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Abstract

Prescribed Mean Curvature Systems
by
Conrad Alexander Hengesbach
Doctor of Philosophy in Mathematics
University of California, Berkeley

Professor Robert L. Bryant, Chair

Let (M, g) be a Riemannian manifold of dimension greater or equal to 3, and let ¥ C M be
an immersed hypersurface with prescribed mean curvature. I study the geometry of Euler-
Lagrange equations in this particular context. This includes a characterization of those
prescribed mean curvature systems that are Euler-Lagrange, and I prove that these are locally
conformally equivalent to basic systems. Finally, I study Emmy Noether’s theorem for first-
order conservation laws in the special case of minimal surfaces in Riemannian 3-manifolds.
In particular, I am able to identify which conservation laws do arise from symmetries of the
system in the sense of Noether and which ones do not.



“Ja, Ja, Ja, Ja, Ja, Nee, Nee, Nee, Nee, Nee”
(Joseph Beuys, 1968)
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Chapter 1

Introduction

1.1 Background and Motivation

At the outset, the mathematical problem discussed in this text is motivated by three ques-
tions. First, there is a classical differential geometry problem that asks whether or not one
can always immerse a hypersurface with prescribed mean curvature in a Riemannian mani-
fold. This problem has been studied from various angles, for example in [12] for prescribed
mean curvature surfaces in bounded domains in Euclidean space, or in [21] where the authors
consider embeddings of prescribed mean curvature hyperspheres in Euclidean space. 1 will
prove here that locally one can always immerse a hypersurface with real-analytic prescribed
mean curvature in a Riemannian manifold. In this case, the mean curvature is thought of
as a function defined over the unit sphere bundle of the ambient manifold. I will explain, by
means of the example of soliton solutions of the mean curvature flow, why this is in fact a
natural definition.

Next, there is a classical variational problem: given some functional, one is interested in
the stationary solutions, or in other words, the solutions of the associated Euler-Lagrange
equation. More akin to the content of this text is in fact the reverse problem: how can
I recognize a given quantity as being the solution of the Euler-Lagrange equation of some
functional?

To see how these first two problems are related, one may consider the example of a
minimal surface in R3. Dating back to the 18th century, mathematicians like Euler and
Lagrange defined these as being the solutions of the Euler-Lagrange equation of the area
functional. On the other hand, a minimal surface is also an immersed surface in R3 with
trivial prescribed mean curvature. More generally, the variational problem that I study here
can then be described as follows: I will characterize those prescribed mean curvature hyper-
surfaces in Riemannian manifolds that are indeed the solutions of Euler-Lagrange equations
of associated functionals.

Finally, according to a theorem of Emmy Noether, if a variational problem is invariant
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under the action of a group of symmetries, then each symmetry gives rise to a conservation
law. I will consider this result in the case of prescribed mean curvature hypersurfaces.
More specifically, I will characterize conservation laws corresponding to minimal surfaces in
Riemannian 3-manifolds.

The mathematical framework used to attack the problems listed above was provided
by Robert L. Bryant and Phillip Griffiths in the 1990s and has been summarized in the
monograph [5]. There they give an outline of the geometry of Euler-Lagrange equations in
the context of Monge-Ampere systems. This includes a characterization of Euler-Langrange
systems of Monge-Ampere type as well as a generalization of the Noether theorem to this
particular context.

Definition 1.1.1. A Monge-Ampére system is an exterior differential system (M, E) where
M is a contact manifold of dimension 2n+1 with contact form 6, and where £ is given by
& = (0,V) for some n-form V.

By reformulating the prescribed mean curvature equation as a system of Monge-Ampere
type, I am then able to adapt the findings of Bryant and Griffiths to this particular example.

This text is divided into the following parts: Chapter 1 introduces the main definitions
and established results used throughout the text. I will also present two examples, minimal
hypersurfaces and solitons of the mean curvature flow, that turn out to be linked in an
interesting way.

In Chapter 2, I will address the existence question of prescribed mean curvature surfaces,
and I will give a characterization of those systems that are Euler-Lagrange. In particular, I
will prove that these are locally equivalent to what is referred to as basic systems, and I will
explain why this result cannot be reformulated globally.

Chapter 3 contains a complete analysis of conservation laws (of first order) corresponding
to minimal surfaces in a Riemannian 3-manifold. In particular, I will show which of these
arise in the sense of Noether’s Theorem and which ones do not.

Finally, since I am applying the theory of exterior differential systems as the principal
toolkit to solve most of the above problems, this text is accompanied by a short appendix
on exterior differential systems that summarizes some of the key ideas and results.

1.2 The Notion of a Prescribed Mean Curvature Sys-
tem

To begin, I let (M, g) be an oriented Riemannian manifold of dimension (n+1) where, in
particular, n is assumed to be at least 2. Throughout this text I shall use the index range

0
1

a,b,c,d < n

< <
< 45kl < n
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To the manifold M one can associate the right-principal SO(n+1)-bundle of positively ori-
ented, orthonormal frames

M
where F (M) consists of elements y = (z, g, ..., e,) such that x € M and the (e,) form a

g-orthonormal, positively oriented basis for T, M. Moreover, the projection 7 : Fy (M) — M
onto the base is given by m(y) = =. The orthonormal frame bundle F, (M) has the structure
of a smooth manifold whose dimension is given by

Wnﬂn+D+<n;v.

This text contains a significant number of computations involving differential forms.
A natural set of 1-forms defined on Fy(M) arises in the following way: At each point
y € F(M) one can define the tautological 1-forms w® via the formulae

w*(§) = g(m(£), €a)

for £ € T,F(M). Moreover I let w? denote the corresponding Levi-Civita connection forms
with the property that
w? 4w = 0.

The collection (w?, w?) then gives a canonical coframing of F, (M), which satisfies the struc-
ture equations of Elie Cartan:

dw® = —wif A w®
b_ _, ba,c b
dw, = —w, \Nwy +

_ b c 1 pb c d
= —w, Nw, + 5 R, qw° Aw
Here R?_; denotes the Riemann curvature tensor with the usual symmetries, namely

Rgcd + Rgcd =0

Rch + Rgdc =0
b c
Racd — gpg — 0

and of course R?_, also satisfies the Bianchi identity

R+ RY, + RS =0.

cda dac
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On the frame bundle F, (M) I will define the following forms:

w=w'A.. . Aw"
Q=wA... A" (1.1)
wiy =(—1)"TW AL ADT AL AW '

¢:—wéAw(i)

My convention for the mean curvature of 3 is that I will take H to be the sum (rather than
the average) of the principal curvatures of . This has the following consequence:

Lemma 1.2.1. An integral manifold F : ¥ — F (M) of the exterior differential system
(Fe (M), (w%) satisfies F*1p = Hw where, by abuse of notation', w denotes the volume form
of .

Proof. Since F : ¥ — F, (M) satisfies w” = 0, one has dw’ = 0, and so by Cartan’s Lemma
there exist functions hj, = hy; € C*(X) for which W) = hkjwj. These functions h;, can be
identified with the second fundamental form of  as they define, at each point p € X, a
linear map W(p) : 7,2 — 7,3 whose matrix in the orthonormal basis (ey, ..., e,) is given
by (h;i). By definition, the trace of this matrix is the mean curvature H of ¥ at p. I can
now compute

Yp=—whA(=D"TTW AL ADTA L AW"
= hijw A (1) ALLLADTA LAWY

n

:Zh“wl/\/\w”
i=1

= Hw

as required. O

Using this fact, I can now introduce a first example of what shall later be referred to as a
prescribed mean curvature system. Here M = R"*! endowed with the standard metric, and
" is compact without boundary, and Fy : ¥ — R"*! is a smooth immersion.

Definition 1.2.2. The surface ¥y = Fy(X) evolves under the mean curvature flow if there
exists a family of smooth immersions {F;} with corresponding hypersurfaces ¥; = Fy(X) C

R so that

where f is a smooth function, and where H is the mean curvature vector defined as the
product of the mean curvature with the outward unit normal.

"Whenever the context allows I will omit writing pull-backs explicitly.
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Rephrasing this condition in the language of exterior differential systems, I define an
ideal
M= (dt A, dt ANip+ Q)

on the manifold F, (R"™) x R. An (n+1)-dimensional integral manifold of M on which
dt N w # 0 corresponds to a l-parameter family of hypersurfaces moving by the mean
curvature flow (1.2).

The term soliton refers to a solution of (1.2) which moves under a 1-parameter subgroup
of the symmetry group of M. To make this more precise, [ will let (G, -) denote the symmetry
group acting on F, (R"™!) x R. The group action must preserve M, and so G comprises the
rigid Euclidean motions, time translation and dilation.

Now let J C R be an interval. If for a curve g : J — G there exists f so that

Fy(p) = g(t) - f(g(t) - p)

is a solution of (1.2), f is called a soliton. In view of the exterior differential system
(Fe(R"1) x R, M), one may then re-interpret this definition. Since integral manifolds
are insensitive to re-parameterization one has:

Definition 1.2.3. An n-dimensional integral manifold f is a soliton if there exists a curve
g : J — G for which Fi(p) = g(t) - f(p) is an (n+1)-dimensional integral manifold of
(F(R™1) x R, M).

In [1] Bryant observes that if V' (¢) denotes the vector field induced by the flow of an
element of g = T.G, then for an integral manifold F; as defined above the vector V (¢)(f(p))
and the subspace f.(7,2) must span an integral element for all p € ¥,¢ € J. Consequently,
Bryant develops the following criterion:

Proposition 1.2.4 (Bryant). F; as defined above is an integral manifold of M if and only if
Jor each t € J, f is an integral manifold of the system My () that is generated by the forms
V(t) - o where the V (t) are the vector fields associated to the 1-parameter subgroups of G,
and where p ranges over the elements of M.

[ will assume that the symmetry vector field V' (¢) is of the form
Vit)=2+W

where W is the lift of a Killing vector field W to F,(R"™). The ideal My 4 is generated
by the elements

<%+W>4(dt/\w0):w0—wo (%—FW)dt
and

(§+W)-(dtny+9) =v—v(G+W)dt+W-0
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Since I am interested in solitons f, I will assume ¢ = 0 which reduces the ideal to
My = (wO,Q/J—I—WAQ).

Given that W -Q = wO(W)w — (W 2w) Aw®, and the fact that the latter portion is already
contained in the ideal, I can simplify My, further and write

My = (W°, ¢ + O (W)w) (1.3)

My is now an ideal defined on F,(R""!) alone. In fact, one can think of it as an ideal on
F(R™1)/SO(n) by quotienting out rotations in the (ey,...,e,) frame. The n-dimensional
integral manifolds now correspond to hypersurfaces in R"*! whose mean curvature is mea-
sured by —wO(W) and as such depends on the angle W makes with the tangent plane. The
resulting exterior differential system

(F+(R™)/SO(n), My)

is a system of Monge-Ampere type since, as I will illustrate shortly, F,(R"*1)/SO(n) is a
contact manifold of dimension (2n+1) with contact form w’, and My is evidently generated
by w® and an n-form. It is therefore a particular example of what will henceforth be referred
to as a prescribed mean curvature system.
To spell out the precise definition of a prescribed mean curvature system I will now return
to the more general setting:
SO(n+1) — F. (M)

M
Embedding SO(n) C SO(n+1) via

[(14)-seso0)

gives rise to a natural identification of F, (M)/SO(n) with the unit sphere bundle S(M) of
M which is furnished by the map

VI.F+(M) —>S(M)
mapping
(z,eq,...,e) — (T, €0).

Since by definition
w(€) = g(m(€), eo)
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on F,(M) it is evident that w° is v-basic, that is, it is the pull-back of a unique, globally
defined 1-form on S(M) which will also be denoted by w®. Moreover, since on F (M),

WO A (dw®)™ = WO A (—wd A W)™

n
= —nw’ A /\wg/\wk
k=1

£ 0.

Given that pull-back via the submersion v : F (M) — S(M) is injective one has:

Lemma 1.2.5. The 1-form u° generates a line subbundle I C T*S(M) which defines a
contact structure on the (2n+1)-dimensional manifold S(M).

Furthermore, by construction:

Lemma 1.2.6. The forms w,$) and ¢ defined in (1.1) are all v-basic over S(M), that is,
they are the pull-backs of well-defined forms on S(M) (which will be denoted by the same
Greek letters).

Proof. A differential form « is v-basic if and only if both a and da are v-semi-basic, that is,

for any vertical vector X one has X ~a = 0 and X -da = 0. Clearly w®, dw®, v, w and € are

semi-basic. Since dw = —w°® A+ and d2 = 0 I can immediately conclude that both dw and

dS) are semi-basic. To prove the lemma it therefore remains to show that di is semi-basic.
One can expand dw;) as

dw(i) = wf AWy + WO A wg A Wik
where

0 1=
{j:wl/\.../\d)i/\.../\d}k/\.../\w" i #k

~

Wik =
Consequently
dip = —dwy A wy + wh A dw
= (Wi Awh — %Réabw“ A W) A wgy + wh Awl A wiy + wh A’ Awg ADig
=wWh AW AW A g — ZRBOiQ

7

which is evidently v-semi-basic. O]
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This shows in particular that the exterior differential system (S(R™*1), My/) giving rise
to solitons of the mean curvature flow is indeed a well-defined Monge-Ampere system as pre-
viously claimed. It therefore falls precisely into the category of a prescribed mean curvature
system (with the prescription function being —w®(W)).

More generally, my goal is to understand how the condition that a hypersurface is im-
mersed in M with prescribed mean curvature can be understood from the perspective of an
exterior differential system. A key ingredient is the following observation: if f : ¥ — M is
an oriented, immersed hypersurface, then I can lift ¥ into S(M) via a map f

defined as )

f P (Z’, 60)
where = f(p), and where eq is the unique outward unit normal of ¥ at x € f(X) C M, i.e.
the unique vector at x normal to f,(7,%). The latter condition implies that

()’ =o.
More precisely:

Proposition 1.2.7. f : ¥ — S(M) is an n-dimensional integral manifold of the exterior
differential system (S(M), (w)). Conversely, if F : ¥ — S(M) is an n-dimensional integral
manifold of (S(M), (w°)) that is transverse to the projection 7 : S(M) — M, then F = f,
where f = mwo F is an immersion of a hypersurface in M.

A general prescribed mean curvature system is then defined in the following way:

Definition 1.2.8. A prescribed mean curvature system refers to the Monge-Ampere system
(S(M),Zp) where Zp denotes the differential ideal

Ip = (W°, 9 — Pw)

and where the prescription function P is defined to be a smooth, real-valued function on
S(M). In the special case where P is defined on M alone, the corresponding prescribed
mean curvature system (S(M),Zp) will be referred to as basic.

A natural question is whether or not (at least locally) I can always immerse a hypersurface
in M with prescribed mean curvature. Or, equivalently, one can ask whether or not there
exist n-dimensional integral manifolds for the system Zp. In the next chapter I will show
that this is indeed the case, namely:
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e In the real analytic category (S(M),Zp) has integral manifolds of dimension n.

A slight caveat when it comes to computations is the fact that S(M) does not carry a
natural coframe, unlike the frame bundle F(M). Because of this fact, most computations
will therefore be performed on F (M) instead of S(M). Suppose then one were interested in
n-dimensional integral manifolds of the contact system (S(M), I) for which w # 0 (these are
often referred to as Legendre submanifolds). Tt is clear that n-dimensional integral manifolds
of the “pull-back system” (F(M),I) will give rise to such Legendre submanifolds via v.
However, due to the presence of Cauchy characteristics, n-dimensional integral manifolds for
(Fi(M),I) are “framed” integral manifolds in that at each point one is left with a choice
of frame due to the SO(n) action on the (ey,...,e,) frame. In accounting for this extra
freedom the Cartan characters will not agree with those for (S(M), I). This dichotomy will
be addressed in detail in the following chapter, in particular in the proof of Theorem 2.1.1.
These calculations will also make use of the following technical fact which follows immediately
from the definition of v:

Lemma 1.2.9. For each 1-formn € QY (S(M)) there exist functions Ao, A;, B; € C*(F(M))
so that, when pulled-back to F, (M),

n=Aw’ + Aw' + ijg.

1.3 Towards the Calculus of Variations

In order to draw a connection between prescribed mean curvature systems and the calculus of
variations, I will once again assume that M = R"*!. As before, I will let I denote the contact
ideal on the unit sphere bundle S(R™*!). This time I am interested in minimal surfaces in
R"*1 so consequently the prescribed mean curvature must satisfy P = 0, resulting in the
basic prescribed mean curvature system (S(R™*1), Zy) with

Then, if N is a compact, n-dimensional integral manifold of (S(R"*1),Z;), it corresponds
to a minimal surace in R"**. On the other hand, N must be, amongst the family {N;} of
compact Legendre submanifolds of (S(R"*!), I), one that minimizes the area functional F,
defined as

Fu(Ny) = /N w. (1.4)

In other words, N solves the Euler-Lagrange equation arising from the first variation of the
functional (1.4) above. This raises the following question: for a general Riemannian manifold
M, and a general prescribed mean curvature system (S(M),Zp), when are the n-dimensional
integral manifolds stationary for some functional like the one above? When this is indeed
the case, the system will be referred to as Fuler-Lagrange. More precisely:
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Definition 1.3.1. A prescribed mean curvature system (S(M),Zp) is called Euler-Lagrange
if there exists an n-form A on S(M) so that amongst compact Legendre submanifolds N of
S(M), the n-dimensional integral manifolds of (S(M),Z) are stationary for

Fa(N) = /N A

The n-form A is commonly referred to as a Lagrangian of (S(M),Zp). It should be noted
that if A’ € Q"(S(M)) were to differ from A by either an element of the contact ideal I or
an exact form, then

Fa(N) = Fpn(N).

This notion of equivalence of two Lagrangians suggests one studies the de Rham complex
(Q*,d) consisting of the spaces Q" = Q"/I" together with the induced exterior derivative.
The fact that S(M) is a contact manifold implies that dA € I"*!. Therefore the equivalence
class [A] must be a member of the characteristic cohomology group

H" = H"(Q*,d).
In [5], the authors examine the long exact sequence
e Hip(S(M)) — H" — H™(T) — Hyi (S(M)) — -
resulting from the short exact sequence
0—I"—=Q(S(M)) —= Q@ ——=0
They prove:

Theorem 1.3.2 (Bryant, Griffiths, Grossman). Any class [©] € H""(I) has a unique global
representative © € I"! satisfying

(1) dO© = 0;
(177) © =0 mod I.
So in particular, for any given Lagrangian A, there must exist, amongst members of the
class §([A]), a unique © with the property that © = 0 mod I. Such a © corresponding to

a Lagrangian A is called the Poincaré-Cartan form of A. The significance of © lies in the

following result: by writing
O=—-wAT

for U € Q*"(S(M)) and, for a fixed boundary variation F' : N x [0,1] — S(M), leting Fp
denote the functional

Fa(N:) = /N A (1.5)

one has:
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Theorem 1.3.3 (Bryant, Griffiths, Grossman). A Legendre submanifold f : N — S(M) is
stationary for (1.5), i.e. %’t:(} Fa(Ny) =0 for F|,_y = f, if and only if it is an integral
manifold of the exterior differential system (w°, ) on S(M).

In the special case of the minimal hypersurface system on R"*!, the Lagrangian A is
given by A = w, while the Poincaré-Cartan form © is given by © = dw = —w® A 1), i.e.,
U = ¢ in this particular case.

For a general prescribed mean curvature system (S(M),Zp), I will, proceeding in an
analogous fashion, write

VU =1 — Puw,

and I will refer to
O=-—wAT

as the “candidate” Poincaré-Cartan form. Following the discussion surrounding Theo-
rem 1.3.2, the prescribed mean curvature system (S(M),Zp) is Euler-Lagrange provided
that © is exact.

In the next chapter I will discuss what it means for a prescribed mean curvature system
to be locally Fuler-Lagrange. In particular, I will show:

e Any basic prescribed mean curvature system is locally Euler-Lagrange.
The central goal of Chapter 2 will then be to prove:

e A prescribed mean curvature system that is locally Euler-Lagrange is equivalent to a
basic system under conformal scaling of the ambient metric.

1.4 Conservation Laws and the Noether Theorem

In the classical calculus of variations one associates to solutions of the Euler-Lagrange equa-
tion quantities which are constant along such solutions, so-called classical conservation laws.
A theorem of Emmy Noether asserts that such conservation laws are derived from symmetries
of the system.

Following the approach furnished in [5], the notion of such quantities constant along
solutions in the context of Monge-Ampere systems, and in particular for prescribed mean
curvature systems, takes the following shape:

Definition 1.4.1. A conservation law of first-order for (S(M),Zp) is a (n—1)-form ¢ with
the property that dp € Zp.

Given that I will only consider conservation laws of first-order in this text, the “first-
order” designation will dropped from here on. Moreover, one automatically obtains trivial
conservation laws by considering elements of Zp~! or (n—1)-forms that are already exact on
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S(M). These trivial conservation laws will be ruled out by insisting that a conservation law
be proper, i.e. that it is an element of the space

C=H""(Q(S(M))/Zp)/m(Hir (S(M))
where 7 is described by the long exact sequence
= Hyp (S(M)) ="~ H"(Q*(S(M))/Ip) — H"(Zp) — Hijp(S(M)) — - --

So from this point on, a conservation law is assumed to be both of first order and proper.
In order to state Noether’s theorem the way it is presented in [5], I start with an Euler-
Lagrange prescribed mean curvature system (S(M),Zp) with Lagrangian A and Poincaré-
Cartan form ©. As before, I will let I represent the contact ideal for S(M). The first step
is to make sense of the notion “symmetries of the system” as there are several candidates.
These are:

(i) gy ={V el(TS(M)): Lyl C I, Ly[A]=0} symmetries of the Lagrangian;
(ii)) go ={V e '(TS(M)) : LyO =0} symmetries of the Poincaré-Cartan form;
(ili) gz, ={V e (TS(M)) : LyZp C Ip} symmetries of the ideal.

By viewing C as a subset of H"(Z) via inclusion, one has:

Theorem 1.4.2 (Noether). The linear isomorphismn : go — H"(Zp) given by n(V) =V -0
maps the subalgebra gi) into C.

In [5] the authors give an illustration of Theorem 1.4.2 by computing conservation laws
for minimal surfaces and constant mean curvature surfaces in R™"™! (see [5], pp. 35-43 for
details). T will reproduce one very easy subcase for a minimal surface $? C R3. The ideal in
question is then Zy = (w°, %) while A = w = w! Aw? and O = dw. Clearly, © has to preserve
Euclidean motions, so for V' I may take a translation vector field

V' = wpeg + vi€1 + U262
lifted to the frame bundle F, (R?). The coefficients must satisfy

dvy = +v1wp + vowy
dv; = —vowg + Vaw? (1.6)

dvy = —vow(z) — vlwf

Then I have
V.o :/UQ(.UO/\CUé —vlwo/\wg — vy € Iy
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and by applying (1.6), I see that V = © is precisely d(vow! — vyw?), i.e. the conservation law
corresponding to the symmetry V' is given by

@Y = Ugwl — Ule.
In [5] the authors highlight that for the inclusions

gia) € 8o C 97,

the latter may be strict, as furnished by the example of minimal hypersurfaces in Euclidean
space, where Z; remains invariant under dilation while © does not. That is to say, one
might expect the existence of additional conservation laws not captured by the Theorem of
Noether. This is precisely the starting point of my investigation in the final chapter where
I address the following question: Does the theorem of Noether furnish a complete set of
conservation laws for minimal surfaces in a Riemannian 3-manifold? I will prove:

e The answer is yes when M has non-trivial curvature. However, in the case when M is
flat, there exist additional conservation laws.
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Chapter 2

Analysis of the Monge-Ampere
System

2.1 Local Existence

In this chapter I will analyze the local structure of a prescribed mean curvature system
(S(M),Zp). An integral manifold of dimension n for this system on which w # 0 would
correspond to an immersed, oriented hypersurface in M whose mean curvature is measured
by the function P. Consequently, the first question to be addressed here is whether or not
such integrals exist in the first place. I claim:

Theorem 2.1.1 (*). The prescribed mean curvature system (S(M),Zp) is involutive. In the
real analytic category local n-dimensional integral manifolds exist and depend on 2 functions
of (n—1) variables.

Proof. The proof employs Cartan’s Test as well as the Cartan-Kahler Theorem. As indicated
earlier, all computations are performed on F, (M), and so in particular (the pull-back of) P
is now assumed to be a function that is constant on fibers of v : F (M) — S(M). In order
to get the correct count of Cartan characters, I will make the following modification: Recall
that m = (n+ 1) 4+ ("}'). Furthermore I will define m’ = n + (). Rather than looking for
“framed” integral manifolds of dimension n of the pull-back system for which w # 0 (and
these do exist) one searches for integral manifolds of dimension m’ subject to the enlarged
independence condition that

w+:w/\/\w§

be non-vanishing. The proof is divided into the following three steps: first I will show
that every m/-dimensional integral element is ordinary. Next I argue that the hypotheses
of Cartan’s Test are met in order to prove involutivity. Finally, I evoke the Cartan-Kahler
Theorem to complete the proof.
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Let G (TF.(M),wy) denote the set of m’-planes in TF (M) on which w, is non-
vanishing. G (T F(M),wy) can be given the structure of a smooth manifold of dimension
m+ (n+1)m’ as follows: let y € F, (M), and let (U, (y1,...,ym)) be a coordinate neighbor-
hood in F, (M) containing y. Set

G (TU,wy) ={E € G (T, F(M)) 1y € U, wil|g # 0}

With the usual index range, define smooth functions p;, pf, qf, qu M on Gy (TU,w,) via the
equations

W = pi(B)w' = pi(E)w;, = 0
wy = ¢/ (BE)w’ — " (E)w}, = 0.
Then clearly, since wi + wf = 0, one has
o+ =0, (2.1)
and also, for all 7,
2 g =0 (2:2)

G (TU, w ) together with the functions v, ..., Ym, pi, P, qf, quk then defines a smooth co-
ordinate chart on G, (T F(M),w,).

Now let Vi (Zp,wy) C G (TF(M),w,) denote the space of m’-dimensional integral
elements of Zp for which w, # 0. Then E € V,,/(Zp,w, ) if and only if

pi=0
pi =0

¢ —qi=0 (2.3)
q" =0

quJrP:O.

These equations are smooth and independent, hence V,,/(Zp,w,) is cut out cleanly as a
submanifold of G, (T'F, (M), w, ). So by definition any element £ € V,,,(Zp,w, ) is ordinary.
Moreover

codim [V, (Zp, w4 ), Gy (TF (M), w4 )] = 2(n® +n® + 2).

At y € F (M), I define a flag of integral elements

0),=ECEICEC..CE, CT,F.(M)
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as follows: let W;, I/VJO denote the vector fields dual to w?, wé. Then set

Xi =W;+qW)

)

where the ¢/ satisfy the conditions (2.2) and (2.3). Furthermore let
Xp =Wy ..., Xp=Wr"!

with W} representing the vector fields dual to w!, and T will continue to assume | > k.
Finally let
Er = (X1,..., Xk).

Recall that for a k-dimensional integral element Ej the corresponding polar space H(E}) is
defined to be the space of integral extensions to the next higher dimension, that is

H(E,) ={veT,Fr(M):v.p(Xy,...,Xs) =0 VoecIi'}
As is customary, for k < m/, I set
¢ = codim [H (Ey), T, F4(M)]
and
ey =m—m' =n+ 1.

One immediately has the chain of inclusions
T,F+(M)D H(Ey) D...DH(E) D Epy.

According to Cartan’s Test, an m/-dimensional integral element £ € V,,/(Zp) is the terminus
of an ordinary flag provided that

co+ 1+ oo+ oy = codim [V (Zp, wy ), Gy (TF (M), wy)] .
Now
H(Ey) = {v € T,F.(M) : w°(v) = 0}
and consequently
Co = 1. (24)
Next
H(E) ={veT,F.(M):v.9(X,)=0 V¢eIp}

Clearly Z? is generated by 4

dw?® = —w) A W'

and
B AW
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where 3 € QY(F(M)), and so according to the latter equation one must have
wW’(v) =0
while the former implies
A0) + 3 gl (0) = 0
so that Z
1= 2. (2.5)

Similarly for k& < n—1, first note that v € H(FEy) if v € H(E,_;) and if in addition v satisfies
the equation

W(0) + 3 gl (v) = 0
and consequently
Now for the case k = n — 1, note that Zp is made up of forms a A w? B A dw® for a €
QY F (M)) and B € Q" 2(F,(M)) and also ¢ — Pw. So, for v € H(E,_;), not only do I
have, for kK <n —1,

wW’(v) =0

and o

wp(v) + ) giw'(v) =0,
but from v - (¢ — Pw)(Xy,...,X,—1) = 0 it follows that

(=1)"wg (v) = guw"(v) = 0.

All these equations are linearly independent, so

Cp1=n+ 1 (2.7)
There are no additional equations when k > n — 1 so that for n — 1 < k < m’ I also have
cr=n+1. (2.8)

Combining (2.4) - (2.8) I can then conclude that
cot 1t .+ epor =3P+ n* +2) = codim [V, (Zp,w), G (TFL(M),w)].

This proves the second step, namely involutivity of the system.

Finally, if one now assumes Zp is real analytic, then by the Cartan-Kéhler Theorem one
has the existence of an integral manifold of Zp at y whose tangent space at y is £/, which is
what I wanted to show. Also, since the last non-zero Cartan character is

Sp—1 = Cn—1 — Cp—2 = 2

the local m/-dimensional integral manifolds of (F,(M),Zp) (or equivalently the local n-
dimensional integral manifolds of (S(M),Zp)) depend on 2 functions of (n—1) variables as
claimed. 0
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2.2 The Local Structure of Euler-Lagrange Systems

Having established local existence for prescribed mean curvature systems, I will now study
the local structure of those prescribed mean curvature systems that are (locally) Euler-
Lagrange. The first goal is to understand the conditions imposed on the prescription function
P that will ensure that (S(M), Zp) has the property that it is locally Euler-Lagrange. Thanks
to a criterion established in [5], this task is reduced to a straight-forward computation. To
lay out this computation, I will consider a prescribed mean curvature system (S(M),Zp)
and, as before, I will set ¥ = 1) — Pw, and I will continue to refer to © = —w? A ¥ as the
“candidate” Poincaré-Cartan form.

Definition 2.2.1. The prescribed mean curvature system (S(M),Zp) is said to be locally
Euler-Lagrange if there exists a closed n-form which, as an element of the ring Q" (S(M)),
is locally expressible as a multiple of ©.

It should be noted that, since
dw® AU = —w) AWk A [—wé AWy — Pw} =0,

the (n—1)-form W is, by definition, primitive modulo the contact ideal. This fact allows me
to adapt the criterion established by Bryant, Griffiths and Grossman (see [5], Theorem 1.2
for details) to the case of a prescribed mean curvature system as follows:

Theorem 2.2.2 (Bryant, Griffiths, Grossman). The prescribed mean curvature system
(S(M),Zp) is locally Euler-Lagrange if and only if the form © satisfies

dO =pANO
where o € QY(S(M)) has the property that dp =0 mod (w°).

In order to carry out this computation, I will work on F, (M) and assume that dP is of

the form ' 4
dP = Apw® + Aw' + Bw}

for Ay, A;, B; € C®(F4(M)). Moreover, I will write
dAO = Ooowo + Cokwk + Dokwlg + %Dékwlk
dA; = Ciowo —+ Cikwk + Dikwg + %Dikwlk
dB; = Sjou” + Sjpw® + Ty + §Tjwf
where Co. Dy, szka Sja,ﬂk,ﬁk € C*(F,.(M)) and in particular
Dl + Dl =0
T +T) = 0.
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The condition d?P = 0 imposes constraints on the coefficient functions Ag, A; and B;.
Calculation yields that I must have

Cj — Caj = BiRéja

D), = 8ij A — O A

Sko = Dok — Ak

D, =0

TZ]; = 0 Bj — 0;; By,
Tjk — Ty =0

and so
dAy = Coow® + Corw® + DOkwlg
dA; = (Coi+Bj R}y )w” + Cipw® + Spiwh — Agwp + Ayl
dB; = (Doj—A;)w’ + Sjrw” + Tjrwh + Brw?
To determine a suitable ¢ for which dO© = p A ©, I first note that
dO = —d(w° A (¥ — Pw))
= —dw’ Ay 4+ Pduw® Aw 4w Adip —w® AdP Aw — Pw® A dw (2.9)
= Bjw) A
On the other hand, assuming that ¢, when pulled back to F, (M), is of the form
p = Jow’ + Juw' + K}
then implies that
0N O = —(Jow+Jiw' +K;w)) Aw’ A (1 — Pw)
= —Juw AW A — Kjwd A’ A+ Kjw) Aw’ A Pw (2.10)
= —Jwh ANQ — Kjwl A’ A+ K;Pwi A Q
By setting (2.9) and (2.10) equal I can then conclude that K; = 0 and J; = —B;, so that
¢ = Jow’ — Bjw’.
Taking exterior derivative yields
dp =dJoy A w°® + Jodw® — dB; A w’ — B;dw’
=dJo A w® + Jydw® — ((Doj—Aj)wo—i—Sjkwk—i—TjkwquBkwf) Aw’ + Bjwl A w*
=dJo A w® + Jydw® — (Doj—Aj)wO Aw! — Sjkwk Aw! — Tjkwé" Aw! — Bkwf A w’
+ ijé Aw® + iji A w”

= — Spwh Aw! — Tiwf Aw? mod (W°) (2.11)
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According to Theorem 2.2.2, I can now conclude:

Proposition 2.2.3 (*). Using the notation established above, the prescribed mean curvature
system (S(M),Zp) is locally Euler-Lagrange provided that Sj, = Sk; and T, = o, - F for
some smooth function F.

It is worth pointing out that if P were defined on M alone, one would in particular have
Bj =0 for all j, and so any basic prescribed mean curvature system is immediately locally
Euler-Lagrange. I claim that conversely a locally Euler-Lagrange system is, in a sense, basic.
More precisely:

Theorem 2.2.4. A prescribed mean curvature system that is locally Euler-Lagrange is locally
conformally equivalent to a basic prescribed mean curvature system.

The proof calls for several intermediate results, beginning with the observation that ¢
above can be made into an honest closed form on F, (M) as opposed to only being closed
modulo the contact ideal. I claim:

Lemma 2.2.5. The 1-form ¢ = Fw® — Bjw’ is closed on F,(M).
Proof. 1 will mimic a computation from [5]: Equation (2.11) shows that in particular
d(—Bjw) = —Fdw" mod (w°).
And so, for some o € O,
d(—Bjw’) = —Fdw’ + a AW’
=d(—Fuw®) + (a +dF) AW,
Consequently, if I set & = a4 dF’, I then have that
d(—Bjw’ + Fu’) = a A .

It remains to show that the right-hand side is equal to zero. I first take the exterior derivative

on both sides. Then
0=daAw’—aAdw°

which implies that
aANdw’ =0 mod (°).

It now suffices to observe that the map (Adw®) : QF(F, (M)) — QF2(F,(M)) is injective,
whence & A w® = 0 which completes the proof. O
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This fact allows me to rephrase the condition of (S(M),Zp) being locally Euler-Lagrange
as an exterior differential system in the following way: Given that ¢ is closed, the Poincaré
Lemma ensures that locally there exists a function u for which

du = Fuw’ — Bjw’ (2.12)
On the manifold F, (M) x R*" T then define two 1-forms

(I)() =dP — Aowo — Azw’ — Bj(x)é
®, = du— Fu° +ijj

generating the differential ideal P = (®g, y).

Proposition 2.2.6. The linear Pfaffian system (F (M) x R*™" P) is involutive. In the
real analytic category, local integral manifolds depend on 2 functions of (n+1) variables.

Proof. Taking exterior derivatives yields

d(i?)z

where the torsion term T is given by

dAO dAZ dBJ 0 Wi
_<dF R 0)/\ | T mod (@, 9)),

T_ A A w4+ At Aw® + By [wk/\wo 1Réabw‘1/\wb] ‘
Fuw) Awb — Bjw! A w?

To see whether torsion can be absorbed, make the substitutions

=dAy — (Coow +Cop +D0kw0+ DOkwl)
o; = dA; — (Clow +C " +lew0+ lewl)
B; = dB;j — (Sjow’+Sw + Tipws+3 lewl)
¢ = dF — (U +Upw"+ V2wl +iViwr)

with the obvious skew-symmetries. Then

d(I)():—(OéO (0%} 5j 0)/\
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provided that

Clo = Cuj = BiRy;,

Dy = 05 A — S A;

Sko = Dox — Ay
Dg; =0
T} = 6 B; — 6;; By,
Tjy, — Ty = 0.
Consequently
d®; = — [(+Upw+Upw* + Vi wi + V5w A o

+ [Bi+(Dgi— A )+ Sk +Tikw0 +Brwf Aw

+ Fw) Aw® — Bjw! A w®
=— (AW
+ (UiA-Dgi—A))w® A W'
V24By)w® A w

+(

+ (V) Awy

+ (=S )w’ A Wk

+ ( Tzk—l-CSZkF)w A wo

+ (= Bp+Bp)w' AWk,

so that additionally
U — DOZ + A
Sik — Ski =

Vi = —Bk
Vi=0
Tix = Ogp - F

Under these hypotheses,

Do\ ag a; B 0 W
(o)== 500 &

22
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and so o = ... = s,41 = 2 while s,,15 and all higher characters are 0. Consequently,
1sy+2s9+ ...+ (n+1)sp1 = (n+ 1)(n+ 2).

The result will now follow from Cartan’s test provided I am able to show that this number
equals the fiber dimension of V;,(P). Write

ap = agow’ + agrw® + agkwg + %aékwl"”
a; = aow’ + agw® + afwi + Salw)

B; = bjow” + bjw® + b + 20% W)

¢ = fow’ + fiw® + fowh + 3 frwf

with the usual skew-symmetry assumptions on afy,, aj, b}, and fi. The equation d®y = 0
imposes

Aok = Qo
agk = bio
aby, =0
Qi = Qg
a?k = byi
al, =0
O = b
by, =0,

while the equation d®; = 0 implies that further

Jk = bro
fi =0
fi=0
bir = bri,

leaving precisely (n+1)(n+2) degrees of freedom in the fiber, which completes the proof. [J

Proposition 2.2.6 suggests that for a prescribed mean curvature system that is locally
Euler-Lagrange, the function P locally determines, and is determined by, two functions that
are defined entirely on M. In order to establish one direction of this claim, I let s denote
the map
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that scales a g-orthonormal frame (e,) by a conformal factor en with u as in (2.12) above.
The resulting frame (€,) over M is then orthonormal with respect to the scaled metric
g=e ng. Lwillet @2, @ to be the canonical coframing on F, (M). Then, under pull-back
by s to Fy (M) one has:

Lemma 2.2.7.

_ _u
w* = e nw®

% = =3P+ B)
Proof. The first formula follows straight from the definition since for £ € T, F (M)

S*((Da)(f) = (Da<8*€) = g(ﬁ—*s*gv éa) = g(ﬂ—*gv éa) - 6_%(«‘)(1-

Taking exterior derivative of the equation above in the case when a = 0 and applying the
structure equations then implies that G)? A wl + %ujwo Awl — w? A w’ = 0, where I have
written du = u,w®. Cartan’s Lemma assures the existence of functions h;; = hy; so that

’? — w? = hjw® — %ujwo.
Now, both @? and w are entries of (n41) x (n+1) skew-symmetric matrices, so the same
skew-symmetry must hold for the right-hand side above. Recalling that ug = F' gives the

desired result. O

Analogously to (1.1) in the previous chapter, I define differential forms

=" A A"

Q=a"A... A"

i = ()T AL ADTA L AG"
b = —wp A @

on F(M). These can, according to Lemma 2.2.7, be expressed in terms of their F, (M)
counterparts as follows:

w=e w
0 =e 510
— _n=1,
WeEy =€ n W) (2.13)
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To show how two functions defined on the base M determine a locally Euler-Lagrange
prescribed mean curvature system, [ will start with a basic prescribed mean curvature system
(with respect to the metric g) whose corresponding differential ideal will be denoted by

P = (@0,1/_)—P@),

Since Zp is basic, P is defined entirely on M, and so the corresponding Poincaré-Cartan
form B -

0 =-u"A (Y- Pw)
must satisfy d© = 0. When pulled back to F, (M) however, © takes the form

(-1,

O=—enwA (e’ n (w + Fw + %Biwo A w(i)) — pe’“w)
= —e YO A (w — (—F + e’%P) w) )

It follows, given two functions u, P on M, that by defining
P=—-F+enP, (2.14)
the corresponding prescribed mean curvature system
(S(M),Zp)

defined with respect to the metric g and with Poincaré-Cartan form © = —w° A (¢ — Pw)
has the property that
dO=pANO

for ¢ = du, and is therefore, by definition, locally Euler-Lagrange.

Proof of Theorem 2.2.4. The argument above shows how u, P determine a locally Euler-
Lagrange system. To prove the theorem, it remains to argue that every prescribed mean
curvature system (S(M),Zp) that is locally Euler-Lagrange arises this way. By computing

dP = Aowo + Aiwi + ijg

I have an explicit description for the functions B;. Next, I declare F' to be the function that
makes the form Fw" — Bjw’ exact. There is a unique such F, for if Gw°® — Bjw’ were also
exact, (F — G)w® would then be an exact multiple of w". The form w?, however, is a contact
form, and so necessarily F — G = 0. Finally, the differential equation du = Fw" — B;w’
determines u (up to a constant), and from the formula P = —F + ¢~ » P I can then recover
P as desired. O]

The decomposition of the prescription function of a locally Euler-Lagrange system given
by (2.14) suggests the following definition:
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Definition 2.2.8. Let (S(M),Zp) be a locally Euler-Lagrange prescribed mean curvature
system. The system will be referred to as locally conformally minimal if there exists a choice
of v and P in 2.14 such that P = 0.

An interesting subfamily of systems that are locally conformally minimal arises when the
underlying prescribed mean curvature system is assumed to correspond to solitons of the
mean curvature flow of hypersurfaces in R"*!. It is a well-known fact (see for example [13]
or [16] for details) that translating solitons of the mean curvature flow are minimal hyper-
surfaces with respect to a scaled metric. In order to apply Theorem 2.2.4, I will return to
the prescribed mean curvature system

My = (W°, ¢ + O (W)w) (2.15)

established in the previous chapter. As before, W refers to the lift of the vector field W
to Fy(R*), and w®(W) is the pull-back of a well-defined function on S(R™") which, for

the sake of keeping notation simple, I will also denote by w®(W). In [15] Hungerbiihler and
Mettler refer to integral manifolds of the system (2.15) as W -pseudosolitons. They prove?:

Theorem 2.2.9 (Hungerbiihler, Mettler). The W -pseudosoliton is equivalent to a minimal
hypersurface if and only if W is a gradient vector field.

I will merely illustrate how a local version of this result can be read off immediately
from Theorem 2.2.4 by the following example: I let g be the standard metric on R**!, and
further T assume R™™! has coordinates x = (z!,... 2""). f W = % represents translation
in the x!'-direction, then W = Vu where u : R™™ — R given by u(z) = z'. Writing
du = Fw® — Bjw’ (for some coefficient functions F, B;) then F' must be, by definition, equal
to w'(W). According to Theorem 2.2.4 (using the same notation as in the proof) I can
then deduce that P = —F and consequently P = 0. In other words, the W-pseudosoliton

corresponding to the system
My = (@ ¢+ (W)w) = (", ¢ = Pw)

must be locally equivalent to the minimal hypersurface prescribed mean curvature system

with respect to the scaled metric g = e_%mlg.

The converse statement is also true, for if one started with a minimal hypersurface system
with P = 0, then necessarily P = —F' and, unravelling the definitions, W would correspond
to the gradient of the function u with du = Fw® — Bjw/.

2Their theorem, as well as the discussion here, holds for hypersurfaces of any oriented Riemannian man-
ifold and not just R™*1.
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2.3 A Global Obstruction

Given that Theorem 2.2.9 is a global result, one might wonder whether or not there exists a
global recoding of Theorem 2.2.4. It turns out that this is not the case as there is a natural
obstruction to Theorem 2.2.4 being a global result. This obstruction lies within the function
u found in the proof, or more precisely, in the cohomology class

[Fw® — Bjw’] € Hjp(M)

for v may not be well-defined globally. In this section I will construct a prescribed mean
curvature system that is locally Euler-Lagrange for which this cohomology class is non-trivial.

First I let M = R3\{0} endowed with the standard metric. For A > 1, f : M — M
shall denote the function f(z) = Az. Then S(M) = M x S?, and an element of S(M) will
consequently be written as (z,v). There is a natural group action by a group G, say, acting
on S(M)via scaling by A and rotations by R, say, as follows:

A (z,0) = (Az,v)
R (z,v) = (Rz, Rv)
One can then show that the 1-form 6 defined via

— 1 ..
G—MU dx

is a G-invariant contact form on S(M) with the property that an oriented hypersurface
¥2 — M whose outward unit normal at x is given by v is a Legendre submanifold of
(S(M),(0)). Conversely, every Legendre submanifold that is transverse to the projection
S(M) — M gives rise to such an oriented immersed hypersurface $? — M.

Next, I seek natural G-invariant 2-forms on S(M). The potential candidate

v (dz x dz)
pulls back to ¥ to give the area form w, say, while the 2-form
—v - (dv X dx)

pulls back to Hw. However, these 2-forms are only invariant under rotations but not scaling.
Therefore I define

To= 5~ )U~(dx><dx)

2(z-x

T, = —\/%v - (dv x dz).

Finally T set
Z=(60,Ty— P7Yy).

Then I claim:
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Proposition 2.3.1. There exists a choice of P for which the prescribed mean curvature
system (S(M),Z) has the property that it is locally Euler-Lagrange, but that it cannot be
globally equivalent to a basic prescribed mean curvature system.

To see why this is true, I first point out that there is a natural surjection
SO(3) x RT x St — S(M)

given by
((617 €2, 63), r, Qb) = (7"61, COS<¢)€1 + Sin(qb)eQ)a

where e3 = e; X e5. It turns out to be favorable to perform computations on SO(3) x R x S1.

To do this, I let ] denote the left-invariant 1-forms of SO(3) so that

de; = nle; (2.16)
dif] =~ Ay (2.17)

Equations (2.16) and (2.17) then allow me to rewrite 6, Ty and T, as

0 = cos(¢)% + sin(¢)n}
Yo = cos(¢)ni A —sin(¢) % Ay
Ty = —2cos*(¢)ni A nj — cos®(¢)de A ny — sin(¢) cos(@); A — sin®(¢)de Ay
—sin®(@); A1y + sin(@) cos(¢) & A} + sin®(0) 5 A1

If ® denotes the 2-form & = T; — PY, and © denotes the candidate Poincaré-Cartan form
O =—-0A®, I claim:

Lemma 2.3.2. There exists a choice of P = P(¢) for which d© = % A ©.

Proof of Proposition 2.3.1. First of all, the form & is primitive modulo the contact ideal, as

d6 A ® = sin(¢)dp A 2 A2 A

= (cos(¢)% + sin(@)n7) A dp A % A}
=0 mod (0)

Therefore, assuming Lemma 2.3.2 for the time being, this particular choice of P then has
the property that d© = % A©, and thus d(r~!'0) = 0. By Theorem 2.2.2 this means that for
this particular P, (S(M),Z) is locally Euler-Lagrange. Since © is defined entirely in terms
of forms that are invariant under G, it is still a well-defined, closed Poincaré-Cartan form
for the quotient space S x S2. The function !, however, does not drop to the quotient by
f. Equivalently, the form %, while well-defined for the quotient, cannot be globally exact as
claimed. O
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It now remains to prove:

Proof of Lemma 2.3.2. Computing on SO(3) x R* x S T have that

O =(cos®(¢)+ sin®*(¢) cos(¢)) L A do A1}
+ (2cos’(¢)+2sin*(¢) cos(¢)+P) & Ani Ay
+ (sin(¢) cos®(¢)+ sin®(¢)) & A ni Ay
— (sin(¢) cos?(¢)+ sin®(¢))do A ni Ay

and so
27 © = — (sin(g) cos?(@)+sin ()L A de A A}
whereas
dO = — (2sin() cos®(¢)+2sin®(¢)—P')dp A L A Ay

Equating the forms % A © and dO and solving the ordinary differential equation for P
suggests one takes P = —3 cos(¢), which completes the proof. O
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Chapter 3

Conservation Laws for Minimal
Surfaces

3.1 The General Set-Up

In this chapter, I will examine conservation laws for minimal surfaces in a Riemannian
3-manifold. As the underlying prescribed mean curvature system is Euler-Lagrange, Theo-
rem 1.4.2 guarantees that every symmetry of the metric will give a conservation law. The
motivation for this chapter is then to answer whether or not all classical conservation laws
for minimal surfaces arise this way.

Throughout this chapter, n is assumed to be 2. The prescribed mean curvature system
corresponding to a minimal surface ¥? C M?3 takes the form

(8(M),Zo)
with the ideal Z; being generated as
Ty = (W°, 7).
With this notation in place the main result of this chapter can be formulated as follows:

Theorem 3.1.1. Conservation laws for the minimal surface prescribed mean curvature sys-
tem (S(M),Zy) come from symmetries of the metric except when M is flat.

This theorem has an immediate consequence. If one started with a prescribed mean
curvature system (S(M),Zp) in dimension n = 2 that was locally Euler-Lagrange as well as
locally conformally minimal (for example a soliton of the mean curvature flow), then, taking
u to be the function as in (2.14), one has:

Corollary 3.1.2. If (S(M),Zp) is locally conformally minimal, all conservation laws come
from symmetries of the metric unless (M,g = e "g) happens to be flat.
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Proof. This is an immediate consequence of Theorems 3.1.1 and 2.2.4. O

To prove Theorem 3.1.1, T will set up an exterior differential system whose integral
manifolds correspond to conservation laws of the system (S(M),Zy). I will show that this
system is not involutive, and that prolongation results in non-absorbable torsion terms.
Setting these equal to zero will impose that one of the following cases must occur:

e )M must be flat; the special case when M is a space form will be analyzed separately
in the following section.

e The linear Pfaffian system obtained after the second prolongation implies the existence
of a corresponding symmetry of the metric.

To begin, a conservation law for (S(M),Zy) is, by definition, a 1-form ¢ € Q'(S(M))
with the property that de € Z, (and of course ¢ is assumed to be neither contained in Zy nor
exact). Equivalently, one can (locally) think of a conservation law as being a closed 2-form
that is contained in Zj, and the latter perspective is the one I will adapt throughout this
chapter.

Clearly Z2 is generated algebraically by the forms dw?, ¥, and w® Ay where v € Q' (S(M)).
Now, since for any function f,

fdw® = d(fw®) —df AP,

one can trade off any multiple of dw® (modulo an exact form) with a multiple of w°. Conse-
quently, I define

a = upw® A w' 4+ ugw® A w? 4+ usw® A wy + ugw® A wi + ustp

for some functions uq,...,us. Given that « is expressed purely in terms of forms that are
semi-basic with respect to the bundle projection v : F (M) — S(M), one may as well
assume that « lives on F (M), for any closed form of this kind will be well-defined on
S(M).

On the manifold F, (M) x R° T let K be the differential ideal generated by x = da.
The existence of a closed 2-form o € Z is then encoded by the exterior differential system
(Fe(M) x R5,K) subject to the independence condition

Oy =QAwy Awi Awi #0.

Given that one expects conservation laws to impose conditions on the metric, the following
should not be surprising;:

Lemma 3.1.3. The exterior differential system (F(M) x R® K) is not involutive.
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Proof. Analogously to Theorem 2.1.1, T define Gg(T(F(M) x R5),Q,) to be the set of
6-planes on which €2, is non-vanishing. Gg(T(F, (M) x R5),Q,) is then a manifold of
dimension 41 that can locally be described as follows: At a point y € F (M) x R®, let

(U, (y1,---,Ys,U1,---,Us)) be a coordinate neighborhood containing y. Let

Go(TU. Q) = {E € Go(T,(Fo (M) x BY)) 1y € U, Q] # 0}

and let the smooth functions pyg, ..., pss on G¢(TU, 2, ) be defined via the equations

duy — pio(E)w” — p11(E)w' — p1a( B)w® — p13(E)wy — pra(E)wg — prs(E)w?
duy — pao(E)w’ — po1(E)w! — paa(E)w? — pas(E)wy — pas(E)wi — pas(E)wi
duz — p30(E)WO - p31(E)w1 - p32(E)w2 - p33(E)W(1) - p34(E)w§ - pss(E)wf
duy — pao(E)w’ — pan(E)w' — pas(E)w? — pas(E)wy — pas(E)wy — pas(E)w?
dus — pso(E)w’ — ps1(B)w! — psa(B)w? — psa(E)wy — psa(E)wi — pss(EB)wi

o o o o o

(3.1)

Then Gg¢(TU,S)y), together with the y’s, u’s and p’s, defines a coordinate chart for
Go(T(Fo (M) x R%),Q,). An integral element E € V5(K,€,) is then characterized by

the equations

1 2 1 2
P12 — P21 — Uzl — ua R — usRygy — usRge = 0

P13 — P31 =0
P1a — Pa1 — Pso =0
P15 —uz =0
P23 — P32 +pso =0
P2 — P2 =0
pas +ur =0

P34 — Pag — 2us = 0

p3s — ug =0

pas +uz3 =0
P53 —ug =0
ps1+ug =0
Ps2 —up =0
Psa +uz =0

Ps5 = 0.

Consequently, any E € V5(KC, €2, ) is ordinary and

codim [V5(K, Q) Go(T(F (M) x R®), Q)] = 15.
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Aty € F (M) x R® T define a flag
(0),=Ey C E, C ... C Eg C T,(F.(M) x R®)

as follows: First, let Wy,..., W5 be the vector fields dual to the 1-forms w® w!, ... w?
respectively and write
A S
8u1 ’ ’ 8u5

Next, set

Xo =W, +p1031 + ... —|—p5085

X5 = Wi +p1581 + ... +p55(95
where the p’s satisfy Equations (3.2). Finally, for & > 1 set
Ek == <X0, ceey Xk,1>.

By definition
cx = codim [H(Ey), T,(F+ (M) x R?)]

when k < 6, while
Cg = D.

Clearly K!' = K% = (0) and therefore
Co = C1 = 0. (33)
Next, consider K3, From the condition v € H(E,), one obtains the polar equation

(dul - plowo - pnwl - p12w2 - p13Wé - p14w(2) - u2wf)(v) =0
and hence

K* is generated algebraically by forms v; A  for v € Q!. Choosing v = w® then implies that
in addition one must have

0 1 2 1 2 1 2 1 2 2
(dug—paow —(p12—u3R012—u4R012—u5R001—u5R002)w —Paow —pggwo—pg4w0+u1w1)(v) =0

and so
C3 = 2. (35)

For K® one considers forms v, Ak for 7o € Q2. Taking v, = w! Aw? gives rise to the additional
polar equation

(dus — p3ow” — pr3w’ — (Pag + Pso)w? — Paswi — Paaws — usw?)(v) = 0
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while 75 = w® A w! furnishes the equation
(dus — psow” + upw' — ugw? — wgwy + uswi)(v) = 0

and so
Cqy = 4. (36)

Finally, for K9, setting v »w! A w? A w? A k(Xo, ..., X4) = 0 shows there is one more polar
equation, namely

(dug — paow’ — (Pra — Pso)w' — Paaw® — (P34 — 2us5)wy — paaty + uswi)(v) = 0

and so
Cy; — 5. (37)

It follows from (3.3) - (3.7) that
Co+ ...+ 5 =12 # 15 = codim [V5(K, Qy4), G(T(F+ (M) x R®), Q)]
as claimed. ]

As a result, one has to prolong. I let K1) denote the pull-back of the contact ideal on
Ge(T(F, (M) x R?), Q) to the manifold (F (M) x R*)® = V4(K, Q). In other words

KO = (0y,...,05)
where

0y =duy — plowo - inl - p120J2 - p13wé - p14w§ - U2W%
o =duy — PQOWO - (p12_U3Ré12_U4R(2)12_USR(%01_U5R(2)o2)wl - p22w2 - p23wé - P24W§ + UIW%
03 =duz — p:zow0 - Plsw1 - (p23+p50)w2 - P33Wé - p34w(2) - u4wf
04 =duy — 10400JO - (p14—p50)w1 - P24w2 - (p34—2u5)w8 - p44w8 + U:w%
05 =dus — psow® + usw' — uw? — u4w(1) + u3w§
(3.8)

A closer inspection of the equations above, in particular the w? and w} coefficients for 63
and 6, respectively, suggests that one make a change of variables. This is motivated by the
fact that calculations are being performed on F, (M), i.e., the circle bundle over the unit
sphere bundle S(M). Consequently, one expects calculations to be invariant under the circle
action. And so it seems natural to chose notation so that it will split up equivariantly under
this action. Consequently, I replace

D34 — P34 + Us,
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which will simplify the upcoming equations significantly. For #3 and 4 this means that these
terms now take the form

03 =duz — p3w” — praw' — (p23+p50)w2 - pszwé - (p34—|—u5)w(2) — u4wf
2

04 =duy — 2940WO - (p14—p50)w1 - 1024002 - (p34—u5)w(1) - p44w§ + UzWwy .

The analysis of the resulting linear Pfaffian system ((F (M) xR®)M K1) will inevitably

involve covariant derivatives of the curvature tensor. This calls for some additional notation.

One thing that sets a Riemannian 3-manifold apart from those of higher dimension is the

fact that in dimension 3 the Riemannian curvature tensor R is completely determined by
the Ricci curvature tensor Ric, which is defined to be the contraction

R = R

achb*

Ry, then defines a symmetric 3-by-3 matrix which, when written out, takes the from

1 2 2 1
_ROOI _ ROOQ _ROIQ ROIQ
2 1 2 1
_6012 _R001 : R112 Q_ROOQ )
R012 _ROOQ _ROOQ - R112

At this point it is helpful to call upon a little representation theory of the Lie group SO(3).
As is customary, I will let #,, denote the irreducible representations of SO(3). That is, for
each m, H,, is the vector space of homogeneous, harmonic, complex-valued polynomials of
degree m on R3. Its dimension is then given by 2m-1.

The Riemann curvature tensor in dimension 3 can be decomposed as an element of
Ho ® H; as follows: I will choose respective bases {a} and {a,} of Hy and H; by letting a
be the scalar curvature part, that is

a = tryRic = —2(Rgg; + Rigp + Ris)
and by writing a,, as the trace-free Ricci curvature part, i.e.
Aoy = Rap — %a[&
Under these hypotheses, 5 now becomes
O2 = dug — paow” — (p12—u3u02+u4a01+u5(a00+§a))w1 — Paaw® — Paswy — Paawy + urwy.

Moreover, the Cartan structure equations for the connection forms turn into

dwy = —wj Awg + (azs—ga)w’ Aw' — ajpw” Aw?® + agw’ Aw’
2 2 1 1 0 2 1 2
dwi = —wi Awy — a1’ Aw' + (an—3a)w’ Aw® — agw' Aw

dw? = —wi A w? 4 agw® A w! — agiw® A w? + (aoo—%a)w1 A w?.
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The next step is to write down derivatives of the a and a,; introduced above. In view of
the fact that R € I'(TM @ T*M @ T*M ® T*M) one has that

V:R—VReDNTM®T*M®TM&T M) (T*M).

Given that M is 3-dimensional one can identify its cotangent space T* M with H;. According
to the Clebsch-Gordan formula (see [20], p.70)

Hyp @ Hy = Hono1 S Hon @ Honsr (3.9)

as a representation space. In the case of the Riemann curvature tensor, (3.9) in conjunction
with the Bianchi identity then implies that V R must take values in H;® Hs ® Hs. Moreover,
the Ho-piece corresponds to the Cotton tensor, which vanishes if and only if the manifold
M is locally conformally flat.
To H;, Ho and Hs I will associate respective bases {b,}, {bay} and {bg.} which I define
as follows: Let
da = b,w".

Next let €4 be skew-symmetric in all indices and declare €315 = 1. Up to some constant A
one can then write

daab = aacc“-)lL)1 + acbwg + [babc + (badedbc + bbal‘Edac) + >\<ba5bc + bbéac - %bc(sab)} wc'

The fact that deg = 0 determines that A = %. The structure equations for the dag,-terms
can now be written explicitly as follows:

dago =(booo+ 15 b0)w” + (boo1+2bg2—35b1)w + (boo2—2b01 — 35 b2)w” + 2a91wy + 2ap2w;
dag :(5001—[’024‘%51)&10 + (5011‘1‘[’12—1—%50)001 + (bo12+boo—b11)w?

+ (@11 —0g0)wy + G12wh + Ggawi
dagy :([70024‘[301‘1‘%[’2)0)0 + (bora+b2o—bgo)w' + (5022—[’124—%50)002

+ ajawp + (Age—ago)ws — Go1w}
dayy 2(5011—2512—%50)600 + (5111+%b1)w1 + (5112+2501—%52)w2 — 2001wy + 201207
dayy =(bo1a+b11—bag)w” + ([7112—[301—1‘2—1052)001 + (5122‘1‘[’024—%51)002

— agawy — Gmwg + (ag—ar )wi
dagy =(bo22+2b12—5560)w” + (b122—2bg2—55b1)w" + (bazo+15ba)w® — 2apw) — 2a10w7.

Given that (ay) is, by assumption, trace-free one expects dagy + daj; + dage = 0 and the
equations above do indeed reflect that.
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With this notation in place I will now start the analysis of the system
(Fe(M) x R)W KW, Calculation yields

ISERSIRS

NO—= N = O

d(65)=—(dpsy 00 0 0 0)A +Ts5 mod (04, ...,05),

(S

Wo

where the torsion term T} is given by

T =[pao—us(ass—ga)—uzars]w’ A w' + [—protusars+us(a; —sa)lw’ A w?
+ [ug—paolw” A wy + [pso—ur]w’ A wf + [~paa—pi—uatoz—usap Jw' A w®
+ [2ps0—pra—paslw’ Awp + [pr3—pasw’ A wg + [prs—pasw’ A wg
+ 2pso+pratpaslw’ Awh + [paz+padlwy A wi.

Comparing the coefficients of w! A w and w? A w? implies that Vs(K™M, Q) = @ unless one
imposes that

pso = 0,

and this condition in turn has the consequence that

P20 — u4(a22—%a) —uga;p =0
—DP10 + UsGi2 + U3(a11—%a) =0
Uy — pao =0

p3o—up =0

(3.10)
—p22 — P11 — Uslp2 — uzer = 0
P13 —pau =0
Pra+p23 =0
P33 + pas = 0.

Restricting to the manifold F, (M) x R, K1) is then generated by

1 0 1 2 1 2 2
01 =duy — (u4a12+u3(a11—6a))w — Pniw — P1aW — P13Wy — P14y — UgWq

‘92 :du2 — (u4(a22—%a)—|—u3a12)w0 - (P12—u3a02+u4a01+u5(ago+%a))w1

+ (pr1+ugaoatuzag Jw?® + p14Wé — plscué + uywi

0 1 2 1 2 2
03 =dus — u1w° — Praw” + praw” — paswy — (P3atus)wy — Ugwy

_ 0 1 2 1 2 2
01 =duy — usw” — praw’ — praw” — (Psa—us)wy + Paswy + Uswi

1 2 1 2
05 =dus + usw™ — UW” — Ugwy + UsWg.-
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In order to absorb torsion, I will make the substitutions

§11 = dpy1 — pllowo - ]?111601 - 1’0112002 - pllswé - p114w8 - p115w%
§12 = dpi2 — p12owo - ]9121&)1 - p122w2 - P123Wé - p124w(2) - p125wf
§13 = dp13 — plsowo - pl:nw1 - 13132W2 - P133w(1) - p134w(2) - p135wf
§1a = dpra — p140w0 - 17141601 - p142w2 - p143Wé - p144w§ - p145w%
§33 = dp3z — 19330000 - ]9331601 - ]9332W2 - P333W(1) - p334w(2) - p335wf
§34 = dp3y — p340w0 - 1?341(«01 - ]7342W2 - P343w(1) - p344w8 - p345wf .

By investigating the terms p139, p14o and psso this would in particular mean that

P1so = —P11 — Uaboz — 2usdo1 + (P3a—us) iz + paz(an—ga)
= P11 — Ualoz + (P3atus)are — p33(a22—éa)
Piao = —P12 — Uabor — P33iz + (psatus)(an—za)

= P12 + U4G01 — P33fi2 + u5(a00+%a) - (p34—u5)(a22—%a)
P340 = —2p1a = 2p1s.
Again V5(KW, Q) = @ unless one restricts XV to F, (M) x R® by imposing that

P11 = —uzfor — Usfi2 — %p33(a00+%a)
P12 = —ualgy + u5(a11—%a) - %p34(a00+§a)
p1a = 0.
So now
01 =du; — (u4a12—|—u3(a11—%a))w0 + (U3a01+u5a12+%p33(a00+%a))wl
- (—u4a01—|—u5(a11—%a)—%p34(a00+%a))w2 — Praw) — Uswyi
0> =duy — (us(an—ia)+usa)w’ + (usago+us(an—ia)+ipsi(ag+ia))w'
- (—u4a02+u5a12+%p33(a00+%a))w2 — p1awg + uiwi
03 =dus — u1w” — praw' — psswy — (P3atus)wh — wgw?
04 =duy — upw” — praw” — (p3a—us)wy + Psswy + Uswi
05 =dus + usw! — ugw?* — u4wé + u3w§.
By setting
C = 5(ag + 30), (3.11)
I can write the tableau as:
0
01 0 —Cdpss —Cdpss dpiz 0 0 Zl T
0 0 —Cdpsy Cdpss 0  dpis O 2 T "
dl 63 |=—1 0 dpis 0 dpss  dpsa 0 | A ol +| Ty mod Ky,
04 0 0 dp13 dpss —dpsz 0 wg T
05 0 0 0 0 0 0 9 0
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where ICS; denotes the algebraic ideal (64, ...,05), and where the torsion terms 77,...,7T,

are given by

T :[U1a01—U2a02—U3(bl2g+502+%bl)+u4(6112—601+%62)+U5(b012+bn_b22)
+p13(a11—a22)+ 2 pss (booo+2bp)Jw’ A w'
+ [2U2ﬂ01+u3(5112+2501—%bo)+u4(—b111+%bl)+u5(—bo11+2b12+%bo)
+2p13012+5p34(booo+2bo) Jw’ A w?
+ [—usagr —UaGoa+P3aty —%p33(022—011)]w0 A wp + [—pasm —%p34(a22—a11)]w0 A wi
+ [—uraio+us (a1 —ago) +us(—bor2—boo+b11)+uus(bo11+b12+55b0)
+us5(boo1 —bo2+355b1) —P13toa+ 333 (—boo2+2b01 — 5 b2)
+%p34(5001+2502+%bl)]w1 A w?
+ [—2p33a01+u5a02+u3(a00—%a)]wl A wé + [—Pp33a02—pzaao|w’ A w§
+ [psa(agot+3a)|w A wi + [—2p3aaor —usag +ua(aoo—ga)w® A wp
+ [p33a01 —P3atioa]w® A wi + [—paz(aoo+3a)w® A wi + uswy A wp,

Ty =[2uyape+uz(—bage+75b2)+us(b1as—2bga— 2 b1)+us(booa+2b12— £ bg)
+2p13a12-+2p3a(booo+2bo) w” A w'
+[_ula01+u2u02+u3(6122+b02+2i0bl)—U4(6112—b01+%b2)—U5(5012—|—b11—622)
—p13(a11—a22) — 3p33(booo+2bo ) Jw” A w?
+ [p33a12+%p34(a22—a11)]w0 Awg + [—u3a01—U4a02+p34a12—%p33(a22—a11)]°~70 A wy
+ [Ul(aOO_a22)+U2a12+U3(—bog2+b12—2—10bo)+u4(bo12+bgg—boo)
+u5(boo2+bo1+5502) +P13001 — 533 (boo1 +2b02 415 b1)
+ 334 (—booa+2bg1 — 35 ba)Jw! A w?
+ [—p33a02—paaaor|w' A w) + [—2p34a02+u5a02+U3(a00—%a)]wl Awi
+ [—pss(aoot3a)]w’ A wi + [psstor —psatoa]w® A wy
+ [2ps3a0a—us a0 +us(ago— 5 a)]w? A wj + [—paa(agot3a)]w® A wi — uwy A wg,

T3 =[—us001 —Usoa+p3saio— 1psz(azn—ai1)|w’ A w' + [ps3ain+3psa(an—ar)w’ A w?
+ [—ps3oa+(psatus)agr —ua(aoo—ga)jw' Aw?® + ww' Awj + usw' A wj
— 2p3awi A w? 4 2psawi A w?, and

Ty =[—ps3o —%p34(a22—a11)]w0 A W+ [—ugag —ugaoe+paaty —%p33(a22_a11)]w0 A w?
+ [—pggam—(p34—u5)a02—|—u3(a00—%a)]wl A w? + uw® A wy + usw® A wj
+ 2p33wé A w% + 2p34w(2) A w%.

Obviously, the case when C' defined via (3.11) vanishes deserves some special attention. I

claim:

Lemma 3.1.4. If M has the property that C' =0 then M must be flat.
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Proof. By assumption agy + %a = 0 in all frames and so, by taking exterior derivative,
0= (boog—i-%bo)wo + ([10014-2502—'—%[]1)&)1 -+ ([3002—2[]014—%[]2)&)2 + 2(1(]1(,0(1) + 2(102(,0(2).
In particular
ap1 = Az = 0,

which in turn implies that
a2 = 07
as well as the property that
Qpp = G711 = d22.

But then by the fact that (ag) is trace-free it follows that
0= 3Cl00 =a,

which completes the proof. n

The case of minimal surfaces in flat space will be studied explicitly in the next section.
For the remainder of this section I will assume that C' # 0. In an attempt to absorb the
torsion terms 717, ...,Ty I will substitute

_ 0 1 2 1 2 2

§13 = dp13 — pr3ow” — P131w — Pr3aw” — P133Wgy — P134Wg — P135Wq
0 1 2 1 2 2

33 = dp3g — P3zow — P3ziw’ — Pagow” — P333Wgy — P334Wy — P335Wq

0 1 2 1 2 2
§34 = dpss — P3aoW — P3aw’ — P34 — P343Wqy — P344Wy — P345W1,

with

D130 = —UzAp1 — U40p2 + P34tiz — %p33(a22—a11)
P131 = —P330o1 — (P3a—1us)do2 + Us(aoo—%ﬂ)
P12 = Pssfoz — (Paatus)ao + us(ag—5a)
P13z = —U1
P134 = —U2
p13s =0
p330 =0
P33 =0
P332 =0

Cpsss = —p33ao1 + P3aboz

Cp3zs = —p33aoz — P3afor

D335 = 2D34,
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and
p3a0 =0
p3a1 =0
p312 =0
Cp3az = —p33ao2 — P3ador
Cp3as = +p33a01 — P34002
D345 = —2p33.

This will however leave several non-absorbable torsion terms. Explicitly these are:

0 =pssai2 + %p34(a22—a11)
0 =u1a01 — ugtg2 — U3(b122+502+2—1051) + U4(5112—501+2—10[’2) + s (bo12+b11—b2)
+ prg(an1—age) + %p33(booo+§bo)
0 =2usag; + uz(b112+2b91—2b0) + wa(—b111+1501) + us(—bo11+2b12++bo)
+ 2p13012 + 5P34(booo+2bo)
0 = — w1012 + (a1 —0gp) + us(—bor2—boo+b11) + ta(bo11+b12455b0)
+ u5(boo1—bo2+35501) — P13toz + 5P33(—booa+2b01—35b2) + 5p34(boo14+2b02+561)
0 =2ura02 + U3(_b222+%b2) + U4(bl22—2[’02—%b1) + u5(bo22+2[312—%b0)
+ 2p13012 + 5P34(booo+2bo)
0 =uy(ago—a22) + uzar2 + Ug(—bom‘l'bm—%bo) + u4(bo12+b22—boo)
+ us(boo2+bo145502) + P13dor — 3p33(boo1 +2b02+1561) + $P3a(—booa+2bg1— 5 bo).

Assuming all of the above vanish identically the tableau takes the form

0
01 0 —C&3 —C&y &3 0 0 51
0o 0 —C&y C&sz 0 &3 O 2 )
dl 03 |=—| 0 &3 0 §33 &4 0 | A ol mod Inglg)
0, 0 0 §13 &3a —&33 0 wg
0 0 0 0 0 0 0 0
W
i

It turns out that this system is not involutive, and that further prolongation is necessary.
This means adjoining the forms &3, &35 and &34 to the system and computing their exterior
derivatives. The problem in doing so is that some of the coefficients of £33 and &34 are only
be determined as multiples of C'. I will therefore focus on a special case in the next section,
namely, where M is a space form, and use this as a test-case before returning to the general
scenario.
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3.2 A Special Case: Minimal Surfaces in a 3-dimensional
Space Form

Throughout this section M is assumed to be a space form, that is M has constant sectional
curvature K. In terms of the Riemann curvature tensor this means that

Ry.q = K(0766a — 0g0pe)

and translating this condition in terms of the notation introduced in the previous section,
one has that
a=06K

while
Aap = ba = bab = babc = 0.

Under these hypotheses the analysis carried out earlier leads to KV = (6, ...,605) defined
on Fy (M) x R® with

01 = duy + Kusw® + Kpssw' + K (p3atus)w?® — prswy — uswi

0y = dug + Kuyw® + K(psy—us)w' — Kpssw?® — prawg + uwi

03 = dug — Ulwo - 2913001 - p33Wé - (p34+U5)w§ - u4wf

0, = duy — usw’ — praw® — (]934—U5)W(1) +p33w(2) + uzw;

05 = dus + usw' — uw? — uyw + usw?.
0 0

With the substitutions

& = dpis + Kugw' + Kugw? + uywg + uswy
&35 = dpaz — 2paawi

fgﬁ = dpss + 21?3300%

all torsion is absorbable and one arrives at the tableau

0
0, 0 —Keff —Kef ¢y 0 0 !
0, 0 —K& K&y 0 &y 0 e 1

dl 65 |=-|0 &K 0 &5 0], mod K.
04 0 0 &y &Gy &5 0 5
0 0 0 O 0 0 0 g
w
1

At this point, it is necessary to distinguish between the following two cases:
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3.2.1 The case K # 0

If K # 0 the dimension of V5K, Q) equals that of F,(M) x R® meaning
(Fo(M) x R8, KWM) cannot be involutive. Consequently one has to prolong the system
by setting

K® = (6y,...,05, 05,07, 05)

with
06 = 15
0, = &5
0y = 5.

Calculation yields
dfs = —2Kpssw' A wy — 2K psaw' A wi — 2K p3yw? A wh + 2K pasw? A Wi,
while
df; = 2Kp34w1 Aw? + 2p34wé A wg
and
dfg = —2Kpssw' A w? — 2psawy A wp.
And so V5(K®) = & unless one imposes that

P33 =0
p3a = 0.
in which case 6; = 635 = 0 and therefore, by the Frobenius theorem (see [2], page 27):

Proposition 3.2.1. The exterior differential system (F (M) x R®, K?)) is a Frobenius sys-
tem whence F (M) x RS is foliated by 6-dimensional integral manifolds of K2,

The consequence is that in the K # 0 case the dimension of the space of conservation laws
equals the dimension of the group of symmetries of the space form, namely 6. In particular,
this means that the rank 6 Frobenius system K®) = (6y,...,6;) represents, in disguise, the
Lie algebra of the symmetries.

3.2.2 The case K =0
In the case where M is flat, K is generated by

1 2
0 = duy — P13wWy — Uy

2 2
92 = dUQ — P13y + U1y

0 1 1 2 2
O3 = dus — wyw” — 13w — Paswy — (P3atus)wy — Uawy
0 2 1 2 2
01 = duy — upw” — Praw* — (P3a—1us)wy + P3zwy + uswi

05 = dus + uow' — ugw? — u4wé + ugwg,
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and with the substitutions

5?3 = dplS + ulwé + Ugwg
€9 = dpzz — 2p3awi
53?4 = dpzs + 2]?33W%7

the tableau takes the form

0
0, 00 0 & 0 0 !
0, 00 0 0 & o0 2
1
0, 000 & & —& 0 -
05 00 0 0 0 0 0
W
1

The bundle V(KM Q) over F, (M) x R® now has fiber dimension 2. Since on any integral
manifold df; = df, = 0, the form &% must also vanish on integral manifolds. Consequently,
I will adjoin the form &% to the differential ideal by setting

K = (01, 05,06 = &8y).

After rearranging, the corresponding tableau is now

03 €3 &4 0 0 0 O Wy
0, §34 —&3 0 0 0 O w%
05 . 0 0 0 00O w%
d 06 = — 0 0 000 0 N wo mod (91, ce 796)
6, 0 0 0 0 0O wh
0, 0 0 0 0 0O w?

and clearly s; = 2. According to Cartan’s Test, (F, (M) x R®, ICS:)) is then involutive. This
establishes:

Proposition 3.2.2. The space of conservation laws for minimal surfaces in Euclidean space
depends on 2 functions of 1 variable.

The above also shows that, in the case of flat space, the dimension of the space of
conservation laws is strictly larger than the group of symmetries. This raises the question
where these additional conservation laws come from.

One aspect that distinguishes the case of a minimal surface in flat space from that in
an ambient space with non-trivial curvature is that in flat space the Gauss map ¥ — S?
is holomorphic. A direct consequence of this fact, obtained by inverting this map, is the
Weierstrass representation formula which states that a minimal surface in flat space can
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be written as the projection of a holomorphic function (see [7], page 117 for details). In
contrast, if the ambient space were not flat, for example, if one were to consider ¥? C 52,
then given that S® has no holomorphic structure, no analogue of the Weierstrass formula
could exist in this case.

In the flat case, however, one can now take a local harmonic 1-form on S? which, when
pulled-back via the Gauss map to ¥, will have the property that its exterior derivative is
zero, and therefore defining a conservation law for (S(M),Zy). By the virtue of being a
harmonic form it depends on two real functions of one variable as one would expect given
that s; = 2.

Aside from conservation laws of this type, there are of course those coming from symme-
tries of the metric in the sense of Noether, as well as those due to the additional symmetry
of the exterior differential system Z,, namely constant dilation.

3.3 The General Case continued

Returning to the general case, I will continue to assume C' # 0. Analogous to the case K # 0
the corresponding linear Pfaffian system K1) with tableau

0
01 0 —C&s —C&y &3 0 0 Zl
0, 0 —C&y C& 0 &3 O 2 W
dl 05 |=—1 0 &3 0 §33 &4 0 | A Wl mod I,
04 0 0 i3 & —&3 0 w(z)
0 0 0 0 0 0 0 0
W
i

is not involutive, meaning that I will need to prolong. So, defined on the manifold
(Fr(M) x R®)® = V5(KM), T have the differential ideal

IC(Q) - (01, ceey 08)7
with g, 07, 0g defined as

06 = 513
87 = 633
Os = 34

Taking exterior derivatives of these will produce further non-absorbable torsion terms. Amongst
these are, from the coefficients of w! A w} and w? A w2 in db,

2p33(Goo—§a) — Go1psss + Aopapsss = 0, (3.12)
as well as, from w!' A wj and w? A wj in dbs,

2]934(0100—%(1) — G01P334 + Ag2p3zz = 0. (3.13)
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Multiplying (3.12) and (3.13) through by C' (and recalling that C' is assumed to be non-zero)
then gives the identities

p3s[(ago—5a)(agp+3a) + aj;, + agy] =0 (3.14)
p3a(ago—5a)(app+3a) + aj;, + ag,] = 0. (3.15)

From (3.14) and (3.15), one can immediately deduce that K has no integral manifolds
unless one assumes that either

(ago—£a)(agp+3a) + a5, + ag, =0 (3.16)

or
P33 = p3a =0 (3.17)

Lemma 3.3.1. If M satisfies condition (3.16) then M must be flat.

Proof. Let f : Syms(R) — R be the quadratic function defined on the space of symmetric
3-by-3 matrices as
f(A) = (ago—2a)(agp+3a) + a5y + ag, (3.18)

where A = (a,,) and trA = a. Given that (3.16) must hold in all frames, proving the lemma
amounts to proving that if a matrix A and everything conjugate to A lie in the zero-locus
of f, then A = 0. So I will assume f(A) = 0. By rotation one can then diagonalize A and
consequently, according to (3.18), all its eigenvalues equal either %a or —%a. However, no
sum involving three of %a and —%a adds up to a unless a = 0. And this in return means
that A itself must be the zero matrix as claimed. m

It follows that studying conservation laws in the case (3.16) reduces to Proposition 3.2.2.
Consequently I will from now on assume that M is not flat. In other words, for conservation
laws to exist I must assume condition (3.17) is satisfied. The corresponding differential
system is then of the following form:

IC(I) = (617 SR 05)7
where

O =duy — (uaarztuz(a;r—2a))w’ + (usag +usar)w' — (—usag +us(a; —ia))w’
— P13y — UpWw?
0o =dus — (ua(ax—ia)+uza)w’ + (usap+us(an—ia))w' — (—ustetusars)w’
— pr3wi + wwi (3.19)
05 =dus — ujw° — praw! — u5w(2) - u4wf
0, =duy — usw’ — p13w2 + u5wé + ugwf

2

05 =dus + usw! — ujw? — mwé + u;;wg.
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Substituting
—d 0_ _ 1yl _ 1y 2 1 2
513 = ap13 -+ U301 + Ug0gowW Us0ap2 U3(Cl00 Ga)w -+ us0g1 U4(Cl00 6a)w -+ ULW —+ UaWq

then gives a tableau of the form

0
6, 0 0 0 & 0 0 51
05 0 0 0 0 &3 O W2

dl 03 |=—10 & 0 0 0 0 |A 1 mOdKSg);’
0 00 & 0 0 0 g
0 00 0 0 0 0 0
w
i

provided one imposes that the non-absorbable torsion terms given by

0 =u1a01 — ugdg2 — U3(b122+bo2+%b1) + U4(b112—501+%52) + w5 (bo12+b11—b22)
+ pi3(a1—ags)
0 =2uzag; + uz(b112+2b01—2b0) + ta(—b11141561) + us(—bor1+2b12+1b0) + 2p13a12
0 = — w012 + up(a11—0g) + uz(—bo12—boo+b11) + s (bo114b12+3560)
+ U5([’001—502+%51) — P13002
0 =2u1a02 4 us(—b2oo+1502) + us(b122—2b02—1b1) + us(boaa+2b12—£bg) + 2p13ar2
0 =uy(ago—0az2) + uztiz + U3(—bo22+512—%50) + 14 (bo12+b22—boo)
+ U5(5002+501+%52) + P138o1
vanish identically. While this system is clearly not involutive, it is evident, very much as in

the case of flat space, that the form &3 must vanish on integral manifolds. Consequently I
will enlarge the ideal by adding

96 = §13 (320)

so that
K& = (6y,....65).

It remains to calculate the exterior derivative of 8 which is given by
dfs = [2u1a02—2u2a01+u3([1002—2[101—%[11)—u4(5001+2602—%bl)+u5([1011—0—[112+%bo)]w1/\w2

Under the assumption that this non-absorbable torsion coefficient vanishes identically I can
now conclude:

Proposition 3.3.2. Assuming p33 = pss = 0 the resulting exterior differential system ICSFU
15 then an integrable Frobenius system.
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The missing step in proving Theorem 3.1.1 is now to argue that the conservation laws
arising from Proposition 3.3.2 are implied by symmetries of the metric in the sense of Noether.
This claim is motivated by the following observation.

Let

V = wvpep + vieg + vaen

be a symmetry vector field on M. Then, lifting V' to F, (M) it is characterized by the fact
that
Lyw® = Lywy =0.

To spell this out:

0=Lyw’ =V _(dw®) +d(V 2w?)

= —wW(V)w! + vy — w)(V)w? + wyvg + dug,

and hence
dvy = —wi(V)w!' — W2 (V)w? + viw] + vaw?. (3.21)

Similarly, from Ly w! = 0, one has

dvy = wy(V)w® — wi(V)w? — vowp + vow? (3.22)
and, from Lyw? =0,

dvy = w3 (V)w® + wi(V)w!' — vows — viw?. (3.23)
Finally, computing 0 = Lyw} =V = (dwg) + d(V 2 w}) yields

d(wé(V)) :((a22—éa)vl—a12v2)wo + (—(uzz—%a)vo+a02v2)w1
+ (a1200— 00201 )w?® — wi(V)wig + wi(V)wi, (3.24)

while 0 = Lyw? implies

d(wg(V)) :(_a127}1+(a11_%3)7j2)w0 + (algvg—a01v2)w1
+ (—(a11—ga)votagvy)w? + wi(V)ws — wh(V)wi, (3.25)

and 0 = Lyw? gives

d(wi(V)) =(ag2v1—ap1v2)w” 4 (—agavo+(ago—ga)va)w'
+ (a01v0—(ago— 2 a)v1)w? — wi(V)wy + wy (V)ws. (3.26)

Then, according to Theorem 1.4.2, the conservation law corresponding to V' is given by

V20
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where © = —w® A 4 is the Poincaré-Cartan form. One can easily compute that
120 = wi(V)wg A w' — wy(V)w® A w? + vawp A wy — v1w° A wi — vprh.

In terms of the notation introduced earlier in this chapter, this means that

up = wy (V)

uy = —wy(V)

Uz = Vo (3.27)
Uy = —U1

Us = —y.

Moreover, from the equations (3.21) - (3.26) one can read off that

P13 = w%(‘/)’

and in particular
P33 = p3s = 0.

I claim that this argument can be reversed:

Proposition 3.3.3. If M is non-flat, any conservation law of (S(M),Zy) comes from a
symmetry of the metric.

Proof. First 1 apply Proposition 3.3.2, and so the system ICSrl) with (01, ...,0s) defined via
equations (3.19) and (3.20) is involutive. Consequently I can define a vector field, or more
precisely, the lift to F (M) of a vector field

V= Vo€o + V1€1 + V2es

on M as follows: First set

Vo = —Us
V] = —Uy (3.28)
Vg = Ug.

If T were able to show that V' was a symmetry vector field on M, then (3.28) would uniquely
define V' downstairs on M. To see this, assume vy = v; = v9 = 0. Then V would project to
M to be the zero vector field. Given that any symmetry vector field is Killing, V' would then
lift uniquely to be the zero vector field on F,(M). Thus, to complete this proof, I need to
argue that V', when defined via (3.28) above, satisfies the Killing equation or, more precisely,
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that it satisfies the conditions given by equations (3.21) - (3.26). As a result, I will further
impose that

wy(V) = —us
wo(V) =w
W%(V) = P13.

With V' defined in this manner, it now follows from equations (3.21) - (3.26) that V' is indeed
a symmetry vector field. Furthermore, unravelling the definitions, V' must be the symmetry
giving rise to the conservation law defined by each integral of ICSrl) as required. O

Proof of Theorem 3.1.1. To prove Theorem 3.1.1 it now suffices to combine Lemmas 3.1.3,
3.1.4, and 3.3.1 as well as Propositions 3.2.2, 3.3.2 and 3.3.3. ]

3.4 Future Work: An Outlook

Considering conservation laws for minimal surfaces in Riemannian 3-manifolds is obviously
restrictive. Having studied this rather special case, on might then wonder what would
happen if these restrictions were loosened. More precisely, this would mean either looking
at a prescribed mean curvature system

(S(M),Zp)

with a non-zero prescription function P. Alternatively, one could consider dimensions n > 2.
And ultimately, one would like to understand the case of (S(M),Zp) defined over M of
arbitrary dimension.

As discussed earlier, the fact that the Riemannian curvature tensor is completely deter-
mined by the Ricci tensor when M has dimension 3 allowed for a fairly neat set of expressions
for the covariant derivatives of the curvature tensor. In higher dimensions, these would be
considerably more complicated.

Instead of looking at higher dimensions, I will briefly introduce the case when n = 2, but
now

Ip = (W9 — Pw).

Furthermore, I will assume that P is non-constant. Adapting the same notation as before,
I will now consider a 1-form

a = uw? Awh + ugw® A w? + uzw® Awy + ugw® Awd + us(v — Pw).
Moreover, 1 will set

q)() =dP — Aowo — Alwl — A2w2 — Blwé — BQWZ.



CHAPTER 3. CONSERVATION LAWS FOR MINIMAL SURFACES 51

Analogously to Lemma 3.1.3, conservation laws of (S(M),Zp) are then encoded by integrals
of the exterior differential system
’CP = (dOZ, (PO)

defined on F (M) x R subject to the independence condition Q, # 0.

Ge(T(FL (M) x R, Q) turns out to be a manifold of dimension 83. To give a local
description at some point y € Fy (M) x R say, I need functions py, ..., pss (defined in an
analogous way to (3.1)), as well as functions 7o, ..., 75, qoo, - - - qa5, Where

dP — To(E)wo - Tl(E)wl — 7"2(E)w2 - Tg(E)OJé — 7"4(E)w§ — %(E)w% =
dAy — QOO(E)WO - QOl(E)Wl - C]02(E)w2 - QOS(E)Wé - QO4(E)WS - q05(E)wf =0

dBy — quo(E)w” — qui (B)w' — qua(E)w® — qu3(E)wy — quu(E)wi — qus(E)wi =0

for E € Go(T,(F+ (M) x RM)) with Q.| # 0. For E to be an integral element, one needs

ro—Ag =0
rn—A4, =0
rg — Ay =0
rs— By =0
ry— By =0

rs =0

do1 — 410 — BlR(l)(n - BQRSOI =0
do2 — q20 — B1R(1)02 - B2R302 =0
qo3 — A1 —q30 =10

Goa — Az —quo =0

qos = 0

(12 — g1 — BiRgy, — BaRgp = 0
Ao+ q13— g1 =0

q1a —qa1 =0
qis — Ay =0
q23 — @32 =0
Ao+ G4 — Qa2 =0
A1+ g5 =0
¢30 — Ga3 =0
q35 — B2 =0

By +q5=0
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and

1 2 1 2 _
P12 — P21 — Psol” — usRgyy — uaRg 5 — us Rogy — us Ry — usAg = 0

P13 —pa1 =0
P1a — pa1 — pso — usP =0
p1s—uz =0
P23 — P32 + pso +usP =0
Paa — Ppaz =0
pas +up =0

P34 — paz — 2us =0

P35 —ug =0

pas +uz =0

P53 —ug =0

P51+ U2 —us By —uy P =0
Ps2 — Uy — usBo +usP =0
Dsa+uz =0

pss = 0.

52

I can now conclude that any F € V5(Kp, Q) is ordinary. However, it turns out that
co+ ...+ cy =34+ 36 = codim [V5(Kp, Qp), Ge(T(F (M) x R'™), Q,)], and so, just as in
the case of minimal surfaces, I will now have to prolong. The resulting linear Pfaffian system
is obviously larger than it was in the case of minimal surfaces, and it will therefore produce
much more non-absorbable torsion than it did previously.
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Appendix A

Exterior Differential Systems

A.1 Statement of the Cartan-Kahler Theorem

The content of this appendix is in no way intended to be original, but merely a condensed
summary of the topics from exterior differential systems that are particularly relevant to this
text. A much more detailed account of everything that follows can be found in [2].

Definition A.1.1. An exterior differential system (M,T) consists of a smooth manifold
M together with a graded, homogeneous, two-sided ideal Z C Q*(M) that is closed under
exterior derivative.

7 is often specified through a list of (differential) generators. So in the case of a prescribed
mean curvature system (S(M),Zp) with Zp = (w° ¢ — Pw), a typical element of Zp will
be of the form a3 A w® + as A dw® + a3z A (¥ — Pw) + ay A d(¢p — Pw) for some forms
O1,...,04 € Q*(S(M>)

Definition A.1.2. An integral manifold of dimension n of an exterior differential system
(M,T) is an immersion f : N™ — M satisfying f*«a = 0 for each o € Z.

Since pull-backs are mostly ignored throughout this text, I will continue to do so now
and simply write a = 0. In the case of the prescribed mean curvature ideal Zp, a necessary
and sufficient condition for ¥ to be an integral manifold is then that w® = 0 and 1) — Pw = 0.

Returning to a general exterior differential system (M,Z), 1 will now assume that
f: N™ — M is an integral manifold of dimension n. For a € Z and y € N, this means in
particular that

al, € N (T;N).

It follows that vanishing of a at a point y € N depends only on the tangent space of N at y.
This suggests that the search for integral manifolds should begin by looking at the following
“infinitesimal integral manifolds”:
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Definition A.1.3. A linear subspace £ C T, M is said to be an integral element of T at x
if a|, =0 for all o« € 7.

It is clear that every tangent space of an integral manifold is automatically an integral
element. However, not every integral element is necessarily the tangent space of some integral
manifold. One of the central questions in the theory of exterior differential systems is then to
determine when this will indeed be the case. The answer is provided by the Cartan-Kahler
Theorem which, before it can be stated here, calls for more definitions.

I will adhere to the convention set in [2] where M is assumed to be of dimension n+s. An
n-dimensional integral element £ C T, M is then naturally an element of the Grassmannian
of n-planes G, (T, M). It turns out that the full Grassmann bundle G, (T M) defined as

Go(TM) = | ] Gu(T.M)

zeM

is a smooth manifold of dimension n + s+ ns. An example of such a Grassmann bundle can
be found in the proof of Theorem 2.1.1, more precisely in equations (3.1), where its smooth
structure is described in detail.

If Tlet V,,(Z) C G,,(T'M) denote the closed subset of the n-dimensional integral elements,
then I declare an integral element E € V,(Z) to be ordinary if, in a neighborhood of F,
Vo(Z) is cut out cleanly as a smooth submanifold of G, (TM) by smooth functions defined
by the ideal. For example, in the proof of Theorem 2.1.1, I am able to show that the set
of m/-dimensional integral elements V,,/(Zp,w, ), on which w, # 0, is cut out cleanly as the
zero locus of a set of %(n?’ +n? + 2) linearly independent, smooth functions that are indeed
defined by Zp. Therefore these m/-dimensional integral elements are indeed ordinary.

The principle behind the Cartan-Kéhler theorem is, loosely speaking, to “build” an in-
tegral manifold by starting with a lower-dimensional integral manifold and “thickening” or
“extending” it to one of higher dimension. At the infinitesimal level, the question of whether
or not an integral element can be extended to one of larger dimension is encoded by the
following: For a k-dimensional integral element E € Vi (Z), I define the polar space of E to
be the set

H(E)={veT,M:v-aley,...,e;) =0 VYaecI'}

Here ZFFL = TN QFL(M), and (ey, ..., ex) is assumed to be a basis of E. In the proof of
Lemma 3.1.3, T also refer to the set of polar equations, which is simply defined to be the
annihilator of H(E). The significance of the polar space lies in the fact that v € H(FE) if and
only if either v € E already, or the space ET = E 4+ Rov belongs to Vi1 1(Z). Consequently, T
define the space of polar extensions of E to be

P(H(E)/E) = {E* € Viy1 : EC BT}

and I let r(E) denote the dimension of this real projective space with the understanding
that r(F) = —1 if F is maximal, i.e. if E has no higher-dimensional extensions. Thinking
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of r as a function r(F) = dim H(E) — (k + 1), an ordinary integral element Fj € Vi(Z) is
called regular if r : Vi.(Z) — [—1, 00) is locally constant on Vi(Z).

At the infinitesimal level, the process of “building up” an integral manifold from lower
dimensions is then carried out in the following manner: at x € M I can build a flag of

integral elements

0),=FEyCE C...CE,CT,M
where E; € V;(Z). Such a flag is called ordinary if all E; are ordinary, and if further the
Ey, ..., E,_1 are regular. In this case:

Theorem A.1.4 (Cartan-Kéhler). If (M,Z) is real-analytic, and if E, C T, M is the ter-
minus of an ordinary flag of integral elements, then there exists an n-dimensional integral
manifold of T that passes through x and whose tangent space at x is E,.

The main obstacle is to determine whether or not a given n-dimensional integral element
FE,, is the terminus of an ordinary flag. When this is indeed the case, one refers to E,, or
equivalently, to the system as being involutive. To test for involutivity, one defines

cx = codim[H (Ey), T, M|
for k < n, and
¢, =dimM —n =s.
Then:

Theorem A.1.5 (Cartan’s Test, Version 1). Let (M,Z) be an exterior differential system
with Z° = (0). Then for a flag

0),=ECFE C...CE,CT,M
of integral elements, one has
codim|V,,(Z), Go(TM)] > ¢co+ ... + Cp1,
with equality if and only if E, is involutive.

Having defined the ¢ one can also associate to a flag of integral elements the Cartan
characters
S0 = Co

and
S = Cp — Cp—1

for £ > 0. Their significance lies in the fact that if a real-analytic exterior differential system
(M, T) passes Cartan’s Test for involutivity, the resulting integral manifold depends locally
on sy constants, s; functions of 1 variable, ..., s, functions of n variables.

One can obviously reformulate Cartan’s Test in terms of the Cartan characters. This
formulation turns out to be very convenient in the case of linear Pfaffian systems. And so I
will present this other version in the last section.
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A.2 The Process of Prolongation

I will now turn to the case when Cartan’s Test for involutivity fails. One such example
is furnished by the exterior differential system for conservation laws for minimal surfaces
(F (M) x R5,K) in Lemma 3.1.3. Here, the original system fails to detect constraints
that are imposed on the partial differential equation by higher-order derivatives involving
curvature terms. In this case, one refines or “prolongs” the system, simply by adding higher
derivative terms. To set the stage, I will return to the Grassmann bundle G,,(T'M), and I will
assume that 7 : G,,(T'M) — M denotes the bundle projection. Using the same notation as
in [2], I can associate to E € G,,(TM) with 7(E) = z the perpendicular element £+ C T M.
Then let Cp = 7%(E+) and let C C T*G,,(T M) be the subbundle

C = U Cp.

EcGn(TM)

I can now define the contact ideal C on G, (TM) to be the ideal generated by sections of
the bundle C. Its significance is the following: an immersion f : N — M has a canonical
tangential lift f to G,,(T'M)

G.(TM)
/ lﬁ
N 7 M
defined via
f(z) = f.(T.N)
Then:

Theorem A.2.1. f: N — G,(TM) is an integral manifold of (G,,(TM),C). Conversely,
if F': N* — G,.(TM) is an integral manifold that is transverse to the fibration 7 then
F=molF.

A crude description of the prolongation algorithm can then be given as follows: Assuming
none of the E € V,,(Z) are involutive, then I will set

MY =V,(T)

and let
M =,

where C is now pulled-back to V,,(Z) C G, (T'M). This description of the algorithm is crude
for a number of reasons. One of them being that V,,(Z) is merely a closed subset of G,,(T'M).
So in practice I may have to restrict A/(") to some open, connected subset of G,,(T'M) that
is contained in V,,(Z).
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For example, a description of the generating 1-forms for the prolonged ideal in local
coordinates is given in the case of conservation laws for minimal surfaces by Equations (3.8).

The point is that if I can establish the existence of an integral manifold N of (MM, T(D),
then according to Theorem A.2.1, N must be the lift of an integral manifold of (M,Z). Of
course, integral elements of (M ™), Z(M) may also fail to be involutive, and I may have to
repeat this algorithm by passing to (M), Z()). In the case of conservation laws for minimal
surfaces this is indeed necessary.

Subject to certain non-degeneracy hypotheses, the Cartan-Kuranishi theorem asserts that
after a finite number of iterations I can either establish involutivity and thus, in the real-
analytic category, existence of integral manifolds, or it will happen that eventually M®) is
empty for large k, in which case no integral manifolds can exist. A precise formulation of
this statement can be found in [2], pp. 260-265.

A.3 Linear Pfaffian Systems

There is a family of exterior differential systems that deserves special attention, namely those
that are generated by sections of some subbundle I C T*M. For example, the contact ideal
C on G, (TM) and therefore any prolongation of an exterior differential system will fall into
this category. It turns out that these carry some additional structure that will make them
into what is called a Linear Pfaffian System. To give a formal definition, I will continue to
assume that M has dimension n + s. Suppose there exists a coframing

oL, ... 0kt gtttk
so that
T=(6...,6%.
I will assume further that the n',...,n" define an independence condition, that is, I seek

n-dimensional integral manifolds of (M,Z) for which
n=n"A...A0"#0.
Then:

Definition A.3.1. (M,Z) as defined above is a Linear Pfaffian System with independence
condition n if, for j = 1,...,k, d®’ can be expressed as

dey’ = Z Al b AT+ 3 Z T ' Ag™ mod (6',...,6%).
11§<t§s<7k 1<l,;m<n

In the decomposition of df’ above, the first term gives rise to what is known as the tableau
of the system, while the second term is referred to as the apparent torsion. The designation
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“apparent” lies in the fact that the decomposition is given modulo (#,...,6%) and so one

might, by making a suitable substitution for the 7'-terms, be able to “absorb” this term in

the tableau. When this is not the case, however, it is clear that no integral manifolds for

which 7 # 0 can exist. One example of a linear Pfaffian system with non-absorbable torsion

is furnished by the prolongation of the system for conservation laws for minimal surfaces.
A much more simple case is the one where Z = (', ..., 0%) and where the 67 satisfy

d’ =0 mod (6*,...,60%).

This is known as a Frobenius System, and one can show that, even in the smooth category,
this system has k-dimensional integral manifolds (see [2], p. 27 for details). I can also apply
Cartan’s Test, since for a flag

0),=EyCE C...CE,CT,M

with
Eyr={veT,M:0'(v)=...=60"w)=0}
one has
COI...:Ckflzk
and so

co+ ...+ cx—1 = nk = codim[Vy(Z), Gr(TM)].

Theorem A.1.4 will then assert the existence of k-dimensional integral manifolds provided I
assume that Z is real-analytic.

A final fact about linear Pfaffian systems used in the proof of Proposition 2.2.6 is the
following: It turns out (see [2], p. 141 for details) that for a linear Pfaffian system (M,Z)
one can easily read off the Cartan characters from the tableau: For a “generic” choice of
the nl,...,n™, one has that the number of independent 1-forms in the first / columns of the
tableau matrix is equal to the sum s; + s» + ... + s;. As a result, it is preferable to use
a formulation of Cartan’s test that is given in terms of the Cartan characters. For a flag
(0),=EyCFE, C...CE, CT,M1I can compute that

S1+ 2894 ...+ ns, =(c1 —co)+2(ca—c1) + ... +n(cy, — 1)
=—(co+...+cp1)+ns
> —codim[V,,(Z), G,(TM)] + ns
=dimV,(Z) — (n+s)
=dimV,(Z),

where V,,(Z),, denotes the fiber over # € M. Thus:
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Theorem A.3.2 (Cartan’s Test, Version 2). Let (M,Z) be an exterior differential system
with I° = (0). Then for a flag

0),=FE CE,C...CE,CcT,M
of integral elements, one has

$1+ 289 + ...+ ns, > dimV,(Z),,

with equality if and only if E, is involutive.
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