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Warm Dense Matter (WDM) can be found in a myriad of useful and worthwhile applica-

tions, whether it be in the ongoing study of inertial confinement fusion, novel shock exper-

iments, or planetary interiors. One crucial tool that has revolutionized our understanding

of WDM over the last few decades has been Finite-Temperature Density Functional The-

ory (FT-DFT), which has enabled various groundbreaking simulations in the field (often

when experimental studies were too difficult and costly to be performed). Although suc-

cessful, modern implementations of FT-DFT suffer from significant drawbacks, namely the

large computational burden inherent to studying high-temperature materials, and the lack

of sophisticated approximations describing temperature-dependent exchange-correlation in-

teractions. The research contained in this dissertation works to address these fundamental

challenges both directly and indirectly.

Chapter 2 serves as an introduction to the underlying theorems of ground-state DFT, all of

which extend to nonzero temperatures, and are depicted through illustrative examples using

the Hubbard dimer. Chapter 3 introduces Density-Corrected DFT, a novel theory studying

the origin of errors in functional approximations, and a means of analysis for approximations

in both the ground state and at finite temperatures.
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Chapter 4 derives exact conditions for Ensemble Density Functional Theory, all of which

provide insight into the behavior of temperature-dependent exact conditions for FT-DFT.

Chapter 5 proposes a novel temperature-dependent generalized gradient approximation, the

locally thermal Perdew–Burke–Ernzerhof (ltPBE) approximation, for FT-DFT calculations

of WDM. This temperature-dependent approximation is the first of its kind, with its origin

rooted entirely in a model of the PBE gradient-dependent exchange-correlation hole density

at nonzero temperatures.

Lastly, Chapter 6 discusses how Tensor Processing Units (hardware that was originally de-

signed to perform machine-learning tasks) has been repurposed to perform highly efficient

Kohn-Sham DFT calculations. This in particular has significant impact on future studies of

WDM, where high temperatures greatly increase the computational cost of calculations.
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Chapter 1

Introduction

Due to the extreme (and often expensive) conditions required to study Warm Dense Matter

(WDM) experimentally, much of the groundbreaking research in this field over the past

few decades has been performed computationally [55, 123, 147, 260, 207, 341]. However,

there exist various difficulties inherent to theoretical descriptions of WDM, many of which

have long been noted [99, 223]. In fact the WDM regime, commonly described as a subset of

matter with characteristic densities and temperatures between condensed matter and plasma,

is commonly referred to as the “malfunction junction,” referring to the notorious difficulty

scientists from each of these fields have experienced while studying this complicated state

[223]. These challenges are to be expected, as any fully theoretical description of WDM must

simultaneously address phenomena such as quantum effects, strong correlation, and partial

ionization [223].

Over the years, many of the tremendous leaps in our ability to understand WDM have

taken place due to clever applications of ab initio Molecular Dynamics (MD), this being a

mixed quantum-classical simulation method scientists have utilized to predict characteristic

properties of various WDM systems. In particular, this approach has been most successful
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when Finite-Temperature Density Functional Theory (FT-DFT) is employed to generate

forces during each iteration of a classical MD simulation [128, 202]. Here, the states of a

system are thermally occupied and solved self-consistently within the Mermin-Kohn-Sham

scheme [157, 206], where all terms contributing to the Helmholtz free energy are known other

than the exchange-correlation (XC) component:

AXC[n] = A[n] − Ts[n] − Vext[n] − U [n] + τSs[n], (1.1)

where A is the Helmholtz free energy, Ts is the non-interacting kinetic energy, Vext is the

external potential energy, U is the classical electrostatic interaction energy, and Ss is the

non-interacting entropic contribution at temperature τ . This is the underlying approxima-

tion of all modern FT-DFT calculations, many of which still make use of ground-state XC

functionals (due to the inherent difficulty of developing systematic temperature-dependent

approximations). If the exact temperature-dependent XC expression were known, FT-DFT

would yield the exact free energy of a system, which in turn could be utilized (in conjunction

with MD) to better describe the properties of WDM.

Thus, the work discussed throughout this dissertation focuses on the ongoing development

of FT-DFT, addressing many of the issues plaguing its implementation in modern WDM

calculations. Below I present a selection of self-contained chapters centered on research

performed with my advisor and collaborators to enhance its implementation, either through

direct development of novel approximations, or analysis of core/surrounding levels of theory

related to FT-DFT. I have organized this work in the following manner:

Chapter 2 introduces the theory of ground-state DFT through the lens of the simplest pos-

sible system (with correlated electrons) available, the asymmetric Hubbard dimer. This

system serves as a valuable tool for the development of novel theorems and approximations

in DFT; we use it here to illustrate various concepts at the core of all DFT calculations (all
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of which generalize to nonzero temperature).

Chapter 3 proposes the novel theory of Density-Corrected DFT (DC-DFT), which is a man-

ner of understanding approximations in DFT, and the origin of their errors.

Chapter 4 proves various exact conditions for Ensemble DFT (EDFT), which is utilized to

describe ensembles of both ground- and excited-state systems. The development of exact

conditions in this field is important not only for the benefit of EDFT applications (such as

the calculation of accurate excitation energies), but for the insight it provides into exact

conditions for FT-DFT. This is because EDFT, where states are not necessarily occupied by

a Fermi-Dirac distribution, can be thought of as a more general version of FT-DFT.

Chapter 5 proposes a novel temperature-dependent Generalized Gradient Approximation

(GGA) stemming from a recently-invented theory known as Conditional-Probability DFT.

Here we derive a new and extremely simple ansatz for the study of WDM at the thermal GGA

level, referred to as the locally thermal Perdew–Burke–Ernzerhof (ltPBE) approximation.

Extending PBE to nonzero temperatures, this approximation unlocks a new level of accuracy

for modern WDM simulations, and thus may have significant consequences for the field.

Lastly, Chapter 6 explores the use of Google’s cloud-based Tensor Processing Units (TPU’s)

to both accelerate and scale-up conventional DFT calculations by re-purposing hardware

designed for machine learning to perform highly efficient Kohn-Sham DFT calculations. This

work addresses the large computational burden required to perform FT-DFT calculations

of WDM, which often involve temperatures where a multitude of high-energy states are

occupied, and thus would greatly benefit from more efficient KS-DFT calculations.

As each of these chapters originate from different pieces of work, much of the notation

changes throughout. To avoid confusion, please refer to the notation given in each self-

contained chapter.
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Chapter 2

Lies My Teacher Told Me About

Density Functional Theory: Seeing

Through Them with the Hubbard

Dimer

This chapter is a reproduction of Ref. [27], which I co-authored with Kieron Burke.

2.1 Abstract

Most realistic calculations of moderately correlated materials begin with a ground-state

density functional theory (DFT) calculation. While Kohn-Sham DFT is used in about 40,000

scientific papers each year, the fundamental underpinnings are not widely appreciated. In

this chapter, we analyze the inherent characteristics of DFT in their simplest form, using

the asymmetric Hubbard dimer as an illustrative model. We begin by working through the
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core tenets of DFT, explaining what the exact ground-state density functional yields and

does not yield. Given the relative simplicity of the system, almost all properties of the exact

exchange-correlation functional are readily visualized and plotted. Key concepts include the

Kohn-Sham scheme, the behavior of the XC potential as correlations become very strong,

the derivative discontinuity and the difference between KS gaps and true charge gaps, and

how to extract optical excitations using time-dependent DFT. By the end of this text and

accompanying exercises, the reader will improve their ability to both explain and visualize

the concepts of DFT, as well as better understand where others may go wrong. This chapter

appears in the book Autumn School on Correlated Electrons: Simulating Correlations with

Computers (2021) prepared by Forschungszentrum Jülich.

2.2 Introduction

Density functional theory (DFT) is an extremely sophisticated approach to many-body prob-

lems [194, 16]. It must be among the most used and least understood of all successful theories

in physics. Currently, about 50,000 papers each year report results of Kohn-Sham (KS) DFT

calculations [256], including room temperature superconductors under high pressure [251],

heterogeneous catalysis at metal surfaces and for nanoparticles [220], understanding the in-

terior of Jupiter and exoplanets [340], studying how ocean acidification affects the seabream

population [311], and even which water to use when making coffee [121].

But much of modern condensed matter physics involves using model Hamiltonians to study

strongly correlated systems, where understanding new phenomena is considered far more im-

portant than generating accurate materials-specific properties [166, 282]. In fact, our stan-

dard diagrammatic approach (expansions in the strength of the electron-electron coupling)

is hard-wired into all our descriptions of such many-body phenomena, be it the fractional

quantum Hall effect [302] or the Kondo effect (even when perturbation theory fails, we still
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think of resummed diagrams) [155].

Because DFT is logically subtle, without requiring much mathematical gymnastics (although

they are available for those that enjoy them [183]) or skill with summing Feynman diagrams,

and because DFT is entirely different from the standard approach, most of what you may

have learned is hopelessly confused or simply downright untrue. Hence the title of this

article, taken from a popular book on history [187]. For example, any conflation of the KS

scheme with traditional mean-field theory is a dire mistake, and should be avoided at all

costs.

This chapter is primarily designed to explain essential concepts of DFT to theorists more

familiar with standard many-body theory and perhaps more experienced in dealing with

strongly correlated systems. It should also prove useful for anyone performing DFT calcu-

lations on weakly correlated systems, who might be wondering where things go wrong as

correlations grow stronger. Additionally, the Hubbard dimer is a wonderful teaching tool for

basic concepts, as so many of its exact results can be derived analytically.

The first use of this material came in a conversation between KB and Duncan Haldane at

a meeting sponsored by the US Department of Energy. Duncan asked KB to explain this

DFT business, and he suggested the dimer as the minimal relevant model. After 45 minutes

of tough argument, Haldane said “That’s the first time I’ve ever really understood this

Kohn-Sham scheme. Thanks.” Within 2 years, he was awarded a share in a Nobel Prize in

physics [113]. While correlation is not causation, Haldane did not win his share until after

he understood KS-DFT with the aid of this simple model!

However, it is important to note that the benefits of this type of analysis are not solely

limited to those working in theoretical physics. In the fields of theoretical chemistry and

material science, for instance, where ground-state electronic energies are often required to

be extremely accurate [168, 65, 317], there has been growing technological interest in the
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study of both chemically complex and strongly correlated materials [112, 227]. This chapter

was partly designed with these fields in mind, serving as a resource for any computational

scientist who wishes to better comprehend the limitations of their computational methods.

Throughout this text, there will be various highlighted sections dedicated to examples, ex-

ercises, and key concepts to aid the reader in applying what is learned in this study to their

own endeavors.

There are now a huge number of diverse introductions to DFT, with many different perspec-

tives. These include a simple tutorial for anyone with knowledge of quantum mechanics [29],

a very long online textbook with lots of nasty problems [22], a many-body introduction [56],

and even video lectures [50]. But this chapter is specifically aimed at explaining the most

essential concepts, and why strongly correlated systems are more challenging in DFT. All

the Hubbard material appears in two long review articles, one on the ground state theory

[35] and a second on linear-response TDDFT [33]. The Hubbard dimer has been recently

used to explore effects in other aspects of DFT, such as magnetic DFT [305], ensemble DFT

[267], and thermal DFT [269].

Takeaway: DFT appears deceptively simple to understand. It is much trickier than

people realize. This chapter provides a unique explanation of basic ideas using a simple

model.

2.2.1 Background

We work in the non-relativistic non-magnetic Born-Oppenheimer approximation, using Hartree

atomic units (e2 = ℏ = me = 1). The Hamiltonian for the electrons is simple and known

exactly

Ĥ = T̂ + V̂ee + V̂, (2.1)
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where T̂ is their kinetic energy, V̂ee is the electron-electron Coulomb repulsion, and V̂ is

the one-body potential, equal to a sum of Coulomb attractions to the ions in an isolated

molecule or solid. We let N be the number of electrons.

A first-principles approach to this problem is to feed a computer a list of nuclear types and

positions and, following a recipe, it spits out various properties of the electronic system. In

quantum chemistry [290], the recipe is called a model chemistry [222, 9] if both the method

(e.g. Hartree-Fock) and the basis set are specified.

We contrast this with traditional approaches in condensed matter [80]. Often a model

Hamiltonian is written down, hoping that it describes the dominant physical effects. For

most interesting problems, standard approaches to solving this Hamiltonian will fail, i.e., be

hopelessly inadequate or require near-infinite computer resources. An inspired approximation

may be found that works well enough, and so the underlying physics can be explained. Well

enough will usually mean that with good estimates of the model parameters, qualitative and

even semi-quantitative agreement is found with key properties of interest.

Each of these are excellent approaches, especially for the purposes they were designed for.

Modern DFT calculations of weakly correlated materials (and molecules) are of the first-

principles type, and often yield atomic positions within 1-2 hundredths of an Ångstrom

and phonon frequencies within 10%, without any materials-specific input, an impossibility

with a simple model Hamiltonian. On the other hand, with standard approximations, DFT

calculations always fail whenever a bond such as H2 is stretched, and correlations become

strong [41]. Even simple Mott-Hubbard physics is beyond such methods (and we shall see

why in this chapter), or Kondo physics (but see Reference [135]).

But more and more of modern materials research requires the intelligent application of

both approaches, and many methods, such as DFT+U [125] or dynamical mean field theory

(DMFT) [5, 161, 313, 10] are being developed to bridge the gap. Many of the materials
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of greatest practical interest to energy research (such as for batteries [112] or photovoltaics

[227]) include a moderate level of correlation that require a pure DFT approach to be en-

hanced, by adding vital missing ingredients of the physics.

The US and Britain are friends ‘separated by a common language’ [330]. This is essentially

true of the mass of confusion between traditional many-body theory and DFT. In DFT, we

use the same words as in MBT, but giving them different meanings, simply because we enjoy

confusing folks.

Finally, we mention an intermediate Hamiltonian between the dazzling complexity of the

real physical and chemical world and the beautiful simplicity of the Hubbard model. A

great challenge to studying the effects of strong correlation has been the difficulty in produc-

ing highly accurate benchmark data. Molecular electronic structure calculations are much

simpler than materials calculations, and quantum chemistry has long been able to provide

highly accurate answers for many small molecules at or near equilibrium [9], as well as the

complete binding energy curves of others [116]. But this is much harder to do for materials.

Recent illustrations of this difficulty are the careful bench-marking of model Hamiltonians

(such as an 8×8 Hubbard lattice) using highly accurate many-body solvers [154], the amount

of computation needed to find an accurate cohesive energy of the benzene crystal [333], and

the celebration of merely being able to agree on approximate DFT results with a variety of

solid-state codes [171].

To overcome this difficulty, about 10 years ago, a mimic of realistic electronic structure

calculations was established [285]. This mimic uses potentials that are defined continuously

in space (i.e., not a lattice model) but are one-dimensional. In fact, ultimately, a single

exponential was chosen [8], whose details mimic those of the popular soft Coulomb potential.

With about 20 grid points per ‘atom’, standard density-matrix renormalization (DMRG)

methods [328, 329] could then rapidly produce extremely accurate ground-state energies and

densities for chains of up to about 100 atoms [285]. By living in 1D, not only is DMRG very
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efficient, but the thermodynamic limit (of the number of atoms going to infinity with fixed

interatomic spacing) is also reached much more quickly than in 3D. Moreover, the parameters

were chosen so that standard density functional approximations, such as the local density

approximation [157], succeeded and failed in ways that were qualitatively similar to those in

the real world [321]. We will refer to this 1D laboratory for further demonstration of some

of the simple results shown in this chapter.

Takeaway: DFT is ideally suited to produce useful accuracy for ground-state en-

ergetics of realistic Hamiltonians. Many-body theory is more often used to produce

approximate answers to model Hamiltonians, and often focuses on response properties.

Both are useful in their own fields and, increasingly, interesting problems require input

from both.

2.2.2 Hubbard dimer

The Hubbard model (in 1, 2 or 3D) [130] is the standard model for studying the effects of

strong correlation on electrons. By default, it implies an infinite periodic array of sites. For

our demonstration, we simply need two sites. We have N = 2 and the ground-state is always

a singlet. The Hamiltonian (in 2nd quantization) is

Ĥ = −t
∑
σ

(
ĉ†1σ ĉ2σ + h.c.

)
+ U

∑
i

n̂i↑ n̂i↓ +
∑
i

vin̂i . (2.2)

The kinetic term is just hopping between the sites, and is the discretization of the kinetic

operator on the lattice, with the diagonal elements set to 0. The electron-electron repulsion

is just an onsite U, while the one-body operator is just an on-site potential, v1 and v2.

In this chapter, we imagine a world in which Eq. (2.1) is replaced by Eq. (2.2), i.e., as if the

many-body problem to be solved is simply that of Eq. (2.2). So, for us, the Hubbard dimer
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Figure 2.1: Two distinct regimes of the asymmetric Hubbard dimer. On the left, the charging
energy is much greater than the difference in on-site potentials, and the left- and right-
occupation numbers are similar. On the right, the situation is reversed, and the occupation
on the left is much greater than that of the right. Reproduced from Ref. [35].

is not an approximation to anything. We will choose the values of U, t, and vi as we wish,

to explore various regimes in the model. Any question concerning the origins of these values

in terms of realistic orbitals and matrix elements is irrelevant to our work here.

Since a constant in the potential is just a shift in the energy, we set v2 =−v1 and use the

parameter ∆v = v2−v1 as the sole determinant of the potential of our system. Similarly,

with N = 2, n2 =N−n1, and we use ∆n=n2−n1 as the single parameter characterizing

the ground-state density. Thus ground-state DFT in this model is simply site-occupation

function theory (SOFT) and density functionals are replaced by simple functions of a single

variable, ∆n. Finally, we choose t= 1/2 and report all variables in units of 2t, as one can

scale all energies by a constant.

Different physics appears depending on the ratio of U to ∆v, i.e., on-site repulsion versus

inhomogeneity, see Fig. 2.1. When U ≫∆v, the system is strongly correlated, with both
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site occupations close to 1, despite any inhomogeneity. For ∆v ≫ U, the system is weakly

correlated, and the on-site U is insufficient to stop one occupation becoming much greater

than the other.

For those with a chemical inclination, this is a minimal basis model for a diatomic with 2

electrons (with some matrix elements and orbital overlap ignored). For H2, ∆v = 0, but t

decreases as the separation between the nuclei is increased, so that U (in units of 2t) grows

exponentially. The ground-state is close to a single Slater determinant near equilibrium

(U≪1), so that Hartree-Fock (HF) is a reasonable approximation. But U≫1 when very

stretched, so that the ground-state is now a Heitler-London wavefunction, and (restricted)

HF is very poor. The highly unsymmetric case corresponds to HeH+, where both electrons

reside on the He side, as long as ∆v remains larger than U as the bond is stretched.

There are well-known analytic solutions for all states of the 2-site Hubbard model and the

behavior of the ground-state energy [35] is shown in Fig. 2.2. Simple limits include the

symmetric case

E = −
√

1 + (U/2)2 + U/2, ∆n = 0 SYM (2.3)

An expansion of the square root in the symmetric case in powers of U has a radius of

convergence of 2, while the opposite expansion in 1/U has a radius of 1/2. Thus there

is a well-defined critical point at U = 2, below which perturbation in the electron-electron

coupling strength converges, i.e., the system is weakly correlated, and above which it is

strongly correlated. Another simple limit is the non-interacting (tight-binding) case (U = 0)

E = −
√

1 + ∆v2, ∆n = −2
∆v√

1 + ∆v2
(U=0) (2.4)

which is given by the blue curve in the figure. We see from the figure that, on a broad
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Figure 2.2: Exact ground-state energy of the Hubbard dimer as a function of ∆v for several
values of U. The qualitative behavior changes as ∆v passes through U. Reproduced from
Ref. [35].

scale, E ≈ −(∆v − U) Θ(∆v − U). Explicit formulas exist for all the excited-state energies,

wavefunctions, and densities also. Approximations in many different limits are given in the

many appendices of Reference [35].

We can also extract any other property we wish from the analytic solution, such as the one-

electron density (here the occupations). Fig. 2.3 shows the ground-state density as a function

of ∆v for several values of U. For any U, n2 = n1 when ∆v = 0. The blue line is essentially

the tight-binding solution. In that case, as ∆v increases, the occupation difference rapidly

increases towards 2. Then, as we turn on U, this increase becomes less and less rapid. By

the time U reaches 10, the occupations remain close to balanced until ∆v becomes close to
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Figure 2.3: Ground-state occupation of the Hubbard dimer as function of ∆v for several
values of U. Reproduced from Ref. [35].

10, when (on the scale of ∆v), it rapidly flips to close to 2.

Takeaway: We take the 2-site Hubbard model as our Hamiltonian, and apply DFT

concepts directly to it. Here, it is not a simple model for a more realistic Hamiltonian.

Analytic solutions are trivial, and we can plot any properties we wish.

2.3 Density functional theory

We have now defined the machinery required to understand the central theorems of DFT

through the lens of the Hubbard dimer. The theorems discussed in this section, like their

real-space counterparts, are exact and apply directly to ground-state calculations (we will

14



cover time-dependent DFT later). Most DFT calculations are used to determine the ground-

state electronic energy of a system, or more specifically, determine the energy of a system as

a function of nuclear coordinates. In this section, we will discuss the underlying principles

of these calculations by examining their role at the most fundamental level, in their simplest

form.

The Hohenberg-Kohn theorem[126] is actually three theorems in sequence. These were

proved in a simple proof-by-contradiction argument based on the Rayleigh-Ritz variational

principle for the wavefunction. Later, the more direct and more general constrained search

approach was given by Levy [175] and Lieb [183].

2.3.1 Hohenberg-Kohn I

HKI proves that the (usual) map of ∆v → ∆n is invertible, i.e., ∆n is a single-valued

function of ∆v for a given U. This is obvious from Fig. 2.3 (and its inversion, Fig. 2.4), and

in the TB case

∆v =
∆n√

4 − ∆n2
(U=0). (2.5)

Fig. 2.4 is simply Fig. 2.3 drawn sideways, i.e., with x and y axes reversed. Clearly, for any

given value of U, there is a unique ∆v.

A much-stated (but often out of context) corollary of this is that all properties of the system

are (implicitly) functionals of n1. While this is true, almost all research in DFT focuses on the

ground-state energy functional, because it is so useful, and we have few useful approximations

for others (e.g., for the first excited-state energy, but see discussion in TDDFT section).

Recently, machine learning methods have been trained to find some of these other functionals

[208, 209].
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Figure 2.4: Ground-state potential difference as a function of ∆n for several values of U .

2.3.2 Hohenberg-Kohn II

HKII states that the function below exists and is independent of ∆v:

FU(n1) = min
Ψ→n1

⟨Ψ|T̂ + V̂ee|Ψ⟩ = max
∆v

{
E(∆v) − ∆v∆n/2

}
. (2.6)

where the minimum is over all antisymmetrized normalized 2-electron wavefunctions whose

occupation of site 1 is n1. The middle expression is the constrained search definition due

to Levy [174]. The rightmost form is due to Lieb [183]. Either definition works here. This

FU functional was termed universal by HK, by which they simply meant that it does not

depend on the ∆v of your given system, i.e., it is a pure density functional. The phrase,

often appearing in the literature, that F is a universal functional, is not meaningful.
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Figure 2.5: Universal part of the energy function(al) of a Hubbard dimer as a function of n1

for several values of U. As U increases, F tends to U |1−n1|. Reproduced from Ref. [35].

Although one can write analytic formulas for the ground-state energy for the dimer, there

is no explicit analytic formula for F. It is trivial to calculate F numerically and F is shown

in the Fig. 2.5. In the special case of U = 0, it is easy,

FU=0(n1) = TS(n1) = −
√
n1(2 − n1). (2.7)

Here we have attached the subscript S to remind us that U = 0, so this is the kinetic

energy function for a single Slater determinant, and is indistinguishable from the blue line

of Fig. 2.5.
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2.3.3 Hohenberg-Kohn III

HKIII states that there is a variational principle for the ground-state energy directly in terms

of the density alone:

E(∆v) = min
n1

{
FU(n1) + ∆v∆n/2

}
. (2.8)

This bypasses all the difficulties of approximating the wavefunction (but of course buries

them in the definition of FU). Usually, the minimum can be found from the Euler equation

dFU(n1)

dn1

− ∆v

2
= 0, (2.9)

and the unique n1(∆v) is the one that satisfies this equation.

This allows us to find a solution to the many-body problem, without ever calculating the

wavefunction. Given an expression for FU(n1), either exact or approximate, for any value of

∆v, one can solve Eq. (2.9) above to find the corresponding ∆v (exact or approximate) and

insert into Eq. (2.8) to find the energy. Any approximation to F (n1) provides approximate

solutions to all many body problems (every value of ∆v).

Takeaway: The HK theorems prove the existence of an exact variational principle for

the ground-state energy based on the density, not the wavefunction, but give no infor-

mation on how to approximate it. This is an (almost) useless statement in practice.

But to any unbeliever in DFT, one can always tell them (to go look at) FU.
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2.4 Kohn-Sham DFT

The original DFT, called Thomas-Fermi theory [296, 67], tried to approximate FU(n1) di-

rectly, but such direct approximations have never been accurate enough for most electronic

structure calculations. A tremendous step forward occurred when Kohn and Sham consid-

ered a fictitious system of non-interacting fermions with the same ground-state density as

the true many-body one [23]. In our case, this is just the TB problem, for which we already

have explicit solutions.

They wrote the F function in terms of quantities that could easily be calculated in such a

system:

FU(n1) = TS(n1) + UH(n1) + EXC(n1). (2.10)

Here, TS is just the TB hopping energy of Eq. (2.4), and the Hartree energy is just the

mean-field electron-electron repulsion

UH =
U

2

(
n2
1 + n2

2

)
, (2.11)

which is an explicit function of the occupations. Then EXC, the exchange-correlation (XC)

energy (about which, much more, later) is simply everything else, i.e., EXC is defined by

Eq. (2.10). It is then trivial to show, from the Euler equation, that the TB potentials that

will reproduce the exact occupations are

vS,i = vi + Uni +
∂EXC

∂ni

. (2.12)

The first correction to vi is the Hartree potential, while the second is the XC potential.

These KS TB equations must be solved self-consistently, as the potentials depend on the

occupations. Once converged, the final densities can be used to extract the total energy of
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the MB system, via

E = TS + UH + EXC + V = ϵ− UH + EXC − ∆vXC∆n/2 , (2.13)

where ϵ is the eigenvalue in the TB KS calculation. Again, just like in the HK case, once

EXC(n1) is given (either approximate or exact), the KS equations can be solved for any

electronic system and a ground-state energy and occupation extracted.

The wondrous improvement due to the KS scheme is that only a small fraction of the total

energy (the XC part) need be approximated. Many of the most important quantum effects,

such as screening, shell structure, binding energies, etc. are mostly accounted for by the

quantum effects of the one-body system. Finally, a very simple, intuitive approximation

suggested by KS themselves (the local density approximation (LDA) [54, 157]) produced far

better results than they expected (but with binding energy errors too large for quantum

chemistry taste).

Fig. 2.6 gives us some sense of how this works, for ∆v = 1. Then, if U = 0, most occupation

is on the left. For U = 2, the repulsion makes the occupations more equal. The KS potential

is simply that TB potential that produces those (many-body) occupations. So it must be a

smaller potential difference than the real potential. One can see that the Hartree potential

will typically overestimate repulsion, while XC corrects that to give the exact answer. Finally,

when U is ramped up to 5, the occupations become very close to equal, and the KS potential

difference becomes very small.

Traditionally, EXC is separated into an exchange and a correlation contribution. The ex-

change contribution is then defined as

EX = ⟨ΦS|V̂ee|ΦS⟩ − UH, (2.14)
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Figure 2.6: KS DFT view of an asymmetric half-filled Hubbard dimer as a function of U .
The on-site potential difference ∆v is shown in black and the KS on-site potential difference
∆vS is in red. Reproduced from Ref. [35].

where ΦS is the KS wavefunction, and EX is always negative. Then one can show correlation

is just

EC = ⟨Ψ|Ĥ|Ψ⟩ − ⟨ΦS|Ĥ|ΦS⟩ (2.15)

and, by the variational principle, is also never positive. These definitions (almost) match

those of quantum chemistry [306], except that in KS-DFT, all orbitals come from a single

potential, while in HF orbitals are freely chosen to minimize the HF energy. But there are

some surprises relative to the traditional many-body expansion. For example, because of

the definitions, EX includes some ‘self-exchange’, i.e., it is non-zero even for a single electron
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(where EX is −UH and EC = 0). DFT approximations which do not satisfy these conditions

for all one-electron densities are said to have self-interaction errors [249]. Moreover, ‘higher-

order exchange effects’ are all lumped into the correlation energy. In any event, for our

2-electron problem, in a spin singlet, EX = −UH/2, but no simple relation exists for larger

N.

The traditional Hartree-Fock approximation comes from expanding the electron-electron

interaction to first order, which means neglecting EC, and then minimizing the energy. In

full DFT terms, for our 2-electron system,

FHF = TS +
1

2
UH, (2.16)

or in KS-DFT terms

EHF
XC = −UH/2 . (2.17)

Thus, solving the TB equation self-consistently with Eq. (2.17) produces the minimum for

the total energy using FHF of Eq. (2.16).

In Fig. 2.7, we show the contributions to the KS potential for a sequence of different U values,

as a function of the occupation. The effect of repulsion is to always oppose the potential

difference, making the KS potential difference smaller. In the first, U is small, and correlation

is of order U2 (see Reference [35]). Thus the correlation contribution is negligible (red and

green overlap) and HF is an excellent approximation. In the middle, U = 1 is moderate, and

now we begin to see the difference correlation makes in the potential. Moreover, its effect is

to make ∆vHXC deviate from a straight line. Finally, for strong correlation, the HXC potential

(almost) exactly is equal and opposite to the one-body potential. Again, the HX contribution

has much curvature, but now correlation wipes that out (almost) entirely. Clearly, the HF

approximation will be terrible for the potential in this case, and yield entirely incorrect
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Figure 2.7: Plots of ∆vS (blue) and its components, the one-body potential ∆v (black),
the Hartree plus exchange potentials, U∆n/2 (red), and the same with correlation added,
U∆n/2+∆vC (green) plotted against n1 for various values of U . Reproduced from Ref. [35].
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densities. In fact, a lower-energy solution appears if one allows spin symmetry breaking

[246].

It is now relatively routine to calculate accurate KS potentials from highly accurate densities

found, e.g., via quantum chemical methods [74]. In an insanely demanding calculation, it is

even possible to solve the KS equations using the exact XC functional [320]. Convergence

becomes more difficult as correlations grow stronger, but remains possible [323].

Takeaway: The KS scheme is exact meaning that, if we only knew the exact exchange-

correlation functional, we could determine the ground-state energy exactly, of every

electronic problem. There are many existing calculations of the exact XC potential.

In practice, we must approximate XC, but because XC is a small fraction of the total

energy, standard KS calculations are usefully accurate for ground-state energies and

densities.

2.4.1 KS spectral function

There is a pernicious superstition [292] that the KS spectrum is related to the physical

response properties of the real system. This false belief has arisen because, for weakly

correlated systems, this is approximately true, apart from the fundamental gap of a semi-

conductor. From a practical viewpoint, the KS bands are marvelously useful as a starting

point for Green function calculations of real spectral functions. Moreover, long ago, when

the local density approximation ruled supreme, there was no way to know if differences be-

tween the KS and exact response properties was due to the crudeness of this approximation

[245, 276]. These days, there are simple exact answers to such speculations, if we only have

the patience to read them.
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2.4.2 The ionization potential theorem

As a simple example of the mysterious workings of the exact functional, we state an important

exact result

I(N) = E(N−1) − E(N) = −ϵHO(N). (2.18)

Here E(N) is the ground-state of the N -electron system, and ϵHO is the energy of the

highest-occupied KS orbital. (For those with some chemistry leaning, Koopmans’ theorem

is an approximate version of this for HF calculations [230]). This illustrates some of the

power of KS-DFT. You might think that, with the exact functional, all one can extract is

the ground-state energy and density of our system. But the above result shows that the

HO of the KS scheme also tells you the ionization energy. One can also extract all static

response functions exactly by turning on weak external perturbations, and applying the

exact functional to the perturbed systems. In practice, standard DFT approximations tend

to violate this exact condition very badly [245, 276, 244]. Nonetheless, they often still yield

usefully accurate ground-state energies, thus performing their primary function. (On the

other hand, returning to the discussion of HKI, knowing the exact XC does not, in general,

give you access to, say, the first excited state energy. It is a functional of n1 alone, but we

cannot deduce that functional from EXC(n1).)

Increasing N by 1 in Eq. (2.18) yields

A(N) = E(N) − E(N+1) = −ϵHO(N+1) ̸= ϵLU(N), (2.19)

where A is called the electron affinity of the system in chemistry. The difference between

the KS HO of the N+1 electron system and the lowest unoccupied (LU) level of the N -

electron system is called ∆XC, where the ∆ indicates its origin from the infamous derivative
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Figure 2.8: Plot of E(N) for U = 1 and ∆v = 0. Reproduced from Ref. [35].

discontinuity of DFT [245]. This simply means, that at zero temperature, the energy of the

system consists of straight line segments between integer values, as shown below in Fig. 2.8.

The energy itself is continuous, but its derivative, the chemical potential, is not. For a neutral

system, the chemical potential is −I below the integer and −A above. This discontinuous

jump in µ shifts the KS HO eigenvalue by the same amount, producing the difference with

the KS LU of the neutral. (Realistic electronic systems do not have an upward pointing

portion of the curve in Fig. 2.8. This occurs for the dimer because electrons cannot escape

to outside the system.)
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2.4.3 Mind the gap

We are now ready to see the relevance of this to solids. Even for a finite system, we define

the charge (or fundamental) gap as

Eg = I − A . (2.20)

As the size of the system grows toward a bulk material, this quantity tends to the fundamental

charge (or transport) gap of the system (at least for ordered systems [156]). But, because of

Eqs. (2.18) and (2.19) above, we find

Eg = Es,g + ∆XC , (2.21)

whereEs,g is the KS gap (i.e., the difference between the LU and HO level, or the gap between

the KS valence and conduction bands in a solid). Thus, with the exact XC functional of

ground-state DFT, we do not get the true gap by looking at its KS value for the neutral

system.

Fig. 2.9 shows the spectral function (projected onto the left-hand site) in a weakly correlated

case [33], the symmetric dimer with U = 1. We can see the sense in which the KS spectral

function (red) resembles the blue exact one: the significant KS peaks are of about the same

height and position as their blue counterparts, and the blue peaks without KS counterparts

are relatively small. The KS gap is smaller than the true gap, but not by much. Because both

the KS and the exact spectral functions satisfy the same sum rule (even with an approximate

XC), if the dominant peaks are reproduced (even with the wrong gap), only small peaks are

missed in the KS spectrum.

On the other hand, Fig. 2.10 shows the same system with a larger U value. Now the strong

KS peaks are not in the right place and are noticeably too large. Moreover, the blue peaks
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Figure 2.9: Spectral function of the symmetric dimer for U = 1 and ∆v = 0. The physical
MB peaks are plotted in blue, the KS in red. Here I = 0.1, A = −1.1, and ϵLU = 0.9.
Reproduced from Ref. [35].

with no KS analogs are a substantial contribution. Finally, in the inhomogeneous case, the

potential asymmetry overcomes the effects of the Hubbard U. In Fig. 2.11, we see that for

∆v = 2 and U = 1, the KS spectral function is almost identical to the true one.

Lastly, we finish this section illustrating the relevance of this discussion to the thermodynamic

limit. The canonical example of the Mott-Hubbard transition is a chain (or lattice) of H

atoms. Each atom has one electron, so the bands of the KS potential are always half-filled,

with no gap at the Fermi energy. Thus the gap is always zero and the KS band structure

suggests it’s a metal. This may be true at moderate separations of the atoms, but as the

separation is increased, the electrons must localize on atoms, and it must become a Mott
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Figure 2.10: Same as Fig. 2.9, but now U = 5. Here I = −0.3, A = −4.7, and ϵLU = 1.3.
Note that the KS gap remains unchanged by the alteration of U because ∆n = 0 in both
cases. Reproduced from Ref. [35].

insulator.

Fig. 2.12 shows the gap, calculated for chains of well-separated 1D H atoms of increas-

ing length [285]. By performing the calculation with finite systems, i.e., without periodic

boundary conditions, we calculate the gap for each N by adding and removing electrons,

as in Eq. (2.20), and then take the limit as N → ∞. On the other hand, we extract the

exact ground-state density from our DMRG calculation at each N, and find the correspond-

ing exact KS potential for each N. We could then as easily extrapolate the KS gap, from

the HO and LU, showing that indeed the KS gap vanishes in the thermodynamic limit –

exactly the same as if we had calculated the KS band structure, in which the Fermi energy
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Figure 2.11: Same as Fig. 2.9, but now U = 1, ∆v = 2. Here I = 0.27, A = −1.27, and
ϵLU = 1.25. Reproduced from Ref. [35].

would be right in the middle of the band. This provides a dramatic illustration of the KS

underestimate of the true gap, even when using the exact XC functional.

Takeaway: The KS Green function does not match the true Green function. If

correlation is weak, it may be a good approximation to it, with its main deficiency being

an underestimate of the gap. For stronger correlations, there can be huge differences,

and there are always more features in the real Green function. In the thermodynamic

limit, the exact KS gap can vanish for a simple Mott insulator.
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Figure 2.12: Exact gaps for chains of N soft hydrogen atoms with atomic separation b = 4
(error bars are less than symbol sizes). The upper curve is a quadratic fit of exact gaps of the
largest six systems and extrapolates to a finite value Eg ≈ 0.33. The exact Kohn-Sham gaps,
in contrast, extrapolate to zero showing that for N → ∞ the true KS system is metallic
(lower curve is a linear fit of exact KS gaps of the largest six systems). Reproduced from
Reference [285].

2.4.4 Talking about ground-state DFT

First, we review our crucial formal points.

1. In general, the KS scheme with the exact functional yields ground-state energy and

density, and any other quantities that can be teased from them, such as static response

properties and ionization potentials.

2. There is no formal meaning for most KS eigenvalues in ground-state DFT, despite the
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fact that many practitioners treat them as if there were. Of course, they do provide

tremendous physical and intuitive insight, especially for weakly correlated systems,

where they are good approximations to the excitations (either quasi-particle or optical).

But when correlations are strong, explicit methods are needed to correct them [342].

3. The strongest manifestation of point 2 above is that the exact KS gap is typically

smaller than the true gap, and can vanish in cases where the true gap is finite (Mott

insulator).

4. Moreover, there is an exact formula relating the total energy to the sum of the KS

eigenvalues, which contains finite corrections for double counting. There is no ambi-

guity about these corrections, they are derived from the formal theory, and yield the

exact many-body energy. But when correlated methods are used for a subset of the

orbitals, ambiguities can arise that affect occupancies [203].

5. Although in principle, all properties are functionals of the ground-state density, knowl-

edge of the exact ground-state energy functional (via EXC) does not provide a way to

calculate these other functionals. As we see later, TDDFT is a way to do precisely

this.

Next, we discuss how these points show up in practical DFT calculations of solids, where

XC approximations must be made.

1. The steady progress within quantum chemistry and materials in functional develop-

ment is almost entirely focused on improvements in accuracy and reliability of the total

energy for weakly correlated systems [319, 114]. This is by far the most important use

of DFT in modern electronic structure. Such improvements are often not particularly

relevant to the response properties of greatest interest in strongly correlated materials.

For example, the KS eigenvalues are often not improved significantly by functionals
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yielding better energies [286, 299]. Although the KS eigenvalues cannot be directly

interpreted in general, they are uniquely defined (up to a constant). Thus the exact

KS Hamiltonian is a well-defined starting point for many-body methods.

2. The KS scheme is not a mean-field scheme in the traditional sense of the word, and

it can be extremely difficult to relate its features to those of traditional many-body

theory. The KS wavefunction is typically a single Slater determinant, but yields the

exact many-body energy via its density.

3. Standard approximations, such as LDA and generalized gradient approximations (GGA),

by construction produce total energies that are smooth and continuous at integer N ,

unlike the exact E(N). Thus their corresponding ∆XC is zero[245]. According to

Sec. 2.4.3, the KS band gap in such approximations is their prediction for the funda-

mental gap. In fact, it has been found that their KS gaps are likely a good approxi-

mation to the exact KS gap [193], but their lack of discontinuous behavior means they

miss the correction to turn it into the true gap.

4. On the other hand, the range-separated hybrid functional HSE06 is well-known to

produce reasonable gaps for moderate gap semiconductors. This is because, instead of

performing a true pure KS calculation, most codes (like VASP) perform a generalized

KS calculation [273] when a functional is orbital-dependent[111, 248]. They treat the

orbital-dependent part of the potential as if it were a many-body potential, just as is

done in HF. (A similar but smaller effect occurs in meta-GGA’s that depend on the

kinetic energy density, such as SCAN [287]). And in fact clever tricks may be used to

extract the true gap, even from a periodic code [86].
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Takeaway: Even with the exact functional, the KS band gap does not equal the

true transport gap of the system. Likely, semilocal functionals yield accurate KS gaps

but, because they lack a discontinuous behavior at integer particle numbers, cannot

yield accurate transport gaps. Modern hybrid functionals that depend explicitly on

KS orbitals yield band gaps closer to fundamental gaps, but only when treated with

generalized KS theory.

2.5 Time-dependent DFT (TDDFT)

Our last main section is about time-dependent density functional theory (TDDFT) [30,

200, 304, 195]. While this uses many of the forms and conventions of ground-state DFT,

it is in fact based on a very different theorem from the HK theorems. When applied to

the linear response of a system to a dynamic electric field, it yields the optical transitions

(and oscillator strengths) of that system. It has become the standard method for extracting

low-level excitations in molecules, where traditional quantum chemical calculations are even

more demanding than those for the ground state.

The Runge-Gross theorem [264] states that, for a given initial wavefunction, statistics, and

interaction, the time-dependent density uniquely determines the one-body potential. In

principle, this can be used for any many-electron time-dependent problem, including those

in strong laser fields [30]. In practice, such calculations are limited by the accuracy of

the approximations and whether the observable of interest can be extracted directly from

the one-electron density. One constructs TD KS equations, defined to yield the exact time-

dependent one-electron density. Because TDDFT applies to the time-dependent Schrödinger

equation, the XC functional differs from that of ground-state DFT in general, and has a time-

dependence.
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Our interest will be only in the linear-response regime. In that case, one can derive a crucial

result, which we give in operator form, called the Gross-Kohn equation [102]

χ(ω) = χS(ω) + χS(ω) ∗ (fH + fXC(ω)) ∗ χ(ω), (2.22)

where χ(ω) is the dynamic density-density response function of the system, and χS is its

KS counterpart. The kernel, f, is the functional derivative of the time-dependent potential.

Thus, fH is the Hartree contribution, while fXC(ω) is the XC correction.

Eq. (2.22) is a Dyson-like equation for the polarization. If we set fXC = 0, it is the standard

random-phase approximation, the Coulomb interaction simply dressing the bare interaction,

and producing all the bubble diagrams. But things get a little weird when we assert that

inclusion of fXC(ω) produces the exact response of the system, for all frequencies. From

a many-body viewpoint, this is suspicious, as these are a closed set of equations without

coupling to 4-point functions. But the logic is sound and exactly analogous to the ground-

state: there exists such a function that could be considered as defined by Eq. (2.22).

The excitations of a system are given by poles of its response function. Simple analysis

(exactly that of RPA) yields a matrix equation that corrects KS transition frequencies to

the true transition frequencies, where the matrix elements involve fH + fXC. With standard

ground-state approximations, folks have merrily calculated mostly low-lying valence tran-

sitions from the ground-state of many molecules [3], finding accuracies a little lower than

those of ground-state DFT [136], and computational costs that are comparable. This has

been invaluable for larger molecules, where many excitations of the same symmetry may

overlap, and so TDDFT yields a semiquantitative signature that can be easily matched with

experiment [259].

However, not all is well in paradise. Almost immediately, it was noticed that the use of a

ground-state approximation is simply the static limit of the corresponding kernel, and can be
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easily shown to produce only single excitations. While useful workarounds were created for

some cases, it was also found that going to higher-order response does not solve the problem.

And many of the most exciting transitions in biochemistry are double excitations.

Takeaway: Time-dependent DFT applies DFT methods to time-dependent problems.

Within linear response, this yields exact expressions for the dynamic polarization, but

at the cost of introducing a new functional, the frequency-dependent XC kernel. Ignor-

ing its frequency dependence yields useful accuracy for low-lying molecular excitations

with standard functionals. TDDFT is now standard for calculating optical response

of molecules and materials.

2.5.1 Hubbard dimer

Happily we care only about Hubbard dimers, where everything is much simpler. First, we

note our Hubbard dimer, in the singlet space, has just three states: the ground-state, the

first excited state, which has a single excitation, and the second excited state, which is a

double excitation out of the ground-state. Since there are no spatial degrees of freedom, our

χ(ω) is the Fourier transform of ∆n(t)/∆v(0), which is just a scalar, with ω-dependence

χn(ω) =
a1

ω2 − ω2
1

+
a2

ω2 − ω2
2

, (2.23)

where ωi denotes the transition frequency and ai is related to its oscillator strength [33].

Thus χ has poles at each of the transition frequencies. Fig. 2.13 shows the value of each of

these transitions as a function of ∆v for U = 1. The double excitation is a little above the

single for the symmetric case, but grows linearly with ∆v. The single remains about the

same, and even dips, until ∆v = U, and then begins to grow itself. Here we can use our

model system to examine one of the key mysteries of practical TDDFT: Where did all the

higher excitations go?
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Figure 2.13: Transition frequencies of the first and second excitations as a function of ∆v
for U = 1.

First we do an exact ground-state KS calculation, as in the previous sections. Thus the

exact KS system is a tight-binding problem with effective potential, ∆vS, defined to yield

the exact ground state ∆n. This yields two eigenvalues, the lower symmetric combination

and the higher asymmetric combination. The KS ground-state has the lower one doubly

occupied. There do exist KS analogs of the many-body states. The single excitation has one

electron excited to the higher level, the double has both. Fig. 2.14 adds the KS transitions

to Fig. 2.13, showing that they loosely follow the accurate transitions, but are significantly

different.

In the KS response function, χS, the matrix elements of the density operator between ground

and double excitation are zero, since both KS orbitals are different, so the Slater determi-

nants are not coupled by a single density operator. Hence, such states have no numerator,

37



Figure 2.14: Same as Fig. 2.13, but with KS transitions (depicted in blue). For ∆v > U, the
KS transition is a very good approximation to the true transition.

eliminating any poles that might have arisen in the denominator, i.e.,

χS(ω) =
as

ω2 − ω2
s

. (2.24)

Thus the second KS transition, the double, does not appear at all in the response function!

It’s position is correctly marked in Fig. 2.14, but cannot be seen in χS.

By requiring the poles occur at the right places, one finds (in general) a matrix equation in

the space of single excitations for the true transitions, whose elements are determined by the

kernel. Here, this is one dimensional, yielding

ω2 = ω2
S + 2ωS fHXC(ω)

2

1 + ∆v2S
. (2.25)
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Figure 2.15: Same as Fig. 2.13, but with the adiabatically exact approximation (AE, pink
dashes).

The adiabatically exact approximation (AE) is to use the exact ground-state functional here

to calculate fHXC. This corrects the single KS transition and is shown in Fig. 2.15. This

works extremely well to capture almost all the difference with the KS transition, yielding

very accurate excitations. This becomes even better for ∆v greater than U , where the

corrections virtually vanish (just as in Fig. 2.11 for the spectral function).

But Eq. (2.25) just has one solution if the ω-dependence in the kernel is neglected. On the

other hand, if there is strong frequency dependence in the kernel, new transitions, not in the

KS system, may appear. In fact, we know that is precisely what happens, as the physical

system does have a double excitation. To understand how standard TDDFT fails, we note

that we can calculate the exact kernel by finding χ(ω) from many-body calculations, χS(ω)
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Figure 2.16: Frequency dependence of exact (black) and Kohn-Sham susceptibilities (blue)
and exchange-correlation kernel (red) for U = ∆v = 1. Poles marked by dashed vertical
lines, as a function of frequency ν. The red line shows the exchange-correlation kernel.
Reproduced from Ref. [33].

by the techniques of the earlier section, inverting and subtracting

fHXC(ω) = χ−1
S (ω) − χ−1(ω) . (2.26)

Fig. 2.16 shows the singular frequency-dependence of the kernel from Eq. (2.26), which allows

Eq. (2.25) to have an additional solution.

However, while all this provides insight into how the exact functional performs its magic,

it does not tell us directly how to create a general purpose model, which would build this

frequency-dependence into an explicit density functional sufficiently accurately to capture
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double excitations [195].

Takeaway: The Hubbard dimer demonstrates the accuracy of the adiabatic approx-

imation in TDDFT for single excitations, and also the missing frequency dependence

needed to generate the double excitations missing in adiabatic TDDFT.

2.5.2 Talking about TDDFT

We saw in the earlier sections how the KS eigenvalues did not have a formal meaning in pure

ground-state KS-DFT. We have seen here that, with the advent of TDDFT, they form the

starting point of a scheme which produces the optical excitations. These are not the quasi-

particle excitations associated with the Green function, which involve a change in particle

number.

While the primary function of approximate ground-state DFT is to find energies, it usually

also produces reasonably accurate densities, but rather erroneous XC potentials. In fact,

this feat is achieved by having all the occupied orbitals shifted (higher) than their exact

KS counterparts. A constant shift has no effect on the density. But if the unoccupied

levels (at least, the low-lying valence excitations) suffer the same shift, then KS transition

frequencies are unaffected, and the adiabatic approximation (usually applied to the same

XC approximation as the ground-state calculation) is reasonably accurate for many weakly

correlated molecules.

Linear-response TDDFT has been less used in solids, because in the case of insulators, it

became clear early on [226] that there is a long-range contribution to the XC kernel (as long-

ranged as the Hartree contribution is) that is missed when using a semilocal ground-state

approximation adiabatically. There are now many ways around this difficulty [277], some

based on modelling the kernel using many-body techniques.
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There have been many other approaches suggested for extracting optical excitations from

DFT. An old simple one is called ∆-SCF [291], which involves simply using excited-state

occupation numbers in a KS calculation, and finding the energy the usual way. Another,

which has seen considerable recent interest [94, 335], is to use ensemble DFT [105].

Takeaway: TDDFT can be considered an algorithm for finding the functional (of the

ground-state density) for optical excitations.

2.6 Summary

This short review is aimed at broadening understanding of the basic differences between a

density functional viewpoint and that of traditional many-body theory. The emphasis here

has been on the exact theory, which we have illustrated on the 2-site Hubbard model. We

have shown it is confusing to consider KS theory as any kind of traditional mean-field theory,

and how the addition of TDDFT allows one to consider the KS eigenvalues as zero-order

approximations to the optical excitations, not the quasiparticle excitations.

However, the only reason that anyone cares about the exact theory of DFT is because, in

practice, it is extremely useful with relatively unsophisticated approximations. These be-

gin with the famous local density approximation, in which the XC energy per electron at

each point in a system is approximated by that of a uniform gas matching the density at

this point. This was introduced already in the KS paper (where the statement of exact-

ness appears as a mere footnote), thereby totally muddying the waters between exact and

approximate statements. Walter Kohn told KB that he simply noticed the exact nature of

the KS scheme after submitting the paper. From about 1990 onwards, many users began

using more sophisticated functionals, whose primary effect was to improve total energies and

energy differences.
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This article has said little or nothing about how to understand such approximations. This

is because local (and semilocal) approximations capture a universal limit of all electronic

systems, by yielding relatively exact XC energies in this limit [182, 60, 31, 224]. Traditional

many-body theory generally considers a power series expansion in the electron-electron in-

teraction. The alternative limit simultaneously increases the number of particles, in a way

that the total electron-electron repulsion remains a finite fraction of the total energy even

as interactions become weaker. The simplest example of this is that the LDA for exchange,

whose formula can be derived by hand, has a percentage error that vanishes for atoms as

Z = N → ∞ [60].

This limit is hard-wired into the last term of the real-space Hamiltonian of Eq. (2.1), which

is the integral of the density times the one-body potential. This is why the density is the

basic variable in DFT. Even if formal theorems can be proven using other variables, this is

why density functional theory has been so successful. It is also the case that the one-body

potentials to which we apply DFT are diagonal in coordinate space, which is related to why

the LDA is a universal limit.

Thus, key aspects of DFT approximations that are crucial to its success are missing from

lattice models like the Hubbard model. There is no corresponding universal limit in which

LDA becomes exact, even if one uses an approximation based on the uniform case [186, 69].

Again, this is why we created our 1D real-space mimic of 3D reality, instead of just solving

lattice models.
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Takeaway: This chapter has illustrated a variety of key conceptual points about DFT

on a simple model system. Anyone who can answer the exercises will have absorbed

90% of the material, and should be well-qualified to understand exactly what a DFT

calculation does, and does not, tell you. In the twenty-first century, with so many

DFT calculations being performed in so many different fields, the phrase “Oh, that’s

just mean-field theory” should no longer have any place in scientific discussions about

DFT results.
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Chapter 3

Density Functional Analysis: The

Theory of Density-Corrected DFT

This chapter is a reproduction of Ref. [318], which I co-authored with Stefan Vuckovic,

Suhwan Song, Eunji Sim, and Kieron Burke.

3.1 Abstract

Density-corrected density functional theory (DC-DFT) is enjoying substantial success in

improving semilocal DFT calculations in a wide variety of chemical problems. This paper

provides the formal theoretical framework and assumptions for the analysis of any functional

minimization with an approximate functional. We generalize DC-DFT to allow comparison

of any two functionals, not just comparison with the exact functional. We introduce a linear

interpolation between any two approximations, and use the results to analyze global hybrid

density functionals. We define the basins of density-space in which this analysis should apply,

and give quantitative criteria for when DC-DFT should apply. We also discuss the effects of
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strong correlation on density-driven error, utilizing the restricted HF Hubbard dimer as an

illustrative example.

3.2 Introduction and background

Kohn-Sham density functional theory (KS DFT) [158] is widely popular as an electronic

structure method [257]. Despite the proliferation of choices of approximate functionals, most

calculations use one of a few standard approximations that have been available for the past

twenty years, namely generalized gradient approximations (GGAs) or global hybrids, with

some enhancements, such as van der Waals corrections [100] or range separation [270]. While

moderately accurate for many useful properties, these functionals suffer from well-known

deficiencies, including unbound anions, poorly positioned eigenvalues, incorrect molecular

dissociation curves, underestimation of reaction barriers, and many others [42, 43]. Thus the

never-ending search for improved functionals.

Over the years, many pioneers have shown in specific cases that use of approximate func-

tionals on Hartree-Fock (HF) densities can yield surprisingly accurate results. This includes

the early work of Gordon and Kim for weak forces [82], Janesko and Scuseria for reaction

barriers and other properties [266, 138], and the original works of Gill et al. testing GGA’s

and hybrids for main group chemistry that led to the adoption of DFT for widespread use

in chemistry [79]. Even the prototype of KS-DFT, the X−α-method of Slater [279], was

designed to yield approximations to HF potentials, which led to an inconsistency between

the associated energy functional and its derivative, the potential (see ref 101 for a recent

discussion on this topic). Analysis of this difficulty was part of the impetus for the KS paper.

The errors made in DFT calculations were formally separated into two contributions, a

functional error and a density-driven error, thereby yielding a formal framework in which
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the two errors could be analyzed independently [150]. This led to the theory of density-

corrected DFT (DC-DFT), which explains the success of the early work, and has provided

a simple procedure for significantly improving the results of semi-local DFT calculations in

many situations. For example, for Halogen and Chalcogen weak bonds, which have been

used in databases to train van der Waals functionals, the errors are dominated by density-

driven errors in the semilocal functional, so such databases cannot be used for that purpose

without a correction [153]. In addition to the standard semilocal functionals, it has been

recently shown that in specific situations, the energetic accuracy of other density functionals,

such as the nonlocal functionals based on adiabatic connection models [316], can be greatly

improved by using the HF density and orbitals [63, 314].

Thus, DC-DFT, especially in the form of HF-DFT, in which the Hartree-Fock density is used

in place of the exact density, is an extremely practical procedure for improving energetics of

abnormal DFT calculations, i.e., those dominated by density-driven errors, but in which the

approximate functional is still highly accurate.

Here, we give a detailed formal analysis of the differences that arise between the self-

consistent solutions of two distinct density functionals. We consider any two functionals,

including the possibility of two different approximations. Thus, DC-DFT is a special case of

this more general analysis. We also consider other special cases, including the one-electron

case, for which we can calculate all the quantities arising from our analysis that require

access to the exact functional and the exact density. The accuracy of PBE for the H-atom

is due to a spurious cancellation of both density and functional errors, as well as exchange

and correlation errors. We extend our analysis to energy differences, that are of the key

importance in chemistry. We also construct measures for the abnormality character of DFT

calculations.
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3.3 Density functional analysis

In DFT [158, 257, 43, 24, 12], the ground state energy and density of a system with an

external potential v are given by:

Ev = min
n

Ev[n]. (3.1)

The total energy functional Ev[n] is given by:

Ev[n] = F [n] + n · v, (3.2)

where n ·v =
∫
d3r n(r)v(r), and where F [n] is the universal part of the functional commonly

partitioned as:

F [n] = T
S
[n] + UH[n] + E

XC
[n], (3.3)

T
S
[n] is the KS noninteracting kinetic energy functional, UH[n] the Hartree energy and E

XC
[n]

is the exchange-correlation (XC) functional, which in practical calculations must be approx-

imated. Starting from a given approximate or exact XC functional E
XC

[n], we can write the

corresponding approximate universal functional as:

F [n] = F
SH

[n] + E
XC

[n], (3.4)

where F
SH

[n] is the universal functional within the Hartree approximation, which neglects

exchange and correlation effects: F
SH

[n] = T
S
[n] + UH[n]. The minimization in eq 3.1 is

performed over all N -representable densities, and the density that achieves this minimum

we denote by nv. We define an energetic measure of any arbitrary density difference from
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nv as:

Dv[∆n] = Ev[nv + ∆n] − Ev ≥ 0, (3.5)

where eq 3.1 ensures that Dv[∆n] ≥ 0 for any isoelectronic change in nv (i.e.
∫
d3r ∆n(r) =

0). We refer to this as the energetic distance from the minimum. We can use this measure

to say that n is sufficiently close to nv, if:

Dv[n− nv] ≤ ∆c, (3.6)

provided that ∆c is sufficiently small.

Throughout this work, we encounter simple quadratic density functionals, which correspond

to normal forms in algebra, and we write:

A[∆n] =

∫
d3r′

∫
d3r A(r, r′)∆n(r)∆n(r′). (3.7)

To gain more insight into the Dv[∆n] functional, we can expand Ev[n] around its minimum

in a Taylor series: [61]

Ev[nv + ∆n] = Ev +
1

2
Kv[∆n] + O(∆n3), (3.8)

where ∆n(r) = n(r) − nv(r), and Kv(r, r
′) is given by:

Kv(r, r
′) =

δ2Ev[n]

δn(r′)δn(r)

∣∣∣∣
n=nv

. (3.9)

Combining eqs 3.4, 3.2 and 3.9, we can write Kv(r, r
′) as:

Kv(r, r
′) = f

SH
[nv](r, r

′) + f
XC

[nv](r, r
′), (3.10)
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where

f
SH

[n](r, r′) =
δ2T

S
[n]

δn(r′)δn(r)︸ ︷︷ ︸
fS(r,r′)

,+
1

|r− r′|
(3.11)

and

f
XC

[n](r, r′) =
δ2E

XC
[n]

δn(r′)δn(r)
(3.12)

is the static XC kernel. Combining now eqs 3.5 and 3.8, for arbitrary and sufficiently small

density difference (i.e. Dv[∆n] ≤ ∆c), we can write Dv[∆n] as:

Dv[∆n] ≈ 1

2
Kv[∆n]. (3.13)

For any ∆n(r), satisfying
∫
d3r ∆n(r) = 0, we define:

∆nβ(r) = β∆n(r). (3.14)

In this way, we can see how far one can go away from nv(r), in the ∆n(r) ’direction’, and

yet stay within ∆c energetically. Plugging eq 3.14 into eq 3.13, we can easily find the β = βc

parameter at the boundary (i.e., the one satisfying: Dv[∆nβ] = ∆c), and it is given by:

βc =

√
2∆c

Kv[∆n]
. (3.15)

Note again that we use the notation of eq 3.7 for the Kv[∆n] quantity. The principal goal of

the theory outlined here is to carefully analyze the origin of the energy difference that arises

between a pair of different density functionals, when applied to the same system/process.

For a given pair of approximate (or one approximate and the other exact) XC functionals:
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E(0)
XC

and E(1)
XC

, we define their difference as:

∆E
XC

[n] = E(1)
XC

[n] − E(0)
XC

[n]. (3.16)

For a given v(r), the difference in the two ground state energies arising from a pair of different

functionals is:

∆Ev = E(1)
v [n(1)

v ] − E(0)
v [n(0)

v ]. (3.17)

By simply adding and subtracting E
(1)
v [n

(0)
v ] from the r.h.s. of eq 3.17, we find:

∆Ev = −D(1)
v [−∆nv] + ∆E

XC
[n(0)

v ] (3.18)

where ∆nv(r) = n
(1)
v (r) − n

(0)
v (r). Reversing the choice of 1 and 0, we also find:

∆Ev = ∆E
XC

[n(1)
v ] + D(0)

v [∆nv]. (3.19)

Given that D
(j)
v ≥ 0, eqs 3.18 and 3.19 dictate the following chain of inequalities:

∆E
XC

[n(1)
v ] ≤ ∆Ev ≤ ∆E

XC
[n(0)

v ]. (3.20)

By virtue of eq 3.16, the ∆E
XC

[n
(i)
v ] quantity represents the difference between the two

functionals evaluated on each density. Therefore, we can identify ∆E
XC

[n
(1)
v ] and ∆E

XC
[n

(0)
v ]

of eqs 3.18 and 3.19 as functional-driven terms. On the other hand, D
(0)
v [n

(1)
v ] and D

(1)
v [n

(0)
v ]

are the density-driven terms, as they are given by the difference between the same energy

functional evaluated on different densities. Generalizing the ideas of DC-DFT [150, 153, 152,

149, 325, 283, 278], for any pair of density functionals, we classify a ∆Ev energy difference as

energy- or density-driven. We consider energy-driven ∆Ev as ones whose functional-driven
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ΔEv

nv
(1)nv

(0)Ev
(1)

Ev
(0)

ΔExcnv
(0)

ΔExcnv
(1)

-Dv
(1)[-Δnv]

Dv
(0)[Δnv]

�

ΔEv

nv
(1)nv

(0)Ev
(1)

Ev
(0)

ΔExcnv
(0)

ΔExcnv
(1)

-Dv
(1)[-Δnv]

Dv
(0)[Δnv]

�

Figure 3.1: Cartoon showing the density-driven and functional-driven contributions to ∆Ev

(eqs 3.18 and 3.19) in an energy-driven difference (top panel) and a density-driven difference
(bottom panel)
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terms in eqs 3.18 and 3.19 strongly dominate the density-driven terms (i.e.
∣∣∣∆E

XC
[n

(0)
v ]
∣∣∣ >>

D
(1)
v [−∆nv] and

∣∣∣∆E
XC

[n
(1)
v ]
∣∣∣ >> D

(0)
v [∆nv]). On the other hand, in density-driven cases

the density-driven terms are no longer negligible. In Figure 3.1, we show the two density-

driven and the two functional-driven contributions to their energy difference in a cartoon

representing an energy-driven difference (top panel) and a density-driven difference (bottom

panel). Measures that quantify density-driven character in a given system (again for a given

pair of functionals) will be introduced and discussed in Section 3.6.

3.4 Density functional interpolation

To derive an exact expression for ∆Ev by smoothly connecting E(0)
XC

[n] to E(1)
XC

[n], we introduce

the α-parameter dependent XC functional:

E(α)
XC

[n] = E(0)
XC

[n] + α∆E
XC

[n]. (3.21)

The corresponding total energy functional reads as:

E(α)
v [n] = F

SH
[n] + n · v + E(0)

XC
[n]︸ ︷︷ ︸

E
(0)
v [n]

+α∆E
XC

[n] (3.22)

and achieves its minimum at n
(α)
v (r). Thus its ground state energy is given by E

(α)
v =

E
(α)
v [n

(α)
v ]. More generally, we consider the following energy difference:

∆E(α)
v = E(α)

v − E(0)
v = E(α)

v [n(α)
v ] − E0

v [n(0)
v ]. (3.23)

Writing:

∆E(α)
v =

∫ α

0

dα′ ∂E
(α′)
v

∂α′ , (3.24)
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from eq 3.22, via the Hellmann-Feynman theorem, it follows:

∂E
(α)
v

∂α
= ∆E

XC
[n(α)

v ]. (3.25)

Plugging eq 3.25 into eq 3.24, we find:

∆E(α)
v =

∫ α

0

dα′ ∆E
XC

[n(α′)
v ]. (3.26)

Equation 3.26 is analogous to, but different from, the adiabatic connection formula for the

correlation energy in DFT [118, 164, 108]. When α = 1, eq 3.26 becomes:

∆Ev =

∫ 1

0

dα∆E
XC

[n(α)
v ]. (3.27)

This shows that the energy difference between two KS calculations with different XC func-

tionals can be found knowing only the difference functional and the interpolating ground-

state density. Obtaining ∆Ev from eq 3.27 requires knowledge of n
(α)
v (r) for all α values

between 0 and 1. To find n
(α)
v (r), we write the corresponding Euler equation:

v(0)
SHXC

[n](r) + α∆v
XC

[n](r) + v(r)
.
= 0. (3.28)

where v(0)
SHXC

[n](r) = δF (0)[n]/δn(r). Because the number of electrons does not change

throughout this work, the potentials in eq 3.28 or any subsequent equations are only de-

termined up to a constant, as denoted by the dot over the equals sign. The density that

satisfies eq 3.28 is n
(α)
v (r), and by expanding it around n

(0)
v (r): n

(α)
v (r) = n

(0)
v (r) +α∆n

(α)
v (r)
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(
∫
d3r n

(α)
v (r) = 0), we can write eq 3.28 as:

v(0)
SHXC

[n(0)
v ](r) + α

[
K(0)

v · ∆n(α)
v

]
(r)

+ α
(
∆v

XC
[n(0)

v ](r) + α
[
∆f

XC

[
n(0)
v

]
· ∆n(α)

v

]
(r)
)

+ v(r)
.
= 0, (3.29)

where we simplified the notation for the following integral:

[A · ∆n] (r) =

∫
d3r′ A(r, r′)∆n(r′). (3.30)

At α = 0, eq 3.28 becomes:

v(0)
SHXC

[n(0)
v ](r) + v(r)

.
= 0. (3.31)

Plugging eq 3.31 into eq 3.29 gives:

[
K(0)

v [n(0)
v ] · ∆n(α)

v

]
(r) + ∆v

XC
[n(0)

v ](r)

+ α
[
∆f

XC
[n(0)

v ] · ∆n(α)
v

]
(r)

.
= 0, (3.32)

Also plugging K
(α)
v (r, r′) = K

(0)
v (r, r′) + α∆f

XC
(r, r′) (eqs 3.10 and 3.22) into eq 3.32, we

obtain:

∫
d3r′K(α)

v [n(0)
v ](r, r′) ∆n(α)

v (r′)

.
= −∆v

XC
[n(0)

v ](r) (3.33)
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In principle, ∆nα
v (r′) can be obtained by solving eq 3.33, and we can write the solution in

terms of the inverse of K
(α)
v [n

(0)
v ]:

∆n(α)
v (r)

= −
∫

d3r′
{
K(α)

v

}−1
[n(0)

v ](r, r′) ∆v
XC

[n(0)
v ](r′). (3.34)

We expect that ∆n
(α)
v (r) of eq 3.34 can be fairly approximated by ∆nv and this is equivalent

to approximating n
(α)
v via the following linear interpolation:

n(α)
v (r) ≈ n(0)

v (r) + α∆nv(r). (3.35)

To explore in what situation the approximation of eq 3.35 becomes exact, we now write n
(α)
v

as : n
(α)
v (r) = n

(1)
v (r) − ᾱ∆n

(α)′
v , where ᾱ = 1 − α. Repeating the steps given by eqs 3.28

to 3.34, we find:

∆n(α)′

v (r)

= −
∫

d3r′
{
K(α)

v

}−1
[n(1)

v ](r, r′) ∆v
XC

[n(1)
v ](r′). (3.36)

In this way, when ∆n
(α)′
v (r) is equal to ∆n(r) of eq 3.34, then the exact n

(α)
v is indeed given

by the r.h.s of eq 3.35.

To obtain the leading order of E
(α)
v in powers of α, we set again: nα

v (r) = n
(0)
v (r)+α∆n

(α)
v (r).

Then, E
(α)
v becomes:

E(α)
v [n(α)

v ] =F
SH

[n(0)
v + α∆n(α)

v ] + n(0)
v · v

+ α∆n(α)
v · v + E(0)

XC
[n(0)

v + α∆n(α)
v ]

+ α∆E
XC

[n(0)
v + α∆n(α)

v ]. (3.37)
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We can expand E
(α)
v [n

(0)
v + α∆n

(α)
v ] around n

(0)
v (r), and write E

(α)
v in powers of α:

E(α)
v = E(0)

v [n(0)
v ] + α∆E

XC
[n(0)

v ]

+ α
(
v(0)
SHXC

[n(0)
v ] + v

)
· ∆n(α)

v

+ α2

(
∆v

XC
[n(0)

v ] · ∆n(α)
v +

1

2
K(0)

v

[
∆n(α)

v

])
+ O(α3) (3.38)

Combining eqs 3.31 and 3.38, the third term on the r.h.s of eq 3.38 vanishes:

E(α)
v = E(0)

v [n(0)
v ] + α∆E

XC
[n(0)

v ]

+ α2

(
1

2
K(0)

v

[
∆n(α)

v

]
+ ∆v

XC
[n(0)

v ] · ∆n(α)
v

)
+ O(α3). (3.39)

Using eq 3.33, we can further simplify eq 3.39:

E(α)
v = E(0)

v [n(0)
v ] + α∆E

XC
[n(0)

v ]

+
α2

2
∆v

XC
[n(0)

v ] · ∆n(α)
v + O(α3). (3.40)

From eq 3.40, we can see that E
(α)
v truncated at second order in α can be obtained from

the xc energies and xc potentials at the endpoints. We can also use the following functional

expansion:

∆E
XC

[
n(0)
v +

α

2
∆n(α)

v

]
=

∆E
XC

[
n(0)
v

]
+

α

2
∆v

XC

[
n(0)
v

]
· ∆n(α)

v + O(α2), (3.41)
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and plug it into eq 3.40 to finally obtain:

E(α)
v =E(0)

v

[
n(0)
v

]
+ α∆E

XC

[
n(0)
v +

α

2
∆n(α)

v

]
+ . . . (3.42)

Similarly, writing n
(α)
v = n

(1)
v (r) − ᾱ∆n

(α)
v (r), we can expand E

(α)
v around n

(1)
v to obtain:

E(α)
v =E(1)

v

[
n(1)
v

]
− ᾱ∆E

XC

[
n(1)
v − ᾱ

2
∆n(α)

v

]
+ . . . (3.43)

Both results are consistent with applying eq 3.26 and expanding only the density to first

order in α. In Section 3.5, we will illustrate the usefulness of the formalism developed in this

section for connecting a global hybrid functional to its parent GGA.

3.5 Specific cases

3.5.1 Quantifying errors with DC-DFT

There has been recent great interest in quantifying the errors in densities in DFT [205, 146,

87, 115, 160]. However, in ref 278, it was shown that the theory of DC-DFT provides a

natural and unambiguous measure of density error. With that measure, it was not possible

to distinguish the densities of empirical and non-empirical functionals based on their self-

consistent densities alone.

To understand the background to this, we first must distinguish ground-state KS DFT from

other areas of electronic structure. The primary purpose of such calculations is to produce

the ground-state energy as a function of nuclear coordinates. Indeed, in principle, one can
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deduce the density (and hence any integral over it) from a sequence of such calculations, via

the functional derivative with respect to the potential. Of course, such calculations produce

KS potentials, orbitals, and eigenvalues, as well as densities and ground-state energies, and

all such quantities can be compared (for systems for which the calculation is feasible) to their

exact counterparts extracted from a more accurate quantum solver [307, 343, 98, 265]. These

are of great interest as inputs to response calculations, such as in linear-response TDDFT

or GW methods, and such procedures might be extremely sensitive to such inputs. But in

ground-state DFT, the main prediction is the energy of the many-body system, for which

the KS scheme is simply a brilliant construct that balances efficiency and accuracy.

Intuitively, one feels that a ’better’ XC potential must yield a ’better’ density, and in turn,

a ’better’ density must yield a better energy. After all, the Hohenberg-Kohn (HK) theorem

tells us that we reach the ground-state energy only with the exact density and exact KS

potential. But such formal statements give no measure of the quality of a density or a

potential. Even a well-defined mathematical norm between two densities that vanishes as

the exact density is approached does not really provide what we wish for, as an infinity of

arbitrarily different norms can be constructed. All can tell us when we have found the exact

density, but give differing results for how far away we are from it. A deep part of the problem

is that both potentials and densities are functions of r, and so are not characterized by a

single number.

As mentioned in ref 278, the basic theorems of DFT give us an ideal solution to this dilemma,

via DC-DFT. To write this measure in the language of the density functional analysis, we

consider now the specific case where E(0)
XC

[n] = E
XC

[n] is the exact XC functional and where

E(1)
XC

[n] = Ẽ
XC

[n] is an approximate functional. Note also that this is the basis of all DC-DFT

applications. For a given v(r), the difference between the two corresponding ground state
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energies becomes the error in the approximate ground-state energy:

∆Ẽv = Ẽv − Ev. (3.44)

For this special case, eq 3.19 becomes:

∆Ẽv = Ẽv[ñv] − Ev[ñv]︸ ︷︷ ︸
∆Ẽ

XC
[ñv ]

+ Ev[ñv] − Ev[nv]︸ ︷︷ ︸
∆Eideal[∆ñv ]=Dv [∆ñv ]

. (3.45)

where ∆ñv = ñv − nv. For any system, the variational principle (eq 3.1) ensures that

∆Eideal[∆ñv] is always a positive energy for any ñv(r) and vanishes only for the exact density.

Another advantage of ∆Eideal[∆ñv] over other metrics is that this measurement of density

error is given terms of the energetic consequences. A single number, instead of a function

that depends on r, determines how good a given approximate density is. As such, it even

provides a useful scale for density differences. For example, if this measure yields results in

the microHartree range, why would one even care about errors in the density? Given that it

is very difficult in practice to evaluate the exact functional on an approximate density (but

see e.g., refs 322 and 315), DC-DFT procedures use the following equation instead:

∆Ẽv = Ẽv[ñv] − Ẽv[nv]︸ ︷︷ ︸
∆E

D
=−D̃v [−∆ñv ]

+ ∆Ẽ
XC

[nv]︸ ︷︷ ︸
∆E

F

. (3.46)

Equation 3.46 allows us to decompose ∆Ẽv, the total error made by Ẽ
XC

[n] and ñv, into the

functional error ∆E
F

= ∆Ẽ
XC

[nv] and the density-driven error ∆E
D

= −D̃v[−∆ñv], which

is much more practical than the ideal, as it needs only be evaluated on the approximate

functional. We can in fact expect ∆E
D

to be a practical proxy for the intractable Eideal[∆ñv]

measure. When the approximate density is sufficiently close to its exact counterpart (more

precisely, when the two inequalities hold: Dv[∆ñv] ≤ ∆c and D̃v[−∆ñv] ≤ ∆c), we can write
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∆Eideal[∆ñv] as:

∆Eideal[∆ñv] ≈
1

2
Kv[∆ñv], (3.47)

and D̃v[−∆nv] as:

D̃v[−∆ñv] ≈
1

2
K̃v[∆ñv] (3.48)

From eqs 3.47 and 3.48, we can see that if the approximate functional has accurate curvature,

D̃v[−∆ñv] = −∆E
D

measure is very similar to ∆Eideal[∆ñv].
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Figure 3.2: Various errors of eqs 3.51 and 3.52 for the α-BLYP calculations of the hydrogen
atom as a function of amount of exact exchange mixing

3.5.2 Illustration

Figure 3.2 illustrates many aspects of the analysis described so far. Here we consider the

hydrogen atom and the BLYP GGA [11, 167]. We choose this example carefully, because
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(a) we have easy access to the exact density, since this is a one-electron case, and (b) our

functional correctly has no correlation energy (as LYP correlation vanishes for all fully spin-

polarized systems). Thus, when we interpolate between BLYP and HF, we create a global

hybrid with a fraction α of exact exchange (EXX):

Ẽ(α)
XC

[n] = Ẽ
GGA

XC
[n] + α

(
E

X
[n] − Ẽ

GGA

X
[n]
)
. (3.49)

For this specific cases Ẽ(α)
XC

[n] reduces to:

Ẽ(α)
XC

[n] = ẼB88
X

[n] + α
(
E

X
[n] − ẼB88

X
[n]
)
, (3.50)

where EB88
X

[n] stands for the exchange functional of Becke [11]. For the ∆Ẽ
(α)
v = Ẽ

(α)
v − Ev

energy difference (i.e. the error of the hybrids functional), we can rewrite eq 3.46 as:

∆Ẽ(α)
v = −D̃(α)

v [−∆ñ(α)
v ]︸ ︷︷ ︸

∆E
(α)
D

+ ∆Ẽ(α)
XC

[nv]︸ ︷︷ ︸
∆E

(α)
F

, (3.51)

where ∆ñ
(α)
v = ñ

(α)
v − nv. In eq 3.51, we can recognize α-dependent density-driven and

functional errors. In the same manner, we can re-write eq 3.45:

∆Ẽ(α)
v = ∆Ẽ(α)

XC
[ñ(α)

v ] + Dv[∆ñ(α)
v ]. (3.52)

In this case, all error contributions (eqs 3.51 and 3.52), shown in Figure 3.2, vanish at α = 1.

On the extreme left (α = 0), we see the functional error exceeds the self-consistent error,

and the density-driven error is negative, as it should be (note that −∆E
D

is plotted in

Figure 3.2). The functional error is exactly linear, going to zero as α → 1. Notice that the

density-driven error must always behave parabolically around α = 1.

We also compare the two choices of reference for Dv (blue and red), finding that they are
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almost identical. This is telling us that the BLYP density is sufficiently close to the exact

density that the expansion to second-order is fine. Moreover, note that as α → 1, the blue

and red merge datapoints, and both are on top of a perfect parabola whose curvature is given

by Kv[∆n] (again as α → 1). Since the self-consistent error is the sum of the functional and

density-driven errors, we can deduce its curve just from the values at α = 0. Thus the black

line is always a parabola if the densities are sufficiently similar, as is the case here. Note that

we can see that the energetic difference between the Dv values (blue and red plots) is rather

low, showing that they are indeed sufficiently close that there are no significant energetic

consequences to approximating all such curves as parabolas.

Finally, we note that, relative to DC-DFT, we have chosen the two functionals in the reverse

order: 0 denotes the approximate functional, 1 the exact answer. This is to make these

results more readily comparable to other results for hybrids. Simply replace α by 1 − α to

make Fig. 3.2 in the form for DC-DFT.

3.5.3 Self-interaction error and one-electron systems

For one-electron systems:

F [n] = T
S
[n], E

X
[n] = −UH[n], E

C
= 0

(N = 1). (3.53)

Standard DFT approximations typically do not satisfy all the conditions of eq 3.53, and for

this reason, they suffer from one-electron self-interaction error (SIE) [43, 250]. On the other

hand, the HF method is exact for one-electron systems, and thus we can use the HF method

to calculate the functional- and density-driven term of SIE. This has been already done in

Figure 3.2 for the BLYP hybrids, and in Figure 3.3 we apply the same analysis to hybrids

from the PBE functional [239]. The PBE correlation energy, unlike that of LYP, does not

63



Δ���α (α-�����)

Δ�� �α (α-�����)

Δ�α(α-�����)

��� ��� ��� ��� ��� ���
-���

-���

-���

���

���

���

���

α

�
�
�
��
�
/
�
�
�

Figure 3.3: Density-driven and functional errors for the α-PBExc (eq 3.54) calculations of
the hydrogen atom as a function of amount of exact exchange mixing

vanish for one-electron systems. For this reason, in the case of the PBE functional we modify

eq 3.49:

Ẽ(α)
XC

[n] = Ẽ
PBE

XC
[n] + α (E

X
[n] − Ẽ

PBE

XC
[n]), (3.54)

In this way, we ensure that the error of the PBE hybrid of eq 3.54 (hereinafter α-PBExc)

vanishes at α = 1. Note that this does not include PBE0 [243], as this PBExc has only 0.75

of PBE correlation at α = 1/4. In Figure 3.3, we show the density-driven and functional

error of α-PBExc for the hydrogen atom. First, note that the scale of the errors is smaller

than that in Figure 3.2. We can also see that both |∆E(α)
F

| and |∆E(α)
D

| errors of α-PBExc

decrease with α. Nonetheless, its total ∆E(α) error peaks at α ≈ 0.5 and nearly vanishes for

the PBE functional (the α = 0 case). The fact that the PBE gives almost exact energy for

the hydrogen atom relies on a cancellation between the functional and density-driven errors

(as well as a cancellation between exchange and correlation errors).
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Figure 3.4: Density-driven and functional errors for the α-PBE (eq 3.49) calculations of the
hydrogen atom as a function of amount of exact exchange mixing

The same plot for the hydrogen atom obtained with the regular α-PBE hybrid (eq 3.49) is

shown in Figure 3.4. Note that now the α = 1/4 point represents the PBE0 functional. We

can see from Figure 3.4 that as α approaches 1, the functional error strongly dominates its

density-driven counterpart. Note here the much larger scale: The self-interaction error in the

PBE correlation functional error yields much larger total energy errors than in the previous

figure, illustrating the increased error when semilocal correlation functionals are combined

with exact exchange. We can also note that ∆E
D

gets very close to 0 as α approaches 1,

although the PBE correlation potential does not vanish for N = 1 systems.

3.5.4 The Hartree approximation

Another special case is the Hartree approximation, i.e., solution of the KS equations with

XC set to zero. In the Hartree approximation the functional error is just the XC energy
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itself, while the density-driven error is just: ∆E
D

= −1
2
fSH[n

(0)
v ,∆n]. To give an illustration,

here we consider again the hydrogen atom and the following functional: Ẽ(α)
XC

[n] = αE
X
[n].

The Ẽ(α)
XC

[n] functional allows us to analyze the errors along the path that connects the

Hartree approximation (α = 0) and the exact functional (α = 1) for the hydrogen atom.

In Figure 3.5, we show the errors of this functional as a function of α for the hydrogen

atom. As expected, the scale of errors is much larger than those shown in Figures 3.2-

3.4. For the Hartree approximation, one would expect E
D

to be different from the ideal,

which includes the XC contributions. However, we can see in Figure 3.5 interesting that the

−∆Eideal datapoints in Figure 3.5 are hardly distinguishable from their ∆E
D

counterparts.

This implies that at α = 0 (the Hartree approximation) we have:

fS[nv,∆n]︸ ︷︷ ︸
−2∆Eideal

∼ fSH[n(0)
v ,∆n]︸ ︷︷ ︸

−2∆E
D

(H atom), (3.55)

where fS(r, r
′) is the kinetic component of fSH(r, r′) (see eq 3.11).
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Figure 3.5: Density-driven, the ideal, and functional errors for the hydrogen atom calculation
with the Ẽ(α)

XC
[n] = αE

X
[n] functional.
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While Hartree calculations are certainly too inaccurate for chemical purposes [247, 238], one

would expect them to have the greatest delocalization error of any approximate functional,

since not even LDA exchange is opposing the Hartree energy. A Hartree calculation might

thus prove useful in creating a non-empirical measure of delocalization to be used in DC-

DFT, as surely no sensible XC approximation should produce a larger density-driven error.

3.5.5 Pure density functionals

So far, we have considered only approximations to XC within the KS scheme, as this is the

most common DFT calculation today by far. However, there is much interest in developing

orbital-free functionals, especially in contexts when the KS scheme becomes too cumbersome.
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Figure 3.6: Plots showing quantities that involve the density-driven and functional errors of
the Thomas-Fermi method (eq 3.57) with Z for a range of small atoms.

Since the entire functional F [n] is approximated in such a scheme, the density is often much

poorer than in a KS calculation. In fact, estimates suggest that simple orbital-free approxi-
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mations, such as those used in Thomas-Fermi theory [297, 66, 185], produce sufficiently poor

densities that their errors are dominated by errors in the density, i.e., the density-driven error

is much larger than the functional error in most calculations. This is seen in total energy

calculations of atoms and of one-dimensional fermions in a flat box [325]. The simplest DC-

DFT in orbital-free DFT is to apply the approximation on the exact density to eliminate

the density-driven error.

To exemplify the error analysis of orbital-free functionals, we consider here the TF energy

functional, whose universal part reads as:

F
TF

[n] = T
TF

S
[n]︸ ︷︷ ︸

ATF ∫
d3r n(r)5/3

+U [n], (3.56)

with A
TF

= 3
10

(3π2)
2
3 . The total TF error can be, analogously to eq 3.46, partitioned as:

∆E
TF

v = E
TF

v [n
TF

v ] − E
TF

v [nv]︸ ︷︷ ︸
∆ETF

D

+ ∆FTF[nv]︸ ︷︷ ︸
∆ETF

F

, (3.57)

where ∆FTF[n] = ∆ETF
v [n] = ∆T

TF

S
[n] − E

XC
[n]. Here we calculate ∆ETF

D
and ∆ETF

F

for alkaline earth metals and noble gases up to krypton (Z=36). They are computed by

utilizing that for neutral atoms: ETF
Z ∼ −0.7687Z7/3 [231]. Highly accurate energies and

densities, i.e., Ev and nv entering eq 3.57 have been obtained from the PySCF software [15]

at the CCSD level within the aug-cc-pVmZ basis set [59], with the largest m available for

each of the atoms. From the plots shown in Figure 3.6, we can see that the density-driven

component strongly dominates the total ∆ETF error. For example, in the case of the neon

atom (Z = 10) most of the TF error is practically density-driven, with ∆ETF
D

/E ∼ 28.4%

and ∆ETF
F

/E being −1.3%. We remember that for neutral atoms, as Z → ∞, the TF theory
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becomes relatively exact, in the sense that it satisfies: [184, 26, 32]

lim
Z→∞

∆ETF
Z

EZ

→ 0. (3.58)

Thus, as Z → ∞, our blue curve in Figure 3.6 should vanish. Nevertheless, in Figure 3.6 we

are still far from this limit, as at our largest Z value (Z = 36), ∆ETF
Z /EZ is around 1/5.

This suggests several important points regarding these functionals. First, they must always

be tested self-consistently, as in, e.g., refs 170, 45, 46. This is because tests of new orbital-

free approximations on KS densities does not tell us much about their overall accuracy,

given that the density-driven errors can be very large. At the same time, comparison of the

functional on the KS density then provides enough information to separate functional- from

density-driven errors, and we expect that even the KS densities obtained from the (semi)local

XC approximations are sufficiently accurate for this purpose. Second, reports of failures of

TF theory and its extensions should be revisited to determine if these are density-driven

or functional-driven. If the former, one should focus on improving the densities rather

than the total energies alone. Third, this supports efforts [68] to approximate the Pauli

potential [197, 177] directly as a density functional, without requiring that the KS potential

be a functional derivative.

In the context of the present paper, it should prove useful when comparing two orbital-free

approximations to decompose their differences into functional- and density-driven contribu-

tions. If two different approximations differ in both contributions, this would suggest that

good aspects of both might be combined to separately minimize each error.
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3.5.6 Strong correlation

In our last example, we show that density-driven errors can become large when systems

are strongly correlated, but need not be. Generating a simple example is not so easy,

as one needs essentially exact densities upon which to make evaluations and comparisons.

Fortunately, the two-site two-fermion Hubbard model is an example where all quantities can

be determined analytically. Many relevant KS-DFT quantities have been calculated exactly

and summarized in two recent reviews, one on the ground-state[36] and one on linear-response

TDDFT.[34]

For any spin-unpolarized two-electron system (in the absence of magnetic fields), the re-

stricted HF functional (RHF) is:

FRHF [n] = TS[n] + UH[n]/2, (3.59)

as half the Hartree is canceled by exchange, and correlation is ignored. In fact, the traditional

definition of correlation energy in quantum chemistry, is:

EQC
C = Ev − ERHF

v [nRHF ]. (3.60)

In the RHF case, we have Ẽ
XC

[n] = E
X
[n], and thus:

∆Ẽxc[n] = E
X
[n] − E

XC
[n] = −E

C
[n]. (3.61)

From eqs 3.46 and 3.61, we obtain the functional error of RHF:

∆E
F

= −EC[nv] = −EC. (3.62)

By subtracting ∆E
F

from the total error made by RHF, which is equal to −EQC
C (eq. 3.60),
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we obtain:

∆E
D

= EC − EQC
C . (3.63)

For our 2-site model, the functional reduces to a simple function. The onsite occupations

are n1 and n2, i.e., the density is just two non-negative real numbers. Moreover, since they

always sum to 2, the density is fully represented by their difference. Likewise, we can choose

the average potential to be zero and represent the inhomogeneity in the potential by a single

number, ∆v, the on-site potential difference. If we choose the hopping parameter t = 1/2,

the only other parameter is U , the energy cost of double occupation of a site.
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Figure 3.7: Restricted Hartree-Fock Hubbard dimer ground-state energy (dashed line) and
exact Hubbard dimer ground-state (solid line) as functions of ∆v for varying values of U
(see ref 36

The error in RHF and the exact ground state energy is explored in Figure 3.7 for varying

levels of correlation and inhomogeneity. The absolute error increases with U , as expected.
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The energy error in energy for each level of correlation is most prominent in the symmetric

dimer (∆v = 0), and diminishes and rapidly vanishes beyond ∆v larger than U , where the

energy becomes linearly correlated with the on-site potential difference. Thus the system

becomes weakly correlated for ∆v > U .

Figure 3.8: Fraction of error that is density-driven for moderate values of U , with the 5%
contribution contour marked by a red, dashed line.

The functional-driven and density-driven contributions to this HF error were then isolated

through the use of eqs 3.60, 3.62 and 3.63. The fraction of the total error attributed to the

density-driven component (∆E
D
/EQC

C ) is shown in Figure 3.8 for weakly correlated dimers

with values of U up to 1. As U decreases in size, both the magnitude of total error and its

density-driven contribution decrease substantially. For U < 0.5, there is no ∆v for which

there is a density-driven contribution greater than 5% of the total error. Of course, as U → 0,

this ratio must vanish, so this is not unexpected. But we also see that the density-driven error

vanishes at ∆v = 0 for any value of U , no matter how large, for symmetry reasons. Thus even

a strongly correlated system might have no density-driven error. Moreover, for ∆v > 1+2U ,
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Figure 3.9: Same as Fig. 3.8, but zoomed out in U and ∆v. Note the change in contour/color
scale.

again the error is less than 5%, due to correlation being weakened by inhomogeneity. So for

any given U , there is a maximum in the fraction of density-driven error as a function of ∆v,

and it is at non-zero ∆v.

The density-driven error ratio for more strongly correlated dimers is shown in Figure 3.9, and

has characteristics identical to the weak correlation plot, but on a larger scale. Clearly the

maximum fractional density-driven error becomes much larger with U and can even exceed

-1. We also see that for U > 1, the region of small density-driven error around ∆v = 0

can even increase with U . For fixed ∆v, the fraction of density-driven error goes down with

sufficiently large U !. The relation between RHF density-driven error and strong correlation

is clearly not trivial.

To avoid confusion, we note that this section has focused on the density-driven error in RHF.

In the more realistic calculations of weakly-correlated systems in the rest of this work, we
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often assume that error is much smaller than the density-driven error of a semilocal DFT

calculation, and hence HF-DFT yields more accurate energies in such cases. Because the

Hubbard dimer is a site model, there is no genuine correspondence with semilocal DFT

approximations to test on here.

3.6 Energy differences

Key chemical concepts are determined by energy differences (e.g., atomization energies,

ionization energies, barrier heights, reaction energies, etc.). So far we have focused on total

energies and in this section we extend our analysis to energy differences. If, for example, we

use an approximate functional to calculate an energy difference, what is the density-driven

error that pertains to that energy difference? The following analysis answers this question.

For simplicity, we first look at the energy difference of systems A and B, whose external

potentials are vA and vB, respectively. This energy difference obtained from a total energy

functional that corresponds to a given E(j)
XC

is given by:

E
(j)
AB = E

(j)
A [n

(j)
A ] − E

(j)
B [n

(j)
B ]. (3.64)

When two functionals are involved, we can also define the difference between E
(1)
AB and E

(0)
AB:

∆EAB = E
(1)
AB − E

(0)
AB. (3.65)
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Plugging eq 3.64 into eq 3.65 gives:

∆EAB =E
(1)
A [n

(1)
A ] − E

(0)
A [n

(0)
A ]

−
(
E

(1)
B [n

(1)
B ] − E

(0)
B [n

(0)
B ]
)
. (3.66)

Plugging eq 3.18 into eq 3.66, we can obtain the counterpart of eq 3.18 for the energy

differences between systems A and B:

∆EAB =∆E
XC

[n
(0)
A ] − ∆E

XC
[n

(0)
B ]

−D
(1)
A [−∆nA] + D

(1)
B [−∆nB]︸ ︷︷ ︸

−D
(1)
AB

. (3.67)

Similarly, we can also plug eq 3.19 into eq 3.66, to obtain the counterpart of eq 3.19 for the

energy differences between systems A and B:

∆EAB =∆E
XC

[n
(0)
A ] − ∆E

XC
[n

(0)
B ]

+ D
(0)
A [∆nA] −D

(0)
B [∆nB]︸ ︷︷ ︸

D
(0)
AB

. (3.68)

In eqs 3.67 and 3.68, we recognize D
(1)
AB and D

(0)
AB as the density-driven terms, pertinent to

the energy differences between systems A and B. While D
(j)
v of eq 3.5, which corresponds to

the total energies is always greater or equal to 0, its counterpart that pertains to the energy

differences (eqs 3.67 and 3.68) does not have a definite sign. Furthermore, if we look at

D
(0)
AB = D

(0)
A [∆nA] − D

(0)
B [∆nB] (eq 3.68), where D

(0)
A [∆nA] ≥ 0 and D

(0)
B [∆nB] ≥ 0 we can

see that D
(0)
AB can easily vanish when D

(0)
A [n

(1)
A ] ∼ D

(0)
B [n

(1)
B ]. Therefore, D

(0)
AB and D

(1)
AB can

vanish even when n
(1)
A and n

(1)
B are drastically different from n

(0)
A and n

(0)
B , respectively.

The shown example that involves the energy difference between systems A and B, can be

easily generalized to any energy difference of interest. For instance, consider the following

75



chemical reaction:

L∑
l=1

Rl →
M∑

m=1

Pm, (3.69)

where {Rl} is a set of reactants and {Pm} is a set of products. Then the energy of this

reaction obtained from the E
(j)
v [n] functional is:

E
(j)
ED =

M∑
m=1

E
(j)
P,m[n

(j)
P,m] −

L∑
l=1

E
(j)
R,l[n

(j)
R,l]. (3.70)

The corresponding difference in E
(j)
ED between j = 0 and j = 1 functional is :

∆EED = E
(1)
ED − E

(0)
ED. (3.71)

Then D
(0)
ED that corresponds to ∆EED is given by:

D
(0)
ED =

M∑
m=1

D
(0)
P,m[∆nP,m] −

L∑
l=1

D
(0)
R,l[∆nR,l], (3.72)

and its D
(1)
ED counterpart is given by:

D
(1)
ED =

M∑
m=1

D
(1)
P,m[−∆nP,m] −

L∑
l=1

D
(1)
R,l[−∆nR,l]. (3.73)

In this section we have shown that once we know the density-driven terms that pertain to

total energies, it is easy to calculate these terms that pertain to energy differences. If we are

again interested in the energy difference between system A and B obtained with an approx-

imate functional, first we can use eq 3.46 to obtain ∆E
D

of that functional pertaining to the

total energies of systems A and B. Then, following eqs 3.67 and 3.68, we can easily calculate

∆E
D

that pertains to the desired energy difference. It will be just: ∆E
D

= ∆E
D
[A]−∆E

D
[B].

The same analysis can be extended to differentials, such as those determining equilibrium
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bond lengths or transition state structures.

3.7 Conclusion

We have given a detailed account of the considerations that led to the recent successes of

density-corrected DFT. We have also generalized that theory to allow different approximate

functionals to be compared in the same way as DC-DFT allows one approximation to be

compared with exact results. We have shown that typical density differences between reason-

ably accurate functionals can be shown quantitatively to be close enough to allow treatment

via density functional analysis expansions truncated at second order. We consider different

special cases of our analysis, and note that DC-DFT is just one of these. For a given pair of

density functional approximations, we also construct measures for their relative abnormality

(i.e. the situation when the density-driven terms strongly dominate the energy difference

obtained with two different approximations).

We have noted many pioneering efforts in the chemistry literature in which density-corrected

calculations were performed, usually based on intuition. We also point out that, as long ago

as 1996, Levy and Görling advocated the use of self-consistent exact-exchange calculations,

with a correction defined to produce the exact ground-state energy as a functional of the

‘wrong’ EXX density [176]. For purposes of calculating energies, the approach of Levy and

Görling is nearly equivalent to HF-DFT, given that the EXX and HF densities are probably

indistinguishable. Of course, we only advocate this procedure for abnormal systems, as in

normal systems we expect the density from the standard semilocal approximations to be

more accurate than that of HF.

Finally, we note that of course it is highly unsettling to run KS calculations in this non-self-

consistent fashion. Many advantages that are often taken for granted, such as the exactness
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of the Hellmann-Feynman theorem in the basis-set limit, are no longer true, and many

corrections need to be coded. But, in fact, all information about the density can be extracted

from a sequence of total energy calculations, since:

n(r) =
δEv

δv(r)
. (3.74)

Treating HF as EXX, this leads to a predicted change in the density of a HF-DFT calculation

relative to a self-consistent DFT density:

∆n(r) =
δ(EDFT [nHF] − EDFT [nDFT ])

δv(r)
. (3.75)

Thus, in principle, one could calculate the improvement to the density predicted by HF-DFT,

and any other properties depending only on the density.
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Chapter 4

Exact Conditions for Ensemble

Density Functional Theory

This chapter is a reproduction of Ref. [271], which I co-authored with Thais Scott, Steven

Crisostomo, Aurora Pribram-Jones, and Kieron Burke.

4.1 Abstract

Ensemble density functional theory (EDFT) is a promising alternative to time-dependent

density functional theory for computing electronic excitation energies. Using coordinate

scaling, we prove several fundamental exact conditions in EDFT, and illustrate them on

the exact singlet bi-ensemble of the Hubbard dimer. Several approximations violate these

conditions and some ground-state conditions from quantum chemistry do not generalize to

EDFT. The strong-correlation limit is derived for the dimer, revealing weight-dependent

derivative discontinuities in EDFT.
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4.2 Introduction

Sophisticated functional approximations and a relatively low computational cost have made

density functional theory [127, 159] (DFT) the prevailing method used in electronic structure

calculations. [25, 13, 140, 210, 303] Currently, the most popular way to access excited states

in the DFT formalism is through time-dependent DFT (TDDFT), [263, 38, 199, 303, 196]

which has been used to predict electronic excitation spectra among other properties. Al-

though TDDFT has been incredibly successful, [196] standard approximations fail to repli-

cate charge-transfer excitation energies [300], correctly locate conical intersections [173] or

recover double excitations [196] without an ad hoc dressing. [133]

A less well-known but comparably rigorous alternative to TDDFT is ensemble density

functional theory [295, 104, 103] (EDFT), which is currently experiencing a renaissance.

[337, 258, 336, 93, 51, 52, 95, 71, 96, 97, 91, 88, 188, 201, 92, 334, 40, 268] As the EDFT field

is revived, it is important to find exact conditions that can be enforced on newly developed

EDFT approximations. This is especially important in EDFT, where the choice of ensemble

weights is unlimited (assuming they are normalized and are monotonically non-increasing

with energy) and can significantly impact the accuracy of the energies. Exact conditions

have been essential in the development of accurate functionals in ground-state DFT, and we

expect them to be more critical in EDFT. [240, 178, 233]

Here, several exact conditions for EDFT are proven and illustrated. We generalize coor-

dinate scaling inequalities and equalities of the exchange and correlation energies and the

concavity condition to ensembles. Using the Hubbard dimer, we show examples of each foun-

dational condition and examine approximations in EDFT, finding examples of compliance

and violation. Fig 4.1 illustrates some of these conditions nicely. [131] It shows the limits

(red) one can place on the U = 5 dimer (black) from results for U = 4 (blue), using one

of our inequalities. The rest of this paper explains the behavior of these curves, including
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Figure 4.1: The Hubbard dimer singlet bi-ensemble correlation energies (negative values)
and kinetic contribution (positive values) for U = 4 (light blue) and U = 5 (black) as a
function of site-occupation and different weights. Red curves deduced from U = 4 constrain
the U = 5 curve via Eq. 4.21.

non-monotonicity with weight and their shapes for large U . These exact results provide

examples of the many ways in which EDFT can differ from ground-state DFT.

4.3 Background

EDFT is a formally exact generalization of ground-state KS-DFT, where the ensemble con-

sists of several eigenstates of an N -electron system. Consider any ensemble density matrix,

Γ̂w, of the form

Γ̂w(r1...rN , r
′
1...r

′
N) =

M∑
m=0

wm |Ψm(r1...rN)⟩ ⟨Ψm(r′1...r
′
N)| , (4.1)
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where Ψm are any orthonormal wave functions, and wm are positive monotonically non-

increasing weights that are normalized. The expectation value of any operator Â is then

A[Γ̂w] = Tr{Γ̂wÂ} =
M∑

m=0

wm ⟨Ψm| Â |Ψm⟩ . (4.2)

An ensemble energy is then the variational minimum of the Hamiltonian, yielding

Ew = min
Γw

Tr{Γ̂wĤ}, (4.3)

where m labels the eigenstates, in order of increasing energy, and Em are the eigenvalues.

Transition energies can be deduced from differences between ensemble calculations of differing

weights. [225] EDFT tells us that there exists a w-dependent density functional

Fw[n] = min
Γw→n

Tr{Γ̂w(T̂ + V̂ee)}, (4.4)

where T̂ is the kinetic energy operator and V̂ee is the electron-electron repulsion. We denote

the minimizer by Γw[n]. Then

Ew = min
n

{
Fw[n] +

∫
n(r)v(r)dr

}
, (4.5)

where v(r) is the external potential. Any expectation value can be converted into a density

functional via A[n] = A[Γw[n]] . The minimizing density is

nw(r) =
M∑

m=0

wmnm(r), (4.6)

where nm(r) is the density of the m-th level.

A key facet of EDFT is that the equivalence between the exact density and the non-
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interacting KS density is only true for the ensemble average, and it is not necessarily true

for the individual densities within the weighted sum. The following conditions are true only

for the ensemble energy, not the individual excited-state energies.

Uniform coordinate scaling has been responsible for multiple advances in DFT. However, co-

ordinate scaling investigations in EDFT have thus far only been used to define the adiabatic

connection formula for the exchange-correlation energy [212] or examining the behavior of

EDFT in the low-density and high-density regimes, without formal theorems based on scal-

ing. [90] Additional work on foundational theorems include the virial theorem for EDFT

by Nagy [215, 213, 214] and the signs of correlation energy components, by Pribram-Jones

et al. [258] We build on this foundation by deriving uniform scaling inequalities based on

the variational definition of the ensemble functional. [178, 252] We also provide numerical

verification and proofs of the basic principles and some additional exact conditions.

4.4 Results

We use norm-preserving homogeneous scaling of the coordinate r→ γr with 0 < γ < ∞.

The scaled density matrix is defined as

Γw,γ(r1...r
′
N) := γ3N Γw(γr1...γr

′
N), (4.7)

and a scaled density is nγ(r) = γ3n(γr). Trivially,

T [Γw,γ] = γ2T [Γw], Vee[Γw,γ] = γ Vee[Γw]. (4.8)

83



Because these scale differently, Γw,γ[n] ̸= Γw[nγ]. By the variational principle, F [nw,γ] ≤

F [Γ̂w,γ[n]], which gives the fundamental inequality of scaling,

Tw[nγ] + Vee,w[nγ] ≤ γ2Tw[n] + γVee,w[n]. (4.9)

Manipulation of this formula yields, for γ ≥ 1, [178]

Tw[nγ] ≤ γ2Tw[n], Vee,w[nγ] ≥ γVee,w[n], γ ≥ 1 (4.10)

and setting γ → 1/γ yields results for γ ≤ 1.

Next, we turn to the KS scheme, used in modern EDFT approaches. Here Fw[n] = TS,w[n] +

EHXC,w[n] where TS,w is the KS kinetic energy and EHXC,w is the Hartree-exchange-correlation.

Because there is no interaction,

TS,w[nγ] = γ2TS,w[n]. (4.11)

Moreover, because the Hartree-exchange is linear in the scaling parameter:

EHX,w[nγ] = γEHX,w[n]. (4.12)

In EDFT, separation of Hartree from exchange is more complicated than in ground-state

DFT. [90, 334, 95] Subtracting these larger energies following the usual procedure from

ground-state DFT [178] yields, for γ ≥ 1,

TC,w[nγ] ≤ γ2TC,w[n], EC,w[nγ] ≥ γEC,w[n], γ ≥ 1 (4.13)

where EC,w[n] is the correlation energy, and TC,w = Tw − TS,w is its kinetic contribution.
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Considering γ = 1 + ϵ in Eq.4.13, and taking ϵ → 0, yields differential versions of Eq. 4.13:

d

dγ

{
TC,w[nγ]

γ2

}
≤ 0,

d

dγ

{
EC,w[nγ]

γ

}
≥ 0 (4.14)

Combining these using Nagy’s generalization (Eq. 24 of Ref. 213) of the ground-state equality

dEC,w[nγ]

dγ

∣∣∣∣
γ=1

= EC,w[n] + TC,w[n], (4.15)

we find

(
2 − 2γ

d

dγ
+ γ2 d2

dγ2

)
EC,w[nγ] ≤ 0, (4.16)

the condition for concavity in the ensemble correlation energy. This is the ensemble form of

Eq. 40 in Ref. 179. Eqs. 4.9, 4.13, and 4.16 are primary results of the current work, being

the ensemble generalizations of their ground-state analogs.

An immediate application of Eq. 4.12 is to extract the HX component from any HXC

approximation. As the conditions limit growth with γ,

EHX,w[n] = lim
γ→∞

EHXC,w[nγ]/γ, (4.17)

an exact condition which can prove useful for separating HX from C components. [93, 90]

To conclude this section, we use the pioneering relationship between coupling constant and

coordinate scaling. Defining λ dependence via

F λ
w [n] = min

Γw→n
Tr{Γw(T̂ + λV̂ee)}, (4.18)
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Figure 4.2: Correlation inequalities (Eq. 4.21) for the total (top), kinetic (middle), and
potential (bottom) correlation energies, depicted by varying λ in the Hubbard dimer bi-
ensemble with U = 1. More cases are provided in Figs. S6-S7 of the supplemental material.
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Nagy showed [212]

Eλ
HXC,w[n] = λ2EHXC,w[n1/λ]. (4.19)

Using Eq. 4.19, it is possible to rewrite all results given in terms of scaled densities as λ-

dependent relations. Such relations are well known and much used in ground-state DFT, via

the adiabatic connection formalism. [117, 62] For real-space Hamiltonians, these relations

are simply a rewriting of the scaling relations in a more popular form, but they also apply

to lattice Hamiltonians, where scaling is not possible. Converting from scaling in Eq. 4.15

gives

T λ
C,w[n] = Eλ

C,w[n] − λ
dEλ

C,w[n]

dλ
. (4.20)

The scaling inequalities (Eqs. 4.13) become

T λ
C,w[n] ≤ TC,w[n], Eλ

C,w[n] ≥ λEC,w[n], λ ≤ 1, (4.21)

with differential versions

dT λ
C,w[n]

dλ
≤ 0, Eλ

C,w[n] ≥ λ
dEλ

C,w[n]

dλ
, (4.22)

while Eq. 4.16 becomes quite simply:

d2Eλ
C,w[n]

dλ2
≤ 0. (4.23)

Note that all inequalities for EC,w, both coordinate-scaled (Eqs. 4.13, 4.14) and λ-dependent

(Eqs. 4.21, 4.22), are also true for UC,w = EC,w − TC,w, the potential contribution to correla-

tion. The HX energy (Eq. 4.17) may be extracted via

87



EHX,w[n] = lim
λ→0

Eλ
HXC,w[n]/λ. (4.24)

Our last condition concerns the relationship between DFT and traditional approaches to

quantum chemistry. In the ground state, it has long been known [47, 189] that 0 ≥ EHF
C ≥ EC,

where EHF
C is the traditional definition of the correlation energy, i.e., relative to the Hartree-

Fock (HF) energy (we treat only restricted HF here, RHF). Given the complications of

EDFT, we discuss here only the case of the first singlet bi-ensemble for two electrons. In

this case, we equate EHF with an EDFT EXX calculation (’exact exchange only’). The

only difference between EHF and EDFT is that the EHF quantities are evaluated on the

approximate EHF density, while EDFT quantities are evaluated on the exact density. Exactly

the same variational reasoning leads us to

0 ≥ EHF
C,w ≥ EC,w[n] (4.25)

where EHF
C,w = Ew −EHF

w , and EHF
w minimizes Fw = TS,w +EHX,w. We leave the more general

case to braver souls.

The Hamiltonian of the Hubbard dimer is

Ĥ = −t
∑
σ

(ĉ†1σ ĉ2σ + h.c.) + U
∑
i

n̂i↑n̂i↓ +
∑
i

vin̂i, (4.26)

where t is the hopping parameter, U the on-site electrostatic self-repulsion, and vi the on-site

potential (which controls the asymmetry of the dimer). For this lattice system, with N = 2,

the electronic density is characterized by a single number, the difference between occupations

of the two sites, ∆n = n2 − n1. The λ-dependence of any quantity is found by replacing U

by λU , keeping ∆n fixed. We choose t = 1/2 everywhere.
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Figure 4.3: Ensemble adiabatic connection with ∆nw = 0 and U = 5; circles represent the
weight-dependent HX energy, which the HXC expression approaches as λ → 0 (Eq. 4.24).
More cases are provided in Fig. S8 of the supplemental material.

We consider the simplest bi-ensemble, a mixture of the ground-state with the first excited

singlet. Full analytic expressions of |Ψ0⟩ and |Ψ1⟩, as well as plots of various bi-ensemble

quantities, are given in the supplemental material in section 1. The value of ∆nw is con-

strained by w:

|∆nw| ≤ 2w, (4.27)

where w = 1 −w, i.e. is smaller than that of the ground state (w = 0). Densities are shown

in Fig. S1 of the supplemental material. The total energy of the ensemble is defined as

Ew = w ⟨Ψ0| Ĥ |Ψ0⟩ + w ⟨Ψ1| Ĥ |Ψ1⟩ . (4.28)
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Plots of Ew are depicted in Figs. S2-S3 of the supplemental material, showing the quantity

both as a function of ∆v and ∆nw. We also show analogous plots of Fw = Ew − ∆v∆nw/2

in Figs. S4-S5. For this bi-ensemble, the exact HX energy has the simple analytical form

[52]:

EHX,w =
U

2

[
1 + w +

(1 − 3w)

w2

∆n2
w

4

]
. (4.29)

4.4.1 Inequalitites

We plot λ-dependencies in Fig. 4.2 that have a definite sign according to Eq. 4.13. We show

several values of w for two densities for U = 1 (moderate correlation). Scanning over all

U and ∆nw, these inequalities are always satisfied. For the symmetric dimer (∆nw = 0),

w = 0.0 has the largest maximum and w = 0.5 has the smallest. As ∆nw is increased,

the trend disappears and the curves are not monotonic in w. For w = 0.5, the inequality

becomes an equality for ∆nw = 1, the maximum representable value of ∆n for the ensemble.

In Fig. 4.3, we show that all UHXC,w curves approach their corresponding HX value as λ → 0,

in accordance with Eq. 4.24. More plots of Figs. 4.2 and 4.3 for various combinations of w

and ∆nw are provided in Figs. S6-S8 of the supplemental material.

The non-monotonic behavior in Fig. 4.1 can be easily understood. By definition, Ew(∆v)

is linear in w, as is Fw. But, when converted to density functionals, and with KS quanti-

ties subtracted, these become highly non-monotonic, as shown in Figs. S2 and S3 in the

supplemental material.
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Figure 4.4: Exact correlation energy (black), leading-order expansion in large U (red) and
the expansion in the symmetric limit (blue) for the correlation energy are all plotted as a
function of the exact density. Small arrows indicate the region between 2w and −2w where
the symmetric expansion matches the exact.

4.4.2 Strong Correlation

In Fig. 4.4 we plot the exact correlation energy, our approximation (Eq. S.16 of the sup-

plemental material), and the symmetric limit expansion of Deur et al. [53], each evaluated

at the exact density. The last yields the strongly correlated correlation energy only for

|∆nw| ≤ 2w, but our expansion yields the correct limit for all allowed ∆nw, including the

slope discontinuity at |∆nw| = 2w. Such w-dependent derivative discontinuities occur only

in EDFT. The approximate weight-dependent strongly correlated correlation energy is de-

rived in the supplemental material along with further analysis of the energy components and

approximation of the density. For the strong-interaction limit of the dimer, the correlation

energy contains a non-trivial weight-dependence. This differs from real space [90] where the

energies were found to be weight-independent. This is not a counter example, because the
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Figure 4.5: The second derivative of the Hubbard dimer bi-ensemble correlation energy with
respect to U for all values of the reduced variable ũ = U/

√
1 + U2. The concavity condition

is satisfied, but is violated by the δ-PT2 approximation in certain regimes (red denotes
positive). But U -PT2 automatically satisfies it, by construction.

dimer is a site-model. This difference manifests in the expansion of the strongly correlated

energies in powers of the coupling-constant. Our first correction, relative to the leading

term, is O(λ−2) and differs qualitatively from the O(λ−1/2) behavior found by Gould and

coauthors.

4.4.3 Concavity Condition of the Correlation Energy

We illustrate the concavity condition of Eq. 4.23 using contour plots depicting all possible

combinations of U and n1, making use of the reduced variable ũ = U/
√

1 + U2. Illustrated by

Fig. 4.5, the second derivative is negative for all values of U and thus satisfies the concavity

condition for all electronic correlation strengths.

The standard use of exact conditions in DFT is to ensure that approximate functionals satisfy

them. [233] We illustrate our conditions by applying them to existing approximations on the
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Hubbard model. The first is the standard many-body expansion in powers of the interaction,

U , which we perform up to 2nd-order, i.e., the analog of Møller-Plesset perturbation theory,

denoted U -PT2. The second is less familiar: an expansion in powers of ∆n around the

symmetric case, ∆n = 0, called δ-PT2. [53] This can be considered a (tortured) analog of

the gradient expansion of DFT, [240] as it is an expansion around the uniform limit. Fig. 4.5

shows that the δ-PT2 approximation violates the concavity condition, even for w = 0, while

U -PT2 never does. The violations are not monotonic with increasing weights, as w = 0.4 has

none. Deur et al. reported that, compared to U-PT2, δ-PT2 produced more accurate equi-

ensemble energies and densities. Likely, the accuracy of δ-PT2 could be further improved by

imposing concavity. Recent advances in EDFT, such as the direct ensemble correction [336]

and the perturbative EDFT method, [89] are explicitly computed in the perturbative limit,

w → 0+. If an approximation is derived before such a limit is taken, and its ground-state

approximation satisfies concavity; the resulting approximation should satisfy concavity also.

4.4.4 Quantum Chemistry

Finally, we examine in detail the difference between the DFT and HF correlation energies

and their components in Figs. S5, S6, and S7 in the supplemental material. We provide

plots of the exact/EHF total correlation energies for the dimer bi-ensemble, where we show

the ground-state inequalities (EHF
C ≥ EC) holds for any w-value (Figs. S3 and S4). It also is

known that THF
C can become negative in the ground state of the Hubbard dimer, [78] and we

find this is also true when w ̸= 0, but this is likely an artifact of lattice Hamiltonians that

cannot occur in the real-space analog.[48, 47]
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4.5 Conclusion

This work provides new exact conditions for EDFT which can be used to analyze and/or

improve new approximations in EDFT. Further work is being performed to improve approx-

imations and provide a pathway to accurate EDFT functionals.

We provide analytical expressions (and plots) for various weight-dependent quantities of

interest for the Hubbard dimer bi-ensemble, giving both the exact/EHF solution, in the

supplemental material.
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Chapter 5

Generalized Gradient Approximation

Made Thermal

This chapter is a reproduction of Ref. [162], which I co-authored with Dennis Perchak and

Kieron Burke.

5.1 Abstract

Using the methodology of conditional-probability density functional theory, and several

mild assumptions, we calculate the temperature-dependence of the Perdew–Burke–Ernzerhof

(PBE) generalized gradient approximation (GGA). This numerically-defined thermal GGA

reduces to the local approximation in the uniform limit and PBE at zero temperature,

and can be fit reasonably accurately (within 8%) assuming the temperature-dependent en-

hancement is independent of the gradient. This locally thermal PBE satisfies both the

coordinate-scaled correlation inequality and the concavity condition, which we prove for

finite temperatures. The temperature dependence differs markedly from existing thermal

95



GGA’s.

5.2 Introduction

Density functional theory (DFT) is utilized throughout modern science, wherever electronic

structure is important, and has enormous impact in materials simulations [137, 107, 251, 298]

and quantum chemistry [293, 221, 332]. Almost all such calculations employ the Kohn-Sham

(KS) scheme [157], in which only the exchange-correlation (XC) energy need be approximated

as a functional of electronic (spin) densities [57]. The quality of results generated depends

crucially on that approximation, and many hundreds of such approximations are readily

available in modern codes [169].

Warm dense matter (WDM) includes nuclear fusion at the national ignition facility, interiors

of gas giant planets, and matter under extreme shock conditions at the Sandia Z-machine

or SLAC’s free electron laser [165, 217, 216, 326]. Simulations of WDM have been greatly

improved by the use of KS-DFT at finite temperature [128, 147, 260, 207, 55, 123]. Mermin

showed that an equilibrium grand canonical density and free energy can be found this way,

but the unknown XC free energy is now also a function of temperature [206]. Most successful

simulations performed today, however, use existing ground-state XC approximations. While

their success can be understood, the missing thermal dependence is an uncontrolled error

that may significantly impact their results.

At the local density approximation (LDA) level [157], there is a long history of parame-

terizing the XC free energy of a uniform electron gas [144, 106, 143, 145] as a function

of temperature. But modern materials simulations require at least a generalized gradient

approximation (GGA) level of accuracy to achieve chemical specificity, which is why the

Perdew–Burke–Ernzerhof (PBE) approximation is used in most such simulations. The un-
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Figure 5.1: Typical temperature-dependent XC hole densities. Black denotes the ground-
state real-space cutoff GGA hole density, while the CP-DFT XC hole at different reduced
temperatures is depicted in various colors. As t → 0, CP-DFT yields an XC hole density
with the same on-top value and energy as PBE. See text for definitions.

derlying rationale for the PBE functional is a detailed model of the XC hole, and the exact

conditions used in its derivation were chosen to (approximately) recover the numerical results

of imposing exact conditions on the hole, not the energy directly.

The present work gives the result of calculating the XC hole of PBE as a function of tem-

perature, using the recently-invented conditional-probability (CP) density functional theory

[235, 204, 237] (see Refs. 83, 84, 85 for its precursors). In this procedure one first finds,

at zero temperature, the CP potential that generates the PBE hole at a given density and

gradient. Then, by ignoring the temperature dependence of the CP potential, one can

calculate the XC hole using finite-temperature KS-DFT. Throughout this work, the Wigner-

Seitz radius rS = (3/4πn)1/3, the dimensionless density gradient s = |∇n|/2kFn with Fermi

wavevector kF = (3π2n)1/3, and the reduced temperature t = T/TF with Fermi temperature
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Figure 5.2: Temperature-dependent XC enhancement factors plotted as functions of the
dimensionless gradient s for unpolarized systems of various rS values. Here we denote the
results of CP-DFT calculations at different temperatures using data points of various colors,
while the ltPBE approximation (Eq. 5.1) is represented by dashed curves. The ground-state
PBE XC enhancement factor is shown in black, which the CP-DFT results approach as
t → 0. More plots (including those for fully polarized systems) are shown in Figs. S1 and
S2 of the supplemental material.

TF = k2
F/2kB. Fig. 5.1 illustrates our work, showing the XC hole of aluminum (rS = 2.07)

with a nonzero gradient at various temperatures. This result not only demonstrates the

behavior of PBE’s XC hole at WDM conditions, but also graphically depicts the diminishing

effect temperature has on the XC free energy, a quantity directly related to the XC hole via

integration. By construction, the resulting (numerically-defined) free energy GGA reduces to

PBE at zero temperature. Moreover, very little error is introduced by ignoring temperature

dependence in the CP potential, as has already been shown for the uniform gas [204].

An important second step is to create a simple parameterization of the resulting functional,

so that it can be easily implemented and utilized. We find that the simplest possibly physical
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realistic case (referred to throughout this work as locally thermal PBE)

F ltPBE
XC (rS, s, t) =

F unif
XC (rS, t)

F unif
XC (rS)

× FPBE
XC (rS, s), (5.1)

matches the output from our CP-DFT calculation to within a few percent, examples of which

are shown in Fig. 5.2 for unpolarized systems of various rS values. Such a simple parame-

terization automatically satisfies several key exact conditions, and is trivial to implement in

existing codes. Thus, the effects of these new thermal corrections can be immediately tested

in any WDM simulation currently making use of PBE.

A prior attempt to incorporate finite temperature-dependence makes use of exact conditions

[143], but yields a strikingly different temperature dependence.

5.3 Background

CP-DFT makes use of an approximate potential (referred to as the CP potential [235]) at

each point in space to calculate the conditional probability density, which can be integrated

to yield the XC energy via

EXC =
1

2

∫ 1

0

dλ

∫
d3r

∫
d3r′

n(r)
[
ñλ
r (r′) − n(r)

]
|r− r′|

, (5.2)

where ñλ
r (r′) is the conditional probability density (the probability of finding an electron

at r′, given already having found one at r), and nXC(r, r′) =
∫ 1

0
dλ
[
ñλ
r (r′) − n(r)

]
is the

coupling-constant averaged XC hole density. Thus, the XC hole of a system may be written

as the difference between the CP density and standard electronic density, each of which

are determined self-consistently using independent KS-DFT calculations. The reliability of

this approach is readily explained through this feature - the extraction of XC free energies

via Eq. 5.2 eliminates functional error from our energies, as no approximate XC density
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functional need be evaluated [317]. The quality of our result is directly attributed to the

accuracy of the two self-consistent densities, which have previously been shown to be highly

accurate (even when approximate functionals are utilized) [151]. In this work, we use this

methodology to generate a thermal GGA.

The CP potential for an unpolarized uniform electron gas of N − 1 electrons may be written

as [204]

vS(r) = ∆ṽ(r) +

∫
d3r′

ñ(r′) − n0

|r− r′|
+ vLDA

XC [ñ](r), (5.3)

where n0 = N/V is a constant, and

∆ṽ(r) =
1

2r

[
1 + erf

(
r

rS

)]
+ A(rS, s)e

−r2/2σ(rS,s)
2

(5.4)

approximates the effect of removing one electron from the system. The first term of this

approximation [204, 83] classically approximates the effect of the missing electron, while the

second term works to recreate the correct high-density limit for uniform (s = 0) systems.

In our procedure, we modify this Gaussian term to approximate the CP potential of non-

uniform systems, using it as a means of recreating the characteristic qualities of the PBE

XC hole. The amplitude and width of a given Gaussian is numerically fit for each rS and

s value, such that the result of a CP-DFT calculation yields an XC hole with the same (1)

on-top value and (2) XC energy as PBE’s hole as the reduced temperature t approaches zero.

For fitting purposes, we generate PBE’s XC hole using the damped, numerical procedure in

Refs. 242 & 28. This makes use of the second-order gradient expansion of the XC hole, but

enforces numerical cut-offs to ensure satisfaction of the exchange/correlation sum rules. In

principle, the exact CP potential is temperature-dependent, but we expect this temperature

dependence to have little effect, vanishing in the high temperature limit. In the uniform

limit [204], this approximation yields errors of order 5%.
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There exists no equivalent CP potential approximation (Eq. 5.4) for polarized systems, and

the derivation of one is beyond the scope of this work. In its place, we generate data for fully

polarized systems by making use of the exchange hole’s spin-scaling relation npol
X [n](r, r′) =

nunpol
X [2n](r, r′). Thus, we are able to recover the polarized exchange hole exactly through

scaling, but miss the correlation hole, which must be approximated with an added corrective

potential such that Eq. 5.4 becomes:

∆ṽ(r) =
1

2r

[
1 + erf

(
r

rS

)]
+ A1e

−r2/2σ2
1 + A2e

−r3/4/2σ2
2 (5.5)

We note that A1 and σ1 are found first, in the same manner as before (but this time using a

scaled density). The last term of Eq. 5.5 is then introduced (via a second numerical search

to find A2 and σ2) so that the characteristics of the polarized version of PBE’s XC hole

are recreated. All numerical parameters (A1, A2, σ1, σ2) are functions of both rS and s,

and given as .csv files in the supplemental material. Note the Fermi temperature of a fully

polarized system T pol
F = 22/3T unpol

F .

Fig. 5.2 depicts CP-DFT results for unpolarized systems of rS = 0.1, 0.5, 1, 2, 4, 10 and

0.05 ≤ t ≤ 4; equivalent calculations have been performed for fully polarized systems of

rS = 0.1, 0.5, 1, 2, 4. The resulting XC hole densities and XC enhancement factors for all

CP-DFT calculations are plotted in the first section of the supplemental material, the latter

also as .csv files.

The output of the CP-DFT procedure, applied to the numerically-defined cut-off GGA hole,

yields a well-defined thermal GGA, which we refer to as CPTGGA (conditional probability

thermal GGA). The results depend weakly on the specific choices made here. We antici-

pate both refining those choices and carefully parameterizing the output in the future. For

the present, the locally thermal PBE defined by Eq. 5.1 captures most of the temperature-

dependence in CPTGGA. Moreover, this simple prescription can be applied to any approxi-
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Figure 5.3: Temperature-dependent XC enhancement factors plotted as functions of the
dimensionless gradient s. Here we set rS = 2, showing the results for both unpolarized
(left) and fully polarized (right) systems. Solid curves represent F ltPBE

XC , while dashed curves
represent FKDT16

XC .

mate ground-state functional, as a suggested temperature dependence, which could then be

tested.

5.4 Analysis

We begin by emphasizing again that any conclusions drawn from this work are based on a

temperature-dependent model for PBE’s XC hole, which is shown in Fig. 5.1 for an unpo-

larized system with rS = 2.07 and s = 2. As t is increased, it is clear that the negative

on-top value of the hole (and its surrounding density) monotonically increases, resulting

in smaller XC free energies. Although the hole shrinks with temperature, the sum rule∫
nXC(r, r + r′) d3r′ = −1 is satisfied by the CP-DFT XC hole for all temperatures by con-

struction.

When discussing GGA XC free energies, it is useful to define the temperature-dependent
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XC enhancement factor FXC as a multiple of the ground-state uniform electron gas exchange

energy:

AXC(rS, ζ, s, t) =

∫
d3r ϵunifX (n)FXC(rS, ζ, s, t) (5.6)

Here AXC is the XC free energy, ζ = (n↑ − n↓)/n is the relative spin polarization, and

ϵunifX (n) = −3kF/4π. This allows us to not only perform direct comparisons to the ground-

state PBE approximation, but also to the thermal GGA previously proposed by Karasiev

et al. (referred to here as KDT16) [143]. Throughout this work, we implement ltPBE via

Eq. 5.1 using the thermal LDA parameterization proposed by Groth et al. [106], which is

given for all ζ.

In Fig. 5.3 we plot XC enhancement factors as functions of the dimensionless gradient s,

comparing ltPBE to KDT16 at various temperatures. First, note that both GGA’s converge

to PBE as t → 0, with negligible differences for t = 0.05; in the low temperature limit,

both GGA’s predict FXC to monotonically increase with respect to the gradient. Similarly,

both GGA’s approach nearly the same FXC value as s → 0, as both reduce to their corre-

sponding thermal LDA (which have noticeable differences for ζ = 1) in this limit. The two

approximations however predict quite different behaviors for nonzero temperature/gradient

values. Although KDT16 recreates the monotonically increasing behavior of PBE at t = 0,

this trend flips and becomes monotonically decreasing with density gradient for warm/hot

temperatures. In contrast, ltPBE by definition is a simple temperature-dependent multi-

ple of the ground-state FPBE
XC curve, and thus inherits its curvature. As the temperature

is increased further, the importance of the gradient on the XC free energy becomes less

prominent, so both approximations vary less with s. Thus, there are significant differences

between the approximations in the warm dense matter regime, particularly for systems with

large gradients.
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Figure 5.4: Several ltPBE XC enhancement factors plotted as functions of the dimensionless
gradient s for unpolarized systems of various rS values, with each plot having a different
fixed reduced temperature t. The thermal coordinate scaling inequality (Eq. 5.8) mandates
these curves not cross for any t, which the ltPBE approximation is shown to satisfy.

We now turn our attention to two exact conditions, both of which were omitted in the

formulation of the “Strongly Constrained and Appropriately Normed” (SCAN) semilocal

functional [288, 234], and are readily generalizable to finite temperatures. Using uniform

coordinate scaling inequalities at nonzero temperature, the XC free energy has been shown

to scale according to the relation [253]

AT
XC[nγ] ≥ γA

T/γ2

XC [n], (γ ≥ 1) (5.7)

where γ represents the coordinate scaling parameter, and the scaled density nγ(r) = γ3n(γr).

This results in an exact condition for thermal generalized gradient approximations:

FXC(rS, s, t) ≥ FXC(r′S, s, t) (r′S ≤ rS) (5.8)

Note that the reduced temperature remains constant here, since t = T/TF = 2kBT/(3π2n)2/3

is scaled equally on both sides of Eq. 5.7. This signifies that the XC enhancement factors of

different densities should not cross for any chosen reduced temperature. In Fig. 5.4 we plot

FXC curves at fixed values of t for the ltPBE approximation, illustrating its satisfaction of
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Figure 5.5: The thermal concavity condition inequality (Eq. 5.11) plotted for ltPBE with
initial density n = 1 and various γ. All curves are negative, indicating the exact condition
is satisfied.

this condition. The ratio F unif
XC (rS, t)/F

unif
XC (rS) decreases with rS, by inspection. This fact,

combined with PBE’s satisfaction of Eq. 5.8 at zero temperature [234], guarantees ltPBE

satisfies it by construction for all temperatures. Equivalent plots and analysis of KDT16,

which is shown to violate this condition, are given in Fig. S5 of the supplemental material.

The second exact condition we test involves the second derivative of the correlation free

energy (the concavity condition) with respect to the coordinate scaling parameter γ. First

derived as an exact condition of the ground state correlation energy [180], it has recently

been extended to ensemble DFT by Scott et al. [272]. Here we show the extension of this

condition to the correlation free energy of thermal ensembles, where states are occupied

using temperature-dependent Fermi weights. To achieve this, we make note of the coordinate
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scaling relations [253]

KT
C [nγ] ≤ γ2K

T/γ2

C [n], AT
C [nγ] ≥ γA

T/γ2

C [n], (γ ≥ 1) (5.9)

where AT
C [n] is the correlation free energy, and KT

C [n] = T T
C [n] − TST

C [n] is its kentropic

contribution. Considering γ = 1 + ϵ and taking ϵ → 0, we find differential versions of Eq. 5.9

to be

d

dγ

{
KT

C [nγ]

γ2

}
≤ 0,

d

dγ

{
AT

C [nγ]

γ

}
≥ 0. (5.10)

Taking these relations in conjunction with the thermal virial theorem (Eq. 23 of Ref. 255),

we find the concavity constraint on the correlation free energy

(
2 − 2γ

d

dγ
+ γ2 d2

dγ2

)
AT

C [nγ] ≤ 0. (5.11)

In Fig. 5.5, we plot an example of Eq. 5.11 for ltPBE with initial density n = 1 and s = 2.

All curves, regardless of the value of γ, are negative and thus satisfy Eq. 5.11. Contour plots

showing more examples for both ltPBE and KDT16 are given in Fig. S6 of the supplemental

material. While ltPBE is shown to satisy Eq. 5.11 by inspection, KDT16 is found to only

satisfy the condition as s → 0.

While both exact conditions are found to be satisfied by ltPBE, we have checked the first

only by inspection for CPTGGA. Noting that the ltPBE free exchange energy is found using

a modified version of Eq. 5.1

F ltPBE
X (s, t) = F unif

X (t) × FPBE
X (s), (5.12)

where by definition the ground-state F unif
X = 1, we find that ltPBE satisfies all exact condi-

tions built into KDT16, other than the weakly inhomogeneous electron gas limit [143]. Since
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PBE violates the gradient expansion, it follows that CPTGGA (and therefore ltPBE) does

as well.

5.5 Conclusion

In this work we have generated the temperature-dependence of the PBE ground-state func-

tional through a series of CP-DFT calculations capturing the characteristics of the PBE XC

hole at zero temperature. We have provided a simple ansatz (Eq. 5.1) that allows for our

temperature-dependent GGA to be readily implemented in standard DFT codes. Analysis

of our ltPBE approximation reveals striking differences with previously proposed thermal

GGA’s. We have shown that this simple approximation satisfies crucial exact constraints

of the XC free energy, namely the temperature-dependent XC coordinate scaling inequality

(Eq. 5.8) and concavity condition (Eq. 5.11). WDM simulations are ongoing to determine the

importance of ltPBE thermal gradient effects, as there may be significant improvements from

incorporating the temperature-dependence of the XC energy explicitly. Furthermore, locally

thermalized versions of other ground-state functionals may offer significant improvements to

the accuracy of WDM simulations, and should be tested in future work.
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Chapter 6

Large scale quantum chemistry with

tensor processing units

This chapter is a reproduction of Ref. [236], which I co-authored with Ryan Pederson, Ruyi

Song, Jackson Beall, Martin Ganahl, Markus Hauru, Adam GM Lewis, Yi Yao, Shrestha

Basu Mallick, Volker Blum, and Guifre Vidal.

6.1 Abstract

We demonstrate the use of Google’s cloud-based Tensor Processing Units (TPUs) to acceler-

ate and scale up conventional (cubic-scaling) density functional theory (DFT) calculations.

Utilizing 512 TPU cores, we accomplish the largest such DFT computation to date, with

247848 orbitals, corresponding to a cluster of 10327 water molecules with 103270 electrons,

all treated explicitly. Our work thus paves the way towards accessible and systematic use of

conventional DFT, free of any system-specific constraints, at unprecedented scales.
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6.2 Introduction

Computational methods for quantum chemistry and quantum physics have proven to be

invaluable tools in modern scientific research and technological innovation. The applica-

tion space of such methods is vast, ranging from the prediction of novel high-temperature

superconductors [58] to the acceleration of drug discovery [39]; from the study of catalytic

processes for e.g. CO2 sequestration [338] and plastic recycling [139] to the design of nano-

materials [19], solar cells [72], and batteries [308].

In the landscape of quantum-based computational methods, density functional theory (DFT)

especially stands out due to its ability to produce accurate results for a wide range of systems

at a relatively low computational cost [140]. Accordingly, an impressive amount of compu-

tational research utilizes DFT calculations each year. For instance, the US National Energy

Research Scientific Computing Center (NERSC) reported that nearly 30% of their supercom-

puter resources in 2018 were spent on DFT calculations alone [7]. Widespread research and

development effort is continuously devoted towards optimizing the performance and accuracy

of DFT calculations, giving rise to a plethora of open-source and commercial DFT software

packages [294]. Several packages can leverage specialized hardware, such as general-purpose

graphics processing units (GPUs), for most of the workload [132, 275, 6, 70, 81, 77, 110].

However, in conventional DFT implementations, i.e., without specific sparsity assumptions

for the density matrix or Hamiltonian matrix, the computational cost scales as the third

power of the number N of orbitals used to describe the system (referred to O(N3) DFT

throughout this work), and this cubic scaling often makes simulating large systems, such as

protein-ligand complexes or metal-organic frameworks [331], prohibitively expensive.

Google’s Tensor Processing Units (TPUs) are application-specific integrated circuits orig-

inally designed to accelerate large-scale machine learning workloads [141, 142, 21, 73, 2].

By leveraging the JAX library [21, 73, 2], it is nevertheless possible to repurpose TPUs
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Figure 6.1: TPU v3 wall time for O(N3) density matrix purification, Eqs. (6.5)-(6.7), as a
function of the number N of orbitals, for clusters of water molecules, both in single (squares)
and double (triangles) precision. A full TPU v3 pod with 2048 cores and 32 TB of memory
is expected to handle N ∼ 500 000 orbitals in our current implementation (extrapolated
results necessitated by temporary resource unavailability).

for other computational tasks [14, 324, 229, 191, 192, 190, 134, 211, 120, 181, 109, 75].

In this work, we demonstrate the use of TPUs as quantum chemistry supercomputers by

accelerating the O(N3) computational bottleneck of DFT approaches which use an auxil-

iary single-particle kinetic energy approximation, such as Kohn-Sham (KS) [126, 157] and

generalized KS (gKS) [274] DFT, where gKS admits hybrid DFT functionals. This enables

the systematic study of quantum chemistry problems at unprecedented scales. As a concrete

demonstration, we performed end-to-end O(N3) DFT calculations on large clusters of water

molecules, reaching a total of N = 247 848 DFT orbitals, corresponding to 10 327 water

molecules with 103 270 electrons, see Fig. 6.1 and Table 6.1. To our knowledge, this is the

largest O(N3) DFT calculation to date, with the previously largest computation consisting

of a single O(N3) DFT iteration with N ≈ 230 000 orbitals on Fujitsu’s K computer [119].

Some variants of DFT, most notably linear-scaling DFT [254, 20, 281, 310], avoid the O(N3)

bottleneck altogether and can thus reach an even larger number of orbitals. However, these

variants rely on additional approximations and conditions, such as truncating density matrix
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Number of Number of Number of TPU TPU wall time (s) Relative energy
orbitals atoms electrons configuration FP32 FP64 per molecule (mHa)

35 544 4 443 14 810 v3-8 65 1 012 0.934
65 668 8 211 27 370 v3-32 102 2 150 0.531

131 544 16 443 54 810 v3-128 209 4 465 0.291
247 848 30 981 103 270 v3-512 350 5 434 0

Table 6.1: Tabulated results in Fig. 6.1, including also number of atoms and electrons.
Wall times for the matrix purification step are shown both for single (FP32) and dou-
ble (FP64) precision. Energies are relative to the largest calculation, E[(H2O)Nmol

]/Nmol −
E[(H2O)10327]/10327, where Nmol is the total number of water molecules. In this sequence,
we used a number of TPU cores that grows roughly as N2. As a result, walltimes are seen
to roughly scale linearly in N , instead of the expected O(N3) scaling.

elements [44], or on special properties of only a subset of density functionals (such as semilo-

cal density functional approximations). In turn, this results in restricted applicability, with

e.g. linear-scaling DFT being suitable for insulating systems but not for metals or systems

with a small energy gap [254]. In practice, conventional O(N3) DFT is a more preferable

choice since it alleviates technical complexity and problem space restrictions associated with

current lower-scaling methods, greatly extending the domain of problems to which DFT can

be applied reliably and with relative ease.

There are many aspects that go into an O(N3) DFT calculation. Throughout we focus

on atom-centered basis sets with all electrons treated explicitly, that is we do not consider

e.g. plane waves or pseudopotentials. At a high level, one can identify two main computa-

tional steps: (a) building the DFT Hamiltonian matrix (with cost O(N) to O(N2)) and (b)

computing the ground state density matrix (O(N3)), see Fig. 6.2.

(a) DFT Hamiltonian build : Given a choice of N atom-centered basis functions χi(r), one

needs to compute the DFT Hamiltonian matrix H and the overlap matrix S, with coefficients

given by

Hij = ⟨χi|H |χj⟩ , Sij = ⟨χi|χj⟩ , (6.1)
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where H represents the DFT Hamiltonian in the continuum and each matrix coefficient

requires computing one or several integrals. Over the past few decades much effort has been

devoted to optimizing the build of the N × N matrix H. Naively, the computational time

here scales as O(N4), however, in many implementations the scaling is effectively reduced to

O(N2) due to two-electron integral screening methods. The scaling can be further reduced to

almost O(N) if other strategies, such as fast multipole methods [327] or fast fourier transform

based methods [310], such as the Ewald method for periodic systems, are employed. In this

work we do not attempt to accelerate the Hamiltonian or overlap matrix build times with

TPUs. Instead, we simply use a well-established all-electron DFT package, the Fritz Haber

Institute ab initio molecular simulations package (FHI-aims) [132, 17, 18], which we run

using CPUs.

(b) Density matrix purification: The pair of matrices H and S define a generalized eigenvalue

problem, the so-called KS equations,

H |ϕα⟩ = eαS |ϕα⟩ , (6.2)

with |ϕα⟩ and eα the KS orbitals and energies. Our goal is to compute the ground state

density matrix

D ≡
N∑

α=1

θ(µ− eα) |ϕα⟩ ⟨ϕα| , (6.3)

where θ(x) is the step function and µ is the chemical potential, chosen such that
∑N

α=1 θ(µ−

eα) = Ne, for Ne the number of electrons in the system. The density matrix D can be

obtained by solving the KS equations (6.2) using standard linear algebra libraries, such as

LAPACK [4] or Intel MKL [1]. An alternative route, which we follow in this work, is to use

a density matrix purification scheme [301, 148]. First, by computing the inverse square root
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CPUs TPUs

DFT Hamiltonian build

cost: O(N) - O(N2)

calculate density matrix 

cost: O(N3)

fast Intercore InterConnect (ICI)

Figure 6.2: The two main steps of our implementation of an O(N3) DFT computation, the
Hamiltonian build and computing the ground state density matrix, which we run on CPUs
and TPUs, respectively. The DFT code FHI-aims [17, 18] is used to set up the Hamiltonian
and the ELSI library [339, 344] is used to facilitate the integration of the TPU-based solver
to FHI-aims.
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of S,

S 7→ S− 1
2 (6.4)

we can write the Hamiltonian in an orthonormal basis,

H 7→ H̃ ≡ S− 1
2HS− 1

2 . (6.5)

and re-express (6.2) as a standard eigenvalue problem H̃ |ϕ̃α⟩ = eα |ϕ̃α⟩, where |ϕ̃α⟩ ≡

S1/2 |ϕα⟩. Next we compute the density matrix D̃,

H̃ → D̃ ≡ θ(µI − H̃) =
Ne∑
α=1

θ(µ− eα) |ϕ̃α⟩ ⟨ϕ̃α| , (6.6)

and finally re-express it in the original basis,

D̃ 7→ D ≡ S− 1
2 D̃S− 1

2 . (6.7)

The transformation in Eq. (6.6) is obtained using a standard density matrix purification

scheme that is suitable for TPUs, namely the hole-particle canonical purification scheme [301],

which we elaborate on later in the paper.

If no further modifications are made (e.g., density matrix truncations in linear-scaling DFT),

then the cost of computing D, whether by solving Eq. (6.2) or performing the four matrix

transformations in Eqs. (6.4)-(6.7), scales as O(N3). This constitutes what is known as the

cubic wall of DFT.

The density matrix D is used to derive several important quantities. The real-space electron
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density n(r) is given by

n(r) =
N∑
i,j

χi(r)Dijχj(r) , (6.8)

which can be computed on a real-space grid [17]. The sum of occupied KS eigenvalues, given

by Tr(H D) = Tr(H̃ D̃), is also used to compute the total ground-state energy. Additionally,

the energy weighted density matrix Q,

Q = DH D , (6.9)

is also useful to compute atomic forces analytically [17].

6.3 Results

6.3.1 DFT with TPUs

The main result of our work is the successful use of TPUs to perform the four matrix trans-

formations (6.4)-(6.7), thereby tackling the O(N3) computational bottleneck of DFT. We

employed TPUs of the third generation, denoted v3. A single TPU v3 core contains two

matrix multiply units (MXUs) to formidably accelerate matrix-matrix multiplication (mat-

mul), resulting in about 10 teraFLOPS (floating point operations per second) of measured

single-core matmul performance in single precision. Importantly for our purposes, matmuls

are also available in double precision using a software-emulated 57-bit floating point format.

In this approach, utilized algorithms require many more single precision floating point op-

erations when operating in our emulated double precision than in single precision, and as a

result matmuls in double precision take ∼ 11× longer than in single precision.
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The smallest available TPU configuration consists of 8 TPU v3 cores with a total of 128 GB

of dedicated high bandwidth memory (HBM), controlled by a single host with 48 CPU cores.

The largest configuration is a pod with 2048 TPU v3 cores and 32 TB of HBM, controlled by

256 hosts. Given a choice of configuration, the available TPU cores are directly connected

to nearest neighbors in a 2D torus network through fast inter-core interconnects (ICIs), see

Fig. 6.2. The ICIs are critical to maintaining high performance when distributing matmuls

and other dense linear algebra operations over all available TPU cores. In this work we used

the JAX library [21, 73, 2] to write single program multiple data (SPMD) code and executed

it on configurations made of p TPU cores, denoted v3-p, for p = 8, 32, 128 and 512.

The TPU hardware architecture is especially suited for dense large-scale matmuls, which we

perform in distributed form using the SUMMA algorithm [309], as recently demonstrated in

Ref. [181]. Here it was shown that for sufficiently large matrices a v3-512 TPU can perform

dense matmuls at near-optimal efficiency: the performance per TPU core (measured in

single-precision FLOPS) is maintained at roughly 93% of the single TPU core maximum

performance [181]. It is important to emphasize that TPUs are often ill-suited for other

tasks, and hence the algorithms utilized in this work and those in Ref. [181] had to be picked

carefully and may differ from more conventional choices used in CPUs or GPUs. The use

of DM purification algorithms, rather than direct diagonalization, is especially attractive for

TPUs since all steps can be evaluated from a series of matmuls. Clearly, transformations (6.5)

and (6.7) require large-scale matmuls. Transformations (6.4) and (6.6) are implemented by

an iteration involving matrix polynomials of small degree, where each polynomial requires a

short sequence of matrix additions and multiplications. Specifically, the matrix inverse square

root in (6.4) is implemented using a standard Newton-Schulz iteration [124], whereas for the

density matrix purification in (6.6) we implemented the hole-particle canonical purification

scheme [301]. Further algorithm details can be found in the Supporting Information.

For benchmarking purposes, we have performed end-to-end DFT computations on a sequence
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of increasingly large water clusters with geometries obtained from standard molecular dynam-

ics simulations (see Supporting Information). We leverage the DFT code FHI-aims [17, 18]

to set up and drive calculations using CPUs, then use the TPUs to tackle the O(N3) dense

linear algebra bottlenecks (6.4)-(6.7). We also utilize the ELectronic Structure Infrastructure

(ELSI) library [339, 344] to facilitate the integration of FHI-aims and the TPU solver. In

particular, the DFT Hamiltonian build time and associated computational scaling and par-

allelization are dictated exclusively by the FHI-aims code, which uses numeric atom-centered

orbitals (NAOs) with an explicit finite spatial extent, and a truncated multipole expansion

to accomplish low prefactor and efficient scaling of the Hamiltonian matrix build. While

the computational time required to build the DFT Hamiltonian may vary greatly between

different systems with the same total number of orbitals N (due to possible differences in the

resulting sparsity in the systems), the computational time required for the O(N3) DM pu-

rification step performed on the TPU has much less variability since dense matrix operations

are assumed, which do not utilize any sparsity present (see Supporting Information for more

discussion). Thus, we emphasize that the TPU wall times, which are reported throughout

only for water clusters, are fairly robust with respect to different systems with the same total

number of orbitals.

Throughout this work we perform all-electron calculations using the PBE exchange-correlation

functional and utilize an NAO basis set such that each H2O molecule contributes 10 electrons,

represented by 24 orbitals (5 for each hydrogen atom and 14 for the oxygen atom). First we

consider a single TPU board with 8 TPU v3 cores controlled by a host with 48 CPU cores,

and we run FHI-aims on the host. Fig. 6.3 shows the wall time for a single DFT iteration

(including both Hamiltonian build on CPUs and density matrix purification on TPUs) as a

function of the size of the water cluster, which ranges from a few thousand to N ≈ 50 000

orbitals. When using the TPU solver in single precision (green curve) we see that the O(N)

Hamiltonian build on 48 CPU cores takes longer than the O(N3) density matrix purification

run on 8 TPU cores, thus shifting the bottleneck. Using the TPU solver in double precision
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Figure 6.3: Wall times for a single DFT iteration on water clusters, using a TPU board
composed of a CPU host (48 CPU cores) and 8 TPU cores with 128 GB of HBM. Green and
purple curves correspond to using single and double precision in the TPU solver, respectively.
The dashed blue curve corresponds to the CPU time spent on FHI-aims (always in double
precision), and should be subtracted from the other curves in order to obtain the time
spent on the TPU solvers. For reference, in red we also plot the time required for a CPU-
only computation using the Eigenvalue soLvers for Petaflop Applications (ELPA), a highly
parallelized eigensolver library [163, 198], run on 48 CPU cores.

is an order of magnitude slower and saturates the TPU’s HBM for N ≈ 36 000 orbitals.

Then we consider larger TPU configurations, of up to 512 TPU v3 cores, to perform end-to-

end DFT computations on larger clusters, of up to 10 327 water molecules (or N = 247 848

orbitals). Fig. 6.1 shows the TPU wall time for the O(N3) density matrix purification for one

DFT iteration. These include 350 (5 434) seconds for a density matrix purification in single

(double) precision on the largest cluster, demonstrating feasibility of DFT computations at

that scale of a quarter of a million orbitals.

6.3.2 Dynamic precision on TPUs

In our implementation, early DFT iterations are treated with single precision and later ones

in double precision. This dynamic precision approach allows us to cut down on the use

of double precision matmuls on TPUs (which are significantly slower than single precision
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Figure 6.4: Convergence trajectory of an end-to-end dynamic precision DFT calculation on a
(H2O)10327 cluster. The absolute total energy differences between subsequent DFT iterations,
i and i−1, are plotted (top). The corresponding difference in real-space densities within the
L1 norm is plotted (bottom).

ones) without sacrificing accuracy of the final converged DFT result. Our criteria to switch

precision is based on relative density changes, using the L1 norm, defined as L1[f(r)] ≡∫
d3r |f(r)|, and relative energy changes:

1

Ne

L1[n[i](r) − n[i−1](r)] < ϵ and (6.10)

|E[i] − E[i−1]|/|E[i]| < ϵ , (6.11)

where n[i](r) is the real-space density at DFT iteration i, E[i] is the corresponding total

ground-state energy, and we use ϵ = 5 × 10−7 for single precision.

Fig. 6.4 shows the convergence trajectory of a dynamic precision DFT calculation for the

largest cluster we have considered. We are able to converge such a DFT calculation to a

fairly tight convergence threshold using first 9 single precision DFT iterations, followed by

7 double precision DFT iterations. In a smaller cluster, (H2O)1481 with N = 35 544 orbitals,

a smaller number of double precision iterations are required for convergence, resulting in
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an overall DFT calculation time that is under 5 hours on a single TPU board (v3-8), see

Supporting Information.

6.4 Conclusion

This work has successfully demonstrated that TPUs can both accelerate and scale up DFT

computations. Significant acceleration is already achieved using only a single TPU board

with 8 TPU v3 cores, see Fig. 3. For instance, an end-to-end dynamic precision DFT

computation with N = 35 544 orbitals consisting of 12 iterations in single precision and 4

iterations in double precision yields converged results in under 5 hours. For context, using

double precision only and the highly optimized ELPA O(N3) solver with 48 CPUs, the same

water cluster calculation required 20 hours to achieve 16 DFT iterations.

In order to scale up the size of DFT computations while retaining high performance two main

ingredients are involved: (i) a larger amount of high bandwidth memory, scaling as O(N2),

to be able to store dense N × N matrices; (ii) a larger number of cores, with state-of-the-

art inter-core connectivity, to more effectively execute the O(N3) floating point operations

involved in the required distributed matrix transformations. As shown in Fig. 1, by using a

number of cores that scales as O(N2) and commensurate amounts of HBM, we can scale up

to N = 500 000 orbitals with wall times that only grow proportional to N .

Once the main ingredients (i) and (ii) are satisfied, the Input/Output (IO) time, i.e. the

end-to-end communication time between the TPU and CPU, can become an important

(and possibly limiting) factor. This IO step is not exclusive to TPUs, for instance, it is

also relevant and analogous in GPU setups that require communication with CPUs. This

step is parallelizable, such that by using a number of TPU and CPU cores that scales

as O(N2), the total IO time remains constant O(1). However, in this context, obtaining
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such optimality will depend on specific implementation details of the DFT code utilized,

such as the matrix distribution pattern on the CPU processor grid. Our current prototype

implementation is modular and generalizeable and IO times scale unfavorably as O(N2), even

becoming the rate-limiting step in some cases (see Supporting Information). Less-general

(but straightforward) engineering approaches are expected to be much more optimal, but

are beyond the scope of this work which aims to demonstrate the use of TPUs in a more

general context.

We emphasize that other hardware accelerators, most notably GPUs, can also accelerate

and scale up DFT computations in a similar manner as discussed above, and Ref. [49]

recently presented a useful and positive development in this direction. Modern distributed

GPU configurations are expected to achieve similar performance to TPUs in this regard,

however, a direct comparison is complicated by the highly diverse nature of distributed

GPU configurations found in practice. On the Summit supercomputer configuration, it

has been reported that 432 distributed Nvidia V100 GPUs can perform matmuls for dense

N > 500 000 matrices with a performance per GPU (measured in FLOPS) that is roughly

85% of the single V100 GPU maximum performance [122].

Here we have focused, for simplicity, on applying DFT to clusters of water molecules. More

complicated systems may present additional difficulties. For instance, protein-ligand com-

plexes often require more elaborate schemes, such as including solvation to facilitate the

convergence of the DFT iteration [172, 261]. Work in progress shows that our TPU-based

large-scale DFT computations can also successfully address protein-ligand complexes with

explicit solvents, as well as in a variety of other large systems, including DNA segments,

carbon nanotubes, and graphene surfaces. In addition to single-point DFT energy calcu-

lations, analytical forces can also be extracted from the TPU-calculated energy-weighted

density matrix, enabling large-scale geometry optimization or Ab initio molecular dynamics

calculations.
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DFT is a highly successful quantum-based method, but it is ultimately a consistent-field

approximation, which may not be accurate enough for certain applications. Fortunately,

TPUs can also accelerate and scale up other, more accurate quantum chemistry approaches

where the computational bottleneck is again given by dense linear algebra operations. For

example, in density matrix renormalization group (DMRG) [328] calculations, TPUs can be

used to reach an unprecedentedly large bond dimension D = 65 536 [75]. Similarly, we antic-

ipate that TPUs will thrive in other methods such as coupled cluster [64] and Møller–Plesset

perturbation theory [312]. Even when applying such higher-level methods, large-scale DFT

may still be a crucial piece in simulations that require a quantum-mechanically treated region

that embeds a subsystem treated with higher-level correlated methods [289].

To conclude, in this work we have successfully repurposed TPUs as quantum chemistry su-

percomputers by tackling the O(N3) computational bottleneck of density functional theory.

We demonstrated performance and scalability with a water cluster with N = 247 848 or-

bitals, which to our knowledge is the largest O(N3) DFT computation to date. We remark

that cloud-based TPUs, and other hardware accelerators such as GPUs, are more accessible

and affordable than traditional supercomputer resources. Our work thus paves the way to-

wards accessible and straightforward use of quantum chemistry computational methods for

much larger systems than were previously possible.
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[76] A. Garćıa, N. Papior, A. Akhtar, E. Artacho, V. Blum, E. Bosoni, P. Brandimarte,
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[163] P. Kůs, A. Marek, S. Köcher, H.-H. Kowalski, C. Carbogno, C. Scheurer, K. Reuter,
M. Scheffler, and H. Lederer. Optimizations of the eigensolvers in the elpa library.
Parallel Computing, 85:167–177, 2019.

[164] D. C. Langreth and J. P. Perdew. The exchange-correlation energy of a metallic surface.
Solid State Communications, 17(11):1425–1429, 1975.

136



[165] S. Le Pape, L. F. Berzak Hopkins, L. Divol, A. Pak, E. L. Dewald, S. Bhandarkar, L. R.
Bennedetti, T. Bunn, J. Biener, J. Crippen, D. Casey, D. Edgell, D. N. Fittinghoff,
M. Gatu-Johnson, C. Goyon, S. Haan, R. Hatarik, M. Havre, D. D.-M. Ho, N. Izumi,
J. Jaquez, S. F. Khan, G. A. Kyrala, T. Ma, A. J. Mackinnon, A. G. MacPhee, B. J.
MacGowan, N. B. Meezan, J. Milovich, M. Millot, P. Michel, S. R. Nagel, A. Nikroo,
P. Patel, J. Ralph, J. S. Ross, N. G. Rice, D. Strozzi, M. Stadermann, P. Volegov,
C. Yeamans, C. Weber, C. Wild, D. Callahan, and O. A. Hurricane. Fusion energy
output greater than the kinetic energy of an imploding shell at the national ignition
facility. Phys. Rev. Lett., 120:245003, Jun 2018.

[166] F. Lechermann. Model hamiltonians and basic techniques. In Pavarini et al. [232].

[167] C. Lee, W. Yang, and R. G. Parr. Development of the colle-salvetti correlation-energy
formula into a functional of the electron density. Physical review B, 37(2):785, 1988.

[168] T. J. Lee and G. E. Scuseria. Achieving chemical accuracy with coupled-cluster theory.
In S. Langhoff, editor, Quantum Mechanical Electronic Structure Calculations with
Chemical Accuracy, volume 13 of Understanding Chemical Reactivity, pages 47–108.
Springer Netherlands, 1995.

[169] S. Lehtola, C. Steigemann, M. J. Oliveira, and M. A. Marques. Recent developments in
libxc — a comprehensive library of functionals for density functional theory. SoftwareX,
7:1–5, 2018.
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[215] Á. Nagy. Local virial theorem for ensembles of excited states, page 135. CRC Press,
2013.

[216] N. Nettelmann, B. Holst, A. Kietzmann, M. French, R. Redmer, and D. Blaschke. Ab
initio equation of state data for hydrogen, helium, and water and the internal structure
of jupiter. The Astrophysical Journal, 683(2):1217–1228, aug 2008.

[217] N. Nettelmann, R. Redmer, and D. Blaschke. Warm dense matter in giant planets and
exoplanets. Physics of Particles and Nuclei, 39:1122–1127, 01 2008.

[218] A. M. N. Niklasson. Expansion algorithm for the density matrix. Phys. Rev. B,
66(15):155115, 2002.

[219] A. M. N. Niklasson, C. J. Tymczak, and M. Challacombe. Trace resetting density ma-
trix purification in O(N) self-consistent-field theory. The Journal of Chemical Physics,
118(19):8611–8620, 2003.

140



[220] J. K. Nørskov, F. Abild-Pedersen, F. Studt, and T. Bligaard. Density functional theory
in surface chemistry and catalysis. Proceedings of the National Academy of Sciences,
108(3):937, 01 2011.

[221] J. K. Nørskov, F. Abild-Pedersen, F. Studt, and T. Bligaard. Density functional theory
in surface chemistry and catalysis. Proceedings of the National Academy of Sciences,
108(3):937–943, 2011.

[222] J. W. Ochterski, G. A. Petersson, and K. B. Wiberg. A comparison of model
chemistries. Journal of the American Chemical Society, 117(45):11299–11308, 1995.

[223] U. D. of Energy. Basic research needs for high energy density laboratory physics:
Report of the workshop on high energy density laboratory physics research needs.
Technical report, Office of Science and National Nuclear Security Administration, 2009.

[224] P. Okun and K. Burke. Semiclassics: The hidden theory behind the success of DFT,
2021.

[225] L. N. d. Oliveira, E. Gross, and W. Kohn. Density-functional theory for ensembles of
fractionally occupied states. ii. application to the he atom. Phys. Rev. A, 37(8):2821,
1988.

[226] G. Onida, L. Reining, and A. Rubio. Electronic excitations: density-functional versus
many-body green’s-function approaches. Rev. Mod. Phys., 74(2):601–659, Jun 2002.

[227] B. O’Regan and M. Graetzel. A low-cost, high-efficiency solar cell based on dye-
sensitized colloidal tio2 films. Nature, 353:737–740, 1991.

[228] A. H. R. Palser and D. E. Manolopoulos. Canonical purification of the density matrix
in electronic-structure theory. Phys. Rev. B, 58(19):12704–12711, 1998.

[229] Z. Pan and P. Mishra. Hardware acceleration of explainable machine learning using
tensor processing units. arXiv preprint arXiv:2103.11927, 2021.

[230] R. G. Parr and W. Yang. Density Functional Theory of Atoms and Molecules. Oxford
University Press, 1989.

[231] R. G. Parr and W. Yang. Density-Functional Theory of Atoms and Molecules. Oxford
University Press, New York, 1989.

[232] E. Pavarini, E. Koch, D. Vollhardt, and A. Lichtenstein, editors. Forschungszentrum
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Appendix A

Supplemental Material for Chapter 4

This chapter is a reproduction of the supplemental material for Ref. [271].

A.1 Abstract

Below we list the analytical expressions defining the Hubbard dimer bi-ensemble, and plot

various weight-dependent quantities of interest. In all plots we set t = 1/2.

A.2 Exact Solution

We begin with the analytic solutions of the Hubbard dimer that were used to create a

bi-ensemble of the ground and first-excited singlet states. Solving the dimer Hamiltonian

(Eq. 4.26), one obtains the energies:

Ei =
2U

3
+

2r

3
cos

[
θ +

2π(i + 1)

3

]
, i = 0, 1. (A.1)
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Here we have defined

r =
√

3 (4t2 + ∆v2) + U2, cos (3θ) =
9U (∆v2 − 2t2) − U3

r3
,

where t represents the hopping parameter, U the on-site electrostatic self-repulsion, and

∆v = v2 − v1 the on-site potential difference. Furthermore, the wavefunction of each state

may be written as

|Ψi⟩ = αi (|12⟩ + |21⟩) + β+
i |11⟩ + β−

i |22⟩ , (A.2)

with coefficients:

αi =
2t (Ei − U)

ciEi

, β±
i =

U − Ei ± ∆v

ci
,

ci =

√
2

[
∆v2 +

(
Ei − U

)2(
1 + 4t2/E2

i

)]
.

Here |ij⟩ represents a state in which an electron is present at sites i and j. These analytical

expressions (both of the energy and wavefunction) may also be found in the appendices of

References 52 and 280.

A.2.1 Densities

We use the same bi-ensemble as described in the main text; the two lowest lying singlet

states in the Hubbard dimer. The density of each state is trivially ∆ni = 2
[(
β−
i

)2 − (β+
i

)2]
,

meaning that the ensemble density is

∆nw = 2w

[(
β−
0

)2 − (β+
0

)2]
+ 2w

[(
β−
1

)2 − (β+
1

)2]
, (A.3)
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where w = 1−w. Plots of this difference are included below in Fig. A.1 for three interaction

strengths, U = 0, 1, & 5.

Figure A.1: Absolute value of the density of the Hubbard dimer bi-ensemble, plotted for
various weight values as a function of ∆v. Here we set U = 0 (left), U = 1 (center), and
U = 5 (right).

Analyzing this figure, it is clear that there are vast differences in the behavior of ∆nw

with respect to the value of U , illustrating the importance of developing weight-dependent

approximations for electronic correlation. Two characteristics are present in all plots of

∆nw, these being an adherence to the symmetric limit (∆v = ∆nw = 0) and a maximum

value constraint imposed by the representability condition |∆nw| ≤ 2w, which each curve

approaches as ∆v → ∞.

As predicted by EDFT (eq X), the density is linear in w. For sufficiently large U , there

exists a value of ∆v at which the initial slope of the first excited state density difference is

negative, but it always becomes positive for sufficiently large ∆v. Thus there is a specific

value of ∆v at which the first excited state density vanishes, and all curves meet at that

point, independent of w. This point tends to ∆v = U as U becomes large.

For finite values of U , a trend in curve steepness with respect to the weight is evident for

small ∆v; the steepness of each curve is directly proportional to the value of w, signifying

that ensembles with larger w values approach their maximum value more quickly. The

severity of steepness increases drastically as U is increased, as shown by the behavior of the
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Figure A.2: Total energy of the Hubbard dimer bi-ensemble plotted as a function of ∆v for
various w values. Here we set U = 1 (top) and U = 5 (bottom).

U = 5 curves as ∆v → 0. Here, the densities increase rapidly to |∆nw| ≈ 2w, becoming

nearly perfectly anti-symmetric around ∆v = U , with a very sharp dive to 0 for very small

∆v.It also appears that all ∆nw curves approach the same value at ∆v ≈ U as U → ∞.

As U → ∞ the density forms a step function, flipping from 2w to 2w at ∆v = U (see Fig.

A.13).
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Figure A.3: Total energy of the Hubbard dimer bi-ensemble plotted as a function of ∆nw

for various w values. Here we set U = 1 (top) and U = 5 (bottom).

A.2.2 Total Energies

In this section we depict plots of the total bi-ensemble energy, Ew, defined as the weighted

sum of Eq. 4.28. Here we choose to depict two interaction strengths (U = 1 and U = 5),

plotting both as a function of ∆v and ∆nw below. We make use of the derivation put forth

by Deur et al. [52] to define:

Ts,w = −2t
√
w2 − ∆n2

w/4 (A.4)
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Figure A.4: Fw/U of the Hubbard dimer bi-ensemble plotted as a function of ∆v for various
w values. Here we set U = 1 (top) and U = 5 (bottom).

EHx,w =
U

2

(
1 + w − (3w − 1)

w2

∆n2
w

4

)
. (A.5)

The correlation energies are then found by using the exact expressions:

Tc,w = Tw − Ts,w, (A.6)
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Figure A.5: Fw/U of the Hubbard dimer bi-ensemble plotted as a function of ∆nw for various
w values. Here we set U = 1 (top) and U = 5 (bottom).

Uc,w = Vee,w − EHx,w, (A.7)

Ec,w = Tc,w + Uc,w. (A.8)

For fixed ∆v, Fig. A.2 illustrates that Ew is correctly linear in w. The curves are rather

boring for U = 1, but develop a pinch around ∆v = U as U grows larger (see Sec X).
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However, Fig. A.3 shows that, as a functional of ∆n, the curves are no longer linear in w.

They are not even monotonic. Moreover as ∆nw → 2w, Ew → −∞, ensuring the curves

cross. There exists interesting behavior as U is increased, with Ew becoming ever more

slowly varying with density for ∆nw < 2w. This behavior may be explained through the

relationship between ∆nw and ∆v shown in the right panel of Fig. A.1, where there is drastic

change in ∆nw for ∆v ≈ 0.

Figure A.6: EHXC,w/U of the Hubbard dimer bi-ensemble plotted as a function of ∆nw for
various w values. Here we set U = 1 (top) and U = 5 (bottom).

We also examine the properties of the Hubbard dimer equivalent of the universal part of the

density functional, Fw = Ew − ∆v∆nw/2, plotting again as a function of ∆v and ∆nw in

Figs. A.4 and A.5 respectively. In Fig. A.4, one can see that Fw is linear with respect to
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bi-ensemble weight when plotted as a function of ∆v. This characteristic is not present in

Fig. A.5, where monotonicity is broken as ∆nw → 2w. Furthermore, as U is increased, one

can see the appearance of regimes around ∆nw = 2w, with Fw being nearly independent of

∆nw for ∆nw < 2w and linearly increasing as ∆nw > 2w. Additionally, the curves depicting

Fw tend to flatten as w increases.

In contrast, we plot EHXC,w in Fig. A.6 and see it is non-monotonic in w. The curvature

of EHXC,w changes from convex to concave as the weight is increased and the EHXC,w curves

cross each other at various points; with the most noticeable crossings happening at U = 1.

However, the curves cross at all the values of U plotted.

We conclude that curves become non-monotonic when plotted as a functional of the density

instead of the potential, as the curves of Fig. A.1 are definitely not monotonic.

A.2.3 Correlation Inequalities

In this section we depict the correlation inequalities (Eq. 4.21), showing more cases of Fig. 4.2

of the main text. We highlight in Fig. A.7 the definite signs of the correlation energy and

its components. This validates results initially introduced by Pribram-Jones et al. [258]

Figure A.7: Variation of the potential (blue), kinetic (red), and total (black) correlation
energies in the Hubbard dimer bi-ensemble, plotted as functions of site-occupation of the
first site for various weights. We set U = 1 in the left, U = 5 in the center, and U = 10 in
the right.

Looking at Figs. A.8 and A.9, one can see that the correlation inequalities of Eq. 4.13 are
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satisfied for all values of ∆nw. As noted in the main text, there exists a clear trend with

respect to weight for the symmetric dimer, with the ground-state having the maximum

magnitude in each plot, and decreasing in magnitude with w. This trend no longer holds for

any nonzero value of ∆nw. Alternative approaches were implemented in which ∆v was held

fixed, again showing no clear trend for asymmetric dimers. Furthermore, it is clear that the

inequalities of Eq. 4.13 become equalities as ∆nw → 2w, explaining the flat behavior of the

w = 0.5 curves for ∆nw = 1. It also appears that increasing U morphs the shape of each

curve, breaking symmetry around λ = 0.5 for EC and UC.

Figure A.8: Correlation inequalities (Eq. 4.21) for the total (top), kinetic (middle), and
potential (bottom) correlation energies, depicted by varying λ in the Hubbard dimer bi-
ensemble with U = 1.
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Figure A.9: Correlation inequalities (Eq. 4.21) for the total (top), kinetic (middle), and
potential (bottom) correlation energies, depicted by varying λ in the Hubbard dimer bi-
ensemble with U = 5.

A.2.4 Adiabatic Connection

In this section we include plots depicting more adiabatic connection curves than just that of

Fig. 4.3 of the main text.

We first note that all curves of a given weight look similar to ground-state DFT curves.

They are monotonically decreasing and are convex. Looking at Fig. A.10 one can observe

an interesting change in ordering of the HX energy values based on the weights. For ∆nw <

0.6 the HX energy monotonicly decreases in value as the weights increase and the spacing

between the values shrinks. However, after that point the ordering shifts and the w = 0.5

weight has the maximum HX value. Additionally, as the ∆nw → 1 the asymptotic value of

the HXC expression is same for all weights.
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Figure A.10: Ensemble adiabatic connection for U = 5 and various ∆nw; circles represent
the weight-dependent HX energy, which the HXC expression approaches as λ → 0.
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A.3 Strong Correlation Limits of Energy Components

A.3.1 Large U Expansions

For fixed w, as U becomes large, one can either keep ∆v fixed, or ∆v/U fixed. The former

was explored by Deur et al. [53], and produces the pale blue curves of Fig. 5 of the main text.

As is clear from the figure, the blue curves yield the correct answer only for |∆nw| ≤ 2w,

which shrinks to a point as w → 0.

The appropriate expansion to find EC,w(∆n) for large U is a different one. We take U → ∞,

but keep ∆v/U fixed. This must be done to include values of ∆n away from ∆n ≈ 0, while

including all allowed values of ∆n. A careful expansion yields the total energy as a function

of x = ∆v/U :

Ew(x) → U

(
g(0)w (x) +

g
(2)
w (x)

U2
+ . . .

)
, (A.9)

where

g(0)w (x) =
1

3

(
2 − (c−

√
3s)h

)
− 2shw√

3
, (A.10)

and

g(2)w (x) =
1

2h

(
(α− 3)s√

3
− (α + 1)c

)
+

1

h

(
αc +

√
3s
)
w, (A.11)

where α = |4x/(x2 − 1)|, c = cos(ϕ), and s = sin(ϕ) with,

ϕ =
1

3
cos−1

(
3h2 − 4

h3

)
, h =

√
3x2 + 1. (A.12)

The angle ϕ is positive for all values of x, where it takes its maximal value of π/3 as x → 0

162



and minimal value of 0 as x → ±1, and in the limit ϕ(x → ±∞) = π/6. Because the angle

is constrained to 0 ≤ ϕ ≤ π/3, the sine and cosine must always satisfy 0 ≤ c, s ≤
√

3/2.

From this we have the corresponding density via the exact expression ∆nw = 2dEw/d(∆v),

∆nw(x) = 2

(
g(0)′w (x) +

g
(2)′
w (x)

U2
+ . . .

)
, (A.13)

where primes denote derivatives with respect to x. Retaining only zero-order terms yields,

g(0)′w (x) =
1

h

(
(γ − 3x)s√

3
− (γ + x)c

)
+

2

h

(
γc +

√
3xs
)
w, (A.14)

with γ = sgn(x(1 − x2)). Because the expansion in U is singular near x = 0 and x = ±1,

g
(2)
w (x) diverges at |x| = 1, and even n

(0)
w (x) = 2g

(0)′
w (x) contains discontinuous steps. While

formally correct in the limit U → ∞, the exact density cannot have such steps, due to the

Hohenberg-Kohn theorems. We therefore smooth Eq. A.14 with exponentials that become

infinitely sharp as U → ∞:

∆nw ≈ x

|x|
(f(|x|) − 1)

(
1 + (1 − 2w) tanh

(
β(|x| − 1)

2

))
, (A.15)

where f(x) = (exp(βx) + 1)−1 is the Fermi-Dirac distribution with β = 5U . This is plotted

in Fig. A.13 and is compared with the exact density. As U → ∞, Eq. A.15 matches Eq. A.14.

Finally we subtract the remaining components to find the correlation energy:

EC,w(∆nw(x)) ≈ U

(
g(0)w (x) − x∆nw(x)

2
− eHx,w(∆nw(x))

)
− Ts,w(∆nw(x)) +

g
(2)
w (x)

U
, (A.16)

where eHx,w(∆nw) = EHx,w(∆nw)/U . Including only lowest order, and inserting the smooth

density, Eq. A.15, yields the plot in figure Fig. A.11, and the curves in Fig. 5 of the main
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Figure A.11: The exact (black) correlation energy as a function of the exact density and the
leading-order expansion in large U (light red) for the correlation energy, using A.10, plotted
as a function of the smooth approximation for the density, A.15.

text. We also plot the the next order contribution to the correlation energy, Eq. A.16, in

Fig. A.12. To avoid divergences from α at x = ±1 we use a smooth approximation to the

absolute values that appear in the denominator of Eq. A.11.

A.3.2 Correlation Energy on the Adiabatic Connection

We produce an expression for Eλ
C,w(∆nw) where ∆nw is kept fixed for each λ along the

adiabatic connection. For sufficiently large U we neglect all terms of O(1/U2) and lower. In

this limit, ∆nw(x) → ∆n
(0)
w (x), and by the adiabatic connection construction we have the

requirement that ∆v/U ≈ ∆vλ/(λU), where ∆vλ is the λ-dependent potential that keeps

∆nw fixed along the connection. As a consequence, to leading-order,

∆vλ(∆nw) ≈ λ∆v(0)(∆nw), (A.17)
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Figure A.12: The exact (black) correlation energy as a function of the exact density and our
higher-order expansion in large U (light purple) for the correlation energy, A.16, plotted as
a function of the smooth approximation for the density, A.15.

Figure A.13: Smooth approximation for the density A.15 (light red) and the exact density
(black) A.3 plotted against ∆v.
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and thus,

Eλ
w(∆nw) ≈ λUg(0)w (x(0)(∆nw)) +

g
(2)
w (x(0)(∆nw))

λU
, (A.18)

where x(0)(∆nw) = ∆v(0)(∆nw)/U is the inversion of the leading-order density-potential

map Eq. A.17. To produce the correlation energy we subtract from Eq. A.18 the external

potential energy (along the connection curve), the KS kinetic energy Eq. A.4, and the HX

energy Eq. A.5,

Eλ
C,w(∆nw) ≈ λU

(
g(0)w (x(0)(∆nw)) − x(0)(∆nw)∆nw

2

− eHx,w(∆nw)
)
− Ts,w(∆nw) +

g
(2)
w (x(0)(∆nw))

λU
, (A.19)

where ∆nw remains fixed for all λ.

A.3.3 Contributions to the Energy

Equation 20 of the main text yields expressions for the separate kinetic and potential con-

tributions to the correlation energy,

TC,w(∆nw) ≈ 2g
(2)
w (x(0)(∆nw))

U
− Ts,w(∆nw), (A.20)

UC,w(∆nw) ≈ U
(
g(0)w (x(0)(∆nw)) − x(0)(∆nw)∆nw

2

− eHx,w(∆nw)
)
− g

(2)
w (x(0)(∆nw))

U
. (A.21)
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From the separate contributions of the correlation energy we deduce that,

Tw(∆nw) ≈ 2g
(2)
w (x(0)(∆nw))

U
, (A.22)

Vee,w(∆nw) ≈ U

(
g(0)w (x(0)(∆nw)) − x(0)(∆nw)∆nw

2

)
− g

(2)
w (x(0)(∆nw))

U
. (A.23)

We plot Eqs. A.20-A.23 in Fig. A.14 with the exact expressions in black and the approximate

expressions evaluated with the smooth density in purple. In all plots we use the same smooth

approximation to the absolute values in the denominators of g
(2)
w (x), Eq. A.11. There are

errors in the plots of the correlation kinetic energy, but these vanish as U → ∞.

We compare our result in Eq. A.16, for |∆nw| ≤ 2w, with the symmetric limit expansion of

Deur et al. [53]. To properly compare our approximate correlation energy to the previously

reported expansion in the symmetric limit, we produce the weight-dependent constant that

vanishes in the limit U → ∞,

EC,w(∆nw)

U
≈ w

U
− 1

2

(
w − (3w − 1)

w2

∆n2
w

4

)
, (A.24)

which is derived following the procedure in Ref [53]. In Fig. 5 of the main text we plot our

approximate leading-order correlation energy Eq. A.16 evaluated with smooth density along

with Eq. A.24.
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Figure A.14: Tc,w (A.20), Uc,w (A.21), Tw (A.22), and Vee,w (A.23) for various values of w
and U = 100. The exact values in the strongly correlated limit are represented by the black
curves, which are exact as U → ∞.

168



A.4 Ensemble Hartree-Fock Approximation

We now turn our attention to the ensemble generalization of Hartree-Fock. We define the

Hartree-Fock solution of each state (analogous to Eq. A.2) to be

|Φi⟩ = αHF
i (|12⟩ + |21⟩) + β+HF

i |11⟩ + β−HF
i |22⟩ , (A.25)

with coefficients determined to first order in U:

αHF
0 = 2t/cHF

0 αHF
1 = −∆v2eff,w/2tcHF

1

β±HF
0 = 1/2 ± ∆veff,w/c

HF
0 β±HF

1 = ±∆veff,w/c
HF
1

cHF
0 = 2

√
4t2 + ∆v2eff,w cHF

1 = ∆veff,w

√
2 + ∆v2eff,w/2t2

Here the weight-dependent effective mean-field potential ∆veff,w takes the form [53]

∆veff,w = ∆v +
(1 − 3w)

w2

U∆nHF
w

2
(A.26)

where ∆nHF
w is found from (A.3) with coefficients as above.

A.4.1 Densities and Total Energy

The self-consistent EHF density is found numerically throughout this work by solving (A.26).

Plots of the exact/EHF self-consistent site-occupation differences are included below in

Fig. A.15 for various interaction strengths, U = 0, 1, & 5. Here (and for the remainder

of this section) we denote the exact solution using solid curves, and the EHF approximation

using dashed curves. Looking at the left panel (U = 0) of Fig. A.15, the EHF approximation

matches the exact density exactly, as expected in the limit of weak correlation. One can see

that the exact/EHF densities (regardless of weight) begin to differ as U is increased, but must
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always match at the origin (where ∆v = ∆nw = 0) and as ∆v → ∞ (where |∆nw| = 2w).

This behavior would be expected to hold for larger U values, although as noted previously

in Ref. 53, there exists a critical interaction strength Ucrit at which nonphysical behavior is

observed for symmetric dimers with bi-ensemble weight w ≥ 1/3. This critical interaction

strength is

Ucrit =
w

3w − 1
. (A.27)

For w → 1
2
, Ucrit → 1. At this point the energy expression for dimers with U > Ucrit

have multiple degenerate minima. This explains the deviation from expected behavior for

w = 0.4, 0.5 in the right panel of Fig. A.15, where both curves approach a finite value as

∆v → 0.

We also plot the exact/EHF bi-ensemble total energy below, using two interaction strengths

(U = 1 and U = 5) to examine the EHF approximation in more detail. We depict this

quantity as a function of ∆v below in Fig. A.16 and separate each w value in new plots to

better illustrate the weight-dependence of Ew and EHF
w .

Analyzing Fig. A.16, one can see that the EHF approximation obeys the variational principle

for all viable weight values (where w ≤ 0.5); as the weight of the first-excited state is

increased, both the exact/EHF energy becomes more positive for all ∆v. We note that the

EHF approximation always approaches the exact energy as ∆v → ∞, as shown previously

for the ground state. [37]

A.4.2 Correlation Energy

Below we provide plots of the total weight-dependent correlation energy, as well as its ki-

netic/potential contributions, in Figs. A.17, A.18, and A.19. Note that the definition of the
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Figure A.15: Absolute value of the density of the Hubbard dimer bi-ensemble, plotted for
various weight values as a function of ∆v. Here we set U = 0 (left), U = 1 (center), and
U = 5 (right). Dashed curves represent the ensemble HF approximation, and the solid curves
are exact.

EHF correlation energy is

EHF
C,w = Ew[nw] − EHF

w [nHF
w ], (A.28)

where each energy functional has been minimized by its respective weight-dependent self-

consistent density.

Looking at Fig. A.17, it is evident that the behavior of the correlation energy greatly depends

upon the value of w. We find that the inequality relating the exact/approximate correlation

energy holds for all ensembles (i.e. EHF
C ≥ EC for all weights). We show that a different

trend exists for the kinetic/potential correlation components, as the inequalities describing

the ground state (THF
C ≤ TC and UHF

C ≤ UC) no longer apply for ensembles with w ̸= 0.

Note that for each of these quantities, the EHF approximate correlation energy matches the

exact solution at ∆v = 0, except for strongly correlated systems with w ≥ 1/3 (due to the

nonphysical behavior in this regime discussed previously).
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Figure A.16: Total energy of the Hubbard dimer bi-ensemble plotted as a function of ∆v for
various w values. Dashed lines are the HF approximation and the solid lines are exact.

Figure A.17: Total correlation energy of the Hubbard dimer bi-ensemble plotted as a function
of ∆v for various w values. Dashed lines are the HF approximation and the solid lines are
exact.
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Figure A.18: Kinetic correlation energy of the Hubbard dimer bi-ensemble plotted as a
function of ∆v for various w values. Dashed lines are the HF approximation and the solid
lines are exact.

Figure A.19: Potential correlation energy of the Hubbard dimer bi-ensemble plotted as a
function of ∆v for various w values. Dashed lines are the HF approximation and the solid
lines are exact.
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Appendix B

Supplemental Material for Chapter 5

This chapter is a reproduction of the supplemental material for Ref. [162].

B.1 Abstract

Below we provide supplemental figures accompanying the main text, including various plots

depicting the accuracy of the locally-thermal Perdew–Burke–Ernzerhof (ltPBE) ansatz rela-

tive to conditional-probability density functional theory (CP-DFT) data, and its satisfaction

of two exact conditions. When useful, we make comparisons to other thermal generalized gra-

dient approximations in the literature, namely the one proposed by Karasiev et al. (referred

to here as KDT16).

174



B.2 CP-DFT Results

B.2.1 XC Enhancement Factors

All CP-DFT XC enhancement factor data has been included as .csv files for systems of

various densities, gradients, and temperatures. We include files for unpolarized systems:

rS = 0.1, 0.5, 1, 2, 4, 10 for 0 ≤ s ≤ 5 and 0.05 ≤ t ≤ 4; and for fully polarized systems:

rS = 0.1, 0.5, 1, 2, 4 for 0 ≤ s ≤ 3 and 0.05 ≤ t ≤ 4.

The ltPBE approximation is depicted alongside CP-DFT data in the following figures, show-

ing its performance for each density at select reduced temperatures. Fig. B.1 depicts the

results for unpolarized data, while Fig. B.2 depicts the results for fully polarized data.

B.2.2 XC Hole Densities

Below we depict various plots illustrating the temperature-dependent XC hole densities out-

put from the CP-DFT procedure outlined in the main text. Fig. B.3 depicts the results for

unpolarized systems, while Fig. B.4 depicts the results for fully polarized systems. In all

cases, the CP-DFT procedure produces an XC hole density with the same on-top value and

energy as PBE as t → 0.
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Figure B.1: Grid of plots depicting temperature-dependent XC enhancement factors as func-
tions of the dimensionless gradient s for unpolarized systems of various rS values. The data
points represent CP-DFT calculations connected by solid lines, while the ltPBE approxima-
tion (Eq. 1) is represented by the dashed curves. The corresponding percent deviation of
the ltPBE ansatz is included, largely found to be ≤ 8% (but often much less) in the tested
temperature range.
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Figure B.2: Grid of plots depicting temperature-dependent XC enhancement factors as func-
tions of the dimensionless gradient s for fully polarized systems of various rS values. The
data points represent CP-DFT calculations connected by solid lines, while the ltPBE approx-
imation (Eq. 1) is represented by the dashed curves. The corresponding percent deviation of
the ltPBE ansatz is included, largely found to be ≤ 8% (but often much less) in the tested
temperature range.
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Figure B.3: Grid of plots depicting temperature-dependent XC hole densities for unpolarized
systems of various rS, s, and t. We use black to denote the ground-state PBE XC hole density,
while the CP-DFT XC hole at different reduced temperatures is depicted in various colors.
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Figure B.4: Grid of plots depicting temperature-dependent XC hole densities for fully polar-
ized systems of various rS, s, and t. We use black to denote the ground-state PBE XC hole
density, while the CP-DFT XC hole at different reduced temperatures is depicted in various
colors.
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B.3 Exact Conditions at Nonzero Temperature

B.3.1 Coordinate Scaling Inequality

Here we provide additional plots depicting the satisfaction of the thermal coordinate scaling

inequality (Eq. 8 of the main text) by ltPBE, and violation by KDT16. In Fig. B.5 we plot

FXC curves at fixed values of t for ltPBE and KDT16, illustrating the differences between the

two approximations. The ltPBE enhancement factor, having inherited the curvature of the

ground-state FPBE
XC , naturally satisfies this exact condition at all temperatures. In contrast

the KDT16 approximation only satisfies this exact condition when t → 0, where it recreates

PBE, but violates it as the temperature is increased into the warm dense matter regime.

B.3.2 Concavity Condition

Here we show various contour plots depicting the thermal concavity condition (Eq. 11 of

the main text) for ltPBE and KDT16 at different s values. Looking at Fig. B.6, it is clear

that the ltPBE approximation satisfies this condition, regardless of the value of s, due to

its expression always being negative. It is also clear that KDT16 satisfies the concavity

condition as s → 0 (where it reduces to thermal LDA), but violates the condition as s is

increased. Noting that the density of a system scales according to nγ(r) = γ3n(γr), we

observe violations for KDT16 for both moderate/high densities with nonzero s in the warm

dense matter regime.
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Figure B.5: Temperature-dependent XC enhancement factors plotted as functions of the
dimensionless gradient s for unpolarized systems of various rS values, with each row having
a fixed reduced temperature t. The left column depicts the ltPBE approximation, while
the right column depicts KDT16. The thermal coordinate scaling inequality mandates these
curves not cross for any t.
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Figure B.6: Contours of the thermal concavity condition inequality (Eq. 11) with initial
density n = 1. Here we show both the ltPBE (top) and KDT16 (bottom) approximations,
confirming that the condition is satisfied by ltPBE, but is violated by KDT16 (red denotes
positive).
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Appendix C

Supplemental Material for Chapter 6

This chapter is a reproduction of the supplemental material for Ref. [236].

C.1 orthogonalization details

The original set of N basis functions χi(r), corresponding in our current FHI-aims imple-

mentation to numeric atom-centered orbitals (NAOs), are not orthogonal, in the sense that

the overlap matrix S, with coefficients

Sij = ⟨χi|χj⟩ =

∫
d3r χi(r)χj(r) (C.1)

is not the identity matrix, but some non-trivial, positive definite matrix. To identify the

linear combinations of orbitals that are occupied in the ground state of the system, we

need to account for overlaps between the orbitals. This can be done using the Löwdin
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decomposition, where the Hamiltonian matrix H, with coefficients

Hij = ⟨χi|H|χj⟩ =

∫
d3r χi(r)H(r)χj(r), (C.2)

is transformed into an orthonormal basis as H 7→ H̃ = S− 1
2HS− 1

2 . The transformed Hamil-

tonian H̃ can then be purified, as described in the next section, to yield the density matrix

D̃, which is then transformed back into the original orbitals basis,

D̃ 7→ D = S− 1
2 D̃S− 1

2 . (C.3)

For this purpose, the inverse square root S− 1
2 of the overlap matrix is needed. To compute it

efficiently on TPUs, we need an algorithm for computing the matrix inverse square root for

which the computational bottleneck reduces to repeated matrix multiplications. As discussed

in [124], this can be achieved using Newton-Schulz iterations. The iteration

X[n+1] =
1

2
X[n](3I −X2

[n]), X[0] = A, (C.4)

converges to the matrix sign function of A, which turns positive eigenvalues to +1 and

negative eigenvalues to −1. Notice that two matrix multiplications are needed for each

iteration. These matrix multiplications can be executed very quickly when distributed over

a set of TPUs. The inverse square root can in turn be cast as a sign function as

sgn


0 S

I 0


 =

 0 S
1
2

S− 1
2 0

 . (C.5)

Applying the iteration (C.4) to the block matrix in (C.5) results in the Denman-Beavers

iteration for computing the inverse square root.

In single (double) precision, the above procedure typically converges in about 35-50 (65-90)
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iterations, depending on how small the absolute value of the smallest (in absolute value)

eigenvalue of matrix A is. In order to further accelerate this computation, we introduce the

pre-conditioning polynomial iteration (which we described and justified in Sect. III.D of

[181] in the related context of the matrix sign function for singular values),

X[n+1] = aX[n](I −
4

27
a2X2

[n]), X[0] = A, (C.6)

where a = 3
2

√
3 − s− for some choice of small s− > 0. [Notice that for a = 3/2, that is

s− = 3(
√

3−1)/2 we recover (C.4).] This pre-conditioning polynomial accelerates the growth

of small eigenvalues of A, until they become of size at least s−. From then on, the regular

Newton-Schulz iteration is used to bring all the positive eigenvalues to 1, with quadratic

convergence. For s− = 0.1, in single (double) precision we need 15-20 (35) iterations of the

pre-conditioning polynomial and 10 (10) iterations of the regular polynomial, for a total of

25-30 (45) iterations.

The inverse of S is of course very sensitive to poor conditioning of S, which for the over-

lap matrix corresponds to (nearly) linearly dependent orbitals, a common occurrence when

dealing with large molecules. The danger of instability and poor accuracy due to small eigen-

values of S is especially pressing if operating in low numerical precision. Consequently we

always compute S− 1
2 in double precision. Because TPUs do not operate natively in double

precision but rather rely on software emulation, this incurs a significant time cost. However,

in a full DFT simulation that cost gets amortized: the overlap matrix does not change be-

tween DFT iterations (only the Hamiltonian does), and thus we only need to compute S− 1
2

once at the first iteration, write the result to disk, and reread and use it at all the successive

iterations with negligible cost.
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C.2 purification details

By density matrix purification we mean the map from a Hermitian matrix H̃ of linear size

N to a certain density matrix D̃, itself a projector into the subspace corresponding to the

Ne smallest (or most negative) eigenvalues of H̃, where Ne is the number of electrons in the

system. [As in the rest of the paper, the tilde in the Hamiltonian H̃ and density matrix

D̃(k) denotes that these matrices are expressed in an orthonormalized basis of orbitals, as

described in the previous section.] In symbols, let

H̃ = V ΣV H (C.7)

be the ascendingly sorted eigendecomposition of H̃, and let ρ ≡ diag(11, 12, . . . , 1Ne , 0Ne+1, 0Ne+2, . . . , 0N)

be a diagonal matrix with Ne 1’s followed by N −Ne 0’s on the main diagonal. Then D̃ is

defined by

D̃ ≡ V ρV H . (C.8)

It follows identically that D̃2 = D̃, so that D̃ is indeed a projector.

With the decomposition (C.7) in hand, D̃ is trivially computed by the manual substitu-

tion Σ → ρ. Unfortunately an efficient algorithm for Hermitian eigendecomposition is not

presently available in a distributed-TPU context. Instead, we turn to matrix-multiplication

based purification algorithms originally developed in the context of linear scaling methods

(see [148] for a review; note that since our matrices are dense and are not truncated, our

implementations scale as N3 despite the name).

Density matrix purification algorithms can be divided into two classes [228] by the manner

in which Ne is specified. In grand canonical purification, a so-called chemical potential µ is

given, and D̃ found so that the Ne + 1’th most negative entry of Σ is the first to exceed µ.

186



This can be achieved by shifting the spectrum of H̃ by µ so that the latter divides negative

from positive eigenvalues, and then computing a polar decomposition using the methods of

[181].

In the canonical purification used in this work, Ne is instead specified directly. Compared to

the grand canonical case this is more directly relevant to computations of molecular electronic

structure, where µ is unknown but the number Ne of electrons is provided.

Various algorithms for canonical purification have been proposed in the literature. The

original scheme is presented in [228], and is variously referred to as canonical purification

(in which case other algorithms are given a different name), trace-preserving purification, or

the Palser and Manolopoulos scheme. The trace-resetting schemes proposed in [218, 219]

are probably most common in practical use. We use the generalized or hole-particle scheme

presented in [301]. In our TPU experiments this iteration yields performance comparable to

that of [218, 219], but avoids certain branching conditionals which are awkward to phrase

efficiently on the TPU.

All such schemes work by first mapping the input H̃ to some initial X[0] with eigenvectors un-

changed but eigenvalues bound in [0, 1], and then repeatedly applying a matrix-multiplication

based iteration which also preserves eigenvectors. This iteration is chosen so that the eigen-

values of its fixed point X[∞] are exactly either 0 or 1 with Tr(X[∞]) = Ne; X[∞] then satisfies

(C.8) and it is thus equal to D̃, up to numerical error. In practice, the number of purification

iterations required for convergence varies across different Hamiltonians and the numerical

precision desired. Relevant factors include the size of the energy gap and the fraction of oc-

cupied to unoccupied states. Typically, less than 50 purification iterations are required [301].

Calculations performed to double precision tend to require more purification iterations, up

to twice as many as the same calculation performed to single precision.

Details of the specific iteration we use are given in [301]. It can be reproduced by the

187



initialization

X[0] = β1I + β2(µI − H̃), (C.9a)

µ =
TrH̃

N
, (C.9b)

β1 =
k/N

e+ − µ
, (C.9c)

β2 =
1 − k/N

µ− e−
, (C.9d)

where e+ and e− are estimates of the largest and smallest eigenvalues of H̃ obtained by e.g.

the Gershgorin circle theorem. Note that in practice we use the slightly more complicated

initialization referred to as HPCP+ in [301], which gives moderately improved performance

when Ne is far from N/2. In either case, the iterate X[n+1] is found from its predecessor X[n]

via

X ′
[n] = I −X[n], (C.10a)

X[n+1] = X[n] + 2

(
X2

[n]X
′
[n] −

Tr(X2
[n]X

′
[n])

Tr(X[n]X
′
[n])

X[n]X
′
[n]

)
. (C.10b)

Once D̃ is found, its counterpart in the non-orthogonal basis, D, is found by applying (C.3).

In Fig. C.1 we demonstrate the computational scaling of density matrix purification on TPUs

using dense random Hermitian matrices and single precision. In this benchmark we scale

both the system size (dimension of the matrix, N) and the number of TPU v3 cores used.

Starting with a single TPU board, consisting of 8 TPU v3 cores, we can systematically scale

up to hundreds (or thousands) of TPU v3 cores. Using a full TPU v3 pod (consisting of

2048 TPU v3 cores), we project that we can address dense systems of N = 500 000 orbitals

within 30 minutes using single precision.

For dense linear algebra, the computational scaling here is cubic. If suitable sparsity is

assumed, and the density matrix is correspondingly truncated, sparse linear algebra can be
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Figure C.1: Average wall times for TPU density matrix purification (normalized to a total
of 50 purification iterations) in single precision using dense random Hermitian matrices of
dimension N . Open-circle data points (v3-2048 results) are a linear extrapolation from v3-
512 results.

used to obtain linear scaling. Such linear scaling approaches have been implemented and

used in practice within computational quantum chemistry packages, however their practical

application is limited to systems whose density matrix has a sufficient sparsity structure to

ensure accurate results.

C.3 FHI-aims TPU integration details

We outline the practical details of integrating a TPU-based density matrix solver with the

CPU-based DFT package FHI-aims. The platform and integration described here is a proto-

type. Its main purpose is to illustrate, in actual end-to-end DFT computations, the viability

of accelerating the O(N3) bottleneck using TPUs.

The software ELSI [339, 344] is used to facilitate the connection between FHI-aims and the

TPU by providing an interface and abstraction in which FHI-aims, or other codes, such as

Siesta [76] and DFTB+ [129], can utilize external eigensolvers launched within ELSI. We

implement in-house routines to launch the TPU-based density matrix purification (instead of
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an eigensolver) using the ELSI standard. In all calculations, we use an off-the-shelf FHI-aims

code with no modifications (version 210226).

In the course of a DFT calculation, FHI-aims utilizes the following matrices: the overlap

matrix S, the DFT Hamiltonian H, and the density matrix D. FHI-aims distributes each

matrix across CPU processes and memory using a 2D block-cyclic distribution pattern.

On the other hand, in our current TPU implementation which utilizes SUMMA (Scalable

Universal Matrix Multiplication Algorithm), our TPU-based solver requires matrices to be

distributed across a TPU processor grid as 2D blocks in a checkerboard distribution, see [181]

for more details. This poses a practical matrix communication challenge between the CPU-

based and TPU-based schemes since their matrix distribution patterns differ in both cyclicity

and the number of processors. A simple solution to communicate such matrices between CPU

and TPU is to serialize and transfer the respective matrices and deserialize and redistribute

them in the desired scheme. Specifically, we utilize available MPI processes on the CPU to

serialize (and deserialize) to a network disk using the ELSI IO module and compressed sparse

column (CSC) format with no cyclicity. Double precision is used throughout. We note that

each process (CPU and TPU) calculates where its data should be within the serialized CSC

representation of the whole matrix and reads (writes) to (from) only that portion of the

matrix representation on the centralized network drive. That is, our implementation incurs

some algorithmic overhead but only communicates the data that is needed.

This is not the most performant solution, however, it is generalizable, makes use of ex-

isting tooling within ELSI, and avoids the complexity of the various distribution patterns.

Due to the use of the CSC format, serializing (writing) dense matrices to disk is especially

costly and dominates the total CPU-TPU communication time for large system sizes. For

transparency, in Fig. C.2 we plot the average observed total end-to-end CPU-TPU commu-

nication time (excluding the TPU density matrix purification time) incurred in our current

implementation. There are, however, several ways to further optimize the current integra-
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tion. For instance, we are currently using an off-the-shelf network file system (NFS) share,

and replacing it with a different implementation of a portable operating system interface

(POSIX) compliant distributed file system (one designed for high-performance applications)

would result in a much higher throughput and would not require any changes to our code.

In addition, further algorithmic optimizations are likely possible.
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Figure C.2: Total end-to-end CPU-TPU communication time per DFT iteration (excluding
the TPU density matrix purification time) incurred in current integration with FHI-aims.

Within FHI-aims all calculations are performed using the all-electron “light defaults” numeric

atom-centered basis set [17]. This results in 5 basis functions per H atom and 14 basis

functions per O atom in the water cluster calculations. All calculations are non-periodic

with open boundary conditions and utilize the PBE [241] XC functional. The geometries of

water clusters are directly obtained from Ref. [284] which were generated by taking spherical

cutouts of varying radii from a large molecular dynamics simulation of bulk water at standard

pressure and an average temperature of 300K (further details can be found in Ref. [262]).

In our implementation with FHI-aims, hybrid functionals can also be used without any

modification, but simply result in longer DFT Hamiltonian build times on CPUs. Analyt-

ical forces are also available from FHI-aims using TPU-computed energy-weighted density
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matrices, which are also communicated using the above scheme and facilitated using ELSI.

C.4 dynamic precision on smaller water clusters

The dynamic precision approach illustrated in Fig. 4 of the main text for 10 327 water

molecules, when applied to smaller systems, allows for a larger part of the computation to

be performed in single precision. For instance, an end-to-end converged DFT calculation on

(H2O)1481 cluster with N = 35 544 orbitals required 11 iterations in single precision and 4

iterations in double precision, with an overall time of under 5 hours on a single TPU (v3-8)

board, see Fig. C.3.
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Figure C.3: Convergence trajectory of an end-to-end dynamic precision DFT calculation on
a (H2O)1481 cluster with N = 35 544 orbitals. The absolute total energy differences between
subsequent DFT iterations, i and i − 1, are plotted (top). The corresponding difference in
real-space densities within the L1 norm is plotted (bottom).
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