matrix functors. The composite

([[R]] X [[Sﬂ) : (Ro [029] So)(Ao, (Co) — (Rl X 81)(A1, (Cl)
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is defined by applying the functors [R] and [S] in parallel

([R] ® [S])(Bo-(Ro, So)) = [Bo]-([Ro], [So])

and mapping the “inner associator” of Ry ® Sy to that of Ry ® Sj.

([R] ® [S])(a(bo-(Ro, So))) = a([bo]-([Ro], [So]))

The joins of this matrix functor are inherited from those of [R] and [S].

[a0] © ([Bo]-([Ro], [So])) @ [co] = [Bol-([ao]l ® [Rol; [Sol ® [co]) = [Bol-([ao © Ro], [So ® col)

Finally, — ® — clearly preserves matrix functor composition and identity. Hence it defines a span

functor MatCat * MatCat — MatCat. O

Proposition 52. Parallel composition of matrix profunctors defines a span functor

® : MatProf * MatProf — MatProf.

Proof. Let m(f,g): Q(X,Y)|R(A,B) and n(g,h):S(Y,Z)|T (B, C) be matrix profunctors with sub-
scripts 0, 1.

Let [m]([f], [g]) : mo(fo,90) = ma(fi,91) and [n]([g], [A]):no(go, ho) = n1(g1,h1) be matrix

transformations.

Xy % Y, S 74
AN | e
Xo Qo Yo So Zo
fir fo{ W‘Lo 9‘0 n‘o {ho 4hy
l | l
Ay Ro By To Cy
o I N
Ay R By T C
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Then the composite matrix transformation

([m] @ [n]) : (mo ® no)(fo, ho) = (M1 @ n1)(f1, h1)

is defined by applying the transformations [m] and [»] in parallel.

([m] ® [n])(go-(fo, ho)) = [go]-([fo], [ho])

The coherence of [m] ® [n] with the joins of [Q] ® [S] and [R] & [T] follows from that of [m] with
[Q] and [R], and [n] with [S] and [T].
Finally, — ® — clearly preserves matrix transformation composition and identity. Hence it defines

a span functor MatProf * MatProf — MatProf. O

We have defined parallel composition of matrix categories, and matrix profunctors.
Now: is parallel composition a double functor? The answer is in fact no: parallel composition

does not preserve sequential composition of matrix profunctors — in fact, it is neither lax nor colax.

(t@m)o(jen) <+  (ioj)@(mon)

The reason has to do with the combination of strict and weak colimits: weak-to-strict (lax, left-to-
right above) is not total, while strict-to-weak (colax, right-to-left above) is not well-defined.
Sequential composition is given by coequalizer, while parallel composition is given by codescent
object. The former equates elements, while the latter creates an associator isomorphism.
So the sequence-of-parallel composite (i ® m) ¢ (j ® n) contains composites with associators,

which cannot be expressed as a parallel-of-sequence composite (i ¢ j) ® (m o n).
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U ¢ X R A
o]
! I ! | !
\H’ 5 Yo —— Y1 § ]ﬁ
\% e ;0 Y, %5 B
T
| I | I l
W Z C

}ﬂ_.

Hence there is no transformation (i @ m) ¢ (j @ n) = (i¢j) @ (mon).

Yet in the other direction, there is a dual obstruction. To define sequential composition, each
associativity zig-zag (¥;) : (fo, go) = (f1,g1) in f ¢ g is given by squares in (f) and (g); yet elements
of (i ¢ j) ® (m ¢ n) are “parallel-composable pairs” along an equality (fy,go) = (f1,g1), without a

specific choice of zig-zag.

U— 9 X X —H%F— A
N AT
Lol Lol
V—+—— Yy Y, —F—— B
Lo .
T Il
W-—F— 7 7 —*% ¢

So a transformation (i ¢ j) ® (mon) = (i ® m) ¢ (j on) would have to be independent of the choice
of zig-zag. Yet there is no canonical choice; there are many distinct zig-zags which reassociate from
(fo, go) to (f1,g1), and they each give distinct actions on the parallel pairs.

Thus, parallel composition is neither lax nor colax with respect to sequential composition; there
is simply no interchange transformation between the two operations. Recall also that that the weave
construction (—) is not lax nor colax 2.1.2. So while Cat and MatCat are double categories, parallel
composition of Cat + MatCat — Cat is a structure on span categories.

We define a metalogic to be a fibered logic C + M — C with the structure of a “2-weak category”
in the tricategory of span categories. The structure is a “triple category without interchange”, and

its weakness of parallel composition and unit is like that of a tricategory [8].
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Lastly, what ensures that this weak parallel composition has coherent associator and unitors?

Matrix categories and matrix profunctors are each exponentiable, meaning composition has a right

adjoint, and hence preserves the colimits which define parallel composition.

It is known that two-sided fibrations are exponentiable [20], and so matrix categories are as well.

We showed in Theorem 38 that matrix profunctors are exponentiable.

Definition 53. A metalogic is a logic C and a fibered logic M — C x C, with the structure of a

2-weak category in the tricategory of span categories.
Theorem 54. MatCat — Cat x Cat forms a metalogic.

Proof. As we showed, MatCat is a fibered span of logics

C+—MC ——C
[
P+—MP —— P
|
C+—MC —C

equipped with span functors, for composition and identity

MC %, MC —— @ — MC C —<(-)— MC
MP %, MP —— ©® — MP P —(-)— MP
MC x;, MC —— @ — MC C —(-y— MC

with invertible span transformations for associativity,

MCy %, MCq +—0*®  MICy %, MCy #5, MCy — €00 My 5, MC,

| |
l l l

MGC, MC, MC,

ARRESDT)Z(RDS) DT

and span transformations for left and right unitality
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(—)y*MCo MCo#(—)

M(CO _ MCO M(CO *p MCO MCO _ M(CO MCO *p M(CO
| | | |
A° ® p° ®
l ! ! !
MCy «—— MC; ———— MC, MCy +—— MC; ———— MC,
A° =R.(idA,R):R = (A)® R p° = R.(R,idB):R —» R ® (B)
MCy #, MCy M MCy ——— MCy  MCy %, MCy " MCy —— MC,
| | | |
® A® ® o
! ! ! !
MCy MC, MC, MC, MC, MCy
N =04 (A)®R 5 R p*=0p:R®(B) >R
so that (A°, A*) and (p°, p*) form adjoint equivalences.
MCy ——— MCy — 222, MC; %, MCy MCy ——— MCy — 7, MC, #, MC,
; 1 i I | i
MC; +—— MP; ——— MC, MC; +—— MP; ———— MC,
R - R R . R
\ A / \ o /
A° ¥ A p° Y I
(A)OR R ® (B)
nm=uvs:RZidAOR np:UB:R%’R@iH.B
Mcl k¢ Mcl (L MCO —_— M(CO M(Cl *¢ M(Cl # MCO B M(CQ
MC;4 MP; MC;, MC, MP, MC;
(A)® YO R R® ® (B)
ex = ay:(id.Ag,a® R) = (&, R) €p=0R: (R® B,id.Bl) = (R,B)
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Similarly, for each matrix profunctor there are span transformations

(—)*MPq

M]P)O MPO M]PO *p M]P)O

|
®

|

Ao =i (idf,d) i = (f) @i

MPgx(—

MP, MP, —2"2) NPy %), MP,

| |
p° ®

| |

MPy +—— MP, —— & MP,

p° =i.(i,id.g) i = i ® (g)

MP, #, MPy + " p, MP, MP, ), MPy =" pp, MP,
® A® ® p*
MPy MP, MPy MPy MP, MPy
AN =051 (f) =1 PP =04:1R (g) =1
so that the unitor isomorphisms cohere with these transformations, as in a modification:
MC() M(C(] MC() — M]PO _— M(C() M(C[) MC()
|
(AQ2%) (A7) ARAR)
1
id LN M(Cl k¢ M(C1 ——— MP; ¥ MP; — MCl k¢ M(Cl EX id
MC, MP, MC, MP, MC, MP, MC,
M(Cl M]P’l Xy M[Pl *qp M]Pl MCl
o
MC; MP, MC,
MCy «+—— MP; ———— MC,
id id id
MC; +— MP; ——— MC,
and this is given by the naturality of the unitors with respect to matrix profunctor elements.
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Q —F+—— R o J N N}
I I
Ai 2
3 K
0 = Weo s wer = R Q = Qa2 .Rem = R
I I
A? pi
¥ 4
Q—+——R Q ——+——R
dXoQ ———Q QoY —Y @
| |
id.fos i ioid.g i

HA@RU—A>R RQBBU—B>R
The analogous coherence holds for the right unitor p.

The “pentagon identity” for reassociating a composite is replaced by a “pentagonator”.

OR((RS)®T) (QRRS)T

| |

OR(R(SERT)) (QRR)RS)®T

\ /

(QR)R(SE®T)

3

In our case, this isomorphism is an equality, because the associator simply moves parentheses. Hence
it satisfies the coherence equation, which can be found in the definition of tricategory [8].

Last, the unitors respect parallel composition by the “triangulator” invertible transformation:

°®id,a,id@A®
MCy 5 MCy #, MCy —2 29 | e %, MCy %, MCy

| | |
| ] I

id
MC; +— MPy MC,
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which is given by the unitor

R®S R®S
| I T
R®p° T A°RS
! I |
R ((BY®S) a—— (RR(B)HS

T=uvp:(R,S) = (R®id.B,S)

and which coheres with matrix profunctors, as in a modification.

Q®S$ o®S
P°RS T ORA®
~ _
(Qe(Y)es a— 9 (Y)®S)
men-+ &} (m®{g))®n _—a = me((g)®n) &A.} 1 men

—
—

(R (B))T ﬁ—%R@“M@T)
PO®T), 1 \R®)\°
- i ~
RT RT
Q®S 2®S8
men — men

For its coherence, the two ways to transform the top composite to the associator are equal:

RS ®(C)®T)) R ((S(C)aT)
RR(SRT) RR(ERT)
(R2S)&T

meaning that applying the triangulator commutes with reassociating.
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This holds by the naturality of the unitor with respect to the associator.

AF-acpgras

(R, (S,T)) ((R,S ®id.C),T) a— (R, (S©id.C,T))
| |
(trs,T) (R,7sT)
| |
(Rv (SvT)) % ((Rv S)’T) ™t (R7 (S’T))

The analogous coherence holds for applying the triangulator on the other side of the associator.

This completes the exposition of Cat + MatCat — Cat as a metalogic.
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Our final result is the duality of composition-by-codescent (2.5) and hom-by-descent (2.2.1).

Theorem 55. For every pair of matrix categories R : A | B and S : B || C and matrix category 7 : A || C,

there is a natural equivalence of categories of matrix functors.

MatCat(R ® S, T) ~ MatCat(R, [S, T])

Proof. The composite R ® S is a coequifier of an iso-coinserter, while the hom [(R ® §), 7] is an
equifier of an iso-inserter. These are constructed pointwise in Cat; the first coordinate of Cat(—, —)
converts 2-colimits into 2-limits, while the second preserves 2-limits [10]. The Fubini equivalence is
given in [3].

Hence we have the following equivalence.

MatCat(R® S, 7) = TiA,C Cat((R @ 8)(A,C), T(A, Q)
= TiA,C Cat(EB R(A,B) x 8(B,C), T(A,C))
~ TiA,C 1B Cat(R(A,B) x S(B,C), T(A,C))
~ T[iA,B,C Cat(R(A,B),[S(B,C) = T(A,C)))
~ TA,B Cat(R(A,B),1C [S(B,C) = T(A,C)])

= MatCat(R,[S,T])
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Chapter 3

The metalogic of logics

Now we can define a logic, or bifibrant double category: a matrix category A : A || A with composition
0:A®A — A and unitid: A — A, with coherent associator and unitors — a pseudomonad in MatCat.

Since we have developed all the necessary infrastructure, we can define the whole “multiverse” of
logics. Because a logic is two-dimensional, there are two kinds of relations between logics: a vertical
profunctor consists of processes between logics, and a horizontal profunctor consists of relations
between logics. Two pairs are connected by a double profunctor, which consists of inferences between

relations, along processes.

meta relation meta process meta inference
[horiz. profunctor] [vert. profunctor] [dbl. profunctor]
Because MatCat consists of categories and profunctors, the above profunctors already have se-
quential composition; so we only need to add the structure of parallel composition. For horizontal
profunctors, this is a familiar bimodule action. But as vertical profunctors are orthogonal, parallel

composition defines a monad structure, and double profunctors are bimodules thereof.
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H-prof. composition V-prof. composition D-prof. composition

So logics have two kinds of “relations”, and one kind of “function”: a double functor [A]: Ay —
A; maps squares of Aj to squares of A, preserving relation composition and unit up to coherent
isomorphism. This generalizes to transformations of vertical, horizontal, and double profunctors; all

four are defined by mapping squares in a way that coheres with parallel composition.
| | |

. e

" =
| | |

double functor preserves composition; double transformation

All together, logics form a metalogic: the three kinds of 1-morphism are profunctor, matrix
category, and functor; the three kinds of 2-morphism are double profunctor, vertical transformation,

and horizontal transformation; and the 3-morphism is a double transformation.

MatCat H.PsMnd(—) bf.DblCat Logic
category (H)-pseudomonad bifibrant double category  logic
\Y% profunctor (H)-vertical monad vertical profunctor meta process
H matrix category (H)-pseudobimodule  horizontal profunctor meta relation
VH  matrix profunctor (H)-vertical bimodule double profunctor meta inference
T functor ps. mnd. morphism double functor flow type
TV transformation v. mnd. morphism vertical transformation flow process
TH  matrix functor ps. bim. morphism horizontal transformation flow relation
TVH matrix transformation v. bim. morphism double transformation flow inference
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We construct the double category bf.DblCat of bifibrant double categories and double functors,
vertical profunctors and vertical transformations.

We construct the double category bf.DblProf of horizontal profunctors and horizontal transfor-
mations, double profunctors and double transformations.

Finally, we define parallel composition of horizontal profunctors. As for matrix categories in 2.5,
the composite is constructed by a codescent object, which adjoins a coherent associator for the middle

action. We show that this defines the structure of a metalogic.
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3.1. LOGIC [BIFIBRANT DOUBLE CATEGORY]

3.1 Logic [Bifibrant double category]

Definition 56. A logic A, a.k.a. bifibrant double category, is a pseudomonad in MatCat.

Hence a logic is a category A with a matrix category A: A || A

A

> ——— >

A

A
J[
A

with matrix functors o: A ® A — A for composition and id: A — A for unit

A+——— ARA ——— A

!
A

A

A

A

[

> —a— >

A

>

and invertible matrix transformations for associativity and unit

ARAR®A oA — AR A

ooz
.~ |
A

A@A —o>

which satisfy the associator and unitor coherence.

A10(Az0(Az0Ay))
i hhn S it
AQARA®A ﬂ ﬂ A

—>
((A10A2)0A3)0A,
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A —aAid— AR A

| o7
id®A » o
Lo |
A®A o—— A
Ajo(idoAs)
A ﬂ ﬂ A
(Aj0id)oAs
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3.1. LOGIC [BIFIBRANT DOUBLE CATEGORY]

bifibrant double category composition unit
matrix category matrix functor matrix functor
AAJA 0c:A®A = A id:A— A

left unitor associator right unitor
matrix transformation matrix transformation matrix transformation
ArA=ido A a:(AocA)oAX Ao (AcA) p:A>Aoid

associator coherence unitor coherence

((AO [¢] Al) o Ag) o] A3 = AO o] (A1 o) (A2 o A3)) (A1 o ld) o A2 = A1 o (ld o Az)
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3.2 Relations [Double profunctor]
Definition 57. Let X, A be bifibrant double categories. A vertical profunctor f:X|A, i.e. meta
process, is a vertical monad between pseudomonads in MatCat.

Hence it is a profunctor f:X|A and a matrix profunctor f(f, f): X(X,X)[A(A, A)

X
A

> e
B —

with matrix transformations o: f * f = f for composition and id : f = f for unit

fe——fef—— 1/ ! ! !
I
I f I f f I
which cohere with the associators and unitors of X and A.
X®X X

\

T

forl T 1% = J{f@f@f

XXX —— XX

oRf —> f®f‘>> o ——> 1y

¥

ARARA —  A®A

/ ~

A®A A
X X
/0/ -~ o/
= / = /
X —idex— X®X X —xeid— X®X
{ —idef => {f®f20:> +f J{ = f®id => {f@f:o: <5
A —ideA— A®A A —Agid— A®A

= \o \o
\\"A S
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vertical profunctor composition unit
matrix profunctor matrix transformation matrix transformation
UL D) XX X) [AAA) orfxf—=f d:f—=f

left unit coherence assoc coherence right unit coherence
idXoX=2id Ao A XoX)oX=2Ao(AoA) XoidX = Aoid.A
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Definition 58. Let A and B be bifibrant double categories. A horizontal profunctor R : A || B, i.e.
meta relation, is a matrix category which forms a bimodule of pseudomonads.
Hence it is a matrix category R : A || B, with action matrix functors AQ R - Rand R®B — R,

and invertible matrix transformations for associators and unitors

ARAR®R —ago— A®R ARR®B o®B—> R QB RRB®B oxB—> R ®B
o@JR Cm/ l A(Lo Ucvz/ n‘a Rt‘go a]a/ (‘)
I l L~ l I l

A®R o—— R A®R o—— R R®B o—— R

(AjoAy)o R Ao (A0 R) Ao(RoB)~ (AoR)oB Ro(ByoBy) = (RoBj)o By

R R
R®id R®id
z z
|2 |
A®R o—— R RB o—— R
vp:REid. Ao R vp: R = Roid.B
satisfying the associator coherence
Ao(Ao(AoR)) Ao(Ro(BoB))
_—
ARARA®R ﬂ ﬂ R ARR®BOB ﬂ ﬂ R
((AoA)oA)oR ((AoR)oB)oB
(AoA)o(RoB) Ro(Bo(BoB))
ARARR®B ﬂ ﬂ R ROBOB®B ﬂ ﬂ R
(Ao(AoR))oB ((RoB)oB)oB
and unitor coherence.
1doR 1doIB
A®R ﬂ ﬂ R R®B ﬂ ﬂ R
(Aoid)oR (Roid)oB
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horizontal profunctor left composition right composition
matrix category matrix functor matrix functor
R:A|B 0:A*xR—=R o:R*xB—=R

left associator center associator right associator
matrix transformation matrix transformation matrix transformation
A (AoA)oR=2Ao(AoR) ar:Ao(RoB) =2 (AoR)oB ap:Ro(BoB) = (RoB)oB

left unitor right unitor
AMRZAOR PrRERoB

110 Contents



3.2. RELATIONS [DOUBLE PROFUNCTOR]

T@hﬁ_ i

A-assoc coherence AAB-assoc coherence

i

(Aoh)oh)oR = Ao(Ao(AoR)) (AoA)o(RoB)= (ho(hoR))oB

T%T i

ABB-assoc coherence B-assoc coherence

Iy

Ao(Ro(BoB)) = ((AocR)oB)oB Ro(Bo(BoB)) = ((RoB)oB)oB

=3
=

A-unit coherence B-unit coherence

]E:—d

(Aoid)oR = Ao (idoR) Ro(idoB) = (Roid)oB

111 Contents



3.2. RELATIONS [DOUBLE PROFUNCTOR]

Definition 59. Let X, Y, A, B be bifibrant double categories, let Q:X || Y and R : A || B be horizontal
profunctors, and let f:X| A and g:Y | B be vertical profunctors.

A double profunctor, i.e. meta inference, i(f, g) : (X, Y) | R(A, B) is a matrix profunctor which
forms a “vertical bimodule” of weak bimodules. Hence it is equipped with action matrix transforma-

tionso: f ® i = ¢ and o:¢ ® g = ¢ which cohere with the associators of X, Y, A, B

X®Q Q

o

/
\

XY — Q1Y

f@it <:°®g:f®i®gj{ = f@o=—= Jﬁ@g o= |,
A®7\V€®B—>'RE€;B
/ = \
A®R ?
X®Q o)
\ o /
XX®Q — X®Q9
foil T 0¥ f®f®z+ — fRo—— J{f@ —o= |
A®A®R4>Ang
/ = \
A®R by
Q®Y 0
\ i} /
23Y®Y ——— 9®Y
i®g+ <:O®g_i®g®g‘>> — i®o ——> Jf@g 0=> 1,
R®ﬁ®B0—>RéB
/ - \
R®B R
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and cohere with the unitors of X, Y, A, B.

id®1

f®i

st <& o—=+
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3.2. RELATIONS

[DOUBLE PROFUNCTOR]

r C—
1 [ ] 1
I I I I | | I I | L I [

double profunctor
matrix profunctor
i(f,9): QX,Y) [ R(A,B)

left composition
matrix transformation
o:f®i—1i

l-assoc coherence
(XoX)oQ=Ao(AoR)

right composition
matrix transformation
0:11Rg—1

c-assoc coherence
(Xo Q)oY:;Ao (RoB)

r-assoc coherence
(QoY)oY =Ro(BoB)

—

-
L

—

l-unit coherence

idXoQ =zid.AoR
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r-unit coherence

QoidY = Roid.B
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3.3. MORPHISMS [DOUBLE TRANSFORMATION]

3.3 Morphisms [Double transformation]
Definition 60. Let Ay, A; be bifibrant double categories. A double functor, i.e. flow type, is a
morphism of pseudomonads. Hence it is a matrix functor [A]:A¢, — A; with invertible matrix

transformations called the join and unit

A
Ao@hy — P p oa, Ay — 4
I T I T HEH xj
AO Al AQ _— Al

[A] [A]

which cohere with the associators of Ag, A,

Ay ® Ay I Al ® A
\ [[A]]ﬁ[[o]] /
Ag® Ay ® Ay Al @A ®A
& l [[0]]®[[A]]H [o] l &
Ay ® Ay | A @A
/ o] \
U/
AO A1
and the unitors of Ay, A;.
Ao [A] A

id®Ag [i(l]](X)ﬂA]] id®A;
/T 1 1N
Ay®Ay — IIA]]?IIA]] — AL ® A
/ o / [[\3/]] ) \
Ao Ay

[Al
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Ay Aq
| [ |
Ao®id [Al[id] A®id
i ! i
Ay @Ay — [A]‘ﬁ)M]l — AL QA
[o]
W

[A]

double functor join unit
[A] : Ag — Ay [o] : [A] o [A] = [A o A] [id] :id.[A] = [id.A]

left unit coherence associator coherence right unit coherence
ido [A] = [id o A] ([A] o [A]) o [A] = [A o (Ao A)] [A] oid = [A oid]
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3.3. MORPHISMS [DOUBLE TRANSFORMATION]

Definition 61. Let X;, X, Ag, A; be bifibrant double categories, let [X] : Xy — X; and [A]: Ay — Ay

be double functors, and let f: X, | Ag and f; : X; | A; be vertical profunctors.

A vertical transformation, i.e. flow process, [f]([X], [A]): fo(Xo,Ao) = f1(X71,A;) is a trans-

formation of vertical modules.

Hence it is a transformation [f]: f = f, and a matrix transformation [f]: fo = f1

io fO io
[[f}]‘/ [£1 ‘/[[fﬂ
l
il f1 il

which coheres with the joins of [X] and [A].

Xo X,
\ " /
nw
I
Xo*xXg — X x X
for o= fo*f‘#» = Ul1= %fl*fl ==c°= Tf1
= [ =
Ag * Ay T INEYN
/ i \
4
Ag A
and the units of [X] and [A].
XO Xl
\ 0 /
i
Xo — Xl
forl < id= f(# — /]l = %fl —id=> 1
~ 0] =
Ao T) Al
/ n
U
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vertical transformation join coherence unit coherence
I7): fo= f1 [X] o [X] = [AcA] id.[X] = [id.A]
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3.3. MORPHISMS [DOUBLE TRANSFORMATION]

Definition 62. Let Ay, By, A, B, be bifibrant double categories, let [A]: Ag — A; and [B] : By — By

be double functors, and let Ry : A || By and R : A || By be horizontal profunctors.

A horizontal transformation, i.e. flow relation, [R]([A], [B]): Ro(Ao,Bo) — R1(A1,B;) is a

transformation of weak bimodules. Hence it is a matrix functor [R] : Ry — R; with invertible matrix

transformations called left and right join

A R
Ay ® Ro [Al=lR] A ® Ry
| |
og [oa] ok
i |
R >y R
0 [[’R]] 1

[oal : [Ao] o1 [Ro] = [Ao o0 Ro]

which coheres with the joins of [A] and [B], along the associators of Ry and R

R]Q[B
Ro @ Bo [RI&IE] R1® By
| |
o [or] o
1 J
R > R
0 [R] 1

[os] : [Ro] o1 [Bol = [Ro o0 Bo]

Ay ® Ro

Ro

Ay ®Ro

A @Ry
‘\ [0A] B[R] /
Ay ® Ag ® Ry — Al @A Q@R
=~ ‘ ﬂAH@HOA]}ﬂ [o4] ‘ =
Ao X RO i Al (39 Rl
/ [o4] \
V¥
R1
AL @Ry
‘\ [oA] S [B] /
Ag @ Ro ® By — A @R @B,
= l HAH®HOMHH [o4] l =
Ro ® By | R1® By
/ [oz] \
V¥

Ro
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Ro @ By Ri @By

\ [[%]]@[[M]” /

Ro ® By ® By — R1®@B; @ By

l [[Rﬂ®[[°m]]“ [os] l

Ro ® By Ri1 @By

I
/ [e&] \
'

Ro Rl

and the units of [A] and [B].

[os]

¥
[R]
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horizontal transformation
matrix functor
[RIC(TA] [B]) : Ro(Ao, Bo) — Ru(A1,B1)

E.|:I

left join right join
matrix transformation matrix transformation
[oa]:[A] o [R] = [AoR] [or] : [R] o [B] = [R o B]
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center assoc. coherence

equality
[Al o ([R] o [B]) = [(Ao R) o B]

left assoc. coherence right assoc coherence
equality equality
([Ai] o [A2]) o [R] = [A1 o (A20R)]  [R] o ([Bi] o [B2]) = [(12o By1) o By]

"H| =
1 I O R & .
— —

left unit coherence right unit coherence
equality equality
id.JA] o [R] = [id-A o R] [R] oid.[B] = [R cid.B]
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Definition 63. Let iq(fo,g0) : Qo(Xo, Yo) | Ro(Ao,Bo) and i1(f1,91): ©1(X1,Yq) | R1(A1,B;) be ma-
trix profunctors. Let [X]:Xy — X; etc. be double functors, [f]: fo = f1,[g]:90 = g1 be vertical
transformations, and [Q]([X], [Y]): Qo — @1, [R]([A], [B]) : Ro — R1 be horizontal transforma-
tions.

A double transformation, i.e. flow inference or simply flow, [:]([f], [g]) : 0(fo, 90) = #1(f1,91)

is a transformation of vertical bimodules of weak bimodules. Hence it is a matrix transformation

fo io 90
| | |
/1 [ [l
! ! !
fi i1 g1

which coheres with the left and right joins of the horizontal transformations.

Q
Q o 0,
N
\ [[o”xu /
Xo ® Qo — [XI®lQ] » X1 ® Q1 [X]o[Q] [ex] — [X 0 Q]
| |
00 — fo®io = [fI®[] = fi®i1 — o, ‘ ‘
il 1 i = L 1ol [foi]
= I = l
Ag®@Ro — [[A]]Qﬁ[m]] - A @Ry [A] o [R] [ox] — [Ao R]
/ fox] \
R v R
0 HR]] 1
Q
Q o Q,
PN
\ [[OIT]] /
Qo ® Yy — Qe+ Q1 ® Y, Q] [Y] [ov] — [QoY]
| |
o — 10®go —— lIl]]®|Ig]] - 1891 — [e}] ‘
it Tg Tg = li [ileldl [iog]
= Ii] = l
Ro® By — [[R]]ﬁ@[[B]] -+ R1®By [R] o [B] [oz] — [Ro B]
/ HOB]] \
R M R
0 [[72]] 1
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double transformation
matrix transformation

[E1(0f1, [9]) - i0(fo, 90) = i1 (f1, 91)

L]

| I S I

left join coherence

right join coherence
equality equality
[XTo[Q] = [Ac R] [@RIo[Y] = [Ro B]
124
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3.4 The metalogic of logics

Proposition 64. Bifibrant double categories and functors, vertical profunctors and transformations

form a double category, which we call bf.DblCat.

Proof. Given double functors [A];: Ay — A; and [A]2:A; — A,, the composite [[A]1]2:Ag — Ay
is a double functor, with structure given by [o]; o [o]2 and [id]; o [id]2; these satisfy the coherence

by composing equations. Composition of double functors is clearly associative and unital.

Ay ® Ag M A @A w As @ Aoy A, [A,] A [A,] A,
| “ ]

7 [ely ° [o]2 ° id [id] id [id]2 id

I T [ A

Ao [40] = [A4] Az Ao [Ao] A [A1] A,

Composition of vertical transformations is given in the same way.

Xo [Xo] X1 [X1] X
\ ° \[[ 1 T [ ]/ ° /

NN e

Xo ®@Xp - [Xol®[Xo] » X7 @ Xy -[Xa]0Xa] > Xo @ Xy

|
fol =o0=— f@gﬁ# = [fol®lfol = fiopn = [AISIA]=> Fa®fs — o0 —> 1,
I
= [fol-[f11 =
Ag® Ag - [Aod®lAcl > Ap ® A - [A1]®[A1] > Ap ® Ay
/o [elo I [elx o\
Ay [Ao] Ay [A1] Agy

So it remains to define sequential composition of vertical profunctors, and verify that it is func-

torial, i.e. preserves composition of vertical transformations.
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Consider the following sequential composite of vertical profunctors.

X X X X X X
|
o= i e
Y Y Y fogl fog 1sog
9t s‘i +9
l
z Z z z z z

In the same way as for matrix profunctors, the equalities adjoined by the quotient are represented
by squares in Y. The sequential composite matrix profunctor f¢g:X|Z is a vertical profunctor, with

composition and unit given by sequentially composing that of f and g.

XX o—— X X id— X
feft o= 7f 1+ == 1f
Y®Y o—— Y Y id—— Y
997 o= 79 ¢ =—id= 19
ZR7L ° Z Z id Z

Again, these satisfy the coherence simply by composing equations.
Sequential composition of vertical profunctors is functorial: let [f]: fo = f1 and [g] : go = g1 be

vertical transformations; then ([f] ¢ [g]) : (fo ¢ go) = (f1 ¢ g1) is defined by sequential composition.
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Xo
n
I
XXy ————— X1 9Xy
for <« [£1 >
O§ %O
fo® fot — [fIe[f] —= +f1®f1
Yo +—"——Y9y®Y¥) —mmm— > V1 Y] —
- go®go—+ [dl®lg] — +91®91 —
o— —=o
go—r — [9] =
Zo ® Lo VAR

— .

Zo

X1

1

Yy

T91

Zn

This preserves composition of transformations: picture two of the above such cubes, composed

from left to right. So, sequential composition is functorial.

Hence bifibrant double categories and double functors, vertical profunctors and vertical transfor-

mations form a double category bf.DblCat.

O

Proposition 65. Horizontal profunctors and transformations, double profunctors and transforma-

tions form a double category, which we call b f.DblProf.

Proof. Composition of horizontal transformations [R]; : Rg — R and [R]2: R1 — Rq is defined by

that of matrix functors, and that of the joins.

Ao ®Ro [A]1 ®[R]1 A ©Ry [A]2®[R]- Ay @ Rs Ro @ Bo [R]1®[B]: R, @ B, [R]2®[B]2 Ry @ By
| | | |
o [[OA]]I o [[OA]]2 o o [[O]B]ll o [[OB]]Q o
l U l U l l U l U l
Ro [R]: R [R]2 Ro Ro [R] Ri [R]2 Ra
This coheres with the associators, simply by composing equations.
Ay ®Ro A @Ry Ay ®Ro
XN A
\ [A]: ®[os]: T [Al:®[B]2 /
N e
Ay@Ro®By ———— A1 @RI ®B; ———— AJ®R2 @ By
| |
e l [oaln  [oal1®[B]: [oa]2®[Bl2  [oal2 =~
¢ J
Ro@®BJ| ——————— R1 B ————— > |[Ro® By
Y AN
/ [or]1 l [B]2 \
174 X
Ro R1 Ro
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Composition of double transformations [i]; - [i]2:i9 = i2 is defined by that of matrix transfor-

mations, and again this coheres with the joins of [[Q]1]2 and [[R]1]2 by composing equations.

Qo

B0t

Ro

Q1 Qo
A 4
\ 12k / \ 19 /
Il Il
Xo®Qy —— X1 ® 9, X190 ——— Xo® s
[o]x JVU@O [l @Lil f1®i1J{ [o:] [o1] [f12®[]2 [o2]
8 [l 8 8 Tl 8
Ao@RoTA1®R1 A1®R1TA2®R2
/ IRl \ / IRl \
n ¥
R1 RQ

So it remains to define sequential composition of double profunctors, and verify that it is func-

torial. Just as composition of matrix profunctors is defined by that of span profunctors (Def. 43),

composition of double profunctors is defined by that of matrix profunctors.

X R A
- mt th
Y S B
g n4 e
Z T C

X R A
fogt T Tkot
Z T C

So the sequential composite double transformation is given by the composite matrix transformation.

Ro o So
| [ | [
[R] [m] [ST [n]
l y ! [}
R e S
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3.4. THE METALOGIC OF LOGICS

The coherence with the joins is given by composing equations.

Ro Rl
1
\ [ox] /
Il
X0@Rg ——— X1 @Ry
mo+ <—o %fo@mo = [fl®lm] > f1®m14> — o—> +m1
= [m] =
Yo X SO i Yl ® Sl
/ [ov] \
Y
So Sl
1
\ [[0‘}[]] /
Il
Yo ® So Y, ® S
no+ <—o %gg@’ﬂo = [9]®[n] > g1®n1# ——o=—> 4ni
= [n] =
Zo @ To ' VARNA
/ [[jf]] \
To T

Sequential composition of double transformations preserves transformation composition, because
that of matrix transformations does. Thus, horizontal profunctors and transformations, double pro-

functors and transformations form a double category bf.DblProf.

Ro—mﬁo—>80

[RI

!

[m] [S]

b

Rl—w{1—>81

Proposition 66. bf.DblCat < bf.DblProf — bf.DblCat is a fibered logic.

Proof. Substitution of double functors in a horizontal profunctor, and vertical transformations in a
double profunctor, are defined in the same way as that of functors in matrix categories and transfor-
mations in matrix profunctors, by pullback. Sequential composition of vertical profunctors preserves

this substitution, in the same way as for matrix profunctors. O
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Parallel composition

We now define parallel composition of horizontal profunctors, and show that this forms the meta-
logic of bifibrant double categories.

Composition is defined in the same way as for matrix categories, in Section 2.5: by a codescent
object, which adjoins a coherent associator for the middle action — in fact, all the proofs are es-
sentially the same. The only difference is now B is a general bifibrant double category, rather than
an weave double category (B), so the action of B is composition by its horizontal morphisms, i.e.
relations.

The construction gives a well-defined composition of a metalogic, because composition along a

matrix category is pullback along a fibration, which preserves colimits [20, Prop 4.3].

Definition 67. Let R:A||B and S:B || C be horizontal profunctors. The parallel composite R ®
S:A| C is defined as follows. First, to the composite matrix category R ®u §: A || C we adjoin for
every horizontal morphism B :B(By, B;) an associator By.(R, BoS) = B;.(Ro B, S), by forming the

following iso-coinserter.

Rmon

Ry (BeyS) RemS

%
ars (R®S)a

l o

(R@MB)@MS W R@MS

IR

This associator is natural by its universal construction, so for every square b: B(By, B1) and r: R(Ry, R1),

5:8(Sp, S1) the following commutes.

(Ro, Byo SO) — @RS —» (Ro o By, So)

(r,bos) (rob,s)

! !

(Rl,Bl OSl) — RS —> (R1 OBl,Sl)
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Then we form the following coequifier, for reassociating a composite and a unit.

Bo.(R,B10(B320S5))

co.equif

R @y B @y B oy S ﬂ ﬂ (R®S)a (R®S)s
BQ.((R0B1)0B27S)
B.(R,UpoS)
R@MS H H (R@S)ﬁ co.equi f R@S
B.(RoUg,S)

This defines the parallel composite horizontal profunctor R ® S: bf.DblCat(A, C).

The parallel composite consists of pairs of relations and pairs of inferences, plus a new associator.

—
=

parallel composite metarelation

This associator is natural, and coherent with parallel composition and identity of B.

131 Contents



3.4. THE METALOGIC OF LOGICS

— —|;j

S ot e
parcomp associator coherence parcomp unitor coherence

Next, we define parallel composition of double profunctors along vertical profunctors.

Definition 68. Let m(f,g): Q(X,Y)|R(A,B) and n(g,h):S(Y,Z): T (B, C) be double profunctors,

composable along the vertical profunctor g: Y | B.

X Q Y S 7
f 7L l 1‘1 h
l l l
A R B T C

The parallel composite (m ® n)(f,h): (Q ® S)(X,Z)| (R ® T)(A,C) is defined as the following

coequalizer.

(R Qm <B>) QM T R u T

\ L
R QT == RT
(m®wm(g)) D T mQun
R @M ((B) @u T) R m
co. equ

I~ / L Tn(X)Mn m@n
(Qam(Y))®u S <L QemS /
m®um({g)Bm m®un

1%

L

1%
©
®
o)
©
&
97}

Q@M ((Y) ®m S) Q®mS

The profunctor «(m®yn) forms all composites of elements g.(m, n) and the morphisms of Q®S and

R ® T. Then, the coequalizer imposes that the associators are natural with respect to the elements.
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So the elements of the composite (m®@n)(f,h): (QR8)(X,Z) | (R® T)(A,C) are composites of:

morphisms  y.(¢,5):  (Q®S)(Yo.(Qo,S0), Y1.(Q1,51))
associators ags: (Q®8)(Yo.(Q,Y 0S5),Y1.(QoY,S))
elements g.(m,n): (moyn)(Y.(Q,S),B.(R,T))
associators arr: (R®T)(Bo.(R,BoT),B1.(RoB,T))
morphisms  b.(r,t): (R ® T)(Bo.(Ro, Tv), B1.(R1,T1))

such that for any g: g(go, g1)(Y, B) and m: m(f,gp), n: n(g1, h) the following commutes.

Y0.(Q,Y0S) —225 5 Y,.(Q0Y,S)

go-(m,gon) g1.(mog,n)

l l

BO.(R,B OT) TT> Bl.(RO B7T)

We denote the composite by the same “arrow sum” notation as for horizontal profunctors.
(men)(f,h) = Xg:g.m(f,g) x n(g,h)

The parallel composite matrix profunctor can be drawn as follows.

1
L
=
_|
1
L
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Parallel composition of horizontal profunctors and double profunctors is functorial in the same
way as matrix categories and matrix profunctors, by functoriality of colimit.
Yet just as for matrix profunctors, parallel composition does not preserve sequential composition

of horizontal profunctors. So following definition 54, bifibrant double categories form a metalogic.

Theorem 69. Bifibrant double categories form a metalogic.
Morphisms are double functors, vertical profunctors, and horizontal profunctors; squares are
vertical transformations, horizontal transformations, and double profunctors; and cubes are double

transformations.

bf.DblCat < bf.DblProf — bf.DblCat

Proof. Let DC be the category of bifibrant double categories and double functors, and let VP be the
category of vertical profunctors and vertical transformations; so DC < VP — DC is bf.DblCat.

Let HP be the category of horizontal profunctors and horizontal transformations, and let DP be
the category of double profunctors and double transformations; so HP < DP — HP is bf.DblProf.

As we showed, these form a fibered span of logics

DC HP DC
VP DP VP
DC HP DC

equipped with span functors for parallel composition and unit:

X.X(—,—)

HP *p, HP —— @ — HP DC HP
DP *;, DP —— ® — DP VP —f.f(=,-)~» DP
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with span transformations for left and right unitors, forming adjoint equivalences: for every hori-

zontal profunctor R : A || B, its unitors and associators give the following horizontal transformations.

R 5 R
X /
N Y PN

A®R

R R

\ 7']'p /
p° Y p®

R®B

M =uvp:R=EUp0R

/\

ARR ——=A®R

Np=vp:R=RoUp

/\

= R®B

ex=ap:(Up,,AoR) = (A,R) e, =oap:(RoB,Us,) = (R,B)

Just as in MatCat, the naturality of unitors with respect to elements of double profunctors gives
that the above transformations cohere with the unitor transformations for double profunctors, as in
a modification.

q

= X®Q —— A®R

N

UonL, Q

UroR ———— R

I
i
W

f®i

UfO’i

l

N\
/

R

N

Qo Uy L SN Q

ROUB T) R

1
p;
W
i®g

Q —+—— R

?

ioUyg

l

QY —+— R®B

/

The associator is an isomorphism R ® (S ® 7) = (R ® S) ® T, with equality pentagonator.

The triangulator is given by the unitors, and its coherence follows from the naturality of the

unitors with respect to the associator.

Hence bf.DblCat is a metalogic, whose cubes are drawn as follows.

Contents



3.4. THE METALOGIC OF LOGICS

Xy Q1 Y
X 2
X] @1 m - il .
Xo 0 Yo
[£] i [e]
w7 fo N % \g_\ 1, T = = T
Ay 0 By ° i °
Ve N
[A] [R] [B]
K Y
Aq R1 By
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