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Abstract

Anisotropic viscosity is likely prevalent within the upper mantle, but is usually disregarded in geody-
namic models. At the crystal scale, olivine’s intrinsic properties are such that dislocation creep oc-
curs over an order ofmagnitudemore easily along olivine’s [100](001) and [100](010) slip systems than
along its [001](010) slip system. However, deforming olivine aggregates generate crystallographic pre-
ferred orientations (CPO) with their own macroscopically effective anisotropic viscosities that have
proven difficult to estimate from the microscopic anisotropies of individual olivine crystals. Here, we
present CPO2Hill, a simple method to derive anisotropic viscosity parameters directly from the CPO’s
second-ordermeanorientation tensor. To calibrate themethod,wecreateda largedatabaseof textures
likely to occur in geodynamic simulations. We tested ourmethodwithin numerical simulations of sim-
ple shear with both constant and varying shear directions and against laboratory experimental data.
Finally, we integrated ourmethod into the open-source geodynamic code ASPECT,where it can be used
to explore the geodynamic importance of anisotropic viscosity.

1 Introduction
Geodynamic processes are greatly dependent on mantle
viscosity, and yet this is one of the mantle’s most enig-
matic properties. Rock deformation experiments on man-
tle rocks reveal that viscosity is dependent on a large num-
ber of parameters, including temperature, pressure, strain,
strain rate, grain size, water content, etc. (e.g. Korenaga
and Karato, 2008). One of the less explored phenomena of
mantle rheology is the anisotropic behaviour of viscosity,
meaning that viscosity is not only dependent on strain rate
but also on the direction and symmetry of the deformation.
Anisotropic viscosity can arise from the layering of rocks
with varying properties at the micro- or macro-scale, or
from the integrated macroscopic impact of the anisotropic
micromechanical behaviour of crystals.

1.1 Anisotropic Viscosity of Olivine

Olivine, the main rock-forming mineral in the upper man-
tle, has an orthorhombic crystal symmetry, which is charac-
terised by intrinsic anisotropy. The crystallographic struc-
ture primarily affects the dislocation creep deformation
mechanism, allowing for 50 times lower viscosity when de-
formation is produced by the weakest slip systems (shear
parallel to the olivine [100] axis on the (001) or on the (010)
planes) versus by the hardest slip system (shear parallel
to the olivine [001] axis on the (010) plane) (Durham and

∗� agnes.kiraly@geo.uio.no

Goetze, 1977). This micromechanical behaviour of olivine is
best described using the critical resolved shear stresses on
the different olivine slip systems, each of which contributes
todeformationviadislocation creep. BasedonHansenet al.
(2016a), the behaviour of olivine can be modelled assum-
ing that in each grain there are three linearly independent
slip systems thataccommodatedeformation: the (010)[100]
and (001)[100] slip systems are relatively weak, with rela-
tive critically resolved stresses (t0) of 0.3 and 0.27, respec-
tively, and the (010)[001] slip system that is significantly
stronger, with t0=1.29. Deformation that cannot be pro-
duced by these slip systems is likely to occur on the grain
boundaries instead. Note that these values were calibrated
using experiments inwhich grain-boundary processeswere
active and are not expected to be equivalent to values de-
termined in single-crystal experiments. Using these values
therefore empirically includes the influence of those grain-
boundary processes in the macroscopic behaviour, which
is likely the case in upper-mantle deformation. In olivine
aggregates, the magnitude of the macroscopic anisotropic
behaviour depends on the texture of the aggregate. When
grains of olivine are alignedwith eachother, andmost of the
easy slip planes are parallel to each other, the directional
variations in viscosity can reach up to two orders of magni-
tude (Hansen et al., 2016a).

Translating the micromechanical behaviour of individ-
ual olivine grains to a polycrystalline aggregate is not triv-
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ial. There are several models of homogenisation, including
the Taylor and Sachs models, which assume homogeneous
strain rate or homogeneous stress, respectively, among all
of the crystals within an aggregate (Sachs, 1928; Taylor,
1938; Hansen et al., 2016a). These two models provide the
upper and lower bounds of the macroscopic mechanical
behaviour. The visco-plastic self-consistent (VPSC) method
provides a different approach, in which each grain is mod-
elled within a separate conceptual homogeneous medium,
resulting in a heterogeneous stress and strain rate distribu-
tion among the grains (Lebensohn and Tomé, 1993). The
most accurate micromechanical modelling results can be
obtained by full field models, however, their accuracy pairs
with high computational costs (Hansen et al., 2021). Inde-
pendently of the homogenisationmethods,micromechani-
cal models allow us to relate macroscopic stresses to strain
ratesbasedon the integratedbehaviourof individual grains.
However, these models are impractical to include in large-
scale geodynamic models, as they are computationally ex-
pensive and do not directly give information about the vis-
cosity tensor (Hansen et al., 2016a; Signorelli et al., 2021).

1.2 Geodynamic Models with Anisotropic Viscosity

Experimental data on single olivine crystals (Durham and
Goetze, 1977) and on olivine aggregates (Hansen et al.,
2012, 2016a,b) have inspired geodynamic modellers to ex-
plore the role of anisotropic viscosity within the astheno-
sphere and the lithosphericmantle using various degrees of
simplification (e.g. Christensen, 1987; Han and Wahr, 1997;
Mühlhaus et al., 2003; Lev and Hager, 2011). The key mod-
elling aspects involve: i) replacing the scalar viscosity in
the constitutive equation that relates stress and strain rate
with a rank-4 tensor viscosity, and ii) tracking the orien-
tation and amplitude of the anisotropy across the mod-
elling domain. For the upper mantle, this requires moni-
toring olivine textures (crystallographic preferred orienta-
tion – CPO) across the entire model domain, to compute
anisotropic properties based on CPO orientation and mag-
nitude, and tectonic stresses. This is hugely challenging in a
geodynamic model, and therefore models with anisotropic
viscosity usually implement some simplifications, such as
transverse anisotropy, where different viscosity values are
only used for vertical versus horizontal (or in-plane and
plane-normal) deformations (Christensen, 1987; Han and
Wahr, 1997; Becker and Kawakatsu, 2011). Similarly, mod-
els using the director method (Mühlhaus et al., 2002) define
two viscosities – a normal and a shear viscosity – while the
orientation of the easy slip plane can rotate with the defor-
mation. In both cases, the ratio between the two viscosity
values is kept fixed and has often been inspired by the early
experiments of Durham and Goetze (1977) ranging between
10 and 100. The director method has been applied to a va-
riety of geodynamic situations, where viscous anisotropy is
estimated frommicroscopic and macroscopic layering (Lev
andHager, 2008) or fromolivine CPO (Mühlhaus et al., 2003;
Becker and Kawakatsu, 2011; Lev and Hager, 2011).

A different approach to decrease the model complexity
is to model the anisotropic viscosity of olivine CPO but ne-
glect the time evolution of the CPO and hence any changes
in anisotropy. This is reasonable for processes that induce
only small amounts of strain, such as the reactivation of

lithospheric shear zones (e.g. Mameri et al., 2020, 2023).
More advanced models have included olivine CPO devel-
opment and anisotropic viscosity. Blackman et al. (2017)
developed a fully coupled flow-CPO-viscosity model for a
small (2D flow) region of a mid-ocean ridge. However, in
their models the CPO-related anisotropic viscosity only al-
ters the effective viscosity by either hardening or weaken-
ing it, and thus the directional dependency of viscosity was
not entirely considered. Kiraly et al. (2020) simultaneously
evolved both the CPO and anisotropic viscosity tensors, but
only for selected and generalised deformation paths, with-
out any spatial variation of CPO. They used the modified
director method (MDM) micromechanical model, based on
the Taylor homogenisation scheme (Hansen et al., 2016a),
which required the calculation of stresses related to five
different strain rate tensors in order to approximate the
anisotropic fluidity tensor (inverse of the viscosity tensor).
This step was necessary because the averaging between
grains cannot be generalised from the stresses to the fluid-
ity tensor. Their results were extrapolated to the astheno-
sphere for simplified representations of tectonic and geo-
dynamic processes, such as changes in plate motion direc-
tion and subduction initiation. However, this approach can-
not investigate complex geodynamic processes or the im-
portanceof the feedbackwithanisotropic viscosity for these
complexities.

Nevertheless, the work by Kiraly et al. (2020) highlighted
that evolving CPO and its associated anisotropic viscosity
may exert first-order controls on geodynamic processes.
Yet, due to computational challenges, it has not been possi-
ble to incorporate both CPO evolution and anisotropic vis-
cosity into large-scale numerical models. In this paper, we
present a new approach in which we devised a method to
compute components of the anisotropic viscosity tensor di-
rectly from CPO parameters. This significantly simplifies an
essential step that has so far eluded geodynamicists: defin-
ing the rank-4 viscosity tensor based on the CPO texture
within a numerical model.

2 Methods
The simplest form of the (anisotropic) constitutive relation-
ship between deviatoric stress and strain rate, using Ein-
stein notation, is:

σij = ηijkl · ε̇kl, (1)

where ηijkl represents the rank-4 viscosity tensor, includ-
ing all dependencies on fieldparameters (e.g., temperature,
pressure, strain, strain rate, CPO, water content, grain size,
etc.),σ is the deviatoric stress and ε̇ is the strain rate. Invert-
ing this equation, we can define the fluidity tensor (φ):

ε̇ij = φijkl · σkl (2)

A single crystal of olivine has orthorhombic crystal sym-
metry, which means that its viscosity/fluidity tensor can
be described by nine values. Polycrystalline olivine aggre-
gates, in the most general case, have a triclinic symme-
try (with 21 independent viscosity parameters). However,
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when the mean orientations of the olivine axes are paral-
lel to the model reference frame, the anisotropic viscous
behaviour can be approximated by orthotropic symmetry,
similar to a single crystal (Signorelli et al., 2021). In this case,
the fluidity tensor can be expressed with the help of the or-
thotropic Hill yield criteria (Hill, 1948; Signorelli et al., 2021),
applied for creepdeformation (BhatnagarandGupta, 1967),
where the stress invariant (σI ) is defined equivalent to the
square root of the plastic potential (f ); i.e. f = σI

2. Thus,
the orthotropic stress invariant is defined as:

σI =
√

2
3

(
F (σ22 − σ33)2 + G (σ33 − σ11)2

+ H (σ11 − σ22)2 + 2Lσ2
23 + 2Mσ2

13 + 2Nσ2
12

)1/2
,

(3)

whereF,G,H, L,M,andN are the so-calledHill coefficients.
Bhatnagar and Gupta (1967) expanded the relationship be-
tween strain increments and stress in conjunction with the
yield criterion (dεij = ∂f

∂σij
dλ; Hill, 1948, where dλ is a pos-

itive, scalar factor of proportionality) to strain rates:

ε̇ij = ε̇I

σI
· ∂f

∂σij
, (4)

which allows us to formulate a constitutive equation for
orthotropicmaterials. In equation (4), ε̇I is the strain rate in-
variant that can be defined by different types of flow laws.
For dislocation creep, a form of Norton’s law of ε̇I = γσI

n

can be applied (Bhatnagar and Gupta, 1967). The combi-
nation of equations (3) and (4) applied to dislocation creep
gives us the anisotropic form of constitutive equation be-
tween the viscous strain rate and the deviatoric stress ten-
sors for orthotropic materials (Hill, 1948; Bhatnagar and
Gupta, 1967; Signorelli et al., 2021):

ε̇ij = γ0e(−Q/RT )σI
n−1 · Aijkl · σkl (5)

where γ0 is experimentally derived isotropic fluidity
[Pa-ns-1],Q is the activation energy, n is the power-law expo-
nent, and A is the rank-4 anisotropy tensor for fluidity that
expresses the anisotropic fluidity properties of the olivine
aggregate, and which, in Kelvin notation, takes the follow-
ing form:

AKelvin =

2
3


G + H −H −G 0 0 0

−H H + F −F 0 0 0
−G −F F + G 0 0 0
0 0 0 L 0 0
0 0 0 0 M 0
0 0 0 0 0 N

 (6)

The notations of the Hill coefficients in this work are de-
rived from the original paper from Hill (1948), and thus are
different from thenotationsused inSignorelli et al. (2021). It
is important to note, that equations (3-5-6) are only valid for

an olivine polycrystal when our reference frame is aligned
with the mean CPO orientation.

2.1 CPO Reference Frame and Texture Characterisa-
tion with Bingham Statistics

Anisotropic viscousbehaviour canbeexpressedusingequa-
tion (5) if themodel reference frame is alignedwith the prin-
cipal axesof anisotropy,whichcanbedefinedas theorthog-
onal frame defined by the mean orientation of the olivine
symmetry axis (Signorelli et al., 2021; Mameri et al., 2020).
We define themean CPO orientation using the eigenvectors
related to the largest eigenvalues of the second-order ori-
entation tensor (or covariance matrix) for each symmetry
axis. Because the three symmetry axes are handled inde-
pendently, we additionally correct the [010]- and [001]-axes
orientations to ensure that they form an orthogonal basis
with the mean [100]-axis orientation (Text S1, Figure S1).
The three eigenvalues of the second-order orientation ten-
sor (or covariance matrix) for each axis contain information
about the dispersion of orientations around the mean ori-
entation (Bingham, 1974). However, one must be careful,
as Bingham statistics of the second-order orientation ten-
sor only provide reliable information about the texture for
cases in which only one point maximum is present. In the
following, we refer to eigenvalues of the orientation tensor
of the olivine symmetry axis ([100]≡ a, [010]≡ b, [001]≡ c)
as texture parameters (named ai, bi, ci; i:1,2,3) and the ma-
trix of the corrected maximum eigenvectors as the CPO ro-
tation matrix.

2.2 Search for the Hill Coefficients

The anisotropic viscosity (and fluidity) tensor is a stress-
dependent variable, as it depends on both the amplitude
and the orientation of the stress with respect to the CPO. By
contrast, the Hill coefficients (equations 3 and 6) are char-
acteristicmaterial parameters that only depend on the CPO
of the polycrystalline material and the relative strengths of
the slip systems that accommodate deformation. These co-
efficients have some constraints given by the orthotrophic
plasticity theory: i) for isotropic materials F=G=H=0.5 and
L=M=N=1.5, ii) L, M, and N must be positive, while F+G,
G+H, H+F must be positive, which implies that at most one
out of the three can be negative (Hill, 1948). To determine
the Hill coefficients of a given texture, we use the poly-
crystal equipotential surface analysis (Signorelli et al., 2021;
Christodoulou and Tomé, 2025). For this analysis, it is use-
ful to represent the stress and strain rate tensors as linear
combinations of the orthonormal symmetric b-basis ten-
sors (Appendix B in Signorelli et al., 2021). In this b-basis,
the stress (S) and strain rate tensors are represented by 6-
component vectors:

Sb = (S1, S2, S3, S4, S5, S6)

=
(

S22 − S11√
2

,
2S33 − S22 − S11√

6
,
√

2S23,

√
2S13,

√
2S12,

S33 + S22 + S11√
3

) (7)

The deviatoric stress (σ) in the b-basis simplifies to:
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σb = (σ22 − σ11√
2

,

√
2
3σ33,

√
2σ23,

√
2σ13,

√
2σ12, 0) (8)

Thesamecanbeapplied to the strain rate for incompress-
ible materials. Using the b-basis components to plot the
equipotential surfaces of a polycrystal (PES) is meaningful
because in this case, the normal at any stress point is the
corresponding strain rate (Christodoulou and Tomé, 2025).
Further, in specific sub-spaces of the b-bases,where thema-
terial is subjected to deformation that can be reduced to
only two components of the b-basis vector, equipotential
surfaces reduce to ellipses. We call these Hill-ellipses, as
their semi-major and minor axes, and their tilt, are directly
related to the Hill coefficients. If we express the plastic po-
tential in theb-basis (ChristodoulouandTomé, 2025)we find
that:

2f = F + 4H + G

2 σ1
2 + 3(F + G)

2 σ2
2 +

√
3(G − F )σ1σ2

+ Lσ3
2 + Mσ4

2 + Nσ5
2 = const.

(9)

In the (σ1 − σ2) subspace, which defines the commonly
used π-plane representation, equation (9) reduces to

2f = F + 4H + G

2 σ1
2 + 3(F + G)

2 σ2
2

+
√

3(G − F )σ1σ2,

(10)

which is the equation of a centered, tilted ellipse (Fig-
ure 1, top left panel). In this case, the Hill coefficients relate
to the ellipse parameters as follow:

F + 4H + G

4σ02 =
(

cos2 θ

a2 + sin2 θ

b2

)
, (11a)

3(F + G)
4σ02 =

(
sin2 θ

a2 + cos2 θ

b2

)
, and (11b)

√
3(G − F )
(2σ0)2 = sin(2θ)

(
1
a2 − 1

b2

)
. (11c)

In equations (11a–c), (11a) and (11b) are the semi-major
and the semi-minor axes of the tilted ellipse, respectively,
θ is the tilt angle, and σ0 is a constant that is proportional
to the radius (r) of the equipotential surface of an isotropic
aggregate (which is a circle): σ0 =

√
3
4 r.

In shear planes (e.g. in the in (σ1 − σ3) subspace) the
PES plots as a centered, axis-aligned ellipse (Figure 1), and
hence, the ellipse’s semi-major and semi-minor axes are re-
lated to the Hill coefficients (in (σ1 − σ3), subspace)as:

a

b
=
√

2L

F + 4H + G
(12)

Thus, if we find the ellipse parameters in the (σ1 −
σ2), (σ1 − σ3) , (σ1 − σ4), and (σ1 − σ5) subspaces
for a polycrystal with a given CPO, we can determine its
Hill coefficients. For this, we utilise the PCYS (polycrys-
tal yield surface) subroutine in VPSC (Lebensohn and Tomé,
1993) in the (σ1 − σ2) subspace, and further test the poly-
crystal’s response to simple shearing in the b-bases 3-, 4-,
and 5-directions. These tests provide a set of input strain
rate and modelled stress pairs. The simple shear results
in combination with the PCYS results provide us with the
semi-major and semi-minor axesof theaxis-alignedellipses
in the shear-plane projections, while the PCYS test in the
(σ1 − σ2) subspace provides data points to which we can
fit a tilted ellipse in the π-plane projection. We estimate the
error of the fit using equation (5) to predict strain rate from
the resulting VPSC stresses, and compare those with the in-
put strain rate. The error is defined as:

Error = mean
(

|‖ε̇VPSC input‖ − ‖ε̇predicted‖|
‖ε̇VPSC input‖

)
. (13)

In the VPSC simulations (Lebensohn and Tomé, 1993), we
use the affine linearisation scheme, with the slip systempa-
rameters listed in Table 1. This choicewas based on compu-
tational cost and the shape of the polycrystal equipotential
surfaces in the π- and shear-plane projections. After com-
paring the VPSC linearisation schemes (de Oliveira, 2020),
we conclude that the tangent approximation often leads
to convex equipotential surfaces which would lead to seri-
ous issues in the ellipse fitting. The affine approximation
predicts fairly smooth ellipse surfaces, but higher stresses
than the second-order approximation. However, the ratios
between the ellipse axes are not significantly different be-
tween the two methods. The higher stresses can be nego-
tiated by using smaller critical resolved shear stress (CRSS)
values for the fictional pyramidal slip systems (Mameri et al.,
2019) that allow for isotropic deformation (last three rows
in Table 1). The CRSS values in this study also differ from
Mameri et al. (2019) in the relative strength of the [001](010)
slip system, referencing the MDMmethod based on the lab-
oratory experiments byHansen et al. (2012, 2016b,a). These
laboratory tests were done on dry olivine at high tempera-
ture but with small grain sizes. Although the average grain
size in the experiments is 2-3 orders of magnitude lower
than what we expect in the asthenosphere, extrapolation
of existing flow laws to geological conditions suggests the
same deformation mechanisms are occurring in these ex-
periments as in the asthenosphere (Kohlstedt and Hansen,
2015), thus the implications of the laboratory tests are rele-
vant for asthenospheric mantle conditions.

2.3 Building a Database

Our ultimate aim is to build a database of textureswith their
best fitting Hill coefficients. This will enable us to link the
Hill coefficientsdirectly to the textureparameters, i.e. to the
eigenvalues of the mean second-order orientation tensors.
This method could then be used with any selected texture
evolutionmodel. With thispurpose inmind,weconstructed
a database that includes textures computed by tracking de-
formation on passive tracers in five different geodynamic
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FIGURE 1 – Equipotential surfaces plotted for PCYS analyses in the (σ1- σ2), (σ1- σ3), (σ1- σ4), and (σ1- σ5) planes, for an isotropic and
an anisotropic texture (with J index = 12.76), together with the fitted ellipses. The anisotropic texture is comparable to the one used in
Signorelli et al. (2021). Here, the Hill coefficients derived from the best fitting ellipses for the anisotropic texture are: F=0.296, G=0.309,
H=0.119, L=1.182, M=4.147, N=5.109.

TABLE 1 – The olivine slip systems, their relative critical resolved
shear stress (CRSS) values and stress exponents used in the VPSC
models. Comparisons between our VPSC setup against the one
used in (Mameri et al., 2019) and against laboratory experimental
data (Hansen et al., 2012, 2016b) are shown in the Supporting In-
formation Figure S2.

Slip Systems Relative CRSS Stress exponent
[100](010) 1 3
[100](001) 1 3
[001](010) 4 3
[001](100) 10 3
[100](011) 10 3
[001](110) 10 3
<110>{111} 30 3
<011>{111} 30 3
<101>{111} 30 3

models, including a Stokes sinker, a corner flowmodel (pre-
sented in Fraters and Billen, 2021), and advancing and re-
treating subduction models (Wang et al., 2025). All of these
geodynamic models were run in ASPECT (Bangerth et al.,

2024) using the D-Rex (Kaminski et al., 2004) based CPO im-
plementation from Fraters and Billen (2021) (Figure S2). We
further included textures from a simple shear model that
usedMDM for the texture evolution (Hansen et al., 2016a;Ki-
raly etal., 2020), from laboratoryexperiments (Hansenetal.,
2012, 2016b), as well as textures generated within MTEX
using the Bingham Distribution function (Mainprice et al.,
2015). Within the ASPECT models, tracers reach strains up
to 14, while the simple shear model reaches a strain of 21.
This exercise results in a database of a variety of textures
produced by a range of models/methods that might occur
in nature and that might be encountered in 4D geodynamic
models.

In the database for each texture we include the best-
fitting Hill coefficients (computed as described in section
2.2), the error associated with those Hill coefficients (equa-
tion 13), and several parameters that describe the texture.
These parameters include the M- and J-indices (Skemer
et al., 2005; Mainprice et al., 2015), the eigenvalues of the
covariance matrices for the three principal axes of olivine
([100], [010], and [001] axes) normalised by the number
of grains, and the euler angles of the mean CPO reference
frame. From the eigenvalues we can also calculate the P
(pointiness), G (girdle-ness), and R (randomness) scores of
the textures (Vollmer, 1990).
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2.4 LinearRegressionModels BetweenTextureParam-
eters to Hill Coefficients

We filter outliers from the database where textures with
Hill coefficients of very poor confidence (Error >0.25) are re-
moved. We then run linear regressionmodels on theHill co-
efficients and several combinations of texture parameters
with a weight based on the Hill coefficients’ error (equa-
tion 13). Since this step is computationally inexpensive, we
tested several combinations of the eigenvalues of the orien-
tation tensors (see details in Table 2), based on visual eval-
uations between individual Hill coefficients plotted against
each texture parameter (e.g. the pointiness of the [100] axis
in Figure 3).

3 Results
3.1 Database

The filtered database consists of 17,355 “samples”. These
textures span from random (i.e., isotropic) textures to well-
developed high-strain textures with a maximum M-index
(Skemer et al., 2005) of 0.84 and maximum J-index (Main-
price et al., 2015) of 52. The mean values for the M- and
J-indices are 0.24 and 6.2, respectively. The textures in-
cluded in the database cover almost the entire P-G-R space
for all three symmetry axes (Figure 2). On average, we
are able to determine the anisotropy parameters—the Hill
coefficients—with good confidence, with a mean error of
7.9%. The Hill coefficients F, G, and H have a general de-
creasing trend with increasing M-index and the increasing
pointiness of the [100] axis, whileM andNhave a non-linear
increasing trendwith increasing pointiness of the [100] axis
(Figure 3). Hill coefficient L has no clear trendwith the poin-
tinessof the [100] axis, despite a somewhat increasing trend
as a function of the M index. Orange stars mark the Hill co-
efficients of the most isotropic texture from our database
(M index ~10-4) in Figure 3, showing values very close to the
theoretical isotropic values. Further, Hill coefficients in our
database are all positive, complyngwith the constraints de-
scribed above.

3.2 Linear Regression Models

We use linear regression models on eight different combi-
nations of texture parameters to predict the corresponding
Hill coefficients (F, G, H, L, M, N) from our database. We re-
fer to the resulting transfer functions as CPO2Hill models
v1-8 (Table 2). While all combinations provide a reasonably
good fit (with R2≥0.76), the best fit was found for models
where the largest eigenvalues of all three axes are used in at
least a quadratic relationship, while the smallest eigenval-
ues are used in linear (v2, v8) or inverse (v3) relationships,
with R2=0.84-0.86, (Table 2 and Figures S-11). This is also
shown in Figure 4, where we plot the mean distance be-
tween the modelled and the database values, normalised
by the range of each Hill coefficient alongwith the standard
deviation of this fit.

3.3 Testing Model Results Against Laboratory Data

In the previous section, we showed that each linear re-
gression model reproduces the database with a reason-
ably good fit, however, the best fit is produced by CPO2Hill
model v3. Here, we test these models against measure-

TABLE 2 – Linear regressionmodels CPO2Hill v1-v8. Eachmodel is
a linear combination (Lin) of the listed texture parameters, where
a1..3, b1..3, and c1..3 are the eigenvalues (from largest to smallest) of
themean orientation tensor of the [100], [010], and [001] axes. For
each linear regression model the R2 (root mean square, or good-
ness of fit) is listed. In addition, we detail the mean distance be-
tween the modelled and the database values of each Hill coeffi-
cient, which we normalised by the range of the given Hill coeffi-
cients in the database for better comparision (Figure 4).

CPO2Hill v1 Lin(a1, a2, a3, b1, b2, b3, c1, c2, c3)
R2 0.76 F - 0.042 G - 0.050 H - 0.032
Normalised misfit for: L - 0.035 M - 0.024 N - 0.047
CPO2Hill v2 Lin(a12, a1, a2, a3, b12, b1, b2, b3, c12, c1, c2, c3)
R2 0.84 F - 0.040 G - 0.044 H - 0.030
Normalised misfit for: L - 0.030 M - 0.019 N - 0.028
CPO2Hill v3 Lin(a12, a1, a2, 1/a3, b12, b1, b2, 1/b3, c12, c1, c2, 1/c3)
R2 0.86 F - 0.040 G - 0.044 H - 0.030
Normalised misfit for: L - 0.030 M - 0.016 N - 0.025
CPO2Hill v4 Lin(a12, a2, a3, b2, b3, c2, c3)
R2 0.81 F - 0.041 G - 0.044 H - 0.031
Normalised misfit for: L - 0.036 M - 0.022 N - 0.032
CPO2Hill v5 Lin(a14, a2, a3, b2, b3, c2, c3)
R2 0.81 F - 0.042 G - 0.044 H - 0.032
Normalised misfit for: L - 0.035 M - 0.021 N - 0.032
CPO2Hill v6 Lin(a14, a12, a2, a3, b2, b3, c2, c3)
R2 0.82 F - 0.041 G - 0.044 H - 0.029
Normalised misfit for: L - 0.035 M - 0.020 N - 0.032
CPO2Hill v7 Lin(a1, a2, a3, b1, b2, b3, 1/c1, c2, c3)
R2 0.81 F - 0.042 G - 0.045 H - 0.032
Normalised misfit for: L - 0.034 M - 0.020 N - 0.039
CPO2Hill v8 Lin(a14, a1, a2, a3, b12, b1, b2, b3, c12, c1, c2, c3)
R2 0.84 F - 0.040 G - 0.044 H - 0.031
Normalised misfit for: L - 0.031 M - 0.019 N - 0.027

ments of viscous anisotropy obtained in laboratory rock de-
formation experiments (Hansen et al., 2012, 2016b). We
compare the equivalent strain rate values normalised by
the value obtained for an isotropic texture in the laboratory
during rock deformation experiments on aggregates of Fo50
olivine in extension and torsion, with the normalised equiv-
alent strain rates modelled using the CPO2Hill models. For
the modelling, we applied an equivalent stress of 1 MPa,
which means

σext =


− 1

3 0 0
0 2

3 0
0 0 − 1

3

 and σshear =


0

√
1
3 0√

1
3 0 0

0 0 0


for input stress tensors,mimicking the laboratorydata inex-
tension and in torsion, respectively. To be comparable, lab-
oratory strain rateswere rescaled to a unit equivalent stress
following (Mameri et al., 2019):

ε̇∗
eq = 14.1 ε̇eq

σeq
4.1 (14)

The Supporting Information (Figures S12-19) includes
plots of each CPO2Hill model prediction plotted together
with the laboratory data. To summarise all the results, we
show here the predicted amplitudes of anisotropy for sam-
ples that were tested in both extension and torsion, includ-
ing samples that were initially untextured or pretextured in
extension or torsion. Figure 5 shows results of laboratory
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FIGURE 2 – P-G-R space covered by the filtered database, plotted in three panels for each olivine axis. Each point represents a texture
in the database and is coloured based on the texture’s M-index. Thin white lines show the evolution of a texture in simple shear between
shear strains of 2 and 11, based onmodel 1 from Kiraly et al. (2020).

FIGURE 3 –Hill coefficients in the database plotted against the pointiness score of the [100] axis. The datapoints are coloured according to
the average texture score (M index) and size-scaled according to the inverse of the error of the fitted Hill coefficients (equation 13). Orange
stars mark the Hill coefficients of an isotropic texture (M index~10-4).

experiments, VPSC simulations, and CPO2Hill models. The
magnitude of anisotropy is the ratio between the viscosity
measured in extension and the viscosity measured in tor-
sion (Hansen et al., 2012). Here, weuse the equivalent strain
rates that are scaled to a unit stress (for laboratory data and
CPO2Hill models) and the equivalent stresses scaled to a
fixed strain rate (for laboratory data and VPSC models) to
calculate the magnitude of anisotropic viscosity:

MAV =
(

ε̇shear

ε̇extension

) 1
n

= σextension

σshear
(15)

Comparing model predictions with laboratory data and
with VPSC simulations, we find a reasonable correlation be-
tween increasing anisotropy and increasing texture index.
However, as for the VPSCmodels, the CPO2Hill models also

overestimate the amplitude of anisotropy at higher strains
(higher M index textures). Comparing CPO2Hill predictions,
we find that CPO2Hill models v2, v3, and v8 produce results
closest to the laboratory data and to the VPSC simulations
(Figure 5, Supplementary Figures S11, S12, S18).

3.4 Testing CPO2Hill Models in Simple Shear

Based on the best fitting models for each of the Hill coeffi-
cients (Table 2, Figure 4), and the tests against laboratory
data, we further test CPO2Hill models v2, v3, v6, and v8 in
simple shear experiments, where we apply a shear stress of
1 unit in the x-direction on the z-normal plane for an initially
uniform texture. At each timestep, the input stress is rotated
to the CPO reference frame, where the anisotropic tensor
for fluidity, the anisotropic stress invariants, and the strain
rates are calculated via equation (5), based on the Hill coef-
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FIGURE 4 – CPO2Hill model misfits for each Hill coefficient, cal-
culated as the mean distance between the modelled and the
database values, normalised by the range of each Hill coefficient
in the database. Detailed description of CPO2Hill models v1-v8
are in Table 2. For each model, the normalised meanmisfit is rep-
resented by a symbol, and the standard deviation from the mean
normalised misfit is represented by a vertical line.

ficients predicted by the given CPO2Hill model. The strain
rate is then back-rotated to the model reference frame, and
used to determine the velocity gradient tensor, which is
then used in the MDM texture evolution model. For each
texture produced in our model using MDM, we compare
the CPO2Hill strain rates with the ones predicted by VPSC,
where we imposed the same stress and boundary condi-
tions that we applied for the CPO2Hill models, and used
with the slip system parameters listed in Table 1.

The results show that in all models we slightly overpre-
dict the weakening of textures with low strains (between
0.5-1.5) and underpredict it at medium-high strains with
respect to the VPSC simulations (Figure 6A). In this sim-
plest model, where the shear stress is uniform throughout
the test, the CPO2Hill model v3 predictions are the clos-
est to the VPSC results. With respect to earlier models (Ki-
raly et al., 2020), the maximum strain rate occurs at slightly
smaller strains (~5 vs ~8), but the general trends are simi-
lar. We also found that the texture evolution is not affected
by the choice of the CPO2Hill model version during the sim-
ple shear models (evidenced by the equal VPSC prediction
for the textures evolvingwith thedifferentCPO2Hillmodels,
Figure 6). The resulting textures are also in agreement with
previousmodelling results and laboratory experimental re-
sults (Hansen et al., 2016a; Kiraly et al., 2020; Wang et al.,
2024). We also test the effect of abruptly changing the shear
stress, mimicking the models of Kiraly et al. (2020), where
the F1 driving force was abruptly changed to F2 or F4, rep-
resenting a change in plate pull force or the development

of a vertical shear zone parallel to the previous plate mo-
tion, respectively. In these tests, where the sense of shear
is changed either to the x direction on the y-normal plane
(Figure 6B) or the y direction on the z-normal plane (F1
to F4 and F1 to F2, resp., in Kiraly et al. (2020)), CPO2Hill
model v3 is still the best overall performing model. How-
ever, in the model where we change the shear plane (sim-
ilar to F1 to F4, in Kiraly et al. (2020), Figure 6B) CPO2Hill
model v6 and v8 perform the best at higher strains. When
we change the shear direction (similar to F1 to F2, in Kiraly
et al. (2020), Figure 6C), none of themodels evolve similarly
to the VPSCmodels, while the long-lasting hardening effect
and the evolving texture is in agreement with the results in
Kiraly et al. (2020). When comparing to the models of Ki-
raly et al. (2020), it is also worth noting that the computa-
tion time for a timestep in these simple shear models using
the CPO2Hillmethod is reduced by a factor ofmore than 20.

4 Discussion
The results presented above demonstrate a newmethod to
greatly simplify models of anisotropic viscous flow by infer-
ring the anisotropic viscous parameters directly from the
CPO of olivine. Our use of a variety of geodynamic simu-
lations to create a database of relevant (static) textures al-
lowed us to base our method on a broad representation
of possible textures (Figures 2, 3). Using equation (5) (Sig-
norelli et al., 2021), for every texture in thedatabasewehave
found a set of Hill coefficients that best fit the anisotropic
viscosity predicted by the VPSC micromechanical model
(Lebensohn and Tomé, 1993) for a large range of strain rates
(in four specific subplanes). We note that the Hill coeffi-
cients for a texture formed in simple shear (with J-index
~12.7, Figure 1) are somewhat different in our study than
theones reportedpreviously basedonVPSCmodelling (Sig-
norelli et al., 2021; Mameri et al., 2020). This is likely due
to the different linearisation scheme and critical resolved
shear stresses for olivine slip systemsused in the VPSC com-
putations, aswell as thedifferentdefinitionsweused for the
stress invariant (equation 3) and for the anisotropic tensor
for fluidity (equation 6). We derived our equations strictly
following the convention in Hill (1948), while the previous
VPSC models had a different definition of the Hill coeffi-
cients (see equations 8 and 10 in Signorelli et al., 2021).
This discrepancy highlights that the absolute values of the
Hill coefficients, and thus the anisotropic behaviour, are
strongly dependent on the assumptions made to link the
relative strengths of single crystal mechanical behaviour
to overall anisotropic behaviour of the homogenised tex-
tures. Nevertheless, our overarching method to link rock
texture to viscous anisotropy is internally robust, and can
be adapted to other methods defining the Hill coefficients.

In the database, the best-fitting Hill coefficients repro-
duce the strain rates applied in themicromechanicalmodel
with an average error (equation 13) of 7.9%. We note that
the textures with the highest misfit, which are not consid-
ered in the final database, either have a complex pattern,
such as with multiple maxima, or a high J-index (and high
strain) from the simple shear model. In the first case, the
texture may not be adequately described using Bingham
statistics,whichuseseigenvaluesof thesecond-orderorien-
tation tensor that arebetter adapted todescribe singlemax-
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FIGURE 5 – Magnitude of anisotropy of textures that were both deformed in extension and in torsion, plotted against the overall strength
(M index) of the textures. The magnitude of viscous anisotropy is equivalent when derived from scaled strain rates (black diamonds) or
scaled stresses (black squares) measured in laboratory experiments. Triangles show results from VPSC simulations that use the relative
slip systemactivities inMameri et al. (2019) (salmon colour), and the relative slip systemactivities used in this study (Table 1, purple colour).
Filled circles represent the results of the CPO2Hill models. Orange stars mark the best CPO2Hill model (v3).

ima and girdle textures. In the future, we can improve on
the first point by using a more complete description of tex-
tures with higher order orientation tensors or harmonic de-
grees (Rathmann et al., 2024), although defining the mean
CPO reference frame will continue to be a challenge (Sup-
porting Information Text S1, Figure S1). For textures with
high strain, we note that the PCYS analysis in VPSC results
in somewhat distorted ellipses, and thus the constrained
ellipse parameters might not create a smooth fit with the
data. It is possible that using a higher order linearisation
schemecould rectify thisproblem, butusinga second-order
approximation is too costly for building a database with
several thousands of textures. Thus, we conclude that the
CPO2Hill method works well within the assumptions that
themodelled textures do not reach strains higher than ~10-
14andcanbeapproximatedasanorthotropicmaterial. Our
database suggests that most textures that occur in geody-
namic simulations staywithin the limitswhere this assump-
tion is reasonable. Furthermore, the specific coefficients of
the CPO2Hill models are dependent on the micromechan-
ical model setup that we used to calculate the Hill coeffi-
cients. Our VPSC setup reproduces reasonably well the lab-
oratory results (Figure 5, Figure S3), which were performed
on dry, fine grained olivine aggregates at high temperature
and moderate pressure. This setup also reproduces well
the previous VPSC simulations (Figure 5, Figure S3, Mameri
et al., 2019) that were set out tomodel anisotropic viscosity

in the lithospheric and asthenospheric mantle.

Linear regression models (CPO2Hill models v2, v3, v6,
and v8) yield similarly good fits between the database’s
Hill coefficients and those calculated from texture param-
eters (R2~0.82-0.86), and reproduce the main trends ob-
served in laboratory experiments. In simple shear, CPO2Hill
v3 agrees best with the VPSC calculation and with earlier
MDM-based simple shear models (Kiraly et al., 2020). All
four CPO2Hill models that we tested predict similar texture
evolutions to the ones reported in Kiraly et al. (2020), and
these are comparable to textures from torsion experiments
(Hansen et al., 2016b). The similar texture evolution among
theCPO2Hillmodels explainswhy theVPSCcalculationsare
nearly equivalent for all CPO2Hill models (Figure 6A-C).

When the shear direction is changed from shearing along
the x-direction on the z-normal plane to shearing along
the y-direction on the z-plane, the VPSC simulations and
CPO2Hill simulations diverge (Figure 6C). We explain this
divergence by the nature of the evolving texture. As the
CPO rotates towards the new shear direction, the pattern
becomes somewhat complex, especially for the [010] and
the [001] axes. This means that the definition of the CPO
reference framebecomespoorly defined and thus problem-
atic for our implementation. Specifically, we are applying
the orthotropic equations to a system that in the defined
CPO reference frame might not be orthotropic. As a test,
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FIGURE 6 – Simple shear test using the CPO2Hill models. Solid lines show the evolution of the equivalent strain rate using different
CPO2Hill models, while circles show the corresponding strain rates simulated with VPSC, as a response to a unit stress in A) the x direc-
tion on the z plane; B) the x direction on the z plane followed by the x direction on the y plane; C and D) the x direction on the z plane
followed by the y direction on the z plane. In D) we explore the influence of the method of calculating the CPO reference frame. The dark-
est green line is the same as the CPO2Hill v3 model in panel C), which uses the eigenvectors of the second-order orientation tensor, and
corrects for orthogonality using the cross products of the [100] and [010] eigenvectors. The other two shades of green show the evolution
using the max(ODF) or the SVD methods, respectively. We show pole figures of the orientation distribution with the sense of shear stress
in the CPO2Hill model v3 at strains of 0, 5.1, and 10. The textures evolving in the other CPO2Hill models are very similar to the ones shown
for panel A)-C). In panel D) the top row shows how the texture evolves when using the max(ODF) method to calculate the CPO reference
frame, while the second row shows textures evolving with the SVD method. In the pole figures of panels C) and D) the orientation of the
determined CPO reference frame is highlighted.
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we re-ran this simple shear path (σxz → σyz) using two
other methods for defining the CPO reference frame (SVD,
and max(ODF), see in Supporting Information Text 1;Fig-
ure 6D). For this path, correcting the eigenvectors of the
second-order orientation tensor for orthogonality using the
singular value decomposition (SVD) method gives results
that are closest to the VPSC simulations: strain rates calcu-
lated using both VPSCand theCPO2Hill v3 remain as lowas,
or lower than, the isotropic strain rates up to strain of 10.
This suggests that, for this specific deformation path, the
SVD-based CPO reference frame aligns the CPO best with
themodel frame, so that theorthotropic symmetryassump-
tions are most nearly satisfied.

Statistically, the best model is v3, which is closest to the
VPSCresults inall tests, including the testagainst laboratory
data and the simple shear tests. CPO2Hill model v3 has the
following relationship between the Hill coefficients and the
eigenvalues of the mean orientation tensors of the olivine
[100]-, [010]-, and [001]-axes (equations 16– 21):

F = 0.592a1
2 − 0.832a1 − 0.001a2 − 0

a3

+ 0.380b1
2 − 0.533b1 + 0.468b2 − 0.001

b3

− 1.249c1
2 + 1.0750c1 − 0.168c2 + 0.003

c3
+ 0.52

(16)

G = −1.695a1
2 + 1.336a1 − 0.1840a2 + 0

a3

+ 0.750b1
2 + 0.691b1 + 0.377b2 − 0.002

b3

− 0.670c1
2 − 0.552c1 − 0.428c2 + 0.003

c3
+ 0.26

(17)

H = −1.140a1
2 + 1.353a1 + 0.751a2 − 0.002

a3

− 0.256b1
2 − 1.006b1 − 0.116b2 + 0.003

b3

+ 0.684c1
2 − 0.031c1 − 0.080c2 + 0.006

c3
+ 0.75

(18)

L = −3.511a1
2 + 2.686a1 + 0.360a2 − 0.001

a3

+ 3.948b1
2 − 3.816b1 − 0.779b2 + 0.004

b3

+ 4.122c1
2 − 2.483c1 − 1.320c2 + 0.002

c3
+ 2.00

(19)

M = 4.537a1
2 − 3.228a1 + 0.276a2 + 0.007

a3

− 7.447b1
2 + 5.7640b1 − 1.4030b2 + 0.032

b3

+ 2.968c1
2 − 3.435c1 − 2.266c2 + 0.122

c3
+ 2.44

(20)

N = 7.8730a1
2 − 7.934a1 − 2.588a2 + 0.030

a3

+ 7.606b1
2 − 5.469b1 − 0.348b2 + 0.064

b3

− 1.788c1
2 + 2.255c1 + 3.023c2 − 0.103

c3
+ 3.70

(21)

All other CPO2Hill model coefficients are available with
the published data (Kiraly et al., 2026).

4.1 Implementation in ASPECT

The aim behind developing the method of CPO2Hill was
to integrate CPO induced anisotropic viscosity for olivine
into large-scalegeodynamicmodels. ASPECT, theAdvanced
Solver for Planetary Evolution, Convection, and Tecton-
ics (Bangerth et al., 2024) is a widely used code for re-
gional and global geodynamic models. It allows for utili-
sation of particles-in-cell within adaptive mesh refinement
(Gassmöller et al., 2018), and includes a version of D-Rex for
CPO tracking on advected particles (Kaminski et al., 2004;
Fraters and Billen, 2021). To test the usability of ourmethod
presented in this paper, we implemented a new material
model inASPECT that calculates anisotropic viscosity based
on the texture that develops on particles using the D-Rex
method. Based on the CPO implementation by Fraters
and Billen (2021), the eigenvectors and eigenvalues of the
second-order orientation tensor of the tracked CPO are cal-
culated on the particles. The eigenvectors are used to con-
struct the rotationmatrix, R, which describes the CPO refer-
ence frame. For computational efficiency, this 3-by-3 rota-
tionmatrix is converted toeuler angles (ϕ1, θ,ϕ2) for storage
and interpolation. Thus, the 3 times 3 eigenvalues and the 3
euler angles describing the orientationof themeanCPO ref-
erence frameare interpolated from theparticles to the com-
positional fields. These values are then utilised in the ma-
terial model, where the Hill coefficients are computed from
the eigenvalues using the relationship in the best fit model
CPO2Hill v3 (equation 16– 21). The Hill coefficients form
the anisotropy tensor for fluidity in the CPO reference frame
(A; equation 6), and influence the scalar fluidity, which we
define as the non-tensorial part of the right-hand side of
equation (5) (i.e. as 2

3 γ0e(−Q/RT )σI
n−1). Since the deter-

minant of the anisotropy tensor for fluidity is 0, it is a singu-
lar, non-invertible tensor. Its inverse, the anisotropy tensor
for viscosity, is thus obtained using the Moore-Penrose in-
verse (pseudoinverse) method, which is implemented with
singular value decomposition in the LAPACK linear algebra
package (Demmel, 2003) that is included in the deal.ii li-
brary and thus in ASPECT. The scalar, but stress-dependent,
component of anisotropic viscosity is computed following
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equation (3) and equation (5). Since the anisotropic stress
is also dependent on this scalar anisotropic viscosity, this
mutual dependencemight cause numerical instability. As a
result, the scalar viscosity is dampedwith a fixed-point iter-
ation, in which only half of the computed change is applied
at each iteration until convergence is achieved. Finally, the
anisotropy tensor for viscosity is rotated from theCPO refer-
ence frame into themodel reference frame using the rank-4
versionof the rotationmatrix R, as definedby themeanCPO
reference frame.

We test this new material model in ASPECT in a shear
box, where we impose simple shear deformation in the x-
direction normal to the z-plane. Using CPO2Hill model v3,
we find that the modelled evolution of the anisotropic ten-
sor for viscosity shows similar trends to the results com-
puted in MATLAB (Figure S20), however some differences
are present due to the different texture evolution models,
which is expected based on comparisons of textures evolv-
ing in D-Rex vs in MDM (Wang et al., 2024). In ASPECT, the
effective viscosity drops below 50% of its initial value at an
accumulated strain of 10. This weakening is less than what
weobservedirectly in theCPO2Hillmodels, likely due to the
damping we had to employ in the iterations to reach con-
vergence. Time and memory usage in a shear box model
with anisotropic viscosity, as compared to scalar isotropic
viscosity, increase by factors of 2.7 and 12.3, respectively.
The majority of the increase happens in procedures using
the anisotropic tensor, for example, assembling and solving
the Stokes equations, and interpolation from particles to
fields. This drop in computational efficiency is thus within
our expectations and not very expensive, since the tensor
representation of viscosity uses 81 components compared
to a single scalar in the isotropic case. In larger geody-
namic models, this factor could be similar or lower, since
anisotropic viscosity might not be enabled in the whole
model domain.

5 Conclusions
We demonstrated that olivine CPO-related anisotropic vis-
cosity can be characterised using a linear combination of
parameters describing the CPO, based on the second-order
mean orientation tensors. The magnitude of anisotropy
predicted from the CPO2Hill models is comparable to labo-
ratory experiments and previousmodels. This newmethod
allows for an efficient way of deriving the full viscosity ten-
sor for any given CPO, which can be used in combina-
tion with any texture evolution models for olivine, and can
be used in advanced geodynamic codes, such as ASPECT.
Based on the performance of ASPECT using CPO-related
anisotropic viscosity within a simple shear experiment, we
suggest that our approach has great potential as a mod-
elling approach for incorporating 3D viscous anisotropy
within complex geodynamic processes. Thus, we now have
a new tool that will allow us to better explore the rela-
tionship betweenmantle flow, CPO and seismic anisotropy
in complex areas such as around subduction zones (Wang
et al., 2024, 2025).
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