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Simulatio n Mode l s an d th e P o w e r  L a w o f  Learnin g 

Stella n Ohisso n (STELLAN@UIC.EDU) 
James J .  Jewet t  (JIMJ@EECS.UMICH.EDU ) 

Universit y o f  Illinoi s a t  Chicag o 
Departmen t  o f  Psycholog y 

100 7 Wes t  Harriso n Street ,  Chicago ,  I L 6060 7 

Abstrac t 

The power law of learning has frequently been used as a 
benchmar k agains t  whic h model s o f  skil l  acquisitio n 
shoul d b e measured .  However ,  i n thi s pape r  w e sho w tha t 
comparison s betwee n mode l  behavio r  an d th e powe r  la w 
phenomeno n ar e uninformative .  Qualitativel y differen t 
assumption s abou t  learnin g ca n yiel d equall y goo d fit  t o 
th e powe r  law .  Also ,  paramete r  variation s ca n transfor m a 
model  wit h ver y goo d fit  int o a  mode l  wit h ba d fit . 
Empirica l  test s o f  learnin g theorie s requir e bot h 
comparativ e evaluatio n o f  alternativ e theorie s an d 
sensitivit y analyses ,  simulatio n experiment s designe d t o 
revea l  th e regio n o f  paramete r  spac e withi n whic h th e 
model  successfull y reproduce s th e empirica l  phenomenon . 
Abstrac t  simulatio n model s ar e bette r  suite d fo r  thes e 
purpose s tha n eithe r  symboli c o r  connectionis t  models . 

Evaluating Models of Learning 

Sinc e th e semina l  paper s b y Anderson ,  Klin e an d Beasle y 
(1979 )  an d Anza i  an d S imo n (1979) ,  th e stud y o f  comple x 
learnin g ha s see n a n unprecedente d explosio n o f  theor y 
(Klahr ,  Langle y &  Neches ,  1987 ;  Ch ipma n &  Meyrowitz , 
1993) .  A  larg e numbe r  o f  computationa l  processe s wit h th e 
power  t o chang e an d improv e a  knowledg e bas e hav e bee n 
proposed ,  coverin g a  rang e o f  learnin g scenario s fro m skil l 
acquisitio n (Anderson ,  1993 ;  Ohisson ,  1996 )  t o conceptua l 
chang e (Giere ,  1992 ;  Thagard ,  1992) . 

Th e rati o o f  theor y t o dat a i s n o w s o hig h i n thi s field  tha t 
furthe r  progres s i s  dependen t  upo n finding  systemati c 
methodologie s fo r  evaluatin g th e variou s theoretica l  models . 
Becaus e quantitativ e regularitie s ar e rar e i n psychology ,  th e 
field  ha s followe d Newel l  an d Rosenbloom' s (1981 )  lea d i n 
usin g th e so-calle d powe r  la w o f  learnin g a s a n explanator y 
targe t  fo r  learnin g models . 

Th e powe r  la w phenomeno n consist s i n th e fac t  tha t  whe n 
a learner' s performanc e (measure d i n term s o f  th e tim e t o 
complet e a  practic e tas k o r  th e number s o f  error s mad e pe r 
trial )  i s  plotte d a s a  functio n o f  trials ,  th e resul t  i s  a 
negativel y accelerate d curv e which ,  moreover ,  conform s t o 
th e shap e describe d b y a  powe r  la w equation .  Th e diagnosti c 
hallmar k o f  a  powe r  la w curv e i s tha t  i t  appear s a s a  straigh t 
lin e w h e n plotte d wit h logarithmi c coordinate s (a s oppose d 
t o othe r  type s o f  negativel y accelerate d curves ,  e .  g. , 
exponentia l  curves ,  whic h d o no t  hav e thi s feature) . 

Becaus e th e powe r  la w phenomeno n i s  quantitativel y 
precise ,  i t  appear s t o b e a  particularl y powerfu l  tes t  o f 
model s o f  learning .  Indeed ,  i t  "ha s bee n accepte d a s a  nearl y 
universa l  descriptio n o f  skil l  acquisitio n t o suc h a n exten t 
tha t  i t  i s  treate d a s a  law ,  a  benchmar k predictio n tha t 
theorie s o f  skil l  acquisitio n mus t  mak e t o b e seriou s 
contenders "  (Logan ,  1988 ,  p .  495) . 

Attempt s t o us e th e powe r  la w o f  learnin g t o evaluat e a 
learnin g mode l  usuall y take s th e followin g simpl e form : 
Th e mode l  i s ru n an d it s learnin g curv e plotte d i n log-lo g 
space ;  i f  th e resultin g curv e i s a  powe r  law ,  i.e. ,  i f  i t  appear s 
as a  su-aigh t  line ,  th e mode l  i s considere d validated . 

I n thi s paper ,  w e argu e tha t  thi s methodolog y i s to o wea k 
t o b e informative ,  fo r  tw o reasons .  First ,  goodnes s o f  fit 
betwee n a  theor y an d a n empirica l  phenomeno n i s no t  i n an d 
of  itsel f  particularl y revealing .  N o theor y eve r  account s fo r 
dat a completel y o r  precisely .  Th e issu e i s thu s no t  whethe r  a 
theor y ca n accoun t  fo r  a  phenomeno n bu t  whethe r  i t 
account s fo r  th e phenomeno n bette r  o r  wors e tha n anothe r 
theory .  Empirica l  validatio n mus t  tak e th e for m o f  a 
comparativ e evaluatio n i n whic h multipl e model s at e 
compare d wit h respec t  t o h o w wel l  the y accoun t  fo r  th e 
relevan t  dat a (Cooper ,  Fox ,  Farringdo n &  Shallice ,  1996) . 

Second ,  an y learnin g mode l  ha s parameter s (e .  g. , 
capacities ,  constants ,  thresholds) .  Th e possibl e value s o f  al l 
th e relevan t  parameter s defin e a  quantitativ e spac e calle d th e 
paramete r  spac e (fo r  tha t  model) .  N o mode l  account s fo r  a n 
empirica l  regularit y (wit h equa l  precision )  a t  ever y poin t  i n 
it s paramete r  space .  I t  i s  alway s possibl e t o assig n value s t o 
th e relevan t  parameter s i n suc h a  wa y a s t o deflec t  th e 
model' s behavio r  awa y fi-om  th e empirica l  regularit y tha t  i s 
th e targe t  o f  th e modelin g effort .  Empirica l  validatio n 
attempt s shoul d provid e informatio n abou t  h o w sensitiv e th e 
model  i s  t o suc h paramete r  variations ,  i.e. ,  withi n whic h 
regio n o f  paramete r  spac e th e mode l  account s fo r  th e targe t 
phenomenon . 

Th e result s o f  suc h sensitivit y analyse s (Schneider ,  1988 ) 
ar e interestin g fro m tw o point s o f  view .  First ,  becaus e th e 
parameter s migh t  themselve s b e interpretabl e i n 
psychologica l  terms ,  thei r  value s migh t  b e testabl e agains t 
data .  Second ,  th e widt h o f  th e relevan t  regio n i s a n indicato r 
of  robustness .  I f  th e regio n withi n whic h th e mode l  i s 
successfu l  i s  narrow ,  th e model' s explanatio n fo r  th e 
phenomeno n i s no t  robust .  I f  th e empirica l  phenomeno n i s 
robust ,  thi s outcom e ough t  t o coun t  agains t  ̂ e model . 
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I n th e following ,  th e nee d fo r  comparativ e evaluatio n an d 
sensitiv e analyse s i s illustrate d i n a  serie s o f  simulation s o f 
th e powe r  la w o f  learning .  I t  turn s ou t  tha t  bot h success -
drive n an d failure-drive n learnin g ca n accoun t  fo r  th e powe r 
la w o f  learning ,  an d s o ca n a  mixe d model .  Exploration s o f 
th e paramete r  spac e sho w tha t  th e degre e o f  fi t  i s  sensitiv e t o 
some parameter s bu t  no t  t o others .  Thes e result s require d 
extensiv e simulatio n experiment s tha t  woul d hav e bee n 
difficul t  t o carr y ou t  wit h eithe r  a  symboli c o r  a 
connectionis t  model ,  bu t  wer e relativel y eas y t o d o wit h th e 
abstrac t  compute r  mode l  tha t  w e used .  W e conclud e tha t 
stric t  adherenc e t o th e sufficienc y criterio n originall y 
propose d b y Newell ,  Sha w an d Simo n (1958 )  ca n b e a n 
obstacl e t o cognitiv e modeling . 

Basi c M o d e l  a n d M e t h o d 

Al l  simulation s wer e don e wit h on e an d th e sam e basi c 
model .  Eac h simulatio n experimen t  conforme d closel y t o th e 
procedur e use d i n empirica l  studie s o f  skil l  acquisition . 

Basic Model 

The basi c mode l  ha s tw o components :  Th e tas k environmen t 
and th e performanc e module . 

Tas k environmen t  Th e tas k environmen t  wa s a  modifie d 
tre e structur e wit h a  dept h o f  2 0 an d a  branchin g facto r  o f 
10.  Th e roo t  nod e i s th e initia l  proble m stat e an d a n 
arbitraril y  chose n termina l  nod e i s designate d th e goa l  node . 
Nodes no t  o n th e pat h betwee n th e roo t  an d goa l  node s ar e 
labele d a s errors .  Th e tre e wa s modifie d t o allo w mor e tha n 
one pat h t o th e goa l  b y th e additio n o f  extr a link s betwee n 
branche s i n th e tree .  Thi s situatio n tre e capture s th e 
structura l  feature s o f  a  20-ste p tas k wit h multipl e correc t 
solution s an d 1 0 alternative s i n eac h step .  Thi s leve l  o f 
complexit y i s a t  o r  abov e th e complexit y o f  mos t  task s use d 
i n learnin g experiment s wit h huma n subjects .  Th e mai n 
simplificatio n i s th e constan t  branchin g factor . 

Performanc e modul e T o perfor m th e tas k represente d b y 
th e situatio n tre e i s t o travers e th e tre e once ,  startin g i n th e 
roo t  nod e an d endin g i n th e goa l  node .  Th e performanc e 
modul e processe s eac h nod e b y (a )  retrievin g al l  outgoin g 
links ,  (b )  decidin g probabilisticall y whic h lin k t o traverse , 
and (c )  traversin g th e selecte d lin k t o th e nex t  node . 

Al l  link s hav e strengths .  Strength s ar e initiall y  se t  t o 
unity .  Th e probabilit y  p  o f  choosin g lin k L  i s a  functio n o f 
th e curren t  strengt h s  o f  L .  Th e decisio n rul e i s tha t  p  i s 
proportiona l  t o s .  Thi s rul e wa s implemente d wit h a n 
algorith m tha t  multiplie s s  wit h a  rando m numbe r  betwee n 
0 an d 1  an d choose s th e lin k wit h th e highes t  product . 

Method 

The powe r  la w o f  learnin g i s no t  a  behavior .  I t  i s  a 
statistica l  entit y constructe d b y applyin g operation s o n ra w 
data .  I n particular ,  empirica l  learnin g curve s ar e typicall y 
constructe d b y (a )  lettin g severa l  huma n subject s lear n th e 
targe t  tas k unti l  som e criterio n o f  master y ha s bee n reached , 
(b )  averagin g performanc e measure s acros s subject s bu t 
withi n trials ,  an d (c )  plottin g th e resultin g average s a s a 

functio n o f  trials .  I n simulatin g th e learnin g curve ,  thi s 
procedur e shoul d b e followe d a s closel y a s possibl e 

Al l  simulation s reporte d i n thi s pape r  wer e ru n i n th e 
followin g way .  Eac h simulate d subjec t  wa s ru n unti l  a 
criterio n o f  thre e consecutiv e error-fre e trial s wa s met .  Eac h 
simulatio n experimen t  consist s o f  2 0 simulate d subjects . 

Tim e t o complet e th e tas k i s th e mos t  commonl y use d 
empirica l  measur e i n researc h o n skil l  acquisifion .  Th e 
number  o f  step s t o solutio n i s reporte d her e a s th e closes t 
model  equivalent . 

Comparativ e evaluation s wer e accomplishe d b y addin g o r 
deletin g learnin g mechanism s t o th e basi c model . 
Sensitivit y experiment s wer e don e b y varyin g parameters . 

Comparative Evaluation 

We compared success-driven and failure-driven learning with 
each othe r  an d wit h a  mixe d mode l  tha t  learn s bot h from 
succes s an d failure . 

Success-Driven Learning 

The basi c mode l  i s initialize d wit h a  strengt h o f  1. 0 o n al l 
options .  Thi s i s equivalen t  t o sayin g tha t  th e mode l  doe s no t 
kno w wha t  t o d o i n an y o f  th e proble m states .  Success -
drive n learnin g wa s implemente d b y incrementin g th e 
strengt h 5  o f  a  lin k L  wit h a  constan t  amoun t  d s i f  traversa l 
of  L  doe s no t  encounte r  a n erro r  signal . 

Figur e 1  show s th e resul t  o f  success-drive n learnin g whe n 
th e d s paramete r  i s (arbitrarily )  se t  t o .20 .  Th e result s ar e 
plotte d wit h logarithmi c coordinates .  Th e dat a point s 
represen t  th e outpu t  fro m th e simulatio n an d th e lin e i s th e 
best-fittin g straigh t  lin e throug h thos e points . 

As a  simulatio n o f  th e powe r  la w o f  learning ,  th e 
correspondenc e t o huma n dat a i s good .  Th e fit  t o a  powe r 
la w i s near-perfec t  an d th e learnin g paramete r  i s 1.027 , 
whic h i s clos e t o th e value s observe d i n empirica l  studie s 
(Lane ,  1987 ;  Newel l  &  Rosenbloom ,  1981) . 

100 
y =97.205x- '  02 7 ^  =0.97 8 

Trial s 

Figur e 1 .  Learnin g curv e fo r  success-drive n learning . 
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I n th e standar d methodolog y fo r  comparin g model s t o 
data ,  th e outcom e exhibite d i n Figur e 1  woul d scor e a s a 
succes s i n accountin g fo r  th e powe r  la w o f  learning . 

Failure-Driven Learning 

Our  failure-drive n learnin g mechanis m decrement s th e 
strengt h o f  a  lin k L  b y multiplyin g i t  wit h a  constan t 
proportion/ i  i f  traversa l  o f  L  encounter s a n erro r  signal . 

Figur e 2  show s th e resul t  o f  failure-drive n learnin g whe n 
th e f s paramete r  i s (arbitrarily )  se t  t o .50 ,  plotte d wit h 
logarithmi c coordinates .  Th e dat a point s represen t  th e outpu t 
of  th e simulatio n an d th e lin e i s th e best-fittin g straigh t  lin e 
throug h thos e points . 

IIKX ) 
v = 101.071x0' "  r 2 =  0.97 4 

Tr ia l s 

F i g u r e 2 .  L e a r n i n g c u r v e fo r  failure-drive n learning . 

The correspondence to the empirical phenomenon is once 
agai n good .  Th e point s cluste r  alon g a  straigh t  lin e an d th e 
learnin g paramete r  i s  .788 ,  whic h i s wel l  withi n th e rang e o f 
value s observe d i n empirica l  studie s (Lane ,  1987 ;  Newel l  & 
Rosenbloom ,  1981) .  A s a  compariso n betwee n Figure s 1 
and 2  shows ,  th e r ^  measur e o f  fit  i s  ver y simila r  fo r 
success-drive n an d failure-drive n learnin g (.97 8 versu s .974) . 

Interaction Between Two Types of Learning 

I t  i s  reasonabl e t o assum e tha t  huma n being s lear n fro m 
bot h succes s an d failure ,  fro m bot h positiv e an d negativ e 
feedback .  A  mixe d mode l  wa s implemente d wit h a  success -
drive n learnin g mechanis m tha t  wa s identica l  t o th e on e 
describe d above .  Th e failure-drive n learnin g mechanis m 
decremente d th e strengt h 5  o f  a  lin k L  b y subtractin g a 
constan t  amoun t  f s fro m s  i f  traversa l  o f  L  encounter s a n 
erro r  signal . 

Figur e 3  show s th e resul t  o f  th e mixe d mode l  whe n th e d s 
paramete r  i s (arbitrarily )  se t  t o .2 0 an d th e f s paramete r  i s 
(arbitrarily )  se t  t o th e sam e number .  Onc e again ,  logarithmi c 
coordinate s ar e used .  A s before ,  th e dat a point s represen t  th e 
outpu t  o f  th e simulatio n an d th e curv e i s th e best-fittin g 
straigh t  lin e throug h thos e points . 

y =  I04.526 X -I  0.1 6 = 0.98 8 

Trial s 

Figur e 3 .  Learnin g curv e fo r  mixe d model . 

The mixed model also produces a good fit to the power 
la w phenomenon ,  bot h i n term s o f  th e shap e o f  th e curv e 
and th e valu e o f  th e learnin g rat e parameter .  Hence ,  th e 
interactio n betwee n success-drive n an d failure-drive n learnin g 
i s a s goo d a n explanatio n fo r  th e observe d regularit y a s 
eithe r  typ e o f  learnin g b y itself . 

Sensitivity Analyses 

I n whic h region s o f  th e paramete r  spac e d o th e abov e result s 
hold ? A n exhaustiv e answe r  woul d requir e a  larg e numbe r  o f 
simulatio n experiments .  Th e fou r  experiment s reporte d 
belo w varie d th e d s paramete r  i n th e success-drive n model , 
th e efficienc y o f  learning ,  tas k complexit y an d th e 
decrementin g algorith m i n th e failure-drive n model . 

Varyin g th e d s paramete r  Figur e 4  show s th e resul t 
of  runnin g th e success-drive n mode l  wit h d s = .0 \  instea d o f 
.20 .  Th e resul t  i s clear :  Th e fit  t o th e powe r  la w goe s away . 
Th e dat a point s n o longe r  cluste r  alon g a  straigh t  lin e an d 
instea d sho w a  distinc t  curvature . 

Additiona l  experiment s showe d tha t  increasin g th e d s 
paramete r  t o absurdl y larg e value s (e.g. ,  d s =  3.0 )  ha s a 
simila r  effect ,  bendin g th e scatte r  plo t  awa y fro m powe r  la w 
fit  i n th e opposit e direction .  Th e regio n i n paramete r  spac e 
fo r  whic h success-drive n learnin g produce s powe r  la w 
learnin g i s narrow .  Becaus e d s i s a  likel y individua l 
differenc e parameter ,  thi s finding  implie s tha t  degre e o f  fit  t o 
a powe r  la w ough t  t o var y acros s individual s i n learnin g 
environment s tha t  provid e positiv e feedback .  Thi s i s a  nove l 
prediction . 

Varyin g probabilit y  o f  learnin g Peopl e ar e no t 
alway s aler t  an d learner s d o no t  alway s hav e th e abilit y  t o 
reac t  correctl y t o feedbac k (positiv e o r  negative )  durin g 
learning .  W e ca n mode l  thes e fact s t o a  first  approximatio n 
by addin g a  paramete r  I p tha t  stand s fo r  th e probabilit y  tha t  a 
learne r  wil l  learn ,  give n th e opportunity .  Figur e 5  show s th e 
resul t  o f  runnin g th e success-drive n mode l  wit h p i  =  .50 ,  i . 
e. ,  wit h th e assumptio n tha t  th e learne r  make s effectiv e us e 
of  feedbac k o n hal f  th e occasion s o n whic h i t  i s available . 
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y = 187.29lx-049 4 p ^  =  0.89 8 

1 1 0 10 0 

Trials 

Figur e 4 .  Success-drive n learnin g wit h ds=.Ol . 

y =157.571x 0 95 5 r ^  =  0.97 9 

1 1 0 

Trials 

Figure  5. Success-driven learning with Ip = .50. 

As Figur e 5  shows ,  th e fit  t o th e powe r  la w i s unaffecte d 
by halvin g th e learnin g efficienc y parameter .  Ou r 
exploration s hav e show n tha t  success-drive n learnin g 
produce s powe r  la w learnin g curve s acros s a  wid e rang e o f 
value s fo r  thi s parameter .  Thus ,  no t  ever y paramete r  affect s 
power  la w fit. 

Varyin g tas k complex i t y I t  ha s bee n suggeste d tha t 
power  la w learnin g i s  exponentia l  learnin g slowe d dow n b y 
some typ e o f  "menta l  ftiction' (Newell  &  Rosenbloom , 
1981) .  Fo r  example ,  on e migh t  expec t  a n increas e i n tas k 
complexit y t o slo w dow n learning .  Figur e 6  show s th e 
resul t  o f  runnin g th e success-drive n mode l  o n tw o problem s 
wit h differen t  complexity .  Th e branchin g facto r  wa s 1 7 i n 

bot h problems ,  bu t  th e solutio n pat h wa s 1 0 step s lon g i n 
one proble m an d 4 0 step s i n th e other .  A s Figur e 6  shows , 
lengt h o f  th e solutio n pat h ha d n o effec t  o n th e shap e o f  th e 
learnin g curve ,  althoug h i t  di d caus e a  downwar d 
displacemen t  o f  th e curve .  Variation s i n tas k complexit y 
doe s no t  affec t  th e model' s abilit y t o accoun t  fo r  th e powe r 
la w o f  learning .  Thi s i s a  strength ,  becaus e empirica l  powe r 
law s hav e bee n obtaine d i n task s o f  suc h widel y varyin g 
cognitiv e complexit y a s patter n recognitio n (Seibel ,  1963 ) 
and boo k writin g (Ohlsson ,  1992) . 

y=11.911x-066 3 j 2 ^ 0 90 6 O  Lengt h 1 0 

y =  68.159x-0.82 6 r 2 =  0.96 1 o  Lengt h 4 0 

Trials 

Figure 6. Effect of path length on success-driven learning. 

Varying the decrementing mechanism Theoretical 
principle s suc h a s success-drive n an d failure-drive n learnin g 
do no t  uniquel y specif y th e model s tha t  w e us e t o tes t  them . 
As Coope r  e t  al .  (1996 )  hav e argued ,  t o evaluat e th e theor y 
underpinnin g a  mode l  w e nee d t o var y no t  onl y quantitativ e 
parameter s bu t  als o thos e component s o f  th e mode l  tha t  at e 
underspecifie d b y th e theory .  Fo r  example ,  failure-drive n 
learnin g ca n b e implemente d i n differen t  ways .  Figur e 7 
shows th e resul t  o f  runnin g th e failure-drive n mode l  wit h a n 
additiv e instea d o f  multiplicativ e decrementin g mechanism . 
A fixed  amount/ s wa s subtracte d fro m th e strengt h o f  a  lin k 
when a n erro r  signa l  wa s encountered . 

Once again ,  th e fit  t o a  powe r  la w goe s away .  Notic e tha t 
i n Figur e 7 ,  th e simulatio n result s hav e bee n plotte d i n a 
log-linea r  plo t  instea d o f  th e log-lo g plo t  use d i n th e Figure s 
1-6 .  Th e result s confor m closel y t o a  straigh t  lin e i n log -
linea r  space ,  th e hal l  mar k o f  a n exponentia l  curv e (a s 
oppose d t o powe r  law) .  Hence ,  th e succes s o f  failure-drive n 
learnin g i n accountin g fo r  th e powe r  la w phenomeno n i s 
essentiall y  dependen t  o n a n implementatio n detai l  (th e exac t 
decrementin g rule )  tha t  i s  no t  specifie d b y th e theoretica l 
principl e (failure-drive n learning )  supposedl y bein g tested . 
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Figur e 7 .  Failure-drive n learnin g wit h additiv e decrement . 

C o n c l u s i o n s a n d D i s c u s s i o n 

O ur  result s sho w tha t  th e powe r  la w o f  learnin g i s not ,  i n 
and o f  itself ,  particularl y usefu l  i n discriminatin g betwee n 
alternativ e theorie s o f  learning .  Indeed ,  i t  canno t  discriminat e 
betwee n success-drive n learning ,  failure-drive n learnin g an d 
learnin g tha t  draw s upo n bot h succes s an d failure . 

I t  ha s bee n k n o w n fo r  som e tim e tha t  alternativ e models , 
buil d o n qualitativel y differen t  assumption s ca n succee d i n 
accountin g fo r  th e powe r  la w o f  learnin g (Anderson ,  1993 ; 
Logan ,  1988 ;  Newel l  &  Rosenbloom ,  1981 ;  Shrager ,  Hog g 
& Huberman ,  1988) .  However ,  comparison s betwee n pas t 
model s wer e obscure d b y th e fac t  tha t  th e model s diffe r  i n 
m a ny respect s othe r  tha n thei r  assumption s abou t  learning . 
Th e comparison s presente d her e ar e mor e decisive ,  becaus e 
th e model s ar e exactl y alike-indeed ,  identical-i n al l  othe r 
respect s tha n thei r  learnin g assumptions . 

Th e result s o f  th e sensitivit y analyse s g o further .  The y 
sho w tha t  implementatio n detail s (quantitativ e value s o f 
parameters ,  exac t  algorithm s used )  tha t  ar e no t  specifie d o r 
determine d b y th e psychologica l  hypothese s underpinnin g a 
model  ca n determin e whethe r  a  mode l  succeed s o r  fail s  i n 
accountin g fo r  a n empirica l  regularit y lik e th e learnin g 
curve .  I n othe r  words ,  whethe r  a  theor y i s regarde d a s tru e o r 
false-a s accountm g for ,  o r  no t  accountin g for ,  th e relevan t 
data-ca n depen d o n technica l  decision s tha t  hav e littl e t o d o 
wit h th e conten t  o f  th e theory ,  a  long-standin g concer n wit h 
compute r  simulatio n (Ohlsson ,  1988 )  recentl y emphasize d 
by Coope r  e t  al .  (1996) . 

Th e implicatio n i s tha t  successfu l  test s o f  simulatio n 
model s agains t  th e powe r  la w o f  learnin g ar e meaningless , 
unles s appende d wit h informatio n abou t  th e paramete r  regio n 
withi n whic h th e positiv e outcom e holds .  I n general ,  th e 
standar d procedur e o f  runnin g (som e versio n of )  a  cognitiv e 
model  an d comparin g it s behavio r  wit h huma n behavio r 
generate s littl e informatio n abou t  th e psychologica l  validit y 
of  th e assumption s an d hypothese s tha t  informe d th e desig n 
of  th e model . 

For  a  mode l  t o b e considere d supporte d b y data ,  i t  mus t  b e 
demonstrate d tha t  (a )  i t  account s fo r  th e phenomeno n a s wel l 
as,  o r  bette r  than ,  alternativ e models ,  an d (b )  i t  generate s th e 
targe t  phenomeno n withi n th e sam e regio n o f  paramete r 
spac e a s d o huma n subjects .  I f  huma n subject s ar e affecte d o r 
unaffected ,  a s th e cas e migh t  be ,  b y variation s i n a 
psychologicall y interpretabl e mode l  paramete r  (e .  g. , 
strengthenin g increment ,  efficienc y o f  learning) ,  the n th e 
model  mus t  b e show n t o exhibi t  a  simila r  leve l  o f 
robustness .  I n addition ,  i f  th e theoretica l  assumption s behin d 
th e mode l  underspecif y certai n components ,  the n th e mode l 
must  b e show n t o generat e th e targe t  phenomeno n acros s 
differen t  implementation s o f  thos e components . 

Cooper  e t  al .  (1996 )  hav e recentl y performe d suc h 
componen t  variation s o n a n implementatio n o f  th e Soa r 
model .  Consisten t  wit h th e result s presente d here ,  the y 
foun d tha t  alternativ e implementation s o f  supposedl y 
innocen t  mode l  component s ca n alte r  th e quantitativ e 
prediction s o f  Soa r  (an d henc e it s validit y a s a  psychologica l 
model ,  accordin g t o th e standar d cano n o f  mode l  testing) . 

Thi s extensio n o f  th e simulatio n methodolog y impose s 
unfamilia r  an d perhap s unwelcom e requirement s o n 
cognitiv e modeling .  Th e amoun t  o f  wor k involve d i n 
validatin g a  simulatio n mode l  increases .  I n principle ,  a 
simulatio n experimen t  i s require d fo r  eac h poin t  i n th e 
relevan t  paramete r  space .  Eve n i f  th e spac e i s explore d 
selectively ,  a  larg e numbe r  o f  experiment s migh t  b e neede d 
t o tes t  a  model . 

Mo r e importantly ,  th e requirement s tha t  w e var y 
parameter s an d implemen t  alternativ e version s o f 
underspecifie d component s requir e a  robus t  simulatio n 
technology .  Brittl e model s ar e difficul t  t o var y an d 
brittlenes s i s a n inheren t  featur e o f  th e programmin g 
methodologie s tha t  cognitiv e psycholog y ha s inherite d from 
Artificia l  Intelligenc e (A .  I.) .  Fo r  example ,  i t  i s  unclea r 
whethe r  a  success-drive n learnin g mode l  lik e A C T 
(Anderson ,  1993 )  woul d wor k i f  i t  wer e augmente d wit h a 
mechanis m fo r  learnin g fro m failure .  I t  i s  equall y unclea r 
h o w a  failure-drive n mode l  lik e H S (Ohlsson ,  1996 ; 
Ohlsso n &  Rees ,  1991 )  woul d far e i f  augmente d wit h a 
success-drive n learnin g mechanism .  I n general ,  comparativ e 
evaluations ,  sensitivit y analyse s an d multipl e 
implementation s o f  underspecifie d component s ar e difficul t 
and cumbersom e t o carr y ou t  wit h th e standar d A .  I . 
programmin g technique s tha t  unti l  recentl y wer e th e mai n 
tool s fo r  compute r  simulatio n o f  huma n cognition . 

Cooper  e t  al .  (1996 )  hav e responde d t o thi s situatio n b y 
proposin g tha t  cognitiv e model s shoul d b e state d i n 
executabl e specificatio n languages .  Suc h a  languag e i s 
characterize d b y a  hig h leve l  o f  abstractio n i n th e statemen t 
of  a  model .  I n addition ,  th e particula r  specificatio n languag e 
the y describe ,  calle d Sceptic ,  allow s th e use r  t o syntacticall y 
distinguis h betwee n theoretica l  principle s an d 
implementatio n details . 

Althoug h Coope r  e t  al .  convincingl y demonstrat e tha t  a n 
executabl e specificatio n languag e lik e Scepti c i s a  usefu l 
tool ,  w e believ e tha t  thei r  respons e doe s no t  g o fa r  enough . 
The proble m o f  distinguishin g betwee n theoretica l  principle s 
and implementation  detail s hide s a  deepe r  point .  Th e reaso n 
w hy psychologist s hav e thi s proble m i n th e firs t  plac e i s 
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tha t  the y hav e adopte d th e so-calle d sufficienc y criterio n a s 
th e standar d fo r  compute r  simulation .  Th e origina l 
formulatio n o f  thi s criterio n state d tha t  "a n explanatio n o f  a n 
observe d behavio r  o f  th e organis m i s provide d b y a  progra m 
.. .  tha t  generate s thi s behavior "  (Newell ,  Sha w &  Simon , 
1958 ,  p .  151) .  I n orde r  t o constitut e a n explanatio n fo r 
behavio r  X ,  a  mode l  ha s t o b e sufficien t  t o mimi c o r 
reproduc e X .  Tha t  is ,  a  mode l  o f  proble m solvin g mus t  b e 
abl e t o solv e problems ;  a  mode l  o f  learnin g mus t  b e abl e t o 
learn ;  an d s o on .  Thi s i s th e explanator y standar d tha t  ha s 
governe d cognitiv e modelin g t o date . 

Althoug h connectionis t  model s ar e ofte n contraste d wit h 
symboli c models ,  th e forme r  als o adop t  th e sufficienc y 
criterion .  Som e o f  th e stronges t  argument s i n favo r  o f 
connectionis t  model s ar e thei r  abilit y  t o perfor m certai n 
comple x task s (e .  g. ,  speec h recognition ,  typing) . 
Connectionist s striv e t o produc e intelligen t  programs .  I n 
thi s respect ,  connectionis t  modelin g doe s no t  diffe r  from 
symboli c modeling . 

However ,  th e sufficienc y criterio n i s no t  followe d i n othe r 
sciences .  Model s i n meteorolog y d o no t  produc e rain ; 
cosmologica l  model s d o duplicat e th e Bi g Bang ;  simulation s 
of  th e econom y d o no t  perfor m monetar y transactions ;  an d 
so on .  Suc h example s sugges t  tha t  th e sufficienc y criterio n 
confuse s mediu m an d message .  A  ma p i s no t  a  territory ,  s o 
why mus t  a  mode l  o f  min d b e a  mind ? 

The model s discusse d i n thi s pape r  ar e usefu l  tool s fo r 
comparativ e evaluatio n an d sensitivit y analyse s precisel y 
becaus e the y d o no t  attemp t  t o duphcat e th e processe s the y 
model .  Thes e abstrac t  model s ar e no t  A .  I .  programs ;  the y 
have n o knowledg e bas e an d n o intelligence .  Thes e model s 
do wha t  model s i n othe r  science s do :  The y captur e a s simpl y 
as possibl e genera l  propertie s o f  certai n formall y define d 
classe s o f  system s (success-drive n an d failure-drive n adaptiv e 
agents) ,  an d the y generat e th e quantitativ e implication s o f 
thos e assumption s wit h respec t  t o observabl e event s an d 
variables ;  tha t  i s all . 

Thre e observation s ar e pertinen t  here :  First ,  abstrac t 
model s shoul d b e distinguishe d from  th e so-calle d minima l 
model s o f  th e past ,  i .  e. ,  model s tha t  attemp t  t o explai n 
behavio r  i n particula r  experimenta l  paradigms .  A  unifie d 
theor y o f  cognitio n ca n b e implemente d a s a n abstrac t 
model .  Second ,  ou r  model s ar e abstrac t  i n a  differen t  sens e 
tha n model s state d i n th e specificatio n language s advocate d 
by Coope r  e t  al .  (1996) .  I n ou r  case ,  lo w leve l 
implementatio n detail s ar e missing ,  precisel y becaus e th e 
model s d o no t  carr y ou t  th e processe s the y model .  Third ,  w e 
ar e no t  arguin g tha t  sufficienc y model s shoul d b e abandoned . 
The mor e tool s w e hav e i n ou r  too l  kit ,  th e bette r  w e ca n 
perfor m th e jo b o f  researchin g huma n cognition . 

I n conclusion ,  ou r  experienc e indicate s tha t  abstrac t 
model s migh t  revea l  propertie s o f  cognitio n tha t  ar e unlikel y 
t o b e uncovere d b y model s tha t  attemp t  t o satisf y th e 
sufficienc y criterion ,  whethe r  th e latte r  b e connectionis t  o r 
symbolic . 
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