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Abstract

Modified Mean Curvature Flow in Fuchsian Manifolds
by
Yuk Shing Lam

The equidistant surfaces in a Fuchsian manifold form a canonical foliation by constant
mean curvature surfaces. It is therefore natural to ask whether a prescribed leaf of this
foliation can be reached by evolving an arbitrary graphical surface. We answer this
question affirmatively using the modified mean curvature flow.

Let (M3,8) = (R x %,dr? + cosh?(r) go) be a Fuchsian manifold, where (%, go) is a
closed hyperbolic surface. For any o € (-2, 2), we consider the flow % =—(H-o)
starting from an arbitrary smooth closed geodesic graph over the central totally geodesic
surface. We prove that the flow exists smoothly for all time, remains graphical, and
converges smoothly to the unique equidistant surface %(r,), where r, = arctanh (%) ,
whose mean curvature is o.

The initial graph is required only to be strictly graphical; no smallness assumption
or quantitative angle-height pinching condition is imposed. The main difficulty is that
strict graphicality alone does not provide a uniform bound for the reciprocal of the angle
function. We first derive a time-dependent gradient estimate, sufficient to preserve
graphicality and exclude finite-time singularities. We then obtain polynomial curvature
control and use a blow-up argument to establish a time-independent gradient bound.
The resulting uniform curvature estimates, together with the barrier structure supplied

by the equidistant foliation, lead to smooth convergence to %(ry).
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Chapter 1.

Introduction

Constant mean curvature surfaces holds an important place in geometric analysis. They
arise as critical points of area among variations that preserve enclosed volume, with
minimal surfaces appearing as the special case of zero mean curvature. Their study
therefore extends beyond the existence of individual solutions. One would also like to
understand whether a distinguished constant mean curvature (CMC) surface is unique,
whether it is stable under perturbation, and whether CMC surfaces with different pre-
scribed curvatures fit together to describe the ambient geometry. These questions are
particularly natural in hyperbolic three-manifolds, where the global geometry of the
manifold is closely related to the behavior of its embedded minimal and CMC surfaces.

Geometric evolution equations provide a dynamical approach to these questions.
Under mean curvature flow, a hypersurface moves in the normal direction with speed
given by its mean curvature, so minimal surfaces are stationary solutions. The flow
can improve the geometry of suitable initial hypersurfaces, but its behavior depends
strongly on both the initial data and the ambient space. Huisken’s theorem for compact
convex hypersurfaces in Euclidean space [12] and the graphical theory of Ecker and
Huisken [5, 6] are fundamental examples in which geometric assumptions lead to strong

long-time or asymptotic control. In more general settings, however, singularities or loss



of graphicality may prevent the flow from reaching a stationary surface.

Ordinary mean curvature flow is naturally adapted to the minimal case. To seek a
surface with a prescribed nonzero mean curvature, one instead adds a constant forcing
term. The resulting modified mean curvature flow is the negative gradient flow of
an area—volume functional, and its stationary points are precisely the surfaces having
the prescribed mean curvature. Lin and Xiao introduced this flow in hyperbolic space
and used it to obtain convergence results for star-shaped hypersurfaces with prescribed
asymptotic boundary [14]. This parabolic viewpoint raises a stability question that is
stronger than mere existence: how large is the class of initial surfaces whose evolution
exists for all time and converges to a given CMC surface?

Fuchsian manifolds provide a natural compact setting in which to examine this ques-
tion. Such a manifold contains a unique closed totally geodesic surface, and its normal
translates form an explicit foliation by totally umbilic CMC surfaces. Thus, for every
admissible prescribed mean curvature, the target surface is already known. What re-
mains nontrivial is its dynamical stability. Starting from an arbitrary smooth geodesic
graph over the central surface, one must show that the modified flow remains graphical,
exists for all time, and approaches the appropriate leaf. The principal difficulty is that
the scalar graphical equation remains uniformly parabolic only while the angle between
the evolving surface and the normal foliation stays uniformly positive.

We now describe the setting more precisely. Let (X, g9) be a closed hyperbolic surface
and let

(M*,8) = (R x %,dr? + cosh?(r)go)

be the associated Fuchsian manifold. The central slice £ = Z(0) is totally geodesic,
while the equidistant leaves X(r) = {r} X X have mean curvature 2tanhr with the

orientation and trace convention used here. Hence, for o € (-2, 2), the unique leaf with



mean curvature o is % (rg),where r, := arctanh(§).

An=9,

< — > >Z(r), r>0
o ST D we
: a5 =3 22
< — > >z(r), r<0

M3 =R x%,  g=dr’+cosh’(r)go,  Hs() =2tanhr
ro = arctanh(o/2)

Figure 1.1.: Foliation of a Fuchsian manifold.

The central slice £(0) is totally geodesic, and every leaf X(r) is totally
umbilic with mean curvature 2 tanhr. The prescribed value o € (-2,2)
selects the stationary leaf X(r,), where r, = arctanh(c/2). The target is
drawn above Z(0) for 0 > 0; the case o < 0 is obtained by reflection. Every
leaf is diffeomorphic to the same closed surface X of genus g > 2. Two
handles are shown as the representative case g = 2; additional handles are
understood when g > 2. The perspective drawing is schematic and is not
an isometric embedding.

The evolution considered in this paper is

whose stationary points have mean curvature o. If the evolving surface is written as a
graph

S(t) = {(u(x,t),x) : x € I},



then its graphicality is measured by

0 :=(v,d,), w=0""= 1+%.
cosh”(u)
Controlling the height u does not by itself control w: a graph may remain in a bounded
slab while its tangent planes become nearly vertical. The main analytical problem is
therefore to prevent degeneration of the angle.

The closest earlier result is the ordinary mean curvature flow theorem of Huang, Lin,
and Zhang [8]. If the initial surface lies within distance ag of X, they assumed the

quantitative condition

rréin ®¢ > tanh(ag)
0

and proved long-time existence, preservation of graphicality, and continuous conver-
gence to X, with smooth convergence when the inequality is strict [8, Theorem 1.2].
This hypothesis is stronger than graphicality: compactness gives n;;n ©p > 0 for every
smooth closed graph, but it does not impose any relation between this minimum and the
height. Consequently, the earlier theorem does not cover graphs that are steep relative
to their distance from the central slice.

Angle estimates are likewise central in the broader theory of graphical mean curvature
flow. Ecker and Huisken developed the Euclidean nonparametric estimates [5,6]; Unter-
berger proved all-time existence for entire locally Lipschitz radial graphs in hyperbolic
space and obtained convergence under an additional bounded-height assumption [17];
and Allmann, Lin, and Zhu established all-time existence and preservation of radial
graphicality for the corresponding modified flow, while also showing that convergence
fails without further hypotheses [1]. Results for warped products by Borisenko—Miquel
[2] and Huang—Zhang—Zhou [11] treat related graphical settings, but their ambient

structures or initial assumptions do not imply the unrestricted Fuchsian statement sought



here.

The main contribution of this paper is to prove that every smooth closed geodesic
graph lies in the basin of attraction of the prescribed Fuchsian CMC leaf. For each
o € (-2,2), the modified flow exists for all time, remains graphical, and converges
smoothly to X(r,). When o = 0, this removes the height—angle restriction in [8]; for
o # 0, it gives the corresponding global stability result for every nonminimal leaf of the
Fuchsian CMC foliation. No small-gradient, convexity, mean-convexity, or closeness
assumption is imposed.

This Fuchsian result also provides a symmetric reference point for the CMC foliation
problem in quasi-Fuchsian geometry. Uhlenbeck proved uniqueness of the minimal
surface and global normal parametrization under the principal curvature bound defining
the almost-Fuchsian class [16]. More recently, Choudhury, Mazzoli, and Seppi con-
structed a unique monotone CMC foliation for quasi-Fuchsian manifolds sufficiently
close to the Fuchsian locus [3], while Huang, Lin, and Zhang used the modified flow to
obtain CMC leaves for a specified almost-Fuchsian subclass and combined them with
end foliations to produce a global foliation [9]. In that setting the CMC leaves are
generally not equidistant from the minimal surface. The present paper isolates the exact
Fuchsian model and resolves the global flow problem for unrestricted smooth graphical
initial data.

We briefly describe the proof. Evolving equidistant leaves provide barriers that keep
the height uniformly bounded and force exponential C° convergence to r,. After the
flow is written as a quasilinear scalar equation for u, its linearized operator yields a
differential inequality for w. The maximum principle then controls w on every finite
time interval, preventing finite-time loss of graphicality and giving long-time existence.
To make this control uniform in time, the quantity ¥ = cosh(u) w first produces a linear

gradient bound, while the evolution of the second fundamental form gives polynomial



curvature growth. A blow-up sequence for an allegedly unbounded gradient would
therefore have a nonflat normalized limit. Yet the exponential height decay forces the
rescaled surfaces into a slab collapsing to a plane, a contradiction. Uniform gradient
and curvature estimates then imply smooth convergence.

The paper is organized as follows. Section 2 develops the graphical formulation and
height estimates. Section 3 introduces the linearized operator. Section 4 proves the
finite-time gradient estimate and long-time existence. Section 5 establishes the uniform

estimates and smooth convergence. The main result is as follows.

Theorem 1. Let M3 be a Fuchsian manifold and let % be the unique closed totally
geodesic surface in M>. For any constant o € (—2,2) and any initial smooth closed
surface So C M? that is a geodesic graph over %, the modified mean curvature flow
(2.3) starting from Sy exists for all time, remains a geodesic graph over X, and converges

smoothly as t — oo to the equidistant surface %(rs), where r; = arctanh(3).



Chapter 2.

Preliminaries

In this chapter, we establish the notations and recall the basic geometric features of
Fuchsian manifolds. We also define the modified mean curvature flow and the precise

notion of graphical hypersurfaces in this ambient space.

§ 2.1. The Ambient Fuchsian Geometry

Let X be a closed surface of genus g > 2 equipped with a hyperbolic metric gop. A
Fuchsian manifold M? is constructed as the warped product R x %. We equip M?> with

the standard warped product metric:
(2.1.1) g = dr? + cosh?(r)go,

where r € R serves as the coordinate along the real line. Under this metric, M 3isa
complete 3-manifold with constant sectional curvature —1.

The level sets %(r) = {r} X £ form a global equidistant foliation of M3. The slice
%(0) = X is the unique totally geodesic surface in the manifold. For any r # 0, the slice
¥(r) is a totally umbilic surface with principal curvatures equal to tanh(r).

We denote the Levi-Civita connection on M? by V. The unit normal vector field to



the foliation X(r) is given by n := %. A highly useful geometric feature of the Fuchsian
manifold is the existence of the conformal vector field V = cosh(r)n. It can be easily
checked that for any tangent vector field X on M?, the covariant derivative of the normal

field n satisfies (see [8, Lemma 2.1]):

(2.1.2) Vxn = tanh(r)(X — g(X, n)n).

§ 2.2. Modified Mean Curvature Flow and Graphical
Surfaces

Let S be a closed surface. We consider a smooth family of immersions F : Sx [0,T) —
M?3. The modified mean curvature flow is defined by the initial value problem:

2.2.1) FF(x,0) = —(H(x,t) = 0)v(x, 1),

F(-,0) = Fo,
where H(x, t) is the mean curvature of the evolving surface S(t) = F(S, t), v(x, t) is the
chosen unit normal vector field on S(t), and ¢ € (-2, 2) is a given real constant. Here,
we adopt the convention that the mean curvature is the trace of the second fundamental
form.
To analyze the geometry of S(t) relative to the foliation of the ambient space, we
define the height function u(x,t) as the signed distance from the point F(x,t) to the

totally geodesic reference surface X:
(2.2.2) u(x,t) =r(F(x,t)).

The relative orientation of the surface S(t) is measured by the angle function ©(x,t),

defined as the inner product between the upward-pointing vertical vector field n and the



surface normal v:
(2.2.3) O(x,t) =g(n,v)(F(x,t)).

With these quantities established, we formalize the definition of a graphical surface

in this setting.

Definition 1. A closed, smooth surface So € M? is defined as a geodesic graph over the
totally geodesic surface X if there exists a constant co > 0 such that the angle function

satisfies ®p = g(mn, vg) > co everywhere on Sy.

If ©(x, t) € (0, 1] everywhere, the evolving surface S(t) can be represented globally
by the height function r = u(x, t) over the reference surface X. A surface is a constant

height slice X(r) if and only if ® = 1.

Let D, V, and V denote the Levi-Civita connections on the fixed reference surface
(%, g0), the evolving surface (S(t), g(t)), and the ambient manifold (M?, ), respectively.

At any fixed time t, we parameterize the evolving surface
Zt = S (t)

as a graph over X via the immersion F(x) = (u(x),x) for x € £. Choosing a local

2

coordinate system (x!,x?) on % with the coordinate frame {@,

a;%}, the covariant

derivatives of the height function u : ¥ — R are denoted by:
ui=Du, w;=DDu,  and  [Dul®:=|Duf? = (g0) uw;.

Then
oF ou o0 d 0 0
F,=— =

; —

=— = —— 4+ — =y -
oxt oxtor oxt or  oxt



In the following, we denote (-, -) := (-, -);. Then the induced metric is
gij = (Fi, Fj)
0 0 0 0
=(ui— + > Uj— + —
< ar axt “or axl>
0 d d 0 0 0 0 0
=uuj\—, — ) +tul— —)+uy{—, =) +{—, —)-
ar” or ar’ dx/ axt ar axt” ax’
Since the ambient metric is § = dr? + cosh?(r)go, we have
0 d 0 0 0 0
— —) =1, —,— =0, — — ) =cosh?(r
<ar 8r> <ar ax’> <axl ax J> (r) (&0
Thus, evaluating at r = u,
(224) 8ij = Uillj + COShz(u) (gO)ij-

On the other hand, the inverse metric is

. 1 utu/
(2.2.5) = (( o — ) .
8 " cosh?(u) 80 |Du|? + cosh?(v)

The proof is included in Appendix A under Lemma 6. Let

| Dul?

(2.2.6) w:=4[1+ ———
cosh?(u)

be the gradient function. Since w? cosh?(u) = cosh?(u) + |Dul?, we have

[t - ).

(2.2.7) U=
8 w? cosh? (u)

cosh?(u)

For the Levi-Civita connection, we have

_ 9 9 9\ a
2.2.8 Vs — =tanh —=gl—=—]=1]=0
(2:28) wor 0 (r)(r g(ar ar)a) ’
_ 9 - 9 E
2.2.9 Va— Vs — =tanh(r)—,
( ) a 9x/ o Or a (r)axl

10



and

_ 9 3
(2.2.10) Vi——=Di—s- cosh(r) sinh(r) (go)l

axt 9X

The proof is included in Appendix A under Lemma 7.

The outward normal vector to the evolving surface S(t) is

1{a k d
(2.2.11) p=— ——”—2—k
or  cosh”(u) dx

See Appendix A under Lemma 8 for the proof.
Taking the inner product of the basis vectors with v yields the relation between the

angle function @(x, t) (see (2.2.3)) with the gradient function w:

(2.2.12) 0= <i, V> = l >
or w
d 1 9 uk 9
2.2.13 — )= -
( ) <3xl V> w <3xl or coshz(u) [‘)Xk>
u;
= cosh’ () () = ot
w cosh w’

Figure 2.1 shows how the graphical condition and the angle function relate.

11



(a) Angle function (b) Bounded height, large gradient
.

n

A y, n= Or A

Y
Y

e €
O(p) = (v,n) = cosa > 0; a < u < b does not bound |Dulg,;
hence S is graphical at p. | Dulg, (q) > 1 implies O(q) < 1.
Dul2 1
w= 1+| UL907 B==
cosh” u w

Figure 2.1.: Local normal sections showing the graphical condition and angle function.
Since ® = (v,n) = 1/w, bounded height does not by itself control the

gradient: one may have a < u < b while ® approaches zero.

Moreover, the second fundamental form and its index raising, computed in Ap-

pendix A under Lemma 9, are

1
(2.2.14) hij = — (COSh(u) sinh(u) (gO)ij + 2tanh(u)uiuj - uij)
w
and
P | iy tanh . L
(2.2.15) - [tanh(u)g” + an—%f)uluj - gl"gﬂuke] .
w w* cosh™ (u)

Now the mean curvature is
H = g"h;
1 y y y
= — (cosh(u) sinh(u)g" (go)ij + 2 tanh(u)gu;u; — g”uij)
w

w

1 1 .
[tanh(u) (3 - —2) - g"u;
w

The proof is in Appendix A under Lemma 10.

12



Also, the evolution equation of u is

ou
o (H-o0)
_ H-o
B w
| . tanh 1
(2.2.16) = L gl - a“_z(“) (3 _ _2) Lo
w w w w

This is a degenerate second order quasi-linear parabolic PDE. Therefore a uniform upper
bound on w implies the angle function ® € (0, 1] everywhere (see (2.2.3) and (2.2.12))
and the evolving surface S(t) exists for all time and can be represented globally by the
height function u(-, t) over the reference surface X, see also Remark 1.

The following lemma serves as the Squeezing Lemma (analogous to [8, Theorem

3.1]) for the modified mean curvature flow, see also [9, Theorem 4.3].

Lemma 1 (Height Estimate). Let u € C>!(% x [0,T)) be a smooth solution to the
modified mean curvature flow equation (2.2.16) with constant 0 € (-2, 2) and initial
height satisfying rp,i, < u(+,0) < rpee. Then, as long as the modified mean curvature

flow exists, the height function u(-, t) of the evolving surface satisfies:
(2.2.17) r-(t) <u(-,t) <re(o),

where r_(t) and r, (t) are the solutions to the ODE

(2.2.18) % =0 — 2tanh(r(t)),

with initial conditions r_(0) = ry, and r+(0) = ryey, respectively. In particular, we

have

2

(2.2.19) e (£) — 1o < Me™ 271,

for all t > 0, where r, := tanh™! (%) and M > 0 is a constant depending only on o, r'yin,

13



and 7.

Proof. The equidistant surfaces %(r) of the Fuchsian manifold M? from the central
reference surface & form a global foliation of M>. Each fiber % (r) is totally umbilic with
constant principal curvatures equal to tanh(r).

If we evolve an equidistant surface X(rg) under the modified mean curvature flow
with o € (-2, 2), it remains an equidistant surface %(r(t)) for all t > 0, and its height

r(t) evolves according to the ODE:

(2.2.20) % =—(H — 0) = 0 — 2tanh(r(t)).

By assumption, the initial surface Sy lies in between two equidistant surfaces Z (1)
and X (rqx ). By the avoidance principle for the modified mean curvature flow, the evolv-
ing surface S(t) must remain in between the evolving surfaces X(r_(t)) and X(r(t)) for
as long as the flow exists. This yields the uniform height bound r_(t) < u(-,t) < ry(t).

Solving (2.2.20) explicitly, we have

—g2

(2.2.21) | sinh(ry(£) — r4)[e3™(®) = Coe™ 7,

where C.. = | sinh(r.(0) —ro)|e2™(© are constants determined by the initial conditions.
Because the flows of equidistant surfaces are monotonic, r.(t) is bounded between its
initial value and r. Consequently, the factor e~2"+(®) is uniformly bounded. This implies
that as t — oo, the term |sinh(r.(t) — ry)| decays exponentially to zero. Since there

exists a constant ¢ > 0 such that | sinh(x)| > c|x| for x in a bounded interval, we have

4—02

ra(t) —rol < Me™ 271,

for all t > 0, where M > 0 is a constant depending only on the initial data. O

The barrier comparison established in Lemma 2.2 is summarized in Figure 2.2.

14



t=0 t=1t t>1

————————————————————— 5(r+(0))
5(0)
/\ /\/ MMCF """"""";'(;')"' B(r+(t2) )
\V/ X(ra) /\v/\ 0 { S )
_____________________ (r_(0)) et M (o (49
Pt Su(ot) Sri(t), [ra(t) —ro] < MeHt, p=t *2"2

Figure 2.2.: Height squeezing by evolving equidistant barriers.
The lower and upper barriers converge exponentially to the target leaf X(r,),

forcing the evolving graph to converge to %(r,) in height.

15



Chapter 3.

Linearized Operator

In this chapter, we linearize the evolution equation for the height function u € C>!(Z x
[0,T]). The resulting linearized operator will be applied to the gradient function w in
the subsequent chapters to establish a uniform gradient bound for u. From (2.2.16), u

satisfies a fully nonlinear parabolic equation of the form

(3.0.1) Plu] = ‘;—ltl — F(D*u, Du,u) =0,

where the spatial operator ¥ is explicitly given by

1 ..  tanh 1
(3.0.2) F (D*u, Du,u) = —g"u;; - = 2(u) (3 - —2) + =
w w w w

To define the linearized operator, we introduce a one-parameter family of variations

Ue =u + e, where ¢ € C*(X), and compute the Fréchet derivative

d

Ly[o] = E

Plu+ed].
e=0

Since the covariant derivative is linear, the variations of Du and D?u are given by D¢ and
D?¢, respectively. Because ¥ depends on the gradient Du and the function u through

the highly nonlinear composite terms w and g/, we define the background-dependent

16



geometric coeflicients via partial derivatives:

ol = oF gk .= F L

Ty oo’ YT

b

so that the linearized operator takes the precise form

01 = 2~ iy~ B0ip - 9.

Here, it is clear that the principal symbol is

1

ij_ ij

a’ = —gY.
)

The nonlinear equation is parabolic because a¥/ (x, t) = U(x,t) is strictly positive

1
xS

definite on % x [0, T). The drift vector g* = g%; and zeroth-order reaction term y can be

computed explicitly through the method of first variation (in Appendix B under Lemma

11) as
2uk i 2(go) ulu;;  duFuludug;
(3.0.3) B* = ——————(g0)Yui; - — —
w* cosh™ (u) w* cosh™(u)  w®cosh®(u)
N 2 tanh (u)uX (3 2 ) ouk
w* cosh?(u) w?) w3 cosh?(u)
and
(3.0.4)
2 tanh(u i 4 tanh (u) u'/
Y= —¥ (80)" wij + Lulj

w* cosh?(u) wb cosh*(u)
B sech?(u) (3 ~ L) N (3 2 ) 2 tanh? (u) W 1)+ otanlsl(u) W —1).
w

w? w? w? w*

The derivation of the uniform gradient bounds will rely on the differential part of

the linearized operator (comprising both the second-order diffusion and first-order drift

17



terms) given by:

p.] .
(3.0.5) &=~ —a'DiD; - B*Dx,

where the principal symbol a¥/ = #gij guarantees uniform parabolicity as long as
the gradient w remains bounded, and the drift vector 8 is exactly determined by the

background geometry and the Hessian u;; as derived above.

18



Chapter 4.

Time-dependent Gradient Bound and

Long-time Existence

In this chapter, we utilize the differential part of the linearized operator £, derived in
chapter 3, namely, £ in (3.0.5), to establish a time-dependent gradient bound for the

height function along the flow, which yields the long-time existence of the flow. We

|Dul?
cosh? (u)

begin by computing the time derivative for the gradient function w = /1 +

along the flow, and the proof is included in Appendix B under Lemma 12.

ow u 2 . 2 tanh(u) g
(401) — == | - —w gllu.. — Up (go)Uu"
o weosh’*(u)| w Y w2cosh?(u) Y
4 tanh(u) i 2 P
T 4, . U WU U — T 4~ u; u'ujj
w* cosh™ (u) w* cosh* (u)
2

+ ———— wru'duy; + igijDku~~
i ij
wS cosh* (v) w?

1 1 2 tanh 2
- sechz(u) (3 - —) uy + L(u) (3 — —) wy — %wk]
w w

w? 2 w3 w2
2
-1 | tanh 1
- d tanh(u) [—Zg”uij - an—z(u) (3 - —2) + g] .
w w w w w

Next, we move onto the gradient bound.
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§ 4.1. Time-Dependent Exponential Gradient Bound

Lemma 2 (Gradient Evolution Inequality). Letu € C>!'(£x [0, T)) be a smooth solution
to the modified mean curvature flow (2.2.16). There exists a constant Cy > 0, depending
only on the background metric gy on % and the C° bound of u in Lemma 1, such that the

gradient function w satisfies the differential inequality:

3 1 . 3
“4.1.1) Zw < Cow — a”(go)kguikujg + —a”ww; + 4 tanh(u) aVuw;j,
w

2w cosh?(u)

where Z is the linear parabolic operator from (3.0.5). In particular, we have

1 .. .
(4.1.2) Zw < Cow + —a’wjw; + 4 tanh(u)aVuw;.
w
. . 2 _ ufug
Proof. To compute wy, we differentiate w” =1 + ppTmE
2 ¢ ¢
wwy = u—;lé’k - 2tanh(u)u—L21€u;<
cosh”(u) cosh”(u)
ubugy tanh(u) ufu,
Wi = 208 2
w cosh”(u) w  cosh”(u)
¢
tanh
4.1.3) - & @ 02~ 1.
w cosh”(u) w

Differentiating once more yields the Hessian w;; = Djw;:

ubuy; ) _p, (tanh(u)
w

wij = Dj ( (w? - 1)ul-) .

w cosh?(u)
The first term gives:
D»( uluy; ):[ w;j 2 tanh(u) uj] ’

_ _ uluyp;
N\w cosh?(u) w? cosh’(u)  wcosh?(u) l
1

w cosh? (v

14 14
(HJ-UEI' +u Djllgi).
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Expanding the second term yields:

tanh(u) sech?(u) tanh(u)
i (w? - u ) (—u) S Wj (w? - Dy;
w w
tanh(u tanh(u
+ w( ) u; Quww;j) + ( )( - Dug;
21 w? + 1
= (w ) sech?(u) uiuj + (—2) tanh(u) ujw;
w w
tanh
LG SIS
w
Putting these together, we have
1 wij 2 tanh
T 2 (ufu“ + ufDiufi) - —]2 “up - L2(11)uju€u€l
w cosh”(u) w? cosh”(u) w cosh”(u)
h? 1 tanh
@14 S u; — tanh(u) (1 + —2) ww; — — @ w2 - Duyj.
w w

w
at

(3.0.1): u; = F(D%u, Du, u) yields Dyu, = orijDkuij + ,Bfugk + yuy, where y = ‘%. Along

We now evaluate Lw = & — o'/ wij — P kwy. Taking derivative of the flow equation

) ) h
with (B.0.4) that gives % = wcoshz(u) (a0 Dyuwsj + Blupr + yux) - tanw(”) (w? — 1u, we
get
k
u . tanh(u iy
Zw = ————(a'Druyj + ﬂgugk + yug) — ( )(w2 - Duy — aYwyj — ﬁkwk.

w cosh? (u)

. . . . k .
Noting that the item contained in the first term " U ,Bfugk and the last item —f3 kw,

cosh?(u)

they can be combined once indices k and ¢ are swapped:

k ut
Blupk — Brwr = —————PBFure — Brwi
w cosh?(v)
¢
k u
= U - Ww
P (w coshz(u) K k)
_ ﬁktanh(u) (wz _ 1) uk,

w

u

w cosh?(u)
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in which the last equal sign is justified by using (4.1.3). Therefore, we now have

uk

Zw = m(aUDkuU + yux)
tanh .
- an—(u)(w2 - D, — alwyj + F

tanh(u) (w2 B 1) iy

Next, we expand —aijwl-j. Using again (4.1.3), we have
(4.1.5) uup; = w cosh? (u)w; + tanh(u) cosh?(u) (w? — 1)u;.

Contracting the second and third terms in (4.1.4) with —a"/ yields:

ij wj ¢ 2 tanh(u) ¢
— o | T WU — Ul U,
w? cosh”(u) w cosh” (u)
1 iy

=———> a'w; [w cosh? (u)w; + tanh(u) cosh?(u) (w? — 1)“1’]

w? cosh” (u)

2 tanh y
L S 2(u) au; [w cosh?(u)w; + tanh(u) cosh? (u) (w? — D]
w cosh”(u)
1 tanh(u)

(w? - l)aijuiwj

_ ij
= —a’wijw; +
w ! w?

(w? - l)aijuiuj.

’ 2 tanh?
+ 2 tanh(u)aVujw; + 2 tanh” (w)
w

The expansion of —a"w;; also contains the term + tanh(u) (1 + ﬁ)alj u;wj, which is from
the second last term in (4.1.4) when contracted with —a'/. Adding this to the above, the

term involving a"u;w; becomes:

1 1 3 .
tanh(u) [(1 - —2) +2+ (1 + —2)] a’uw; = 4 tanh(u)a”u;w;.
w w
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Therefore,

k
. tanh
PLw :u—z(al]Dkuij yug) — — () (W = Dy,
w cosh”(u)
§ 1 sechz(u)
i (u’?ugi + ufD-ugi) - ———(w* - Dy,
(wcoshz(u) ! ! w ]
tanh
_ anT(u)(wz ~ Du; — 4tanh(u)uiwj)
1 .. 2 tanh? . tanh
+ —a”wiwj + L(u)(wz - l)auuiuj + ﬂkan—(u)(wz - 1)uk-
w w w

‘We now define

A = ——tang(u) (W? — D)u, + aij—tani(u) (w? — Duy;
.. 2 ..
B = % (w? = Dauu; + Zta“Th(u) (w? - 1)aVuu;
k ..
C = ot « (Drttij = Djuik)
yuguk k tanh(u) 2
- wcoskhz(u) + ﬁ w (w - Duk
- 1 iji, 8.
Q= w cosh? (u) aru e
Lirace == _Zt%h(u) (w2 - l)aijuij
such that
1 . g
(4.1.6) Zw=(A+8B)+C+D-Q+ —aww; + 4tanh(u)a”uw; .
w

Using (2.2.16), u; = -g"u;; - tanh(u) (3 - #) + £ and substituting 5¢¥ = o'/ yields

w

_ tanh(u)

--tanh
A = (w? = Due + o” tanhiu) (W* - Dy
w
" ) 2 (u) (w? - 1 1
_ _M(wz g + tan (u)(3w ) (3 _ _2)
w w v
2 _ y
_ "tanh(u)gw D | itanh() (w? = Duyj
w
4.1.7) _ tanh’(w) ng — (3 - iz) - Gtanh(u)ng —
w w v
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As w, tanh® (u), w? —1,and 3 — # are non-negative,

A

< tanhz(u)(;u2 -1) (3 _ Lz) N |0tanh(u)|2(w2 - 1).
w w w

Moreover, we have |tanh(u)| < 1 and |o| < 2, so

2 2
w” -1 1 2w =1)
A <L 3 (3 - E) + )
2 2
w” -0 2(w”=0)
< ;— (3-0) >
3
=—+42
w
Given w > 1, we have i <1,so
(4.1.8) A <S5 < Sw.
. . ij i)
Using (B.0.1): a¥ = " ii‘;;z(u) - cosli4(u) and |Du|§0 = cosh?(u) (w? — 1), we have
w |Du|§0uj

iy, —
au = 2,5 3
w? cosh”(u)  w* cosh®(u)

u ( w? — 1)
w? cosh?(u) w?
w

4.1.9 =—.
( ) w# cosh? (u)

Contracting this with u;, we get

auu; = (go)/u; iy
w? cosh?>(u)  w* cosh*(v)
| Dul? |Dul*

w? cosh? (u) WA cosh*(u)
1 |Duf? ( ,  |Dul? )
—_— w — ——

wh cosh? (u) . cosh? (u)

(4.1.10) = %(uﬂ— 1).
w
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Therefore,

B secl:j(u) (w? - l)aijui 2tanh2(u) (w? 1)cxiju,'uj
5 2
@riy =W 1)—( -+ Zt%h(u)( - 1)_( -l
— M (Sechz(u) + 2tanh2(u))
w

Note that sech? (1) + 2 tanh?(u) = 1 + tanh?(u) < 1, so we get

2(w? - 1)? B 2w?-0?% 2

w’ - w?

B <

Similarly by % <1<w,
(4.1.12) B < 2w
Now by (4.1.8) and (4.1.12), we have

(4.1.13) A+8B < Tw

uk
w cosh? (u)

Moving onto the third-order covariant derivatives C = o (Dxuij — Djuik), we
need to work with the Ricci identity. For a manifold with constant sectional curvature
K, we have

R(X,Y)Z =K ({Y,2)X - (X, Z)Y).

In a Fuchsian manifold, K = —1, and we can let

X =0, Y =9, Z =0,

and obtain

R(0k, 3;)3; = (=1) ({3}, 9;)0k — {3k, 9:)9))

= — [ (80)ji 9 — (g0)xi 9] -

25



Therefore,

Rijig = (R(9k, )0, 3q>g0

= —[(20)ji(g0)kq — (20)ki(g0)jq] -
Contracting this with (go)?q,
Riji =~ [(gO)ji 8¢ — (g0)ki SJP] -
Contracting this with up,
Riittp = —(80)jittk + (80)ki;-

Substituting this into C and using the definition o/ = #gii , we evaluate

- 1 ij k
¢= mg u (ul(g())kl - uk(SO)L])
1 ij 2
= ——F g’ (uuj — |Du .
w3 COShZ(u)g ( =] | | (gO)l])
2
-1
(4.1.14) - _w—z ’
w3 cosh”(u)
i = . gl _ Dup?
where we used (A.0.5): gYuu; = Ww_zl, (A.0.4): gY(g0);j = COS}lzz(u) _ w2<|305}|14(u) and

|Du|? = cosh?(u) (w? — 1). Therefore,

(4.1.15) c<0

k 2

U uj w -1
= we get

cosh?(u) w g

Now, using (3.0.4) and multiplying this by "

yuzuk 2 tanh(u) i 4tanh(u) ; ;. \w?-1
R > (80)uij + —————u'Wuy
w cosh”(u) w* cosh”(u) wo cosh™ (u) w
sech?(u)(w? = 1) 1 2 tanh? (u) (w? — 1)2 2
- 3 3-—=- 5 3-—
w w w w
otanh(u) (w? — 1)?
+ T )
w
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Multiplying ¥ in (3.0.3) by 2 (32 — 1)y and using ufuy = cosh? (u)(w? - 1),

we have

2 _ 2 tanh(u) (w? — 1)? b
(w l)uk - LU5 COShZ(u) (gO) Ujj
4 tanh(u) (w?* - 1)?
+
w’ cosh*(u)
2 tanh? (u) (w? — 1)2 2\ otanh(u)(w? — 1)2
22 |

uu

w cosh*(u)

tanh(u
prinn) ”
w

u'tu;;

w? w

k
Note that the tanh? () and o terms in #}% and f8 k%(wz — 1)uy cancel out. Now

grouping the (go)”u;; terms yields:

_2 tanh(u)(w? — 1)

wS cosh?(v)

B 2 tanh(u) (w? — 1)

w3 cosh?(u)

[1+ W = D] (g0)7uy; = (20)7us;.

Grouping the u'u/u; ; terms yields:

2 tanh(u) (w? — 1)

w’ cosh*(u)

- 2 tanh 21
[2 _ LU2 + 2(w2 _ 1)]u1u]uij _ an (U)(lj )
w? cosh™ (u)

u'ulug;.

Therefore,

yuguk N ﬁktanh(u)
w cosh?(u)
2 tanh(u)(w? - 1)

(4.1.16) D = (w? - Dug

2tanh(u)(w? - 1) ;

= (g0)uij + u'tuy;
w3 cosh?(v) § ! w cosh* () !
sech?(u)(w? — 1) 1
a 3 3-—
w w
2 tanh(u) (w? — 1) ( (g0)¥ u'w! )
w w2cosh?(u) wicosh*(w))
sech?(u)(w? — 1) 1
B 3 3-—
w w
2 tanh(u)(w? - 1) ; sech?(u)(w? — 1) 1
= - a uij — 3 3 - —2 ,
w w w

where in the last equal sign we have used (B.0.1) for a”. Note that sech?(u), w? — 1,
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w3, and 3 — # are all non-negative, so

2 tanh 2.1 ..
4.1.17) D -2 () (w )Of”uij=£rrace

w

Combining (4.1.13), (4.1.15), and (4.1.17), we yield
1 .. N
(4.1.18) Fw < Tw+ Lipgee — Q + Ea”wl-wj + 4 tanh(u) oV uw;

Now for the primary positive semi-definite quadratic Hessian term,

1 y 1 y
(4.1.19) Q=———77— cx”ufu-g = ————aY(g0)upuie ,
w cosh? (v T w cosh?(u) 8 ’

uw

we first note that (4.1.9) gives alu; = pryserm

Thus, the gradient vector Du is an

eigenvector of o/ with respect to g with eigenvalue:

1

Aj=———.
= cosh?(u)

Now let V be a tangent vector such that (V, Du), = u;V' = 0. Contracting a”/ with V;

yields:

aV; = ————(80)"V; - ————u' (V)
7 w2 cosh?(u) 7 w4 cosh*(v) !
1

w2 cosh?(u)

i
Thus, any vector orthogonal to Du is an eigenvector of a/ with eigenvalue:

1
4.1.20 P
( ) B w? cosh? (u)

Therefore, the minimum and maximum eigenvalues of o/ are

1 1
and A=A, =

Amin = A = =—\
min = 2 w? cosh?(u)

 wA cosh?(u)
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By definition, w cosh?(u) Q is the trace of a positive semi-definite 2-tensor M = M;; =
(g0)*fuskujp against aJ. To see that M is positive semi-definite, we contract it with an

arbitrary tangent vector V:
i — | N N ke Wk >0
M;VV7 = (o)™ (uiV") (wjeV’) = (g0)" WiWe = [Wlg, > 0,

where Wi = u; V. Therefore, because M;; is positive semi-definite, its trace against
the positive semi-definite metric a¥ is bounded below by the product of the minimum

eigenvalue of a and the go-trace of M:

1 y 1
4.121) Q=————a"M;; > ———— Apin(a)try, (M)
w cosh?(u) ! w cosh?(u) e 8
1 y y
= Amin (@) (80)"Mij = ——————Amin () (80) " (g0) “uixutje
w cosh? () e § ! w cosh?(u) e 807718 !
_ 1 212
_mlD ulgo > 0.
Now we evaluate the remaining term Liqce = —%)(wz_l)aijuij in (4.1.18). Since

aY is positive-definite and symmetric, let SV be the unique positive-definite symmetric
square root of ¥/ such that ¥/ = 3'2_ SSki. We define the 2 x 2 matrix M = Mk =

Sikuiijg and rewrite

2 2 2
aijul-j = ZSikSkjuij = Z Sikuiijeé‘k = Z Mkfé»lg =tr(M).
k=1 k=1 k=1
We apply the trace inequality

(tr(M))? < 2tr(M?),
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which yields

2
Z(slkuijsﬂ’ ) (SPC11pgST)
k=1

M

(O(ijuij)2 <2tr(M?) =2

)
1l
—_

(4.1.22) =2a%u;aPup, = 2a* ol uyjuge,

where we used S = 5%, 37  §¢sP¢ = oP and 37, SIS = a9, Because the max

. i 1
eigenvalue of a% is ————
g w? cosh?(u)

(see (4.1.20)), by (4.1.22) and the definition of Q we have

2

(O(iju")z < -
Y7 w2 coshi(w)

‘ . 2
a* (go) wijure = = Q.
w
Therefore,
2Ww?-1) [2
| Lerace| < Mlauuﬁl < 2wq [ —Q =2V4w 9 < g +4w,
w w

where we applied Young’s inequality in the last step. Combining these estimates into

(4.1.18), we obtain

1 .. 3
Yw < 1w - 3 + Ea”wiwj + 4 tanh (u) o’ uw;.

Discarding the negative-definite term —%2, we yield

1 .. y
Zw < Cow + —a’w;w;j + 4 tanh(u)a”u;w;.
w
O

Corollary 1 (Time-Dependent Exponential Gradient Bound). Let u € C>!(Z x [0,T))
be a smooth solution to the modified mean curvature flow (2.2.16). The gradient

function w satisfies the time-dependent exponential bound:

w(x,t) < (sup w(x, O)) eCot V(x,t) € 2x[0,T),

XEX

where the constant Cp > 0 is given in Lemma 2. Consequently, the flow cannot develop
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finite-time gradient singularities, ensuring that the smooth solution can be extended for
all time t € [0, o). Moreover, the flow converges exponentially in C° to the equidistant

surface X(r,) where r, = tanh™" (%) is from Lemma 1.
Proof. We define the vector field 3*:
ak _ ok 1 ik ik
pr=p"+ AW + 4 tanh(u)a™u;
and the corresponding linear parabolic operator
> _ 0 ij 3k
g:a_aJDiDj_,B Dk.

The inequality (4.1.2) can be rewritten as:

Zw < Cyw.
Now, let w(x, t) = e “tw(x, t). We have

- a y ~ . )
L =—(e Cotw) _ a”DiDj(e Cotw) _ Bka(e Cotw)
ow . B
= —Coe_c"tw + e—C()t_ - e_c()fal]wij _ e—C()tﬁkwk
= e_C"t(S:Pw - Cow) < 0.
Because Z is a uniformly parabolic operator with continuous coefficients, the standard

parabolic maximum principle guarantees that the spatial maximum of the sub-solution
W is non-increasing in time. Therefore, for all t € [0, T), we have:
e “tw(x, t) = w(x,t) < supw(x,0) =supw(x,0),
XEXL XEXL

which yields the desired result by multiplying both sides by e, O
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Chapter 5.

Uniform Gradient Bound and Convergence

§ 5.1. Thecaseo =0

‘We now use the test function
Y(x,t) = cosh(u(x,t))w(x,t)

to derive an improved linear bound on the gradient function w, and in particular a

uniform gradient bound in the case of mean curvature flow (o = 0).

Theorem 2. Let u € C>'(Z x [0,T)) be a smooth solution to the modified mean
curvature flow (2.2.16) with o € (-2,2). There exist constants C, C; > 0, depending
only on the background metric gg on Z, the ¢Y bound of u in Lemma 1, the constant o,

and the initial gradient bound ||w(-, 0)||, such that:

(5.1.1) w(x,t) < Ci(1+1¢) V(x,t) € Zx[0,T).
Moreover, when o = 0 we have

(5.1.2) w(x,t) < C V(x,t) € 2 x [0,T).

Proof. We compute the linear parabolic operator & = 9, — a’/D;D; — XDy, from (3.0.5)
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acting on the test function ¥ = cosh(u)w. To do so, we first compute:

Y, = sinh(u)ugw + cosh(u)wy,
Y, = sinh(u)u,w + cosh(u)w,

W¥;; = cosh(w)u;ujw + sinh(u)u;w + sinh(u) (w;w; + ujw;) + cosh(w)wy;.
Substituting these into &£ yields
(5.1.3) Z£Y¥ = cosh(u)Zw + wsinh(u) Lu —w cosh(u)aijuiuj -2 sinh(u)aijuiwj.

Define the spatial maximum function Wpax(t) = sup,c5 ¥(x,t). By the compact-
ness of the closed 2-surface %, for each t € [0, T), there exists a point x; € ¥ such
that W(x¢, t) = Wnax(t). At this spatial maximum point (x;, t), the gradient vanishes

(Wx(x¢, t) = 0), which implies that at (x¢, t) we have
(5.1.4) wy = — tanh(u)wug.

Furthermore, the Hessian matrix of ¥ is negative semi-definite (¥;;(x;,t) < 0). Be-
cause o/ = L g' is strictly positive-definite, we have —a/Wj;(x;,t) > 0. Thus, using
Hamilton’s trick we have

d
E‘Pmax(t) < glP(xt’ t)'

Substituting (5.1.4) into the cross term in (5.1.3), we have

sinh? ()
cosh(u)

-2 sinh(u)aijuiwj = —2 sinh(u) oYy (— tanh(u)wu;) = 2w aijuiuj ,

Combining this with the u;u; term in (5.1.3), we obtain:

2 sinh?(u) — cosh?(u)
cosh(u)

(5.1.5) <Y =cosh(u)Zw + wsinh(u)Zu +w

(x”uiuj.
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Next, we evaluate Lu = u; — aijui]- - ﬁkuk. Using the flow equation (2.2.16), we have

tanh 1
ur — oV = - ariuz(u) (3 ) ¥ %

(5.1.6) -

To compute BXuy, we contract 5 with uy and use |Du|? = u¥ux = cosh?(u)(w? — 1) to

get:
2uk g 2 tkydyy Aukutidug;
Bruy =( - ;4(80)1]%' _ 2z 7 . g :
w* cosh™ (u) w* cosh™(u)  w® cosh®(u)
2 tanh(u)uX ( 2 ) ouk )
- |- |u
w* cosh?(u) w?) w3 cosh?(u)
2w? -1 - utulu;; 4(w? - Dulvu;
—_ (—z)(gO)Uuij _ 41] . 1 Pﬂ
w* cosh” (u) w* cosh™(u) w® cosh™(u)
. o 2-1
2w -1 [ (g0)? i) 2-2(5)
=— ) 3 — 7 uij——4u uluij+Pﬁ
w w?cosh”(u) w*cosh*(u) w* cosh™ (u)
2w?-1) 2 -
5.1.7) =- —aVu;; — —————u'vlu;; + Pg,
w? 7w cosh?(u U

(g())ij u'u/
T u;j and
w?cosh?(u) Y w*cosh*(u) Y

where we used (B.0.1) to get aiful-j =

P, = 2 tanh(u) (w? — 1) 3. 2\ o(w?-1) _ 6tanh(u) o rOW™),

w* w? w3 w? w

as w — oo,

Subtracting (5.1.7) from (5.1.6) yields:
2Ww?-1) . 2 .
(5.1.8) Fu= (w—z)a”uij + —4ulu1uij + Py,
w w® cosh™(u)
where

9 tanh 2
an—2(u)+_0+0(w_3) as w — oo.
w w

tanh(u) 1 o
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Next, substituting (5.1.4) into the formula for wy from (4.1.3), we have

14
tanh
wy = u ufzk _an @) (w? = Duy = — tanh(w)wuy
w cosh”(u) w
This implies ufue = — tanh(u) cosh?(u)ux. Contracting it with u¥ yields that at the

maximum point (x;, t), we have
u'tu;j = u* (ulugy) = - tanh(u) cosh? (u)|Du|? = — tanh(u) cosh* (u) (w? - 1).

Substituting this into w sinh(u) Zu using (5.1.8), we get

(5.1.9)
_ 2sinh®(w) (w? - 1)
w? cosh(u)

w sinh(u) iujuij = =0w™) asw — oo.

———————u
w® cosh™ (u)

Now we use the identity for Zw (proof in Appendix B under Lemma 13):

1 . 2tanh(u)(w?-1)
Pw=—— (g0 Cuyu - au;;
w cosh? (u) (g0) " uaae w v
3(w? -1 1
_3wi-)

—aVww; + 4 tanh(v)aVuw;
wdcosh?(u) w o o

.\ tanh” (w) (w? - 1)(5w? - 3)  otanh(w)(w? - 1)
> .

(5.1.10)

wd w
At the spatial maximum point (x¢, t), we substitute (5.1.4) into the gradient cross-terms

of (5.1.10):

I 1 . y
—aww; = —a”( - tanh(u)wy;) ( - tanh(u)wy;) = w tanh? (u)au;u;,
w w

4 tanh(u)a”uw; = 4 tanh(u)a'/y; (- tanh(u)wu;) = —4w tanh? (u)auu;.

Summing these evaluates to —3w tanhz(u)aijuiuj. Applying (4.1.10): aVuu; = ”’;}1,

this reduces to:

3 tanh®(u) (w? - 1)
_ = ,

21
—3w tanh?(u) (w 7 ):
w
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Combining this with the 2 @@ DGW*=3) yornn from (5.1.10) yields:
w

3tanh?(u)(w? - 1)  tanh?(u)(w? - 1)(5w? = 3)  tanh?(u)(w? - 1)(2w? - 3)
- w3 + v - wd '

Therefore, evaluated at the maximum point (x;, t), Lw simplifies to:

2 tanh(u) (w? - 1)

1 )
Fw=-——7—aY ki — aly;;
w cosh?(u) (g0) wactje w J
(5.1.11) - 3(w? —21) 4 tanh? (w) (w? —51)(2w2 -3) otanh(u)ng -1
w3 cosh” (u) w w

Now we substitute (5.1.8) and (5.1.11) into (5.1.5). First, we consider the two Hessian

trace terms involving au;;:

(04 ujj| = — (04 Uij,

Trace »,, := cosh(u) [—
w

w

2w? - 1) 2sinh(w)(W? - 1)
Trace o, := w sinh() [(w—z)a”uij] _ 2sinh(u) (w )a”
w

Ujij.
w J

Therefore, these two trace terms sum to zero at the maximum point (x;, t) in (5.1.5).

Combining these using (5.1.8), (5.1.9), (5.1.11), and (4.1.10), we obtain:

2 sinh?(u) — cosh? g
o?‘P:cosh(u)3w+wsinh(u)$u+w( sinh” (u) — cos (u)) Yuiu;

cosh(u)
y 3(w? - 1)
— h _ ij kt allip — ————2
o8 (u)( w cosh?(v) @7 (go) "ttt w3 cosh? (u)
tanh?(u)(w? — 1)(2w? = 3)  otanh(u)(w? - 1)
" wd - w? )
+w sinh(u)( _ Jtanh(u) tanl;(u) + 20
w w
3 2 sinh?(u) — cosh?(u) \ w? -1
+Ow™) +w( B =
)
= — cosh(u)@Q + o sinh(u) — Gsinh”(u) + 4 +0w™?),

w cosh(u)

where Q is the positive semi-definite quadratic Hessian from (4.1.21). Note that the

primary obstruction here is the dominating term o sinh(u) when w is large. For o = 0,
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we have:
6 sinh?(u) + 4
w cosh(u)

A () < ¥ (i 0) < — oW

dt
By Lemma 1, cosh(u) is uniformly bounded from above (and trivially bounded from
below by 1). Therefore, there exists a sufficiently large constant C > 0 such that
whenever .« (t) > C, we have %‘Pmax(t) < 0. Arguing as in the proof of Lemma 1,
we have

¥ (x,t) < max {sup ¥(x,0), C_’} :=Cy,

X€EX

which, since w < ¥, immediately implies w(x, t) < C».
For general 0 € (-2,2), Lemma 1 again guarantees that osinh(u) is uniformly

bounded, and thus %‘Pmax(t) < C. Integrating this from t = 0 yields:

w(x, t) < ¥(x,t) < Pnax(0) + Ct < C1(1 +1). O

§ 5.2. The general case 0 € (-2,2)

We first recall the evolution equations of the gradient function w and the squared norm

of the second fundamental form |A|? under the modified mean curvature flow.

Lemma 3. Letu € C>!(2x [0, T)) be a smooth solution to the modified mean curvature
flow (2.2.16) with ¢ € (-2,2). Then the gradient function w satisfies the evolution

equation:

(8, — Nw = —w|A|?* + 2w? tanh(u) H + 2 tanh(u)(Vw, n)
w? -1

2
(5.2.1) — 2w tanh?(u) — =|Vw|* - o tanh(u) (w? - 1),
w

w cosh?(u)
where A is the second fundamental form of the evolving surface X, and n = ai.

r

Proof. By [8, Theorem 3.6] and its proof, the evolution equation for ® = i under the
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modified mean curvature flow is given by:

(3, — A)® = |A|*0© — 2 tanh(u)H + 2 tanh(x){V®, n)
0(1 - e?
 ea-e)

—— + 2 tanh’(u)® + o tanh(u) (1 - ©?).
cosh”(u)

(5.2.2)
Since w = ®~!, we have Vw = —w?V® and:
2 2 2
(0 — MNw =-w(8; — A)® — —|Vw|*.
w

Multiplying the right-hand side of (5.2.2) by —w? term-by-term, we obtain:

—w? (|A|2w—1) = —w|AP,
—w? (=2 tanh(u)H) = 2w tanh(u)H,

—w? (2 tanh(u)(—w>Vw, n)) = 2tanh(u)(Vw, n),

( w(l-w —2)) w? -1
—w - ’
cosh?(u) w cosh?(u)
—w (2 tanh® (W)w ]) = —2w tanh?(u),
—w? (atanh(u)(l —w 2)) = —otanh(w)(W? - 1),

which yields (5.2.1). O

Lemmad4. Letu € C>!(2x [0, T)) be a smooth solution to the modified mean curvature
flow (2.2.16) with ¢ € (-2, 2). Then the squared norm of the second fundamental form

|A|? of the evolving surface ¥, satisfies the following evolution equation:
d
(5.2.3) (5 - A) |A|? = =2|VA|? + 2|A* + 4(JA|)> — H?) - 20tr(AY) - 20H.

Proof. By [8, Theorem 2.2], the evolution equation for |A|> under the standard mean
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curvature flow is given by:

0
(5.2.4) (5 - A) |A]? = =2|VA*> + 2|A]* + 4(|A]? - H?).

Following Huisken’s [13, Lemma 3.3 and Theorem 3.4], under a normal variation
d;F = fv for a smooth function f, the induced metric g;;, its inverse ¢, and the

components of the second fundamental form of the evolving surface satisfy the evolution

equations:
0
—gii = 2fh;;,
atgl] f ij
a i] 77
—g" =-2fhY,
58 f

0 —
o =—ViVif + fhah + fRoij,

where Eol'o]' = —(R(v, 3;F)d iF,v) denotes the ambient Riemann curvature tensor evalu-
ated in the normal direction.

Compared with (5.2.4), the additional contributions to the evolution equation of |A|?
under the modified mean curvature flow arise from % acting on |A|?. Because the time
derivative operator is linear with respect to the normal variation speed, the evolution
under the modified mean curvature flow 3;.F = —(H — 0)v decomposes into the standard
mean curvature flow contribution (f = —H) and the contribution from the constant
forcing term (f = o). For this forcing contribution, denoting its corresponding variation

by 8,, we have:

Sogij = —20hY,

8ohij = ohyh' + oRow; = ohyh' — ogyj,

where we used Rojo ; = —gij since the ambient space M 3 is a Fuchsian manifold equipped
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with a hyperbolic metric. We then evaluate the variation 84|A|*> = 8, (gikgﬂhijhkl):

8ol AI* = 2(80g™)hihi + 2g% g™ (Sohij)hia
= 2(—20’hik) (hz)ik + 2hij (O'(hz)ij — ogij)
= —4otr(A%) + 20tr(A%) - 20H

(5.2.5) = —20tr(A%) — 20H.

Combining (5.2.5) with (5.2.4) yields (5.2.3). |

We next establish a polynomial growth estimate for the second fundamental form of

the evolving surfaces, following the ideas from [5].

Lemma 5. Letu € C>!(£x [0, T)) be a smooth solution to the modified mean curvature
flow (2.2.16) with o € (-2,2). There exists a constant C > 0, depending only on the
background metric go on X, the ¢ bound of u in Lemma 1, the constant o, and the
initial gradient bound ||w (-, 0) ||, such that the second fundamental form of the evolving

surface %, satisfies
|A(x, t)| < C(1 +0)%, V(x,t) € £ x [0, ).

Proof. Fix an arbitrary time T > 0. By Theorem 2, on £ X [0, T| we have
w < Ci(1 +T) := Cr. We define the test function Q = |A|?®(w) with ®(w) = wleerw?
where cr = # such that crw? < % on X X [0,T].

T

We first compute:
, 2
(5.2.6) D' (w) = (; + 2cTw) D (w),

2
(5.2.7) " (w) = (—u% + ZCT) d(w) + (% + 2cTw) d(w).
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Using (5.2.1), the evolution equation of ®(w) is given by:

(3 — N)D = D' (3 — Aw — D" |Vw|?

2
(5.2.8) = —wd'|A]? - (—cp' + qn") |Vw|? + &'E,,
w
where
w? —
Ew = 2w? tanh(u) H +2 tanh(u) (Vw, n) — —— —2w tanh’ (1) —o tanh () (W - 1).
w cosh”(u)

Using (5.2.8) and Lemma 4, the evolution equation of Q is given by:

(5.2.9)
(9 — 8)Q =D (3, — A)|A]* + |A* (8, — A)® — 2V|A[]* - VD
— (—2|VA|2 +2|A1* + 4(JAP = H?) — 20tr(A3) — 20H)

2
+ A (—wop'|A|2 - (—cp' + cp”) |Vw|? + qa'aw) —2V|AJ? - V.
w

Because X x [0, T] is compact, Q achieves its maximum at some point (xg, ty) and
without loss of generality we can assume ty € (0, T]. At (xo, tg), we have VQ = 0 (or
equivalently V|A|> = —|A|2%Vw orVIA| = |A| & % Yw) and (9, —A)Q > 0. Substituting

VIA]?> = —|A|2%Vw into the cross-term in (5.2.9) at (xo, to) yields:

cD/ q)l 2
—2VIAP? - VO = -2 (—|A|26Vw) (D'Vw) :2|A|2( ) |Vw]?.
Applying Kato’s inequality |V|A|| < |VA|, we have
A 2 P’ 2 @’ 2
—2®|VA|* < -2®|V|A]]> = -2 (' 4' (cpZ) |Vw|2) |A|2( ) |Vw]?.
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We collect all gradient terms from (5.2.9) into a single expression G
P’ 2
+ cp”) IVw|? + 2|A]P—— (@ ) |Vwl?

)2 2
IZ( ) IVw|? - |A]? (—d>
w

G < ——IA
3(9)% 2
:|A|2|V |2[ ( ) —qJI—CD”:|
2 @ w
2 2
= |A]*|Vw|*® [Eyz -y - (——2 + 2cr +y2)
w w

< —cr®|APY|Vw|?,

= =2c;D(1 = crw?)|A]*|Vw|?
by the choice of cy.

where y = = + 2crw and we used (5.2.6), (5.2.7) and 1 — crw?
Therefore, at the maximum (xo, tp), using again (5.2.6) and (5.2.9), we have
0< (3 — A)Q < —2crw’D|A|* — cr A |Vw|? + D'Ey|A]? + PO(JA])

(5.2.10)
Now we re-write
Ew = 2tanh(u)(Vw, n) + &,
where &, = 2w? tanh(u)H — #}:zl(u) 2w tanh?(u) — otanh(u)(w? — 1). Because
1, we have

lu| < Cop by Lemma 1 and |n| <

3C
<3CO|AL|Vw| = (\/ZCTCD|A||Vw|) (\/T«/Ew)
T

ocr
+ —®|A|-.
4CT

|2 tanh (w) @' |A|*(Vw, n)| <CP’|A]*|Vw]| = c( + ZCTw) ®|AI*|Vw|
w

<cr®|A|?|Vw|?
2 .
2 L %(sothathTw = %TTW < % < 1 since w > 1) and

where we used (5.2.6), crw
Young’s inequality. The term cy®|A|?|Vw|? above cancels with the —c;®|A[*|Vw|?

term in (5.2.10).
Now note that the leading term in &,, is 2w? tanh(u)H = O(w?|A|). Using (5.2.6)
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and multiplying &, by @’|A|? yields a bound by
2 21413 3v1a13
d ” + 2crw | O(w*|Al]°) = PO ((w + crw”)|A]).

Since w < Cr and ¢ = % we have w + c;w® < Cr + %CT = %CT. Thus, (5.2.10) at
T

the maximum point (x, ty) reduces to:
2000 A 14 3, 9¢? 2
0 < —2crw q)|A| +C3CTCD|A| + 4—CD|A| ,
Ccr

where C3 > 0 is a constant depending only on |u| < Cpand ¢ € (-2, 2). Therefore, using
again w > 1, we have |A(xo, tg)| < C4C% (since ﬁ = C%). Noting that ®(w) < C%e%,

we have

(5.2.11)

2
G O < Qs = A0, t0) PO (x0,10)) < (€G3 (et ) = C5(1+T)F,

for all (x,t) € £ x [0,T]. Since T was chosen arbitrarily and the inequality holds for all

t < T, we conclude |A(x, t)|2 < Cs(1 + t)8, completing the proof. O

Remark 1. The proof of Lemma 5 also yields that if the gradient function satisfies
a time-independent bound w < Cj, then the norm of the second fundamental form
satisfies a uniform bound |A| < Cp along the flow. A more detailed proof is included
in Appendix B under Lemma 14. It then follows directly from the standard induction
argument of Huisken [13, Lemma 7.2] (see also [12]) that all higher-order covariant
derivatives of A are uniformly bounded (noting that the constant normal forcing ov in
the flow only generates extra terms of the form ¢ . VA % V/A « V™A and 6V™R in

i+j=m

the evolution equation for |[V™A|?).
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5.2.1. Uniform gradient bound via blow-up

We establish a uniform gradient bound by using the exponential C° convergence of the
flow to the equidistant surface X(r,) by Corollary 1, combined with a Type II curvature

blow-up argument.

Theorem 3. Let u € C>!(Z x [0, )) be a smooth solution to the modified mean
curvature flow (2.2.16) with 0 € (-2, 2). There exists a constant C > 0, depending only
on the background metric gg on X, the ¢Y bound of u in Lemma 1, the constant o, and

the initial gradient bound ||w(:, 0)||c, such that:
w(x,t) <C, V(x,t) € & X [0, ).

Proof. We proceed by contradiction. Assume the uniform gradient bound fails. Then

by Theorem 2, we have

(5.2.12) lim sup max w(x,t) = oo.

t—oo XE

We claim that we must also have

lim sup max |A|(x, t) = oco.
XEX

t—o00

Suppose for contradiction that |[A(x, t)| < K uniformly for all x € £ and ¢t > 0. Then
following Huisken [13, Lemma 7.2] (see also Remark 1), all higher-order covariant
derivatives of A are also uniformly bounded: |[V™A| < Cy,. Since the evolving surfaces
% are graphs over a compact surface X, uniform bounds on A and all its covariant
derivatives, combined with the uniform height bound (Lemma 1), imply that the height
function u(-, t) is uniformly bounded in C*(%) for all integers k > 0. Moreover, by
Lemma 1, the flow converges exponentially in C%(%) to the equidistant surface u = ry =

arctanh(o/2). Standard Gagliardo-Nirenberg interpolation inequalities guarantee that
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a sequence uniformly bounded in C?(Z) and converging in C°(%) must also converge

in C'(Z). Consequently, the spatial gradient Du(-,t) converges uniformly to 0 and

w = \/ I+ |Du|§0 /cosh?(u) converges uniformly to 1 everywhere on X as t — co, which
contradicts the assumption (5.2.12).
Therefore, there exists a sequence of times t; — oo and points x; € X such that:

Ag = |A(xp, tr)| = max |A(x,t)| — oo.
XeX, t<

Xtk

Note that the points (xg, tx) achieving this maximum of |A| need not coincide with the
points maximizing the gradient w.

Now we translate the space-time origin to px = (xg, u(xx, tx), tx) and perform a
parabolic rescaling by the factor Ay = Ag. Let ux = u(xy, tx). We define the rescaled

height function iy : Qx X [Fsiare, 0] — R by:

(5.2.13) (%, F) = Ay (u(xk + AR b+ A — uk) ,

where Qr = Ar(Z — x¢) and Tyare = —Aitk. The rescaled surface is the graph X
{(X, 0 (%,0) : X € Oy}

By definition, the rescaled surfaces satisfy |Ax(%,T)]> = A122|A|2 < 1forallt e

t
k

[£seare, 0], and attain exactly |Ax (0, 0)| = 1. We then apply a global rotation R; € SO(3)
to the ambient space such that Ri(vx) = n, where vy is the unit normal of the evolving
surface at py. Let ii = Rk(ii). As Ap — oo, the ambient space flattens to Euclidean
space R3. Because |Ax(%,T)|> < 1forallf € [Fyqare, 0], all higher-order derivatives of Ag
are uniformly bounded (see Remark 1) which guarantees that a subsequence converges
in R?, defined for € (—o0, 0], with

3
(e

smoothly to an ancient limit flow &

|Ae(0,0)| = 1.
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Now by Lemma 5, we have

A= max |A(x,t)] < C(1 +tp)*.
XEL, t<ty

Note that by Lemma 1, the original evolving surface %;, lies within a horizontal slab of

o2

width less than Ce~ 7. Under the parabolic rescaling by Ay = Ag, the rescaled width

of this slab is bounded by

4-o?

_4=d 4 420"
Ap-Ce 2 % <C(l+t)"e 2 *—>0 asty— oo.

The geometric contradiction in the rescaling argument is illustrated in Figure 5.1.

(a) Original scale at (zy, tx) (b) Rescaled sequence

i = (xr, w(zk, tr), tr)
A = |A(pr)| — o0

translate, rotate, S rescaled width Axdr — 0
rescale by Ax Xk N

£(0,0)| =1 but the collapsing slab forces
Yk — Poo, hence |Ap_ | = 0: contradiction.

Figure 5.1.: Schematic of the blow-up contradiction.
After rescaling at a point of maximal curvature, the rescaled slab width
tends to zero. Consequently, any smooth limit must lie in a plane, which

contradicts the normalized curvature condition |Ax(0,0)| = 1.

The rotations Ry preserve ambient distances and thus, the smooth ancient limit surface
5\ must be a flat plane, which contradicts |A« (0, 0)| = 1. Therefore, the assumption
(5.2.12) must be false. The gradient w(x,t) is uniformly globally bounded for all

time. O

Proof of Theorem 1. By Theorem 3, the gradient function w of the evolving surfaces
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Z; 1s globally and uniformly bounded as long as the flow exists. Combined with the
uniform height bound from Lemma 1, this guarantees that the second fundamental form
and all its higher-order covariant derivatives are uniformly bounded globally in space
and time (c.f. Remark 1). This precludes the formation of finite-time singularities,
ensuring that the modified mean curvature flow exists smoothly for all time t € [0, co)
and that the evolving surfaces remain geodesic graphs over X.

By Corollary 1, the height function of the flow converges exponentially in C°(Z) to
the equidistant surface %(r,), where r, = arctanh (%) Because the height function and
all its higher-order derivatives are uniformly bounded for all time, standard interpo-
lation inequalities guarantee that this exponential C° convergence elevates to smooth
convergence in the C* topology. Therefore, the flow converges smoothly to X(r,) as

t — oo. O
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Appendices

48



A. Derivation of the Graphical Formulas

Lemma 6. The computation of the inverse metric is as follows.

. 1 . utu
- — (- )

~ cosh?(u) |Du? + cosh?(u)

Proof. Contracting the identity 61; = gpg" with (go)% gives

(80)6} = (g0) “gexg"
(80)" = (g0)" (et + cosh® () (g0)ek ) g
= uiukgkj + cosh? (u)gij

=u'a’ + cosh®(u)g",

where o/ := u;g"/, and hence

N 1 L
A.0.1 - - g _ 1ty .
(A.0.1) &= 7 @ ((go) u'a )

To determine o/, we contract the identity 61; = gorg™ with u® this time:
boj _ 0. ki
u's) =u'geg"
j_ .t h2 kj
w =u" (upug + cosh”(w)(go)ex ) &

= u‘upurg™ + cosh? (u)u’ (go)exg™.
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Note that uup = |Du|? and u®(go)ex = uk, so we obtain

W = |Dul’a + cosh?(w)o’

= o (|Du|2 + coshz(u)) .

Therefore

w
|Du|? + cosh?(u)

(AOZ) ukgkj = (Xj =

Substituting into (A.0.1), we obtain

1 . ue/

j__ - j_
8 cosh?(u) (80) |Dul? + cosh?(v)

Lemma 7.

9 0
2= = Dail Focin cosh(r) sinh(r) (go)l

Proof. Let X be a tangent vector field on X, naturally extended to M> such that it
commutes with the radial vector field, meaning the Lie bracket [%,X ] = 0. Using
(2.1.2) with n = %, we have

- 0 0 0\ 0
Vs — =tanh — = — 1] =0.
ar or an (r)( or g(ar 8r) ar)

Furthermore, since X is tangent to X, it is orthogonal to the radial direction (g(X, n) = 0).

Therefore,

d a\ a
V 21X = VX— tanh(r) ( (X, —) —) = tanh(r)X.
ar | ar

In particular,

- 0 -0 0
Va— =V_ — =tanh(r)—.
o 9xJ or 9xJ

2
axJ

Next, we compute the covariant derivative V 2 ﬁ The metric components in the local

50



coordinate frame {r, x!, x?} are:

= = = 2

g&r=1, & =0,  gj=cosh™(r)(go)i
The inverse metric components are:

; . 1 .
grr = 17 grl = 0) gU = —(gO)l]'
cosh?(r)

Expanding V ai into its radial and spatial components, we have

_ 0 d _;. 0
Vi— =T.— + TR —.
. 9x/ Jar Y gxck

~r .
For Fl.j, we compute:

_ 1 0gi 0g; 0g;i
Fi,;'zigrr (ﬁ_'_ 8ir &ij

ot T o po ) = — cosh(r) sinh(r)(go);;.

=k .
For L where k € {1,2}, we have:

g = Lore (%Bse | 98w _ 38
) axt  ax)  axt

— l [;(go)kf] (COShz( ) (gO)]f Coshz(r)a(ag)?]?if hz( ) (go)l]

2 | cosh?(r)
ke a(go)ﬂ B(go)ie a(gO)ij
( 0) i axt
—(1"0)1],

where (1"0)’.‘. are the Christoffel symbols of the metric gy on the refence surface X. Using

that D a - = (FO)l]a -, We have
- d ;. 0 =. 0 0
Vo —=Tk— = D_a — — cosh(r) sinh(r
= axc i gxk 1] ar Pt ) (r) ( )(g())l
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Lemma 8. The outward normal vector to the evolving surface S(t) is

1({a uk 3
v—|— = ——|.
w \dr  cosh?(u) dxk

Proof. Recall that
d I3}

Fi=ui— + -,
or  oxt

Now let ¥ = % + Bka;ik be an unnormalized normal vector, then we have

= u; + B* cosh? (1) (g0)ki
= u; + cosh?(u)B;,

uk

cosh?(u)

Ui
cosh?(u)’

which yields B; = — and raising the index gives Bf = — Thus,

d uk 9
ar  cosh?(u) ax*

with

(
a 9 ukut 9 9
= —, — +— —_—
ar’ ar|  cosh*(u) \axk" axt

uFuy 3 |Du|2 5

cosh?(u) - cosh?(u) -

Therefore, the unit outward normal to S(t) is
1 (o uk 9
v=—|——-———].
w \dr  cosh?(u) axk
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Lemma 9. the second fundamental form h;; and its index raising h are

1
hij = ” (cosh(u) sinh(u)(g0)ij + 2 tanh (w)usu;j — u;j)

and
o1 y tanh(u w
hY = — [tanh(u)g” + —(4) fwl — gkl | .
w w* cosh™ (u)
Proof. First we have
= 0 0
ViFj=Vy 2,2 (u]— o @)
- 0 - 0 d 0
:uiujV@—+uiVi— Va—+Va +(8u])—
o gr o gxJ axi Or axt 9x/

Using (2.2.8), (2.2.9),(2.2.10) and evaluating at r = u, this simplifies to

d
Vi F; =u; tanh(u)— +uj tanh(u)— +D.as —
oxt oxl 8XJ

(A.0.3) — cosh(u) sinh(u) (go)ijg + (aiuj)g

Now we evaluate h;; = —(?FiFj, v) term by term using (A.0.3) and (2.2.11). For the

symmetric mixed terms, by (2.2.13), we have

0 0
- <ui tanh(u)@ +uj tanh(u)ﬁ, v>

uj 2 tanh(u)u;u;
= — u; tanh(u) (——) — u; tanh(u) (—ﬂ) = #
w w w
Next note that we have D e (l"o)f‘wa—k Therefore, along with (2.2.12) and

(2.2.13), we obtain:

(0250w gor) = (-5) - o )

1 k Uij
= —E (8iuj - (Fo)ijuk) = —;.
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Finally, for the remaining normal term we have

_ <— cosh(u) sinh(u) (gO)ij%, V> _ cosh(u) Si;l}h(u) (go)i]-'

Combining these yields:
1 .
hij = — (COSh(u) sinh(u) (gO)ij + 2tanh(u)uiuj - uij) .
w
Raising the indices twice, we get

hij — gikgjehkf

1 oo . ; o
= — (cosh(u) sinh(u)g™g" (g0)ke + 2 tanh(u) (g™ui) (g"'ur) — g™ uie)
w

For the first term:

0 - 1 ; wu
ik jt _ ik § — k )
0)ke =
878" (gt = ¢ cosh? (u) ( kw2 cosh?(u)
1 .. w .
S " . S— T
coshz(u)g w? cosh*(u) 8
1 . u'n/

L | B S
cosh?(u) § w* cosh® ()

Note that we previously established that gu; = in (A.0.2). Substituting these

U
w? cosh?(u)

back, we have

i 1 . 1 ij u'u!
hY = —| cosh(u) sinh(u) ) g’ - 6
w cosh?(u) w* cosh®(u)
4 i o
+ 2 tanh(u -g" ]eukf
( )w2 cosh? (1) w? cosh?(u) 8
1 | tanhu)gt - w—?ulu] " Lgu)ulu] _ glkgjgukg]
w w* cosh*(u) w* cosh*(u)
1 y tanh(u) ;i ]
= — [tanh(u)g"” + —————u'v/ — g™ ¢ uk | .
w (we w* cosh* (v) $¢
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Lemma 10. The mean curvature of the evolving surface is
1 1 i
H = — [tanh(u) (3 - — - g"u;j .
w w
Proof. The mean curvature is

H = g'h;;

1 » » »
=— (cosh(u) sinh(u)g" (go)ij + 2 tanh(u)g"uu; — g”uij) .
w

Since X is a 2-dimensional surface, we have (g0)"”(go);; = 2. Therefore,

uiuj(gO)ij )

ij = Y
8 (gO)l] = W2 COShz(u)

((gO)ij(gO)ij -

cosh?(u)

B 1 ( |Du|? )
cosh?(u) w2 cosh®(u) )

Using |Du|? = cosh?(u) (w? — 1), this simplifies to:

§ 1 w? - 1 ! 1
A.0.4 Y(go)ij=———|2- - )
(A.0.4) g"(80)y cosh? (u) ( w? ) cosh? (u) ( ' “’2)

We also have

1

i uiujuiuj
gluiuj = ———
cosh?(u)

(80) ity — —

( 0 7 w2 cosh?(u)

I S ( W2 - ﬂ)
cosh? (u) w? cosh?(u)
(wz—l)2 _w2—1

w? 2

(A.0.5) = W?-1)

w
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Therefore,

v
Il

g§l— &~ &=

Vcosh(u) sinh(u) (1 + Lz) + 2 tanh(u)
| w

cosh? (u)

[ 1 1 y
tanh(u) (1 + —2) + 2 tanh(u) (1 - —2) - g”uij]
| w w

. | )
tanh(u) (3 - —2) - g”uij] .
| w
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B. Linearization, Evolution of the Gradient

Function, and Test Function

Lemma 11. The drift term and the zeroth-order reaction term are

k 2uk . 2(g0) *ulu;; dukutulu;;
B :—4—4(80) Tujj - 2 3
w* cosh™ (u) w* cosh™(u)  wO cosh®(u)
N 2 tanh (u)u* (3 2 ) ouk
w* cosh?(u) w?] w3 cosh®(u)
and
2 tanh(u i 4 tanh (u) u'/
Y= —¢ (80)" wij + Lui]’

w* cosh?(u) w® cosh*(u)

_ sech’(u) ( 1 )+( 2 ) 2 tanh? (u)

) o tanh(u)
" 3-— 3-— i W' -1+ —7—

w? w?
_ _ _ ID(u+ed)|?
Proof. Letu, =u + €. Denote w, =w[u +epp] = [1 + cootZ(uted) °

Since the background connection D is fixed, we have

; ~ d
(ue)l = d)l: N

d d
del _, (ue)i = ¢, al ael (ue)ij = ¢ij-
Also,
B e = S (20" o)y (o)) =2 (20 whe = 2,
de e=0 de e=0 ! ’
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and

cosh?(u + e¢) = 2 sinh(u) cosh(u) ¢,

de €=0
1
—| tanh(u + €¢p) = sech’(u) p = ————¢.
| ko) = ek = —
By chain rule,
d | 1 2 sinh
— 5 =- 5 T cosh?(u;) = —w
de|._y cosh”(u,) (coshz(u)) de|._ cosh” (u)
d 1 3 2 d 1 _ 4sinh(u)
de|,_o cosh*(ue)  cosh?(u) d€|.—o cosh?(u,) cosh® (u) .

Now we have

d
de

d Du,|?
wg = — [1 + —| léel ]
e=0 de|._ cosh”(u,)
2uk 2 sinh
N T O
cosh“(u)  cosh’(u)

2 k 2
- ”—f" - 2tanh(u)%
cosh”(u) cosh”(u)
2
Note that % =w? -1, so we get
d »  2uf¢

— 2 tanh(u) (W? - 1)¢.

*(w)

—| ws =
€
de|._ cosh”(u

Once again by chain rule,

d 11 d )
de e=0 LUZ - wt de e=0 ‘
2 X 2tanh(u) , ,
= U+ ——=(w” = 1)¢.
w* cosh?(u) P wt ( ¢
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u'n!

by equation (2.2.7), gij = —Coshlz(u) (go)ij T eosh ()’ SO
d ij d 1 ” uéug
— u+epl = — —_— (g - ———
de e:og [ ¢) del.—o [cosh2(u€) (&) w? cosh*(u)
2 sinh(u) i ue/ d 1
=————@)-—F | —F—
cosh” (u) w* de|._o cosh®(ue)
uw  d 1 1 d i
-—— | = — uu
cosh*(u) del_gw? w?cosh*(u) de ezo( cte)
2 sinh(u) i u'/ | 4sinh(u)
e JEALP R e
cosh” (u) w cosh’ (u)
u'y/ 2 k 2tanh(u) , , ]
- - uh + ——L (W? - 1
cosh*(u) | w*cosh?(u) P w? ( ¢
ulp) + !
w? cosh* (v)
_ _2tan121(u) (2)i +72- 2tanh(u)4ulu1
cosh”(u) w? cosh®(u)
2utuiuk (w2 - 1) 2 tanh (u) u't/ Ul + Uit
T - _
w* cosh® () w? w? cosh*(u) w? cosh*(u)

As?2 - wjjgl = wj;l =1 + -1, combining the second and 4th term yields

w2’
d y 2 tanh(u) . 1 \ 2tanh(u) u'e/
| g+ ed) =——(go)”¢+(1+—)—
de|._ cosh? (1) w?) w2 cosh*(u)
2utuiuk u'gp) + ul!

+ k—
w* cosh®(u) w? cosh* (u)
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Applying product rule,

d 1 .
— —g[u+e
de e=0 (wzg [ d)])
1 (d iy d 1
= — | — 3 + + ij
Wz(d‘E e=og . 6¢]) 8 (deeowg)
1 2 tanh . 1\ 2 tanh(u) u'v/ 2ululu*
- L tanz(u) ()7 + (1 N _2) tan (u)4u u u'uu
w cosh”(u) w= ] w?cosh®(u) w* cosh®(v)
i) + 2 tanh(u)
B P + g7 —4—2uk¢k + —4( - D¢
w? cosh™ (u) w* cosh”(u) w
ulg) + u¢p! [ 2utuiuk 2ukgli ]qb
- - k
o cosh*(u)  [wOcosh®(u) w*cosh?(u)

N [_ 2 tanh(u) ()7 + (1 N i) 2 tanh(u) u't/ s 2 tanh(u)

w? cosh?(u) w* cosh* (v) w?

(w® - 1)g” ] ¢

w2

Once again by product rule,

d 1

de|,_, ( 2g u +ed] (Ue)u)

1 .. d d 1 ..
= Egl] de|_, (ue)yj + uij del,_ (_281] [u+ €¢])

1 s u'¢l +ugt qubl 2utuukuy; 2uku;igh s
~ 28 P w? cosh4(u) wo cosh6(u) w* cosh?(u)

2 tanh(u) i, 2tanh(u) u'v/ 2 tanh(u)
ul-j ——2 ( 0) l+— ) 4 + 4
2 cosh”(u) w= ] w*cosh®(u) w

(w? - 1)gY ] ¢
Particularly in the second item, since u;; = uj;, we have
(W'’ + ! yui; = 2u'luyj = 2u'uij(g0) i = 2u'uf i

The second item can be simplified into — ¢x. Combining with the third item,

2l
h4( )
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we obtain

d

(izg“ [+ €] (uaij)
e=0 \We
2u'uk 2utuukuy; 2uu;igl
w* cosh* (u) ¥ w® cosh®(u) WA cosh2(u)] P
1 ) 2 tanh(u) u'e/ N 2 tanh(u)
4

Urll+ =
(o) ( w2 | COSh4(U) w

1
= u7gl]¢’ij + [—

) [ 2 tanh(u)
ij

w2 cosh?(u)

(w?* - l)g”] ¢

Now we linearize the part —% (3 - %) + 2
w w w

i _tanh(ue) 3 1 L9
de e=0 w€2 w€2 We
h? 1 d 1 1 d
() 4] (s L)) ] o
w w d€ e=0 wE w€ d€ =0 w€
Note that
d 1 1 1\ d 1 1\ d 1
— —13-—=]|=13—-——]| — — |+ |—=| = 3—-—
de e=0 (wez ( wez)) w2 de e=0 wz (w2) de e=0 ( wz)
_(3 1\ d 1 1\ d 1
- w?) de| o \w? w? ) de|,_o \w?
2\ d 1
—[3-Z ] = —
w2 de e=0 wz
2 2 2 tanh(u) ]
=3-=||———tfpp+ ———(Ww? -1
w? [ w* cosh? (u) ¢ w? ( ¢
Also, since %L:O # = % j—e =0 u%e’ we have
d o ow d 1
de|ywe 2 de|_ow?
k
ou otanh(u) , ,
= — w — 1 .
w3 cosh?(v) ‘ w3 ( ¢

The coefficient of ¢;; is a¥/ = ﬁgif, and using (2.2.7), we get

(B.0.1) ol = (80)"” - u'w
w? cosh?(u)  w* cosh*(v)
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On the other hand, extracting the coefficient of ¢y, we have

,Bk 2uiui.‘ Zuiujukuij 2ukul~jgij
= — + _
w* cosh* (1) wbcosh®(u)  w*cosh?(u)
2 2 k
+ tanh(u) (3 — —2) 5 uk - ou 5
w= ] w* cosh”(u) w3 cosh” (u)

Using ui.‘ = uij(go)jk, we can further simplify 8% and we should expand g'/ in terms

of go. Once again, Recall that we have (2.2.7), namely,g7 = —L—(go)¥ — uw

cosh?(u) w? cosh*(u)
Therefore, the third term is
2ukutidy; j

w cosh®(u)

2uky; g B 2uk

(B.0.2) - =—
w* cosh? (u) w* cosh* (v)

(gO)ijuij +

Plugging (B.0.2) back, we have the first three terms in the expression of SX (using

uk = u;5(g0)7%):

2(g0)jkuiul-j Zuiujukuij 2ukuijgij

w*cosh*(u)  wbcosh®(u)  w*cosh?(u)

Z(go)jkuiuij 2uiujukuij 2uk . Zukuiujuij
- 4 6 - 4 (gO)lJuij + —6

w* cosh™(u)  wOcosh®(u) w*cosh®(u) w cosh®(u)
_ 2uk (gO)ijuij _ 2(g0)jkuiuij 4ukuiujuij

w* cosh*(u) w cosh* (1) wb cosh®(v)

2uk .‘ 2(go)*uiu;;  duFuludug;

= ——————(80)"u;j - . J

" w cosh? (u) wcosh*(u)  wOcosh®(u)

where in the last equality we used (go)’*u'u;; = (go)*uw/u;;. Therefore,

W 2(g0)
.Bk = ——4(g0) Juij = —4U
w* cosh™ (u) w* cosh™ (u)
N dukutulu;; N 2 tanh (u)uX ( 2 ) ou*
wO cosh®(u)  w# cosh?(u) w?]  wicosh®(v)
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Now we extract the coeflicient of ¢ and obtain

(B.0.3)
2 tanh(u) g ( 1 ) 2tanh(u)u'v’ 2tanh(u) -
=ujj |—————(g)" + [1 + — + w* —1)g"
g U[ w? cosh? (1) (&) w? | w4 cosh*(u) wt ( ¢
o tanh(u)

3- 2
)

~ sech? () ( 1 ) ( 2 ) 2 tanh? ()

-
w? w? w

Similarly, this could be simplified with (2.2.7). Particularly, the term involving g¥/ turns

into the follows.

2 tanh(u)

(W? — 1)l = 2tanh(u)( 2 )( 1 ~~ u'y/ )

j_ Y
cosh? (1) (0) w? cosh*(u)
_ 2 tanh(u) 2 i 2 tanh(u) 2 i
w* cosh?(u) (w”~1)(g0) w® cosh*(u) (W= 1))
B (w2_ 1) 2 tanh(u) (g0)" - (wz_ 1) 2 tanh(u) u't/
\ w? [ w2coshi(w) w? w* cosh*(u)
( 1 ) 2 tanh(u) (g0)7 + (_1 N Lz) 2 tanh (u) u't/

I-= 2
w? cosh™(u) w

w* cosh*(u)

Therefore, the items in the bracket in (B.0.3) combine into:

2 tanh . 1 \ 2tanh ‘W 2tanh .
_ 2tan (zu) (g0)U + (1 N _2) an (u)4u W an4(u) (W — 1)g
w? cosh” (u) w=] w*cosh”(u) w
2 tanh 1 1 \ 2tanh b7y
_ 1__2) an <2u> (20) + (1+__1 2)%
w* ] w? cosh”(u) w? w=] w*cosh”(u)

w2

( ) 2 tanh(u)
w? cosh?(u)
2 tanh(u)

= i +
w* cosh?(u) (80)

(g0)7 + ( 2 ) 2 tanh(u) u'e/
8o w* cosh* (u)
4 tanh(u) u'’
wb cosh* (v)
Therefore, we get
2 tanh(u) . 4 tanh(u) u'u’
Y= 5 (80)" wij + i
w* cosh”(u) w® cosh™(u)
sech?(u) (3 1 ) ( 2 ) 2 tanh? (1) o tanh(u)
2

2 2
) w +3—u7 ! (w—1)+T(w—1)

ui]-
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2
Lemma 12. The evolution equation of the gradient function w = ,[1 + C()'g;' = is

ow uk 2 ij 2 tanh(u) (g0)"
— = ————| - Swrguy - ————uk (80)Yuyj
dt  wcosh?(u) 3 Y w2 cosh?(u) Y
4 tanh(u) i 2 P
——— WU - ————u Wy
w* cosh™ (u) w* cosh™ (u)
2

+——— wputduy; + LgijDku--
ij ij
w3 cosh*(u) w?

1 1 2 tanh 2
— sech?(u) (3 _ _) 4y 4 2 (u) (3 _ _) w iwk]
w w w

2 w3 w2 2
21 1 ,  tanh 1
i tanh(u) [—zg”uij - an—iu) (3 - —2) + g] .
w w w w w

Proof. We begin with
ow 1 9
ot 2wt

1 a( |Du? )
=5\t T a2
2w at cosh”(u)
1 1 ) 9 1
[——(|Du|2) + | Dul*— (—)] :

T 2w cosh?(u) ot at \ cosh?(u)

w?)

Since

|Dul* = u*uy = (g0) uiun,
by symmetry we have

2 (1DuP) = = [ (g0) ]

o O
= 2(g0) *uj—
(gO) i ot

= Zuka (ut) .
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Also,

d ( 1 ) _ _2tanh(w)

— u;.
ot \ cosh?(u) cosh? (u) '

Substituting these into the evolution of w, we obtain

ow 1 2uk ,2 tanh(u)
— =5~ | ——D«(w) - [Du|"—=—u,
at 2w | cosh*(u) cosh”(u)
k 2
u 1 |Du
- Di(w) - —% tanh (u) w.
w cosh”(u) w cosh”(u)
Using —24° =2 — | lud
g COShz(u) w , WE conclude
9 k 21
(B.0.4) Y Y D) - LT tanh(u) .

a w cosh?(u)

Note that by (2.2.16), u; = #gijuij - m;l}l# (3 - #) + <2, 50 we have

(B.0.5) Dy (u;) = Dy (%gljwj) — Dy (tanh(u) (3 _ L)) + oDy (5) .

w?

We now compute each term separately. For the first term, we have

1 . 1 y 1 y |
Dy (Egljuij) = Dy (E) guij + EDk(gl]) uij + EgUDk(uij)-

Since

1 2
(B.0.6) Dy 3| = Wk and Dy (u;j) = ujjk ,
we obtain

1 2 . 1 . 1 ..
Dy (Eguui]’) L guij + ﬁDk(gl]) uij + Eguuijk-
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Next, noting that Dy (tanh(u)) = sech?(u) ux and using (B.0.6),

2821 et -
+ tanh(u) (_%wk) (3 - i)
1 (2
+ tanh(u) 2 (ﬁwk)

=sech® (1) uy ! (3 — L) _ 2tanh(w) (3 — %) Wk-

w? w? w3 w

Lastly we have Dy (%) = —u%wk. Substituting all of these into (B.0.5), we get

2 . 1 . |
(B.0.7) Di(ue) = — Wk g uij + JDk(gU) ujj + Eguuijk
1 1
— sech?(u) — (3 — —2) Uy
w w

2 tanh 2
+an—3(u)(3——2)wk—iwk.
w w

)
For D (g), by (2.2.7), namely, g = sech?(u) (g0)¥ — sech*(u % we have

u'u

Di(g”) = (g0)” Dk (sechz(u)) _ Dy (sech4(u)) _ sech*(u) Dy (uiuf) ‘

w? w?
Since Dy (sechz(u)) = —2sech?(u) tanh(u) ux = —%ﬁ’gg uy, we get

Dy (SeCh4(u)) = 2S€Ch2(u)Dk (sech2(u)) — _ 4tanh(u) u

cosh? (u) k-

On the other hand, we have

u'w 1 - o 1 ulw + u'u 2ulwy
Dy | —5 | = —D« (uluj) +uD [ — | = =X k_ .
w w w

Therefore,

.. . 4 tanh .
Di(g7) = =2 tanh(u) cosh™2 (1) ux (g0)" + L&u) uy u'e’
w? cosh® (u)
1 . o .
- (v +u'u)) + —————— wiu'.
w2 cosh*(u) = ¥ K w3 cosh*(u)
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Substituting this into #Dk (g")u;; and contracting with u;; yields

wwuyj + u'ugug; = 2ujuwlug;. Thus, equation (B.0.7) becomes:

k k
2 ” 2 tanh(u) .
D =—— Uypsy —m —— 7277 gy
k(ut) 3 Wi & " Ujj 2 COShZ(u) Uk (gO) Ujj
4 tanh(u) i 2 i
—— e u'u;; - ————— ul vy
w* cosh*(u) Y whcosht(u) £ Y
2

+——  wrudu; + LgijDku--
ij ij
w5 cosh*(u) w?

1 1 2 tanh 2
s (1 L 20 (12,
w w w w

Now we can put the expression on the right side and (2.2.16) into (B.0.4).

dw uk 2 2 tanh(u) ’
(B08) — = | - —wk Ugs: — ur (2o Uiy
9t wcosh®(u) 3k 8T w? cosh?(u) (80)"ui
4 tanh(u) i 2 P
1 4.~ U WU Ujj — T 4 uku Ujj
w? cosh” (u) w* cosh* (u)
2

+—”yk“i“j”.. .|__1 gl)l)k“
5 4 tj ) ]
w (:()SII (1[) w

1 1 2 tanh 2
- sechz(u) 2 (3 — w_) up + L(u) (3 — —) wy — iwk]

2 w3 w2 w2
2
_ | tanh 1
- tanh(u) [—zg”uij _ A z(u) (3 - —2) + E]
w w w w

Lemma 13. The identity when & is operated on w is as follows.

1 . 2tanh(u)(w? - 1)
Fw = - ————a"(g0) “uauje - auy;
w cosh? () ! w !
3w?-1) 1

- —— 7+ —adYwuw; + 4tanh(u)a uw;
w3 cosh?(u) w o o

tanh?(u) (w? — 1)(5w? —= 3)  otanh(u)(Ww? - 1)
+ w5 - ) .
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Proof. Recall (4.1.6). We have
1 . N
Zw=A+8B)+C+D-Q+ —a’wuw; +4tanh(u)a"uw; .
w

Now we apply (4.1.7), (4.1.11), (4.1.14), (4.1.16), and (4.1.19) and get

w? w?

S = tanhz(uL)U(3w2— 1) (3 1 )_ otanh(u)(w? - 1)

h2 2 tanh?
) , 2tanh’(w)
w

(w? - 1)$(w2 ~1) (w? - 1)$(w2 -1)

w? -1 2 tanh(w) (w? - 1) sech?(u) (w? - 1) (3 1 )
— — a ui- — — —
w3 cosh?(u) w ! 2

w3 w

3 1 .. 3
- —za” (go)kfuikujg + —aYww; + 4 tanh(u) auw;.
w cosh”(u) w

Extracting the tanh? (u)-terms yields

tanh? (u) (w? — 1) (3 1 ) .\ 2 tanh? (1)
w3

(w? - 1)%@2 - 1)
_ tanh? (u) (w? — 1) (3w2 - 1) N 2 tanh?(u) (w? — 1)2

w2

w3 w? w’
_tanh?(u) (w?

— b)) [(3w? - 1) + 2(w? - 1)]

2
_ tanh (uL)U(Sw2 -1 (5w —3),
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and extracting the sech?(u)-terms (along with the #

T -term) yields

sech?(u) (w? - l)i(wz - w? -1 _ sech?(u) (w? — 1) 3 1
w* w3 cosh? (1) w3 w?

o (w?-1)? w? -1 (w?-1) (3w2—1)

wd cosh?(u)  wd3cosh?(u) w3 cosh?(u) w?

WL -t - (ut - 1)

=—|(w - 1) —w" - 3w’ -

w3 cosh?(u)

2
-1

LTS SRS

w? cosh” (u)
3 -3Ww?-1)

w3 cosh?(u)

which proves the desired identity. O

Lemma 14 (Uniform curvature estimate). Let F : X X [0, Tnax) — M be a smooth
graphical solution of the modified mean curvature flow % = —(H — o)v in the Fuch-
sian manifold (M,g) = ([R X %, dr? + cosh2(r)go) . Suppose that the gradient func-
tion satisfies the time-independent estimate w(x,t) < C; for every (x,t) € X X
[0, Tmax)- Then there exists a constant Cg > 0, independent of ¢t and Ty,x, such that

sup |A(x,t)| < Ce. The constant C depends only on the fixed geometric data,
(3,)€ZX[0,Timay)

the uniform height bound, C;, o, and sup |A(-,0)|. In other words, the norm of the
b

second fundamental form remains uniformly bounded for the entire duration of the flow.

Proof. Fix Ty < Tnmax, and let (xo, tp) be a maximum point of Q on X X [0, Ty]. The case
to = 0 is controlled by the smooth initial data. We may therefore assume that ¢ty > O.
At (xp,tp), the parabolic maximum principle and the calculation in the proof of

Lemma 5, with cr replaced by c, give

9
OS(E—A)Q

< 2cwD|Al* = cD|A|Vw|? + DE, AP + CD (1 + |A|3) ,
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where E,, denotes the lower-order term appearing in the proof of Lemma 5. Here and
below, C depends only on the fixed geometric data, the uniform height bound, C;, and
o, but is independent of Tj.

By the uniform height estimate and the assumption w < Cj, the same estimates used

in the proof of Lemma 5 imply
10'E,, | |A]> < c®|AP|Vw|? + CD (1 + |A|3) .
Substituting this estimate into the preceding inequality gives
0 < —2cw?D|A[* + CD (1 + |A|3) .

Since w > 1 and ® > 0, we obtain 2¢|A|* < 2C (1+ |A|3) at (xo, to). If |A(xo,t0)| < 1,
then the theorem is trivially true. Otherwise, we can apply 1 + |A|® < 2|A|? on the right

side of the inequality and hence obtain 2c|A[* < 2C (2|A|3), which means
2C
|A(x0, to)] < —.

Since (xo, tp) is a maximum point of Q, and since ® is bounded above and below by

positive time-independent constants, the cases to = 0 and ty > 0 together yield

2C
sup AP <= (1 + sup |A(-,0)|2) .
£x[0,To] c by

The right-hand side is a constant independent of Ty. Renaming it Cg, we get

sup |A| < Ce.
ZX[())TIHEIX)

The norm of the second fundamental form remains uniformly bounded along the flow.

O
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