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ABSTRACT 

UCRL-17407 

It is observed that the rrN invariant amplitudes A 

and B, at fixed u = 0 and Iu = 1/2 , give rise to sum 

rules of the type now becoming familiar from superconvergence 

relations, even though the amplitudes are not superconvergent. 

With the s-channel (rrN ~ rrN) spectrum approximated by the 

nucleon and the 6(1238) , a..'1d the t-channel (rrrr ~ Nin 
spectrum approximated by the p, it is found that the sum 

rule obtained from the B amplitude is satisfied very well, 

while that from the A amplitude is not. It is speculated 

that this discrepancy might be due to the rrrr s wave, which 

is rigorously absent from the B sum rule. 



1'1 

UCRI,-17407 

-1-

I. DERIVATION OF SUM RUJ~S 

1 It has been discovered recentLy that sum rules can be 

obtained from strong-interaction scattering amplitudes which 

satisfy dispersion relations and have sufficiently good 

asymptotic behavior. The usual criterion for obtaining a sum . 

rule is that the amplitude be "supercorivergent"; that is, 

that at high energy it decrease faster than -1 s In this 

paper we would like to observe that sum rules may be obtained 

even from amplitudes that are not superconvergent, and to 

di.scuss such a sum rule relating baryon to meson resonances in 

n:N scattering. 

With s, t, .and u the usual Mandelstam variables, and 

the n:N amplitudes A and B defined by 
. 2 

T =- 'A + y·(ql + q2) B/2 , it is known that at fixedu , both 

A and B behave asymptotically as where a(u) 

is the leading trajectory in the u channel. Thus if for 

u = 0 all trajectories were below .J = - ~ , these amplitudes 

would be superconvergent, and we could write, for example, 

for the amplitude B 

ds [1mB ( s) u = 0) + 1mB ( - s,. u = 0)] = 0, (1) 
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where ImB(±s) is evaluated above the cut in the s plane, 

and for the moment we are ignoring the complications due 

to, the unequal rr and N masses.' If we consider the 

amplitude that is pure isospin ! in the u channel, we 

would expect that only the nucleon trajectory would be above 

* J = - ~ ; the trajectory of the N (151S)is estimated to have 

an intercept of 3 J = - 0.9 or lower. If we write R( s) 

for the leading term of the nucleon exchange contribution, we 

have 

R(s) == y(u = 0) [(s)a(O) ~ +, .c_s)a(O)-!] , - ~- < a < ~ , 

. . 
which takes the form 

for, s above the right~hand cut;' we then expect that 

F(s) - B(s, u = 0) - R(s) 

and so we conclude 

roo 
! 
; 

)0 

ds [ImF(s) + 

does decrease faster than 

ImF(-s)] = o • 

-1 
s 

However, we can see that 1I1L.~(s) + ImR(-s) =0, and so 

, 

(2) 

Eq. (3) leads us back to Eq. (1). An identical relation holds 

(\ 
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for the amplitude A. \ole cannot break up the HIS of Eq. (1) 

into. the sum of tyro integrals ,since each separate.ly vTould be 

divergent; nevertheless, the imaginary parts cancel in just 

such a way as to w~e (1) true. Of course this kind of 

cancellation is not restri.cted to backward. nN scattering; 

it is a simple consequence of the nue;leon's having even 

signature, as expressed in Eq. (2). 

Since we do not knmv how to calculate the t-channel 

(nn - Nfl) I = 0 contribution to our Sur.l rule, we could not 

c6'mpare it with experiment, 'lmless it.should turn out that 

the I = 0 contribution is small. We notice that the 

amplitude we are using is mainly I = 1 in the t channel: 

I 
Bll 

1 = "2 T 
"""t 

B 
:::: 1. 

+ 1/,,/6 
It _. 0 

B 

Furthermore, there are the following indications that the 

I ::; 0 alnpli tude should contribute primarily to A rather 

than to B: 

(1) The T(:r( s wave does not contribute to B at all. 

(2) Therefore the lowest I::; 0 reson&~t contribution to 

B is from the f O
, which is already at a fairly high 

energy. A1though·there are no energy denominators in our 

s~~ rule, the above considerations show that the high-

ener~J contributions of the sand t channels, while 

(4) 
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not separately negligible, must tend to cancel. 

(3) The absence of structure in the near-forward rcp 

differential cross sections indicates that the . P (and, 

to a lesser extent, the· pI) trajectory is coupled 

4 predominately to A near t = O. To the extent that 

we can extrapolate along the trajectory, we would ex

pect that the fO is coupled mainly to A. 

Therefore we would hope to get a reasonable sum rule 

fromthe B amplitude if we ignore the I = 0 part; for the 

A amplitude this is less reasonable, especially if the nrc 

s wave is important. 

One final word on evaluating the sum rule is appropriate 

at this point. A tractable approximation which we employ is 

to take the discontinuities to arise from narrow resonances. 

In this case, we have 

ImB(s, u = 0)- L: (reSidues of s-channel 
2 

poles) o(s - M ). 
s 

- L: (residues of t-channel. poles) o(s + ~2 - 2M2 - 2!J. 2) . 

(5a) 

The sum rule therefore takes the form 

L: (s-ch~nel residues) = L: (t-ch~~nel residues) 

(\ 

.. 

J 
r. 
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To begin, we shall include only the nucleon, .6(1238), and 

p pole contributions. 

Since the r: and N do have. different masses, I're 

must replace ImJ3(s) and ImB(-s) in Eq; (1) by the 

discontinuities B s and Bt' respectively, and extend the 

integr8.tion down to tb.e lowest, t thresllo1d; Eq. (5) is 

~~changed. Since the Legendre series for the discontinuities 

(not th·e full amplitu.de) converge everywhere along the path 

of integration, the approximation of keeping only the lowest 

partial waves can still be justified. 

. . 
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II. CALCULATIONS 

In this section we present the.relevant pole terms 

for the s- and t-channel states. We need an amplitude 

with pure 1·= ~ 

combination [~ (I 

in the u channel; this corresponds to the 

- 2) _ !. (I = ~)l in the s channel. 
- 2 3 . ~ 

Using the notation 

we find fo~ the p contribution 

and 

Here 

as 

with 

we have 

, 

A 
p 

B 
p 

written 

,. , 
! 

g2 ry + 
L J.l. 

the 

2iJ. 
-2. 
2M 

the normalization 

pNN 

a 
iJ.V 

a 

t _ M 2 
p 

1 + 2iJ. 
p 

t _ M 2 
P 

coupling, for· the 

, 
i 
i 
iX'r. 

-VJ l. 
, 

(protonIT3Iprot~n) l. 

p of charge 

The prrrr 

(6) 

i 

(7) 

, 

('I 

, ( 
t-, 
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experimentally, 

we find 2.5 (corresponding to a p vlidth of 120 MeV). 

Universality5 of the p-meson coupling to the isospin 

cur:r:ent "rould imply To relate and I-lp to 

measUrable quantities, we can look at a dispersion calculation 

of the nucleon.form factors, in which we obtain 

I=l 
F == 

2 
f g2 Mp PI 

2 
+ (nonpole terms). 

M - t 
p 

(8) 

+ -From p ~ e e (or + -e e colliding-beam) 
. 6 

experiment.s, we 

can in principle determine f ,so that the form-factor data 
pi 

can determine g2. At present, it appears that fpy = 2/g1 

(as would be expected from a dispersion calculation of the pion 

form factor), so that the p residue in Eg. (8) can be vrritten as 

M 2 r c:) , with r ~ 2@;2/g1 Spearman's fit to the form-
p 

p 

factor r'J.ata7 implies r == 1.6 and I-lp = !-ly(= 1.85) .. Therefore 

. the p-meson contributions to our sum r'J.le, from Egs. (6), a11d 

(8), are 
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and 

Next, we exhibit the baryon-pole terms. The nucleon pole 

is 

~ = 0 

and 

(
0).. g2 

3 s - if 
, (10) 

where 2 
g /4rr. = 14.5. Hence the nucleon contributions to the 

sum rules are 

Res~(I =~) = 0 u. 

and 

ResBN(Iu = ~) = g2 = 4rr. x 14.5. (11) 

The . b.-pole terms can be evaluated by expressing A a...'1d 

B in terms of the pa:rtial-"rave amplitudes. 8 Defining the 

residue of the (3) 3) partial-i<lave 9.P.lpli tude by ! 

r. 
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we see that 
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. ' 

q(E - M) = r 
26. Y33 2 . 

Experimentally, we have r = 120 MeV' ~~d 6. = 4/3 M , and so 

2 
Y

33 
= 22·5 ~ 3/2 (g /J.j.J(). This is the same value predicted 

either by SU6 or by the static bootstrap model. 

as 

We can now 'I'l!'i te the 6. pole terms in A and B 

A (s, u "" 0) 
6. 

( 
j ..3(1<7 +-1il_ 
j 2(E + M)2 

~ , , 1 

(12) 

(13) 

x [CM2 -
2s 

2 2 
~ ) o 2 I \ . 

+ Mt::. + ~ j+ (H - M){ , 
1 'I W = 6. 

-' ) 

and r 
I 

:z; 
~--

2(E + M)2 

\. J' I . -I 
2 i 

+ ~ + ~ - l( 
, . jW = 6. 

(14 ) 

The contributions to the sum rules are 
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and 

The masses, widths, and elasticities of many of the higher 

baryon resonances are known, and so we can compute their 

contributions to the sum rules. However, it turns out that 

all of these contributions together are less than 1070 of the N 

and 6 contributions, and so we shall continue to neglect them. 

We are now in a position to evaluate our sum rules. 

If we rewrite Eq. (5b) as 

1 
4; (s-channel contribution) 

Eq. (9), (11), and (15) give 

= .1- (t-channel contribution), (16) 
41l 

A sum rule: 18.8 (from baryons) vs 9.6 (from p) in GeV 

and 

B sum rule: 39.5 (from baryons) vs 37.5· (from p) • 

'.J 

I 
,~, 
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III. DISCUSSION 

We note first th.9.t the B S1m. rtLle is' veIl sa.ti.sfied . 
with the experimE":ntal values of the pmJ co'\)±>lir~gs (as inter-

t ,.:I.eo .&> ~.L l' ) pre e~ ~rom ~orm-~acvor ena~ysls . Ur~i',rersali ty ('trhich implies 

r = 1. 0 in stead c f 1. 6) would riot have ghT2n such good. 

agreeICt-::nt. Ever: vli thin the resonance approximation, We have 

of necess,it:f I1egJ_ected the c.ontribution.s of !ligher reSO!1e.nces., 

such as the -",0 . •• 1 ,.:I 
.J. 1 &."ty POSSH) .:;; secor. . ..,. 9 p, and the resonances 

seen in the missing-r.na.ss spectromete:::ow'ork at CERN ,10 According 

to the arguments presented in Section I; these highe::--energy. 

contributicns to the sum rules should be small. 

If the fO is indeed coupled pri~ari1y to A, it could 

perhaps account for some o~ the discrepanc:; in the A S\.l.ffi rule'. 

In addition) ':he jrT( S Nave, which does not contribv.te to B 

at .all, wakes a contribution to A which "Ie do not Y.nNT how 

to calculate. He do not eV€:.lknO'il the sign of this contribution, 

but can perhaps estimate the magnitude of the low-ener~~ s wave 

by approximating the low-energ-,f 8pectruIU b:r a cr meson. From 

a boson-exchange nodel of r:ucleon-nucleon scattering, Ball,. 

Scotti, 8J.'1d vJong11 estimate the a:NN coupling to be 

If we arbitra.rily assign the a !tass of 

500 HeV and. 9. 'w'iclth'Jf 2CO Mp.V, the cr "'iou1d cc;:].tri o1lte about 

2 GeV to tbe A 3UJU rule, Eq. (17a), and. so CC1Jldaccount 
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for about 1/4 of the discrepancy. In addition, there is 

some evidence for an I::: t ::: 0 :n::n: resonance lying under

neath the p ,12 ~~d we have no way of estimating what its 

coupling to NNmight be. 

Because of these ambiguities, it is difficult to draw 

any conclusions from the A SU!ll rule; yle would certainly not 

like to use this swn.rule to estimate the magnitude oft~e 

11:rt' ~ NN runpli tude ~ The B SUlll rule seems to be well satisfied 

by keeping only the states. P J N, ~~d 6 

(\.. 

v 

I 
n 
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