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ABSTRACT OF THE DISSERTATION

Using Statistical Information to Improve Communication in MIMO
Networks

by

Sagnik Ghosh

Doctor of Philosophy in Electrical Engineering
(Signal and Image Processing)

University of California, San Diego, 2012

Professor Bhaskar Rao, Chair
Professor James Zeidler, Co-Chair

This dissertation discusses the use of statistical information about channels,

or Channel Distribution Information (CDI), in multiuser MIMO networks. There

are three main topics covered here. The first is on how to efficiently quantize CDI

for feedback in a multiuser environment. The second is to develop a new outage

framework for multiuser MIMO networks, and to provide a near-optimal solution

for beamforming and power control in the network. The third is to add limited

CSI feedback to the CDI scheme to reduce outage, perform better power control,

and provide a more reliable network.

xiii



In the first part of this work, we develop techniques to efficiently quantize

channel covariance matrices in MIMO Rayleigh fading environments. While these

covariance matrices change less frequently than the channel matrices themselves,

this information needs to be updated when it does change. Furthermore, these co-

variance matrices have significantly more parameters to quantize than their chan-

nel matrix counterparts. Since many applications focus on utilizing the strongest

eigenmodes of the channel covariance matrix and since these matrices tend to be

low-rank, we focus on efficiently quantizing the dominant eigenvectors of these

matrices. We develop Lloyd-type algorithms based on training data from the en-

vironment to develop our codebooks. We also develop an algorithm based on the

reduced-parameter Kronecker and Weichselberger models to generate codebooks

with reduced real-time codeword search.

In the second part of this work, we examine single user and multiuser MIMO

beamforming networks with CDI. Since CDI changes infrequently compared to CSI,

algorithms based on CDI can achieve significant savings in feedback compared to

algorithms based on CSI. With CDI, we can only guarantee quality of service for

a specified outage probability in the network. Assuming correlated Rayleigh fad-

ing on all the links, we derive a closed-form expression for the outage probability.

Then, using this expression, we derive algorithms for joint transmit/receive beam-

forming and power control to minimize the weighted sum power in the network

while guaranteeing these outage probabilities. For both single-user and multiuser

MIMO scenarios, we present optimal algorithms under the Kronecker model as-

sumption, and we present near-optimal algorithms assuming general correlation

structures on the links. We then show that using these algorithms based on CDI,

if we are willing to accept given outages on the links, we can achieve comparable

power usage in the network relative to algorithms based on CSI. We then extend

this framework to the broadcast channel with multiple receivers and transmitters.

In the third part of this work, we extend the previous outage framework

based on CDI to utilize CSI of the direct links of the channels. The CDI frame-

work considered here looks at minimum Signal-to-Interference-plus-Noise (SINR)

requirements from each user that is met with a specified outage probability. This

xiv



outage on the links is undesirable. However, in many standards, CSI is measured

at the receiver via training data from its corresponding transmitter. The CSI on

the interfering links is typically unavailable. If this CSI can be measured, this

information can be fed back to the transmitters so they will not transmit when a

given link is in outage. In addition, CSI feedback can be used for power reduc-

tion and thus potentially enable links that were previously in outage to transmit.

Algorithms discussing these ideas are developed and discussed. Furthermore, an

SINR quantizer is developed to minimize power usage, and combined CDI and

CSI results are also discussed for the case of the broadcast channel with multiple

transmitters and receivers.

xv



Chapter 1

Introduction

Multiple-input multiple-output technologies have matured greatly in the

past 15 years. Beginning with works from researchers such as Teletar [1], Fos-

chini [2], and Alamouti [3], MIMO has been critical to the vast capacity increase

in today’s networks. Techniques such as beamforming, space-time coding, and

multiplexing are used in standards across the wireless spectrum today. Single-user

MIMO applications are well understood, and many techniques approach achievable

limits. Some useful surveys and texts on MIMO are [30]-[33].

However, while multiuser MIMO (MU-MIMO) is starting to be imple-

mented in wireless standards, there is still a long way to go to achieve multiuser

MIMO capacity limits. This is still a vibrant topic in academia and industry, and

there are still significant gains to be achieved. There are many ways to approach

the multiuser MIMO problem. To achieve the true limits of the multiuser MIMO

problem requires full channel information at all of the transmit and receive nodes.

However, the feedback overhead of such systems is significant and often impractical

in real-world scenarios. Thus, much work has been done on feedback reduction for

multiuser MIMO.

In this work, we will divide the categories of channel feedback into two cat-

egories: Channel State Information (CSI) and Channel Distribution Information

(CDI). CSI is information about the instantaneous nature of the channel. This

information is accurate, but must be fed back when the channel changes. Ideally,

all the nodes in the network will have full CSI to optimally select their trans-

1



2

mit/receive beamforming directions and the transmit powers in each direction. In

networks with many users in mobile environments, the channel changes quickly,

and full CSI requires too much feedback overhead in the network to be feasible.

Thus, many techniques exist based on limited CSI to feed back to all the users.

Still, measuring CSI for all the direct as well as interfering links is resource-intensive

and requires a sophisticated training algorithm.

Channel Distribution Information (CDI), or information about the statistics

of the channel, alleviates some of the disadvantages of CSI. Since CDI only contains

long-term information about the channel and not instantaneous information, it is

less accurate than CSI. However, CDI stays valid for much longer periods than

CSI, and thus requires significantly less feedback. In addition, due to its long-term

invariance, CDI can be measured and stored for future use based on the relative

locations of nodes. This can be useful, for example, for a mobile communicating

with a base station. The location of the base station does not change, so the mobile

can download its CDI from the base station without having to measure it in real

time.

This dissertation will investigate applications of CDI in MU-MIMO sys-

tems. The channel considered throughout this work is the time-varying correlated

Rayleigh fading environment. We are primarily concerned with techniques to ex-

ploit the spatial nature of the channel, so the main source of interference is from

other users who share the same time/frequency slot. In correlated Rayleigh fading

environments, the correlation structure between antennas contains valuable infor-

mation and can be exploited for power control at the transmitters and beamforming

at both the receivers and transmitters. This dissertation extends the theory of CDI

in three main ways.

First, prior works that utilize CDI assume this information to be known a

priori. However, in systems that do not store CDI based on prior information, this

information must be measured and fed back to other users in multiuser MIMO

systems. In Chapter 2, we address part of this problem by looking at efficient

methods to quantize the covariance matrix of the statistical channel information.

There are two main ways to design a quantizer: based on the data or based on the
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underlying statistics of the data. Since we are attempting to quantize the statistics

already, the statistics of the statistics are not well defined in existing models. Thus,

the approach investigated here is based on measurement data.

Next, in Chapters 3 and 4 we develop a framework for meeting minimum

quality-of-service (QoS) constraints on each user in a multiuser MIMO system using

CDI. The QoS metric considered in this work is Signal-to-Interference-plus-Noise

Ratio (SINR). Knowing only the statistics of the channel, we cannot meet these

SINR requirements with probability 1. Thus, we formulate an outage probability

framework for this problem to minimize the power usage in the network. We find

optimal solutions in special cases, and a near-optimal solution in the general case

for power control and transmit/receive beamforming. We also study how to select

the parameters from a system design perspective for outage and SINR to optimize

throughput.

The outage probability in Chapters 3 and 4 is undesirable in any commu-

nication system. If the transmitter sends data, it should do so with the confidence

that the data is being successfully received. Thus, in Chapter 5, we introduce

limited CSI feedback to compliment our CDI scheme, and study how various levels

of CSI can help to transmit only when the links are not in outage. We can also

use limited CSI to do better receive beamforming at the receivers, and feed this

information back to do better power control at the transmitters. Both SINR as

well as full channel matrix feedback is considered, and we also develop an optimal

quantizer for SINR feedback to minimize the expected power usage in the network.

1.1 Notation

In this dissertation, the following notation is used: italicized letters indicate

scalars (e.g. pl), lower-case bold letters indicate vectors (e.g. v), and upper-case

bold letters indicate matrices (e.g. A). Furthermore, (•)H indicates the Hermitian

operator, and (•)∗ indicates the conjugate operator.
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1.2 System Model

A variety of system environments are considered in this work. Here, we will

establish the different models and the terminology associated with each model.

1.2.1 Single-User MIMO Channel

Consider a single point-to-point MIMO beamforming link with MT transmit

antennas and MR receive antennas. The transmitter transmits its signal s(t) with

power p(t) with the unit-norm transmit beamformer v(t) to precode the signal. The

signal then goes through the fading channel H(t) with noise n(t). The received

signal r(t) can then be written as

r(t) =
√
p(t)[H(t)v(t)]s(t) + n(t).

The receiver combines the incoming vector using unit-norm receive beamformer

u(t). Define r(t) to be the received signal after the receive beamformer is applied,

and define n(t) to be the noise after receive beamforming. Then the received signal

after transmit and receive beamforming is applied is given by

r(t) =
√
p(t)[u(t)HH(t)v(t)]s(t) +N(t).

The main problem in this framework is to select p(t), u(t), and v(t) to optimize

capacity or meet some minimum QoS requirement in the system. This framework

has many applications and is well-studied in the literature.

1.2.2 L Point-to-Point Channel

Consider a MIMO network with L separate transmit-receive pairs. Each

transmitter has MT transmit antennas and each receiver has MR receive antennas.

At link l, the transmitter sends the symbol sl(t) to the receiver. The transmitter

uses unit-norm beamforming vector vl(t) to precode the signal, and transmits with

power pl(t). The channel from transmitter i to receiver l is given by Hli(t). The

noise is given by nl(t). The received signal is then given by

rl(t) =
√
pl(t)[Hll(t)vl(t)]sl(t) + nl(t) +

L∑
i 6=l

√
pi(t)[Hli(t)vi(t)]si(t).
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Note here that in addition to noise, the receiver also sees interference from the

remaining L − 1 links. The receiver employs the linear unit-norm beamformer

ul(t) to combine the signal. The noise Nl(t) represents the combined noise after

applying the receive beamforming vector to the incoming signal. The lth received

signal is thus given by

rl(t) =
√
pl(t)[u

H
l (t)Hll(t)vl(t)]sl(t) +Nl(t) +

L∑
i 6=l

√
pi(t)[u

H
l (t)Hli(t)vi(t)]si(t).

(1.1)

Once again, the main problem in this framework is to select pl(t),ul(t), and

vl(t), l = 1, . . . , L to optimize capacity or meet some minimum QoS requirement

in the system. This problem is considerably more challenging than the single-

user MIMO problem, but much research has yielded good solutions under various

assumptions for this problem. In a cellular environment, this framework can be

used to model a system with L base stations, each transmitting to one receiver in

the same time/frequency slot.

1.2.3 Broadcast Channel

Consider a MIMO network with one transmitter and L receivers. The

transmitter has MT transmit antennas and each receiver has MR receive antennas.

To not exceed the degrees of freedom in the channel, L ≤ MT . At link l, the

transmitter sends the symbol sl(t) to the receiver. As in the previous section, the

transmitter uses unit-norm beamforming vector vl(t) to precode the signal, and

transmits with power pl(t). The channel from the transmitter to receiver l is given

by Hl(t). The noise is given by nl(t). The received signal is then given by

rl(t) =
√
pl(t)[Hl(t)vl(t)]sl(t) + nl(t) +

L∑
i 6=l

√
pi(t)[Hl(t)vi(t)]si(t).

Note the key difference between this channel and the L point-to-point chan-

nel: the interfering links in the L point-to-point channel underwent different chan-

nels Hli(t). However, in the broadcast channel, the interference comes in on the

same channel Hl(t). Thus, the signal and the interference will always be correlated.

This distinction appears later on in this dissertation.
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The receiver employs the linear unit-norm beamformer ul(t) to combine the

signal. The noise Nl(t) represents the combined noise after applying the receive

beamforming vector to the incoming signal. The lth received signal is thus given

by

rl(t) =
√
pl(t)[u

H
l (t)Hl(t)vl(t)]sl(t) +Nl(t) +

L∑
i 6=l

√
pi(t)[u

H
l (t)Hl(t)vi(t)]si(t).

This problem has its own set of challenges in comparison with the L point-

to-point MIMO channel and has also been well-studied under various assumptions.

In a cellular environment, this framework can be used to model a system with one

base station transmitting to L users in the same time/frequency slot.

1.2.4 Multi-Tx Broadcast Channel

This framework generalizes the above two frameworks. Define the multi-

Tx broadcast channel to be a MIMO network of K transmitters and L receivers,

K ≤ L. Define the set Sk of size Lk to be the set of receivers associated with

transmitter k. Each transmitter has MT transmit antennas and each receiver has

MR receive antennas. At link l, the transmitter sends the symbol sl(t) to the

receiver. As in the previous sections, the transmitter uses unit-norm beamforming

vector vl(t) to precode the signal, and transmits with power pl(t). The channel

from the transmitter to receiver l is given by Hli(t). The noise is given by nl(t).

The received signal is then given by

rl(t) =
√
pl[Hll(t)vl]sl(t) + nl(t)

+
∑

i∈Sk,i 6=l

√
pi[Hll(t)vi]si(t) +

∑
m 6=k

∑
j∈Sm

√
pj[u

H
l Hlm(t)vj]sj(t),

In the case of the L point-to-point channel, K = L and Lk = 1∀k. In the case

of the broadcast channel, K = 1 and L1 = L. The receiver employs the linear

unit-norm beamformer ul(t) to combine the signal. The noise Nl(t) represents

the combined noise after applying the receive beamforming vector to the incoming
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signal. The lth received signal is thus given by

rl(t) =
√
pl[u

H
l Hll(t)vl]sl(t) +Nl(t)

+
∑

i∈Sk,i 6=l

√
pi[u

H
l Hll(t)vi]si(t) +

∑
m 6=k

∑
j∈Sm

√
pj[u

H
l Hlm(t)vj]sj(t),

This problem is the most challenging of the frameworks discussed here, since

it introduces both correlated interference terms as well as independent interferers.

In a cellular environment, this framework can be used to model a multi-cellular

system with K base stations transmitting to L users in the same time/frequency

slot.

1.3 Channel Correlation Models

This dissertation focuses on MIMO channels undergoing Rayleigh fading.

There are various models for the correlation structure on this fading. Depending on

the structure, the correlation can be exploited for transmit/receive beamforming

and power control.

1.3.1 Independent Identically-Distributed Correlation

Model

This model, the simplest among all correlation models, is widely considered

in the MIMO literature. For this discussion, the time variable will be dropped

for notational convenience. Define Hwli to be a random Gaussian matrix. Each

element in the matrix is 0-mean with unit variance, and all the entries are inde-

pendent. The channel matrix Hli is then modeled as

Hli = σliHwli .

Since Hwli is 0-mean, Hli is also 0-mean. The covariance matrix of Hli, Σli, is

then given as

Σli = E[vec(Hli)vec(Hli)
H ] = σ2

liE[vec(Hwli)vec(Hwli)
H ] = σ2

liI.



8

While this model is popular, it neglects the effects of correlation in the channel.

The structure of the covariance matrix cannot be exploited for beamforming in

this case. This will be discussed in more detail later in the dissertation.

1.3.2 Kronecker Model

This model is also popular in the MIMO literature. This is the model

that is primarily used in works that consider antenna correlation. The Kronecker

model assumes that the spatial covariance matrix can be broken into the spatial

correlation at each link end. This means the correlation at the receiver is indepen-

dent from the correlation at the transmitter. This assumption has an interesting

consequence for MIMO networks, as it implies that each transmitter has its own

transmit correlation matrix, regardless of the receiver, and each receiver has its

own receive correlation matrix, regardless of the transmitter. Thus, the channel

from transmitter i to receiver l is modeled as

Hli = Σ
1
2
Rl
HwliΣ

T
2
Ti
.

Here, ΣRl is the one-sided MR×MR receive correlation matrix, and ΣT
Ti

is the one-

sided MT×MT transmit correlation matrix. Σ
1
2
Rl

is the principal matrix square root

of ΣRl and Σ
T
2
Ti

is the principal matrix square root of ΣT
Ti

. The overall correlation

matrix is then given as

Σli = E[vec(Hli)vec(Hli)
H ]

= E
[
vec(Σ

1
2
Rl
HwliΣ

T
2
Ti

)vec(Σ
1
2
Rl
HwliΣ

T
2
Ti

)H
]

= E

[(
Σ

1
2
Ti
⊗Σ

1
2
Rl

vec(Hwli)
)(

(Σ
1
2
Ti
⊗Σ

1
2
Rl

)vec(Hwli)
)H]

= (Σ
1
2
Ti
⊗Σ

1
2
Rl

)E[vec(Hwli)vec(Hwli)
H ](Σ

1
2
Ti
⊗Σ

1
2
Rl

)

= (Σ
1
2
Ti
⊗Σ

1
2
Rl

)I(Σ
1
2
Ti
⊗Σ

1
2
Rl

)

= ΣTi ⊗ΣRl .

The above derivation uses the Kronecker product properties vec(AXB) = (BT ⊗
A)vec(X) and (A ⊗B)(C ⊗D) = (AC ⊗BD). The Kronecker model is analyt-

ically tractable, but the assumptions made by this model may not be adequate
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for many multiuser setups–the transmitter location will affect both the scatterers

that are used around both the receiver and transmitter in many scenarios. Further

discussion on the insufficiencies of this model are discussed in [19]-[21].

1.3.3 Weichselberger Model

The Weichselberger channel model is similar to the Kronecker channel

model. However, it introduces a MR × MT coupling matrix from transmitter i

to receiver l, Ωli, that couples the eigenmodes (the eigenvectors of each link end)

of the channel. The model is given by

Hli = URl(Ω̃li �Hwli)U
T
Ti
,

where Ω̃li contains the square root of the elements of Ωli and URl and UTi are MR×
MR and MT ×MT eigenvector matrices of ΣRl and ΣTi , respectively. Following

similar steps to the derivation of the full covariance matrix for the Kronecker

model, the full covariance matrix for the Weichselberger model is given as

Σli = (UTi ⊗URl)Ωdiagli(UTi ⊗URl)
H ,

where Ωdiagli is a diagonal matrix with the elements of vec(Ωli) along its diagonal.

This model is usually sufficient for modeling most point-to-point MIMO channels,

but to our knowledge has not been tested extensively in multiuser MIMO environ-

ments. Since the eigenmodes are now coupled, using this model for optimization

is more difficult than for the Kronecker model.

1.3.4 General Correlated Rayleigh Fading

This model encompasses all the above models and is the primary form con-

sidered in this dissertation. For a given covariance matrix Σli between transmitter

i and receiver l, the model is given by

vec(Hli) = Σ
1
2
livec(Hwli). (1.2)

Once the Σli is calculated in the above models, Eqn. (1.2) can be used to generate

channel matrices from these models. However, in reality, none of the above mod-

els fully encompass the correlation structure of the antennas. Thus, the channel
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models used in the simulations for this dissertation are from scattering models

[26][27].

1.4 Previous Work with Full CSI

Much work has been done on meeting QoS constraints if the CSI is known at

every node in the network. Here, we review the work done in [36]. This framework

will serve as the baseline for the power control and beamforming algorithms in this

dissertation. In this framework, the goal is to meet a minimum SINR requirement

at each receiver while minimizing the overall power usage in the network. To do

this, the transmit powers as well as the transmit and receive beamformers can be

optimized. Consider the L point-to-point MIMO channel. For the case when full

CSI is known, the L point-to-point channel can easily be extended to the multi-Tx

broadcast channel, since the correlation structure is not considered.

For notational convenience, the time variable will be dropped. If perfect

CSI is available, to ensure a reliable link is available to all nodes in the network,

each link has an SINR constraint: The SINR Γl must be greater than a threshold

γl. The goal is then to minimize the power consumed by the network while meeting

all the SINR constraints. The cost function considered in this work is the weighted

sum power. In this setup, each link l in the network incurs some cost wl > 0 to

transmit across its link. An example of a network with varying power costs on the

links are networks with varying battery life at the transmitters. For minimizing

non-weighted sum power, wl = 1 for l = 1, . . . , L.

To compact notation, define the weighting and power vectors as w =

{w1, . . . , wL} and p = {p1, . . . , pL}, respectively. The beamforming matrices are

defined as U = {u1, . . . ,uL} and V = {v1, . . . ,vL}. The optimization problem for

having perfect CSI can then be stated as follows:

min
p≥0,U,V

wTp

s.t. Γl ≥ γl,l = 1, . . . , L. (1.3)

Use the system model in Eqn. (1.1), and define Gli(t) = |ul(t)HHli(t)vi(t)|2 as the



11

beamforming channel gain from the transmitter on link i to the receiver at link l

and σ2
Nl

as the noise power for the lth link. The SINR is then given as

Γl =
plGll∑

i 6=l piGli + σ2
Nl

. (1.4)

The optimization problem in Eqn. (1.3) can be rewritten as a linear programming

problem. Define n as a column vector of the noise powers σ2
Nl
, l = 1, . . . , L. Then,

define an L by L diagonal matrix D, with elements Dll = Gll
γl

, and a L by L matrix

GI with Gli as its elements on the off-diagonal and 0’s along the diagonal. Using

these two matrices, also define A = D−GI . After some manipulation, the problem

in (1.3) can be rewritten as

min
p≥0,U,V

wTp

s.t. Ap ≥ n. (1.5)

This problem will have a feasible solution when D−1GI has a spectral radius less

than 1. It is shown in [36] that if a feasible solution exists, the constraint inequality

in (1.5) is satisfied with equality, so p is given as

p = A−1n.

Also, the receive beamformers can be solved in this setup for fixed transmit

beamformers and powers. To minimize the objective function, Γl, l = 1, . . . , L,

should be maximized for U. Doing this allows for p (specifically, pl for the lth

constraint) to be minimized as much as possible while meeting the constraints.

Define

Φl =
∑
i 6=l

piHliviv
H
i Hli + σ2

Nl
I

Then, the following L optimization problems can then be written:

max
ul

Γl =
Gllpl∑

i 6=lGlipi + σ2
Nl

=
plHllvlv

H
l Hll∑

i 6=l piHlivivHi Hli + σ2
Nl

=
uHl Hllvlv

H
l Hllul

uHl Φlul
, l = 1, . . . , L. (1.6)



12

Note that Γl is only dependent on the lth receive beamformer, so the constraints

can be optimized individually. The optimal receive beamformer at receiver l is

then given as the LMMSE beamformer:

ul =
Φ−1
l Hllvl

||Φ−1
l Hllvl||2

.

Now, focus on the transmit beamformers. The transmit beamformers can be

solved in an analogous fashion to the receive beamformers for the dual optimization

problem of (1.5). It can be shown that this dual optimization problem can be

formulated as

min
q≥0,U,V

nTq

s.t. ATq ≥ w. (1.7)

Once again, using the same arguments as before, the constraint inequality in (1.7)

is satisfied with equality. Thus, the solution to the optimum power allocation in

the dual domain is given by

q = A−Tw.

Then, the optimal transmit beamformers can be solved for by noticing that

the lth constraint in dual problem is only dependent on the lth transmit beamformer

(all else held constant), for fixed receive beamformers and a fixed dual power vector

q. Define for the dual problem

Φ̃l =
∑
i 6=l

qiH
H
il uiu

H
i HH

il + wlI.

This problem is analogous to the receive beamformer problem, so the transmit

beamformers can be solved as the LMMSE beamformer. From the above argu-

ments, an algorithm for joint power control and transmit/receive beamforming

can be derived:

Perfect CSI Joint Power Control and Beamforming Algorithm

1. Initialize p ≥ 0 and V

2. Calculate the Φl’s and use them to calculate U
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3. Calculate A, and then calculate q = A−Tw

4. In the dual domain, calculate the Φ̃l’s and use them to calculate V

5. Calculate A, and then calculate p = A−1n

6. Repeat steps 2-5 until convergence.

This algorithm converges regardless of the initialization and will generate

feasible solutions of decreasing cost. This algorithm will be used as the baseline

for comparison when full CSI is available in the simulations in this dissertation.

1.5 Original Contributions

There are three main categories of contributions in this work. They are

MIMO channel covariance matrix quantization for correlated Rayleigh fading chan-

nels, a CDI-based outage framework, and a combined CDI/CSI-based outage

framework.

1.5.1 MIMO Channel Covariance Matrix Quantization

• A matrix quantizer based on dominant eigenvalue/eigenvector feedback is

developed for the full covariance matrix using training data.

• A matrix quantizer based on the near-Kronecker/Weichselberger structure is

developed for the eigenvectors to reduce codeword search time.

1.5.2 CDI-based Outage Framework

• A framework is developed to use CDI instead of CSI for transmit/receive

beamforming and power control. The framework discussed here builds on

the idea of having minimum SINR requirements at each user while minimiz-

ing the overall power consumption of the network. When CDI is used, these

minimum SINR constraints can no longer be met with probability 1. There-

fore, an outage probability constraint is introduced–the links are allowed to



14

fall into ”outage,” that is, below their SINR requirement, with some specified

probability.

• A closed-form expression is derived for the outage probability on each link

in the L point-to-point MIMO channel.

• For single-user MIMO:

– Optimal power control is given for fixed transmit and receive beam-

formers.

– Optimal receive beamforming is given for a fixed transmit beamformer.

– Optimal transmit beamforming is given for a fixed receive beamformer.

• For the L point-to-point channel under the Kronecker model, an optimal

algorithm for power control and transmit/receive beamforming is derived.

• For the L point-to-point channel under general Rayleigh fading:

– Optimal power control is given for fixed transmit and receive beam-

formers.

– Near-optimal algorithms for joint power control and beamforming are

derived.

• A closed-form expression is derived for the outage probability in the broad-

cast channel.

• A closed-form expression is derived for the outage probability in the multi-Tx

broadcast channel.

• An algorithm for optimal power control is given for the multi-Tx broadcast

channel for fixed transmit and receive beamformers.

• A beamforming algorithm based on the L point-to-point channel is proposed

for the multi-Tx broadcast channel.

• Techniques for selecting the proper outage and SINR requirement for a given

channel is discussed to optimize throughput.
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1.5.3 CDI/CSI-based Outage Framework

• The framework developed using CDI is extended to the case of limited CSI

feedback. CSI feedback is used for two primary functions:

1. To not transmit data on links that are in outage from the CDI power

allocation and beamforming algorithm.

2. To reduce the powers allocated by the CDI algorithm.

• Algorithms based on decentralized SINR feedback are developed.

• An optimal quantizer for SINR feedback is developed to minimize the average

power usage in the system.

• Algorithms based on centralized CSI feedback are developed for the L point-

to-point channel, where the transmitters are able to share the channels of

the direct links. The instantaneous interfering links are unknown, but CDI

is assumed on these interfering links.

• Algorithms based on centralized CSI feedback are extended to the multi-Rx

broadcast channel.



Chapter 2

Techniques for MIMO Channel

Covariance Matrix Quantization

2.1 Introduction

Multiple-input multiple-output (MIMO) technology is increasingly utilized

in advanced communications systems. However, while much of the theory for

point-to-point communication has been established, many implementation issues

remain unresolved, especially in the multi-user domain. One of the most impor-

tant requirements on optimal use of MIMO technology is that of Channel State

Information (CSI) at the transmitter. Since the channel can be measured at the

receiver, much work has been done on how to efficiently quantize and feed back this

information to the transmitter [4]-[6]. However, in multi-user scenarios, optimal

transmit and receive beamforming and power control requires knowledge of all the

CSI in the network. In fast-changing environments, the bandwidth requirement to

feed back the CSI of all users every time it changes can be significant.

One approach to reduce feedback is to also utilize statistical information

about the channel, or Channel Distribution Information (CDI). Since CDI takes

into account the randomness of the channel, it is much more robust to small

changes in the environment and thus stays valid for longer time intervals than

CSI. Much work has been done on ways to utilize CDI to improve communication

16
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in MIMO systems [7]-[17]. In Chapter 3, we utilize CDI to meet QoS constraints

in multiuser MIMO networks with outage constraints. CDI can also be used to

maximize ergodic capacity [11]-[16]. However, all previous work considers that

the CDI is perfectly known, and does not consider feedback requirements on the

system. While CDI stays valid for longer than CSI, it will still change over time and

must be updated periodically. The CDI between a transmitter/receiver pair can be

measured over time using averaged uplink and downlink channel measurements in

TDD systems using channel reciprocity. In FDD systems, this technique still works

to a limited extent if the uplink and downlink frequencies are close [7]. However,

in FDD systems where the uplink and downlink frequencies are far apart, channel

reciprocity becomes less accurate and CDI feedback is required. Furthermore, for

centralized multiuser algorithms, CDI of the direct links in the system cannot be

estimated by other nodes. Thus, this information needs to be fed back efficiently

to perform optimization for transmit/receive beamforming and power control.

In this chapter, we consider techniques to feed back CDI for MIMO links ex-

periencing correlated Rayleigh fading. While it is often assumed that the transmit

and receive antennas undergo independent identically-distributed (i.i.d.) Rayleigh

fading, much work has been done in the literature to show the inadequacy of this

model [18]-[22]. If transmitters know the correlation structure of the transmit and

receive antennas, they can exploit this information to minimize interference in the

network [16][17]. This information is stored in a covariance matrix Σ. There are

many ways to parameterize this matrix. One way is to quantize all the coeffi-

cients. However, for a MIMO link with MR receive antennas and MT transmit

antennas, the number of complex coefficients to quantize is
M2
RM

2
T

2
. In compari-

son, the number of coefficients to quantize for a channel matrix H is only MRMT .

Thus, we would like to find a more efficient method of quantizing the covariance

matrix. MIMO covariance matrices tend to have a small number of significant

eigenvalues many environments [23]. Thus, a valuable way to quantize this matrix

is to quantize the dominant eigenvalues and eigenvectors of Σ and only feed back

these coefficients. In this manner, the performance loss would be minimal while

significantly reducing feedback. By using scalar quantization on the dominant
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eigenvalues and vector quantization on the eigenvectors using a modified Lloyd’s

algorithm similar to the work in [6][24], we show that we can capture a significant

amount of the information in the matrix using a low number of bits.

Much research has been done on unquantized, reduced-parameterization

estimates of the covariance matrix Σ. The most popular reduced-parameter es-

timate is the Kronecker model [18]. This model estimates the covariance matrix

as the Kronecker product of the correlation matrix at the transmitter and the

correlation matrix at the receiver, reducing the number of parameters from
M2
RM

2
T

2

to
M2
R+M2

T

2
− 1. This model is analytically easier to deal with than the full co-

variance matrix and has thus widely been used in the literature. However, this

model does not model a wide range of environments effectively [19][20]. An im-

provement to the Kronecker model, the Weichselberger model, is presented in [21].

This model utilizes the same eigenvectors of the Kronecker model for the full co-

variance matrix, but uses more parameters to determine the eigenvalues. A good

discussion of these models and their accuracy is provided in [25]. The true correla-

tion matrix will not adhere to either model perfectly, but the ”near-Kronecker” or

”near-Weichselberger” structure of the true correlation matrix can be exploited to

design codebooks for the eigenvectors that have significantly less real-time code-

word search time compared with codebooks that do not utilize this structure while

still maintaining good performance. We test our codebook designs using the MIMO

angular-spread model [26] as well as data from the 3GPP model [27]. Section 2.2

will explore algorithms for dominant eigenvalue and eigenvector quantization, Sec-

tion 2.3 will discuss the Kronecker/Weichselberger model approximation and how

this structure can be used to reduce codeword search complexity, and Section 2.4

discusses simulations run to test these algorithms.

2.2 Eigenvalue and Eigenvector Quantization

In this section, quantizers for the eigenvalues and eigenvectors of the co-

variance matrix assuming no seperable model structure are discussed. Joint quan-

tization of the eigenvalues and eigenvectors is a difficult problem. Thus, separate
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quantization for the eigenvalues and eigenvectors is considered. Since it is difficult

to ascertain the ”statistics on the statistics” of the channels, codebooks for both

the eigenvalues and eigenvectors of the covariance matrices are developed using

training data. The covariance matrix for a MR ×MT link is given by

Σ = E[vec(H)vec(H)H ].

Thus, the size of Σ is MRMT × MRMT . Consider a training set of covariance

matrices D. First, the number N of eigenvectors and eigenvalues to be quantized

must be selected. This can be done by looking at the distribution of eigenvalues

in D. For example, see Fig. 2.1. This plot shows the average values of the

dominant eigenvalues are calculated for 4096 covariance matrices drawn from both

the angular spread [26] and 3GPP model [27] for 3x3 MIMO. The covariance

matrix for a 3x3 MIMO link is a positive semidefinite matrix of size 9x9. The

plots show that the dominant eigenvalues are substantially higher than the rest of

the eigenvalues in the matrix. Thus, for many applications selecting N = 2 would

suffice for these models, since sending back the 2 dominant eigenvector/eigenvalue

pairs would likely provide a good approximation of the covariance matrix.

Once N has been selected, the codebooks for the eigenvalues and eigen-

vectors can be developed. To quantize the eigenvalues, a scalar quantizer based

on Lloyd’s algorithm can be used for each eigenvalue to be quantized [24]. The

training set for quantizing the nth eigenvalue is comprised of the nth eigenvalues of

matrices from D. Analog feedback is also an option in low-noise feedback channels

to reduce codeword search time.

For the eigenvector codebook, it is desirable to maintain the orthogonality

between the vectors while capturing the behavior of the true eigenvectors as closely

as possible. Thus, an appropriate objective function to design this codebook is

required. A generalized version of the Rayleigh-Ritz theorem states that for a

matrix U of size MRMT ×N ,

arg max
U

Tr(UHΣU) = Uopt,

where Uopt is comprised of the N dominant eigenvectors of Σ in its columns [29].

This criteria leads to a codebook where the orthogonality between the eigenvectors
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is preserved, as will be shown. Consider a codebook W of size B bits, and let each

codeword matrix Wi ∈W of size MRMT ×N represent N orthonormal quantized

eigenvectors of length MRMT . To feed back the eigenvectors for a given matrix Σ,

the codeword that maximizes Tr(WH
i ΣWi) will be sent. To design this codebook,

a Lloyd-type algorithm based on the metric Tr(UHΣU) will be used. However,

since this codebook is only for the eigenvectors, the data is pre-normalized to not

skew the codebook towards matrices with higher eigenvalues.1 Since

max
U

Tr(UHΣU) =
N∑
j=1

λj,

where λj is the jth largest eigenvalue of Σ, the matrices in the training set will be

normalized by the sum of their N largest eigenvalues. Using the discussed metric

and normalization, the following algorithm is used to design the codebook:

Algorithm 1: Direct Eigenvector Subspace Quantization

1. Pre-normalize all the matrices in the data set by the sum of the first N

eigenvalues.

2. Nearest-Neighbor Condition (NNC): For a given codebook W, optimal par-

tition cells are given by

Si =
{
Σ ∈ D : Tr(WH

i ΣWi) ≥ Tr(WH
j ΣWj)∀j 6= i

}
for i = 1, . . . , 2B, where Si is the partition cell for the ith codeword Wi.

3. Centroid Condition (CC): For a given partition {S1, . . . ,S2B}, the optimum

codewords satisfy

Wi = arg max
ZHZ=I

E
[
Tr(ZHΣZ)|Σ ∈ Si

]
, (2.1)

where Wi and Z are of size MRMT ×N .

4. Repeat 2) and 3) until convergence.

1This algorithm can be run without this normalization step as well, giving a biased codebook
that favors matrices in the training set with stronger eigenmodes.
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The solution to the Centroid Condition in Algorithm 1 is given by the following

theorem:

Theorem 1. If Wi = arg maxZHZ=IE
[
Tr(ZHΣZ)|Σ ∈ Si

]
, then

Wi = (the first N eigenvectors of) E[Σ|Σ ∈ Si].

Proof. Using the linearity of the conditional expectation and trace operations, the

objective function in (2.1) can be rewritten as

E
[
Tr(ZHΣZ)|Σ ∈ Si

]
= Tr

(
ZHE[Σ|Σ ∈ Si]Z

)
.

The proof is concluded by directly applying the generalized Rayleigh-Ritz theorem

from [29, p. 191] that states the optimal Z is given by the eigenvectors correspond-

ing to the largest N eigenvalues of E[Σ|Σ ∈ Si].

The matrix E[Σ|Σ ∈ Si] is calculated as follows:

E[Σ|Σ ∈ Si] =
1

|Si|
∑

Σj∈Si

Σj.

This solution presents many nice properties. Note that for all Wi, the columns are

orthogonal and unit-norm, so although the eigenvectors are being jointly quantized,

their orthogonality is being preserved. Algorithm 1 can be initialized by setting

Wi to be the first N eigenvectors of Σi, i = 1, . . . , 2B.

To find the appropriate codeword during runtime for a given Σ, the Wi

that maximizes Tr(WH
i ΣWi) should be fed back. Calculating this value for all

the codewords in this codebook takes O(2B) time, which is exponential in the

number of bits. While analog feedback avoids codeword search time, the added

noise in the channel eliminates the orthogonality between the eigenvectors. Thus,

an algorithm is desired that takes less search time.

2.3 Eigenvector Quantization using Kronecker

Structure

In this section, an algorithm based on the Kronecker and Weichselberger

models will be developed to reduce codeword search time. There are many ways
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to do this, but the method discussed here gave the the best performance in our

tests. A given covariance matrix Σ can be approximated as

Σ ≈ ΣT ⊗ΣR.
2

Here, ΣT is the one-sided transmit covariance matrix of size MT ×MT and ΣR is

the one-sided receive covariance matrix of size MR ×MR. These matrices can be

calculated by solving the following optimization problem:

min
ΣT∈S

MT
+ ,ΣR∈S

MR
+

||Σ−ΣT ⊗ΣR||F , (2.2)

where SMT
+ and SMR

+ are the sets of positive semidefinite matrices of size MT ×MT

and MR×MR, respectively. This problem is discussed and solved in [28], and their

solution is used here to generate the training sets of one-sided correlation matrices.

Furthermore, consider the eigendecompositions of the original covariance matrix

and the two one-sided correlation matrices:

Σ = UΣΛΣUH
Σ

ΣT = UΣT
ΛΣT

UH
ΣT

ΣR = UΣR
ΛΣR

UH
ΣR
.

Then, using properties of Kronecker products, the eigenvectors of Σ can be ap-

proximated as

UΣ ≈ UΣT
⊗UΣR

. (2.3)

This equation suggests that the matrix containing the eigenvectors of Σ can be

approximated using the Kronecker product of the eigenvector matrices of the one-

sided correlation matrices. The approximation in (2.3) is also the same one used

for the Weichselberger model, as discussed in Section 3.1. Consider Fig. 2.2. The

validity of the Kronecker approximation for the dominant eigenvector is tested for

the angular spread model with 120 scatterers. In this simulation, N = 1, and 4x4

2This approximation comes from modelling the channel as H = Σ
1/2
R GΣ

T/2
T , where G is an

i.i.d. Gaussian matrix of size MR × MT . Many works in the literature use Σ
1/2
T instead of

Σ
T/2
T . We use the latter here to eliminate the transpose operator in the full covariance matrix

approximation to simplify notation.
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MIMO is considered. The x-axis plots the error of the Kronecker matrix approx-

imation, and the y-axis plots the error of the Kronecker product approximation

of the eigenvector. Note that the correlation coefficient is 0.98, indicating a near-

perfect correlation. Also note that for the angular spread model, the matrices are

very close to Kronecker structure, as indicated by the small error in the matrix

approximation.

Algorithm 1 can be run on the set of one-sided correlation matrices in-

dependently to produce the codebooks WT of size 2BT and WR of size 2BR such

that BR+BT = B. These are the codebooks for the transmit eigenvectors and the

receive eigenvectors, respectively, and are generated as follows:

Algorithm 2: Kronecker Approximation Quantization

1. Approximate Σk ≈ ΣTk ⊗ ΣRk using minimum Frobenius norm [28], k =

1 . . . |D|

2. Run Algorithm 1 on the ΣTk matrices to generate WT using BR bits

3. Run Algorithm 1 on the ΣRk matrices to generate WR using BT bits

Each element in WT is of size MT ×min(MT , N) and each element in WR

is of size MR × min(MR, N). The codeword selection process for this Kronecker

codebook is conceptually more involved than for the direct quantization, but leads

to lower computational complexity. First consider the simple case where N = 1,

where only the dominant eigenvector is being fed back. First, take the Kronecker

estimate of the covariance matrix Σ to be quantized such that Σ ≈ ΣT⊗ΣR. Then,

to find the appropriate codeword during runtime for a given Σ, find the vector

wTi in WT that maximizes wH
Ti

ΣTwTi and the vector wRi in WR that maximizes

wH
Ri

ΣRwRi . The indices for these two codewords are sent to the transmitter, and

the transmitter reconstructs the dominant eigenvector by taking the Kronecker

product of the two vectors, wTi ⊗ wRi . This method, while suboptimal, leads to

significant gains in codeword search time, as discussed below.

In the case where N > 1, for a fixed number of bits, some restrictions must

be made on which eigenvectors can be used. Once again, the codewords WRi and

WTi are selected by finding the maximum of Tr(WTiΣTWTi) and Tr(WRiΣRWRi)
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over their respective codebooks. These two codeword indices can be sent back to

the transmitter. However, the transmitter must decide how to utilize this infor-

mation optimally. Observe that the approximation in Eqn. (2.3) will yield an

unordered set of eigenvectors–that is, while the set of vectors will be correct, the

order of the corresponding eigenvalues from this product is unclear. Thus, we

propose two options for capturing this additional information: either to send back

additional bits specifying the order of which vectors should be used, or use a priori

knowledge of the environment to make this decision. For example, if N = 2 eigen-

vectors are sent back using this method in a cellular downlink environment, the

transmitter will typically experience less scattering on its side than the receiver.

Thus, the angular spread at the transmitter is usually smaller. Therefore, it can

be assumed with high probability that the dominant eigenvector of the transmit

correlation will be used with two eigenvectors of the receive correlation to produce

the strongest eigenmodes in the covariance matrix. If the angular spreads are com-

parable at the transmitter and receiver, then this method will become unreliable,

and additional bits would be required to select the proper eigenvectors for use at

the transmitter.

To find the appropriate codeword during runtime for a given Σ, vectors

must be selected appropriately from WRi and WTi that maximize Tr(WH
i ΣWi)

and fed back. If BR = BT = B
2

, searching through all the codewords in this

codebook takes O(2
B
2

+1) time, which is exponential in half the number of bits.

The codebooks developed using Algorithm 2 thus have significantly lower search

time compared to Algorithm 1.

Algorithm 2 also has an additional benefit when the covariance matrices

are close to Kronecker structure. For a low number of bits, initializing Algorithm

1 with the first few data points may lead to a poor initialization point and poor

performance of the quantizer. Instead, Algorithm 1 can use the eigenvectors

from Algorithm 2 as an initialization point, leading to better performance. As

the number of bits increases and the covariance matrices go further from Kronecker

in structure, initializing the algorithm from the data directly gave better results

in our tests.
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2.4 Results

We perform simulation experiments to verify the concepts discussed above.

First, in Simulation 1, Algorithm 1 and Algorithm 2 are run on a set of co-

variance matrices generated using the angular spread model for 4x4 MIMO. Here,

N = 1. 8000 matrices were used as the training set. See Fig. 2.3. The error is

calculated using the metric discussed in Section 2.2, normalized by the eigenvalues

to not skew the data towards matrices with stronger eigenmodes. The results are

strong for both algorithms, giving 1% of error at 8 bits of feedback for a 16x1

vector for both algorithms. In Simulation 2, the above algorithms are applied to

the 3GPP model to feed back two eigenvectors (N = 2) for 3x3 MIMO. Here, 18

coefficients (two 9x1 vectors) are quantized using a varying number of bits. For

Algorithm 2, it is assumed that additional feedback is not required to specify

which eigenvectors to use–this is assumed to be known from the environment, as

discussed in Section 2.3. 16000 matrices were used as the training set. See Fig.

2.4. To initialize Algorithm 1, the codewords from Algorithm 2 gave the best

results for a quantizer with less than 8 bits. When the number of bits were greater

than 8 bits, initializing the codebook from the data gave the best results. While

the results for the 3GPP model are not as good as for the angular spread model,

at 12 bits of feedback, Algorithm 1 exhibits 5% error. The results from these

simulations are consistent while varying the number of antennas. Also, when the

eigenvectors were fed back for N = 2 and N = 3 under the angular spread model,

the performance was comparable to the case when N = 1.

In Simulation 3, the codeword search runtimes of the two algorithms are

compared in simulation. See Fig. 2.5. They are comparable up to about 10

bits, but then the additional complexity involved with Algorithm 1 begins to

dominate and the search time grows rapidly. Thus if performance requirements

allow, it would be desirable to use Algorithm 2 as the complexity is substantially

lower for a higher number of bits.

The above performance metrics reflect the amount of quantization error,

but in a communication system the covariance information will be used to improve

transmission. In Simulation 4, the effects of quantization on ergodic beamforming
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mutual information are studied. Such feedback can be used in FDD systems where

the transmit and receive frequencies are far apart, so the correlation at the trans-

mitter cannot be measured accurately. The transmitter only requires eigenvector

feedback in this case, since all the power will be transmitted in one direction. The

ergodic beamforming mutual information is given by

R = E

[
log det

(
I +

P

N0

HvvHHH

)]
,

where P is the power constraint at the transmitter, N0 is the noise power, and

v is the beamforming vector at the transmitter. In [12]-[14] it is shown that the

optimal beamforming vector is along the dominant eigenvector of the transmitter

correlation matrix for the Kronecker and Weichselberger models. However, we are

unaware of any literature that proves the optimal solution for the full covariance

matrix. The algorithm for finding a good transmit beamformer for the full covari-

ance matrix is used from Section 3.3.3. See Fig. 2.6. The results are averaged

over 1000 covariance matrices for 4x4 MIMO from the 3GPP model. An 8-bit

codebook generated from Algorithm 1 is used for the eigenvector feedback and

is compared to the unquantized feedback and the 4-bit codebook for Kronecker

eigenvector feedback generated from Algorithm 2. Here, assuming the Weich-

selberger model, only the transmit eigenvectors are used for finding the optimal

beamformers [14], so the receive eigenvectors are not required. The quantization

loss is minimal for both quantization codebooks, showing that the beamformers

generated from quantized feedback loses little performance. These results are com-

pared to the no-feedback case, in which case equal power allocation is used on all

directions. As expected, this case performs poorly at low SNR, but outperforms

beamforming at high SNR, where equal power allocation becomes optimal [30].

The effects of quantization loss are also studied for the multiuser case in

Simulation 5. In Chapter 3, information about the full covariance matrices of the

links is used to minimize power in a multiuser beamforming network with some

outage constraints on the links. Here, using quantized versions of the matrices for

the algorithm will affect the outage on the links. A quantized covariance matrix
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ΣQ for the algorithm is reconstructed as

ΣQ =
N∑
j=1

λjwijw
H
ij ,

where λj is the eigenvalue corresponding to the jth eigenvector of Σ. A scalar

quantizer based on Lloyd’s algorithm is used for the quantization of the eigenvalues.

The covariance matrices on the links are taken from the 3GPP model for a system

with two 4x4 MIMO transmit-receive pairs and a target of 10% outage. The results

are given in Fig. 2.7. From the plot, it can be seen that 4-bit eigenvalue feedback as

compared to perfect eigenvalue feedback results in little performance loss. 12-bit 2-

eigenvector feedback from codebooks from Algorithm 1 perform well at low SINR,

but performance degrades as the SINR requirement increases, to about 15% at 0dB.

Higher SINR requirements mean that the beamformers must be more accurate to

avoid interference intelligently, so this performance degradation is expected. If

only 1 eigenvector is fed back using Algorithm 1, the performance suffers even

at low SINR, resulting in 14% outage at -12dB. This illustrates that 1-eigenvector

feedback is insufficient for systems with higher-rank covariance structures. For

systems with one strong eigenmode, we found that 1-eigenvector feedback produces

good results. The Kronecker eigenvector feedback from Algorithm 2 performs

poorly here, even though 2 eigenvectors are being fed back. This is expected, as

the Kronecker model cannot sufficiently capture the 3GPP model as illustrated in

Simulation 2. Overall, Fig. 2.7 shows that quantizing the covariance matrices with

a small number of bits can lead to satisfactory performance in a multiuser system.

2.5 Conclusion

In this chapter, algorithms have been presented to quantize covariance ma-

trices in correlated Rayleigh fading MIMO channels to feed back to the transmitter.

Since these matrices are typically low-rank, quantization schemes here focus on ef-

ficient methods to feed back the eigenvalues and eigenvectors of these matrices

using training data. A Lloyd-type algorithm was derived to develop codebooks

for the eigenvectors of the covariance matrices while maintaining orthogonality
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between the vectors. In addition, to reduce codeword search time, the Kronecker

structure of the covariance matrices was exploited to design two smaller codebooks,

one for the transmit covariance matrix and one for the receive covariance matrix,

instead of one large codebook for the entire covariance matrix. These codebooks

were shown to perform well for a low number of bits for both the angular spread

model as well as the 3GPP model in both single-user and multiuser communication

applications. This work shows that covariance matrices have much structure that

can be exploited to reduce feedback in networks utilizing CDI, making CDI a more

viable option in future communication systems.

This chapter is a reprint of the paper ”Techniques for MIMO Channel

Covariance Matrix Quantization” in the June 2012 issue of IEEE Transactions on

Signal Processing, coauthored with Bhaskar D. Rao and James R. Zeidler.
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Figure 2.1: Average Values of Dominant Eigenvalues: value at 4 is sum of re-
maining eigenvalues
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Figure 2.2: Eigenvalue error vs. Frobenius norm difference for angular spread
model
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Figure 2.3: Quantization of Dominant Eigenvector from Angular Spread Model
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Figure 2.4: Quantization of First Two Eigenvectors from 3GPP Covariance Ma-
trix data
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Figure 2.5: Codeword Search Runtime for Direct Eigenvector Search vs Kronecker
Eigenvector Search
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Figure 2.6: Effects of Eigenvector Quantization on Ergodic Beamforming Mutual
Information
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Figure 2.7: Effects of Covariance Matrix Quantization on Outage for Multiuser
MIMO Interference Network



Chapter 3

Outage-Efficient Strategies for

Multiuser MIMO Networks with

Channel Distribution Information

3.1 Introduction

Multiuser multiple-input multiple-output (MU-MIMO) networks have gen-

erated much research interest in recent years. As the community has come to have

a greater understanding of MIMO point-to-point links, recent work has involved

looking at how multiple antennas can be utilized to reduce interference in multiuser

scenarios. To achieve maximum throughput and reliability in the MU-MIMO net-

work, all the nodes need to have perfect Channel State Information (CSI) of all

the links in the network. With this knowledge, utilizing intelligent beamforming,

interference in the system can be minimized and optimal rates can be achieved.

This assumption may be feasible in small networks where the channels

change slowly. The nodes then have time to estimate their channel and feed back

their CSI to the rest of the nodes before transmitting their data. However, in

reality, many networks are large, mobile, and operate in dynamic environments.

Thus, the channels change too fast for the CSI to be fed back to all the nodes–

by the time all the CSI has reached every node, the information is already out-

36
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dated. Thus, much work has focused on finding transmission schemes that do not

rely on full CSI. The simplest transmission scheme assumes no knowledge about

the channel structure and employs equal power allocation on all the antennas

[30]. This approach has the advantage of having no feedback overhead, but yields

lower throughput and gives no insight into the transmit power required for reliable

multiuser communication as compared to schemes that utilize feedback. Another

transmission scheme uses limited CSI, where nodes feed back their CSI only to

nearby nodes [36]. This approach assumes that the nearby nodes dominate the

interference, and should therefore yield near-optimal performance. However, even

in point-to-point systems, very low channel coherence times make full CSI feedback

infeasible. Many schemes thus utilize quantized forms of CSI to reduce feedback

[34][35]. Still, these approaches suffer from having to feed back information every

time the channel changes.

Another approach, then, is to utilize the channel statistics, or Channel

Distribution Information (CDI), to enhance communication. Since it takes into

account the randomness in the channel, CDI is more robust to small channel co-

herence times and is thus valid for much longer than CSI. In addition, given the

trend towards more location-based services, statistical data based on node location

can also be collected and stored a priori. Such location-based data eliminates the

need for real-time channel feedback. CDI has been combined with various CSI

schemes to improve performance and reduce feedback in [37]-[39]. In [37], CDI is

used to aid in SINR feedback, and in [39], CDI is used in combination with chan-

nel norm feedback to exploit multiuser diversity. In [38], CDI is utilized for more

efficient beamformer codebook design. While these schemes use CDI to reduce

CSI feedback, channel information must still be fed back every time the channel

changes. Thus, much previous work has focused on utilizing CDI without the aid

of CSI.

Previous work using only CDI focuses on maximizing ergodic capacity. In

[11], optimal transmission strategies are given for single-user multiple-input single-

output (SU-MISO) channels when either the mean channel information or covari-

ance channel information is known. The capacity-optimal input covariance for the
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single-user MIMO (SU-MIMO) channel with mean and covariance channel infor-

mation is presented in [14]. This result is extended to the MIMO multiple access

channel in [15]. Suboptimal solutions for the MIMO broadcast channel are given

in [16]. These works focus on average capacity, but this metric relies on averaging

over good and bad channels to achieve the desired throughput. Thus, packet de-

lay is ignored in such schemes, and average capacity analysis is not applicable to

delay-sensitive applications.

This work seeks to account for this delay problem by looking at the outage

of the links in the network. Due to the randomness in the channel, reliable trans-

mission cannot be achieved all the time using just CDI. Consequently, in this work

we guarantee a certain signal-to-interference-plus-noise ratio (SINR) with a speci-

fied probability on all the links. Specifically, this work looks to jointly optimize the

power allocation and transmit/receive beamformers to minimize the power used in

the network while meeting these outage SINR constraints. While many works in

the literature assume the channels experience independent identically-distributed

(i.i.d.) Rayleigh fading across the transmit and receive antennas for analytic conve-

nience, much work has been done showing the insufficiency of this model [18]-[21].

Therefore, this work assumes all links in the network experience correlated Rayleigh

fading. Under this assumption, the expression for the outage probability on each

link is derived. This expression is then applied to the SU-MIMO channel, and

an algorithm for joint transmit and receive beamforming and power control is pre-

sented. We then study the MU-MIMO system, where algorithms for joint transmit

and receive beamforming and power control are discussed. Under the Kronecker

model assumption [18], an optimal algorithm is given, and for general correlation

structures a close-to-optimal algorithm is derived. Then, using the derived CDI

algorithms, we show that while we accept some loss on the links in the network,

we can achieve power consumption levels attained by CSI schemes.

The chapter is organized as follows: in Section 3.2, the problem formulation

is given and discussed, and the expression for outage probability is derived. Section

3.3 discusses the SU-MIMO problem. Section 3.3.1 finds the closed-form expression

for the optimal power control for a fixed set of beamformers. Section 3.3.2 derives
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the optimal beamformers for the Kronecker model, and 3.3.3 derives an algorithm

for beamforming under general Rayleigh fading. Section 3.4 discusses the MU-

MIMO problem. First, 3.4.1 derives an optimal power control algorithm with a

fixed set of beamformers. Section 3.4.2 then derives the optimal beamformers for

the Kronecker model, and Section 3.4.3 discusses a good suboptimal solution for the

beamformers assuming general Rayleigh fading. Section 3.5 discusses adjusting the

outage and SINR threshold to optimize throughput in the network. We compare

our derived CDI algorithms to CSI algorithms in Section 3.6, and we summarize

our results in Section 3.7.

3.2 Problem Formulation

3.2.1 System Model

This work considers time-varying MIMO channels for many users in a net-

work. Consider a MIMO network with L transmit-receive pairs. At link l, the

transmitter sends the symbol sl(t) to the receiver. The transmitter uses unit-norm

beamforming vector vl(t) to precode the signal, and transmits with power pl(t).

The receiver employs the linear unit-norm beamformer ul(t) to combine the sig-

nal. The channel from transmitter i to receiver l is given by Hli(t). The noise

Nl(t) is distributed as a complex circular Gaussian, and represents the combined

noise after applying the receive beamforming vector to the incoming signal. The

lth received signal is thus given by

rl(t) =
√
pl(t)[u

H
l (t)Hll(t)vl(t)]sl(t) +Nl(t) +

L∑
i 6=l

√
pi(t)[u

H
l (t)Hli(t)vi(t)]si(t)

In schemes that use perfect CSI, a block-fading model is assumed, so the

channel stays constant over each block. Then, for notational convenience, the time

variable will be dropped for the channel, power allocations, and beamformers. To

further simplify notation, define Gli = |uHl Hlivi|2 as the beamforming channel gain

from the transmitter on link i to the receiver at link l and σ2
Nl

as the noise power
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for the lth link. Then, under this model, the SINR Γl on each link can be shown

to be

Γl =
plGll∑

i 6=l piGli + σ2
Nl

(3.1)

If perfect CSI is available, to ensure a reliable link is available to all nodes in

the network, each link has an SINR constraint: Γl must be greater than a threshold

γl. The goal is then to minimize the power consumed by the network while meeting

all the SINR constraints. The cost function considered in this work is the weighted

sum power. In this setup, each link l in the network incurs some cost wl > 0 to

transmit across its link. An example of a network with varying power costs on the

links are networks with varying battery life at the transmitters. For minimizing

non-weighted sum power, wl = 1 for l = 1, . . . , L.

To compact notation, define the weighting and power vectors as w =

{w1, . . . , wL} and p = {p1, . . . , pL}, respectively. The beamforming matrices are

defined as U = {u1, . . . ,uL} and V = {v1, . . . ,vL}. The optimization problem for

having perfect CSI, formulated and discussed in [36] and reviewed in Chapter 1,

can then be stated as follows:

min
p≥0,U,V

wTp

s.t. Γl ≥ γl,l = 1, . . . , L (3.2)

For a fixed set of channel matrices Hli’s, this problem can be solved and will

give a set of power allocations and beamformers for the transmitters and receivers

in the network. Then, for every change in the Hli’s, all the transmit and receive

beamformers must be updated, and the power allocation scheme changes. In many

networks, the feedback required for these changes in the channel is unrealistic due

to rapidly-varying CSI. Thus, this work considers a network where instantenous

CSI is unavailable, but CDI is available. When only CDI is known, the exact Hli’s

are not known–instead, they are assumed to be a random variable drawn from a

complex-normal distribution:
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vec(Hli) ∼ CN(0,Σli)

The channel covariance matrices, given by the Σ′lis, comprise the CDI of the net-

work. This work will consider the case where the channel varies, but the statistics

stay constant. Under this model, the expression for SINR given in (3.1) becomes

a random variable since it depends on the channel. The constraints in (3.2) can

then no longer be written as the SINR on link l always exceeding some threshold

γl–since the SINR is now random, it will drop below γl with some probability.

Therefore, these absolute constraints change to outage constraints, and links are

allowed to have an SINR below their thresholds for specified probabilities. Math-

ematically, the constraint on link l in (3.2) becomes Pr(Γl ≤ γl) ≤ αl, where αl is

the probability that the link is in outage. The main optimization problem using

CDI can then be formulated:

min
p≥0,U,V

wTp

s.t. Pr(Γl ≤ γl) ≤ αl, l = 1, . . . , L (3.3)

In this formulation, the constraints ensure that the lth link will be active with

probability (1 − αl). In order to solve this optimization problem, the first step is

to derive a closed-form expression for the outage probability, Pr(Γl ≤ γl).

3.2.2 Derivation of Outage Probability

Two steps are used in deriving this closed-form expression of the outage

probability. The first is to express Γl as a ratio of an exponential random variable

to a weighted sum of exponential random variables plus some constant. The second

step is to express Pr(Γl ≤ γl) in terms of the moment-generating function for a

sum of weighted exponential random variables to obtain the final result.

Without loss of generality, the expression for outage probability of the first

user will be shown (treating all other users as interference). Furthermore, for

convenience, the user subscript l will be dropped (G11 becomes G1, σ2
Nl

becomes

σ2
N and so on). Thus, the expression for SINR being considered is
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Γ =
p1G1∑

i 6=1 piGi + σ2
N

(3.4)

The theorem can then be stated as follows:

Theorem 2. In a MU-MIMO network where all links experience correlated Rayleigh

fading and the transmitter and receiver both employ linear beamforming, the ex-

pression for outage probability for the SINR for user 1 is given by

ρout = Pr(Γ ≤ γ) = 1− e−
γ
2

σ2N
c1p1

L∏
i=2

(
1 + γ

cipi
c1p1

)−1

, (3.5)

where

ci = (v∗i ⊗ u1)HΣi(v
∗
i ⊗ u1)

Proof. See Appendix A.

3.2.3 Observations on the Optimization Problem

Using the expression for outage probability above and substituting σl =
σ2
Nl

cllpl
,

the optimization problem in (3.3) can be written as

min
p≥0,U,V

wTp

s.t. 1− e−
γl
2

σ2Nl
cllpl

∏
i 6=l

(
1 + γl

clipi
cllpl

)−1

≤ αl, l = 1, . . . , L (3.6)

To get the constraints in (3.6) into a more convenient form, define

gl(γl,p,ul,V) = e
γl
2

σ2Nl
cllpl

∏
i 6=l

(
1 + γl

clipi
cllpl

)
βl = (1− αl)−1

Then, with some manipulation on the constraints, (3.6) can be rewritten as
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min
p≥0,U,V

wTp

s.t. gl(γl,p,ul,V) ≤ βl, l = 1, . . . , L (3.7)

The form presented in (3.7) will serve as the main optimization problem

used for analysis in the rest of this work. To gain more insight into this problem,

two lemmas are given that will aid in the algorithms and manipulations for future

sections. These lemmas are extensions of the work in [36] to this problem. The

proofs are given in Appendix B.

Theorem 3. Holding the beamformers U and V constant, the optimization prob-

lem in (3.7) has the following 3 properties:

1) If it exists, the optimum solution p∗ is unique.

2) All the outage constraints are active (i.e. hold with equality) for p = p∗.

3) p∗ is unaffected by the choice of w.

Intuitively, all the constraints are active since if any of them held with

strict inequality, the objective function could be reduced by making the constraint

hold with equality. Also, since all the constraints hold with equality, there are

L equations (the constraints) and L unknowns (the pl’s). Thus, the constraints

uniquely determine the optimal solution p∗, and so the weighting vector has no

effect on the solution. It follows from Theorem 3 that for fixed transmit and

receive beamformers, solving the constraints with equality will yield the optimal

power allocation scheme, and the objective function in (3.7) can be ignored. The

next related Lemma, analogous to [36], will aid in gaining insight into suboptimal

solutions in Section 3.4.3.

Lemma 1. Consider the following optimization problem:

max
p≥0,U,V

wTp

s.t. gl(γl,p,ul,V) ≥ βl, l = 1, . . . , L. (3.8)
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This problem has the same solution as the optimization problem in (3.7).

Intuitively, the optimization problem in (3.8) is the same as the problem in

(3.7) since once again, all the constraints will be active, so the constraints uniquely

determine p∗.

This foundation aids in the development of algorithms to find solutions for

the optimization problem in (3.7). First, the simpler single user MIMO problem

is considered.

3.3 The Single User MIMO Problem

3.3.1 Optimal Power Control

Despite the rich literature in single user MIMO, the problem where both

the transmitter and receiver only know statistical information about the channel

and want to achieve a certain SINR threshold with some probability has not, to

our knowledge, been studied. Here, there is no interference in the system, and the

weighted cost function does not apply since the problem requires minimizing over

one variable. Thus, the optimization problem for this special case is as follows:

min
P≥0,u,v

P

s.t. exp

(
γσ2

N

2P (v∗ ⊗ u)HΣ(v∗ ⊗ u)

)
≤ β (3.9)

Although there are no interference terms, it can be seen that the proof for Theorem

3 holds, so the constraint in (3.9) is satisfied by equality. Solving the constraint

for P gives

P =
γσ2

N

2(v∗ ⊗ u)HΣ(v∗ ⊗ u) log β
(3.10)

The main challenge in this problem is then to find the optimal beamformers u

and v. From Eqn. (3.10), it can be seen that P will be minimized when (v∗ ⊗
u)HΣ(v∗ ⊗ u) is maximized. Thus, the following optimization problem follows:
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max
u,v

(v∗ ⊗ u)HΣ(v∗ ⊗ u)

s.t. ||u||2 = 1, ||v||2 = 1 (3.11)

Solving for the beamformers in (3.11) is equivalent to solving for the beamform-

ers in (3.9). First, the Kronecker model will be considered, where a closed-form

solution can be obtained. Then, the general correlated Rayleigh fading case is

considered, where an iterative algorithm to find the beamformers is derived.

3.3.2 Optimal Beamforming for the Kronecker Model

The Kronecker model assumes that the spatial covariance matrix can be

broken into the spatial correlation at each link end, so the covariance matrix is

given as

Σ = ΣT
T ⊗ΣR (3.12)

This model is widely used, and its validity is discussed and verified in [18][44][45].

To obtain the beamforming optimization problem for the Kronecker model, substi-

tute the expression for Σ given in Eqn. (3.12) into (3.11). The objective function

in (3.11) then becomes

(v∗ ⊗ u)HΣ(v∗ ⊗ u) = (v∗ ⊗ u)H(ΣT
T ⊗ΣR)(v∗ ⊗ u)

= (vTΣT
Tv∗)(uHΣRu)

= (vHΣTv)(uHΣRu).

The second equality follows from the property of Kronecker products that states

(A⊗B)(C⊗D) = (AC⊗BD), (3.13)

and the last equality follows from aT = a, where a is a scalar (so vTΣT
Tv∗ =

(vTΣT
Tv∗)T = vHΣTv). With these manipulations, the maximization problem in
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(3.11) then becomes

max
u,v

(vHΣTv)(uHΣRu)

s.t. ||u||2 = 1, ||v||2 = 1. (3.14)

Note that u and v are now separated, so two separate maximization problems

arise whose solutions are well known: u is the (normalized) eigenvector that cor-

responds to the largest eigenvalue of ΣR, and v is the (normalized) eigenvector

that corresponds to the largest eigenvalue of ΣT . It is worth noting that if ΣT and

ΣR are set to the identity matrices of appropriate dimension, then Σ = I and the

problem simplifies to the special case of i.i.d. Rayleigh fading. In this case, any set

of transmit and receive beamformers are optimal, since all vectors are eigenvectors

of I, and the eigenvalues are all 1.

After they are calculated, the solutions for u and v can be substituted

back into the constraint of (3.9) to solve for P . Define λ
(1)
T and λ

(1)
R as the largest

eigenvalues of ΣT and ΣR, respectively. Then Popt is given by

Popt =
γσ2

N

2λ
(1)
T λ

(1)
R log β

(3.15)

3.3.3 Beamforming for General Rayleigh Fading

Now consider the general Rayleigh fading case. Using the property of Kro-

necker products given in Eqn. (3.13), observe that

v∗ ⊗ u = (v∗ ⊗ INR)(1⊗ u) = (v∗ ⊗ INR)u (3.16)

v∗ ⊗ u = (INT ⊗ u)(v∗ ⊗ 1) = (INT ⊗ u)v∗ (3.17)

Then, define

Σv = (v∗ ⊗ INR)HΣ(v∗ ⊗ INR)

Σu = (INT ⊗ u)HΣ(INT ⊗ u)
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From Eqns. (3.16) and (3.17), it follows that

(v∗ ⊗ u)HΣ(v∗ ⊗ u) = vTΣuv∗ = uHΣvu

It can be shown that Σu and Σv are positive semidefinite matrices since for

a positive semidefinite matrix Σ, AHΣA is also positive semidefinite [46]. Now,

Σu can be used to solve for the optimal transmit beamformer for a fixed receive

beamformer, and Σv can be used to solve for the optimal receive beamformer for

a fixed transmit beamformer. In this way, an iterative algorithm can be derived

to obtain both the transmit and receive beamformers. First, if v is fixed such that

Σv � 0, with at least 1 nonzero eigenvalue (random initialization should suffice),

the optimal solution for u will be the eigenvector corresponding to the largest

eigenvalue of Σv. Then, if u is then fixed, the optimal solution for v will be the

complex conjugate of the eigenvector corresponding to the largest eigenvalue of

Σu. This algorithm can alternately solve for u while fixing v and then solve for

v while fixing u. The optimization problem in (3.11) is not jointly convex in u

and v, so this algorithm will converge monotonically to a locally optimal solution.

To initialize the algorithm, the Kronecker model approximation can be used on

the covariance matrix, and the optimal beamformers from this approximation can

be used. While this solution is not proven to be globally optimal, it is shown in

Section 3.6 to perform well.

Once the algorithm to obtain the transmit and receive beamformers is ap-

plied, a solution for P can be obtained using Eqn. (3.10):

Popt =
γσ2

N

2(v∗opt ⊗ uopt)HΣ(v∗opt ⊗ uopt) log β
(3.18)

3.4 The L Point-to-Point MIMO Problem

3.4.1 Optimal Power Control

Now return to the multiuser problem in Eqn. (3.7). This problem is more

difficult to solve than the single-user case due to interference from other users.
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In order to make the problem tractable, first examine the problem when both

the transmit and receive beamformers are fixed. With this assumption, a power

control algorithm solving the constraint equations in (3.7) with equality is derived.

Algorithms for the beamformers are then studied in the following sections.

To derive an optimal power control algorithm, start by taking the logarithm

of the constraint equations in (3.7):

log(gl(γl,p,ul,V)) = log

(
e
γl
2

σ2Nl
cllpl

∏
i 6=l

(
1 + γl

clipi
cllpl

))

=
γlσ

2
Nl

2cllpl
+
∑
i 6=l

log

(
1 + γl

clipi
cllpl

)
≤ log βl

Multiplying both sides by pl
log βl

results in

γlσ
2
Nl

2cll log βl
+

pl
log βl

∑
i 6=l

log

(
1 + γl

clipi
cllpl

)
≤ pl (3.19)

Now define

Il(p) =
γlσ

2
Nl

2cll log βl
+

pl
log βl

∑
i 6=l

log

(
1 + γl

clipi
cllpl

)
I(p) = [I1(p), . . . , IL(p)]

The function I(p) is a standard interference function. For the definition of standard

interference functions and the proof, see Appendix C. A key property of standard

interference functions is that they satisfy I(p) ≤ p. Thus, using this function and

a starting power vector p, the update equation for the algorithm is given as:

p(n+1) = I(p(n)) (3.20)

The algorithm is then given as follows:

Algorithm 3: Power Control

1. Initialize p ≥ 0, U, and V

2. Update p using (3.20) until convergence.
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This algorithm will be used jointly with beamforming algorithms in future sections

to obtain the optimal power allocation for a given set beamformers.

3.4.2 Optimal Beamforming for the Kronecker Model

While for general Rayleigh fading the optimal transmit and receive beam-

formers are difficult to obtain, the problem in (3.7) can be solved if the Kronecker

model is assumed on all the links. The Kronecker model assumes the transmit

and receive correlations are independent at the link ends. This implies that each

transmitter has its own transmit correlation matrix, regardless of the receiver, and

each receiver has its own receive correlation matrix, regardless of the transmitter.

Thus, the channel from transmitter i to receiver l is given as:

vec(Hli) ∼ CN(0,ΣT
Ti
⊗ΣRl)

This assumption has some interesting implications. Note that now, for the

Kronecker model, the link gain between receiver l and transmitter i is given by

cli = (v∗i⊗ul)
H(ΣT

Ti
⊗ΣRl)(v

∗
i⊗ul) = (vTi ΣT

Ti
v∗i )(u

H
l ΣRlul) = (vHi ΣTivi)(u

H
l ΣRlul)

The last equality follows from aT = a, where a is a scalar (as in the single-user

case above). The constraint equations in (3.7) then become

exp

(
γl
2

σ2
Nl

(vlΣTlvl)(u
H
l ΣRlul)pl

)∏
i 6=l

(
1 + γl

(viΣTivi)pi
(vlΣTlvl)pl

)
≤ βl, l = 1, . . . , L

(3.21)

First, focus on the receive beamformers. The important observation here is that

ul only appears in the exponential noise term in the product in Eqn. (3.21), and

cancels out in the other product terms, which affect the interference. Therefore,

the receive beamforming only helps to mitigate the noise, and not the interference.

With respect to the receive beamforming, then, this case is exactly analogous to the

single user MIMO case, and the optimal ul is given by the normalized eigenvector
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corresponding to the largest eigenvalue of ΣRl , l = 1, . . . , L. From this solution,

note that uHloptΣRlulopt = λ
(1)
Rl

, where λ
(1)
Rl

is the maximum eigenvalue of ΣRl .

For the optimal transmit beamformers, define ql = (vHl ΣTlvl)pl, l = 1, . . . , L.

By noting that pl = ql
(vHl ΣTl

vl)
, assuming the Kronecker model, the following equiv-

alent optimization problem to (3.7) is presented:

min
q≥0,U,V

L∑
l=1

wlql
(vHl ΣTlvl)

s.t. exp

(
γlσ

2
Nl

2λ
(1)
Rl
ql

)∏
i 6=l

(
1 + γl

qi
ql

)
≤ βl, l = 1, . . . , L (3.22)

In the optimization problem in (3.22), the vl’s only appear in the optimization

function, and not in the constraints. To minimize the objective function in (3.22),

then, the denominator terms should be maximized. Once again, this optimization

problem is analogous to the single-user case, and the optimal vl’s are given by the

normalized eigenvectors corresponding to the maximum eigenvalues of the ΣTl ’s.

Since the problem in (3.22) is equivalent to the problem in (3.7) for the Kronecker

model, the optimal transmit beamformers will be the same as well.

For the special case of i.i.d. Rayleigh fading on all the links, e.g. when

Σli = I ∀l, i, it follows from this solution that any set of transmit and receive

beamformers is optimal, using the same arguments as the single-user case. After

substituting the optimal transmit and receive beamformers into (3.7), Algorithm

3 can be run to solve for the optimal power allocation, yielding the jointly optimal

solution.

Note that due to the limitations of the Kronecker model, the optimal trans-

mit and receive beamformers are not able to intelligently suppress the interference

from other users. This is not the case for the general Rayleigh fading case, as is

shown in the next section.
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3.4.3 A Near-Optimal Solution for General Rayleigh Fad-

ing

The Kronecker model proved to be analytically tractable, but the assump-

tions made by this model may not be adequate for many multiuser setups–the

transmitter location will affect both the scatterers that are used around both the

receiver and transmitter in many scenarios. Both receive and transmit beamform-

ing for the general Rayleigh fading case, however, are more difficult to solve. As

such, a suboptimal algorithm is considered in this section, using bounds on the

constraints to find the optimal solution for the ratio of the average of the signal

to the average of the interference plus noise. Looking at this framework allows

use of modified versions of previously developed techniques for algorithms utilizing

perfect channel knowledge. This work builds off of [36], adapting their framework

for the optimization problem in (3.7).

Problem Setup

First, consider the bounds given in [42],[43] for the outage probability,

adapted to the constraints in (3.7):

Lemma 2. Upper and lower bounds for gl(γl,p,ul,V) are given by

1 + γl

∑
i 6=l clipi + 1

2
σ2
Nl

cllpl
≤ gl(γl,p,ul,V) ≤ exp

{
γl(
∑

i 6=l clipi + 1
2
σ2
Nl

)

cllpl

}
. (3.23)

The proof is given in Appendix B. First, consider using the expression for

the upper bound instead of gl(γl,p,ul,V) in the constraints of (3.7):

min
p≥0,ul,vl

wTp

s.t. exp

{
γl

∑
i 6=l clipi + 1

2
σ2
Nl

cllpl

}
≤ βl, l = 1, . . . , L (3.24)

The solutions to the optimization problem in (3.24) will yield feasible solutions to

the problem in (3.7), since the upper bound will never be less than gl(γl,p,ul,V).

The the constraint equations can then be rearranged to get
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min
p≥0,U,V

wTp

s.t.
cllpl∑

i 6=l clipi + 1
2
σ2
Nl

≥ γl
log βl

, l = 1, . . . , L (3.25)

The lower bound can also be used for optimization. Using Lemma 1, consider the

optimization problem from (3.8). Substituting in the lower bound from Lemma 2

for gl(γl,p,ul,V) in the constraint equations, after some manipulation, results in

the following optimization problem:

max
p≥0,U,V

wTp

s.t.
cllpl∑

i 6=l clipi + 1
2
σ2
Nl

≤ γl
βl − 1

, l = 1, . . . , L

This problem can also be stated as [36]

min
p≥0,U,V

wTp

s.t.
cllpl∑

i 6=l clipi + 1
2
σ2
Nl

≥ γl
βl − 1

, l = 1, . . . , L (3.26)

The solutions to the problem in (3.26) will not yield strictly feasible solutions

to (3.7), but Algorithm 3 can be applied to the obtained solution to achieve a

feasible solution for (3.7).

In most networks, the outage probability thresholds will be small to increase

the likelihood that the links are active. If the outage probability threshold αl is

small, then βl = (1 − αl)
−1 is larger than, but very close to 1. Then, from the

approximation log(1 + x) ≈ x, it follows that log βl ≈ βl − 1, or

γl
log βl

≈ γl
βl − 1

Thus, from (3.25) and (3.26), the upper and lower bounds are tight for low outage

probabilities.

Also, note that the optimization problems in (3.25) and (3.26) take exactly

the same form as the optimization problems from [36] (only certain constants are
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different). Thus all the techniques from this work can be applied to solve for the

powers and the transmit and receive beamformers. Note that while the problems

look similar mathematically, the quantities in the problem presented in [36] and the

problem presented here vary significantly–the problem in [36] utilizes CSI (thus,

knowledge of {Hli}), while the problem presented here utilizes CDI (knowledge of

{Σli}).

Optimal Power Control and Beamforming for the Bounded Problem

For now, consider the optimization problem in (3.25). It can be shown that

all the techniques discussed here can also be used for the optimization problem in

(3.26). For notational convenience, first define

nl =
1

2
σ2
Nl

ψl =
γl

log βl

Ψl =
cllpl∑

i 6=l clipi + nl

Then (3.25) can be rewritten as

min
p≥0,U,V

wTp

s.t. Ψl ≥ψl, l = 1, . . . , L (3.27)

The optimization problem in (3.27) can be rewritten as a linear programming

problem [36]. First, define an L by L diagonal matrix D, with elements Dll = cll
ψl

,

and a L by L matrix CI with cli as its elements on the off-diagonal and 0’s along

the diagonal. Using these two matrices, also define A = D − CI . After some

manipulation, the problem in (3.27) can be rewritten as:

min
p≥0,U,V

wTp

s.t. Ap ≥ n (3.28)
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The suboptimal solution will have a feasible solution when D−1CI has a spectral

radius less than 1 [36]. It can be shown that if a feasible solution exists, the

constraint inequality in (3.28) is satisfied with equality, so p is given as:

p = A−1n

Also, the receive beamformers can be solved in this setup for fixed transmit

beamformers and powers. To minimize the objective function, Ψl, l = 1, . . . , L,

should be maximized for U. Doing this allows for p (specifically, pl for the lth

constraint) to be minimized as much as possible while meeting the constraints.

Define

Φ
(n)
l = pl(v

∗
l ⊗ I)HΣll(v

∗
l ⊗ I)

Φ
(d)
l =

∑
i 6=l

pi(v
∗
i ⊗ I)HΣli(v

∗
i ⊗ I) + nlI

The following L optimization problems can then be written:

max
ul

Ψl =
cllpl∑

i 6=l clipi + nl
=

pl(v
∗
l ⊗ ul)

HΣll(v
∗
l ⊗ ul)∑

i 6=l pi(v
∗
i ⊗ ul)HΣli(v∗i ⊗ ul) + nl

=
uHl Φ

(n)
l ul

uHl Φ
(d)
l ul

, l = 1, . . . , L (3.29)

Note that Ψl is only dependent on the lth receive beamformer, so the constraints

can be optimized individually. Here, the optimal U takes a slightly different form

than the optimal U in [36], where the optimal receive beamformers are given by

the MVDR beamformers. In this problem, the above equation takes the form

of the dominant eigenvector for the generalized eigenvalue/eigenvector problem,

which is well-studied [47]. Specifically, ul is the normalized vector that satisfies

the following equation for the largest possible λ:

Φ
(n)
l x = λΦ

(d)
l x

Now, focus on the transmit beamformers. The transmit beamformers can be

solved in an analogous fashion to the receive beamformers for the dual optimization



55

problem of (3.28). It can be shown that this dual optimization problem can be

formulated as

min
q≥0,U,V

nTq

s.t. ATq ≥ w (3.30)

Once again, using the same arguments as before, the constraint inequality in (3.30)

is satisfied with equality. Thus, the solution to the optimum power allocation in

the dual domain is given by

q = A−Tw

Then, the optimal transmit beamformers can be solved for by noticing that

the lth constraint in dual problem is only dependent on the lth transmit beamformer

(all else held constant), for fixed receive beamformers and a fixed dual power vector

q. Define for the dual problem

Φ̃
(n)
l = ql(I⊗ ul)

HΣll(I⊗ ul)

Φ̃
(d)
l =

∑
i 6=l

qi(I⊗ ui)
HΣli(I⊗ ui) + wlI

This problem is analogous to the receive beamformer problem, so the transmit

beamformers can be solved as the principal generalized eigenvector for Φ̃
(n)
l and

Φ̃
(d)
l .

From the above arguments, an algorithm for joint power control and trans-

mit/receive beamforming can be derived:

Algorithm 4: Joint Power Control and Beamforming Algorithm

1. Initialize p ≥ 0 and V

2. Calculate the Φl’s and use them to calculate U

3. Calculate A, and then calculate q = A−Tw
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4. In the dual domain, calculate the Φ̃l’s and use them to calculate V

5. Calculate A, and then calculate p = A−1n

6. Repeat steps 2-5 until convergence.

This algorithm converges regardless of the initialization and will generate

feasible solutions of decreasing cost [36]. One way to initialize the algorithm is to

ignore interference and use the algorithms for point-to-point communication given

in section 3.3.

After Algorithm 4 has converged, Algorithm 3 can also be used to

achieve the optimal power control scheme for the beamformers produced by this

algorithm. To more closely approach the optimal solution, the following algorithm

can be used:

Algorithm 5: Extensive Joint Power Control and Beamforming

Algorithm

1. Initialize p ≥ 0 and V

2. Run Algorithm 4 on (3.25), and run Algorithm 3 on the result

3. Run Algorithm 4 on (3.26), and run Algorithm 3 on the result

4. Compare steps 2 and 3 and take the set of beamformers and power vectors

for initialization in step 1

5. Repeat steps 1-4 until convergence.

While Algorithm 5 will always perform at least as well as Algorithm 4 on its

own, the results from the next section show this algorithm only provides marginal

improvement. Algorithm 4 requires less run-time, however, since Algorithm 5

requires at least 2 runs of Algorithm 4. Algorithm 4 is also on the same order

of complexity as the CSI algorithm presented in [36]. However, since CDI changes

much less frequently than CSI, algorithms based on CDI require less feedback and

need to be run much less frequently than their CSI counterparts.
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3.5 Joint Optimization of Power, SINR Thresh-

old, and Outage

In this section, schemes to optimize γl and αl are discussed to maximize

throughput. These parameters must be considered from a system designer per-

spective to optimize the network.

3.5.1 Problem Formulation

To optimize the SINR and outage probability, the problem formulation in

Eqn. (3.27) will be used due to its analytical tractability. Recall from Eqn. (3.27)

that the SINR constraint in the bounded problem is given as

ψ =
γ

log(1− α)−1
. (3.31)

Note that in this framework, ψ captures the contribution of the outage probability

and SINR threshold. Thus, for an initial target SINR and outage threshold, we can

find a corresponding ψ and change these SINR and outage thresholds to optimize

throughput. This problem will be studied in Section 3.5.2. Furthermore, we can

adjust ψ using what we know about the feasibility of the optimization problem

in (3.25), further making gains in throughput and outage. This problem will be

studied in Section 3.5.3.

3.5.2 Optimizing Throughput For a Given ψ

For this section, we will assume ψ is fixed and that we want to vary the

outage and SINR thresholds to maximize throughput in the system. We assume

that ψ is given to us by some initial constraint on α and γ, calculated in Eqn.

(3.31), or has already been optimized under some other criteria (as we will do in

the next section). If ψ is fixed, we will also assume that we have calculated some

power vector and transmit/receive beamformers that satisfy the constraint. Here,

we are using the idea that for a given set of powers and beamformers, there is some

range of SINR and outage thresholds that are satisfied–that is, we optimized for
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one SINR and outage constraint pair, but in reality the powers and beamformers

correspond to many SINR and outage constraint pairs. The pair we want to find

here is the one that will maximize throughput. Using the traditional formula for

capacity and including outage, we define throughput in terms of the SINR and

outage thresholds as follows:

T = (1− α) log2(1 + γ) (3.32)

Note here that since we are considering uniform SINR and outage thresh-

olds across all users, so maximizing this throughput for one user will maximize

throughput for the whole system. Then, we want to maximize throughput subject

to to a constraint on ψ:

max
α,γ

(1− α) log2(1 + γ)

s.t.
γ

log(1− α)−1
= ψc (3.33)

Here, ψc is our fixed ψ. In a straightforward manner, then, using the constraint

we can convert this two-variable optimization problem with a constraint to a one-

variable optimization problem with no constraint: by plugging in γ = ψc log(1 −
α)−1 into the optimization problem, we have

max
α

(1− α) log2(1 + ψc log(1− α)−1) (3.34)

This problem can be solved using optimization software quickly. Once we

find the optimal α∗, we can find the corresponding γ∗ by plugging α∗ back into the

constraint. Thus, we have a solution for the optimal outage and SINR thresholds

for a given ψc. Now, we will investigate how to optimize ψc.

3.5.3 Optimizing ψ

To optimize ψ, we will need to study the feasible region for the power vectors

in the optimization problem given in (3.27). Note now that changing ψ will change

the power vector, as will be seen. The closer to the edge of feasibility we get, the

higher the power usage will be. As described above, the optimization problem in
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(3.27) can be rewritten as a linear programming problem. This problem will have

a feasible solution when ψD−1CI has a spectral radius less than 1. Thus, we can

use this condition to optimize ψ. Let ρ(D−1CI) denote the largest eigenvalue of

−1CI . Then the feasibility condition is given as

ψ <
1

ρ(D−1CI)
. (3.35)

It can be shown that if a feasible solution exists, the constraint inequality

in (3.28) is satisfied with equality, so p is given as:

p = A−1n = (
1

ψ
D−CI)

−1n

As we can see, as ψ increases, the power will increase as well. Thus, we want to

have some tradeoff when we optimize ψ so it is not too close to the boundary, and

we set

ψ = (1− ε) 1

ρ(D−1CI)

Finding an appropriate ε depends on the system requirements and corre-

sponding outage/SINR curves for a given ψ. At the limits of feasibility, the bound

used here begins to become loose at higher values of outage.

3.6 Results

3.6.1 Kronecker Channel Results

We conduct some numerical experiments to understand the efficacy of the

joint power control and beamforming algorithm developed above. First, we look

at the Kronecker model. Results are given for a single-user MIMO setup and a

MU-MIMO setup. All transmitters and receivers have 4 antennas, and the SNR is

held constant at 10 dB. Equal SINR thresholds and equal outage constraints are

considered for all users in the system.

For single-user MIMO, an algorithm using perfect channel knowledge is

compared to the algorithm presented here, which uses the covariance information

only, in Experiment 1. The covariance matrix here uses the Kronecker model pa-

rameters extracted from a covariance matrix generated from an angular spread
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model using 100 scatterers with a transmit and receive angular spread of π
8

coming

in at broadside. The algorithm using perfect channel knowledge uses the prin-

cipal left and right singular vectors for receiver and transmitter beamforming,

respectively, and calculates the minimum transmit power required to achieve the

threshold (this is an optimal scheme). See Fig. 3.1.

The plot yields some interesting results: the average transmit powers for

the covariance schemes are actually lower than for using the true channel at 5%,

10%, and 20% outage values. To calculate this, only the covariance information is

required, so it needs to be updated only when the channel statistics change. Note

also that the plots are in log scale, so the savings over true channel knowledge are

significant; at 5% outage, there is roughly a 3dB gap, and at 10% outage there is

roughly a 6dB gap. The tradeoff is that the covariance algorithm will allow the

link to fail with the specified outage probability. However, this may be a desirable

tradeoff for many applications since it prevents the transmitter from attempting to

increase the power to compensate for poor channel conditions, thereby prolonging

battery life.

For the MU-MIMO setup, a network with 2 transmit/receive links and

a weighting vector w = [10, 1]T is considered. The covariance matrices use the

Kronecker model parameters extracted from a covariance matrix generated from

an angular spread model using 100 scatterers with a transmit angular spread of π
16

and a receive angular spread of 2π
3

. For link 1, the beams are centered at broadside,

and for link 2, the beams are centered at the null. In Experiment 2, different outage

thresholds obtained from Algorithm 3 are compared. See Fig. 3.2.

As expected, this experiment shows that as the outage probability threshold

is increased, the power required by the network to meet the threshold also increases.

Also, for the multiuser case, the solutions generated by Algorithm 3 become

infeasible (when the curves go to∞) as SINR requirement increases. The lower the

outage, the lower the SINR threshold has to be for the outage to become infeasible.

The SINR thresholds here are low due to the limitations of the Kronecker model

and the inability of the optimal beamformers to suppress interference, as discussed

in Section 3.4.2.
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3.6.2 Non-Kronecker Channel Results

Simulation Parameters

We now look at the general Rayleigh fading case. Results are given for a SU-

MIMO setup and a MU-MIMO setup. For the covariance matrices in both cases,

an angular spread model with 100 scatterers and varying transmit and receive

angular spreads across the links is considered. The signal links are centered at

broadside with transmit and receive angular spreads varying from 5 to 20 degrees,

and the interfering links are centered at incident angles with transmit and receive

angular spreads varying from 10 to 40 degrees [26]. The parameters were selected

with respect to typical scenarios in the 3GPP model [27]. All transmitters and

receivers have 4 antennas, and the signal-to-noise ratio (SNR) is held constant at

10 dB. Equal SINR thresholds and equal outage constraints is considered for all

users in the system.

For the MU-MIMO setup, a network with 3 transmit/receive links and a

weighting vector w = [10, 1, 1]T is considered.

Single-User MIMO

In Experiment 3, the single-user MIMO case is considered. Here, an algo-

rithm using perfect channel knowledge is compared to the algorithm presented in

Section 3.3, which uses the covariance information only. The algorithm using per-

fect channel knowledge uses the principal left and right singular vectors for receiver

and transmitter beamforming, respectively, and calculates the minimum transmit

power required to achieve the threshold (this is an optimal scheme). The outage

value at which the average power required using CSI matches the power required

using CDI is a function of the inverse of the expected dominant singular value of

H, and can be empirically calculated for a given covariance matrix. See Fig. 3.3.

The plot yields some interesting results: the average transmit power re-

quired for CDI is comparable to the average power required for CSI for the same

threshold, with the value being lower at 20% outage. To calculate the CDI powers,

only the covariance information is required, so it needs to be updated only when
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the channel statistics change. On average, 2.5dB less power is required to transmit

using CDI at 20% outage as compared to CSI. The tradeoff is that the covariance

algorithm will allow the link to fail with the specified outage probability. However,

this may be a desirable tradeoff for many network applications since it prevents the

transmitter from attempting to increase the power to compensate for poor channel

conditions, thereby decreasing the interference to other nodes in the network.

L Point-to-Point MIMO

For the multiuser case, the algorithm from [36] is used to calculate the

optimal transmit/receive beamformers and powers at each channel instance (using

perfect channel knowledge). In Experiment 4, the average value of the objective

function using the weighting vector above is compared against the suboptimal

Algorithm 4 for varying outage constraints. See Fig. 3.4.

This experiment shows similar results to the single-user case, except the

solutions generated by Algorithm 4 become infeasible (when the curves go to∞).

The SINR thresholds here are reasonable, as many cellular networks today are able

to operate in the low SINR regime [27]. The lower the outage, the lower the SINR

threshold has to be for the outage to become infeasible. Once again, the value of the

average objective function is comparable to using true channel knowledge for low

enough SINR thresholds. This means that knowing only covariance information, if

the system is allowed to fall into outage with some probability, transmission can be

performed on average with comparable power than with knowing perfect channel

information all the time. Using Algorithm 4, there is about a 1dB savings in the

average cost function at an SINR threshold of -4dB at 20% outage compared to

the CSI scheme.

For more insight into the power consumption using perfect channel knowl-

edge and covariance information, also observe the CDF of the weighted sum power

for true channel knowledge at an SINR threshold of 0 dB in Fig. 3.5. This plot

shows what percent of the time the objective function is larger for perfect channel

knowledge as compared to the outage curves. The outage curves are just step func-

tions, since for fixed covariance information, they will always have the same value
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for their objective function. Since the CDF curves for perfect channel knowledge

and 20% outage intersect at roughly 80%, the data shows that roughly 20% of

the time, using perfect channel knowledge, the objective function is higher than

Algorithm 4 for 20% outage. Also observe that the median (where the CDF

takes a value of 0.5) is approximately -23 dB on the CDF plot. The mean from

Fig. 3.4, however, is at approximately -17 dB, a difference of 6 dB, or a factor

of about 4. The large disparity between the median and the mean suggest that

the data for perfect channel knowledge is skewed when the channel is bad. Thus,

using Algorithm 4 significantly reduces the peak-to-average power ratio for the

transmitters (the peak-to-average power ratio is 1 using Algorithm 4 since the

power allocation does not change with the channel).

Experiment 5 shows the the difference between using Algorithm 4 and

Algorithm 5. See Fig. 3.6. The curves show that the objective function is nearly

identical with and without optimal power control, and Algorithm 5 only begins

to give any discernible gains when they approach infeasible SINR thresholds. This

is consistent with the analysis of the tightness of the bounds in Section 3.4.3.

Experiment 6 tests the convergence speed of Algorithm 4. See Fig. 3.7.

For the setup in the experiment, both the outage values as well as the objective

function values converge within 5 iterations to their fixed point solutions. This

confirms that this algorithm is nearly identical in computational complexity to

the algorithm used for perfect channel knowledge [36]. The big difference here,

however, is that Algorithm 4 needs to be run much less frequently than the

algorithm using perfect channel knowledge.

3.6.3 SINR Threshold Optimization Results

In this section, the results from Section 3.5 on optimizing the outage and

SINR threshold to maximize throughput are tested. First, the throughput is op-

timized and checked the outage for the ψ corresponding to an SINR threshold of

-4dB and an outage of 10%. The network is a 4x4 multiuser MIMO network with

L = 3 transmitters and receivers. See Fig. 3.8. As we can see, the bound for the

SINR/outage does quite well compared to the actual performance, with the curves
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nearly indistinguishable. In the throughput plot, we also see a clear maximum as a

function of the SINR. The maximum here is at an SINR threshold of 3.48dB with

an outage of 44%.

In Fig. 3.9, I now optimize ψ with ε = 0.1 for 2 iterations (that is I re-run

the power and beamforming optimization twice after readjusting ψ) with the same

starting ψ as the previous test. We can see that the outage curve is significantly

lower than the outage curve we started with. We can also see a gap between our

predicted outage from our bound using the new ψ and the actual outage, though

the actual outage is lower than the predicted. In the throughput plot, we see

the throughput curve after optimization is much higher than the original curve.

The maximum here is at 12.52dB with an outage of 26%. The tradeoff, however,

comes at a high power cost; for the original curve, our sum power was at -14dB,

while at our new curve, the power curve is at 7.86dB, or a gap of 21.86dB. This is

significant, but we also get over three times the throughput for this cost.

3.7 Conclusion

In this work, a framework has been presented for analyzing MIMO beam-

forming networks when only the channel statistics are known, and algorithms have

been derived that give good performance. Optimal algorithms have also been pre-

sented for the single user MIMO case, as well as for the multiuser MIMO Kronecker

case. A suboptimal algorithm using duality for joint power control and beamform-

ing for the general Rayleigh fading case was also derived. While finding the optimal

beamformers for this problem is an open area of research, given the tightness of

the bounds and the negligible improvement of using the optimal power control

algorithm on top of the presented suboptimal algorithm, the gains in finding the

optimal beamformers will likely be negligible for reasonable outage constraints.

When comparing the algorithms presented here to algorithms where the

channel is perfectly known, it has been shown that using covariance information

can give gains in the cost function of interest. Thus, the solution presented here

has two substantial advantages: the computational complexity for the algorithm
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and feedback information required for covariance information is drastically reduced

since both must be done only once for valid covariance information, and transmis-

sion power can be saved in the network if a sufficient level of outage is acceptable

on the links. Also note here that the algorithms presented here can be extended

to decentralized algorithms as proposed in [36], among others, in a straightforward

manner, though this is still an open area of research. Knowledge of covariance

information has many benefits, and it can be an effective way to reduce feedback

in MIMO networks.

This chapter contains material from the paper ”Outage-Efficient Strate-

gies for Multiuser MIMO Networks with Channel Distribution Information” in the

December 2010 issue of IEEE Transactions on Signal Processing and ”Outage-

Optimal Transmission in Multiuser-MIMO Kronecker Channels,” presented in Dal-

las at the IEEE International Conference on Acoustics, Speech, and Signal Pro-

cessing in March 2010. Both these papers were coauthored with Bhaskar D. Rao

and James R. Zeidler.
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Figure 3.1: Single User Case, Kronecker Model
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Figure 3.2: Two-User Case, Kronecker Model



68

Figure 3.3: Single User Case, SINR threshold vs Power, Angular Spread Model
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Figure 3.4: Multiuser Case, SINR threshold vs Weighted Sum Power, Angular
Spread Model
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Figure 3.5: Multiuser Case, CDF of Weighted Sum Power
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Figure 3.6: Multiuser Case, Algorithm 4 vs Algorithm 5
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Figure 3.7: Multiuser Case, Algorithm 2 Convergence
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Figure 3.8: Fixed ψ, Outage and Throughput vs SINR
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Figure 3.9: Optimized ψ After 2 Iterations, Outage and Throughput vs SINR



Chapter 4

CDI Schemes for Multi-Tx

Broadcast Channel

4.1 Introduction

In this chapter, the results on the outage probability from Chapter 3 are

extended to the broadcast channel and the multi-Tx broadcast channel defined

in Chapter 1. Furthermore, a joint beamforming and power control algorithm is

discussed for the multi-Tx broadcast channel when CDI is available on the links.

Since these results are an extension of the previous chapter, simulations to validate

these results are included in the next chapter as opposed to having their own section

here.

4.2 MIMO Broadcast Channel with CDI

For the multiuser MIMO network with only one receiver paired with each

transmitter, the channel on the link and the interfering channel were independent.

However, for the broadcast channel, where there is only one transmitter sending

data to many receivers, the interfering channel is the same as the channel for the

link. Assume that the number of receivers L ≤ MT . Then, the received signal is

75
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given by

rl(t) =
√
pl[u

H
l Hl(t)vl]sl(t) +Nl(t) +

L∑
i 6=l

√
pi[u

H
l Hl(t)vi]si(t),

and SINR is given by

Γl(t) =
pl|uHl Hl(t)vl|2∑

i 6=l pi|uHl Hl(t)vi|2 + σ2
Nl

.

Note here that as opposed to Eqn. (3.1), the channel for the signal in the numer-

ator, Hl(t), is the same as the interfering channels in the denominator. For this

case, the outage probability is given by the following theorem:

Theorem 4. Define the following:

ΣuVl
= (V ⊗ u∗l )

HΣT
l (V ⊗ u∗l ) (4.1)

P(l−) = diag

(
−γp1

pl
, . . . ,−γpl−1

pl
, 1,−γpl+1

pl
, . . . ,−γpL

pl

)
. (4.2)

The outage probability for the MIMO broadcast channel at receiver l when only

CDI is available is then given by

Pr(Γl(t) ≤ γl) = 1− e−
γl
2

σ2Nl
µllpl

∏
i 6=l

(
1− µli

µll

)−1

, (4.3)

where µli, i = 1 . . . L, is defined as

µll = the positive eigenvalue of Σ
1
2
uVl

P(l−)Σ
1
2
uVl

(4.4)

µli = the negative eigenvalues of Σ
1
2
uVl

P(l−)Σ
1
2
uVl

, i 6= l. (4.5)

Proof. See Appendix A.

This expression can be used to analyze the MIMO broadcast channel for a

given set of powers and beamforming weights. In the next section, this result is

extended to the case of multi-Tx broadcast systems.
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4.3 Multi-Tx Broadcast Channel with CDI

Building on the outage probability for the broadcast channel, it is also

possible to find the outage probability for a multiuser MIMO system that has

transmitters with multiple receivers. Once again, this distinction must be made

from the setup where each receiver has a unique transmitter for the same reason

as in the broadcast case; the interference suffered at a receiver will be from its own

channel to the transmitter as well as interfering channels from other transmitters.

This setup is useful for evaluating performance in downlink systems–a transmitting

base station may be assigned to several users in a cell while also suffering interfer-

ence from other cells. Assume that there are K transmitters, and let Sk of size Lk

represent the set of receivers associated with transmitter k, and let L =
∑K

k=1 Lk.

The received signal from transmitter k to receiver l ∈ Sk is given by

rl(t) =
√
pl[u

H
l Hll(t)vl]sl(t) +Nl(t)

+
∑

i∈Sk,i 6=l

√
pi[u

H
l Hll(t)vi]si(t) +

∑
m 6=k

∑
j∈Sm

√
pj[u

H
l Hlm(t)vj]sj(t),

where the third term of the sum is the interference from the corresponding trans-

mitter and the fourth term of the sum is the interference from other transmitters.

In a multi-cellular system, the third term is intra-cell interference and the fourth

term is inter-cell interference. The received SINR is then given by

Γl(t) =
pl|uHl Hlk(t)vl|2∑

i∈Sk,i 6=l pi|u
H
l Hlkvi|2 +

∑
m6=k

∑
j∈Sm pj|u

H
l Hlmvj|2 + σ2

Nl

.

The outage probability for this scenario is then given by the following theorem:

Theorem 5. Let nk be the index of the first receiver in Sk and Vk be a matrix

consisting of ordered transmit beamformers vl in its columns such that l ∈ Sk.

Then, define the following:

ΣuVlk
= (Vk ⊗ u∗l )

HΣT
lk(Vk ⊗ u∗l ) (4.6)

P(l−) = diag

(
−γpnk

pl
, . . . ,−γpl−1

pl
, 1,−γpl+1

pl
, . . . ,−γpnk+Lk−1

pl

)
(4.7)

Pm = diag(pnm , . . . , pnm+Lm−1) (4.8)
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The outage probability for the multi-Tx broadcast channel at receiver l from trans-

mitter k when only CDI is available is given by

Pr(Γl(t) ≤ γl) = 1− e−
γl
2

σ2Nl
µllpl

( ∏
i 6=l,i∈Sk

(
1− µli

µll

)−1
)(∏

m6=k

Lm∏
j=1

(
1 +

γlλljm
µllpl

)−1
)
,

(4.9)

where µli, j = 1 . . . L, is defined as

µll = the positive eigenvalue of Σ
1
2
uVlk

P(l−)Σ
1
2
uVlk

(4.10)

µli = the negative eigenvalues of Σ
1
2
uVlk

P(l−)Σ
1
2
uVlk

, i 6= l, i ∈ Sk, (4.11)

and the λljm’s are defined as

λljm = the jth eigenvalue of the matrix Σ
1
2
uVlm

PmΣ
1
2
uVlm

. (4.12)

Proof. See Appendix A.

This expression can be used to evaluate the performance of power control

and beamforming schemes, as well as for optimal power control. This is discussed

in the next section.

4.4 Optimal Power Control with CDI

In this section, the transmit and receive beamformers are assumed to be

constant. Selection of transmit and receive beamformers is discussed at the end of

this section. Now, return to the original optimization problem in (3.3), which for

this problem can be written as

min
p≥0,U,V

wTp

s.t. 1− e−
γl
2

σ2Nl
µllpl

( ∏
i 6=l,i∈Sk

(
1− µli

µll

)−1
)(∏

m 6=k

Lm∏
j=1

(
1 +

γlλljm
µllpl

)−1
)
, l = 1, . . . , L.

(4.13)

To get the constraints in (4.13) into a more convenient form, define

gl(γl,p,ul,V) = e
γl
2

σ2Nl
µllpl

( ∏
i 6=l,i∈Sk

(
1− µli

µll

))(∏
m 6=k

Lm∏
j=1

(
1 +

γlλljm
µllpl

))
βl = (1− αl)−1.
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Then, with some manipulation on the constraints, (4.13) can be rewritten as

min
p≥0,U,V

wTp

s.t. gl(γl,p,ul,V) ≤ βl, l = 1, . . . , L. (4.14)

The following Lemma is useful when discussing this optimization problem.

Theorem 6. Holding the beamformers U and V constant, the optimization prob-

lem in (4.14) has the following 3 properties:

1. If it exists, the optimum solution p∗ is unique.

2. All the outage constraints are active (i.e. hold with equality) for p = p∗.

3. p∗ is unaffected by the choice of w.

The proof of Theorem 6 is in Appendix B. Intuitively, all the constraints

are active since if any of them held with strict inequality, the objective function

could be reduced by making the constraint hold with equality. Also, since all

the constraints hold with equality, there are L equations (the constraints) and L

unknowns (the pl’s). Thus, the constraints uniquely determine the optimal solution

p∗, and so the weighting vector has no effect on the solution. It follows from

theorem 6 that for fixed transmit and receive beamformers, solving the constraints

with equality will yield the optimal power allocation scheme, and the objective

function in (4.14) can be ignored.

There are many ways to do optimal power control. The function

gl(γl,p,ul,V) is differentiable over the feasible region. Thus, Newton’s method

can be applied to reach the optimal solution. However, a slightly modified power

allocation scheme from Chapter 3 can also be used, as follows. First, take the

logarithm of the constraint equations in (4.14):

log(gl(γl,p,ul,V)) = log

(
e
γl
2

σ2Nl
µllpl

( ∏
i 6=l,i∈Sk

(
1− µli

µll

))(∏
m6=k

Lm∏
j=1

(
1 +

γlλljm
µllpl

)))

=
γlσ

2
Nl

2µllpl
+

∑
i 6=l,i∈Sk

log

(
1− µli

µll

)
+
∑
m 6=k

Lm∑
j=1

log

(
1 +

γlλljm
µllpl

)
≤ log βl.
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Multiplying both sides by pl
log βl

results in

γlσ
2
Nl

2µl1 log βl
+

pl
log βl

( ∑
i 6=l,i∈Sk

log

(
1− µli

µll

)
+
∑
m 6=k

Lm∑
j=1

log

(
1 +

γlλljm
µllpl

))
≤ pl.

(4.15)

Now define

Il(p) =
γlσ

2
Nl

2µll log βl
+

pl
log βl

( ∑
i 6=l,i∈Sk

log

(
1− µli

µll

)
+
∑
m 6=k

Lm∑
j=1

log

(
1 +

γlλljm
µllpl

))
(4.16)

I(p) = [I1(p), . . . , IL(p)]. (4.17)

The function I(p) is similar to the standard interference function discussed in

Chapter 3. It satisfies positivity and scalability, but unlike the function discussed

the previous work, monotonicity is not satisfied. Thus, convergence is difficult to

prove. However, in simulations this algorithm converges rapidly to the optimum.

The power update equation based on Eqn. (4.15) can then be given as follows:

p(n+1) = I(p(n)) (4.18)

Then, the algorithm is then given as follows:

Algorithm 6: CDI Power Control for Multi-Tx Broadcast Channel

1. Initialize p ≥ 0, U, and V

2. Update p using (4.18) until convergence.

To select the beamformers, the scheme from Chapter 3 can be used if all the

interfering channels are assumed to be independent. This is clearly not the case,

but beamforming with this assumption will still attempt to cancel interference

from other users. An alternate beamforming initialization would be to assume

no interference and select the beamformers based on the corresponding covariance

matrix, as in the single-user MIMO case discussed in the previous chapter.

This chapter contains material from the paper ”Using Statistical and Instan-

taneous Channel Information to Improve Communication in MIMO Networks,” in

preparation for submission to IEEE Transactions on Signal Processing, coauthored

with Bhaskar D. Rao and James R. Zeidler.



Chapter 5

Using Statistical and

Instantaneous Channel

Information to Improve

Communication in MIMO

Networks

5.1 Introduction

Multiple-input multiple-output (MU-MIMO) technologies have come to the

forefront of techniques to improve throughput in modern-day systems. MIMO on

point-to-point links is commonly used in many standards today, and Multiuser

MIMO (MU-MIMO) techniques are beginning to appear in next-generation stan-

dards. However, to achieve maximum throughput and reliability in the MU-MIMO

network, all the nodes need to have perfect Channel State Information (CSI) of

all the direct and interfering links in the network. With this knowledge, utilizing

intelligent beamforming, interference in the system can be minimized and optimal

rates can be achieved.

This assumption may be feasible in small networks where the channels

81
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change slowly. In such networks, a protocol that uses training data to estimate

all the channels for the direct and interfering links can be implemented, albeit

with significant cost in feedback overhead. However, most networks today operate

in large, mobile, dynamic environments. Thus, the channels change too fast for

a protocol to estimate the CSI for every link in the network–by the time all the

CSI has reached every node, the information is likely already outdated. Thus,

much work has focused on finding transmission schemes that do not rely on full

CSI. One limited feedback scheme relies on full CSI feedback from nearby nodes

[36]. This approach assumes that the nearby nodes dominate the interference, and

should therefore yield near-optimal performance. However, even in point-to-point

systems, very low channel coherence times make this CSI feedback infeasible. Many

schemes thus utilize quantized forms of CSI to reduce feedback [34][35]. Still, these

approaches suffer from having to measure the interfering links in addition to the

direct links.

Another approach, then, is to utilize the channel statistics, or Channel

Distribution Information (CDI), to enhance communication. Since it takes into

account the randomness in the channel, CDI is more robust to small channel co-

herence times and is thus valid for much longer than CSI. In addition, given the

trend towards more location-based services, statistical data based on node location

can also be collected and stored a priori. Such location-based data reduces the

need for real-time channel feedback. CDI has been combined with various CSI

schemes to improve performance and reduce feedback in [37]-[39]. In [37], CDI is

used to aid in SINR feedback, and in [39], CDI is used in combination with channel

norm feedback to exploit multiuser diversity. In [38], CDI is utilized for more ef-

ficient beamformer codebook design. While these schemes use CDI to reduce CSI

feedback, the instantaneous interfering channels must be measured in real-time

and fed back. Thus, much previous work has focused on utilizing CDI without the

aid of CSI.

Previous work using only CDI focuses on maximizing ergodic capacity. In

[11], optimal transmission strategies are given for single-user multiple-input single-

output (SU-MISO) channels when either the mean channel information or covari-
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ance channel information is known. The capacity-optimal input covariance for the

single-user MIMO (SU-MIMO) channel with mean and covariance channel infor-

mation is presented in [14]. This result is extended to the MIMO multiple access

channel in [15]. Suboptimal solutions for the MIMO broadcast channel are given

in [16]. These works focus on average capacity, but this metric relies on averaging

over good and bad channels to achieve the desired throughput. Thus, packet de-

lay is ignored in such schemes, and average capacity analysis is not applicable to

delay-sensitive applications.

This work builds on an outage framework for the links in the network to

meet Quality-of-Service (QoS) requirements of each user developed in Chapter 3.

Due to the randomness in the channel, reliable transmission cannot be achieved us-

ing just CDI. Consequently, a certain signal-to-interference-plus-noise ratio (SINR)

is met with a specified outage probability on all the links. While many works in

the literature assume the channels experience independent identically-distributed

(i.i.d.) Rayleigh fading across the transmit and receive antennas for analytic con-

venience, much work has been done showing the insufficiency of this model [18]-

[21]. Therefore, this work assumes all links in the network experience correlated

Rayleigh fading.

Using only CDI, transmission cannot occur without some outage on the

links in the network. In addition, because there is only one power allocation scheme

for a given set of statistics, the power often overshoots what is needed in the system

for a given set of channel conditions to meet the desired SINR thresholds.

This work addresses these issues by utilizing varying levels of limited CSI

feedback from the receiver to the transmitter for additional power control at the

transmitter. Since the receiver can measure its instantaneous SINR and channel

through training data, it can feed this information back to the transmitter to adjust

its power accordingly. The information about the interfering links, however, is

much more difficult to attain, so CDI is used for the interferers. The initial power

control and beamforming scheme is based on the work from the previous two

chapters, and the CSI is used to improve upon the CDI solution.

First, the system model is discussed in Section 5.2. Then, in Section 5.3,
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algorithms using various levels of CSI are discussed to improve on the CDI solution.

In Section 5.4, an algorithm for quantizing SINR information is developed. In

Section 5.5, CSI/CDI schemes for the multi-Tx broadcast environment is discussed.

Results are presented in Section 5.6, and we summarize our work in Section 5.7.

5.2 System Model

This work considers time-varying MIMO channels for multiple users in a

network. Consider a MIMO network with L receivers and L corresponding trans-

mitters. At link l, the transmitter sends the symbol sl(t) to the receiver. The

transmitter uses unit-norm beamforming vector vl(t) to precode the signal, and

transmits with power pl(t). The receiver employs the linear unit-norm beamformer

ul(t) to combine the signal. The channel from transmitter i to receiver l is given

by Hli(t). The noise Nl(t) is distributed as a complex circular Gaussian, and rep-

resents the combined noise after applying the receive beamforming vector to the

incoming signal. The lth received signal is thus given by

rl(t) =
√
pl(t)[u

H
l (t)Hll(t)vl(t)]sl(t) +Nl(t) +

L∑
i 6=l

√
pi(t)[u

H
l (t)Hli(t)vi(t)]si(t).

In schemes that use perfect CSI, a block-fading model is assumed, so the

channel stays constant over each block. To simplify notation, define Gli(t) =

|ul(t)HHli(t)vi(t)|2 as the beamforming channel gain from the transmitter on link

i to the receiver at link l and σ2
Nl

as the noise power for the lth link. Then, under

this model, the SINR Γl(t) on each link can be shown to be

Γl(t) =
pl(t)Gll(t)∑

i 6=l pi(t)Gli(t) + σ2
Nl

. (5.1)

If perfect CSI is available, to ensure a reliable link is available to all nodes

in the network, each link has an SINR constraint: Γl(t) must be greater than a

threshold γl. The goal is then to minimize the power consumed by the network

while meeting all the SINR constraints. The cost function considered in this work

is the weighted sum power. In this setup, each link l in the network incurs some

cost wl > 0 to transmit across its link. An example of a network with varying
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power costs on the links are netwroks with varying battery life at the transmitters.

For minimizing non-weighted sum power, wl = 1 for l = 1, . . . , L.

To compact notation, define the weighting and power vectors as w =

{w1, . . . , wL} and p(t) = {p1(t), . . . , pL(t)}, respectively. The beamforming ma-

trices are defined as U(t) = {u1(t), . . . ,uL(t)} and V(t) = {v1(t), . . . ,vL(t)}. The

optimization problem for having perfect CSI can then be stated as follows:

min
p(t)≥0,U(t),V(t)

wTp(t)

s.t. Γl(t) ≥ γl,l = 1, . . . , L. (5.2)

For a fixed set of channel matrices Hli(t)’s, this problem can be solved and

will give a set of power allocations and beamformers for the transmitters and re-

ceivers in the network. Then, for every change in the Hli(t)’s, all the transmit and

receive beamformers must be updated, and the power allocation scheme changes.

In many networks, the feedback required for these changes in the channel is unreal-

istic due to rapidly-varying CSI. Thus, consider a network where instantenous CSI

is unavailable, but CDI is available. When only CDI is known, the exact Hli(t)’s

are not known–instead, they are assumed to be a random variable drawn from a

complex-normal distribution:

vec(Hli(t)) ∼ CN(0,Σli).

The channel covariance matrices, given by the Σ′lis, comprise the CDI of the net-

work. This work will consider the case where the channel varies, but the statistics

stay constant. Under this model, the expression for SINR given in (5.1) becomes

a random variable since it depends on the channel. The constraints in (5.2) can

then no longer be written as the SINR on link l always exceeding some threshold

γl–since the SINR is now random, it will drop below γl with some probability.

Therefore, these absolute constraints change to outage constraints, and links are

allowed to have an SINR below their thresholds for specified probabilities. Math-

ematically, the constraint on link l in (5.2) becomes Pr(Γl(t) ≤ γl) ≤ αl, where αl

is the probability that the link is in outage. Define p(i), U(i), and V(i) to be the
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transmit powers, receive beamformers, and transmit beamformers for the given

CDI of the system. The optimization problem using CDI can then be formulated:

min
p(i)≥0,U(i),V(i)

wTp(i)

s.t. Pr(Γl(t) ≤ γl) ≤ αl, l = 1, . . . , L. (5.3)

This problem was studied in Chapters 3 and 4. There are two main drawbacks of

this solution versus the CSI solution. First, the outage αl on the links is undesir-

able, and second, the power for a given set of channel matrices at any time may be

higher than required to meet the SINR thresholds. To address these issues, some

limited CSI is desired.

5.3 CDI/CSI Schemes for L Point-to-Point Links

In this section, schemes utilizing CDI and limited CSI are discussed for

varying degrees of cooperation and feedback among the transmitters. For all the

algorithms below, the CDI is used as an initialization point for beamforming and

power control. However, the power control scheme derived from the CDI will

either be higher or lower than the required power to meet the SINR threshold

for the instantaneous channel. To combat this, the receiver can measure its own

channel and the SINR using training data. This information can be utilized to

do better beamforming at the receiver, and this information can be fed back to

the transmitter for intelligent power control based on the instantaneous channel.

Algorithms to utilize this information are discussed below.

Note that although the receive beamformer can be adjusted to improve the

SINR, this work does not consider changing the transmit beamformers from those

given by the initial CDI algorithm. Changing the transmit beamformers can affect

the interference to other users adversely and is difficult to optimize. Therefore in

this work, the focus is on power control at the transmitter.
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5.3.1 L Point-to-Point Channel with CSI of Direct Links

In this section, the outage probability for when the CDI is available for the

interferers, but the CSI is available for the direct link. The closed-form outage

probability for when only CDI is available for each link is derived in Chapter 3.

The channel for the direct link can be estimated using training data, but attaining

CSI for the interferers is much more difficult as a training phase would be required

for all the interferers. The outage probability is given by Pr(Γl(t) ≤ γl). The

numerator for Γl(t) is a function of Gll(t) = |ul(t)HHll(t)vl(t)|2, as given in Eqn.

(5.1). For the pure CDI case, Gll(t) is random. However, when the CSI is available

for the direct link, since the powers and the transmit and receive beamformers

are also known, Gll(t) becomes deterministic. Under this assumption, the outage

probability is given by the following theorem:

Theorem 7. When the CSI of the direct links and the CDI of the interferers is

known, the outage probability is given by

Pr(Γl(t) ≤ γl) =
∑
i 6=l

∏
j 6=i,l

picli
picli − pjclj

e
−
plGll
γl
−σ2Nl

2picli , (5.4)

where cli = (v∗i ⊗ ul)
HΣli(v

∗
i ⊗ ul).

Proof. See Appendix A.

The outage probability in Eqn. (5.4) will be used in the next section for

aggressive power control techniques using the instantaneous channel information.

5.3.2 LMMSE Beamforming

If the receiver is able to estimate the channel of its own link, it can improve

on the beamformer given by the CDI algorithm. The received signal vector is given

as

rl(t) =
√
pl(t)Hll(t)vl(t)sl(t) + Nl(t) +

L∑
i 6=l

√
pi(t)Hli(t)vi(t)si(t)

The receiver is able to measure Hll(t) by using training data. Also, for the CDI-

based algorithm, vl(t) and pl(t) are fixed for all l. Thus, the interference Il(t) can
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be found as

Il(t) = rl(t)−
√
pl(t)Hll(t)vl(t)sl(t).

Then, to maximize the SINR, ul(t) should be selected to satisfy the following

optimization problem:

max
ul(t)

ul(t)
H
(
Hll(t)vl(t)vl(t)

HHll(t)
H
)

ul(t)

ul(t)HE[Il(t)Il(t)H ]ul(t)

Here, E[Il(t)Il(t)
H ] =

∑L
i 6=l pi(t)Hli(t)vi(t)Hli(t)

Hvi(t)
H , assuming Gaussian sig-

naling. Note that while E[Il(t)Il(t)
H ] is known, the individual components are

much more difficult to measure. Here, ul(t) is the MVDR/LMMSE beamformer

and has a well-known solution. This beamformer can be used instead of the CDI

receive beamformer to improve the SINR. The statistical beamforming gain coef-

ficients cli(t)’s can then be updated as

cli(t) = (v
(i)∗
i ⊗ ul(t))

HΣli(v
(i)∗
i ⊗ ul(t)).

5.3.3 Decentralized Power Reduction

In this section, the scenario is considered where the receiver can only com-

municate with its corresponding transmitter, and no cooperation between the

transmitters is allowed. Here, the receiver measures its SINR Γl(t) and sends

this information back to the transmitter. The transmitter can then either reduce

its power or stay silent. If Γl(t) < γl, then the transmitter will not transmit, since

the SINR does not meet the threshold. If the transmitter attempted to boost the

power to meet the SINR threshold, then interference would be increased to other

users in the system and they may not be able to meet their own SINR requirements.

However, if Γl(t) ≥ γl, then the transmitter can rescale the power accordingly to

meet the SINR threshold exactly and save power. Since Γl(t) =
p
(i)
l Gll(t)∑

i 6=l p
(i)
i Gli(t)+σ

2
Nl

,

Γl(t) ∝ p
(i)
l . The new SINR should meet the target SINR γl. Therefore, the new

power used at time t by transmitter l, pl(t), is given by

pl(t) =
γl

Γl(t)
p

(i)
l .
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Note that this power update equation assumes that all the other interfering powers

do not change. While this is not an ideal assumption, the interference will not rise

from other users, and so the SINR requirement γl will be met. Note also that due

to the power reduction, users that did not meet their threshold initially could meet

their threshold after the reduction. Schemes to exploit this are discussed in the

next section.

5.3.4 Decentralized Power Reduction with ACK/NACK

Stage

In this scenario, the receiver feeds back its SINR to the transmitter once

again, except now if the transmitter does not hit its SINR threshold, it can transmit

again to see if it reaches its SINR threshold in the second round. Since the other

users will either be reducing their interference or staying silent, the transmitter

should have a better chance of hitting its SINR threshold after one round. This

requires an ACK/NACK from the receiver to the transmitter to let the transmitter

know whether or not to send its data after the second round for users that were

unsuccessful in the first round. Consider the following algorithms:

Algorithm 7: Simple Scheduling and Power Reduction

1. For all users that satisfy Γl(t) ≥ γl, update their power to

pl(t) =
γl

Γl(t)
p

(i)
l .

2. For all users that do not meet the SINR threshold, have them maintain their

power levels.

3. Transmit with the new power levels. Measure the SINR levels at the re-

ceivers and receive the ACK/NACK’s from the above power scheme. For the

transmitters that successfully transmit, have them maintain their power at

the appropriate level. For those that do not successfully transmit, have them

stay silent.

This algorithm has the advantage of keeping all users in the system, so everyone

has a chance to successfully transmit in the second round. However, it does not
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account for users with bad channels that are very unlikely to successfully transmit.

The next algorithm accounts for this.

Algorithm 8: Scheduling and Power Reduction with Thresholding

1. For all users that satisfy Γl(t) ≥ γl, update their power to

pl(t) =
γl

Γl(t)
p

(i)
l .

2. For all users that do not meet the SINR threshold, check if Γl(t) ≥ γ′l,

where γ′l < γl. If this criterion is satisfied, then have the corresponding

transmitter maintain its power level for the next round. If not, then have

the corresponding transmitter stay silent so it will not contribute to the

interference in the system.

3. Transmit with the new power levels. Measure the SINR levels at the re-

ceivers and receive the ACK/NACK’s from the above power scheme. For the

transmitters that successfully transmit, have them maintain their power at

the appropriate level. For those that do not successfully transmit, have them

stay silent.

The idea behind Step 2 in Algorithm 8 is that the users that do not meet the

SINR threshold, but are close to it, may be successful in the next round if the

interferers do not transmit and/or reduce their power. There are many ways to

select γ′l, but finding the optimal threshold to maximize throughput is a difficult

problem. In this work, the criteria to determine γ′l will be based on the CDF.

Consider a new outage α′l and find the corresponding SINR threshold. The new

outage α′l < αl. Here, the probability that γ′l ≤ Γl(t) < γl is αl − α′l, so the

probability that the link will not transmit but attempt a retransmission is
αl−α′l
αl

.

The CDF function can be inverted to find γ′l through numerical optimization, but

a good approximation can be derived from Eqn. (3.31):

γ′l =
log(1− α′)−1

log(1− α)−1
γl.

Thus, in this framework, there is a chance of 1 − αl of successful transmission,

αl − α′l for trying in the second round for successful transmission, and α′l chance

of not transmitting at all.
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Note that both Algorithms 1 and 2 can be done only using feedback from

the corresponding receiver, and need not be centralized. If the channel information

can be shared among transmitters, then more aggressive power control schemes can

be used, as discussed in the next section.

5.3.5 Centralized Power Reduction with ACK/NACK

Stage

In this section, it is assumed that the transmitters share their channel in-

formation. This can be feasible in downlink systems where base stations can share

CSI through a backhaul link. It is still difficult to measure the channels of the

interferers, however, so CDI will be assumed for the interfering links. Transmit

beamforming is still a tricky problem in this case because changing the transmit

beamformer can increase interference to other users. However, there are a few

options for power control. Consider a system where the receivers first feed back

their channel. Then, the transmitters cooperate to transmit with a new set of

powers. The goal of this cooperation is to successfully transmit with users who

did not meet their SINR thresholds in the first round. If this scheme is aggressive,

it is unknown whether or not the new set of powers will allow the unsuccessful

transmitters to transmit. Therefore, 1 round of ACK/NACK is required to de-

termine if the updated power allocation scheme meets the SINR thresholds. This

ACK/NACK can be decentralized, so the receiver only needs to share this infor-

mation with its corresponding transmitter. If the transmission is unsuccessful and

does not meet the threshold, the transmitter stays silent; otherwise, it transmits

with the power assigned to it.

In the first round, the successful transmitters can reduce their power to

meet their SINR threshold exactly. Once this occurs, the users that are below their

thresholds can see if they meet the threshold. Consider the following algorithm:

Algorithm 9: Centralized Algorithm for Scheduling and Power

Control
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1. For all users that satisfy Γl(t) ≥ γl, update their power to

pl(t) =
γl

Γl(t)
p

(i)
l .

2. Given the updated powers from successful transmitters, calculate the prob-

abilities for unsuccessful transmitters of the interference power as follows:

αl(t) =
∑
i 6=l

∏
k 6=i,l

pi(t)cli
pi(t)cli − pk(t)clk

e
−
pl(t)Gll
γl

−σ2Nl
2pi(t)cli (5.5)

3. Calculate the expected throughput of the initially unsuccessful links, which

is given by

E[T (t)] =
∑
i∈D

(1− αi(t)) log(1 + γi). (5.6)

Here, D is the set of all users who are initially unsuccessful who will be

transmitting in the second round.

4. Take the largest αl(t), l ∈ D and do not transmit with that transmitter.

Recalculate the αl(t) with the transmitter that was taken out of the set

equal to 0, and repeat step 3. If the expected throughput is higher using

fewer transmitters, use this scheme; otherwise revert to the previous scheme.

5. Repeat Step 4 until the maximum expected throughput is achieved.

6. Receive the ACK/NACK’s from the above power scheme (ACK/NACK is

only required for the initially unsuccessful links). If the transmitter is suc-

cessful, then transmit with the assigned power. Otherwise, do not transmit.

The above algorithm takes the transmitters that are successful and guaran-

tees that they transmit successfully. However, it also eliminates the weakest links

in favor of stronger links using the instantaneous outage probability on the links,

and recalculates them by dropping unfavorable interferers until the condition in

Step 3 is met. Step 3 is still a probabilistic measure; if unsuccessful, then the

scheme will still transmit with the successful transmitters, but otherwise is able to

transmit with all the previously unsuccessful users as well. Algorithm 9 utilizes

all the information available in a centralized way.
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This algorithm has some nice properties. First, it utilizes all the CSI and

CDI information available in the system. It also guarantees the power reduction of

the decentralized scheme while allowing for an aggressive power allocation scheme

to get more users in the system for the second round, and is done in such a way

that the expected throughput is maximized for the given information.

5.3.6 Centralized Aggressive Power Control with Central-

ized ACK/NACK

While the above algorithm does maximize expected throughput, it is still

constrained to only reducing the power. However, the system should be able to

support more users if the power is increased for users with poor channels. When

the powers of links with poor channels is increased, then there is a risk of creating

too much interference for links that did have good channels. Also, it is difficult to

measure the effects of increasing the power on the outage, though the expressions

above can be used for this purpose. The algorithm here will have a more heuristic

approach.

The most straightforward approach is to increase the powers of each user

that falls below its threshold according to pl(t) = γl
Γl(t)

p
(i)
l . Doing this for all users

means that interference may increase significantly for some users, and the system

is likely to fail if the beamformers are not able to sufficiently cancel out other

interferers. This approach works well if no interferers contribute significantly to the

SINR and the SINR is affected primarily by the noise due to effective beamforming.

Thus, it is ideal to consider other approaches.

The success probability of such a scheme can be measured by using sim-

ilar steps from Algorithm 9, but with all the users included in the probability

calculation. Because the SINR was guaranteed before, the successful users were

not required for this calculation. However, now that the powers at other users are

increasing, the successful users are no longer guaranteed to transmit successfully,

so they must also be included in the calculation.

The above ideas are combined in the following algorithm:

Algorithm 10: Centralized Algorithm for Scheduling and Power
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Control with Power Increase

1. For all users that satisfy Γl(t) ≥ γl, update their power to

pl(t) =
γl

Γl(t)
p

(i)
l .

2. Given the updated powers from successful transmitters, calculate the approx-

imated SINR based on the expected interference contributions. The expected

interference contribution from interferer i is given by 2pi(t)cli(t), since the

interferers are χ2
2 random variables. The approximated SINR is then given

by

Γapprox(t) =
pl(t)Gll(t)∑L

i 6=l 2pi(t)cli(t) + σ2
Nl

.

3. Using the approximated SINR values, iteratively calculate the new transmit

powers until convergence.

4. Calculate the outage probabilities αl(t) using Eqn. (5.4). Check if the prob-

ability of successful transmission at the next stage if all the transmitters in

D transmit, which is given by ∏
l∈D

(1− αl(t)).

Since powers are being increased using this scheme, all the links have a

potential to be in outage. Therefore, the outage of all the links must be

taken into consideration.

5. Order the αl(t), l ∈ D, where D is the set of unsuccessful links. Set the

transmitter with the highest outage to not transmit and repeat Steps 2-

4. Continue this process until the probability for successful transmission is

maximized.

6. Receive the ACK/NACK’s from the above power scheme. If the scheme was

successful, keep these power allocations. If any link fails, then transmit at

the power levels given in Step 1 and do not transmit for the unsuccessful

transmitters from the first round.
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This algorithm is very aggressive, but as a result will not necessarily outperform

Algorithm 9. Since the power is being increased at some users, the outage for

all the users in the system must be computed. Thus, this algorithm will generally

work well in systems where the interference is nearly completely nullified by the

beamformers. Ideally, both Algorithm 9 and Algorithm 10 should be run, and

their outage should be compared, to see which transmission scheme will maximize

the probability of success in the second round.

5.3.7 Boundary Cases

While the above algorithms will work for most channel environments, there

are some boundary cases worth considering.

1. Check the worst-case interference effect. Since the original interference is

known, the worst-case interference reduction is given by

I
(wc)
l (t) = Il(t) max

i 6=l

pi(t)

pi

Then, check if plGll

I
(wc)
l (t)+σ2

Nl

≥ γl. If this condition is satisfied, then the unsuc-

cessful transmitter is guaranteed to be successful in the second round. Note

that if there are multiple unsuccessful transmitters that are trying in the

second round, this step will not work, and can be skipped. Note also that

this scheme requires no ACK/NACK.

2. If no one meets the threshold, then check whether or not the channels are

”good” or not by comparing it to the average channel coefficient; that is,

if Gll(t) ≥ E[Gll(t)] = 2cll (since Gll(t) is a χ2
2 random variable). For the

”good” channels, select these to transmit at the original power levels and

do not transmit for users with ”bad” channels. In round 2, if this power

allocation scheme does not work, then select the largest channel coefficient

and scale the power accordingly to meet the SINR threshold.

• If all channels are ”bad,” then select the channels with the two largest

coefficients and transmit, keeping all others silent. In round 2, if this
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is unsuccessful, select the largest channel coefficient and scale its power

accordingly to meet the SINR threshold.

3. If only one transmitter meets the threshold, then run Algorithm 7. If that

algorithm is unsuccessful, scale the power to meet the SINR threshold with

0 interference and only transmit for that one user.

4. If every transmitter meets the threshold, then reduce the powers of all trans-

mitters until αl(t) = δ
1
L ∀l. This can be done using an iterative algorithm. If

this scheme does not work in Round 2, revert to the power allocation given

by Step 1 in Algorithm 7.

5.4 SINR Quantization

In this section, an algorithm to quantize the SINR feedback required for

Algorithm 7 and Algorithm 8 is developed. To quantize the full channel ma-

trix, previously developed schemes can be used [6],[38]. With SINR feedback, the

quantizer can be adjusted to optimize throughput.

When 1 bit of SINR feedback is available, the scheme is simple: if the SINR

is greater than γl (when Γl(t) ≥ γl), then the receiver sends back a 1; otherwise,

the receiver sends back a 0 (when Γl(t) < γl). If the transmitter gets a 1, then

it transmits data at the original power level given by the CDI-based algorithm.

Otherwise, if it receives a 0, it stays silent until channel conditions change again.

This scheme of the transmitter staying silent when a 0 is received will also be

utilized when feeding back B bits. However, if more than 1 bit of feedback is

available, the power can be reduced from the initial CDI-based algorithm.

In using B bits of feedback, ideas from the two extreme cases of having 1

bit of feedback and having infinite bits of feedback will be combined. When Γl(t)

is below the threshold γl, then a 0 will be fed back and the transmitter will not

transmit. However, when Γl(t) is above the threshold γl, the amount by which it

exceeds the threshold will be considered. Then, depending on the region that Γl(t)

falls in, it will reduce the power. Take for example B = 2 bits of feedback, and a set
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of thresholds γl < γ
(1)
l < γ

(2)
l . If Γl(t) < γ

(0)
l , a 0 is fed back. If γ

(0)
l ≤ Γl(t) < γ

(1)
l ,

A 1 is fed back, and the power is not reduced. If γ
(1)
l ≤ Γl(t) < γ

(2)
l , 2 is fed

back, and the power at the transmitter is updated as pl(t) = γl

γ
(1)
l

p
(i)
l . This power

reduction is guaranteed to meet the SINR threshold γl, since Γl(t) ≥ γ
(1)
l . If

γ
(2)
l ≤ Γl(t), we 3 is sent back, and the power at the transmitter is updated as

pl(t) = γl

γ
(2)
l

p
(i)
l , with similar reasoning as before. This scheme can be extended to

an arbitrary number of bits; the SINR is scaled according to the lower bound on

the region.

Now, the thresholds γ
(j)
l need to be determined. For notational convenience,

the user subscript l will be dropped for this discussion, as this process must be

applied for each user. Also, define p(j) and γ(j) to be the power transmitted and

the SINR value assumed, respectively, when the value i + 1 is fed back. In this

notation, note that p(0) = p(i), the original power transmitted, and γ(0) = γ, the

original SINR threshold. Over time, we want to minimize the average power used

by the transmitter, so our optimization problem is

min
γ(j),j=1...2B−2

E[p(t)] (5.7)

This problem is discussed in [49]. The objective function E[p(t)] is given

by

E[p(t)] =
2B−2∑
j=0

Pr(p(j))p(j)

As indicated in the above example for B = 2, p(j) = γ
γ(j)

p(0). Also, recall that we

have the statistical information of the channels, so we can calculate Pr(p(j)) from

the CDF of the SINR. This expression is given by Pr(p(j)) = F (γ(j+1)) − F (γ(j)),

where F (γ) = Pr(Γ ≤ γ). Also, define γ(2B−1) = ∞ and therefore F (γ(2B−1)) = 1

for notational convenience. Thus, the optimization problem in (5.7) can now be

written as

min
γ(j),j=1...2B−2

2B−2∑
j=0

(
F (γ(j+1))− F (γ(j))

) γ

γ(j)
p(0)

= min
γ(j),j=1...2B−2

γp(0)

2B−2∑
j=0

F (γ(j+1))− F (γ(j))

γ(j)

 (5.8)



98

To solve the problem in (5.8), the following theorem is useful:

Theorem 8. If F (γ) is a continuous differentiable function, then the problem in

(5.8) has a unique global optimum solution, and it is a minimum.

Proof. This will be proved using partial derivatives and setting them equal to 0.

Note that an underlying condition to this optimization problem is γ(1) < γ(2) <

. . . < γ(2B−2) < γ(2B−1) =∞. Therefore, from the assumptions on F (γ), F (γ(1)) <

F (γ(2)) < . . . < F (γ(2B−2)) < F (γ(2B−1)) = 1. Our goal then is to check if these

conditions are inherently satisfied when we take the partial derivatives. If they

are, then we have a set of 2B − 2 variables and 2B − 2 equations to solve for our

optimal solution.

Since γp(0) is a constant with respect to the objective function, we will

ignore it as it has no impact on the solution. Let F ′(γ) be the derivative of F (γ).

The partial derivative with respect to γ(j) is given by

∂

∂γ(j)
E[p(t)] =

∂

∂γ(j)

2B−2∑
i=0

F (γ(j+1))− F (γ(j))

γ(j)


=

∂

∂γ(j)

(
F (γ(j+1))

γ(j)
− F (γ(j))

γ(j)
+
F (γ(j))

γ(j−1)

)
= −F (γ(j+1))

(γ(j))2
− F ′(γ(j))

γ(j)
+
F (γ(j))

(γ(j))2
+
F ′(γ(j))

γ(j−1)

Consider j = 2B − 2. Taking the partial and setting it equal to 0 gives

−F (γ(2B−1))

(γ(2B−2))2
− F ′(γ(2B−2))

γ(2B−2)
+
F (γ(2B−2))

(γ(2B−2))2
+
F ′(γ(2B−2))

γ(2B−3)
=

− 1

(γ(2B−2))2
− F ′(γ(2B−2))

γ(2B−2)
+
F (γ(2B−2))

(γ(2B−2))2
+
F ′(γ(2B−2))

γ(2B−3)
= 0

Solving for γ(2B−3) gives

γ(2B−3) =
F ′(γ(2B−2))γ(2B−2)

F ′(γ(2B−2))γ(2B−2) + 1− F (γ(2B−2))
γ(2B−2)

Now show that γ(2B−3) < γ(2B−2), which is equivalent to showing

F ′(γ(2B−2))γ(2B−2)

F ′(γ(2B−2))γ(2B−2) + 1− F (γ(2B−2))
< 1 (5.9)
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Since the term F ′(γ(2B−2))γ(2B−2) appears in the numerator and denominator of

the fraction in (5.9), it will suffice to show 1−F (γ(2B−2)) > 0. Since F (γ(2B−2)) < 1

(otherwise γ(2B−2) =∞), this statement is true. Thus, the solution to the equation

for the partial derivative when i = 2B − 2 is satisfied only when γ(2B−3) < γ(2B−2).

Now, consider again the partial with respect to γ(j) and set it equal to 0.

Solving for γ(j−1) gives

γ(j−1) =
F ′(γ(j))γ(j)

F ′(γ(j))γ(j) + F (γ(j+1))− F (γ(j))
γ(j) (5.10)

Assume γ(j+1) > γ(j). Then, F (γ(j+1))− F (γ(j)) is positive since F is a monoton-

ically increasing function. Then, by the same arguments given for (5.9), γ(j−1) <

γ(j). The assumption that γ(j+1) > γ(j) is satisfied since γ(2B−2) > γ(2B−3), and

therefore by the previous argument this assumption will always hold true. There-

fore, γ(j+1) > γ(j)∀i. Thus, by solving the partial derivative equations, the underly-

ing condition for the problem is satisfied. These equations are linearly independent

since the terms (γ(j))2 and F ′(γ(j)) only appear in the ith equation. Since we have

2B − 2 equations and 2B − 2 variables, we will have a globally optimal solution to

(5.8) by solving these equations. Furthermore, this solution is a minimum since

the limiting cases of all γ(j) = γ(0) or all γ(j) = ∞ would lead to no power reduc-

tion since none of the thresholds would be used to scale the original power. Any

solution not at these limits would include some power reduction, and so solving

the set of partial derivative equations will yield a global minimum.

Using Theorem 8 gives a set of equations to solve to satisfy the optimal

thresholds γ(j) to minimize the average power usage of the system. Currently,

these equations are being solved using numerical optimization since the functions

are complex. Efficient solving of these equations is still an open problem.

5.4.1 Using B Bits of Feedback with Thresholding

The extension to using B bits of feedback here is straightforward. Feed

back 0 if Γl(t) < γ′l. Feed back 1 if γ′l ≤ Γl(t) < γl. Transmit back the appropriate
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level from the algorithm above if Γl(t) ≥ γl. Note that in the decentralized case,

with an ACK/NACK, the distinction between γl and γ′l is not needed–if Γl(t) ≥ γ′l,

then 1 can be sent back (since the transmitter will transmit with the same starting

power level regardless).

5.5 CDI/CSI Schemes for Multi-Tx Broadcast

Channel

In this section, schemes dealing with multi-Tx broadcast systems are dis-

cussed. This is relevant in systems with multiple base stations, with multiple re-

ceivers per base station. In this scenario, the independence of the interference from

the transmitters is lost since the receiver sees interference from its own transmit-

ter. In order to deal with this, new outage probability formulations are required.

Then, using these outage probabilities, algorithms based on CDI and CSI can be

developed. Using these expressions, schemes for beamforming and power control

are then discussed using both CSI and CDI.

5.5.1 The Multi-Tx Broadcast Channel with CSI of Direct

Links

In this case, the receiver knows the channel of its own link as well as the

effect of the interference from other receivers with the same transmitter. However,

the interferers from transmitters not associated with the receiver are unknown,

and only the statistical information is available. Thus, the problem is the same as

in Section 4.3, except now Hll(t) is known. Assume that there are K transmitters,

and let Sk of size Lk represent the set of receivers associated with transmitter k,

and let L =
∑K

k=1 Lk. The received signal from transmitter k to receiver l ∈ Sk is

given by

rl(t) =
√
pl[u

H
l Hll(t)vl]sl(t) +Nl(t)

+
∑

i∈Sk,i 6=l

√
pi[u

H
l Hll(t)vi]si(t) +

∑
m 6=k

∑
j∈Sm

√
pj[u

H
l Hlm(t)vj]sj(t),
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where the third term of the sum is the interference from the corresponding trans-

mitter and the fourth term of the sum is the interference from other transmitters.

In a multi-cellular system, the third term is intra-cell interference and the fourth

term is inter-cell interference. The received SINR is then given by

Γl(t) =
pl|uHl Hlk(t)vl|2∑

i∈Sk,i 6=l pi|u
H
l Hlk(t)vi|2 +

∑
m6=k

∑
j∈Sm pj|u

H
l Hlm(t)vj|2 + σ2

Nl

.

The outage probability is then given in the following theorem:

Theorem 9. The outage probability for the multi-Tx broadcast channel when CSI

of the receivers associated with each transmitter is known and only CDI is available

from transmitter k to receiver l is given by

Pr(Γl(t) ≤ γl) =∑
m6=k

∑
i∈Sm

∏
j 6=i,j∈Sm

λlim
λlim − λljm

×

∏
n6=m,k

∏
j∈Sn

λlim
λlim − λljn

×

exp

−hlk(t)
H
(
plvlv

H
l − γl

∑
i 6=l,i∈Sk piviv

H
i

)
hlk(t)− γlσ2

Nl

2γlλlim

 , (5.11)

where hlk(t) = HH
lk(t)ul and λlim is defined in Eqn. (4.12).

Proof. See Appendix A.

This expression is also used in Section 5.5.2 for developing algorithms for

aggressive power control.

5.5.2 Scheduling, Power Control, and Beamforming Algo-

rithms

In this section, modifications to the above algorithms are discussed for

the multi-Tx broadcast channel. As discussed before, this scenario can occur in

downlink systems with multiple users per base station sharing a time/frequency

slot. The network will be initialized using CDI as discussed in the previous chapter.
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Then, the CSI/CDI algorithms above can be applied to this case by substituting in

the outage expression from Eqn. (5.11) in for the outage probability calculations.

Consider the following algorithm, based on Algorithm 9:

Algorithm 11: Centralized Algorithm for Scheduling and Power

Control with Multiple Receivers per Transmitter

1. Use one of the above two schemes to initialize the power control and beam-

formers.

2. Measure the instantaneous SINR at each user and feed back the channel

information. For all users that satisfy Γl(t) ≥ γl, update their power to

pl(t) =
γl

Γl(t)
p

(i)
l .

3. Given the updated powers from successful transmitters, calculate the prob-

abilities for unsuccessful transmitters of the interference power as follows:

αl(t) =
∑
m 6=k

∑
i∈Sm

∏
j 6=i,j∈Sm

λlim(t)

λlim(t)− λljm(t)
×

∏
n 6=m,k

∏
j∈Sn

λlim(t)

λlim(t)− λljn(t)
×

exp

−hlk(t)
H
(
pl(t)vlv

H
l − γl

∑
i 6=l,i∈Sk pi(t)viv

H
i

)
hlk(t)− γlσ2

Nl

2γlλlim(t)

 .

(5.12)

4. Calculate the expected throughput of the initially unsuccessful links, which

is given by

E[T (t)] =
∑
i∈D

(1− αi(t)) log(1 + γi). (5.13)

Here, D is the set of all users who are initially unsuccessful who will be

transmitting in the second round.

5. Take the largest αl(t), l ∈ D and do not transmit with that transmitter.

Recalculate the αl(t) with the transmitter that was taken out of the set

equal to 0, and repeat step 3. If the expected throughput is higher using

fewer transmitters, use this scheme; otherwise revert to the previous scheme.



103

6. Repeat Step 4 until the maximum expected throughput is achieved.

7. Receive the ACK/NACK’s from the above power scheme (ACK/NACK is

only required for the initially unsuccessful links). If the transmitter is suc-

cessful, then transmit with the assigned power. Otherwise, do not transmit.

Algorithms based on Algorithms 7, 8, and 10 can similarly be derived to

improve performance in multi-Tx broadcast networks.

5.6 Results

To test our algorithms, we conduct some numerical experiments to under-

stand the efficacy of the joint CDI/CSI algorithms developed above. Results are

given for MU-MIMO environments under the angular spread model [26] as well as

the 3GPP model [27] with path loss in a small cellular environment. All trans-

mitters and receivers have 4 antennas, and the signal-to-noise ratio (SNR) is held

constant at 10 dB. Equal SINR thresholds and equal outage constraints is consid-

ered for all users in the system. The weighting vector w is selected to be all 1’s,

meaning the optimization metric is sum power.

In Simulation 1, a MU-MIMO system with 4 transmit-receive pairs is con-

sidered under the angular spread model. See Fig.’s 5.1 and 5.2. The CDI algorithm

optimizes the system for 50% outage. As can be seen in Fig. 5.1, CSI feedback

allows for lower average power in the system. The power usage in this network is

significantly lower than the full CSI curve, with about a 5dB gain at low SINR.

However, the tradeoff is in the throughput, which is shown in Fig. 5.2. The black

curve here shows the throughput for the full CSI case, and the CDI/CSI curves

are normalized by this value. With no CSI feedback, the throughput stays at 50%

of the full CSI case. However, using LMMSE beamforming, as shown by the red

curve, the throughput rises to about 65% at low SINR and to near-full throughput

at higher SINR. If there is an ACK/NACK stage, meaning all the transmitters

stay in the system to attempt transmission after the interference is reduced, Al-

gorithm 7 gives roughly a 5% throughput gain at 0dB. The throughput is slightly

improved using Algorithm 9. In this network, Algorithm 10 performs well at



104

low SINR, but the performance degrades as the SINR threshold increases. Algo-

rithm 10 does use more power to achieve this higher throughput gain, however.

Overall, significant gains are attained using CSI compared to using just CDI, while

incurring significantly less feedback cost than the full CSI case.

In Simulation 2, a downlink cellular system with 4 base stations and 4 mo-

biles is considered under the 3GPP model. A path loss coefficient of 3.5 is used.

The data is averaged over several instantiations of the network with varying loca-

tions of the mobiles. The CDI algorithm is once again optimized for 50% outage.

See Fig.’s 5.3 and 5.4. Once again, significant power savings and throughput gains

are achieved with the additional CSI feedback, as can be seen in Fig. 5.3. In this

simulation, Algorithm 10 has high throughput at low SINR, as can be seen in

Fig. 5.4. Due to the varying distances between the nodes, increasing power for low

SINR requirements helps combat noise over interference. However, Algorithm

10 incurs a cost in additional power, approaching the CDI-only algorithm. As

the SINR increases, Algorithms 9 and 10 perform the best, but Algorithm 7

performs well with and without an ACK/NACK stage.

In Simulation 3, a downlink cellular system with 4 base stations and 8 mo-

biles (2 mobiles per cell) is considered under the 3GPP model. The system is

assumed to have interferers at 50% outage. See Fig.’s 5.5 and 5.6. Once again,

significant power savings and gains in throughput are achieved when adding CSI

feedback. Algorithm 10 performs poorly here compared to Algorithm 9 and

Algorithm 7 with an ACK/NACK stage. This is likely due to increasing power

significantly affecting the other user in the same cell, making Algorithm 10 de-

fault to the power allocation scheme used by Algorithm 7 with no ACK/NACK.

In Simulation 4, a MU-MIMO system with 3 transmit-receive pairs is con-

sidered under the angular spread model. The CDI algorithm optimizes the system

for 20% outage. See Fig. 5.7. Here, using only 2 bits of SINR feedback, the

savings are significant–about 5dB lower than the CSI curve and about 3dB lower

compared to the CDI curve with no CSI feedback. To make the comparison more

fair, the blue curve represents the CSI-based scheme only when the transmitter

transmits using the CDI scheme with limited CSI feedback. The CSI curve is
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lower, as expected, but at low SINR thresholds the difference is small. At higher

SINR thresholds, the difference becomes more apparent. These plots show that

this type CSI of power reduction can lead to significant savings using very limited

feedback in the system.

5.7 Conclusion

In this work, we derive new outage probability expressions for the MU-

MIMO channel with CSI. Using these expressions, we develop algorithms to utilize

CSI on the direct links for improved beamforming and power control. Significant

gains can be achieved using CSI and CDI jointly in both feedback overhead and

power control, and some of the drawbacks of using just CDI are mitigated. Using

CDI with limited CSI can lead to very good system performance with significantly

less feedback overhead, and this is an interesting direction to explore for design of

MU-MIMO systems.

This chapter contains material from the paper ”Using Statistical and Instan-

taneous Channel Information to Improve Communication in MIMO Networks,” in

preparation for submission to IEEE Transactions on Signal Processing. Part of

this material was also presented at the IEEE International Conference on Acous-

tics, Speech, and Signal Processing in Kyoto, Japan in March 2012. Both works

were coauthored with Bhaskar D. Rao and James R. Zeidler.
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Figure 5.1: Multiuser 4x4 MIMO with 4 Transmit/Receive Pairs, Angular Spread
Model
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Figure 5.2: Multiuser 4x4 MIMO with 4 Transmit/Receive Pairs, Angular Spread
Model
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Figure 5.3: Multiuser 4x4 MIMO with 4 Transmit/Receive Pairs, 3GPP Cellular
Model
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Figure 5.4: Multiuser 4x4 MIMO with 4 Transmit/Receive Pairs, 3GPP Cellular
Model
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Figure 5.5: Multiuser 4x4 MIMO with 4 Base Stations and 8 Mobiles, 3GPP
Cellular Model
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Figure 5.6: Multiuser 4x4 MIMO with 4 Base Stations and 8 Mobiles, 3GPP
Cellular Model
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Figure 5.7: Multiuser 4x4 MIMO with 3 Transmit/Receive Pairs, Angular Spread
Model



Chapter 6

Conclusion

In this work, novel results on using statistical information in MIMO net-

works have been presented. First, a new method of quantization for covariance

matrices in correlated Rayleigh fading environments was derived. Then, a frame-

work for outage probabilities for SINR constraints on the users was derived and

optimized. This framework was extended to joint use of CSI and CDI for further

reduction in power control and more efficient receive beamforming.

There are still many unsolved problems revolving around CDI. One basic

and important question for simulation of MIMO channels is to have a good model

for the time-varying nature of the MIMO channel, taking into account the spatial

correlation. The i.i.d. model in time used in most of the simulations here is

unrealistic, since some temporal correlation exists in the channel. The temporal

correlation models in the literature, however, fail to address the spatial correlation

structure of the channel. Further research is necessary to form a good joint model

that captures both the spatial and temporal correlation structure simultaneously.

This consideration also lends itself to the problem of how often the CDI should be

fed back vs the CSI, an important problem for system design.

On the topic of algorithms for power control and beamforming, there are

open problems as well. It would be useful to have more efficient power allocation

schemes based on the CSI of the direct links. There is also a possibility to do some

analysis and algorithm development with transmit beamforming, though this is a

difficult problem.

113
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All the analysis and algorithm development presented here is based on the

flat correlated Rayleigh fading channel. However, there are many other interesting

channel scenarios to look at, including the Ricean channel (and more sophisticated

channel models), as well as frequency-selective channels for MIMO-OFDM. CDI

becomes even more relevant in the case of OFDM since there is much more channel

information to estimate; using statistical information can yield significant savings

in channel feedback.

On the system design level, issues dealing with CDI are largely unknown.

Selecting environments when CDI should be used in addition to, or instead of, CSI

is an important problem. In addition, how to collect CDI in a wireless system

is difficult; if it is possible to measure the channel a priori, then the CDI can

be stored for future use. However, estimating CDI without a prior measurement

campaign is a difficult problem from the system perspective.

While there are still many open issues with implementing CDI-based algo-

rithms, there is significant potential in using the statistical nature of the MIMO

channel for beamforming and power control. Statistical information is typically

used for modeling. However, in realistic systems the significant gap between the

coherence time of the statistics vs. the coherence time of the instantaneous chan-

nel makes utilizing CDI very appealing, since feedback overhead is an important

consideration in multiuser MIMO systems. It is my hope that more researchers

will investigate the uses of CDI in next-generation wireless systems.



Appendix A

Derivation of Outage Probability

Expressions

First, it is useful to establish the following Lemma, which will also be used

in the proofs of the outage probability expressions:

Lemma 3. If u and v are unit-norm vectors and H is complex circular Gaussian

matrix distributed as vec(H) ∼ CN(0,Σ), then

|uHHv|2

(v∗ ⊗ u)HΣ(v∗ ⊗ u)
∼ χ2

2 (A.1)

Proof. First, consider Z = uHHv. Z is a linear combination of 0-mean complex

circular Gaussians, so Z is 0-mean complex circular Gaussian. The next step is to

find the variance. To do this, perform the following calculations:

var(Z) = E[Z · Z∗] = E[(uHHv)(uHHv)∗] (A.2)

= E[vec(uHHv)vec(uHHv)H ] (A.3)

= E[(vT ⊗ uH)vec(H)vec(H)H(v∗ ⊗ u)] (A.4)

= (v∗ ⊗ u)HΣ(v∗ ⊗ u) (A.5)

The key observation here is that equality (A.3) follows from observing that x =

vec(x) if x is a scalar. Furthermore, for scalars, the Hermitian and conjugate

operations are interchangeable. Equality (A.4) follows from the property that
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vec(AXB) = (BT ⊗ A)vec(X). Finally, equality (A.5) follows from separating

out the deterministic factors from the expectation operator and noting that by

definition, E[vec(H)vec(H)H ] = Σ. This gives an expression for var(Z).

The norm squared of a unit variance complex circular Gaussian has a χ2
2,

or exponential, distribution. Then |Z|2, normalized by var(Z), gives

|Z|2

var(Z)
=

|uHHv|2

(v∗ ⊗ u)HΣ(v∗ ⊗ u)
∼ χ2

2

Proof of Theorem 2:

Step 1 : Get ρout into the following form:

ρout = Pr(Γ ≤ γ) = Pr(
X

Y + σ2
≤ γ), (A.6)

where X is an exponential random variable and Y is a weighted sum of independent

exponential random variables. Applying Lemma 3 to the Gl terms in the expression

for Γ in Eqn. (3.4) gives

Γ =
c1p1Z1∑L

i=2 cipiZi + σ2
N

, (A.7)

Zi ∼ χ2
2, Z

′
is i.i.d.

Then, dividing the top and bottom of the right hand side of Eqn. (A.7) by c1p1

gives

Γ =
X

Y + σ2
,

where X = Z1, Y =
∑L

i=2 kiZi, ki = cipi
c1p1

, and σ2 =
σ2
N

c1p1
. With these substitutions,

ρout has the desired form of Eqn. (A.6). This concludes Step 1.

Step 2 : This step expresses ρout in terms of the moment-generating function

of Y to obtain the final result. The analysis here uses techniques similar to work

done in [40],[41]. Consider
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ρout = Pr(
X

Y + σ2
≤ γ) = Pr(X ≤ γ(Y + σ2)) =

∫ ∞
0

Pr(X ≤ γ(y + σ2))fY (y) dy

(A.8)

Here, observe that Pr(X ≤ γ(y + σ2)) is the cumulative distribution function

(CDF) of the exponential distribution (λ = 1
2
) evaluated at γ(y+ σ2), which gives

Pr(X ≤ γ(y + σ2)) = 1− e−
γ
2

(y+σ2)

Substituting this expression into Eqn. (A.8) yields

ρout =

∫ ∞
0

(1− e−
γ
2

(y+σ2))fY (y) dy

= 1− e−
γ
2
σ2

∫ ∞
0

e−
γ
2
yfY (y) dy (A.9)

Here, the key observation is that the expression in the integral in Eqn. (A.20) is

the moment-generating function of Y , denoted ψY (t), evaluated at −γ
2
. Since Y is

a sum of independent random variables, the moment-generating function of Y is

the product of the moment-generating functions of each element in the sum. The

moment-generating function of an exponential random variable is given as

ψZi(t) = E[etZi ] = (1− 2t)−1

The moment-generating function of Y is then given as

ψY (t) = E[etY ] = E[et
∑L
i=2 kiZi ] =

L∏
i=2

E[etkiZi ] =
L∏
i=2

ψZi(kit) =
L∏
i=2

(1− 2kit)
−1

Then, evaluating ψY (t) at t = −γ
2
, substituting the result into Eqn. (A.20), and

substituting cipi
c1p1

= ki gives the result:

ρout = 1− e−
γ
2
σ2

L∏
i=2

(
1 + γ

cipi
c1p1

)−1

�
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Proof of Theorem 4: To simplify notation, consider the first receiver (l = 1), and

eliminate the subscript and the time variable for notational convenience. Then,

the outage probability can be written as

Pr(Γ ≤ γ) = Pr

(
p1|uHHv1|2∑L

i=2 pi|uHHvi|2 + σ2
N

≤ γ

)
. (A.10)

Define h = HHu. Then, rearranging terms, Eqn. (A.10) can be rewritten as

Pr

(
hH

(
p1v1v

H
1 − γ

L∑
i=2

piviv
H
i

)
h ≤ γσ2

N

)

= Pr

(
hH

(
v1v

H
1 −

γ

p1

L∑
i=2

piviv
H
i

)
h ≤ γσ2

N

p1

)

= Pr

(
hHVP(1−)V

Hh ≤ γσ2
N

p1

)
,

where P(1−) = diag(1,− γ
p1
p2, . . . ,− γ

p1
pL). The vector h is complex-normal Gaus-

sian, since it is a linear combination of complex-normal Gaussians from H. Define

g = VHh = VHHHu. Also define KMRMT
to be the commutation matrix, a per-

mutation matrix such that vec(HT ) = KMRMT
vec(H). The vector g is a complex-

normal Gaussian. The mean of g is 0 since the mean of H is 0, and the variance

is given by

E[ggH ] = E[VHHHu(VHHHu)H ] (A.11)

= E[vec(VHHHu)vec(VHHHu)H ] (A.12)

= E[(uT ⊗VH)vec(HH)
(
(uT ⊗VH)vec(HH)

)H
] (A.13)

= (u∗ ⊗V)HE[vec(HH)vec(HH)H ](u∗ ⊗V) (A.14)

= (u∗ ⊗V)HKMRMT
ΣTKMTMR

(u∗ ⊗V) (A.15)

= (V ⊗ u∗)HΣT (V ⊗ u∗). (A.16)

Equality (A.12) follows from the simple property that x = vec(x) for any vector

x. Equality (A.13) follows from the property that vec(XYZ) = (ZT ⊗X)vec(Y).

Equality (A.14) follows from separating out the deterministic factors from the

expectation operator. Equality (A.15) follows from

E[vec(HH)vec(HH)H ] = KMRMT
ΣTKMTMR

. Equality (A.16) follows from
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KMRMT
(u∗⊗V) = (V⊗u∗)[46]. Then the matrix ΣuV = (V⊗u∗)HΣT (V⊗u∗) is

the covariance matrix of g, so g ∼ CN(0,ΣuV). Given this distribution, g can be

written as g = Σ
1
2
uVz, where z is a complex normal Gaussian vector with 0 mean

and covariance matrix I. The outage probability can then be rewritten as

Pr

(
gHP(1−)g ≤

γσ2
N

p1

)
= Pr

(
zHΣ

1
2
uVP(1−)Σ

1
2
uVz ≤ γσ2

N

p1

)
= Pr

(
zHBz ≤ γσ2

N

p1

)
,

where

B = Σ
1
2
uVP(1−)Σ

1
2
uV. (A.17)

Let B = WBMBWH
B be the eigendecomposition of B. Since the matrix P(1−)

has one positive eigenvalue and L−1 negative eigenvalues, B also has one positive

eigenvalue and L−1 negative eigenvalues by Sylvester’s Law of Inertia [29]. Define

the µj’s as follows:

µ1 = the positive eigenvalue of B

µj = the negative eigenvalues of B, j = 2, . . . , L

Define wB = WH
B z. Since WB is an orthogonal matrix, wB is a complex normal

Gaussian vector with 0 mean and covariance matrix I. Then the outage probability

can be written as

Pr

(
zHBz ≤ γσ2

N

p1

)
= Pr

(
wH
BΛBwB ≤

γσ2
N

p1

)
= Pr

(
µ1|w1|2 +

L∑
j=2

µj|wj|2 ≤
γσ2

N

p1

)
,

where wj is the jth element of wB. Then, rearranging terms gives

Pr

(
µ1|w1|2 +

L∑
j=2

µj|wj|2 ≤
γσ2

N

p1

)
= Pr

(
µ1|w1|2 ≤

γσ2
N

p1

−
L∑
j=2

µj|wj|2
)
.

(A.18)

Recall that µj, j = 1, . . . , L are all negative, so the expression on the right-hand

side will be positive. Also note that |wj|2, j = 1, . . . , L are independent χ2
2 random

variables. This expression then takes the same form as the previous proof. Define
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X = |w1|2, Y = − 1
µ1

∑L
j=2 µj|wj|2, and σ =

γσ2
N

µ1p1
. X is a χ2

2 random variable and

Y is a weighted sum of χ2
2 random variables. Then consider

Pr

µ1|w1|2

µ1

≤
γσ2
N

p1
−
∑L

j=2 µj|wj|2

µ1

 = Pr(X ≤ Y + σ2)

=

∫ ∞
0

Pr(X ≤ y + σ2)fY (y) dy (A.19)

Here, observe that Pr(X ≤ y + σ2) is the cumulative distribution function (CDF)

of the χ2
2 distribution evaluated at y + σ2, which gives

Pr(X ≤ y + σ2) = 1− e−
1
2

(y+σ2).

Substituting this expression into Eqn. (A.8) yields∫ ∞
0

(1− e−
1
2

(y+σ2))fY (y) dy = 1− e−
1
2
σ2

∫ ∞
0

e−
1
2
yfY (y) dy. (A.20)

Here, the key observation is that the expression in the integral in Eqn. (A.20) is

the moment-generating function of Y , denoted ψY (t), evaluated at −1
2
. Since Y is

a sum of independent random variables, the moment-generating function of Y is

the product of the moment-generating functions of each element in the sum. The

moment-generating function of a χ2
2 random variable is given as

ψZj(t) = E[etZj ] = (1− 2t)−1.

Define Zj = |wj|2. The moment-generating function of Y is then given as

ψY (t) = E[etY ] = E[e
−t

∑L
j=2

µj
µ1
Zj ] =

L∏
j=2

E[e
−t

µj
µ1
Zj ]

=
L∏
j=2

ψZj

(
−µj
µ1

t

)
=

L∏
j=2

(
1 + 2

µj
µ1

t

)−1

.

Then, evaluating ψY (t) at t = −1
2
, substituting the result into Eqn. (A.20), and

substituting
γσ2
N

µ1
= σ gives the result:

Pr(Γ(t) ≤ γ) = 1− e−
γ
2

σ2N
µ1p1

L∏
j=2

(
1− µj

µ1

)−1

.
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�

Proof of Theorem 5: Once again, consider only the SINR at the first receiver, and

drop the time variable and user index l for notational convenience. The SINR is

then given by

Γ =
p1|uHH1v1|2∑L1

i=2 pi|uHH1vi|2 +
∑K

m=2

∑
j∈Sm pj|uHHmvj|2 + σ2

N

.

The outage probability can be rewritten as

Pr(Γ ≤ γ) = Pr

(
hH1

(
p1v1v

H
1 − γ

L1∑
i=2

piviv
H
i

)
h1

≤ γ

(
σ2
N +

K∑
m=2

hHm

(∑
j∈Sm

pjvjv
H
j

)
hm

))
,

where hm = HH
mu. Define gm = VH

mhm, where Vm is a matrix with the transmit

beamformers from transmitter m in its columns. Following similar steps to the

broadcast channel derivation, the vector gm is a 0-mean complex-normal Gaussian

with variance ΣuVm = (Vm ⊗ u∗)HΣT
m(Vm ⊗ u∗). Then, gm can be written as

gm = Σ
1
2
uVm

zm, where zm is a complex normal Gaussian vector with 0 mean and

covariance matrix I. The zm’s are independent from each other since they are

dependent on different channel matrices Hm. Define Pm to be a diagonal matrix

with entries from the transmit powers from transmitter m. Dividing both sides by

p11, the outage probability can be rewritten as

Pr

(
gH1 P(1−)g1 ≤

γ

p1

(
σ2
N +

K∑
m=2

gHmPmgm

))

= Pr

(
zH1 Σ

1
2
uV1

P(1−)Σ
1
2
uV1

z1 ≤
γ

p1

(
σ2
N +

K∑
m=2

zHmΣ
1
2
uVm

PmΣ
1
2
uVm

zm

))
. (A.21)

Using similar arguments from the proof of Theorem 4, the terms in the sum of the

right-hand side elements of Eqn. (A.21) can be written as

zHmΣ
1
2
uVm

PmΣ
1
2
uVm

zm =
Lm∑
j=1

λjm|wjm|2, (A.22)
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where

λjm = the jth eigenvalue of the matrix Σ
1
2
uVm

PmΣ
1
2
uVm

,

and the wjm’s are independent 0-mean unit variance complex normal Gaussian

variables. The left-hand side of the outage expression in Eqn. (A.21) is the same

as in the broadcast channel case. With these substitutions, the outage probability

can be rewritten as

Pr

(
µ1|w11|2 ≤

γσ2
N

p1

−
L1∑
i=2

µi|wi1|2 +
γ

p1

K∑
m=2

Lm∑
j=1

λjm|wjm|2
)
.

This expression now has a similar form as Eqn. (A.18), and the same steps can be

followed as in the proof of Theorem 4 to give the result.

�

Proof of Theorem 7: Consider user 1, and eliminate the user subscript and the

time variable for notational convenience. As defined above, recall Gi = |uHHivi|2.

Then, the outage probability is given as

Pr(Γ ≤ γ) = Pr

(
p1G1∑L

i=2 piGi + σ2
N

≤ γ

)

= Pr

(
L∑
i=2

piGi|wi−1|2 ≥
p1G1

γ
− σ2

N

)
, (A.23)

where the |wi|’s are independent 0-mean unit-variance complex Gaussian random

variables. Therefore, |wi|2 ∼ χ2
2. Define Y =

∑L
i=2 piGi and y = p1G1

γ
− σ2

N . As

discussed above, G1 is no longer random since the CSI of the direct link is available.

It is shown in the previous proofs that Y is a sum of weighted independent χ2
2

random variables, with

Gi

(v∗i ⊗ u)HΣi(v∗i ⊗ u)
∼ χ2

2.

An expression for the CCDF of a weighted sum of χ2
2 random variables is given in

[41]. As defined above, let ci = (v∗i ⊗u)HΣi(v
∗
i ⊗u). Then, the outage probability

for a given y is given as

Pr(Y ≥ y) =
L∑
i=2

L∏
j=2,k 6=i

pici
pici − pjcj

e
− y

2pici .

Substituting the value of y gives the result.
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�

Proof of Theorem 9: Once again, consider only the SINR at the first user, and

drop the time variable and receiver subscript for notational convenience. Then,

using Eqn. (A.22) and rearranging terms as in Eqn. (A.23), the outage probability

can be written as

Pr(Γ ≤ γ) = Pr

 K∑
m=2

Lm∑
j=1

λjm|wjm|2 ≥
hH1

(
p1v1v

H
1 − γ

∑L1

i=2 piviv
H
i

)
h1

γ
− σ2

N

 .

This expression is in the form of a sum of weighted χ2
2 random variables, as in Eqn.

(A.23). Substituting the proper parameters into the sum of weighted χ2
2 random

variables gives the result.

�



Appendix B

Proofs of Properties of

Optimization Problems

Proof of Theorem 3: First, use contradiction to prove 2). Note that

gl(γl,p,ul,V) in (3.7) is a decreasing function of pl. Now, assume that for the lth

constraint, gl(γl,p,ul,V) is strictly less than βl in the optimal solution, and all

the other inequalities are satisfied. This means pl can be reduced appropriately

to get equality and reduce the value of the objective function. Furthermore, since

gi(γi,p,ui,V) is an increasing function in pi, i 6= l, when pl is reduced all of the

other constraints are still satisfied. Thus, having the lth constraint not satisfy

equality contradicts optimality, so all constraints are satisfied with equality.

Also note here that if only the lth constraint holds with strict inequality and

the rest of the constraints hold with equality, when pl is reduced, all of the other

constraints become inequalities (since gi(γi,p,ui,V) is an function in pi, i 6= l).

Thus, the rest of the pi’s, i 6= l, can be reduced, which will lead to a further

reduction of pl, until a stable solution is reached that gives equality on all the

constraints.

Contradiction can also be used to prove 1). Assume there exists two distinct

optimal solutions that minimize the cost function, p̂ and p∗. Then, define k and

a such that a = maxl p̂l/p
∗
l and k = argmax p̂l/p

∗
l . Since p̂ and p∗ are distinct

and both minimize the cost function (so wT p̂ = wTp∗), at least one element in

p̂ is greater than its corresponding element in p∗ (it also follows that at least one

124
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element in p̂ is less than its corresponding element in p∗). Therefore, a > 1. Then,

using 2) from this lemma, consider the kth constraint, satisfied with equality:

βk = gk(γk,p
∗,uk,V) = e

γk
2

σ2Nk
ckkp

∗
k

∏
i 6=k

(
1 + γk

ckip
∗
i

ckkp∗k

)
(B.1)

> e
γk
2

σ2Nk
ckkp

∗
k
a
∏
i 6=k

(
1 + γk

ckip
∗
i

ckkp∗k

)
= e

γk
2

σ2Nk
ckkp

∗
k
a
∏
i 6=k

(
1 + γk

ckip
∗
i a

ckkp∗ka

)
(B.2)

= e
γk
2

σ2Nk
ckkp̂k

∏
i 6=k

(
1 + γk

ckip
∗
i a

ckkp̂k

)
≥ e

γk
2

σ2Nk
ckkp̂k

∏
i 6=k

(
1 + γk

ckip̂i
ckkp̂k

)
(B.3)

= gk(γk, p̂,uk,V) = βk (B.4)

The inequality in (B.18) comes from the fact that p∗i a ≥ p̂i for all i because of

how a was selected, and that gl(γl,p,ul,V) is an increasing function in pi, i 6= l.

Because of the inequality in (B.16), the above steps show a contradiction, so p∗

must be unique.

There exists a unique solution for L equations, so the constraints completely

determine p∗, regardless of w. Thus, 3) follows immediately from 1) and 2), which

concludes the proof.

�

Proof of Lemma 1: Similar arguments to the ones used to prove Theorem 3 can be

used for this lemma as well. All the constraint equations will hold with equality

by the same argument as given previously, and the solution is unique, being solely

determined by the constraints.

�

Proof of Lemma 2: First, consider the lower bound. A well-known bound is log(1+

x) ≤ x, or 1 + x ≤ ex. Applying this bound results in

exp

{
γlσ

2
Nl

2cllpl

}
≥ 1 +

γlσ
2
Nl

2cllpl

Then consider
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gl(γl,p,ul,V) = e
γl
2

σ2Nl
cllpl

∏
i 6=l

(
1 + γl

clipi
cllpl

)
≥
(

1 +
γlσ

2
Nl

2cllpl

)∏
i 6=l

(
1 + γl

clipi
cllpl

)
(B.5)

The expression resulting in (B.5) can be expanded:

(
1 +

γlσ
2
Nl

2cllpl

)∏
i 6=l

(1 + γl
clipi
cllpl

) ≥
(

1 +
γlσ

2
Nl

2cllpl

)(
1 +

∑
i 6=l

γl
clipi
cllpl

)
(B.6)

= 1 +
γlσ

2
Nl

2cllpl
+
∑
i 6=l

γl
clipi
cllpl

+
γlσ

2
Nl

2cllpl

∑
i 6=l

γl
clipi
cllpl

(B.7)

≥ 1 +
γlσ

2
Nl

2cllpl
+
∑
i 6=l

γl
clipi
cllpl

(B.8)

= 1 + γl

∑
i 6=l clipi + 1

2
σ2
Nl

cllpl
(B.9)

In Eqn. (B.6), the inequality comes from expanding the product on the left hand

side of the equation and only keeping the two terms shown (the terms excluded

after expanding are positive, resulting in the inequality). The inequality in Eqn.

(B.8) once again comes from excluding a positive term in the sum. This gives the

lower bound.

For the upper bound, once again consider the bound 1 + x ≤ ex. Applying

this to the product terms gives

gl(γl,p,ul,V) = e
γl
2

σ2Nl
cllpl

∏
i 6=l

(
1 + γl

clipi
cllpl

)
≤ e

γl
2

σ2Nl
cllpl

∏
i 6=l

e
γl
clipi
cllpl

= exp

{
γl

∑
i 6=l clipi + 1

2
σ2
Nl

cllpl

}
This concludes the proof.

�

The following Lemmas will be used to prove Theorem 6.

Lemma 4. The eigenvalue λljm is a monotonically increasing function of the pi’s,

i ∈ Sm.
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Proof. The eigenvalue function is monotonically increasing–if λljm is the jth eigen-

value of symmetric matrix X and Y is a positive semidefinite matrix, then λljm(A+

B) ≥ λljm(A) [46]. If a subset of the pj’s, j ∈ Sm increase, then the matrix

P′m = Pm + Z for some semidefinite diagonal matrix Z can represent this increase.

Then, from Eqn. (4.12),

λljm(Σ
1
2
uVlm

P′mΣ
1
2
uVlm

) = λljm(Σ
1
2
uVlm

(Pm + Z)Σ
1
2
uVlm

)

= λljm(Σ
1
2
uVlm

PmΣ
1
2
uVlm

+ Σ
1
2
uVlm

ZΣ
1
2
uVlm

)

≥ λljm(Σ
1
2
uVlm

PmΣ
1
2
uVlm

),

where the inequality follows from the monotonicity of the eigenvalue function since

Σ
1
2
uVlm

ZΣ
1
2
uVlm

is a positive semidefinite matrix. This concludes the proof.

Lemma 5. The value µ̃li = µlipl, where µli is defined in Eqn.’s (4.10) and (4.11), is

a monotonically increasing function of pl and a monotonically decreasing function

of pi, i 6= l.

Proof. The first part of this proof follows immediately from the previous lemma.

As discussed in the previous lemma, the eigenvalue function is monotonically

increasing. For The second part of the proof, if pi increases, then the matrix

plP
′
(k−) = plP(k−) − Z for some semidefinite diagonal matrix Z can represent this

increase. Then, from Eqn. (4.11),

µ̃′li = plµli(Σ
1
2
uVlk

P′(l−)Σ
1
2
uVlk

) = plµli(Σ
1
2
uVlk

(P(l−) − Z)Σ
1
2
uVlk

)

= plµli(Σ
1
2
uVlk

P(l−)Σ
1
2
uVlk
−Σ

1
2
uVlk

ZΣ
1
2
uVlk

)

≥ plµli(Σ
1
2
uVlk

P(l−)Σ
1
2
uVlk

) = µ̃li,

where the inequality follows from the monotonicity of the eigenvalue function since

Σ
1
2
uVk

ZΣ
1
2
uVk

is a positive semidefinite matrix. This concludes the proof.

Lemma 6. If pl increases by δ, then:

1. µ̃li increases by at most δ.

2. λljm increases by at most δ.
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Proof. This follows immediately by putting the increase in the form above, and

from Weyl’s theorem [29].

Proof of Theorem 6: To prove this Theorem, it is first useful to find explicit

expressions for the eigenvalues of Σ
1
2
uVlk

P(l−)Σ
1
2
uVlk

and Σ
1
2
uVlm

PmΣ
1
2
uVlm

. First,

define slim to be the ith column vector of Σ
1
2
uVlk

. Then these matrices can be

represented as

Σ
1
2
uVlk

P(l−)Σ
1
2
uVlk

= sllks
H
llk −

γ

pl

∑
i 6=l,i∈Sk

pisliks
H
lik

Σ
1
2
uVlm

PmΣ
1
2
uVlm

=
∑
i∈Sm

pislimsHlim

Furthermore, define xli to be the normalized eigenvector of Σ
1
2
uVlk

P(l−)Σ
1
2
uVlk

corre-

sponding to µli as defined in Eqn.’s (4.10) and (4.11) and ylim to be the normalized

eigenvector of Σ
1
2
uVlm

PmΣ
1
2
uVlm

corresponding to λlim defined in Eqn. (4.12). Then

consider the following, beginning with the definition of eigenvalues and eigenvec-

tors:

µlixli = Σ
1
2
uVlk

P(l−)Σ
1
2
uVlk

xli

⇒ µlix
H
li xli = xHli

(
sllks

H
llk −

γ

pl

∑
j 6=l,j∈Sk

pjsljks
H
ljk

)
xli

⇒ µli = |xHli sllk|2 −
γ

pl

∑
j 6=l,j∈Sk

pj|xHli sljk|2 (B.10)

λlimylim = Σ
1
2
uVlm

PmΣ
1
2
uVlm

ylim

⇒ λlimyHlimylim = yHlim

(∑
j∈Sm

pjsljmsHljm

)
ylim

⇒ λlim =
∑
j∈Sm

pj|yHlimsljm|2 (B.11)

Then, substituting in Eqn.’s (B.10) and (B.11), gl(γl,p,ul,V) can be rewrit-
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ten as

gl(γl,p,ul,V) = e
γl
2

σ2Nl
µllpl

( ∏
i 6=l,i∈Sk

(
1− µli

µll

))(∏
m6=k

Lm∏
j=1

(
1 +

γlλljm
µllpl

))

= exp

(
γl
2

σ2
Nl

pl|xHll sllk|2 − γ
∑

j 6=l,j∈Sk pj|x
H
ll sljk|2

)

×

( ∏
i 6=l,i∈Sk

(
1 +

γ
∑

j 6=l,j∈Sk pj|x
H
li sljk|2 − pl|xHli sllk|2

pl|xHll sllk|2 − γ
∑

j 6=l,j∈Sk pj|x
H
ll sljk|2

))

×

(∏
m 6=k

Lm∏
i=1

(
1 +

γl
∑

j∈Sm pj|y
H
limsljm|2

pl|xHll sllk|2 − γ
∑

j 6=l,i∈Sk pj|x
H
ll sljk|2

))
(B.12)

Now, use contradiction to prove 2). Note now that by inspection,

gl(γl,p,ul,V) is a decreasing function of pl and an increasing function of pj, j 6= l.

Now, assume that for the lth constraint, gl(γl,p,ul,V) is strictly less than βl in

the optimal solution, and all the other inequalities are satisfied. This means pl

can be reduced appropriately to get equality and reduce the value of the objective

function. Furthermore, gi(γi,p,ui,V), i 6= l is a decreasing function of pl. Thus,

when pl is reduced all of the other constraints are still satisfied. Thus, having

the lth constraint not satisfy equality contradicts optimality, so all constraints are

satisfied with equality.

Contradiction can also be used to prove 1). Assume there exists two distinct

optimal solutions that minimize the cost function, p? and p∗. Then, define n and

a such that a = maxl p̂l/p
∗
l and n = argmax p̂l/p

∗
l . Let k be the transmitter asso-

ciated with n. Since p? and p∗ are distinct and both minimize the cost function

(so wTp? = wTp∗), at least one element in p? is greater than its corresponding

element in p∗ (it also follows that at least one element in p? is less than its corre-

sponding element in p∗). Therefore, a > 1. Let the effect of the increase on Then,

using 2) from this lemma, consider the nth constraint, satisfied with equality:



130

βn = gn(γn,p
∗,un,V) (B.13)

= e
γn
2

σ2Nn
µ∗nnp∗n

( ∏
i 6=n,i∈Sn

(
1− µ∗ni

µ∗nn

))(∏
m6=n

Lm∏
j=1

(
1 +

λ∗njm
µ∗nn

))
(B.14)

= e
γn
2

σ2Nn
˜µ∗nn

( ∏
i 6=n,i∈Sn

(
1− µ̃∗ni

µ̃∗nn

))(∏
m6=n

Lm∏
j=1

(
1 +

λ∗njm
µ̃∗nn

))
(B.15)

> e
γn
2

σ2Nn
a ˜µ∗nn

( ∏
i 6=n,i∈Sn

(
1− µ̃∗ni

µ̃∗nn

))(∏
m6=n

Lm∏
j=1

(
1 +

λ∗njm
µ̃∗nn

))
(B.16)

= e
γn
2

σ2Nn
a ˜µ∗nn

( ∏
i 6=n,i∈Sn

(
1− aµ̃∗ni

aµ̃∗nn

))(∏
m 6=n

Lm∏
j=1

(
1 +

aλ∗njm
aµ̃∗nn

))
(B.17)

≥ e
γn
2

σ2Nn
˜µ?nn

( ∏
i 6=n,i∈Sn

(
1− aµ̃∗ni

µ̃?nn

))(∏
m6=n

Lm∏
j=1

(
1 +

aλ∗njm
µ̃?nn

))
(B.18)

≥ e
γn
2

σ2Nn
˜µ?nn

( ∏
i 6=n,i∈Sn

(
1− µ̃?ni

µ̃?nn

))(∏
m6=n

Lm∏
j=1

(
1 +

λ?njm
µ̃?nn

))
(B.19)

= gn(γn,p
?,un,V) = βn (B.20)

The inequality in (B.18) comes from Lemma 6, which indicates aµ̃∗nn ≤ µ̃?nn. The

inequality in (B.19) follows from Lemma 6 and that p∗i a ≥ p?i for all i because of

how a was selected, and that gl(γl,p,ul,V) is an increasing function in pi, i 6= n.

Because of the inequality in (B.16), the above steps show a contradiction, so p∗

must be unique.

There exists a unique solution for L equations, so the constraints completely

determine p∗, regardless of w. Thus, 3) follows immediately from 1) and 2), which

concludes the proof.

�



Appendix C

Derivation of Standard

Interference Function Properties

Standard interference functions were first defined in [48]. In this work, the

authors showed that this class of functions can be used to do optimal power control,

and it has nice convergence properties. The definition is given as follows:

Definition 1. An function F(p) is a standard interference function if the following

properties are satisfied:

1. Positivity: F(p) > 0

2. Monotonicity: If p ≥ p′, then F(p) ≥ F(p′)

3. Scalability: For all κ > 1, κF(p) > F(κp)

Theorem 10. Define

Il(p) =
γlσ

2
Nl

2cll log βl
+

pl
log βl

∑
i 6=l

log

(
1 + γl

clipi
cllpl

)
(C.1)

Then, the function I(p) = [I1(p), . . . , IL(p)] is a standard interference function.

Proof. A similar function and proof is given in [43]. Start with the first property,

positivity. This can be proved by showing all the terms in Eqn. (C.1) are nonneg-

ative, and at least one of them is positive. γl and σ2
Nl

are > 0 by how they are
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defined. From the constraints, pl ≥ 0 (the power can never be negative). Also, the

logarithm of any number greater than 1 is positive. βl = (1−αl)−1, and 0 < αl < 1,

so βl > 1. Lastly, cli is positive since cli = (v∗i ⊗ ul)
HΣli(v

∗
i ⊗ ul) ≥ 0 since Σli

is a positive semidefinite matrix. It is also safe to assume that ul and vl will be

selected such that cll > 0, since if cll = 0 the expression for outage probability

becomes undefined. Therefore, all the values in the first term of the sum in (C.1)

are strictly greater than 0 and the second term in the sum is ≥ 0, so therefore

I(p) > 0.

Monotonicity can be proved by showing pl
log βl

∑
i 6=l log

(
1 + γl

clipi
cllpl

)
is mono-

tonic in p (since the other term in Eqn. (C.1) is a constant with respect to p).

First, focus on only one term in this sum, since a sum of monotonically increasing

functions will also be monotonically increasing. Then, consider the function

h(pl, pi) =
pl

log βl
log

(
1 + γl

clipi
cllpl

)
(C.2)

If pl is held constant, then h(pl, pi) is monotonically increasing in pi, since c log(1+

kx) is monotonically increasing for a fixed c > 0 and k > 0. If pi is now held

constant, h(pl, pi) takes the form

x log

(
1 +

k

x

)
= x(log(x+ k)− log(x)) (C.3)

The function h(pl, pi) is also monotonically increasing in pl for k > 0 since Eqn.

(C.3) always has a positive derivative for x > 0. Therefore, I(p) is monotonically

increasing.

To prove scalability, consider a constant κ > 1. Then

Il(κp) =
γlσ

2
Nl

2cll log βl
+

κpl
log βl

∑
i 6=l

log

(
1 + γl

cliκpi
cllκpl

)

=
γlσ

2
Nl

2cll log βl
+ κ

pl
log βl

∑
i 6=l

log

(
1 + γl

clipi
cllpl

)

< κ
γlσ

2
Nl

2cll log βl
+ κ

pl
log βl

∑
i 6=l

log

(
1 + γl

clipi
cllpl

)
= κIl(p)

This concludes the proof.
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