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ABSTRACT OF THE DISSERTATION

Efficient Idempotent Methods for Optimal Control
by

Ameet Shridhar Deshpande

Doctor of Philosophy in Engineering Sciences (Mechanical Engineering)
University of California San Diego, 2009

Professor William McEneaney, Chair

Dynamic programming (DP) is a very powerful and robust tool for nonlinear
optimization. Nevertheless, the applications have been limited to discrete / low
dimensional systems due to the ubiquitous curse-of-dimensionality (CoD), which
increases computation cost exponentially with the dimensionality of the problem.
Application of DP to continuous-time and continuous-space systems gives rise to
Hamilton-Jacobi-Bellman (HJB) PDEs, which are nonlinear and can have non-
smooth solutions.

Recently, a CoD-free method was developed to solve certain nonlinear semi-
convex HJB PDEs. It is based on the linearity of the underlying semigroup on a
suitable idempotent algebra. The CoD is avoided as it is grid-less and the solution
is expressed as the maximum of quadratic functions. Moreover, the Hamiltonian
is approximated by the maximum of M linear-quadratic Hamiltonians, where M
is called the complexity. In process, the original problem is approximated by the
optimal switching problem between M linear systems. Unfortunately, although
the above method avoids the CoD, it suffers from a curse-of-complezity (CoC)
as the number of quadratic bases used to approximate the value function, grow
exponentially with the complexity.

In this thesis, through the use of semidefinite programming based pruning
techniques, this CoC has been partially abated. High dimensional, low complexity
problems have been solved, pushing the envelope of the applicability of DP. This

XV



thesis also carries out the analysis of the error in the solution due to the PDE
approximation and suboptimality of feedback control computed using it. This
thesis also extends the original method for semiconcave Hamiltonians arising in
cost minimization problems without nominal stability.

As a generalization of a sub-problem within the CoD-free method, this thesis
also develops the fundamental solution for the time-varying differential Riccati
Equation (DRE). This is the counterpart of the state transition matrix in time-
varying ODEs, and allows analytic computation of a general solution from a
particular solution. It is also shown that the semiconvex duality transforms one
DRE into another, and compatibility conditions are derived. In time-invariant
special case, efficient doubling algorithms and analytic solutions are proposed.
These show dramatic improvement over the time marching methods for long time

horizon evolution of stiff DREs.
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Chapter 1
Introduction

This thesis deals with a subclass of the optimal control problems in which
decisions are made in stages. The outcome of each decision is anticipated before
the next decision is made. The objective is to minimize a certain cost, or maximize
a certain payoff, mathematical expressions of what is considered an undesirable or
desirable outcome, respectively.

A key aspect of such situations is that decisions can not be made in isolation
since one must balance the desire for low present cost with the undesirability of high
future costs. The dynamic programming (DP) technique captures this tradeoff. At
each stage, it ranks decisions based on the sum of the present cost and the future
costs, assuming optimal decision making for subsequent stages. DP can find the
globally optimal solution for such a problem, despite the nonlinear dynamics and
various state and control constraints. Thus it is an extremely robust tool for solving
nonlinear optimal control problems.

There is a variety of practical problems that can be treated by dynamic
programming. Significant progress has been made especially in discrete systems.
Viterbi algorithm used in communications, algorithms for computer chess and
many shortest path and traveling salesman algorithms are the few stellar successes
of dynamic programming.

Primary motivation of this thesis is to solve the optimal control and estimation
problems arising in continuous-time, continuous-space nonlinear systems using

dynamic programming. Section 1.1 gives an overview of DP. A key concept is



the value function, which is the optimal cost to go as a function of system state.
Barring a few technicalities, the optimal control in a feedback form can be derived
from the value function. Thus the goal of DP is to compute the value function.

The value function satisfies a functional equation known as the Dynamic
Programming Principle (DPP). Such DPP can be viewed as an operator mapping
the value function at one time to the value function at another time. For
deterministic, continuous-time and continuous-space problems, as this time interval
goes to zero, the DPP reduces to a Hamilton-Jacobi-Bellman partial differential
equation (HJB PDE), usually expressed in terms of a Hamiltonian. In general,
this is a fully nonlinear, first-order PDE and does not have a classical (smooth)
solution. Therefore several notions of generalized solutions have been developed.
One of them is the theory of viscosity solutions. (cf. [BCDI7], [MCL87], [FS06]).
The value function has been shown to be the viscosity solution of the HJB PDE for
many problem classes. Moreover, it usually is the unique solution within a certain
class of functions.

Typical approach is to obtain the HJB PDE corresponding to the control
problem of interest, and then to apply a numerical method to solve it, thereby
obtaining the value function. The difficulty is that one must solve the HJB
PDE. Various approaches have been used to solve the HJB PDE. More common
methods are the grid-based methods (c.f., [SD02], [FF98]) which still suffer from
the curse-of-dimensionality , as the number of grid points and computations grow
exponentially with the space dimension.

However, in recent years, an entirely new class of numerical methods for HJB
PDEs have emerged (cf., [FMO00], [McEO03], [MALO4], [AGLO08], [McE06]). These
methods work with the underlying DPP directly instead of the HJB PDE. For
the objective maximization problems, these methods exploit the linearity of the
associated semigroup under max-plus algebra. Similarly, the problems involving
objective minimization exploit the linearity under the min-plus algebra. Recall
that the max-plus algebra is a commutative semifield in which addition is the
ordinary maximum operation and multiplication is the ordinary addition operation.

Min-plus algebra is similarly defined. Both the maximum and the minimum are



idempotent operations, which implies that operation on two equal elements gives
the same as a result. Hence these methods are called idempotent methods.

In particular, McEneaney (cf. [McE05], [McE06], [McEOT7]) proposed a new
method based on the above semigroup linearity for certain nonlinear HJB PDEs.
This method is free from the usually ubiquitous curse-of-dimensionality. Hence
it is known as the curse-of-dimensionality-free numerical method. In fact, the
computational growth in state-space dimension is cubic.

The PDEs considered in this method are the ones which can be approximated
by the pointwise maximum of linear-quadratic Hamiltonians. This spans a large
class of nonlinear PDES as any semiconvex PDE can be approximated by this
approach. Such an approximation is exact for the objective maximization problems
involving switched linear systems.

However, there is an exponential computational growth in a certain measure
of the complexity of the Hamiltonian. This phenomena is called the curse-of-
complezity. Under the above measure, the minimal complexity Hamiltonian is the
linear/quadratic Hamiltonian — corresponding to a solution by a Riccati equation.
If the Hamiltonian is given as the pointwise maximum of M linear/quadratic
Hamiltonians, then one could say the complexity of the Hamiltonian is M.

This thesis makes several theoretical and numerical advances to the curse-
of-dimensionality-free method described next. Pruning methods are developed
to attenuate the curse-of-complexity and make the technique more suitable for
practical problems. The curse-of-dimensionality-free method has been extended
to objective minimization problems without nominal stability, thus spanning the
class of semiconcave Hamiltonians. A new fundamental solution has also been
developed for time-varying Riccati equations and used in curse-of-dimensionality-
free methods for efficient time evolution of quadratic functions. Finally, theoretical
analysis of the error in the value function and the payoff induced by the
approximation of the Hamiltonian in the curse-of-dimensionality-free method has
been carried out.

The presentation in this chapter will be rather informal to point out the main

ideas, and emphasize the common theme in this thesis. First, we give an overview



of the dynamic programming in section 1.1 and idempotent analysis in section 1.2.
In section 1.3, we describe the optimal control problems we plan to solve. We shall
survey existing methods and their limitations in 1.4. In the same section, we shall
introduce the idempotent methods designed to solve above problems and refer the
reader to subsequent chapters for detailed treatment.

Each of the other chapters is devoted to solve a specific subproblem, and is
loosely connected with one another. A brief overview of chapters follows. A
detailed overview of chapters in the context of idempotent methods is covered
in section 1.4.

Chapter 2, based on [Des|, develops a new fundamental solution for the time
varying differential Riccati equation (DRE) by computing an analytic solution of
the max-plus kernel proposed earlier in [FMO00]. This solution is the counterpart
of the state transition matrix in linear time varying systems, and enables us to
find a general solution from a particular solution of a certain bivariate DRE. This
max-plus kernel is quadratic and is useful for an efficient evolution of the DRE.
Variants of this kernel are used in later chapters in the curse-of-dimensionality-free
methods.

Chapter 3 gives an overview of the previous development on the curse-of-
dimensionality-free idempotent method by McEneaney based on max-plus algebra
(c.f. [McEO07], [McEO06], [McE09]), and suggests a modified algorithm based on
the fundamental solution derived in chapter 2. This method is designed to
solve the HJB PDEs which arise in the maximization problems with nominal
stability and which can be approximated as the max-plus sum of linear quadratic
Hamiltonians. The number of quadratics in the Hamiltonian approximation is
called the complexity. The value function is approximated by the maximum of
quadratic functions as well. Unfortunately, the number of quadratic functions used
in the value function approximation, increases exponentially with the complexity.
This is the curse-of-complexity reviewed earlier. But not all of the quadratic
functions contribute to the maximum, which is the value function.

Chapter 4, based on [MDGO08], develops pruning methods which attenuate the

aforementioned curse-of-complexity, by efficiently pruning quadratics which do not



contribute to the maximum. It also demonstrates the application of the curse-of-
dimensionality-free method on complex high dimensional problems, making them
solvable on desktop PC in a reasonable amount of time.

Chapter 5, based on [MDDb], is devoted to the analysis of the value function error
and the payoff suboptimality incurred in the curse-of-dimensionality-free method
due to approximation of the Hamiltonian.

Finally, chapter 6, based on [MDa|, extends the curse-of-dimensionality-
free method for minimization problems without nominal stability, for which
the Hamiltonian is approximated by the min-plus sum (pointwise minimum) of

quadratic functions.

1.1 Dynamic Programming: An Overview

Dynamic programming is applicable to a surprisingly general class of problems.
Here we use a model problem involving a time varying continuous-time, continuous-
state system and a finite horizon payoff optimization to present the method.

Consider the control system with state & governed by the state equation

ét = f(ghutat)? 58 =Tc Rn (11)

Here, the control u, is any measurable function of time ¢ € [s,T] taking values in
U, the control space. Assume that the dynamics f:R" x U x [s,T] — R™ is such
that, the state equation (1.1) has a unique solution in the interval [s,T] for any
initial positions x € R™ and control u.

The payoff functional to be maximized with respect to control u, is additive
over time, hence expressed as the sum of the terminal payoff at time T', ¢ and an
integral of the running payoff, [. Such maximum is termed as the value function
defined as below.

T
V(z,s) =supJ(z,u,s) = Sup/ [(&yug, t) dt + o(Er) (1.2)
uel ueld Js
Here t € [s,T] and & = x. U denotes the set of all square integrable measurable
functions u : [s,7] — U. We assume that V exists and is finite for now. For

specific problems in the subsequent chapters this will be rigorously proved.



Following DPP holds true. Let s <t; <ty < T, then V satisfies

/m%ammD&+V@ym} (1.3)

t1

vu¢g:$m{

ueld
Above DPP links the value functions at different times together. When the time
interval gets smaller, assuming smoothness, V' satisfies an infinitesimal version of
DPP, called the Hamilton-Jacobi-Bellman partial differential equation (HJB PDE).
V' then satisfies the following HJB PDE with the boundary condition, V(T z) =
¢(x) for all x € R™.
0=—-V.V(x,t) —sup{f(z,u,t) - V. V(x,t) + l(x,u,t)}
uel (1.4)
= —-V,V(x,t) — H(z,V,V(z,1))
Here H(x,t,p) is referred to as the Hamiltonian. Given the value function V,
both (1.3) and (1.4) contain all the relevant information to generate the optimal
feedback control when one exists, which achieves the maximum in (1.3) and (1.4).
Computing the optimal feedback from the value function is termed the synthesis
procedure. Verification that a particular feedback control is optimal is known as
the verification procedure.

HJB is a fully nonlinear, first-order PDE. Consequently, the classical (smooth)
solutions may not exist. Hence we use a notion of generalized solution called
viscosity solution ([BCD97], [MCL87], [FS06]). The value function can be shown
to satisfy the HJIB PDE (1.4) in the wviscosity sense. More importantly, for many
classes of problems, it is the unique viscosity solution within a certain class of
functions satisfying boundary conditions. (c.f. [BCD97], [BL97], [Lio00], [MCLS87],
[McE98], [Sor96]). Thus the problem of solving the DPP and finding the value
function can be reduced to finding the viscosity solution of the HJB PDE. In this
thesis, we will employ the underlying DPP directly, to compute the value function
of the optimal control problem. Still, the viscosity solution theory will help confirm
the value function as the solution of the HJB PDE.

Let us briefly discuss the idea of the viscosity solution. Following [BCD97],
a continuous function wu is a wviscosity solution of the nonlinear partial differential
equation

F(z,u(2),Vu(z)) =0 (1.5)



if the following conditions are satisfied:

F(z,u(z),p) <0 Vz,Vp € DM u(z)
F(z,u(z),q) >0 Vz,¥q € D™ u(z)
where
D*u(z) = {p € R : limsup "W =) —p (y=2) 0}
y—z ly — 2|
D u(z) = {q € R : liminf )= ”(|Z> - ‘T =2 0}
Y—z y—=z

D*u(z) and D~ u(z) are called the superdifferential and the subdifferential at z
respectively. Informally, they can be described as sets of tangent planes touching
u(z) from above and below near z, respectively. Note that if both DT u(z) and
D~u(z) are nonempty at some z, then DTu(z) = D u(z) = Vu(z) and u is
differentiable at z.

Observe that the general form (1.5) of the HJB PDE covers the specific case of
(1.4), in which z = {x,t} € R™ x (t1,t5], u(z) = V(z,t) and Vu(z) = V,V(z) =
{V.V(x,t),VV(x,t)}. Thus

F(z,u(2),Vu(z)) = F({z,t}, V(x,t),{V.V(z,t), V.V (x,t)})
= -V \V(z,t) —sup{f(z,u,t) -V, V(r,t)+(z,u,t)}
uelU
In this thesis we shall use idempotent methods to solve the DP problem.
The efficacy of the idempotent methods lies in the fact that the semigroup

underlying DP is linear under certain idempotent algebra. In next section, basics

of idempotent analysis will be discussed.

1.2 Idempotent Analysis

Definition 1.2.1. A binary operation is idempotent if, whenever applied to two

equal values, it gives that value as the result.

Specifically we study two idempotent algebras based on maximum and mini-

mum operations. These are called max-plus and min-plus algebras respectively.



The symbols we use for addition and multiplication operations under these algebras
are the same. Hence their interpretation will be context specific. The analysis
for the min-plus algebra is exactly analogous to the max-plus algebra, with the
maximum operator substituted by the minimum operator. Additional information

regarding idempotent analysis can be found in [FBQ92], [CGT79], [KM97].

1.2.1 Max-Plus algebra

The max-plus algebra is a commutative semifield over R~ = R U {—o0}. The
addition and multiplication operations, & and ® are defined for a,b € R~ as the

ordinary maximum operation and the ordinary sum respectively.
a®b=max(a,b), a®b=a+b
In particular, we take
a®—-o00o=a, a®—o00=-—-00 VaeR"

Thus the additive identity is —oo, and the multiplicative identity is 0. The
multiplicative inverse of a > —oo is —a. Note that with the exception of —oo,
no other element has an additive inverse, hence this algebra is a semifield rather
than a field. Also note that the commutative, associative, distributive properties

hold.

a®b=>bda, a®b=0®a, a®(b®c)=((@Rb)®c
ad(bdc)=(adb)dc, a®(bdc)=(@®b) ®(a®c)
Now we define a vector space over the max-plus algebra, referred to as a max-
plus vector space. We say that X' is a max-plus vector space (with zero element

denoted by ¢° € X) if given any a,b € R~ and any ¢, € X, following properties
hold.

aRpeX, ¢dY=9YdoeX, (a®b)Rp=a® (bR ),
(D) Rp=(aR¢)D(DbR®P), a®(@DY)=(a®¢)® (b)),
p®¢’ =0, a®¢’=¢", —co®d=¢", 0®¢=0¢.



If X is defined as a set of vectors of elements of R™ indexed by x € A for
As with

some index set A, then we may denote elements of X as ¢ = {¢(x)},.,-

standard vector spaces, the max-plus addition of two functions (or vectors) is done

pointwise. Specifically, for functions ¢1(x) and ¢o(z), the max-plus sum is

[01® ¢a](z) = d1(2) © Po(x) = max(d1 (), P2(z))

for all . Multiplication by a scalar is analogous to the standard case as well. That

is, for a € R~ and function ¢;(x), for all z,

[a® ¢1](z) = a®@ ¢1(z) = a+ ¢i(z).

Max-Plus Linearity of the Semigroup

Now we revisit the DPP (1.3) which links the value functions at different times
together. This can also be meaningfully expressed using the following operator

notation. If we define the operator

to
selar = s f [ igunar o}, (16)
UELQ[tl,tQ] t1
with &, = x. The DPP, (1.3), can then be expressed as
SEV (L t)l(x) = V(- ta) (@) = V(z, ta).
It is well known (c.f. [McEO06]) that operators S;? form a semigroup. That is
S8 =87 and S = 1. (1.7)

Such semigroup is also known to be linear in the max-plus algebra. Restricting

ourselves to continuous functions, if we define the domain of S;? as
Dom(S;?) = {4 € C(R") : S2[Yl(x) < oo Vo € R"},
then Va € R~ and V¢, ¢ € Dom(S/?),
Si2lo @ ¥l(z) = S [0)(x) @ Sp2[v](2)
Sitla® ¢l(z) = a @ §7[¢](w).

This property makes the max-plus algebra a natural tool to solve the dynamic
programming problems involving maximization of the objective function (payoff).

Hence it is used in chapters 2, 3, 4 and 5 in the analysis of such problems.
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A Max-Plus Fundamental Solution

Now we shall define a maz-plus kernel I : R™ x R® — R derived earlier in
[FMO00] and [Fle03]. Let s < t; <ty < T and z,y € R", and & evolves with the
dynamics (1.1). Define

t .
Supueuff (z,y) ftf lt (‘rfd U, t) dt if uttlQ (‘Tu y) 7£ (Z)

L2 (w,y) = . (1.8)
—00 otherwise
where
ut?('ray) = {U € LQ[t17t2] Xty = X, Tty = y}
Note that ]ff = —oo indicates that it is impossible to reach y from x in time

interval (¢,t5) using any possible control u.
Fleming and McEneaney [FMO00] proposed above kernel, and showed that

D
SEWI(x) = sup (I2(z,y) + $(y)) = / (o) @vly)dy  (19)

yEeR™ n

and since Iff depends only on the dynamics ét = fi(&,u;) and running payoff
(&, uy), it is independent of the terminal payoff 1(&;,). Hence it can serve as a
Fundamental solution, and obtain S;2[¢](z) for any () by a kernel operation.
This kernel and the fundamental solution will prove very useful in the chapters
ahead. In chapter 2, we shall prove that such a kernel is bi-quadratic for the
time varying linear-quadratic problems, and shall derive analytical formulas for
the same. In chapters 3 and 6, we will use a similar fundamental solution to

propagate quadratic basis functions under a linear-quadratic Hamiltonian.

1.2.2 Min-Plus Algebra

The min-plus algebra is a commutative semifield over R* = R U {4o00}. It
is completely analogous to the max-plus algebra discussed above, except that the
addition and multiplication operations, & and ® respectively, are defined for a,b €

R* as the ordinary minimum operation and the ordinary addition respectively.

a®b=min(a,b), a®b=a+b
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In particular, a & oo = a, a ® co = o0 and a ® 0 = a. Thus, additive identity is
+oo and the multiplicative identity is 0. The rest of the formalism runs parallel
to the max-plus algebra.

When the objective function (cost) is to be minimized, the semigroup
underlying the dynamic programming, is linear in the min-plus algebra. As an
example, for the infinite horizon regulator problem (1.21) in section 1.3.3, with U
as the control space, the semigroup is

stolta) = it { [ 1)+ Gl + vie | (1.10)

u€L2[0,t]

The min-plus fundamental solution is

. t .
]t(l', y) - lnfuel/{g(m,y) fO lT('IT) + %|UT|2 dr if Z/{S(I,y) ?é @ (111)
o0 otherwise,
where
Ul(z,y) ={u € Ly[0,t] : mg =z, 0, = y} .
The fundamental solution and the semigroup operation are related as
@
Slla) = int (1) +00) = [ Tepoowd.  112)

This property is used in chapter 6 for the curse-of-dimensionality-free method

designed to solve problems involving infinite horizon cost minimization.

1.3 Some optimal control problems

We briefly indicate the optimal control problems this thesis attempts to solve.

More rigorous formulation will appear in later chapters.

1.3.1 Finite Horizon Time varying LQ Problem

Now we shall discuss the well known problem involving a time varying system

with linear dynamics and quadratic payoff. Using the notation from section 1.1,
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consider a deterministic, continuous-time, continuous-state dynamical system with

state &. The state equation with linear dynamics is as below.

& = f(&unt) = ADE + o(t)uy, & =z €R™ (1.13)
Here, the control u € Ls[s,T| is any square integrable function taking values in
R™, the control space. The running payoff and the terminal payoff are quadratic,
and the value function is given by

T
V(z,s)= sup J(z,u,s)= sup / L&y ug, t) dt + o(Er) (1.14)
1Js

u€La[s,T) u€La[s, T

where [(&, us, t) = 3&,C(0)& — 5|w/|* and ¢(&r) = 3& Prér.
Using (1.4), the dynamic programming gives rise to the following HJB PDE.

0=-VV(x,t) — H(z,t,V,V(x,t)), V(z,T)=o(z). (1.15)

Here (z,t) € R" x (—o0,T] and H(z,t,p) is the linear/quadratic Hamiltonian,
defined as

H(t7 I,p) = sup {f(xu u, t) ’ vm‘/(x’ t) + l(ZL’, U, t)}

v (1.16)

1 1
= §x'0(t)x +2'A(t) p + ép'a(t)a(t)’p.

This PDE has a classical (smooth), quadratic solution which is the value function,
1
Vi(z,s) = Ex/Ps:U,

and Ps is the solution of the following differential Riccati equation (DRE)
backwards in time and starting with Pr at ¢ = T, where Pr is the parameter

in the terminal cost.
— P, = A(t)'P, + PA(t) + C(t) + Pio(t)o(t)' P, (1.17)

Few analytical and many time marching methods have been developed for
solving this important DRE. But they all face numerical problems when applied to
a stiff DRE evolution for long time horizons. Chapter 2 is devoted to this problem,
and a fundamental solution is derived. Such solution allows analytic computation
of a general solution of the DRE (1.17), from any particular solution of a certain
bivariate DRE. Extensions of this problem also prove useful in solving a nonlinear

infinite horizon problem discussed next and covered in chapters 3 and 6.
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1.3.2 An Infinite Horizon Robust Control Problem

We now consider a robust/H,, infinite time-horizon control problem. We
consider the case with a fixed feedback control and an unknown disturbance process

u. The time-invariant dynamics then takes the form

& = g(&v(&) + o(&w = f(&) + o(&)w, & =2 €R" (1.18)

Note that v(&;) is the fixed feedback controller, and f(&;) represents the nominal
dynamics in absence of a disturbance process. We assume that f(0) = 0 and that
the origin is an exponentially stable equilibrium point. The state § € R™ and the
control u lies in LY = {u : [0,00) — R™ :u € Ly[0,T] VT < oo}, where Ls[0,T]
is the set of square-integrable functions over [0, T7.

The associated value function (also known as available storage) is obtained by
maximizing the integral payoff

T 72
Vi) = sup sup [ 1(6) ~ Tfuf e
0

loc T'<
ueLlpe T<oo

As this problem involves maximization, the value function is linear in the max-plus
algebra, and this problem is referred to as a max-plus problem.

Assumptions that [ is strictly nonnegative, [(0) = 0, additional stability
conditions on f and lower threshold on ~ ensure that the value function exists
and is reached only at the infinite horizon. Exact assumptions are discussed in
detail in chapter 3.

The value function is the solution of the following HJB PDE in the wviscosity
sense satisfying the boundary condition V' (0) = 0.

0=— sup {(f(x) +o(@)u) - VV +1(z) - g’“tﬁ}

= ﬁ;) VYV +1(z) + VV (%) vv} (1.19)
= _H(z,VV)

Chapters 3 is devoted to building the curse-of-dimensionality-free method for
exactly such problems. Such a payoff maximization problem also has a cost
minimization analogue, which results in an infinite horizon regulator problem,

which is discussed next.
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1.3.3 An Infinite Horizon Regulator Problem

Consider the problem with dynamics

&= f(&) +o(E)u, &=x€R" (1.20)

The state & € R™ and the control u lies in
LY ={u:]0,00) = R™:u € L,[0,T] VT < oo},

where Ly[0, 7] is the set of square-integrable functions over [0, 7.

We assume that f(0) = 0. Thus the origin is the fixed point of the nominal
dynamics. But we do not assume the stability of the origin.

The associated value function is obtained by minimizing the integral payoff

4 1
V(z) = inf sup/ 1(&) + =|ug|* dt (1.21)
ueL}oc T<oo Jo 2
As this problem involves minimization, the value function is linear in the min-plus
algebra, and this problem is referred to as a min-plus problem.

Assumptions that [ is strictly nonnegative, [(0) = 0, ensure that the value
function exists and is reached as the limit of the finite horizon problems as T" — oo.
Exact assumptions are discussed in detail in chapter 6.

The value function is the solution of the following HJB PDE in the wviscosity
sense satisfying the boundary condition V' (0) = 0.

0=— inf {(f(:c) +o(@)u) - VV + U(z) + %m?}

ur €ER™

—~ [ wv i) - vv (2D v (1.22)

= —H(z,VV)
Chapters 6 is devoted to building the curse-of-dimensionality-free method for

exactly such problems.

1.4 Overview of Methods

In all the problems discussed before, one is interested in finding the value

function at x which solves the corresponding HJB PDE. This in turn, will yield
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the optimal control u®*(t) or the optimal feedback law u*(&,t), if one exists. Now
we shall review the conventional methods for solving such problems. These start
with HJB PDE and find the value function. The more recent, idempotent methods,
discussed later, work with the underlying DPP directly to compute V.

1.4.1 Conventional methods

There are two common methods for computing the value function and
generating the optimal feedback in dynamic programming. Both these methods

face certain difficulties.

Finite element methods: The most common approach is to use grid based finite
element methods to find the value function for all grid-points in the region of
interest. (c.f. [SD02], [FF98]). Unfortunately, they suffer from the curse-of-
dimensionality, as the number of grid-points needed to cover the state space,
grow exponentially with the dimensionality n. As an example, if we choose
100 grid-points per dimension, computations will grow by a factor of 10° as we
go from a dimension 3 problem to a dimension 6 problem. Consequently there
is little hope that such methods could be used for problems in dimensions

greater than 4 or 5 in the foreseeable future.

Method of Characteristics: The second approach uses the classical method of
characteristics for the HJB PDE, also known as the Pontryagin’s Maximum
Principle (PMP). In this method, one tries to solve a two-point boundary
value problem for a system of ordinary differential equations involving state
and adjoint variables. Thus one propagates the solution along the one
dimensional paths, also called the characteristic curves, to obtain the value
and the optimal control only at the points on such a path, instead of the
whole space. This decreases the computational cost drastically. However,
this method assumes smoothness. Nonsmoothness can pose a daunting
challenge, as the shooting methods to find the correct initial conditions may
fail to converge, the projections of characteristics in the state space can

cross and may not cover the entire state space. Also, the solution needs
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to be recomputed if the system deviates from the optimal path, which can
happen in presence of noise. Ways to get around these difficulties using
generalized characteristics, have associated bookkeeping costs which have

been a deterrent to application of this method for large or complex problems.

1.4.2 Idempotent methods

In recent years, an entirely new class of numerical methods for HJB PDEs have
emerged (c.f. [FMO0O0], [McE03], [MALO4], [AGLO8], [McE06]). These methods
exploit the linearity of the semigroup associated with the optimal control under
suitable idempotent algebra. Specifically, we deal with the maz-plus and the
min-plus algebras. These arise in problems in which the objectives need to be
maximized or minimized, respectively. The description of these methods, several
of which are the contributions of this thesis, follows. The chapters in which they

are covered are also mentioned along with.

Figenvector methods: The first class of numerical methods based on above
linearity, were the eigenvector methods (c.f. [McEO03], [McE04], [CMO04]).
These employ the max-plus basis expansion of the value function, and
numerical methods obtain the coefficients in such a basis expansion. But
again, the number of basis functions required grows exponentially with space

dimension. Thus one still can not avoid the curse-of-dimensionality.

The curse-of-dimensionality-free method for maz-plus problems: A second numer-
ical method based on max-plus linearity of above semigroup was proposed
for certain class of semiconvex HJB PDEs (c.f. [McE07], [MK], [McE09],
[IMDGO08], [McE06]). These PDEs arise in the infinite horizon payoff
maximization problems with stable dynamics and unbounded control and
state space. In this method, the Hamiltonian is approximated by the max-
plus sum (pointwise maximum) of many linear/quadratic Hamiltonians, and
the infinite horizon value function is obtained as the limit of the finite horizon
problem as time grows. This method surprisingly is not subject to the curse-

of-dimensionality, hence called the curse-of-dimensionality-free method. In
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fact, the computational growth in state-space dimension is of the order of n3.
There is however no free lunch, since it exhibits an exponential computational
growth in a certain measure of the complexity of the Hamiltonian. Under
this measure, the minimal complexity Hamiltonian is linear/quadratic, which
is easily solved by a Riccati equation. If the Hamiltonian is the max-plus
sum (pointwise maximum) of M linear/quadratic Hamiltonians, then it is
said to have the complexity M. Such an approximation is very useful, since
the max-plus addition of linear/quadratic Hamiltonians can span the space
of all semiconvex Hamiltonians, which includes many problems of practical

interest. Chapter 3 describes this method in detail.

This thesis contributes towards the error analysis of the curse-of-dimensionality-
free method. Specifically it addresses the error due to an approximation of
a nonlinear Hamiltonian with pointwise maximum of many linear-quadratic
Hamiltonians. It computes the bounds on the error between the original and
approximate value function. It also computes the payoff suboptimality by

following the approximate optimal control. This is covered in chapter 5.

Pruning methods for the curse-of-dimensionality-free method: The exponential
computational growth with complexity, or the curse-of-complexity , which
replaces the curse-of-dimensionality discussed above is not always inevitable.
This is because, the value function is represented as the max-plus summation
(pointwise maximum) of quadratic functions, and those which lie below the
maximal envelope can be pruned without introducing any error. This thesis
proposes various pruning methods in chapter 4. (c.f. [MDGOS8]). Such
methods make it possible to solve the nonlinear control problems in higher

dimensions on a desktop PC.

The curse-of-dimensionality-free method for min-plus problems: Chapter 6, in
this thesis extends the above method to solve a semiconcave HJB PDE,
which can be approximated as the min-plus sum (pointwise minimum) of
linear/quadratic Hamiltonians. These arise in infinite horizon problems with

unbounded control and state space, and in which we aim to minimize an



18

integral cost. In such problems, the nominal dynamics does have a fixed
point at the origin. But the stability need not be assumed, making it more

general.

Fundamental solutions of the differential Riccati equation: A crucial sub-step
in the curse-of-dimensionality-free method is the evolution of a quadratic
terminal cost function under a linear/quadratic Hamiltonian. This involves
solving a Differential Riccati Equation (DRE). As a surprising outcome of the
idempotent methods and semiconvex duality theory, a fundamental solution
for the time-invariant DRE was discovered in [McE08]. In this thesis, this
algorithm is refined, so as not to use the semiconvex dual transformation and
thereby avoid some complications and error sources. In this process, a closed
form quadratic analytical solution for the fundamental solution originally
theorized in [FMO0O] is also found. Suitable variations of such fundamental
solution are also used in chapters 3 and 6 to evolve the quadratic cost function

in discrete steps for fast computations.

Chapter 2 in this thesis, extends such a fundamental solution to a time
varying DRE. This enables us to compute analytically the general solution
from any particular solution of such a DRE. So far, this has been a hard
problem, with only time marching solutions available for long time horizon

propagation. Chapter 2 covers the development of these algorithms.



Chapter 2

New Fundamental solution for the
time varying differential Riccati

equation

2.1 Introduction

In this chapter, we consider the matrix differential Riccati equation (DRE) of

the form

—p(t) = A(t)'p(t) + p()A(t) + C(t) + p(t) Z(t)p(t)

p(T) =DPr

(2.1)

where t € (—oo, T| and A(t) is square and p(t), C(t), X(t) are square and symmetric
nxn matrices. Note that (2.1) can be easily converted into an initial value problem
with forward time propagation. Nevertheless, we use this approach because it
simplifies the notation when framed as an optimal control problem.

The development in this chapter is mostly based on the paper [Des]. Variations
of the fundamental solution derived here will be used in numerical methods for
curse-of-dimensionality-free methods developed in chapters 3 and 6. Hence it is
considered first.

DREs are widely used in the systems and control theory, especially so in the

areas of optimal control, filtering and estimation. Many numerical algorithms

19
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have been proposed in the past for solving time-varying DREs. These include
carefully redesigned, conventional Runge-Kutta and other explicit linear multi-
step methods, as well as nonlinear implicit methods by Choi and Laub [CL90],
Dieci [Die92] and many others. Although these methods benefit greatly from
the past development in general purpose computer programs for solving ordinary
differential equations (ODEs), they can become rather complex in code structure
and interface. Implicit methods, which are more preferred to the explicit ones
for solving stiff problems, also suffer from implementation and computational
complexity. Moreover, these methods have to be rerun to solve for each initial
condition, which makes it difficult to carry out the sensitivity analysis.

There have also been many unconventional methods designed to solve time-
invariant DREs (cf. [Lei85], [Rus88|, [Lai76], [And77] and [Kim89]). These
comprise of various analytical solutions and doubling algorithms. Nevertheless,
it is known that these are not suited for time-varying DREs.

There are two methods which can be used. The first is the analytical solution
developed by Davison and Maki [DM73]. It solves the following system.

U
v

U
Vv

—A@t) —X()

Ct) Aty P, =V(t)U (1) (2.2)

with the solution to (2.1) obtained as P, = V (t2)U~!(t5). Thus this method does
work for the time-varying systems. But as ¢, — t; grows, columns of U(t3) become
more and more linearly dependent, which makes the problem ill-conditioned.
Therefore, this method can be used only for a small time propagation. Thus until
now, there has been no fundamental solution available for the time-varying DRE,
which is useful for a long time horizon propagation and for the infinite horizon as
a special case. This work attempts to fill this gap.

The second method is by Sorine and Winternitz [SW85]. Their work provides a
way to construct a general solution from five particular solutions. The forthcoming
method uses just one particular solution of the bivariate DRE, instead of five
particular solutions in [SW85], to construct the general solution of the time varying
DRE.

Now we shall discuss an overview of the forthcoming development. Recently
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McEneaney [McEO8] proposed a new fundamental solution for solving the time-
invariant DRE and a doubling algorithm. They are based on the tools of max-plus
algebra and semiconvex duality. In another recent development, in [FMO00], [Fle03],
Fleming and McEneaney introduced the concept of the max-plus fundamental
solution for time invariant systems with nonlinear dynamics. This chapter extends
both of these ideas to apply to a time-varying system with linear dynamics and
quadratic payoff. It finds surprisingly simple formulas for the fundamental solution,
which turns out to be bivariate quadratic and can be represented by three n
dimensional square matrices. It can also be viewed as the max-plus kernel which
can operate on any initial condition py to obtain p, analytically.

The fundamental solution is obtained from the time evolution of a bivariate
quadratic terminal cost function under optimal control, where one variable is the
state and the second variable is used to parametrize the terminal cost. Note that
this requires us to solve a bivariate DRE (2.13), hence evolve three parameters
instead of just one in case of the DRE (2.1). The fundamental solution itself is
invariant with respect to the terminal bivariate cost function, but depends only
on the evolution time interval. Thus any particular solution to a bivariate DRE
can be converted into the fundamental solution and then into a general solution,
analytically. This makes sensitivity/ perturbation analysis for such an initial value
problem much easier.

As a special case, the fundamental solution to the time-invariant problem and a
new doubling algorithm is derived. Though inspired from the doubling algorithm in
[McE08], the new algorithm is more direct and simpler, since it does away with the
kernel propagation in the semiconvex dual space. Instead, it propagates the kernel
in the primal space of quadratics. One numerical issue with such a fundamental
solution as well as the one described in [McEO0S8]|, is that the kernel parameters
blow up as the time step gets smaller. A modification to the formula to avoid such
a blowup is suggested. It maintains better solution accuracy for the propagation
at a small time step.

Building further on the idea of semiconvex duality, it shall be proved that
the semiconvex dual of the solution of DRE (2.1) satisfies another DRE, whose
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coefficients can be found analytically. One can also choose these coefficients
and find an appropriate duality kernel for transformation, as long as certain
compatibility /matching conditions are satisfied. Such conditions take the form
of coupled Riccati equations or similarity transformations on the primal and dual
Hamiltonian matrices. As a special case, one can make the dual DRE linear, by
choosing the quadratic term coefficient zero, and solve it analytically. Using this
method, the analytical solutions obtained earlier by Leipnik [KL85] and Rusnak
[Rus88] can be easily derived, demonstrating the versatility and power of this
approach.

We shall also use the fundamental solution developed here to solve stiff DREs
with known analytical solutions, and benchmark them for accuracy, numerical
stability and speed. These algorithms, being analytical and stable, are very useful
for solving the stiff DRE for a long time horizon propagation, unlike the Davison-
Maki method.

Finally even though the optimal control problem considered here, does make
a number of assumptions to ensure existence of the value function, and avoid
singularity, the resulting fundamental solution is valid for a much wider class
of problems, since it is purely algebraic. As a special case, it is observed that
even in case of unstable DREs, which exhibit the finite time blowup, the above
fundamental solution can propagate beyond the singularity. For example, when
applied to the special case p = 1 + p?, whose solution is tan(p), it correctly
propagates beyond the singularities at p = (2n + 1)7,n € W, where W is the
set of whole numbers. But this aspect shall not be covered here in order to contain

the scope of the thesis.

2.2 Optimal control problem

We shall obtain the fundamental solution for DRE (2.1) through an associated
optimal control problem. To ensure the existence and the regularity of the value

function, we make following assumptions throughout this section.
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Since DREs exhibit a finite time blowup, we assume that for ¢ € (T, T]
with ¢ < T, there exists a solution of DRE (2.1) with the terminal
condition Pr. We may have T' = —oo. We assume that %(t) = 0, Vt €
(T,T]. Hence let (t) = o(t)o(t)’. We also assume controllability, 2.3)
that is given x,y € R", and T < t; < ty < T, Ju € Ly(11,t2) such that
the solution &, of 2, = A(t)i; 4 o(t)iy, satisfies Z;, = x and &y, = ¥.
We also assume that A(t), C(t), X(t) are piecewise continuous, locally

bounded functions of time ¢, and ¥X(¢) >~ 0 for all ¢.

Now consider the following optimal control problem. Let T' < t; < T. We wish to

maximize

T (1, u) = / (0, ug) dt + & (27) (2.4)

t1

where x; € R™ satisfies

Py = filzy,u) = Atz + o(t)uy (2.5)
Ty, = I (2.6)

and ly(wy, u) = 32,/C(t)x; — 5|we|* and with u € Ly(t;,T) and the terminal payoff

is bivariate quadratic in the state variable z and a parameter z € R™ as below.
z . 1 / / 1 /
O (x) = ¢(z,2) = 37 Px+2'Sz+ 37 Qz (2.7)

where P, () are symmetric and S is invertible.
The optimal control value function is defined to be
VAt o) = Vi(e) = sup JE (21,0) (2.8)
u€Ly(t1,T)
for all x,z € R" and t; € (T, T ] We shall show that the above value function is
a solution of a particular Hamilton-Jacobi-Bellman (HJB) PDE.
Let W#(t,z) be the solution of following Hamilton-Jacobi-Bellman PDE on
(T.T] xR"
0=-VW?(t,x) — H (t,z, V,W?(t,x)), (2.9)
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and with the boundary condition defined in (2.7)
WH(T,x) = ¢(x, 2) Ve e R" (2.10)
where

H(t7I’p) = sup {p/ft(xvu) + lt(xvu)}

u€R™

= sup {p' (A(t)x + o(t)u) + %x'C(t)x - %|u|2 dt}

ueR”

1 1
= §$'C(t):v + ' A'(t)p + §p'2(t)p (2.11)

and X(t) = o(t)o’'(t).

Lemma 2.2.1. Assuming (2.3), for any z € R", there exists a solution to (2.9),
(2.10), (2.11) in C=((T,T] x R™), and this is given by

1 1
W=(t,x) = §x/Ptx +2'S2 + §Z'Qtz (2.12)
where Py, Sy, Qq satisfy Pr = P, Sy = 5,Qr = Q and
— P, = A(@t)P, + PA(t)+C(t) + PX(t)P,
~-S, = (A(t) +X(t)P)'S, (2.13)
~Qi = S/T(1)S,
and S; is invertible for all t € (T, T).

Proof. Existence of the solution P, : —T < t < T is assumed in (2.3).
This combined with local boundedness, and piecewise continuity of coefficients
guarantees the existence of Sy, and hence that of Q; for —T < t < T. The proof
that it solves HJB PDE, is immediate by substitution in (2.9) and (2.10). Let us
define, B(t) = —(A(t) + X(¢)FP;). Then Sy, = ®p(t1,T)Sr, where ®p is the state

transition matrix of the system @, = B(t)x;. By Abel-Jacobi-Liouville formula
T
det ®p(ty, T) = el PO 5 g

Since both ®5(t;,T) and Sy = S are invertible, S;, = ®g(t;,T)St is invertible as
well. O



25

Next we need a verification theorem to connect HJB PDE solution to the control

value function.

Theorem 2.2.2. Assume (2.3). Let W and J be defined as per (2.12) and (2.4),
respectively. Let x,z € R™ and t; € (T, T}. One has

Wz(thI) Z JE;Z<I,U) Yu € Lg(tl,T)

and

We(ty,z) = J (2, )
where Uy = U(t, x;) = o(t)'VW?3(t, z;) = o(t) (Pixy + Siz), which implies W? = V*
and

1 1
Vi(z, z) = Vi (z) = Wi(x) = §x'Ptx +2'Siz + §z'Qtz (2.14)

Proof. Let u € Lo(t1,T).

th;z(x, w) :/ (Li(xg, ug) + (A(t)wy + o(t)uy) VW(t, 24)) dt + ¢(ar, 2)

t1

-/ AW+ o) W (1, 2)

t1
which by definition of H
T T
S/ H (2, VIW*(t,21)) dt + (a7, 2) _/ (A()z: + o (t)ur) VW=(t, 2,) dt
t1 t1

which by (2.9) and (2.5)

T
:/ {—%Wz(t;l’t) - i‘tVWZ(t,xt)} dt + ¢(xr, 2)
t1
T q
=— [ =Wt 2,)dt + ¢(ar, 2)
. di

=W=3(t1,z) — W*(T,xr) + ¢(xr, 2) = W3(t1, )

using (2.10).



26

Also note that in the above proof, if we substitute @, = o(t)’'VW?#(t, x;), then
using ly(z,u) = 32'C(t)x — |w|?/2, o(t)o’(t) = X(t) and (2.11),
lt(ﬂft, Ut) + (A(t)xt + J(t)ut)/VWz(t, .flft)
1 1
= 537/0(25):6,5 + §VWZ’(t, ) () VWA(t, ) + A'()VWA(t, )
= H (t, Ty, VWz<t, :Et))

This converts the inequality into equality and we get J (z,0) = W3(t,x). O

Now combining (2.8), lemma (2.2.1) and theorem 2.2.2 and substituting z = 0
(zero vector), redefining V,°(z) as P(x), and parametrizing the univariate value
function by p instead of P for the bivariate value function, we get the following

corollary

Corollary 2.2.3. Givent € (T,T} and x € R", the value function

g 1 / ‘UtP 1 / 1 /
Pi(x) = sup 5%t C(t)ry — 5 dt + ST prT) ¢ = ST P (2.15)
u€La(t,T) t1

subject to the dynamics

Ty = A(t)xy + o(t)wy
satisfies HIB PDE
VP () = 5Ot + 2/ A1) VPila) + 5VPi(a) T(t) V.Pila)
and p; satisfies the following DRE in which X(t) = o(t)o(t),
—pr = A(t)'pe + pA(t) + C(t) + pE(t)pe
with boundary condition pr = p.

This gives us the motivation to solve the DRE using the underlying optimal
control problem. The optimal control problem defined in (2.8) with bivariate
quadratic terminal payoff parametrized by z will be useful in deriving the

fundamental solution as will be covered in sections ahead.
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2.3 Fundamental Solution

For given ¢y and a general terminal payoff function ¢(z) : R® — R, let us define

the operator,

Seg(x) = sup / ) dt + Bla) (2.16)

u€La(t1,t2) Jty
Suppose that ¢; < t is such that the solution S;?[¢](z) exists. (Is finite for any
x € R™)
We can restate (2.8) and (2.4) using above operator. Noting that Vi(z) =
¢*(z), as defined in (2.7), we have for all ¢ € (T, T

Vi) = 8/ 16%)(x) = S/ [V (x)

It is well known that operators Sff form a semigroup. That isif t; <t <ty < T,
then Sf2[¢] = S} [S;?[¢]], which is precisely the celebrated Dynamic programming
principle for this problem. That is with t; = T,

Vi(z) =S/ [¢7](x) = &, [S/[¢7]] (z) = S, [Vi] (@)

t
= sup /lt(:ct,ut)dt+‘/,;z(xt)

u€e Lo (tl ,t) t1

(2.17)

Maslov [Mas87] proved that this semigroup is also linear in max-plus algebra. That
is
St [max(dr, ¢o)](x) = max {S;?[¢n](z), Si?[d2](x) }
Sk +¢il(x) = k+82[di](x)

where ¢1(z), ¢2(x) are functions and k € R is a scalar. If we define a®b = max(a, b)
and a®b = a+b, then it is well known that (R U {—o0}, &, ®) forms a commutative
semifield which is referred to as the max-plus algebra (see [BCOQ92],[HJ99],
[LM98] for a fuller discussion).

We can extend it to functions so as to define the max-plus vector space. Let
la @ b](x) = max(a(x),b(x)) and a(zr) ® k = a(x) + k, where a,b : R" — R and
k € R. Using this notation, we have

Si (61 @ d)(x) = S, [41] () © S/ [ (@)

(2.18)
Stk @ di)(z) = k@ Sf[o])(x)
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Now we shall define a maz-plus kernel I : R™ x R® — R derived earlier in
[FMO00] and [Fle03]. Let T < t; < t, < T and z,y € R", and z; evolve with
dynamics (2.5). Define

t .
supueuff (z,y) ft12 L(ze, ug) b if uff (z,y) #0

1P (2, y) = (2.19)
—00 otherwise
where
uttf(%y) ={u € Ly(ty,t2) 1 24, = v, 24, = Yy}
Note that Iff = —oo indicates that it is impossible to reach y from z in time

interval (¢1,t5) using any possible control u.
Fleming and McEneaney [FMO0O] proposed above kernel, and showed that

Selole) = swp () + o) = [ IEwp@ow)dy 220

yeR” n

and since I;? depends only on the dynamics @, = fi(z4,1;) and running payoff
li(xy,uy), it is independent of the terminal payoff ¢(z,). Hence it can serve as a

Fundamental solution, and obtain S;2[¢](z) for any ¢(x) by a kernel operation.

Remark 2.3.1. Note that S?[¢](z) > —oco for all z € R". Since for any
@ € Lo(ty,ts), solution to Tg = x and T, = fi(Zy, 1) exists for t € [ty,ts] and

fttf (%4, ;) dt > —o0. Hence
to
Si2(o)(x) > 17 (v, 34,) + ¢(34,) > / L(Fe, i) dt + (i) > —00
t1

Remark 2.3.2. Also note that due to the controllability assumption (2.3), for
t1 < ty, we can always find control 4, which generates the trajectory Z(t) satisfying
Zy, = x and &y, = y. Thus U(z,y) # 0 and 1}*(z,y) > fttf li(x,ug) dt > —oo for
all z,y € R™. For t; = ty, I*(x,y) = —oo for all y # x and I}*(z,z) = 0.

2.3.1 Computing the max-plus kernel

First we derive a lemma about the end point of optimal trajectories.
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Lemma 2.3.3. Assume (2.3). Consider the system trajectory &, starting from
Ty, = x and evolving according to (2.5) under optimal control iy = o(t) (P:Z:+S:2)

from theorem 2.2.2. Then for T <t, <ty <T,
Sty Tty + Q2 = Sy, Ty, + Q2 (2.21)
Proof. By time-varying linear system theory, for a system evolving as per
Ty = At) i + o(t)iy

= A(t)Z; + o(t)o(t) (P + Siz)
= (A(t) + X))z + (1) Sz

solution is given as

to
Ty, = Pp(ta, t1)Ty, +/ O (ty, 7)2(7)S, 2 dT (2.22)

t1
where ®p(te,t;) = UtQUtjl, where U, is the solution of differential equation U; =
B(t)Uy, with B(t) = A(t) + X(t) B
It is well known that the state transition matrix

D (ta tr) = O gy (ta, t2)

now, noting from (2.13) that S, = —(A(t) + 2(¢)P,)'S, = —B(t)'S,, and since Sy,

is invertible, we have
(I)B(t)<t2, tl) - CI)LB(t)/(tl,tg) - (Stlst_zl) ! - St—21/5t1/ (223)
Substituting in (2.22), and noting from (2.13) that —Q, = Sy/(t)S;,

t2
Ty, = S,V Sy Ty + S, / S/%(1)S zdr

t1
t2
= S,V Sy &y, + S,V (/ S."3(1)S- dT) 2
t1
= 85,843, + 5" (Qu — Qua) 2

thus we have,

!~ !~
StQ xtg + Qtzz = Stl xtl + Qtyz
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Remark 2.3.4. Note that using lemma 2.2.1, since Sy, and S;, are invertible,
(2.21) suggests a one-one and onto relation between start and end of optimal
trajectories, z;, and =z, for all z. Thus Vy € R" there exists a = =
St (Su'y + (Qr, — Qr,)2) such that optimal trajectory #; starting at @, = z,

ends with y. Thus every y € R™ is an optimal point for some initial condition.

Remark 2.3.5. Note that due to max-plus linearity, if £ € R, using (2.17),
Vi = Silo* + K|(x) = ST[¢7](2) + k = Vi (@) + &

Thus while keeping the dynamics and the incremental payoff same, adding a
constant to the terminal payoff only shifts the value function accordingly. Hence

the gradient and therefore the optimal feedback remain the same.
iy(x) = o()VVi(x) = o (t)VVi (2) = u(x)

Hence the optimal trajectory, which is the solution to &, = A(t)#, + o (t)i,(z), also

stays the same.
Now we shall prove another useful lemma before turning to the main result.

Lemma 2.3.6. Given T < t, <ty < T, and Q; evolving according to (2.13) with

terminal value Qr = @, then

Qtl - th ~ O

Proof. Note that we assumed in (2.3) that the system & = A(t)z; + o(t)u
parametrized by (A(t),o(t)) is controllable. This is true if and only if the following
controllability grammian is invertible for any T < t; < t, < T.

/ % B4(t1, 7)o (Do (1) Ba(ty. 7 dt = 0 (2.24)

t1
Thus for all z, y € R”, 3 control 4, such that is the trajectory z = A(t)a;+o(t)iy
with 2;, = x satisfies 2, = y.
Now we claim that system (A(t) 4+ X(t) P, o(t)) is also controllable. This is clear

because by using control @, = 1, — o(t) Pxy, we can keep the system trajectory
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same and reach from z to y.

T = A(t)z, + o(t)iy
= (A@t) + o(t)o(t) P)ae + o(t) (@ — o(t) Pae)
= (A(t) + Z(@) P)xe + o(t)u

Hence similar to (2.24), using B(t) = A(t) + X(t) P, and o(t)o(t) = X(t), the
following controllability grammian is invertible.
to
/ Bp(ts, PN Dp(ty, 7) dt = 0 (2.25)
t1

Substituting ®p(t;, 7) = S 'S, from (2.23),

to to
/ Byt 7)S ()P (ta, 7) dr — / S8, S(1)S,S dr
t1

t1
to
:ﬂﬁ{/SQ@&m%ﬁ
t1
= 51 (@, — Q1) Sy, (2.26)

where in the last equation, we used @; evolution from (2.13). Using (2.25) and
since Sy, is invertible by Lemma (2.2.1), we have @y, — Qy, > 0. O

Theorem 2.3.7. Assuming (2.3), let V and I be as defined in (2.14) and (2.19),
respectively. Given z,y € R and T < t; <ty < T, then

inf [Vi(2) = VE(w)] =17 (2,y) (2.27)

z€R™

Since by (2.14), V7 (z) = 32/ Pya+a'Sy, 2+ 52'Qu z and Vi (x) = 32/ Pya+1'Sy, 2+

12/Qu, 2, the maz-plus kernel I}? (z,y) is also bivariate quadratic.

1 1
Iff (SL’, y) = 51”]1121‘ + I/112Ey + Eylfmify where
[112 =Py — S, (Qr, — th)ilstll
I122 =5, (Qn, — Qi) 'Sy’

1222 = _13752 - St2(Qt1 - Qtz)_lstzl

(2.28)
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Proof. Let x;, = z. Since X(t) = 0 and S, is invertible, by (2.13), Q, =
—SiX(t)S; =0, hence @y, — Qt, = 0. For any z € R”

Vii(2) =V (y)
= SpVil(@) = Vi (w)

to
= sup {/ lt(ﬂlit,ut)dt‘i‘vtz(xtz)_Vtz(y)}

u€Lo(t1,t2) t1
substituting for V;Z,

t2 1 1
= Sup {/ L, ug) dt + _x:fzpbxh — Y Py + (x4, — y)’5t2z}

’LLGLQ(tl,tQ) t1 2 2
Since U?(,y) = {u€ La(ti,t2) s a2y, = 2,2, =y} C La(ti,t) , and Vu €
U (z,y), ze, =y.

t2 1 1
> sup {/ (e, ug) dt + 51/Ptzy — éy’Pwy +(y — y)’StZZ}
uGZ/{flz (z,y) t1

t2
= s [ )t = 1) (2.29)

uGU;f (z,y) Y11

Taking infimum over all z € R,

inf [Vi(2) = Vi) > 12 (2,9) (2:30)

z€R™

Since @y, — Qt, = 0 by 2.3.6, define 2 = (Qy, — Q1) *(Sw,'y — Si,'z). Hence
Sty + Q2 = Sp'v + Q2

hence using (2.21) the optimal trajectory Z; starting from #;, = = and with terminal
payoff ViZ(-), ends at Z,, = y. Let the corresponding optimal control be @;. Let us
define k = —=V7:(y) = — (32/Quz + 3y Py + /S, 2) to create a shifted terminal
payoff function

U () = Vi () + k = Vis(2) = Viz ()
] (2.31)
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From remark 2.3.5, u;, 7; are also the optimal control and trajectory for the

following problem with the terminal payoff U . Hence

Vi(z) = Vi (y) = { sup /t2 Li(xg, uy) dt + V}z(x)} ~ Vi)

u€Loa(t1,t2) Jty

—  sup {/hzt(mt,ut)dtﬂfé(x)—Vé(y)}

u€La(t1,t2) t1

to
= sup / li(wy, ug) dt 4 U (24,)

u€Ls(t1,t2) Jt1

to
:/ (1, ) b+ U7 (1,)

t1

since U} (%4,) = UZ(y) = 0 from (2.31) and @ € U;?(, y)

to
< sup / (e, w) dt = I (z,y) (2.32)

t
ueutf (zy) 11

Thus we have
inf [Vi(z) = Vi(y)] < Vi(z) = Vii(y) < I (z,y) (2.33)

Hence (2.30) and (2.33) together give us (2.27) and also the following

inf [Va(@) = Vi)] = Vi) ~ Vi) = 2(.) (2.34)
with z2 = (Qtl - Qt2>_1<5t2/y — Stllﬂf).
Substituting 2 in (2.34) and expanding, we get (2.28). O

Remark 2.3.8. It is interesting to note that the formulas extend graciously even
when assumptions on controllability are violated. In that case )y, — (¢, = 0 and

may not be invertible. We can do singular value decomposition

Ui
Us

where [U; Us] is unitary matrix, and A is diagonal matrix of nonzero eigenvalues.

A O

Qtl—QtQZ[Ul Uz} 0 0

We can obtain Moore-Penrose pseudoinverse as

(Qu — Q)" = UiA'U]
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If we take the limit of the formula (2.28), by replacing all zero eigenvalues by
k > 0, and letting £ — 0, then we obtain following formulas, which also give us a

representation of the reachable set.

(2.28) with (Qr, — Q1) "

if Sy,'x — Sy,'y € range(U,)
replaced by (Q;, — Q)" ! ’

I (z,y) =

—00 otherwise

\

In the special case when X(t) is zero matrix, and no control is possible. Uj is
empty, since there are no nonzero eigenvalues. (7 — @2) and (Q; — Q)™ are zero
matrices. Hence range(U;) = 0, which is the null range. Hence S;,’x — S;,'y = 0,

and
P x—y Py ify= St_zl’Stl’x

I (z,y) =

—00 otherwise

Thus using (2.23), only state accessible from starting point z is S{;’Stl’x =
P (ta, t1)r = Paw)(te, t1)x, since B(t) = A(t) + X(t)P, = A(t). This is the

well-known solution to time-varying linear differential equation, &, = A(t)x,.

Now we shall prove a theorem which can allow us to combine max-plus kernels

in time.

Theorem 2.3.9. Assuming (2.3), let T < t; <ty <t3 <T, then maz-plus kernel

Iff can be computed from Ittf and ]f; as follows

I (x,y) = S (L3 ()l (x) = sup {1 (2, 2) + [ (2,9) } (2.35)

z€R™

Thus Ittf’ (x,y) = %a:’[llﬁ’x + :v'[mﬁ’y + %y’lgg,tij where

t3 _ 2] 2] 2 t3) —1 2T
I = It — Lo (122t1 + Ilth) La,?

Lo = =T (Inf? + ]11%)_1 Lo (2.36)

1

t3 _ 3 tgT t2 t3) 1 3
Doy = I9o,3 — L2y} (]221;1 + ]11t2) Loy
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Proof. Note that by remark 2.3.2, U/*(z,y) # 0 for all t, < t, and z,y € R".

t3
Iff(%@/): sup / l(e, ug) dt

t
uGZ/ltl2 (z,y) Y11

since Uy (,4) = U.ean (U (2, 2) NS (2,1))

t3
= sup sup / Ui (g, up) dt (2.37)
t1

z€R™ uGUttl2 (a:,z)ﬂUttg’ (2,y)

Now, we consider the following

t3
sup / ly(4,uy) di

ueUttl2 (a:,z)ﬂUttS’(z,y) t1

to t3
< sup {/ (2, uy) dt +/ (g, uy) dt}
uEUttf (:c,z)ﬁUttS’ (z,y) t1 to

to ts3
< sup {/ li(e, ug) dt} + sup {/ li(e, uy) dt}
uGUttIQ(x,z) t1 uEU:S(z,y) t2

= I2(x.2) + I (2,y) (2.38)

Now, since I}*(z,z) > —oc, Ve > 0, 3 4 € U}?*(z, z) and trajectory &, with Z;, =

such that

to
t1
Similarly 3 o € L{tt;(z, y) and trajectory &; with Z,, = z such that
t3
/ L(Z, 0g) dt + € > 12 (2,9) (2.40)
to

Now we can create augmented control 4 such that 4, = @, for t € [t1,t2) and u; = Uy
for t € [tg, 3], and extend it arbitrarily beyond. Note that if Z; is corresponding
trajectory, then starting with &;, = z, &, = Z, for ¢t € [t1,t5]. Hence #;, = z and
&y = & for t € [ta, t3], hence &y, = y. Hence @ € U*(x,2) NU?(z,y). Moreover

using (2.39) and (2.40),

ts to t3
sup / lt(l't,ut) dt Z / lt(f%t,'llt) dt + / lt(:i"t,ﬂt) dt

uEUttl2 (:ZT,Z)QU;S (z,y) t1 t1 to
to t3
= / U (T, 1) dt + LTy, Ty) dt
t1 to
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Since € is arbitrary, from (2.38) and (2.41), we have
t3
sup / l(e, up) dt = Iff(% z) + Ifj(z,y)
uGUfl2 (x,z)ﬂUg’(z,y) 1

which with (2.37) proves (2.35). Now, using (2.28) and since (Q;, — Q,) > 0 and
(th - Qt3) -~ 07

Lo + It
— (=P, — S0 (Qu, — Q1) 7'S1") + (P — Sty (Q1y — Qi) 'S4,
= =5, ((Qn = Qr) ™ +(Qr, — Qi) ™") S
<0

Thus {I;?(z,2) 4+ I;?(z,y)} is concave in z. Thus supremum in (2.35) exists, and

we get (2.36) by algebraic computation of the local maxima. ]

Remark 2.3.10. Note that I}*(z, z) has the same bivariate form as V}* given by
(2.14), and both I}* and V; evolve in the time interval (¢,t,) according to the
semigroup S;? as per (2.35). Hence the parameters satisfy DREs similar to the
(2.13).

d

—%IH? = AWt) Iy + InP A1) + Ct) + IS () 11y
d

— 20l = (AW) + SO 1) L (2.42)
d

_5122? = Loy (1) Lizy?

2.3.2 Algorithm

Thus following is the final algorithm to obtain the fundamental solution, and to
convert a particular solution of (2.13) into a general solution. It gives us a closed
form solution to the DRE (2.1) using max-plus kernel I;? (2.20). We shall reiterate

the formulae derived earlier to make the section self-contained.

e Choose terminal t5 and the parameters (P, St,, Qt,) of the terminal bivariate
payoff ViZ(z) = 1a/P,x + a/S),z + 52/Qy,2, such that P,, Q,, are n X n

symmetric matrices, and Sy, is n X n invertible matrix.
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e Propagate (P, S, Q) backwards in time according to (2.13) till time t; < ts.
That is

— P, = A(t)'P, + PA(®t) + C(t) + Y1) P,
_St = (A(t) + Z(t)Pt)/St
—Qr = S/S(t)S,

e Compute the maz-plus kernel or the fundamental solution as per (2.28),

1 1
]ttf (L y) = ]ttf(my y) = 595/[112% + -’E/.712§fy + Eylfmify

parametrized by triplet (111, I12, I2)i* where

1

[11 = Pt1 - Stl(Qh - Qb)ilstll
[12 - Stl (Qt1 - Qt2>_1st2/
[22 = _]th - Stz(Qtl - QtQ)_lstQI

e As per corollary 2.2.3, if terminal payoff is given by Py, (x) = %a:’ p,x and if

pr evolves as per DRE (2.1),
—p = A(t)'pe + peAQt) + C(t) + peZ(t)ps

and if p;, exists, i.e. the solution does not blow up during ¢, — ¢; evolution.
Then by (2.20)

L,
Pu(2) = S2'pue = Si2[Py)(x) = sup L2 (x,y) + Pu(y) (2.43)
yeR®

Thus algebraically we get

1 1 1
§$/pt1$ = sup {53;’[1136 + 2’ Loy + 53/([22 + ptz)y} (2.44)
y
pr, = I — Lia(pe, + ]22)_1]12/ (2.45)

which is the analytical solution to the DRE (2.1). Thus we have converted a
general solution to a bivariate DRE (P, S, Q) as per (2.13) into a fundamental

solution ]ttf, and then into a particular solution p; of (2.1).
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e Asseen in (2.28), as (ty—t1) — 0, (Qy, — Qy,) " may blow up, as Q;, — Q.
Thus parameters of the max-plus kernel Ittf also blow up, causing numerical
inaccuracy in propagation. To remedy this, an alternate form of propagation

(2.45) is proposed as follows.

After substituting kernel parameters from (2.28) in (2.45), with some
manipulation we get

1

(Stll(ph - Ptl)ilstl)_
= _(Qtl - Qt2)_1
—(Q, — Q) 7'Sy,’ (pt2 — P, — 81, (Qy, — Qtz)_lstzl)il Si,(Qr, — Qi) ™"

which by using Woodbury’s matrix identity [Woo50],

= (_(Qtl - QtQ) + Stzl(th - Pt2)_1St2)71

Thus
Stll(pm - Ptl)_lstl + Qt1 = StQI(th - PtQ)_l‘S’tz + Qtz

or rearranging, propagation from p;, to p;, is given by

bty = Pt1 - St1 (Qtl - Qtz - Stgl(ptz - Ptg)_lstg)_l Stll (246)

This formula does not blow up for a small time step propagation, and yields

an accurate propagation.

Remark 2.3.11. Note that we assumed that the propagation 1a/p, x = §[V,,](z)
exists, and derived (2.45). This is also equivalent to Iss + p;, < 0, so that
the supremum in (2.44) exists. Thus ]222 + pi, < 0 characterizes all initial
conditions p;, for which DRE propagation t, — t; does not blow up. Also note
that the minimum time T for which solution to DRE exists, depends on initial
condition. Max-plus kernel obtained from one particular solution, may cause blow
up for a different initial condition. Surprisingly it is possible to pass through
singularity/ solution blow up using (2.45) without numerical instability (since
instead of marching through singularity, we step over it), and generate solution

trajectories akin to tan(z) which is the solution to & = 1 + 2.
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2.4 Semiconvex dual DRE

Now we shall introduce the concept of semiconvex duality which can help us

transform time invariant DREs into semiconvex dual DREs.

2.4.1 Semiconvex duality

A function P(z) : R* — R~ = RU{—o00} is defined to be uniformly semiconvex
with (symmetric) matrix constant K if P(z)+ 32’ Kz is convex over R". We denote
this space by S¥.

Semiconvex duality is parametrized by a bivariate quadratic kernel
1 / / 1 !/
o(z,2) = 7% Pa:+x52—|—§z Qz (2.47)

where P and () are symmetric matrices. We use this kernel to define semiconvex

duality.

Theorem 2.4.1. Let P € SF, S is invertible and ¢(x, z) defined as above. Then
Vz € R™ we can define the dual Q(z) of primal P(x) as follows.

Q(z) = nf[P(x) — ¢(z, 2)] = Dy[P](2) (2.48)

T

from the dual Q(z), primal can be recovered again using

P(r) = Sgp[cé(l’, 2) + Q(2)] = D, '[Q](x) (2.49)

¢(x, z) is called the kernel of duality. Thus D, Dy[P](z) = P(x).

Proof. Since P € S77, P(z) — ¢(z, 2) is convex in . Now,

sup[é(z, 2) + Q(2)] = sup[d(z, 2) + inf[P(y) — 6(y, 2)]

= sgp iIz}f[P(y) + ¢, 2) — ¢(y, 2)]

1 1
= sup inf[P(y) + §$’Px — §y’Py + (z —y)'S7]
z Yy
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Let z = Sz. Since S is invertible, Zz also spans R"”

1 1
= 5:17’P93 + supinf[P(y) — §y’Py + (z —y)'Z]
z )

1 1
= 5:17’P93 + sup[z'z + inf[P(y) — Ey’Py —y'z]
2 Y

Since P(y) — 3y Py is convex, by Legendre-Fenchel transform (see e.g. Theorem

11.1 in [RW9S))

]

If we choose P(x) = %x’px, o(z,2) = %:C’PSL‘ +a'Sz+ %z’@z and assume p > P
and S is nonsingular, then P(z) € S7P. Hence by substitution in (2.48), we get
Q(z) = 32'qz, where

¢=-5(p-P)'5-Q (2:50)

We can also derive the following inverse relation
p=—SG+Q) 'S +pr (2.51)

Corollary 2.4.2. Using very similar methodology, if Q(z) + 2'Qz is concave over
z € R, then
Dquq;lQ(z) = Q(z2) (2.52)

Remark 2.4.3. Let us observe that a result using (2.20) and (2.17) we saw earlier,
can be reposed in the following manner using semiconvex dual notation. With

t1 < to, since S;?[¢](x) exists, and I/?(z,y) is bivariate quadratic, we have
Vi(z) = 82 [Vil(w) = sup (17 (2,y) + Vii(y)) = Dy [Vii](@) (2.53)
Yy t1

Since above supremum exists for all z, I. 222 + P, = 0, hence by (2.45), and matrix
congruence P, — I1j? = —Io? (P, —1—1'222)_1[122’ > 0. Hence Vj(z) € ST,

Hence we can take semiconvex dual. Now using (2.52),

inf (Vi (@) = I (2, 9)) = Dy [VEI(y) = DD [Vl (y) = ViS () (2.54)
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As a special case, from (2.43), we have

2.4.2 Dual differential Riccati equation

Now let us start with primal space quadratic P(z) = %x’ pix, with p; varying
with time as per (2.1). Let us find its dual Q(z) = £2/q;z, with kernel ¢(z,2) =
%x’Px + 'Sz + %z’@z. We assume p; — P > 0 and S is nonsingular, so that we

can use theorem 2.4.1. Using (2.50) and (2.51), we get
=-S5 (p—P)'S-Q (2.56)
p=-S@+Q) 'S +P (2.57)
Differentiating both sides of (2.56),
G="5(p—P) 'p(p—P S (2.58)

If the primal quadratic evolves according to (2.1), we can track the evolution of

the dual. Substituting for p; from (2.1), and for p; from (2.57) in (2.58), we get

G =(g: + Q)S™ (A(tY P+ PA(t) + PE(1)P) ST ' (q: + Q)
— (g + Q)SHA() + =(t)P)S
— ST(A(t) + =) P)ST (g + Q) + S'S(1)S

Using (2.13), and after simplification, we get.

—qr = th—1PSfqut + QtS_lubSilTQ — S)
H(PSTQ — 8YS Vg + QSTIPSTVQ
—QS'S— QST+ O

This shows that the dual quadratic also satisfies a Riccati equation

— G = A) g + ¢ A(t) + C(t) + ¢/ (1) (2.59)
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with coeflicients
Alt) = SHPSTTQ - 9)
) = stps T (2.60)
C(t) = Q5'PS™Q
~QS7IS— QST +Q
where P, S and Q are constants defined by (2.13). Thus (A(t),2(t),C(t)) =
f(P,S,Q, A(t), 5(t), C(t)).

2.4.3 Kernel Matching conditions

By using (2.108) and some algebraic manipulation, it can be easily shown that

simultaneous equations (2.60) are equivalent to following simultaneous equations,
—P = A(t)P + PA(t) + C(t) + PX(t)P = SX(1)S’
—S = (A(t) + Z(t)P)'S = S(—A(t) + 2(1)Q) (2.61)
—Q = S'S(1)S = —A()Q — QA+ C(t) + QS(1)Q

These give a neater feasibility condition for finding a kernel parameters, (P, S, Q)

to transform Riccati equation (2.105) into any other Riccati equation (2.59).

Remark 2.4.4. Observing the symmetry between the primal and dual DREs
motivates us to propose a dual problem with dynamics z = A(t)z + &(t)u, with
5o (t) = 2(t) (if £ = 0), and payoff l;(z, us) = £2/C(t)z, and a corresponding dual
semigroup Sff similar to (2.16). Using the symmetry of above equations, it can be

easily proved that

¢t1 (I, Z) = Sff [¢t2<"7 Z)]("T) - _511;21 [_¢t2 (‘r7 )](z) (262)

Thus given the coefficients of primal and dual Riccati equations, both
(Py, So, Ro) and (P, Sy, R;) satisfy (2.61), suggesting that these equations are not
independent. Indeed, it can be verified that (2.61) are also equivalent to the

following matrix equation, which uses classic Hamiltonian and symplectic matrices.

KH =HK (2.63)
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where

A(t)  X()
—Ct) —AQ@)

Alt) ()
—C(t) —A(t)

9

sp 5!
’C pu— 77—[ =
S'—QS'P Qs

‘H is the classic Hamiltonian matrix and K is the classic symplectic matrix. IC is

invertible, with the following inverse.

S—l/Q S—l/
—S+PSTVQ PSTV

K=

Hence H = KHK™!. Hence a necessary condition to find kernel (P, S, Q) and to

convert DRE (A(t), C(t), X(t)) into (A(t), C(t),X(t)) is that matrices H and H be
similar. Sufficiency conditions are being investigated.

With KC(t) = K(P(t),S(t), Q(t)) and using (2.61), it is also easy to verify that

—K =KH =HK (2.64)

K1 =—-K'KK'=HK'=K'H (2.65)

Thus if ®(¢1,t2) is the state transition matrix associated with the linear time

varying system & (t) = —H(t)x(t), then
K:tQ = lCtl(I)(tQ,tl) and ICt_ll = q)(tg,tl)thl

Similarly, if ®(t;,;) is the state transition matrix associated with the linear time

varying system i(t) = —H(t)x(t), then
K:tz = (I)(tg,tl)lctl and ICt_ll = Ktzli)(tg,tl)
If ®(ty,t,) and ®(ty,t;) are partitioned into four n x n blocks, then we have

[ S);llQﬁ 5;11/ ] B [(I)ll (1)12] [ St;l/Qt2 St;l/ ]

_Stl + Ptl St_llthl PtlSt_ll/ ¢21 ¢22 _Stg + PtQSt_Ql/QtQ PtQSt_21/
(2.66)
and
S MQ S S VQs, SV iy Dpo
=Sy + By, St:l/Qtl P151S7t:1, —St, + Ptgst;h@tg Ptht;l, Dy Do

(2.67)
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Matching terms, we get following set of equations

Sy = (P11 + P12Py) VS, = S1, (Qry P12 + o)™ (2.68)
Qu = Qu, — St (P11 + P12 Py,) ' 0125y,

= (Q1, P12 + P22) 1 (Qr, P11 + Pan) (2.69)
Py = (Qo1 + ©ooPy,) (P11 + @12 P,) ™

= P, = S, P12(Q1, P15 + Po) 'S, (2.70)

Remark 2.4.5. Note that (2.70) is equivalent to the traditional Davison-Maki
approach, substituting U = S;" and V = P,S;", we have P, = VU~!. U and V

form the second column on the K matrix and using (2.66), they evolve as per

Uy,
Vi

U,
Vi,

B [% Dy
(1)21 q)22

which is the solution to (2.2).

We can substitute (2.68),(2.70) and (2.69) into (2.28), to get

1.112 = (Bgy + P P) (P11 + P1oPy,) "t + (B + P1oP,) O
Lo = —(®11 + 12 P,,) V0 (P11 + P12 Py)

to —1
]22t1 - (I>12 (I)ll

But since (I31, I12, I22) depend only on (A(t), C(t), X(t), t1, t2) and are independent
of starting (P, S, @), we can take P,, = 0 to simplify above formulas.

Inif = Do Py 4 Dy VDY

L1522 = — Py VO Py (2.71)

[222 =P, Py
Remark 2.4.6. Above formulas are useful in deriving analytical solutions for
(P,S,Q). Especially for the time invariant case, ®(ty,t;) = e "2=%) and
®(ty, 1) = e M=) But note that the eigenvalues of Hamiltonian H are
symmetric along imaginary axis, thus containing both stable and unstable
eigenvalues. For time-invariant case, this leads to more and more ill conditioned

®(t1,12), and is thus useful as an analytic solution only for small t5 — ;.
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2.4.4 More Fundamental solutions

Now we shall see how semiconvex duality can help us relate solutions of the
primal and the dual DRE in various ways through max-plus kernel operations, in
process generating other, possibly easier ways to compute fundamental solutions.

With ¢; < ty and u € Lo(ty,ts), first we define a backward trajectory of the

system, with final point x, which is a unique solution to
.j?t = ft($t, Ut) t e [tl,tg],With .Z‘tQ =Y (272)
which is guaranteed by assumptions (2.3).

Theorem 2.4.7. Assume (2.3). With T < t; < ty < T, backward dynamic
programming counterpart of (2.17) also holds true. That is if x; is the backwards
trajectory ending at x4, =y, under controls u, as defined in (2.72), then
t2
‘Z@)ngﬂ&ﬂ{—l;h@umﬁﬁ+Wﬂ%J} (2.73)

= inf (Vi(z)— I{*(z,y)) (2.74)

rER”™
=S5 Vilw)
Note that this also defines the semigroup operation 8521 for t; < ts. Also we have
Vi = SulVil = 818 IVEN. Thus

Sp=si (2.75)

Proof. Given u € Ls(ty,t3), let x; be the backwards trajectory which satisfies
(2.72) with x4, =y. Let x = z;,. Then x =y — fttf fi(xr,ur)dr, thus

to t
Ty =1y — / fi(zr,u)dr = +/ fi(xr,uy)dr
t t1

Thus x; is also a unique solution of @; = f;(zy, u;) for t € [t1,ts] with z;, = x.

Thus we have y = zy,, where &; = fi(zy,u;), with z;, = x. Hence using (2.17),

to to
Vi (2) > / (e ug) dt + Vi (21,) = / (e, wr) di + VE(y)

t1 t1
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Since x = xy,,
to
Vi) < Vien) = [ tla )
taking infimum Vu € Ly(t1,t2) and corresponding backward trajectories,
t2

< UGLBI%EMQ) {— /tl li(ze, uy) dt + V2 ($t1)} (2.76)
Now specifically, we can take z = S." (S,'y+ (Qs, — Q) and the forward
trajectory z; starting from Z;, = x as per optimal feedback control discussed
in lemma 2.3.3, @ = o(t)'(Pxs + Siz). By remark 2.3.4, it is clear that &, = y.

Hence

to
Vi = swp [l di+ Vo)

u€ Lo (t1,t2) t1

to to
:/u@@MH”wmz/a@MMH%m>

t1 t1

Since 7;, = x,

to
VZ(?/) = _/ lt(i'n@t) gt + ‘/t?(i‘tl)

t1

S {—/t2lt(xt,ut)dt—|—‘/;f(:vtl)} (2.77)

uGLz(tl,tQ) t
and we prove (2.73) using (2.76) and (2.77). We get (2.74) from (2.73) and (2.54).
[l

Now we prove two lemmas which will be useful later.

Lemma 2.4.8. Let ¢(x,y) be a bivariable function of v € R™ and y € R™. Let us
define sets

YV={y :vy =argmax¢(z,y) for some x € R"} (2.78)
y
X ={2': 2/ = argmax ¢(z,y) for some y € R™} (2.79)

Then following inequalities hold true

inf y) < inf , 2.80
Inf sup ¢(z,y) < inf sup o(z,y) (2.80)
inf sup ¢(z,y) < inf sup é(z,y) (2.81)

zeX yeRm yERm TERM
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Proof. Note that (2.81) follows from (2.80) using symmetry in z and y. To
prove (2.80), take any y; € Y. From definition of ), Jz; € R" such that

Y1 = argmax, cpm ¢(,y). Hence

sup ¢(w,y1) 2 ¢la1,41) = max é(a1, y)

zeR?
> inf sup ¢(z,y)
$ER” yeRm
Taking infimum over all y; € ), we get (2.78). Hence proved. O]

Corollary 2.4.9. If ¢(z,y) is a bivariable function of x € R™ and y € R". With

X and Y as defined in (2.78) and (2.78) respectively, if X =Y = R"™, then using
(2.80) and (2.81), we have

inf su x,y) = inf su x, 2.82

Jnf, sup $(z,y) = inf sup o(z,y) (2.82)

O

Now for the forthcoming analysis, we assume the following.

Assume that t; < t5. Pi(x) = %fpt(x), with p; evolving as per
(2.1). We also define a bivariate quadratic function ¢ (x) = ¢(x, z) =
%m’Pt:v + 'Sz + %z'Qtz, with parameters (P, S;, Q);) evolving as per
(2.13). A duality kernel ¢*(z) = ¢7, () = ¢y, (2, 2) = 30’ Pya+a/S,,z+  (2.83)
%z’ Q1,2 transforms Py into Dy-P, = Q; = %m’ qi(z). Also assume that

P, = P, and S;, nonsingular, and that P, (z) = Sff [P.,](x) and
o7 (x) = Si2[¢7,]() exists.

Theorem 2.4.10. Assuming (2.3)-(2.83), the semiconver dual of Py, (x) under
kernel ¢y, (x, z) exists, and is same as the semiconver dual of Py, (x) under kernel

¢t2(ZL’, Z) USi’rLg (248)’ V2 € R

Hg}f [Pt2 (I) - ¢t2 (ZL’, 2)] = szf [Ph (y) - gbtl (y7 Z)] = Qtz (Z) (284)

That is Dy,,[Pr,] = Dg, [Py]. In terms of parameters, following equation holds

true.

4, = _StQI(th - Ptz)ilstz - Qtz = _Stll(ph - Ptl)ilstl - Qtl (285>
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Proof. Existence of the dual Dy; [P,,] is evident from theorem 2.4.1. Note that
from corollary 2.2.3 and (2.20), with x = z,

1
ix/phw = Ptl (xtl) = Sff [,Ph](xtz) = Su]RP ([;2 (xv y) =+ Ptz (y>)
yeR™

using (2.45), py, = Ity — L2 (pe, + Izo) "1 1o'. Since Py, exists, py, + I is invertible.

Similarly since ¢7, exists, ¢f, = D ¢7,. Thus
t

1 / / ]' / z 1 z . z 2
537 Pth + Stzz + 52 Qtzz = (btg (:C) = Sttz [¢t1](x) = ylerg" ((btl (y> - Ifl (y,il?))

exists, thus by a similar logic, [;; — P;, is also invertible.

Now we shall consider a bivariable function

(x,y) = =5 (2) + 172 (2, y) + Piy(y) (2.86)

note that given x € R,
argmax ¢ (x,y) = argmax I,ff (x,y) + P, (y)
Y Y (2.87)
= (122 + Pt2)71]12/$
similarly given y € R",
argmax 1 (z,y) = argmax —¢;, () + I;*(z, y)
= argmin [}*(z,y) — ¢}, (z) (2.88)
=—(I1 — Pt1)71]12y

Using 2.3.6 and (2.28), Q¢ — @+, > 0 and hence ;5 > 0. Combined with
invertibility of Iy, + P, and I1; — P,,, from (2.87), (2.88), we have

Y ={y:y=argmax(z,y) for some x € R"} =R"
)
X ={z : T = argmax¢)(x,y) for some y € R"} = R"

Hence by corollary 2.4.9 from appendix,

inf sup ¥ (z,y) = inf sup ¢ (z, y) (2.89)



49

With this preparation, we are ready to prove the main result.
inf [Py, () — 6], (¢)] = inf [Si2[P] (@) — ¢, (1,)]
= inf |sup (I () + Pio(y)) — 07, (2)
= inf sup (=7, (x) + L2 (2, y) + Pu(y))
= infsup ¢(z, )
x Y
using (2.89),
= infsup Y(x,y)
- ix;f [7%2 (y) + sup (—¢f, (x) + L2 (x, y))}
— irylf [Pm (y) — inf (¢7, () = I{2(x, y))]
= inf [P (y) — 67, ()]

Algebraically, it is easy to see that, minimum occurs at z = (p;, — P,,) "5, 2
and y = (py, — Bi,) 15,2, respectively. Plugging this into (2.84) gives us (2.85).

Note that these equations have the same form as (2.46) obtained earlier. O

Corollary 2.4.11. Assume (2.3),(2.83). Using ¢(x,2) = ¢j,(x) as a duality
kernel, let 32'qz = Qu(z) = DyPi(x) for all t € [t1,t2]. The semiconvex primal
of Qu,(2) under kernel ¢y, (z, z) is same as the semiconvexr primal of Qq, (x) under

kernel ¢y, (z,2). Using (2.48), Vx € R”
sup [Q.(2) + 01, (z,2)] = Sup [, (2) + (@, 2)] = Py (2.90)
That is D;;l Q] = D;i [Q,,], and
Py = —Si (g, + Qi) 'Sy, + Py = =S, (qr, + Qu,) 'Sy, + P, (2.91)

Proof. We have,
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Also using theorem 2.4.10, Dy, [Py,](2) = Dy, [Py ](2), hence
D;tll [D¢t2 [Pt2]] =Py (294)
Thus using, (2.92), (2.93) and (2.94)
D;tll [Qt2] = D;tll [D¢t2 [PtQ]] = Ph = Dq;tlz [D¢t2 [Ptz]] = Dq;tll [Qt2]
Finally we obtain (2.91), using (2.90) and (2.49). O

Now we shall obtain a time-varying version of the result previously obtained in
[McEO08], in order to complete our picture of kernel relationships between primal

and dual DREs. For this result, we make an additional assumption.

We assume that F(P,) = A(t)'P,+P,A(t)+C(t)+ PY(t)P, = —P, = 0

(2.95)
for t € [t1,t5]. Thus we have, p;, — py, = 0.

Theorem 2.4.12. Assuming (2.3), (2.83) and (2.95), Qu, () is the semiconvex

primal of Q,(Z) under kernel B*(z, 2)

Qi (2) = sup [BE(z,y) + Qu(y)] or
yeRrn (2.96)
Q1 (2) = D [Qn)(2)

where,
le‘f (Za y) = xlélﬂgn {¢t1 (l’, y) - ¢t2 (I, Z)} (297)

Hence B2 (z,y) = %Z’Bllifz + Z’Bmﬁy + %y’ngify, with

Blliz - _Stzl(Ph - Ptz)_lstz - Qtz

1

B122 = Stgl(-Ptl - Ptz)_lstl (298)
B221tf2 - _St1/(Ptl - Pt2>_lst1 - Qt1

1

and
Q, = Bnif — 3122(3222 + %2)713122/ (2.99)
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Proof. In corollary 2.4.11, we saw that D(;:Q Q] = D;tll [Ot,]. hence we have

Qtl (2) = D¢>t2 ’Dq;ll [Qt2] (Z)
— inf (D5 [Qul(@) - Bl )

xeR™

— inf (Sup (dr,(z,9) + Q1 (1)) — %(%Z))

reR™ yER™

= inf sup (¢, (x,y) + O (y) — o1, (, 2))

reR™ yER™

= inf sup ¢¥(x,y) (2.100)

$€Rn yERn
where

1

1 1
¢(x7 y) = §x/(Pt1 - Ptz)x + fB/Stly + éy/(QtQ + th)y - 'r,StQZ - §Z/Qt22

Note that by (2.95), P, — P,, = 0. Hence ¥(x,y) is strictly convex in z. Also
observe that by corollary 2.4.11, Py, (z) = sup, (¢, (z,y) + Qi,(y)) exists for any
x € R". Hence Q, + ¢, < 0. Thus 9¥(x,y) is strictly concave in y. For such a
convex-concave function following saddle point exists. By setting V, ¢ and Vo

equal to zero, and solving, we get

:L»O = ((Pt1 - Ptz) - Stl (Qt2 + qtz)_lStl’)fl St22’
yO = _(Qt2 + Qtz)_lshll'o

For such 2% and 4°, (2%, y) < ¥(2°,4°) < ¥ (x,4°). Hence by a well known result,

inf sup ¥(z,y) = ¥(z°,9°) = sup inf ¥(z,y) (2.101)

reR™ yERn yER™ reR”™

Using (2.100) and (2.101)

Q;,(2) = sup inf ¥(z,y) (2.102)
yeRn zER™
= sup (Qul) + jnf (Gulos) —ouleiz)) (2103
= sup (Q.(y) + Bi}(2,9)) (2.104)
yeR™

(2.98) can be easily obtained from (2.97) by finding local minimum in = (which

is global minimum, since infimum exists), substituting and term-wise equating
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coefficients. Similarly (2.99) results from substituting Q, = £2'q,z , (2.97), (2.98)
into (2.96). O

Thus equations (2.45), (2.55), (2.85), (2.84), (2.91), (2.90), (2.96), (2.99) can be
summarized in the diagram below. Note that primal and dual quadratics are on top
and bottom respectively. Vertical and diagonal lines show duality transformation

with indicated kernel. Arrows are directed from the primal to it semiconvex dual.

Primal DRE: —p; = A(t)'p: + prA(t) + C(t) + p:X(t) pr.

I
Pt2 (Q?)< i Ptl (l‘)
¢t ¢t1 ¢t2
B
Qt2 (Z>< 2 Qt1(z)

Dual DRE: —j, = A(t)'g: + 4 A(t) + O(t) + 4SO
Figure 2.1: Time varying problem: Duality relationships.

Thus in conclusion, so far we saw three distinct ways of solving (2.1), that is

obtaining p;, from py,.

1. Direct method which assumes only (2.3). Formulae are given by (2.45) and
(2.28). Propagation is achieved by following transform.

Pt1 = D]_tt; [PtZ]

Problem with this method is that as t; — t5, parameters of the kernel I,ff

blow up, limiting solution accuracy.

2. Alternate method, which assumes (2.3) and (2.83). Formulas are given
by (2.85), which is same as (2.46). Propagation is achieved by following
transform.

Py, = D;tll D¢t2 [PtQ]

This method works better for a small time step propagation, since parameters

of kernels ¢;, and ¢, do not blow up.
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3. Third method assumes (2.3), (2.83) and (2.95). Time invariant version of
this method was first proposed in [McE08]|. Formulae are (2.98) and (2.99).

Propagation is achieved by following transform
P, = ,D;tz D;t12 D¢t2 [PtQ]
t1

Problem with this method is similar to the direct method. Namely, t; — %o,

parameters of the kernel ]ttf blow up, limiting solution accuracy.

2.5 Time Invariant problem

The theory so far developed for DREs with time-varying coefficients, extends
readily for the time invariant DRE, in which A(t) = A, C(t) = C, o(t) = o hence

Y(t) = oo’ = 3. Again we assume (2.3). We state such a DRE again for reference.
—p=Ap+p+C+p'Sp (2.105)

If we define P, (z) = %x’thx, then with T < t; <ty < T, l(z,u;) = %xt’Cxt —
%|ut|2, and dynamics #; = f(zy,us) = Axy + ouy and starting point x;, = x, value

function is

Po(z) = SE[PL](x) = sup { / tzl(a:t,ut)dt+73t2(a:t2)} (2.106)

uGLg(tl,tg) t1

Then P, (z) = 32'py, x, where p; satisfies DRE (2.105). Let us define A =t, — ;.
Let 6 € R. Note that using the time invariance of dynamics and incremental

payoff, and change of variables t — (t — 9),

to
Sff [6](x) = { sup (/ Iz, uy) dt + gb(xm)) DXy = a:}
uELQ(tl,tg) t1
to—9

= sup </ (g, ug) dt + 415(93,52_5)) Ty s =T
ueLg(tlfé,tgfé) t1—0

e [€)

As a special case, using 0 =ty — t; and § = t; — t5 respectively,

to __ 0 _ 0 . to—t1 A - A
S =8,_,=8,=8 =55 =S
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By similar argument, the fundamental solution, or max-plus kernel

I =1},

t1—1to

=0, =1 =18=1" (2.107)
Similarly, the bivariate quadratic DRE in (2.13) turns into
—P, = AP, + A+ C+ PXP,

—S; = (A+XPR)'S, (2.108)
—Q¢ = S/'SS,

2.5.1 A doubling algorithm

Using (2.36), we can derive a useful doubling algorithm for solving (2.105).
First we propagate the triad (P, So, Qo) backwards in time by A to obtain
(P_aA,S_A,Q_a), using (2.108). Then we can compute I* as defined in (2.107).
Thus using (2.28) with t; = —A and ¢, = 0.

1% =P pA— S A(Q-a — Qo) 'S_a
L12% = S A(Q-a — Qo) 'Sy (2.109)
In®™ = =Py — Sp(Q-a — Qo) 'Sy’

We can build up 1?2 using (2.35) as follows
P2 (x,y) = I (x,y) = sup {5 (2, 2) + I3 (2, 9) } = sup {Ig* (@, 2) + I (2. 9) }
Thus using (2.36)

-1
1% =1% — 1" <[22A + IllA) ;5™
I,°% = —I,° (IQQA + an)_l I;,® (2.110)
19" = ™ — 5™ (IQQA + f11A)_1 "

Thus by recursively combining kernel operations, we can get [ 2YA i N steps.

Hence the name doubling algorithm. Finally the DRE (2.105) can be solved by
(2.45). This can give an exponentially fast propagation of the DRE.

Remark 2.5.1. In [McEO0S8|, an analogous doubling algorithm was derived in

semiconvex dual space. We shall sketch it here without proof. It starts with
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construction of the dual kernel Bff = B2 using time invariant special case of
(2.98).
Bi® = —=8y/(P-a — Py) ™80 — Qo
Bio® = Sy/(P_a — Py) 715 a (2.111)
By® = =S A (Poa — P) 'S_A+Q_n
and kernel is doubled using following formulas.
Bii** = B;i® — Bpp® (BmA + BnA)il By
B*® = —Byp,* (/922A + BllA)il Bip® (2.112)
Byy®® = By® — B (1922A + BllA)_l Bt

Thus for T'= 2V A, B2" is found using N doubling operations, and propagation is
achieved using P_r = D;;D;;D% [Po]. Which using (2.48) and (2.49) implies

_ -1 -1
p—r = —So <BlT1 — B, (B, — So'(po — Po) 'S0 — Qo) By + Qo) So' + Py
(2.113)

Remark 2.5.2. For both (2.109) and (2.112), as A — 0, (Q_a — Qo)~" and
(P_aA — Py)~! can grow very large, leading to numerical inaccuracy at a very small

time step propagation. A work-around is designed in the next subsection.

2.5.2 Alternate doubling algorithm
First we deduce following generalization of theorem 2.4.10.

Lemma 2.5.3. Considert < 0. Define ¢j(z) = ¢u(z,2) = 32/ Pa+2'Siz+ 52/ Qy2,
with parameters (Py, Sy, Q) evolving as per (2.108). Assume that a primal function
Po(x) is such that Po(x) — ' Pyx is a convex function. Also assume that P(z) =
SP[Po)(z). Hence a duality kernel ¢*(x) = ¢§(x) = ¢o(x, 2) = 32'Pox + 2'Spz +
%Z,QOZ transforms Py into Dy-Py = Q. Then, the semiconver dual of P, under

kernel ¢o(x,z) exists, and is same as the semiconver dual Po(x) under kernel

do(z, 2).

inf [Po(x) — ¢o(w, 2)] = inf [Pi(y) — ¢e(y, 2)] = Qo(2) (2.114)
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Proof. The proof proceeds exactly as in theorem 2.4.10 with ¢ = 0 and ¢; = t.

The only difference in the assumption is, instead of assuming P;(x) = %:17' pyr with

po = Py, now we assume Py(z) —2' Py is a strictly convex function, and Py = SPPy.

This enables broader choice of Py, which we shall use in next corollary. O]

Corollary 2.5.4. Lett; < 0 and ty < 0. Staring with terminal ¢o(x, z) we assume
that ¢t1 ($,2), ¢t2 (33', Z) and ¢t1+t2 (.T,Z) 6.%’7;822 and ¢t2($72) o ¢0($,Z> is Sthtly
convex. With choice of Po(x) = ¢f,(x) = ¢y, (2.2), and t = t1, we have

Pr = Sple7,]() = i1, [00,)(2) = 67, 41, (2) = Gt,4, (2, 2)

Hence using lemma 2.5.3 for all z and z

inf [¢r, (2, 2) = o[, 2)] = Inf [r, 44, (4, 2) — b (1, 2)] (2.115)
Hence following is true.
Posty = Py + 54 {(Qo = Qu) + So'(P, = Fo) 'S0} S/
Sttts = Su {(Qo — Qu) + 50" (P, — Po) 'S0} 50/ (Quy — Qo) 'S, (2.116)
Quitts = Quy + St {(Po — Py) + So(Qu, — Qo)_lsol}i1 Sty
Proof. Substituting the parameters of ¢; for t = 0,t1, 5,11 + t5 in (2.115), using
(2.50) and (2.51) and matching terms gives us following
So' (P, = Po) 'S0 + Qo = Sy, (P, — Pry) ™' S + @
S,/ (P, — Py)'So = Sty (P, — Piy) 'S4,
—85' (P — Po) 'Sk, + Qo = =St st (Pt — Pu) ™ Strts + Qi

from which (2.116) can be derived by some manipulation, and using Woodbury’s

matrix inversion formula. O

Corollary 2.5.5. Usingt; =ty = —A, A > 0. We have following kernel doubling
formula, in terms of parameters of the biquadratic duality kernel.
Poon =P A+ S a{(Qo—Q-a)+S(Pa— Po)_lso}_1 S_A’
S_on=5-a{(Qo—Q-a) +S'(P-a — Po) 'S0} " S (Q-a — Qo) 'S-a

Qon=Q a+Sa {(Po—P.a)+5(Q a—Q) 'S} S a
(2.117)
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Using these we can create kernel ¢i(x, z) parametrized by (P, Sy, Q) at time t =

—2NA in N steps and achieve Riccati propagation using time-invariant version of

(2.46), that is

pe =P — 5 (Qt — Qo — So'(po — Po)flso)_1 Sy’ (2.118)

2.5.3 Dual DRE and Analytic solutions

Extending (2.59) to time-invariant case, we have if Q;(z) = Dy[Pi] = 122,
where ¢(x, z) = %x’Ptx + 2/ Sz + %Z’Qtz, then ¢; satisfies following dual DRE.

— g =Aq+qaA+C+q¢'Sq (2.119)

Similarly extending (2.61) to the time invariant case, coefficients of the dual

DRE, (4, C,Y) satisfy following matching or compatibility conditions.

~P=AP+PA+C+PYP =528
—S=(A+XP)S=8(-A+%Q) (2.120)
—Q=5%S=-AQ—-QA+C+QQ

Similarly extending (2.63),

KH =HK (2.121)

where

N
M

A X
—-C A

S-1p 51 ]
IC - 9

S'—QS'P Q5™

-C A

Note that with a constant duality kernel, hence constant C (assuming invertibility),
and using time invariance of H, H=KHK = 0, dual DRE is also time invariant.

Extending the figure 2.5.3 to the time varying case gives us figure 2.4.4. Note
that ¢; = —A and t3 = 0, and ¢(z, 2) = %x’Ptx + 2/ Sz + %z’Qtz, with the triad
(P, Si, Q¢) evolving as per (2.120). Note that we have one new relationship in
figure (2.4.4), stated as below.
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Primal DRE: —p; = A'py + p A+ C + piXp;.

]A
Po(x)~ P_a(z)
®o i P-a ®o
A
Qo(z)= b Q- a(?)

Dual DRE: —¢, = A'qy + ¢, A + C + ¢:X¢;.

Figure 2.2: Time invariant problem: Duality relationships.

Lemma 2.5.6.
D¢A [PO] =Q A

Proof. From figure (2.5.3), we have [P.,] = D;tIQD% [Pi,] = S{2[Py,]. Because of

time invariance, for any J € R,

it =D, Dy, =83 =D, Do,
Hence using 6 = A, t; = —A and t5 = 0, we have,
P-a =82 A[Po] = S5 [Po] = Dy, Dy, [Po]
Thus finally, using Dy, [P-a] = Q_a,
Dy Po = Dyy[P-al = Q- a
O

Remark 2.5.7. Note that letting A — oo gives us the relation between the
solutions of primal and dual Riccati equations. That is, if p is stabilizing solution
of = A'p,+p, A+ C +p,;Xp, and g is the stabilizing solution of A'g; + G, A+C 4 G: X4,

Then ¢ is the semiconvex dual of p, under kernel (P, S, Q)o. Hence
G =—50'(p— Po)"" S — Qo (2.122)

Remark 2.5.8. Note that 2'q;z = Q; = Dy, [Pi(z) and ¢, satisfies dual DRE.

Similarly, using lemma 2.5.6, Dy, [Pi](2) = Qi_n = %z’qt,Az. Since ¢;_a also



99

satisfies same dual DRE (2.119), kenel ¢a(x,z) also satisfies same matching

conditions (2.120). Let us define

S;'P, -5

K= / -1 —1
S’ — QS P QS

Thus from figure (2.4.4), if Ky satisfies matching conditions (2.121), then so does
KA, for any A > 0.

The kernel matching conditions (2.61) allow us to transform one Riccati
equation into any other. In particular, we can transform a Riccati equation into a
Linear equation amenable to analytical solution. Thus we can derive well known

analytical solutions to Riccati equations derived earlier in [KL85] and [Rus88].

Analytical solution 1

We wish to solve p, = ATp, + p,A + C + p,Xp;. To convert this into a linear
equation, let us choose Sy = I, C = ¥ = 0. Thus kernel matching conditions

(2.61) imply that, V¢

— P, = AP+ PA+C+PYXP =0 (2.123)
S, = (A+XPR)S,=-SA (2.124)
—Q, = ST%5, =-AQ, - Q,A (2.125)

From (2.123), for all ¢, P is the solution to the Riccati equation ATP + PA+ C +
PYP = 0. Thus if the Riccati equation has stable and unstable solutions, say P_
and P,, and if Py = P, then P, = P, Vt.

From (2.124), since Sy = I, A = —(A + XP)”. Solving Sy = I and S = —SA,
we have S_; = e~ At

From (2.125), Qq is solution to the Lyapunov equation, ATQy + QyA + X = 0.
It can be proved that Qy = (P, — P_)"'. Solving Q = —ATQ — QA, we get

Qr = e AT Que .
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Combining all above and (2.46), we get

(p—t — P-t)
/ -1 -1 ’
= =S¢ [=S0'(po — Po) 'S0+ Qs — Qo] ~ S—
= —eM—(po— Pp) 7t + e M Que M — Qo] e M
Rearranging and substituting Qo = (Py — P_)"! and A = —(A + XP,)T, we get
et(A+EP+) [(pt . P+)_1 . (P_ . P+)_1] 6t(A+ZP+)T
— [(po— P = (P = P)7] (2.126)
Equation (2.126) is same as the Method 3 developed by Leipnik in [KL85].
Note that (2.126) assumes that extremal solutions P, and P_ are well separated.

This method being analytic, is extremely fast and accurate, and does away

with the need to combine operators.

Analytical solution 2

Above method suffers from numerical errors when extremal solutions of the
Riccati equations, are not well separated. Following almost analytic method can
solve this problem. The reason it is called almost analytics is because it requires
computation of integrals of matrix exponentials instead of exponentials themselves.

If we use Sp = I, ¥ =0, Qo = 0, then matching conditions (2.61) give us

~ P = AP +PA+C+PXP =0 (2.127)
—Q; = %8, =-AQ,—QA+C (2.129)

Hence again, Py = P, = P for all t, where P is any solution of Riccati equation
(2.127). S, = e 4 with —A = (A+ XP)T as earlier. Since Qy = 0, C = X
and @y evolves according to (2.129). If T is a solution of Lyapunov equation,
—AT+TA=C, then Q_; = e 'Te 4 — T. Hence
—Q, = —Ale W TetA _ oot etA g
= —e (AT +TA)e ™

_7/_ _7
— etAcre tA
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Since Qy =0, and C =%, Q_; = fg e ' Ne 4 Substituting in (2.46), and using
—A=(A+xP) =B,

t
e P (—P+p) e = (=P +py)t - / B xeBdr (2.130)
0

This formula works well for problems with extremal solutions not well
separated. In the limiting case, when P = P, = P_, it can be proved that
—A=(A+XP,)T =0, which implies

(—P4p_y) ' =(=P+py) ' -3t

Using shorthand for p, = p; — P and py = pp — P It can be shown that above

is equivalent to
-1

t
Pt =€epo { I- / etB'EeBtﬁodt} et (2.131)
0
This formula is same as the one developed by Rusnak [Rus88]. Integrals of matrix

exponentials can be calculated easily using techniques from [VL78]. For our use, if
exp ( t) =

then [) e'P SePldt = Fy(t)" Fa(t).
2.5.4 Numerical Experiments and Results

-BT %
0 B

Fi(t) F(t)
0 F3(t)

Thus we have seen three different approaches to solve the time invariant DRE,

(2.105) in this text. Following is the summary of algorithms.

e Starting with (Fp, Sp, Qo), find the solution of bivariate DRE (2.108) on a
smaller time interval, [—¢,0]. This can either be done analytically using
(2.68),(2.69),(2.70) (for a small time interval, since Davison-Maki theorem is
illconditioned for large t), or by time marching using an appropriate solver.
Here we use fixed step Runge-Kutta fourth order method for the same. We
shall denote the number of steps by Nrk. Note that an often useful initial
condition is Py =0, Sp = I and Qg = 0.
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e Using (P_4,S_4,Q_4), we can construct kernels B as per (2.111) and I as
per (2.109). We may also choose to find I analytically using (2.71).

e Having found a kernel at time —¢ and starting with given py, we can choose
to perform M kernel doubling operations to solve for kernel at time 2M¢ and
N time-stepping operations to compute p_r for T' = 2 Nt. We can do this

three different ways as follows.

Method A Construct 12"t using doubling formula (2.110) recursively M
times, and evolve pg back in time to get p_7 using N stepping operations
as per (2.45).

Method B Construct B2t using doubling formula (2.112) recursively M

times, and evolve pg back in time to get p_7 using N stepping operation

as per (2.113). This method was first proposed in [McEO0S].

Method C Use doubling formula (2.117) M times recursively to compute
(P,Q,S)_omy. Evolve py back in time to get p_r using N stepping
operations as per (2.118).

Assuming that we evolve the solution from 0 to ¢, using Runge-Kutta fourth
order method, using Nrk steps, and perform M doubling and N stepping
operations, computational complexity (flops) needed for three methods are as

follows (found using [Min])

Method A Nrk(32n+3n?)+(M+1) (16n? 4+ 2n® + Hn)+N (18n% + 2n® + Ln)
Method B Nrk(32n*+3n?)+(M+1) (160> + 2n® + Un)+N (54n* + 19n° + 11n)
Method C Nrk(32n® + 3n?) + M (67n* + %n® + 4n) + N (36n* + 2n® + 2n)

Now we shall apply the theory developed so far to the example problems. We
shall also benchmark Method B proposed in [McEO08] against Method C, which

show greater accuracy at a very small time step propagation.
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2.5.5 A Stiff Time Invariant Example

We shall show in this section that algorithms discussed so far are applicable
to stiff DREs. Usual time marching methods are constrained in step size by the
stability requirement. To get a rough idea, let us look at a linear system z(t) =
Ax(t). Explicit methods like Euler method impose condition |1 + hA| < 1 on

stepsize h, where A is an eigenvalue of A. If \ is real and negative, this condition

2
1Al

if A is large. Following numerical experiments show that new algorithms give

implies h < Thus excessively small step sizes may be needed to ensure accuracy
accurate answers with step size h = 2Mt significantly larger than 2/\ when the
initial transient phase is almost over.

We shall choose example 4.1 from [CL90|. Symmetric DRE
—p(t) = —p*(t) + K L;  p(0) = Udiag[i]U™", >0

where diag]i] denotes the diagonal matrix with successive diagonal entries 1,2, ..., n,
and U is an orthogonal matrix. Above DRE is solved for different n (size of the
equation) and k (larger the value of k, the stiffer the equation). The error of the
computed solution is defined as err = ||p — p||/||p||z, where X denotes the true
and X denotes the computed solution. The analytical solution of above DRE is

ksinh kt +icosh kt|

t) = Udi .
p(t) 18 cosh kt + isinh kt

where diag[-] here denotes the diagonal matrix whose diagonal entries are generated
by letting ¢ take successively the values 1,2,...,n.

Let 0 < t; < ty. Starting with p_;, = p(—t1) which is the analytic solution,
we computed the solution p_;, using method A, for different ¢, t5, n, k, and
using various choices for Nrk, M, N. Note that the solution is marched for
t =T/(N2M), and results are tabulated in table 2.1.

Usually error in the final solution arises out of

1. Error in the initial time marched solution (P, S, Q); and hence in I*, which
gets amplified due to doubling algorithms. Higher steps in time marching,

Nrk, lead to a more accurate final solution.
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Table 2.1: Numerical accuracy test for a stiff DRE.

t to n k |M| N | Nrk h |27‘ err

0 10 10 5 1 |10 10 1 0.2 | 2.94 x 107°
0 | 1000 10 5 110 1 10 1000 0.2 | 1.50 x 107°
0 | 1000 10 | 10 | 10| 1 10 1000 0.2 | 8.07x 1076
0| 1000 |[100| 10 10| 1 10 1000 | 0.02 | 8.07 x 1076
0| 1000 |[100| 10 |10 | 1 | 100 1000 | 0.02 | 1.55 x 1012
0| 1000 |[100| 10 | 10| 1 | 500 1000 | 0.02 | 3.24 x 10715
0| 1000 [100| 10 |16 | 1 10 1000 | 0.02 | 6.65 x 10710
0 | 100000 | 100 | 10 | 22| 1 -1 100000 | 0.02 | 2.98 x 1071°
0 | 100000 | 100 | 100 | 22 | 1 251100000 | 0.02 | 2.24 x 104
3 10 100 | 100 | 8 | 3 10 2 0.02 | 1.52 x 1076
3 10 100 | 100 | 8 | 3 1 2 0.02 | 1.77 x 1072
0 10 100 | 100 | 11| 1 | 100 10 0.02 | 9.84 x 1012
0 10 100 | 100 | 1 | 2™ | 100 10 0.02 | 4.83 x 107

" Note that a blank entry for Nrk implies that the solution for
(P,Q,S5); was found analytically using (2.68),(2.69),(2.70).

2. Error in computing I for very small ¢. Since matrix inverses involved in
computation of I' in (2.110), grow more singular as t — 0. For extremely
small timesteps, parameters of I* can blow up, leading to inaccuracies. Hence

it is preferable to keep t above a certain minimum threshold.

Exact error analysis of these methods is beyond the scope of this thesis. But above
results show that method 1, is fast, useful and numerically stable fundamental
solution for a long time horizon propagation of a stiff DRE. Kernel doubling
methods give a quadratic convergence rate, rather than the linear rate of stepping
iterations. This enables us to take longer time steps, much higher than the stability

threshold of the stiff DRE explicit time marching algorithms.

Time invariant doubling algorithms

Now we shall benchmark the numerical performance of method 1, 2 and 3 using

the example from [McE08|. We consider a 2 x 2 size DRE, with

2 16 15 02
A= O = HHE
~1.6 —04 0.2 —0.4

0.216 —0.008
—0.008 0.216
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starting with initial condition

—0.1 0
Po =
0 —0.1

and we use the duality kernel (P, S,Q)o = (D,—D, D), where

b [ -1 —02 ]
—-0.2 —0.1

We also compute a near exact solution using variable step Runge-Kutta (ode45
in MATLAB) method for T = 4, with absolute tolerance 107'° and relative
tolerance of 10713, Treating this as the true solution, we compare this against
solutions by all three methods, using just one step of Runge Kutta fourth order
fixed step method for computing (P, S, Q))_; and using only kernel doubling. Thus
we choose N =1, Nrk =1 and vary M between 3 and 17. Error in the computed
solution is defined as err = ||p — p||z/||p||r. Here p indicates the true solution,
and p is the computed solution. Figure 2.3 show plots of M against err for all
three methods. We can see that the method 3, can achieve maximum accuracy of
9.48 x 1071? as against to 5.77 x 107! for method 1 and 3.85 x 107! for method
2 first proposed in [McEO08], which is significantly better. Although increasing M,
decreases err initially, eventually all methods exhibit an increase in err with M.
This is because t = 4/2M — 0, and P, — Py — 0, S_;—S; — 0 and Q_;— Qo — 0,
and their inverses grow very large and can not be accurately computed. Thus it
is advisable to keep t above a minimum threshold. In this example, with M = 13,
t=4.88x 1074

We also benchmark above methods against a fourth order Runge-Kutta
method, for various stepsizes, and plot err against computational cost measured in
flops (using [Min]) in figure 2.4. Specifically, the flopcount for Runge Kutta fixed
step 4th order method was taken to be Nrk(32n® 4+ 3n?). Note that the above
methods exhibit a faster convergence rate, and yield more accuracy for a given

computational cost.
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o

10 S Method A

err

N g MehodE |

err

~®——Method 3
Method 1

Methad 2

10 10t 10° 10
cornputational cost (flops)

Figure 2.4: Computational cost vs. Solution Error

2.6 Conclusion

Thus in this chapter, we derived a new fundamental solution for the DRE (2.1)
with the time varying coefficients. We showed its equivalence with the max-plus
based fundamental solution (2.19) and (2.20), proposed in [FMO00], which arises
out of a two-point boundary value problem and dynamic programming. We proved
that such a fundamental solution is a bivariate quadratic for the linear/quadratic
problem in (2.28).

We showed that under a semiconvex duality kernel, a primal DRE is trans-
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formed into a dual DRE. We derived the compatibility conditions which the
coefficients of such DREs should satisfy in (2.61). These conditions can be
readily expressed as per (2.63), in terms of classic Hamiltonian matrices of system
dynamics and symplectic matrices of kernel parameters. This led us to derive
analytical forms of the kernel parameters involving state transition matrix of the
Hamiltonian system as per (2.68), (2.69), (2.70).

Using backward dynamic programming principle, we showed the kernel rela-
tionships between time shifted primal and the dual DREs, shown in Figure 2.4.4.
This enabled us to develop three different methods to propagate a DRE. Time
invariant analogue of one of these methods was first proposed in [McEO0S].

As a special case of the time-varying problem, we derived doubling and stepping
algorithms in primal space, for the time-invariant DRE ((2.109),(2.110), (2.45)).

Using the kernel matching conditions, we could design kernels which convert
primal DREs into linear differential equations under duality, which have well-
known analytical solution. Using this, in sections 2.5.3 and 2.5.3, we rediscovered
the analytical solutions for the DRE, previously developed by [KL85] and [Rus88].

Finally in section 2.5.4, we used these methods on the stiff problems and
demonstrated their speed, accuracy and numerical stability. We also benchmarked
them against previous dual space doubling algorithm developed in [McE0S8], and
demonstrated an order of magnitude improvement in the accuracy for propagation
at a very small time step.

Thus this paper provides an elegant fundamental solution for the time-varying
DRE, useful for stiff problems and a long time horizon propagation. It also
provides a powerful unifying framework based on optimal control formulation,
semiconvex duality and max-plus algebra, which enables us to solve Riccati
differential equations, and see existing methods in new light.

Chapter 2, in part, has been submitted for publication as it may appear in
Automatica. Deshpande, Ameet, Elsevier Press [Des]. The dissertation author

was the primary investigator and author of this paper.



Chapter 3

A Curse-of-Dimensionality-Free
Numerical Method based on
Max-Plus algebra

3.1 Introduction

In this chapter we shall revisit the earlier development (cf. [McEO07], [McE06],
[McE09]) on the curse-of-dimensionality-free method for solving the maximization
problems in which the Hamiltonian can be approximated by the maxima of the
linear-quadratic Hamiltonians.

Then we shall derive the max-plus fundamental solution for the constituent
linear-quadratic problem, and use it in the context of curse-of-dimensionality-free

method.

3.2 The Problem
We consider the problem already discussed in chapter 1, with the dynamics

& = f(&) + o)
o= € R"

(3.1)

68
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where the state & € R, the control u lies in LY® = {u : [0,00) — R™ : u €
L]0, T) VT < oo}, f represents the nominal dynamics, and o is the n x m
matrix valued multiplier on the control.

This represents an infinite horizon H,, problem with the fixed feedback f(§)
and u is the disturbance, and we wish to compute the worst case cost/ maximal
payoff for the disturbance.

Thus the optimal control objective is to minimize the integral payoff

T 2
V(x) = inf Sup/ 1(&) — l|ut|2 dt. (3.2)

ueLloc T<oo Jo 2
Such system is said to satisfy an H, attenuation bound (of ~y) if there exists v < oo
such that V' (also called a storage function) defined as above, is locally bounded.
V' is the value function of the problem. For the existence and regularity of the
value function, we make following assumptions on the dynamics and the running

cost.

We assume that there exist K, ¢, M € (0, 00) such that for all z € R,
[f(z) = f(y)] < K|z —y[ and f(0) =0
(=) (fl@) = fy) ] < —clz —y/”
lo(2) —o(y)] < Kz -yl
jo(x)] < M

(3.3)

Note that this implies 2’ f(x) < —c|z|? for all x € R™ or the exponential stability
of the feedback control.
Regarding the running cost [(x), we assume that there exist C, « € (0, 00) such
that
l(z) =1y < CA+ 2|+ |y))lz —y| Ve,y eR" (3.0
0 <I(z) < alz|.
This assumes a linear bound on the growth of the Lipschitz constant and restricts
[ to be zero at the origin.
Only the existence of constants K,C' will be important and not the values.
Rest of the constants satisfy the following final assumption.

Yo«
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The corresponding HJB PDE is as follows.

0=— sup {(f(l’) +o(z)u) VW +1(z) — %‘“42}

= — 1[::) YW +U(z) + VW (%) vw} (3.6)
= —H(z, VW)

The boundary condition is W (0) = 0.
Such a PDE can have multiple viscosity solutions. Consider a simple one-

dimensional problem as an illustration. Let ét = —& +wy, 1(€) = €2 and take

v = 2. The PDE is then

1
0= VW —aVIV + 2?,  and W(0) = 0.

There are two Cy, solutions, W(x) = (2 — v/2)z? and W'(z) = (2 + v/2)2?, and
an infinite number of viscosity solutions such as

(2 — /2)a? if v <1

(2+V2)x2 —2v2 ifr>1

W(z) =

Next section gives an overview of an important earlier work by McEneaney

[McE98] which extracts the correct viscosity solution, which is the value function.

3.3 Existence and Uniqueness

Soravia [Sor96] and McEneaney [McE98], [McE07], [McE06] have proved the

following important theorems which serve as the foundation.

Theorem 3.3.1. Assuming (3.3), (3.4) and (3.5), the value function V defined in
(3.2), exists and is the unique continuous viscosity solution of the HIB PDE (3.6)

i the class

K= {W e C(R"):0< W(z) < 0(72;4‘?2 W} (3.7)

for some > 0. Note that 6 depends on the choice of W.



71

Theorem 3.3.2. Assuming (3.3), (3.4) and (3.5), if we define a finite horizon
value function
T A2
Uz, T) = sup / 1(&) — 7|ut\2dzs, (3.8)
uELéOC 0

then for all x € R™, U(x,T) is monotonically increasing with T, and
Tlim Uz, T) =V (x) (3.9)

where V' is the value function (3.2). The convergence is uniform over the compact

subsets of R™.

Using the semigroup notation introduced in chapter 1, following holds true.
Theorem 3.3.3. Assuming (3.3), (3.4) and (3.5), for any T > 0 and for all
x € R™, V defined in (3.2), also satisfies the following dynamic programming
principle (DPP).

T 2
V(z) = Sr[V](z) = sup {/ (1(&) — Elut\z) dt +V(&r) (3.10)
0

uELéOC
Thus V is the fixed point of the operator Sy for all T > 0. It is the
unique such fized point in class K defined in (3.7). Further, given any W € K,
limy o Sp[W](x) = V(x) for all x € R™. Convergence is uniform on compact

sets.
Note that since 0 € K,

lim S7[0](z) = lim U(z,T) =V (z).

T—00 T—o0
Thus the theorem 3.3.2 is a special case of theorem 3.3.3. Also it is known that
operators Sy form a semigroup. Thus for t1,t, > 0 and W € K, &, [S, [W]](z) =
Sty 41, ().

This suggests an alternate way to compute the value function, by finding the
fixed point of the semigroup or as the limit of iterated semigroup propagations.

Starting with an initial guess W € I, with a given T" > 0,

V(z) = tlirglo S [W](z) = nll—>nolo Spr[W](x). (3.11)

Here n € N, and S,7[W] can be constructed iteratively as per Sy - Sp—1yr[W] =
Sr - Sp[W]...Sr[W].
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3.4 Approximation with LQ Hamiltonians

In order to solve the HJB PDE (3.6), one approach is to approximate it by the
max-plus summation of linear-quadratic (LQ) Hamiltonians. This section reviews
the theoretical development along this approach covered in [McEQ7] and [McE09].

Specifically, we consider:

0=—H(z, VW)~ —H(z,VW)=— sup H™(z,VW)
me{l1,2,...,M} (312)
W(0) =0
with each of the constituent H™ is linear-quadratic,
1 1 1
H™(x,p) = éx’C’mx + §p’§]mp + (A™z)'p + 217 + Pl + éam, (3.13)

where C™, ¥™ are n X n symmetric matrices, {{*, [ € R” and o™ € R.

Note that this approximation using the max-plus sum of linear-quadratic
Hamiltonians can approximate any semiconvex Hamiltonian arbitrarily closely.
Recall that a function ¢ : R® — R is semiconvex over R™ if 3C" > 0 such that
é(x) + C|z|* is convex over x € R™. This greatly extends the applicability of this
method to general nonlinear problems.

If such approximation is exact, then H = H is associated with an optimal

control problem for a switched linear system. For such a problem the dynamics is,

& =AM+ 1 + oMy, G=x (3.14)

and the corresponding value function is

17(56) = sup sup sup j(:r;,T;u,u)
’MEL120C W€D T'<oo

T ,YQ
= sup sup sup / (&) — Lluf? (3.15)
0

uGLIQOC pEDse T'<oo

where

M ={1,2,...,M} and o' are such that X! = o'e” for i € M

.YQ

1 1
(&) = 5ECHE + 1 + Sar,

Do = {p:[0,00) — M : measurable }.
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We make following assumptions on this problem for further analysis.

Assume that the underlying system dynamics and the payoff
functions satisfy (3.3), (3.4). Hence the value function
V' defined by (3.2) is a unique viscosity solution, of 0 =
—H(z,VV) in class K, defined in (3.7).

Assume that the approximating Hamiltonian H (x,p) =
sup,, H™(z,p) < H(x,p) for all z,p € R".

Assume that there exist ¢4 € (0,00) such that 2’4,z <
—calz|? for all z € R™ and all m € M.

Assume H'(x,p) has coefficients satisfying the following: I} = (3.16)
13 =0; o' = 0; there exists caq € (0,00) such that Al <
—ca1lz|? Yz € R"; C! is positive definite, symmetric; and
v?/c2 > cp/ch,, where ¢, = |o'| and ¢p is such that z’D'z <
cplz|* Vo € R™,

Assume that the system (3.14) is controllable in the sense that
given x,y € R™ and T > 0, there exist processes w € W and
(1 measurable with range in M, such that {7 = y when §, =«

and one applies control w, u.

Note that the last assumption is satisfied, if for at least one m € M, o™o™

has n positive eigenvalues.

Final assumption is that there exist ¢;,co < oo such that
for any e-optimal pair, p¢, w® for the H problem, one has (3.17)
||w6||%2[07t] < ¢ + eolz]? for all € € (0,1], all T < oo and all '

r € R".

This behavior was proved in the purely quadratic case (cf. [McE98], [McE07]).
But in this general case, we assume it instead.
Now we are ready to review the previous development. Following theorems form

the foundations of the numerical methods in the next section, and were proved in

[McEO09].
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Theorem 3.4.1. Assume (3.16), (3.17), and let V, V and K be as defined in
(3.15), (3.2) and (3.7), respectively. Then V(x) ezists and 0 < V(z) < V(z) for
all x € R™. Consequently, vV eKk.

V is also the unique continuous viscosity solution of the PDE),
0= —H(z, VIV)), W(0)=0
in class K. Here H is defined as per (3.12).

Assuming &y = = and dynamics (3.15), we define the semigroup,
_ T 2
Sriele) = sup sup | [L1(6) - TP v o] (1)
ue Llro €D 0
Now we state the dynamic programming principle for this problem, and

uniqueness of the V as a fixed point of the semigroup operation.

Theorem 3.4.2. Assume (5.16), (3.17). The value function V as defined in
(8.15), is a fized point of the semigroup operation Sr for any T > 0.

V) = s swp { [ ()= DhuPar+ Ve | = &7l@) 619

ueLé"C pEDso

for all z € RN. Moreover, it is the unique fived point in class K, defined in (3.7).

The process p; which represents the switching time history, can in general be
any measurable function taking values in M. In the next section, we will allow it

only to switch at discrete times to motivate the numerical method.

3.5 Discrete Time Approximation

Since we seek to avoid curse-of-dimensionality, we can not discretize over space.
Instead discretization will be over time where approximate p processes will be
constant over the length of each time-step.

We define operator S, on ¢ € K by

T 2
silol(e) = swp sup | [7m(er) = Lhular + o)

It
ueLloc meM

— sup S”[6]()
meM

(3.20)
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where £ satisfies dynamics
= A" oM, = (3.21)

and S is defined as

S™¢)(z) = sup {/OT (&)™ — %]ut\z dt + ¢(&7) (3.22)

ueLloc
It is useful to note that operators S, do not necessarily form a semigroup,
although they do form a sub-semigroup (i.e. S, (0] < S, S,,[¢]). Further, one
has 8™ < S, §§T for all m € M.
With 7 acting as a time-discretization step-size, let us define discretized

switching control spaces over infinite and finite horizon.

for all k € N, there exists m;, € M (3.23)
such that p; = my, for all t € [(k — 1)7, kT) '

Dgoi{,u:[o,oo)—m/\/l

_ for all k € N,k < [Z], there exists m;, € M
Dy = { s [0.7) — M .
such that p, = my, for all t € [(k — 1)7, min(k7,T))
(3.24)
For N € N, let M" be the outer product of M, n times. Define
_ Nt ,}/2
Shololw) = sup sup [ e) = DuP di+ o) (329
HEDZ yerloc JO

It is easy to prove that

Sirl¢l(x) = max {87} Sy ), [¢](x)

my€EM

=  max {HS:%} [9](x) = (ST)N [9](z)

{mk}g:IGMN kel

(3.26)

where the [] notation indicates operator composition, and the superscript in
the last expression indicates repeated application of S,, N times.

We will be approximating 1% by the fixed point of the semigroup S,. This fixed
point, or the solution to W = S,[W], will be computed as a limit of semigroup
propagations on a starting ¢ € K. Consequently, we need to show that the
existence and uniqueness of the fixed point and that it is the limit of semigroup

iterations. These have been proved in [McE09] and stated below.
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Theorem 3.5.1. Assume (3.16), (3.17) and the dynamics (3.14). Let V, K and
gS:‘]TVT be defined as per (3.15), (3.7) and (3.26) respectively. For all x € R",

Vo(2) = lim 8%, [0]() (3.27)

N—oo

exists and the convergence is uniform on compact sets. V, € K and 0 < V, < V.
V. is also the infinite horizon value function for a discrete time switching problem,

- T 2
V.(x) = sup sup sup {/ #(&) — ?\utﬁ dt| .
0

neDT, uELéOC T<oo

Also V is the fized point of the semigroup S.. Thus it is the solution of V, = S, [V;]
and V,(0) = 0. Moreover, it is the unique, minimal, nonnegative such solution in

class K.

McEneaney [McE09] also showed that one may approximate ‘7, the solution
of W = S8.[W], to as accurate a level as one desires by solving W = S,[W] for
sufficiently small 7. Recall that if W = S, [W], then it satisfies W = SF,.[W] for all
N > 0. So this is equivalent to introducing a discrete time i € D}, approximation
to the p process in gNT.

Stated below is the main approximation result.

Theorem 3.5.2. Given € > 0 and R < oo, there exists 7.z > 0 such that

V(z) <V, ,(z) <V(z)+e VzeB(0,R) (3.28)

VT(’ o (x) can itself be computed as the uniformly convergent limit of iterated

operations of the semigroup 5767 L, onany ¢ € K.

V. n(@) = lim g7 [6)(x) = lim S [¢](x)

€ Te
’ N—o00 N—oo '©F

Specifically one can choose ¢(z) to be a quadratic function.

3.6 Max-Plus Fundamental Solution

In section 3.4, we approximated a nonlinear Hamiltonian by the pointwise

maximum of M linear quadratic Hamiltonians in (3.12). Such a Hamiltonian
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represents a switched linear system switching between M constituent systems with
linear dynamics and quadratic payoff. For such a system, in section 3.5, we simplify
the switching problem still further, by time discretizing the switching control by
(3.20)and (3.25). We can compute arbitrarily accurate solution of the switching
problem by decreasing the discretization timestep 7 and increasing the time horizon
T. The error and the convergence analysis due to such time discretization is carried
out in [MK].

Thus we reduce the original problem to that of computing S”[¢], in which
a semigroup for a linear-quadratic system (corresponding to the quadratic
Hamiltonian H™ in (3.13), dynamics (3.21) and payoff (3.22)) acts on a quadratic
terminal payoff function ¢(z). Fortunately, this is an analytically tractable
problem, with a quadratic solution. Due to this, starting with the zero function,
¢ retains the quadratic form throughout the propagation under switching controls
and the final value function is simply the max-plus sum of the propagated quadratic
forms.

In [McE07], this problem was solved using semiconvex duality. Here we
present another form which is more direct. It also turns out to be the max-plus
fundamental solution to the underlying problem. This fundamental solution was
first proposed for general nonlinear systems in [FMO00], and as a special case, the
closed form solution for linear time varying systems was derived in [Des| using
max-plus algebra. This fundamental solution is more direct and does not use
the semiconvex duality. Below is a similar analysis stemming from the same
fundamental solution. Here we derive the closed form propagation formulas for
computing S*[¢]. For brevity, we shall drop the superscript m from the dynamics
and payoff functions, and implicitly understand that they correspond to the m’th
constituent linear-quadratic system.

First we shall define the general fundamental solution/ max-plus kernel.

Consider a system starting with £, = = and evolving as per

€, = AL, + 1y + ouy (3.29)
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and the payoff obtained along a particular trajectory is

T, u,t) = /0 (&) — %|us|2ds+¢(§t) (3.30)
where
1, 1
(&) = 555055 + &l + 5% (3.31)

and the value function for the finite horizon problem with terminal payoft ¢ given

by the semigroup operation S;"[¢] is

Viz,t) =8"[¢)(z) = sup J(x,u,t) (3.32)

1
ueLPC

We shall now define a max-plus kernel I : R" x R® — R

¢ 1 2 Ty
SUD yerst (x 1(&) — 5lus|®ds if U (x, 0
[t(ﬂf,y) B Puetst (z,y) fo (g ) 2| | ( y) 7é (333)

—00 otherwise

where
U'(z,y) = {u € Ly(0,t) : & = x,& = y under the dynamics (3.29)}

Note that I' = —oo indicates that it is impossible to reach y from z in time
interval (0, 7) using any possible control u. Thus if the system is controllable, then
I'(x,y) > —oo for all t > 0, and I°(z,y) = —oo for x # y, and 0 otherwise.

McEneaney and Fleming proposed the above kernel in [FMO00] and [Fle03].
They also proved the following theorem.

Theorem 3.6.1. With the dynamics (3.29) and the terminal payoff ¢(x), assume
that the finite horizon value function V (x,t) = S*[¢] as defined by (3.32), exists.
Then with I' defined as per (3.33), we have

SO = swp () + o) = [ Kooty (330

yeRn n
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Since I' depends only on the dynamics (3.29) and the running payoff [(x,) —
lus|?, it is independent of the terminal payoff ¢(z;). Hence it can serve as a
Fundamental solution and obtain S;"[¢](z) for any ¢(z) by a kernel operation.

Now we shall find a closed form solution for I*(x,y). To do this we parametrize
¢(z) by an additional variable z, which along with (3.36) gives us the next lemma.

First, we assume the following

1. Let C, P, ¥ are n x n symmetric matrices. Assume that

the solution to the differential Riccati equation (DRE)

—P,=A'P,+ PA+C + PXYP, Pr="P

. (3.35)
exists for t € [0, T7.

2. The dynamics (3.29), hence the pair (A, o) is control-
lable. That is given t > 0, for all z,y € R", starting
from &y = x there exists controls u such that & = y.
Let ¥ = 00’, and let V; and V, denote 0/0t and 0/0z respectively. Consider
the following Hamilton-Jacobi-Bellman PDE.

0=-VW(x,t)— H(x,V,W(x,1))

(3.36)
Wz, T) = ¢(x)
where
m ) , 1, , 1 1 5
H™(x,p) = sup ¢p' (Ax + Iy + ou) + =2'Cx + 2'l; + —a — =|u|
ueR” 2 2 2
_ 1 / 1 / / / / a
—§x0x+§p2p+pA:c+plg+xl1+§. (3.37)

Lemma 3.6.2. Let the terminal payoff be

P(x) = ¢*(x) = ¢(x,2) = %x’Pm +2'Sz+ %Z’Qz +2'a+ 2'b+ g

Assume that S is invertible and P is such that (3.35) holds true. Then there ezists
a C* solution to (3.36) for all x € R™ and t € [0,T], given by

1 1
W (z,t) = §x’Ptx + 2/ Sz + iz’Qtz + 2'ap + 2'by + % (3.38)
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where Py, Sy, Qy, ai, by, By satisfy Pr =P, Syt =S5, Qr =Q, ar =a, by =b, and

—P,=A'P,+ PA+C+ PXP,
—S, = (A+XPR)'S,

~Qi = S/%5,

—ay = (A+3P) ar + 11 + Plo
—by = Si(ly + Yay)

(3.39)

—0 = o+ dYa; + 2d)l,
and Sy is invertible for all t € [0,T].

Proof. Existence of solution P; : 0 < ¢ < T is assumed in (3.35). This combined
with local boundedness and continuity of coefficients, guarantees the existence of
S, a;, and hence of )y, b; and ;. The proof that it solves HJB is immediate by
substitution in (3.36).

If we define By = —(A + XP,), then S; = ®p(t,T)Sy = ®p(t,T)S, where Op
is the state transition matrix of the system ft = By&. By Abel-Jacobi-Liouville
formula

det ®5(t,0) = elr TrB()ds

Since both ®p(t,T) and Sy = S are invertible, S; = ®g(t,T)Sy is invertible as
well. O

Next we have the verification theorem to connect the HJB PDE solution to the

control value function.

Theorem 3.6.3. Assume (3.35). Let x,z € R™ and t € [0,T], W*(x,t) as per
(8.38) and V™ (x,t) be the value function as defined in (3.32). For allt € [0,T]
and u € L[0,T — t], one has

and WI'(z,t) = J"(z,a,T —t), where

iy = (s, &) = o VW (s, &) =o' (Psfs + S,z + as> ) (3.40)
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Thus using (3.38) this implies,
m m 1 / / 1 / / / ﬁt
VM x, T —t) = W (x,t) = §thx+xStz+§thz+xat+zbt+§. (3.41)

Proof. Let V; and V, denote 0/0t and 0/0x respectively. Let u € Lo[t, T], and £
be the corresponding time shifted trajectory with { = x and satisfying (3.29).

T
‘]zm(a:? 'LL,T - t) = / (l(gs) - %‘US‘Q + (Agt + l2 + Uus)/vwzm(gs, 8)) ds + ¢z(£T)
T
- / (A&s + Iy + ous)' VW (&, 8) ds

which by definition of H

T
< [ He. w9 ds + o)
T
- / (Ags + l2 + UU3>,VWZ(£S, S) ds

which by (3.36) and (3.29)

- Vs) — ETWLAE )} ds+ 67 (er)

T q
:_/t W&o 5) ds + ¢7(&r)

=Wz, t) = W&, T) + ¢°(r)
= Wi(z,1)
by (3.36).
Also note that in the proof, if we substitute @, = o(s)/VW™(&,s) =

o(s) (Psgs + Ssz + a5>, then we have the equality throughout, and J*(x,u,T —
t) =W (xz,t) = V™(x,T —t). Hence proved. O

Remark 3.6.4. Since the dynamics (3.29) is time-invariant, we can define

T —
V(w)&{sup [t~ Gl s+ oen | 0 }

uerloc & evolves as per (3.29)
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by shifting the time back by ¢

Tt _
={sup [t = Gl ds + ot | }

ue Lioe & evolves as per (3.29)
=V(zx, T —t)=W(z,t)

1 1
— §x’Ptx +2'Sz + §Z/Qt2 +2'a; + 2'by + % (3.42)

Now we prove a useful lemma towards obtaining the max-plus fundamental

solution.

Lemma 3.6.5. Consider the system trajectory & starting from & = x and evolving
according to (3.29) under the optimal control i, = o (Psés +Ssz+as) from
Theorem 3.6.3. Then fort <t; < s, <T,

Slilgtl + Qtlz + bt1 = SIZQEtQ + Qt2z + bt2 (343)

Proof. By linear system theory, for a system evolving as per

s = AZs + Iy + ous
= Aés + 12 + 00/ <Ps€s + SSZ + (15>

= (A+XP,) &+ 2(Ssz + as) + 1

solution is given as

to
ftQ = (I)B(tg, t1)ft1 + / CI)B(tQ, S)(ZSSZ + ECLS + lg) ds (344)

t1

where ®p(tg,t;) = UtQUtjl, where U, is the solution of differential equation U, =
B(s)Us, with B(s) = A+ XP;.

It is well known that the state transition matrix

Dp(s(ta, t1) = P (g (1, t2)

now, noting from (3.39) that Sy = —(A + XP,)'S, = —B(s)'S,, and since Sy, is

invertible, we have

Dp(s)(ta, t1) = (I),_B(S)/(tla ty) = (StlStgl) = St;l'Stll (3.45)
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Substituting in (3.44), and noting from (3.39) that Q, = —S,/%(s)S, and —b, =
Ss/(lg —f- Zas),

to
& = S,V Sn'&, + SV / S, (BS,z 4 Sag + 1y) ds

t1
to to
= S,V & + S, (/ S/YS, ds) 2+ S,Y (/ Sy (Xas — 1o) ds)
t1 t1
= St;llstl/‘%h + Stgll (Qt1 - QtQ) Z+ Sztgll(btl - btz)
thus we have,
Stzlgtz + Qt2z + th - St1/gt1 + Qtlz + btl

]

Remark 3.6.6. Note that Vz, since S;, and Sy, are invertible, (3.43) suggests a
one-one and onto relation between start and end of optimal trajectories, &, and
&,. Thus Vy € R there exists a . = S.." (Sy,'y + (Qn, — Q)2 + by, — by,) such
that optimal trajectory  starting at z,, = z, ends with y. Thus every y € R" is

an optimal point for some initial condition.
Remark 3.6.7. Note that due to max-plus linearity, if k& € R,
VE(,1) = 8,[¢° + K](2) = Sil¢] (x) + k = VZ(x, 1) + &

Thus while keeping the dynamics and the running payoff the same, adding a
constant to the terminal payoff only shifts the value function accordingly. The

gradient hence the optimal feedback control remains the same.
y(z) = oVV3(2, T —t) = oVV*(x, T — t) = @y(z)

Hence the optimal trajectory, which is the solution to Ty = AZp + b+ oty(x), also

stays the same.
Now we shall prove another useful lemma before turning to the main result.

Lemma 3.6.8. Assume (3.35). Given 0 < t; <ty < T, and Q; evolving according
to (3.39) with terminal value Qr = Q, then

Qt1 - th =0
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Proof. Since we assumed (A, o) is controllable, the following controllability gram-
mian is invertible for any 0 < ¢; < ty < T. Here since A is time-invariant,

D y(ty,s) = eAltr=s),
to
/ B A(t1, 5)00'Ba(ty, s) dt = 0 (3.46)

1
Thus for all z,y € R™, 3 control 4, such that is the trajectory & = A+ ls+oiy
with 2;, = x satisfies 2, = y.
Now we claim that system (A4 XP;,0) is also controllable. This is clear
because by using control u; = u; — o’ Puxy, we can keep the system trajectory

same and reach from x to y.

v = Az + I + oy
= (A + O‘U,Pt)l‘t +l+o (ﬁt - U/Ptft)
=(A+XP)x, + o + oty

Hence similar to (3.46), using B(t) = A + XP, and oo’ = X(¢), following

controllability grammian is invertible.

to
/ Bp(tr, $) 5Dt 5) dt = 0 (3.47)

t1

Substituting ®p(t1, s) = S;, 'Sy’ from (3.45),

to
/ Dp(ts, s)XNPp(t2, 5) / S, MSS2S8,5;  ds
t1
= s {/ /%S, ds} st
= S,V (Qr, — Qu) S (3.48)

where in the last equation, we used @; evolution from (3.39). Using (3.47) and
since 5y, is invertible by Lemma 3.6.2, we have @y, — @y, > 0. O

Theorem 3.6.9. Given x,y € R" and 0 <ty <ty < T, then if 0 =ty — 1y,

inf [‘A/z(a;,tl) - ‘A/z(y,tg)] = Is(z,y) (3.49)

z€R™
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Since by (3.42), V*(x,t,) = TP+ @Sz + 52Quz + Zay, + by + b and

2
Bry

VE(x,ty) = %x’Pth + 2’ S,z + %Z’QtQ,z + 2'ag, + 2'by, + 2,

the max-plus kernel

Is(z,y) is also bivariate quadratic.

Is(z,y) = %xllglx + o' Iy + %y’]?y + I+ I + 1§ where
I;' = Py — 84 (Qn — Qu) 'Sy’
I;% = 51, (Qu — Qi) 'Sk’
I = —P, — Si,(Qu, — Qi) 'Sy, (3.50)
Is = ay, — S, (Qu, — Qi)™ by, — byy)
I} = —ay, + 84, (Qu, — Qi)™ (b — byy)
I§ = By = Bz = (b = b,) (Quy = Qi)™ (b, — biy)
Proof. Let &, = z. Since ¥ > 0 and S, is invertible, by (3.39), —Q, = S/X(t)S; =
0, hence @y, — @y, = 0. For any z € R”
VE(z,t1) — VE(y, ta)

~ ~

= Stz—h [VZ] ($, tQ) - Vz(yv t2)

= sup {/ : lt(ft; Ut) dt —+ ‘72(&52, tg) — ‘72<y, tg)}

u€Lalt1,t2] t1

substituting for ‘A/Z(~, ta),

b2 1 1
= sup / lt(&? ut) dt + _§£2Pt2§t2 - _y/ngy + (&2 - y)/(St2Z + at2)
u€ Ly [tl,tz} t1 2 2

Since U2 (z,y) = {u € Lo(tr,t2) : &, = 2,&, = y} C La(ty,t2) , and Vu € U2 (z, y),
&2 =Y.

t2 1 1
> sup {/ lt(fm Ut) dt + §y/Pt22/ - §y/R52y + (Z/ - y)/(St2z + atz)}

uGLIEf (z,y) t1
to

= sup / (&, ue) dt = Is(z,y) (3.51)

uGZ/{EIZ (z,y) Y11

Taking infimum over all z € R,

inf [‘Aﬂ(a:,tl) —VEy )| > L, y) (3.52)

z€R™
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Since Qtl - Qt2 =0 by 368, define z = (Qtl — Qt2>_1<5t2/y - Stll.fC + bt2 — btl)'
Hence

StQIy + Qt22 + bt2 = Stllx + Qtl’é + btl

Hence using (3.43) the optimal trajectory Z; starting from #;, = = and with ter-
minal payoff ‘72(‘, ts), ends at &;, = y. Let the corresponding optimal control be ;.
Let us define k = —V2(y,t) = = (34 Puy + 402 + 12Qu2 + /o, + b, + 52 )
to create a shifted terminal payoff function
Usy () = V(@ 1) + k = V(1) = Vi(y, 1)
1, 1, / X (3.53)
=57 Px — 5Y Poy+ (. —y)(Sit + a,)

From remark 3.6.7, @, & are also the optimal control and trajectory for the

following problem with the terminal payoff U7 . Hence

to . .
Vz<x>tl) - VZ(y’ t2) = { sup / lt(fta ut) dt + Vz(x7t2)} - VZ(y’ t2)

u€ Lo [tl,tz} t1

= sup {/QZt(ft,Ut)dt+‘72(xat2)_‘72(97t2)}

u€ Lo [tl,tQ] t1
[2)

= sup / ly (&, ut) dt + Utz (gtz)

u€Laty,t2] Jty

:/QZt(guﬂt) dt + U} (&)

t1
since U7 (&,) = UZ (y) = 0 from (3.53) and @ € U?(x, y)
to
< sup / l(&,up) dt = Is(x,y) (3.54)
uEZ/{ttl2 (z,y) Y11

Thus we have
inf [VZ(x,tl) - \A/Z(y,tQ)] < VA1, 1) — Vi(y, t) < Is(z,y) (3.55)
Hence (3.52) and (3.55) together give us (3.49) and also the following

inf [f/Z(x, t) — V3 (y, m} = V3, 1) — Vi(y, to) = Is(z,y) (3.56)

zeR™

with Z = (Qtl - Qt2)71(st2ly - Stl’l‘ + th - btl)'
Substituting 2 in (3.56) and expanding, we get (3.50). O
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3.7 The Algorithm

Now we begin the discussion of the actual algorithm. From Theorem 3.5.1,

V = limy 0o 8L, [0](z). Let VO = 0 and define for k > 1,
VE = S [0)(), (3.57)

Then we have V = limy_.o, V(). In practice, we approximate the infinite horizon
by a sufficiently long finite horizon N7. The propagation from from V° to V" is
achieved as follows.

For all {m;}¥_, € M*, define

Ve, (@) = [ S 10)(@).

Then we have

{m;}r_ emk {m;}r_ emk

k
Vk = S]ZT 0] = max {HSZM} [0)(z) = max U{mi}le(@'
i=1
Also by (3.27),
VL =S [V = max S;”’“{ max — Ugy,yk } (x)
mp41E€EM {m}r_ emn =t

Since & is max-plus linear,

= max 87T_ﬂk [U{mi}kzl] (SU)

B {mi}filleMkJrl

The algorithm shall consist of the forward propagation of v (miyk, 1O Vg ykbr1 =

i=1
Sk

" [U{mi}’;l} for all k-tuple switchings {m;}¥ ; € M* and all my,; € M. Such
propagation is carried out from k£ = 0 to some termination step & = N. Value

N
{mi}il,”

It is important to note that the computation of each v (miyk_| 18 analytical. We

function is obtained by taking the maximum over all such v

will indicate the actual analytical computations in the steps below. Note that

many formulae are duplicated here to make this section self-contained.
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e First approximate a nonlinear Hamiltonian we wish to solve, with a max-plus

summation of linear quadratic Hamiltonians as in (3.12).

H(x,p) =~ H(z,p) = max H™(x,p)

me{1,2,...,M}

where each H™ is linear-quadratic,

1 1 1

H™(z,p) = §x’C’mx + ép’Emp + (A™x)'p+ 2"l + p'lY + 50/”, (3.59)

e Choose time step 7 € R and N € N. Thus we shall approximate the infinite
horizon value function V for the switching problem, as defined in (3.15) by
VN the value function of discretized switching problem with horizon N7 as
defined in (3.57).

e For each m € M starting with any (P,S,Q,a,b, )y, evolve them forward
in time by 7 as per (3.39), in which all paparemeters correspond to m’th

Hamiltonian. Restating here:

—P™ = A™PM™ 4 PMA™ + C™ 4 PMET P
—St = (A" + 5P S

—Qy" = 8BSy

—a = (A" + P at + 1+ Py

—by = Sl + Sy

(3.60)

—B" = a™ 4 VI 4 241
Lets denote the solution set by (P, S,Q,a,b, 3)".

e Now for each m € M, compute the parameters of the max-plus fundamental

solution,

1 1
LMa,y) = S lnw + 2Ly + Sy Tty + 2 L+ Y I+ D
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as per (3.50). Restating here:
L. = Py — So(Qo — Q7") 'Sy’
[its = So(Qo — Q) 787
12— P S(Qy - Q)
I, - = ag— So(Qo — Q)" (bo — bI")
I = —al + S7(Qo — Q) (bo — ")
19, = By — 57 — (b — bY(Qo — Q) (by — b7)

Note that as a special case, we can choose Py = Qo = 0, Sg = I, ag =

(3.61)

by = 0 and By = 0, to simplify above formulae considerably. We note that

parameters of I™ need only be computed once, and thus can be precomputed.

Starting with v°(x) = 0, we shall prove that Ugm,yr_, Tetain the quadratic
form as k increases by induction. Lets us assume vy, x in the following

quadratic form.

1 ,- . 1.
Vfmayk () = §x'P{mi}§:1£C + x'a{mi}i@:l + §ﬁ{mi}§:1 (3.62)

Then for each my; € M, by Theorem 3.6.1,

Uyt (z) = S |:v{mi}§:1:| (x)

= max {];nk“ (z,y) + Umiye, (y)}

yeR”
1 ' I n P
Note that maximum exists because otherwise, due to the quadratic form

the supremum would be oo for all x. This is impossible because, the LHS

< V(z) < oo. Now by (3.62), (3.63) and (3.61),

N N -1
P kjll — ]’11 o 112 <[22 4 P{ml X ) ]’12 /

{m:};2 Mp41,T M1, \ " Mg41,T i1 My 41,7
N —1
- _q12 22 - 2 1
it = Imk+1,7 <]mk+m + P{mi}f:1> (a{mz‘}f:1 + Imk+17T> + Imk+1aT
B k+1 = B o +1°
{mi}izl {mi}i=1 Mmrg41,T

N —1
~ 2 22 ~ 2
- (a{ml 5:1 —l— ]mk+177> / <Imk+177— + P{ml}f:1> (a{ml 5:1 + ]mk+1:7')
(3.64)
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Similar to the max-plus counterpart in [McEQ7], the errors in the solution are due

to :

1. The approximation of H(x, p) by H (x,p). The error analysis for the max-plus

methods for such approximation was carried out in [MDO08a] and [MDb].

2. Discretization of the timestep 7 and premature termination of the horizon at
NT. Error analysis for this approximation for max-plus methods was carried

out in [McE09] and [MK].

Note that the computation of each triplet (]3, a, B) (mi}k_, 8rOws like the cube
of the space dimension (due to matrix operations). Thus one avoids the curse-of-
dimensionality.

However, the curse of curse-of-dimensionality is replaced by another type of
rapid computational cost growth. Here, we refer to this as the curse-of-complexity
. If #M =1, then all the computations of our algorithm (except the solution of
the Riccati equation) are unnecessary, and we informally refer to this as complexity
one. When there are M = #M such quadratics in the Hamiltonian, H we say it
has complexity M. Note that

#{U{mi}é\;Jmi eEM Vie {1,2,...,]\7}} ~ MY

For large N, this number is indeed large. We shall discuss ways to limit this
quadratic growth with N in the next section, but it is significant to note that the
exponential computational cost growth with space dimension n is limited to cubic

growth.

3.7.1 Pruning

The number of quadratics in the solution V* grows exponentially with k.
However in practice, relatively few of these actually contribute to V*. Thus it

is useful to prune the set, to contain the curse-of-complexity. Note that if

g, @S D v, @) Ve ER
{mi}ic:l?é{mi}?:1
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then

S [U{mi}le] () <& @ Umil, (z) = Si[V¥] Vo e R
{ma i Amidi,

IN

Thus v,y will play no role in the computation of VE+t for t > 0. Thus one
may prune such v i}k, without any loss of accuracy. Pruning methods of various
order designed for max-plus methods in [MDGOS8] can be easily adapted for above
problem to check if a quadratic dominates the max-plus sum of the rest, and prune
it. Note that such pruning methods incur additional computational burden. But
usually it is justifiable in their efficacy in attenuating the exponential curse-of-
complexity as the horizon grows. The next chapter covers these methods in more

detail.



Chapter 4

Curse-of-Complexity Attenuation

in the Curse-of-Dimensionality

Free Method for HJB PDEs

4.1 Introduction

In chapters 1 and 3, we discussed the curse-of-dimensionality-free method
proposed by McEneaney (cf. [McE07], [McEO05], [McEO06]) for certain HJIB PDEs
arising in problems involving objective maximization. This method is based on
the max-plus linearity of the underlying semigroup and is free from the curse-of-
dimensionality. In fact, the computational growth with dimensionality is cubic.
However, there is an exponential computational growth in a certain measure of
complexity of the Hamiltonian, which is used to express the HJB PDE. Under
this measure, the minimal complexity Hamiltonian is linear/quadratic — solvable
using a Riccati equation. If the Hamiltonian is given as a pointwise maximum
of M linear/quadratic Hamiltonians, then one could say the complexity of the
Hamiltonian is M. Such PDEs can also arise in switched linear systems.

This method constructs the value function as a max-plus sum, i.e., a pointwise
maximum, of certain quadratic functions. An infinite time-horizon problem is

considered, and as such, the value function is approximated by iterating a finite-

92
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horizon semigroup until a large enough propagation horizon is reached. This finite-
horizon semigroup itself is approximated as the maximum of a finite number of
quadratic forms, or as a semigroup for a system switching between M linear-
quadratic systems. The approximate value function at each iteration is stored as
a set of quadratic functions. Acting on these quadratic functions with the above
semigroup leads to a new approximation, where the number of quadratics grows
by a fixed factor at each iteration. This is the curse-of-complexity. To attenuate

this computational growth, a pruning method based on semidefinite programming
(SDP) is developed here.

4.2 Problem statement and assumptions

To make this chapter self contained, the problem statements and assumptions
described in section 3.4 are repeated here.

The HJB PDEs we consider, arise in infinite-horizon nonlinear optimal control
problems, and their Hamiltonians are given as (or well-approximated by) pointwise
maxima of linear-quadratic functions. Note that pointwise maxima of quadratic
forms can approximate, arbitrarily closely, any semiconvex function. More
specifically, we consider

0=—H(@ VV)=— max {H"(x,VV)} (4.1)

me{1,2,...,M}

V(0) =0 (4.2)

(i.e., with boundary condition V' = 0 at the origin) where each of the constituent

Hamiltonians has the form
m . 1 ! Ym ]' /M m / Irm /1m 1 m
H (a:,p)zéa:C x+§p2 p+ (A™x)'p+ 217 + p'ly +§oz , (4.3)

where C™,¥™ are n X n symmetric matrices, {{*,[5" € R” and o™ € R.

Hamiltonian H is associated with an optimal control problem for switched



94

linear systems. Let M = {1,2,... M}. The corresponding value function is

‘N/(x) = sup sup sup j(a:,T; U, f1)

uELIQOC HEDs T'<0

T 2
= sup sup sup/ l“*(ft)—?|ut|2 dt (4.4)
0

uELIZOC pEDs T'<0

where I} (z) = s2TCra + (") 'z + S, M = {1,2,..., M}, Do = {pu: [0,00) —
M : measurable }, L¥Y¢ = {u :[0,00) — R" |u € Ly[0,T] VT < oo} and o® and

~ are such that X! = “;‘Qi for i € M.

With y; as the switching control in addition to the control u, the state dynamics

are given by

=AM+ 1 +ottuy, =1 (4.5)

To motivate the assumptions for this rather general problem class, we consider
H as being constructed so as to resemble the Hamiltonian, H, for the originating
control problem of interest. Hence we make the following block of assumptions,

earlier seen in section 3.4.

We assume that the underlying system dynamics and the payoff
functions satisfy (3.3), (3.4). Hence the value function V' defined by

(3.2) is a unique viscosity solution, of 0 = —H(z,VV) in class K,

defined in (3.7).

The approximating Hamiltonian H (x,p) = sup,, H™(z,p) < H(x,p)

for all z,p € R™.

There exists ¢4 € (0,00) such that 2’A,,x < —cylz|? for all x € R”

and all m € M. (4.6)
H'(z,p) has coefficients satisfying the following: I = I3 = 0; o! = 0;

there exists ca; € (0,00) such that 2/Alz < —ca|z]? Vo € R"; D!

is positive definite, symmetric; and v*/c2 > ¢p/c} ,, where ¢, = [0
and cp is such that 2’ D'z < cp|z|* Vo € R™.

System (3.14) is controllable in the sense that given x,y € R"™ and

T > 0, there exist processes w € VW and p measurable with range in

M, such that & = y when & = x and one applies control w, u.
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Note that the last of these assumptions, the controllability assumption, is
satisfied if there exists at least one m € M such that ¢™(c™)? (which is n x n)

has n positive eigenvalues.

Final assumption is that there exist ¢;,cy < 0o such that for any e-
optimal pair, u€, w for the H problem, one has w20 < 1 tealz*  (47)

for all e € (0,1], all T < oo and all x € R™.

Above assertion was proved in the purely quadratic case (cf. [McE9S],
[McEOQ7]). But in this general case, we assume it instead.
Now, define the operator

B T 2
Selo] = sup sup [ 17(6) = Tl dt+ o

weWw MEDT

where Dr = {u : [0,7) — M : measurable }. Under the above assumptions,
a viscosity solution, V of (4.1),(4.2) exists, satisfies 0 < V < V and is given by
V = limp_o, gT[VO] for any V) € Qx such that 0 <V < ‘7, [MK], [McE07].

In the max-plus algebra, addition and multiplication are defined as a ©& b =
max{a,b} and a ® b = a + b, respectively. It is well known that §T forms a

max-plus linear semigroup.

4.3 Curse-of-dimensionality-free algorithm

The key steps in the curse-of-dimensionality-free algorithm developed in
[McEOQ7] are given below. Since we are interested in understanding how the curse-
of-complexity arises in this algorithm, we shall sidestep the theoretical foundations

which are well covered in [McEO07], [McE06], and focus on the algorithmic flow.

4.3.1 Approximate propagation

Define the constituent-Hamiltonian semigroup operators as

T 2
splol = sup [ 1760 = Tl dt-+ ol

wew
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Importantly, propagation of a quadratic ¢ € K by an S operator can be reduced

to a solution of a differential Riccati equation. Define the time-indexed operators

5,19](x) = max S7[6)(x) = @) S [6)(x).

meM
meM

Fix any T' < co. Under the above assumptions, we have (c.f., [MK])

lim {Srn}" [¢] = Srl¢] and lim Spl¢] = V

N—oo T—o0

where the superscript N represents repeated application of the operator, N times.
Error analysis of this method, carried out in [McE09] guarantees that an
arbitrarily accurate solution can be found on a compact set with a small enough
timestep 7 and long enough time horizon N7.
In practice, starting with a quadratic ¢ € K, the numerical method uses a
discretization timestep 7 and a time horizon N7, and approximates the infinite

horizon value function as

V(z) m V¥ (x) = Sy, [0)(x) = {8} [¢](x)

N N
Aot oo- @ s o
meM {m N jemN li=1

For each k € N, {m;}f | € MP*, if we define Vgmy 3k, (T) = 15, S™[¢)(x), then we
have

S oNg

V)= VV)= @ vpgn, ().

{mi}ﬁ\LIGMN
Note that vg, 3. (z) = S [v{mi}@:ll](x), and if v, 1r (x) is quadratic, so is

VUgm,yr_, (). Since we start with a quadratic ¢(z), by induction each of the v ey
is quadratic. Unfortunately, the number of quadratics in the above approximation
is MY, which grows exponentially in complexity, thus leading to the curse-of-
complezity. Nevertheless, only a few of these contribute to the max-plus sum. The
rest can be pruned without affecting the value function. This problem is formulated

and partially solved in the rest of this chapter.
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4.4 Pruning Algorithms

In the above curse-of-dimensionality-free algorithm, at step k, V* is represented
as a max-plus sum of quadratics. Let us index the elements of this sum by integers
i € Iy (rather than by the sequences {m;}%_ ). That is, we have

Vi) = P of(2)
i€k

where we let each v* be given in the form
v (2) = vi(2) = 2T Az + 20 2 4 ¢

where we delete the superscript k for simplicity of notation here and in the sequel.

Recall that we are reducing computational cost by pruning quadratics (v;)
which do not contribute to the solution approximation (not achieving the maximum
at any z € R"). Consequently, we want to determine whether the p'* quadratic
contributes to the pointwise maximum. i.e. whether there is a region where it is
greater than all other quadratics. Fix p € Z¥. Thus we want to ensure feasibility

of
0y(2) 2 (2) Vi#p. (4.8)

Alternatively, we consider the problem:

Maximize G(z,v) =v  subject to (4.9)
vp(2) —vi(z) > v Vi#p.

Then, the maximum value of v, ¥, is the maximum amount by which the p
quadratic can be lowered before it submerges below the max-plus sum of the rest.
If 7 <0, then p** quadratic does not contribute to the max-plus sum, and hence
it can be pruned without consequence. If 7 > 0,the quadratic contributes to
the max-plus sum, and 7 can serve as some measure of contribution of the p”
quadratic to the value function, enabling us to rank the quadratics. This is useful
in over-pruning.
Note that (4.9) implies that the importance metric,

v = maxmin vp(2) — vi(2) (4.10)
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This ranking scheme is independent of the location of the quadratic. Since in
curse-of-dimensionality-free method, solution is grown from near the origin, and
region of interest, where we want to construct the value function, is often near the
origin, we would like to have a ranking scheme which reflects this bias. Hence we
consider following importance metric

S— %\zIZ min,(2) — vi(2)) (4.11)
which discounts the quadratics which contribute to the value function far away
from origin. The extent of this bias between location and contribution, can be

tweaked by a multiplier on the term |z|?. Similar to (4.9), the above metric can

be reformulated as

Maximize G(z,v) =v  subject to (4.12)
0p(2) = (2) > (1 + [4f2) Vi £p.

and v,(z) can be pruned if and only if the maximum value 1 < 0.

4.4.1 Pairwise pruning

Before undertaking the pruning using semidefinite programming, pairwise
pruning is used, which checks between all pairs of quadratic basis functions, and
prunes those which are completely dominated by another. Let A = A; — A;,
b=b; —b;, c=c; — cj, and define q(z) = 2’ Az + 2b'z + c¢. Then q is nonnegative
everywhere if and only if the homogeneous quadratic form, 2’ Az + 2tb” z + ct? is
nonnegative for all z € R™ and all ¢t € R (easily proved using ¢(t7'z) > 0 when
t #0). Latter statement is true if and only if

b/
‘ = 0. (4.13)
b A
If we define for any index p, @, = zp Ap Using (4.13), in the pairwise
p p

comparison between i'th and j'th quadratics, later can be pruned if ¢); — Q; = 0.
Pairwise pruning reduces the computational effort of the semidefinite pruning by

getting rid of obviously dominated quadratics.
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4.4.2 Shor’s semidefinite relaxation based pruning

The problem of evaluating an individual quadratic v,(z) for pruning, (4.12),
can be rephrased as below. Let ¢;(2) = v,(2) — v;(2) for all ¢ # p. Then, v, can be
pruned if and only if

v =max {v: ¢(z) —v(1+|2]*) >0 Vi#p} <0 (4.14)

Lemma 4.4.1. With A € R%Z=1 such that \; > 0 and A\ # 0, v € R is an upper

bound on 1° if following condition is satisfied.

D Nilai(z) = v(L+2])%) <0 Vz (4.15)
i7#p

Proof. From (4.14), 3z such that, ¢;(z) — v°(1 + |2]*) > 0, Vi # p, therefore,

D i (@i(z) = "1+ |2) = (4.16)

7P

Subtracting (4.15) from (4.16)
(= )1+ ) YA 2 0

with assumptions on A, Zi#p A\; > 0, so that we can divide by it, to get, v > 0.
Hence proved.

Now we will seek to minimize this upper bound v by varying A and v subject
to constraint (4.15). Also note that, if (A, v) are feasible, so is (kA,v) for k& > 0.
using this we can normalize A\ by dividing by > A;. Which implies, A lies within a
simplex A, A\; >0, Y-\ = 1.

2 )\Erlrilyré%{ Z)\ qi(2) <v(l+|2))?V } (4.17)

i#p

Since ¢;(z) = v, —v;, using linear superposition and result (4.13), (4.17) can be

reposed with following semidefinite program:

vy = gg/i\rj/{ Z)\ — Q) = y]} (4.18)

i7#p
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Note that if such a minimal vy < 0 value, the by Lemma 4.4.1, 1° < 1, < 0.
Hence as per (4.14), p'th quadratic, v,(2) can be pruned. Since this gives sufficient
condition for pruning, it leads to conservative pruning. If 1y > 0, the prunability is
not conclusive. Nevertheless, it does give us a working indication of the importance
of the quadratic. Since (4.18) can be restated as,

Vo = min {1/ cQp vl + Z)\ZQZ} (4.19)

AEA Y -
i#p

if vy > 0, it indicates that the p'* quadratic has to come down by at least v, (1+]z|?),
before it is dominated by the convex hull of the remaining quadratics.

An additional way to develop intuition for result (4.19) is as follows. The
above test evaluates the p' quadratic v,, which can be pruned if v = 0 satisfies
the inequality in (4.19). Thus v, can be pruned if, ), < Z#p AiQ;i. Thus, if the
convex hull of remaining quadratics intersects the semidefinite cone of quadratics

greater than v, for all z € 1", then v, can be pruned.

4.4.3 Dual of Shor’s relaxation based pruning
If ¢i(2) = vp(2) —vi(2) = 2/ Az + 251-/2 + ¢, and if we define,

_ —/
¢ b

Z Rz

1 2
:Qp—QiandZ(z):[ /]

Then value of a quadratic form ¢;(z) can be written as Frobenius inner product of
Q; and Z(z).

qi(z) = 2 Az + 251-/2 + ¢
1 _ 1 _ 1 1
= Qi =Tr | @
z z z z

= (Qi Z(2))
Similarly, ¢;(z) — v(1 + 22) = (Q; — vI, Z(z)) Thus from (4.14), v, can be pruned
if and only if

VW= max {v: (Q;i—vI,Z(2)) >0 Vi#£p} <0 (4.20)

zeER" veER



101

Let Z be the nonlinear manifold of the set of all symmetric dyadic matrices
Z(z),z € ®". All matrices in Z are positive semidefinite with northwestern entry
1. Let Z be set of all such matrices. Replacing Z with Z O Z, , we get relaxation

and an upper bound for the maximum in (4.20).

WP <%= max {1/: Qi —vI, Z) >0 Vi%p}
ZeZveR

If 7Y <0, then v < 0, implying prunability. Thus v, can be pruned if

(4.21)

(Qi— v, Z) >0 \ﬁ#p}<O

max < v
ZveR Z=0,Zu=1

Since Z = 0 and Z3; = 1, Tr(Z) > 0. Also note that (I, Z) = Tr(Z). If we define
Y =Z7/Tv(Z), then Y > 0, Tr(Y) = 1. Also

(Qi —vI,Z) =(Qi, Z) —vTx(Z) = Te(2){(Q1,Y) — v}

constraint set in (4.21) can be simplified to following semidefinite program. Thus

vp(2) can be pruned if

(4.22)

(QiY) > v vz%p}m

max § vV
Yok | Y = 0, Te(Y) = 1

This program is a dual of (4.18).

Intuitively, L(Q) = (Q,Y) can be thought as a linear functional over space of
n X n symmetric matrices, taking constant values over hyperplanes normal (in the
sense of above inner product) to Y. So we are searching in the space of hyperplane
normals Y > 0, Tr(Y) = 1, which is a slice of the cone of semidefinite matrices.
If we can find a hyperplane, separating (), from convex hull of rest of Q);, Vi # p,
then prunability of p’th quadratic is not conclusive. Hence it need not be pruned.

Since above is the sufficient condition for pruning, it leads to conservative
pruning. It is not a necessary condition, due to the nonconvexity of Z, manifold
of dyadic matrices. To achive better pruning, higher order pruning techniques can

be used.
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4.5 Computational complexity

Since our aim is to reduce the curse-of-complexity without loosing the freedom
from the curse-of-dimensionality, it is worthwhile to discuss the computational
overhead involved in these pruning methods. They are polynomial in both
dimensionality and the number of quadratic functions. In particular, they are
free from the curse-of-dimensionality.

A generic semi-definite program P is given by

nerRN

N
Py = min {Cln Ao+ Y miA; =0, lnlly < R}

j=1

where the A; are symmetric matrices with M diagonal blocks of size k; x k;,

—~

1=1,... M. We say that n° is an e—optimal solution if

N
Il < R, Ao+ > miA; > —el, ¢ < Py+e

J
Jj=1

In [BTNO1], the authors derive the computational complexity of obtaining such an

&

7.
i 1/2
C(P,e)=0(1) [ 1+ k (4.23)

1

i i
NN+ N> K+ k| D(P,e)
1 1

where D(P, €) depends on the specific problem data (as indicated by the P in the
argument as well as €). Using this expression, we can obtain an upper bound for
the arithmetic complexity of the pruning algorithms. Assuming the worst case
scenario where no quadratic gets pruned, we find the complexity of testing one
quadratic for pruning as follows.

For the Shor’s relaxation pruning of (4.18), we have n = [v \']. Hence N =
#7T.. In addition to the main LMI, we have \; > 0 and an equality > A, = 1, which
can be split up into two inequalities, giving the number of LMI blocks M = #1142,
and ky =n+1, ky = kg = --- = k3; = 1. Substituting these into (4.23), complexity
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C(P,e) = O(1) (#I), + n + 3)/? #12 (4.24)
[3#Te + 24 (n+1)*(n + 2)] D(P, ).

The complexity grows as n®% and #Z3.

For the dual of Shor’s relaxation pruning of (4.22), independent variables are
Y, which has (n+ 1)(n+2)/2 free variables (corresponding to the upper triangle),
and v. Thus N = 1(n? + 3n + 4). Number of block LMIs is M = #T, + 2, and
ky = =ky =1 ky,=n+1 ky , =k = 1. Substituting these into
(4.23), complexity grows as n®® and #Z}5.

Note that these computational cost growth rates as a function of space
dimension, n, are poorer than the cubic growth of the basic algorithm. However,
they are still tremendously helpful for real-world problems, and the curse-of-

dimensionality is still very far off.

4.6 Importance-based over-pruning

Both the Shor’s relaxation and its dual pruning schemes generate importance
metric for unpruned quadratics. Over-pruning keeps a limited number of more
important quadratics, due to memory/computational constraints. This is useful in
containing the complexity growth, while ensuring an accurate solution in a region
of interest. At end of k’th iteration, the algorithm sorts v¥ according to importance
metric, and keeps at most L(k) quadratics, pruning the rest.

However, there does not yet exist a theory which allows us to map the
importance measure of a quadratic at step k to an error bound in the approximation
at the terminal step. Regardless, application of these methods has proven

extremely fruitful, as can be seen in the example below.

4.7 Six-dimensional, six-Hamiltonian example

We applied the curse-of-dimensionality-free method to the following problem

over R® with six constituent quadratic Hamiltonians. Note that the problem was
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tweaked to exhibit sufficiently complex and interesting behavior, such that there
is interaction amongst dimensions, and each operator is important somewhere in
the domain. Hence the following data yields a reasonably rich problem.

We shall specify the matrices in terms of the following building blocks for the

dynamics:
-1 5
A, = , A=A,
1 -1
[ -1 5 ]
Ac = Aaa Ad - s
| 3 -1 ]
[ -1 5 ]
Ae - Am Af - )
L 1 _1 -
0.27 —-.01
e =04 x , Y = 0.4%,,
—.01 0.27
Y. = X, Yg=0.4%,,
Y. =3, Y =04%,,

and the following building blocks for the payoff functions:

15 2
Da = 5 Db — 14 X Da,
2 15
(02 1.5 ] (16 0]
D.=14x , Dyg=12x ,
1.5 0.2 | 0 0|
[ 0.3 1.5 ] [0 0 ]
D,=11x ., Dyp=13x :
[ 1.5 0.3 | [0 1.6 |

We will use a parameter to adjust the interaction in the dynamics across the
dimensions, and this will be v = —0.1. Now we are ready to define each of the
Hamiltonians. We need to specify parameters for the dynamics (A, X, l) and the
payoff (D, 1, «). For the example below, [; = 0 and I, = 0 for all the Hamiltonians.

The remaining parameters are as follows.
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For the first Hamiltonian, H', we let

Ag I A1 Y. 0 0
Al=|~I A, 0|, Xt=|0 %, 0
v 0 A, 0 0 X,
D, 0 0
D= 0o D, 0|, a=0.
0 0 D

a

For the second Hamiltonian, H?, we let

Ay ~yI I % 0 0
A2= | AT A, 0 |, Z*=|0 % 0
I 0 A 0 0 X
D, 0 0
D*=| 0 D, 0 |, ay=-04.
0 0 Dy

For the third Hamiltonian, H?3, we let

Ac I oI . 0 0
A=~ A, 0|, X*=]0 . 0
vl 0 A, 0 0 %
D. 0 0
D¥=| 0 D. 0 |, az3=0.
0 0 D,
For the fourth Hamiltonian, H*, we let
Ag I ~I g 0 0
At= | ~T A, O |, St=10 2 0
V0 Ay 0 0 %y
Dy 0 0
D= 0 D, 0 |, ag=-04.

0 0 Dy
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For the fifth Hamiltonian, H®, we let

A vl ~I e 0 0
A=l 4 0|, Y=|0 5 o0
vI 0 A 0 0 X%
D, 0 0
DP°=| 0 D, 0 |, as=0.
0 0 D

€

For the sixth Hamiltonian, H°, we let

A ~I ~I Xy 0 0
A= 4T A, 0 |, =] 0 % 0
’}/I 0 Af 0 0 Ef
Dy 0 0
D=1 0 Dy 0 |, as=-04.
0 0 Dy
For this example, we let the time-discretization step-size be 7 = 0.2, and

propagation was carried out with the Shor’s semidefinite relaxation based pruning,
implemented using YALMIP preprocessor [Lf04] and SeduMi solver [Stu99]. The
overpruning threshold was set heuristically to L(k) = 20+6k. That is, a maximum
of L(k) quadratics, v¥, were retained at the k™ step. In this test, 25 iteration steps
were carried out in 30 minutes, yielding a rather accurate solution in a compact
domain in all six dimensions. This computation-time is for an Apple mac desktop,
from roughly 2005. Slices of statistics for this value function along the 1-2 axes
are shown in the accompanying figures. The backsubstitution error depends on
the propagation as well as the time-discretization. The theoretical error bounds in
[MK] are of the form (1 + |x|?) (over the entire space) where € | 0 as the number

of propagation steps goes to infinity and time-discretization go to zero, with the

convergence rates derived in above reference.
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Figure 4.3: Optimal switching policy on the xq, x5 plane
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Figure 4.4: Backsubstitution error on the z, zs plane

4.8 Conclusions

Thus in this paper, two semi-definite programming schemes for pruning the
quadratics were proposed for containing the curse-of-complexity in the curse-of-
dimensionality-free method. Computational complexity for both is polynomial
in space dimension. Both give us an importance metric to rank the quadratics
according to the importance, which is a function of contribution to the point-wise
maximum and its location. This is useful in case we need to over-prune. These
methods have been applied to solve a sample six dimensional, six Hamiltonian
problem in a reasonable amount of time.

Chapter 4, in part, is a reprint of the material as it appears in the proceedings
of American Control Conference 2008, McEneaney, William; Deshpande, Ameet;
Gaubert, Stéphane, IEEE Press, 2008 [MDGO8]. The dissertation author was the

coauthor of this paper.



Chapter 5

Payoft Suboptimality and Errors
in Value Induced by
Approximation of the

Hamiltonian

5.1 Introduction

Chapter 3 reviewed the curse-of-dimensionality-free method, which is based
on the max-plus linearity of underlying semigroup (cf. [MK], [McEO7], [McEO06]).
Chapter 4, based on [MDGO0S|, discussed the curse-of-complexity that arises in
the above method and developed the pruning methods based on semidefinite
programming, and example problems with high dimensionality were solved.

This approach has, so far, only been developed for steady-state problems over
the entire space, although the class could be enlarged. (For other max-plus-based
methods developed for larger classes of problems, see [AGLOS], [MALO04], [FM00],
[McEO06], [DMO03].) The curse-of-dimensionality-free approach currently handles
HJB PDE problems of form

0=—H(z,VV) Vz e R"\ {0}, V(0)=0 (5.1)

where

109
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H(z,VV) = max{H"(z, VV)}, (5.2)

M ={1,2... M}, and the H™ have computationally simpler forms. In particular,
the H™ considered to date have been quadratic forms.

In [McE07], [McEO06], the method was developed and the curse-of-dimensionality-
free nature was made clear. In [McE09], [MK], the convergence rate for the
algorithm was obtained. In particular, it was shown that there were two
parameters, 7 and 17" = N7 such that the errors go to zero as T' = N7 — o0
and 7 | 0. Further, a required relation between the relative 7" and 7 rates was
indicated. The errors in the pre-limit solution approximation are bounded in a form

0 <V —V®<e(l+ |z[?) where V is the true solution and V* is the computed

1 3

approximation. Additionally, we had T'= N7 oc e~ and 7 o €2, and so N o £73.
The computational cost growth with (space dimension) n is only of the order of
n?® (due to some matrix inverses). However, the approach is subject to a curse-of-
complexity, where the computational cost can grow like M. Attenuation of this
curse-of-complexity growth through pruning, using semidefinite programming, is
an active area of research [MDGOS].

Although the PDEs of (5.1) are certainly nontrivial nonlinear PDEs, we would
like to solve more general HJB PDEs. A function, say F'(y), is semiconvex if
given any R < oo, there exists Cr < oo such that F(y) + SE[y[? is convex
over Bg(0). (Note that the space of semiconvex functions certainly contains both
C? and the space of convex functions as subspaces.) It is well known that one
can approximate any semiconvex function as the pointwise maximum of quadratic
forms. In fact, this is simply a max-plus basis expansion over the max-plus vector
space, or moduloid, of semiconvex functions (c.f., [McE06]). With this in mind, we
see that we could approximate any semiconvex Hamiltonian by a Hamiltonian, H ,
of the form (5.2) with quadratic H™. We could then solve the HJB PDE problem
(5.1) with a curse-of-dimensionality-free method, thereby yielding an approximate
solution of the HJB PDE with the original semiconvex Hamiltonian. Such a
procedure would induce two error sources. The first consists of the errors in the
solution of (5.1) generated by the curse-of-dimensionality-free algorithm. These are

briefly discussed in the previous paragraph, and fully discussed in [McE09], [MK].
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The second source is that induced by the approximation of the original Hamiltonian
by H. This latter error source is under discussion here. Although the analysis to
follow is specifically oriented toward approximation by H of the above form, the
general concepts may be more widely applicable. Further, in addition to obtaining
bounds on the difference between the solution of the original and approximating
HJB PDE problems, we also obtain a lower bound on the suboptimality of the
controller obtained by use of the solution of (5.1) in the controller computation.

This latter question is, of course, of significant practical value.

5.2 Problem Statement and Assumptions
We will consider the HJB PDE problem

0=—H(z,VV) =~ sup [f'(x,0)VV +(z,w)],

weRK

V(0) =0 (5.3)

where x € R™. More specifically, we are seeking the particular viscosity solution
of (5.3) which is the value function of the following optimal control problem. The

dynamics are given by
& = (& we) = g(&) + o(&)wy, (5.4)
and the running cost is
2
1 w) = D&) — Ll (55

The value function we seek, maximizing the payoff over controls w € W =
LQ([O7OO)7Rk)a 18

N T
V(z) = sup sup {/ 1(&,wy)dt
0

weW T'<oo

@:x}. (5.6)
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We assume, 3K, ¢, d,,C,a € (0,00) such that the following hold.
g(z) is globally Lipschitz continuous with constant K, (x—y)” (g(x)—
g(y)) < —clz — y|* for all z,y, and g(0) = 0. o(x) is Lipschitz (A1)
continuous with constant K, and its norm is bounded globally by d,.
|L(z)—L(y)| < C(1+|z|+|y|)|z—y]| for all z,y, and 0 < L(z) < a|z|?

for all . Finally, we assume 7?/d> > «a/c?.
It is worth noting, that with the above forms for f and [,
H(x,p) = g(x)'p + L(x) + gz=p'o(x)o’ (x)p.
In [McE06], it was demonstrated that the above assumptions guarantee the

following:

Theorem 5.2.1. V (given by (5.6)) is a continuous viscosity solution of (5.3),
and is the unique such solution within the class

2 _ 32
2d?

Gs ={¢ : ¢ is semiconvez, 0 < ¢(z) < et |z |*} (5.7)

for & > 0 sufficiently small.

The goal is to approximately compute 1% by approximating H by an H taking
the form (5.2) with quadratic H™, and then to solve (5.1) with the curse-of-
dimensionality-free method [McEO07], [McE06].

In particular, we assume that H and H are close in the following sense. Assume

that:

There exists 8 > 0 such that, for all x,p € R™ such that ﬁ(x,p) <0,

one has

H(w,p) < H(z,p) < H(x,p) + 0 [[x* + |p[*] .

Note that the coefficient # parameterizes the degree of closeness between H
and H. As we are dealing with max-plus vector spaces, H approximates H from

below (c.f. [McEO06]), and so this approximation assumption is one-sided.
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Let D~V(z) denote the sub-differential of V" at x, i.e.,

D V(x) = { peR"

g VW) = V(@) —p-(y — ) > o}.
yoe |y — x|

Remark 5.2.2. If V is a viscosity solution of (5.1), and p € D~V(z), then by

the definition of viscosity solutions, H (xz,p) < 0. Consequently, the inequalities of

Assumption (A.c) hold for all z, p such that p € D~V (z).

We will suppose that the H™ are generalized quadratic forms, with parameters
meeting certain conditions which guarantee existence and uniqueness within a

certain function class. The H™ take the form

H™(z,p) = 32'D"x + 5p'S™p + (A™z)p

+(I7Yx+ (13)p+ a™ (5.8)

where each ¥™ = (1/7?)o™(c™)’ for appropriate matrices ¢™. In regards to H™,
we make following assumptions, which ensure existence of a solution meeting the

boundary condition at the origin (c.f. [MK]).

Assume there exists ¢4 € (0,00) such that 2’ A"z < —cu|z|? for all
r € R" and all m € M.

Assume H'(z,p) has coefficients satisfying the following: I} =13 = 0;
a' = 0; there exists ca; € (0,00) such that o’ A'z < —cyq|z|* Vo €

R"; D' is positive definite, symmetric; X' > 0; and 7*/c2 > cp/c? |, (Am)
where cp is such that 2’ D'z < cp|z]* Vo € R” and ¢, = |o!].

Assume that system &4 = Artgre 4 I5" + o#w is controllable in the
sense that given z,y € R" and T" > 0, there exist processes w € W
and g measurable with range in M, such that & = y when &y = x

and one applies controls w, p.

The first assumption in (A.m) is not restrictive, as without this nominal sta-
bility, sensible problems with positive definite running cost would have unbounded

value. The second of the assumptions assures that at least one of the Hamiltonians
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has a purely quadratic structure, and this one typically “looks like” the H near the
origin. The controllability assumption is (currently) needed for technical reasons.

We let

T .
V(z) = sup sup sup / Lr (&) — ?|wt|2 dt
0

T<00o pEDxo weEW
where
L™(z) = 32'D"x + (I")'z + o™,
€= AMG + 1" + oM,
and
Dy = {p:[0,00) — M| measurable }.
In [McE06], [McEQT7], it was shown that:

Theorem 5.2.3. V is the unique viscosity solution of (5.1) in the class of
continuous functions satisfying V(z) € [0,V ()] for all z € R™.

5.3 Preliminaries

The following lemmas will be useful further below. Let T € (0, 00), and let W

be the finite horizon value function given by

W(z,T) = sup /Tl(ft,wt)dt, & =, (5.9)
0

wew

where ¢ satisfies (5.4). Noting that V > 0, we see that

T
W, T) < sup / Enw)dt + V(Er), &=
weW Jo

Also, let § = 2~ Q‘i@. With these definitions and [McEO06], Ch. 3, we immediately

obtain the following two lemmas.

Lemma 5.3.1. Let w§ be e—optimal (with € € (0,1]) for problem (5.9). Then,

e g 1 C’yz ¢ [0
sllwfll 7, om < 5153 {ﬁe Tt Z] |z ]2, (5.10)
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Lemma 5.3.2. Let wi be e—optimal (with € € (0,1]) for problem (5.9), and let &

be the corresponding state process. Then,
T 2 2 2
2ed d 200y 1
€2 o o 2
dt < 2% L So | (22T L2 g2
/0 1€ |7dt < 5 +5C KCQ +d0)+c} ||

5.4 Error in the Value Function

(5.11)

As noted in Theorem 5.2.3, 0 < ‘7(517) < XA/(a:) for all x € R™. Now we obtain an

upper bound on V — V. The main result and core of the proof are Theorem 5.4.6

below and its corresponding proof. Prior to this we obtain some technical results.

Lemma 5.4.1. There exists K, < oo such that for any x € R",

p| < Klz|  Vpe D V()

Proof. By Theorem 5.2.3, Remark 5.2.2, and (5.2), for all p € D~V (), one has

H'(z,p) < H(x,p) < 0.
Using (5.8) and Assumption (A.m), this implies

"Dz + p S p+ (A'2)Tp <0 Vpe D V().

Rearranging this, and dropping superscripts for convenience, yields

-1 T -1
(p—i— > Ax) Y (p+ > QA:U) < 2T(AY'A - D).

2

Thus 9

YA
’ Amin[z] S |x’2)\max[AZ_1A — D],

where, A\pin[X] = min; Re(\;[X]) and A\ [X] = max; Re(\;[X]) with \;[X] being
the eigenvalues of X. By Assumption (A.m), Auin[X] = Amin[2!] > 0. With a little

calculation, this implies the desired result.

O

Remark 5.4.2. Using the above proof, a specific value of the bound, K, can be

explicitly computed as:

AlZlflAl _ Dl]
)\min[zl]

1 - )\max
l@—§Mm@1MW+¢ [

(5.12)
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Fix R < oo, and let x € Bg. Let ¢ € (0,1], and let w® be an e—optimal

controller for (5.9). Also, let £° denote the corresponding state process.
Lemma 5.4.3. For any T € [0,00), & is absolutely continuous on [0,T].
Proof. Fix any § > 0. Consider any finite set of disjoint subintervals of [0, 77,

say {[s;,t:] |7 €]1, N[}, such that ¢; < s;41 for all i €]1, N — 1] and such that
ZigN |t; — s;| = 0. We have

N N
i=1

i=1
which by Assumption (A.V)

[ o€+ o(€i e

N t;
<> [ KU+ dofu (5.13)
i=1 Y%

for the proper choice of Kj.
From inequality (3.17) from [McE06] (which follows easily from assumptions
(A.V)), there exists Cy < 0o, independent of T, such that

t
P < (1+1oP+ [luPar)  vienT
0
which by Lemma 5.3.1,
<Cs(1+|z]*)  Vtelo,T), (5.14)

for the proper choice of C5 < oo (independent of T € [0,00) and € € (0,1]).
Combining (5.13) and (5.14), one finds for the proper choice of C5 < oo
(independent of T' € [0,00) and € € (0, 1]),

t;
- & | <Z{/ Cs 1+|x|)dt+/ da|wf|dt}

N t
:CG(1+|x|)6+Z/ dy|w| dt. (5.15)
i=1 v %

i=1

Define

1 ift € [s;,t;] for some i

0 otherwise.
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With this definition, (5.15) becomes

N

D

i=1
which by the Cauchy-Schwarz inequality

T
€~ €1 < Colt +[al)5 o [ o0)fu] e
0
T 1/2
< +les + | [ oy ar] il
0
< Co(1+ [2])38 + dy 62 |
which, by Lemma 5.3.1 again

< Co(1 4 [2])6 + Cr(1 + |z])5"?

for the proper choice of C7 < oco. This last inequality implies absolute continuity.

[]

Lemma 5.4.4. For any T € [0,00), V(&) is absolutely continuous on [0,T)], and
~ ~ T g ~
Ve - Vo) = | GV
0
where the time-derivative exists almost everywhere.

Proof. The semiconvexity of 1% (given in Theorem 5.2.3) implies local Lipschitz
behavior (c.f., [Fle77]). Further, by the continuity given in Lemma 5.4.3 and
finiteness of 7', & remains in a bounded set. Combining the absolute continuity
of £° obtained in Lemma 5.4.3 with the Lipschitz property of V over the bounded
set immediately implies the absolute continuity of 17(55 ). The remaining assertion

is a direct result of the absolute continuity. O

Lemma 5.4.5. For any T € [0, c0),

. - T
(&) - V(a) = / max p- f(E, uf) d.

peD—V(£5)

Proof. By the semiconvexity of V, the (one-sided) directional derivative, V, (),

exists for all x € R™ and all |u| =1 in R™ (c.f., [BCD97|, Th. 11.4.7). Now,
d -~ l >
LT = lim 7 (E5,s) ~ V(&)
1~ -
= lim <[V(§ + 0f (&7, wf) + O(6%)) = V(&])]
= 1€, w)IVau &)
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with u, = f(&, ws) /| f(&, ws)| when f(&5, wF) # 0, and u; an arbitrary unit vector
otherwise. Again applying [BCD97], Th. 11.4.7, this yields

CVE) = 176 w)l max_p-u

peD=V (&)
peDV(&5)

]

We now proceed to obtain the main result of the section. For any ¢ € [0, 77, let

6= max p- f(&,uf),
peD~ V(&)

By the e-optimality of w®, one has
T T
W(x,T) S/ (&, wy) + vy dt—/ vpdt + ¢
0 0

(where existence of the integrals follows from Lemma 5.4.5). Then, by Lemma

5.4.5,
W(z,T) < V(z) - V()
+ [ g ) + o) de -+ (5.16)

For any t € [0, 77, let

p; € argmax p- f(&, wy).
pED~V (&)

Then,

W& wp) +op = U& wy) + ;- f(&,wrp)
which by Assumption (A.c),
< H(&.pf) + 01 + I *). (5.17)

However, by the definition of a viscosity solution, and the fact that p; € D_v(ff ),
fl(ff,pi) <0, and so, (5.17) yields

U wi) +vf < 0 + [pil)
which by Lemma 5.4.1,
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<0(1+ K3)|& )% (5.18)

Substituting (5.18) into (5.16), one obtains

W(x,T) < V() — V(&) +0(1+ K2) /OT 12 di + ¢,
and noting V> 0, .
< V(@) +00+K2) [ [gifd e
which, by Lemma 5.3.2, i
< V(x) +0(1+ K2)[Ch + Cslz[?] +-e, (5.19)

where

2 2
Cy = 2d%/(dc) and 02:$[(20‘+7_)+1].

oc [\ 2 " d,

Since this is true for all € € (0, 1], we have
W(w,T) < V(x) +0(1+ K2)[Cy + Cola]?]. (5.20)

Then, noting (c.f., [McE06]) that W (z,T) — V(z) as T — oo, (5.20) yields the

value approximation result:

Theorem 5.4.6. There exists C3 < 0o such that

V(z) =01+ K2)[Cy + Cola) < V(z) < V() VaeR (5.21)
where , ,
= d 200y 1
_ o942 — Zo | = L -
Cr =2d3/(5c), Cr== KCQ + dg) + J : (5.22)

and 0 is as given in Assumption (A.c).

Thus, we see that 1% approximates 1% arbitrarily well if H is sufficiently close

to H, this closeness being parameterized by 6.

5.5 Degree of Suboptimality of the Controller

In the previous section, it was shown that if the approximating Hamiltonian

is close to the Hamiltonian of the originating problem in a certain sense, then the
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corresponding viscosity solutions will be close in an appropriate sense. However,
recall that we are specifically concerned with a case where we can efficiently solve
the HJB PDE with the approximating Hamiltonian, and would like to use this
solution to generate a controller for the originating problem. Consequently, we
would like to know whether an (approximate) optimal control generated from the
solution of the approximate HJB PDE, will perform well when applied to the true
system, which is described by the originating Hamiltonian. We begin with some
preparatory results, which are minor variations of the well-known properties of
viscosity solutions and semiconvexity. Between Lemma 5.5.4 and Lemma 5.5.6,
the optimal control approximation will be introduced. The main development will

begin with Theorem 5.5.8.

Lemma 5.5.1. Suppose V' is a semiconver viscosity solution of 0 = ﬁ(a:,VV),
where H is continuous. Let D~V (x) denote the sub-differential of V' at x. For any
x,q € R", there exists p € D~V (x) such that

D-q = . 5.23
prg= max poq (5.23)
and
H(z,p) = 0. (5.24)
Proof. Let
Hx,} C A, such that
DV(r) 2 lpere | Sl EA s (5.25)
x, — z and p = lim,, o VV (z,)

where 4 = {a € R"|VV(z)exists }. We note that by Rademacher’s Theorem
(c.f., [Zie89]), the Lebesgue measure of A€ is zero, due to the fact that V' is locally
Lipschitz, which follows from the semiconvexity (c.f., [Fle77]). The generalized
gradient (c.f., [Cla83)]) is the convex hull of D*V (x), denoted by (D*V(x)). Then,
by the semiconvexity of V' and [BCD97], Proposition 11.4.7,

D V(z) = (D*V()). (5.26)

Obviously, for any ¢ € R", p - ¢ is linear as a function of p, and so it takes its

maximum over a convex hull at a point in the generating set. Using this observation
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and (5.26), we see that
e v 1T e Vant 1T s vt (5.27)
Let p € argmax,cp+y () P - ¢- By (5.26) and (5.27), we see that it is an element of
D~V that achieves the maximum in (5.23). Then, by (5.25), there exists z,, —
x with VV(z,,) — p. However, f-\l(xn,VV(xn)) = 0 for all n, and so, by the
continuity of H, ﬁ(x,p) =0.
O]

It will be helpful to make the following definitions. Let

P(x) =P(x;V)
= argmax{ f(z,w) - p + l(z,w) | (w,p) € R¥x D_V(x)}

Also, let

WO(x; V) = argmax  max  [f(z,w) - p+ Uz, w)],
weRk  peD~V(x)

and

PO(z; V) = argmax max [f(z,w) - p + I(z, w)]
peD- V() WER®

= argmax [g(fr) D+ 5apo(2)d (x)p) -
peD~V (z)

It will also be handy to note some simple relations.

Lemma 5.5.2. If & € W°(z; V), then there exists p € D~V (z) such that (i, p) €
P(z). On the other hand, (i, p) € P(x) implies that w € WO(x; V).

Proof. To simplify the notation, let G(z,w,p) = f(z,w) - p + l(z,w). Suppose
W € WO(x; V). Then

max G(z,w,p) = max max G(z,w,p),
pED~V (x) wERF pe D—V (x)

which implies that there exists p € D~V (z) such that (i,p) € P(z).
Alternatively, let (w,p) € P(z). Then,

G(z,w,p) = max max G(z,w,p),
weRF pe D-V (z)
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which implies

max G(z,w,p) > max max G(z,w,p). (5.28)
peD~V (x) wERF pe D-V (z)

Now, suppose @ & W°(x; V). This implies that

max G(x,w,p) < max max G(z,w,p), (5.29)
peD~V () weR* pe D-V (z)

Which contradicts (5.28).

Analogously, one has:

Lemma 5.5.3. If p € PO(z; V), then there exists w € R¥ such that (i, p) € P(x).
On, the other hand, (i, p) € P(z) implies that p € P°(z; V).

We now get a simple representation for w, which will be useful in bounding the

control effort.

Lemma 5.5.4. Suppose p € P(x:V), and let © = w(z,p) = So'(x)p. Then,

5
(0, p) € P(z), and & € WO(z; V).
Proof. Using (5.4) and (5.5), we have
flz, ) - p +l(z,w)
2
= [gle) + o(@)a] - p+ L(x) - il

2
which by a simple calculation of the maximum of a quadratic,

= max|[f(z,w) - p + l(z, w)],
weRk
which, since p € P(z; V),

=max max [f(z,w)-p+I(z,w)],
weRF pe D=V (z)

which implies (w, p) € P(z). The second assertion then follows from Lemma 5.5.2.

]
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We now deal with a technical issue related to existence of solutions. We will
make an assumption, and then indicate a class of systems meeting the assumption.

Let

Fi(e) = {g@s) + ol @]y e PO(x)}

1 r, 0
~{at0) + Zowhulu = S0/ e P}

which by Lemma 5.5.4,
1
= {g(:z:) + Ea(m‘)w |w e Wo(x)} :

Consider the differential inclusion

Ee F), & =u (5.30)

We assume there exists a a locally Lipschitz solution of (5.30). (A.s)

We denote this solution of (5.30) as £.. Note that in the case where V is smooth,
(5.30) reduces to an ordinary differential equation, and there is no technical issue.
However, in general, existence proofs for differential inclusions are less trivial than
those for differential equations. One class of problems where it is known that (A.s)

holds is as follows.

Theorem 5.5.5. Suppose that —F*® is monotone in the sense that (u—v)-(z—y) >
0 for allu € —F*(x), v € —F*(y), and all z,y € R™. Then for any x € R", there
exists a locally Lipschitz solution of (5.30), and further, ||&|| is monotonically

decreasing.

Proof. With a possible linear rescaling of the time variable, I — F* is onto (where [
indicates the identity mapping). By [AC84], Theorem 3.1.1, this implies that —F*
is maximal monotone. Then, by [AC84], Theorem 3.2.1, one obtains the result.

]

Lemma 5.5.6. For any T € [0, c0),
~ _ ~ Tq - _
V) - V) = [ Gr@a

where %‘7(&) erists a.e.
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Proof. By the existence and continuity of & on [0,7] (for any 7)), there exists
Ry < oo such that |&| < Ry for all t € [0, T]. Also, by the Lipschitz continuity of
V (implied by the semiconvexity, c.f., [Fle77]), there exists K7 < oo such that

V(z) - V()| < Kr(r—y)  Va,y € Bg,, (5.31)

and this implies |p| < Ky for all p € D~V (z) for all z € Bgr,. By (5.31) and
the Lipschitz behavior of £ on [0, T] V() is Lipschitz on [0,7], which implies
V(&) exists a.c. on [0,7], and V(§,) — V(&) =

absolute continuity. Therefore7 o
ftdvfr drforall 0 <s<t<T.

]

As noted in the proof just above, there exists Ry < oo such that & € Bg,
for all t € [0,7] Then, again using the local Lipschitz nature of V. there exists
K < oo such that D~V (z) C B, (0) for all # € Bg,(0), that is D~V (Bg,(0)) C
By, (0). Consequently, W(Bg, (0): V) C i—gBKT(O). Then, by for example, [AC84|

Corollary 1.14.1, there exists a measurable selection, w., where for a.e. ¢t € [0, 7],
w € W& V) [ 9(&) + o(€)wr = &}

Of course, where VV (&) exists, this reduces to w, = 7—120’(5,5)V1~/(5t).
The proof of the following lemma is essentially identical to the proof of Lemma

5.4.5, and so we do not repeat it.

Lemma 5.5.7. For any T € [0, c0),
~ —_ ~ T p—
Ve - Vi) = [ max p 6w
0 peED~ V(&)

It will be necessary to show that solutions driven by our feedback control are
well-behaved, i.e., staying bounded and eventually decaying to the origin. This
step is comprised of Theorem 5.5.8 to Lemma 5.5.11.

Theorem 5.5.8. For any T € [0, 00),

AZ@@mﬁsz—V@»
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Proof.

peED~V (&)

T [ B
/ 1(&,w) dt = / [l(ft,u_}t) + max  f(&,wy)-p| dt
0 0

_ / U max f(E.m)-pt. (5.32)
0

pED~V (&)

where the integrability follows from Lemma 5.5.7.
Define
Ho(w: ) = {p € R" | H(x,p) = 0}.

Then, note that

W&, w)+ max  f(&, ) p
peED~V (&)

= max [l<€t7wt) +f<€t7u_]t) p} )
peD~V (&)

and, since w, € WO(&; ‘7),
= max max [l(ft,w) + f(&,w) -p} ,
wERF peD~V (&)

:max{l(f_t,w)vL max [f(g},w)-p}},

weRk peED=V (&)
which by Lemma 5.5.1,

:max{l(f_t,w)—i— max [f(&, w) -p]},

wERk pED~V (&)NHo (& H)

= _max _ max [I[(§,w) + f(&, w) - p],
peD~V (&)NHo (& H) wERF

— max H(&,p),

pED=V (&)Ho (€ H)
which by Assumption (A.c),

Z ~maX - -E[(gtap)a
peD~V (&)NHo(€;H)

which since p € Ho(ft; ﬁ),
= 0.

Integrating this over time, we see that,

0

peD~V (&)
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Substituting (5.33) into (5.32), one finds

T T B
/ (&, wy) dt = —/ max  f(&,w) - pdt,
0 0

peED~V (&)
which by Lemma 5.5.7,

Corollary 5.5.9. For any x € R", and any T € [0, 0),
T — ~ — ~
0

where K, =V (z) — V(x).

Proof. The result follows immediately from the theorem by noting that \7(&?) <

V(ér). O
From Corollary 5.5.9 and [McE06], Lemma 3.17, one has

Corollary 5.5.10. For any R < oo, there exists Mr < oo such that for all |x| < R
and all T € [0, 00),

T —
/ &2 dt < Mp.

0

Lemma 5.5.11. Given ¢ € (0,1], z € R" and T < oo, there exists T > T such
that

0< V(&) < V(&) <e.

Proof. As the other inequalities are already proven, we prove only the rightmost.
Using Corollary 5.5.10, it is easy to show that given & > 0 and T' < oo, there exists

T € [T, 00) such that
&) < & (5.34)

From [McEO06], Theorems 3.19 and 3.20, there exists Cy < oo such that V(z) <
Cy|z|?, and consequently,
V(&) < Cylérf. (5.35)

Combining (5.34) and (5.35) yields the result.
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We now begin the development leading to the main result of the section. By
Corollary 5.5.9 and Lemma 5.5.11, we see that given ¢ € (0,1] and T < oo, there
exists T' € [T, c0) such that

/T (&, @) dt > V(z) — K, —e. (5.36)

Recalling the specific form of [ given in (5.5) and the growth on L given by
Assumption (A.V'), we see that (5.36) implies

~

2
fy B _
7”“*”%2(01) < allél? 00 + Ko+ = V()
which, by Corollary 5.5.10
< OéMm + K, +¢— ‘/}(I)

Since this is true for any T' < oo,

— —_— . 2 A~
191175 0.00) < Mz = 5 |0M + Ko +1 - V()] (5.37)
Combining (5.37) and Corollary 5.5.10, we see that given £ > 0, there exists
T < oo such that

€N, 700y 117, 00

which implies that given € > 0, there exists T < oo such that

/A |1(&, wy)| dt < €, (5.38)
T
which implies that limp_ o fo (&, w,) dt exists. In particular, given & > 0,
T T
/ G, ) dt — Tim | 1(E, @) dt’ <é (5.39)
0 —>Jo

for all 7> T. By (5.39) and Theorem 5.5.8, given & > 0,

T

lim [ (&, w)dt>V(z)—é—-V(&) VT >T. (5.40)

T—o0 0

Combining (5.40) and Lemma 5.5.11 (with T replacing T'), one sees that given

€ >0,
T

T—o00 0

Lastly, since this is true for all £ > 0, we obtain:
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Theorem 5.5.12. .

lim [ (&, w,)dt > V(z).

T—o0 0

Combining Theorem 5.5.12 and Theorem 5.4.6, we have:

Theorem 5.5.13. For any x € R",
T

lim [ U(&,@)dt > V(x)— 01+ K2)[C, + Colaf,

T—oo 0

where Cy, Cy are as given in (5.22), and K, is indicated in Lemma 5.4.1, with an

explicit bound given in Remark 5.4.2.

In other words, the payoff obtained with control w., based on solution of
the approximating problem, will be arbitrarily close to the optimal payoff, ‘7(33)
Further, the bound on the difference, 0C5(1 + |z|?), goes to zero as § — 0, where

6 parameterizes the closeness of H to the originating Hamiltonian, H.

5.6 Numerical Examples

We include two examples validating the bounds obtained above. More

specifically, we validate the error bounds of Theorems 5.4.6 and 5.5.13.

5.6.1 Simplest example

The simplest possible example is to approximate a quadratic Hamiltonian for a
problem in one dimension by another quadratic Hamiltonian. In such a case, one

can validate the results analytically. The PDE we choose to approximate is
Lo, 1 2
0=—-H(z,VV)=— §Dx + iE(VV) + AxVV

with A = —1, D =1, ¥ = 0.9. Without loss of generality, we may let ¢ = 1, in
which case one has v = /02/% = 1.0541.

The associated value function (PDE solution) is quadratic and given by V (z) =
%Paf, where P is the smallest nonnegative solution to AP+ PA+ D+ PXP = 0.
Hence P = (—A — /A2 —¥D)/% = 0.7597.
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We approximate the Hamiltonian in our above PDE crudely by another
quadratic Hamiltonian. In particular, we take
1

—H(z,p) = — <§(D — )z’ + %(Z —e)p* + Axp) .

The associated value function is V(z) = 1 Pz, where P is the smallest
nonnegative solution of A’P + PA+ (D —€) + P(X — )P = 0. With ¢ = 0.2,
one obtains P = 0.5.

In order to validate the bounds in Theorems, 5.4.6 and 5.5.13, we need to
compute values for 6, Cy, Cy and K ;. We will obtain C4, Cy and K|, from (5.12) and
(5.22). To obtain these values, we note immediately that one has d, = ||o||2 = 1,
¢ = —dmax|4] = 1 and @ = A\yux[D] = 1. (Here, we again use the notation
Amax| X | = max; Re(A\;[X]) and A\yin[X] = min; Re(\;[X]), where the A\;[X] are the
eigenvalues of X.) To choose lower bounds, we need highest possible ¢ satisfying

(5.7), that is 3 P2?* < ¢L=%|2|2. Hence we take & = \/72 — I A\max(P)d2 = 0.3746.

242
With these coefficient values, we find

1 _ Amax[A(X — €)7TA — (D — €)]
K, = = dmax|(Z —€)1A = 0.2333,
g 2)\ [( €) |+ \/ S 0.2333
C) = 2d%/(6c) = 5.34
and , )
d 20 1
==+ = -1 =10.41.
¢, oc [(c2+da)+c} 0
One can also easily verify that
@ |z[* + [p[? 2
We now define the normalized value function error, V.., as
Viz) =V
Vo () = (z) — V(z) (5.41)

0(1+ K2)(Cy + Cylz]?)
If the bound in Theorem 5.4.6 is correct, then this should lie in [0, 1] for all z € R™.

Using the values computed above for all the terms on the right-hand side of (5.41),

we have
0.2597\:v|2

‘/err = ;
(%) = 55630 + 1.008]2
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and by inspection, we see that this lies in [0, 1] for all .

The approximate optimal feedback control is w(x) = 7—120’ (x)p, where p €

a

PO(x; V) = argmax,c p- () H(z,p). Hence w(z) = ?ﬁx = 0.556x. The dynamics

corresponding to this approximately optimal control is

& = [, (&) = g(&) + o(&)i(&) = (A + ZP)E,

and the solution is simply & = e+=P)tz With the above problem data, A+XP =

—0.55t

—0.55, and so this solution is & = e xo. The associated running cost is

. N TR 1 =B E
(&, wr) = L(&) — 5’@|2 = L(&) - ?W(&)F = 557(17 — PXP)§;.

Integrating this along the approximate optimal trajectory, we find the approximate
optimal payoff for a trajectory starting at & = x¢ to be

T oo
_ 1 _
Popp(z0) ijli—>moo i [(&,wy) dt = 51.3/0 Q2A+EP) gy

1 (PEP—-D) 1
—xg(—) = —0.7045|z|%.
2 "2A+3%P) 2

We define the normalized payoff error, P.,,., to be

V(x(J) — Papp(20)

Perr(wO) = (542)

By Theorem 5.5.13, this should lie in [0, 1] for all x € R™. Substituting in the

above data, we find

P (z0) 0.0552] 2]
err\Lo) = )
/70,5630 + 1.098]zo|?

which clearly lies in [0, 1] for all .

Note that as proven in Theorem 5.5.12, in this example we found F,,, > V and
hence P,,, > V,,.,.. That is, the suboptimality of the approximate payoff is less than
the error in the approximate value function. This is expected intuitively since in
calculating F,,,, we have access not only to the approximate value function, \7(m),

but to the exact dynamics and running cost.
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5.6.2 Four Hamiltonians and four-dimensional state space

We now verify our bounds in a more complex case, with four constituent quad-
ratic forms in the approximating Hamiltonian. In order to make this verification
tractable, we again approximate only a simple PDE with a quadratic Hamiltonian,
and consequently, have an analytical expression for the true solution, V. Again,
it would make no sense to use our methods on a problem with known solution,
but we find it useful to do so as a means for verifying the results obtained above.
The four-dimensional approximating Hamiltonian will be constructed from the

following building blocks. We take

-1 5
A(z = Ab A(M
1 -1
-1 .5
Ac - Aaa Ad - )
3 —1
1.08 —.04
Ea - ) Eb ECL?
—.04 1.08
Ec = Za, Zd - Eaa

and

1.5 2
Da: ; Db:14XDa7
2 15

D.=1.6 x D,, D;=18 x D,.

We will use a parameter to adjust the interaction in the dynamics across the
dimensions, and this will be n = —0.01. Now we are ready to define each of the

Hamiltonians. The true PDE is given by

0=—-H(z,VV)=— (lw’Dx + 1(VV)’ZVV + (Ax)’VV)

2 2
where the coefficients in the Hamiltonian are
A I g 0
A= | no |
7’][ Ad 0 Zd

Dy 0
D=
0 Dy
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Recall that we solve the approximating HJB PDE, 0 = —H (x, VV) where in

our example here, the H™ take the specific form

H™(x,p) = 52'D™x + 3p'’S"p + (A™2)'p + o™,

that is, with I7*,15" = 0. We take M = 4, i.e., H(z,p) = maxyeq1 2,343 H™ (2, p).
For the first Hamiltonian, H', we let

A, nl s _ Yo 0
nl A, | 0 3,

D, 0
Dlzl D], at=0.
0 D,

Al =

For the second Hamiltonian, H?, we let

e | Aol we_ | % 0
77[ Ab 7 0 Eb
D, 0
D? = ’ . at=-1.
0 Dy

For the third Hamiltonian, H?3, we let

A. nl
nl A,

A=

o Y. 0
’ 0 X,

D, 0
D3:[ D], o = —3.
0 D.

For the fourth Hamiltonian, H*, we let

i | Al ci_ [ T4 0
77[ Ad 0 Z]ol
D, 0
D* = I ., at=-8
0 Dy
We solve 0 = —H (x, VV) to obtain V, using the curse-of-dimensionality-

free algorithm [MDGO8]-[McE05]. The time-step size used was d; = 0.3 and
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the time horizon was taken to be T = 4 (c.f. [McE06]). (The computation
required approximately 20 minutes on a typical desktop machine.) As the value
is a function on R* we cannot display it. For illustrative purposes, we plot
information on the (z3,x4) plane (passing through the origin). Of course, as we
are using a numerical method, we are only computing an approximation to XN/, and
we denote the approximate solution by V. The backsubstitution error is given
by e(z) = H(z,VV(z)). The backsubstitution error and the optimal controller
switching schedule on this plane are plotted in Figures 5.1 and 5.2. One can see
that the solution converged within the domain of interest.

A heuristic measure of the error in gradient can developed using Newton’s
method as follows. Given x € R", let m = argmax,, H™(x,VV). If p =
VV(z) and p = VV(z) (where we are assuming existence of the gradients),
0 = H(z,p) = H(x,p) + (p — p)VoH(z,p) = e — (8™p + A™z). To obtain
our heuristic gauge of accuracy, we choose the nearest p, p, which is the solution
of linearized approximation to the quadratic Hamiltonian, and use this as an

approximation for p. That is, we take
p=argmin{lp—p|: e — (X"p+ A"z)'(p — p) = 0}.
P

This can solved using the pseudo-inverse, yielding

p—prp—p=(Tap+ Anz) e

The relative error in the gradient, |,g%5|7 is plotted in Figure 5.3, and we see that it
is everywhere less than 10%, and generally much smaller. This indicates that our
following check on the bound of Theorem 5.4.6 is valid.

As in the previous example, we obtain C4, Cy and K, from (5.12) and (5.22),

and obtain K, = 7.07, C} = 1.07 and C5 = 15.03. We find a value for 6 satisfying
H(x,p) = 0(|z|* + [p|*) < H(x,p) < H(x,p)

by a rough search. In particular, we see that # = 0.66 satisfies the condition.

As in the previous example, we compute V., from (5.41), although in this case,
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we use the computationally obtained V in place of V. Again, Theorem 5.4.6 is
validated if V,,.,.(z) € [0,1] for all z. This was verified, and in particular, we
plot the value of V., on the (z3,x4) plane in Figure 5.4. We also compute the
resulting suboptimality in the payoff (see (5.42)) on the same plane in Figure 5.5.
In this case, for the values of P,,,(-) at each point, =, are obtained by integrating
along the trajectory, starting at xy, using a control based on the gradient of the
approximating value function. In particular, at each point along the trajectory,
this gradient is obtained as the exact gradient of the quadratic which is maximal
at that point.

Chapter 5, in part, is a reprint of the material as it appears in the international
symposium on Mathematical Theory of Networks and Systems, (MTNS) 2008,
McEneaney, William; Deshpande, Ameet, Birkhduser Press [MDO08b]. The same
chapter, in full, has been submitted for publication as it may appear in STAM
Journal of Control and Optimization, McEneaney, William; Deshpande, Ameet,

SIAM Press [MDb]. The dissertation author was the coauthor of these papers.
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Figure 5.2: optimal switching along 3-4 plane

0AZ o

Figure 5.3: relative gradient error along 3-4 plane
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Figure 5.4: Normalized Value function error along 3-4 plane

Figure 5.5: Normalized Payoff function error along 3-4 plane



Chapter 6

A Curse-of-Dimensionality-Free
Numerical Method based on
Min-Plus algebra

6.1 Introduction

In chapter 3, we reviewed the curse-of-dimensionality-free method developed
to solve a certain class of semiconvex Hamilton-Jacobi-Bellman (HJB) PDEs
(cf.  [McEO07], [MK], [McE09], [MDGO0S8], [McE06]). These PDEs arise in
the infinite horizon problems with stable dynamics and unbounded control and
state space, in which we aim to maximize a payoff. In this method, the
Hamiltonian is approximated by the max-plus sum (pointwise maximum) of many
linear/quadratic Hamiltonians, and the infinite horizon value function is obtained
as the limit of finite horizon problem as the time grows. This method surprisingly
is not subject to the curse-of-dimensionality. In fact, the computational growth
in state-space dimension is of the order of n3. There is however no free lunch,
since the curse-of-dimensionality is replaced by the curse-of-complexity. Various
pruning methods developed to attenuate this curse were reviewed in chapter 4.

In this chapter, we shall extend the above method to solve a semiconcave

HJB PDE, which can be approximated as the min-plus sum (pointwise minimum)

137
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of linear/quadratic Hamiltonians. These arise in infinite horizon problems with
unbounded control and state space, and in which we aim to minimize an integral
cost. In such problems, the nominal dynamics does have a fixed point at origin,
but the stability need not be assumed, making it more general.

In the section 6.3, drawing on the previous work in [Lio00] and [BLI7], we
shall prove the existence and uniqueness of the value function within a certain
class of viscosity solutions of the HJB PDE. Section 6.6 shall discuss the min-
plus fundamental solution, and derive the same for linear/quadratic PDEs. In
section 6.5, we shall prove some important theorems regarding the validity of the
discrete time approximation for propagation in finding the value function. The
main algorithm will be covered in section 6.7. Lastly we shall examine a sample

numerical example to test our algorithm in section 6.8.

6.2 The Problem
We consider the problem with dynamics

& = (&) +o(&)w
o=z € R"

(6.1)

where the state is & € R™, the control u lies in LY = {u : [0,00) — R™ : u €
Ly[0,T] VT < oo}, f represents nominal dynamics, and o is n X m matrix valued
multiplier on the control.

The optimal control objective is to minimize the integral cost

T
V(z) = inf sup/O l({t)+%|ut|2dt. (6.2)

ueLIQOC T<oo

V' is the value function of the problem. For the existence and regularity of the
value function, we make following assumptions on the dynamics and the running
cost. The proof of existence is similar to that of lemma 1 in [CM04]. Hence we

shall not reproduce it.
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We assume that there exists ¢y, ¢a, c3 € (0,00) such that for all x € R™,
(z—y) (f(z) = fW) ] < arlz -yl

( (6.3)
(

and f(0) =0
Regarding the running cost [(x), we assume that

[(-) is nonnegative and continuous in R" (6.4)
(0)=0 and clz? < (z) '

We shall prove that the HJB PDE for this problem which the value function satisfies

in the viscosity sense is as follows:

0=— inf {(f(x) +o(x)u) - VV +1(z) + %|Ut|2}

_— F]Z) YV +1U(z) - YV (W) vv} (6.5)
= —H(z,VV)

In next section, we prove that it is the unique viscosity solution in a certain class

of functions.

6.3 Existence and Uniqueness

As our assumptions (6.3), (6.4) satisfy the assumptions of the theorem 3.4 in

Da Lio [Lio00], following theorem holds true.

Theorem 6.3.1. Assume (6.3) and (6.4). With the control w € L™ =
L>([0,00),R™), and with the dynamics same as (6.1), the value function
g 1
V(x) = inf sup/ (&) + = |uy)? dt (6.6)
uel>® 7o Jo 2

exists and is the unique viscosity solution of the HIB PDE (6.5) in the class

K={W e CR"): W is nonnegative, W(0) = 0 and ||W||, < +00,VR > 0}
(6.7)
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where ||W||r = sup{|W (z)| +|q| : € B(0,R),q € D~W (x). Also if U(x,t) is the

solution to the finite horizon Lagrange problem

T
U>(z,T) = inf/ l(ft)+%|ut|2dt, (6.8)

uel> [,

then for all x € R™, U (x,T) increases monotonically with T and

lim U*(z,T) = V™. (6.9)

T—o0
Now, we shall expand the control space to Ly¢ 2 L>([0,00),R"), and prove
that the value function remains the same and is thus the unique viscosity solution

of (6.5) in the class K. First we shall prove an useful lemma.

Lemma 6.3.2. Assuming (6.3), (6.4), & = x and u € LY°, we have following

bounds on the system trajectory.

t
€ — 2f? < el2atertin <|f(:v)|2t e / | ds) (6.10)
0

t
|&,)? < ePerteatg)2 4 02/ eate)(t=s) |y |2 ds (6.11)
0

Proof. By (6.1), & is an absolutely continuous function of ¢. Hence if we define
R = fg |&; — z|*dt, then by the fundamental theorem of calculus, for all ¢ > 0,
R(t) = |& — z|?, and we have

R(t) =2 / (6 —2) (F(&) + 0(&)us) ds
—o / (6 — o) (F(&) — F(@) + F(z) + o(E)uy) ds
using (6.3), (€ — 2)'(J(&) — F()) < calés — .
2t5—2d zts— thS_ S| d
< / 60— s+ /Orf ]| f ()] ds + c2/0|5 2] ds
using 2ab < |al? + |b|?
! s — 2d ! s — 2d 2 ! . — 2d ! s2d
<2 [ e —afa+ [ l6-q s+|f(x)|t+62U0 e —afds+ [ fud }
§(201+02—|—1)/0 |§S—a:|2ds—|—|f(x)|2t—|—02/o lus|? ds

< (2¢1 + e+ DR() + | f(2) Pt + /t |u,|* ds (6.12)
0
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Solving this ODI, we find

1 t
R < gy [ (5 1) (@) + ol ) s
1 t
< — = (ePertetlt _q < x 2t+c/ uszds) 6.13
< ) (W@ [ fud (613)

Substituting in (6.12)

t
|€t . (L‘|2 — R(t) S 6(201+cz+1)t (|f($)|2t+62/ |Us|2 dS)
0

which gives us (6.10).
To prove (6.11), we define Q(t) = fg €52 ds. Therefore, Q(t) = |&/?, and

O(t) = Jaf? + 2 / E(F(E) + o(E)us) ds
0
using (6.3), (€ — 0)/(F(€) — £(0)) < c1[€P, [o(€)] < 2 and 26’ < [€]” + o),
2 2 t szd t Szd
< Ja] +<cl+cQ>/D\§| s+c2/0|u| s

t
< |z)? + (2¢1 + c2)Q(t) + 02/0 |u,|* ds (6.14)

Solving this ODI, we find

t 2
C2 (2c14c2)(t—s) 2 || (2c14c2)t
Q) < e\t —1) |ug|*ds + ——— (e -1 6.15

()_201+02/0< )| | 201—|—02( ) ( )

Substituting in (6.14),

t
’ft’Q _ Q(t) < 6(261+62)t|£€|2 +C2/ 6(2C1+c2)(tfs)|us|2 ds (616)
0

which is (6.11). Hence proved.
[l

Theorem 6.3.3. Assuming (6.3)and (6.4), let V and V> be defined as per (6.2)
and (6.6) respectively. Then
V(z) =V>(x) (6.17)

Hence by Theorem 6.3.1, V is the unique viscosity solution of the HIB PDE (6.5)
in the class IC given by (6.7).
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Proof. Since L™ C LY, from (6.2) and (6.6), it is clear that
V() < V™. (6.18)

Now we shall prove the other inequality.
From the definition of V(z) and non-negativity of the integrand, for any e > 0,
there exists control u¢ € LY® and the corresponding trajectory &f, such that

r 1 > 1
Vi) + e sup [ 1€+ gluiPde= [ U + gl ds (6.19)
0 0

T<

Note that by (6.4) (&) > 0. Hence using (6.19), V(z) + ¢ > [° 5|us|* dt. Thus
u® € Ly = Ly ([0,00),R™). For such u¢ € Ly and for all k € N, define truncated
controls

min <1, |k€|>ut if uf #0

0 if u = 0

uf = ut(t) =

where we dropped the € superscript, for the convenience of notation.

Note that for all k € N, u* € L>°(]0, 00), R™). Also for all ¢ € [0, 00), the series
u¥ is monotonically increasing in k and converge to uf. Thus limy_ uf = u¢ for
all t € [0,00). Note that since u¢ € Lo, fOT |uf |2 dt < fOT lus|* dt < V(z) + e, for all
k and T. By letting 7" — oo and the Dominated Convergence Theorem, u* — u¢
in Lo norm.

Let £%(-) and £°(+) be the trajectories corresponding to the controls u* and ¢
respectively. Now, using Lemma 6.3.2, both |£F| and |£f| are bounded in [0, T by a
constant, independent of k. Now we prove that £F converges to &f locally uniformly

in [0, 00). The following estimates hold:

& — &b = £y ds| + Aa@m—d@@%

sehyas| + | [ otent ~ otet as
0

Aa@) o(€5)ut ds

t t
s/¢m+mm@—@w+/w@M@—@ws
0 0
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1
Since (u¢ — u*) € Ly, define B = [Ju¢ — uF||y = (fooo |uk —u§|2 ds)z. Using
lo(+)| < ¢q from (6.3) and the Holder inequality,

t
S/ er(1+ Wb )€ — €8] ds + eov/Be
0

using Gronwall’s inequality and |uf| < |uf| and ¢t < T

< 2B (\/¥+c1 /Ota ) exp <01 [(1 + |u;y)dp> \/Eds)

2 T
< (VI+ e (a7 + i) (377 + Tl )

(6.20)

where |[uf]]> = (f;” |ug]* dt) 2. Note that since u® € Ly([0, 00), R™), |[uf||2 < oo.

k

Hence the expression in parentheses in (6.20) is finite. Since u” — u€in Lq, B — 0.

Thus [£f — £F| — 0 uniformly in [0, 7] for any 7' < oco. Now using (6.19), we have:

o 1
V(z)+e> / 1(&) + §|u§|2 dt
0
T 1 T
> [ ueh+ gt = [ ik - e a
Using uf € L> and (6.8),

dt

> U™, T) - / (€l - (&)

which is true for all & € N and T < oo. Since |£| and |€F] are bounded for
t € [0,7], let the bound be C. Since I(-) is continuous over the compact set
B(0,C), it is uniformly continuous by Heine-Cantor theorem. Thus 3§ > 0 such
that for y,z € B(0,0C), if |y — z| < 6 then |I(y) — I(2)| < ¢/T. Since, & — &
locally uniformly, we can choose k = kp € N such that |7 — &| < 6 for t € [0,T].
For such kr, |I(&F) — 1(&)] < €/T for all t € [0,T]. Hence,

>U>(x,T)—€
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Finally letting 7' — oo and using (6.9),
> V™ ¢ (6.21)

Since € is arbitrary, (6.18) and (6.21) give us the result.

[
Remark 6.3.4. With U>(z,T) as defined in (6.8), if we define
r 1
U(z,T) = inf / 1(&) + = |ug)? dt, (6.22)
uGLIQOC 0 2

then by a very similar proof as above, we can show that U(z,T) = U*(x,T). Thus
using (6.22), (6.9) and Theorem 6.3.3, we have

lim U(z,T) = lim U>(z,T) =V>(z) = V(z) (6.23)

T—o0 T—o0

Now, we shall prove the uniqueness of the value function V', as the fixed point

of the associated semigroup. First we prove a simple lemma.

Lemma 6.3.5. Let u® be the € optimal control for the problem (6.2), and & be the

corresponding state trajectory. Then
Jim & =0 (6.24)
Proof. Since u€ is € optimal,

& 1
V(z)+e> / l(£§)+§|u§|2dt
0

using (6.4),
(0.9] 1 (0.9}
> 03/ &7 dt + —/ |ut|? dt (6.25)
0 2 Jo
Since [ [&|? dt < oo, we have

litm inf |5 = 0. (6.26)

Now choose any § > 0. Since [;°|uf|*dt < oo, there exist Ty < oo such

that [ |uf|*dt < £ and since [°[£]dt < oo, there exists Ty < oo such that
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I &P dt < 52— By (6.26), there exists T5 > max(Ty,T) such that |£5,] < 4.

Hence by shifting time by 73 in (6.14), for all ¢t > T3,

t t
617 < Ieg,I” + 21+ e2) | (€1 ds + oo [ Jucl ds

Ty T3
<P+ @ete) [ ePdsra [ lutds
T3 T3

< 6%+ 26

Thus |£f] < V024 26 for all ¢ > T5. Hence limsup, . |&] < V62 + 20 for any
d > 0. Since § is arbitrary and using (6.26),

limsup |&f] = lim inf &l = Jlim &1 =0.
t—o0 e -
Hence proved. =

Now for any 7" > 0, define the semigroup

Srlél() = inf sup { /O l(ét)+%|ut]2dt+¢(£;p) (6.27)

uELIQOC T<oo

where & evolves as per (6.1), with & = z. It is well-known ([Mas87] and many
others) that this Sy form a semigroup which is linear under min-plus algebra (in
which a ®b = a+0b and a® b = min(a, b)). That is, if a,b € R and ¢;(-) andf ¢(+)

are functions over R",

S1,.81, = Sty

(6.28)
Srla® ¢ @b ¢o] = a® Sr[d1] bR Sr[ps]

Using this notation, we have the next theorem:

Theorem 6.3.6. For any T > 0 and for all x € R"™, the value function V as
defined in (6.2), satisfies

V(z) = Sr[V](z) = inf sup [ /0 1(&) +%|ut|2dt+V(§T) (6.29)

uELéOC T<oo

Proof. This is the celebrated dynamic programming principle. The proof is entirely

standard, hence we do not include it here. O
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Theorem 6.3.7. Assuming (6.3), (6.4), for any T > 0, the value function V as
defined in (6.2), is the unique solution of

W = Sr[W] (6.30)
in the class IC as defined in (6.7). Further, given any W € KC,

lim Spr[W](x) =V (z) (6.31)

k—o0

for all x € R™ locally uniformly (uniformly on the compact sets).

Proof. Theorem 6.3.6 proved that V' € K is the solution of (6.30). Now suppose
that another function W € I solves (6.30). Using semigroup property for all
k e N, we get

SkT[W] - S(k—l)TST[W] - S(k—l)T ‘e ST[W] - W
Taking limit as k£ — oo,

W(z) = lim S,r[W](z)

n—oo

since W e K, W(:) >0,

n—oo

note that from (6.27) and (6.22), S,,r[0] = U(z,nT"). Now using (6.23),
= lim U(x,nT) =V(x) (6.32)
Now we wish to prove the reverse inequality. Choose any € > 0, and consider
e optimal controls u¢, for the problem (6.2) and the corresponding trajectory €.
Note that, since W is continuous and W (0) = 0, there exists § > 0, such that
|W(z)| < € for any |z| € B(0,d). Also using Lemma 6.3.5, lim; o, £ = 0. Thus
we can choose k° € N such that for all t > k°T', |&| < 6. Using this, we have

w«wzswmm@»sAmTQ@9+5@Fﬁ)+w&@»

> € 1 €
< [7 (e + Jhukar) +c

< V(z)+ 2 (6.33)
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Since € is arbitrary, (6.32) and (6.33) give us V = W. Thus V is the unique fixed
point of (6.30) in class K.

Now we shall prove that V' is the unique limit of the semigroup iterations on
any function in class IC. Let ¢ € K. Given any € > 0, there exists o > 0 such that
¢(x) < e for all x € B(0,6). Consider again € optimal controls u¢ for the problem
(6.2), and the trajectory £°. Since & — 0, there exists ks € N such that for all
t > kT, |&] <9, and we have:

KT
1
Sealdlz) < [ &)+ luilde -+ olei)
0
o 1
< [ )+ Sl dr+ o
0 2
< V(x)+ 2
Letting k — o0, and since € is arbitrary,

lim sup Sgr < V(z). (6.34)
k>ks
Also since ¢(x) > 0, Skr[¢] > Skrl0]. Letting £ — oo and using (6.23),
liminf Sirl6](x) > lim Ser[0)(x) = lim Ul kT) =V(x)  (6.35)
Using (6.34) and (6.35), we have the result (6.31).

The proof of the uniform convergence over compact sets is along similar lines
but slightly technical. Given ¢ > 0 and R > 0, for any x € B(0, R), let u¢ and
£° be e optimal control and trajectory for problem (6.2). Due to nonnegativity
and continuity of V' at 0, we can choose ¢ > §. > 0 such that for all |z| < 6,
0 < V(x) < e. Now define
max|,<g V() + €

c36?

We claim that there exists 7' € [0,7.] such that |{7| < d.. This is because,

T =

(6.36)

supposing otherwise || > o, for all ¢ € [0,T.] and

lz|<R

& 1
max V(z) + e > V($)+€Z/ l(§§)+§|u§|2dt
0

Te Te
> / [(&)dt > / csl&)? dt > Toc36? = max V(x) + e
0 0

lz|<R
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which is a contradiction.
Now note that e optimal controls are also optimal for for any state along the

trajectory. Using (6.2) and (6.29)
T
V(a:)g/o &)+ |u 2ds + V(&) < / |u 2 ds
<V >+e</ 1E) + V(65 + e

Thus subtracting fo (£9) from all terms,

o 1
Vg < [ 1)+ jluifds < ViEr) + o (6:37)
T
Hence
€ - € 1 €2 - €|2 1 - €2
VEr) +e= | U&E) +5luslPds 2 es | |&1 + |ug] ds (6.38)
T 2 T 2 )r

Now time shifting (6.12) by 7', we have for any t > T, > T,

t t
G < I+ Qo) [ [P ds oo [ Jusfds
T T

using (6.37)and (6.38),

2c1 + ¢
C3

<6+

(V(&7) +€) + 2c2(V(§7) + €)

Now using [£5| < . < € and hence V(&) < €

2c1 + ¢
C3

< e+ 2 + decy = wi () (6.39)

where w; is a modulus function.
Now lets define
we(€) = max ¢(y). (6.40)

ly|<wi(e)

It can be easily seen that this is also a modulus, due to continuity of ¢ at 0, and
since ¢(0) = 0.
Thus for all t > T, and all z € B(0, R)

Slol(a) < [ 1)+ gl ds + o(&)
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by (6.39) and (6.40),

IN

ly|<wi(e€)

/ \u |?ds + max ¢(y)
V(z) + €+ wy(e) (6.41)

IA

Now we shall prove reverse inequality in an analogous manner. Let T, be defined
as per (6.36). Let us redefine u® and £° to be € optimal control and trajectory for
the finite horizon problem (6.22) with horizon T,. Note that using the semigroup
notation U(z,T;) defined in (6.22), can be re-expressed as St.[0](x). As before, we
claim that for some T" € [0, 7], |£5| < O, since if it is not true, then

Te
max V(o) + ¢ 2 Vi) + €2 Spl0)(a) + e [ 1(6) + 5luif d
0

lz|<R

Te
2/ cs|€E12 dt > T.c36? = max V(x) +
0

|z|<R
which is a contradiction.

Hence for any ¢ > T, and for all z € B(0, R), using monotonicity of S;[0] with
t, T <T,and |V(&| <4,

st[¢](x)+ezst[o](x)ﬂzsﬂ[oux)ﬂz/0V(gg)%yugﬁds

T
€ 1 €12
> [+ ghifas (g

> V(z) = V(&)
>V(r)—e

Using (6.41) and (6.42) we have for all t > T, and for all z € B(0, R),
|St[o](x) — V(x)] < 2€ + wy(e). (6.43)

Thus we have uniform convergence over compact sets. O

6.4 Approximation with LQ Hamiltonians

To solve the HJB PDE (6.5), we shall approximate the Hamiltonian by

the min-plus summation of linear-quadratic (LQ)) Hamiltonians. Note that this



150

vastly expands the class of approximation, since minimum of LQ functions can

approximate any semiconcave Hamiltonian. Specifically, we consider:

0=—H(z,VV)~ —H(z,VV)=— inf H"™(x,VV)
m€{1,2 ..... M} (6,44)
V(0)=0

with each H™ is linear-quadratic,
m ]' ! ym ]' /5m m,.\/ rrm /1m ]' m
H (m,p)zixC x—§p2 p+ (A"z)'p + 2'l] —i—plQ—i-ioz : (6.45)

where C™, ¥™ are n X n symmetric matrices, [7*,l5" € R" and o™ € R. H is
associated with an optimal control problem for a switched linear system. For such

problem the dynamics is,
&= ")+ oM, &= (6.46)

where fHt = A&, + 15" and the corresponding value function is

V(z)= inf inf sup J(z,T;u,p)

uer}oc #€Dx% T< o

T
1
= inf inf sup/ l“t(é‘t)+§|ut\2dt (6.47)
0

uELIZOC 1€Dos T< oo

where

M=1{1,2,...,M} and ¢’ are such that ¥ = o%c? for i € M

1 1
(&) = SO+ LI+ ga,

Do = {1 :[0,00) — M : measurable }.

In forthcoming development, we shall see that V is also the viscosity solution of
0 = H(z,VV). When the approximation (6.44) is exact, then V = V. We make

the following assumptions on such an approximation for further analysis.
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1. Assume that the underlying system dynamics and the
payoff functions satisfy (6.3), (6.4). Hence the value
function V' defined by (6.2) is a unique viscosity solution,

of 0 = —H(x,VV) in class K, as defined in (6.7).

2. With H defined as per (6.44), assume that H(z,p) =
inf,, H™(z,p) > H(z,p) for all z,p € R™.

3. Assume that there exist ¢1, ¢ € (0, 00) such that |[A™| < (6.48)
cr, |o™ < egforallme M ={1,2,..., M}.

4. Assume that H'(x,p) has coefficients satisfying the

following: 1} =13 = 0; a; = 0.

5. Assume that system (6.46) is controllable for any u; =
m € M. Thus the pair (A™, ¢™) is controllable for each
m e M.
Specifically in (6.48).3, if #M < oo, we can choose ¢; = max,enp |A™] and & =
max,,er |0™]. Also note that one consequence of (6.48).1, (6.48).2 , (6.45) and
(6.4) is that

I"(2)| = |H™(2,0)| > H(z,0) > H(x,0) = I(z) > csle2  (6.49)

Now we assume the following proposition and proceed. It runs parallel to the
development for max-plus curse-of-dimensionality-free method covered in [McE06],

[McEO7].

Proposition 6.4.1. Assuming (6.48), value function V as defined in (6.47), is
the viscosity solution to 0 = —H(0,V'V), where H is defined as per (6.44), (6.45).
Further V € IC, where K is defined as per (6.7).

Now we state the dynamic programming principle for this problem without

proof, which is entirely standard.
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Theorem 6.4.2. Assume (6.48) and value function V as defined in (6.47). Then
for allz € RN andt >0,

V(z) = inf inf { /O tl“t(it)+%|ut|2dt+1~/(§t)} (6.50)

uELéOC €D

Now we propose two bounds on the trajectories of such systems.

Lemma 6.4.3. Assuming (6.48) and the dynamics (6.46), if , we have following

bounds on the system trajectory.
t
|§t . CL’|2 < e(2<‘:1+<‘:2+1)t (C%|I|2t+ 02/ |u8|2 d8> (651)
0
t
|§t|2 S 6(261+52)t|$|2 ‘I’CQ/ 6(251+52)(t—8)|u8|2 ds (652)
0

Proof. For each m, with f™(z) = A™x + [5* and o™ (z) = o™, it is easy to see
that f™(-),0™(-), ¢, 2 satisfy the assumptions (6.3). Now, replacing f(£) and
o(§) with f# and o* respectively in the proof of lemma 6.3.2 with other minor

modifications gives us the above. O

Theorem 6.4.4. Assume (6.48) and proposition 6.4.1. With underlying dynamics
(6.46), define
~ T 1
U(z,T) = inf inf {/ (&) + §|ut|2 dt} (6.53)
0

pED ueR™

Then limy_,o, U(z,T) =V (z).

Proof. Since 1" (z) > c3]z|? by (6.49), it is easy to see that U (z, T') is monotonically
increasing with 7', and are bounded above by V(m) € IC, hence they converge to a
limit, U(z, 00) < V(z). Now we wish to prove that V(z) < U(z, c0) which proves
the theorem.

Since V € K, V is continuous and V(0) = 0. Thus for any € > 0, there exists
8. > 0 such that for any & € B(0,6,), |V(€)| < e. Since U(x,T) 1 Uz, o), there

exists T, > % such that

U(x,00) > U(z,T.) > U(z,00) — €. (6.54)
Further there exist controls u¢, u¢ and corresponding trajectory ¢ such that

-~ Te € 1
Uz, T,) +€> / #e(&) + §|u§|2 dt (6.55)
0
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Since T, > V@)te there exists T € [0, T¢] such that |£5| < d.. This is so because,

c362

assuming otherwise, leads to following contradiction.

V(z)+e

~ e 1 307 =
V(:E)+EZU(ZE,T€)+EZ/ l“t(§§)+§|u§|2dt>/ ¥ c302dt > V(z) + e
0 0

Consequently, V(£%) < e. Now using the DPP (6.4.2), and (6.54), (6.54), we
get

T/ T ¢ € 1 €|2 T/ (€
V(x)gfo l“t(ft)+§\ut\ dt +V(&5)

g Wy (€ 1 €12
< [ wE) + iR+ e
0

T <[ ¢€ 1 €2
< [ wiE) + P e+ e
0

IN

Uz, T.) + 2¢
Uz

IN

,00) + 2¢

Since € is arbitrary, V(z) < U(z,c0). Hence proved. O

With & = x and dynamics (6.46), define the semigroup,

Srl¢l(z) = inf inf [ /0 l’“({t)+%|ut\2dt+¢(&) (6.56)

1 €D
uerloc hEDT

where

Dy ={p:[0,7] - M : measurable}. (6.57)

Now we need a lemma to prove uniqueness of V as the unique fixed point of the

semigroup operation. Then we have the following.

Theorem 6.4.5. Assume (6.48) and proposition 6.4.1. With the underlying

dynamics (6.46), fix any T > 0. Value function V is the unique continuous solution

of
W = Sp[W]

in the class K. Further given any W € K, limp_.oo S[W](z) = V() for all z € R",

uniformly on compact sets.
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Proof. Using the trajectory bounds from the Lemma 6.4.3, we can show that the
e optimal trajectory for V defined in (6.47) goes to 0. The proof is very similar
to that of Lemma 6.3.5. Using this, and the lemmas 6.4.3, 6.4.4, the proof follows
almost verbatim to the proof of the Theorem 6.3.7. Hence we not reproduce it

here.
O

6.5 Discrete Time Approximation

Since we seek to avoid curse-of-dimensionality, we can not discretize over space.
Instead discretization will be over time where approximate p processes will be
constant over the length of each time-step.

We define operator S, on K by

_ T 1
S, = inf inf U zm(§;”+§|ut|2dt+¢(€£”)
0

UELIQOC meM (658)
= inf 57[g](x)
where ™ satisfies dynamics
= A" + o™y, & =u (6.59)
and S is defined as
T 1
sr= | i@y Sup e o) (6.60)
ueLl20C 0 2

It is useful to note that operators S, do not necessarily form a semigroup,
although they do form a super-semigroup (i.e. Sy, rp[6] > S,, Sy, [¢]). Further, one
has §* > S. > §T for all m € M.

With 7 acting as a time-discretization step-size, let us define discretized
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switching control spaces over infinite and finite horizon.

. for all £ € N, there exists my € M
DI, = p:[0,00) - M (6.61)
such that p, = my, for all t € [(k — 1)1, kT)
for all k € N,k < [L], there exists my, € M
DL ={p:[0,T) = M <[7] :
such that p; = my for all t € [(k — 1)7, min(k7,T))
(6.62)

For N € N, let M" be the outer product of M, n times, and define

oT : : N ]‘ 2
Sinld)(x) = inf  inf / PG+ Sl diEoEr)  (663)

neDT, uELIZOC

It is easy to prove that

Sy, [¢(x) = min {87} 87y ), [0](x)

myEM

N . (6.64)
- {Hsrk}ww:(&) o

{mk}}i\leeMN
where the [] notation indicates operator composition, and the superscript in
the last expression indicates repeated application of S,, N times.
We will be approximating 1% by solving W = S.[W]. Consequently we will
need to show that the existence and uniqueness of the solution to W = S, [W]. We

begin with existence.

Theorem 6.5.1. Assume (6.48) and the dynamics (6.46). Let

_ 0 1
V= oinf i / (&) + gl d (6.65)

neDT, ueLéoc 0

for all z € R™. Then V satisfies

V=8[V] andV(0)=0 (6.66)
Further, 0 < 1% <V.

Proof. Choose p; = 1 for all t. By the controllability of (A, '), as per (6.48),

there exists controls @#; under which the trajectory satisfies {; = x and £r = 0 for
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some T > 0. Let @, = 0 for t > T. Since l{ = I} =0 and a; = 0, as per (6.48),
& =0fort > T and

_ oo 1
V(z) < J(z,u,00) = / (&) + §]ﬂt\2dt < oo
0

Hence V exists and is locally bounded.
Since DI, C D, and Ve K, we have 0 < 1% < V. Also the dynamic
programming principle for the discrete time switching problem, which we state

without proof, gives us:

V(z) = inf inf { /0 “(e) + %\atﬁ dt + V(gT)} = S, [V](x) (6.67)

DI, Q_LEL120C

Finally from the (6.48), at z = 0, 0 < V(z) = V(0) < J(0,%,00) = 0. Hence

7(0) = 0.
]

Now we assume the following lemma and proceed. Note that it is the discrete

time counterpart of lemma 6.55.

Proposition 6.5.2. Assume (6.48) and the dynamics (6.46). Define

B NT 1
U(ZE, NT) = inf inf {/ l'ut(ft) + §|Ut‘2 dt} (668)
0

HEDTL, uER™

Then limy .o, Uz, NT) = V(2).

Theorem 6.5.3. Assuming proposition 6.5.2, V is the unique nonnegative solution
to (6.66). Further, given any W € K, limy_o ST [W](x) = V(z) for all z € R,

uniformly on compact sets.

Proof. Since DI, C Dy, using the trajectory bounds from the Lemma 6.4.3, we
can show that the e optimal trajectory for V defined in (6.65) goes to 0. The
proof is very similar to that of 6.3.5. Using this and the Lemmas 6.4.3, 6.5.2, the
proof follows almost verbatim to the proof of the Theorem 6.3.7. Hence we do not

reproduce it here. O
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We now assume that one may approximate ‘7, the solution of W = §T (W] to
as accurate a level as one desires by solving W = S.[W] for sufficiently small 7.
equivalent to introducing a discrete time i € D}, approximation to the p process
in gNT.
Proposition 6.5.4. Given € > 0 and R < oo, there exists T > 0 such that

V(z) <V(z) <V(z)+e Vae B(0,R) (6.69)

6.6 Min-Plus Fundamental Solution

In section 6.4, we approximated a nonlinear Hamiltonian by the pointwise
minimum of M linear quadratic Hamiltonians in (6.44). Such Hamiltonian
represents a switched linear system switching between M constituent systems with
linear dynamics and quadratic payoff. For such a system, in section 6.5, we simplify
the switching problem still further, by time discretizing the switching control by
(6.58)and (6.63). We can compute arbitrarily accurate solution of the switching
problem by decreasing the discretization timestep 7 and increasing the time horizon
T. Although the complete error or convergence analysis is not yet carried out, it
would be similar to that for the max-plus counterpart derived in [MK].

Thus we reduce the original problem to that of computing S™[¢], in which
a semigroup for a linear-quadratic system (corresponding to the quadratic
Hamiltonian H™ in (6.45), dynamics (6.59) and cost (6.60)) acts on a quadratic
terminal cost function ¢(x). Fortunately this is an analytically tractable problem,
with a quadratic solution. Due to this, starting with the zero function, ¢ retains
the quadratic form throughout the propagation under switching controls and the
final value function is simply the max-plus sum of the propagated quadratic forms.

In [McE07], this problem was solved using semiconvex duality. Here we
present another form which is more direct. It also turns out to be the max-
plus fundamental solution to the underlying problem. This fundamental solution
was first proposed for general nonlinear systems in [FMO00], and as a special case,
the closed form solution for linear time varying systems was derived in [Des| using

max-plus algebra. Below is a similar analysis stemming from the min-plus analysis.
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Here we derive the closed form propagation formulae for computing S*[¢]|. For
brevity, we shall drop the superscript m from the dynamics and cost fuctions,
and implicitly understand that they correspond to the m’th constituent linear-
quadratic system.

First we shall define the general fundamental solution/ max-plus kernel.

Consider a system starting with £, = = and evolving as per

fs = Aés + l2 + oUs (670)

and cost incurred along a particular trajectory is

t 1
J"(x,u,t) = /0 1(&) + §|us|2 ds + ¢(&;) (6.71)
where
1, , 1
1(&) = 558053 + &l + 5% (6.72)

and the value function for the finite horizon problem with terminal cost ¢ given

by the semigroup operation S;"[¢] is

V™(z,t) = §[¢](x) = inf J™(x,u,t) (6.73)

1
ueLPC

We shall now define a min-plus kernel I : R* x R® — R

infucrit (o) fo 1(Es) + Slugl?ds  if U (z,y) # 0

I'(x,y) = (6.74)
00 otherwise
where
U'(z,y) = {u € Ly(0,t) : & = x,& = y under the dynamics (6.70)}
Note that I' = oo indicates that it is impossible to reach y from z in time

interval (0,7) using any possible control u. Thus if the system is controllable,
then I'(z,y) < oo for all ¢ > 0, and I°(x,y) = oo for z # y, and 0 otherwise.

McEneaney and Fleming proposed the above kernel in [FMO00] and [Fle03].
They also proved the following theorem.
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Theorem 6.6.1. With the dynamics (6.70) and the terminal cost ¢(x), assume
that the finite horizon value function V™ (x,t) = S"[¢] as defined by (6.73), exists.
Then with I' defined as per (6.74), we have

SO = nf () + o) = [ P ooty (679

Since I* depends only on the dynamics (6.70) and the running cost [(z,)+3|us|?,
it is independent of the terminal payoff ¢(x;). Hence it can serve as a Fundamental
solution and obtain S"[¢](z) for any ¢(x) by a kernel operation.

Now we shall seek to find a closed form solution for I*(z,y). To do this we

parametrize ¢(x) by an additional variable z, which along with (6.77) gives us the

next lemma. But first we assume the following

1. Let C, P, ¥ are n x n symmetric matrices. Assume that

the solution to the differential Riccati equation (DRE)

—P,=A'P,+ PA+C — PXP, Pr=P"P

. (6.76)
exists for t € [0, 7.

2. The dynamics (6.70), hence the pair (A4, o) is control-
lable. That is given ¢t > 0, for all z,y € R”, starting

from &y = x there exists controls u such that & = y.

Let ¥ = o0’, and let V; and V, denote 0/0t and 9/0z respectively. Consider
the following Hamilton-Jacobi-Bellman PDE.

VW™ (x,t) = —H™(x, V, W™ (z,1))
Wm(aj’ T) = ¢(5U)

(6.77)

where

1 1 1
H™(z,p) = ian {p’ (Az + Iy + ou) + 5yc’(J:c +2'ly + sat §|u|2}
(IS

1 1
= §x’C;1: — ép’Ep +p Az + p'ly + 2l + %. (6.78)
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Lemma 6.6.2. Let the terminal cost be

1 1
o(x) = ¢*(x) = ¢(x,2) = §x'Px + 'Sz + §Z'Qz +2a+ b+ g

Assume that S is invertible and P is such that (6.76) holds true. Then there exists
a C* solution to (6.77) for all x € R and t € [0,T], given by

1 1
Wi(x,t) = §x’Ptx +2'Sz + QZ/QtZ +2'ay + 2'by + % (6.79)

where Py, Sy, Qy, ai, by, By satisfy Pr =P, Sy =S5, Qr =Q, ar =a, by =b, and

—P,=A'P,+ PA+C — PXP,
-5, = (A—-XP)'S,

~Qi = —5/%5,

—iy = (A—=3P)ay + 1, + Ply
—by = Si(ly — Yay)

(6.80)

—0 = a — a,Ya, + 2d)l,
and Sy is invertible for all t € [0,T].

Proof. Existence of solution P, : 0 < ¢ < T is assumed in (6.76). This combined
with local boundedness and continuity of coefficients, guarantees existence of
Si, a;, and hence of @, b; and ;. The proof that it solves HJB is immediate
by substitution in (6.77).

If we define B, = —(A — XF,), then Sy = ®5(t,T)Sr = ®p(t,T)S, where ®p
is the state transition matrix of the system & = B,&. By Abel-Jacobi-Liouville
formula

det ®5(t,0) = eJr TrB()ds -

Since both ®p(t,T) and Sy = S are invertible, S; = ®g(¢,T)Sy is invertible as
well. O

Next we have the verification theorem to connect HJB PDE solution to the

control value function.
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Theorem 6.6.3. Assume (6.76). Let x,z € R" and t € [0,T], W™(z,t) as per
(6.79) and V™ (z,t) be the value function as defined in (6.73). For all t € [0,T]

and u € L[0,T — t], one has
Wzm(xat) < J?(:C,u,T—t)

and W™ (z,t) = J*(x,u, T —t), where

~g1

Us =

(57 ES) = _UIVW?(3>ES) =—0 (Psés + Ssz + as) .

Thus using (6.79) this implies,
B

1 1
VI"@, T = 1) = W'(2,t) = ga' P + @'Spz + 52/ Quz + a'ay + 2" + =

2

(6.81)

(6.82)

Proof. Let V; and V, denote 0/0t and 0/0x respectively. Let u € Lo[t, T], and

be corresponding time shifted trajectory with & = z and satisfying (6.70).

T
JMx,u, T —1t) = / (l(és) + %\us\z + (A& + lo + ous) VW (&, s)) ds + ¢*(&r)

T
— / (A&s + Iy + ous)' VW (&, 8) ds
which by definition of H™
T
> [ HME W) ds + ¢ (en)
T
- / (A& + Iy + ouy) VIW?(&,, s) ds
which by (6.77) and (6.70)
T .
= [ {-vawrns) - 99} ds+ (e

T g
:_/t W2 (&) ds + ¢°(éx)

=W (z,t) = W&, T) + ¢°(&7)
=W (x,t)

by (6.77).

Also note that in the proof, if we substitute i, = —o(s)VW"(&,s) =
—o(s) (Psés + Sgz + as), then we have the equality throughout, and J*(x, 4, T —

t) =W (z,t) = V™(x,T —t). Hence proved.

]
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Remark 6.6.4. Since the dynamics (6.70) is time-invariant, we can define

Sm . . T 1 2 z
4 (m7t) = inf /t l(&&“s) + §|us| ds + ¢ <§T>

!
ueLPC

§o=1
& evolves as per (6.70)

by shifting the time back by ¢

1
UELQOC

T—t
:{ mf [ U + gl ds + o
0

ft x
& evolves as per (6.70)
=V™(x, T —t)=W"(z,t)

By

1 1
= §$/Pt$ +2'S,z + Ez’Qtz +2'a; + 2'by + B (6.83)

Now we prove a useful lemma towards obtaining the min-plus fundamental

solution.

Lemma 6.6.5. Consider the system trajectory és starting from ét = x and evolving
according to (6.70) under the optimal control uy, = —ao’ <Psfs + Sgz + a5> from
Theorem 6.6.3. Then fort <t; < sy <T,

Slilétl + Qtlz + btl = Sl:gth + Qt2z + bt2 (684)

Proof. By linear system theory, for a system evolving as per

gs = Ajjs + l2 + ol
= A&, + 1y — 00’ (Psés + S,z + a5>

= (A—SP)& — 2(Ssz + a,) + I

solution is given as

to
é-tz = q)B(tQ, t1)£t1 + / (I)B(tg, S)(—ZSSZ - E(Zs + lg) ds (685)

t1

where ®p(ts,t;) = UtQUtjl, where U, is the solution of differential equation Us =
B(s)Us, with B(s) = A — XP;.

It is well known that the state transition matrix

Dp(s(ta, t1) = Loy (1, t2)
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now, noting from (6.80) that S, = —(A — ¥P,)'S, = —B(s)'Ss, and since S, is

invertible, we have
®B(s)<t27t1) - (D/—B(s)/<t17t2) — (Stlstgl), - S;llstl/ (686)

Substituting in (6.85), and noting from (6.80) that Q, = S,/%(s)S, and —b, =
S/ (I — Bas),

~ ~ t2
& = S," 806G, + S,V / S/ (=X8,z — Ya, + I5) ds

t1

t2 to
_ St—zllstllgtl o St—21/ (/ SSIESS dS) P St_21/ (/ Ssl(zas . lg) dS)
t1 t1

=5,V @, + S5V (Qu — Quy) 2+ S, (b, — byy)
thus we have,
Stzlétz + thz + bt2 = Stllgtl + th + btl

]

Remark 6.6.6. Note that Vz, since S;, and Sy, are invertible, (6.84) suggests a
one-one and onto relation between start and end of optimal trajectories, &, and
&,. Thus Vy € R there exists a . = S.." (Sy,'y + (Qn, — Q)2 + by, — by,) such
that optimal trajectory  starting at z;, = z, ends with y. Thus every y € R" is

an optimal point for some initial condition.

Remark 6.6.7. Note that due to min-plus linearity (6.28), if k& € R, using (6.29),
VE(z,t) = Sio7 + Kl(x) = Si[¢)(@) + k = V(1) + k

Thus while keeping the dynamics and the running cost the same, adding a constant
to the terminal cost only shifts the value function accordingly. The gradient hence

the optimal feedback control remains the same.
iy(z) = —oVV* (2, T —t) = —oVV*(z, T — t) = ()

Hence the optimal trajectory, which is the solution to z; = AZy + lo + oty(x), also

stays the same.

Now we shall prove another useful lemma before turning to the main result.
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Lemma 6.6.8. Assume (6.76). Given 0 < t; <ty < T, and Q; evolving according
to (6.80) with terminal value Qr = Q, then

Qtz _Qtl > 0

Proof. Since we assumed (A, o) is controllable, the following controllability gram-
mian is invertible for any 0 < ¢; < t, < T. Here since A is time-invariant,

Dy(ty,s) = e79),
to
/ B A(t1, 5)00'Balty, s) dt = 0 (6.87)

1
Thus for all z,y € R™, 3 control 4, such that is the trajectory & = A+ ls+oiy
with 2;, = x satisfies 2, = y.
Now we claim that system (A — XP;,0) is also controllable. This is clear
because by using control @; = u; + o' Py, we can keep the system trajectory

same and reach from x to y.

jf:AilAft—i—lg—‘—O"at
( —UU/Rg)l't+l2+U(at+U/P1€xt)
= (A=XP)x;+ s + oty

Hence similar to (6.87), using B(t) = A — XP, and oo’ = X(t), following

controllability grammian is invertible.

to
/ Bp(tr, )00k, 5) dt = 0 (6.88)

t1

Substituting ®p(t1, s) = S;, 'Sy’ from (6.86),

to
/ Pp(ta, 5)XPp(t2, s) =/ l'S ’ESS ds
t1
= S {/ S/, ds} St_ll
=S,V (Qr, — Qi) S, (6.89)

where in last equation, we used @; evolution from (6.80). Using (6.88) and since

St, is invertible by Lemma 6.6.2, we have @)y, — )y, > 0. O
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Theorem 6.6.9. Given x,y € R" and 0 <ty <ty < T, then if 0 =ty — 1y,

sup [172(:1;, t) — \A/Z(y,tg)] = Is(z,y) (6.90)

z€R"
Since by (6.83), V*(x,t,) = TPy + @Sz + 52Quz + Zay, + by, + b and

2
Ve(x,ty) = S0/Pux 4 2/Spz + 12/Quz + dlay, + 2'byy + 22

5, the maz-plus kernel

Is(x,y) is also bivariate quadratic.
1 1
Is(z,y) = 5x’[§1x + o' Iy + 5y’[§2y + 21}y I+ T} where
Iz%l = Ptl - Stl (Qtl - QtQ)ilshl
I(%Z = qu (Qtl - Qtz)ilstzl
I§2 = _Pt2 - Stz(Qh - Qb)ilStQI (691>
I(% = gy — Stl (Qtl - QtQ)_l(bh - th)
I(? = —ay, + Stz (Qtl o Qt2)_1<bt1 - th)
I§ = By — Bz = (b = b,) (Quy = Qi)™ (by, — biy)
Proof. Let &, = z. Since ¥ > 0 and S, is invertible, by (6.80), Qs = S/%(t)S; = 0,

hence @, — @, = 0. For any z € R”

~

VA, th) — Vi(y, ts)
= S0, [V)(x, 12) — VZ(y, ta)

= Hlf {/ : lt(ft, Ut) dt —+ ‘72(&52, tg) — ‘72<y, tg)}

u€La[ty,t2] t

substituting for ?z(-, ta),

. 2 1 ! 1 / /
== 1nf {/ lt(£t7 ut) dt + §€t2Pt2£t2 ) ]thy + (gtz - y) (Stzz + a’tg)}

u€ La[t1,t2] t 2

Since U2 (z,y) = {u € La(tr,t2) : &, = 2,&, = y} C La(ty,t2) , and Vu € Up?(z, y),
£t2 =Y.

, & 1 1
< inf {/ (&sue) At + 5y Py — 5y Py + (v — y) (St2 + atz)}

uGL{le (z,y) t1 2 2
t2
= inf / (&, up) dt = Is(z,y) (6.92)
uel/{ttlz (z,y) Jt1
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Taking supremum over all z € R”,
sup (V*(x, t1) = V3(y,t5)| < Is(x,p) (6.93)
z€R"
Since Qtz — Qtl =0 by 668, define z = (Qt2 — Qtl)_l(stllﬂf — StQ,y + btl — th).
Hence

Stgly —'I— Qt22 + bt2 = Stllx + Qtlé —I— btl

Hence using (6.84) the optimal trajectory Z; starting from #;, = = and with ter-
minal payoff ‘7z(, ts), ends at &;, = y. Let the corresponding optimal control be .
Let us define k = —172(@/, ty) = — (%y/Pto + Y S+ 32Qui + yay, + by, + %)
to create a shifted terminal payoff function
UZ () = V(b)) + k = V(2,ty) — Vi(y, t2)
1, 1, I (6.94)
= 537 FBx — §y P,y + <£L' - y) (Stzz + atz)

From remark 6.6.7, @, & are also the optimal control and trajectory for the

following problem with the terminal payoff U . Hence

-~

to o o
Vz(fl/’,tl) — Vz(y,tg) = { inf }/ lt(ﬁt,ut) dt + Vz(CL’,tQ)} — Vz(y,tg)

u€ Lo [tl,tz t

t2 AN A AN A
= inf {/ lt(&,ut) dt—l—VZ(:B,tz) — Vz(y,t2>}
t1

u€ Lo [tl,tg]

= lnf /t2 lt (ft, ut) dt "’ Utg (’Stg)

u€Lsalt1 t2] Jy,

= / 2 L (&, i) dt + Ué (&)

t1

since U7 (&,) = UZ (y) = 0 from (6.94) and @ € U?(z,y)

> inf /tz L(&,up) dt = Is(z,y) (6.95)

uEZ/lttf (z,y) Jt1

Thus we have

sup [\A/z(x, £) — ?Z(y,tQ)] > Vi (a,t1) — Viy, ta) > Is(z, ) (6.96)

z

Hence (6.93) and (6.96) together give us (6.90) and also the following

sup [Vz(fvatﬁ - Vz(y,tz)] = Vi(@,t) = Vi(y, ta) = Is(z,y) (6.97)

z€R™?
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with 2 = (th — Qt1>_1<5t1/y — Stz’x -+ bt1 — btz)-
Substituting 2 in (6.97) and expanding, we get (6.91). O

6.7 The Algorithm

Now we begin the discussion of the actual algorithm. From Theorem 6.5.1,

V = limpy 0o 8§, [0](2). Let VO = 0 and define for k > 1,
V= 8L [0)(x), (6.98)

Then we have V' = limy_, V(). In practice, we approximate the infinite horizon
by a sufficiently long finite horizon N7. The propagation from from V° to V¥ is
achieved as follows.

For all {m;}¥_, € M*, define

k
Ve, (@) = [ [ $700)().

Then we have

k
VE=87[0]= min S5 [0l(x)=min v, (7).
k‘T[ ] {mi}leeMk {1_1 T } [ ]( ) {mi}i.c:le/\/lk {ml}f:l( )

Also by (6.65),

VL = S [VF] = min S;”k{ min “{mi}f_l} (z)

mp1EM {mi}r_emn

Since S8”'* is min-plus linear,

- min S [v{mi}i_ﬁ:l] (x)

{mi}§:116Mk+1

= min - v, (x) (6.99)

{m; Yt e mb+1

The algorithm shall consist of the forward propagation of vy, 3. tov (mayhtl =

Sk [U{mi}k:1:| for all k-tuple switchings {m;}* , € M* and all m;,; € M. Such

T

propagation is carried out from k£ = 0 to some termination step k = N. The value

N

function is obtained by taking the minimum over all such v -
tJi=1
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It is important to note that the computation of each v (miyk_ 18 analytical. We
will indicate the actual analytical computations in the steps below. Note that

many formulae are duplicated here to make this section self-contained.

e First approximate a nonlinear Hamiltonian we wish to solve, with a min-plus

summation of linear quadratic Hamiltonians as in (6.44).

H(z,p) = H(x,p) = me{rlrg{l. " H™(x,p)

where each H™ is linear-quadratic,

1 1 1

H™(x,p) = §x’0mw - §p’2mp + (A™z)p+ 217 + P + é&m, (6.100)

e Choose time step 7 € R and N € N. Thus we shall approximate the infinite
horizon value function V for the switching problem, as defined in (6.47) by
VN the value function of discretized switching problem with horizon N7 as
defined in (6.98).

e For each m € M starting with any (P,S,Q,a,b,3)o, evolve them forward
in time by 7 as per (6.80), in which all parameters correspond to m’th

Hamiltonian. Restating here:

—P" = AMP" + P["A™ 4+ C™ — 'SP
—SM = (A™ — ympmy Sm

—Qp" = —SpEm sy

—a;" = (A" = LT P af" + 17 + P
—b" = SM(ly - X"ay)

mo_ m mism . m m!im
=B =a" —a"X"a" + 207" 15

(6.101)

Lets denote the solution set by (P, S,Q,a,b, 3)".

e Now for each m € M, compute the parameters of the min-plus fundamental

solution,

1 1
IM(x,y) = 533,[7%1177_1‘ + 217y + éy’[frZTy +a'l, YL+
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as per (6.91). Restating here:
Ly = Po— S0(Qo — Q1) ™'Sy
L. = So(Qo — Q7)1 Sy
12— P §7(Qy - Q) S
L, = ag— So(Qo— Q)" (bo — b
I, = —al + S™(Qo — Q) (bo — b))
1% = Gy — B = (b — bY(Qo — Q) (by — b)

Note that as a special case, we can choose Py = Qo = 0, Sog = I, ag =

(6.102)

by = 0 and By = 0, to simplify above formulae considerably. We note that

parameters of I™ need only be computed once, and thus can be precomputed.

Starting with v°(x) = 0, we shall prove that Ugm,yr_, Tetain the quadratic
form as k increases by induction. Lets us assume vy, x in the following

quadratic form.

1,4 . 1.
U{mi}ip:l (;C) = éx/P{mi};@:lx + x/aj{mi}i‘c:l —|— Eﬁ{ml}iv:l (6103)

Then for each my; € M, by Theorem 6.6.1,

U{mi}fif(x) = S [U{mi}le] (x)

— min {IZ"““ (@, y) + Vg3, (y)}

yeR”

1 1D /A 1.

= 51‘ P{mi}fillx +x Uyt + §ﬁ{mi}§:+11 (6.104)
Note that the minimum exists because otherwise, due to the quadratic form

the infimum would be —oo for all x. This is impossible because, the LHS

>V (z) > 0. Now by (6.103), (6.104) and (6.102),
mk+1,7' mk+1,7 mk+1,7' =1 mk+1,7'

~ ~ -1
P{ml}kjll - Ill o 112 <[22 —"_ P{mz k ) 1—12 I

~ —1
- _ o q12 22 R 2 1
UmiyiZy — _Imk“’T <]mk+177 T P{mi}fﬁ) (a{mi}fa + Imk+177—> T Imm—m—
3 e 0
6{%}?;11 - ﬁ{mi}le + Imk+1,T

N —1
~ 2 22 ~ 2
B (a{ml 5:1 —l— ]mk+177> / <Imk+177— + P{ml}f:1> (a{ml 5:1 + ]mk+1:7')
(6.105)
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Similar to the max-plus counterpart in [McEQ7], the errors in the solution are due

to :

1. The approximation of H(z,p) by H (z,p). The error analysis for the max-
plus methods for such approximation was carried out in [MDO08a| and [MDb].

Analysis for the min-plus method is expected to be similar.

2. Discretization of the timestep 7 and premature termination of the horizon at
NT. Errors analysis for this approximation for max-plus methods was carried
out in [McE09] and [MK]. Analysis for the min-plus method is expected to

be similar.

Note that the computation of each triplet (]5, a, B) (mi}k_, rOws like the cube
of the space dimension (due to matrix operations). Thus one avoids the curse-of-
dimensionality.

However, the curse-of-dimensionality is replaced by another type of rapid
computational cost growth. Here, we refer to this as the curse-of-complexity .
If #M =1, then all the computations of our algorithm (excepting the solution of
the Riccati equation) are unnecessary, and we informally refer to this as complexity
one. When there are M = #M such quadratics in the Hamiltonian, H we say it
has complexity M. Note that

#{U{mi}iv:Jmi eM Vie {1,2,...,]\7}} ~ MY

For large N, this number is indeed large. We shall discuss ways to limit this
quadratic growth with N in the next section, but it is significant to note that the
exponential computational cost growth with space dimension n is limited to cubic

growth.

6.7.1 Pruning

The number of quadratics in the solution V* grows exponentially with .

however in practice, relatively few of these actually contribute to V*. Thus it
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is useful to prune the set, to contain the curse-of-complexity. Note that if

v, @2 B vge@) VeeR
{mi}ic:l?é{mi}?:1

then

Si [U{mi}le] (z) > S @ Vimae, | (2) = SV Vz e R"
{rha iy A{ma e,
Thus Ve will play no role in the computation of V*+t for ¢ > 0. Thus
one may prune such Vit without any loss of accuracy. Pruning methods of
various order designed for max-plus methods in [MDGO8] can be easily adapted
for above problem to check if a quadratic dominates the min-plus sum of the rest,
and prune it. Note that such pruning methods incur additional computational
burden. But usually it is justifiable in their efficacy in attenuating the exponential
curse-of-complexity as the horizon grows.
Specifically, in the examples below, we used a second order pruning method

based on semi-definite programming developed in [MDGOS|.

6.8 Numerical Examples

A number of examples were tested on a standard 2004 PC. The algorithm
described above was coded in MATLAB using a second order pruning technique
described in [MDGOS8]. Since the plots below require one to compute value
functions on a gridded plane in the space, computational time for such plotting
was not included in the quoted computational time.

We will discuss examples with the complexity 3, in dimensions 2 and 4. Note
that all parameters with the superscript j correspond to the Hamiltonian H’, as
defined in (6.45). Observe that the dynamics is parametrized by A, ls, >, and the
payoft by C. [, a.

Second order example: Let the parameters of the constituent Hamiltonian be
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Al =

1 —05 o 15 02 ol _ 022 —0.01
—01 1 |’ 02 15| —0.01 022 |’

0
Pon=1|", a'=o,
0

—-0.35 0.7
A% = . C?=06C" =%
0.7 —0.07
2 -1 2 1 2
[; =0.05 Ll [5=0.04 s a” =30

A =054% CP=C? 2=3 B=0 B=02 o=45

The timestep was chosen to be 0.1 seconds. The solution converges in the area
of interest, i.e. a square with side 10 centered at origin in about 14 timesteps
which corresponds to the time horizon of 1.4 seconds. No over pruning was
used. The growth in number of quadratic functions remaining after each
propagation is shown in figure 6.8. Note that at last timestep, using the
pruning methods, the number of quadratics is just 160, which is far lesser
than 3% = 4782969 without pruning. The backsubstitution error and the
optimal switching regimes are shown in the figure 6.1. Here the switching
error plot is rotated for better viewing. Note that the error has converged,
and has a distribution centered at zero. Magnitude of the error can be
decreased arbitrarily by decreasing the timestep, or by reintegrating the
optimal switching histories of the computed quadratics at a smaller timestep.
Thus the error, though coarse, represents the value function (figure 6.3 and
optimal switching regimes (figure 6.1) fairly accurately. The gradients in x
and y directions are shown in figure 6.2. This solution was computed on a

2005 laptop PC with 1.5 GHz speed and 512 MB of memory, in 131 seconds.

A heuristic measure of the error in gradient can developed using Newton’s
method as follows. Let VV and V be the exact and approximate solution of 0 =
—H(z, V(). Given z € ®", let m = argmin,, H™(z,VV). If p = VV(z)

and p = VV(x) (where we are assuming the existence of gradients), 0 =
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H(z,p) ~ H(z,p)+ (p—p)'V,H (z,p) = e— (S™p+ A™z), where e = H(z,p)
is the backsubstitution error. To obtain our heuristic gauge of accuracy, we
choose the nearest p, p, which is the solution of linearized approximation to
the quadratic Hamiltonian, and use this as an approximation for p. That is,

we take
p=argmin{|p—p|l:e— (X"p+ A"z) (p — p) = 0}.
P

This can solved using the pseudo-inverse, yielding

p—pRp—D= (Zmp‘f‘Am«T)_le-

The relative error in the gradient, @, is plotted in Figure 6.4, and we see
that on an average, it is 2%, and generally much smaller, except at the points

of switching discontinuities.

o T O T R S E
v ‘ ¢

Figure 6.1: Backsubstitution error and optimal switching regimes for the 2D
problem

Fourth order example: Let the parameters of the constituent Hamiltonian be

defined in terms of the building blocks below.
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ot =
S
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Sl

T S
P oL 5 et e
e o A e Bt i o s Saravse
A .:":"‘:'3"":;:‘;"::“{“"‘:::‘3‘::-: : '%’:&?:%%‘W"
i3, 1 TS K I TS S
0 5 SRR S %

SN e

Figure 6.2: First and second partials of the Value for the 2D problem

Figure 6.3: Value function for the 2D problem

1 —05 ,_ |03 0.7 . 15 02
—01 1 |’ 0.7 —0.07|’ 02 1.5

0.22 —0.01 10 -1 1
Y = . a= . 1, =0.05 1y = 0.04
—~0.01 0.22 0 1 1 1

We will use a as the coupling matrix between the dynamics in different
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Figure 6.4: Relative gradient error for the 2D problem

dimensions.
(A1 ] C 0 Y0
Al = “1o = o= l=il=0, o'=0,
L a Al_ 0o C 0 X
(A2 a ] I 1
A2 = “loer=o060t, x2=x' B=|'.2=|"].a?=30
L a A2_ I 1y

AP =0842, C*=02 YP=x! B=0_ B=0_ o*=35

Again the timestep was chosen to be 0.1 seconds. The solution converges in
the area of interest, i.e. a hypercube with side 10 centered at origin in about
14 timesteps which corresponds to the time horizon of 1.4 seconds. No over
pruning was used. The growth in number of quadratic functions remaining
after each propagation is shown in figure 6.8. Note that at last timestep, using
the pruning methods, the number of quadratics is just 198, which is far lesser
than 34 = 4782969. This shows the utility of the pruning methods developed
in [MDGO8] to attenuate the curse-of-complezity . The backsubstitution
errors along 1 — 2 and 3 — 4 planes are shown in the figure 6.5. Note
that the error has converged, and has a distribution centered at zero. The
magnitude of error can be decreased arbitrarily by decreasing the timestep, or
by reintegrating the optimal switching histories of the computed quadratics
at a smaller timestep. Thus the error, though coarse, represents the value

function and optimal switching regimes (figure 6.7) fairly accurately. First
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and second partials of the value function for the 1 — 2 plane are shown in
figure 6.6. This solution was computed on a 2005 laptop PC with 1.5 GHz
speed and 512 MB of memory, in 152 seconds.

Figure 6.6: First and second partials of the Value in 1—2 plane for the 4D problem

Chapter 6, in part, is currently being prepared for submission for publication
of the material. McEneaney, William; Deshpande, Ameet [MDa]. The dissertation

author was the coauthor of this paper.
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Figure 6.7: Value function and the optimal switching regimes in 1 — 2 plane for
the 4D problem

200

180}
160} b
140+ 4D
120t
100 f \
st

B0

ot

g

Figure 6.8: Time vs. number of quadratics in the 2D and 4D problems

042 e

Figure 6.9: relative gradient error along 3-4 plane
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