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Weak binding effects on the structure of 40Mg
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Departamento de F́ısica Teórica and IFT-UAM/CSIC,
Universidad Autónoma de Madrid, 28049 Madrid, Spain

(Dated: January 12, 2022)

While the phenomenon of one- and two-neutron ground-state halo nuclei is well established, the
effects of weak binding on nuclear excitation properties remain largely unexplored. Motivated by
this question and by recent data in 40Mg we investigate the coupling of weakly bound (halo) valence
neutrons to a core using the known properties of 40Mg to explore and illustrate possible particle-core
coupling schemes and their impact on the low-lying excitation spectrum.

I. INTRODUCTION

The properties of nuclei close to the neutron drip-line
can differ from those near to stability due to the pres-
ence of weakly bound valence neutrons. One of the most
striking structural changes to emerge is the formation of
a neutron halo, where the outermost one or two weakly
bound valence neutron states form a spatially extended
surface comprised almost entirely of neutrons. As well
as being near threshold the valence neutrons must also
occupy low-` states (s, p) to minimize the effects of an
angular momentum barrier and allow their wavefunction
to extend significantly beyond the core.

Focusing on two-neutron halos, first evidence came
from a measurement of the interaction cross-section of
11Li [1] reported in 1985. In their seminal work [2]
Hansen and Jonson showed that the low binding in 11Li
leads to neutronization of the nuclear surface as origi-
nally suggested by Migdal [3], where the nucleus is sur-
rounded by a neutron halo extending to several times
the nuclear (core) radius. It is interesting to note that
this state may be interpreted as a bound dineutron cou-
pled to the nuclear core [3]. The extra attraction be-
tween the two neutrons in the presence of a Fermi sea
gives rise to a bound nn structure despite the fact that
the free di-neutron is not bound [4].

While the phenomenon of a one- and two-neutron
ground-state halo is well established (there are over 10
known cases that have been experimentally confirmed,
ranging from 6He to 37Mg) the effects of weak bind-
ing on nuclear structure properties remain largely un-
explored. Motivated by this question and by recent
data in 40Mg [5] we investigate the coupling of weakly
bound (halo) two valence neutrons to a core using the
known properties of 40Mg to explore and illustrate pos-
sible particle-core coupling schemes and their impact on
the low lying excitation spectrum. 40Mg lies close to the
neutron drip line and is a potential candidate for a halo
nucleus with two neutrons occupying the p3/2 orbit [6–
8], and where the observed spectrum of γ-ray transitions
deviates from that seen in the neighboring more bound
36,38Mg isotopes.

Of particular interest are the effects of the continuum

on nuclear rotational motion. These have been studied
in Ref. [9, 10] in the framework of the particle-plus-core
problem using a non-adiabatic coupled-channel formal-
ism. The subtle interplay between deformation, shell
structure, and continuum coupling can result in a va-
riety of excitations in an unbound nucleus just outside
the neutron drip line, as predicted for the low-energy
structure of 39Mg.

In this work we take a more qualitative view, yet one
that captures the main physical ingredients, to study
the low-lying excitations that may emerge in a halo nu-
cleus. We begin in Section II by discussing a “universal”
plot that relates the 2n separation energy (S2n) to the
volume overlap between the core and halo as a way to
characterize and identify possible halo nuclei, and then
use the Weak Coupling [11] and Particle-Rotor Mod-
els [12] in a phenomenological approach in Section III,
expanding on the scenarios first presented in Ref. [5].

II. CORE-VALENCE OVERLAP

As discussed in Ref. [2] and subsequent works [13–
16] (see also the recent monograph [17]) the extended
matter radius exhibited by a two-neutron halo nucleus
can be expressed in terms of the separation energy of
the weakly bound neutrons (S2n) through the tunnel-
ing parameter X = rc

√
2µS2n/h̄ derived from the ex-

ponential nature of the asymptotic wavefunction. We
thus consider a plot of (< r2c > / < r2m >)1/2 vs. X as
a way to capture the universal features of the 2n halo
systems, where µ is the reduced mass of the core + 2n
system, and rc, rm are the core and matter radii respec-
tively. Their root-mean-square (RMS) ratio represents
the volume overlap between the valence nucleons and
core.

The experimental data on known 2n halo nuclei were
obtained by comparing matter radii from Ref. [18] to
a local A1/3 fit of rc in an isotopic chain for X > 1.
The results are shown in Fig. 1, where the two black
curves are the expectation for ` = 0, 1. The range of
binding energy expected for 40Mg is indicated by the
shaded region. The mass table evaluation [19, 20] gives
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FIG. 1: Universal plot for 2n halos showing the dependence of (< r2c > / < r2 >)1/2, a measure of the volume overlap, with
the tunneling parameter X . The black curves show the expected behavior for ` = 0, 1. The blue data points correspond to
known 2n halo nuclei, while the green data points were used for fitting the value of rc. The purple data points correspond
to the Mg isotopes.

an expected S2n of 667± 706 keV. Within this range of
binding energy we may expect a reduced core-valence
overlap, suggesting that 40Mg is a possible 2n halo can-
didate where, as we shall discuss, a (almost) spherical
p2 two-neutron halo may develop on top of a deformed
38Mg core [8]. An inspection of the figure clearly sug-
gests that in the future both mass and interaction cross-
section measurements of 40Mg will be crucial to firmly
establish its (potential) halo nature.

III. PARTICLE-CORE COUPLING

The spatial separation between the two halo neu-
trons and the core suggests that the motion (excitation
modes) of the system as a whole is reasonably described
by that of the individual subsystems and the strength
and nature of the coupling between them. Here we dis-
cuss the strength of the interaction between the core
and the 2n system in terms of particle-surface (phonon)
coupling as a metric to establish whether the halo can
be considered “weakly” or “strongly” coupled.

As discussed in detail by Bohr and Mottelson [21, 22],
the strength of the particle-vibration (surface) cou-
pling for quadrupole modes, specifically relevant to the
present discussion, is given by:

fλ=2 =

(
5

16π

)1/2(
h̄ω2

2C2

)1/2 〈k2〉
h̄ω2

(1)

where C2 is the quadrupole restoring force parameter,
h̄ω2 is the vibration frequency, and k2(r) = R ∂V/∂R

the single-particle form factor, where we take R as the
core radius rc. In turn we have:

B(E2, 0+ → 2+) = 5
( 3

4π
ZeR2

)2 h̄ω2

2C2

Values of fλ=2 greater than unity are associated with
strong coupling while values of fλ=2 less than unity are
associated with weak coupling. The softness of the sur-
face quadrupole vibration/phonon mode is related to
the C2 coefficient, or the B(E2), and the frequency
h̄ω2.∗ We estimate the single-particle form-factor, 〈k2〉,
with a wavefunction approximated as a constant within
the potential and an exponential tail outside, the decay
constant of which depends on the 2n separation energy.
The coupling is seen to decrease as the orbit becomes
less bound. In turn, the overall dependence of fλ=2

shown in Fig. 2 also decreases with the tunneling pa-
rameter X . The curves represent the two cases that can
be associated with a soft- and a hard core as indicated
by the B(E2) strengths in W.U. For the range of BE
expected for 40Mg, fλ=2 is below unity for a B(E2) of
10 W.U., signaling a regime where weak particle-surface
coupling dominates, in contrast to the strong coupling
expected in the lighter (more bound) even-A magne-
sium isotopes from 32Mg to 38Mg. A consequence of
the weak coupling between the deformed core and the

∗ In this context, for example, the 9Li core in 11Li can be con-
sidered to be “soft”, whereas the 4He core in 6He is “hard”.
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neutron halo is that the latter can be considered spher-
ical to all practical purposes.

FIG. 2: Bohr-Mottelson particle-surface quadrupole cou-
pling form factor, fλ=2, as a function of X . Two cases are
shown, corresponding to soft- and hard- cores as represented
by the given B(E2) strength in single-particle units.

In the following we apply a phenomenological Weak
Coupling Model [11] and the Particle-Rotor Model [12]
to describe the spectrum of states that can arise in such
a system, and when comparing results to experimental
data in 40Mg we assume that the γ-ray transitions of
500(14) keV and 670(16) keV correspond to the energies
of the first and second 2+ states, such that 2+1 → 0+1 =
500 keV and 2+2 → 0+1 = 670 keV (see Refs. [5, 23]).

A. Weak Coupling Phenomenological Model

The coupling of a two neutron halo (e.g. νp2) to a
core is schematically illustrated in Fig. 3 and the phe-
nomenological Hamiltonian describing the relevant de-
grees of freedom of the total system can be written as:

H(A+ 2) = H(A) + Vnn + Vnn−core (2)

The unperturbed energies of the core and two neutron
subsystems are given by H(A) and Vnn respectively, and
Vnn−core is the interaction between them.

It is natural to expect that effects of weak binding on
excited states will show when the energy scales of the
two degrees of freedom become comparable:

Ecore(2
+) ≈ E2n(2+) (3)

As discussed in appendix A, 40Mg is one of few cases
where this condition may be satisfied for p neutrons out-
side a deformed core.

It is interesting to note the recent work in Ref. [24],
where the authors analyze the 2n decay mode of the 2+1
resonant state of 6He. They show that the calculated
double-differential breakup cross section for the 6He +
12C reaction at 240 MeV/nucleon will have a shoulder
peak which comes from the 2n configuration in a νp2

2+ state.

0+

2+ H(A)

4+

2+

0+Vnn

A
n

nVnn
Vnn-core

H(A+2) = H(A) + Vnn + Vnn-core

Core   2n basis Mixing

E2+

FIG. 3: Sketch of our weak-coupling approach to treat the
mixing of the rotational core and the two neutrons degrees of
freedom, where the matrix element Vnn−core is anticipated
to be small in comparison to the characteristic energies of
the 2+ of the core and the Vnn in the νp23/2 configuration.

1. State Energies and Wavefunctions

The formation of a neutron halo is limited to weakly
bound low-` s and p orbits and the maximum spin for
a two neutron halo system is then 2+. For the lowest
states in the scenario above, namely the 2+ states, this
results in a 2×2 matrix that can be studied as a function
of the 2n binding energy.

FIG. 4: Results of the weak coupling phenomenological
model vs. S2n for the case of a νp orbit (dashed blue line).
The experimental energies are shown as black squares at the
minimization solution. The two-body matrix element Vnn is
assumed to scale with volume from 50Ca.

The results of the diagonalization for the 2+ state
matrix vs. 2n separation energy are shown in Fig. 4
using the example of 40Mg. In choosing the initial pa-
rameters we consider that the core unperturbed energy,
Ecore(2

+), is that of 38Mg and does not depend on the
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neutron binding (dashed black line). The energy of the
2+ neutron excitation, Vnn, has been scaled by volume
from that in 50Ca (νp23/2 outside of 48Ca) and as ex-

pected, decreases with S2n (dashed blue line). It is
interesting to see that the unperturbed lines cross for
binding energies in the range expected for 40Mg and
even a small mixing matrix element Vnn−core will give
rise to largely mixed states in the laboratory frame. A
minimization procedure on the experimental energies of
the two potential states populated [5] gives a solution
with Vnn−core = 69keV, S2n=877 keV, and wavefunc-
tions:

|2+1 〉 = 0.89|2+core〉+ 0.45|2+2n〉
|2+2 〉 = −0.45|2+core〉+ 0.89|2+2n〉 (4)

The fact that Vnn−core � Ecore(2
+) (Vnn) in this solu-

tion supports the weak coupling assumption.

2. Reaction Cross Section

The wavefunctions of the two 2+ states (see Eq. 4)
can also be used to determine their relative intensities
populated in a direct knockout reaction using the pro-
cedure described in Refs. [25–27] and compared to that
observed [5]. The cross-section to populate a given state
in a direct reaction depends on the overlap of the ini-
tial and final state wavefunctions and may therefore be
sensitive to the effects of weak binding.

To calculate the population of the final states in 40Mg
produced from the 41Al-1p reaction we assume that the
ground state of 41Al is K = 5/2+, from the π[202]5/2
Nilsson level originating from the d5/2 spherical level. In
the single-j approximation the collective spectroscopic
factors follow the values of the Clebsch-Gordan coef-
ficients: 〈 52

5
2
5
2 −

5
2 |If0〉. In the minimization proce-

dure we also include a single-particle spectroscopic fac-
tor Ssp(5/2

+ → 2+2n) with a fitted value of 0.14. This
gives a measure of the component of the |2+2n〉 state in
the ground state of 41Al. A good agreement with the
observed relative population of the states as determined
from the γ-ray intensities [5] with the assumption of par-
allel decays can be seen in Fig. 5.

3. Transition Probabilities

No data currently exists on E2 transition probabili-
ties (B(E2)s) to low-lying states in a halo nucleus and it
is interesting to consider the contribution of the neutron
halo to excite the 2+1 and 2+2 states, for example in an in-
termediate energy Coulomb excitation experiment [28].

In the weak coupling framework we can calculate the
B(E2)′s and find the ratios to excite the 2+1 and 2+2
states:

B(E2, 0+ → 2+1 )

B(E2, 0+ → 2+2 )
≈ (α+ βκ)2

(−β + ακ)2
(5)

FIG. 5: Minimization results for the intensity ratio of the
2+
1 and 2+

2 states populated in the experiment.

FIG. 6: Ratios of B(E2)s for the 0+ → 2+
1 and 2+

1 → 2+
2

transitions to the 0+ → 2+
2 , as a function of the parameter κ.

The (magenta) shaded region indicates the expected range
for the values of κ.

B(E2, 2+1 → 2+2 )

B(E2, 0+ → 2+2 )
≈ (α(1− κ))2

(1− (α/β)κ)2
(6)

where κ = 〈0+|M (E2)2n|2+2n〉/〈0+|M (E2)core|2+core〉 =
〈2+2n|M (E2)2n|2+2n〉/〈2+core|M (E2)core|2+core〉, and α
(=0.89) and β (=0.45) are the amplitudes in Eq. 4.
These ratios are shown in Fig. 6, and we note that they
are sensitive to the halo (2n) contribution. We may an-
ticipate that the 2n matrix element will be of order one
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single-particle unit or smaller depending on the effec-
tive charge acquire by the neutrons. In turn, the B(E2)
of 38Mg should be similar to that of 36Mg [29], ≈ 14
W.U. Thus, the shaded region indicates the expected
range for κ, estimated from the values above. It is worth
pointing out that from these results, the branching ratio
(2+2 → 2+1 ) for a 170 keV transition from the assumed
670 keV state is expected to be small.

Although perhaps more experimentally ambitious,
the magnetic moment of the 2+1 state can also provide
a sensitive measurement of the 2n contribution since its
gyro-magnetic factor is:

g(2+1 ) = α2Z

A
+ β2 1

2
gs,ν (7)

giving g(2+1 ) ≈ −0.14 µN .

B. Particle-Rotor Model

The Particle-Rotor Model [12] has been used exten-
sively to describe the coupling and alignment of va-
lence nucleons outside a deformed core. Within this
framework, the backbending phenomenon [30] was ex-
plained by Stephens [31] as a result of the crossing of the
ground state (gs or yrast) band with an excited aligned
band carrying single-particle angular momenta usually
referred to as the s or yrare band. This can be simply
understood by looking at the energies of the two bands
as a function of angular momentum:

Egs ≈
h̄2

2I
I2 (8)

and

Es ≈
h̄2

2I
(I − 2j)2 + 2∆ (9)

where for simplicity we assume that the two bands have
equal moments of inertia, I . At a critical angular mo-
mentum, Ic, the extra energy (2∆) required to break
the pair is compensated by the loss of rotational energy
due to the contribution, 2j, of the aligned particles to
the total spin. An estimate from Eqs. 8 and 9 gives:

Ic ≈ j +
3∆

j2E2+
(10)

Typically, in the rare earth, these crossings occur at
relatively high-spins, while here it is anticipated to be
at low-spin.

In order to apply this scenario to the case of a de-
formed weakly bound nucleus we first look at the 38Mg
yrast band and, assuming the maximum alignment of
2j = 2 for the p3/2 level, we adjust the Coriolis mixing
matrix element to reproduce the observed energies of
the I = 2+ and I = 4+ levels in 38Mg (Fig. 7 bottom
panel) from the crossing of the gs (dashed line) and s
bands (dotted line).

FIG. 7: Band-crossing scenario applied to both 38Mg (bot-
tom) and 40Mg (top) showing the need for a quenched gap
in 40Mg (red arrows) that can be attributed to the weak
binding of the p3/2 orbital. The gs and s bands are shown
by the dash and dotted lines respectively

For 40Mg, we consider the 2+1 and 2+2 to belong to the
gs (yrast) and s (yrare) bands respectively. Assuming
the same Coriolis matrix element for 40Mg as derived for
38Mg, the similarity in their energies requires a reduced
pairing gap to 2∆ ≈ 0.75 MeV, which is half of that in
38Mg (Fig. 7 top panel) to reproduce the data. That is,
the energy to break a neutron p3/2 pair in 40Mg needs
to be reduced, which is suggestive of a quenched pairing
due to the reduced overlap induced by the weak bind-
ing, this quenching is consistent with the volume overlap
shown in Fig. 1. It is worth pointing out that with the
parameters above, a backbend in angular momentum vs.
rotational frequency is predicted for 40Mg.

IV. CONCLUSION

While the phenomenon of one- and two-neutron
ground-state halo nuclei is well established, the effects
of weak binding on the low-lying excitation spectrum
remain largely unexplored. To address this interest-
ing question we have studied the coupling of weakly
bound (halo) valence neutrons to a deformed core using
a Weak-Coupling phenomenological approach and the
Particle-Rotor model. A “universal”plot that relates
the 2n separation energy (S2n) to the volume overlap
between the core and halo was used to characterize and
identify possible halo nuclei. We illustrated our results
using the known properties of 38,40Mg to discuss the im-
pact of weak binding on the low lying excitation spec-
trum, one proton removal reaction cross-sections and
transition probabilities. Despite its simplicity, our phe-
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nomenological model captures the main physical ingre-
dients and provides a framework that allows us to to
examine possible coupling schemes involving a core and
halo.

Of course, other approaches to the structure of 40Mg
exist [32, 33] that differ in the nature of the second ex-
perimental γ transition. It is clear that further experi-
mental and theoretical works will be required to eluci-
date their intriguing structure, which we trust will be
motivated by this work.
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V. APPENDIX A

The condition that the energy scales of the two de-
grees of freedom within in weakly bound system are
comparable

Ecore(2
+) ≈ E2n(2+) (11)

can be used to signal cases when the observed spectrum
of states may by modified by the interaction of the halo
and core, as discussed in the main text. To do this
we first rewrite this condition explicitly for a deformed
rotor and assume the energy of the two neutron 2+ is

given by a modified gap,

2(2 + 1)h̄2

2I
≈ 2

3
(2∆̃2n) (12)

where the 2/3 factor is an empirical estimate that takes
into account the fact that 2+ two-particle states are
lower than the pairing gap due to the quadrupole in-
teraction. The moment of inertia is a function of the
mass number, the deformation and the pairing gap [34].
We use a pairing gap (in MeV):

∆ ≈ 7.36

A1/3
(1− 8.15(N − Z)2/A2) (13)

derived from the fits in Ref. [35]. From the discussions in

Section II we estimate ∆̃2n by modifying the expression
above by a volume correction associated to the weakly
bound neutrons and obtain:

h̄2

I (A, ε,∆)
≈ 0.44∆(〈r2c 〉/〈r2〉)3/2 (14)

where 〈r2〉 depends on S2n through the tunneling pa-
rameter X . For a given deformation ε we can solve
for the locus points in the nuclear chart, (A,N,Z), that
satisfy Eq. (14) and where a transition to a weakly
bound ”phase” might occur. This solution is perhaps
relevant only for p orbits, the lowest (`, j) from which
a 2+ excitation could be built and for which the low
centrifugal barrier still allows the formation of a halo.
The result, obtained for a notional ε = 0.4, limits the
accessible region of interest to light masses, with that
near 40Mg being the heaviest that can be reached, while
heavier candidates are likely to be beyond the reach of
all planned experimental facilities.
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