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ABSTRACT OF THE DISSERTATION

Sterile Neutrinos and Primordial Black Holes as Dark Matter Candidates

by

Philip Lu

University of California, Los Angeles, 2021

Professor Graciela Gelmini, Chair

We focus on two dark matter candidates: sterile neutrinos and primordial black holes (PBH).

We explore the effects of non-standard pre-Big Bang Nucleosynthesis (pre-BBN) cosmolo-

gies, such scalar-tensor and kination cosmologies, on the abundance of sterile neutrinos over

a large range of masses. In particular, sterile neutrinos of keV-scale mass represent a viable

warm dark matter candidate whose decay can generate the putative 3.5 keV X-ray signal

observed in galaxy and galaxy clusters. eV-scale sterile neutrinos can be the source of various

accelerator/beam neutrino oscillation anomalies. Two production mechanisms are consid-

ered here, a collisional non-resonant Dodelson-Widrow (DW) mechanism and a resonant

Shi-Fuller (SF) conversion (which requires a large lepton asymmetry). The DW mechanism

is a freeze-in process, and the final abundance of sterile neutrinos using this production

method is inversely proportional to the Hubble expansion rate. We find that in one of the

scalar tensor models we consider, the sterile neutrino parameters necessary to generate the

tentative 3.5 keV signal would be within reach of the TRISTAN upgrade to the ongoing KA-

TRIN experiment as well as the planned upgrades to the HUNTER experiment, however the

contribution to the dark matter density would be very small. In another scalar tensor model,

sterile neutrinos could both generate the X-ray signal and comprise much of dark matter. In

our study of resonant production, we find that the parameter space in which coherent and

adiabatic resonant production can occur shifts with changing pre-BBN cosmology. We find

that for a broad range of parameters (mass, mixing angle, lepton asymmetry), resonance can

occur in the LSND/MiniBooNE and DANS/NEOSS experiments’ preferred regions for at

least one of the non-standard cosmologies we consider. With respect to PBH as dark matter
ii



candidates, we derive a new type of cosmology-independent bound. We consider the heating

of the surrounding interstellar medium gas by dynamical friction and from the formation

of accretion disks around intermediate mass 10 − 105M� PBH. By estimating the cooling

rate and assuming thermal equilibrium, we derive a new constraint. Light PBH with mass

1015 − 1017 g emit significant Hawking radiation and are constrained by the same cooling

argument. We extend this analysis to PBH with extreme spin, which results in stronger

bounds compared to non-spinning PBH.
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CHAPTER 1

Introduction

Since dark matter (DM) was conjectured by Zwicky in 1933 from application of the virial

theorem to observations of the Coma Cluster (and by others around that time with similar

arguments), the evidence for its existence has steadily grown. In the 1970s, precise measure-

ments of the stellar rotation curve of the Andromeda galaxy [44] presented the first nearly

incontrovertible proof of missing non-luminous gravitational mass. In the intervening fifty

years, spectacular demonstrations have shown DM to exist beyond a shadow of a doubt.

Notable examples include the displacement of the center of mass from the baryonic center

in the Bullet cluster collision [45], baryon acoustic oscillations and other effects in the cos-

mic microwave background (CMB) spectrum [46], and the perceived flatness of the Universe

from distance measurements of Supernova 1A [47, 48]. From the Planck 2018 results derived

from the CMB, the DM abundance is ΩDM ≈ 0.26 of the critical density [46], with the other

components baryonic matter and dark energy making up the remainder.

Dark matter remains one of the most visible problems in physics, and its elusiveness

has sparked numerous dedicated searches for DM candidates. Let us mention a few exam-

ples. The most advanced particle physics experiments such as those at the Large Hadron

Collider at CERN are well situated to search for DM candidates from new physics such as

supersymmetry. They has been instrumental in narrowing the parameter space of Weakly

Interacting Massive Particles and other GeV to 100 TeV-scale particles [49, 50]. Besides ac-

celerators, direct and indirect searches for Weakly Interacting Massive Particles are ongoing.

The largest direct DM detection experiments use liquid noble gases for their high density

and easy scale-ability [51, 52, 53]. In these experiments, large vats of xenon or argon are

placed underground to shield from cosmic rays and are monitored closely for signs of DM

1



recoils (i.e. [54, 55]). Gas [56] and crystal experiments [57, 58] have are used. Reactor neu-

trino experiments take advantage of the large quantities of (anti-)neutrinos produced as a

byproduct of fission to carry out precision oscillation measurements. In addition to exploring

the active neutrino mixing angles and mass hierarchy, these experiments are also sensitive

to sterile neutrinos [59, 60]. Dedicated beam neutrino experiments allow for longer baseline

oscillation measurements and higher energies. Examples include MicroBooNE [61] and the

planned DUNE [62] experiments. Naturally occurring astrophysical phenomena can be used

to explore higher energies, longer distances and timescales than available in Earth-bound

laboratories. A significant amount of information can be gleaned from astronomical obser-

vations. Structure formation data (i.e. from Lyman-α forests, dwarf galaxies, matter and

CMB power spectra) can effectively limit the allowed density of hot and warm DM. Hot DM

is relativistic and warm DM is mildly non-relativistic when the temperature of the Universe

is about a keV. Some DM candidates annihilate or decay in the present Universe, producing

high-energy X-rays, gamma rays, and other particles such as neutrinos. Searches have been

conducted for DM annihilation signals from the Galactic center [63] and Milky Way satel-

lites [64]. The tentative 3.5 keV X-ray signal [5, 4], first reported in observations of stacked

galaxy clusters, has a possible origin in the decay of a 7 keV sterile neutrino into an active

neutrino and a photon. This brief list covers a small portion of the numerous experiments

and observations worldwide devoted to the search for DM.

In this thesis, we focus primarily on two DM candidates: sterile neutrinos and primordial

black holes. The results were published in Refs. [65, 66, 67, 68] and Refs. [69, 43] respectively.

In the standard model of elementary particles, there are three active neutrinos να, char-

acterized by their flavors α = e, µ, τ , coupled to the W and Z weak gauge bosons. These neu-

trinos are massless within the standard model, however, neutrino oscillation experiments [70]

show that they are massive. This motivates the study of massive sterile neutrinos, which can

explain the small but non-zero active neutrino masses through a "seesaw" mechanism. We

consider here sterile neutrinos coupled to the standard model particles only through a mix-

ing with an active neutrino. They can then be produced through non-resonant or resonant

oscillation processes, depending on the lepton asymmetry present in the early Universe.
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Our earliest probe of the evolution of the Universe comes from the cosmological remnants

of Big Bang Nucleosynthesis (BBN). This probe shows that at a temperature of 5 MeV

and below, the Universe should be radiation-dominated [71, 72, 73, 74, 75, 76]. Thus,

before this epoch, the standard assumption that the universe was radiation dominated with

only standard model particles present is yet untested. There are theoretically motivated

alternatives to this standard cosmology, e.g. based on moduli decay, quintessence and extra

dimensions, which violate these assumptions. These models are of high interest to the study

eV- and keV-mass scale sterile neutrinos, whose production often peaks at temperatures

> 10 MeV. We consider the properties of sterile neutrinos produced in these non-standard

pre-BBN cosmologies.

Primordial black holes (PBH) are important as the only viable non-particle DM candi-

date, and can form in a variety of ways [77, 78, 79, 80, 81, 82, 83, 84, 85, 86, 87, 88, 28,

89, 90, 91, 92, 93, 94, 95, 96, 34, 97, 98, 99, 100]. There exists a mass window between

M = 1017-1023 g where there are currently no reliable upper bounds on the DM fraction

in PBH and PBH can make up all of DM (see Fig. 1.1 for current constraints on the PBH

DM density fraction). Even as a subdominant component of DM, intermediate mass PBH

with masses ∼ 10-105M� can seed the formation of super-massive black holes [101, 102, 103]

and are also possible sources of recent LIGO detections of black hole mergers with > 50M�
progenitors. PBH traveling through the interstellar medium would form accretion disks that

can be a source of high energy X-rays and cosmic rays. Light PBH with masses . 1017 g can

emit significant Hawking radiation, and were the original motivation for considering such

radiation [104]. These emissions can be used both to search for and to constrain the DM

fraction of PBH.

In Ch. 2, we parameterize a set of non-standard cosmologies and apply them to the

production of sterile neutrinos. In the case of non-resonant (DW) production, the general

effect is simple for non-standard cosmologies in which only the expansion rate is modified

with respect to the standard assumption. Non-standard cosmologies with higher pre-BBN

expansion rate (ST1, Kin) result in a lower sterile neutrino abundance, whereas those with

lower expansion rate (ST2) result in an increased abundance, always with respect to the
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Figure 1.1: Reproduced from Ref. [1]. Many of the currently relevant bounds on PBH fraction

are shown, not including two derived in this thesis (see Figs. 3.3 and 3.6). Constraints shown

with dashed lines (F, WD, NS) are not reliable and those shown with dotted lines rely on extra

assumptions. Thus there exists a mass window between 1017 g and 1023 g where PBH can make

up all of DM.

standard cosmology. Note that non-resonant production is a freeze-in process, in which the

initial abundance is zero, and for freeze-out processes, in which the population is initially

thermalized, the inverse relations between abundance and expansion rate hold true. We also

considered a low-reheating temperature model (LRT), in which the Universe reheats to a

temperature of only 5 MeV after inflation. This reheating temperature is much lower than

the temperature at which production would be maximal for keV-mass scale neutrinos, about

∼ 100 MeV, and thus production is greatly hindered. In Figs. 2.3 and 2.4, we show the

line in the mixing angle (sin2 2θ) - mass (ms) parameter space where sterile neutrinos would

comprise all of DM, plotted against most of the relevant bounds and experimental regions

of interest. Focusing on keV-mass scale neutrinos and the proposed 3.5 keV X-ray signal, we

see that in the ST1 cosmology, the parameters of mixing angle/mass necessary to generate

the X-rays is detectable by the upcoming TRISTAN and HUNTER experiments. On the
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other end, in the ST2 cosmology, the full DM abundance line is close to the parameters of

the 3.5 X-ray signal. Therefore, sterile neutrinos could be the dominant component of DM

and produce the X-ray signal in this particular cosmology. Moreover, the putative signal

regions of LSND/MiniBOONE and DANSS/NEOS in the eV-mass scale are entirely free of

cosmological limits in ST1 and partially free in LRT.

We also consider coherent and adiabatic resonant (Shi-Fuller) production, which uses

level-crossing to efficiently convert active to sterile neutrinos in the presence of a large lepton

asymmetry. We compute, for our parameterization of non-standard cosmologies outlined in

Section 2.2, the two conditions for resonance. Adiabaticity, requiring many oscillations over

resonance, and coherence, the condition that the neutrino does not scatter over the course of

resonance, together guarantee this level-crossing to proceed uninhibited. In Figs. 2.6 to 2.9

we show the regions in the mixing angle-mass parameter space where this type of production

can occur. Resonant production is most relevant for eV-mass scale neutrinos. For resonant

production, the present-day abundance is fixed by the initial lepton asymmetry, and we show

results for four different lepton asymmetries, L = 10−2, 10−3, 10−4, 10−5. The effect of non-

standard cosmologies on resonant production is not to change the abundance, but rather to

move the regions of parameter space where resonance can occur. Figs. 2.6 to 2.9 show that

for a wide range of lepton asymmetries, masses, and mixing angles, resonant production can

occur in at least one of the cosmologies. Most importantly, many of these coherent and adi-

abatic regions cover the eV-mass scale neutrino anomalies observed by LSND, MiniBOONE,

DANSS, and NEOS. Chapter 2 is based on materials published in Refs. [65, 66, 67, 68].

In Ch. 3, we consider the heating of the interstellar medium by PBH. Primordial black

holes traveling through the interstellar medium would accrete gas and dust, forming either

a thick or thin disk. For intermediate mass black holes, 10− 105M�, the associated photon

emission, possible outflows, and dynamical friction can significantly heat the gas. We model

these processes using analytical and semi-analytical approximations. Using the parameters

of the dwarf galaxy Leo T, we provide a competitive bound on the PBH fraction from ∼ 1M�
to 107M� by requiring the gas in Leo T to be in thermal equilibrium. This new cosmology-

independent bound reinforces existing bounds in the same mass range which rely on different
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assumptions. Light PBH with masses ∼ 1015 g to 1017 g have lifetimes longer than the age of

the Universe and can generate considerable quantities of high energy electrons and photons

through Hawking evaporation. Using the same cooling argument as for intermediate mass

PBH, we find for non-spinning PBH bounds that are more conservative than previously

published. However, for light PBH with large spins which were not studied previously, we

find stronger constraints for the DM fraction. Bounds on the PBH fraction derived in this

manner are cosmology independent, and unlike CMB bounds, cannot be avoided by forming

the PBH after recombination. Chapter 3 is based on materials published in Refs. [69] and [43].
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CHAPTER 2

Sterile Neutrinos in Non-standard pre-BBN

Cosmologies

2.1 Introduction

The theory of active neutrino oscillations has been extensively tested by experimental mea-

surements of neutrino production in the Sun [105, 106, 107, 108, 109, 110], in nuclear

reactors [111, 112, 113, 114], at accelerators [115, 116, 117, 118, 119] and in the atmo-

sphere [120, 70]. While the data has been generally consistent with the three-flavor paradigm,

several experiments reported anomalies that could be consistently explained by introducing

one or more additional sterile neutrinos into the theory with a mass of ms = O(eV). In

particular, the short-baseline experiments1 LSND [121] and MiniBooNE [122] reported ex-

cesses of ν̄e within ν̄µ beams, and MiniBooNE also found an excess in νe appearance [20].

A deficit of νe flux from radioactive calibration sources has been observed in gallium ex-

periments2 [124, 125]. Furthermore, an under-abundance of ν̄e has been reported in reactor

neutrino experiments3 [128]. Additionally, combined fits [129, 23, 130] to recent reactor

neutrino results by the DANSS [21] and NEOS [22] experiments are consistent with an inter-

pretation based on a sterile neutrino with a mass of ms = O(eV) and mixing with a νe active

neutrino. Reactor neutrino data from the Daya Bay [6], Bugey-3 [7] and PROSPECT [8]

experiments constrain these sterile neutrinos and the PTOLEMY [24] and KATRIN [18]

1In short-baseline experiment the detectors are located at less than 1 km away from the source.
2Recent re-evaluations of gallium cross-sections indicate a weaker sterile neutrino preference [123].
3This anomaly has weakened in light of Daya Bay’s reactor fuel cycle measurements [126] and observations

of spectral distortions not predicted by flux calculations [127].
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experiments will be able to test all or part of this parameter space.

Sterile neutrinos with mass of O(keV) and a spectrum close to thermal constitute a viable

Warm DM (WDM) candidate (see e.g. Ref. [131]). The mass and mixing of sterile neutrinos

that make up all or most of the DM is subject to astrophysical constraints, such as those

imposed by Lyman-α forest and X-ray observations. If the keV-mass sterile neutrinos are

produced from sterile-active oscillations in the early Universe, these limits disfavor them

as the sole DM component (see e.g Ref [132]). These bounds are drastically weakened if

sterile neutrinos constitute a sub-dominant DM component (see e.g. Ref. [133]). It has been

suggested that the 3.5 keV X-ray emission line observed in 2014 [4, 5] could be produced

in the decay of ms = 7 keV sterile neutrinos. The KATRIN laboratory experiment with

its proposed TRISTAN upgrade [17], as well as the upcoming HUNTER experiment and its

upgrades [19], will test sterile neutrinos in the keV-scale mass range.

If produced in a supernova explosion, sterile neutrinos with mass larger than keV could

carry away a sizable fraction of the emitted energy. Asymmetric emission of the sterile

neutrinos due to the presence of a strong magnetic field could explain the observed large

velocities of pulsars [134]. These effects are independent of the relic abundance of sterile

neutrinos and the fraction of the DM they constitute.

Sterile neutrinos without additional interactions beyond the SM that couple to the SM

particles only through mixing with active neutrinos, as we assume here, are produced in

the early Universe through active-sterile flavor oscillations and collisional processes. For

simplicity we assume a νs that mixes with only one of the να, which for our figures is νe, with a

mixing of sin θ. In the absence of a large lepton asymmetry the oscillations are non-resonant,

and the resulting relic number density was first obtained by Dodelson and Widrow [135]. In

the standard cosmology this mechanism results in a Fermi-Dirac momentum distribution of

sterile neutrinos, with a reduced magnitude with respect to active neutrinos. In the presence

of a significant lepton asymmetry in active neutrinos, sterile neutrinos are instead produced

via resonant oscillations, as pointed out by Shi and Fuller [136]. Then, the resulting sterile

neutrinos have a colder momentum distribution (i.e. with a lower average momentum) that

is different from a Fermi-Dirac spectrum. This mechanism was studied in its generality in
8



Refs. [137] and [138]. In non-minimal particle models, sterile neutrino production could also

proceed via other mechanisms, such as decays of additional heavy scalars [139].

In this work we revisit the effects of different pre-BBN cosmologies on sterile neutrinos

with mass 10−2 eV < ms < 1 MeV, produced via both non-resonant and resonant active-

sterile oscillations. Several related studies have been previously carried out [2, 140, 141]. We

update the older constraints of Ref. [2], extend the results of Ref. [140] – pointing out the

significance of upcoming laboratory experiments, and extend the analysis of Ref. [141] on

keV-mass neutrinos down to 0.01 eV masses.

In addition, we also consider production of sterile neutrinos via resonant active-sterile

oscillations, an often considered production mechanism that requires a significant lepton

asymmetry in active neutrinos (this is the Shi-Fuller mechanism [136], see also Ref. [137,

138]). In this case, sterile neutrinos are produced with a colder momentum distribution (i.e.

with a lower average momentum) that is different from a Fermi-Dirac spectrum, even in the

standard cosmology. In particular, we study the effect of different cosmologies on resonantly

produced sterile neutrinos with mass 10−2 eV < ms < 1 MeV. Since the production rate

is usually not fast enough for sterile neutrinos to equilibrate, the final relic abundance and

spectrum are fixed by freeze-in.

In cosmological models in which entropy is conserved, the non-resonant sterile neutrino

production depends crucially on the magnitude and temperature dependence of the Hubble

expansion rate H. If in the non-standard cosmological phase H is larger than in the standard

cosmology, the production of sterile neutrinos during this phase is suppressed. Notably, a

particular scalar-tensor model , which was not discussed in the previous study of Ref. [140],

allows for a lower expansion rate compared to the standard cosmology and the production

is enhanced. We assess the effects of these considerations on the possibility of detecting a

sterile neutrino in laboratory experiments. For comparison, we also reconsider low reheating

temperature models [2], in which entropy is produced and the radiation bath is subdom-

inant during the non-standard phase. Hence, the dominant non-resonant sterile neutrino

production in this scenario occurs during the late standard cosmological phase.
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For resonant sterile neutrino production, we will analyze several example cosmological

models in which entropy is conserved, characterized by the magnitude and temperature

dependence of the Hubble expansion rate H in the non-standard cosmological phase. If H is

larger than it would be in the standard cosmology, the resonant production of sterile neutrinos

during this phase is suppressed with respect to standard production, and if H is lower, the

production is enhanced. If the production is fully resonant, which requires adiabaticity and

coherence at the resonance, the relic sterile neutrino number density depends only on the

lepton number and not on the expansion rate. However, the mass-mixing regions where

this type of production occurs move to smaller (larger) mixing angles for smaller (larger) H

values with respect to what it would be in the standard cosmology.

This chapter uses materials published in Refs. [65, 66, 67, 68].

2.2 Non-standard Cosmologies

The expansion rate of the Universe, the Hubble parameter H = (ȧ/a) – where a is the

cosmological scale factor of the Universe, is determined by the Friedmann equation. In the

standard cosmological model [142] the Universe was radiation dominated before BBN, and

the highest temperature T of the radiation bath achieved in this epoch is much higher than

the temperature T ' 0.8 MeV at which BBN starts. In the standard cosmology H is

HStd =
√

8πGρ(T )
3 =

(
T 2

MPl

)√8π3g∗(T )
90 . (2.1)

Here ρ(T ) = (π2/30)g∗(T )T 4 is the total energy density,MPl = 1.22×1019 GeV is the Planck

mass and g∗(T ) is the number of degrees of freedom contributing to the energy density at

temperature T . Assuming that only SM particles are present for T higher than the QCD

phase transition at T ' 200 MeV, we have g∗ = 80 and it is approximately constant (it

reaches g∗ =100 at T '100 GeV). Close to the QCD phase transition, the value of g∗
decreases steeply with decrement of T , and we take a characteristic value of g∗ ' 30 until T

decreases to T = 20 MeV. Between this temperature and T = 1 MeV, when electrons and

positrons become non-relativistic and annihilate, g∗ = 10.75 (see e.g. Refs. [143, 144, 145]).
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Unless otherwise stated, for simplicity we use g∗ = 30 in our figures.

2.2.1 Non-standard pre-BBN cosmologies

The requirement of a successful BBN, which also insures that the subsequent history of the

Universe develops as usual, imposes that the Universe is radiation dominated for tempera-

tures T . 5 MeV [71, 72, 73, 74, 75, 76]. However, a non-standard cosmological evolution is

allowed at higher temperatures.

Any new additional contribution to the energy density in matter or radiation, or equiv-

alently to the geometry sector of Einstein’s equations, results in modification of the Hubble

expansion rate through the Friedmann equation. Except for the low reheating temperature

model (see below), we consider non-standard cosmologies in which the entropy in matter

and radiation is conserved (and hence, the relation between the scale factor of the Universe

a and the temperature T follows a ∼ T−1), but the Hubble expansion H as a function of T

is non-standard. In all cosmologies of this type that we will consider H can be given by a

simple parameterization [146]

H = η
(
T

Ttr

)β
HStd , (2.2)

where Ttr is a reference temperature, which we identify with the temperature at which before

BBN the cosmology transitions to the standard cosmology, η and β are real parameters and

η is positive.

To preserve BBN, we require that HStd is recovered in Eq. (2.2) at T < Ttr = 5 MeV.

Various phenomenological studies of non-standard cosmologies have been carried out [147,

146, 148, 149, 150], which can be generally classified by the value of the β parameter: β > 2

for ultra-fast expansion, e.g. when the Universe is dominated by a field with an exponential

potential [151] (as in the ekpyrotic scenario [152]), β = 2 in the Randall-Sundrum type

II brane cosmology [153] (see discussion in Ref. [154]), β = 1 or larger was considered in

“fast-expanding" models in which there is an additional energy density component from a

non-interacting component [151], β = 1 in kination models [155, 156, 149, 157, 158, 154],

β = 0 in cosmologies with an overall boost of the Hubble expansion rate, e.g. with a
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large number of additional relativistic degrees of freedom within the thermal plasma [146],

β = −0.8 can occur in variants of the scalar-tensor cosmology [146, 159] and β = 2/n − 2

describes f(R) gravity4, with f(R) = R + const.×Rn [161].

We will provide expressions in terms of η and β for all the relevant equations in our study,

but we will focus our discussion on two often considered modified cosmologies, kination (K)

and scalar-tensor (ST) models.

2.2.2 Kination (K)

In the kination phase [155, 156, 149, 157, 158], the kinetic energy of a scalar field φ dominates

over its potential energy and all other contributions to the total energy density ρtot. Hence,

it also governs the expansion rate in the early Universe. Cosmologies with phases governed

by such “fast-rolling” scalar fields can arise in models of quintessence.

During the kination period ρtot ' ρφ ' φ̇2/2 ∼ a−6, where ρφ is the energy density

of the scalar φ, the associated expansion rate of the Universe during the kination phase is

HK ∼
√
ρtot ∼ T 3. The ratio of φ-to-photon energy density at T ' 1 MeV, ηφ = ρφ/ργ, fixes

the contribution of the φ kinetic energy to the total energy density at higher temperatures.

Hence, one has HK '
√
ηφ(T/1 MeV)HStd. The value of ηφ can be determined by assuming a

rapid transition from the kination phase to the radiation dominated phase at the transition

temperature Ttr, so that HK(Ttr) = HStd(Ttr). With this approximation the expansion rate

of the Universe during the kination phase is

HK =
(

T 3

MPlTtr

)√8π3g∗
90 =

(
T

Ttr

)
HStd , (2.3)

which in Eq. (2.2) corresponds to η = 1 and β = 1.

2.2.3 Scalar-tensor (ST1 and ST2)

Scalar-tensor models of gravity [162, 159] have one or more scalar fields coupled through

the metric tensor to the matter sector. These extra fields affect the expansion rate of the

4For n = 2 this reduces to the Starobinsky model [160].
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Universe when the temperature of the thermal bath is higher than the transition temper-

ature Ttr, at which a fast transition is assumed to occur before BBN, so that the theory

becomes indistinguishable from General Relativity at T < Ttr. Such scalar-tensor modified

cosmologies can appear in models of extra dimensions (e.g. [163]). Depending on the details

of the scenario, the respective early Universe expansion rate HST can be either larger [159]

or slightly smaller [164] than the expansion rate within the standard cosmology HStd.

As benchmarks, we consider two scalar-tensor models that are extreme in terms of the

magnitude of the expansion rate they predict, which we call ST1 and ST2 and assume

Ttr = 5 MeV. In the ST1 model from Ref. [159] the expansion rate is enhanced compared to

the standard cosmology, described by

HST1 = 7.4× 105
(
T 0.8

tr T 1.2

MPl

)√8π3g∗
90 = 7.4× 105

(
T

Ttr

)−0.8
HStd , (2.4)

which in Eq. (2.2) corresponds to η = 7.4× 105 and β = −0.8.

In Ref. [164] it was shown that contributions of an additional “hidden” matter sector

beyond the visible sector can result in a reduced expansion rate, compared to the standard

cosmology. We choose for ST2 a model of this type with the lowest expansion rate found in

Ref. [164], (HST/HStd)2 = 10−3, and for which we choose β = 0 (given the variations in the

behavior of H close to Ttr of the numerical solutions shown in Fig. 4 of Ref. [164]). Thus

HST2 = 3.2× 10−2
( 1
MPl

)
T 2

√
8π3g∗

90 = 0.03 HStd , (2.5)

which in Eq. (2.2) corresponds to η = 0.03 and β = 0.

Expansion rates in between HST1 and HST2 can also appear within scalar-tensor models

and our analysis can be readily applied to them.

Fig. 2.1 shows the expansion rate of the Universe H as a function of the temperature T

of the radiation bath for the Std, HStd (black), K, HK (red), ST1, HST1 (green), and ST2,

HST2 (blue), cosmologies assuming a fast transition at Ttr = 5 MeV and that for T < Ttr the

cosmology is standard.

We note that since we impose that non-standard cosmologies transition to the standard

cosmology before the onset of BBN, restrictions arising from consistency with current astro-
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Figure 2.1: Expansion rate of the Universe H as a function of the temperature T of the radiation

bath for the Std (black), K (red), ST1 (green) and ST2 (blue) and LRT (brown) cosmologies. At

Ttr = 5 MeV, the upper boundary of the hatched region, all the non-standard cosmologies transition

to the standard cosmology. For simplicity, we assume the transition to be sharp in the ST1 and

ST2, cosmologies.
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physical observations (e.g. signals from neutron star binary mergers [165]) do not affect our

considerations.

2.2.4 Low reheating temperature (LRT)

The phenomenological parametrization of Eq. (2.2) does not capture the whole modification

to cosmology in models in which the entropy in radiation and matter is not conserved and

consequently the temperature T dependence on the scale factor a is different than the usual

T ∼ 1/a. One of these is the low reheating temperature (LRT) model.

In the LRT model a scalar field φ oscillates coherently around its true minimum and

dominates the energy density of the Universe. Decays of φ produce a radiation bath that

thermalizes to a temperature T and becomes dominant at the reheating temperature TRH.

Subsequently, the radiation dominates the energy density of the Universe for T < TRH (see

e.g. Refs. [166, 167]). Such field φ could be the inflaton itself or a modulus field producing

a late episode of entropy production (see e.g. Ref. [168, 169, 170, 171, 172, 173]). Other

alternative possibilities include Q-ball decays (e.g. [174]).

In Fig. 2.1, we show the expansion rate for LRT with TRH = Ttr = 5 MeV in brown. The

LRT scenario may drastically alter the DM relic abundance (see e.g. [2, 167, 166, 175, 176]

and discussion in Ref. [147]). The non-resonant production of sterile neutrinos in LRT models

was considered in Refs. [2, 176], with the assumption that it predominantly occurs during the

standard cosmological phase, when T < TRH, since the thermal bath is subdominant before

reheating. This approximation was validated by considering also the production during the

non-standard phase in Ref. [175]. Because the non-resonant production rate is far from

its maximum for T < TRH, the relic abundance of sterile neutrinos is suppressed in these

models. In this study we reconsider the production of sterile neutrinos in LRT model with

TRH = Ttr = 5 MeV [2, 175] and update the observational and experimental bounds on them.
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2.3 Non-resonant Production

In the absence of a significant primordial lepton asymmetry, the production of sterile neu-

trinos happens via non-resonant flavor oscillations between the active neutrinos να of the

SM and the sterile neutrino νs. This is called the Dodelson-Widrow mechanism (DW) [135]

because they derived the analytic solution for the relic number density of sterile neutrinos

produced in this manner5 (see also earlier work [178, 179]). Interactions of active neutri-

nos with the surrounding plasma during the oscillations act as measurements and cause the

collapse of the wave function into one of the oscillating states, which with some probabil-

ity results in a sterile neutrino. The production rate is usually not fast enough for sterile

neutrinos to equilibrate and the process is a freeze-in of the final abundance.

2.3.1 Boltzmann equation

Assuming that only two neutrinos mix, νs and one active neutrino να (which we assume to

be νe in our figures), the time evolution of the phase-space density distribution function of

sterile neutrinos fνs(p, t) with respect to the density function of active neutrinos fνα(p, t) is

given by the following Boltzmann equation [142, 137]

d

dt
fνs(p, t) = ∂

∂t
fνs(p, t)−Hp

∂

∂p
fνs(p, t)

= Γ(p, t)
[
fνα(1− fνs)− fνs(1− fνα)

]
. (2.6)

Here H is the expansion rate of the Universe, p is the magnitude of the neutrino momentum

and Γ(p, t) is the conversion rate of active to sterile neutrinos. The active neutrinos are

assumed to have a Fermi-Dirac distribution

fνα = (eε−ξ + 1)−1 , (2.7)

where E = p because all neutrinos we are interested in are relativistic during the produc-

tion, ε = p/T is the T -scaled dimensionless momentum, and ξ = µνα/T is the T -scaled

dimensionless chemical potential with µνα being the chemical potential of active να. In the

5The original Dodelson-Widrow results were subsequently corrected by a factor of 2 [177, 137].
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DW mechanism µνα is negligible and so we take ξ = 0. Since fνs � 1, we can ignore Pauli

blocking, i.e. (1− fνs) = 1, and while fνs � fνα we can also neglect the second term on the

right hand side of Eq. (2.6). Changing variables, Eq. (2.6) can be further recast into a more

convenient form [140, 137]

−HT
(
∂fνs(E, T )

∂T

)
E/T=ε

' Γ(E, T )fνα(E, T ) , (2.8)

where the derivative on the left-hand side is computed at constant ε.

The conversion rate Γ is the total interaction rate Γα = dαG
2
F εT

5 of the active neutrinos

with the surrounding plasma weighted by the average active-sterile oscillation probability

〈Pm〉 in matter (see Eq. (6.5) and (6.5) of Ref. [137])

Γ = 1
2〈Pm(να → νs)〉Γα '

1
4 sin2(2θm)dαG2

F εT
5 . (2.9)

In this equation θm is the active-sterile mixing angle in matter and dα is a flavor-dependent

parameter, dα = 1.27 for νe and dα = 0.92 for νµ, ντ . Taking into account contributions from

the thermal potential VT and the density potential VD (that is proportional to the lepton

number), the matter mixing angle is given by [137]

sin2(2θm) = sin2(2θ)

sin2(2θ) +
[

cos(2θ)− 2εT (VD + VT )/m2
s

]2 . (2.10)

Here, the quantum damping term in the denominator has been omitted, because it is always

negligible for the cases we consider.

For DW production, the density potential VD is assumed to be negligible. The thermal

potential VT is given by

VT = −BεT 5 , (2.11)

where the prefactor B depends on the active neutrino flavor (indicated in parenthesis in the

following equation) and on the temperature range (indicated to the right),

B =


10.88× 10−9 GeV−4 (e); 3.02× 10−9 GeV−4 (µ, τ); T . 20 MeV

10.88× 10−9 GeV−4 (e, µ); 3.02× 10−9 GeV−4 (τ); 20 MeV . T . 180 MeV

10.88× 10−9 GeV−4 (e, µ, τ); T & 180 MeV

(2.12)
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Since the sterile neutrino production rate (∂fνs/∂T )ε is inversely proportional to the

expansion rate H (see Eq. (2.8)), high values of η > 1 in Eq. (2.2) result in suppressed

sterile neutrino production, for fixed ms and sin2(2θ). Hence, non-standard cosmological

models with large η � 1 are less constrained by cosmological and astrophysical upper limits

on the relic density, and thus larger active-sterile mixing angles become allowed by these

limits. The enlarged open parameter space for the K and ST1 (and also LRT) models places

visible sterile neutrinos with ms ' keV within closer reach of laboratory experiments such

as KATRIN [17] and HUNTER [19]. The effect of ST1 is particularly pronounced and there

are no astrophysical or cosmological limits on visible νs with ms ' eV, which are tested in

reactor and accelerator experiments. On the other hand, the ST2 model of Eq. (2.5) with

η < 1 can produce all of the DM at a smaller mixing angle for a given mass than in the

standard cosmological scenario.

2.3.2 Temperature of maximum non-resonant production

The sterile neutrino conversion rate Γ, given in Eq. (2.9) and Eq. (2.10), is suppressed at

high temperatures by the thermal potential VT , so that Γ ∼ T−7. At low temperatures,

where VT is negligible, it is suppressed by the decreasing interaction rate, so that Γ ∼ T 5.

Where both regimes cross, for cosmologies with β < 2, the production rate (∂fs/∂T )ε has a

narrow peak as shown in Fig. 2.2.

The temperature at which the production rate is maximum, Tmax, depends on H(T ), but

it does not significantly change for the particular cosmologies we consider (see Fig. 2.2). This

can be seen in Eq. (4.1) where Tmax is given as a function of β and ε, for β ≤ 2. In the standard

cosmology the production is maximal when the VT term is about 0.2 of the mass term (i.e.

the square bracket in the denominator of Eq. (2.10) at Tmax is [1− (2ε/m2
s)TmaxVT (Tmax)] =

[1 + 0.2]) and is very similar in the other cosmologies.

For the standard cosmology (β = 0),

T Std
max = 145 MeV

(
ms

keV

) 1
3
ε−

1
3

(
B

10.88× 10−9 GeV−4

)− 1
6
. (2.13)
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Figure 2.2: Sterile neutrino non-resonant production rate (∂fνs(E, T )/∂T )ε in Eq. (2.8) as func-

tion of the temperature T for ε = 1 and ms = 1 keV in the Std (black), K (red), ST1 (green) and

ST2 (blue) cosmologies, clearly showing their inverse proportionality with the magnitude of the

expansion rate H and also minor differences in shape and width due to the different values of the

β parameter. The value of Tmax in each case is indicated by a vertical dashed line of the color of

the corresponding cosmology.
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For ST1 (β = −0.8) Tmax is very similar

T ST1
max = 156 MeV

(
ms

keV

) 1
3
ε−

1
3

(
B

10.88× 10−9 GeV−4

)− 1
6
. (2.14)

Since for ST1 the maximum temperature has an inverse scaling dependence on the momen-

tum via ε (because β is negative for this model, see Eq. (4.1)), states with lower momentum

will be produced earlier, at higher temperatures.

We note that the usual definition of Tmax, as given by Dodelson and Widrow [135], does

not depend on ε, because it is computed using the production rate integrated over momenta.

It coincides with the definition of Tmax given here for ε ' 1.3.

TK
max and T ST2

max for K and ST2 are given in Appendix 4.1.1. They are also very similar.

For non-standard cosmologies with β ≥ 2, the sterile production rate (∂fs/∂T )ε is con-

tinuously increasing with decreasing T , as can be seen in Eq. (4.1) for β = 2.

2.3.3 Sterile neutrino momentum distribution functions

For the DW production mechanism, a closed-form expression for the momentum distribution

function in a non-standard cosmology characterized by H in Eq. (2.2) can be found from

Eq. (2.8),

fνs(ε) =
∫ ∞

0

A′T 2−β

(1 +B′T 6)2 fναdT = A′B′(−
1
2 +β

6 )π
(3 + β

36

)
sec

(
βπ

6

)
fνα(ε) , (2.15)

where A′ and B′ are

A′ = η−1
√

90
8g∗π3MPlΓ , B′ = 2Bε2

m2
s

. (2.16)

Replacing in Eq. (2.15) the expressions for A′ and B′ from Eq. (2.16) and Γ from Eq. (2.9), we

obtain the distribution function for generic η and β given in Eq. (4.4) in the Appendix 4.1.2.

In the Std cosmology (η = 1, β = 0)

fStd
νs (ε) = 1.04× 10−5

(
sin2(2θ)
10−10

)(
ms

keV

)(
g∗
30

)− 1
2
(
dα

1.27

)(
B

10.88× 10−9GeV−4

)− 1
2
fνα(ε) .

(2.17)
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For the ST1 cosmology (η = 7.45 × 105, β = −0.8), the magnitude of the distribution is

much smaller than in the Std cosmology,

fST1
νs (ε) = 2.2× 10−10 × ε−0.27

(
sin2(2θ)
10−10

)(
ms

keV

)1.27 ( Ttr

5 MeV

)−0.82

(
g∗
30

)− 1
2
(
dα

1.27

)(
B

10.88× 10−9 GeV−4

)−0.64
fνα(ε) . (2.18)

The distribution functions for the K, ST2 and LRT cosmologies are given in the Ap-

pendix 4.1.2.

We can clearly see from Eqs. (2.15) and (2.16), and further in Eq. (4.4)), that cosmologies

with larger expansion rates (i.e. larger η) require higher mixing angles to produce the same

relic density, and vice-versa. For cosmologies with β 6= 0, there is an extra momentum

dependence that makes the distribution warmer (i.e. favors larger ε values) for β > 0 or

colder (favors smaller ε values) for β < 0 than the standard Fermi-Dirac.

2.3.4 Sterile neutrino number densities

The number density nνα of active neutrinos is obtained by integration over momentum of

the distribution function of Eq. (2.7)

nνα(Tνα) =
(

3ζ(3)
2π2

)
T 3
να , (2.19)

where for photon temperatures T > 1 MeV, the temperature of the neutrino background is

Tνα = T , and for T < 1 MeV, Tνα = (4/11)T . The number density nνs of sterile neutrinos

can be obtained in a similar manner

nνs(Tνs) = 2
∫ ∞

0

d3p

(2π)3fνs(p) = T 3
νs

π2

∫ ∞
0

dε ε2fνs(ε) = T 3
νsCF2+β

3
(0) , (2.20)

considering that active neutrinos have a Fermi-Dirac distribution, as given in Eq. (2.7),

with ξ = 0 (since for non-resonant production the chemical potential of active neutrinos is

negligible) and Tνs being the temperature of the sterile neutrino background. Here, C =

fνs(ε)
(
π2εβ/3fνα(ε)

)−1
is a constant (notice that in Eq. (4.4) fνs depends on ε only through

the product εβ/3fνα(ε)) and

Fk(ξ) =
∫ ∞

0
dx

xk

ex−ξ + 1 , (2.21)
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is the relativistic Fermi integral. The relic sterile neutrino number density as function of η

and β is given in Eq. (4.10).

The term β/3 in the definition of the index k = 2 + β/3 comes from the εβ/3 dependence

of fνs in Eq. (4.4) (for LRT, the index is instead k = 3 because of the ε1 dependence of fLRTνs

in Eq. (4.7)).

The ratio of sterile and active neutrino number densities at the same temperature can

be easily stated in terms of the ratio of momentum distributions. For the parametrization

of H in Eq. (2.2), this ratio is given in Eq. (4.8).

In the standard cosmology, for which nνs(T )/nνa(T ) = fνs(ε)/fνα(ε), the relic sterile

neutrino number density is

nStd
νs (Tνs) = 1.04× 10−5

(
sin2 2θ
10−10

)(
ms

keV

)(
Tνs
Tνα

)3 (
g∗
30

)− 1
2

×
(
dα

1.27

)(
B

10.88× 10−9GeV−4

)− 1
2
nνα(Tνα) . (2.22)

Thus, the present number density is

nStd
νs = 4.2× 10−4cm−3

(
sin2 2θ
10−10

)(
ms

keV

)(
Tν,0

1.95 K

)3

×
(
g∗
30

)− 3
2
(
dα

1.27

)(
B

10.88× 10−9 GeV−4

)− 1
2
, (2.23)

where Tν,0 = 1.95 K = 0.17 meV is the present temperature of the active relic neutrino

background.

In the ST1 model, nνs(T )/nνa(T ) = 0.77 ε0.27(fνs(ε)/fνα(ε)), and the number density is

significantly reduced for the same mass and mixing angle,

nST1
νs (Tνα) = 1.71× 10−10

(
sin2 2θ
10−10

)(
ms

keV

)1.27 ( Ttr

5 MeV

)−0.82 (Tνs
Tνα

)3

×
(
g∗
30

)− 1
2
(
dα

1.27

)(
B

10.88× 10−9 GeV−4

)−0.64
nνα(Tνα) , (2.24)

with the present number density being

nST1
νs = 6.89× 10−9 cm−3

(
sin2 2θ
10−10

)(
ms

keV

)1.27 ( Ttr

5 MeV

)−0.82 ( Tν,0
1.95 K

)3

×
(
g∗
30

)− 3
2
(
dα

1.27

)(
B

10.88× 10−9 GeV−4

)−0.64
. (2.25)
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Here, g∗ is the number of relativistic degrees of freedom when sterile neutrinos are produced,

which we take to be g∗(Tmax). Thus, at present, the ratio of temperatures of the sterile and

active neutrinos is (Tνs,0/Tν,0) = (10.75/g∗)1/3.

The present number densities for the K and ST2 and also LRT cosmologies are given in

the Appendix 4.1.3.

2.3.5 Relativistic energy density

The energy density of relativistic active neutrinos is given by (Eq. (2.7))

ρνα = 2
∫ ∞

0

d3p

(2π)3 p fνα(p) = T 4

π2

∫ ∞
0

dε ε3fνα(ε) = T 4

π2 F3(0) , (2.26)

where the Fermi integral Fk(ξ) is defined in Eq. (2.21). Similarly, the energy density of

relativistic sterile neutrinos is

ρνs = 2
∫ ∞

0

d3p

(2π)3 p fνs(p) = T 4

π2

∫ ∞
0

dε ε3fνs(ε) = T 4CF3+β
3
(0) . (2.27)

To obtain the last equality we used the momentum distributions for the models with H given

in Eq. (2.2). The resulting energy density in terms of the parameters η and β is given in

Eq. (4.19).

For the LRT model, the index in the function Fk in this equation is not k = 3 + β/3 but

instead k = 4 because of the ε dependence of fLRTνs in Eq. (4.7).

The ratio of sterile and active neutrino relic densities at the same temperature T can be

easily stated in terms of the ratio of momentum distributions. This ratio is given in terms

of η and β in Eq. (4.17).

In the Std cosmology, ρνs(T )/ρνa(T ) = nνs(T )/nνa(T ) = fνs(ε)/fνα(ε), and the energy

density of non-resonantly produced relativistic sterile neutrinos with temperature Tνs is

ρStd
νs (Tνs) = 1.04× 10−5

(
sin2 2θ
10−10

)(
ms

keV

)(
Tνs
Tνα

)4 (
g∗
30

)− 1
2

×
(
dα

1.27

)(
B

10.88× 10−9 GeV−4

)− 1
2
ρνα(Tνα) , (2.28)
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or,

ρStd
νs (Tνs) = 7.79× 1026 MeV

cm3

(
sin2 2θ
10−10

)(
ms

keV

)(
Tνs

1 MeV

)4 ( g∗
30

)− 1
2

×
(
dα

1.27

)(
B

10.88× 10−9 GeV−4

)− 1
2
. (2.29)

For ST1 instead, ρνs(T )/ρνa(T ) = 0.92(nνs(T )/nνa(T )) and the density is much smaller

ρST1
νs (Tνs) = 1.56× 10−10

(
sin2 2θ
10−10

)(
ms

keV

)1.27 ( Ttr

5 MeV

)−0.82 (Tνs
Tνα

)4 (
g∗
30

)− 1
2

×
(
dα

1.27

)(
B

10.88× 10−9 GeV−4

)−0.64
ρνα(Tνα) , (2.30)

or,

ρST1
νs (Tνs) = 1.17× 1022 MeV

cm3

(
sin2 2θ
10−10

)(
ms

keV

)1.27 ( Ttr

5 MeV

)−0.82 ( Tνs
1 MeV

)4 ( g∗
30

)− 1
2

×
(
dα

1.27

)(
B

10.88× 10−9 GeV−4

)−0.64
. (2.31)

The relativistic energy density ρK
νs , ρST2

νs and ρLRT
νs for the K, ST2 and LRT cosmologies are

given in Appendix 4.1.4.

These expressions apply after the bulk of the sterile neutrinos has been produced and

while they are relativistic: ms < T < Tmax (or for ms < T < TRH in LRT models).

The average T -scaled dimensionless sterile neutrino momentum 〈ε〉 in the different cos-

mologies is given in terms of the parameters η and β in Eq. (2.2) for Ttr = 5 MeV is

〈ε〉 = ρνs(T )
T nνs(T ) = F3+β/3(0)

F2+β/3(0) =



3.15, Std

3.47, K

2.89, ST1

3.15, ST2

(2.32)

where Fk(ξ) is given in Eq. (2.21) as before. For the LTR model with TRH = 5 MeV

〈ε〉 = ρνs(T )
T nνs(T ) = F4(0)

F3(0) = 4.11, LRT (2.33)
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2.3.6 Present fraction of the DM in non-resonantly produced sterile neutrinos

The present sterile neutrino relic density must not exceed the DM density, i.e. Ωνs =

ρνs/ρcrit ≤ ΩDM = ρDM/ρcrit, where ΩDMh
2 = 0.1186 ' 0.12, ρcrit = 1.054×10−5h2 GeV/cm3

is the critical density of the Universe and h = 0.678 [9]. Hence, the fraction of the DM

consisting of sterile neutrinos fs,DM = ρνs/ρDM must be fs,DM ≤ 1.

At present, all the sterile neutrinos we consider (i.e. all neutrinos with ms > 10−2 eV),

are non-relativistic, thus ρνs,0 = msnνs,0. Hence, the present fraction of the DM in sterile

neutrinos is fs,DM = (nνs,0 ms/ρDM). This fraction is given as a function of the η and β

parameters in Eq. (4.25). In the Std cosmology this fraction is

fStd
s,DM =

(
nνs,0ms

ρDM

)Std
=

= 2.79× 10−4
(

sin2(2θ)
10−10

)(
ms

keV

)2 ( Tν,0
1.95 K

)3

×
(
g∗
30

)− 3
2
(
dα

1.27

)(
ΩDMh

2

0.12

)(
B

10.88× 10−9 GeV−4

)− 1
2

(2.34)

and in the ST1 cosmology is instead

fST1
s,DM =

(
nνs,0ms

ρDM

)ST1
=

= 4.60× 10−9
(

sin2(2θ)
10−10

)(
ms

keV

)2.27 ( Ttr

5 MeV

)−0.82 ( Tν,0
1.95 K

)3

×
(
g∗
30

)− 3
2
(
dα

1.27

)(
ΩDMh

2

0.12

)(
B

10.88× 10−9 GeV−4

)−0.64
. (2.35)

The present sterile neutrino fraction of the DM for K, ST2 and also the LRT cosmologies

are given in Appendix 4.1.5.

The condition fs,DM = 1 defines the mixing we call sin2(2θ)DW,lim as a function of ms.

In the log-log scales used in our figures, this is a straight line on which sterile neutrinos

account for the entirety of the DM. As a function of η and β, sin2(2θ)DW,lim(ms) is given in

Eq. (4.29).
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In the Std cosmology

sin2(2θ)STD
DW,lim = 3.58× 10−7

(
ms

keV

)−2 ( Tν,0
1.95 K

)−3 ( g∗
30

) 3
2
(
dα

1.27

)−1

×
(

ΩDMh
2

0.12

)−1 (
B

10.88× 10−9 GeV−4

) 1
2

(2.36)

and in the ST1 cosmology

sin2(2θ)ST1
DW,lim = 2.19× 10−2

(
ms

keV

)−2.27 ( Ttr

5 MeV

)0.82 ( Tν,0
1.95 K

)−3 ( g∗
30

) 3
2

×
(
dα

1.27

)−1 (ΩDMh
2

0.12

)−1 (
B

10.88× 10−9 GeV−4

)0.64
. (2.37)

In Appendix 4.1.6 this function is given for the K and ST2 cosmologies, and also for the

LRT (see Eq. (4.32)).

In Figs. 2.3 and 2.4, the fractions fs,DM = 1 is indicated with a solid black lines and

fs,DM = 10−1, 10−2, 10−3 are indicated with dotted black lines.

26



(keV)sm

5−10 4−10 3−10 2−10 1−10 1 10 210 310

)θ
(22

si
n

13−10

12−10

11−10

10−10

9−10

8−10

7−10

6−10

5−10

4−10

3−10

2−10

1−10

1

Standard

KA

KA

P

T

H1

HU

XrayR

MB

/HDMαLy-

Ut rect
CMB

BBN

DM
Ω>s

Ω

ββν0

SN

Standard

(keV)sm

5−10 4−10 3−10 2−10 1−10 1 10 210 310

)θ
(22

si
n

13−10

12−10

11−10

10−10

9−10

8−10

7−10

6−10

5−10

4−10

3−10

2−10

1−10

1

Kination

KA

KA

P

T

H1

HU

XrayR

MB

/HDMαLy-

Ut rect
CMB

BBN

DM

Ω>s
Ω

ββν0

SN

Kination

(keV)sm

5−10 4−10 3−10 2−10 1−10 1 10 210 310

)θ
(22

si
n

13−10

12−10

11−10

10−10

9−10

8−10

7−10

6−10

5−10

4−10

3−10

2−10

1−10

1

Scalar Tensor 1

KA

KA

P

T

H1

HU

XrayR

MB
/HDMαLy-

Ut rect

ββν0 CMB

DM
Ω>s

Ω

SN

Scalar Tensor 1

(keV)sm

5−10 4−10 3−10 2−10 1−10 1 10 210 310

)θ
(22

si
n

13−10

12−10

11−10

10−10

9−10

8−10

7−10

6−10

5−10

4−10

3−10

2−10

1−10

1

Scalar Tensor 2

KA

KA

P

T

H1

HU

XrayR

MB

/HDMαLy-

Ut rect
CMB

BBN

DM
Ω>s

Ω

ββν0

SN

Scalar Tensor 2

Figure 2.3: Present relic abundance, limits and regions of interest for standard, kination and

scalar-tensor cosmologies taking thermalization into account (see section 2.4). See caption in

Fig. 2.4.
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Figure 2.4: Present relic abundance, limits and regions of interest in the mass-mixing space of

a νs mixed with νe, for LRT cosmology with TRH = 5 MeV [2], taking thermalization into account

(see section 2.4). Shown are the fraction of the DM in νs of 1 (black solid line) and 10−1, 10−2

and 10−3 (black dotted lines), the forbidden region Ωs/ΩDM > 1 (diagonally hatched in black),

lifetimes τ = tU , trec and tth (see text) of Majorana νs (straight long dashed red lines), the region

(SN) disfavored by supernovae [3] (horizontally hatched in brown), the location of the 3.5 keV

X-ray signal [4, 5] for each cosmology (black star). The regions rejected by reactor neutrino (R)

experiments (Daya Bay [6], Bugey-3 [7] and PROSPECT [8]) shown in green, limits on Neff during

BBN [9] (BBN) in cyan, Lyman-alpha limits [10] (Ly-α/HDM) in gray, X-ray limits [11, 12, 13]

including DEBRA [14] (Xray) in green, 0νββ decays [15] (0νββ) in orange and CMB spectrum

distortions [16] (CMB) diagonally hatched in red. Current/future sensitivity of KATRIN (KA) in

the keV [17] and eV [18] mass range, its TRISTAN upgrade in 1 yr (T) and in 3 yr (T2) [17] shown

by blue solid lines. Magenta solid lines show the reach of the phases 1A (H1A) and 1B (H1B) of

HUNTER, and its upgrade (HU) [19]. The 4-σ band of compatibility with LSND and MiniBooNE

results (MB) in Fig. 4 of [20] is shown densely hatched in black. The three black vertical elliptical

contours are the regions allowed at 3-σ by DANSS [21] and NEOS [22] data in Fig. 4 of [23]).

Orange solid lines show the reach of PTOLEMY for 10 mg-yr (P) and 100 g-yr (P2) exposures

(from Figs. 6 and 7 of [24]).
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2.4 Thermalization

In the previous sections, we have considered the cosmological dependence of non-resonantly

produced sterile neutrinos. We discussed there the sensitivity of sterile neutrino production

to cosmologies that differ from the standard radiation dominated cosmology (STD) before Big

Bang Nucleosynthesis (BBN), specifically before the temperature of the Universe was 5 MeV.

The lower limit on the highest temperature of the radiation-dominated epoch in which BBN

happened is close to 5 Mev [180, 72, 71, 73, 74, 75, 76]. Thus, the cosmological evolution in the

Universe before the temperature of the Universe was about 5 MeV is unknown and could differ

from the STD. Alternative cosmologies can often appear in motivated theories. As examples,

we have considered two distinct Scalar-Tensor models (ST1 [159] and ST2 [164]), Kination

(K) [155, 156, 149, 157, 158] as well as Low Reheating Temperature (LRT) scenario [2] (see

also e.g. [166, 167, 176, 175, 71, 141, 72, 180]), besides the STD cosmology (see section 2.2

for a detailed description of the different models). We discussed how the resulting limits and

regions of interest in the mass-mixing (ms, sin2 2θ) plane are affected for a sterile neutrino

of mass ms that is assumed to have a mixing sin θ only with the active electron neutrino.

In the preceding sections, we presented a simplified treatment of sterile neutrino produc-

tion for the parameter region where mixing angles are very large. There, the momentum

~p distribution fνs(E, T ) of sterile neutrinos of energy E = |~p|, which are relativistic at the

production temperature T , is not much smaller than the distribution of active neutrinos

fνα(E, T ). In part of this region sterile neutrinos can thermalize in the Early Universe,

so that fνs(E, T ) = fνα(E, T ). When thermalized, sterile neutrinos have the same number

density of one active neutrino species, i.e. during BBN and later ∆Neff = 1 (or close to 1, de-

pending on entropy dilution), a value that is forbidden by present cosmological limits. While

neutrino thermalization has been extensively studied with numerical methods (e.g. [72, 181]),

in this addendum we analyze these effects analytically.

We show, always using analytic expressions as in our previous studies, that the regions

allowed by all sterile neutrino bounds are not affected by the present considerations.
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2.4.1 Approaching Thermalization

In our analysis of section 2.3, we assumed fνs � fνα and thus neglected the second term on

the right hand side of the Boltzmann equation(
∂fνs(E, T )

∂T

)
ε=E/T

= −Γs(E, T )
HT

[fνα(E, T )− fνs(E, T )] . (2.38)

where ε = E/T = |~p|/T is the T -scaled dimensionless momentum and the derivative on the

left hand side is computed at constant ε. Here H is the expansion rate of the Universe, which

for T > Ttr we parameterize as H = η(T/Ttr)βHSTD (see section 2.2 for definitions). We also

consider a LRT model with reheating temperature TRH = Ttr. Γs(E, T ) in Eq. (2.38) is the

conversion rate of active to sterile neutrinos,

Γ = 1
2〈Pm(να → νs)〉Γα '

1
4 sin2(2θm)dαG2

F εT
5 . (2.39)

where dα = 1.27 for νe and GF is the Fermi constant. In the absence of a large lepton

asymmetry, the matter mixing angle is

sin2(2θm) = sin2(2θ)

sin2(2θ) +
[

cos(2θ)− 2εTVT/m2
s

]2 , (2.40)

where for νe the thermal potential is VT = −10.88× 10−9 GeV−4.

If fνs � fνα , fνs can be neglected on the right hand side of Eq. (2.38), which amounts

to neglecting the inverse oscillation process νs → να. This is a good approximation for most

of the large parameter space we studied with our analytic methods, 0.01 eV < ms < 1 MeV

and 10−13 < sin2 2θ < 1. However, this approximation fails for very large mixing angles,

for which sterile neutrinos thermalize, thus fνs = fνα and the right hand side of Eq. (2.38)

vanishes.

The “linear" equation Eq. (2.38) without fνs in the right hand side, can be analytically

solved for fνs , to obtain what we call now fνs−lin (see section 2.3 for a detailed discussion)
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for all the cosmologies we consider,

fSTD
νs−lin(ε) = 1.04× 10−5

(
sin2(2θ)
10−10

)(
ms

keV

)(
g∗
30

)− 1
2
(
dα

1.27

)
fνα(ε) ,

fK
νs−lin(ε) = 4.2× 10−7ε

1
3

(
sin2(2θ)
10−10

)(
ms

keV

) 2
3
(
g∗
30

)− 1
2
(
dα

1.27

)
fνα(ε) ,

fST1
νs−lin(ε) = 2.2× 10−10ε−0.27

(
sin2(2θ)
10−10

)(
ms

keV

)1.27 ( g∗
30

)− 1
2
(
dα

1.27

)
fνα(ε) , (2.41)

fST2
νs−lin(ε) = 3.25× 10−4

(
sin2(2θ)
10−10

)(
ms

keV

)(
g∗
30

)− 1
2
(
dα

1.27

)
fνα(ε)

fLRTνs−lin = 3.6× 10−10 ε

(
sin2(2θ)
10−10

)(
dα

1.13

)
fνα(ε) .

Integrating these distributions over momentum yields the corresponding “linear" number

densities nνs−lin. Requiring the present sterile neutrino energy density not to exceed the

present DM density msnνs−lin/ρc < ρDM/ρc = ΩDM , where ρc is the critical density, yields

the “old" mixing angle limits found in section 2.3 (in the linear approximation),

sin2(2θ)STD
old = 3.58× 10−7

(
ms

keV

)−2 ( g∗
30

) 3
2
(
dα

1.27

)−1 (ΩDMh
2

0.12

)−1

,

sin2(2θ)K
old = 6.26× 10−6

(
ms

keV

)− 5
3
(
g∗
30

) 3
2
(
dα

1.27

)−1 (ΩDMh
2

0.12

)−1

,

sin2(2θ)ST1
old = 2.19× 10−2

(
ms

keV

)−2.27 ( g∗
30

) 3
2
(
dα

1.27

)−1 (ΩDMh
2

0.12

)−1

, (2.42)

sin2(2θ)ST2
old = 1.15× 10−8

(
ms

keV

)−2 ( g∗
30

) 3
2
(
dα

1.27

)−1 (ΩDMh
2

0.12

)−1

,

sin2(2θ)LRT
old = 1× 10−3

(
ms

keV

)−1
(
dα

1.13

)−1 (ΩDMh
2

0.12

)−1

.

The way in which fνs approaches fνα with increasing mixing angle is quantified by the

solution to Eq. (2.38) which we call “non-linear" fνs−nl [140],

fνs−nl(ε, T ) =
(
1− e−K(ε,T )

)
fνα =

[
1− exp

(
−fνs−lin(ε, T )

fνα(ε)

)]
fνα(ε) . (2.43)

Here, K(ε, T ) is

K(ε, T ) =
∫ ∞
T

dT

(
Γs(ε, T )
HT

)
ε

= fνs−lin(ε, T )
fνα(ε) , (2.44)

for all the cosmologies we consider except LRT, for which the upper limit of integration is

TRH (see below). Notice that the integral in Eq. (2.44) is performed while keeping ε constant.
31



We assume that there are no sterile neutrinos present before non-resonant production takes

place. Eq. (2.43) can be easily verified to be the solution to Eq. (2.38) by substitution. Our

previous solution is readily recovered Eq. (2.43) as fνs−lin becomes much smaller than fνα

and we then keep only the first non-trivial term in the exponential.

Eq. (2.44) corresponds to Eq. (2.15), except there we approximated the lower limit of

integration with T = 0. This is justified as the temperatures of interest in Eq. (2.43), the

lower limits of integration in Eq. (2.44), are much lower than the temperature Tmax at which

the sterile neutrino production rate (∂fνs/∂T )ε (neglecting fνs in the right hand side of

Eq. (2.38)) has a sharp maximum. For the STD cosmology, Tmax is

T STD
max = 145 MeV

(
ms

keV

) 1
3
ε−

1
3 , (2.45)

and it is similar in the K, ST1 and ST2 cosmologies (see Eqs. (2.13), (2.14), (4.2) and

(4.3)). This is a good approximation for the STD, ST1, ST2 and K cosmologies. In the

LRT model, all of the sterile neutrino production is assumed to occur only during the late

standard cosmology phase, at T < TRH below the reheating temperature. Thus, the upper

limit of integration in Eq. (2.44) becomes TRH. As the maximum of the production happens

very close to TRH, the lower limit of integration can again be taken to be T = 0. This is

the reason why the fνs−lin in Eq. (2.41) are function of ε only (and not T ). Therefore, from

Eq. (2.43) we see that fνs−nl are also functions only of ε.

Notice that fνs−nl in Eq. (2.43) approaches the active neutrino distribution as the linear

solution fνs−lin grows larger than fνα . This fνs−lin is a non-physical solution of the Boltzmann

equation due to not taking into account fνs on the right hand side.

As we will now show, the function fνs−nl departs significantly from the linear solution

fνs−lin for mixing angles that are forbidden by the DM density condition Ωs < ΩDM and by the

upper limit Neff < 3.4 on the effective number of relativistic active neutrino species present

during BBN. As these regions are already forbidden, the resulting limits are unaffected by

thermalization considerations.

In order to derive all limits that depend on the sterile neutrino number density nνs , one

needs to integrate fνs−nl over momenta to obtain nνs . Following our previous notation we
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will denote the integration result as “non-linear" number density nνs−nl, and the number

densities we presented before in section 2.3 as “linear" nνs−lin. The integration needs to be

performed numerically, unless the ratio (fνs−lin/fνα) is a constant independent of ε. This is

the case for the STD and ST2 cosmologies, where(
nνs−lin

nνα

)
=
(
fνs−lin

fνα

)
(2.46)

and we can obtain the exact solution for nνs−nl,(
nνs−nl

nνα

)
= 1− e−(nνs−lin/nνα ) . (2.47)

Following our previous analysis, we will proceed with an analytic treatment. We are

going to find approximate analytic solutions for nνs−nl for the other cosmologies we consider

in which Eq. (2.46) does not hold, because the ratio (fνs−lin/fνα) depends on ε. The exact

solution would require integration over momentum of an exponential function of ε. Since the

dependence of the (fνs−lin/fνα) ratio on ε is weak, our approximation is justified.

With the DM abundance ΩDMh
2 = 0.12, a fully thermalized sterile neutrino, with the

relic number density of an active neutrino species, would constitute all of the DM if its mass

is ms = 11.5 eV. Thus, the DM limit Ωs < ΩDM does not restrict sterile neutrinos with

ms < 11.5 eV, since the number density of sterile neutrinos is at most equal to that of one

active neutrino species. Above and close to ms = 11.5 eV, taking into account the non-linear

solution fνs−nl modifies the DM density limit with respect to the results of section 2.3.

In order to find an approximate analytic solution for nνs−nl, let us start by defining a

pre-factor C such that Eq. (4.10) for the sterile neutrino relic number density is

nνs−lin = C sin2 2θ (2.48)

(i.e. C includes all the factors independent of the active-sterile mixing angle). Then the

non-linear solution nνs−nl for the number density satisfies

ρDM = ms nνs−nl
Ωs/ΩDM

= 11.5 eV nνα . (2.49)

We denoted the DM density limit obtained using nνs−lin, as in section 2.3, as (sin2 2θ)old that

is a function ofms given in Eq. (2.42). Thus, we can now state Eq. (4.25) for the DM fraction
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in sterile neutrinos for the K and ST2 cosmologies (or specifically Eqs. (4.26) and (4.27))

and Eq. (4.28) for the same fraction for the LRT model, setting these fractions to 1, as

1 = nνs−linms

ρDM (Ωs/ΩDM) = C(sin2 2θ)oldms

ρDM (Ωs/ΩDM) . (2.50)

Using Eqs. (2.48), (2.49) and (2.50) we can relate nνs−nl with the old DM limit (sin2 2θ)old,

C(sin2 2θ)old
nνα

= (Ωs/ΩDM) ρDM

msnνα
= (Ωs/ΩDM) 11.5 eV

ms

= nνs−nl
nνα

. (2.51)

This allows to define (sin2 2θ)new such that the ratio (nνs−nl/nνα) in Eq. (2.47) satisfies

Eq. (2.51) when (sin2 2θ)new is used in nνs−lin in the exponent in the same equation, so that

(nνs−nl/nνα) = (Ωs/ΩDM) 11.5 eV/ms. Hence,

(Ωs/ΩDM) 11.5 eV
ms

= 1− exp
(
−C(sin2 2θ)new

nνα

)
. (2.52)

Replacing here nνα by C(sin2 2θ)oldms/(Ωs/ΩDM) 11.5 eV using Eq. (2.51), Eq. (2.52) can be

rearranged to give the new mixing angle for the DM density limit (plotted in the figures) in

terms of the old mixing angle (see Eqs. (4.29) to (4.32))

(sin2 2θ)new = (sin2 2θ)old
ms

(Ωs/ΩDM) 11.5 eV ln
[

ms

ms − (Ωs/ΩDM) 11.5 eV

]
. (2.53)

Taking (Ωs/ΩDM) = 1 this is the boundary of the dark gray regions where Ωs > ΩDM shown

in Fig. 2.4 and Fig. 2.3. Except in a region close to or below ms = 11.5 eV, which is rejected

by the (cyan) Neff BBN limit, the present DM density limits are the same as those from

section 2.3. Thus the allowed regions have not changed.

2.4.2 Thermalization limits

The production of sterile neutrinos saturates when they thermalize, when fνs = fνα , and

thus the right hand side of the Boltzmann equation Eq. (2.38) is equal to zero. In Fig. 2.3,

the region of thermalization where Γ/H|Tmax ≥ 1 is demarcated with a solid blue line at

its lower boundary. When the maximum production rate Γ(Tmax) stays roughly equal to or

larger than the Hubble parameter for a significant period of time, a substantial amount of

sterile neutrinos are produced and the population is nearly or fully thermalized.
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To compute the production rates and momentum distributions we use as the characteristic

momentum ε = 〈ε〉. 〈ε〉 is the average value of E/T for each cosmology (see Eqs. (2.32)

and (2.33))

〈ε〉 =



3.15, STD

3.47, K

2.89, ST1

3.15, ST2

4.11, LRT

(2.54)

In contrast to section 2.3, except for LRT we use two values of the effective number of

degrees of freedom contributing to the radiation density in H, g∗ = 10.75 for ms < 11.5 eV

and g∗ = 30 for ms > 11.5 eV. This choice allows to better approximate the evolution of

g∗ with temperature [143, 144, 145]. We have chosen ms = 11.5 eV as the mass where g∗
changes, because for this mass Tmax ' 20 MeV and this is the temperature above which

g∗ starts increasing from its value of 10.75. In section (2.3) we had adopted for simplicity

g∗ = 30 throughout the entire mass range, except for theNeff BBN limit, which is particularly

relevant for light sterile neutrinos, and the LRT cosmology, for which we used 10.75. Here

we instead adopt g∗ = 10.75 for all our calculations with ms < 11.5 eV as this value is

more appropriate to the sterile neutrino production and thermalization at the eV scale,

specifically in the regions where possible LSND, MiniBooNE, DANSS and NEOS sterile

neutrino detection signals have been suggested. Our choice of using two distinct values of

g∗ results in an artificial discontinuity6 at ms = 11.5 eV in all the limits in Fig. 2.3. In

the LRT cosmology, production happens only at T < 5 MeV, for which g∗ = 10.75, for all

sterile neutrinos. Thus there are no discontinuities at ms = 11.5 eV in the BBN Neff and

thermalization (cyan, blue and black) limits in Fig. 2.4.

Notice that all cosmologies go into the standard cosmology, thus all limits become those

standard, when Tmax < Ttr = 5 MeV, i.e. for ms < 0.1 eV. Given our approximations of

considering a sharp transition of all cosmologies into the standard one at Ttr, and assuming

6Had we instead considered the true value of g∗ that is a continuous function of temperature, such
discontinuity would be absent.
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the sterile neutrino production happens at Tmax, this results in a discontinuity atms ' 0.1 eV

in the limits in in Fig. 2.4 and 2.3, which had not been included in section 2.3 (as it affects

a very small portion of the whole mass range we considered). In a more careful treatment,

the limits would smoothly transition from the non-standard to the standard ones.

Solving for sin2 2θ from the condition Γ/H|Tmax = 1 we obtain the following thermalization

limits (the solid thick blue lines in Fig. 2.3),

for STD: (sin2 2θ)th = 4.86× 10−3
(
dα

1.27

)−1 (
ms

eV

)−1 ( g∗
10.75

) 1
2
, (2.55)

for K: (sin2 2θ)th = 1.52× 10−2ε−
1
3

(
dα

1.27

)−1 (
ms

eV

)− 2
3
(

g∗
10.75

) 1
2
, (2.56)

for ST1: (sin2 2θ)th = 1.38× 103ε0.27
(
dα

1.27

)−1 (
ms

eV

)−1.27 ( g∗
10.75

) 1
2
, (2.57)

and for ST2: (sin2 2θ)th = 1.56× 10−4
(
dα

1.27

)−1 (
ms

eV

)−1 ( g∗
10.75

) 1
2
. (2.58)

We have confirmed that these limits (derived from Γ/H|Tmax = 1) practically coincide with

those corresponding to fνs−lin = fνα for the mentioned cosmologies, which we thus do not

display separately in Fig. 2.3.

For the LRT model, considering that the maximum production rate is at TRH = 5 MeV,

we could be tempted to use Γ/H|TRH = 1 as the condition for thermalization. However,

when employing this condition throughout the whole range of integration in T , from 0 to

TRH, to obtain K(ε, T ), the integrand is smaller than 1. Thus, this is not a good condition

of thermalization for this model. Since the thermalization condition based on Γ/H coincides

with the condition fνs−lin = fνα in all the other models we consider, we thus adopt fνs−lin =

fνα as the condition for thermalization in the LRT model. This condition translates into

(sin2 2θ)th = 2.78× 10−1 ε−1 , (2.59)

which is shown with the thick blue line in Fig. 2.4.

Notice that we have considered the condition Γ/H > 1 for chemical equilibrium of sterile

neutrinos, since the rate Γ we used is the production rate. Kinetic equilibrium happens

at larger mixing angles than chemical equilibrium. The reason for this is that the sterile
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neutrino scattering rate contains an extra sin2 θ factor over the production rate. Thus,

sterile neutrinos that are not in chemical equilibrium (i.e. for which the production rate is

Γ < H) are also not in kinetic equilibrium, they are decoupled from the thermal bath.

On the thick blue lines in the figures, fνs−nl = (1 − e−1)fνα = 0.63fνα . In Fig. 2.4 and

Fig. 2.3 we also display with a solid black line where fνs−lin = 3fνα , and thus fνs−nl =

(1 − e−3)fνα = 0.95fνα , where nearly full thermalization occurs. Above this black line, the

sterile neutrino momentum distribution rapidly becomes fνs = fνα with increased mixing

(i.e. the right hand side of the Boltzmann equation Eq. (2.38) goes to zero). The equations

of the thick black line in the figures are:

for STD: sin2 2θ = 1.73× 10−2
(
dα

1.27

)−1 (
ms

eV

)−1 ( g∗
10.75

) 1
2
, (2.60)

for K: sin2 2θ = 4.29× 10−2ε−
1
3

(
dα

1.27

)−1 (
ms

eV

)− 2
3
(

g∗
10.75

) 1
2
, (2.61)

for ST1: sin2 2θ = 5.27× 103ε0.27
(
dα

1.27

)−1 (
ms

eV

)−1.27 ( g∗
10.75

) 1
2
, (2.62)

for ST2: sin2 2θ = 5.52× 10−4
(
dα

1.27

)−1 (
ms

eV

)−1 ( g∗
10.75

) 1
2
, (2.63)

and for LRT: sin2 2θ = 8.34× 10−1ε−1 . (2.64)

Eqs. (2.46) and (2.47) emply that fνs−lin = 3fνα corresponds to nνs−nl/nνα ' 0.95, which

leads to ρs = ρDM for ms = 11.5 eV. In fact, in the figures the thick blue line intersects the

DM density limit near ms = 11.5 eV, as expected.

2.5 Limits and potential signals for Non-resonant Production

Here we discuss constraints, regions of interest in the mass-mixing plane and potential signals

for sterile neutrinos produced via non-resonant active-sterile oscillations in different pre-BBN

cosmologies. The results are shown in Figs. 2.3 and 2.4. In the figures we assume that the

sterile neutrino only mixes with νe.

The most stringent cosmological and astrophysical limits on sterile neutrinos come from

Lyman-α forest and X-ray observations for the 1 to 10 keV mass range and BBN forms < 100
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eV. We also discuss the 3.5 keV X-ray line as well as upcoming laboratory experiments such

as KATRIN/TRISTAN [17] and HUNTER [19] for the 1 to 10 keV mass range, reactor and

accelerator neutrino experiments for ms < 10 eV and also the 0νββ searches.

2.5.1 Lyman-α forest WDM and HDM limits

Sterile neutrinos of ms = O(keV) produced non-resonantly constitute a warm DM (WDM)

candidate. The free-streaming of DM particles suppresses structure formation below the

free-streaming scale (see e.g. Ref. [131])

λfs = a(tU)
∫ tU

ti
dt′
v(t′)
a(t′) ' 1 Mpc

(keV
ms

) 〈pνs〉
〈pνα〉

= 1 Mpc
( 〈ε〉

3.15

)(keV
ms

)
Tνs
Tν,0

, (2.65)

where v(t) is a typical DM velocity, tU is the present lifetime of the Universe, ti is some

initial very early time whose exact value is not important, a(t) is the scale factor of the

Universe, 〈pνs〉 and 〈pνα〉 are the average absolute values of the sterile and active neutrino

momentum and Tνs and Tν,0 are the present temperatures of the sterile and active neutrinos,

respectively.

Observations of the Lyman-α forest7 in the spectra of distant quasars constrain the power

spectrum on ∼ 0.1 − 1 Mpc scales [10], which from Eq. (2.65) constrains WDM and thus

sterile neutrinos with ms = O(keV).

The Lyman-α limits are usually given in terms of the mass mtherm of a fermion that

was in thermal equilibrium at some point in the history of the Universe, and thus has a

Fermi-Dirac spectrum, and thus has 〈ε〉 = 3.15, and a temperature Ttherm that depends

on when the fermion decoupled from the radiation bath. Hence, the relic density Ωtherm

of this thermal fermion, which depends on its temperature and mass, and its mass are

free independent parameters. Sterile neutrinos produced via active-sterile oscillations do

not have a thermal equilibrium spectrum, and could have 〈ε〉 6= 3.15 (see Eqs. (2.32) and

(2.33)). Sterile neutrinos may also have a temperature Tνs smaller than the active neutrino

temperature Tν . In fact, for ms = O(keV) the temperature of maximum production Tmax >

7An alternative approach is to use DM halo counts, whose number and formation are also related to
free-streaming scales (see the discussion in Ref. [131]).
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100 MeV (except in the LRT models) is much higher than the active neutrino decoupling

temperature T ' 3 MeV, resulting in Tνs < Tν .

Following Ref. [182], we equate the free-streaming scales of thermal WDM and sterile

neutrinos
〈ε〉 Tνs
ms

= 3.15 Ttherm

mtherm
, (2.66)

as well as their energy densities, Ωtherm = Ωνs = fs,DM ΩDM . This allows to identify the sterile

neutrino mass that would result in the same free-streaming as a thermal WDM fermion with

mass mtherm

ms = 4.46 keV
(
〈ε〉

3.15

) (
mtherm

keV

) 4
3
(
Tνs
Tνα

) (
0.12

fs,DM ΩDM h2

) 1
3

, (2.67)

where Tνs/Tνα = (10.75/g∗)1/3. For our figures we use g∗ = 30 except for the LRT cosmology

for which we take g∗ = 15.

The Lyman-α bounds of Ref. [10] on mtherm can now be translated into bounds on ms

through Eq. (2.67). We use the 2-σ bounds from the right panel of Fig. 6 of Ref. [10] coming

from SDSS, XQ and HR data. These limits impose that sterile neutrinos do not account

for more than ∼ 8% of the DM density for ms . 1 keV. Lower ms values yield larger free-

streaming lengths, which for λfs & 1 Mpc scales will not significantly alter the Lyman-α

bounds. Hence, in Figs. 2.3 and 2.4 we extend the saturated bound of Ref. [10] to lighter

sterile neutrinos that would constitute Hot DM (HDM), until it is superseded by the BBN

bound in Eq. (2.71).

Due to thermalization, these bounds will move to higher mixing angles, changing the

limits derived from the 2-σ warm DM limit from SDSS+XQ+HR in Fig. 6 of Ref. [10],

which has an asymptote of (Ωs/ΩDM) . 0.08 for small sterile neutrino masses. This limit

is given in terms of mtherm which can be converted to limits on ms using [182] ms =

4.46 keV (〈ε〉/3.15) (mtherm/keV)
4
3 (Tνs/Tνα) (0.12/(Ωs h

2))
1
3 . We apply Eq. (2.53) with (Ωs/ΩDM) =

0.08 replacing (sin2 2θ)old to obtain the present Lyman-α bounds.
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2.5.2 BBN limit on the effective number of neutrino species

The impact on BBN of an increased expansion rate of the Universe yields an upper limit

on Neff , the effective number of relativistic active neutrino species present during BBN.

Assuming that only sterile neutrinos and SM active neutrinos contribute to Neff ,

Neff = 3.045 +
(
ρνs
ρνα

)
, (2.68)

where 3.045 is the contribution of the SM active neutrinos alone [183, 184]. All the sterile

neutrinos we consider are relativistic during BBN, thus (ρνs/ρνα) is the ratio during BBN

of the relativistic energy densities of the sterile neutrino, ρνs = 〈ε〉Tnνs with 〈ε〉 given in

Eq. (2.32), and one active neutrino species να, ρνα = 3.15Tnνα8. Hence,

∆Neff = Neff − 3.045 '
( 〈ε〉

3.15

)(10.75
g∗

)1/3(nνs
nνα

)
. (2.69)

Here, the ratio nνs/nνα in each cosmology (see Sec. 2.3.4 and Appendix 4.1.3 for sterile

neutrinos produced non-resonantly) is the same during BBN and at present, since both the

number densities of sterile and of active neutrinos just redshift for T < 1 MeV (and BBN

starts at about T = 0.8 MeV). Using Eq. (2.19), the present number density of one active

neutrino is

nνα ' 112 cm−3
(

Tν,0
1.95 K

)3
. (2.70)

The BBN upper bound of Neff < 3.4 at 95% confidence level [9] through the Eq. (2.69)

rejects the cyan region in mass-mixing labelled “BBN" in Figs. 2.3 and 2.4. This upper limit

is similar to the Planck 2018 limit [46] derived from cosmic microwave background radiation

(CMB) data on Neff .

Alternatively to obtaining the limit from Eq. (2.69), we can use the same equation to

derive a limit on the present fraction of the DM consisting of sterile neutrinos. The present

value of the number density nνs0 determines the present relic density ρs,0 = nνs0ms and thus

8We note that only for neutrinos much heavier than those we consider here sterile neutrinos could decay
before BBN, thus increasing Neff due to their decay products (heavy sterile neutrinos have been recently
suggested as a solution to the observed tension between local and early Universe measurements of the Hubble
constant [185]).
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the present fraction of the DM in sterile neutrinos corresponding to a particular ∆Neff:

fs,DM = nνs0ms

ρDM
= 35.5

(
〈ε〉

3.15

)−1 (
ms

keV

)(
Tν,0

1.95 K

)3 ( g∗
10.75

) 1
3
(

ΩDMh
2

0.1198

)−1 (∆Neff

0.4

)
,

(2.71)

where g∗ is the number of entropy degrees of freedom when νs are produced. Using Eq. (4.19)

for fs,DM, or the equation corresponding to a particular cosmological model, ∆Neff < 0.4

imposes an upper limit on the fraction of the DM consisting of sterile neutrinos.

In addition to the BBN Neff bounds, we apply for ms . 10 eV the combined CMB

∆Neff and meff [46], for sterile neutrinos which are respectively relativistic and becoming

non-relativistic close recombination. The current 95% Planck 2018 limits in Eq. (70a) of

Ref. [46] are9

Neff < 3.29, meff < 0.65 eV . (2.72)

Using the definitions Neff = 3.04 + (ρνs/ρνα) and meff = nνsms/nνa [140, 46] with ρνs/ρνα =

(〈ε〉 nνs−nl)/(3.15 nνa) and nνs = nνs−nl, and replacing in Eq (2.47) the upper limits on nνs−nl

derived from the Neff and the meff limits we get respectively

nνs−lin

nνα
< ln

(
1

1− 0.25(3.15/〈ε〉)

)
' 0.29, nνs−lin

nνa
< − ln

[
1− 0.65 eV

ms

]
. (2.73)

Using now Eqs. (2.23), (2.25), (4.12), (4.14), and (4.16) for nνs−lin, we obtain the upper limits

on the mixing angle shown with red solid lines in the upper left hand corners of Figs. 2.4

and 2.3 for ms < 10 eV. The meff bound becomes more restrictive than the ∆Neff bound

for ms > 3 eV, which causes the change in slope of the red lines. As it is clear from the

figures, these CMB limits are very close to the BBN Neff (cyan) limits, thus do not change

significantly the allowed parameter regions.

2.5.3 Distortions of the CMB spectrum

Photons produced in the decays of sterile neutrinos before recombination, i.e. τ < trec '

1.2 × 1013 sec, can distort the CMB spectrum [187, 188] if they are produced after the

9While these bounds were formulated for thermally produced sterile neutrinos, they are expected to be
reasonably accurate for other models [186]. We thus apply them to all cosmologies.
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thermalization time tth ' 106 sec (see e.g. the discussion in Ref. [176]). Lifetimes of Majorana

sterile neutrinos10 equal to the lifetime of the Universe, tU = 4.36 × 1017 sec, to trec and

to tth are indicated with red long-dashed straight lines in Figs. 2.3 and 2.4. The COBE

FIRAS limits [16] on distortions of the CMB spectrum reject lifetimes trec > τ > tth (region

diagonally hatched in red in Figs. 2.3 and 2.4 labeled “CMB").

Non-thermal photons produced before the thermalization time tth are rapidly incorpo-

rated into the Planck spectrum through processes that change the number of photons, such

as double Compton scattering (γe → γγe), which are no longer effective after tth. For

tth < τs < 109 sec, photon number preserving processes, such as elastic Compton scattering,

are still efficient. These processes thermalize the photons into a Bose-Einstein spectrum with

a non-zero photon chemical potential µ. If the initial spectrum has fewer photons than a

black body of the same total energy the chemical potential is positive and µ > 0 (if instead

it has more photons, µ < 0). For |µ| � 1, the only values of µ allowed by the COBE satellite

limit |µ| < 0.9 × 10−4 at the 95% CL [16], the energy released into photons in the decay

is [187]
∆ργ
ργ
' 0.714µ . (2.74)

For longer lifetimes, the photon number preserving processes can no longer establish a Bose-

Einstein spectrum. Thus, for 109 sec < τs < trec the energy released into photons by

the decays is not thermalized but still heats up the electrons. Through inverse-Compton

scattering this produces a distorted spectrum characterized by a parameter y. The COBE

bound on this parameter is |y| < 1.5× 10−5 [16] and, for |y| � 1, y is related to the energy

released in non-thermal photons as [187]

∆ργ
ργ
' 4y . (2.75)

Coincidentally, the upper limits on µ and y are such that in both cases, Eqs. (2.74) and (2.75),

the upper limit on the fractional increase in the photon energy density due to the decay of

the sterile neutrinos is 6× 10−5. Thus, assuming that the decays happen instantaneously at

10For Dirac neutrinos the lifetime must be multiplied by 2.
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t = τs, and noting that the energy of each photon produced in a decay isms/2, ργ = 2.7 T nγ,

the temperature-time relation is T ' MeV (t/sec)1/2, we have

∆ργ
ργ

= B (ms/2)nνs
2.7 T nγ

' (B/2)ms nνs
2.7 MeV nγ

(
τs
sec

)1/2
' (B/2) fs,DM ρDM

2.7 MeV nγ

(
τs
sec

)1/2
. 6× 10−5 .

(2.76)

Here B is the branching ratio for the radiative decay, so that B nνs is the number of photons

produced when the sterile neutrinos decay, the ratio (nνs/nγ) is the same for any T < 1

MeV, and at present the energy density in sterile neutrinos is nνsms = fs,DM ρDM. In our

case the branching ratio is B = 0.78 × 10−2, and at present nγ = 413/cm3 and ρDM ' 1.25

keV/cm3, thus we get

fs,DM

(
τs
trec

)1/2
. 4× 10−3 . (2.77)

This mean that for τ = 106 the limit is fs,DM < 12. We can easily see in Figs. 2.3 and 2.4

that the values of the fraction fs,DM of the DM in sterile neutrinos are much larger than the

upper limit in the whole lifetime range trec > τ > tth where the limit applies.

2.5.4 SN1987A disfavored region

The energy loss due to sterile neutrinos produced in core collapse supernovae explosions

disfavors [3] the region horizontally hatched in brown and labeled “SN" in Figs. 2.3 and 2.4.

Due to the considerable uncertainty in the neutrino transport and flavor transformation

within hot and dense nuclear matter [137], it is difficult to exclude this region entirely.

Recent studies regarding sterile neutrinos mixing with νµ or ντ have been carried out in

e.g. Ref. [189, 190].

2.5.5 X-ray observations and the 3.5 keV line

The most restrictive limits on sterile neutrinos with mass ms = 1 − 10 keV come from

astrophysical indirect detection searches of X-rays produced in their νs → ναγ two-body
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decay11 [11, 12, 13]. The rate of this decay mode is [191, 192]

Γγ = 1.38× 10−32 s−1
(

sin2(2θ)
10−10

)(
ms

keV

)5
. (2.78)

Due to the rapid decrease of the decay rate with decreasing ms, X-ray observations do not

provide meaningful constraints for sterile neutrinos with ms < 1 keV.

The model independent X-ray bounds found in the literature [11, 12, 13] assume that

sterile neutrinos constitute the entirety of the DM. In order to translate the published limits

into those that apply in our scenarios we take into account that the X-ray signal depends on

the produced photon flux, thus the limits actually constrain the product (Ωs/ΩDM) sin2 2θ

and not just sin2 2θ. The present sterile neutrino fraction fs,DM = (Ωs/ΩDM) of the DM is

itself proportional to sin2 2θ (because of the dependence of nνs in Eq. (4.10), and Sec. 2.3.4

and Appendix 4.1.3 on the mixing). Hence, the X-ray limits shown in Fig. 2.3 are related to

the published model independent X-ray bounds through a simple rescaling.

From Eq. (4.25), DM fraction in sterile neutrinos can be written for non-resonant produc-

tion as fs,DM = sin2(2θ)/ sin2(2θ)DW,lim, thus the constraint on our models is the geometric

mean of the published model independent limit and sin2(2θ)DW,lim (given in Eq. (2.36),

Eq. (2.37) and Appendix 4.1.6 for the different cosmologies we consider).

The same rescaling applies to upper limits on the diffuse extragalactic background radia-

tion (DEBRA) [14] on sterile neutrinos decaying after recombination, i.e. τ > trec (the lower

boundary of the DEBRA rejected region is indicated by a straight green line in Figs. 2.3 and

(2.4)). X-ray limits coming from galaxies and galaxy clusters only apply to relatively recent

times after these structures formed, thus they are superseded by the DEBRA limits which

apply on the integrated flux of all decays that occur between trec and the present.

The 3.5 keV X-ray emission line signal reported in 2014 [4, 5], which remains a matter of

lively debate (see e.g. [193, 194]), could be due to the decay of ms ' 7 keV sterile neutrinos

whose mixing should be sin2 2θ = 5 × 10−11 if they constitute all of DM. The active-sterile

mixing necessary for sterile neutrinos produced non-resonantly to reproduce the putative

11The branching ratio for the photon decay channel is subdominant, the dominant decay channel is νs →
3να.
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signal line shifts in the same way as the X-ray bounds just mentioned, and is indicated with

a black star in Figs. (2.3) and (2.4). These figures show that in all the models we consider,

except ST2, the signal would correspond to sterile neutrinos that constitute only a small

fraction of the DM. Fig. 2.3 shows that in the ST2 model, the signal rejected by Lyman-α

limits. Comparing the K, ST1 and LRT to the standard cosmology in Figs. 2.3 and (2.4),

we see clearly that decreased production in cosmologies with faster expansion rates increases

the mixing angle required to produce the signal. In the K cosmology the mixings necessary

to produce the 3.5 keV signal is sin2 2θ = O(10−9), and in the LRT and ST1 cosmologies it is

sin2 2θ = O(10−7), within the reach of the KATRIN experiment with its proposed TRISTAN

upgrade [17] as well as the upcoming HUNTER experiment and its upgrades [19].

2.5.6 Laboratory experiments

For eV- and keV-mass sterile neutrinos, multiple laboratory experiments can probe and

restrict sizable portions of the parameter space. Since these experiments directly probe

the active-sterile mixing angle and mass by searching for active neutrino appearance and

disappearance, the resulting bounds they set are independent of cosmology and require no

further modification.

In the eV-mass range of sterile neutrinos mixing with νe, the limits are dominated by the

Daya Bay [6], Bugey-3 [7] and PROSPECT [8] reactor and accelerator experiments, which

combined reject the green regions labelled “R" in Figs. 2.3 and (2.4). Several anomalous

results, consistent with a sterile neutrino of ms ∼ eV mass contributing to active-sterile

neutrino oscillations, have been reported from the short-baseline studies of νe appearance by

the LSND [121] and MiniBooNE [122] experiments. These claims have been further bolstered

recently with analysis of additional MiniBooNE data [20]. We show in Figs. 2.3 and (2.4)

with a black densely hatched band denoted “MB" the parameter space allowed at the 4-

σ level consistent with these excesses, reproduced from Fig. 4 of Ref. [20] (see discussions

in Ref. [20] for details). We stress, however, that the anomalous νe appearance results

discussed above are in strong tension with the νµ disappearance results from IceCube [195]
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and MINOS [196]. In the same sterile neutrino mass region, recent reactor neutrino results

from the DANSS [21] and NEOS [22] experiments are also consistent with a sterile neutrino

interpretation. A combined fit to their data [129, 23, 130] allows for a sterile neutrino with

ms ' 1.14 eV mass and sin2 2θ ' 0.04 mixing with a νe active neutrino. The regions allowed

at 3-σ level by the DANSS and NEOS data reproduced from Fig. 4 of Ref. [23] are indicated

with black vertical elliptical contours in Figs. 2.3 and 2.4.

As we display in Fig. 2.3 and (2.4), the eV-mass parameter space relevant for anomalous

observations in short-baseline and reactor experiments will be fully or at least partially

tested by KATRIN [18] (whose reach is shown with a solid blue line labeled “KA") as well as

PTOLEMY [24] (whose reach is shown with solid orange lines labeled “P" and “P2" for 10 mg-

yr and 100 g-yr exposures, respectively). PTOLEMY is a tritium β-decay experiment aimed

at detecting the cosmological relic neutrino background which is expected to start collecting

data within few years. As shown in Fig. 2.3 and Fig. 2.4, the cosmological bounds in the

ST1 and LRT cosmologies are significantly relaxed for eV-mass sterile neutrinos compared to

those in the Std cosmology. Hence, the required parameter space for anomalous observations

in short-baseline and reactor experiments is not rejected by cosmology.

In the keV mass-scale, the tritium decay experiment KATRIN [197, 198] will probe active-

sterile mixing down to sin2(2θ) ≤ 10−4 [17], shown with solid blue and denoted “KA” on

Figs. 2.3 and 2.4. Its upgraded version, TRISTAN (denoted with a solid blue line and labelled

“T” and “T2”, corresponding to a 1 year and 3 year data collecting period, respectively),

is expected to reach sensitivities of sin2(2θ) ∼ 10−8 within a 3 year run-time [17]. The

upcoming cesium trap experiment HUNTER [19] is expected to probe even more further

within the sterile neutrino parameter space. Here, the missing mass of the neutrino will be

reconstructed from 131Cs electron capture decays occurring in a magneto-optically trapped

sample. The prototype version of the experiment is already under construction and will

have two phases, whose sensitivity we display in Figs. 2.3 and (2.4) with magenta solid lines

and labelled “H1A” and “H1B”, respectively. The upgrade version of Hunter, denoted by

“HU”, is expected to be sensitive to mixings down to sin2(2θ) ∼ 10−11. The above-mentioned

experiments will be able to test the sterile neutrino origin of the 3.5 keV X-ray signal line.
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In non-standard cosmologies that result in decreased sterile neutrino density, the required

mixing angle to explain the signal increases, allowing for sterile neutrinos to appear more

visible for laboratory studies (see e.g. LRT and ST1 in Figs. 2.3 and (2.4)).

If the sterile neutrinos are Majorana particles, they will mediate the neutrinoless double

beta 0νββ decay. A sterile neutrino that mixes with the electron neutrino contributes 〈m〉s =

ms sin2(θ)eiβs to the effective electron neutrino Majorana mass 〈m〉 that affects the half-life

of 0νββ decay, where βs denotes a Majorana CP-violating phase. Hence, using the present

bound on the magnitude of 〈m〉, |〈m〉| < 0.165 eV [15], the corresponding bound on the sterile

neutrino mass and mixing angle is ms sin2(2θ) < 0.660 eV. This limit is shown in orange in

Figs. 2.3 and (2.4), with the label “0νββ". We note that this bound is not completely robust.

The contribution of the sterile neutrino might interfere with the contributions from the active

ones, leading to a suppression in the effective Majorana mass and, therefore, avoiding the

experimental bounds [199].

2.6 Resonant sterile neutrino production

2.6.1 Boltzmann equation

As in the case of non-resonant sterile neutrino production [67] (see section 2.3.1), for resonant

production the time evolution of the momentum distribution function of sterile neutrinos

fνs(p, t) is given by the Boltzmann equation [142, 137, 140]

−HT
(
∂fνs(E, T )

∂T

)
E/T=ε

' Γ(E, T )fνα(E, T ) , (2.79)

where fνα(p, t) = (eε−ξ + 1)−1 is the density function of active neutrinos, p is the magnitude

of the neutrino momentum, ε = p/T is the dimensionless momentum, ξ = µνα/T is the

T -scaled dimensionless chemical potential where µνα is the chemical potential of να, Γ(p, t)

is the conversion rate of active to sterile neutrinos, the energy is E ' p, since all neutrinos

of interest are relativistic at production, and derivative in the left-hand side of the equation

is computed at constant ε. Eq. (2.79) is valid if fνs � 1 and fνs � fνα .

The total rate Γ of active to sterile neutrino conversion is given by the probability 〈Pm〉
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of an active-sterile flavor oscillation in matter (for mixing angle in matter θm) times the

interaction rate

Γα = dαG
2
F εT

5, (2.80)

of active neutrinos with the surrounding plasma [137]

Γ = 1
2〈Pm(να → νs)〉Γα '

1
4 sin2(2θm)dαG2

F εT
5 , (2.81)

where dα = 1.27 for νe and dα = 0.92 for νµ, ντ . The mixing angle in matter θm is given by

sin2(2θm) = sin2(2θ)

sin2(2θ) +
[

cos(2θ)− 2εT (VD + VT )/m2
s

]2 . (2.82)

In the right hand side of Eq. (2.79) we have omitted the quantum damping factor [1 −

(Γα`m/2)2]−1 where `m is the oscillation length in matter (see e.g. the discussion in Refs. [137,

200]). This term is typically negligible for the range of parameters relevant for our study,

but could become significant at the resonance (because at resonance the neutrino oscillation

length is maximal), as we discuss in Sec. 2.6.4.

In the denominator of Eq. (2.82) VT is the thermal potential

VT = −BεT 5 , (2.83)

where B is a constant prefactor dependent on flavor (given below in parenthesis) and tem-

perature range (given to the right of each line below)

B =


10.88× 10−9 GeV−4 (e); 3.02× 10−9 GeV−4 (µ, τ); T . 20 MeV

10.88× 10−9 GeV−4 (e, µ); 3.02× 10−9 GeV−4 (τ); 20 MeV . T . 180 MeV

10.88× 10−9 GeV−4 (e, µ, τ); T & 180 MeV

(2.84)

The density potential VD depends on the particle-antiparticle asymmetries in the background

VD = 2
√

2ζ(3)
π2 GFT

3
(
L ± η

4

)
' 0.34GFT

3L , (2.85)

where ζ(3) ' 1.202 is the Riemann zeta function, η ' 6 × 10−10 is the baryon-to-photon

ratio [9] that represents the lepton asymmetry stored in electrons (which is equal to the
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baryon asymmetry due to charge neutrality), the “+” sign is taken for α = e while “-” is for

α = µ, τ and L is the lepton number12 in active neutrinos,

L = 2Lνα +
∑
β 6=α

Lνβ . (2.86)

The individual lepton number for each active neutrino flavor is Lνα = (nνα −nνα)/nγ, where

nγ is the photon number density. BBN constrains the magnitude of the electron neutrino

asymmetry to be |Lνe | . O(10−3) [201]. The upper limit imposed by BBN and CMB on the

asymmetries in the other neutrino flavors is larger, |Lνµ,ντ | . O(10−1) [202]. Throughout our

discussion L � η and hence η is neglected. If neutrino oscillations efficiently redistribute

the lepton asymmetry among the flavors, the resulting lepton number is

L ' 4
3
∑
α

Lνα . (2.87)

For non-resonant (DW) sterile neutrino production, for which VD is negligible, the maxi-

mum of the momentum-integrated production rate overH (namely (γ/H) = d(nνs/nνα)/d lnT ,

as considered in the DW paper [135] - see App. 4.1.1) occurs at the temperature Tmax, which

for the standard cosmology is [135, 179]

T Std
max ' 108 MeV

(
ms

keV

)1/3
. (2.88)

The temperature Tmax does not change significantly in the different cosmologies we consider

(see App. 4.1.1).

2.6.2 Resonance conditions

For resonant sterile neutrino production [136] we follow the discussion of Ref. [137]. A

resonant neutrino conversion occurs when the mixing angle in matter sin2(2θm) is maximized.

Thus, the condition for resonance is that the square bracket in the denominator of Eq. (2.82),

denoted here as R(T ), vanishes (i.e. sin2(2θm) = 1)

R(T ) ≡ m2
s cos(2θ)− 2εT (VD + VT ) ' m2

s − aT 4 + bT 6 = 0 . (2.89)

12This is also known as “potential lepton number” [200].
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Here, a ' 0.69GF εL, b = 2ε2B and cos(2θ) ' 1 for all the mixing angles we consider. In

general there are two roots of this equation. Since the lower temperature root corresponds

to a larger production rate, it is the only one we consider. In the presence of a sizable lepton

asymmetry the dominant resonance occurs at a temperature [136]

Tres = 18.8 MeV ε−
1
4

(
ms

keV

) 1
2
L−

1
4 . (2.90)

Due to the inverse dependence of Tres on ε = p/T , active neutrinos with lower momentum

undergo resonant conversion earlier, at higher temperatures. Thus, with increasing time

(decreasing temperature) the resonance “sweeps" from the low momentum end of the active

neutrino distribution towards higher momenta, converting active to sterile neutrinos and

reducing L, which in turn further increases the sweep rate ε̇ (see Eq. (7.11) of Ref. [137]).

The minimum of R(T ), where dR/dT = 0, occurs at a temperature called T = TPEAK

in Ref. [137]. Imposing that R(TPEAK) = 0, which amounts to requiring that the two roots

of R(T ) converge into one, defines the critical lepton number - which we call Lreslim - below

which there are no resonances for a given mass ms and momentum ε,

Lreslim = 1.83× 10−4ε
1
3

(
ms

keV

) 2
3
(

B

10.88× 10−9 GeV−4

) 2
3
. (2.91)

Namely, given a sterile neutrino mass ms and momentum ε, resonant production occurs only

for L > Lreslim.

We display a typical resonance behavior in Fig. 2.5. The right panel shows the contribu-

tions of the potentials VT and VD as well as the mass term to the denominator of Eq. (2.82),

for ms = 1 keV and L = 10−3 as function of the temperature. Resonances occur when the VD
term (blue line) crosses the sum of VT and the mass term (black line). The left panel shows

the production rate (∂fνs/∂T )ε as a function of the temperature T for ms = 1 keV, ε = 1 and

different values of L: 0 (black line), 10−1 (long dashed red line), 10−3 (short dashed green

line) and Lreslim (dot-dashed blue line). As L decreases, the two visible resonant peaks move

towards each other, eventually merging into one peak at the critical lepton number Lreslim

of Eq. (2.91), below which there is no resonance. In this case Lreslim = 1.83× 10−4 and the

figure shows that for L > Lreslim there are two resonances, with the one at lower T being

dominant. For L = Lreslim there is only one resonance, and none for L < Lreslim.
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Figure 2.5: [Left] Production rate (∂fνs/∂T )ε for ε = 1 andms = 1 keV in the standard cosmology

for non-resonant oscillations with L = 0, i.e. DW production (black solid line), and resonant

oscillations with L = 10−1 (red long dashed line), L = 10−3 (green short dashed line) and Lreslim =

1.83× 10−4 (blue dot-dashed line). The peaks indicate occurrence of resonances. For large L only

the low temperature peak is visible. As L decreases, the two visible resonant peaks move towards

each other, eventually merging into one peak at the critical lepton number Lreslim of Eq. (2.91)

below which there is no resonance. The resonance temperature for Lreslim is denoted by the black

dotted line. Notice that the high temperature resonance is always significantly suppressed relative

to the low temperature resonance. [Right] Contributions of different terms to the denominator

of Eq. (2.82), including sterile neutrino mass squared m2
s = 1 keV2 (green dashed line), thermal

potential VT (red dashed line), density potential VD (blue solid line) for L = 10−3, and sum of the

mass and thermal potential terms (black solid line), for ε = 1. Resonance occurs when the VD term

(blue line) crosses the sum of VT and the mass term (black line), corresponding to locations of the

peaks for L = 10−3 (green short dashed line) shown in the left panel. For L = Lreslim the blue and

black lines would intersect at only one point and would not cross for L < Lreslim.
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Inverting Eq. (2.91) one can obtain the upper limit on ms to have a resonance for a given

value of L and momentum ε, called (ms)PEAK in Ref. [137],

mreslim = (ms)PEAK = 4.03× 105 keV ε−
1
2L

3
2

(
B

10.88× 10−9 GeV−4

)−1
. (2.92)

Assuming ε = 1 (ε is of O(1) or smaller for resonant production) for each particular lepton

number in Figs. 2.6 to 2.8 resonant production occurs only for ms < mreslim. No resonant

production can occur in the region to the right of the vertical line labeled “no res. prod."

shaded in dark gray in the figures.

2.6.3 Combined resonant and non-resonant production

When both VT and VD terms contribute to the potential of Eq. (2.82), a combination of

resonant and non-resonant production could occur at different times. It is thus important to

consider the possibility of non-resonant production happening either before or after resonant

production. As we will show, non-resonant production cannot happen before the resonant

production. Such a scenario would result in a non-negligible initial fνs , which we assume

to be zero. On the other hand, non-resonant production after the resonant production can

result in a second population of sterile neutrinos, hotter than those produced resonantly. As

we will discuss, there exists a narrow range of masses below mreslim in which this is possible,

consistent with the previous findings of e.g. Refs. [200] and [203].

Sterile neutrinos are produced non-resonantly if the lepton number stored in active neu-

trinos is small enough so that the VD potential is negligible with respect to VT , i.e. VT � VD.

This can happen when an earlier resonant production has already depleted the active neu-

trino lepton asymmetry by converting it into sterile neutrinos, so that VD becomes small

enough with respect to VT . In this case, there could be non-resonant production after res-

onant production, for lower temperatures. This regime can be approximately identified by

requiring that the temperature of maximum non-resonant production Tmax (see Sec. 2.6.1)

is smaller than the temperature of resonant production Tres (see Eq. (2.90)). The condition

Tmax < Tres translates into a lower limit on the sterile neutrino mass ms > mnon−res. Note

that because there is still considerable non-resonant production at temperatures below Tmax,
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ms & mnon−res is not a strict limit to have significant non-resonant production, which could

also happen for masses smaller than but still close to mnon−res.

For the standard cosmology, using T Std
max of Eq. (2.13), we obtain

ms & mStd
non-res = 3.59× 104 keV ε

3
2resL

3
2 . (2.93)

Analogously, for the ST1 cosmology and using T ST1
max of Eq. (2.14) one obtains

ms & mST1
non-res = 6.11× 104 keV ε

3
2resL

3
2 . (2.94)

For the K and ST2 cosmologies, mK
non−res and mST2

non−res are given in App. 4.2.2.

As we have previously found, for a given lepton number L resonant production only

occurs when ms < mreslim (see Eq. (2.92)). Combining this upper limit with the lower limit

above approximately identifies the range of ms for each cosmology and each value of L where

it is possible, following our arguments, to produce two distinct populations of the same sterile

neutrino,

mnon-res . ms < mreslim . (2.95)

For ε = 1 this range defines the vertical bands diagonally hatched in red shown in Figs. 2.6

to 2.8, for four different cosmologies and four values of the initial lepton number that we

consider. Note that full resonant production, where both the adiabaticity and coherence

conditions discussed below are satisfied (shown as blue or red wedges in Figs. 2.6 to 2.8),

seldom happens within the bands set by Eq. (2.95).

Another condition for two sterile neutrino populations to appear, assumed implicitly

above, is that the initial lepton number L in active neutrinos must be substantially depleted

by the resonance. That is, the remaining lepton number after the resonant conversion, Lafter,

must be small enough for the condition necessary for non-resonant production VT > VD to

hold. We will now show that this approximately requires Lafter . O(0.1)L.

Consider that at resonance the VD term (assuming VT is negligible) is equal to the mass

term. On the other hand, for non-resonant production at Tmax (Eq. (2.88) for the Std

cosmology and App. 4.1.1 for other cosmologies), the VT term is always approximately a
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fraction ∼ 0.34 of the mass term13, assuming that the VD � VT . Since VD is linearly

dependent on L, immediately after the lepton number depletion at the resonance, the VD
term diminishes by a factor of (Lafter/L). Thus, we need (Lafter/L) . 0.1 in order to ensure

VT > VD. This is often the case, e.g. the numerical simulations of resonant production of

Ref. [204] find that & 90% of the initial lepton number is depleted across a wide range of

input parameters. The appearance of two sterile neutrino populations from non-resonant

production that occurs after the resonant production, has been also found in some previous

calculations, e.g. in Ref. [200]. For example, Fig. 1 of Ref. [200] shows that about 30% of

the sterile neutrino relic density is produced non-resonantly after significant lepton number

depletion by resonant production. Using the parameters of that figure (Lνe = Lνµ = Lντ =

1.1× 10−3, i.e. L = 4.4× 10−3 and ms = 64 keV), we see that the assumed sterile neutrino

mass is in between mnon-res ' 10 keV and mreslim ' 117 keV, for ε = 1 (a value of ε consistent

with the resonant production shown in the same figure), in agreement with our finding in

Eq. (2.95).

Two such populations of sterile neutrinos have been also found in Ref. [203] for ms '

O(keV) (e.g. for ms = 3 keV in Fig. 1 of Ref. [203]), assuming the standard cosmology

and a “lepton asymmetry parameter” L6 = 16 (denoting L = 16 × 10−6). As we explain

now, these parameters appear to be consistent with Eq. (2.95), when expressed in terms of a

range of L values for a fixed mass ms. Using Eqs. (2.92) and (2.93) (taking the B-dependent

factor to be 1) in Eq. (2.95), translates into the following condition for two populations to

be produced,

1.8× 10−4 ε1/2
(
ms

keV

)2/3
< L < 9.2× 10−4 ε−1

(
ms

keV

)2/3
. (2.96)

For ε ' 1 and ms = 3 keV (in agreement with what is shown in Fig. 1 of Ref. [203]), we

see that L should be of order 10−4 for our condition of Eq. (2.96) to be fulfilled. It may

seem contradictory then, that the “lepton asymmetry parameter” is L6 = 16 in Fig. 1 of

13Here we used the definition of Tmax which yields Eq. (2.88) (and the values in App. 4.1.1 for non Std
cosmologies) and ε = 3.15, which is the average value of ε resulting from DW production. We note that in
Ref. [67, 66] a different definition of Tmax is used (not employing the momentum integrated rate and thus ε
dependent), which results in the VT term being approximately 0.2 of the mass term at Tmax instead. This
does not significantly affect our arguments.
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Ref. [203]. However, this parameter is defined as L6 = 106(nνe−n̄νe)/s and, in the model used

in Ref. [203] (see e.g. Ref. [205]), there are 9 Weyl leptonic spinors with equal asymmetry

L6, which for us translates into L ' 9(s/nγ)10−6L6 ' 1.44 × 10−4(s/nγ) for L6 = 16.

Additionally, the entropy density s is larger than nγ. Although a strict comparison of the

results of Ref. [203] with ours is difficult to make due to the complexities of their model,

the lepton asymmetry specified in Ref. [203] appears to be compatible with our condition of

Eq. (2.96) to have two sterile neutrino populations, both produced via active sterile neutrino

oscillations.

Let us now demonstrate that non-resonant sterile production does not occur prior to a

resonant production. Resonant production after non-resonant production, i.e. Tres < Tmax,

would require that at some temperature the VD term is equal to the mass term (the condition

for resonance) while at higher temperatures, when both the VD and VT terms are larger (as

both grow with increasing temperature) the VT would be only ∼ 0.34 × (mass term) and

VD < VT (the condition at maximum-non resonant production). This is not possible, since

the mass term does not change with temperature. Hence, whenever T > Tres the mass term

is guaranteed to be smaller than the VD term.

As an example of the preceding argument, let us consider the case of the standard cos-

mology. Using T Std
max from Eq. (2.13), the requirement of VD(Tmax) < VT (Tmax) translates into

the condition

ms > 5.5× 106 keVε−3/2L3/2
(

B

10.88× 10−9 GeV−4

)−1
. (2.97)

However, this condition is incompatible with having a resonance, ms < mreslim in Eq. (2.92).

This implies that significant non-resonant sterile neutrino production does not occur before

resonant production, which is also true for the non-standard cosmologies we consider.

The considerations we discussed in this section thus far apply to all cases of resonant

production in general. In the next subsection we focus specifically on fully resonant conver-

sion.
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2.6.4 Fully resonant conversion

A “fully resonant" neutrino production requires that two additional conditions hold during

resonance: coherence and adiabaticity [137]. If both are satisfied, there is a Mikheyev-

Smirnov-Wolfenstein (MSW) resonance [206, 207].

The first condition, coherence, ensures that neutrinos do not suffer scattering-induced

de-coherence as they propagate through the resonance. It is satisfied if the active neutrino

mean free path (the inverse of the scattering rate Γα given above Eq. (2.81)) is significantly

larger than the resonance width δrres,

Γ−1
α > δrres '

tan(2θ)
3H ' sin(2θ)

3H , (2.98)

where we took cos(2θ) ' 1. This condition translates into an upper limit on the active-sterile

mixing during resonance

sin2(2θ) < 9H2

G4
F ε

2T 10
res

, (2.99)

which defines the regions below the solid red lines in Figs. 2.6 to 2.8 (below the upper

boundary of the red shaded wedges). Substituting Tres from Eq. (2.90) into Eq. (2.99)

explicitly shows the dependence on the lepton number. The resulting expression for this

upper limit written in terms of the η and β parameters is given in Eq. (4.39). In the Std

cosmology this is

sin2(2θ)Std < 2.19× 10−6ε−
1
2

(
ms

keV

)−3
L

3
2

(
g∗

10.75

)
, (2.100)

while for ST1 the upper limit is much higher

sin2(2θ)ST1 < 1.38× 105ε−0.09
(
ms

keV

)−3.82
L1.91

(
Ttr

5 MeV

)1.64 ( g∗
10.75

)
. (2.101)

Results for K and ST2 are given in Appendix 4.2.3.

When the neutrino flavor evolution is adiabatic, neutrinos oscillate many times during

the resonance width, in which case flavor conversion is very efficient and the lepton number in

active neutrinos is quickly transferred to sterile neutrinos. Comparing the neutrino oscillation

length lres
m in matter at the resonance

lres
m = 4πεTres(ε)

m2
s sin(2θ) (2.102)
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with the resonance width δrres from Eq. (2.98), the degree of adiabaticity can be characterized

using the γ parameter (see e.g. [137]),

γ = 2πδr
res

lres
m

' m2
s

2εTres
sin2(2θ)

∣∣∣∣∣4 ṪT + L̇
L

∣∣∣∣∣
−1

= m2
s

2εTres
sin2(2θ)

∣∣∣∣∣4H − L̇L
∣∣∣∣∣
−1

. (2.103)

The condition γ > 1 for adiabatic evolution ensures that the change in mass eigenstates

proceeds slowly during level crossing at the resonance, so that the probability of jumping

between mass eigenstates is low14. Eq. (2.103) shows that for an evolution initially described

by γ � 1 to not lead to one with γ < 1, the sweep (L̇/L) should remain small, not much

larger than H (see the discussion in Ref. [204]).

If (L̇/L) < H, we can neglect (L̇/L) in Eq. (2.103), and the adiabaticity condition γ > 1

reduces to

sin2(2θ) > 8εHTres
m2
s

. (2.104)

This condition defines the mass-mixing regions above the long dashed red straight lines in

Figs. 2.6 to 2.8 (above the lower boundary of the red shaded wedges). In terms of general

parameters η and β, Eq. (2.104) is given in Eq. (4.42). In the Std cosmology, this condition

is

sin2(2θ)Std > 2.34× 10−11γlimε
1
4

(
ms

keV

)− 1
2
L−

3
4

(
g∗

10.75

) 1
2
, (2.105)

where γlim is the chosen minimum value of the parameter γ (we take γlim = 1 for our figures,

but in general γlim ≥ 1). For the ST1 cosmology, the condition becomes

sin2(2θ)ST1 > 5.88× 10−6γlimε
0.46

(
ms

keV

)−0.91
L−0.55

(
g∗

10.75

) 1
2
(

Ttr
5 MeV

)0.82
. (2.106)

Expressions for the K and ST2 cosmologies are provided in the Appendix 4.2.4.

As the resonance sweeps across the active neutrino momentum distribution L decreases,

while the fractional change in lepton number (L̇/L) steadily increases. When (L̇/L) � H,

as seen from Eq. (2.103), γ rapidly decreases and adiabaticity is lost.

14Assuming a linear change in potential across resonance and small mixing angles, the probability of
να → νs conversion at resonance is Pνs→να = 1 − PLZ, where PLZ ' exp(−πγ/2) is the Landau-Zener
probability [137].
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The maximum value of ε, εmax, can be found from the condition [204]

L(εmax) = 1
2ζ(3)

(
Tν
Tγ

)3
ε3max

(eεmax−ξ + 1) = Linit −
1

2ζ(3)

(
Tν
Tγ

)3 ∫ εmax

0

x3

ex−ξ + 1dx . (2.107)

To solve this equation we neglect ξ, having verified that ξ � εmax. The momentum distribu-

tion of resonantly produced sterile neutrinos has a sharp peak at ε ' εmax (see e.g. Fig. 2 of

Ref. [204]). Hence, we can estimate that the average T -scaled momentum is approximately15

〈ε〉 ' εmax.

To obtain the region in sterile neutrino mass and mixing parameter space associated with

adiabaticity and coherence and to compute the limits in Sec. 2.7 that depend on the relic

abundance, we numerically solve Eq. (2.107) for εmax and then set ε = εmax in Eq. (2.99) and

Eq. (2.104). Eq. (2.107) shows that εmax depends only on the initial value of L, thus is the

same for all the cosmologies we consider. For the values of L used in Figs. 2.6 to 2.8, we

find that εmax is

〈ε〉 ' εmax =



0.03, for L = 10−5

0.07, for L = 10−4

0.35, for L = 10−3

0.83, for L = 10−2 .

(2.108)

For each particular cosmology we consider, the coherence and adiabaticity conditions

determine a wedge shown shaded in red for the Std, ST1, K and ST2 cosmologies in the

mass-mixing plane in Figs. 2.6 to 2.8, between the solid and dashed red boundary straight

lines, where fully resonant MSW conversion happens. The particular shape of the wedge

delineating the full resonance conversion region is governed by the specific temperature

dependence of H(T ) in each cosmology (i.e. the β dependence in Eq. (2.2)), while the

location of the wedge depends on the η parameter. Since the coherence condition (upper

solid boundary line) of Eq. (2.99) scales as H2 and the adiabaticity condition (lower dashed

boundary line) of Eq. (2.104) scales asH, the wedges of non-standard cosmologies with higher

expansion rates compared to Std move to larger mixings, and those with lower expansion

rates move to smaller mixings.

15We note that this approximation may not entirely capture the relevant behavior if the distribution has
a long tail in one direction.
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Equating the conditions for coherence and adiabaticity, Eq. (2.98) and Eq. (2.103) with

γ = 1, gives

Γαlres
m = 2π . (2.109)

This corresponds to the locus of intersection of the adiabaticity γ = 1 boundary (lower

dashed boundary of the wedges in the figures) and the coherence Γ−1
α = δrres boundary (the

upper solid boundary of the wedges). The line of intersections is valid for all cosmological

models and is defined by the following mixing angle as a function of mass

sin2(2θ)intersect = 2.60× 10−16ε
(
ms

keV

)2
L−3 , (2.110)

which is indicated with a diagonal dot-dashed violet line in Figs. 2.6 and 2.9. Hence, coher-

ence (i.e. Γ−1
α > δrres) and adiabaticity (i.e. δrres > lres

m /2π) can only happen together for

sin2(2θ) > sin2(2θ)intersect, where Γ−1
α > lres

m /2π.

As we mentioned above, in the right hand side of Eq. (2.79) we omitted the quantum

damping factor [1− (Γα`m/2)2]−1 since it is generally negligible for the range of parameters

relevant for our study. However, for sin2(2θ) < sin2(2θ)intersect, this factor becomes non-

negligible at the resonance, where the neutrino oscillation length `res
m is maximal. Namely,

we have `res
m > 2πΓ−1

α in the parameter space below and to the right of the diagonal violet

dot-dashed line labelled “no c. with a." (i.e. “no coherence with adiabaticity") in Figs. 2.6

to 2.8. In this region, neutrino scattering-induced decoherent production takes place (see

discussion in Ref. [200]).

Assuming that fully resonant conversion has happened and that most of the initial lepton

number L has been depleted, the present number density of resonantly produced sterile

neutrinos, nνs,res, is given by

nνs,res =
(∑

Lνα

)
nγ =

(3
4L
) 2ζ(3)

π2 T 3
0 . (2.111)

Here we have used Eq. (2.87) to rewrite ∑Lνα in terms of L, assuming that neutrino oscil-

lations redistribute efficiently the lepton asymmetry among the flavors, and T0 = 2.75 K is

the present temperature of the CMB. Using this equation, the fraction of the DM consisting
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of resonantly produced sterile neutrinos is

f res
s,DM = nνs,res ms

ρDM
=
(

ms

4.08 eV

)( 0.12
ΩDMh2

)
L . (2.112)

Thus, requiring f res
s,DM ≤ 1 implies an upper limit on the sterile neutrino mass. In Figs. 2.6

to 2.8, the portions of the wedges where sterile neutrinos can be fully resonantly produced

in which f res
s,DM > 1 are shaded in dark gray and labelled Ωs > ΩDM.

We stress two important assumptions that go into our estimation of f res
s,DM, namely (1)

that the conversion is adiabatic and coherent (which does not hold outside the wedges shaded

in red, for each particular considered cosmology and lepton number, in Figs. 2.6 to 2.8) and

(2) that practically all of the initial lepton number is converted into sterile neutrinos. If

only a small fraction of the initial lepton number is converted into sterile neutrinos, their

resulting number and energy densities would be reduced by the same fraction. It is important

to acknowledge these approximations when comparing our abundance limits to the existing

literature that deals with resonant production of sterile neutrinos, e.g. Ref. [208]. For fully

resonant conversion the number density is fixed solely by the lepton number and thus the

relic energy density is independent of the mixing angle, in contrast to what is shown in

Ref. [208].

2.6.5 Thermalization

Similar to the non-resonant production, we must consider the possibility that production

of sterile neutrinos due to interactions with the thermal bath could have brought the ster-

ile neutrinos to thermal equilibrium before resonant production could occur. In this case,

without significant entropy dilution, sterile neutrinos could contribute to the energy density

as much as an active neutrino species, i.e. ∆Neff = 1, during BBN and thus be forbid-

den by the limit Neff < 3.4 [9] (see below). The thermal dominant production rate is

Γ ' sin2(θm)Γα ' sin2(θm)dαG2
F εT

5 (similar to the rate in Eq. (2.81)), where we have used

Eq. (2.80) for the active neutrino rate Γα and assumed that one sterile neutrino is produced

in each interaction instead of an active one. This rate can be suppressed by a large enough

lepton number L, because the corresponding density potential VD diminishes the mixing an-
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gle in the medium sin(θm). This could prevent thermalization even for relatively high vacuum

mixing angles. We derive below a conservative upper bound, above which thermalization

should occur, and compare it with Fig. 4 of Ref. [181] where the same limit is computed

numerically for ms ' eV solving quantum kinetic equations. The parameter space above

this bound is forbidden, and possibly, some of the space below near it could be forbidden

too by a more accurately derived limit.

The denominator of the matter mixing angle in Eq. (2.82) is dominated by the VD term

for temperatures in between the two resonance temperatures, namely when 2εTVD/m2
s > 1,

i.e. for temperatures above the lower-temperature resonance, and 2εTVD/m2
s > 2εTVT/m2

s

i.e. for temperatures below the higher-temperature resonance. These two conditions give

the range of temperatures where the density potential VD is dominant,

0.596 MeVε− 1
4

(
ms

eV

) 1
2
L−

1
4 < T < 19.1 GeVε− 1

2L
1
2 (2.113)

We will find the parameter space for which the thermal production rate becomes larger

than the expansion rate H, i.e. Γ/H > 1, within this temperature range but outside the

resonances, which we take as condition for thermalization. We thus compute Γ/H when

2εTVD/m2
s = x > 1, where x is a positive real parameter, namely when

T = 0.596 MeVx 1
4 ε−

1
4 (ms/eV)

1
2 L−

1
4 . (2.114)

Since we are computing Γ/H always at this temperature, when Γ/H=1 this is also the

freeze-out temperature Tf.o.. We choose x = 3 for Figs. 2.6 to 2.8. For this evaluation, we

neglect the 1 and the VT terms in the denominator of the matter mixing angle, Eq. (2.82).

In the Std cosmology, the Γ/H > 1 thermalization condition is fulfilled and thus rejects the

mixings

sin2(2θ) > 119(1− x)2

x
3
4

(
ε

3.15

) 3
4
(
ms

eV

)− 3
2
L

3
4

(
g

10.75

) 1
2
, (2.115)

and for ST1, it rejects

sin2(2θ) > 6.17× 108 (1− x)2

x

(
ε

3.15

)(
ms

eV

)−2
L
(

g

10.75

) 1
2
. (2.116)

Results for K and ST2 are given in Appendix 4.2.5. The region where thermalization is

reached is shown in each panel of Figs. 2.6 to 2.8 shaded in cyan with the label “therm.".
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When the freeze-out temperature Tf.o. in Eq. (2.114) becomes smaller than 5 MeV the

“therm." region for non-standard cosmologies should become the equal to the standard cos-

mology region (since sterile neutrino would be in equilibrium after the cosmology becomes

standard). This means that in all our figures for non-standard cosmologies the “therm."

cyan region has a vertical left boundary at Tf.o. = 5 MeV (because the Std. region does not

extend to the left of this boundary).

In the darker cyan region, sterile neutrinos would be as abundant or almost as abundant

as active neutrinos, thus this regions is forbidden by the ∆Neff < 0.4 BBN limit (see below).

Due to the entropy increase of interacting species between Tf.o. and the freeze-out of active

neutrinos at 3 MeV, when Tf.o. becomes larger than about 250 MeV (above the QCD phase

transition), the sterile neutrino number density is diluted by a factor of about 5, so that

sterile neutrinos become allowed by the ∆Neff limit. This transition is indicated with a

lighter cyan shade. Another transition to a yet lighter cyan is indicated when Tf.o. becomes

larger than 1 GeV and the entropy dilution factor becomes close to 8.

The bound in Eq. (2.116) is valid as long as the conditions in Eq. (2.113) are satisfied

which can only happen if the lepton number is large enough, namely for

L > 2.1× 10−6
(

ε

3.15

) 1
3
(
ms

eV

) 2
3
(
x

3

) 1
3
. (2.117)

This condition agrees with Refs. [181, 209] (assuming ms is much larger than the active neu-

trino mass, as we do here) in that forms ' eV, the mass range required for MiniBoone/LSND,

enough suppression of the mixing in matter by the VD term to avoid thermalization requires a

lepton number L > 10−5 (so the effect of L less than approximately 10−5 is similar to that of

L = 0 [181]). As can be seen in Fig. 2.8 in the MiniBoone/LSND parameter region (hatched

in black) in the standard cosmology (upper left panel) sterile neutrinos are partially or fully

thermalized (∆Neff ≈ 1) for a lepton asymmetry L = 10−5, and for this and smaller values

of L would thus be in tension with CMB/BBN bounds on Neff (see Sec. 2.7). Comparing

our bound in Eq. (2.115) for the standard cosmology and L ' 10−2 to the ∆Neff = 0.6 limit

in the upper panel of Fig. 4 of Ref. [181], we see that both are similar in magnitude and

shape.
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The lower limit in Eq.(2.117) with x = 1 is similar to the lower limit necessary to have

a resonance Lreslim in Eq. (2.91), since the VD term needs to be equal to the sum of the

other two terms in the denominator of Eq. (2.82) to have a resonance and in our case the

VT term is small. This is why in Figs. 2.6 to 2.8 the cyan thermalization region finishes at

the boundary of the dark gray region of no resonance production.

So far we have considered the condition for chemical equilibrium of sterile neutrinos. We

would like to point out that kinetic decoupling happens before chemical decoupling. The

sterile neutrino scattering rate contains an extra sin2 θ factor over the production rate. Thus

sterile neutrinos that are not in chemical equilibrium are also not in kinetic equilibrium.
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Figure 2.6: Regions/limits for resonantly produced νs mixed with νe, for Std, K, ST1 and ST2

cosmologies assuming L = 10−2. Resonant production is not possible to the right of the “no

res. prod.” vertical black line (gray shading). Additional non-resonant production is possible in

the adjacent diagonally red hatched vertical strips. Tres < 5 MeV to the left of the Tres=5 MeV

line. Fully resonant conversion possible only above the violet dot-dashed diagonal line, within

the red wedges between the adiabaticity and coherence limits. Regions excluded by Ωs > ΩDM

and Ly-α/HDM [10] limits for fully resonantly produced νs, thermalization (“therm.") and reactor

data (R) [6, 7, 8] are shaded in dark gray, gray, dark cyan and green respectively (lighter cyan

“therm." regions allowed due to entropy dilution). Shown are the upper limit from 0νββ decays

(orange) [25], the Majorana νs lifetimes τS = tU , trec and tth (dashed red), the reach of KATRIN

(KA) and TRISTAN 3 yr (T) [17, 18] in blue, HUNTER phase 1 (H1) and upgrade (HU) [19] in

purple, and PTOLEMY for 100 g-yr (P) (Figs. 6 and 7 of [24]) in orange, the region (SN) disfavored

by supernovae [3] (shaded in brown), the 4-σ band of compatibility with LSND and MiniBooNE

data (MB) in Fig. 4 of [20] (hatched in black) and regions allowed at 3-σ by DANSS [21] and

NEOS [22] data in Fig. 4 of [23] (3 black vertical contours).
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Figure 2.7: As in Fig. 2.6, but for L = 10−3.
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Figure 2.8: As in Fig. 2.6, but for L = 10−4.
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Figure 2.9: As in Fig. 2.6, but for L = 10−5.
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2.7 Limits and potential signals for Resonant Production

We consider here the same constraints and regions of interest in the mass-mixing plane for

resonantly produced sterile neutrinos in different pre-BBN cosmologies as we considered in

our studies of non-resonant production [66, 67, 68] (see section 2.5), modifying the relic

density and characteristic momentum as necessary. The difference in the sterile neutrino

production mechanism only affects the limits that depend on these quantities. Here we

focus primarily on the changes due to the different production mechanism (resonant vs.

non-resonant). The resulting limits and regions of interest are shown in Figs. 2.6 to Fig. 2.8,

where we assume that the sterile neutrino only mixes with νe. Since we assume fully resonant

conversion (i.e. coherent and adiabatic) in computing the relic abundance and characteristic

momentum, the limits that depend on the relic abundance and momentum are only shown

within the red shaded wedges in which sterile neutrinos can be fully resonantly produced.

We note that there are scalar-tensor cosmologies that produce wedges in between those we

show for ST1 and ST2, always above the dot-dashed violet line. As with the non-resonant

case, we consider the effects of thermalization on these limits (see section 2.6.5) which is

largely encapsulated by the cyan region in Figs. 2.6 to 2.8.

Warm DM candidates are constrained by observations related to structure formation,

which is suppressed below their free-streaming scales. In particular, measurements associated

with ∼ 0.1 − 1 Mpc scales [10], as probed by the Lyman-α forest absorption spectrum16,

provide a strong limit on O(keV) mass sterile neutrinos. Typically, bounds from Lyman-α

are given in the literature in terms of the mass mtherm of a thermally produced particle with

a Fermi-Dirac spectrum. While for non-resonant production the average momentum of such

particles 〈ε〉 is close to 3 for all the cosmologies we consider, resonantly-produced sterile

neutrinos have a lower average momentum that is close to or below 1 (see Eq. (2.108)).

Following Ref. [182] (see discussion in section 2.5 [67]), the limit on the sterile neutrino ms

16Structure formation on similar scales can be also probed via DM halo counts [131].
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can be related to a given limit on the mass of a thermal relic mtherm as

ms = 4.46 keV
(
〈ε〉

3.15

) (
mtherm

keV

) 4
3
(
Tνs
Tνα

) (
0.12

fs,DM ΩDM h2

) 1
3

, (2.118)

where Tνs/Tνα = (10.75/g∗)1/3. Taking g∗ = 10.75, we use Eq. (2.118) to translate to ms

the limits of Ref. [10]. We take the 2-σ bound on warm DM from SDSS+XQ+HR data

shown on the right panel of Fig. 6 of Ref. [10], but extend the limit horizontally to smaller

masses, at 8% of the DM energy density. To obtain the corresponding Lyman-α bounds for

sterile neutrinos, which reject the gray vertical bands shown within the wedges in Fig. 2.6,

we bounded the mass-mixing region by finding where the predicted DM fraction in each

cosmology and for each L value becomes larger than the published 2-σ limit. Fully resonant

sterile production affects the limits on ms found through Eq. (2.118), due to the different

values of 〈ε〉 it predicts, which decrease as L decreases. For small L, the corresponding 〈ε〉

is also small, as shown in Eq. (2.108), i.e. a colder momentum distribution. Due to the

diminished number density in Eq. (2.112), along with the 〈ε〉 dependence in Eq. (2.118),

there are no Ly-α bounds for L < 10−3, thus the limit is only shown in Fig. 2.6.

Astrophysical indirect detection searches for X-ray emission probe the radiative decay

νs → ναγ, whose lifetime τγ is [191, 192]

τ−1
γ ' 1.38× 10−32s−1

(sin2(2θ)
10−10

)(
ms

keV

)5
, (2.119)

of sterile neutrinos in galaxies and galaxy clusters provide stringent constraints for ms > 1

keV [11, 12, 13]. Additionally, observations of the diffuse extragalactic background radiation

(DEBRA) [14] limit the integrated flux from sterile neutrino decays occurring between the

recombination time trec and the present (thus it extends to τ = trec). However, these limits

scale with the density of sterile neutrinos and affect neutrinos with masses ms ≥ 1 keV.

Since our regions of interest are either already bounded by other limits at the keV scale or

do not reach this mass, we do not show the X-ray/DEBRA bounds.

BBN imposes a limit on Neff, the effective number of active neutrino species, contributing

to the energy density during BBN. In addition to Neff = 3.045 coming from active neutri-
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nos [183, 184], fully resonantly produced sterile neutrinos provide an extra contribution of

∆Neff = Neff − 3.045 '
( 〈ε〉

3.15

)(
nνs
nνα

)(10.75
g∗

)1/3
. (2.120)

Using Eq. (2.111), the current 95% confidence level BBN bound17 of Neff < 3.4 [9] can be

thus translated into an upper bound on the lepton number

L = 0.36 ∆Neff

(
〈ε〉

3.15

)−1 (
gνs

10.75

) 1
3
< 0.14

(
〈ε〉

3.15

)−1 (
gνs

10.75

) 1
3
. (2.121)

Since the average momentum of fully resonantly produced sterile neutrinos is 〈ε〉 < 3.15 (see

Eq. (2.108)), for ∆Neff < 0.4 the values of L chosen for Figs. 2.6 to 2.8 easily evade this

limit in the absence of thermalization. In the dark cyan shaded region where thermalization

occurs, sterile neutrinos have the same (or close to the same) relic number density as one

specifies of active neutrinos, i.e. ∆Neff = 1 (or close to 1, depending on entropy dilution)

which is forbidden by the present limit (in the lighter cyan regions entropy dilution brings

the sterile neutrino number density to be below the present limit, as explained above).

Sterile neutrinos produced in supernova explosions could result in significant energy loss

[3], disfavoring the brown region of parameter space labelled “SN" displayed in Figs. 2.6 and

2.9. It is difficult to exclude this region entirely, due to large uncertainties associated with

the process [137] (for recent related studies of sterile neutrinos mixing with νµ and ντ see

Ref. [190, 189]).

Laboratory experiments can directly probe sterile neutrinos in the eV and keV mass-

ranges by searching for active neutrino appearance or disappearance due to active-sterile

neutrino mixing. These searches are completely independent of cosmology. In the eV-mass

range, we display in Figs. 2.6 and 2.9 the combined limits (denoted by “R”, green shading)

from Daya Bay [6], Bugey-3 [7] and PROSPECT [8], assuming sterile mixing with νe. We

highlight the regions (densely hatched in black) corresponding to the anomalous signals18 in

17This bound is similar in magnitude to the Neff constraint from CMB observations of Planck-2018 [46],
which is however only applicable to sterile neutrinos with mass of ms � 1 eV. Bounds on effective sterile
neutrino mass ms,eff or the sum of active neutrino masses [46, 210] from Planck-2018, BICEP2/Keck and
BAO data do not significantly affect our results.

18We stress that these signals are in strong tension with results from IceCube [195] and MINOS [196].
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LSND [121] and MiniBooNE [122, 20] data, reproduced from Fig. 4 of Ref. [20]. Additionally,

we display (3 black vertical elliptical contours) the anomalous signal regions from DANSS [21]

and NEOS [22] data, following Fig. 4 of Ref. [23]. The eV-mass parameter space region will

be further tested with KATRIN [18] (solid blue lines) and PTOLEMY [24] (solid orange

lines) experiments. In the keV-mass range, KATRIN [197, 198] and its upgraded version

TRISTAN [17] (solid blue lines), as well as the upcoming HUNTER [19] (solid magenta

lines) experiment, will be able to probe a significant portion of the active-sterile mixing

parameter space19.

Limits on neutrinoless double-beta decay constrain sterile neutrinos mixed with νe, if

neutrinos are Majorana fermions, through their contribution 〈m〉s = ms sin2(θ)eiβs to the

effective electron neutrino Majorana mass (βs is a Majorana CP-violating phase). The

present bound on the magnitude of this effective mass is |〈m〉| < 0.165 eV [15]. Hence,

this implies an upper limit (denoted “0νββ", solid orange line) of ms sin2(2θ) < 0.660 eV.

We note that this bound is not completely robust. The contribution of the sterile neutrino

might interfere with the contributions from the active ones, leading to a suppression in the

effective Majorana mass and, therefore, avoiding the experimental bounds [199].

2.8 Summary of Sterile Neutrino Results

The early Universe pre-BBN cosmology could be drastically different from the usually as-

sumed radiation-dominated cosmology with SM particle content, as happens in motivated

theoretical models – for example in models based on moduli or quintessence. Since no rem-

nant has been detected from the pre-BBN epoch, this era of the early Universe currently

remains completely untested. Visible sterile neutrinos, those which could be detected in near

future laboratory experiments, could be the first remnants from this epoch. First we revis-

ited the production of sterile neutrinos via non-resonant active-sterile oscillations assuming

different cosmologies before the temperature of the Universe was 5 MeV and showed that

19The effects of lepton asymmetry on cosmological sterile neutrino bounds at keV mass range have been
also recently discussed in Ref. [211].
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these neutrinos can act as sensitive probes of the pre-BBN cosmology.

In particular, in section 2.6 we studied non-resonant sterile neutrino production within

the standard and several non-standard cosmologies before T = 5 MeV. We dealt mostly

with cosmological models in which entropy in matter and radiation is conserved, such as the

Scalar Tensor and Kination models, using a parameterization of the expansion rate H in

terms of its amplitude and temperature dependence that has the particular cosmologies we

studied as special cases. We also revisited Low Reheating Temperatures models, in which

entropy is not conserved during the non-standard cosmological phase, but sterile neutrinos

are produced dominantly in the standard phase, at T < 5 MeV. In all cases we assumed that

the cosmology is standard at T < 5 MeV.

We found that the resulting sterile neutrino relic abundance can be either suppressed or

enhanced and that the momentum distribution can be colder or hotter compared to those

in the standard cosmology for the same neutrino masses and mixings. We derived general

expressions for all relevant quantitites using the mentioned parametrization of H with two

parameters, and give them also for the particular cosmological models we studied. We

updated and extended the cosmological and astrophysical bounds on all the cosmologies we

considered.

In particular, in the Low Reheating Temperature and one of the Scalar Tensor (ST1)

models we studied, the cosmological bounds are significantly relaxed, and the mixing of the

sterile neutrinos possibly responsible for the 3.5 keV signal is more accessible to the reach

of the upcoming KATRIN/TRISTAN and HUNTER experiments. These experiments have

already started or are expected to start taking data soon. The observation of a ∼ 7 keV mass

sterile neutrino in one of them would not only constitute a momentous discovery in particle

physics, but also in cosmology, even if this neutrino does not consitute all of the DM. Namely,

it would not only constitute the discovery of a new elementary particle, a particle physics

discovery of fundamental importance, but could hold vital information about the pre-BBN

cosmology from which this sterile neutrino could be the first ever detected remnant.

For example, if the measured mixing would be sin2 2θ = O(10−7), the discovery would be
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consistent with a non-standard cosmology such as the ST1 and Low Reheating Temperature

we studied here. On the other hand, a measured value of sin2 2θ = O(10−9) could instead

point towards a Kination model (or maybe special particle models, e.g. [212]). For a sin2 2θ =

O(10−10), it would point to a standard pre-BBN cosmology, as indicated in Figs. 2.3 and 2.4

(see the location of the black stars).

The relaxation of cosmological bounds on eV-scale mass sterile neutrinos in non-standard

pre-BBN cosmologies, mostly in the Low Reheating Temperature and the ST1 models, allows

for the results reported from the LSND, and MiniBooNE short-baseline as well as the DANSS

and NEOS reactor neutrino experiments to be unrestricted by cosmology20. If the discovery

of a sterile neutrino in any of these experiments would be confirmed, again this would

be of fundamental importance not only for particle physics, but possibly for the pre-BBN

cosmology in which they were produced, and it could provide an indication of a non-standard

cosmology in this yet untested epoch.

We have further considered the approach of sterile neutrinos to thermalization that hap-

pens for large enough active-sterile mixing angles. The allowed regions of parameter space

found in section 2.3 are not affected by these considerations. In particular, the interesting

region in which there are several suggested potential signals of a light sterile neutrino with

mass close to 1 eV are free from cosmological bounds in the ST1 and LRT cosmologies.

In addition to non-resonant production, we studied the cosmological dependence of reso-

nant sterile neutrino production for sterile neutrino masses between 10−2 eV < ms < 103 keV,

assuming different pre-BBN cosmologies. We derived general expressions for the relevant

quantities of adiabaticity and coherence using a simple parametrization of the expansion of

the Universe that covers a broad class of cosmologies and which has, as special cases, the

particular cosmologies we studied as examples: the standard cosmology (Std), kination (K),

and two scalar-tensor models denoted ST1 and ST2. Resonant production can only happen

in the presence of a large lepton asymmetry.

We show the regions of interest and different astrophysical and cosmological limits for a νs

20The cosmological limits can be also suppressed by additional sterile neutrino interactions, such as those
due to their coupling to an ultra-light scalar (see e.g. Refs. [213, 214]).
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mixed only with νe, appropriate for our scenarios in Figs. 2.6 to 2.8 for L = 10−2, 10−3, 10−4

and 10−5, respectively, for the four example cosmologies.

The vertical solid black line labeled “no res. prod." shows the maximum value of the

mass in each panel for the given L and ε = p/T = 1 for which resonant production can

take place. No resonance production can occur in dark gray shaded region to the right

of this line. In all the cosmologies we studied the resulting characteristic momentum is

ε < 1. The vertical strip to the left of this limit, diagonally hatched in red and labeled

“two pop.”, indicates the approximate range in which non-resonant production may take

place after resonant production. Within this mass range the total momentum distribution

would consist of an overlap of two populations of the same sterile neutrino with different

characteristic momenta: a colder resonantly produced one with ε < 1 and a hotter one with

larger characteristic momentum ε ' 3 (in comparison, the characteristic momentum for non-

resonant production we found in section 2.3 [67, 66] is ∼ 3 for all the considered cosmologies).

We obtained this range by requiring the temperature of maximum non-resonant production

Tmax to be smaller than the resonance temperature. Since even for temperatures lower than

Tmax there can still be a considerable rate of non-thermal production, the lower limit of

this narrow band is not strict. We note that within this band, the limits on non-resonant

production presented e.g. section 2.3 [67, 66] would apply, which are not shown in the figures

of this paper (including thermalization limits).

We identified the region (above the dot-dashed violet diagonal lines in each panel in

Figs. 2.6 to 2.8) in the mass-mixing plane where both adiabaticity and coherence can happen

simultaneously. In this region the damping term appearing in the Boltzmann equation is

always negligible (below the dot-dashed violet diagonal lines the damping term is important

at resonance). Further, we specifically identified where in the different cosmologies there

is fully resonant conversion (in contrast to resonant scattering-induced production), which

requires that two conditions hold during resonance: coherence and adiabaticity. A fully

resonant conversion leads to a very effective transfer of the initial active neutrino lepton

number into a population of sterile neutrinos with number density nνs,res '
(∑

Lνα

)
nγ,

independent of the mixing angle, and a characteristic momentum ε < 1 that diminishes with
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the initial lepton number (see Eq. (2.108)). Fully resonant conversion in each of the four

cosmologies that we consider occurs in the red shaded wedges in Figs. 2.6 to 2.8, delimited

from above by the coherence limit and by the adiabaticity limit from below. We clearly see

in the figures that these wedges change considerably with the cosmology, allowing sterile

neutrinos that in the standard cosmology would not be fully resonantly produced to be

produced in this manner in a non-standard one. This type of production could in principle

be distinguished by measuring the relic density and spectrum. To the left of the vertical

line labeled Tres = 5 MeV, resonant production would happen at temperatures smaller than

5 MeV where all our cosmologies become identical to the standard one, thus only the red

wedge of the standard cosmology extends to the left of this line.

We note that practically all fully resonantly produced sterile neutrinos would constitute

a part of the hot DM (except possibly for the ST1 and K cosmologies and L = 10−3, in

which case they might be a subdominant warm DM component with mass close to a keV).

Ly-α-HDM limits reject the gray region shown within the wedges in the plots for L = 10−2.

To the left of this Ly-α-HDM rejected mass range for L = 10−2, and to the left of the dark

gray “no res. prod. region" (where resonant production can happen) for L = 10−3, 10−4

and 10−5 fully resonant production yields a viable DM component. The main distinguishing

characteristic of these sterile neutrinos would be their colder spectrum (with respect to non-

resonantly produced neutrinos). Sterile neutrinos with a colder spectrum could potentially

be detected in the future by their impact on the matter power spectrum P (k). In particular,

sterile neutrinos would lead to a suppression of P (k) for k > knr above the scale associated

with knr (smaller length scales), where they become non-relativistic, proportional to their

density fraction fs,DM = Ωs/ΩDM. This effect would be in addition to the qualitatively

similar effect expected from the active neutrino bath P (k) [215, 216, 217].

Finally, we found that the cosmological bounds on eV mass-scale sterile neutrinos are

relaxed for fully resonantly produced sterile neutrinos in several of the cosmologies we con-

sidered, including the standard one for a lepton asymmetry larger than ∼ 10−5. This allows

for the results reported from the LSND, and MiniBooNE short-baseline as well as the DANSS

and NEOS reactor neutrino experiments to be unrestricted by cosmology. Furthermore, ster-
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ile neutrinos in this mass-range are also within the reach of the KATRIN and PTOLEMY

experiments.
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CHAPTER 3

Gas Heating Bounds on Primordial Black Holes

3.1 Introduction

Primordial black holes (PBH) can form in the early Universe through a variety of mechanisms

and can significantly contribute to DM (e.g. [77, 78, 79, 80, 81, 82, 83, 84, 85, 86, 87, 88,

28, 89, 90, 91, 92, 93, 94, 95, 96, 34, 97, 98, 99, 100]). PBH surviving till present day

can span many orders of magnitude in mass, ranging from 1015 g to well over 1010 M�,

depending on formation mechanism. Recent studies [218, 219, 220] of PBH in the mass

window of ∼ 10−16 − 10−10M� have established that there is a sizable open parameter

space for PBH to constitute all of the DM. Furthermore, PBH have been associated with

a variety of astrophysical phenomena, such as seeds for formation of super-massive black

holes [101, 102, 103] as well as the source of new signals [221, 222, 223] from compact star

disruptions from PBH capture, among others.

With the detection of LIGO gravitational wave events [224, 225, 226], particular interest

has been paid to the PBH from the intermediate mass window of 10− 103M� that have also

been suggested as possible progenitors (e.g. [227, 103, 228, 229, 230, 231, 232]). While a a

variety of constraints exist for this PBH mass range (see e.g. [1]), they often rely on multiple

assumptions and are subject to significant uncertainties. It is thus important to consider

independent sources of constraints.

Here we establish novel constraints from PBH in the intermediate mass range ∼ 10 −

106M� traversing interstellar medium and heating the surrounding gas. We consider a variety

of gas systems as well as several generic heating mechanisms, including dynamical friction,

accretion disk emission as well as mass outflows/winds from accretion disk. Previously,

77



constraints for passing massive BHs “heating” stars have been established [233, 234, 235],

but gas heating effects have not been studied in detail. Theoretically expected luminous X-

ray emission from traversing PBH interacting with surrounding medium has been also used

to set limits [236, 28]. Recently, constraints from gas heating have been considered in the

context of particle DM [237, 238, 239], which have different heating mechanisms compared

to PBH. Furthermore, while the interest for particle DM is on systems with high relative

particle velocity to ensure high collision rates, for PBH systems with slower relative velocities

are preferential as this leads to increased PBH accretion and emission.

In addition to the intermediate mass PBH, we also consider light PBH with mass .

10−16M� existing at present time, which will be evaporating and copiously emitting particles

through Hawking radiation [104]. Non-rotating PBH with masses below 2.5 × 10−19M�

have lifetimes smaller than the age of the Universe and thus do not contribute to DM

abundance [240, 241]. Particle emission from currently evaporating PBH produces a variety

of signatures, providing insight into this region of PBH DM parameter space. Leading

constraints on light PBH have been obtained from observations of photon flux [38, 39, 242,

43], cosmic microwave background [37, 243, 244, 245], electron and positron cosmic rays [36],

511 keV gamma-ray line [246, 247, 248, 249, 40, 41, 42], as well as neutrinos [42].

Usually, PBH are assumed to be non-rotating (Schwarzschild) [250, 251, 252]. However,

PBH can be formed1 with significant spin (Kerr BHs) [254, 255, 93, 256, 94, 99, 95]. BH spin

will affect the Hawking radiation, generally increasing the emission while favoring particles

with larger spin [104, 257, 241, 258]. Furthermore, the mass limit of ∼ 2.5 × 10−19M� for

PBH below which their lifetime is smaller than the age of the Universe varies by a factor of

∼ 2 for maximally rotating PBH [257, 259, 260]. Besides mass (and electric charge), angular

momentum constitutes a fundamental conserved parameter of a BH. Hence, it is important

to explore the implications of spin for observations [242, 259, 261, 260, 262, 42].

Subsequent to our work on intermediate mass PBH, Ref. [263] considered heating of

ISM gas due to light evaporating non-rotating PBH. We revisit and provide an alternative

1Heavier PBH can also efficiently acquire spin via accretion [253].
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treatment of gas heating due to evaporating PBH, focusing again on the dwarf galaxy Leo

T. We find that a more detailed, conservative, and proper treatment of energy deposition

from PBH emission results in significantly weaker constraints than reported in the analysis

of Ref. [263]. Furthermore, we study gas heating due to evaporating PBH with significant

spin.

This chapter uses materials published in Refs. [69] and [43].

3.2 PBH in Interstellar Medium

3.2.1 Bondi-Hoyle-Lyttleton accretion

The accretion of gas onto floating BHs has been analyzed in Ref. [264] and applied to

PBH in Ref. [28], whose arguments we follow. The process follows Bondi-Hoyle-Lyttleton

accretion, with a rate of [98, 265, 266]

Ṁ = 4πr2
B ṽρ = 4πG2M2nµmp

ṽ3 , (3.1)

where M is the PBH mass, rB = GM/ṽ2 is the Bondi radius2, µ is the mean molecular

weight, n is the ISM gas number density, mp is the proton mass and ṽ ≡ (v2 + c2
s)1/2. Here,

v is the relative PBH velocity to gas and cs is the temperature-dependent sound speed in

gas, which we take as cs ∼ 10 km/s [28]. Recent 3D hydrodynamical simulations show that

the accretion rate at high Mach number would be limited to ∼ 10–20% of the canonical

Bondi-Hoyle-Lyttleton accretion rate of Eq. (3.1) [267]. Since this depends on the assumed

conditions and the dominant constraints in our study rely on low-velocity regime, throughout

this work we adopt the canonical rate.

The BH accretion rate can be related to the bolometric emission luminosity as L =

ε(Ṁ)Ṁ , with a scaling of radiative efficiency ε(Ṁ) describing different accretion regimes.

The Eddington accretion rate, assuming a characteristic radiative efficiency of ε0 = 0.13, is

2Bondi radius sets the scale at which gravity becomes important and approximates how far from object
material starts to be drawn in and accreted.

3The radiative efficiency ε0 can vary from 0.057 for a non-rotating Schwarzschild BH to 0.42 for an
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defined in terms of Eddington luminosity as

ṀEdd = LEdd

ε0c2 = 6.7× 10−16
(
M

M�

)
M�/s . (3.2)

A convenient parameter for characterizing the accretion flow is

ṁ = Ṁ

ṀEdd
= 2.64× 10−4

(
M

M�

)(
n

1 cm−3

)(
µ

1

)(
ṽ

1 km/s

)−3

. (3.3)

3.2.2 Accretion disk formation

With a sufficient angular momentum, infalling gas can form accretion disk around the BH.

For high accretion rates of ṁ & 0.07α, the accretion flow likely forms a thin α-disk, the

so-called standard disk [269], where α ' O(1) is a phenomenological parameter describing

viscosity. The angular momentum necessary for disk formation can be supplied by pertur-

bations in density or velocity of accreting gas. Due to density fluctuations in ISM described

by Kolmogorov spectrum, a density differential between the opposite points on the accre-

tion cylinder will supply angular momentum [270]. Equating this with Keplerian angular

momentum, the outer edge of the resulting thin accretion disk is given by [264]

ro ' 2.5× 106rs

(
M

100M�

) 2
3
(

ṽ

100 km/s

)− 10
3

, (3.4)

where rs = 2GM/c2 is the BH Schwarzschild radius. On the other hand, for inefficient

accretion described by the Advection-Dominated Accretion Flow (ADAF) regime [271, 272],

the inflowing matter does not follow Keplerian description. In that case, the outer accretion

disk radius is uncertain and we consider a range of parameter values as described in Sec. 3.3.

For a Schwarzschild BH, the radius of innermost stable circular orbit (ISCO) of a test

particle is rISCO = 3rs. If the outer edge of BH accretion disk is located within the ISCO

radius, i.e. ro/rISCO < 1, we do not expect efficient disk formation. Thus, using Eq. (3.4) we

can infer an approximate condition on BH mass for accretion disk formation as

M > 2.5× 10−8M�

(
ṽ

100 km/s

)5

. (3.5)

extremal Kerr BH (see e.g. Ref. [268]).
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3.2.3 Gas and PBH distribution

For PBH constituting a fraction of DM fPBH, the total number of PBH of mass M within a

gas system of volume V and approximately constant DM density ρDM is

NPBH(M) = fPBH
ρDMV

M
. (3.6)

Here we assume a monochromatic PBH mass function for simplicity. The velocity of PBH

contributing to DM can be described by a Maxwell-Boltzmann distribution

f(v) =
√

2
π

v2

σ3
v

exp
(
− v2

2σ2
v

)
, (3.7)

where σv is the velocity dispersion within a given system. Considering also a possible dis-

tribution in gas number density described by f(n), analysis of resulting X-ray emission

luminosity for a set of Milky Way gas clouds has been carried out in Ref. [264, 28].

As we will be interested in gas heating due to PBH, for a gas system in thermal equilibrium

the total amount of heating from PBH of mass M is

Htot(M) = NPBH(M)H(M) =
∫ nmax

nmin

∫ vmax

vmin
dndv

dfn
dn

dfv
dv
H(M,n, v) , (3.8)

where dfn/dn is the gas density distribution, dfv/dv is the relative PBH velocity distribution

and H(M,n, v) is the amount of heat being deposited into the system from a single PBH

(taking into account absorption). Here, H represents the cumulative contribution from all

three considered heating processes and for photon emission and outflows there is an additional

integration to treat absorption. Envisioning gas systems of approximately constant density,

dfn/dn is simply a delta function.

A considered gas system can have a bulk relative velocity vb with respect to the galactic

frame. As shown in Appendix 4.3, this can be incorporated into our analysis via modification

of Eq. (3.7) to

f(v) = v√
2πσvb

[
e−

(v−vb)2

2σ2 − e−
(v+vb)2

2σ2

]
. (3.9)

81



3.3 Gas Heating Mechanisms

We consider three distinct gas heating mechanisms due to PBH4: absorption of emitted

photons from accretion disk, direct heating due to dynamical friction and energy deposit

from emitted protons of outflows that are inherent to the ADAF accretion regime. Of

these three, dynamical friction has the least uncertainty but typically forms a subdominant

contribution.

3.3.1 Accretion photon emission

We first consider gas heating due to photon emission from accretion. Emission in the X-ray

band will typically constitute the most dominant contribution and becomes more efficient at

high mass accretion rates.

To characterize the accretion flow, we follow the scheme outlined in Ref. [272]. Namely, we

consider that the accretion flow results in a thin disk for ṁ > Ṁ = 0.07α, and is described

by ADAF for less efficient accretion. We do not consider slim disk or other solutions for

near- or super-Eddington accretion ṁ ∼ 1 as the PBH in our parameter space rarely achieve

such high rates. Furthermore, the slim disk spectrum is not significantly different from the

thin disk spectrum for ṁ . 10 [273]. In Fig. 3.1, we display dominant photon emission

from accreting PBH over a wide PBH mass-range and for different densities of surrounding

gas, assuming Bondi-Hoyle-Lyttleon accretion of Eq. 3.1 with characteristic flow velocity of

ṽ ' 10 km/s and also emission results of Sec. 3.3.1.1 and Sec. 3.3.1.2.

Hydrogen gas is optically thin to continuum emission below the ionization threshold

of Ei = 13.6 eV, and the velocity dispersion is not high enough for a significant Doppler

broadening of the emission spectra. Thus, we ignore the absorption of photons with energies

less than Ei. If the medium is optically thick to emitted photons, this signifies that photons

are absorbed and we treat deposited energy as heating. For absorption, we employ photo-

4Since for relevant parameters of interest the BHs are large, the heating associated with Hawking evapo-
ration is negligible in considered BH mass-range.
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ionization cross-section of Ref. [274, 275] that is valid for E > Ei,

σ(E) = σ0y
− 3

2
(
1 + y

1
2
)−4

, (3.10)

where y = E/E0, E0 = 1/2Ei and σ0 = 605.73 Mb = 6.06 × 10−16 cm2. The optical depth

for a gas system of size l and density n is then given by τ(n,E) = σ(E)nl. Above 30 eV, we

use the combined attenuation length data from Fig. (32.16) of Ref. [276].

The resulting heating power due to accretion emission photons is

H(M,n, v) =
∫ Emax

Ei
Lν(M,n, v)

(
1− e−τ

)
dν , (3.11)

where τ(n,E) = σ(E)nl is the optical depth for a gas system of size l and density n. For

both ADAF and thin disk regimes the emission spectrum is exponentially decreasing at high

energies and we evaluate the integral up to the maximum temperature Emax, above which

the contributions are negligible5.

3.3.1.1 Thin disk

The standard (geometrically) thin α-disk, characterized by the viscosity parameter α, is

optically thick and efficiently emits blackbody radiation [269]. Thin disk allows for a fully

analytic description. The temperature of the disk varies with radius as [277]

T (r) = Ti

(
ri
r

)3/4
[
1−

(
ri
r

) 1
2
] 1

4

, (3.12)

where σ is the Stefan-Boltzmann constant and ri is the inner disk radius taken to be the

ISCO radius rISCO. Here, using Eq. (3.1),

Ti =
(

3GMṀ

8πr3
i σ

)1/4

= 300 eV
(

n

1 cm−3

) 1
4
(

ṽ

1 km/s

)− 3
4

. (3.13)

The disk temperature is seen to be independent of the BH mass in the case of Bondi-Hoyle

accretion. The disk temperature T (r) decreases at large radii as r−3/4, but also diminishes

5For thin disk, we choose the maximum temperature to be Emax = 5Ti, where Ti is the characteristic
temperature of the inner disk. For ADAF, we take Emax = 3Te, with Te being the temperature of the
electron plasma.
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Figure 3.1: Dominant photon emission from PBH accretion over a wide PBH mass-range M

for different densities of the surrounding gas n, assuming Bondi-Hoyle-Lyttleton accretion and a

characteristic flow velocity of ṽ ' 10 km/s in Eq. (3.1). Regions of different accretion regimes ṁ

(black diagonal lines) resulting in slim disk, thin disk and ADAF (including LHAF, ADAF, eADAF

sub-regimes) accretion flows (see text) are shown.

near the inner radius. The disk attains a maximum temperature of Tmax = 0.488Ti at a

radius of r = 1.36ri.

The thin disk emission spectrum is a combined contribution of the blackbody spectra from

each radii. Using the scaling relations in Ref. [277] and requiring continuity, the resulting

spectrum can be approximately described as

ν < To : Lν = cα

(
Tmax

To

) 5
3
(

ν

Tmax

)2

To < ν < Tmax : Lν = cα

(
ν

Tmax

) 1
3

Tmax < ν : Lν = cα

(
ν

Tmax

)2
e1− ν

Tmax

(3.14)

where cα = 2.26 × 1031 erg eV−1s−1(M/M�)2(n/1 cm−3)3/4(ṽ/1 km/s)−9/4. Here cα is nor-
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malized so that the total integrated luminosity
∫
Lνdν = 0.057Ṁc2, i.e. emission is at the

maximum possible efficiency for a Schwarzschild black hole. Using Eq. (3.1), (3.4) and (3.12),

the temperature at the outer disk radius To = T (ro) is given by

To ' 1.09× 10−6 eV
(

n

1 cm−3

) 1
4
(
M

M�

)− 1
2
(

ṽ

1 km/s

) 7
4

. (3.15)

For all relevant parameter values of interest for n,M, ṽ, the temperature is always To �

13.6 eV. Hence, we only need to consider the temperature regimes when To < ν.

From Eq. (3.13) it is seen that thin disks will efficiently emit in X-rays, a regime where

the hydrogen ionization cross section is large. Hence, emission from thin disks will also

efficiently absorbed and they can contribute significantly to gas heating.

3.3.1.2 ADAF disk

When the accretion is significantly sub-Eddington, advection-dominated accretion flow (ADAF)

forms [271, 272]. Here, the heat generated by viscosity during accretion is not efficiently ra-

diated out and much of the energy is advected via matter heat capture into the BH event

horizon along with the gas inflow. In contrast to the thin disk, ADAF “disk” is geometrically

thick and optically thin.

ADAF disk results in a complicated multi-component emission spectrum. We will con-

sider three components of the ADAF spectrum, arising from electron cooling6: synchrotron

radiation, inverse Compton (IC) scattering and bremsstrahlung.

To describe ADAF spectrum, we will employ approximate analytic expressions obtained

in Ref. [279] in combination with the updated values for the phenomenological input param-

eters. The accretion inflow forms a hot two-temperature plasma [280], with the hotter ions

at Tion ' 1011K and the cooler, radiating electrons with Te ' 109 − 1010K. We consider

the temperature to be spatially uniform over the entire emission region. To characterize the

flow, we use the following parameter values consistent with recent numerical simulations and

6We neglect additional possible contribution of synchrotron radiation from non-thermal electrons, which
is present in ADAF models of Sgr A∗ [278].
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observations [272]: the ratio of direct viscous heating to electrons and ions δ = 0.1 − 0.5,

the ratio of gas pressure to total pressure β = 10/11, the minimum flow radius is the ISCO

radius with rmin = 3rs, and the viscosity parameter α = 0.1. Furthermore, we use variable

xM ' 4× 103ṁ1/4 and constants c1 = 0.5, c3 = 0.3 as defined in Ref. [279].

For a more robust analysis, we will further sub-divide ADAF into three distinct regimes,

depending on the accretion rate, following Ref. [272]. Namely, we shall consider luminous hot

accretion flow (LHAF) for accretion rates ṀADAF = 0.1α2 < ṁ < ṀLHAF = 0.07α, standard

ADAF in the range 10−3α2 = ṀeADAF < ṁ < ṀADAF, and “electron" ADAF (eADAF)

for ṁ < ṀeADAF. As discussed in below and in detail in Appendix 4.4, the temperature

determination is handled differently for each of these ADAF regimes.

The synchrotron emission is self-absorbed and produces a rising Lν ∝ ν2/5 spectrum,

similar to the ν1/3 spectrum in the optically thin regime and also to that of the thin disk,

which peaks at

νp = 1.83× 10−2 eV
(
α

0.1

)− 1
2
(

1− β
1/11

) 1
2

θ2
e

(
rmin

3rs

)− 5
4
(
M

M�

)− 1
2 ( ṁ

10−8

) 3
4
, (3.16)

where

θe = kTe
mec2 = T

5.93× 109K
(3.17)

is the temperature in units of the electron mass me. The peak luminosity is given by

Lνp = 5.06× 1038 erg
s · eV α−1(1− β)

(
M

M�

)
ṁ

3
2 θ5
er
− 1

2
min . (3.18)

The total resulting synchrotron power is

Psyn =
∫ νp

0
Lνdν ' 0.71νpLνp . (3.19)

For our typical parameters of interest, the synchrotron emission is poorly absorbed by the

surrounding medium since it peaks well below the hydrogen ionization threshold. Therefore,

it does not significantly contribute to gas heating.

The synchrotron photons undergo inverse-Compton scattering with the surrounding elec-

tron plasma. The thermal IC spectrum can be well approximated by a power law in the
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frequency range νp ≤ ν . 3Te as

Lν,IC = Lνp

(
ν

νp

)−αc
, (3.20)

where

αc = − ln τes
lnA . (3.21)

The exponent αc depends on the electron scattering optical depth τes = 12.4ṁα−1r
−1/2
min and

the amplification factor (mean amplification per scattering) A = 1 + 4θe + 16θ2
e . The total

IC power

PIC =
∫ 3Te

νp
Lν,ICdν = νpLνp

1− αc




6.25× 107
(

Te
109 K

)
(
νp

1012

)


1−αc

− 1

 (3.22)

is sensitive to the considered temperature due to T 5 dependence of Lνp and the dependence

implicit in αc.

Depending on the accretion rate, different components of the ADAF spectrum can dom-

inate. At low mass accretion rates (eADAF regime), the exponent in IC luminosity becomes

αc > 2, resulting in PIC ' Psyn/0.71(αc − 1), and the IC power is a fraction of the syn-

chrotron power. For moderate accretion (ADAF regime), 1 < αc . 2 and while IC power is

the dominant emission component synchrotron emission is still comparable. At the highest

accretion rates right below the thin disk threshold (LHAF regime), αc < 1 the IC radiation

becomes highly efficient. See Appendix 4.4 for details of how temperature θe is treated for

each regime.

The third component of the ADAF emission spectrum comes from bremsstrahlung of the

thermal electrons, which provides a flat spectrum with an exponential drop at Te

Lν,brems = 1.83× 1017
(
α

0.1

)−2 ( c1

0.5

)−2
ln
(
rmax

rmin

)
F (θe)(

Te
5× 109 K

)−1
e−

hν
kTemṁ2 ergs s−1Hz−1 ,

(3.23)

where rmax is O(103) and where F (θe) is O(1) given by

F (θe) =


4
(

2θe
π3

) 1
2 (1 + 1.78θ1.34

e ) + 1.73θ
3
2
e (1 + 1.1θe + θ2

e − 1.25θ
5
2
e ), θe ≤ 1 ,(

9θe
2π

)
(ln [1.12θe + 0.48] + 1.5) + 2.30θe(ln [1.12θe] + 1.28), θe ≥ 1 .

(3.24)
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While bremsstrahlung produces the majority of hard X-rays and gamma rays, IC typically

generates more power in the relevant range of high electron optical depth 10 eV ∼ 100 eV.

Since the total bremsstrahlung power is also negligible relative to the combined synchrotron

and IC power in the relevant parameter space, it will thus not contribute significantly to gas

heating.

3.3.2 Dynamical friction

Dynamical friction due to gravitational interactions of traversing PBH with surrounding

medium can both heat the gas and change the PBH velocity distribution. In contrast to

photon emission and outflows, dynamical friction has the advantage of directly depositing

kinetic energy and heating the gas without additional considerations of attenuation length

for emitted particles and stopping power.

While some of the other heating mechanisms we have considered contain a high degree of

uncertainty, dynamical friction follows a straightforward description via “gravitational drag”

force given by [281]

Fdyn =− 4πG2M2ρ

v2 I

=− 3.95× 1012 N
(
M

M�

)2 (
ρ

1 GeV cm−3

)(
v

10 km s−1

)−2
I ,

(3.25)

where I is a velocity-dependent geometrical factor. For collisionless medium, such as DM,

this factor takes the form of

Icol = ln
(
rmax

rmin

) [
erf
(

v√
2σ

)
− 2v√

2πσ
e−

v2
2σ2

]
, (3.26)

where σ is the (DM) velocity dispersion, rmax denotes the size of the surrounding affected

system that we identify with the gas cloud size and rmin is the size of the perturbing body,

which we take to be the Schwarzchild radius of the BH. For a gaseous medium, I depends on

the mach numberM = v/cs, where cs is the medium sound speed, and whether the motion
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of the perturbing PBH is subsonic (M < 1) or supersonic (M > 1) [282]

I =


1
2 ln

(
1+M
1−M

)
−M, M < 1 ,

1
2 ln

(
1− 1

M2

)
+ ln

(
rmax
rmin

)
, M > 1 .

(3.27)

The resulting output power due to dynamical friction for PBH traversing gas, which in this

case is also H as the gas is directly heated, is

Pdyn = Fdynv = 3.95× 1023 erg s−1
(
M

M�

)2 (
ρ

1 GeV cm−3

)(
v

10 km s−1

)−1
I . (3.28)

We can estimate the change in PBH velocity due to dynamical friction using Eq. (3.26).

Envisioning applying our results to dwarf galaxies, let us consider a gaseous system with

DM density ρDM in the central region of the system that is significantly higher than the

gas density ρ = nmp. The effect of dynamical friction on PBH velocity can be seen from

comparing the total work done on the PBH traversing the system to its kinetic energy

Fdynrmax
1
2Mv2 = −6.13× 10−7

(
M

M�

)(
ρ

1 GeV cm−3

)(
v

10 km s−1

)−4
(
rmax

500 pc

)
I . (3.29)

The effect on PBH velocity is insignificant throughout most of the parameter space of interest,

unless we consider gaseous environments of significantly higher density (in either gas or DM)

or super-massive PBH with mass M & 105M�. We therefore ignore dynamical friction effect

on PBH velocity. We note that lower relative velocities will generally increase the PBH

accretion rate, resulting in an increase of the photon and outflow power delivered to the

gaseous system. Hence, ignoring the velocity modification yields more conservative bounds

on PBH gas heating.

3.3.3 Accretion mass outflows/winds

Mass outflows (winds) composed of protons can also contribute to the heating of surrounding

medium by PBH and are expected to be significant for hot accretion flows [272]. In contrast

to jets7, the outflows are not highly relativistic and cover wider angular distribution. There

is significant uncertainty in description of outflows.

7As jets are typically associated with Kerr black holes, they would require a separate treatment and we
do not consider them here.
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The outflows reduce accretion rate at smaller radii and can be approximately modelled

by a self-similar power-law form [283]

Ṁin(r) = Ṁin(rout)
(
r

rout

)s
, (3.30)

where index 0 ≤ s < 1 is limited by energy and mass conservation. Here, Ṁin(rout) is the

Bondi-Hoyle-Lyttleton accretion rate of Eq. (3.1). The corresponding outflow (wind) is [284]

Ṁw(r) = r
dṀin

dr
= sṀin(rout)

(
r

rout

)s
. (3.31)

From simulations, the exponent s is seen to be 0.4 − 0.8 [285, 272]. The outer radius rout
has been considered in the literature over a wide range of values, including 100rs [286],

500rs [285], rB [287], to 10rB [288]. The resulting outgoing wind has a velocity that is a

fraction fk ' 0.1 − 0.2 [288, 289, 285] of the Keplerian velocity at the radius at which it is

ejected (due to Be/v2
k being roughly constant) [285]), i.e. v(r) ' fk

√
GM/r. Most of the

kinetic energy of the wind comes from the inner region, with the kinetic energy per particle

determined at the ISCO radius with vin = v(rin = 3rs) being

Ekin '
1
2mpv

2
in = 782 keV

(
rin
3rs

)−1
(
fv
0.1

)2

, (3.32)

which is independent of PBH mass.

To evaluate how much energy is deposited into the gas system from streaming outflow

protons, we derive the energy distribution of the wind, f(E), and convolute it with the heat

generated per proton ∆E. Using the values of the stopping power dE/dx = nS(E) adopted

from Ref. [290] (see their Fig. 9),

∆E =
∫ dE

dx
dx ' min(E, nS(E)rmax) . (3.33)

The total heat deposited in the cloud is then

Houtflow =
∫ rout

rin
∆E D

µmp

dṀin

dr
dr =

∫ E(rout)

E(rmin)
∆Ef(E)dE , (3.34)
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where the distribution function is given by

f(E) = sṀin(rout)
(
r

rout

)s 1
E

= 3.54× 1025 erg
eV2 sec

s(2.35× 108)s
(
M

M�

)2 (
n

1 cm−3

)

×
(

ṽ

1 km/s

)−3 ( D
0.1

)(
rout
rs

)−s
f 2s
v E

−s−1 .

(3.35)

and we have also included an outflow duty cycle penalty factor D ' 0.1 [291].

3.4 Astrophysical Systems

We now apply our analysis to several example astrophysical systems, Milky Way gas clouds

and dwarf galaxies. We stress, however, that our methods can be readily applied to other

systems as well. To constrain PBH mass fraction fPBH, we consider the balance between

heating and cooling processes of the gas system. Our approach to set limits is similar the one

used for particle DM [237, 238, 239], but the heating mechanisms and preferred gas systems

are different compared to our study of PBH.

For simplicity, we ignore the contribution of natural heating sources (e.g. stellar radia-

tion) and hence our bounds are conservative. Requiring thermal equilibrium, we only con-

sider gas systems that are expected to be approximately stable on sufficiently long timescales

τsys. Hence, the characteristic time over which the gas system remains steady must be greater

than the cooling timescale of the gas τtherm

τsys � τtherm = 3nkT
2Ċ

, (3.36)

where k is the Boltzmann constant and Ċ is the gas cooling rate per volume.

In principle a multitude of processes can participate in gas temperature exchange, and a

detailed analysis involving a full chemistry network can be performed using numerical meth-

ods [292]. For parameters of interest, we employ approximate results obtained in Ref. [239].

For hydrogen gas, the cooling rate is given by

Ċ = n210[Fe/H]Λ(T ) , (3.37)
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where [Fe/H]≡ log10(nFe/nH)gas − log10(nFe/nH)Sun is the metallicity, and Λ(T ) ∝ 10[Fe/H]

is the cooling function. Fitting numerically to the results of Ref. [292] library, Ref. [239]

obtained Λ(T ) = 2.51× 10−28T 0.6, valid for 300 K < T < 8000 K.

The total PBH heating in the cloud Htot = NPBHH(M) = fPBHρDMV H(M)/M given by

Eq. (3.8), where H(M) is the average heat generated from one PBH of mass M , should be

less than the total cooling ĊV . This yields a condition on PBH abundance that we use to

set our limits

fPBH < fbound = MĊ

ρDMH(M) . (3.38)

We note that the above argument involving thermal equilibrium only applies if, on av-

erage, there is at least one PBH in the gas system. This consideration results in a lower

“incredulity" limit for our limits obtained from Eq. 3.38

fbound >
3M

4πr3
sysρDM

, (3.39)

where rsys is the size of the system.

3.4.1 Milky-Way gas clouds

A variety of interstellar neutral hydrogen (HI) gas clouds exist in the inner Galaxy within

a few hundred pc of the Galactic plane [293]. In general, such Milky-Way clouds are not

ideal candidates for analysing PBH due to the high relative rotational velocity, high velocity

dispersion, and low total DM mass (relative e.g. to dwarf galaxies) due to their small size.

The last of these shortcomings limits the maximum mass considered for PBH due to the

incredulity limit of Eq. (3.39). Thus, even if a cloud had favorable properties otherwise, it

would not be able to provide significant constraints in the intermediate PBH mass range.

To demonstrate our analysis, we consider as an example a particular Milky-May cloud,

G33.4-8.0. To describe G33.4-8.0, we use parameters from Ref. [293, 294, 295, 296, 297, 298,

239]. Namely, the atomic hydrogen gas density is taken to be n = 0.4 ± 0.1 cm−3, cloud

radius r ' 30 pc, bulk relative velocity vbulk = 220 km/s, temperature T = 400 ± 90 K

and corresponding adiabatic sound speed cs = 2.4 km/s, and the cooling rate of ∼ 2.1 ×
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Figure 3.2: Left: The amount of heat absorbed by Milky-Way gas cloud G33.4-8.0 from a single

PBH of mass M . Three heating components are shown: photon emission (red), dynamical friction

(green), mass outflows (blue), as well as the total heat (black dashed). Both Model 1 and Model 2

of emission are shown, and the variation in the outflow luminosity is shaded in blue. The observed

irregularities are due to transitions between the eADAF, ADAF, LHAF, and thin disk regimes.

Right: Constraints from G33.4-8.0 on fraction of PBH contributing to the total amount of DM

derived by from considerations of only photon emission (red), dynamical friction (green), mass

outflows (blue), as well as combined (black dashed). The variation in the constraint from Models

1 and 2 are shaded in blue. The reach of constraints is bounded by the diagonal upward-going

incredulity limit.

10−27 erg cm−3 s−1. The DM density of the cloud is ρ = 0.64 GeV/cm3, assuming Navarro-

Frenk-White (NFW) profile, with the DM velocity dispersion of 124.4 km/s.

In Fig. 3.2, we display the heating from a single PBH for G33.4-8.0, including contri-

butions due to photon emission, dynamical friction as well as mass outflows. Here, we

numerically integrate Eq. (3.8). To treat the PBH emission as well as uncertainty, we con-

sider two distinct input parameter sets8 as shown in Tab. 3.1. The observed irregularities in

the figure are due to transitions between the eADAF, ADAF, LHAF, and thin disk regimes.

8We do not consider a variation in PBH emission parameter δ between 0.1− 0.5 for our analysis, since it
only corresponds to a O(%) variation in the photon luminosity.
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δ β α s router fv D

Model 1 0.3 10/11 0.1 0.5 rB 0.1 1

Model 2 0.3 10/11 0.1 0.7 100rs 0.2 1

Table 3.1: Input parameters for PBH emission.

We also display in Fig. 3.2 combined resulting constraints for G33.4-8.0 from gas heating,

bound by the incredulity limit

fbound > 5.25× 10−4
(
M

M�

)(
rsys

30 pc

)−3 (
ρDM

0.64 GeV cm−3

)−1
. (3.40)

Conversely, the largest PBH mass G33.4-8.0 can bound by this method is 1.9× 103M�.

3.4.2 Dwarf galaxies

Dwarf DM-rich galaxies provide a good setting to study DM-gas heating. In contrast to

Milky-Way gas clouds, their lack of additional relative bulk velocity as well as significant size

that allows to extend the incredulity limit makes them favorable systems for PBH heating.

We will focus on Leo T, a transition type galaxy between dwarf irregular and spheroidal

that is a few hundred kpc away from the Milky Way. Leo T has been well studied and

modeled theoretically and with desired properties, such as a low baryon velocity dispersion

that is also favorable for PBH heating.

The gas in the inner region of Leo T, r . 350 pc, is dominated by atomic hydrogen

and highly ionized outside [299]. Since the free electrons in the ionized region cool very

efficiently (see e.g. Ref. [292]), we limit our analysis to the central region of Leo T. From

the model of Ref. [299], the hydrogen gas density is found to vary from ∼ 0.2 cm−3 in the

center to ∼ 0.03 cm−3 at r = 350 pc. Both the cooling and heating rates scale roughly as

n2, so we approximate the gas density to be a constant n = 0.07 cm−3 in the inner region.

Similarly, the DM mass density drops from ρDM ' 4 GeV/cm3 at the center to 2 GeV/cm3

at r = 350 pc, which we approximate to be as a constant value of 1.75 GeV/cm3. The
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Figure 3.3: Constraints from Leo T dwarf galaxy on intermediate mass PBH gas heating are

shown in blue. Light blue shaded band denotes variation in considered PBH emission parameters.

These constraints are bounded by the PBH incredulity limit. Other existing constraints are shown

by dashed lines, including Icarus [26] (I) in purple, Planck [27] (P) in yellow, X-ray binaries [28]

(XRB) in green, dynamical friction of halo objects [29] (DF) in red, Lyman-α [30] (Ly-α) in maroon,

combined bounds from the survival of astrophysical systems in Eridanus II [31], Segue 1 [32], and

disruption of wide binaries [33] (S) shown in magenta, Large scale structure [34] (LSS) in cyan, and

X-ray/radio [35] (X/R) in brown.

hydrogen gas has a dominant non-rotating warm component with a velocity dispersion of

σg = 6.9 km/s and T ' 6000 K [300, 299] and also a sub-dominant cold component that we

will ignore. The DM is expected to have the same velocity dispersion as the gas, σv = σg.

The sound speed is taken to be cs = 9 km/s from the adiabatic formula with T ' 6000 K.

Combining the radius and number density, the column density of hydrogen gas in the central

region of Leo T is nrsys = 7.56 × 1019 cm−2. Using the above input parameters as well as

metallicity of [Fe/H] ' −2 [301] in Eq. (3.37), the resulting Leo T’s cooling rate is taken to

be Ċ = 2.28× 10−30 erg cm−3 s−1.
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Figure 3.4: Left: The amount of heat absorbed by Leo T dwarf galaxy from a single PBH of mass

M . Three heating components are shown: photon emission (red), dynamical friction (green), mass

outflows (blue), as well as the total heat (black). The observed irregularities are due to transitions

between the eADAF, ADAF, LHAF, and thin disk regimes. Both Model 1 and Model 2 of emission

are shown, and the variation in the outflow luminosity is shaded in blue. Right: Constraints from

Leo T on fraction of PBH contributing to the total amount of DM derived by from considerations

of only photon emission (red), dynamical friction (green), mass outflows (blue), as well as combined

(black). The reach of constraints is bounded by the diagonal upward-going incredulity limit. The

variation in the constraint from Models 1 and 2 are shaded in blue. The black line shows the

combined constraint from Model 2.

In Fig. 3.4, we display the heating from a single PBH for Leo T, including contributions

due to photon emission, dynamical friction as well as mass outflows. As before, we numer-

ically integrate Eq. (3.8) and consider PBH emission parameter variation as described in

Tab. 3.1. We note that with Leo T parameters, the condition for thin disks, ṁ > 0.07α, is

satisfied only for very massive PBH M & 105M�.

We also display in Fig. 3.4 the combined resulting constraints from gas heating for Leo

T, bound by the incredulity limit given by

fbound > 7.05× 10−8
(
M

M�

)(
rsys

350 pc

)−3 (
ρDM

1.75 GeV cm−3

)−1
. (3.41)

Conversely, the largest PBH mass Leo T can bound by this method is 1.42× 107M�.
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Figure 3.5: Emission components from evaporating PBH contributing to gas heating in Leo T,

assuming PBH are non-rotating with a∗ = 0 [Left], PBH are spinning with a∗ = 0.9 [Middle], and

PBH approaching the Kerr BH limit with spin a∗ = 0.9999 [Right]. Contributions from primary

photons (green line) and electrons/positrons (red line) are displayed.

3.5 Evaporating Black Hole Emission

An un-charged9 rotating (Kerr) PBH radiates at a temperature given by [240, 257, 241, 304,

305, 306]

TPBH = 1
4πGMPBH

( √
1− a2

∗

1 +
√

1− a2
∗

)
, (3.42)

where G is the gravitational constant,MPBH and a∗ = JPBH/(GM2
PBH) are the PBH mass and

reduced spin Kerr parameter, for a PBH with angular momentum JPBH. In the limit a∗ → 0,

Eq. (3.42) reduces to the usual Hawking evaporation temperature of a Schwarzschild BH,

TPBH ' 1.1 MeV (MPBH/1016g)−1. The temperature is seen to be significantly diminished

for a Kerr BH in the limit a∗ → 1.

Evaporating PBH start to emit significant quantities of a given particle as the BH tem-

perature reaches the particle mass, and at high temperatures the emission spectrum resem-

bles that of blackbody radiation [240]. For spin-1/2 particles, the emission peak occurs at

E ' 4.03TPBH [306]. At lower BH masses, secondary emission channels due to quark and

gluon QCD jets become relevant.

For primary emission, the number of particles, Ni, emitted per unit energy per unit time

9BHs with mass below . 105M� are expected to rapidly lose any accumulated charge due to Schwinger
pair production [302, 303].
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is given by [240, 257, 241, 304, 305, 306]

d2Ni

dtdE
= 1

2π
∑
dof

Γi(E,MPBH, a∗)
eE′/TPBH ± 1 , (3.43)

where the greybody factor Γi(E,MPBH, a∗) encodes the probability that the emitted particle

overcomes the gravitational well of the BH, E ′ is the total energy of a particle when taking BH

rotation into account, the ± signs are for fermions and bosons, respectively, and summation

is over considered degrees of freedom. Secondary emission of particles from QCD jets can

be computed numerically [307].

For our study we generate the PBH emission spectrum for each particle species using the

BlackHawk code10 [308].

3.6 Gas Heating by Evaporating PBH

As proposed in Ref. [69], accretion emission from heavier PBH will deposit energy and heat

the gas in surrounding interstellar medium. It was subsequently suggested that emitted

particles from evaporating light PBH can also deposit energy and heat surrounding gas

[263]. Below, we revisit gas heating due to non-rotating evaporating PBH with an improved

treatment. We also extend our study of gas heating to emission from rotating evaporating

PBH.

For our PBH masses of interest, both photon as well as electron/positron emission chan-

nels from evaporating PBH can contribute to heating. In Ref. [263], photon heating contri-

bution has been assumed negligible due to power law scaling of photo-electric cross-section

σPE ∝ E−3.5 when photon energies are above keV. However, for photon energies around MeV

that are typical to our study, the cumulative photon interaction cross-section levels out,

primarily due to Compton scattering contribution (see Fig. 33.19 of Ref. [9]). The average

heating rate due to photon emission of PBH of mass MPBH and spin a∗ is given by [69]

Hγ(MPBH, a∗) =
∫ ∞

0
fh(E)Ed

2Nγ

dtdE

(
1− e−τ

)
dE , (3.44)

10Results of numerical computation have been verified against semi-analytical formulas [240, 257, 241, 304].
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where fh(E) ∼ O(1) is the fraction of photon energy loss deposited as heat, and τ =

mHnHrs/λ is the optical depth of gas in terms of the absorption length λ. We take the

cumulative photon absorption length from Ref. [9]. We assume that the photon deposits

heat similarly to electrons of the same energy. Hence, we approximate the fraction of energy

deposited as heat to be similar to that of electrons, fh(E) = 0.367+0.395(11 eV/(E−me))0.7

[309, 310, 311, 263], where me is the electron mass. The efficiency of photon heating is rather

poor, with the heat deposited within Leo T from characteristic MeV photons with λ ' 10

g/cm2 being only ∼ 10−5 fraction of the photon energy.

Analogously to the photon case, heating due to PBH electron/positron emission can be

stated as

He(MPBH, a∗) = 2
∫ ∞
me

fh(E)[E −me]
d2Ne

dtdE

(
1− e−τ

)
dE , (3.45)

where factor of 2 comes from summing contributions of electrons and positrons, fh(E) is

taken as before and the factor (1 − e−τ ) accounts for the gas system’s optical thickness.

When the system is not optically thick, optical depth can be written in terms of stopping

power, S(E), as τ ' mHnHrsS(E)/E. For the electron stopping power on hydrogen gas, we

use NIST database [312]. For characteristic MeV electrons with S(E) ' 2 MeV cm2/g, only

∼ 10−4 fraction of the electron energy is deposited as heat in Leo T.

In Ref. [263] it was argued that for Leo T MeV scale energies are efficiently thermalized

by elastic scattering within the cooling time scale. However, the suppression of gas heating

in Eq. (3.45) from positrons and electrons, (1 − e−τ ), due to optical thickness of the gas

system was not accounted for in the study of Ref. [263], effectively assuming that the gas

is fully optically thick (i.e., τ & 1). This lead to significant overestimation of the limits

from evaporating PBH gas heating than we find, as discussed below. Since the size of

the gas system in consideration is finite and it can be optically thin, this factor should

be present. We note that presence of magnetic fields in the ISM can also affect emitted

positrons. However, the strength, orientation and distribution of magnetic fields in Leo T

is highly uncertain and very poorly known. Furthermore, propagation of positrons can be

affected in a non-trivial way by diffusion, collisions, advection, and other processes. Even in

a relatively well-studied region like the Milky Way Galactic Center, the positron propagation
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distance is highly uncertain [313]. We expect such uncertainties to be present in Leo T too,

especially in the absence of our understanding of the magnetic field, turbulence, and other

astrophysical properties of that galaxy. Hence, our resulting bounds from PBH heating are

conservative.

In Fig. 3.5 (left panel), we display the resulting heating rates H(MPBH, a∗) for Leo T,

including contributions of primary photons and electrons/positrons. Secondary emission of

photons and electrons/positrons is negligible in our range of interestMPBH & 2×1015 g, and

hence is not shown11. Electrons/positrons are seen to provide the dominant contribution to

heating rate within a broad range of parameter space of interest. Photons provide a sub-

dominant contribution to the heating, but could in fact dominate in the regimes TPBH � me

(where electron emission is heavily suppressed).

We further analyze heating from spinning PBH, displaying results for a∗ = 0.9 (Fig. 3.5,

middle panel) and a∗ = 0.9999 (Fig. 3.5, right panel). The emission for a∗ = 0 and a∗ = 0.9

is seen to be similar. As the spin approaches the extreme Kerr limit, a∗ → 1, the pattern

of PBH emission and hence heating contributions changes. The emission tends to be higher

for spinning PBH and for highly spinning PBH, photons can become dominant at smaller

PBH masses, as they are produced in greater abundance than electrons [257].

11As discussed in recent work of Ref. [314], computation of secondary production by BlackHawk can be
improved over some emission regimes.
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Figure 3.6: Constraints from Leo T on the fraction of DM PBH, fPBH, for a monochromatic

PBH mass function. [Left] Results for non-rotating PBH with spin a∗ = 0 (black solid line), PBH

with spin a∗ = 0.9 (black dashed line) and PBH approaching Kerr limit with a∗ = 0.9999 (black

dotted line) are shown. The “elbow" feature seen at the higher PBH masses is due to increased

photon contribution. [Right] Overlay of our results with existing constraints on non-spinning PBH

from Voyager-1 detection of positrons and using propagation model B without background (“V",

shaded red) [36], Planck cosmic microwave background (“CMB", shaded brown) [37], isotropic

gamma-ray background (“IGRB", shaded green) [38, 39, 1], INTEGRAL 511 keV emission line for

the isothermal DM profile with 1.5 kpc positron annihilation region (“I", shaded blue) [40, 41, 42],

Super-Kamiokande neutrinos (“S", shaded orange) [42], as well as INTEGRAL Galactic Center

MeV flux (“MeV", shaded magenta) [43]. The constraint marked “I" and “MeV" are shown till the

lowest PBH masses as displayed in Refs. [41] and [43] respectively.

3.7 Summary of Primordial Black Hole Results

We have presented a new constraint on the abundance of PBH over a broad mass range of

O(1)M� − 107M�. This parameter space covers the detected stellar and the very recently

observed intermediate-mass BHs, as well as seeds for supermassive black holes. PBH inter-

actions with ISM result in the heating of gas, which we applied to dwarf galaxy Leo T to set

the limit. We considered several generic heating mechanisms, including the photon emission

from accretion, dynamical friction, and mass outflows/winds. This type of a constraint has

not been previously considered for PBH. Our limit does not depend on the cosmological
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history, which makes it an attractive independent test of PBH in the IMBH mass-range, and

this analysis can be readily applied to other systems.

Light PBH, with masses . 1017 g, contributing to DM will significantly emit particles

via Hawking radiation depositing energy and heat in the surrounding gas. We have studied

gas heating due to spinning and non-spinning PBH, focusing on the dwarf galaxy Leo T.

A detailed, conservative, and proper treatment of heating results in presented limits being

significantly weaker than previously claimed. We find that limits from spinning evaporating

PBH are stronger than for the non-spinning case.
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CHAPTER 4

Appendix

4.1 Additional formulas for non-resonant production

Below we show the equations in their general form as function of the η and β parameters

appearing in the parametrization of H given in Eq. (2.2) and for the K, ST2 and LRT

cosmologies, which were not given in the main text.

We give the equations for the following quantities: the temperature of maximum rate

of production Tmax (except for the LRT model in which the maximum rate of production

is at TRH), the sterile neutrino momentum distributions fνs(ε) as function of the diensional

momentum ε = p/T , the relic number density nνs and the relic energy density ρνs in general

and at present, the present fraction fs,DM of the DM consisting of sterile neutrinos, and the

mixing and function of mass sin2(2θ)DW,lim for which this fraction is 1.

In the main text we included only the Std and the ST1 to easily compare the stan-

dard cosmology with the alternative cosmology that provides the largest departure from the

standard results.

4.1.1 Temperature of maximum rate of production of sterile neutrinos

For the parametrization of H in Eq. (2.2) the temperature of maximum DW production for

β ≤ 2 is

Tmax ' 190 MeV ε−
1
3

(
2− β
10 + β

) 1
6 ( ms

keV

) 1
3
(

B

10.88× 10−9 GeV−4

)− 1
6
. (4.1)
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In K pre-BBN cosmology (β = 1) it is

TK
max = 127 MeV ε−

1
3

(
ms

keV

) 1
3
(

B

10.88× 10−9 GeV−4

)− 1
6
, (4.2)

and the ST2 cosmology (β = 0),

T ST2
max = T Std

max = 145 MeV ε−
1
3

(
ms

keV

) 1
3
(

B

10.88× 10−9 GeV−4

)− 1
6
. (4.3)

The Tmax for ST2 and the standard cosmology coincide, because β = 0 for both.

4.1.2 Momentum distribution functions of non-resonantly produced sterile neu-

trinos

For the parametrization of H in Eq. (2.2) the momentum distribution function, as function

of ε = p/T , is given by

fνs(ε) = 3.46× 10−6 η−1ε
β
3 (3 + β)(2.63× 10−2)β sec

(
βπ

6

)(
sin2(2θ)
10−10

)

×
(
ms

keV

)1−β3
(

Ttr

5 MeV

)β ( g∗
30

)− 1
2
(
dα

1.27

)

×
(

B

10.88× 10−9 GeV−4

)− 1
2 +β

6
fνα(ε) . (4.4)

In the K cosmology η = 1, β = 1, thus

fK
νs(ε) = 4.2× 10−7ε

1
3

(
sin2(2θ)
10−10

)(
ms

keV

) 2
3
(

Ttr

5 MeV

)(
g∗
30

)− 1
2

×
(
dα

1.27

)(
B

10.88× 10−9 GeV−4

)− 1
3
fνα(ε) (4.5)

and in the ST2 cosmology, η = 0.03 and β = 0, instead

fST2
νs (ε) = 3.25× 10−4

(
sin2(2θ)
10−10

)(
ms

keV

)(
g∗
30

)− 1
2

×
(
dα

1.27

)(
B

10.88× 10−9 GeV−4

)− 1
2
fνα(ε) . (4.6)

The distribution function of sterile neutrinos for low reheating temperature (LRT) cos-

mologies is given in Eq. (1) of Ref. [2], for TRH = Ttr. In these models sterile neutrinos
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are dominantly produced during the radiation-dominated period, i.e. for T < TRH. We

reproduce it here for completeness,

fLRTνs = 3.6× 10−10 ε

(
sin2(2θ)
10−10

)(
Ttr

5 MeV

)3 ( dα
1.13

)
fνα(ε) . (4.7)

For consistency of notation, here use Ttr for the reheating temperature.

4.1.3 Relic number density of non-resonantly produced sterile neutrinos

The ratio of the number density of non-resonantly produced sterile neutrinos and of ac-

tive neutrinos at the same temperature T is easily related to the ratio of their momentum

distributions,

nνs(T )
nνa(T ) = ε−

β
3
F2+β

3
(0)

F2(0)
fνs(ε)
fνα(ε) . (4.8)

where we have used the η and β parametrization of H and the number density of active

neutrinos (and antineutrinos) here is nνα = (3ζ(3)/2π2)T 3. For each cosmology, this ratio is

nνs(T )
nνα(T ) = fνs(ε)

fνα(ε) ×



1 , Std, ST2

1.42 ε−0.33, K

0.77 ε 0.27 , ST1

3.15 ε−1 , LRH

(4.9)

The present number density of non-resonantly produced sterile neutrinos as a function

of the η and β parameters of H in Eq. (2.2) is

nνs = 8.78× 10−3cm−3η−1
(
2.63× 10−2

)β (
1− 2−2−β3

)
ζ

(
3 + β

3

)
Γ
(

3 + β

3

)

×
(

3 + β

36π

)
sec

(
βπ

6

)(
sin2(2θ)
10−10

)(
ms

keV

)1−β3
(

Ttr

5 MeV

)β ( Tν,0
1.95 K

)3

×
(
g∗
30

)− 3
2
(
dα

1.27

)(
B

10.88× 10−9 GeV−4

)− 1
2 +β

6
. (4.10)

Here g∗ is the number of relativistic degrees of freedom when sterile neutrinos are produced,

which we take to be g∗(Tmax) thus at present the ratio of temperatures of the sterile and

active neutrinos is (Tνs,0/Tν,0) = (g∗/10.75)1/3. Tν,0 = 1.95 K is the present temperature of

the relic active neutrino bath.
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For K (η = 1, β = 1) the sterile neutrino number density is

nK
νs(Tνs) = 5.95× 10−7

(
sin2(2θ)
10−10

)(
ms

keV

) 2
3
(

Ttr

5 MeV

)(
Tνs
Tνα

)3 (
g∗
30

)− 1
2

×
(
dα

1.27

)(
B

10.88× 10−9 GeV−4

)− 1
3
nνα(Tνα) , (4.11)

and the present number density is

nK
νs = 2.41× 10−5cm−3

(
sin2(2θ)
10−10

)(
ms

keV

) 2
3
(

Ttr

5 MeV

)(
Tν,0

1.95 K

)3

×
(
g∗
30

)− 3
2
(
dα

1.27

)(
B

10.88× 10−9 GeV−4

)− 1
3
. (4.12)

For ST2 (η = 0.03, β = 0) the number density it

nST2
νs (Tνs) = 3.25× 10−4

(
sin2(2θ)
10−10

)(
ms

keV

)(
Tνs
Tνα

)3 (
g∗
30

)− 1
2

×
(
dα

1.27

)(
B

10.88× 10−9 GeV−4

)− 1
2
nνα(Tνα) , (4.13)

and the present number density is

nST2
νs = 1.31× 10−2cm−3

(
sin2(2θ)
10−10

)(
ms

keV

)(
Tν,0

1.95 K

)3

×
(
g∗
30

)− 3
2
(
dα

1.27

)(
B

10.88× 10−9 GeV−4

)− 1
2
. (4.14)

In the LRT cosmology (see Eq. 2 of Ref. [2]) the number density is

nLRTνs (Tνs) = 1.13× 10−9
(

sin2(2θ)
10−10

)(
Ttr

5 MeV

)3 ( dα
1.13

)
nνα(Tνα) , (4.15)

and the present number density is

nLRTνs = 1.28× 10−7cm−3
(

sin2(2θ)
10−10

)(
Ttr

5 MeV

)3 ( Tν,0
1.95 K

)3 ( dα
1.13

)
. (4.16)

4.1.4 Energy density of non-resonantly produced relativistic sterile neutrinos

The ratio of the energy density of non-resonantly produced relativistic sterile neutrinos and

of relativistic active neutrinos at the same temperature T is easily related to their number

density ratio, and momentum distribution ratios,

ρνs(T )
ρνa(T ) =

F3+β
3
(0)

F3(0)
F2(0)
F2+β

3
(0)

nνs(T )
nνα(T ) = ε−

β
3
F3+β

3
(0)

F3(0)
fνs(ε)
fνα(ε) . (4.17)
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where the energy density of relativistic active neutrinos (and antineutrinos) is here ρνα =

(7π2/120)T 4. Hence,

ρνs(T )
ρνα(T ) = nνs(T )

nνα(T ) ×



1, Std, ST2

1.10, K

0.92, ST1

1.30, LRH

(4.18)

The energy density of relativistic sterile neutrinos at temperature Tνs produced non

resonantly when the number of degrees of freedom were g∗ (we take this to be the g∗ at

Tmax), using the η and β parameterization of H, is

ρνs(Tνs) = 4.95× 1026 MeV/cm3 η−1
(
2.63× 10−2

)β (
1− 2−3−β3

)
ζ

(
4 + β

3

)
Γ
(

4 + β

3

)

×
(

3 + β

36π

)
sec

(
βπ

6

)(
sin2(2θ)
10−10

)(
ms

keV

)1−β3
(

Ttr

5 MeV

)β ( Tνs
MeV

)4

×
(
g∗
30

)− 11
6
(
dα

1.27

)(
B

10.88× 10−9 GeV−4

)− 1
2 +β

6
, (4.19)

which for K becomes

ρK
νs(Tνs) = 6.55× 10−7

(
sin2(2θ)
10−10

)(
ms

keV

) 2
3
(

Ttr

5 MeV

)(
Tνs
Tνα

)4 (
g∗
30

)− 1
2

×
(
dα

1.27

)(
B

10.88× 10−9 GeV−4

)− 1
3
ρνα(Tνα) , (4.20)

or,

ρK
νs(Tνs) = 4.91× 1025 MeV/cm3

(
sin2(2θ)
10−10

)(
ms

keV

) 2
3
(

Ttr

5 MeV

)(
Tνs

1 MeV

)4

×
(
g∗
30

)− 1
2
(
dα

1.27

)(
B

10.88× 10−9 GeV−4

)− 1
3
, (4.21)

and for ST2 is

ρST2
νs (Tνs) = 3.25× 10−4

(
sin2(2θ)
10−10

)(
ms

keV

)(
Tνs
Tνα

)4 (
g∗
30

)−(1/2)

×
(
dα

1.27

)(
B

10.88× 10−9 GeV−4

)− 1
2
ρνα(Tνα) , (4.22)
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or,

ρST2
νs (Tνs) = 2.44× 1028 MeV/cm3

(
sin2(2θ)
10−10

)(
ms

keV

)(
Tνs

1 MeV

)4

×
(
g∗
30

)−(1/2)
(
dα

1.27

)(
B

10.88× 10−9 GeV−4

)− 1
2
. (4.23)

In the LRT model, production happens only during the standard phase (i.e. when η = 1

and β = 0), at temperatures smaller than the reheating temperature TRH, which we denote

here Ttr, and is dominated by the production close to Ttr. For temperatures ms < T < Ttr

the relic energy density in the LRT model is

ρLRT
νs (Tνs) = 1.48× 10−9

(
sin2(2θ)
10−10

)(
Ttr

5 MeV

)3 (Tνs
Tνα

)4 (
dα

1.13

)
ρνα(Tνα)

= 1.11× 1023 MeV/cm3
(

sin2(2θ)
10−10

)(
Ttr

5 MeV

)3 ( Tνs
1 MeV

)4 ( dα
1.13

)
. (4.24)

4.1.5 Present fraction of the DM in non-resonantly produced sterile neutrinos

The present fraction of DM comprised of non-relativistic sterile neutrinos at present as

function of the η and β parameters in Eq. (2.2) is

fs,DM =
(
nνs,0ms

ρDM

)
=

= 5.16× 10−5η−1
(
2.63× 10−2

)β
(3 + β)

(
1− 2−2−β3

)
ζ

(
3 + β

3

)

× Γ
(

3 + β

3

)
sec

(
βπ

6

)(
sin2(2θ)
10−10

)(
ms

keV

)2−β3
(

Ttr

5 MeV

)β

×
(

Tν,0
1.95 K

)3 ( g∗
30

)− 3
2
(
dα

1.27

)(
ΩDMh

2

0.12

)(
B

10.88× 10−9 GeV−4

)− 1
2 +β

6
, (4.25)

where nνs,0 is the present number density, g∗ is the number of entropy degrees of freedom

when the sterile neutrinos were produced, g∗ = g∗(Tmax), and Tν,0 is the present active

neutrino temperature. Unless stated otherwise we take g∗ = 30 for our figures. For the K
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cosmology (η = 1, β = 1) the fraction is

fK
s,DM =

(
nνs,0ms

ρDM

)K
=

= 1.60× 10−5
(

sin2(2θ)
10−10

)(
ms

keV

) 5
3
(

Ttr

5 MeV

)(
Tν,0

1.95 K

)3

×
(
g∗
30

)− 3
2
(
dα

1.27

)(
ΩDMh

2

0.12

)(
B

10.88× 10−9 GeV−4

)− 1
3

(4.26)

and for ST2 cosmology (η = 0.03, β = 0),

fST2
s,DM =

(
nνs,0ms

ρDM

)ST2
=

= 8.70× 10−3
(

sin2(2θ)
10−10

)(
ms

keV

)2 ( Tν,0
1.95 K

)3 ( g∗
30

)− 3
2

×
(
dα

1.27

)(
ΩDMh

2

0.12

)(
B

10.88× 10−9 GeV−4

)− 1
2
. (4.27)

In the LRT model with Ttr denoting the reheating temperature, the fraction is instead

fLRT
s,DM =

(
nνs,0ms

ρDM

)LRT
=

= 1× 10−7
(

sin2(2θ)
10−10

)(
ms

keV

)(
Ttr

5MeV

)3 ( Tν,0
1.95 K

)3

×
(
dα

1.13

)(
ΩDMh

2

0.12

)
. (4.28)

4.1.6 DM density limit

The limit on the sterile-active neutrino mixing angle from DM density, fs,DM ≤ 1 translates

into sin2(2θ) < sin2(2θ)DW,lim, as function of η and β in Eq. (2.2), where

sin2(2θ)DW,lim = 1.94× 10−6η

[(
1− 2−2−β3

)
ζ

(
3 + β

3

)
sec

(
βπ

6

)
Γ
(

3 + β

3

)
(3 + β)

]−1

×
(
2.63× 10−2

)−β ( ms

keV

)−2+β
3
(

Ttr

5 MeV

)−β ( Tν,0
1.95 K

)−3 ( g∗
30

) 3
2

×
(
dα

1.27

)−1 (ΩDMh
2

0.12

)−1 (
B

10.88× 10−9 GeV−4

) 1
2−

β
6
. (4.29)
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For the K model (η = 1, β = 1)

sin2(2θ)K
DW,lim = 6.26× 10−6

(
ms

keV

)− 5
3
(

Ttr

5 MeV

)−1 ( Tν,0
1.95 K

)−3 ( g∗
30

) 3
2

×
(
dα

1.27

)−1 (ΩDMh
2

0.12

)−1 (
B

10.88× 10−9 GeV−4

) 1
3
. (4.30)

For ST2 (η = 0.03, β = 0) instead,

sin2(2θ)ST2
DW,lim = 1.15× 10−8

(
ms

keV

)−2 ( Tν,0
1.95 K

)−3 ( g∗
30

) 3
2
(
dα

1.27

)−1

×
(

ΩDMh
2

0.12

)−1 (
B

10.88× 10−9 GeV−4

) 1
2
. (4.31)

For the LRT model, with Ttr = TRH,

sin2(2θ)LRT
DW,lim = 1× 10−3

(
ms

keV

)−1 ( Ttr

5 MeV

)−3 ( Tν,0
1.95 K

)−3 ( dα
1.13

)−1 (ΩDMh
2

0.12

)−1

.

(4.32)

4.2 Additional Formulas for Resonant Production

4.2.1 Temperature of maximum non-resonant production

We recomputed for the different cosmologies we considered the temperature Tmax at which the

non-resonant production rate integrated over momentum, denoted γ in the DW paper [135],

over H
γ

H
= d

d lnT

(
nνs
nνα

)
, (4.33)

is maximum, as done for the standard cosmology in Ref. [135] (see Eqs. (4) to (6) of

Ref. [135] and also [179]). Note that in section 2.3, we refer to Tmax as the maximum of

(Γfνα/HT ), not integrated over momenta, which thus depends on ε. We recomputed Tmax

for each cosmologies by numerically plotting (γ/H) and changing the x factor in front of the

integral in Eq. (6) of Ref. [135] to x1−β/3. Our value for the standard cosmology differs from

that of DW because we use B = 10.88×10−9 GeV−4, which is the right value for the νe ↔ νs

transitions considered in our paper, while DW used B ≈ 3× 10−9 GeV−4, as is appropriate

for νµ or ντ to νs transitions at temperatures at which µ and τ charged leptons are not in
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equilibrium (see Eq.(2.84)). Our result for the standard cosmology coincides with the Tmax

given in Ref. [179],

T Std
max = T ST2

max ' 108 MeV
(
ms

keV

) 1
3
. (4.34)

For the standard and ST2 cosmologies, β = 0. For ST1 (β = −0.8),

T ST1
max ' 118 MeV

(
ms

keV

) 1
3
, (4.35)

and for kination (β = 1)

TK
max ' 94.5 MeV

(
ms

keV

) 1
3
. (4.36)

4.2.2 Combined resonant and non-resonant production

In Section 2.6.3, we derived a lower limit on the sterile neutrino mass for non-resonant

production to happen after resonant production. In the K cosmology (η = 1, β = 1) this is

ms > mK
non-res = 1.61× 104 keV ε

3
2resL

3
2 , (4.37)

and for ST2 (η = 0.03, β = 0)

ms > mST2
non-res = 3.59× 104 keV ε

3
2resL

3
2 . (4.38)

4.2.3 Coherence

The coherence condition in Eq. (2.99), Γ−1
α > lres, given as a function of the η and β param-

eters in Eq. (2.2) is

sin2(2θ) < 2.19× 10−6 (3.76)2β η2ε−
1
2−

β
2

(
ms

keV

)−3+β
L

3
2−

β
2

(
Ttr

5 MeV

)−2β ( g∗
10.75

)
. (4.39)

For the K cosmology (η = 1, β = 1), this is

sin2(2θ)K < 3.10× 10−5ε−1
(
ms

keV

)−2
L
(

Ttr
5 MeV

)−2 ( g∗
10.75

)
, (4.40)

while for the ST2 cosmology (η = 0.03, β = 0) this is

sin2(2θ)ST2 < 2.24× 10−9ε−
1
2

(
ms

keV

)−3
L

3
2

(
g∗

10.75

)
. (4.41)
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4.2.4 Adiabaticity

The adiabaticity condition γ > γlim ≥ 1 of Eq. (2.103) in terms of the η and β parametrs of

H in Eq. (2.2) is

sin2(2θ) > 2.34× 10−11(3.76)β η γlim ε
1
4−

β
4

(
ms

keV

)β
2−

1
2
L−

3
4−

β
4

(
Ttr

5 MeV

)−β ( g∗
10.75

) 1
2
.

(4.42)

For K cosmology (η = 1, β = 1) this becomes

sin2(2θ)K > 8.80× 10−11γlim L−1
(

Ttr
5 MeV

)−1 ( g∗
10.75

) 1
2
, (4.43)

and for ST2 (η = 0.03, β = 0) cosmology it is

sin2(2θ)ST2 > 7.48× 10−13γlim ε
1
4

(
ms

keV

)− 1
2
L−

3
4

(
g∗

10.75

) 1
2
. (4.44)

4.2.5 Thermalization

The thermalization limit given as a function of the η and β parameters in Eq. (2.2) rejects

sin2(2θ) > 119(1− x)2

x
3−β

4
(0.09)βη

(
ε

3.15

) 3−β
4
(
ms

eV

)− 3−β
2
L

3−β
4

(
g

10.75

) 1
2
, (4.45)

For the K cosmology (η = 1,β = 1), the limit rejects

sin2(2θ) > 10.5(1− x)2

x
1
2

(
ε

3.15

) 1
2
(
ms

eV

)−1
L

1
2

(
g

10.75

) 1
2
, (4.46)

while for the ST2 cosmology (η = 0.03, β = 0) this is

sin2(2θ) > 3.56(1− x)2

x
3
4

(
ε

3.15

) 3
4
(
ms

eV

)− 3
2
L

3
4

(
g

10.75

) 1
2
, (4.47)

4.3 Gas systems with bulk relative velocity

A gas system with a bulk relative velocity vb with respect to the galactic frame can be

treated as follows. Without loss of generality, consider the frame in which the bulk velocity

is rotated to the z direction. Then, the one dimensional Maxwellian velocity distributions
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are 

fx(vx) = fy(vy) = 1√
2πσv

e
− v2

x
2σ2
v

fz(vz) = 1√
2πσv

e
− (vz−vb)2

2σ2
v

(4.48)

Imposing the constraint v2 =
√
v2
x + v2

y + v2
z , the relative velocity distribution is given by the

integral

f(v) = 1
(2π) 3

2σ3
v

∫ ∞
−∞

dvx

∫ ∞
−∞

dvy

∫ ∞
−∞

dvzδ(v2 − v2
x − v2

y − v2
z)e
−
v2
x+v2

y+(vz−vb)2

2σ2
v (4.49)

= e−
v2+v2

b
2σ2

(2π) 3
2σ3

v

∫ v

−v
dvx

∫ √v2−v2
x

−
√
v2−v2

x

dvy
v√

v2 − v2
x − v2

y

e− vb
√

v2−v2
x−v

2
y

σ2
v + e

−
vb

√
v2−v2

x−v
2
y

σ2
v

 .

Switching to polar velocity coordinates and simplifying,

f(v) = 2πv
(2π) 3

2σ3
v

e
−
v2+v2

b
2σ2
v

∫ v

0
dvr

vr√
v2 − v2

r

e− vb
√

v2−v2
r

σ2
v + e

vb

√
v2−v2

r

σ2
v


= v√

2πσvb

[
e−

(v−vb)2

2σ2 − e−
(v+vb)2

2σ2

]
.

(4.50)

In the limit vb → 0, Eq. (4.50) reproduces the standard Maxwellian distribution Eq. (3.7).

4.4 ADAF temperature considerations

For ADAF, the electron temperature θe is determined by balancing the heating and radiation

processes [279]. At low ṁ, direct viscous electron heating δq+ is dominant, and is super-

seded by ion-electron collisional heating qie at high accretion rates. This results in different

temperature considerations for each of the ADAF sub-regimes.

The heating contributions are given by

δq+ = 9.39× 1038 erg
s δ

(
1− β
f

)
c3mṁr

−1
min

qie = 1.2× 1038 erg
s g(θe)α−2c−2

1 c3βmṁ
2r−1

min ,

(4.51)
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where f is the fraction of energy advected, which is ∼ 1 for ADAF flows, and g(θe) is an

O(1) function

g(θe) = 1
K2(1/θe)

(
2 + 2θe + 1

θe

)
e−

1
θe (4.52)

that takes on the values of 4.5 − 0.63 in the temperature range 2 × 109 ≤ Te ≤ 1010.

For computational simplicity, we use the approximation g(θe) ' 1.19 θ−1.15
e , which has a

maximum error of ∼ 20% [279] over our temperature range of interest. When the two

electron heating processes are equal, δq+ = qie, the accretion rate is

ṁeq = 2.0× 10−3
(
α

0.1

)2
(
δ

0.1

)(
1− β
β

)(
c1

0.5

)2
(
f

1.0

)−1

g(θe)−1 . (4.53)

This is similar to our condition ṀADAF = 10−3(α/0.1)2 of Sec. 3.3.1.2. Thus, in the “eADAF"

and “ADAF" regimes, we use δq+ heating and qie heating for “LHAF".

For ṁ < ṀADAF, direct viscous heating balances the synchrotron and IC emission, which

are of comparable magnitude. The temperature can be estimated as [279]

θe ' 0.2A−
1
7

c δ
1
7α

3
14 (1− β)− 1

14 r
3

28
min

(
M

M�

) 1
14

ṁ−
5

28 . (4.54)

Here A1/7
c is determined by the relative contributions of synchrotron and IC cooling, ranging

from 0.95 to 1.4. As ṁ increases, the accretion flow radiates more efficiently through IC

scattering, cooling the electron plasma. We approximate A
1
7
c = 1.1 for ṁ < ṀeADAF , and

A
1
7
c = 1.3 for ṀeADAF < ṁ < ṀADAF.

In the LHAF regime, the dominant IC emission is highly sensitive to temperature vari-

ations and balanced against ion electron qie heating. We use an iterative scheme modified

from that of Ref. [279] to self-consistently determine the resulting temperature1. Starting

with an initial guess of αc = 0.75, Eq. (3.20) can be solved for the temperature,

θe =

√
4τ−1/αc
es − 3− 1

8 . (4.55)

1Eq. (45) in Ref. [279] is used in lieu of Eq. (46) (which contains a sign error), the approximations for
xM and g(θe) are used in Eq. (47), and the new and old values of the temperature are averaged to improve
convergence.
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This result is then used to solve iteratively for a new αc as

αc,new = 1−
ln
[
(1− αc,old) qie

νpLνp
+ 1

]
lnCf

, (4.56)

where

qie
νpLνp

= 1.78× 10−5θ−8.15
e α−

1
2β(1− β)− 3

2 r
3
4
min

(
M

M�

) 1
2

ṁ−
1
4 ,

Cf = 20.2α 1
2 (1− β)− 1

2 r
5
4
minθ

−1
e

(
M

M�

) 1
2

ṁ−
3
4 .

(4.57)

After each iteration, the new and old values of the temperature is averaged to speed up

convergence.
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