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Abstract

Applications of Holographic Spacetime

by

Terrence J. Torres

Here we present an overview of the theory of holographic spacetime (HST), originally

devised and primarily developed by Tom Banks and Willy Fischler, as well as its various

applications and predictions for cosmology and particle phenomenology. First we cover

the basic theory and motivation for holographic spacetime and move on to present the

latest developments therein as of the time of this writing. Then we indicate the origin of

the quantum degrees of freedom in the theory and then present a correspondence with

low energy effective field theory.

Further, we proceed to show the general origins of inflation and the cosmic mi-

crowave background (CMB) within the theory of HST as well as predict the functional

forms of two and three point correlation functions for scalar and tensor curvature fluc-

tuations in the early universe. Next, we constrain the theory parameters by insisting on

agreement with observational bounds on the scalar spectral index of CMB fluctuations

from the Planck experiment as well as theoretical bounds on the number of e-folds of

inflation.

Finally, we argue that HST predicts specific gauge structures for the low-energy

effective field theory at the present era and proceed to construct a viable supersymmetric

model extension. Constraints on model parameters and couplings are then calculated

vi



by numerically minimizing the theory’s scalar potential and comparing the resultant

model mass spectra to current observational limits from the LHC SUSY searches.

In the end we find that the low-energy theory, while presenting a little hier-

archy problem, is fully compatible with current observational limits. Additionally, the

high-energy underlying theory is generically compatible with observational constraints

stemming from inflation, and predictions on favored model parameters are given.
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Chapter 1

Review of Holographic Spacetime

1.1 Introduction

The development of a fully unified theory of quantum gravity with proper

low energy correspondence has been a long and arduous path fraught with perilous

divergences at every turn. Indeed, a full description of such a theory does not yet

exist, though there have been many steps in the right direction over the past half a

century. Since the initial development of the foundations of quantum field theory and

later gauge theory in the 1950s through the 1970s there has been much focus in high

energy particle physics on a unified description of fundamental forces at high energy

scales. While the many attempts to unify the internal gauge symmetries of the stan-

dard model, SU(3)C ×SU(2)L×U(1)Y , into larger gauge symmetries have been largely

fruitful, attempts at incorporating gravitational interactions into a fundamental theory

have proved elusive. Naive attempts to incorporate the underlying theoretical descrip-
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tion of gravitation, that is general relativity (GR), into a framework of perturbative

quantum field theory are inevitably thwarted by ultraviolet divergences in radiative

corrections to the resultant theory, leaving a listless hulk of a theory ravaged by spu-

rious divergences. Additionally, any attempt also suffers from GR’s diffeomorphism

invariance of local fields, thus destroying the gauge invariance of local observables.

On the other hand, in the 1970s and 80s, newer ideas such as string theory

purported to solve problematic gravitational UV divergences by reinventing the entire

underlying high-energy framework of particle physics, instead opting for new fundamen-

tal constituents of matter with finite spatial extent, strings. To a large extent, string

theories have been widely successful where perturbative field theoretic techniques have

failed, and have produced a high-energy description of a fully quantum theory incorpo-

rating general relativity (and in fact requiring a quantized spin-two excitation identified

as the graviton). However, there are still numerous issues with these theories, the most

salient of which surrounds a full description of their correspondence with low energy

effective quantum field theory limit of the Standard Model.

Fortunately, beginning in the mid 1990s there have been a myriad of appli-

cations of string theory methods to both fundamental particle and condensed matter

physics. These applications center around the idea of holographic duality, originally pro-

posed by Juan Maldacena as a conjectured correspondence between string/M-theory in

an n-dimensional anti-de Sitter (AdS) background and a conformal field theory on the

codimension-1 boundary. This conjecture posits that objects in the gravitational theory

in the bulk volume space have equivalent descriptions in terms of field theoretic objects
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of a conformal theory on the boundary, such that one may use a more well understood

and exact theory to solve more complex systems in the holographically dual theory

where perturbative methods may break down. The quintessential example of such a

duality relates type IIB string theory in AdS5 × S5 to N = 4 Super-Yang-Mills (SYM)

theory.

Since then, holographic descriptions of physical systems have been adopted to

describe various peculiarities in cosmology and gravitational physics. These efforts have

produced explanations for phenomena such as the black-hole information paradox and

out of this vein a general Holographic Principle [2,3] has emerged. This principle posits

that, in a theory of quantum gravity, the description of physics over a volume of space

is encoded on the null boundary (or apparent horizon) of that volume. The theory of

Holographic Spacetime (HST), originally devised by Professors Tom Banks and Willy

Fischler, which has been in development over the past decade, extends this holographic

principle to a full quasi-local formalism of quantum gravity.

In this thesis we will give a brief review the fundamentals of HST and show

some of the implications of such a theory for both cosmology and particle phenomenol-

ogy. The first chapter is dedicated to reviewing the current state of the HST model. In

chapter two we will then move on to cover the origins of cosmic density fluctuations in

the model as well as the forms of correlation functions for those density perturbations.

Then, in chapter three, we will cover the constraints on HST during inflation, which

are informed by the scalar spectral index measurement from the Planck experiment, as

well as entropic considerations that place bounds on the number of e-folds of inflation
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in the model. Predictions will then be given for likely ranges of inflationary model

parameters. Finally, in chapter four, we will cover some aspects of low energy effective

model building consistent with HST and predict mass spectra in the model as well as

constraints stemming from LHC observational bounds. Let us then begin by examining

the basics of Holographic Spacetime. Then we will move on to looking at the Super-

Bondi-Metzner-Sachs (Super-BMS) algebra and it’s relationship to holographic degrees

of freedom. Finally, we will model inflation in the early universe given the formalism of

HST.

1.2 The Holographic Principle and its Motivations

The basic premise behind HST, and more generally the Holographic Principle,

is to use entropic considerations to constrain the number of quantum states of a space-

time volume. Generically it would be an extremely attractive, and arguably necessary,

property of any full theory of quantum gravity to relate the underlying geometry of

our universe to quantum degrees of freedom. This idea originated out of considerations

of black hole thermodynamics, in which a generalized second law of thermodynamics

resolves the issue of decreased entropy due to matter entering a black hole by associat-

ing, through quantum effects, black hole entropy with the horizon area. More generally,

under specific conditions, entropy (or the log of the dimension of the Hilbert space) of

spacetime volumes is bounded by the area of the spacetime region. This leads to a gen-
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eral principle1 bounding the information content of any given region of spacetime. Here

we will review the motivations of this information bound as well as its implications.

1.2.1 Black Hole Entropy

To begin, the idea that black holes should have an associated entropy arose

from classical considerations. Hawking had originally proposed [4] that the area of a

black hole (whose boundary is defined by its horizon) never decreases, since classically

there can be no particles emitted from a black hole and their area (in d = 4 dimensions)

is proportional to their mass (in Planck units) via the relation

A = 16πM2 (1.1)

Additionally, the no-hair theorem states that black hole solutions to the Einstein-

Maxwell equations are unique and characterized entirely by three extrinsic properties

of black holes: mass, electric charge, and angular momentum. There is thus a classical

conflict in reconciling the second law of thermodynamics with blackhole formation, as

the extremely large phase space of matter undergoing gravitational collapse to a black

hole is drastically reduced from the perspective of an outside observer.

The resolution of this conflict is to associate a specific black hole entropy with

horizon area (and therefore mass) and take into account the total entropy of a system

1The word “principle” here is used because no excepted underlying framework currently exists at
the time of this writing for the mechanism behind a general entropic bound.
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such that

Stotal = SBH + Smatter (1.2)

SBH ∝ A

One then regains the a cohesive description that is compatible with the second law of

thermodynamics wherein the entropy always obeys dStotal/dt ≥ 0. From here, we can

find an exact equivalence for entropy as a function of area for black holes by noting that

the first law of thermodynamics gives the relation

dM = TdSBH =
dA

32πM
(1.3)

where the second equivalence is given by differentiating both sides of Eq. 1.1. While

this relationship at first seems strange in that it allows for black-body radiation from a

classically inescapable object, it was discovered by Hawking that there is an underlying

quantum process by which black holes do radiate with a temperature of

TBH =
κ

2π
(1.4)

with κ representing the black hole surface gravity. From here one must turn to the

simple case of Schwarzschild black hole to note that the surface gravity, in that case, is

given by κ = (4M)−1, such that

SBH =
A

4
(1.5)

This idealized calculation, in fact, holds for generalized black hole solutions of the metric

and if we take the generalized second law as fundamental then it leads to the conclusion
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that

Smatter ≤
A

4
(1.6)

This striking relationship points to an entropic limit of spacetime volumes that

scale as the area of their boundaries. In reality, this bound requires some additional

assumptions about the background spacetime which affects the implied existence of

black holes, as well as gravitational stability. While we refer the reader to more complex

treatments (see [3,5]) for a general discussion of counterexamples to the proposed bound,

one can quite easily examine specific counterexamples which disprove the bound.

1.2.2 The Covariant Entropy Bound

Even in Euclidean 3-space one can see that the bound is not necessarily satis-

fied. For instance, take a spherical volume of such a space with volume entropy density

ρS . Then, as usual, A = 4πR2 and V = 4πR3/3 such that the entropy is given by

S = ρSV =
ρSA

3/2

6π1/2
≤ A

4
(1.7)

which is only satisfied for regions such that

A ≤ 9π

4ρ2
S

(1.8)

This presents an issue for considering generic volumes, and in general there

does not yet exist a set of sufficiency conditions for which the bound holds absolutely.

However, if we restrict our attention to null-boundaries that enclose causally connected

regions of spacetime, then there are no known counterexamples that would contradict
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the entropy bound in this special case. This is the so-called “covariant entropy bound”

conjecture and we will assume its truth within the HST model.

1.2.3 Implications of Holography

Before we proceed further, let us take a moment to reflect on the significance

of this bound. In essence this bound provides a fundamental limit to the information

content of regions of spacetime, and thus the universe. It restricts the maximum number

of possible quantum states given in a specific volume with null boundary that has

area A to max(D(H)) = eA/4. Ignoring the information theoretic implications of that

statement, this still gives a drastic paradigm shift from the nature of quantum degrees

of freedom in local field theory to that of a theory with natural IR and UV cutoff scales.

For instance, given that the bound is saturated for black holes and the Schwarzschild

radius is RS = 2M , if we were to construct a maximally dense region of space in field

theory in Planck units it’s mass would scale as M ∝ R3, while in the holographic case

the energy density is limited by the phase-space states and scales as M ∝ R. That is

to say that in a local field theory with a UV cutoff of order the Planck length the mass

of a volume of space is overestimated by a factor of R2, which comes about because

the field theory includes states which are gravitationally unstable (and whose existence

would bring about the formation of a black hole). Consequently it is clear that, due to

gravitational considerations, not all possible degrees of freedom from the field theory

can be a part of the physical Hilbert space. With this aside, by then assuming the

validity of the covariant entropy bound for codimension-one, null-hypersurfaces on the
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boundary of causal regions, we are now prepared to fully describe the principles of HST.

1.3 The Fundamentals of HST

At its base, HST is a quasi-local formulation of quantum gravity which is meant

to generalize string theory considerations to background spacetimes beyond asymptoti-

cally flat/AdS space. The idea is to partition spacetime into an infinite set of quantum

systems. Each of these quantum systems is then holographically limited in size via the

covariant entropy bound by calculating the area of a null-surface which traces out the

boundary of a causal region of a time-like world line, called a ”causal diamond”.

Causal diamonds are easily constructed by looking at the causally connected

region of space which extends from the earliest time of a time-like trajectory (usually

taken to be t ∼ 0) to some later time along the trajectory evolution. The boundary of

such a space is thus made up of past and future light cones of the time-like trajectory,

each with it’s own smooth, Euclidean d − 2 dimensional metric. For a given observer

along said time-like world line the space is thus foliated by a sequence of boundaries to

overlapping causal diamonds formed at discrete times during the evolution of a specific

time-like trajectory, which we call the holographic screen.

In HST we then consider the evolution of the holographic screens of a lattice

network of separate time-like trajectories2covering an initial Cauchy surface3. Quan-

tum systems are then associated to each time-like trajectory and their dynamics are

2These trajectories needn’t necessarily be geodesics though in practice often are chosen to be such.
3For the case of inflationary cosmologies that we apply the theory to later, this initial Cauchy surface

is just the Big-Bang hyper surface
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constrained by causality and consistency conditions stemming from their overlap as

initial observer world lines come in causal contact at later times.

To do this we associate to each quantum system a unitary time evolution

operator, U(T, 0), or in time-symmetric spaces U(T,−T ). Causality is then incorporated

by letting the Hamiltonian of each quantum system be decomposed such that H(t) =

Hin(t) + Hout(t), where Hin(t) refers to the Hamiltonian which describes all degrees of

freedom (DOF) within a trajectory’s causal diamond at time t and Hout(t) describes

the remaining DOF of the trajectory’s maximal causal diamond as t goes to infinity.

Thus, as time evolves, Hin couples together increasingly more DOF as they come into

causal contact given the growth of the causal diamond while complementarily Hout acts

on fewer DOF. Moreover, for any pair of times such that t1 < t2 and causal diamond

whose origin is point x, the Hilbert space H(t1,x) is a tensor factor of H(t2,x) such

that H(t2,x) = H(t1,x)⊗H′(x). Thus H(t1,x) ⊆ H(t2,x), and the causal structure of

spacetime is then manifest by construction.

To review, we have thus developed a collection of quantum systems wherein

the evolution of each is determined by time-like world lines starting at a collection

of lattice points on an initial Cauchy surface. Then, by nature of the initial discrete

lattice, all quantum systems start by evolving independently, and their internal degrees

of freedom (acted upon by the Hamiltonian factor Hin) are later coupled together as the

causal diamond of each trajectory expands with time. From here, all that remains is to

describe a consistency condition for the overlap regions of two initially disjoint causal

diamonds. To that end we demand that the density matrices in the overlap regions of

10



O(tn,x,y)

x y

{ψAi } {ψBj }

t = 0

t = tn

Figure 1.1: This figure shows the construction of overlapping, adjacent causal diamonds
at a time tn, given points x and y on the initial Cauchy surface. The overlap regime is
indicated in red and obeys the necessary consistency conditions imposed by HST.

two quantum systems are unitarily equivalent. This will ensure a consistent description

of the DOF in two different quantum systems by their respective Hamiltonians over the

region of overlap.

Thus, given any two initial lattice points x and y, we specify the overlap

Hilbert space at proper time t as O(t,x,y) which is the intersection of the sets H(t,x)

and H(t,y), shown in Fig. 1.1. If the density of states in the overlap region for each

quantum system are then labeled as ρ(t,x) and ρ(t,y), we can state our fundamental

consistency condition as

ρ(t,x) = V(t,x,y)ρ(t,y)V(t,x,y)† (1.9)

for a unitary transformation V(t,x,y).

This defines the basic setup and principles behind spacetime construction in

HST. Here the structure of spacetime, both causal and conformal, is completely de-
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termined by the quantum mechanics of separately evolving systems, but the spacetime

metric is not generally a fluctuating quantum variable. Instead, the basic quantum vari-

ables in HST are excitations of the geometry of holographic screens on the null-boundary

of causal diamonds. These excitations are thus parametrized by null directions and the

holographic screen tangent to that direction on the null-boundary. Consequently, a

natural object for such a parametrization is the null-plane spinor and the quantized

excitations are then sections of the spinor bundle over the holographic screen. In the

next section we will investigate these fundamental quantum objects, as well as their

connection to the Super-BMS generators for asymptotically flat spaces at null infinity.

1.4 The BMS Algebra and its Use in HST

Having reviewed the fundamental construction of HST we turn our attention to

its quantum variables. In gravitational theories, the stress-energy tensor which sources

spacetime curvature can be transformed such that local energy and momentum densities

vanish. This means that any Hamiltonian describing DOF in a local causal diamond

must depend on variables which are defined on the boundary of such a causal diamond.

Thus as a causal diamond grows with time, the algebra describing the quantization of

the former boundary variables must then be embedded in the algebra of the boundary

of the larger diamond as a tensor factor.

Our approach to defining these boundary operators will thus be the following.

We will start by examining the boundary theory for asymptotically large causal dia-
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monds (which are generally considered in asymptotically flat space). Then argue for

the natural construction of the boundary operator algebra for large causal diamonds.

Finally, we will introduce a procedure to scale the operator spectrum with area for finite

causal diamonds.

In d = 4 asymptotically flat space, the asymptotic symmetry group given at

null-infinity is surprisingly not the Poincaré group, but instead a Poincaré-like group

enhanced by the presence of super-translations along the null boundary, called the BMS

group [6]. The generators of the algebra of this group then lie on the holographic sphere

at infinity and can be thought of as delta functions for fixed angle over the sphere. As

such, one can think of the entire boundary as just the spectrum of these generators

given by the null cone with momentum space coordinates P 2 = 0 and all operators on

the boundary as fields over the null cone. In this case we want to describe fields over

the null cone which encode orientation information.

As stated in the previous section, a natural object for parametrizing orientation

over the null cone is the null-spinor. One can see this by examining the Cartan-Penrose

equation,

ψ̄γµψ (γµ)β αψβ = 0 (1.10)

Then, one notes that ψ̄γµψ defines a null direction, with ψ the spinor defined over

the tangent space picked out by that null direction. Thus this construction then picks

out the orientation of specific discretized pixels of the holographic screen, and over

the entirety of the null boundary, then defines a section of the spinor bundle over the

holographic screen. Consequently, we can posit that the fundamental quantum objects
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in HST are spinor operators which are quantized on the null cone at infinity via BMS

algebra relations [6, 7]:

Pµ = P (1,Ω) , Qµ = Q(1,Ω)

[
Σα(P ), Σ̄β(Q)

]
+

= γµαβMµ(P,Q)δ(P ·Q) (1.11)

Mµ ≡ min(P,Q)(1,Ω)µ

Σ̄β = Σ†αγ0
αβ

where Pµ and Qµ label momentum vectors that serve as coordinates for the future light-

cone and thus P · Q = 0 if and only if they each point in the same direction. These

relations are compatible with the constraint

γµαβPµΣβ(P ) = 0 (1.12)

which then constrains Σα to be a section of the spinor bundle over the sphere at infinity.

To relate this to causal diamonds of finite size, our operator algebra from Eq.

1.11 must become finite as well and thus it is necessary to introduce a cutoff procedure

by which the dimension of the Hilbert space is reduced. The natural way to do this is to

introduce a cutoff on the spinor eigenstates of the Dirac operator. In this way, we can

reduce the spectrum of generators because an eigenvalue cutoff of the Dirac operator on

the spherical boundary is the same as an angular momentum cutoff. So finally, if one

then labels the finite angular momentum modes with variables j, k ≤ N where N is the

maximal radius in Planck units of the causal diamond, we can construct the operator

algebra for spinor bundle over sections of the sphere labeled by momentum vectors P
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and Q with N ×N + 1 complex matrices ψAj (P ), that obey the relations (restricted to

finite angular momentum modes):

[
ψAj(P ), ψ†kB(Q)

]
+

= δkj δ
A
BZ(P,Q) (1.13)

such that the Z(P,Q) generate a closed, unitary representation of a super-algebra.

From here, the dynamical evolution of a specific timelike trajectories can be

specified by constructing an N×N Hamiltonian for the causal diamond which is bilinear

in the fundamental spinor variables. This gives the proper area scaling to the Hilbert

space such that the holographic principle is satisfied. For a more detailed treatment of

such a process see [7–9].

With this construction out of the way, we have given a brief overview of the

main construction and underlying theory behind holographic spacetime. The next sec-

tions will then be dedicated to overviewing standard inflation and then reviewing its

study in HST.

1.5 Standard Single-Field Inflation

In order to better understand the dynamics of inflation in general and thus how

HST’s inflationary description differs, we will briefly review the treatment of single-field

slow roll inflation. We begin by briefly reviewing standard FRW Big Bang cosmology,

and then move into the treatment of single-field inflation which starts by minimally

coupling a scalar field, φ, called the the inflaton field, to gravity. For more thorough

treatments of such topics see [10].
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1.5.1 Big Bang Cosmology

In the standard treatment of cosmology we start by modeling spacetime via

the empirical observation of both homogeneity and isotropy at large scales. Given

these assumption one finds that the only solution to the spacetime metric obeying

these constraints has either uniform or no curvature and has the form (in spherical

coordinates):

ds2 = −dt2 + a2(t)

(
dr2

1− kr2
+ r2

(
dθ2 + sin2 θdφ2

))
(1.14)

with k = −1, 0, 1 corresponding to closed, flat, and open spacetimes respectively. Addi-

tionally, the factor a(t) describes the scaling evolution between space like hyper surfaces

overtime. This metric is named the Friedmann-Robertson-Walker (FRW) metric and is

standard among all cosmological models.

Classically, then, the dynamical evolution of the universe is given by the set of

coupled differential equations of the metric (the Einstein equations):

Gµν ≡ Rµν −
1

2
gµνR = Tµν − Λgµν (1.15)

where Rµν and R are the Ricci curvature tensor and Ricci scalar respectively. They can

be derived from the definition of the Riemann curvature tensor to be

Rµν = ∂αΓαµν − ∂νΓαµα + ΓαβαΓβµν − ΓαβνΓβµα (1.16)

R ≡ gµνRµν (1.17)

Γµαβ ≡ 1

2
gµν (∂βgαν + ∂αgβν − ∂νgαβ) (1.18)
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Furthermore, Tµν above is the stress energy tensor, which in the idealized case of a

perfect fluid with pressure, p, and energy density, ρ, can be written as

Tµν = gµαTαν = (p+ ρ)uµuν − p δµν (1.19)

uν ≡ dxν

dτ

for proper time τ . Then finally, the last term in Eq. 1.15 is the Cosmological Constant

term.

The Einstein equations are most simply solved in a coordinate system which

is comoving with the perfect fluid, such that uµ = (1,~0). In this case the stress energy

tensor is diagonal and of the form

Tµν =


ρ 0 0 0

0 −p 0 0

0 0 −p 0

0 0 0 −p

 (1.20)

Thus, using these comoving coordinates, we can then plug in the metric given

by Eq. 1.14 into Eq. 1.15 with zero cosmological constant and recover what are termed

the Friedmann equations:

H2 ≡
(
ȧ

a

)2

=
ρ

3
− k

a2
(1.21)

Ḣ +H2 =
ä

a
= −1

6
(ρ+ 3p) (1.22)

Moreover, these are easily combined to give the continuity equation

ρ̇+ 3H (ρ+ p) = 0 =⇒ d ln ρ

d ln a
= −3(1 + w) (1.23)

w ≡ p

ρ
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where w is the equation of state parameter. For flat universes (k = 0) these equations

can easily be solved for a(t) to obtain

a(t) ∝

 t2/3(1+w) w 6= −1

eHt w = −1
(1.24)

where w = 0, 1/3,−1 for the equations of state of dust, relativistic species, and a

cosmological constant, respectively.

1.5.2 The Case for Inflation

Unfortunately, the standard FRW evolution from early times does not sat-

isfactorily account for all empirical evidence about the early universe. For one, we

have assumed, with good observational evidence, that the universe is is largely homoge-

neous today. Additionally, observational evidence of the Cosmic Microwave Background

(CMB) suggests that inhomegeneities were even smaller at the surface of last scattering

and thus, since inhomogeneities are associated with gravitational instability should be

smaller still shortly after the Big Bang. This presents a rather large fine-tuning prob-

lem which demands that the initial conditions of the universe be such that the density

distribution be remarkably homogeneous/smooth given the standard FRW evolution.

What’s more, the largely homogeneous CMB temperature spectrum would seem to sug-

gest that patches of the sky never in causal contact with each other were somehow able

to equilibrate with remarkable precision.

To see this we merely note that the evolution of the comoving Hubble radius,

(aH)−1, describes how the size of regions of causal contact evolve with time. However,
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during conventional Big Bang cosmology, w ≥ 0 and thus the comoving Hubble radius

only grows monotonically with time. As such, regions of the sky separated by distances

larger than this radius at the surface of last scattering could never have been in causal

contact at earlier times.

Furthermore, if one considers the initial conditions for velocities after the big

bang, an additional tuning problem is introduced. To see this we rewrite the Friedmann

equations as

1− Ω =
−k

(aH)2
, Ω ≡ ρ

ρc
, ρc ≡ 3H2 (1.25)

where ρc is called the critical density because for ρ < ρc the universe is closed. Since we

now largely observe the universe as largely flat, this corresponds to Ω ∼ 1. This presents

an issue, since as we have already discussed, in conventional Big Bang cosmology the

comoving Hubble radius grows with time and thus Ω ∼ 1 is an unstable fixed point of the

density evolution. Consequently, in order for the universe not to recollapse or expand

so rapidly that no structure formation occurs, we must have a remarkable fine-tuning

of initial velocities as an initial condition.

Since both of these issues stem from the monotonicity of the comoving Hubble

radius, the obvious solution would be to invent a model which undergoes a period of

shrinking Hubble radius during the early universe. Thus, we require that

d

dt
(aH)−1 = − ä

ȧ2
< 0 =⇒ ä > 0 (1.26)

which implies that the early universe should undergo a period of rapid accelerated

expansion, termed inflation. In order to see how a model might satisfy this rather
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peculiar criterion we will turn to the simplest model of inflation, that of Single Field

Inflation.

1.5.3 Single Field Slow-Roll

In this model, one minimally couples a scalar field, called the Inflaton, to

gravity by inserting a scalar-field portion to the usual Einstein-Hilbert action, such that

S = SEH + Sφ =

∫
d4x
√−g

(
1

2
R+

1

2
∂µφ∂

µφ− V (φ)

)
(1.27)

T (φ)
µν ≡ − 2√−g

δSφ
δgµν

= ∂µφ∂νφ− gµν
(

1

2
∂αφ∂αφ+ V (φ)

)
(1.28)

Then, if we restrict φ to be homogeneous, the stress-energy tensor becomes that of a

perfect fluid with

ρφ =
1

2
φ̇+ V (φ) (1.29)

pφ =
1

2
φ̇− V (φ) (1.30)

Thus, this model can lead to accelerated expansion when ρφ+3pφ < 0 or when φ̇ < V (φ).

This is the so called “slow roll” regime, when potential energy dominates over the kinetic.

Now, if we turn our attention to the equations of motion

δSφ
δφ

= (−g)(−1/2) ∂µ(
√−g ∂µφ) + V ′(φ) = 0 (1.31)

we thus find that

φ̈+ 3Hφ̇+ V ′(φ) = 0 , H2 =
1

3

(
1

2
φ̇2 + V (φ)

)
(1.32)

and the Friedmann equations give

ä

a
= −1

6
(ρφ + 3pφ) = H2(1− ε) , ε ≡ − Ḣ

H2
(1.33)
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From this we can see that accelerated expansion occurs when ε < 1. However, this

expansion only proceeds for a sufficient time if the acceleration of the inflation field is

small, so that if we let

η = − φ̈

Hφ̇
(1.34)

then inflation occurs when ε , |η| < 1. We thus call η and ε the slow roll parameters.Thus,

in the standard treatment of inflation, one is left to choose an Inflaton potential which

satisfies these constraints. There are great many examples of such potentials in the

literature, though we will not cover them here. For a brief review see [10,11].

1.6 Holographic Inflation

As stated previously, the basic idea of HST is to formulate quantum gravity as

an infinite set of independent quantum systems, with consistency relations for “mutually

accessible information”. Each individual system describes the universe as seen from

a given time-like world line (not always a geodesic), evolving in proper time along

that trajectory. The dynamics along each trajectory is constrained by causality: the

evolution operator for any proper time interval factorizes as4

U(T, 0) = Uin(T, 0)⊗ Uout(T, 0),

where Uin acts only on “the Hilbert space H(T,x) of degrees of freedom in the causal

diamond determined by the past and future endpoints of the trajectory”. Uout(t, 0)

operates in the tensor complement of H(T,x) in H(Tmax,x), where x is a label for the

4We use notation appropriate for a Big Bang cosmology. 0 is the time of the Big Bang. An analogous
treatment of a time symmetric space-time would use an evolution operator U(T,−T ).
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trajectory based on the point on the initial Cauchy surface that the time-like trajectory

begins. The dimension of H(T,x), in the limit that it is large, determines the area

of the holographic screen of the causal diamond via the Bekenstein-Hawking relation

(generalized beyond black holes by Fischler, Susskind and Bousso [2, 3]),

A(T,x) = 4Ld−2
P ln dim [H(T,x)] (1.35)

However, for the purposes of this thesis we will take d = 4. The causal relations between

different diamonds are encoded in commutation properties of operators, as in quantum

field theory (QFT).

A(T,x) must not decrease as T increases. For small T it will always increase.

It may reach infinity at finite T , as in AdS space; remain finite as T → ∞, as in

dS space; or asymptote to infinity with T . For trajectories inside black holes, or Big

Crunch universes, Tmax will be finite. It’s clear that there must be jumps in T , where

the dimension of H(T,x), changes and for the purposes of this discussion the discrete

jumps will be of order the Planck time.

For any time, and any pair of trajectories, we introduce a Hilbert space

O(T,x,y) whose dimension encodes the information mutually accessible to detectors

traveling along the two different trajectories. O(T,x,y) is a tensor factor in both

H(T,x) and H(T,y). We define two trajectories to be nearest neighbors if

dim O(T,x,y) = dim H(T − 1,x) = dim H(T − 1,y).

Translated into geometrical terms, this means that the space-like distance between

nearest neighbor trajectories, at any time, is the Planck scale. The second equality
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defines what we call equal area time slicing for our cosmology. We want the nearest

neighbor relation to define a topology on the space of trajectories, which we think of as

the topology of a Cauchy surface in space-time. It is probable that it is enough to think

of this space as the space of zero simplices of a d−1 = 3 dimensional simplicial complex,

but for ease of exposition we use a cubic lattice. We then require that dim O(T,x,y)

be a non-increasing function of the number of steps d(x,y) in the minimal lattice walk

between the two-points.

The choice of dim O(T,x,y) for points which are not nearest neighbors is de-

termined by an infinite set of dynamical consistency requirements. Given time evolution

operators and initial states in each trajectory Hilbert space, we can determine two time

dependent density matrices ρ(T,x) and ρ(T,y) in O(T,x,y). To do this we require that

the density matrices obey Eq. 1.9. This constrains the overlap Hilbert spaces, as well

as the time evolution operators and initial states.

As was mentioned previously, the structure of space-time, both causal and

conformal, is completely determined by quantum mechanics in HST, but the space-time

metric is not a fluctuating quantum variable. The true variables are quantized versions

of the orientation of pixels on the holographic screen. They are sections of the spinor

bundle over the screen, but in order to satisfy the Covariant Entropy Bound for a finite

area screen, we restrict attention to a finite dimensional subspace of the spinor bundle,

defined by an eigenvalue cutoff on the Dirac operator [12]. For the geometries considered

in this paper, with only four large space-time dimensions, the screen is a two sphere with

radius ∼ N in Planck units times an internal manifold K of fixed size. The variables
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are a collection of N ×N +1 complex matrices, ψAi (P ) one for each independent section

of the cutoff spinor bundle on Kwhose anti-commutation relations are

[ψAi (P ), ψ†
j
B(Q)]+ = δji δ

A
BZPQ,

with appropriate commutation relations with the ZPQ to make this into a super-algebra

with a finite dimensional unitary representation whose representation space is generated

by the action of the fermionic generators.

1.6.1 Review of the Holographic Inflation Model

We now review the model of inflation and fluctuations described in [13]5. We

begin with a holographic space time model of a flat FRW universe with p = ρ [15], which

we take as the generic description of the early stages of any Big Bang universe. The Big

Bang hypersurface is a topological cubic lattice of observer trajectories. The Hilbert

space of any observer’s causal diamond T units of Planck time after the Big Bang, has

dimension dim PT (T+1), where P is the fundamental representation of the compactifica-

tion superalgebra. In the model, at each time the Hamiltonian is chosen from a random

distribution of Hermitian matrices in this Hilbert space, with the following conditions

• Every observer has the same Hamiltonian at each instant of time.

• For large T , the Hamiltonian approaches6 that of a non-integrable 1+1 dimensional

5Please note that since the time of this writing, this analysis has been superseded by new and
corrected results concerning the bounds on the number of e-folds of inflation placed on the theory. This
error which would have prominently affected only the results in Chapter 3 was corrected for the analysis
there and the new constraints in [14] were used.

6The word approaches means that the CFT can be perturbed by a random irrelevant operator.
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CFT with central charge T 2, living on an interval of length of O(T ), with a cutoff

of order 1/T , in Planck units. The bulk volume scales like T 3, so the bulk energy

density scales like 1/T 2, and the bulk entropy density like 1/T , which is the

Friedman equation for the p = ρ FRW space-time. The theory has no scale but

the Planck scale, so the spatial curvature vanishes, and the model saturates the

covariant entropy bound [2,3] at all times.

We then modify this model by choosing two integers, n and N such that

1� n� N , which will determine the Hubble scale during inflation and the value of the

Hubble scale corresponding to the observed cosmological constant, respectively. Then,

choose one point on the lattice to represent the origin of “our” coordinate system. We

subsequently treat the set of all points a distance ≤ N/n lattice steps from the origin,

differently than the points outside. For these points, the growth of the Hilbert space is

stopped at time n, for a while, and the Hamiltonian to remains constant. Additionally,

we use 1+1 dimensional conformal transformations to replace the Hamiltonian with the

same model on an interval of length n3 with a cutoff of order 1/n3. In [13] it was argued

that this was the Hamiltonian of a single horizon volume of dS space, with Hubble radius

n. The rescaling of the Hamiltonian should be viewed as a change of the trajectory

under consideration from that of a geodesic observer in the original FRW, to that of

a static observer in dS space. The Jacobsonian effective geometry [16] corresponding

to this model up to time n is a p = ρ FRW, which evolves to a dS space with Hubble

radius n. Then the Jacobsonian Lagrangian contains both the gravitational field and
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a scalar field, and the dynamics of the underlying model would imply that they were

both homogeneous, if we had stopped the growth of the Hilbert space everywhere in

the lattice of trajectories.

For the lattice points that are more than N/n number of steps from the origin

however, we continue to use the p = ρ Hamiltonian. In [13], the authors argued that

if n = N there was a consistent set of overlap rules, which had the property that

points outside the hypercube were forever decoupled from those inside, in the sense

that the overlaps between interior and exterior points are always empty. The exterior

Jacobsonian effective geometry corresponding to this model is a spherically symmetric

black hole of radius N in the p = ρ geometry. The interior geometry is not, however

consistent with this unless n = N . The Israel junction condition, if we insisted on a dS

geometry in the interior, would require that the boundary of the set of points with with

distance less than N/n from the origin be a trapped surface with Hubble radius N .

Thus, to resolve this problem, it is then proposed to modify the time evolution

inside the hypercube. This modification is only to the Hamiltonian of a single observer

at the center of the hypercube. While there doesn’t yet exist a consistent HST model,

with compatible Hamiltonians for all observers, corresponding to this model, since our

single observer model behaves approximately like a local field theory at times � n, and

QFT satisfies the HST overlap rules approximately, one expect that a full model can be

constructed. We call this single observer model, Holographic Inflation (HI).

According to the rules of HST, the observer at the center of the HI model will

be decoupled from the rest of the DOF of the universe forever. Since there exist solutions

26



of Einstein’s equations with multiple black holes embedded in a p = ρ universe, it is

thought that the HI model can be embedded inside a larger model, in which the central

observer’s finite universe eventually collides with other universes, with different values

of the cosmological constant. In [13] the authors argued that this is one of many possible

ways to solve the “Boltzmann brain non-problem”. Since the collision time can be any

time between a few times the current age of the universe, to the unimaginably long

recurrence time for the first Boltzmann brain, this embedding is completely irrelevant

to any observation one could conceivably make.

The Hilbert space of the Holographic Inflation model has entropy of order

N2. Initially, the Hilbert space is broken up into (N/n)2 tensor factors, each of which

behaves like a single horizon volume of dS space. That is to say, the state of each of these

systems is changing rapidly in time in a manner that leads to scrambling of information

on a time scale n ln n [17]. These systems are then gradually coupled together, starting

from those that are close to our choice of origin as shown in Fig. 1.2. The idea behind

this is that time evolution up to time n gave multiple copies of the single dSn Hilbert

space, corresponding to different observers. All of those copies are then mapped into

the Hilbert space of the central observer to obtain an emergent space-time which looks

like multiple horizon volumes of dSn.

Initially, the Hamiltonians of different observers start as synchronized and

the universe was exactly homogeneous and isotropic. However, as the copies of these

systems are coupled to the Hamiltonian of the central observer at asynchronous times,

the initial state as each successive horizon volume is coupled can be thought of as a
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t=t1

t=t2

t=t3

t=t4

Figure 1.2: This figure illustrates how the time dependent Hamiltonian of the HI model
encompasses more DOF on the fuzzy 3-sphere (explained below), as time goes on. Each
band in the figure represents a fuzzy 2-sphere of radius R(tk) = R sin(θk) at time tk.
The horizon radius R(t) is a smooth function that approximates this discrete growth
of the horizon for a large number of e-folds. It determines an FRW cosmology through
R(t) = Ra(t)

∫ t
I

ds
a(s) .

tensor product, but with a different, randomly chosen, state of the dSn system in each

factor. This becomes the origin of the local fluctuations, which eventually show up in

the microwave sky of the central observer after last scattering. It is also the origin of

locality itself within the theory. A conformal diagram of this unsynchronized coupling

of dSn horizon volumes can be seen in Fig. 1.3.
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Indeed, in [13] it was pointed out that if N = n then one can find a completely

consistent model of a universe which evolves smoothly from the p = ρ Big Bang, to dSN ,

without ever producing a local fluctuation. It is exactly homogeneous and isotropic at

all times, despite the fact that the initial state is random and the Hamiltonian is a

fast scrambler. Although it corresponds to a coarse grained effective geometry, the

model contains no local excitations around that background. Instead, it saturates the

Covariant Entropy Bound at all times and is never well approximated by effective field

theory, despite the fact that it is, for much of its history, a low curvature space-time.

However, by taking 1 � n � N , we find a model that interpolates between the p = ρ

Big Bang, and asymptotic dSN , via an era of small localized fluctuations, which for a

long time remain decoupled from the majority of the horizon DOF in dSN .

Consequently, the role of inflation in the Holographic Inflation model is pre-

cisely to generate localized fluctuations, by starting the system off in a state where

commuting copies of the same DOF are in different quantum states, from the point of

view of the central observer. Later, we will discus the mapping of these commuting

copies to different points on an approximate, or “fuzzy,” 3-sphere, so that the fluctua-

tions in their quantum states become local inhomogeneities of the 3-sphere. In HI these

are the origin of the CMB fluctuations, and they provide the explanation for localized

excitations of the ultimate dSN space. One might say that the most probable path be-

tween the p = ρ geometry and dSN is the homogeneous model described in the previous

paragraph. However, by forcing the universe to go through a state where tensor factors

of its Hilbert space are decoupled, the inflation model “chooses” a less probable, though

29



Figure 1.3: A conformal diagram showing initially, separately evolving horizon volumes
being coupled together asynchronously. The observer starts in the central horizon vol-
ume and the colored regions later in that horizon’s history indicate when a nearby
horizon volume (discretely separated at the colored points at t = 0) is coupled to the
Hilbert space of the observer. The red regions indicate sections of space-time that are
decoupled from the central observer and allowed to evolve freely. Since this evolution is
not synchronized with the time dependence of the Hamiltonian of the central horizon
volume, the asynchronous coupling of independent horizon volumes gives rise to local
fluctuations (indicated by different color opacities in the figure).

more interesting, path7.

7The word probable here is used in a somewhat peculiar way. The exactly homogeneous, entropy
maximizing, model is a different choice of time dependent evolution operator than the HI model, which
contains a period of inflation, and produces localized fluctuations. The latter model exploits the basic
postulate of HST that the initial state in any causal diamond whose past tip is on the Big Bang
hypersurface, is unentangled with DOF outside that diamond, to construct an evolution operator that
exhibits approximate locality for a subset of DOF. As a consequence, the state of this model does not
have maximal entropy for the period between the beginning of inflation and the time when all localized
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The model described in [13] organizes all of the DOF which have interacted up

to the end of inflation, in terms of variables localized on a fuzzy hemi-3-sphere of radius

E. In order to match with the bulk picture of inflationary geometry, this corresponds to

a sphere with e3Nen2 DOF. The boundary of this sphere is the holographic screen of the

central observer’s causal diamond at the end of inflation. Indeed, in the bulk picture of

inflation, all DOF encountered by the central observer in the future have been processed

during the inflationary period. Thus

E2 = e3Nen2 ≤ N2 = 10123 (1.36)

Ne ≤ 94.4− 2/3ln n = 85.4− 4/3ln
MI

MU
(1.37)

where the ratio MI
MU

is that of the scale of inflation to the unification scale (∼ 2× 1016

GeV).

On the other hand, E must be large enough to encompass all of the degrees

of freedom that manifest themselves as fluctuations in the CMB. The entropy of CMB

photons in the current universe is

(
T

MP
N

)3

∼ 1089 (1.38)

with the entropy in the fluctuations as only a fraction of this and given by

Sfluct = 3
δT

T
× 1089 ∼ e169 ≤ e3Ne × n2 (1.39)

excitations decay to the dS vacuum. It’s not clear then whether the second model should be called ”less
probable” than the first since they are not part of the same theory. What is meant instead is that, at
intermediate times, a random choice of state would coincide with the actual state determined by the
time dependence of the first model, while the states of the second model would look non-random.
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such that

Ne ≥ 49− 4

3
ln

MI

MU
(1.40)

We can estimate the size of the local fluctuations by the usual rules of sta-

tistical mechanics. The local subsystems have entropy of order n2, so that a typical

fluctuation of a local quantity, is O(1/n). This indicates an inflation scale of order the

GUT scale, if we use the CMB data to normalize the two-point correlation function of

density fluctuations. The fluctuations are also close to Gaussian, again because they

are extensive on the inflationary holographic screen. The k-point correlation functions

thus scale like n−k. Note that, apart from factors which arise from the translation of

these quantum amplitudes into the fluctuations used in classical cosmological perturba-

tion theory, this is the scaling of k-point functions expected in a conventional slow-roll

model. However, the size of these fluctuations is fixed by n−1, rather than by the effec-

tive H(t) that one would get if one computed the effective field theoretic fluctuations

in a slowly evolving cosmology.

Let us now explore the consequences of the de Sitter invariance of these fluc-

tuations. Note that there is no meaning to de Sitter invariance in the theory of a single

stable dS space. The physics of that system is confined to a single horizon volume, and

only an R×SU(2) subgroup of SO(1, 4) leaves the horizon volume invariant. The coset

of this subgroup maps the observer’s horizon volume into others, and does not act on

physical observables. However, in HI the central observer sees (E/n)2 horizon volumes,

and if this number is large, it must closely approximate the properties of the classical

dSn space, which is seen by a single observer. At the end of inflation, this observer’s
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causal diamond contains many horizon volumes of dSn and thus a model approximately

invariant under SO(1, 4) is appropriate. We will argue that the corrections to this sym-

metric model, for the calculation of correlations between fluctuations at small numbers

of points, are suppressed by powers of e−Ne , and it is therefore reasonable to neglect

them.

It is worth noting that the model presented in [13] does not yet genuinely

describe the CMB. Within the HST formalism, it is not yet fully understood how to

describe conventional radiation and matter dominated universes, where the source of

the gravitational field is particles, rather than the inflaton. Instead the model ends with

a time independent Hamiltonian which is (approximately) a generator, L04, of SO(1, 4)

and not the Hamiltonian we have conjectured to describe particle physics in dSN . [9,18–

23] . Thus the model is not a realistic cosmology. Its hydrodynamic description is that of

an FRW geometry coupled to a scalar field, which has small inhomogeneous fluctuations

on a 3-hemisphere of radius eNen. In the Jacobsonian effective field theory description,

these are fluctuations in the classical value of the inflaton, which are chosen from an

approximately Gaussian and dS-invariant distribution. The normalization of the two-

point function is determined by n, and it coincides with the observed strength of CMB

fluctuations if n is of order the unification Hubble radius, but the model has no CMB.

The Lagrangian for the inflaton must interpolate between the p = ρ geometry, and dSN

via a period of Ne = 2
3 ln(E/n) e-folds of inflation, plus sub-luminal expansion for the

period when the horizon radius stretches from E to N . It is therefore a conventional

slow-roll inflation Lagrangian, with parameters chosen to fit the underlying quantum
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model.

In a more realistic model, one would need to make a transition from L04 to the

Hamiltonian of a geodesic observer in dSN . The latter Hamiltonian describes particles,

and it would need to be shown how the fluctuations in the inflaton get transmuted

into distributions of photons and matter. This is the physics encompassed in the con-

ventional process of reheating, and the subsequent propagation of photons through an

inhomogeneous space-time, including phenomena like the Sachs-Wolfe effect. We know

perfectly well how to build an effective theory in this era, by coupling the classical inho-

mogeneous inflaton field to quantum fields describing particles. However, the challenge

of describing particle physics in terms of HST is not yet understood at present. Despite

this, there are a few remarks that we can make. The first is that the conventional

matter and radiation dominated eras lead to an increase in the radius of the horizon by

an amount αN , with α a parameter strictly less than, but of order, 1. The fact that

α is less than one follows from the general properties of asymptotically dS cosmologies

which are not exactly dS, while the fact that it’s of order one reflects the very recent

crossover between matter and radiation domination, thus one should take E � N .

1.6.2 The Fuzzy 3-sphere

In order to construct a model, which is effectively local in a 3 dimensional

space, one can label the E2 = e3Nen2 variables via the following8. The geometry seen

by an observer at the end of inflation is a 3-sphere of radius RI = eNen. There are of

8 Since the time of this analysis these results have been superseded by corrected formulae, which are
given in [14]. Please see those results for corrections to this section.
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Figure 1.4: Tilings of fuzzy two spheres of different radii. The maximally localized
spinor wave functions at the centers of the tiles are a basis for the cutoff spinor bundle,
with angular momentum cutoff determined by the radius of the sphere in Planck units.

order E2 degrees of freedom, which can be thought of holographically as living on the

holographic screen of a causal diamond, with radius E ∼ e 3Ne
2 n� RI , when the number

of e-foldings is large. These are then “uniformly” distributed over a fuzzy 3-sphere of

radius RI .

A 3-hemisphere can be thought of as a fiber bundle with two-sphere fibers,
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over the interval [0, π2 ] which have radii at angle θ of RI sin θ. The HST version of this

geometry is a collection of variables ψAi (θk), where the matrix at θk is Nk×Nk + 1 with

Nk = RI sin θk (1.41)

We take sin θ1 = n/RI , while

∑
k

sin θk(sin θk + 1/RI) = eNe (1.42)

with the θk equally spaced in angle along the interval. Since each Nk ≥ n� 1, one can

construct, for each two sphere, a basis of spinor spherical harmonics localized on the faces

of a truncated-icosahedral, geodesic tiling of the sphere, obtaining an approximately

local description of our hemi-3-sphere. This tiling scheme is shown in Figure 1.4. The

centers of the faces, combined with the discretized interval parametrized by θk define a

lattice on the 3 sphere. The HST spinor variables ψAi have a natural action of SO(4) =

SU(2)×SU(2) acting separately on the rows and columns of the matrix. This can then

be combined with the discrete SO(4) rotations which take points of the lattice into each

other. As Ne →∞ one can then construct operators which turn unitary representation

of SO(3) into unitary representations of SO(4). In addition, as argued in [13], we could

construct operators L0M which extend this to a unitary representations of SO(1, 4). It

was thus conjectured that the Hilbert space of the localized variables ψAi (θk) admits

an action of SO(1, 4), in the limit Ne → ∞ , and that it can be described in terms

of field operators OA(X) transforming covariantly under the action of SO(1, 4) on the

3-sphere9.

9Note that the operators O(X) representing the local fluctuations commute at different points,
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Having described the mathematics, let us now incorporate it into the inflation-

ary theory. At this point we have followed the universe using the rules of HST from its

inception until a time when the particle horizon had a size n. At that time, a very large

number of observers have Hilbert spaces of entropy n2 and are described by identical

states and Hamiltonians. The individual Hamiltonian is that of a non-integrable, cutoff

1 + 1 dimensional field theory whose evolution, time averaged over several e-foldings,

produces a maximally uncertain density matrix. This description extends out from a

central point on the lattice of observers for a distance N/n, up to the surface that will

eventually be the cosmological horizon. Points on the lattice of observers that are more

than n steps apart, have no overlap conditions. One continues by making a coarser

sub-lattice, consisting of centers of collections of points on the original lattice, whose

Hilbert spaces have no overlaps. We now want to describe the Hamiltonian of the cen-

tral observer, from the time that individual points on the coarse sub-lattice thermalize,

until the end of inflation. This will not provide a complete HST description of this era,

but such a description is an active area of research.

To construct this Hamiltonian, one begins with the Hilbert space of entropy E2

described above, and identifies points in the coarse lattice of HST observers, with points

on the fuzzy 3-sphere. The central observer is identified with the point θ1 on the interval.

There is no sense in further localizing it on the fuzzy two sphere at that point, because

the state in its Hilbert space is varying randomly over a Hilbert space of entropy n2.

There are no localized observables at length scales smaller than n. This can be thought

because they probe properties of the individual, originally non-interacting, horizon volumes. We work
in the Schrodinger picture, in which the density matrix, rather than the operators, evolve.
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of geometrically as: the area of the hexagon centered at this observer’s position has area

n2. Each point on the 3-spherical lattice has, at the beginning of this era, an identical

wave function in a Hilbert space of entropy n2. The time dependent Hamiltonian of

the central observer now begins to couple together points on the spherical lattice, in a

manner consistent with causality. That is, as the proper time of the central observer

increases, its causal diamond increases in area, and the Hamiltonian couples together

points that are closest to it on the 3-sphere, in accordance with the covariant entropy

bound. In principle, the rate, in proper time, at which the area of the holographic screen

grows, tells us about the FRW background geometry. The Jacobsonian effective field

theory of this is a model of gravity coupled to a scalar, with a potential that leads to

Ne e-folds of inflation, and a rapid transition to dSN .

The rate at which different points on the sphere are coupled together is not

connected to the rate of change of the state according to the local Hamiltonian, which

is randomizing individual Hilbert spaces of entropy n2. Therefore there will be local

fluctuations of the initial quantum state at different points on the 3-sphere. This is the

physical origin of the fluctuations whose form was described previously. They should

be thought of as statistical fluctuations in the quantum state, rather than quantum

fluctuations in a pure state. Of course, since we detect these fluctuations in properties

of a macroscopic system, there is no way that one could have ever detected the quantum

nature of fluctuations in the conventional inflationary picture, but the point of principle

is significant. In a more realistic model, these fluctuations would be the origin of what

we observe in the CMB and the clumpy distribution of matter around us.
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HI is constructed so that, by the time the size of the holographic screen has

reached E, the Hamiltonian of the DOF in that diamond is the generator L04, which

approaches an element of the SO(1, 4) Lie Algebra in the (fictitious) limit Ne → ∞.

The system is characterized by a density matrix, because the state of each point on

the fuzzy 3-sphere is random, and the times at which different points become coupled

together are not locked in unison10. Note however that the initial time averaged density

matrices at each point are identical, by construction, and are exactly SO(3) invariant.

It is extremely plausible that the density matrix is approximately SO(1, 4) invariant

when Ne is large. This is the principal assumption. The “lattice spacing” on the

late-time 3-sphere boundary is of order e−Ne so corrections to SO(1, 4) invariance are

exponentially small. Thus, the only constraint on model building in HST (apart from

those we are clearly satisfying) comes from the overlap rules which should be compatible

with approximate SO(1, 4) invariance of a single observer’s density matrix.

At the end of the day it is important to realize that SO(1, 4) invariance of the

density matrix does not imply exact de Sitter invariance of the universe. Instead, the

density matrix is a probability distribution for fluctuations and the effective find theory

model is the result of classical evolution starting from typical initial conditions. This is

the same as in conventional models of inflation. With this model in place, we now turn

to its implementation in the prediction of CMB correlation function. As was stated

earlier, the underlying particle physics are not fully understood in HST, and thus a full

10It should be pointed out that this is not postulating non-unitary evolution, but merely noting that
the initial conditions of the problem introduce some randomness into the pure state of the universe.
One can then make predictions by averaging over this ensemble of possible random states, since no
observation can ever determine what the correct initial state was.
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calculation of the CMB fluctuations from first principles is not possible. However, given

the symmetry predictions of HI, one notes that SO(1, 4) invariance leads to conformal

structure on the late-time 3-sphere boundary. As such, and as the next two chapters will

discuss, the forms of correlation functions for cosmic density perturbations are highly

constrained and predictions can then be made about the nature of the CMB tensor to

scalar ratio as well as the scalar spectral index.
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Chapter 2

Holographic Fluctuations from Unitary

de Sitter Invariant Field Theory

2.1 Introduction

Since HST is a formalism for generalizing string theory to situations where the

asymptotic regions of space-time are not frozen vacuum states, it gives us a well defined

holographic quantum theory of Big Bang cosmology [15, 24–29]. In [13] Tom Banks

and Willy Fischler introduced a model of HST, which they claimed could reproduce

the results of slow-roll inflation. In this chapter, we use results from [30–40] to prove

and improve that claim. As a consequence we will show that, if the two-point functions

of inflationary fluctuations coincide with those in a single-field slow-roll model, then

they probe only coarse features of the underlying fundamental quantum theory. Any

model which produces small, approximately Gaussian, approximately SO(1, 4) covariant
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fluctuations yields two- and three-point functions determined by two unitary representa-

tions of SO(1, 4). A generic model has 9 parameters: the scaling dimension of the scalar

operator on the projective light cone (see below); the strength of the scalar and tensor

Gaussian fluctuations; the normalizations of the 〈S3〉, 〈ST 2〉, and 〈S2T 〉 three-point

functions; and the 3 different tensor structures in the 〈T 3〉 three-point function. Malda-

cena’s squeezed limit theorem, when combined with SO(1, 4), fixes all 3-point functions

involving the scalar in terms of the scale dependence of the corresponding two-point

functions, reducing the number of parameters to 61. A general quantum theory with

SO(1, 4) invariance and localized operators S and T contains many invariant density

matrices, and the two- and three-point functions do not determine either the underlying

model or the particular invariant density matrix. Finally, we note that the dominance

of the scalar over the tensor two-point fluctuations, which is evident in the CMB data,

follows from general cosmological perturbation theory along with the assumptions that

there was a period of near dS evolution and that the intrinsic S and T fluctuations

are of the same order of magnitude, which is the case in both conventional slow-roll

models and the HST model of inflation. However, HST predicts a different dependence

of the fluctuation normalizations on the time dependent background H(t). For correla-

tion functions involving the scalar, this difference can be masked by choosing different

backgrounds to fit the data. HST makes the unambiguous prediction that the tensor

tilt vanishes, whereas conventional slow roll predicts it to be r/8 (where r is the ratio

of amplitudes of tensor and scalar fluctuations) and data already constrains r < 0.1, so

1We emphasize that the word parameters above actually refers to functions of the background Hubble
radius H(t) and its first two time derivatives.
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this may be hard to differentiate from zero even if we observe the tensor fluctuations.

We have noted a set of relations for fluctuations that follow from very gen-

eral properties of cosmological perturbation theory. For us, the validity of classical

cosmological perturbation theory follows from Jacobson’s observation that Einstein’s

equations (up to the cosmological constant, which in HST is a boundary condition for

large proper times) are the hydrodynamic equations of a system, like HST, which obeys

the Bekenstein-Hawking relation between entropy and area. In [13] we argued that this

meant that there would be a hydrodynamic inflaton field (or fields) even in regimes

where HST is not well-approximated by Quantum Effective Field Theory (QUEFT)2.

The fluctuations calculated from an underlying HST model, which we argued to be

approximately SO(1, 4) covariant and whose magnitude we estimated, are put into the

classical hydrodynamical inflaton equations as fluctuating initial conditions. In fact, in

the comoving gauge, we can view the inflaton as part of the metric and this picture

follows from Jacobson’s original argument3.

We will argue below that certain constraints on the parameters not determined

by symmetries follow from quite general arguments based on classical cosmological per-

turbation theory, while other constraints correspond to a choice of parameters in the

underlying discrete HST model. Note that, within the HST framework, the validity of

classical cosmological perturbation theory is a statement about the Jacobsonian hydro-

2We refer to the classical field equations, which, according to Jacobson, encode the hydrodynamics
of space-time as a thermodynamic effective field theory.

3Even in the FRW part of the metric, we can view the inflaton field as just a generic way to impose
the dominant energy condition on a geometry defined by an otherwise unconstrained Hubble radius
H(t).
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dynamics of a system, which is not well-approximated by QUEFT. The constraints fix

the SO(1, 4) representation of the tensor fluctuations, and imply the dominance of scalar

over tensor fluctuations. When combined with estimates from the HST model, these

constraints suggest that the tensor two-point function might be observed in the Planck

data. Non-gaussian fluctuations involving at least one scalar component are small. The

most powerful discriminant between models is the tensor 3 point function. Standard

slow-roll models produce only one of the three forms allowed by symmetry. A second

one can be incorporated by adding higher derivative terms to the bulk effective action,

but the validity of the bulk effective field theory expansion requires it to be smaller

than the dominant term4. The third form violates parity and cannot arise in any model

based on bulk effective field theory. We argue that it could be present in more general

models, if parity is not imposed as a fundamental symmetry. Unfortunately, all extant

models, whether based on effective field theory or HST, predict that the tensor 3 point

function is smaller than the, as yet unobserved, tensor two-point function by a power

of H
mP

and we cannot expect to detect it in the foreseeable future.

This chapter is organized as follows: in the next section we present the mathe-

matical analysis of two- and three-point functions in a generic quantum theory carrying

a unitary representation of SO(1, 4), written in terms of operators localized on a three

sphere. We emphasize that this theory does not satisfy the axioms of quantum field

theory on the three sphere. In particular, it does not satisfy reflection positivity, be-

4In weakly coupled string theory, we might consider inflation with Hubble radius at the string scale,
and get this second term to be sizable, but this is a non-generic situation, based on a hypothetical
weakly coupled inflation model, for which we do not have a worldsheet description.
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cause the Hamiltonian is a generator of a unitary representation of SO(1, 4), and it is

not bounded from below. The absence of highest weight generators prevents the usual

continuation to a Lorentzian signature space-time. In consequence, a general theory of

this type will have a large selection of dS invariant density matrices, rather than the

unique pure state of conventional CFT. Nonetheless, two- and three-point functions are

completely determined by symmetry, up to a few constants. The work of Maldacena

and collaborators [30, 31] (see also later work of McFadden and Skenderis [32–38] and

others [39,40]) shows that, to leading order in slow-roll parameters, single field slow-roll

inflation is in this category of theories5. Thus, the oft-heard claim that objections6 to

the conceptual basis of slow-roll inflation must be wrong, because the theory fits the

data, are ill-founded. Our analysis shows that current data probe only certain approxi-

mate symmetries of a theory of primordial fluctuations, and determine a small number

of parameters that are undetermined by group theory. Furthermore, the success of the

slow-roll fit to these parameters, amounts, so far, to the statement that the fluctuations

are predicted to be small and approximately Gaussian; that the scaling exponents are

within a small range around certain critical values; and that the scalar two-point func-

tion is much larger than that of the tensor. Given the central limit theorem, the first

part of this prediction does not seem to be such an impressive statement. Note also

that if there is any environmental selection going on in the explanation of the initial

5When we use the phrase slow-roll model, we mean a model in which the fluctuations are calculated
in terms of QUEFT in a slow-roll background. In our HST model, the fluctuations are calculated in
an underlying non-field theoretical quantum model, and put into the hydrodynamic equations of that
model as initial conditions.

6We recall these objections in Appendix A.
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conditions of the universe, even the statement that the fluctuations are small might

be understood as environmental selection. The fact that the scalar two-point function

dominates the tensor is a consequence of general properties of classical gravitational

perturbation theory around a background which is approximately de Sitter. The rela-

tive sizes of various three-point functions were also derived by Maldacena in this quite

general setting.

We should emphasize that our remarks are relevant to data analysis only if

future data remains consistent with slow-roll inflation. There is a variety of inflationary

models, and many of them produce non-Gaussian fluctuations which are not SO(1, 4)

covariant. If future observations favor such a model, they would rule out the simple

symmetry arguments, and disprove both slow-roll inflation and the holographic model

of inflation. Thus, although we set out to prove that our HST model could fit the data,

we have ended up realizing that the current data probe only a few general properties

of the underlying theory of primordial fluctuations. At the moment, we do not have

enough control over our model to make predictions that go beyond these simple ones.

In section 3 we sketch the holographic inflation (HI) model of [13] and recall

how it leads to a prediction of small, approximately Gaussian, approximately SO(1, 4)

invariant fluctuations. It also resolves all of the conceptual problems of conventional

inflation and gives a completely quantum mechanical and causal solution to the flatness

and horizon problems, as well as an explanation of the homogeneity and isotropy of the

very early universe — all of the latter without inflation. Within the HST formalism, the

HI model also explains why there is any local physics in the world, despite the strong
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entropic pressure to fill the universe with a single black hole at all times.

In the Conclusions we discuss ways in which the data might distinguish be-

tween different models of fluctuations. Appendix A recalls the conceptual problems of

conventional inflation models, while Appendix B recalls the unitary irreducible repre-

sentations of SO(1, 4).

2.2 Fluctuations from symmetry

In early work on holographic cosmology [24, 26, 27] Tom Banks and Willy

Fischler postulated that inflation took place at a time when the universe was well

described by effective quantum field theory, and that the inflaton was a quantum field.

Our attitude to this began to change as a consequence of two considerations. The first

was that, although inflationary cosmology and de Sitter space are not the same thing, it

seemed plausible that at least part of the fully quantum version of inflationary cosmology

should involve evolution of independent dS horizon volumes in a manner identical to a

stable dS space, over many e-foldings. However, over such time scales we expected each

horizon volume to be fully thermalized. The black hole entropy formulas in dS space

tell us that the fully thermalized state has no local excitations and therefore is not well

modeled by field theory.

In parallel with this realization, we began to appreciate Jacobson’s 1995 ar-

gument [16], indicating that the classical Einstein equations were just hydrodynamics

for a system obeying the local connection between area and entropy, for maximally
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accelerated Rindler observers. The gravitational field should only be quantized in spe-

cial circumstances where the covariant entropy bound is far from saturated and bulk

localized excitations are decoupled from most of the horizon degrees of freedom (DOF).

Jacobson’s argument does not give a closed system of equations, because it does not

provide a model for the stress tensor. We realized that this meant that other fields

like the inflaton, which provide the stress tensor model, could also be classical hydro-

dynamical fields, unrelated to the QUEFT fields that describe particle physics in the

later stages of the universe.

In [13] the authors constructed a model which begins with a maximal entropy

p = ρ Big Bang, passes through a stage with e3Ne decoupled horizon volumes of dS

space and evolves to a model with approximate SO(1, 4) invariance. The corrections to

SO(1, 4) for correlation functions of a small number of operators are of order e−Ne . In

trying to assess the extent to which the predictions of such a model could fit CMB and

large scale structure data, we realized that, to leading order in the slow-roll approxi-

mation, the results of many conventional inflationary models amounted to a prediction

of approximate SO(1, 4) invariance and the choice of a small number of parameters.

Work of [30–40] has shown that even if we can measure all two- and three-point func-

tions of both scalar and tensor fluctuations, there are only 9 parameters. Some of these

parameters are related, by an argument due to Maldacena. Current measurements only

determine two of the parameters and bound some of the others (the tensor spectral in-

dex can’t be measured until we actually see tensor fluctuations). Our conclusion is that

observations and general principles tell us only that the correct theory of the inflationary
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universe has the following properties

• It is a quantum theory that is approximately SO(1, 4) invariant, and the density

matrix of the universe at the end of inflation is approximately invariant. There

are many such density matrices in a typical reducible representation of SO(1, 4).

• The tensor and scalar fluctuations are expectation values of operators transforming

in two particular representations of SO(1, 4). CMB and LSS data determine the

normalization of the two-point function and representation of the scalar operator,

and put bounds on the two-point function of the tensor and all 3 point functions.

If future measurements detect neither B mode polarization nor indications that

the fluctuations are non-Gaussian, then we will learn no more about the correct

description of the universe before and during the inflationary era.

• When combined with Maldacena’s “squeezed limit” theorem and general fea-

tures of cosmological perturbation theory around an approximately dS solution,

SO(1, 4) invariance gives results almost equivalent to a single field slow-roll model.

We will discuss the differences below. Thus, it is possible that even measurement

of all the two- and three-point functions will teach us only about the symmetry

properties of the underlying model. In fact, measurement of the tensor 3-point

function could rule out conventional slow roll, but would not distinguish between

more general models obeying the symmetry criteria described above.

In particular, the models proposed in [13], which resolve all of the conceptual

problems of QUEFT based inflation models (see Appendix A), will fit the current data
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as well as any conventional model. At our current level of understanding, those models

do not permit us to give a detailed prediction for the scalar tilt, apart from the fact

that it should be small. The tensor tilt is predicted to vanish. HST models suggest very

small non-Gaussianity in correlation functions involving scalar perturbations, as we will

see below, and explain why the scalar two-point function is much larger than that of

the tensor. Indeed, this follows from SO(1, 4) symmetry, Maldacena’s long wavelength

theorem for scalar fluctuations, and very general properties of classical gravitational

fluctuations around a nearly dS FRW model.

Classical cosmological perturbation theory identifies two gauge invariant quan-

tities, which characterize fluctuations, and transform as a scalar and a transverse trace-

less tensor under SO(3). We will attempt to find SO(1, 4) covariant operators, whose

expectation values give us the two- and three-point correlation functions of these fluc-

tuations. The form of these fluctuations is determined by group theory, up to a few

constants.

In order to handle SO(1, 4) transformation properties in a compact manner,

we use the description of the 3-sphere as the projective future light cone in 4 + 1

dimensional Minkowski space. That is, it is the set of 5 component vectors Xµ satisfying

XµXµ = 0, X0 > 0 and identified under Xµ → λXµ with λ > 0. Fields on the sphere

are SO(1, 4) tensor functions of X, which transform as representations of the group

of identifications, isomorphic to R+. These representations are characterized by their

tensor transformation properties, covariant constraints, and a single complex number
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∆ such that

F (λX) = λ−∆F (X),

so that the field is completely determined by its values on the sphere. The allowed values

of ∆ are constrained by the unitarity of the representation of SO(1, 4) in the Hilbert

space of the theory. An expectation value of the products of two or three of these

operators, in any dS invariant density matrix, is determined in terms of the 9 numbers

discussed above. For the tensor modes, the determination of the 3 point function has

been demonstrated in [30, 31, 39, 40], but there is not yet a compact formula. We hope

that the five dimensional formalism will provide one, but we reserve this for future work.

Ordinary QFT in dS space has many dS invariant states, both pure and impure,

as a consequence of the fact that there are no highest weight unitary representations

of SO(1, 4)7. In conventional CFT, the product of two lowest weight representations

contains only representations of weight higher than the sum of the individual weights,

but this is not true for unitary representations of SO(1, 4). Products of non-trivial ir-

reps can have singlet components. We can make even more general SO(1, 4) invariant

density matrices by taking weighted sums of the projectors on this plethora of pure

invariant states. This is in marked contrast to conventional CFT, whose Hilbert space

consists of lowest weight unitary representations of SO(2, 3) and has a unique invariant

state. Nonetheless, because the constraints of dS invariance on 2 and 3 point functions

are expressed as analytic partial differential equations, in which the cosmological con-

7We are not talking here about the (in)-famous α vacua, which are states of Gaussian quantum fields
whose two-point function is dS invariant, but has singularities when a point approaches its anti-pode.
Rather, in the context of bulk QUEFT, we’re speaking about dS invariant excitations of the conventional
Bunch-Davies vacuum. These are not represented by Gaussian wave functionals.
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stant appears as an analytic parameter, these functions are analytic continuations of

corresponding expressions in ordinary CFT. While we do not think that QFT in dS

space is the correct theory of inflationary fluctuations, nor that the quantum theory of

dS space is SO(1, 4) invariant; we do think that it is plausible that the quantum theory

of a cosmology that has a large number of e-folds of inflation, followed by sub-luminal

expansion which allows observers to see all of that space-time, should have an approx-

imate SO(1, 4) symmetry realized by unitary operators in a Hilbert space. This was

explained in [13].

The scaling symmetry R+ plays another useful role, since we are trying to

make a quantum model of many horizon volumes of the asymptotic future of a classical

dS space. dS space asymptotes to the future light cone X2 = 0, and the rescaling

transformation is simply time evolution in either the global or flat slicing. The two

times are asymptotically equivalent. For large time in the flat slicing, we have

X · Y ∼ e2t/R(x− y)2.

Thus, the scaling dimension of the operator tells us about its large time behavior in the

flat slicing of dS space.

The field corresponding to the scalar fluctuations is a scalar S(X), with ∆S =

(3/2 −
√

3/2−m2R2). In this formula m2 is the mass of a bulk scalar field, which

would give rise to this representation by dS/CFT calculations, as in [30, 31], when

evaluated in the Bunch-Davies vacuum. It parametrizes one of the series (Called Class

I in Appendix B) of unitary representations of SO(1, 4) described in [41–43]. These
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are the analogs of the complementary and principal series of unitary representations

of SL(2, R). In ordinary QFT in dS space, the Wheeler-DeWitt wave function for

this bulk field determines the in-in correlator of the corresponding bulk quantum field

in the Bunch-Davies vacuum. We note that this is the result of direct calculation of

ordinary QFT in dS space and does not invoke any analytic continuation from an AdS

calculation. We will discuss the relation to dS/CFT in more detail below. The values

for which the square root is real are called the complementary series of representations,

while those for which the real part is fixed at 3/2 while the imaginary part varies, are

the principal series. At the level of the two-point function we could view the usual scalar

fluctuation as determined by the correlator of 〈Φ†Φ〉, which makes sense even for the

complex operators of the principle series. However, there is no consistent interpretation

of the 3 point function of principal series operators, except to set the various complex

3 point functions to zero. Thus, in order to have an interpretation as fluctuations of

the real quantity ζ, we must restrict attention to the complementary series. Thus ∆S

is bounded between 0 and 3/2. Conventional slow-roll models have ∆S = 0. Note that,

strictly speaking, this is not in the list of unitary representations, but is a limit of them.

We believe that this is a consequence of the logarithmic behavior of massless minimally

coupled propagators in dS space, which may make the definition of the global symmetry

generators a bit delicate. From the point of view of phenomenology, this subtlety is

irrelevant. SO(1, 4) invariance is only an approximate property of inflationary models

and we can certainly consider arbitrarily small values of ∆S , so the distinction between

zero and other values could never be determined from the data.
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Our point is that the representation constant of the field fixes its two and 3

point functions up to pre-factors. The two-point function of such a field is fixed, up to

a multiplicative constant to be

Tr[ρΦ(X)Φ(Y )] = CS2 (XµYµ)−2∆S (2.1)

where ρ can be any SO(1, 4) invariant density matrix.

The flat slicing of dS space is

ds2 = −dt2 + e2t/R dy2 (2.2)

Using the asymptotic relation between the flat coordinates and the light cone, we find

a momentum space correlator (in radial momentum space coordinates)

4πCS2

(
et/R

)−4∆S

k(−3+2∆S) (2.3)

Similarly, the 3 point function is determined to be

Tr[ρΦ(X1, X2, X3)] = C3

∏
ij

X
−∆S

2
ij (2.4)

where Xij = Xi ·Xj . This form follows from SO(1, 4), the scaling symmetry, and symme-

try under permutations of the points. The latter symmetry follows from the assumption

that the operators commute with each other. In both HST and a conventional slow-roll

model, this is a consequence of the fact that the different points are causally discon-

nected during inflation, and that we are computing an expectation value at fixed time.

In the HST model, SO(1, 4) invariance sets in via a coupling together of DOF at dif-

ferent points, using a time dependent Hamiltonian, which approaches a generator of

SO(1, 4) when the number of e-folds is large8.

8Below, we’ll recall the meaning of the bulk concept “number of e-foldings” in the HST model.
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Maldacena and Pimentel [30,31], among others [39,40], have shown how all of

the 3 point functions are determined up to 3 normalizations by SO(1, 4) group theory.

Similar results were obtained by McFadden, Skenderis and collaborators [32–38]. Our

results for correlation functions of tensor modes have to coincide with theirs because the

only representation of SO(1, 4) that has the right number of components to represent the

transverse traceless graviton fluctuation is the Class IV representation (in the notation

of Newton [42]) with s = 2. The Casimir operators have the values Q = −6,W = −12.

The class IVa,b representations are the two different helicity modes of the graviton. See

Appendix B for details of the classification of SO(1, 4) representations. Note however

that the coefficients in front of these group theoretic predictions are different in slow-roll

and HST models. In slow-roll models, both scalar and tensor fluctuations are computed

as two-point functions of quantum fields in the background space-time H(t), while in

HST, the magnitude of the fluctuations is determined by a fixed Hubble parameter H,

as we will review below.

Two interesting points about the pure tensor 3-point functions were made

by [44, 45] and by Maldacena and Pimentel9. In bulk field theory computations, the

parity violating term allowed by group theory does not appear in correlation functions.

The corresponding term in the logarithm of the WD wave function is purely imaginary

and does not contribute to correlators of operators that are simply functionals of the

9The explicit forms for these three-point functions are not terribly illuminating. The most elegant
expression we know is in the spinor helicity formalism used by Maldacena and Pimentel, and it would
be redundant and pointless to reproduce that here. We hope that the realization of the three sphere as
the five dimensional projective light cone will simplify these expressions, but we have not yet succeeded
in showing this.
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fields appearing in the wave functional. Neither the tensor nor scalar operators involve

functional derivatives acting on the wave functional, and so their correlators are insensi-

tive to this term. In addition, one of the two parity conserving structures only appears

if we allow higher derivative terms in the bulk action. In a more general SO(1, 4) invari-

ant theory, the vanishing of the parity violating term might follow from an underlying

reflection invariance of the microscopic dynamics, while there is no reason for the two

parity conserving terms to have very different normalizations10.

In general, knowledge of the parity operation on the fields, plus the fact that

the fields commute with each other, does not imply that the parity operator commutes

with the fields. Rather, it is like a permutation operator, which permutes the elements

of a complete ortho-normal basis. The properties of parity imply that it squares to

a multiple of the unit operator. In the conventional approach to slow-roll inflation

models, the Hilbert space is interpreted as the thermo-field double of field theory in a

single causal patch and the state is taken to be the Bunch-Davies state, which reproduces

thermal correlation functions in the theory of the causal patch. This state is invariant

under a Z2 which reverses both the orientation of the 3-sphere and the time in the

causal patch. When combined with the TCP invariance of bulk quantum field theory,

this leads to parity invariant correlation functions. Another way of seeing the same

result is to note that the WD density matrix for the Bunch-Davies vacuum, is diagonal

10Maldacena and Pimentel point out that in a hypothetical model of inflation in perturbative string
theory, the derivative expansion can break down even though quantum gravity corrections are negligible,
if the Hubble scale is the string scale. They argue that this could produce parity conserving terms, with
comparable magnitude. An actual computation of these terms would require us to find a worldsheet
formulation of the hypothetical weakly coupled string model of inflation.
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in the same basis as the fields whose expectation values we are computing. The parity

operation is defined as complex conjugation of the WD wave function, and leaves the

diagonal matrix elements of the density matrix invariant. These are the only matrix

elements relevant to calculating these particular expectation values.

In the HI model of inflation, thermal fluctuations in many initially decoupled

dS causal patches are coupled together by a time dependent Hamiltonian, which, in the

limit of a large number of e-folds, approaches a generator of SO(1, 4). In this limit,

one can argue that the density matrix should become approximately SO(1, 4) invariant,

but we do not see a general argument that it be parity invariant. Similarly, there is

no reason for the density matrix to be diagonal in the same basis as the fields S(X)

and T (X) on the three sphere. The parity operation acts simply on the fields, but

not necessarily on the density matrix. Consequently, there is no argument that the

parity violating part of the tensor 3 point function must vanish, or be small compared to

the other two terms. Thus, the tensor bispectrum may be the only clear discriminant

between slow-roll inflation and a general class of SO(1, 4) invariant models that includes

HI.

The group theory analysis does not determine the scaling dimension ∆S or

the coefficients of the various two- and three-point functions. In the next section, we

review the Holographic Inflation (HI) model, which makes predictions for some of these

unknown constants. Note however, that Maldacena, using the bulk effective field theory

description of fluctuations, has derived several relations between the nine parameters on

quite general grounds. The fundamental gauge invariant measure of scalar fluctuations
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is the scalar metric perturbation ζ, where

ds2 = −N2dt2 + hij(dx
i +N i)(dxj +N j)

hij = a2(t)[(1 + 2ζ)δij + γij ],

with γijtransverse and traceless. When ζ(x) is constant, this is just a rescaling of the

spatial FRW coordinates so its effect is completely determined. Thus, in a three-point

function including ζ, which depends on three momentum vectors satisfying the triangle

condition k1 + k2 + k3 = 0, the squeezed limit where the ki of ζ is taken to zero, is

completely determined by the coordinate transformation of the corresponding two-point

function. Since SO(1, 4) fixes the momentum dependence of all 3 point functions up to

a multiplicative constant, the constants in the 〈STT 〉, 〈SST 〉 and 〈SSS〉 three-point

functions, are determined by those in the 〈TT 〉, and 〈SS〉 two-point functions. This

leads to the prediction of small non-Gaussianity in the slow-roll limit, and reduces our

9 constants to 6. We have argued that the HST model does have a description in terms

of coarse grained classical field theory, and so should obey Maldacena’s constraint.

Slow-roll inflation models determine the magnitudes of fluctuations in terms

of the quantum fluctuations of canonically normalized free fields in the Bunch-Davies

state. In the single field slow-roll models, this leads to an exact relation between the

scalar and tensor tilts and the normalizations of the 〈S2〉 and 〈T 2〉 correlators. The

HI model does not lead to this relation. However, the relative orders of magnitude of

the scalar and tensor two-point functions are determined by very general geometrical

58



considerations. The quantity ζis shown in Appendix A of [46] to satisfy

ζ = −3H̄δt (2.5)

where δt is the proper time displacement between two infinitesimally separated co-

moving hypersurfaces, and H̄ the homogeneous Hubble radius. This requires only that

the metric be locally FRW, that the cosmological fluid have vanishing vorticity, and

that fluctuations away from homogeneity and isotropy are treated to first order. On the

other hand,

δt =
δH

˙̄H
(2.6)

where δH is the local fluctuation in the Hubble parameter. If the metric is close to

dS then ˙̄H is small. δH is the fluctuation in the inverse radius of space-time scalar

curvature, while the tensor fluctuations are fluctuations in the spin two part of the

curvature, which is defined intrinsically by the fact that the background is spatially

flat. Thus, we can conclude quite generally that the fluctuations in δH and in the

spin two piece should be of the same order of magnitude. In section 3 we will recall

that in the HI model, general statistical arguments indicate that these fluctuations have

the magnitude 1
RMP

, where R is the radius of the approximate dS space. We want

to emphasize that apart from the last remark, these are purely classical geometrical

considerations. Adopting Jacobson’s point of view about Einstein’s equations, we can

say that any quantum theory of gravity whose local hydrodynamics looks like dS space

for a sufficiently long period, will give predictions for scalar and tensor fluctuations that

are qualitatively similar to those of slow-roll inflation. We will discuss the observational
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discrimination between different models below.

2.2.1 Tilt

The scalar two-point function is given at large times in the flat slicing by

〈ζ(k)ζ(−k)〉 =
A

k3

H2

Ḣ2

(
et/R

)−4∆S

k2∆S (2.7)

In slow-roll models, The relevant value of t, at which to evaluate this formula, depends

on k via the equation

k = a(t(k))H(t(k)).

Notice that in these formulae we’ve reverted to the use of R for the constant inflationary

dS radius, while H is the varying Hubble parameter. In a general model, H will be

decreasing with time and Ḣ will be increasing, as inflation ends.

Modes with higher k leave the horizon at a later time and so the normalization

H4

Ḣ2
will be smaller for these modes. However, there is another effect stemming from

the fact that ∆S is positive. As inflation ends, a(t) is not increasing as rapidly as the

exponential so et/R

a(t) increases as t increases (we neglect the variation of H(t) in the

horizon crossing formula, because it is not in the exponential). Thus, the logarithmic

derivative of the correlation function will have a negative contribution from the prefactor

and a positive one proportional to ∆S . Since both effects depend on the slow variation

of H, the tilt will be small (remember that ∆S is bounded by unitarity), but its sign

depends on the value of ∆S . The slow-roll result of red tilt is obtained for small ∆S ,

but near the unitarity bound the tilt could be of either sign, depending on the behavior
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of H(t). The conventional slow-roll model usually assumes ∆S = 0.

Similar remarks apply to the tensor fluctuations. However, the overall constant

in these is not in general fixed in terms of the normalization of the scalar two-point

function, as it is in a conventional slow-roll model. If we ever measure the tensor

fluctuations, we will be able to see whether the slow-roll consistency condition, relating

the magnitudes and tilts of tensor and scalar two-point functions is satisfied.

Thus far, we’ve compared slow-roll inflation to a general model satisfying only

approximate SO(1, 4) invariance of the density matrix, and the existence of an approx-

imately de Sitter classical background geometry H(t). If we now specialize to models

constructed in HST, we find a different prediction for the scale dependence of the nor-

malization parameter A (and the corresponding normalization of the tensor two-point

function). In slow-roll models we find

AS,T = CS,T (
H(t)

MP
)2,

with fixed numerical coefficients. The HST model, as we will explain below, predicts

instead that

AS,T = D′S,T (
1

RMP
)2,

with numerical coefficients which are not yet calculable. This has the consequence

that the HST model predicts no tensor tilt. It also suggests that the size of the tensor

fluctuations might be large enough to be seen in the Planck data (but the unknown

coefficients make it impossible to say this definitively).
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For a given function H(t) we have the following predictions for the scalar tilt

nslow roll
s =

H

H2 + Ḣ

d

dt
(6ln H − 2ln (Ḣ)).

nHSTs =
H

H2 + Ḣ

[ d
dt

(4ln H − 2ln (Ḣ))− 4
∆S

R

]
+ 4∆S .

Note that in the slow-roll limit, where H ≈ R−1, the last term in square brackets cancels

the term outside the brackets, and also that ∆S is bounded from above by 3/2. The two

formulae for the tilt are different, but both predict that it is small, and that the sign of

ns−1 depends on the time variation of H(t). Note however that H(t) is not measured by

anything else than the primordial fluctuations, so we can adjust H(t) and ∆S to make

a slow-roll model have, within the observational errors, the same predictions as an HST

model. It’s possible that further study of the consistency conditions on HST models

would enable us to make more precise theoretical statements about H(t) and ∆S , but at

the moment it does not appear that the scalar power spectrum can distinguish between

them. The absence of tensor tilt is a clear distinguishing feature.

Measurement of the tensor bispectrum would give us a much finer discrimi-

nation between models. In particular, observation of the parity violating part of this

function would rule out all models based on conventional effective field theory in the

Bunch-Davies vacuum. It’s unfortunate then that HI, like the slow-roll models, predicts

that the tensor bispectrum is down by a factor of H
mP

, from the tensor two-point func-

tion, which is in turn smaller than the already observed scalar fluctuations by a factor

of order Ḣ
H2 . It seems unlikely that we will measure it in the near future.
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2.2.2 Comparison With the Approaches of Maldacena and McFadden-

Skenderis

Maldacena’s derivation of the dS/CFT correspondence implies that the quan-

tum theory defined by his equations carries a unitary representation of SO(1, 4), within

the semi-classical approximation to the bulk physics. He argues that the analytic con-

tinuation, in the c.c., of the generating functional of correlators of an Euclidean CFT

with a large radius AdS dual, is the Wheeler DeWitt (WD) wave functional of the cor-

responding bulk Lagrangian on the 3-sphere. This argument has been generalized to

all orders in the semiclassical expansion of the bulk Lagrangian by Harlow and Stan-

ford [47]. To all orders in the semi-classical expansion the WD wave functional defines

a positive metric Hilbert space. The correlation functions defined by Maldacena are

expectation values of operators localized at points on the sphere, in a given state in this

Hilbert space. They are covariant under SO(1, 4) and the Hilbert space carries a uni-

tary representation of SO(1, 4). In this semi-classical analysis the state in the Hilbert

space is the Bunch Davies vacuum for dS quantum field theory, defined by analytic

continuation from a Euclidean functional integral.

It is important to realize that these correlators are not correlators in the ”non-

unitary” CFT, which defines the coefficients in the exponent of the WD wave function.

The complex weights, which seem so mysterious in the CFT are familiar as the complex

parameters labeling the complementary and principle series of unitary representations

of SO(1, 4). Furthermore, although our quantum theory contains operators localized
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at points on the 3-sphere, it is not a Euclidean QFT on the 3-sphere. The correlators

in such a QFT would be analytic continuations of expectation values of operators in a

theory on 2 + 1 dimensional dS space, and would satisfy reflection positivity on the 3-

sphere. This cannot be the case because none of the generators of SO(1, 4) are bounded

from below. The usual radial quantization of a theory on the sphere describes a Hilbert

space composed of unitary highest weight representations of SO(2, 3), whose analytic

continuation are highest weight non-unitary representations of SO(1, 4), not the unitary

unbounded representations that one finds by doing bulk quantum field theory.

Many people have been tempted to use the AdS/CFT correspondence to define

a quantum theory in dS space by just using the analytically continued correlators of

some exact CFT to define a non-perturbative WD wave function. We are not sure what

this would mean. The formal analytic continuation of the path integral gives rise to a

wave functional satisfying the exact WD equation. There is no positive definite scalar

product on the space of solutions of this hyperbolic equation,and it is not clear how

to give a quantum interpretation of the correlation functions that would be defined by

this procedure. We propose instead that the correct non-perturbative generalization of

Maldacena’s observation is that the inflationary correlation functions, in leading order

in deviations from dS invariance, be given by expectation values of localized operators

in a quantum theory on the 3-sphere, carrying a unitary representation of SO(1, 4). As

we’ve noted above, current observations are completely accounted for by this principle,

without the need for a detailed model.

The application of Maldacena’s version of dS/CFT to inflation works only to

64



leading order in the slow-roll approximation. M-S instead begin from a correspondence

between holographic RG flows and full inflationary cosmologies. It has long been known

that the equations for gravitational instantons, of which domain walls are a special case,

have the form of FRW cosmologies, with positive spatial curvature, if we interpret the

AdS radial direction as time. In particular, when the Lorentzian signature potential has

negative curvature in AdS space, corresponding to a Breitenlohner-Freedman allowed

tachyonic direction, the cosmology asymptotes to dS space. From the AdS point of

view, such domain walls represent RG flows under perturbation of the CFT at the AdS

maximum, by a relevant operator. M-S show that by performing a careful analytic con-

tinuation of fluctuations around the domain wall solution, they can write inflationary

fluctuations in terms of analytically continued correlators in the QFT defined implicitly

by the domain wall. Furthermore, in another paper, they show that if the relevant oper-

ator is nearly marginal, then the analytic continuation of the formulas for correlators in

the perturbed CFT, computed by conformal perturbation theory, produce fluctuations

corresponding to a slow-roll model. That is, they obtain slow-roll correlators when these

correlators are plugged into the formulae they derived in the domain wall case where

the RG flow was tractable in the leading order AdS/CFT approximation. They suggest

a holographic theory of inflation, in which their formulae are applied to the correlators

in a general QFT.

To leading order in slow-roll parameters, and in the bulk semi-classical ap-

proximation, the results of M-S are equivalent to those of Maldacena, though they are

derived by a different method. Thus, we can give them a quantum mechanical inter-
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pretation, as above. We are unsure what to say about the non-perturbative definitions

of inflationary correlators, which they propose, since we do not know how to interpret

them as quantum expectation values. In Maldacena’s case, the attempt to interpret the

analytically continued generating function as the WD wave function, no longer produces

quantum mechanics if the semi-classical approximation does not apply. We cannot make

a similarly definitive negative statement about the non-perturbative proposals of M-S,

but we cannot prove that their procedure defines a quantum mechanics. We suspect

that the proposals of M-S and Maldacena are in fact equivalent to all orders in the

bulk semi-classical approximation, at least for slow-roll models (Maldacena only treats

slow-roll models), and that the same objections to the M-S proposal for using exact,

analytically continued CFT correlators, would apply.

We would like to opine that the term dS/CFT and the analytic continuation

from AdS space are both somewhat misleading. dS is inappropriate because we are not

dealing with a theory of eternal dS space, with an entropy proportional to R2. In a

stable dS space the correlators that we compute can never be measured by any local

observer. Instead, these formulae apply, approximately, to an inflationary model with a

large number of e-folds of inflation. In such a model, the entropy accessible after inflation

is of order e3NeR2, and these correlators are measurable by post-inflationary observers.

CFT is inappropriate in general because a CFT has a unique SO(1, 4) invariant density

matrix. The analytic continuation from AdS space is meaningful only in the semi-

classical expansion, and in that expansion it gives the unique Bunch-Davies state of

SO(1, 4) invariant bulk field theory. We have argued that apart from the precise slow-
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roll consistency relation, this does not give predictions for two-point functions that are

significantly different than those provided by symmetry and general theorems alone.

A number of other authors [39, 40] have invoked “conformal invariance” to

constrain inflationary correlators. While we agree with many of the equations proposed

by these authors, we believe that we have provided the only correct interpretation of

these results within the framework of an underlying quantum mechanical theory. One

interesting question that we have not resolved is the extent to which there exist “Ward

identities” relating correlators of different numbers of tensor fluctuations. In standard

slow-roll inflation, the normalization of tensor to scalar fluctuations is completely fixed

(not just in order of magnitude in slow roll), by the normalization of the bulk Einstein

action. In the relationship with AdS/CFT, this normalization is “dual” to the fact that

the coefficients of the log of the WD wave function, are analytically continued correlators

of the stress tensor.

In ordinary QFT, there are two ways to derive stress tensor Ward identities.

We can analytically continue relations derived from commutators and time ordered

products in the Lorentzian continuation of the theory, or we can interpret stress tensor

correlators as the response to variations of the metric of the Euclidean manifold on which

the functional integral is defined. We have taken pains to stress that in the proper

interpretation of our SO(1, 4) invariant quantum theory, no analytic continuation to

Lorentzian signature is allowed. In the next section, when we review the construction of

the quantum theory from HST, it will be apparent that the round metric on the 3 sphere

plays a special role in the construction, and it is not clear how to define the model on a
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generic 3-geometry. Consequently, we do not see how to define Ward identities beyond

the semi-classical approximation to bulk geometry.

In summary, while the results of previous authors on “dS/CFT” for the com-

putation of inflationary correlators are correct to all orders in the bulk semi-classical

expansion, they do not lead to a new non-perturbative definition of quantum gravity in

an inflationary universe. An appropriate non-perturbative generalization of these results

is to assume the fluctuations may be calculated as expectation values of a scalar and

tensor operator on S3. The density matrix is approximately SO(1, 4) invariant. That is,

we assume that the quantum theory is approximately a reducible unitary representation

of SO(1, 4). We emphasize the word approximate in these desiderata, because our HST

model is finite dimensional, but approaches a representation of SO(1, 4) exponentially,

as Ne →∞. This statement should be take to refer to convergence of expectation values

of a small number of operators.

The theory should also have a Jacobsonian hydrodynamic description in terms

of classical fields in a space-time which is close to dS space for a long period, but

allows the horizon to expand to encompass many horizon volumes of dS. The purpose

of the present paper was primarily to show that this broad framework was sufficient for

understanding the observations. Banks and Fischler believe the HST model of [13] is the

only genuine model of quantum gravity that has these properties. One need not share

this belief to accept the general framework of symmetries and cosmological perturbation

theory.
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2.3 Conclusions and Comparison With Observations

We have argued that the form of primordial fluctuations, which has been de-

rived to leading order in slow-roll parameters for a slow-roll inflation model with the

assumption of the Bunch-Davies vacuum (see Appendix A for an argument that this

assumption is a fine tuning of massive proportions), in fact follows from a much less

restrictive set of assumptions. These are SO(1, 4) invariance and approximate Gaus-

sianity, plus a particular choice for the SO(1, 4) representations for the operator repre-

senting scalar fluctuations. This choice, plus 8 normalizations for the different two- and

three-point functions, determine the fluctuations uniquely. In slow-roll models, these

normalizations depend on parameters in the slow-roll potential, while Gaussianity is

a prediction of the model and the leading non-Gaussian amplitude is suppressed by a

power of the slow-roll parameters. We have noted that the dominance of scalar over ten-

sor two-point fluctuations is a general consequence of cosmological perturbation theory

for near de Sitter backgrounds, and the assumption that the scalar and tensor compo-

nents of the curvature have similar intrinsic fluctuations (as they do in both slow-roll

and HI models). Maldacena’s squeezed limit theorem, combined with SO(1, 4) invari-

ance, determines all three-point functions involving scalars in terms of the scalar and

tensor two-point functions.

We’ve also reviewed the HST model of inflation presented in [13]. It predicts

approximately Gaussian and SO(1, 4) invariant fluctuations, robustly and without as-

sumptions about the initial state. Like all HST cosmologies it is completely finite and
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quantum mechanical. SO(1, 4) invariance follows from the assumption that evolution

with the L04 generator of an initially SO(3) invariant density matrix will lead to an

SO(1, 4) invariant density matrix after a large number of e-foldings. The number of e-

foldings is not a completely independent parameter, but is bounded by the ratio between

the inflationary and final values of the Hubble radius. If we require that we have enough

entropy in the system at the end of inflation to account for the CMB fluctuations, then

49− 4

3
ln

MI

MU
≤ Ne ≤ 85.4− 4

3
ln

MI

MU
.

In order to leave room for the subluminal expansion of conventional cosmology, we

should not be near the lower bound.

In the slow-roll models, the small deviation from the “scale invariant” predic-

tions

nS = nT + 1 ∼ 1

is explained by the slow-roll condition. A similar argument for a general SO(1, 4) sym-

metric model (and in particular the HI model) follows from the fact that the parameter

∆S labeling the scalar fluctuations is bounded, ≤ 3/2, by unitarity of the representation

of SO(1, 4). The construction of the HST model guarantees that the effective bulk ge-

ometry, constructed from local thermodynamics following the prescription of Jacobson,

goes through a period of inflation, which ends. We do not yet have an HST description

of reheating, and the era of cosmology dominated by particle physics. The dominance

of the scalar over tensor fluctuations, the smallness of non-Gaussianity involving the

scalar, and the fact that the scalar and tensor tilt are both small, all follow from the
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fact that ˙̄H/(H̄)2 is small and that ∆S is bounded. At the level of two-point functions,

the only relation that distinguishes conventional slow-roll inflation (including hybrid in-

flation models) from generic dS invariant quantum theory is the precise relation between

the normalizations and tilts of the scalar and tensor fluctuations and the fact that the

HI model predicts vanishing tensor tilt. Depending on the precise form of H(t), there

may be a critical value of ∆S for which the scalar tilt shifts from red to blue. It will

be interesting to see whether further investigation of HST models can predict that the

scalar tilt is red. At our present level of understanding, the scalar tilt is a competition

between a blue tilt induced by choosing a “massive” representation for ∆S and a red

tilt induced by the conventional normalization of fluctuations. We do not have an a pri-

ori argument for which of these dominates, or even whether there are different models

where either can dominate.

At the level of non-Gaussian fluctuations, things are a bit more interesting.

Slow-roll models with Lagrangians containing only the minimal number of derivative

terms give rise to only one of the three possible SO(1, 4) covariant forms for the triple

tensor correlation function. Even if we include higher derivatives, we cannot get the

parity violating form. Thus, observation of the purely tensor bispectrum could tell us

whether we were seeing conventional slow roll, or merely a generic model with approxi-

mate SO(1, 4) symmetry. On the other hand, the parity violating amplitude might be

forbidden in general by a discrete symmetry of the HI model. At the moment, we do

not see an argument, which would require such a symmetry.

We also want to emphasize that the inflation literature is replete with models
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which give the standard predictions for two-point functions, but predict three-point

functions which are far from SO(1, 4) invariant. In these models, Maldacena’s squeezed

limit theorem does not imply that the scalar three-point function is small everywhere

in momentum space. According to our current understanding, observation of a large

scalar 3 point function, could rule out all models based on SO(1, 4) symmetry, and

might point to some non-vanilla, QUEFT based inflation model.

Our considerations imply that so long as observations remain consistent with

some slow-roll inflation model, they will not distinguish a particular model among the

rather large class we have discussed without also observing tensor fluctuations. The

only observations that are likely to validate the idea of a QUEFT with Bunch-Davies

fluctuations of quantum fields are a precise validation of the single field slow-roll relation

between two-point functions, or a measurement of the tensor three-point function. On

the other hand, observations that validate non-standard inflationary models, like DBI

inflation, or show evidence for iso-curvature fluctuations, could rule out the general

framework discussed in this paper. While it is possible that HST models can be gener-

alized to include iso-curvature fluctuations, this is not in the spirit of those models. The

key principle of HST cosmologies is that the very early universe is in a maximally mixed

state, which is constantly changing as new DOF enter the horizon. The model of [13],

was designed to be the minimal deviation from such a maximal entropy cosmology,

which allowed for a period in which localized excitations decouple from the bulk of the

degrees of freedom on the horizon. A model with more structure during the inflationary

era would introduce questions like “Why was this necessary?”, which could at best be
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justified (though it seems unlikely) by anthropic considerations.

To conclude, we want to re-iterate a few basic points. Conventional inflation

appears fine tuned because of what is usually called the Trans-Planckian problem (Ap-

pendix A). A generic state of the DOF that QUEFT buries in the extreme UV modes of

the inflationary patch, has no reason to evolve to the Bunch-Davies state. Moreover if

we accept the idea that local patches of dS space become completely thermalized within

a few e-foldings, and that the generic state has no localized excitations, then it does

not really make sense to treat its dynamics by QUEFT. In [13] we proposed a model

that preserves causality, unitarity, the covariant entropy bound, and which, with no fine

tuning of initial conditions, leads to a coarse grained space-time description as a flat

FRW model with a large number of e-folds of inflation. The model produces a nearly

Gaussian spectrum of almost-deSitter invariant scalar and tensor metric fluctuations.

The model can be matched to a slow-roll QUEFT model (with a different space-time

metric) at the level of scalar fluctuations, but predicts no tensor tilt and, in the absence

of an explicitly imposed symmetry, would have all three invariant forms of the tensor

three-point function with roughly equal weights.

In this chapter we have pinned down the theoretical considerations behind the

formal structures of the correlation functions of cosmic density fluctuations. Now, in

the next chapter we prepare to use this information, as well as a well-motivated ansatz

for the scale factor evolution during the early universe to numerically model inflation in

HST. This modeling will then allow us to make predictions on the likely ranges of the

model parameters as well as the ranges of the number of e-folds, the conformal weight
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for the scalar density perturbations, and the effective slow-roll parameter, ε.
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Chapter 3

Constraints on Inflation in HST

3.1 Introduction

Now we transition to numerical evaluation of density fluctuations in HST. First,

recall that in HST the universe starts from a non-singular Big Bang with an initially

Planck-scale horizon radius and evolves to an approximately scale-invariant phase with

a p = ρ equation of state. From there it transitions to a deSitter (p = −ρ) evolution

which is approximately SO(1,4) symmetric. In the previous chapter we saw that, at

the late time boundary of this period, the theory is conformal and thus two and three

point correlation functions have forms fixed by a few constants. We then exploited

this symmetry to calculate the forms of scalar and tensor correlations in cosmic density

perturbations during HST inflation. In this chapter we will attempt to make more

precise numerical predictions.

That attempt will be partially frustrated by the same thing that allows for
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a wide range of predictions in ordinary field theoretic inflation models. All models

assume a slow roll FRW metric with scale factor a(t) satisfying only weak theoretical

constraints. This metric is constrained observationally only by the CMB and large scale

structure, with weaker constraints coming from theories of galaxy formation. Thus,

much of the structure of the data, can be fit by dialing the choice of a(t).

There is a very general framework for analyzing the data [39,40], assuming only

that for some period ε ≡ − Ḣ
H2 � 1 and that correlation functions of classical metric

fluctuations are calculated are computed in terms of expectation values of commuting

quantum operators on a three sphere. One also requires that one of the generators of

SO(1, 4), the commutant of an SO(3) subgroup, be thought of as the Hamiltonian of

the system. Finally one assumes that the k-th cumulant of the fluctuations scales like

(H/mP )k. This assumption is valid in a large class of field theory models, as well as in

HST. This framework makes a number of general predictions, which are satisfied by the

data collected so far:

• The scalar curvature fluctuations dominate over the tensor fluctuations by a power

of the slow roll function ε . This is a consequence of kinematics. The gauge

invariant measure, ζ, of scalar fluctuations is 1/ε times a fluctuation in components

of the Riemann tensor δH
H . In field theory models this is mitigated by the fact

that δH
H is of order

√
ε, while in HST models it is O(1).

• The combination of Maldacena’s squeezed limit theorem [30] and SO(1, 4) in-

variance, which fixes the functional form of three point functions containing at
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least one scalar fluctuation, shows that all of these non-Gaussian fluctuations are

suppressed by an additional factor of nS − 1 ∼ .04, and are unobservable at the

current level of observational accuracy.

Not all field theory models of inflation satisfy these general guidelines, but so

far the guidelines are sufficient to explain the observations. Models, which fit within this

framework, differ in the way that SO(1, 4) invariance is violated. In HST the violations

of SO(1, 4) in the correlation functions of curvature fluctuations are negligible, so the

breaking comes only from the explicit factor of ε−1 mentioned in point 1, and through

the horizon crossing relation k = a(tk)H(tk). In field theory models the curvature

fluctuations are evaluated in the adiabatic vacuum of the slow roll metric, rather than

the Bunch-Davies vacuum, and this adds an addition source of breaking. Despite these

differences, we will see that both kinds of models can fit the data on scalar fluctuations,

because of the freedom in choosing a(t).

3.1.1 Additional Considerations of the HST Model

The HST formalism builds both the causal structure and the conformal factor

of the space-time geometry out of dimensions of tensor factorizations of Hilbert spaces.

This fits perfectly with Jacobson’s prescient suggestion [16] that the equations of General

Relativity are the hydrodynamic equations of quantum systems which obey the area

law for entropy in a causal diamond. Hydrodynamical fields are only quantized when

studying small fluctuations around the ground state, but are valid as coarse grained

classical descriptions of dynamics even in very high entropy states.
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Models of scattering theory in Minkowski space in HST [23, 48] exhibit an

even more dramatic illustration of why QUEFT may be the wrong tool for studying the

high entropy early universe. These models have of order T 2 independent “fermionic”1

variables in a causal diamond with proper time T . Scattering states are defined asymp-

totically for large T by insisting that the system have constraints, setting of order ET

of these DOF to zero. One can then show that, for a large class of time dependent

Hamiltonians, the parameter E appearing in these constraints is asymptotically con-

served as T → ∞. These models have localized excitations that behave like particles

in the sense that they follow space-time trajectories, with interactions that are concen-

trated in small causal diamonds. The particles are defined as constrained states of the

fundamental DOF and they keep their identity as long as the number of constraints

defining them is small compared to the total number of DOF in the diamond. The

threshold is reached when E ∼ TS ∼ RS . This scale is parametrically the same as

the constraint that the impact parameter be of order the Schwarzschild radius of the

total particle energy entering a diamond. When this happens, the entire system in

the diamond thermalizes. Constraints defining outgoing particle states will be restored

with probability e−εTS , which is a Boltzmann weight with temperature scaling like the

inverse Schwarzschild radius. The same analysis shows that if we simply insist that the

asymptotic entropy is finite, of order R2
dS , and allow the Hamiltonian Hin(t) to approach

a constant Hamiltonian of norm 1/R, then we get a thermal system at the de Sitter

temperature in the limit of large time. The entropy formula for Schwarzschild de Sitter

1The scare quotes mean that the DOF don’t have to be canonical fermions, but only that they have
a representation in a small finite dimensional Hilbert space.
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black holes is independent evidence that localized excitations are constrained states of

an infinite temperature system of entropy R2
dS , with an entropy deficit of order ERdS .

The majority of the DOF in a diamond can be thought of heuristically as modes

of the gravitational and other fields, which are pure gauge everywhere except on the

boundary. In the Minkowski limit of an infinite diamond they are zero momentum gauge

particles (really superpositions of many particle states). The basic contention of HST is

that these are the only DOF of quantum gravity and that collimated jets of particles are

constrained states of these DOF. For large diamonds, the constraints correspond to the

vanishing of the density of boundary gauge modes in annuli surrounding the spherical

caps containing the jets.

We do not want to belabor the description of the HST formalism in a paper

whose primary aim is data fitting, but we need to make one more important point before

describing our cosmological models. In HST, time evolution is described individually for

different time-like trajectories. When comparing to a traditional global description of

space-time this picks out time slices, which are hyperboloids fitting between successive

causal diamonds of a single trajectory. In Figure 1, we compare these to the usual FRW

time slices in a homogeneous isotropic universe. In general, these slices coincide at only

one point, the point at which the time-like trajectory of the HST formalism crosses

the FRW slice. If the universe is exactly homogeneous and isotropic, this is enough to

determine everything, but in a universe with local excitations that is not the case and

one must pay attention to the difference. The errors in [1,13] were caused by the failure

to recognize this point.
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The HST treatment of Minkowski and eternal dS space teaches us that local

excitations are always constrained states of the horizon DOF. Indeed, a generic initial

state in HST cosmological models leads to a universe which evolves from a homogeneous

isotropic model with p = ρ to the high entropy vacuum state of eternal dS space. Thus,

solving the Einstein equations with an FRW metric and fluid components with both

equations of state w = ±1, the space-time metric has the form

ds2 = −dt2 + sinh2/3(3t/R)
(
dr2 + r2 dΩ2

)
(3.1)

where R is the asymptotic dS radius. Local excitations arise only as late time thermal

fluctuations. An important feature of the model is that the late time behavior in the

p = ρ phase has a Hamiltonian Hin(t) which is the L0 generator of a one sided 1 + 1

dimensional CFT, with central charge t2 on an interval of length Lt and UV cutoff

∼ 1/t (L � 1 in order for the physics to be approximately conformal invariant). The

volume of the causal diamond at time t is ∼ t3, so if we distribute the 1+1 CFT energy

and entropy over this volume we get energy and entropy density behaving as we would

expect for a flat FRW cosmology with p = ρ. The dS era sets in when t ∼ R, and

then Hilbert space on which Hin(R) acts is the full Hilbert space of the system. From

this point on, we just allow the system to propagate with Hin(R). It’s important to

note that this is the Hamiltonian appropriate for the flat FRW coordinate system on dS

space. Our remarks about dS space in the previous paragraph were phrased in terms of

a Hamiltonian evolving the system in the coordinate time of a static observer. The flat

and static coordinates are related in the HST model, by an SL(2, R) transformation,
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which stretches the 1 + 1 interval and lowers the UV cutoff, so that the expectation

value of the static Hamiltonian is ∼ 1/R. The approximate SL(2, R) invariance of

this system will be important in the sequel. Our model for inflationary fluctuations is

that each independent horizon volume of the inflating universe has this approximate

SL(2, R) and these “local” SL(2, R) groups combine with the SO(3) invariance around

a particular trajectory, to form an approximate SO(1, 4) algebra, which constrains the

patterns of fluctuation on the sky. Details of this may be found in [14]. The breaking

of SO(1, 4) symmetry is proportional to the inverse inflationary Hubble radius ∼ 10−6.

The absence of long lived local excitations for a generic choice of initial state

of the HST model of cosmology is not a bug, but a feature. The question of why the

universe began in a low entropy initial state has haunted cosmology since the time of

Boltzmann. In modern cosmology this has ofter been stated in terms of the supposed

fine tuning required to get homogeneity and isotropy, but we’ve seen that in HST,

generic initial conditions lead to a homogeneous isotropic cosmology, but one which has

no local excitations. Penrose’s formulation of the problem as a question of why the

Weyl tensor vanished in the early universe is closer to the mark, but we’ll see that in a

certain sense HST turns this question on its head.

The HST model of dS space and the dS-Schwarzschild entropy formula both

tell us that a state, which appears to a late time static observer in dS space as a localized

object of mass M , has an entropy deficit, relative to the generic empty dS vacuum state

of order

∆S = −2πMR+ Sloc, (3.2)
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which tells us that the entropic pressure is to form less mass, and to have it concentrated

in a single black hole. This asymptotic formula is not the whole story though, because in

the HST model the universe evolves from a system in which more and more of the DOF of

the asymptotic dS space are added to the system for times t < R. In [14] a plausible set

of initial conditions, which produce useful localized excitations was proposed. We would

conjecture that these are the most probable conditions, consistent with the principles of

HST, which could lead to complex organization and observers capable of appreciating

the universe in which they exist.

The point is that a universe consisting of a few black holes in dS space cannot

have local organization. Along any trajectory one will quickly see either a single black

hole formed from the collapse of locally bound combinations, or none. The black hole

decays into empty dS space without producing complex systems made of ordinary mat-

ter. The conjecture is that a collection of small black holes with an almost homogeneous

and isotropic distribution is the most probable way to produce an era where the universe

is dominated by ordinary matter, before collapsing into a few large black holes, or going

out through the dS horizon of a particular trajectory. It also has the advantage that

such a black hole gas can be produced in a natural way from the HST dynamics, which

gradually adds variables to Hin as the horizon expands. Best of all, we argued in [14],

that the consistency conditions for the appearance of such a gas show that the part of

the system outside the apparent horizon at any time, is undergoing inflation, with the

inflationary Hubble scale equal to the Schwarzschild radius of the black holes.

The source of fluctuations in this picture comes from the fact that black holes
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are finite quantum systems, undergoing chaotic fast scrambling dynamics. Their mass

and angular momentum are thermodynamic averages, which have statistical fluctuations

inversely proportional to the square root of the black hole entropy. Fluctuations in the

angular momentum come from states where the black hole is a black hole plus some

number of gravitons, and give rise to tensor modes in the fluctuation spectrum, while

the mass fluctuations are scalar modes.

The horizon along a particular time-like trajectory begins at the Planck scale

and expands to what we will call the inflationary horizon scale RI . We will assume, for

reasons to be explained in a moment, that we then go through a period of proper time,

NeRI in length, during which the horizon does not expand. At that point a period

of slow roll begins, where the horizon expands, but ε ≡ −Ḣ/H2 � 1. During this

period, we must assume that the state on which the Hamiltonian Hin(t) acts is special

in that black holes come into the horizon as localized excitations, meaning that they

are described by independent tensor factors in the Hilbert space, which have not yet

interacted. This process of adding new tensor factors to the Hilbert space, constrained

in such a way that it will take some time for them to interact with the DOF which

were previously there, continues into the indefinite future, when the size of the causal

diamond reaches R, the ultimate dS radius. It’s important to realize though that this

is taking place in HST time, which coincides with FRW time only at the point where

the trajectory in question penetrates the FRW time slice. All other points on the HST

slice are on earlier FRW slices.

The consistency conditions of HST put powerful constraints on this scenario.
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In order for the state of the new DOF that come into the horizon, to be a tensor

product of individual black hole states, it must be that the Hamiltonian Hout(t) outside

the horizon be a sum of terms, each of which acts on a tensor factor of entropy R2
I . On

the other hand, the degrees of freedom in this tensor factor must be interpretable in

terms of the Hin(t<) of a trajectory that passes through the point on the FRW slice at

t<, which has just become visible from the original trajectory. Thus, Hin(t<) must still

be in an inflationary stage where the horizon size is RI . If we go out to the furthest

reaches of the horizon, we see that inflation must go on until a conformal time equal to

η0/2. η0 is the position of the pole in the scale factor a(η) which signals the ultimate

dS radius.

The universe is homogeneous and isotropic, so inflation must have lasted this

long on the original trajectory as well. This explains the identification of the black

hole radius and the inflationary horizon size. The independently fluctuating horizons

of the conventional inflationary picture, appear in the expanding horizon of any given

trajectory in the post-inflationary era, as independent black holes.

This intuitive picture explains the primary differences between the predictions

for inflationary fluctuations of conventional slow roll inflation and of the HST model.

In both models there is a flat, slow roll metric with scale factor a(t), and the gauge

invariant measure of scalar fluctuations is related to curvature fluctuations by

ζ =
δH

Hε
, (3.3)

where δH is the curvature fluctuation on comoving hypersurfaces. In quantum field
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theory models we have

δH

H
=
V ′(φ)

V (φ)
δφ. (3.4)

The first factor is proportional to
√
ε . In addition δφ is calculated as a fluctuation in

the adiabatic vacuum of the slow roll metric, and the tensor fluctuations are calculated

as those of transverse traceless metric components in the same vacuum.

For a given slow roll metric these differences imply a different time dependence,

which is converted into a different wave number dependence by the horizon crossing

condition k = a(tk)H(tk) . In particular the ratio between tensor and scalar fluctuation

power spectra is smaller by a factor ε in HST models2 . However, since we have no

constraints besides the CMB and LSS data, to determine the slow roll metric, these

differences can be masked by making a different choice of metric in the different models.

The only thing that we cannot do is to change the tilt of the tensor fluctuations. This is

predicted to be r/8 in single field slow roll models, while it is strictly 0 in HST, because

the breaking of SO(1, 4) symmetry is less dramatic. Since r is bounded by ∼ 0.1 this

difference is not measurable in the CMB and LSS data, but it might be gleaned from

the upcoming PIXIE mission [49].

The HST model has a second source of tensor fluctuations, whose tilt follows

that of ζ, and whose amplitude is not suppressed by a power of ε. We’ve described the

primordial tensor fluctuations as black holes that come into the horizon in a state where

they’ve emitted some Hawking gravitons. As black holes decay, they will continue to

2The order one coefficient in this ratio is calculable in single field slow roll models, but not yet in
HST models.
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emit gravitons at a rate 1/g times their total decay rate. g is the effective number of

massless particle species at the initial Hawking temperature, and is probably O(103).

This gravitational radiation will follow the pattern of black hole mass distribution over

the sky. Depending on the size of ε these late graviton emissions might be the dominant

source of tensor modes in the HST model. If so, the difference in the prediction of

the tensor tilt from conventional single field models would be more dramatic. The two

classes of models differ in their predictions for non-Gaussian fluctuations, but some field

theory models can agree with the HST model for the scalar three point function, which

is the most likely to be measured.

3.2 Model of Inflation

For our purposes in this chapter we will consider only the course hydrodynamic

description. To that end, the course hydrodynamics of the evolution from an initial Big

Bang Cauchy surface are then encapsulated by considering an early universe with two

dominant contributions to energy density with equations of state p± = ±ρ. As stated

in the previous section, solving the Friedmann equations for such a system yields Eq.

3.1 and we find that the evolution of the scale factor goes as

a(t) ∝ sinh1/3

(
t

R

)
(3.5)

with R related to the cosmological constant of the negative energy density contribution.

After this period the universe then, at some time t0, undergoes a transition to

a dilute black hole gas state with scale factor following the classical flat FRW power law
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evolution. Here we model this transition with the use of a smooth approximation to a

step function

T (t) =
1

2

(
1 + tanh

(
t

b

))
(3.6)

where the parameter b here determines the width of the transition period. Thus the

total evolution during both periods can be modeled by the ansatz

a(t) = C sinh1/3

(
t

R

)
T (t0 − t) + t2/3(1+w)T (t− t0) (3.7)

with w = p/ρ the equation of state parameter of the dilute black hole gas and C, a

constant which encodes the relative normalization between the two evolution regimes.

One can see in Fig. 3.1 and Fig. 3.2, for large enough choices of the transition

width b, the Hubble parameter, H(t) = ȧ(t)/a(t), decreases monotonically and ä(t) is

greater than zero prior to the transition at t0. Thus, as shown in Fig. 3.3, this the-

ory exhibits an inflationary period, which smoothly transitions to power-law expansion

shortly after the transition time. As we will show, these features of the inflationary

period are rather generic in this model. Moreover, we can begin constraining the model

by demanding that, as argued in [14], the number of e-folds of inflation is between∼ 70

and 100. What remains is then to use this scale factor ansatz to evaluate the two-point,

scalar correlation functions at the time of horizon exit.

In [1] we found that the scalar correlators are functions of a complex scaling

dimension ∆S , whose value is constrained by the unitary SO(1,4) representations of the

scalar field. We then argued that in order to interpret the fluctuations of a scalar field, Φ,

as a real quantity we must restrict our attention to complementary series representations
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Evolution of the Hubble Parameter

Figure 3.1: This log-log plot shows the evolution of the Hubble parameter as a function
of time within the HST inflation model. The dashed line denotes the transition time
between hyperbolic sine and power-law behaviors of the scale factor. One can see here
that, for this choice of parameters, the Hubble parameter decreases monotonically.

where 0 ≤ ∆S ≤ 3/2. Then, in k-space the two-point correlation functions have the

form:

〈ΦkΦ−k〉 ∝
(
et/R

)−4∆S

k(−3+2∆S) (3.8)

Furthermore, we find the gauge invariant correlation of scalar curvature fluctuations

by noting that, for gauge invariant curvature fluctuations, ζ, we can transform our
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Figure 3.2: Here we plot the acceleration of the scale factor as a function of time. In this
instance one sees that the scale factor undergoes a period of positive acceleration (the
shaded region) before the transition time, t0, which is marked by the dashed vertical
line, shortly after which inflation then ends.

correlation function via the relations [1]

ζ = −3H̄δt

δt =
δH

˙̄H

where H̄ is the homogeneous Hubble radius and δt is the proper time displacement

between infinitesimally separated comoving hyperslices. Thus we have that, for scalar
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Evolution of the Scale Factor

Figure 3.3: This log-linear plot shows the rapid growth of the scale factor in the be-
ginning green inflationary region corresponding to a(t) ∝ sinh1/3(t/R), which promptly
transitions to a much slower power-law expansion, in red (corresponding to a(t) ∝
t2/3(1+w)), after the transition time, t0. The vertical axis indicates multiplicative growth
with respect to the initial scale a0.

curvature fluctuations

〈ζ(k)ζ(−k)〉 ∝
(
H̄(k)
˙̄H(k)

)2 (
et/R

)−4∆S

k(−3+2∆S) (3.9)

k(t) = a(t)H(t) (3.10)

As a brief remark, while we in general treat H and Ḣ as a function of time, we can

invert k by using the horizon exit condition given in Eq. 3.10 to obtain t as a function

of k.

Using this procedure we have thus obtained a model of inflation in which ns
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is completely calculable as a function of fluctuation wavenumber. The model takes five

input parameters (P = {b, C,R, t0,∆S})3, though here we constrain ∆S to give a proper

fit to ns− 1 from Planck, thus the remaining four parameters are constrained then only

by the bounds on the number of e-folds of 70 ≤ Ne ≤ 100 and that there exists a value

of ∆S that satisfies the observational constraint.

3.3 Calculation Methodology

The bulk of the numerical calculations for this work were completed in Python

[50]. First we constructed numerical routines to use the input parameters to calculate

the scale factor, Hubble parameter, scalar spectral index and comoving wavenumber as a

function of time. From those we can then calculate the scalar spectral index at the pivot

point k∗ = 0.002 Mpc−1 for comparison with Planck data and the value of ∆S that gives

a theory compatible with observation. Finally we create a method to then calculate the

resultant number of e-folds of inflation in the theory with given parameters.

From a thorough initial data exploration over a large volume of parameter

space we were able to determine more narrow ranges that represent the region of pa-

rameter space containing a higher fractional volume of parameter space within our

3While here we fix the equation of state for the dilute blackhole gas to be matter dominated, with
w = 0, in practice this restriction could be relaxed to make w a sixth free parameter.
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stated constraints, which are (in Planck units):

107 ≤ b ≤ 109

0 ≤ C ≤ 1

106 ≤ R ≤ 108

108 ≤ t0 ≤ 109

The usual procedure would then be to set a step size for each of the param-

eter axes and then construct a n-dimensional grid of points (where n is the number of

parameters) over which to evaluate the model. Unfortunately, given the large size of

the parameter space in this case, this procedure would lead to one of two possible out-

comes: (1) the large step sizes along various parameter axes would lead to a numerical

resolution which is unacceptably course, or (2) smaller step sizes would lead to running

times which are unacceptably large by order ∼ O(
∏

1/si) for step sizes si. As such, we

must seek new methods to scan the totality of parameter space.

To this end we employ the use of a machine learning classifier by obtaining

a uniform sampling of the parameter space points and evaluating the theory’s validity

at those sites. Using these points we can train a classifier model to determine the

validity of given parameter choices with a fairly high level of precision, and then very

efficiently scan the entire parameter space with smaller step sizes. While stochastic

methods such as this suffer from a decrease in accuracy of prediction, they make up

for such detriments in large gains in efficiency. Furthermore, since we have methods

to calculate the underlying aspects of the model of inflation, any particular point of
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interest can be verified exactly using the underlying (slower) computational methods

from before. In this way, we can obtain a general (though usually quite accurate) picture

of the underlying parameter manifold of validity quickly, and then verify it’s veracity

point-by-point should it be necessary later4.

For our purposes, we have chosen to train a random forest classifier with 20

estimators on 12000 points over a feature space which is coincident with our parameter

space and a binary target space. With this model we achieve an F1 score of .96 and and

Receiver Operating Characteristic (ROC) area score of 0.995. From the ROC curve in

Fig. 3.4, one can see that this model provides a very accurate probabilistic calculation

of the validity of a given parameter choice and thus the decision boundary (where the

probability reaches p ≥ 0.5) should closely coincide with the true manifold of validity.

3.4 Resulting Constraints on the Parameter Manifold

Since the original model parameters were uniformly sampled for each param-

eter independently when doing the full calculation, the easiest way to see their relative

regions of validity is by both plotting cross-sections of the parameters for valid and

invalid points, as well as plotting the distributions of parameters among the valid class.

This will give an idea of how the parameters impact both each other and the overall

validity of the theory.

In Fig. 3.5 one can see well defined projections of parameter space for which the

4For example, if we further constrain the model in the future, we will already know the rough
parameter manifold of validity and can thus restrict our fine computational search to those areas we
have obtained stochastically.
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Figure 3.4: This plot shows the ROC curve on test data, which plots the true positive
rate versus the false positive rate of the model for varying decision thresholds. The area
under the ROC curve is a robust metric, in binary classifiers, to validate a model. Here
we achieve an area score of 0.995, with 1 being a perfect classification of the test data
and 0.5 being equivalent to random classification.

model is valid. as well as the functional relationships between the predicted parameters

∆S and Ne with the input parameter b. This shows the most salient features of how

parameters are constrained relative to one another. For example in order for the theory

to remain within constraints one immediately notices that b and t0 are highly correlated,

and clear relative bounds can be defined.
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Figure 3.5: This sequence of scatter plots (with all units in Planck units) shows the
relationships between various highly correlated model parameter pairs as well as the
relationship between ∆S and Ne. Points that satisfy our constraints are represented in
blue, while those that fail to do so are shaded red. From these one can see clearly defined
relationships between parameters, which contribute to relative parameter constraints.

Furthermore, as the input parameters for our trials were drawn from a uniform

distribution, we may associate parameter likelihood with the relative occurrences of

specific values in the valid class. That is to say that, when viewing a histogram of specific

parameters, one can see the general trends for maximum likelihood in parameter space.

From Fig. 3.6 we then see that, while c is distributed uniformly and thus unconstrained,

t0 is generally skewed toward the higher side and the most likely values for b and R are
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Figure 3.6: This array of histograms (units in Planck units) shows the relative frequency
of values of input parameters relative to an initially flat distribution. From these one
can infer the favored regions of input paramaters in the parameter manifold of validity.

(again in Planck units):

b ∼ 1.87× 108

R ∼ 4.0× 107

Additionally recall, as shown in Fig. 3.7, that ∆S can be constrained by requir-

ing that the scalar spectral index of the theory match observational bounds given by

the Planck Experiment. Consequently, for any given input parameter choice the model

gives three primary predictions. It predicts the unitary representation of SO(1,4) that

the field corresponding to scalar curvature fluctuations transforms under; the number
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Figure 3.7: This plot shows how ns varies with both ∆S (via color) and comoving
wavenumber, k. The requirement that ns = .9603 at k = 0.002 Mpc−1, in order to
match observational constraints, constrains ∆S to be 0.27. In a similar way, all values
of ∆S for a given choice of input parameters can be constrained by the bounds on the
scalar spectral index.

of e-folds of inflation; and the slow roll parameter, ε = −Ḣ/H2, during approximately

SO(1,4) invariant inflationary deSitter phase. We can then examine the distributions of

these parameters from our sampling space, shown in Fig. 3.8, to determine the relevant

favored ranges of the three parameters of interest. In general we see that, for randomly

chosen sets of parameters that satisfy all constraints, the model favors the following
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ranges:

1

45
≤ ε ≤ 1

16

0.1 ≤ ∆S ≤ 0.3

70 ≤ Ne ≤ 100

Using these rough estimates of our predicted parameters, we can now turn our attention

to the implications of further prediction in the model of HST.

3.5 Implications and Conclusions

To summarize, in this chapter we have developed a model for the early scale

factor evolution informed by what is thought to be the likely course of the evolution

of a holographic universe. Using this ansatz and the forms of the correlation functions

for scalar curvature fluctuations, we were able to calculate predictions in the theory for

the number of e-folds of inflation and the scalar spectral index of the resultant power

spectrum in CMB corellations at the time of last scattering, given a set of input pa-

rameters. Using these predictions we were thus able to constrain the parameter bounds

of the model based on observational constraints from Planck as well as theoretical con-

siderations about the expected entropy content of CMB photon fluctuations. Then we

provided estimated ranges of ε, ∆S , and Ne which are predicted from parameter ranges
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Figure 3.8: This figure gives the normalized distributions for the three main predictions
of the model. From these we can ascertain that most random selections of valid model
parameter sets will favor lower values of the slow roll parameter and the conformal
weight, as well as values through the entire theoretical range of the number of e-folds
of inflation.
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which satisfy all constraints. In the end, we find that

1

45
≤ ε ≤ 1

16

0.1 ≤ ∆S ≤ 0.3

70 ≤ Ne ≤ 100

leading to several interesting implications in the predictions of the model. The first is

that there are a wide variety of parameter choices that lead to models within observable

bounds for the scalar spectral index. Moreover, since the determination of the conformal

weight, ∆S , stems from matching this spectral constraint, one sees that lower values are

heavily favored over its possible range from 0 to 3/2. Secondly, the number of e-folds of

inflation remains fairly uniform over the valid range such that theories towards the lower

end of Ne ∼ 70 are only slightly favored. Finally, models which satisfy the constraints

also tend to produce predictions of the effective slow roll parameter, ε, which favors

values closer to ∼ 1/30. This then produces a significant effect for the prediction of the

tensor to scalar ratio in the theory when compared to slow roll models such that the

tensor to scalar fluctuation ratio is then

r ≈ ε rslow roll ∼
rslow roll

30
(3.11)

In conclusion, HST inflation mirrors many of the predictions of standard slow-

roll and has a large range of parameter space for which observational constrains are

satisfied. However, as the predicted value of the tensor to scalar ratio favored in HST is

rather low, there is definite discernibility between the HST as realized here and standard
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slow-roll models. In the end, HST predictions inevitably lead to rather subdominant

tensor curvature fluctuations with a flat spectrum. In contrast, generic slow roll models

predict tensor fluctuation magnitudes that are roughly 20-50 times greater than in HST

with a negatively tilted (nt < 0) spectrum. Consequently, any near future observation

(assuming no large increase in experimental precision) of of tensor B-mode polarizations

in the CMB would likely heavily constrain HI to lie outside its favored regime.

This and the previous chapter have then established the underlying theory and

observational consequences of a holographic spacetime evolution of the universe. In the

next chapter, we aim to make phenomenological predictions about the particle spectrum

from an effective field theory standpoint with a model that is the only effective type

found to be consistent with HST [51–53], whimsically called Pyramid Schemes. In a

similar way, we will construct a non-minimal supersymmetric extension to the standard

model and constrain the model parameters of the effective theory by comparing its

predictions to observational constrains from the LHC.
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Chapter 4

Low Energy HST Phenomenology

4.1 Introduction

Previous work on the phenomenological implications of cosmological SUSY

breaking (CSB) [51–53] has led to the conclusion that the only class of models consistent

with cosmological SUSY breaking, coupling unification and experimental bounds on

gaugino masses, are the Pyramid Schemes [54]. Though several papers [51, 53] have

reviewed possible phenomenological effects of these models for both cosmology and

high energy physics, the strong coupling gauge theory at the apex of the Pyramid

made it difficult to give sharp predictions for sparticle spectra. In this paper we make

several approximations, which allow us to perform rough mass spectrum calculations

in a combined loop expansion/chiral effective field theory, so that we may compare

them to collider limits. Although these approximations are not valid in the regime

of parameters we expect to correspond to realistic models, they at least give us an
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indication of the sparticle spectrum in these models. Perhaps it would be better to call

the models analyzed in this paper Pyramid Scheme Inspired, because they cannot be

derived from the underlying Lagrangian in the parameter regime that might describe

the real world. As such, they are variants on the NMSSM, with multiple singlets, but

in a parameter regime effective field theorists would call unnatural. Terms that break

a certain discrete R symmetry are not generic. In the language of CSB, they arise from

special diagrams in which a single gravitino propagates to the horizon and reflects off

it. In the conclusions we will point out a variety of consequences of this, among which

is a novel point of view about the solution of the strong CP problem.

We start by briefly reviewing the Pyramid Scheme as an extension to Trini-

fication [55, 56]. We next outline the construction of the effective super potential of

a minimal model as well as one-loop corrections to the Kähler metric of this model.

Finally, we show a typical resultant mass spectrum, calculated by finding the global

vacuum of the scalar potential, and compare this spectrum to approximate collider

limits.

The pyramid scheme is an effective theory that extends Trinification to include

a fourth, strongly coupled, SU(3) factor. Thus the full gauge group of the theory is

given by G = SU1(3) × SU2(3) × SU3(3) × SUP (3) n Z3, wherein we associate the

SU3(3) factor with standard model color, SU2(3) × SU1(3) −→ SUL(2) × UY (1) after

GUT spontaneous symmetry breaking, and SUP (3) is the aforementioned fourth gauge

factor, which we call the pyramid SU(3). In addition, the theory is complete in its

description of symmetry breaking in the sense that all relevant soft SUSY breaking
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terms are accounted for via explicit interactions in the theory, whether through F-term

contributions to the scalar potential or gauge mediated loop corrections. We remind the

reader that the Pyramid Scheme is unnatural from the point of view of effective field

theory. Interactions which break a discrete R-symmetry are imagined to have originated

from a special class of diagrams in which a gravitino propagates from the vicinity of a

particular local observer to the horizon, interacts with the non-field theoretic degrees of

freedom there and returns to the vicinity of that observer. We will discuss the discrete

R-symmetries of our particular model in the appendix. In addition to the gauge and

matter content summarized in the quiver diagram of Fig. 4.1, the model contains gauge

singlets Si, which are essential for implementing SUSY breaking. The minimal number

is 3 and we will work with that minimal content in this paper.

The origin of the name Pyramid Scheme is evident in the quiver diagram of

Fig. 4.1, where standard model generations run around the base of the pyramid and

additional field content is given by:

SU1(3) SU2(3) SU3(3) SUP (3)

Si 1 1 1 1

T1 � 1 1 �̄

T̄1 �̄ 1 1 �

T2 1 � 1 �̄

T̄2 1 �̄ 1 �

T3 1 1 � �̄

T̄3 1 1 �̄ �
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Here the Ti are fields which transform in the bifundamental of SUi(3)×SUP (3)

which we call ”trianons,” and the T̄i are the conjugates of the Ti.

Figure 4.1: The quiver diagram of the pyramid scheme has a pyramidal shape with the
base of the pyramid containing SM fields which arise from trinification, and the top of
the pyramid arising from the extension of the gauge group to include SUP (3).
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Though SUP (3) must be strongly coupled at the TeV scale, it is not asymptot-

ically free at high energies. SUP (3) does become asymptotically free below the highest

trianon mass scale, and thus we seek to look at effective field theories below this scale

such that at low energies all field content is SUP (3) confined. Additionally, we set the

confinement scale, ΛP , to be below the second heaviest trianon so as to simplify calcu-

lations by allowing the use of Seiberg’s NF = NC formalism [57] below the confinement

scale, when the two heavier trianons are integrated out. The trianon masses violate

R-symmetry, and are expected to be at the terascale.

If any of the trianons are much heavier than this, the corresponding standard
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model gaugino will be very light, and this is a contradiction with experimental bounds.

The problem of getting ΛP close to the heaviest trianon mass was studied in [54]. If one

wants to preserve an approximate pyrma-baryon number, it requires ΛP to be close to,

perhaps a little less than, the TeV scale.

As noted above, the fact that the trianons are charged under the standard

model, allows for gauge mediation in the effective theory. It also provides a source for

non-canonical contributions to the Kähler potential. Using these simplifications, we can

build a minimal, gauge-invariant, effective theory with which to calculate the Chargino,

Gaugino, pyramid fermion, and pyramid boson masses of the pyramid scheme as well

as first order corrections to the Kähler metric.

4.2 Model Building

Above the pyramid confinement scale the minimal, gauge-invariant superpo-

tential that breaks supersymmetry is

W = αiSi + (βiSi + µ)HuHd + (γikSi +mk)TkT̃k +
∑
k

gk
[
(Tk)

3 + (T̃k)3
]

+WSM

with (Tk)
3 = εa1a2a3ε

n1n2n3(Tk)a1
n1(Tk)a2

n2(Tk)a3
n3 being the gauge-invariant cubic

combination of the trianons and WSM representing the standard model contribution

to the superpotential. The superpotential contains a µ-term for the Higgs doublets as

well as singlets that couple to the Higgs, similar to the NMSSM. Moreover, the singlets

have linear terms in the superpotential so as to facilitate O’Raifeartaigh breaking in the

singlet sector. The SUSY breaking does not decouple from the standard model due to
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the singlet couplings to the Higgs doublets, and the standard model gauge couplings of

the trianons.

Examining the effective theory below ΛP , we identify the gauge-invariant poly-

nomials that will be fundamental below the scale of SUP (3) confinement

Tr Mk = (Tk)an(T̃k)an

Bk = εa1a2a3ε
n1n2n3(Tk)a1

n1(Tk)a2
n2(Tk)a3

n3

B̃k = εa1a2a3εn1n2n3(T̃k)a1
n1(T̃k)a2

n2(T̃k)a3
n3

We choose the first two trianons, T1,2, to be above ΛP . They can be integrated out of the

effective theory, leaving only the trianon coupled to standard model color. We do this

in order to ensure that the effective theory below ΛP has a simple effective Lagrangian

description. If we had two light trianons, the theory would be in the superconformal

window and difficult to analyze.

We choose the single light trianon to be that associated with color in order to

account for the experimental bounds on the gluino mass. Standard model gauginos get

their masses from gauge mediation, with trianons as messengers. If the supersymmetric

mass of a given trianon is taken much heavier than ΛP then the corresponding gaugino

mass goes to zero. Since the strongest experimental bounds are those for gluinos, we

insist that the the colored trianon be the lightest. Note that the heavier trianon masses

cannot be taken arbitrarily large, because this would make charginos very light. We

imagine that they are probably of order a few times ΛP , for example something like

the mass of the ρ meson in QCD confinement scale units. The mass of the colored
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trianon is more like that of the strange quark, small enough for Seiberg’s chiral effective

Lagrangian to be a good approximation. Below, when we calculate corrections to the

Kähler potential from integrating out the heavier trianons, we will neglect the SUP (3)

gauge interactions. This would be a good approximation for trianon masses >> ΛP ,

which would not give an acceptable chargino spectrum. We cannot do reliable calcu-

lations in the regime which is phenomenologically relevant, so the detailed numerical

results of the present paper should be taken only as indications of the properties of the

Pyramid Scheme.

Knowledgeable readers may worry that there is not enough of a logarithmic

distance between the heavy trianon masses and ΛP . The latter scale is generated by

the renormalization group once the running of the gauge coupling stops being IR free.

This problem was addressed in [52]. The model has an attractive fixed line where all

three couplings gk are non-zero and equal to the gauge coupling of SUP (3). If we were

on this fixed line close to the end of the perturbative regime, ΛP would be very close

to the heavy trianon masses. If only two of the couplings are non-zero there is no more

fixed line, but the running of the gauge coupling is slow enough to be consistent with a

small ratio between the masses and ΛP , if ΛP is about 900 GeV or less. We would like

at least one of the gk to be zero in order that we have an approximate baryon number

symmetry in the trianon sector, which gives the model a dark matter candidate. To

simplify the low energy analysis, we have chosen g3 6= 0. Either g1 or g2 must also be

non-zero, in order to avoid a Landau pole in the Pyramid coupling below the unification

scale. For the purpose of the present paper, it doesn’t matter which of these is non-
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vanishing. As a consequence, the dark matter candidate is made out of Ti with i = 1 or

2, and it has a magnetic dipole moment. Moreover, one can estimate the mass of this

dark matter candidate by noting that the confinement scale of the pyramid scheme is

on the order of 1 TeV. In ordinary QCD the proton has a mass greater than 6 times the

QCD confinement scale. In the Pyramid Scheme the Lagrangian trianon field masses

parallel the QCD strange quark mass in that they are roughly of order the confinement

scale. In our naive estimates this would account for an additional 3 TeV on top of the

roughly 6 − 7 TeV one estimates for the mass of the pyrma-baryons by analogy with

QCD. Altogether, this suggests a pyrma-baryon mass of order 10 TeV. Consequently,

when taking into account the uncertainties due to the differences between the pyramid

scheme and QCD we estimate that the mass of this baryonic dark matter candidate is

likely in the range of 5− 20 TeV.

From these considerations, we conclude that the effective theory below ΛP

contains only one pyramid baryon, and its conjugate, as well as the trace of the meson

matrix:

Tr M = (T3)an(T̃3)a
n

B = εa1a2a3ε
n1n2n3(T3)a1

n1(T3)a2
n2(T3)a3

n3

B̃ = εa1a2a3εn1n2n3(T̃3)a1
n1(T̃3)a2

n2(T̃3)a3
n3

We neglect the standard model contribution to the effective superpotential and
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institute Seiberg’s quantum moduli constraint for NF = NC to arrive at

Weff = αiSi+(βiSi+µ)HuHd+(γiSi+m) Tr M+gP1B+gP2B̃+X(det M−BB̃−Λ6
P )

where X is a new Lagrange multiplier field included to enforce the constraint, det M−

BB̃ = Λ6
P .

Furthermore, while originally the meson matrix was unconstrained, we have

completed extensive numerical tests which have shown in all test cases that the vacuum

of the effective theory has a diagonal meson matrix and thus preserves color; so we can

make the additional simplification that M be diagonal and given by

Mi
j =


M 0 0

0 M 0

0 0 M


Inserting this form of the meson matrix into the effective potential gives the final form

Weff = αiSi + (βiSi + µ)HuHd + 3(γiSi +m)M + gP1B + gP2B̃ +X(M3 −BB̃ − Λ6
P )

SUSY breaking appears in the singlet sector via non-zero F-term contributions.
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This can be seen by examining the F-terms:

FSi = αi + βiHuHd + 3γiM

FHu = (βiSi + µ)Hd

FHd
= (βiSi + µ)Hu

FM = 3(γiSi +m+XM2)

FB = gP1 +XB̃

FB̃ = gP2 +XB

FX = M3 −BB̃ − Λ6
P

For the singlet sector we can see that if we have n singlets and the parameter n-vectors

(αi, βi, γi) are linearly independent, then we have n equations in two effective variables,

giving no solution when n > 2. For our purposes, we will be interested in the minimal

case when n = 3, but additional models with n > 3 are possible.1

The theory is additionally simplified by noting that the F-term equations for

B, B̃, and X can be set to zero without loss of generality. These fields do not appear

anywhere else in the superpotential, and their F terms make a positive definite contri-

bution to the potential. This allows us to solve for the VEVs of those fields in terms of

1 It should be noted as well that, despite our simple approach, one can also add certain quadratic
and cubic interaction terms for the singlets to the superpotential so long as they don’t ruin the SUSY
breaking structure.
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M :

B =

√
gP2(M3 − Λ6

P )

gP1

B̃ =

√
gP1(M3 − Λ6

P )

gP2

X =

√
gP1gP2

M3 − Λ6
P

With this simplification the effective theory has six effective complex degrees of freedom

and 14 parameters at the level of the superpotential. All that is needed to fully determine

the effective scalar potential is then the inclusion of D-terms and knowledge of the Kähler

potential.

4.3 D-terms and the Higgs Potential

The D-term contributions to the scalar potential arise from the Higgs sector

and are given by

1

2

∑
a

DaDa =
1

2

∑
a

g2
a(φ
∗T aφ)2

=
1

8
(g2 + g′2)(|H+

u |2 + |H0
u|2 − |H−d |2 − |H0

d |2)2 +
1

2
|H+

u H
0∗
d +H0

uH
−∗
d |2.

This gives the full Higgs potential of the model as

VHiggs =
[(
αi + βi(H+

u H
−
d −H0

uH
0
d) + 3γiM

)
β∗i (H+∗

u H−∗d −H0∗
u H

0∗
d ) + h.c.

]
+
∣∣βiSi + µ

∣∣2 (|H0
u|2 + |H+

u |2 + |H0
d |2 + |H−d |2

)
+

1

8
(g2 + g′2)(|H+

u |2 + |H0
u|2 − |H−d |2 − |H0

d |2)2 +
1

2
|H+

u H
0∗
d +H0

uH
−∗
d |2.
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In order to show that the vacuum preserves electromagnetism , we can use an

SU(2) gauge transformation to set H+
u = 0 and then ∂V/∂H+

u = 0 implies that H−d = 0.

After setting H+
u = H−d = 0 one notes that there is a symmetry under the interchange

of the neutral Higgs components, H0
u ↔ H0

d .

This symmetry is not spontaneously broken, and requires that tanβ = 1 in the

vacuum, which is inconsistent with the requirement that the top-quark Yukawa coupling

remain perturbative up to unification. In order to satisfy this requirement, we note that

there are large radiative corrections from top/stop loops which give rise to

δVeff = −12y2
t

16π2
|Hu|2m2

t̃
ln(Λc/mt̃)

This contribution favors large tanβ and including it allows for tanβ > 1.7, the pertur-

bative unification bound, as long as the stop mass is not too small.

4.4 Effective Kähler Metric

The final piece necessary to calculate the effective scalar potential is the contri-

bution to the effective Kähler metric given by integrating out T1,2. In order to calculate

the non-canonical pieces of the Kähler metric we first take

∫
d2θ (aiSi +m1)T1T̃1 + (biSi +m2)T2T̃2

and integrate out T1,2, and then match the resultant expression term-by-term with

FiF̄̄Kī.
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Thus we have that

∫
d2θ W =

∫
d2θ (aiSi +m1)T1T̃1 + (biSi +m2)T2T̃2

=

∫
d4p

(2π)4

[
ln
(
p2 −m2

1 − aiā̄SiS̄̄ −
√
aiā̄FiF̄̄

)
+ ln

(
p2 −m2

1 − aiā̄SiS̄̄ +
√
aiā̄FiF̄̄

)
−2 ln

(
p2 −m2

1 − aiā̄SiS̄̄
)

+ ln
(
p2 −m2

2 − bib̄̄SiS̄̄ −
√
bib̄̄FiF̄̄

)
+ ln

(
p2 −m2

2 − bib̄̄SiS̄̄ +
√
bib̄̄FiF̄̄

)
−2 ln

(
p2 −m2

1 − bib̄̄SiS̄̄
) ]

where i and j range over the Si’s. And expanding the log, we have

FiF̄̄Kī ≈ −FiF̄̄
∫

d4p

(2π)4

(
aiā̄

(p2 − aiā̄SiS̄̄)2
+

bib̄̄

(p2 − bib̄̄SiS̄̄)2

)

We calculate the integral using dimensional regularization in the MS scheme

resulting in a Kähler metric which has the form:

Kī = δī − 1

8π2

[
aiā̄ ln

∣∣m1 + aiS
i
∣∣+ bib̄̄ ln

∣∣m2 + biS
i
∣∣]

where ai = bi = 0 for i ∈ {Hu, Hd,M,B, B̃,X}.

We emphasize again that this approximation to the Kähler potential is not

valid in the regime of parameters in which we actually work, but serves to make the

mass spectrum calculable.
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4.5 Mass Spectrum Calculation

The mass spectrum of the theory can now be computed by diagonalizing the

following mass matrices:

MF = Wij = DiDjW =
(
∂i∂j − Γkij∂k

)
W

M2
B =

W ∗jkW ik W ∗ijkW
k

W ijkW ∗k W ∗ikW
jk



MC =



0 0 Y2
α2
4π

∑
i

∣∣∣ Fi
ΛP

∣∣∣ g〈H0∗
d 〉

0 0 g〈H0∗
u 〉 (〈βiSi〉+ µ)

Y2
α2
4π

∑
i

∣∣∣ Fi
ΛP

∣∣∣ g〈H0∗
u 〉 0 0

g〈H0∗
d 〉 (〈βiSi〉+ µ) 0 0



Mg = Y3
αs
4π

∑
i

∣∣∣∣ FiΛP

∣∣∣∣
where Y2 and Y3 are numerical constants of order one (which we set to one for purposes

of calculation), the Fi are the F-term values in the vacuum, and Γkij = Kkı̄Ki ı̄, j is the

Kähler connection.

We have included gauge mediated Majorana gaugino masses in these formulae,

with unknown order one coefficients. The loop diagrams which generate these terms

involve strongly interacting particles.

As the theory contains a large number of complex fields, analytic diagonal-

ization is computationally prohibitive. Thus we must first find the vacuum and then
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numerically diagonalize the mass matrices to obtain the mass spectrum. This has the

advantage of being fast, but the disadvantage of obscuring the structure of the mass

eigenstates.

In order to minimize the scalar potential we first choose the confinement scale,

ΛP , to be one and pick values for the coupling parameters. All experimentally known

couplings are taken to be equal to their values at the weak scale, and RG running is not

taken into account in the computation. We then seek a global minimum by employing

a random search algorithm2. After finding the minimum, ΛP is then set to the value

which gives the correct Z mass via

ΛP =
174√
v2
u + v2

d

GeV

Where here vu and vd are the dimensionless numbers corresponding to the Higgs VEVs.

We then take our dimensionless numerical data for masses, and all massive quantities

are rescaled by appropriate powers of ΛP , using the above formula to get answers in

GeV (i.e. vu,d ΛP = |〈Hu,d〉|).
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Figure 4.2: Fermion and chargino masses are shown as a function of the coupling param-
eter, β1. The valid mass regime can be seen in the region of the large mass spikes giving
chargino masses just above the experimental bound near 300 GeV. Separate parameters
provide even higher mass regimes for the light chargino.
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Figure 4.3: Neutral Higgs and gluino masses are shown as functions of β1. The tree-
level light Higgs has a mass range of roughly 60-180 GeV over the β1 scan. Additionally,
the valid mass regime of the gluino can be seen in the region of the large mass spike. This
represents a moderate degree of fine-tuning in order to set the correct mass hierarchy.
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4.6 Results

In comparing the mass spectrum of the theory to experimental limits we use

the the following rough cutoffs as mass bounds:

Pyramid Fermions > 300 GeV

Neutral Higgs 125 GeV > mh > 100 GeV , mH > 300 GeV

Charginos > 300 GeV

Gluino > 600 GeV

The results from the mass calculation are summarized in Figures 4.2 and 4.3.

One can see that there are valid regions of parameter space for which all experimental

mass bounds are satisfied. However, one may also note that such bounds are only

satisfied over a region of parameter space where the masses change quickly as a function

of the couplings. This represents a little hierarchy problem, which requires a sizable

degree of fine-tuning.

Note that we have provided graphs only for the variation of a few masses with

the single parameter β1. We’ve actually generated complete spectra for a reasonable

range of all of the parameters of the model, and used the conventional fine tuning

measure, which emphasizes the parameter to which any given mass is most sensitive. It

is not always β1. We’ve displayed the gluino prominently, since it is the particle with

the most stringent experimental lower bounds and therefore gives the most tension with

the correct Z and W masses. Our data and the simple software tools needed to analyze

2Although a random search is not very elegant, we performed many tests over a vast range of different
algorithms (including differential evolution, simulated annealing, firefly, etc.) and within these tests a
random search consistently found lower minima.
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them may be found on the following website in [58].

4.7 Little Hierarchy Problem

The little hierarchy in the model stems from the difference in scales necessary

between the pyramid and weak scales in order to simultaneously satisfy the experimental

mass bounds on the yet unobserved particles and the condition that the Higgs VEVs be

such that they give correct values for the W and Z masses. In effect, one can see that

this will be the case in the mechanics of the calculation, wherein we fix ΛP to give the

correct values of the W and Z masses. Then, since other masses are scaled by ΛP this

sets the requirement that 〈H0
u〉 and 〈H0

d〉 be rather small in units of the pyramid scale,

thus requiring a hierarchy.

It will be advantageous to calculate the extent of the hierarchy by computing

the fine-tuning necessary to satisfy the above experimental constraints. To do this we

use the (standard) metric [59]

∆ma = max
i

∣∣∣∣∂ lnmg̃

∂ lnλi

∣∣∣∣
λi = {ai, bi, αi, βi, γi, µ, gP1, gP2,mi}

The degree of fine-tuning to give any particular mass higher than a certain bound will

be 1/∆ma evaluated at the points which give the mass in question, ma, a value greater

than the lower bound of the experimental constraints. In the mass spectrum above, the

greatest level of fine-tuning stems from requiring that the gluino and lightest chargino

masses be above current collider bounds. We have determined through many trials that
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Figure 4.4: Plot of the fine-tuning parameter of the gluino mass (∆mg̃) as a function
of gluino mass (mg̃). This plot was generated by calculating fine-tuning parameters for
all parameters over a single cross section of parameter space, collecting the results into
mass bins of gluino mass, and then finding the maximum fine-tuning over all parameters
within each mass bin. Above the mass bound at 900 GeV the fine-tuning parameter
varies between 20 and 40 corresponding to a fine-tuning of roughly 2.5-5%. The maxi-
mum fine-tuning occurs at low mass and is marked by the blue border near the top of
the plot.

the gluino mass generally governs the maximum fine-tuning in these models and a plot

of ∆mg̃ as a function of mg̃ can be found in Fig. 4.4.

We find that the fine-tuning of minimal models in the pyramid is roughly of

order 2.5-5%, corresponding to a ∆mg̃ ≈ 20− 40.
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4.8 Conclusions

We have shown that, granted our uncontrolled approximations, this minimal

model inspired by the pyramid scheme admits a mass spectrum of yet undiscovered

particles which is allowed by current collider limits. Though the approximations made

in the calculation of the Kähler metric were without justification, they have allowed us

to calculate mass spectra which should be indicative of minimal models in the pyramid

scheme without the inclusion of soft SUSY-breaking terms of unknown origin. The

numerical results presented are approximate, but show promise for the viability of cos-

mological SUSY breaking as a theory of nature. The fine tuning is not so severe. We

also remind readers that many things in nuclear physics appear highly tuned. That

tuning is explained, in a complicated way, by the strong coupling physics of QCD. The

Pyramid Scheme has similarly complicated strong coupling physics, and we might in

the end have simply to accept this until such time as efficient lattice calculations in

supersymmetric gauge theories can test the real predictions of the model. Still, it would

be interesting to find a simple mechanism in the model that avoids tuning altogether.

In the MSSM, fine-tuning stems from the tension between achieving a high

(125 GeV) Higgs mass and the correct scale of electroweak symmetry breaking. For

example, Hall et. al. [60] have studied the necessary fine-tunings in the MSSM to bring

the Higgs mass up to the LHC excess region, with results that indicate fine-tuning of

at least ∼ 1%, even with maximal mixing. In the Pyramid Scheme, the case is different

with a natural tree-level light Higgs mass in the range of 60-180 GeV. Essentially, this
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is because the Pyramid Scheme incorporates singlets with NMSSM-like couplings.

Nonetheless, fine-tuning still arises in the Pyramid Scheme from the tension be-

tween having the correct electroweak breaking scale and having chargino/gluino masses

that lie above the LHC exclusion bounds.

We note that several issues of RG running are modified, in comparison with

the MSSM, in the Pyramid Scheme. With the effective potential used in the current

paper, we find tanβ = 1 , which would make the top Yukawa have a Landau pole below

the unification scale. We note that most NMSSM models prefer fairly small values of

tanβ. The contribution to the effective potential from top-stop splitting will be enough

to drive tanβ above its perturbative unification bound if the stop mass is in the TeV

range. This is the natural range of values for mt̃ in the Pyramid scheme.

4.8.1 Review and Summary

To conclude, we review the basic features of the Pyramid Schemes, their suc-

cesses, and the place of the current paper in the study of these models. The models are

motivated by the Holographic Space-time (HST) theory of stable dS space. According

to that theory, there is a model for every sufficiently small value of the cosmological

constant. As Λ→ 0, SUSY is restored, along with a discrete R symmetry, according to

the formula

m3/2 = K
√
mP /mUΛ1/4,

with mP the reduced Planck mass, mU the unification scale and K a constant of order

one. mU is usually taken to be 2× 1016 GeV.
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The Pyramid schemes are low energy field theories (LEFTs) , which are con-

structed to implement the results of HST. The very low SUSY breaking scale implied

by the formula for the gravitino mass, along with coupling unification and experimen-

tal bounds on sparticle masses, puts strong constraints on these theories. In addition,

theoretical constraints [51], imply that these models cannot satisfy the constraints of

field theoretic naturalness. The Λ = 0 LEFT preserves SUSY and a discrete R sym-

metry. The corrections to it come from interactions of a single gravitino with degrees

of freedom on the dS horizon. They break the discrete R symmetry and must lead to

spontaneous symmetry breaking. The Nelson-Seiberg theorem [61] implies that these

terms cannot be generic, but their very special origin in graphs where a single grav-

itino propagates to the horizon and returns, suggests that they are indeed non-generic.

Corrections to the single gravitino diagrams are exponentially suppressed. This has the

following “unnatural” consequences

• The discrete R symmetry sets the constant in the superpotential to zero, so that

Poincare invariance is restored along with SUSY. The R violating constant is

tuned, in order to implement the above gravitino mass relation.

• The discrete R symmetry is chosen to eliminate all B and L violating operators

of dimension 4 and 5 from the LEFT. One can argue that the gravitino exchange

diagrams are UV insensitive and will reintroduce these terms only with powers of

the TeV scale over the unification or Planck scale. The results are compatible with

experimental bounds. The Pyramid Schemes are among a small class of extant
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models, which deal with generic B and L violation through dimension 5.

• The Λ = 0 LEFT has θQCD = 0 as a consequence of an anomalous U(1). The R

violating terms lift the would be axion to a TeV scale mass, but, as a consequence

of their special origin, do not introduce new CP violating phases, beyond those

induced by standard model loops via the CKM matrix. This is a novel solution

of the strong CP problem.

• The R symmetry can be chosen to forbid the conventional µ term. R violating

interactions re-introduce it, with a nominal value of order the TeV scale.

• The full LEFT violates SUSY spontaneously, in a stable minimum, because it does

not have the most general terms compatible with R symmetry violation. From

the point of view of LEFT, SUSY breaking “originates” in the singlet sector,

through a variation on the rank mechanism. In this paper, we have studied only

the simplest SUSY breaking model, omitting all cubic and quadratic terms in the

singlet superpotential. This can be generalized.

The details of the above arguments can be found in [62] and references cited

there. The present paper has added two important ingredients to our understanding. If

the Kähler potential of the singlets is canonical, SUSY and electroweak symmetry are

still broken, but the SUSY breaking F term belongs to a decoupled chiral superfield,

and SUSY breaking is not communicated to the standard model. The Kähler potential

receives corrections which mix this decoupled singlet with those that do couple to the

standard model, from integrating out the two trianons whose masses are above the con-
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finement scale. In this paper, we performed this integration in the approximation that

the masses were much larger than the confinement scale, but ignored the concomitant

result that the gauge mediated corrections to chargino masses would be tiny in this

limit. We did this in order to construct a calculable example. The full Kähler potential,

including strong SUP (3) gauge corrections to the trianon loops, would have qualitatively

similar properties to our unjustified model, but the numerical details would of course

be different.

Apart from the qualitative effect of communicating SUSY breaking to the

standard model, this approximation enabled us to construct a full sparticle spectrum,

which we compared to LHC bounds. We find that, despite the presence of scalars,

which make it easy to get a Higgs boson at 125 GeV our model required a tuning of

parameters of order one part in 20− 40, in order to make the electroweak gauge boson

masses compatible with the bounds on sparticles. We note that, while these estimates

are purely phenomenological, the underlying logic of the model, following from the

gravitino mass formula, puts most of the spectrum in the TeV range. So the “tuned”

aspect of the model has to do with making the electroweak bosons lighter than the

natural scale. Our numerical approach has not allowed us to guess whether there is a

clever solution to this tuning problem, or whether we might have to accept it as a strong

coupling accident, like many of the apparent tunings in nuclear physics.
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Chapter 5

Conclusion

A well understood model of quantum gravity and its low energy correspondence

to effective field theory does not yet exist despite the great amount effort put towards

such ventures. Thus, the eventual solution to the unification of quantum dynamics

with gravitation will likely be through a vast paradigm shift. Consequently, while

the holographic principle remains conjecture that lacks a formal proof, there is strong

evidence in its favor. Firstly, many systems in String Theory have been shown to admit

holographically dual field theoretic descriptions. Secondly, and primarily, there are no

known counter-examples that violate the covariant entropy bound, which thus provides

it with a level of universality one would expect from a fundamental principle.

The theory of holographic spacetime originated from the realization that any

unified and fundamental theory of quantum gravity should likely obey the holographic

principle. That is to say that the accessible quantum Hilbert space of any region of

spacetime bounded by a null-surface be both finite and limited by the area of the null-
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boundary. This is a significant departure from the standard treatment of quantum field

theory, whose entropy generically scales as the volume of a spacetime region, and the

correspondence between a holographic theory and the effective theory of the Standard

Model is not yet well understood. Given this, one might think it rather difficult for

such a high-level theory with no well understood correspondence to low energy field

theories to give phenomenological predictions. However, in this work we have shown

several regimes for which, under some generous though sensible assumptions, HST (or

approximate theories to it) can give well-defined and experimentally viable predictions.

In this thesis a small sample of work on holography-inspired phenomenology

and cosmology was selected and presented. Making general assumptions about plausible

asymptotic symmetries present during holographic inflation, we were able to first deter-

mine the functional forms of two and three point scalar curvature fluctuations during

a period of holographic inflation. Then, we moved on to constrain the HI model via

numerical analysis of its predictions about the scalar spectral index of CMB correlations

and compared those predictions to standard slow-roll models of inflation. Finally, we

motivated a supersymmetric model that extends the standard model gauge group by

considering constraints from holography and then found the resultant particle spectrum

of the model, constraining parameter selection through comparison with LHC bounds.

In all cases, these HST-inspired models have succeeded in matching the observational

bounds and have given predictions that should be testable in future generations of ex-

periments. However, there is still much to be done and future work is needed to present

a general correspondence between HST and the effective field theory description of the
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Standard Model. In the meantime, as we have hopefully shown here, it remains a

pleasant surprise that the model is quite capable in its predictive ability.
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Appendix A

Conventional Inflation is Fine-Tuned

Inflation was originally invented to solve a number of initial condition problems

in the standard theory of the Big Bang, among them the horizon and flatness problems.

The horizon problem was originally stated as “Why is the universe homogeneous and

isotropic shortly after the Big Bang, when different regions have not been in causal

contact?”, but also includes the question “How can the CMB in parts of the sky with

angular separation of order π be correlated, since these represent degrees of freedom

that were never in causal contact?”

The conventional inflationary answer to these questions is that everything we

see in the universe today “originated in a tiny inflationary patch of size a few times the

inflationary Hubble radius”. The way this works in QFT is that field modes localized

in regions much smaller than the Planck scale, get blown up to the size of our current

horizon, or larger, during the inflationary era. This fact was emphasized in a large

number of papers written in the early part of the 21st century [63–66], and is known as
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the transplanckian mode problem. The conventional inflationary argument for dealing

with these modes, whose initial description is outside the realm of validity of effective

field theory, invokes the adiabatic theorem. If those modes are in their ground state

initially, then the adiabatic theorem guarantees that they will adiabatically evolve to

the Bunch-Davies state when they become long wavelength enough to be treated by

effective field theory.

This argument makes two crucial assumptions. The first is the way in which

the true theory of quantum gravity reduces to QUEFT. That is, it assumes all of the

mysterious modes, which show up as Transplanckian field modes in the QUEFT treat-

ment, are indeed high energy modes of the quantum Hamiltonian, and there is a gap

between their adiabatic ground state and the next excited state. This is simply untrue

in the HST model of quantum gravity, but one could assume HST is wrong, and that

the real theory of quantum gravity will obey the adiabatic argument.

The second assumption is however an admission of fine tuning worse than those

that inflation was supposed to solve. Any model of inflation that purports to explain

the correlations in the CMB fluctuations, must have a Hilbert space of dimension at

least e(10)77
. The dimension of the space of field theory states in a single horizon vol-

ume, which do not back-react on the metric and cause the creation of a horizon filling

black hole is at most ekn
3/2

, where k is a constant of order 1 and n is the inflationary

Hubble scale in Planck units. The vast bulk of the Hilbert space required to explain the

CMB cannot be modeled by field theory in a single dSn horizon volume. To claim that

the initial state is “the unique adiabatic ground state” is a ridiculous fine tuning, even
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if the Hamiltonian of quantum gravity had the gap that is assumed in the adiabatic

argument. Generic states of large quantum systems lie in a quasi continuum of closely

spaced chaotic levels. This is the property that makes statistical mechanics work. Adi-

abatic arguments for the detailed quantum state are never valid, though there are often

collective variables which do evolve adiabatically. The collective variables are typically

classical because they’re averages over many degrees of freedom.

The basic problem here is that the naive inflation idea that everything came

from a few inflationary Hubble volumes, an inflationary Hubble time after the initial

singularity, violates the Covariant Entropy Bound. The causal diamonds of observers

on that time-slice are too small to encompass the states of the observable CMB. Field

theory performs the miracle of inflation by sucking up degrees of freedom from the

extreme UV, but no theory of quantum gravity, which obeys the CEB, can do the same.

What we’re arguing in this appendix is that there is no magic universality argument by

which inflation can capture the unknown dynamics of the non-field theoretic DOF and

reach the conclusion that the Bunch Davies state is the state the universe is drawn to.

Note that there is no contradiction here with the claim that the B-D vacuum

is a good approximate description of eternal dS space. If one accepts the contention

of Banks and Fischler that dS space is a quantum system with a finite number of

states [67], then many of the properties of BD follow from the principles of statistical

mechanics [9, 18–22], and some mild assumptions about the Hamiltonian.

Tom Banks has presented this argument about fine tuning in conventional

inflation at a number of conferences since 2007, and it has been greeted with a great

132



deal of skepticism. Much of that had to do with the belief that the conventional theory

of inflation had been verified by observation of the CMB. In this paper we’ve shown

that, to a large extent, those predictions follow from symmetries and the rather natural

assumption that fluctuations are small and approximately Gaussian. The Holographic

Inflation model in fact predicts both of those two facts in a simple manner, and does

not suffer from any fine tuning of initial conditions.

An independent argument that it is invalid to treat the inflationary era in

the QUEFT approximation, comes from a somewhat more holographic perspective.

Everyone would agree that after a few e-folds of inflation, any given horizon volume of

the universe looks like empty de Sitter space. This is indeed the most naive argument,

within QUEFT, for assuming the Bunch-Davies state. However, a horizon volume of

empty dS space is a highly entropic system, with an entropy that cannot be understood

in terms of localized excitations in the bulk of the horizon volume. If we indeed want

our model of inflation to resemble a collection of decoupled horizon volumes of dS space,

then we should not model its fluctuations on those of localized degrees of freedom in a

horizon volume. The HST model of inflation indeed models the local DOF as a generic

thermalized system, with the right entropy and no intra-horizon locality. Locality on

super-dS-horizon scales comes from our explicit construction of a Hamiltonian based on

the geometry of a fuzzy 3-sphere, to couple together the individual horizon volumes.

We had originally imagined some sort of duality between the HST description and the

conventional QUEFT description, with a UV cutoff at the dS-horizon scale. However,

when we realized that most of the predictions could be understood without QUEFT, and
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without the assumption of the Bunch-Davies state, and that our detailed predictions for

the magnitude of fluctuations differed from those of QUEFT, we abandoned this idea.

Our current thinking is that the standard approach reproduces the data, only because

it obeys the symmetry principles described in this paper.
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Appendix B

Unitary Representations of SO(1, 4)

Here we wish to remind the reader of the classification [41, 42] of the unitary

representations of SO(1, 4) by labeling representations of the group according to their

eigenvalues of the invariant Casimir operators. To start, we review by constructing

elements of the algebra so(1, 4) explicitly, wherein we can separate the elements into

a 6-dimensional sub algebra of rotations in R4 and 4 “boosts,” which we interpret

as rotations in the plane of one of the directions {w, x, y, z} ∈ R4 and the “time”

coordinate, t, in 5d Minkowski space. The elements of the algebra are then simply the

generators of motion for the isometries of the 4d hyper-surfaces defined by the equation

t2 − (w2 + x2 + y2 + z2) = R2 in 5d Minkowski space. These hyper-surfaces define

hyperboloids of constant positive curvature embedded in the underlying Minkowski

space, which is of course DeSitter space.

The elements of so(4, 1) are representable as linear differential operators and

labeled by two greek indices that describe the plane of rotation. Thus they are 10
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antisymmetric two-tensors Lαβ with α, β ∈ {0, .., 4} ⇒ {t, x, y, z, w}:

Lαβ = Mαβ + Sαβ

where theMαβ and Sαβ represent the orbital piece and the spinorial piece respectively.

Here the orbital and spinorial generators are constructed explicitly via

Mαβ = i(xα∂β − xβ∂α)

Sαβ =
i

4
[Γα,Γβ]

{Γα,Γβ} = 2ηαβI

where the Γα are the SO(1, 4) gamma matrices, and thus the Lαβ obey the algebra

[Lαβ,Lµν ] = i(ηβµLαν − ηαµLβν + ηανLβµ − ηβνLαµ)

Moreover, the spin piece acts on a generic rank-n tensor field as

SαβTµ1...µn = i
n∑
i=1

[
ηαµiTµ1...µi−1β...µn − ηβµiTµ1...µi−1α...µn

]
.

In five dimensions there are two possible invariants that comprise the center

of the algebra and they are:

Q = −1

2
MµνMµν

W =
1

8
εαβµνγεαρσδηMβµMνγMρσMδη

To classify and label the unitary representations one proceeds as follows:
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1. Take the sub-algebra of generators of rotations in R4. This is an so(4) sub-algebra.

And since so(4) ∼= su(2) ⊗ su(2), then we can split the rotation sub-algebra into

two unitary sub-algebras. After doing so, we have a simple method of labeling our

finite dimensional representations via angular momentum eigenvalues for the two

separate su(2) sub-algebras. We label these angular momentum eigenvalues with

j1 and j2 for each respective Casimir invariant J(i) =
√

(J1
(i))

2 + (J2
(i))

2 + (J3
(i))

2

where here the (i) labels the unitary sub-algebras.

2. Since the algebra is non-compact, we know that the unitary representations will

be infinite dimensional. Following Thomas, we can come to a full labeling scheme

by decomposing the Hilbert space such that it is an infinite direct sum of finite

dimensional irreducible representations of the so(4) sub-algebra. Then, we can

arrive at a set of linear equations relating matrix valued functions of j1 and j2

by examining the action of the “boosts” via their commutation relations with the

generators of the su(2) sub-algebras.

3. Finally, we solve a set of recurrence relations to find the general forms of the

matrix valued functions of j1 and j2. Then we insist that our representations be

unitary, by insisting that operators in the Hilbert space be Hermitian. This gives

additional constraints on the matrix valued functions such that (when related to

the Casimir invariants of SO(1, 4)) we may distinguish the unitary representations

by the eigenvalues of the Casimir invariants Q and W .

The systematics of the above is actually rather tedious, we quote the results of the
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analysis as codified by Newton

There are four classes of unitary representations:

B.1 Classes

B.1.1 Class I

Q > 0

W = 0

j1 + j2 = 0

j1 − j2 = 0

 ,
1

0

 ,
2

0

 , · · ·

B.1.2 Class II

Q = −(n− 1)(n+ 2) n = 1, 2, 3, · · ·

W = 0

j1 + j2 = n

j1 − j2 = 0

 ,
n+ 1

0

 ,
n+ 2

0

 , · · ·

Where there is one possible representations for each value of n.
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B.1.3 Class III

Q ≥ 1−
(
s+

1

2

)2

s =
1

2
, 1,

3

2
, · · ·

W = s(s+ 1)Q+ (s− 1)s(s+ 1)(s+ 2)

Where there is one representation for each Q and s assigned, and Q can take any real

value that is above the bound.

j1 + j2 = s

j1 − j2 = −s,−s+ 1, · · · , s

 ,
s+ 1

−s,−s+ 1, · · · , s

 , · · ·

B.1.4 Class IVa

Q = −t(t+ 1)− (s− 1)(s+ 2) s =
3

2
, 2,

5

2
, · · ·

W = −t(t+ 1)s(s+ 1) 0 < t ≤ s− 1

With t and integer or half odd integer, following the choice made for s.

j1 + j2 = s

j1 − j2 = −s,−s+ 1, · · · ,−t

 ,
s+ 1

−s,−s+ 1, · · · ,−t

 , · · ·

B.1.5 Class IVb

Q = −t(t+ 1)− (s− 1)(s+ 2) s =
3

2
, 2,

5

2
, · · ·

W = −t(t+ 1)s(s+ 1) 0 < t ≤ s− 1
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j1 + j2 = s

j1 − j2 = t, t+ 1, · · · , s

 ,
s+ 1

t, t+ 1, · · · , s

 , · · ·

With t and integer or half odd integer, following the choice made for s.

B.2 Scalar and Tensor Classification

The only class that would admit a spin zero (scalar) fluctuation would be Class

I, where the mass is unrestricted so long as it is greater than zero. The zero mass case

is subtle, because the minimally coupled massless scalar in dS space has infrared issues.

However, it does give rise to a well defined Wheeler-DeWitt wave function, and the

resulting correlation functions are just the ∆S = 0 limit of those for massive scalars.

In any event, data will never be able to prove that ∆S is exactly zero, and the whole

framework of SO(1, 4) invariance for inflation is only an approximation based on the

formal limit of an infinite number of e-foldings.

For Weyl Curvature fluctuations, the only representations that are allowed are

the class IVa,b representations with s = 2 [68]. Nothing else gives rise to a transverse

symmetric trace-less two tensor in the flat coordinates. The two different class IV

representations are the two helicity modes of the gravitational wave field. For the scalar

case we’ve seen in the text that a formulation on the five dimensional projective light

cone provides the simplest derivation of the correlation functions.
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Appendix C

Discrete R-Symmetry

Here we discuss possible R-symmetries that may account for the structure of

the model presented chapter 4. The reader should note, that while we have not explicitly

discussed inclusions of supergravity in the low-energy effective theory for the Pyramid

Scheme, one should consider the effective theory to stem from a microscopic theory of

quantum gravity at the Planck scale. As such we do not allow for global continuous

R-symmetries, but instead adopt a scheme wherein only discrete R-symmetries are

possible. While one may initially view this as an unnecessary complication, we will

show that the system of diophantine equations needed to be solved for a possible R-

symmetry is insoluble in the continuum limit and thus only discrete R-symmetries are

viable.

In order to construct an R-symmetry, we must first take into account the

allowed operators stemming from the superpotential and then the non-allowed “danger-

ous” baryon and lepton violating higher dimensional operators that we wish to exclude.
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Additionally, we require that the R-symmetry be anomaly free, which can be guaran-

teed by requiring that the ’tHooft operators generated by standard model and SUP (3)

instantons vanish.

With that in mind let us first focus on the terms which must be allowed. These

are merely the familiar operators in the pyramid superpotential with added conditions

for the inclusion of SM contributions and the neutrino see-saw operator. Altogether the

allowed, R-preserving, superpotential operators are (neglecting couplings):

W ⊃ SiTj T̃j , SiHuHd, HuQŪ, HdQD̄, HdLĒ, (LHu)2

This is equivalent to requiring that the R-charges satisfy the constraints

Si + Tj + T̃j = 2

Si +Hu +Hd = 2

Hu +Q+ Ū = 2

Hd +Q+ D̄ = 2

Hd + L+ Ē = 2

2(L+Hu) = 2

where here the fields represent their R-charges and the equations above are to be satisfied

modulo n. It is already clear that the R-symmetry is unique in the continuum limit,

and any additional constraints will require that the R-symmetry be discrete, otherwise

the system will have no solution.

One should notice that we have neglected to include the linear singlet, Higgs
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mu, quadratic trianon, and cubic trianon operators in this analysis. This is because

these terms explicitly break the discrete R-symmetry and, as discussed previously, are

imagined to stem from interactions of the gravitino with the dS horizon [69, 70]. Such

interactions explicitly break any R-symmetry, due to the reflection of the gravitino off

the horizon.

The superpotential and Kähler terms [51], which we want to forbid, either for

reasons of minimality or baryon or lepton number violation, are:

{SiSj , SiSjSk, LLĒ, LQD̄, SiLHu, Ū D̄D̄, LHu, QŪĒHd, QQQL,

QQQHd, Ū ŪD̄Ē, LHuHdHu, SiLLĒ, SiLQD̄, SiSjLHu, SiŪD̄D̄,

ŪD̄∗Ē, H∗uHdĒ, QŪL
∗, QQD̄∗}

These terms give similar constraints to those above except that we require the sum of

the R-charges in the operators to be not equal to 2 (mod n) for those terms in the

superpotential or 0 (mod n) for the Kähler terms on the bottom row.

Finally, we have the constraints stemming from instanton generated ’tHooft

interactions. The proper conditions such that the R-symmetry is not broken by ’tHooft

operators are

SUP (3)2UR(1) =⇒ 2 · 3 + 3(T1 + T̃1 + T2 + T̃2 + T3 + T̃3 − 6) = 0

SUC(3)2UR(1) =⇒ 2 · 3 + 6(Q− 1) + 3(Ū + D̄ − 2) + 3(T3 + T̃3 − 2) = 0

SUL(2)2UR(1) =⇒ 2 · 2 + (Hu +Hd − 2) + 9(Q− 1) + 3(L− 1) + 3(T2 + T̃2 − 2) = 0.

Here we will again require that the ’tHooft operator constraints vanish only up to

congruency. With all of these constraints in place we can then find the lowest n for
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which the system of constraints is soluble and solve explicitly for the R-charges in the

Zn symmetry.

We find that the lowest order discrete symmetry satisfying all constraints is

a Z12 symmetry. The assignment of charges under this group is not unique, but one

instance is given by:

Ē = 1

Hu = Hd = 2

Ū = D̄ = T3 = 5

T2 = 6

Q = T1 = 7

T̃1 = 9

Si = T̃2 = 10

L = T̃3 = 11
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