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A Computable General Equilibrium Model. 

Ko8ta& A. Despotakis and Anthony C. Fisher 

Energy and Resources Group 
and Applied Science Division of Lawrence Berkeley Laboratory 

University of California, Berkeley, Ca 94720 

ABSTRACT 

The purpose of this study is to develop a model of energy in the Cal-

ifornia economy, and to use the model to simulate long run impacts of an 

oil price shock under varying assumptions about the structure of the 

economy. We demonstrate the feasibility of using a recently developed 

computable general equilibrium · approach to capture regional 

energy /economy interactions, and make some advance in modeling tech-

mque. 

The distinguishing feature of the model is its flexibility. Use of Gen-

eralized Leontief flexible cost functions at the sectoral level captures the 

substitution effects of relative price changes, while at the same time 

retaining the structure of traditional input-output analysis. Experimental 

results suggest this innovation can be important; a doubling of the price 

of imported oil leads to a very much larger drop in oil use, and a substan-

tially smaller drop in aggregate consumption, than is obtained with a 

fixed-coefficient version of the model. 

June 1985 
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1. Introduction. 

The purpose of this study is to develop a model of energy in the California econ-

omy, and to use the model to simulate long run impacts of an oil price shock under 

varying assumptions about the stru~ture of the economy. Elsewhere we consider other 

scenarios, in particular having to do with energy conservation, with or without an oil 

price sliock (Despotakis and Fisher (1985)). Here the focus is on the technical side. We 

propose to demonstrate the feasibility of using a recently developed modeling approach 

to capture regional energy /economy interactions, and to make some modest advance in 

modeling technique. 

Approaches that constitute variations on input-output (I-0) analysis tend to have a 

rigid structure that does not capture the substitution effects of relative price changes. 

Alternatively, at least at the national level, models are price-sensitive but do not embody 

the structural relations among sectors - as for example econometric models of energy 

demand. Computable general equilibrium (CGE) models, a more recent development, 

offer the best of both worlds: sectoral structure and (some) price-induced substitution. 

At least two existing studies develop CGE models focusing on energy /economy interac-

tions at the national level: Hudson and Jorgenson (19i4) for the U.S., and Bergman 

(1982) for Sweden. 11 We shall in fact follow Bergman's approach, making changes and 

We wish to thank Lars Bergman and Claes Thimren for their help in formulating and solving the 
model, Everard Loftmg for much of the data needed to calibrate it, and Sherman Robinson for 
many useful comments on an earlier draft of the paper. 
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extensions as appropriate. 

But what exactly is a CGE model, and how is it related to the earlier approaches? 

Essentially, it is an I-0 model with flexible coefficients - determined by response to rela

tive price changes - for the primary inputs, labor and capital. Other inputs typically 

remain fixed} but an innovation in the Hudson-Jorgenson and Bergman models is, 

appropriately, the freeing of the energy coefficients. In these models profit-maximizing 

producers make choices among energy, ca_pital, and labor, and within the energy sector 

among different forms of energy. Thus the structure of an I-0 approach is retained, that 

allows the modeler to study sectoral impacts of a shock to the economy, or of a policy 

change, but with some scope for potentially important substitution responses. 21 In the 

next section we expand cin the considerations that lead us to believe this is a reasonable 

way to model regional energy /economy interactions. ' 

The plan of the rest of the study is as follows. In sections 3 and 4 the structural 

equations of the model are set out, first (section 3) in general functional notation and 

then (section 4) using specific functional forms. A major concern of the study is to test 

the implications of the newer "flexible"· forms such as the Generalized Leontief (GL), 

rather than the CES typically used in CGE models. This is particularly important 

because of our focus on energy, and the existing controversy about elasticities of substi

tution between energy and other inputs. \Ve wish to test the implications, for sectoral 

and aggregate activity, of changing assumptions about these parameters in a way that 

would not be possible with the conventional CES approach. (The conventional approach 

may of course be adequate in representing the better documented labor/capital substitu

tion elasticity). 

In section 5 we describe briefly the nature of our data and the way the model is 

calibrated, and in section 6 the solution algorithm. In section 7 we illustrate the use of 

the model, prese!)ting and interpreting the results of a selected experimental disturbance: 

a doubling of the price of imported oil. Both macro and micro (sectoral) impacts are 
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studied, with an emphasis on energy flows. We also discuss some of the results of an 

extensive series of sensitivity analyses. 

2. The CGE Approach to Regional Modeling. 

Although the CGE approach has previously been applied to national economies, we 

believe it is well suited to a study of energy/ economy interactions in a large (economic) 

region like California. There are, however, some differences in structure and emphasis 

which we note presently. 

On a purely theoretical level, the external relations of a regional economy are 

modeled exactly like those of a national economy. Key assumptions are that goods are 

mobile and factors are not, and that· domestic and imported goods are perfect substi

tutes. The difficulty with these assumptions, when it comes to applied analysis, is that 

they lead to a much greater degree of specialization than is observed in the real world. 

Strictly, an economy would produce only as many (tradeable) goods as it has primary 

inputs (Samuelson (1953)). In a model with just two primary inputs, capital and labor, 

the economy produces just two (tradeable) goods. 

This is a very awkward result. One way around it is to assume that domestically 

produced and imported goods are not in fact perfect substitutes.3/ Differences in quality, 

or in composition of an aggregated good like "agriculture", can in turn be related to 

differences in the quality or composition of aggregated inputs like labor and capital. The 

advantage of this approach is that the domestic economy is still a price taker with 

respect to imports.4/ But these are combined with domestically produced goods to yield 

a "composite good" for the domestic market. The price of the composite is then 

endogenous, a function of the import price, the cost of domestic production, and the 

degree to which domestic production can substitute for imports. 

This makes sense for an economy like that of California, which is more or less a 

price taker with respect to the rest of the U.S. and the rest of the world, but at the same 
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time exhibits substantial differences in (composite good) prices even from those of other 

regions of the U.S. Examples of price variation are given for oil products and grains in 

Tables 1 and 2, respectively. Looking at Table 1, we see that in July 1984 the index for 

kerosene ranged from 319.6 (base year 1975 = 100) in the West North Central states to 

275.9 in the Pacific states. For fuel oil No.2, widely used in residential heating, the 

range was from 313.9 to 290.1. From Table 2 we see even larger percentage differences 

in grain prices, ranging form $2.72 per bushel of wheat in California (in 1977) to $1.96 in 

New York, from $2.40 per bushel of corn in California to $1.83 in South Dakota, and so 

on. 

This variation is similar to what is observed between countries like Norway and 

Sweden, to which CGE models have also been applied. Another interesting comparison 

between the California economy and these others is given in Table 3, showing exports 

and imports as a percentage of gross domestic product. Note that even the larger 

economies of France, the United Kingdom and \Vest Germany exhibit the same degree of 

export and import intensity, in the neighborhood of 30%. Thus, although California is a 

regional and not a national economy, its external relations are roughly speaking as 

important as those of national economies of comparable size, and can be modeled m 

much the same way. 

There are, however, some differences. Certain kinds of policies that are important 

m the setting of a national economy, and that have have been simulated with CGE 

models, are not relevant for California. For example, it would not make sense to study 

the impacts of trade restrictions, or exchange rate controls. These- along with changes 

in certain macroeconomic policy variables - are within the purview of national, but not 

regional policy makers. This is a difference between national and regional economies, 

with respect to the uses of a CGE model, that- matters. On the other hand, there is no 

reason why we cannot study the impact of an oil price increase - either as a result of a 

change in the world price, or a tax, such a severance tax, levied at the state level. 
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Another difference is in the formulation of what is known as the "closure rule". In 

his model of the Swedish economy Bergman {1982) specifies that total foreign borrowing 

be set exogenously at a "reasonable level". In the long run, for a national economy, he 

argues that this level is just zero, or at least ought to be for planning purposes. Such an 

. approach is not suited to the California economy, and we accordingly formulate a 

different kind of closure rule. As discussed below, we assume that the ratio of net 

transfers (borrowing plus government transfers less direct taxes) to households in the 

economy remains at the reference-year equilibrium level. Alternatives are possible, but 

the point is that adaptations are needed for a regional model. 

3. Structure of the Model 1: A General Statement. 

In this section, we explain the workings of the demand and supply sides of goods 

and factor markets, and set out the equations needed to represent the behavior. of 

market participants. At this stage, the equations are in general functional notation, 

under the assumption of an n-sector, m-factor (primary input) economy. In the next sec

tion, we introduce specific functional forms. \Ve also, at this stage, set out the equili

brium conditions that link demand and supply in each market. 

Goods Markets. 

(i) The Supply Side. 

For a model of long run equilibrium in a developed economy, the assumption of 

constant returns to scale (CRS) technology seems appropriate, and as we shall see, 

greatly simplifies the solution procedure. Given CRS, the zero-profit equilibrium condi

tion for sector j is 

j = l, ... ,n {1) 

where Pi is price, ci is unit cost, \V=( IV 1, .. , IVm) is a vector of primary input prices, 

and PD=(PD 1, .. ,PDn) is a vector of composite good prices (imports plus domestic 
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output). 

(ii) The Demand Side. 

Demand for composite good i can be broken into three parts: intermediate demand 

m 

:E X;i ; consumption demand Ci ; and investment demand I;. 
j=l 

Intermediate demand for good i by sector j, X;j, results from cost-minimizing 

behavior by producers in j. From Shephard's Lemma we have 

aci (W,PD) 
8PD· Xi 

I 

a ,J = l, ... ,n (2) 

where xj is the output of sector j. 

Consumption demand C; results similarly from optimizing behavior; consumers 

maximize a utility function subject to a. budget constraint. 51 The demand functions can 

be written 

Ci (PD ,lv!B ) i=l, .... ,n (3) 

where MB is money budget. The choice of a particular utility function and the resulting 

system of demand functions are discussed in section 4. 

Investment in ·a static model is not as important as in a dynamic model where it is 

the backbone of the on-going capital formation process. Commodities demanded as 

investment in the post-shock equilibrium year do not constitute productive capital m 

that year. They become productive in subsequent years, not covered by the model. A 

simple formulation of investment demand is therefore appropriate. Following Bergman 

we make the following assumption: 

* Total net investment, IN, is exogenous. Total gross investment is therefore IN 

plus the sum of depreciation-induced replacement-investment over all n sectors. 
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* Gross investment demand is covered by one investment good. This investment 

good is defined as a fixed-coefficient linear combination of the other n composite 

goods in the economy. 

These assumptions make it possible to model investment by introducing the capital 

good, X 11 +1- (domestically produced only), as a (conceptual) column in the I-0 table of 

the economy. 

Investment demand for composite good i is then 

i=l, ... ,n (4) 

where a; ,n +1 is the per u.nit of capital good contribution of composite good i (derived 

n 
from investment composition data in the .reference year) and E a; ,n +1 = 1. It follows 

i=1 

that the price of the capital good, P11 +1, is a linear combination of the prices of the n 

composite real goods in the economy: 

n· 

Pn +1 = E PD; a; ,n +1 
i=1 

Total investment demand, the sum of net and replacement demand is 

n 

X 11 +1 =IN+ E dj[(j 
i=l 

(5) 

(6) 

where di is an industry-specific fixed depreciation coefficient and J(i is capital in sector 

j. The nature of capital and its equilibrium price are discussed further below. 

{iii) Linking the Supply and Demand Sides of the Economy. 

It is convenient, for modeling purposes, to think of each composite good as being 

produced by a "demand plant" from two "inputs", imports plus domestic output. For-

mally, the demand plant employs domestically produced good i, S; =xi - Ei I where 

Xi is total domestic output and Ei are exports, and imported good i, Jfi. The prices of 
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these inputs are Pi and PMi, respectively. The price of the composite good output, i.e. 

the price effectively faced by domestic demand, is PDi. The production function of the 

plant is assumed to be CRS. 

The "producer equilibrium condition" analogous to equation (1) is 

PD· = q· (P· PM.·) I I I I I i=l, ... ,n (7) 

where qi is unit cost. 

From Shephard's Lemma we have 

oqi (Pi ,PMi ) 
S· =X·-£.= D· ' ' ' ap. I 

I . 

i=l, ... ,n 

i=l, ... ,n 

where Di is total domestic demand for composite good i. 

Pi results from equation (1). PMi is defined as 

PMi = (ER )PWcif i i=l, ... ,n 

where (ER) is the (exogenous) exchange rate, and PlVcif i is the (exogenous) cif price of 

imports in foreign currency. Thus PAfi is exogenous to the small open economy (SOE). 

The implication is that the supply of !vii is perfectly elastic at P1.\li . 

We assume that rest of world (RovV) imports, i.e. SOE exports, and Ro\V output 

are less than perfect substitutes (the Armington assumption again). This leads to a set 

of equations exactly analogous to equation (7) and the two following, for Ro\V output 

and imports (SOE exports). Dividing the second by the first we obtain an expression for 

SOE exports: 

i=l, ... ,n (8) 

where lVXi is Ro\V output (exogenous to the model), Bi is a constant, PEi is the price 

of SOE exports to Ro\V, PlVJ obi is the price of Ro\V output, and 8i is a constant 
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elasticity of substitution between Ro\V output and SOE exports.6
/ 

Under the assumptions of the present model two (conceptual) markets are gen-

erated for good i. We therefore need two equilibrium conditions, one for each market. 

The condition for the domestic market is given by a flow balance equation for the 

demand side of the economy, another for the supply side, and a link through Shephard's 

Lemma: 

n 

D; = I; + ci + ~ xij 
j=1 

X;= S; + E; 

i=1, ... ,n 

i=1, ... ,n 

n aq- (P· PM·) 
X; =(I; + ci + -~ X;j) I a~- I + E; 

. · J =1 I 

i=1, ... ,n (9) 

Similarly, using the demand side flow balance and Shephard's Lemma, we obtain 

the import market equilibrium 

n aq- (P· PM·) 
M; = (Ii + ci + -~ X;j ) I a;~- I 

J =1 J I 

i =1, ... ,n· (10) 

Equations (8), (9) and (10) constitute a complete trade model. Note that exports do 

not have their own market. Equation (8), Ro\V demand for SOE exports, represents 

simply the contribution of export demand E; to the equilibrium of the market for 

domestically produced commodity i. Since export demand is however price-dependent, it 

appears inconsistent with the assumption of price-taking behavior. 

In this framework, terms of trade gains are possible - given sufficiently inelastic 

export demand - through the imposition of taxes on exports. The apparent incon-

sistency between the price-taking nature of SOE and the possibility that it can influence 

export prices follows from the Armington assumption for Row, which suggests that SOE 

and Ro\V commodities of the same aggregate sector are less than perfect substitutes in 

RoW markets. Due to the quality differentiation of its exports, then, SOE can plausibly 
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exert some infi uence on their prices. In fact, sensitivity analyses reported elsewhere sug

gest very little effect on model results of variations in trade elasticities (Despotakis and 

Fisher (1985)). 

Primary Inputs and their Markets. 

(i) The Nature of Primary Inputs. 

Primary inputs to production, ordin~rily labor and capital, are not produced in the 

business sector of the economy (at least not in the post-shock equilibrium year) and are 

not traded. The labor force, L , is simply assumed to grow with the population. 

Capital, J(, refers to the physical machinery with which each industry is equipped. 

The properties of J( will depend on the nature of the model. For a long run static 

model, it seems reasonable to assume something like the following. In the beginning of 

the post-shock equilibrium year, t •, there is a total amount of capital, J( •, available to 

the domestic economy. J( • is equal to the physical capital /( 0 in the beginning of the 

pre-shock equilibrium (reference) year t 0 , plus net investment during t 0 and thereafter. 

[(• is malleable. It can be allocated to any industry. In other words, the model is of 

the "putty" type. In a dynamic setting, where the formation of capital through invest

ment is an important part of the model, things are more complicated. A dynamic ver

sion of the Bergman model, for example, is of the "putty-clay" type. Investment gen

erated in period t can be allocated to any industry (the "putty" feature). Once, how

ever, it is somehow allocated among industries in period t +1, it is not malleable. It 

becomes industry specific (the "clay" feature). In other words dramatic changes in the 

allocation of physical capital stock among industries are not possible in the short run, 

say a year. In the long run, and hence in a long run static CGE model, such changes 

seem more appropriate. 
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(ii) Modeling the Supply of Primary Inputs. 

The Supply of Labor. 

General equilibrium means that all markets clear. One should therefore expect to 

have some sort of supply of labor, as a function of real wages, that would match the 

demand for labor, to clear the market at an equilibrium real wage. The assumption of 

market-clearing flexible wage rates seems appropriate in a long run static model and will 

be adopted in this study. We assume a homogeneous labor force and set the total sup

ply of labor exogenously. This implies a perfectly inelastic supply of labor which, along 

with a downward-sloping demand, leads to a market-clearing wage. Wage differentials 

among industries related to institutional factors may be accounted for through an exo

genous wage structure: 

j .:_t, ... ,n (11) 

where WLj is the wage in industry j, wi IS an exogenous industry-specific wage 

coefficient, and WL is the market-clearing wage. 

The Supply of Capital. 

Exactly analogously we assume the supply of capital is fixed (K • of the preceding 

discussion). The market-clearing price of capital, WJ(, is the rent paid for one physical 

unit of capital at equilibrium. It is essentially the user cost of capital, defined as 

WJ( =Pn +I( d + R ), where d is an exogenous depreciation coefficient and R is the rate 

of interest. Given the price of the capital good, Pn +l> the user cost of capital depends 

on the rate of interest. It is therefore possible to think in terms of a market-clearing 

rental rate, corresponding to the market-clearing user cost or price of capital. Deprecia

tion may differ by industry, making the user cost industry-specific: 

j=l, ... ,n (12) 

where di is an exogenous industry-specific depreciation rate, b j is an exogenous industry 

specific coefficient, and R is the rate of interest. Since the model does not explicitly 
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treat financial assets, the rate of interest should be interpreted as a measure of the rental 

rate for capital. 

(iii) Primary Input Markets Equilibrium Conditions. 

The equilibrium.condition for the labor market is 

where Lj is the demand of sector j for labor, derived from Shephard's Lemma as 

The equilibrium condition for the capital market is 

,. 
[( = ~ J(j 

j=l 

j-:-1, ... ,n 

where J(i is the demand of sector j for capital derived from 'Shephard's Lemma as 

j =1, ... ,n 

Model Closure. 

(13) 

(14) 

(15) 

(16) 

To complete the model we need what is known as a closure rule, namely conditions 

that guarantee consistency in the behavior of individual, say k, economic agents on the 

demand side of the economy: k-1 households and the government. Such conditions are 

the k budget constraints. Due to \Valras' law any one of the k budget constraints is 

implied by the remaining k-1. In our model, in which only one type of household is con-

sidered, k=2. Therefore just one budget constraint, either the government or the house-

hold, suffices. 
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Both government and household budget constraints explicitly involve transfer pay-

ments, direct taxes and borrowing. This means that if either is used as the closure rule, 

transfer and direct taxation mechanisms have to be modeled or at least exogenously set,· 

and the level of foreign borrowing specified. We make the simple assumption that the 

ratio, Q, of net transfers, namely borrowing plus government transfers less direct taxes, 

to total gross wages and capital earnings, remains at reference-year levels, 0Q . The clo-

sure rule is then 

n n 

(1 + 0Q) E (Kj JVJ(j + Lj JVLj) = E CjPDj + Xn+lpn+l (17) 
j=l j=l 

The implication of equation (17) is that domestic prices, Pi, and hence the prices of 

composite goods, PD i, adjust to achie~e the postulated ratio of gross to disposable 

income. The balance of trade, adjusts accordingly. The role of the numeraire is played 

by the exogenous exchange rate ER. As in all CGE models that do not explicitly treat 

money and financial assets, real variables depend only on relative prices. To compare 

model results to base-year magnitudes, the former have to be deflated by the appropri-

ate price index. 

Note that the closure rule is stated·· as an additional equation, that involves no 
') 

additional unknowns. The model in fact contains n- + lln + 5 equations, and as many 

unknowns, as the diligent reader can verify by studying the sets of equations numbered 

(1)- (17) and the endogenous variables they contain. 

4~ Structure of the Model II: Functional Specification 

The use of functional forms to describe producer and consumer behavior is, as we 

have noted, a feature that distinguishes CGE from traditional fixed-coefficient 1-0 

models. Thus far we have implicitly assumed the existence of such forms. In this sec-

tion we consider how they might be chosen, and restate the model substituting specific 

forms where appropriate. 
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Consumer Preferences. 

Since this study focuses on the supply side of the economy a simple system of 

direct utility function and resulting consumption functions will suffice. We therefore 

assume that the consuming sector behaves as a single economic agent maximizing a util-

ity function that is additively separable. In empirical work two additively separable util-

ity functions have been applied: Houthakker's (1960) direct addilog function, and the 

Stone-Geary (Stone (1954)) generalized C?bh-Douglas function which leads to a system 

of consumption functions that correspond to a linear expenditure system (LES). vVe fol-

low common practice in CGE modeling and adopt the LES. 

Assume an individual consuming a quantity Ci of each good, in our case composite 

good i. His Stone-Geary generalized Cobb-~ouglas. direct utility function is defined as 

', 
n fJ 

u (C)= IT (c. - i.) J J J . 
. j=l 

n 
where ij and /3j are parameters and L; /3i = 1. Maximization of the utility function 

j=l 

subject to a budget constraint gives the indirect utility function, from which consump-

tion functions result according to Roy's Lemma: 

n 

ci = ii + (/3i 1 PDi )(AlB - L; PDj ii) i=1, ... ,n (3 ') 
j=l 

Ordinarily the .parameters ij and /3r can be estimated econometrically. Since this sort 

of estimation is however not a part of our study, we shall adopt results from others. 

Producer Technology 

\Ve have assumed that technology exhibits constant returns to scale (CRS), and can 

be represented by a cost function, dual to the production function. At any point, 

defined by input prices and output leve.l, technology is character!zed by a number of pro

perties we shall call economic effects at a point (EEP), essentially input value shares and 
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elasticities of substitution, which imply demands for physical quantities of inputs. A 

function representing producer technology is called flexible if it can reflect any combina

tions of economic ·effects at a particular point. Two in particular of these flexible func

tional forms (FFF) have b~en widely used in empirical applications: the generalized 

. Leontief (GL), due to Diewert (1971) and the transcendental logarithmic or translog 

(TL), due to Christensen, Jorgenson and Lau (1971, 1973). 

FFF constitute a major advance ov~r traditionally used functions, such as Cobb

Douglas and CES, in that they allow for differing degrees of substitutability between 

different pairs of inputs, and even for complementarity. As noted in the introduction, 

this is particularly important in modeling relationships between energy and other inputs. 

Flexible forms permit sensitivity analyses of the implications of differing assumptions 

about energy /capital and energy /labor elasticities. 

We should state a qualification here. Flexibility is a double-edged sword, and as 

such needs to be used with care. \Vhereas FFF can indeed reflect any combination of 

EEP, once their parameters have been set they reflect different combinations at d.ifferent 

points (input prices). One implication is that FFF are well behaved, and hence 

mathematically suitable to present producer technology (and behavior) over a limited 

range of points. One FFF is superior to another if it is well behaved over wider ranges 

of points. Superiority appears to be case- and data-base-specific (Caves and Christ~nsen 

(1980), Chalfant and Gallant (1982)). 

Further, although mathematical suitability is a necessary condition for a function 

to successfully represent producer technology, it may not be sufficient. A function that 

is mathematically well behaved over a range of points may demonstrate unrea.sonable 

sets of EEP, such as input value shares deviating from anything that has been histori

cally observed. Judgment of performance of FFFs should therefore not be confined to 

mathematical behavior but extended to take account of economic effects. Elsewhere we 

study in detailed the economic performance of GL and TL cost functions (Despotakis 
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(1984)). This involves, first, the development of a me.thod for recovering the parameters 

of a cost function, given a set of EEP, and second, analytical and simulation studies of 

changes in EEP with changes in input prices. A general conclusion is that changes in 

input prices can lead to very substantial differences in EEP for the two functions, even 

where EEP are initially the same. In wqat follows we adopt the GL specification. One 

advantage of this is that it facilitates a comparison of the sort made in section 7, on 

experimental results, with the traditional fixed-coefficient specification. In an Appendix 

we show how to recover GL cost function parameters from an initial set of EEP. 

Given the focus on energy and primary input substitution possibilities, we shall 

assume that non-energy inputs enter the production function of any industry, and 

correspondingly their prices enter its dual cost function, as, fixed-coefficient components. 

In other words, we do not consider substitution possibilities between energy and non-

energy intermediate or between primary and non-energy inputs into production. vVe 

further assume that there may be complementary imports, also used in fixed proportions. 

The producer equilibrium condition, equation (1), becomes 

n n' 

Pi = c/(WJ,PDei) + I: aii PDi + E aii P1\1COi + ti Pi j =1, .. ,n (1,) 
i=k+l i=l 

where c / is the flexible part of the total unit cost function reflecting substitutability 

among k (composite) energy forms and m primary inputs in the production of domestic 
•· 

good j; PDe i is the price vector for the k energy forms, allowing for price differentiation 

by sector (j); aij is the per unit of domestically produced good j fixed contribution of 

(composite) good i (note there are n-k non-energy composite goods); aii is the per unit of 

domestically produced good j fixed contribution of complementary imports i; P1\1COi is 

the price of complementary imports in sector i; and ti is an industry-specific indirect tax 

coefficient. 

In principle c / can explicitly involve the prices of the k energy forms and m pn-

mary inputs as independent components. In keeping with traditional practice, however, 
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we shall consider aggregate energy as one input to production, introducing a separate 

cost function that reflects the composition of aggregate energy EN in terms of the k 

individual energy forms. The flexible part of the total unit cost function, c/, then models 

substitutability at two levels: between aggregate energy and the primary inputs, and 

. between energy forms. 

The GL unit cost function· for aggregate energy is 

k k 

L: L: ibil (PD/PD/) 112 j=l, .. ,m 
i =1 l =1 

where the superscript j indicates industry-specific parameters and prices. Energy prices . ' 

may differ by industry due to taxes and subsidies not treated explicitly here. The flexi-
• 

ble part of the· unit cost function is then written ( GL for three inputs) as 
I 

(la ') 

for all j ;j =l, ... ,n 

where PDENi represents the price of aggregate energy to sector j, equal to the unit cost 

as a function of individual energy prices, given just above. 

Application of Shephard's Lemma to (la') yields 

Lj = (ibLL + ibLE(PDENj llVLj )112 + jbKL (lVJ(j llVLj )112)Xj I (14') 

/(j = (ibKK + jbKL ( lVLj I lVJ(j )1/ 2 + jbEidPDENj I lVJ(j )112)Xj I (15 ') 

and 

Application of Shephard's Lemma to the unit cost function for aggregate energy 

yields 

k 

xii = {ibii + E ibil (PD,') PD/) 112)ENi 
l =1 
I ,_.I. i 

i=1, ... ,k 
j=l, .... ,n 

(2b,) 
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We have thus replaced the original equations describing consumer and producer 

behavior in general functional notation with specific functional forms, the new equations 

correspondingly numbered and designated by primes. In particular, we adopt the power

ful GL flexible functional form to represent the supply side of the economy, with an 

emphasis on the energy sector. Just one other set of substitutions remains to be made: 

for the "demand plant" cost function used to obtain, via Shephard's Lemma, the domes

tic output and import market equilibria (equations (9) and (10)). Here we follow the 

CGE modeling convention, and assume the plant exhibits a CES technology. Since the 

resulting expressions are somewhat tedious and, unlike the GL flexible form, do not 

repres~nt an innovation in modeling technique, we shall not bother to write them out 

(but see Despotakis (1984) for details). 

5. The Empirical Base 

In this section we briefly examine alternative methods for estimating the parame

ters of a CGE model, with an emphasis on the "reference equilibrium" method adopted 

in this study. We·also look at data requirements and availability. 

Methods for Parameter Estimation 

There are in essence two methods for deriving the parameters of a CGE model, the 

reference equilibrium just noted and standard econometric estimation. The latter typi

cally employs time series data, corresponding to series oC!-0 tables. The former, known 

also as "calibration" of the model, is based on just one I-0 table. Presumably for this 

reason it is widely used. At any rate, lack of data dictates that we use it as well. Let us 

therefore take a closer look. 

The fund amen tal assumption that underlies this method is that the economy is at 

equilibrium in the reference year, say t 0 , chosen for calibration. Accordingly a descrip

tion of the economy in that year can be taken as a solution to the model. In the case of 
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Leotnief-type models one consistent set of observations of exogenous and endogenous 

variables in year t0 is sufficient to determine all the parameters of the model, just the 

set of fixed I-0 coefficients. When the fixed-coefficient assumption is dropped and neoc

lassical functions are introduced to describe behavior, additional information is needed 

for complete parameter determination. Thus far two types of functional specifications 

have been used to calibrate CGE models: Cobb-Douglas and CES, and nested combina

tions thereof. In the case of the Cobb-Douglas function the additional information, that 

elasticities of substitution between pairs of inputs to production equal unity, is implied 

by the form of the function. In the case of the CES function the additional information 

needed is the (constant) elasticity of substitution. 

In this study we extend the reference equilibrium method to recover parameters of 

less restrictive specifications of producer technology, as discussed in the Appendix. The 

additional information needed is the set of elasticities of substitution between pairs of 

inputs to production in year t0 , and the value ~hares for inputs. Further, a (constant) 

elasticity is needed for each of the CES trade functions that result from the Armington 

assumption. Finally, we need to assume something about the parameters in the LES 

specification of consumer demand. 

An important disadvantage of the reference equilibrium method is that the statisti

cal significance of individual parameters cannot be tested in the usual way. Further, 

whether the economy is indeed at equilibrium in the reference year is questionable. An 

important advantage, on the other hand, is that the analyst is not locked into the set of 

parameters that result from econometric estimation. He has the freedom to make alter

native assumptions about the add~tional information needed to calibrate the model, and 

to test its sensitivity to these assumptions. This is particularly useful in connection with 

the debate about energy substitution possibilities. 
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Data Requirements and Availability 

(i) The 1-0 Table 

The most recent available I-0 table for California is for 1977. It is derived from a 

. 470-sector 1977 u.s. table, which in turn constitutes an update of the 1972 u.s. table of 

the Bureau of Economic Analysis (see Alward and Palmer (1982)). A basic feature of the 

derived California table it that is reflects U.S. coefficients. If, for example, the value 

share of coal in the production of electricity in the U.S. is 12%, the same value share 

would appear in the California table - yet we know that no coal is burned to produce 

electricity in California. Fortunately, revisions have been made to the California table 

to account for energy use differences (see Sathaye et al. (1982)). 

To make solution of the model computationally feasible, and to keep it relatively 

transparent and focused on energy, we have performed a major aggregation of the origi-. 
nal 470 sectors, to just 14, where one of the 14 is government. All six of the origin<Ll 

energy sectors are retained: crude oil, natural gas, coal, oil refining, gas utilities, and 

electric utilities. Manufacturing is also not fully aggregated, as we distinguish aero-space 

(which accounts for about a third of manufacturing employment, and a quarter of value 

added, and which is a large net exporter), energy-intensive (to pick up effects of energy 

shocks) and all other. The complete 14-sector I-0 Table for California is given in Table 

4. Note that sectoral labor and capital inputs are not part of the original table.. vVe 

have derived them from the employee compensation and property-type income reported 

there (see Despotakis {1984)). 

In addition to the information m the 1-0 table, we need estimates of three sets of 

parameters: elasticities of substitution between pairs of inputs to production, trade func-

tion elasticities, and subsistence expenditure parameters. 

~· 
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(ii) Producer Tec4nology and Elasticities of Substitution 

There are several econometric studies of substitution possibilities between energy, 

E, and other factors of production (capital, labor and materials: K, L and M respec-

. tively). All use a TL specification of technology. Some of the results are presented in 

Table 5. Several explanations have been suggested for the observed energy/ capital sub

stitution elasticity sign differences. Perhaps the most convincing is that energy and capi

tal are short-term complements but long-term substitutes because of the time it takes to 

replace energy-inefficient equipment. International cross-section studies such as those of 

Griffin and Gregory ·(1976), Pindyck (1979), and Ozatalay, Grubaugh and Long (1978), 

compare adjustments in factor use which reflect long-term differences in factor prices. 

Conversely, single-country time-series studies such as those of Berndt and. vVood (1975), 

and Hudson and Jorgenson (1974), can only capture year-to-year adjustments to price 

changes. Another explanation is that the differences lie in the \vay in which capital ser

vices are measured. The difficulties here involve both the heterogeneity of capital, and 

the need to convert a durable stock into a flow of services. 

Clearly, choice of a unique set of elasticities of substitution is impossible. Instead, 

we shall choose a. base case set a.nd subsequently perform sensitivity analyses. For sim

plicity, we begin by assuming the same base case set for all industries. From Table 5 

the following appears a reasonable starting set of elasticities of substitution: 

qKL = 1.0, qLE = .75 , qEK = 1.2 , bearing in mind that these are chosen to reflect 

long run substitution possibilities. Regarding interfuel substitution, choice is more com

plex. To keep the base case as simple as possible it is reasonable to assume identical 

elasticities among all (conventional) energy forms. Due to an interesting property of the 

GL function, namely that it is CES when all elasticities of substitution are equal to 0.50, 

we set 0.50 as the base case value of interfuel elasticity of substitution. Again, sensi

tivity analyses will cover additional values. 
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(iii) Trade Elasticities 

Following Dervis, de Melo and Robinson (1982) and Bergman (1982), we assume the 

sets of trade elasticities given in Table 6. The sectoral variation in elasticities of substi

tution between domestic and imported goods is a rough estimate of the extent of pro

duct differentiation due to differences in quality and composition of the aggregate goods. 

For instance, agricultural products may he the most homogeneous, whereas specialized 

manufacturing industrial products are expected to exhibit qualitative differences. Notice 

that export elasticities are higher suggesting that Ro\V demand for SOE goods is in gen

eral more sensitive to price changes. 

(iv) LES Coefficients 

Lacking appropriate data on use-and-make matrices that would allow us to con

sider linking the 14-sector disaggregation with some different, consumer-oriented 

disaggregation of the California economy we construct aLES using the 1,3 goods ( exclud

ing general govern~ent) as consumer goods .. ·.Under the grossly simplified assumption 

that the ratio of subsistence to total sectoral consumer expenditure is the same for all 

goods, we estimated the subsistence coefficients (the /i in equation (3 ')) as follows. 

Lluch, Powell and \Villiams {1977) fit linear systems on data for seventeen countries, 

including the U.S., under four alternative disaggregations of the economy. When a LES 

is fitted on aggregate consumption, subsistence expenditure in the U.S. accounts for 31% 

of personal disposable income (PDI). \Ve may therefore assume that total subsistence 

expenditure in California also accounts for 31% of PDI. Since in the base year consump

tion accounts for 80% of PDI, it follows that total subsistence expenditure accounts for 

38.7% of consumption as given in Table 4. Implied income elasticities are all equal to 

unity, Allen-Uzawa elasticities of substitution are all equal to 0.613, and own price elasti

cities range from -0.613 to -0.863 (for details see Despotakis and Fisher {1985)). 
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6. The Solution Algorithm and Computer Code. 

Any CGE model is formally stated as a. set of equations in a.n equal number of unk-., . 

nowns. For example, the model of section 3 involves n ... + lln + 5 equations in as many 

unknowns. However, if all possible substitutions are made, the model can be reduced to 

its market equilibrium conditions a.s functions of all goods and input prices. Given a. set 

of exogenous variables and a.n arbitrary vector of prices the equilibrium conditions are in 

general not met. Markets are characterized by positive and negative excess demands for 

goods and factors. The reduced CGE model can therefore be viewed as a. system of 

simultaneous nonlinear excess demand equations. Assuming that closed form solutions 

are ruled out due to the complexity of the model, a numerical solution technique is 

appropriate. 

There is a.t present no standardized solution technique ~hat one ca.n use to solv·e all 

CGE models. There is no equivalent, for instance, to the simplex method that solves all 

linear programming problems. Existing techniques vary in complexity and applicability . 

.The modeler is then faced with the choice of a suitable one, and often with the need of 

tailoring it to the particular model The diScussion of solution techniques is greatly facili

tated if, following Adelman and Robinson .(1978), one distinguishes between a solution 

strategy and a. solution algorithm. The purpose of the solution strategy is to set up. the 

problem as a. set of simultaneous nonlinear excess demand equations, whose solution will 

provide the equilibrium values of all endogenous variables in the model. The solution 

algorithm is a computational technique for solving the set of simultaneous nonlinear 

equations numerically. 

·In our case, the solution strategy is greatly simplified by the assumption of con-

stant returns to scale (CRS). \Ve start with a guess at factor prices. These in turn gen-

erate the goods prices since, given CRS, goods prices do not depend on output levels. 

Given (exogenous) factor supplies, factor prices also generate factor incomes. These, 

along with goods prices, determine demands for goods. Setting sectoral production equal 



to demand generates demands for factors. Aggregating over sectors and subtracting out 

. the known, aggregate, factor supplies, we get excess demands for factors. If they are 

simultaneously zero, the model is solved. If not, the solution algorithm generates a new 

set of factor prices.7/ 

Our solution algorithm IS based on a. tatonnement process, 10 which pr1ce IS 

adjusted in response to the sign of excess demand in each market: upward if excess 

demand is positive, downward if it is negative.81 In particular, we borrow the algorithm 

and corresponding computer code developed by Bergman and Por (1983) and extend 

them in ways important to oU:r model. The main extensions are, (1) to any number of 

energy forms, from just two in Bergman and Por; (2) to a.ny number of complementary 

imports, to any sector, from just two, o·ne exclusively to the first of two energy sectors, 

the other to the second, in Bergman and Por; a.nd (3) to flexible nested producer technol

ogy (GL and TL forms), for any number of energy inputs, from nested Cobb-Douglas 

and CES for two energy and two aggregate (ene:gy and capital/labor) inputs in Berg

man and Por. 

1. Experimental Results 

In this section, we present and interpret a f-ew key results from the basic experi

ment: a doubling of the price of imported oil. \Ve consider both macro effects, such as 

changes in aggregate private consumption, and micro· effects, such as, changes in the use 

of different energy forms. In addition, to test the importance of our introduction of fiexi

ble cost functions in a CCE frame~vork, we study the impact of the oil price shock on an 

economy in which all substitution elasticities involving energy are set equal to zero. 
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The Basic Experiment: Macro Effects 

For the basic experiment, in addition to a doubling of the price of imported oil, we 

assume a similar shift in the "cost" of domestic oil, which we interpret as a Ricardian 

rent. Further, prices in at least three other import sectors are affected: oil refining, elec

tricity, and transportation. Assuming roughly the same sectoral cost structure ·as for the 

California economy, a doubling of the price of Ro\V cru-de is reflected in increases of. 

70%, 30% and 4% in RoW prices for oil refining, electricity, and transportation. 

A fairly complete statement of results is given in Table 7. In comparison to refer

ence equilibrium values, aggregate private consumption drops to .950, consumer prices 

rise to 1.013, and wage and rental rat-es fall to .970 and .967 respectively. The drop in 

wage and rental rates, together with the increase in consumer prices, is consistent with 

the drop in real private consumption. Put another way, the drop in wage and rental .. 

ra.tes, given a fixed exchange rate numeraire, reflects a reduction in the purchasing power 

of domestic (California) households due to ipcreased prices in Ro\V. Due to the rise in 

energy prices and the- fall in capital and labor prices, capital and labor intensities rise in 

all sectors. Since the capital stock and labor force are kept at reference equilibrium lev

els, sectoral outputs fall, as does aggregate gross output, to .963. Imports are deter

mined by relative prices and domestic output levels, and as price ratios {imports to 

domestic) are not much affected in the basic experiment, imports tend to follow output, 

and drop accordingly (in the aggregate) to .943. Exports, on the other hand, are mildly 

stimulated by the drop in domestic factor payments, rising to 1.016 . 

Summing up, we can say that the macro impact of a doubling of the prtce of 

imported .oil, as measured by the fall in private consumption, is significant but not catas

trophic. Changes in other macro variables, such as wage and rental rates, consumer and 

producer prices, exports and imports, are consistent with the drop in consumption. 

:\.n important point to bear in mind, in interpreting these results, is that they 

rct!cct the relative importance of oil, and energy, in the California. economy in 19i7. A 
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reasonable question is, what would be the effect of a similar oil price shock today, in the 

wake of the oil price increase of 1979-80? Somewhat surprisingly, value shares of oil and 

energy are approximately the same today as they were in 1977. Later on in this section 

we report the results of a couple of experiments involving larger value shares, but for the 

purpose of comparing results under differing assumptions about energy s:ubstitution pos-

sibilities. 

The Basic Experiment: Micro Effects 

For the most part, we are concerned with impacts on the use of different energy 

forms. Before a systematic look at these, however, we might call attention to an 

interesting aspect of model behavior. As capital and labor intensities rise, oil and other 

energy intensities fall. This is shown in Table 7 in columns Ei/X, where the Ei ; i=1, .. ,4, 

correspond to oil refining, electric services, gas utilities, and· coal. From the relative price 

changes, none of this is unexpected, except perhaps for the verylarge drop - the largest 

sectoral drop - in energy intensities in agriculture (to .540 for oil, .615 for electricity, 

etc.). The explanation is that agriculture is the most capital-intensive of the sectors, 

except for crude oil production, and capital/energy substitutability has been assumed 

sub_stantially greater than labor/energy substitutability .(CTKE = L2,CTLE = .i5). 

\Ve call attention to this because it shows what can be done with the CGE 

approach and flexible functional forms to capture sectoral detail, and at the same time 

the dependence of results on assumptions about such things as substitution elasticities. 

In fact, one can build in additional refinements, such as substitution elasticities varying 

by sector, as we do elsewhere (Despotakis and Fisher (1985)). Those who see the glass as 

half empty will note that the model has very stringent information requirements, if only 

the results of rigorous econometric or other empirical investigations are accepted for the 
~ 

purpose of imputing, say, sectoral factor substitution elasticities. Those who see the 

gl:l.SS as half full, on the other hand, will note that it is possible to test the implications, 
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for both macro and micro impacts on an economy, of a wide variety of assumptions 

about these same substitution elasticities, and other relevant quantities. Indeed, the two 

points of view need not be in conflict. The model provides a motivation and a frame-

work for data collection and analysis. But it is our view, at least, that interesting results 

can be obtained before all of the empirical work has been done, due to the flexibility of 

the model and the ease of running additional experiments to test the sensitivity of 

results. 

Turning now to energy flows, these are given by the numbers in the "use" column 

in Table 7, for the first six rows, the six energy sectors in the model. Use is essentially a. 

. weighted·average of domestic output (the "X" column in the Table) and imports (the 
' . . 

. :. -

"Imp" colurrin). Thus oil products fall to .64~, electricity to .754, gas to ;876, and coal 

(all imports) to .911. A measure of aggregate primary energy use falls to .723. In these 

results too we see the influence of assumptions about substitution elasticities. Given 

greater possibilities of substituting coal and gas for oil, or lesser possibilities ofsubstitut-
~ ·. - . 

ing capital and labor for aggregate energy, the use of coal and gas could increase follow-

ing an oil price shock - a result we obtain in a. sensitivity analysis reported elsewhere 

(Despotakis and Fisher (1985)). 

An interesting comparison here is to experience following the oil price increase in 

1979-80. Clearly, other things assumed unchanged, such as stocks of primary inputs and 

government spending, have changed. Yet one might argue that these other changes 

have been small relative to the oil price shock, and that a. substantial divergence of 

model results from experience would cast doubt on the model. Oil use in California has 

in fact fallen from 581 million barrels in 1977, and about the same in 1978 and 1979, to 

4G!J million barrels in l!JS~. a drop of about 19% (CEC (1983)). This represents just 

o\·cr half the simulated adjustment, which seems reasonable. The "long run" of the 

model is probably at least 10 years, for oil products, with adjustment concentrated more 

tn the early years following a shock. .-\gain, this comparison is only suggestive, due to 
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the changes in the other variables mentioned and the somewhat arbitrary nature of 

assumptions about substitution elasticities in the model. Still, it is reassuring to see that 

experimental results are not wildly inconsistent with experience. 

Looking at intensities of energy (oil and gas) inputs to the production of electricity, 

we note an implication for conservation or alternative energy production, though these 

are not explicit in the model. Use of oil in electricity generation (E1/X for sector 2 in 

the Table) drops to .836, while use of gas (E3/X for sector 2) rises to 1.102. Weighting 

these changes by the fraction of electricity generated by each fuel in the reference year, 

this is equivalent to a reduction of primary fossil fuel energy per unit of electricity gen-

era.tcd to .880 of the reference year value. Electricity generation ,is 1.0/.88 = 1.135 of 

what it should be if the electricity sector operated as in the reference year. The extra 

13.5% may be interpreted as due to fuel conservation, to substitution of alternative pri-

mary sources, or to some combination of both. 

Finally, notice that, aside from the energy sectors, the biggest drop in use, output, 

and final consumption (C in the Table) is registered by transportation, the sector 

experiencing the greatest price increase. Perhaps surprisingly, differences between 

energy-intensive and other manufacturing are very modest. Presumably this is due to 

the fact that energy intensities are themselves not too different at the level of aggrega-

tion represented by sectors 10 and 11 of the model. 

Summing up, the balance of energy in the economy changes dramatically. Use of 

oil drops to .6·10 of the reference equilibrium value, while ratios of other energy forms to 
• 

oil increase to 1.18 for electricity, 1.37 for natural ga.s, and 1.42 for coal. Further, 13.5% 

of the electricity generated is due to a. change in the sector's capital structure, a change 

we can interpret a.s either an increase in the thermal efficiency of fossil fuel plants or an 

aduition of alternative generating capacity - hydro, nuclear, geothermal, or wind. 

Changes in consumption of non-energy goods are modest in comparison to the energy 

changes. thou:;h consistent with changes in their prices. 
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Additional Experiments: Fixed Coefficients and Value Shares 

How different would results be if, instead of the flexible cost functions of our CGE 

model we adopted the traditional fixed coefficients of an I-0 model? Some clues are 

given in Table 8, which reports the results of an experiment in which all substitution 

elasticities involving energy are set equal to zero (row 2 in the Table, with the basic 

experiment as row 1). On the macro side, aggregate private consumption is down, from 

the basic experiment level, to .922 of the reference equilibrium. This seems reasonable: a 

more rigid economy should be more sensitive to a price shock. 

This effect is essentially explained ,b,Y the drop in capital and labor intensities rela

tive to the basic experiment. Lower factor intensities allow for higher gross output, 

accompanied by a higher level of imports. At the same time they correspond to lower 

demand for factors, leading to lower wage and interest rates. These in turn imply lower 

unit costs, hence increased exports. Since exports in fact increase by more than imports, 

domestic consumption is reduced. 

\Vith respect to the balance of energy ,use·of oil, electricity, gas, and coal (E1 to E4 

in the Table) is substantially above use::in the basic experiment, ranging from .885 for oil 

products to .990 for coal, with a weighted average of .909 for all primary energy. 

Indeed, one might wonder why energy use is reduced at all from reference year levels if 

substitution elasticities are zero. The answer, of course, is that substitution in consump-

lion is still possible. The reduced energy use levels reflect a shift away from energy

intensive goods . 

As just noted, a rigid economy is more adversely affected by an oil price shock than 

a. flexible one, at le:l.St :l.S me:l.Sured by the drop in consumption in each case. The 

ditfcrence is significant - .92:! vs .. 950 - though perhaps not dramatic. But if oil and 

energy value shares were substantially above their reference equilibrium levels. the 

Jitf~rence would indeed be dramatic. That is, not only would the economy be more 

vulnerable to a. price shock, but the impact would be dramatically diiTerent depending on 
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what one assumes about possibilities for substitution in production. 

Rows 3 and 4 of Table 8 report the results of two additional experiments. In each, 

the price of imported oil is quadrupled, to approximate a situation in which value shares 

are doubled (relative to the reference equilibrium} and the price .is then doubled. In the 

first case (row 3}, we assume the same flexibility as in the basic experiment. The drop in 

consumption, relative to the basic experiment, is just doubled ( .898 vs .. 950). In the 

second case (row 4}, we assume no possibility of substituting for energy in production. 

Consumption drops to .770. Evidently the effect of a larger price shock, or of a given 

shock to an economy characterized by higher oil and energy values shares, depends 

importantly on substitution possibilities. Confined to substitution in consumption, the 

economy runs out of room to maneuver. 

This result is important also for what it tells us about the use of alternative 

models. · If the real economy can make substitutions in production in response to a 

dramatic change in relative prices, use of the fixed-coefficient I-0 approach caii be seri· 

ously misleading. 

8. Concluding Remarks. 

\Ve said at the outset that the purpose of this study was to develop a model of 

energy in the California economy, a.nd to use the model to simulate long run impacts of 

a.n oil price shock under varying assumptions about the structure of the economy. \Ve 

feel this has been achieved; a. complete set of equations for a computable general equili

brium (CGE) model of the economy, with an emphasis on energy, is set out in sections 3 

a.nd 4. Data needed to calibrate the model are presented in section 5. A solution tech

nique is outlined in section 6, and key experimental results presented and interpreted in 

section 7. Results are related to differing assumptions about energy and other input sub

stitution elasticities, and oil and energy value shares. 

.. 



" 

• 

- 31-

The distinguishing feature of the model, relative to previous approaches to regional 

modeling, is its flexibility, whjch we feel imparts greater realism. Specifically, use of a 

Generalized Leontief flexible cost function allows us to capture the substitution effects of 

relative price changes. At the same time, we retain the sectoral· structure of the tradi

tional input-output (I-0) approach. This allows us to study the impacts of price changes 

on sectors of particular interest. 

The model is applied to one particular price change: a. doubling of the price of 

imported oil. The macro impact of the change, as measured by the fall in aggregate real 

private consumption, is significant but not catastrophic. By comparison, the predicted 

fall in consu.mption is about 50% greater when all substitution ela.st.icities involvin·g 

energy are set equal to zero. This suggests. a potential for error ln. use of a fixed

coefficient approach. Micro or sectoral impacts of the oil price change, such as changes 

in the use of oil and other energy forms, point in the same direction. ·For example, use 

of oil products _falls by 36% in ~he "ba..<:ic experiment", and by only 12% in the fixed-· 

·coefficient case, or by less than the amount already experienced following the oil price 

increase of 1979-80. 

Although we feel the construction and use of a regional CGE model has been suc

cessfully motivated and demonstrated, much remains to be done. \Ve have noted that 

oil consumption in California following a price shock similar to the one simulated is 

down by 19%. If we believe the model, this represents over half the long run adjust-

ment. But it would be useful to incorporate a. mechanism that permits simulation of the 

path of adjustment. Another useful extension would be a. more detailed representation 

of the energy system, including alternative sources. Our experimental results suggest a. 

su bsta.n tia.l decline in fossil fuel (oil a.nd g:l.S) use per u ~it of electricity genera.ted. D u t 

we a.re unable to say how much of this is due to the use of alternative sources, and how 

much to fuel conservation. We see the present model :l.S a. point of departure, then, for 

refinements and extensions that could make it still more useful. 
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Footnotes 

1. An extension of Johansen's (1960) original multi-sectoral growth model for the 

Norwegian economy that also distinguishes an aggregate energy input in a CGE 

setting has recently come to our attention (Longva and Olsen (1983)) .. A selective 

review of CGE literature, with references, is given in Despotakis {1984). 'rVe should 

note here the crucial contribution represented by the theoretical general equilibrium 

analysis of Arrow and Debreu {1953), and the development of a. method for solving 

numerical general equilibrium problems by Scarf (1973). 

· 2. For comprehensive review of the econometric literature see Pindyck (1979) and 

Bohi (1981). For an example of engineering· process analysis, in the buildings sector 

in Californi3., see Meier, Wright and Rosenfeld (1983). Summary results are 

presented in Table 5 in the text below. 

3. The original suggestion is due to Armington (1968), and it is known in consequence 

·. as the "Armington assumption". For a dscussion of its rationale and use in CGE 

modeling see Robinson and de Melo (1984). 

4. Applying the Armington assumption to the rest of the world leads to price

dependent demand for the domestic ec->nomy's exports. If this is a problem, an 

alternative approach is to model domestic output as nonhomogen~ous, ·which leads 

to a price-dependent supply of exports facing a perfectly elastic demand. For 

further discussion see Bergman (1984) and Despotakis (1984). 

5. No distinction is made among income or other demographic groups, leaving us 

with, in effect, a single consumer. 

6. For a derivation see Despotakis (1984). 

7. The procedure just described is something of an over-simplification, but it conveys ., 
the flavor of the true procedure. For further details see Dervis, de Melo and Robin-

son (1982) and Cinsburgh and \Vaelbroeck (1981). 

8. For a discussion of other types of solution algorithms, see Dervis, de j\felo and 

Robinson (1!)8:!) and Dcspotakis (1984). 
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Table 1. Producer Price Indexes for Refined Petroleum Products by Region 

Region 

New England 
Middle Atlantic 
South Atlantic 

East North Central 
West South Central 
East South Central 
West North Central 

Mountain 
Pacific 

where a. = Kerosene to Sellers. 
b = Commercia.! Jet Fuel, Kerosene Base. 
c = Fuel oil no.2 to resellers. 
d = Diesel to commercial consumers. 

Commodity 
Light Distillates Middle Distillates 

a b c d 
297.0 311.3 290.4 286.9 
300.6 307.5 292.9 279.9 
298.0 317.6 288.9 283.4 
317.3 290.7 309.0 287.8 
303.4 327.4 298.2 264.4 
310.1 296.1 296.0 281.3 
319.6 310.1 313.9 291.2 
314.9 302.0 299.7 291.1 
275.9 310.3 290.1 262.1 

Source:U.S. Department or La.bor,Bilrea.u of Labor Statistics, "Producer Prices a.nd Price Indexes. Data for July 1984" 

Price per gallon, July 1975 = 100. 

. . 

. . 
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Table 2. State Grain Seasonal Average Prices, 1977. 

State Corn Wheat State Corn Wheat 

Alabama 2.10 2.05 Arizona 2.20 2.67 
Arkansas 2.15 2.09 California 2.40 2.72 
Colorado 1.94 2.12 Connecticut n.a n.a 
Delaware 2.12 2.13 D. of Columbia n.a. n.a. 
Florida 1.60 2.20 Georgia 2.07 2.07 
Idaho 2.25 2.25 Illinois 2.09 2.05 
Indiana 1.97 2.06 Iowa 1.99 2.11 
Kansas 1.99 2.24 Kentucky 2.19 2.10 
Louisiana 2.00 2.10 Maine 2.02 n.a. 
Maryland 2.09 2.13 Massachusetts 2.02 n.a. 
Michigan 1.92 2.02 Minnesota 1.90 2.47 
Mississippi 2.00 2.00 Missouri 2.05 2.06 
Montana 2.27 2.36 Nebraska 1.97 2.22 
Nevada n.a. 2.63 New Hampshire n.a. n.a. 
New Jersey 2.05 2.15 New Mexico 2.10 2.18 
New York 2.20 1.96 North Carolina 2.01 2.47 
North Dakota 1.97 2.47 Ohio .. 2.01 2.19-
Oklahoma 2.15 2.32 . Oreg<;>n 2.45 2.77 
Pennsylvania 2.32 2.40. ·. · •. Rhode Island n.a. n.a. 
South Carolina 1.91 2.10 South Dakota 1.83 f) ..,-

-·-0 

Tennessee 2.10. 2.25 Texas 2.16 2.15 
Utah 2.45 2:43 Vermont 2.02 2.33 
Virginia 2.10 2.15 · \ V ashington 2.35 2.81 
West Virginia 2.05 2.20 Wisconsin 2.01 1.98 
Wyoming 2.05 2.15 Alaska n.a.. n.a. 
Hawaii ·n.a. · n.a;· 

19i7 $U.S. per bushel. Source: U.S. Deparment of Agriculture; Economics; Statistics, & Cooperative Sen·ices; Crop 
Reporting Board, 1979. "Field Crops: Production, Disposition, Value, 19ii-19i8", Washington D.C. 
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Table 3. Trade Relative to GDP (%). 

Economy Exports/GOP Imports/GOP 
Australia 15.4 16.0 
France 22.4 21.3 
Korea 21.0 26.1 
Norway 46.0 48.2 
Sweden 30.6 31.6 
t!nited Kingdom 31.4 30.5 
W. Germany 27.1 23.8 
California 30.3 36.6 

Figures for OECD countries are for 1977, from "National Accounts for OECD Countries 195~-1977" 
Figures for Korea are for 197~. from Adelman and Robinson (1978). 
GSP figures for California are from the 1977 state table (Table 5. below). 



Table 4. California Input-Output Table 

2 ) •• ' 6 7 I 

I OIL REFINING llJZ.7 2144.8 ~ta o. u.z 19.1 444.0 sza.z 
l (LftTRIC SERVICES 190.6 )41.7 10 • .) o. ll.4 22.1 52.8 30.7 
l GAS UTILITIES JZ7.4 It 52·' 429.7 o. 2.6 '·' 20.2 llol 
lt COAL MINING o. o •. o. o. o. o. .6 loZ 
S NATURAL GAS A"D LIQUIDS DRILLING Zllo,5 I .4 1956.5 o. 128.3 o. a.o 1.8 · 
b C~UOE OIL DRILLING 6857.8 u. 7 o. u. o. 12.4 9.0 10.5 
7 AGqiCULTURE i FORESTRY ; FISHERIES .s 7.9 .4 o. .o .a 24ll.J 43a9 
8. NONfUEL MINING ; CONSTRUCtiON 124.6 115.2 69. o. 44.6 93.6 103.7 214.7 
9 A[~OSPACE MANUF. INDUSTRIES 3.1 1.6 .9 o. 1.4 2.4 z.J 128.2 

10 ENERGY INTENSIVE HANUF. INDUSTRIES 292.6 U.7 ].6 o. 11.2 32.7 1811.6 3H0.8 I 
w 

ll OT~~R MANUF. INDUSJAJfS 120.0 27.9 6.8 o. 44.1 80.5 227.5 6310.3 0\ 

12 TRANSPORTATION )01o.4 37.0 s.o o. 6.5 U.6 ll5.0 516.1 I 

1J Gf~ERAL SERVICES 2n.s 119.1 144.1 o. 197.2 414.0 1441.6 4152.9 
lit Gf~fRAL GONER~ME~T o. o. o. o. o. o. o. o. 
IS ~0~-US COMPLEMENTARY I"PORTS 1.6 .! .s· o. .5 1.1 1.3 u.s 

I~ 1\TfP"fDIATE OUTLAY nor.z JS 41.0 26)1. 7 o. 46.6,0 697.2 6703.8 15504.0 

17 EHPLOYMEE COMPENSATION 442.8 ltSZ.1 46.6.8 o. 189 • .] 268.5 1413.4 10)07.1 

18 INUIAECT BUSINESS TAXES ltH.7 191.) 185.5 o. 41.7 116.2 256.2 ZU.9 

19 PROPERTY TYPE INCOME 33b.8 .. 80.6 6)1.4 o. )5).0 1492.] 3416.4 2511.5 

20 TOTAL VALUE ADDEO 1219.1 llt23 •• 1289.8 o. 581.9 1937.0 5086.0 13035.5 

ll TOTAL CALIFORNIA OUTLAY ll12b.6 4964 .. 8 ]921.5 o. 1049.9 .2634.1 11789.9 28519.5 

~ 

~ 



r. ~~ 

9 10 ll lZ 13 ~~ 1-1~ PCE 

1 OIL REFINING 9~.1 
t 

~56 .s 358.4 1198.1 1699.2 617.9 89~8.~ 3566.7 
2 ELECTRIC SERVICES 194.6 515.1 338.0 75.4 1586.4 454.6 3886.8 2851.8 
1 GAS UTiliTIES 32.0 661.1 127.2 13.7 ll4.7 229.0 2627.4 12'13.8 
io COAL HININC 1. 1 101.8 6.) .4 8.9 19.8 H1.9 )5.4 
S NATURAL GAS AND LIQUIDS DRILLING .4 5.9 lo4 2.8 4.7 15.8 2334.4 24.4 
6 C~UOE OIL DRILLING 1.1 18.9 12.2 31.7 41.9 o. 7012.3 u.s 
1 AGRICULTURE ; fORESTRY ; FISHERIES 4.9 l161.4 485.7 6.4 699.9 -665.9 6156.7 ll4l.l 
8 NONFUEL MINING ; CONSTRUCTION 69.8 580.1 114.4 258.5 3895.9 6705.5 12390.4 1.2 
9 A[ROSPACE HANUF. INDUSTRIES 5270.9 33.8 341.5 170.7 390.1 2539.9 8886.7 1120.6 

10 EtiERCY UITENSIVE HANUF. INDUSTRIES 1547.1 11117.9 6869.6 195.1 5690.0 1555.3 32512.2 17516.1 
11 OT~tR H4~Uf. I~DUSJRIES 1818.9 2801., 108T8.4 405.4 561t2.1 2620.5 31045.7 17165.9 I 
12 TRlNSPORTATJON )20. 2 1469.6 900.2 1566.0 1559.9 672.0 7605.5 )}8';.6 w 

...... 
1J ~E~ERAL SERVICES 2957.5 )1194 .4 4191.4 1972.3 11661.8 5653.6 5ll5'h4 18482.9 I 
14 GE'IfRAL (O()•IER'IItE'tT o. o. o. o. o. o. o. o. 
1 5 ~0'1-US COHPLE .. fHJ ARY I IIPORTS 8'-'.l 722.5 68.2 385.5 1914.1 591.6 3716.3 o. 

16 JNJERitEDJATE OUTLAY 12399. 1 26204.7 24692.7 6281.9 55111.5 21011.5 185154.2 131131.4 

17 E .. PLOYHEE COMPENSATION 8900.5 1719.~ 11325.2 5182.6 55197.7 25826.1 127691.8 o. 
18 INOIREC.T BUSINESS TAXES 127.5 1086.7 317.;1 584.9 15988.8 o. 1987l.4 o. 
19 PROPERTY TYPE JNCOHE 1094.0 3130.9 1747.7 1695.4 43U8.0 o. 62674.0 o. 

20 TOTAL VALUE ADDED 10322.0 11937.5 15450.0 Jlt6Z ~ 9 ll4664.~ l5826.l 210238.1 o. 

21. TOTAL CAll fOA.NU OUTLAY 22721.1 38142.1 40142.7 13146;. 8 169775.9 46831.5 195392.3 1l1U1.4 



GPCF DINV EKP 
'"' p 

F.O. G.o. 
1 OIL REFINING 2.1 lo9 o. -ll92. 5 2171.3 lll26.6 
2 ElECIRlC SERVICES o. .1 o. -1713.9 1018.0 4964.8 
l GAS UT1LIT1ES • 1 - .2 o. o. 1294.1 3921.5 
" COAL MINING o. n.5 o. -210.7 -1U.9 .o 
5 NAJURAL GAS AND liQUIDS DRilLING 9.7 '7.2 o. -1325.8 -1284.5 l01t9.9 
6 CR~OE OIL DRilliNG 15.5 28.6 o. -4505.8 -4118.2 263ftol 
F AGRICUlTURE i fORESTRY ; FISHERIES .s 500.1 4896.8 -1708.1 50H.2 11189.9 
8 NONFUEl MINING ; CONSTRUCTION 16761t." 9.3 669.4 -1295.2 l61ft9.0 28539.5 
9 A(AOSPACE MANUF. INDUSTRIES 2"91.1 161.8 12011.6 -2012.8 ll8H.l 22121.1 

10 ENERGY INTENSIVE HANUF. INDUSTRIES 12to.1 1152 .o 8114.8 -Zl19l';.l 5510.1 l8llt2o2 
11 Ol~~R MAN~f. INOUSIAIES 11170.5 2071 .z 8683.8 -30194.4 9097.0 lt0l42.J 
12 JAANSPORTAJION 260.6 "'" .z l163.Ct -Ul4.8 ' Ctlftlol 111'16.8 I 
lJ GE~ERAl SERVICES 3159. J 222.0 22409.8 -1651.5 112616.5 169715.9 \.1-l 

00 
lit GENERAL GONERNMENT o. o .• o. o. o. o. I 
15 NUN-US COMPLEMENTARY IMPORTS o. o. o. -31116.) -3186.3 o. 

1b INJERHEOIATE OUTLAY H599.9 4H4.J 60609.7 -73274.8 161400.9 348555.1 

11 EHPLOVHEE COMPENSATION o. o. o. o. o. 127691.8 
18 . INOIAECT BUSINESS TAXES o. o. o. o • o. 19812.4 
19 PMOPEAJV IYPE INCOME o. o. o. o. o. 626Jit.O 

20 TOJAL VALUE ADDED o. o. o. o. o. 210238.1 
·. 

l1 JOJAl CALl FOANU OUJLAY 34599.9 4)]4.7 60609.7 -13214.8 163400.9 558193.2 

Entries in milliions of 1977 $U.S. at 1977 prices. 

Source: see text 

.. . ... .. 
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Table 5. Estimates of Elasticities of Substitution. 

UKL UK!tf UKE ULE UL!tf uME 

1. 1.01 0.56 -3.22 0.65 0.60 0.75 
2. 1.09 0.25 -1.37 2.16 0.45 -0.77 
3. 0.06 0.52 1.02 1.07 0.72 0.87 
4. 0.64 1.43 0.36 1.77 0.05 1.23 
5. 1.09 0.85 1.22 1.03 1.00 0.58 
6. 0.02 0.37 -4.54 -0.27 0.43 1.20 

7. eKE = -0.05 11 I 
8. uKE = -1.03 2.02 
9. eKE = -0.21 0.1011 I 
10. UKE = -3.80 (p.c.) 2.09 (w.kl I 

1: Berndt-Wood 2: Hudson-Jorgenson 3: Griffin-Gregory 4: Pindyck S: Ozatalay et al. 
6: CEC 7. Fuss 8: Halvorsen-Ford 9: Harper 10: Field-Grebenstein. 
Ranges or elasticities are reported in the case or multi-country or multi-sector studies. 
p.c. = physical capiatl ; w.k. =working capital 
a/ cross price elasticity or substitution e,1 = cr,1 sj ; Sj is the value share or input i. 
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Table 6. Elasticities of Trade Functions 

Imports 
Sector 

Low High 

1. Oil Refining 2.00 6.00 
2. Electric Services 0.25 O.i5 
3. Gas Utilities a 
4. Coal Mining b 
5. Natural Gas and Liquids 2.00 6.00 
6. Crude Oil 2.00 6.00 
7. Agriculture, Forestry, Fisheries 2.00 6.00 
8. · Nonfuel Mining and Construction 0.40 1.20 
9. Aerospace Manufacturing 0.25 0.75 

10. Energy Intensive Manufacturing 0.40 1.20 
11. Other Manufacturing 0.40 1.20 
12. Transportation 0.25 0.75 
13. General Services 0.25 0;75 

•: There are no exports 
a: Gas Utilities do not import. All gas imports are made in sector 5 
b: There is no coal production in California. 

Exports 

Low High 

* 
* 
* 
* 
* 
* 

2.00 4.00 
2.00 4.00 
3.00 6.00 
3.00 6.00 
3.00 6.00 
2.00 4.00 
2.00 4.00 

.. 

~' 
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Table 7. Basic: Experiment Results (Relative to the Reference Year). 

Macro Effects 

Gross Output .963 
Private Consumption .950 

Gross Investment 1.000 
Exports 1.016 
Imports .943 
Gross State Product .992 
Primary Energy Use .723 
Wage Rate .970 

Interest Rate .967 
Consumer Price Index 1.013 I 

~ 
Wholesale Price Index ...... 1.021 

I 

Micro Effects 

SECTOR USE X p POD. l/X K/X El/X E21X E!/X HIX IMP EXP c 
l • 640 .618 lollJ lollS 1.256 1.408 • 828 • 942 1.091 o. .651 o • .u8 
2 • 754 • 751 1.134 1.125 •• ~81 1.452 ~836 .951 lo102 o. .J58 o • • 815 
) .176 .176 • 981 .988 •• 007 1.012 .141 .849 .983 o. o. o. • 962 
4 o9ll o. o. 1.ooo o. o. o. o. 0. o. .911 o. .955 

' • 858 • 867 .990 .996 1.016 1.024 .581 .468 .n2 o. .150 o • .957 
6 ·'"' .646 2.004 2.002 •• 006 1.014 .555 .611 .729 o. .61t8 o • .611 
1 .910 .913 1.009 1.001 lo042 1.011 .540 .615 .112 .701 .C,II5 .981 .951 
8 .992 .992 .996 • 996 1.019 1o016· .609 .692 .802 .198 .990 1.009 .c;s8 
9 1.00) 1.021 .988 .990 a. o1o 1.0ll .610 .162 .88) .11112 1.001 1.01o .960 

10 • 911 .971 1.005 1o001 1.010 1.01t8 .698 • 791t • 91 '9 .'i14 • Ci12 .98o .c;53 
ll o981 .988 .996 • '998 1. 016 1. 021 .650 o1lo0 .857 .851 .980 1.011 o«.i56 
12 .956 .967 1.043 1.042 1.015 1.ll9 • 61t5 • 134 • 849 .1153 .9~1 .995 .912 
11 • «169 • 911 .986 .987 1.0ll 1.021 .607 .691 .aoo .195 • 'i66 1.028 .c;6} 
14 .992 .992 .992 • '992 1. 016 o. • 689 .784 .908 .90) o. o • o • 
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Table 8. Selected Results. 

Macroeconomic Effects Balance of Energy 
Experiment 

GO c I EXP IMP GSP WL RR CINDX EPR Et E., E3 E-t 
BE .963 .950 1.000 1.016 .943 .992 .970 .967 .1.015 .723 .640 .745 .876 .911 

BEF 1.005 .922 1.002 1.146 .965 1.004 .907 .916 .967 .909 .885 .901 .954 .990 
QE .924 .898 .1.001 1.012 .892 .975 .950 .902 1.042 .515 .. 391 .531 .744 .798 

QEF 1.102 .770 .998 1.431 .914 1.004 .750 .668 .921 .838 .806 .808 .888 .969 

BE = Basic Experiment. QE = "Quadrupling" Experiment .. F = Fixed Energy Coeftcients. 
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APPENDIX 

Given a cost function, C, involving n inputs, economic effects at a point (EEP) are 

a.s in Table A (see Despotakis (1985): 

Table A. Economic Effects Underlying a Cost Function at a Point 

Economic Effects Expression Number of EEP 
,. 

Total Cost C = C(P,Y) 1 

Elasticity of Cost 
y 

TJ = Cy-
c 

1 

p. 
Value Shares S· =C·-' n-1 ~ 

' 'C 

Expansion Elasticities 
y 

eyi = Cyi C. n-1 

' 

Elasticity of Cy 
y 

eyy =Cyy-- 1 
Cy 

AUES (j ij 
cij c 

i~j 
n(n-1) 

-
ci cj 2 

where c - the total cost function. 

p {Pi, ... , Pn) : the vector of input prices. 

y - the level of output. 

C· 
ac ac 

C·· 
a~c 

Cyi 
a~c 

- Cy = fJY - -I a pi I} ap.ap. aYaPi 
' J 

AUES= the Allen-Uzawa elasticities of substitution (see Uzawa (HJG2)). 

The economic effects of Table A add up to N=(n+l)(n+2)/2. 1
/ The necessary and 

sufficient conJition for a cost function to reproduce N EEP without imposing restrictions ,. 
across these effects is that it have a.s many parameters. Further, given a set of N EEP it 

is in principle possible to recover any cost' function involving as m:1ny parameters (Fuss 

et al. (1978)). In what follows we rccO\'er the parameters of the CL and TL cost func-

tions. 
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The GL Cost Function. 

The GL cost function has the following general form: 

where 

and 

n n 
C(P,Y) = h (Y) ~ ~ biipil/Zp/12 

i =li =1 

h = a continuous, monotonically increasing function of Y 

b·· = b·· IJ }J 

(G.l) 

For constant returns to scale technology h (Y) = Y, and c = C /Y is the unit 

cost function, independent of the level of output. Formulas for remaining EEP (see 

Despotakis (1984)) and subsequent recovey of parameters at a point is as follows: 

Economic Effects at a Po£nt 

S· = h [b·· a n 

n p. 
+ "' b·. p. -1/?. p .-1/?.j-' 
~ J} J 1 c 

j=1 

j ""i 
b .. p.1/?.p.1/2 = h IJ I J O'ij ·· 2si siC 

Parameter Recovery at a Point. 

h 'Y 
eyi = -h-

eyy-
h"Y 
h I 

Given O'ii ; i =F j, si, s i and C in (G.3) the bii ; i =F j coefficients are: 

b··-J} 

li)s·s·C(j·· 
- .1 J I) 

Jtp.l/'2 p )/'2 
J ) 

Given bij ; i =tfj, the bii coefficients foll~)\V from (G.:2): 

1/ :"ote that in Table A only independent EEP are documenented. Indeed, the n'h share is implied 
by the remaining n-1 since shares add up to unity, the n1b expansion elasticity is implied by the 
remaming n-1 and the elasticity of cost due to Engel aggregation, and of the n(n+1)/:2 .-\LiES, the 
n <:r., are implied by the remaining n( n-1 )/?. due to Cournot aggregation (see Despotakis ( 198.5)). 

(G.2) 

(G.3) 

(G.4) 

(G.5) 

(G.6) 



.. 

-45-

1 [ C L:n -1/"'p 1/"j - 8·-- b· 0 p. - 0 
-h I p. ·.. IJ I J 

I }=1 . 
j~i 

The TL Cost Function. 

The TL cost function has the following general form: 

n 

lnC(P,Y) - a0 + aylnY + byy(lnY)2 + L: ailnPi 

n 

where L: ai = 1 
i=1 

n n 

i=1 

1 n n n 
+ -;;- L: E bij lnPi lnPi + L: byi lnY lnPi 

- i=1j=1 i=1 

n 

L: byj = 0 
i=1 

L: bij - L: b ji = 0 b·· = b·· I) }I 

i =1 j =1 

(G.i) 

( T.1) 

For constant returns to scale technology, ay = 1, byy = 0, and byi = 0 for all i. 

Formulas for remaining EEP (see Despotakis (1984)) and subsequent recovery of parame-

ters at a point are as follows: 

Economic effects at a point. 

n 

si = ai + L: bii lnPi + byi In Y 
j=1 

C7jj = 
b·· + 8· S· I) I ) i=f=j 

If we define R as in (T.4), remaining EEP are as in (T.S) to (T.i): 

'> n 
R = ay + ybyy lnY + L: bn lnPi 

i =1 

bn 
eyi = -- + R 

Sj 

(T.2) 

(T.3) 

(T .-!) 

(T.S) 

(T.G) 
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TJ=R 

Parameter Recovery at a point. 

Given qii, si and si in (T.3), the bii ; i=f:j coefficients are: 

b·· = (t7·· -l)s·s· I) I) I ) i=f:j 

Given bii ; i =f:j coefficients, the bii are: 

n 
b·· =- "' b·. ll ~ I) 

j=l 
i </=i 

Given all bii coefficients, the ai are: 

n 

ai = si - ~ bii lnPi - byi lnY 
j=l 

The byi coefficients result from (T.5) and (T.7) and byy from (T.6) and (T.7): 

eyy - TJ + 1 
b - y lJ---:---:--:-:-:--

yy - 2( 1 - I u Y ) 

Finally, a0 results from (T.4) and (T.7), 

') n 
ay =TJ- ybyylnY-~byilnPi 

I 

and a 0 by substitution in (T.1). 

(T.7) 

(T.8) 

(T.9) 

(T.10) 

(T.ll) 

(T.l2) 

(T.l3) 

" 
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