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ON THE QUASI-PARTICLE INTERACTIONS IN SPHERICAL NUCLET
‘ Manngue Rho

Lawrence Radiation Laboratory
University of California
Berkeley, California

October 21, 1963

ABSTRACT

The residual terms that arise from the Bogoliubovaalatin canonical
transformation are studied in angular-momentum representation and applied
to some low-energy properties of spherical nuclei. The treatment makes
use of the conventional perturbapion theory, and its objective is to
.clarify the roles that each of the interaction terms play, and also to
understand how it is that the sihplified calculaticns such as the studies
by Kisslinger and Sorensen turn out to be so successful. ‘

First, the Bardeen—Coopef-Schrieffer theory applied to finite
nuclei is reexamined, with a conStant-paifing-matrix element approximation
(G). It is found for a particular system that within coupling strengths
of physical significance, there is only one value of G at which the BCS
approximatioﬁ and an exact number-conserving method coincide whereas at
smaller and larger values of G, the two methods deviate in opposite direc-
tions.

By use of the BCS solutions as the zero-order approximation, the
effects of the residual terms on both even-A and odd-A nuclei are analyzed.
The results obtained by applying our treatments to single-closed-shell
nuclei (N=82 and 52 < Z < 64) show that for even-A nuclei, the term o
is sufficient, and it appears that for odd-A nuclei, a first-order treat-
ment of H§l’ together with a complete account of the H22 term, gives gond

results.



I. INTRODUCTION

Recent developmentsl in nuclear structure studies have opened a
door to an easy treatment of complex nuclear systems, which conventional
theories could not cope with. In a complex nuclear system, say a nucleus
with many particles outside of closed shells (but not as deformed as to
justify the use of Bohr-Mottelson Model), the method of calculating energy
levels and wave functions gets tremendously complicated, and often gives
wrong answers. 1t is complicated because a complete account of all. the
possible states leads to an enormous matrix, and it gives wrong answers
because approximations inevitably made to simplify the matter are some-
times unjustified. Only recently was it found that one -could apply the
theories develoged in connection with electron gas problems to a nuclear
many-body system; if proper care is exercised to take account of the
differences betwéen an electron gas and anuclear system. The theories
applied to finite nuclei are the superconductivity theory of Bardeen,
Cooper and Schrieffer (BCS)2 and BOgoliubov3 and the random-phase approx-
imation (RPA) used for problems of a dense electron gas, which was studied
by Sawadal‘L and others.5

The first theory successfully describes, among others, the energy
gap phenomenon in the superconductivity system, and is novel in that it
recognizes the role of an anomalous coupling or bound state of particle-~
particle or hole-hole combination; in other wofds,.the quantities (CaCa')o
and (qx+qa'+)o do not vanish, whereas the usual Hartree-Fock (HF) method

-neglects such a phenomenon. The difficulty encountered in the conventional
perturbation theory when one studies an attractive-fermion system is known
to be due to the appearance of this anomalous bound statea5 The Bogoliubov
treatment, which gives exactly the same results as BCS, explicitly elimi-
nates such "dangerous" terms, and from which one obtains an equation
giving a set of solutions for independent quasi-particle behavior (see

next section). The independent-particle solﬁtion of this generalized
Hartree-Fock equationl (called by Baranger the Hartree-Bogoliubov equat-

ion) already contains the pairing effect.



The second theory deals with the treatment of interaction between
particles, and describes collective behavior in a many-fermion system.
It takes into account the usual scattering terms due to an interaction
VlE’ as well as ground-state correlation (in diagrammatic language, forward-
and-backward-going. Feynman diagrams). Sawada's treatment was originally
intended for an electron gas system, and as it turns out, it leads to a
collective solution (plasmon)6 as well as giving single-particle excita=
tions.

It was found by Anderson7 that application of RPA to a super-
conducting system gives most of the elementary excitations having the
BCS gap spectrum, and also collective excitations corresponding to
longitudinal waves in the neutral Fermi gas (and unperturbed plasma
oscillations in a charged gas). . Furthermore, for maintaining gauge
invariance, the collective excitations are very important.

From these facts, one can immediately see that if one deals with
an attractive fermion system, the combination of the two theorilies men-
tioned above could naturally lead to a theory free of defects encountered

9

in the old theories;” one first transforms to a quasi-particle description
to take into account the anmalous coupiing, and then treats the inter-
actions between independent quasiparticlés...
The nuclear system (specifically the system of finite nuclei)

has two major aspects which differentiate it from an electron system:

(a) a nucleus is finite, whereas the electron gas is an infinite systems

(b) a nucleus has a shell structure, whereas the electron gas does not.
Owing to these differences, linear momentum p 1s not a good quantum
number, although angular momentum is (that is, the total angular momen-
tum J 1in spherical nuclei, and projection of j in axially symmetric
nuclei (deformed nuclei).loﬁﬁDegpitethese differences, we notice two
similarities:

(a) An energy gap in the spectra of even-even nuclei, as in super-
conductivity. This similarity was originally pointed out by Bohr,

1
Mottelson, and Pines, = and then thoroughly studied by Belyaev.l2 We



show an example in Fig. 1. PbeolL has four particles missing from the
closed shell N::= 126, and the zero-order energies (30 different levels)
would in principle yield all the levels lying between 1.14 MeV and the ;-
ground state (zero). The actual spectrum shows only one level in that
interval; all the other levels lie above 1t. Thus there is a gap of
about 1 MeV. This trend is observed throughout the even-even nuclei,
with very slight change of level density below the gap.

(b) The appearance of a low-lying "collective state" and greatly
enhanced electric quadrupole transition from the collective level to O+ ..
ground state. From a microscopic point of view, this state may be con-
sidered as a bound state of a particle and a hole with certain angular
momentum j. This bound state arises owing to repeated excitations and
de-excitations of many particles of the system, and this phenomenom in
a nucleus is comparable to a plasmon in an electron gas.

Thus ¢ne is tempted to apply these theories to nuclear problems,
but before one does so, it should be noted that whereas such procedures
are well justified and rigorous proofs of the validity have been put
forth by many people for the elctron gas,6 it is a completely open
question in finite nuclei. No one has yet shown rigorously (a) whether
or not BCS approximation (which violates number conservation) causes
serious difficulty in finite nuclei, (see Bayman, however.,13 There have
been some phenomenological approaches to this question, but no conclusive
studies have been published yet), and (b) whether or not RPA (which has a
proven domain of validity only in a high-density limit or. weak-coupling
limit) is really applicable to the nuclear problems. We do not, however,
ralse a serious question on these points, and in this work we merely adopt
the philosophy that the computations by many people, and good results
obtained by them, at least partially Jjustify our work. We will examine
the first point briefly in the framework of the shell-model picture;

the second we do not dwell on.
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Fig. 1. Low-lying states in Pb nuclei exhibiting a gap.



Let us now see what one does in considering nuclear properties.
One approach is to treat the main part of an interaction as a spherically
symmetrical self-consistent field. The intricate details are then ex-
plained by treating interactions between particles by perturbation theory
to the lowest order (i.e., the usual shell model). Such a treatment
has been very successful for simple systems with only -a few particles
outside closed shells. 'In the other extreme, for very complicated
systems, one adopts the Bohr-Mottelson collective model,lO in which
one introduces a deformed field that arises essentially from the residual
interactions, and in which the particles follow the well in a self-
consistent manner. It is well known that the simple shell model fails to
describe collective properties and the Bohr-Mottelson model tends to
overemphasize them.

Even though there are some conjectures that an energy gap may
be exhibited by the shell model alone, neither thory has yet demonstrated
any success in describing the gap. This indicates a similar situation
for the nuclear system and-for the electron system: +the palring effect
cannot be given by perturbation theory alone nor by introducting further
coordinates. There always remains that part of an interaction which is
not taken into account. This is believed to correspond to the short-
range interaction that gives rise to the pairing effect in nuclei. Col-
lective phenomena in nuclei, on the other hand, are fairly well described
by the Bohr-Mottelson model. One would prefer, however, to have a theory
that describes both single-particle and collective behavior on an equal
footing. - We see that such a theory is already in use in the electron
gas problems.

The sutdies made by Belyaev12 and otherslu on finite nuclei show
that the pairing effect (short-range effect)and long-range effect compete
in a complicated way; the former corresponds to the independent quasi-
particle picture and the latter to the effect of the residual terms.

Barangerl 1is one of the first to take advantage of thevunderstanding



gained in electron gas problems to put the nuclear theory on a more
rigorous footing. The RPA which Baranger uses 1s valid in nuclear
problems only if no/v 1s fairly small, where n, is the number of guasi
particles in the ground state, and v is the number of available states.
Under this condition, the two-quasi-particle operators have bthe boson
commutation relation [nink, nz'nk'+] = Sii' akk,’ where 1 is a quasi
particle operator. The ground state is composed of amplitudes for
different numbers of quasiparticles . Therefore niJY )¥0 . Also the
excited two-quasi-particle states are mdde not only of two-quasi-particle
states but also states having various numbers of quasiparticles . Thus
(YeX[Ail[YO) does not vanish where A, = 1,7,, and ,Yex> = an excited
state. This property, in fact, is believed to lead to a coherent
contribution, producing the collective nature. (This treatment is
understood to be eguivalent to the selective summation of forward-
and-backward-going perturbation diagrams, though this equivalence is
not proven in the nuclear problem.)

Equally successful, though less satisfying from a theoretical
point of view, is the work of Kisslinger and Sorenson (KS).15 Their
work relies on the introduction of a quadrupole field, Q, thereby
connecting the collective model and the microscopic theory. Thelr
success is an. impressive Jjustification for the use of these theories.

The last but the most important point in practical calculation--
the advantage that the quasi-particle scheme has over the conventional
methods -- is the ease with which one can calculate the low-lying nuclear
properties and also estimate the order of approximations that can be
made in the actual calculations.

We aim in this work to study in more detail the roles that each -
of the residual terms plays. We shall see that in nuclei it 1s sufficient
to sum the forward-going diasgrams to describe low-lying states without
invoking the term "collective states"; this in fact corresponds to
diagonalizing H. + H_.. (See Sec. III.) If this is not sufficient --

0 22
as may be the case with the large enhancement of B(E2) values from



some of the low-lying 2+ states -- then we may use simple perturbation
theory to take into account the effects of higher number states. For
the description of single-particle behavior, we show that KS's pro-
cedure of coupling single-particle to "phonon'" excitation may be
justified from more rigorous treatment of the residual terms H51 and
Hop (Sec. III).

In Sec. II, we recapitulate the Bogoliubov-Valatin transfor-
mation; we give the essential features of the pairing correlation and
the explicit forms of the operators we need. We then study the valid-
ity of the BCS gap equation and of the assumption that 1s usually
adopted, the constancy of the pairing interaction. We proceed next
to derive matrix elements of H

H ., and H,.,, and obtain formulas
4o 1

’
for the electric multipole traiiitions and ozher single-particle prop-
erties. The improvements, the application of field-theoretic techniques,
and the comparisons with other works are also discussed.

Finally we apply the equations developed to some of the nuclel
with the closed shell at 82 neutrons and a few particles outside the
50-proton closed shell (Sec. IV). We use this region mainly for the
reason of convenience, since we can describe this region with rela-
tively few available ievéls° The equations derived are sufficiently
general for use in other complex regions. ¥For the force, we take a

general central force with which we calculate such quantities as energy

levels, B(E2) values, magnetic g factors, and quadrupole moments.



II. PAIRING INTERACTION

A. Canonical Transformations

We start with the second-quantized Hamiltonian,

+ 1 = 4
H =Z elo Cot T Z (0B | V]|+8) c’& Cq c6cv,, (111)
o oByd

+ . 1 . .
where qx,qx are creation and annihilation operators with the usual

anticommutation relations

+ _ —
%a,cﬁ}_ "o (11-2)

We follow the convention that the subscripts o,B, etc. denote all the
gquantum numbers so that in momentum space we have « = (pa,ca)v,

in the j-j coupling scheme o = (jama) , and in deformed nuclei

a = Qa , etc.; also that a,b, etc. denote all except magnetic quantum
numbers. In Eq. (II-1), the operators C's have the following inter-

pretations:

4
C _ .

Ca Y= destruction of hole (11-3)
a creation of hole

C; creation of particle

Ca CX&E1 destruction of particle,

where F = Fermi sea.



The derivation of the Ham%ltonian, Eq. (1), is given in many textbooks,
. 16 . . A
and discussed by Valatin in a rigorous mathematical sehse. We can

take (op|V|v®) to be real, and to have the following properties:

(0B |[V]ve) = (B|V|&y) = -(pat|T]ve) = ~(cB|T|sv) . (11-4)

Furthermore, the factor 1/4 in front of the potential term, and (II-U4)
together imply that it is already antisymmetrized. That is,

(08| T|y8) = (08 ]V]v8) - (0B |V]oy) (11-5)
We also have
(0B |T]ve)* = (v8]T|o) = (B |V]ye) . (I1-6)

Let us now introduce & canonical transformation which mixes
particles and holes, and impose conditions so that now the diagonal
part of the Hamiltonian contains more information than was in the

3

The most general linear transformation of such nature is

+
e ZZ

04

original.

L

+
A, L +B, a) . (11-7)

By imposing the same commutation rules as the original particle
operators (II-E), one then obtains conditions to be satisfied by the
coefficients Aia and Bia .  We note that this transformation mixes
particles and holes as well as angular momenta, and destroys the con-
servation of particle numbers. The mixing of angular momenta, which
i1s the natural procedure for the descriptions of nuclear deformation,
is too high a price to pay, however, in the spherical nuclei; the

experimental evidence as well as theoretical convenlence demands
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the conservation. Therefore instead of using (II-T7),we specialize with
a transformation which conserves angular momentum, though still not
conserving the number of particles; it is the simplest Bogoliubov-
Valatin transformation, which was originally invented for Bose systems

(for example, hHe):

+o_ o+
Coy = By * S¥h oy 7 (11-8)

where u and v are real coefficients, having the normalization

condition

u, o+ vg = 1. (11-9)

The S/ here has the following interpretations: in momentum space and

deformed nuclei, = v = Vg and in spherical representa-

s v
S’ -a

tion, Sq = (-)Ja'ma .  The Bogoliubov formulation of superconductiv-
ity was originally presented in this context. Now, substituting (II-8)
into (II-1), and rearranging the terms (see Barangerl), we obtain a

new Hamiltonian

= T-’
H=Hy + H, + Hgy + H (11-10)

where HOO is a constant independent of quasi-particle operators, Hll

is a diagonal term in a new number operator, Héo contains terms that
create or destroy only two particles, and HI describe interactions

between quasiparticles..
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They are given by

1
B0 }j [V o2 ) = 5 UVl

Hyq ,__2 [(ug'vg) (eymhomtn) + 2 U T Ay, ] ngc Mo 7
a

Hog zgj g y) t 5 V »%x] (q; ﬂi@ Ny )
(11-11)
and =5 ) (elTlwe) mefhee)
' oy
1 —
where AO‘:_F‘;Z 5056 (=t | V|p=p) UV
B

ty = =y (e [Tloe) 5
p

I

and (@B|Tlos) = % [{oLBIT]a-8)e (08 [T]08) ]

The operator N '"normal-orders" the operators inside the parenthesis.
The reason why HI comes in normal ordered form is that the con-
tracted terms are already included in the preceding terms. For ex-

ample, the two operators A and B can be put as AB = N(AB)-AE
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1" 1" .
and the “contracted” term can be absorbed in HOO ) Hll , or HQO .
(See reference 17 for the definitions of "normal ordering"” and"

contraction.")

Let us now show the explicit forms of HI , since we shall

need them for the main part of this work. Substituting (II-8) into
(IT-11d), we have

1 -— .
HI==II§: (0B [T 1IN (ugn s ¥on o) (g 8avn_g)

apEryd
(I1-12)
+ -+
X (UBT]6+SSV8T]—8) (u,y'ﬂ,y'*‘*’,yvvﬂéy)} e
Multiplying out ,‘normal-ordering, changing indices and using the
symmetry relations (II-4), (II-5), (II-6), we obtain
fp = fpp + gy + Hyg o
1 - ) + o+ oA
where H51 = 52 (OtB[V|y6)sa(uauﬁu'yvs-vavﬁvyua)naan_g]v + h.c,
opyo
(II-13)
1 —
H22 = HZ {{cB |T]vy5) (uo{uguyu8+vavﬁf'yv8) - l#(o:.’y|V|.=58)sB
BB

+ +
X svuauavﬁv,y) nOtanzsn'y P

1 = . G e
Hy, = EZ <O@|VIPYS)S’YSBuOéaBV’)IVBHO!an{E)n-»'-\/*hac. 5
oBYs
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where h.c. means Hermitian conjugate. The significance of these terms
ig discussed in the subsequent sections.

A partial diagonalization of the new Hamiltonian can be obtain-
ed 1if we eliminatg the term HQO’
sation of "dangerous diagrams,' by the condition

which Bogoliubov calls the compen-

(Olngn_fippl0) = 05 (TT-24)

or in other words set the coefficient of the operator (n;g; + @oﬂx)

equal to zero, while neglecting HI terms altogether. The condition
(II1-14%) is the lowest consideration, and the higher-order correction

is briefly discussed in Sec. IIB.
The condition (II-14) gives, then, the equations to determine

the coefficients u and v:

2
Vo T % (I1-15)

_ . 5 =
with E, = ((eamx) + A7)



1k

The last equation for N(ie,,number of particles in the system)
insures that the number of particles is approximately conserved,vfrom
which the Lagrangian multiplier X\ 1is detérmined.lgv With Egs. (II-14)
and (II—15), the Hamiltonian can be written as a diagonal term and

nondiagonal terms in the quasi-particle representation:

0 I
(I1-16)
.
Bo =) Bolglly -
04
where Hi 1s given in (II-15); In this form, the HO already
contains the extra pairing effect Thus
H0|a> = B la)
| - (E 1 ‘ I-1
HO‘QBY---> (EQFEB+EV + o) JoBye.) (1I-17)
. +ia o F +A
where la) = nalo> , log) = nan8|0> , ete.

I

and where |6> is a "new vacuum" (the so-called BCS ground state).

Note that the new vacuum has the following properties:
~ A 2
(0le L l0) = v

o )

At A A
(Olcgepll) = sqvuple-B)
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since n

(Olngng 10 = 5(x,8) (11-18)

B. BCS Approximation

It has already been mentioned that the canonical transforma-
tion of the form (II-8) mixes particles and holes, and hence a part-
icle-annihilation operator C operating on the new ground state does
not vanish The relation given by Eq (II-18), then, destroys the
conservation of particle numbers in the systém To remedy this short-
coming of the theory, we have used a Lagrangian multiplier Ay we
determine A by imposing the condition N = (Z& Cgpa> . It can
be seen that the average quadratic fluctuation in the number of part-

icles is given by

(¥°) - (W2 =~ a . (11-19)

If the state A\ is far distant from A , then [gx-Xl>)A 5

then the contribution to the sum in Eq. (II-19) diminishes as
A .

TEJ%XT — 0 . DNow near the Fermi surface %1 % A ; therefore
o .
A?
e
(ed.x)2+ Aa = 1 . Thus the fluctuation may be rather significant

if we have many states near the Fermi surface. In finite nuclei, a

difference of number of particles is expected to be rather serious,
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since in this approximation the nucleus we are looking at does not
have a fixed N, and moreover is a mixture of neighboring nuclei.
In electron systems the uncertainty of N does not cause serious

trouble, for here we are dealing with a large number of particles.
It has been shown, however, by Belyaev that for highly degenerate

systems Eq (II-19) may be written as

N

() - (m® e (- )

\

(11-20)

where Q is palr degeneracy, and that for as few as two particles
in the system, admixture is restricted only to the neighboring even-even
nuclei. It has also been noted that physically observable quantities
are not significantly affected by such uncertainty.

Kerman et al. 18 have studied the goodness of the quasi-
particle model in spherical nuclei by diagonalizing the BCS reduced
Hamiltonian and looking at the spectra. Also Soloviev and his co-

19

workers have investigated the difference in (I) (expectation
value of number operator) between the BCS method and an exact method,
-and found that both treatments show satisfactory agreement.

B To see how good BCS approximation is, let us study this
problem a little further. To simplify the matter, we consider a
two-level model, each level of which has (23 + 1) degeneracy.

We study the ground state by the BCS approximation and by the exact
diagonalization of the reduced Hamiltonian--both of which adopt a con-
stant matrix element for the pairing-type interaction--and finally

by the exact diagonalization with a nonconstant realistic force. We

first introduce the formulas involved in the methods.
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1. BCS Equation with a Constant Matrix Element

For a constant G, Ad in Eq. (II-lle) becomes A
hence [Note that « = (ja,ma)] we get

G T 1 .
> ). (5 + §) / E, -1, (I1-21),
.
1
2 2\=
where . E, = ((ea-K)_ + A7)2
o\’ 1
A = GZL, (Ja+ 2) u v, 5
a
- A
2 1 ‘s
u'a E(l + 7 ) 2
a
and - I , (11-22)
N a a .
The simultaneous solution of Eq. (II-21) together with the number
equation
v =N ey =N v SN (e 4 1 (11-23)
o a0 L, a a
o o a ,

2 2
gives A and A ; Eq (II-22) then gives u and Vv
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Thus the pair distribution is given by

N . 2
(F)g = I+ v, (I1-2k)
for state a.
2. Exact Diagonalization of Reduced Hamiltonian (EDRH)
Let us first wrife the BCS reduced Hamiltonian in angular
momentum representation:
Hred =z Eoccaca N Z Ca-a 2878 ’ (11-25)
a f
where a = (Ja,ma) , -Q = (ja,-ma) , ete , G<O
As is obvious, Hred has the interaction term that shows explicitly

the particle-particle or hole-hole coupling of opposite angular

momentum projection quantum number. It implies (a,-a)

coupling. Following thespin-wave method introduced by Anderson

and applied to nuclear problems by Kerman et al¥8, we introduce the

spin operators

Ly L +
S, :Z S'+(Ja) ~ZCOCQOK ’
>0

a

5- =) 8-(3,) fgocﬂca :

a
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AN . AN + 1
Z {Coccoa Cong :LSZ(JBJ) 24_, Cfam 3 Z ’ (11-26)
a a

where Q(ja) =, ;, the pair degeneracy of the j = state.

It can be shown, by using the anticommutation rule of
C operators, that S+,5- and SZ obey the same commutation
rules as the usual angular momentum operators do. Substitution

of (II-26) into (II-25) gives immediately

Hoq = 2;{: €aSZ(Ja) 4—§z: eaQ(ja) + GS+8- . (T1-27)
a a

We note that in the strong coupling limit

Hstrong

red ~  GS+38- (11-28)

and is diagonal. On the other hand, in the weak coupling limit

Hicet = ELesb) S eals) (11-29)

a

a result one would expect. Thus one could take a state that is diagonal

s \ Lweak . ,Stron :
in either Hred or: Hréd _5 .for a zero-order wave function.
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Choosing the state that is diagonal in H¥:Zk

a wave function involving two levels. Introduce the notations

, let us construct

5(3,)0%10%,62 > = o*(o™)[o%,0% > , (11-30)

. a a._ _a  a a
SZ(Ja)|U ,0q > = OO|G 105 >
where the superscript ‘a’. .labels the level; i.e., a = ja . Then, for
two-level éystems,
aa bb._ ab_  ab ab,
070430 0y > _Z C(c%0 0; GOGOGO) | %o too, >, (11-31)
00,

where C ié the well-known Clebsch-Gordan coefficient.

In the‘representation (II-31), we have

. a_a b.b a b a a b b
s g g = ; 070
E: ea?z(3a>| 0 oy 00y > (eaao + eboo) | o 0 o >
04
N .y l.aa  bb . . aa Dbb
[ f3,) Iy ao> = (e 0(3,) + e0(dy) |o7ags o og > .

(11-32)
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Using the well-known relations,

S+8- = SE-S2 + 8 .,
Z z
2 42
S-5+ =8 -SZ - SZ s
and 8-S+ = S+.5_ nQSZ » we can easlily compute

off-diagonal term to give

a' b b

a_a b b a . ‘
(70 : o OO.|GS+S-I 00y 3 00y )
(1I-33)
AN ab  ab ab_ , a'b'. . s
=G, C(o% o ; cococo) c(c%c g ; o5 9 OO) [06+l)-00(004)] .
0,0 :

0]

Of course this term contributes also to the diagonal term, since all
1 1

the terms with Gg + og = Gg + 0y are nonvanishing. Using Egs.

(I1-32) and (II-33), we can diagonalize the matrix of H..g exactly.
With the system of eight particles with two levels of a = g7/2and

b = 4./, W Ccanassign quantum numbers as

5/2
(7/28)0(5/29)0 |22 ; 1.5 - 1.5 >
(7/26)0(5/22)0 |21 ; 1.5 - 0.5 >

(1/2°)5(5/2%), 18- 5 1.5 1.5 >

0y = 0.5; 0 =3.5 2.5, 1.5, 0.5 . (I1-34)



Using (II-27), (II-32), and (II-33) we obtain the explicit

form of the Hamiltonian matrix:

L LT 0 0

o V36 2¢, +9G o J6a 0
H:

(11-35)
0 o Jéa he, +10G zJ2g

0 0 3426 bc, + TG

Note that states which differ in numbers in a particular
shell by more than two particles are not connected, since the inter-
action term is of two-body scattering nature, and hence can differ at
most by 2. This is not obvious ©ffhand, since the off-diagonal ternm
for each o does not vanish; i1t vanishes, however, when summed over
o . In (II-35), the zero-order single-particle energy is measured

from €,

"y ice., €= 0.

Suppose we have diagonalized the matrix and obtained the
eigenfunctions; we are then interested in the computation of number

distributions. Let us write the eigenfunction as

v, =% of [eGs) s aTeg(i) ) (11-36)

where the sum 1 runs over ail states; for example, for
i=1, og(l) = 2, cg(l) = -1.5, and so on according to the

list given above.



From the last of Eq. (II-26) we have

28,(3g) = 0 - Q(jq)

or N = ESZ(jq) + Q(jq) . (11-37)

Define the pair operator by Pq = —= ‘ Then we have

n

Pq = S(jq) + Q(jq)/E. Calculating the expectation value of

this operator, we have

a - Q- a . b b,. b b
(¢ qu]\y Y =Z c,C (o%5(1) 5 o cro(l)[PqIGadg'(l);c ao(1)). (11-38)
il
Off-diagonal terms vanish, since
2@3,)
aa , bb aa ., bb _,a a
(%05 5 © UO|Pq|o o5 5 O OO>—(GO t =5 ) 8(q,a)
(11-39)
L () + a3,)/2) 8(a,D)
O J'b q)
We finally have
;- Ay N7 a2 . Q1) .
OF IR 19 =) (€))7 (op(1) + 252 a(1,0). (11-10)

1
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3. Exact Diagonalization of Full Hamiltonian (EDFH)

In order to compare the BCS method and EDRH, with an exact
treatment of the Hamiltonian, Eq. (II-l), we desire to diagonalize
it to calculate the number distributions in g realistic case. This,
in full generality, is a formidable task, but if we take the same
two-level system, and confine ourselves to seniority zero state,
then the Hamiltonian matrix turns out to be rather simple. It is
difficult to compare those two, however, since an "exact" treatment
necessarily includes more interactions than the two gpproximate
solutions. The pairing solutions are known to contain only higher
harmonics 1n the expansion of force in terms of épherical harmonics
whereas a general force does contain both high and low harmonics.
In this sense, two considerations may give quite different infor-
mation.

It 1s, however, of interest to see how much information
(though qualitative) the BCS solution does contain, since what we
consider later is precisely the question of improving our treatment
beyond the simple theory of the BCS type.

.Let us consider seniority-zero states spanned by the basic
two levels g = g7/2 and b = d5/2. Because of the capacity of

each level, the complete set in such subspace is provided by

6

(62)4, ()5 (6%) » (a)y (51, » (22), (6%, (11-41)

Let Y(ag%ﬁJ) denote a completely antisymmetrized state
of a particles and b particles, and let [aQ(vaqa)bB(vBJb)SivJ]

be a state function that describes completely antisymmetrized states
in a and b particles. It is easy to deduce that the matrix

element (two-body) taken between completely antisymmetrized wave



_25-

functions is equivalent to that between partially antisymmetrized
20
).

amplitudes (see de-Shalit and Talmi Thus
oHp OHB
Bovi ) = VRS = Ty T\
YWa™" 7)) viklw(aQ% 7))=(a (vaqa)b )JIZ_‘ Ia v!T 1 oR (w131 )T)
i<k : ‘ i<k
a B
_ 04 O B T 2B it -
= (a VaJalzg:Vikia Vaqa> + (Db vbe|[;,Vik|D vbe> (17-k2)
i<k i<k
o a4—5
o7 N a
+ (a (yaJa) " v I ) Jllw, /L Vik|a (véJé)bB(véJé)J)
1 k=ct1 '

In particular we obtain, for seniority-zero states;

[0
— (2§ _+3-0)
<a0bl\ Vv, lagb>= —2 2 0
4‘_: ik 2(2Ja+l) a I I O)

(I1-43)
o a-2) 2 2
(@aﬂJu@;ryJ>()haJWWJaJ>(1J+u
even

+p

Q

and  (a%0)°(0)0 )V leX0)P(0)0)

=041

1|r\/]Q
]

-

|
i 1

- 208 o .
- (23a+1)(23b+ij-§: (2J+l)<JanJ|V|jajHI) (TI-L4)
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’ 20
Equation (II-44) is a special case of the center-of-mass theorem.

The only nonvanishing off-diagonal terms are those which
differ in particle numbers by at most two units, with the total
number & + B = const. This is because Vij is a two-body oper-
ator; this point was also observed in the EDRH matrix shown pre-
viously.

The off-diagonal term is given by

B+2(O)O) _

(aX0)P(0)0]v]a*%(0)b
9& (11-45)

o pr2) (25, +3-0) (25, +1-B)

z (3201v15,0)

(25,+41) (23,+1)

Now i1f we take a d-function type interaction; i.e.,

V(T ,T,) = [vo 1-0, cg)/u] 7, (11-46)

(we confine ourselves to one kind of .particlesy..éither:protons or

neutrons), and use

1
(303,71VBR151347) = -0(a,31047)  (15,) 13,) 331 133102
(II-47)
O t 1
1 1 . 1 . '
03,0755 - 3 0) elayapig - 0) THEER) Lnea ')
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with
0
'V'

! é
Fr(l21' 2'):= E%O (%)2 rgdr _R_lR_éRl'.Rg'
0

and s e s sy
‘J1+32+‘J1 +J2

e(1 21 2). = (-) o 5 Py = % (1_01.02)

and

o 2
(320]vP_] 5.0)=br" (aa)

2 2 20
(3,01VE |3, 0)=3F" (bb)

Fo(ab)
2

: 1
.2 .2 =
(3 0]V |3,0)=(k8)2

2 - 0
Z(2J+l) <JaJ|VPS.|JaJ>— 12F° (aa)
F>0

.. - 0
Z(2J+l) (JangIVPSIJanJ> = 12F° (ab)
J

2
Z(QJ»;—]_) <j§J|VPs|ij)= 6r° (ob) ;
J>0

where

Fo(ab)'s Fo(abab), ete. ,



we can put the Hamiltonian matrix in the form:

-

-28-

165°(aa) 23 F (ab) | 0 0
0
. 2¢ +10F
285 0(ab) ebo (aag 2 J6 7°(ab) 0
+3F (Db )+4F (ab) '
Meb+8Fo(aa)
0 2 V6 7°(ab) . 5 352 ¥(ap)
+6F (b )+8F (ab)
6 lLFO as
0 0 542 70 (ab) o (aa)
+9Fo(bb)+éFO(ab)

(11-48)

Figures 2,3, and 4 give the results of (g} computed for
g7/2 with the BCS and EDRH methods, using only two degenerate levels,
- N
and d.,.. We have also computed = with the EDFH
512 sfer e e pused {3,

method; the result is given in Fig. 5. Notice in Figures 2,3, and I

that at O <|G¢<O,l6, and 0.5 > |G| > 0.16, the agreement gets

poorer. The two curves seem to meet at G = 0.16 , which is slight-
1y lower than what KS used in their first calculation. This probably
1s the only place of agreement that is physically meaningful. Theo-
retically, though, it is expected that as ~G) - o , the two
curves come together again as they do in the figure. Let us con-
sider this in an analytical way. In our case, it is obvious that

as (-G} » « , the BCS solution yilelds an equal probability of

occupation for each magnetic substate of ja and jb. In other
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Fig. 2. Pair occupation probability (Ii/2) for lg7/2 level computed
by the BCS (Bardeen-Cooper-Schrieffer) and EDRH (exact diagonal-
ization of reduced Hamiltonian) methods, using two levels lg7/2,

and 2d5/2 separated by 1 MeV and with a constant G.
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MU-32746

Fig. 3. Pair occupation probability (N/2) for the lg7/2 level
computed by the BCS and EDRH methods, using two levels, lg7/2
and 2d5/2, separated by 1 MeV and with a larger G.
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(N/2) for d,,, level

lllIII | 1 lllllll 1 1 | T T |

0.1 I.0 10 100

MU-32747

Fig. 4. Pair occupation probability (N/2) for the 2d5/2 level
computed by the BCS and EDRH methods, using two levels lg7/2

and 2d separated by 1 MeV and with constant G.

5/2
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'430 T T T 1 1 T T T T 1 T T
o
3 EDRH
N
N
< 391 -
S
NN
(aV]
~
=z
~N~
3.8 Il 1 1 1 | | 1 1 1 | 1 1
0.5 1.0 1.5
Vo lie, -329Mev)

MU.32748

Fig. 5. Pair occupation probablllty (N/Q) for the lg7/2 level
computed by the EDRH method, using two levels, lg7/2 and

2d5/2, separated by 1 MeV, and with V, = -32.9x MeV, 5'1/2
= 1.732 F and v'l/2 = 2.288 T, where V, = potential depth,

6_1/2 = range of the force, and v_l/2 = oscillator parameter.

(For definitions, see Sec. IV.C.)
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2 2 4 N . .
words v_ = v = 7 Therefore (5) for Ja(=7/2) is
given by = x U = 16 . Now, as ((G) - « , we can take

7
HiZgong given by Eq. (II-28), which is diagonal in a coupled

scheme O,GO

function of this Hamiltonian is

are good cquantum numbers . Thus the eigen-

. _ ab a b a 8 b b
|o,co> —zi: ¢(0g0 05040,0,) 005> o 0, >
%P
00
with the eigenvalue
strong _ B
B o4 IG,UO > = GS+S- Io,co > = G(c(c+l)-oo(oo-l)) lc,co >

Since OO is fixed (i e., UO =0.5) and G < 0, the state

with the largest o is the ground state. Hence g = 3.5.
Taking the number operator given by Eq. (II-37), we have

1 : a a — Qa
(o, % | 85,0 ) = E: (6®cPo: GO o O) (%o IN5|G 05 =

O O

+ C c o G : aobc e ca
‘ O 00 0
a
coc
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Now, using appropriate Clebsch-Gordan coefficients and the list

of quantum numbers (II-3), it is trivial algebra to get
Lawy=24+2/7= 16/7
2 ' a ’

which coincides exactly with the prediction of the BCS equations.
The diagonalization of the full Hamiltonian with & finite-

range force does not show the rapid mikxing of various states as

the BCS and EDRH do, while a 8- fung?ion force mixes the states

im
somewhat faster. In both cases, the (—VO) S %—(N}g7/2 does not

seem to coincide with 16/7. This as discussed below is not
surprising.

We should note that both the exact diagonalization of the re-
duced Hamiltonian and the full Hamiltonian (in seniority zero scheme)
in principle include more interactions than the BCS method does.

For example, EDRH contains the information that the BCS describes,
and furthermore contains the part describing interactions between
seniority zero states with interaction strength G. On the other
hand, the BCS approximation, as is well known, neglects the residual
terms, and in fact, the inclusion of such terms may lower the gap.
Lowering of gap A implies increase of v2 for a state below the

Fermi surface, and thus nigher (g) for that state. Thus the

goodness of the independent-quasi-particle picture -- that is, the
negligibility of residual terms dropped in BCS approximation --
should be determined by comparing it with the EDRH results. The
success of an independent-particle model, which is the cornerstone
in the simple shell model, lies in the fact that the residual terms
are only small perturbative effects, the main physical description

being provided by the zeroth-order term.
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Thus agreement of BCS method and EDRH at a certain coupling
constant G determined by some other prescription would imply the
. validity of both the independent-quasi-particle picture and the
approximate number ccnservation.

The exact diagonalization of the full Hamiltonian with
finite range cannot be used to test the validity of the BCS
method, since the former takes into account long-range effetts
as well as short-range effects. The long-range effects responsible
for self-consistent field (q = 0) and quadrupole deformations
{(q = 2) may bring down some states below the energy gap, and thus
the effective A may become smaller. This is precisely what is
observed in Fig. 5, where effectively vg(g7/2) stays close to 1
for gll force strengths.

The above argument implies, then, that the pairing effect
may be well described by the BCS approximation, but the neglected
part of the interactions should be treated by considering the residual
terms. This problem is considered(in a later section from a more gener--
al approach (such as general force, ete. ). In the remaining part
of this section, we briefly discuss qualitative features of that
part of the pairing interaction which is neglected in BCS approx-
imation but is included in the EDRH.

We have already pointed out that the gap equation resulting
from BCS's approximation contains only a first-order effect. To
include higher-order contributions, one may write the gap equation

as I

A - Z S8 (oITIER)
B

where we have replaced ¥ matrix by a I' matrix which includes
all the higher-order terms. - Schrieffer considered the possibility

of approximating [' by a 't matrix in the superconducting
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system.El The physical significance of this procedure is not clear
yet.

‘ Let us do a simple perturbation calculation to see what
effect the higher-order terms hagve. We assume for simplicity that
v is replaced by a constant matrix element G.

Following Tolmachev and Tiablikovgg, we find, from the

second-order 'compensation equation,"

‘ | L _
(oln,n_ Hyol oy (Ofnn_ Hyy TR H,l0) =0 . (11-50)

an improved gap equation,

2 2
wv.(uvuv, -u v )
o, = -GZquB + GEZ PP YYB®D® Y Yy ,  (II-51)
le | + gyl + |2 | + |7
B BYd 0 B Y 3
and an energy formula in a self-consistent field,
u v u u v.v ] (u e v2
W, = TG y BBy T . (1I-52)

o 1%l + 1%+ 12 |+ 1%

With Egs. (51) and (52), the equation determining u and v is

~ 2 2 i
2ubpoya - Abﬂua-vd = 0 (11-5%)
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which yields

(11-54)

These constitute a complex set of nonlinear equations to be solved.
We can, however, discuss qualitatively what changes occur without
actually solving them.

Let us write Eq. (II-51) in a different way:

(wv uv, - ugvg)
By, =Y (o Yyee e )
= - Y w.v
o o S I R - O - B D B
B v d o B 5 Y

(11-55)

2
Now, noticing that the term involving G is much smaller than
G, we may replace |EB| by some average value, thus removing

the dependence on B. If we do so, we can redefine an effective

interaction constant GeffJ and get

By = Capy Vgvg (11-56)

P B .
p

(u v u.v u2v2)

(2) AN Y Yo Dd Yo

G =G+ G = G-G
- T3 1%+ K&+ 151+ 12
(0 B B

(11-57)
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Thus the higher-order effect does not change the essential
feature of the theory; it only renormalizes the effective coupling
constant, with a small change from unrenormalized G. In fact if
one puts into Eq. (II-57) the values obtained by the usual BCS
approximation 1t turns out that in the region where the agreement

of the BCS results with EDRH results is worse,

Hence we can see that the inclusion of higher-order terms lowers the
effective (-G, and therefore A . On the other hand, as (-G) goes

to infinity, Vo = vB for all o,B and hence G(g) - 0.

Thus at very high G, the higher-order contribution vanishes
(presumably to every order). This result is in complete agree-

ment with the previous conclusions, and with Figs 2, 3, and k.

C. Gap Eguations and Self-Energy Term

Now that we have studied some features of the super-
conductivity theory and in particular the BCS approximation in
the lowest order, let us see in detail the relevant equations

in the representation we have chosen to adopt. We start with

1 - =a.
Ad——E,EZ:GOa|VFﬁB> UgVa5,5g (I1-58a)
B
and

€= = +zi;<6y|ﬁ|5y) Vi . (11-58b)
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In the completely general derivations of these equations, we are
not forced to assume that only total-momentum-zero coupling
contributes in the equation nor that the interaction has any
cutoff parameters. The former feature has also been emphasized
by Anderson et al. in the generalized BCS theory of the electron
system?5 they consider the possibility of coupling in the angular
momentum £.+ d: These considerations are motivated by the
results of Brueckner et al. in liquid 5Hp ;5 they find & con-
densation into an & =2 stategu. In ourdcase, it can easily be
seen that only J = 0 pairing is permissible, which will be
shown shortly. First we rewrite Egs. (II-58a) and (II-58Db)
in angular momentum representation, and consider the validity
of the. constant-matrix approximation in this representation, the
relationship between the gap matrix element and the self-energy
term, Then we shall show a simple identity in a special case.

Let us start by putting Egs. (II-58a) and (II-58b) in
J-j representation for use in spherical nuclei. It is convenient
to write the matrix elements in an invariant form (invariant under

rotation and reflection):

ZsasBuBVa {a-a:|V|p-B) = ZSGSB (33,9 ;5 m-m 0) (11-59)
p 53]

X C(jbij ; mb-mbO) G (aabhi)ubvb
Similarly,

B = Z (0BT los) v§ = Z (o8Flos) v,
£ B
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= -E: j{: C(jaij ; mambM) C(jaij : mambM)'G(ababJ) v%
Jpm, M

< [27+1 2
> \EE;IT-G(ababJ) oo (I1-60)
ij-

Here we have used the convenient notation of Barangerl, and will

continue to do so from now on:
G(abedl) = (abdM|V|cdIM)
Vhere (abIM|V|caiM ) = (I1-61)
(abdM|V]caIM)- 6(cdT) (abdM|V]dcIM)

and  (abdM|V]cdlM) is the usual shell-model two-body matrix
element. (Note that the G wused here is equivalent to — 2G
as used by Baranger.) '

In Eq. (II-59) the dependence on m is solely in the
second C-G coefficient, and s, = (E)Jb-mb . Since we have

C(Jydy0 ¢ mym0) = ()07 (25,4102

we may write

1
E: 5g C(3pdpd 5 m-m0) = (25 + 1) 2 E: C(Jpdyd 5 my-m 0) X
n, ' mb
1 (11-62)

C(Jpdp0 5 my-m0) = 8(3,0) (23,+1) 2
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Thus we have shown that only the J = 0 component contributes.
This result can be explained in slightly different language.

In group theory, the combination X ¢i (—)J_m ¢Jm transforms
. m -

as a symplectic group, and the resultant representation has only
Jd = 0. This corresponds to a seniority-zero state.

Substituting (II-59) into (II-58a), we obtain

E
(23, +1)°

A= %Z LA w v G(asbbo) . (11-63)
b (23a+1)§

If we take a ®-function interaction, Eq. (II-63) is further

reduced to

0
1T 4. .1y F(ab) _.Z.io
8, =27, (Gpr3) B b T (3 +3) B (ab) uwy,
b b
(T1-64)
= 0
a—a: - = 3
or j{j (a-o: |V B-B) Sq 58 (23b+l) F .(ab) s
il
b
where Fo(ab) is the radial integral defined by
Fo(ab) - | ar r° Ri R% (11-65)

o)

We have collected all the constants in C.

In the approximate nuclear calculations, one usually
sets the radial matrix element to some average value;if we do so;
FO - G, G<O where G 1includes all the other factors such

as A—l dependence, etc.; then
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15 ,. 1y %b | |
=), ) B (11-662)
b
b
Furthermore, Aa = Ab = A,

Hence we obtaih

- 1 Gy (jb+ %)E'jL = 1. (11-66p)

no

Thus a &-function type of interaction (which is a good approximation
for the pairing type, since we believe it to be of short range) and
some averaged radial integral (which is not well known anyhow) im-
mediately lead to the constant-matrix-element equation.

Now we demonstrate that in the  &-function limit, the

self-energy term becomes identical with the gap matrix element;i.e.,
{a-afV[g-p)s, sg = (ap|T|ap) . (11-67)
In B®-function approximation, we can write [from Eq. (II-47)]

2 Fo(abab)
0) D) (11-68)

ol

. . .. 1
G(ababJ) = (2Ja+ 1)(23, +1) C(igdd 5-

If we substitute this into the equation

‘E' (og|TloB) = %%i%l G (ababJd) (1I-69)
m Z; a
b
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and sum over J, we get immediately

zz}a5|ﬁ|a5)'= (23b+1) Fo(abab) - ‘ | (11-70)
m_b

Therefore, comparing Eqs. (II-64) and (II-70), we see that
Eq. (II-67) holds.

Physically the relation (II-67) does not have much meaning,
since, as pointed out by Belyaev, we expect that although higher
harmonics of the force (k>2) contribute to the pairing type of
interaction, the self-consistent fleld effect should come from
lower harmonics. This then implies that & - force may not be
proper to use for both cases. On the other hand, the same finite-
range force may be employed for both, since the self-energy term
picks out mainly the k=0 component, while the gap term recelves
the largest contribution from k > 2 . In practical computations,
this 1s probably the best procedure for obtaining consistency in
the theory.

A final remark concerns the role of the self-energy term.
If gj is theoretically calculable, then we are not Jjustified-
in putting the self-energy term to zero, In such case, Eq.
(I1-58b) yields a Hartree-Fock energy, and together with the gap
equation, a self-consistent equation. Suppose we choose ﬁ&s
from an experimental result of a nucleus closest to a doubly
magic nucleus; this set of g&s 1s precisely what one would ob-
tain by the H-F equation. If this is well known, then the self-
energy correction for other nuclel in the same region may amount’
to some sort of variation in the spacing of g&s asc more particlgs
are filled in the available shells. In such a case, an account
of the P +term is perhaps necessary. But if one starts with
€ as parameters, then p correction does not have any signific-

(04
ance, for we can choose Q&s such that the self-energy correction
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is implicitly taken care of. (For further discussion on this point, see

25.)

Nilsson and Prior
‘ In general, the self-energy term given by Eq. (II-60) depends
largely upon the radial integral R(abab) . Now, if this function

is not very sensitive to a change of states a and b, then we can
approximately replace a(ababJ) by some function which depends somehow

only on .a ; thus
_ \ . 2 v
b, = g(a)é%l(eab+ 1) vy - (11-7)

Equation (II-71) in turn implies that the correction term is expected

to be approximately same for all states, provided
e(a) x g(b) %

A numerical computation seems to bear out this point in practice. {For

more details, see Sec. (IV.)
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ITI. TREATMENT OF QUASI-PARTICLE INTERACTIONS

A. Preliminary Remarks

So far we have dealt with the picture of independent behavior of
the quasi-particles. In so doing, we have neglected the residual terms
completely; in Sec. IIB, we have, however, qonsidered the effect of these
terms on the ground-state properties. We have seen that this refinement
Jeads to renormalization of the interaction matrix element, and change
of u and v. For the excited states, however, mere modification of u's
and v's does not explain some of the features we have discussed in the
introduction, and which we shall treat in the main part of this work.
This is so because the higher-order correction does not touch on the
longer-range part of the interaction, and hence the important part of
interaction is still left intact. From order-of-magnitude arguments,
the first-order contribution of such terms could be given an upper limit
of 5/2, where G is an average interaction strength, if we replace the
complete Hamiltonian with a reduced one. When we conslder this problem
more carefully, we realize that the strongly collective effect observed
in some of the nuclei should receive contributions from a wide range of
terms and hence the first-order-perturbation estimate is not sufficient.

. In the following subsections, we aim to study the effects of
these residual terms by perturbation theory. The starting point is the
independent quasi-particle behavior, which we take as zero order, and we
sum suitable subsets of the higher-order perturbation terms. Closed forms
are hard to obtain if we use a completely general force. Where possible,
we make a somewhat drastic approximation (for the sake of qualitative
analysis) to make contact with the results of'_'KS15 and of Baranger.

To aid in understanding notations, we 1list the following defini-
tions: |

+
One-particle state: [i) =17 i[@) . (11I-1)
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Two-particle vector-coupled state:

[(i1)J) = N(i1) }: C(jile; mimlM) ﬁi+nl+lé> . fIII-E)
miml :

Three-particle vector-coupled state:

|(11) k;f) = N(llkIf)E: E: (3597975 momyML)
+ o+ o+ ’
X C(JIJka, MImkmf) g Mg T |6) . (111-3)
Four-particle vector-coupled state:

[(ilkg); II'J) = N(ilkg) }: E: C(jiJlJI; mimlMI)
m, mlMI mangMI

.5 Lt ' ' + + o+ + \
X C(Jyd s mm Mp) C(I T35 ML) ny gy ng [O) (ITI-4)

The N's are normalization constants of two-particle, three-particle, and
four-particle states, respectively; [6) is the usual quasi-particle
vacuum; C is the Clebsch-Gordan coefficient. From now on, if ambiguity

does not arise, we will usually omit J; for example,
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Hi

c(ilg; mimlM) C(jiJlJ; mimlM),

i

o e e ooy
w(ilkg; JJ') w(gialakag, JJ")

i

(117]V[xed) = {3,379V [33,97

(i1 |vlke) = (3ym;dqmy [V]3ym 3 m)

etc.

|53}
i}
=

The states defined by (III-3) and (III-4) comprise a complete set of

orthonormal states provided ji, jl, jk and jg are all different. If
they are not all different, states with different intermediste angular
momentum quantum numbers may not be orthogonal to each other. In such
cases, we are forced to use the fractional-parentage coefficient tech-
nique. Consider n particles in J shell. Then a completely anti-

symmetric state with a correct orthonormality condition can be written

26
as

", .n-1 _ n__
). G (BJI)J J|} 3 o)
m

c T +
C(ap3a5 mpmt) gy [(a-1)BIp)



where lnaJ) is a state of n rquasiparticles: in the j shell with an
extra label «a; (}}) is a fractional-parentage coefficient introduced
in a previous section. For J < 7/2, the label « is unnecessary. It
is easy to see that a repeated application of the relation given above

yields all the correct wave functions in terms of the creation operator

n+ . For example, a three-quasi-particle state méy be written as
Iy
[(57 D) = J Z (3p3dps Mmma) C(339 3 m_m M)
I
m_lmgm5
.2 . . + + +
GBI I 1Y 373g) X my ny 13 m, 13w, [0)

which is in:the same form as (III-3) except for the sum over the inter-
mediate states. Since we eventually sum over the intermediate states
in the discussions given in the subsequent sections, it 1s clear that
we could use the forms of (III-3).and (III-4) with the understanding
that whenever we have more than two particles in the same .j shell,

we eliminate redundant states, using the prescription given above and
the seniority scheme. This procedure is equivalent to redefining the
normalization constant in the final result.

In our discussion, as we shall see in Sec. (IV), only j < 7/2
states are of importance, and hence in case more than two particles
occupy one J shell, there is only one independent state 20 and it is
47/2 J=0 config-
uration has only the senlorlty zero state, and use of the prescription

shows that

easy to choose the correct state. For example, the

g7/2, Ie O<87/2 ) O o s the allowed and correct state.
2

It is easy to show that (g7/2 )J(g7/2’>J]O for J=0,2,4 are all equiv-
alent, and thus 1t is a trivial problem to correctly include the contri-
(hll/Q’)]O has
two independent states (seniority zero and four), and can be easily taken

bution from such configuration. On the other hand,

into account in the manner discussed.



-4g-

In the following subsections, we do not make any distinction
between the states with more than two particles in the same J shell
and the states with all the particles in different shells. One should
understand, however, that whenever the complication discussed above arises,
the redundant states are eliminated by choosing the appropriate normal-

ization constant (J < 7/2) and proper states (Jj > 7/2).

B. Effect of H22: Energy Level of

Two-Quasi-Particle State

The explicit form of H.. was given in Eq. (II-13). We understand

this sort of term fairly well ?iom the knowledge obtained in ordinary
particle representation. This interaction conserves the number of parti-
cles, and describes the scattering of two quasi particles. On can see
that in the limit u -1, v - O (particle state) or v -1, u —» 0O (hole
state), H22
the H._ terms vanish. Obviously this term gives the largest contribution

I
to the even-particle system. If we neglect the rest of the tems, the

reduces to the usual two-body operator, while the rest of

Hamiltonian has the form

H = Hy + H, (111-5)

o -

Iet us first consider the even-particle system. Taking the basis function

to be the two-particle state, we have
HO[(il)I) = (Ei + El)l(il)I> . (111-6)
Now expand the wave function in the basis function, (III-2).

Y&I - E:: C?lll(il)1> o (1TI-Ta)
151
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Iet us use the definition

]

N
-
}_l

~—
=

Then HY = WY leads to

(B + 8, ) OG0 ) (8 +E) S lE)D

(i1) (i1)

0 . N 04 oo - .
zi: CilIH22|(11)1> = wax)zi: CilIl(ll)I> 5 (III-7b)
(i1) (i1)

or

04
+
(E% E)C

g’ kgl +'E: ¢ir ()Tl [(31)T) = w(@) CigI .

(i1)

Moving the right-hand side to the left, we have

digl OE (E E zz:)((kg 1, (1)) ¢ - (111-8)
g il

Equation (III-8) is a homogeneous linear integral equation, which has a
solution only if the determinant vanishes. It has a closed-form solution

only if the H,., matrix element is separable. Iet us assume

22

((kg)IIHggl(il)I> ~ - D(kgI) D(i1I), (111-9)

where we let D include normalization constant.
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Then Eq. (III-8) can be written as

o A D(kgI) .«
Cgr = & +(Eg)_w(a) Z D(il1) Cjqp - (11I-10)
k& (i1)

The solution for ngI is eaglily found. Since the normalization is defined

Z ci‘zl ngz - Z (ngz_)g -1, (III-11)
(xg) (kg) '
we have
, ~ \
Z (éigl)g - Z ]{: E('}E{g%(ay\ Z D(111) C?ZLI)'E
(ke) (k) \* © /
Therefore
e 1/2
I P B
(il) \(kg) (Ek + B -(D(Of))/
Hence
_ S 2 1/2
D D™(i11
ngz E,_ ikf:;?w@; (%) & }(.31_53)@ P (I11-12)

From Eq. (III-10) we obtain a dispersion formula27 which is of the form

close to the dispersion formula obtained by RPA (see Baranger):
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E: T P ékéiiaﬁ - At (I11-13)

The dispersion formula from the RPA is

2 kgl |
Plen(m, +5)

2 L. a2
(k&) (5, + E,)-ul@)

(Ir1-14)

or : }: D }: D (kgI) L

{kg) ¥ (kg) °
To compare (III-13) and (III-14) let us consider two functions,
D
(kg)

(111-15)

and T (w) = 2D (kgl) ﬁk ’ E

2 (E.+E‘w) Ek+E +a$

(kg)

For a given @ with (Ek +E) . >&>0, where (E_ + E ) . denotes the
g'min k. g’min

lowest of (Ek + Eg) for all k and g , then fg(m)>fl(m)>o. This implies

that the solutions of Egs. (III-13) and (III-14) (denoted respectively

by w. and w.) have the inequality w.>w, for small w. Thus extreme col-

1 2 12
lective states cannot be described by the H22 term alone. The lower
the state to be computed, the less correct the solution would be. However,
2 E + E
(8, +5,)

as o approaches (E ~ 1 and the two methods become

e T Bg)s E, + E, + o
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equivalent. For (Ek + Eg)max> mﬁ(EK + Eg)min no unambiguous conclusions

can be drawn; yet higher-lying states are expected to be described well
by Eq. (III-13).. _

The foregoing discussion is rather too schematic. For'a force
more general than separable, the picture is not so simple. In the remain-
ing part of this section, we work with a general force. The starting
point is Fq. (I11-8), and we first derive the ng matrix element between
two-quasi-particle states. Let the initial and final states be ,(kf)I)
and l(il)I) respectively. Taking the matix element between these states,

we have

<(11)I[H22|(kf)1> = 1/k4 }: E: - N(i1)N(kf)

aByd m,m.m m

1w T

(ep[vlvel (uyagt g + VoVaV v o)
b {a-y |7 BS)'SBSvuauévs“y} LTS mym ) GO mnn)
+ o+ o
x {090 Ny g Mgl e /g (11126}
17

Here ( >O denotes vacuum expectation value. Noting the relation

( +  + + +> _( + +> < + +>
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and
<nlnin;n5+>o = 8(ic)8(18) - 8(1ip)d(1a) (III-16Db)
we have the expansion of Eq. (III-l6a):

( )g = 8(ix) 8(1B) ®(ky) 8(£d) + 8(if) ®(1a) B(kd) B(fY)

- 8(ic) 8(1B) B(k8) s(fy) - (i) &(1la) &(ky) &(£®) . (ITI-17)

Substituting (III-17) into (III-16), we can immediately sum over Q,B,7

and & to obtain

((il)I]Hegl(kf)I) = -Z ZN(il)_N(kf) C(i1I; mimlMI) C(kfI; mkmeI)

I

X [(11]|V]kf) w(likE) - @-k|V[|4P) s 8 (X(1ikf) + X(ilfk))
+ (1-f|V]-ik) 5,8, ?{x(lifk) + X(11k)) (111-18)

where we defined

W(1ikf) = U U WU+ VLY

and

X(1ikf) = U ViV - (I11-19)
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In deriving Eq. (18), we have used the symmetry relations given in

Eqs. (II-4), (II-5), and (II-6). Let us here define two new functions
G and F as

(0BT |y8) = (oB|V|y8) - (oB|V]8&V)

=§: c@mnx%%y){u@&mmgﬁm'@uHVM¢w

JM
- ¢(cad; mcmdM) (abd |v|cag)}
::E: C(abds mm M) C(edTs m m M) G(abcdd) (II1-20)
M
and
F(abcdd) = "ZLJ (27" + 1) W(adbe; J'J) G(dabed') . (IIT-21)

J'

From symmetry properties of (of|[V|yd) (real, symmetric), follow the

relations

G(abcdd) = - 6(abJ) G(bacdd) = -0(cdJ) G(abdeJ)

il

O(abcd) G(badeJ) = G(cdabd), (I11-22)

1l

from which we oObserve

F(abedJ) = F(cdabJ')=06(abed) F(badeJ') . (IIT-23)
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With (III-20) and (III-21), Eq. (III-18) finally becomes

<(i1)IlH22I(kf)I) = N(i1) N(xf) [(u, AN v.) G(i1k£J)
+ (uuvv v v,V ) F(ilkfJ) - 9(ka)(U.U.VVf
+ uiufvlvk) F(ilfkJ)] . ' (TII-24)

Note that the first term corresponds to.particle—particle interaction,
the second and last to particle-hole interaction.

For a given form of interaction force, G and F can in prin-
ciple be calculated; we write G and F explicitly for a Gaussian type
of interaction in Appendix B. Here we shall be confent with Just writing
down the results for the sake of completeness in our discussion. Confin-
ing ourselves to only one kind of particle (protons or neutrons only),
we decompose the term into a spin-independent part and a spin-dependent

part by
(AT, [(x£)I) = u®) (o)
mC0) - w(a1) wCke) [(23,+1)(23,+0)172 v, & 6(3,5,1)
qu [<uiuk - 8a)v,v, )upu, - 8(@vyvy) Ola i 0 &%)

1
5)

nJ -

Claj;dys O
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. \
X W(33dy0 35 Ta) R (A1kE) + 6(3) (wyup - Oa)v,ve) (wyuy - Ba)vyvy)

R B R ) & 804
X C(adydy 3 05 3) Cadydps 05 5) Wi3didpdys Ta) R (115K) + 6(3,3,)

/éjkfi\l/Q 8(q,I) .
X J".\ ng-f-l) Eq_}i_l (uka + Q(q)u—kvf)(ulvl + G(q)ulv:L)

A\

X

11 . 11 .
Lo fd : . = = III-2
¢(adyd;5 05 35) Claddes 05 3) Rq(lflk), ( 5)

and

w(o) _ 4o N(11) N(kf) v, b A 9(jijkl)iié <§uiuk+9(q)vivk)(uiuf

+ vlvfe(q)) c(qwlzf; 000) c(qlizk; 000) (zl + %—zl(o)) Rq(ilkf)
+ 6(1) (uiufakxq)vivf)(uluk+9§q)ylyk? céqwlzf; ooo% cngizk; on)
x (2,42, ) B (11010 + 36(3,3,) (v, -0(a )y Mg, -6y v)

X g(qxizl; 000) C(gf, 2p3 000) Zs Rq(lfi%) ) (I11-26)

where

Rq(ll_kf)_ =JR1-.-(rl)Rl (r2) Vq(rl,rg) R.k(rl) R-f(rz) r,r, dr.dr,,
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1/2

b
I

[(25; +l)(2Jl+l)(2Jk+l)(2af+l)(2!Z +1)(22,+1)]

N
]

. . -1 .o L
O(2;87) W(iyd945405 1 ) W3 dphtes T5) WL L tes T3)

2(©) - % :
= 004, 2,) W30, 305 Ta) W(Ipdel 25 ) Wit b a3 s

0 s . ; « T _J‘__‘_ -
Zy = 0(4;4) W(3gdy 25805 T35) W (Jka hes T5) Wb telys T3

(0) _ e A T N 1
270 = 000 00) W33y dpdy s T3) W0y d i s a 5) Wliidptides a 5)s

N1/2
s - (et

1 q 1 1 g 1

1 , 1 :

z L% 5 Fx |

S A FE (wrx2)
(é’ 19 2 fr s

and a and b are coefficients of spin-independent and spin-dependent parts

respectively, and v, is the depth of the potential (vd<0).

Let us nowhgonsider what 1s the meaning of seﬁarability of the
interaction which we have used in deriving the dispersion formulas Eg.
(II1-13). Consider Eq. (ITII-2k). A general-force matrix element involves
a radial integral which is not in general separable. Let us assume,

however, that the radial part is of the form

vqﬂrl,rz) =6 (xy) & (zy) - | (111-28)

q

28 '
which was used by Elliott in introducing the gquadrupole-quadrupole
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interaction. If we specialize, in particular, in a long-range component
of the force, the first term in (III-24) can be neglected, since -'it.TBeing
a particle-particle matrix element — is much smaller than the rest of

the terms. Then the second and third terms contain a large term which

is completely separable for a single q (say q = 2 ),vas can be seen
from the last term of Egs. (III-26) and (III-27). In this case, we can
write (neglect the M’ part)

((il)IlHeel(kf)I> s - AD(i1I) D(kfI), (111-29)
where
D(i11) %—%}I—lf 003,15 & - & 0 [(23,41) (23, 41) 12 (wpv) + vyu)
RI(il) N(il). (II1-3%0)
Here

R (i1) =/'°°arq>1(r)r19 R, (r) R (r)
0

with some constant A . With a Q-Q force of the form (q=2)

V(T ,T,) X
roT,) = - = Xryr,T Y, - Y, (I11-31)
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we have

. +1/2 1/2 .
p(112) = (=) * / @9 N(11) R (i1) (23, sy ) )® o(3,0,255 0),
(I11-32)

with
"
R,(11) =| r Ri(r) R, (r) dr .
2 j; 1

We have seen that only a part of the matrix element is separable
and that the matrix element contains particle-particle and particle-hole
type interactions whether it be a general force or Q-Q force. Thus pick-
ing out a single dominant component corresponds to the separable inter-
actions. For a long-range interaction, this approximation turns out to
be rather good, as was shown by KS.15 However, in a.real nucleus, the
discarded terms are not in fact negligibly small, and are by nc means
easy to estimate in general, for they vary from one nucleus to the other.
In a subsequent section, we will apply the general formulas derived to

calculate excited states in some even-even nuclei.

C. Matrix Elements of Single-Particle Operators

Let us write the wave function obtained from solving the eigen-
value equation (II1-8) with the matrix element given by Egs. (III-25)
and (III-26) as

Y =Z o ;1) . (111-33)
(11)
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We shall drive equations for B(E2; J — J') and the magnetic g factor

of an excited state of two quasiparticles. .

1. Electric Multipole Transition

By definition,

B(m) =) N @) 14 (1I1-34)
Mfu (
where
’KQ(EN,;L) for » = 2 1is
(B2 ;1) =fr21Y2u 6,8) o(r) &r
- ei{j M/_rgygu (9,¢)¢*(;;ms) ¢(;ims)d§r
° (II1-35)
Letting
o(xm.) {a (mJod ¢
we have
7(ER,0) = ez Z frgygu(e,q;) (a]?ms)*<?msji6> ‘;o;cB Or
m, 0P , )
= ez (Oéfrg:lc2H (6,0) |B) C;CB (ITI-3%6)

op
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After the Bogolyubov transformation, the relevant operator is

m(E2,1) = ez <oclr23rEM B) [{ugug - vyvg) n;nB +
op

. + + ‘
SeUyVs Nolg © S%Vy Malp ] . (III-37)

Obviously the first operator connects states with the same number of
guasgi-particles, and the second and third are for transitions between
the. states differing in number by two units. We consider two cases:

(a) Transitions between two-quasi-particle states

Using the wave function (III-33) and the first operator of
(ITI-37), we obtain

(‘.IL’FJI IDZ(EQ:U-) ,YIJ> = 6(2:) ; ) C:SquJ,C?lJ <(i'l') ITQ(EQ,LL) '(il)J>
il i'l .

. e F ol o2t e PRPEE I . '
- eZ Z N(iLN(1'1Y) ¢ C(343395 mom M) C(3E'J1'0"5 m, 'my 'M')

(i1)(it1')

I
'l'J'CilJ 1

+
( lraréu B) (uuy - vgrg) {n,"ny'ngn; ny g

_ N I Z T T
= eZ Z NELN(E'L) €5 1q050C5e g - €(3;3,93 mym M) E@iJlJ’mi‘ﬁM )
(11)(1111) all m's

2 5
(Ul vgy (1 (agpuy = vy vg) 8(3,20) + ©(5; 199" smy 'm M) (2 ITEY'?“li)
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. N .12
(uy'uy - vi'vi) &(1,1') - C(Ji'JiJ';mi'miM ) (G r ygull> (ui’ul - vi'vl)
. 2, 1. KRN
8(1,1') - C(3qdy "' mym 'M') (1" [r ¥2ull> (ug'uy - vy'vy) 5(1.;1)J
' (1T1-38)

We can eliminate the sum over mﬁs by the usual Racah algebra, and when

we finish a straightforward computation, we finally get

, 2 . . X F I
B(E2; J —» J') = e (27'+1) | }: G(Jial') N(il)w(i'1') Ciiprgr Cing

(11)(i'1")
E(l'l) (uy oy -vy vy ) W(IT' 3 30525,) ES(Jifji')--Jr Q(1"1) (gt vy )
W(33'3,3;"5231) 8(31,3, ")+ (1) (uy tuy-v, vy ) W(ITTS13;75285) 8(d559,")
2
HQ(111) (uy vy v) WITTG, s 29,0800 )| T
where
R
Q(11) = (ifl=y, ML) . (I1I-39)

We have left one sum undone in. this formula since, as it stands, it is
more convenient for use in practical calculations. If we relax the

restrictions on the sum by the replacement

Yo ok )

(i1)(i'1) i1it1!



-6h4-

then formally Eq. (III-39) may be reduced to

B(E2) = e2(2J'+l)| E: 63 jl') N(il) N(i'1") o $11g cilJ

il1ity!

. 2 1 1 2 =2 1, N . . 1 2
(1 T2l (uy g - vy tvy) W(ITTSd40s 295) 83,3 T

(I11-40)

Substituting the coefficients C (supposing we obtain solutions by a

ild
separable force), we get

il)

' 2 $1g0 kL
B(E2;T > J') = & (23'+1) Z (EDél%i%J)T [Z (E tE %i(‘)T ))i;

D(i1J) D(i 1'J') . : _,
E; 4B -0(3)) (B, '+E, "-(J")) Q(1'1) (ug "uy vy vy )

( N(il)n(i'1') (

gll 1t

N VP 2
w(JJ'JlJ£: 2Ji) (35,35 - (TIT-41)

Note that this quantity is greatly lessened by the (uu-vv) factor, the
absolute value of which is much less than unity if pairing 1s important
(if no pairing, the factor goes to unity), and also by the Racah coeffi-
cients,* Thus the greater the pairing effect, the smaller the B(E2)

*[Strictly speaking, the absolute value of the (uu—vv) factor is not
always less than unity if pairing is important. The contributions from
levels far away from A will have (uu-vv) = 1. But then the amplitude of
mixing (C?lJ) will be very small. Perhaps we should say (uu-vv)C is small.]
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becomes. We would then expect that the electric quadrupole transition
between low-lying two-quasi-particle states is highly retarded, as is
experimentally observed (for example, L+ — 2+ transition in Celuo).
We shall see this clearly in the numerical calculations presented in a
later section. -

(b) Transition from two-quasi-particle states to the ground state

If the ground state is considered to be a quasi-particle vacuum,
then transition to the ground state from an excited two-particle state

can be obtained from the term with two annihilation operators, i.e.,

(2, 0) = Z (@, [B) 5,7, o0 - (111-42)

In a way analogous to the derivation of Eq. (III-39), we can easily arrive
at '

' M_+1 :
Ol ¥ ) = ()7 e Grai7E H3,2) 8, uy)

x Q(i1) (uiv + Viul) . ' (IIi—M5)

1

[Note that the J — O+ transition for J # 2+ is forbidden according to
(I11-43).]

Hence

B(E2; 2+ —» 0+) = e? E: N(il) Ciyp Q Q(i1) (u vy o+ v

(11)

1 l)

(ITT-4L)
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In comparison with B(E2; J — J') this quantity is large, since

(u,v, + v,u is of order dnity, and the absence of the Racah coeffi-

il i l)
cient would make this quantity much larger than the former. Furthermore,

we notice the following features. For a J , we can choose the phase

and configurations such that the solution CE;J of
(04 a (0
+ + i ' = -
(B, Eg) Cre % ((kg)d[Hy, [ (11)3) €5 = op Crgs (ITI1-L5)

(11)

for the lowest eigenvalue o has the property of

. 04
_e(;l) Clp >0

Such two-quasi-particle basis vectors with single-particle states, for
2 2 2
example, of 1 &7/07 2 d5/2) 2 dB/E and 1 hll/2 are |d5/2>, lg7/2>, \d5/2),
2
h d d d a - i
| ;;/2>, | 5/2g7/2), [d5/2 5/2> an lg7/2 5/2> for even-parity states,

and fhe phase convention used for the radial integral (the harmonic

oscillator type) is that given by Morse and Feshbach.29 We wish to
% _Q(il) in Eq. (III-L4L4) is. To do so,

investigate what the sign of CllJ

let us note

n,-n

<n1£l|r21nl£l> = (‘) 1ol

l(nizilrglnl£l>| 5

where



-67-

and

sgn((i[Yél.l)) = (-)é

where

This relation can be easily obtained if one examines the explicit form
of the Clebsch-Gordan coefficient resulting from the reduced matrix .
element. We collect the signs arising from the various factors for

the wave function of interest (i.e., the lowest 2+ state):

o > 2 o .
Ci10 (n; [="[n)) (ifr7xfn) cyy, al3l)
2 + + |
%5/2 ) )
e + +
g7/2 - -
2
d5/2 + + - -
2
By * * - -
I5/2 81/2  ~ - - -
d5/2 d5/2 - + + -
&1/2 32 F ) * )

[04 .
Thus we obtain the same signs for the factor C., Q(il), and since we

have (uiv + viul) > 0 and N(i1)>0 for all i and 1, we get a coherent

1
contribution to Eq. (III-#4). 1In this respect, we expect the quantity
B(E2) for 2+ to O+ transition to be much larger than B(E2) single-particle

strength.
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Let us consider Eq. (III-44) in Q-Q approximation. We can write,

in the notation introduced in Eq. (III-29),

it

B(E2; 2+ — O+) egliiz D(il12) d?lelz. (11I-46)
(

il)

We see this if we recall D(il2)
Eq. (ITI-12), we finally have

]

2 2,
B(E2; 2+ —» O+) = S§ _(}i: D™ (i12) )_1 .

L
(11) (B ¥ El'“xg+))2 D

&

Let us consider briefly the physical implication of Eq. (III-ki)
or Eq. (III-47). One can visualize the transition process better if

we describe it in the following way. Consider the diagram

L
el

which describes a particle filling a hole, w%ich results in emission of
a ¥y quantum. (For the sake of convenience, we have drawn this and the
following diagrams sldeways. One should interpret them from right to
left.) This process usually involves in the usual particle operators
C; Cm, where pCF, m&F (F=Fermi sea); i.e., C; Cm describes annihila-
tion of a hole and a particle. This process in low-energy nuclear
phenomena can be interpreted as a particle dropping into a hole in a
partly filled shell.

If we examine Eq. (III-44), we find that this is precisely the
kind of process we are considering. Recalling that a quasiparticl@ is
partly a hole and partly a particle (with pfobability of v2 and. u2

respectively), we see that the factor (uivl + viul) describes the same
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process as the diagram. - In fact, we may depict it as a "direct" and

an "exchange" term of the form

.7..2 N ., 2
o ) g : ilv
L " .
\ e
: 2 2
where the factor in parenthesis denotes the weight of hole and particle
characters. - Since we have effectively included all the two-particle

interactions. in. Egs. (III-#4) and (III-47), our result then corresponds
to the following diagram, '

where

S

describes successive scattering between two particles.

2. Magnetic g Factor

In this section, we show that if we confine ourselves to a two-
guasi-particle subspace, we get the same magnetic g factor as one would
in the ordinary particle formulation. This, then, implies that our
method corresponds merely to configuration-mixing calculation in the
ordinary shell-model approach, as far as magnetic moment is concerned.

Magnetic moment is defined by

My = 985 = (3 + 1)
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G

_ _op - | \
or | gJ = -J_(J—'l'_l) P) (III—LP8)'

which can be obtained from the relation

) <O‘JJIE : 3'®¢JJ> . (III—)+9)

(agm’ [fetgm) = (dm’ |3 [gm JG+ D)

In second quantized form in quasi-particle space the operator
Gop is in the same form as the electric transition operator. However,
in the absence of a differentparticle component, the u and v factors

appear with an opposite sign i.e.,

-~ + \
Gop =0 (g, 18) (g + vvg) g mg - (1I150)
o

This is due to the time-reversal property of the ﬁop operator

T Qop 7t - ﬁop . (TTI-51)
Hence
(ol [8) = (2] 17 178) " = (-Blu,, [-0) - (TT1-52)

If we take the specific form of the u operator as

M ,=Z g, =
v Yo
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-~ K . +
and u”pj=§i: (algj” 3;|B>(uauB tVTs) Ny Mg (111-53)
Opy DA _

and take the expectation value of ﬁ with the wave function,

- T &l
(16)

we seé only diagonal terms appear. That is, if we put (III-53) into

(I11-48), we have the operator 3}” J, and jk . J etc. Now,

- 2 L2 T2 =2
LI =12 @ 3 -5

[

Hence

T =1/2 (3@ 1) #5005 + ) -3 (G 1) (TTI-5k)

Equation (III-48) then immediately leads to

) |
P (Z) () Uit 3590) + (e85, 5,72) - (o))
ik
(I1I-55)

since ui + Vi = 1 for all 1i.

The fact that two formalisms (qusi-particle and ordinary shell-model
approaches) are equivalent arises specifically from the time-reversal
property, Eq. (III¥52), and diagonal character of the operator. The

- a
only difference comes, however, from the coefficients CikJ , which will
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in general be different in two cases. It is well known in configuration-
mixing calculations that a small admixture of other components can change
the magnetic moment a great amount. Thus it is expected that the magnetic
moment computed with our formula will differ from that calculated by the
usual methods from Jjust such an effect -- that is,'the difference in the

wave function.

D. Effect of HMO

We have so far discussed a number-conserving interaction. In
such an interaction, the ground state remains as a quasi-particle vacuum.
For the collective behavior, one knows that further correlations in the
ground state are sometimes very important. 1In the particle representa-
tion, the quasi-particle vacuum is already a correlated state; it is
precisely this feature that gives rise to the pairing effect. Experi-
mental findings in nuclel show that the electric quadrupole transition
probability [or equivalently the B(E2)] for the transition from the first
2+ to the ground state O+ 1s usually much larger than single-particle
estimates. As weithall see later, results [on B(E2)] are still somewhat
unsatisfactory in many cases, even when many configuration mixtures are
introduced to the excited state. This suggests that perhaps a ground-
state correlation might be required to increase the theoretical values.
This enhancement of electromagnetic transition probabilities due to the
ground-state correlation is found in the RPA approach and also in the
schematic perturbation calculation with an appropriate form of matrix
elements involved. However, a perturbation calculation with a general
force, which we present in Sec. IV, shows that the correlations are not
appreciable in our case and that the effect appears to differ considerably
in different regions.

If we examine the residual terms, we notice that the configuration
mixing of the ground state with other states could be done only through

the Hy, term. The "new Tamm-Dancoff" method used in nuclei by Baranger
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and othersl effectively does include 4, 8, 12, etc. particle states
in the ground state;.thus the introduction of a new operator and a
new quasi-particle-correlated vacuum by QB[YO> = O then redefines the
ground state (Q ‘is an operator describing collective behavior. Thus
| IY = lB) corresponds to. the collective state denoted by B.) If
de31red, this chain of approximation cbviously can continue, depending
upon how. good an approximation is desired.. One can see that in such a
way, we are badly violating number conservétion, and furthermoré the
exclusion principle would become very important.

In single-closed-shell nuclei, the energy gap is about 1 MeV,
and hence the lowest-order configuration mixing involves & 4-MeV states.

In perturbation theory, the ground state undergoes an energy change

=2 =2 A
G ~ G = . . .
A O~ F where G i1s an average interaction matrix element of Hho"

Thus if the perturbation theory is any good at all, we can assume that
the lowest-order term suffices.

Let us in this section calculate the first-order change in the
ground-state wave function, and then compute, in particular, contributions,
to B(E2) values from four-quasi-particle components for 2+ state to O+
ground-state transition. As a zeroth-order approximation, the wave

function for the total angular momentum zero may be written as

yJ M
14) = l(ab) (cd) ; 0) = N(abedJ) Z Z —-—7—
allm M (2J+1)
X C(J 3,35 mmM) C(3,3375 mm ) nininlal [6) . (III-56)

Tet us be reminded that the subscript a on the operator na contains

all the quantum numbers such as n, 1, ja, m_, whereas "a" stand for

a
ja alone 1f it is used in the other quantities.
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Making use of the operator given in Sec. II (Eq. II-13) and Wick algebra,

we can easily derive (see Appendix A)

<”'Huolo> = -N(2J+1)‘1/2 E:‘ (-)J'M C(jaij; mambM) C(jcde; mcmdM)

X

['s,54 (ablVl-é-d) (x(acdb) + X(cabd)) + absc(adIVl-b-c>

X (X(abcd)'+ ngadc)) -5 sd<aclvl-b-d)(x(abdc) + X(bacd))]

b

-N (2J+1)1/2 0(J) [(x(acdb) + X(cabd)) G(abcdJ) - (X(abcd) + X{badc))
X F(abedJ) + (X(abde) + X(bacd') F(abded) 6(dey)] . ~(I11-57)

With the force constant, v, <o
Here G, F, X (Note: X (abcd) = uavbvcud) are the same as defined previously,
and N(abcdJ) is a normalization constant.

" Once we compute the matrix element given by Eq. (III-5T), the

first-order wave function can easily be determined by

. v
- r0 -8
YO = ¢y * }: FE ¢r s (1II-58)
r O r
where ¢O = |6) and ¢r = | Hr) , which is a four-quasi-particle wave

function, and where r stands for a set of four indices denoting a
four-quasi-particle state.

' Let us consider how we can introduce such states; take a system
‘with several j levels with certain degeneracy -- ja’ jb’ JC and jd' If

we assume the interaction conserves angular momentum, we can, for one
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representation, take a set of states as [(ab)J (cd)J; o],
where a=>b, c:=4, a £ c, etc.,

or a, b, c, and d are all different. (111-59)

In (III-59), the states are completely antisymmetric states which
are assured in our case by the use of second-quantized form. [Of course,
the states with several particles (>2) in one J shell require more
careful treatment, but as we have discussed before, the essential point
of our discussion is not changed at all even with the inclusion of such
‘states.] In the present case, J 1is an extra label which may designate
degenerate states in zero order, but may give separate states in the
presence of an interaction between the quasiparticlesc (i.e., Hgg)' Note

that we have
Hol(ab)J(cd)J; J') = (Eafmbec+Ed)l(ab)J(cd)jJ'>
“for all J, and J' . (II1-60)

Now, a different coupling in (III-59) would give anothervcomplete set

of states. TFor example, we may take [(ac)J(bd)J; 0] instead of
[(ab)J(cd)J; 0], etc. It is well known in angglar momentum theory,
however, that the first set is not independent of the second set. It
can be shown that one representation is related to the other by a unitary

transformation. 1In fact, they are related by

c Ji
[(ab)Jl(cd)JE;J’] = }: | {[Jl][JQJ[Ji][Jé}} (b 4 J5 [(ac)Ji(bd)JésJ],
‘ o J. J J. J. J
12 192

(III-61)
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where [7] = (27 + 1),

which is of the form
¥'o=uy, (111-62)

where

Therefore, we are at liberty to choose any set of states we like, but
once we choose one, we have to use it consistently. |

Let us now determine the contribution of four-quasi-particle
states to the 2+ to ground-state electric quadrupole transition probability.
This is obtained by use of the operator Eg. (III-37) with two creation |
operators; in deriving the equation, we take the two-particle states to
be those defined in Eq. (III-7). That is, this state is obtained by

diagonalizing H,, in the subspace of two-particle states. We are inter-

ested in the quiitity (ﬁﬁnKEQ)[Y2+> . For the sake of clarity, let
us use the notations

(i) a, b, ¢, d to denote quantum states of four -quasiparticles;

(i1) m, n to denote two-quasi-particle quantum numbers.

Thus

in
i

1) = |abed; JJ0) l(ab)J(cd)J> ’

12)

i

[(mn)J3 )5 ¥y, =}: €., |(m)2+) (111-63)

(m)n)

omitting other indices in C.
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Define

Sym(Pa) = € 08 8 - 003,3) CopBg By 3 (TII-64)

then a four-quasi-particle state [abcd; JJO] contributes (for a general

J;)

<hlﬁ%E2)lYJI> = - % N [(2J+l)(2JI+l)]l/2 6 (g M )G(MI, “)EZ: { (ab) N(ab)

(m,n)

X (ucvd + chd) Qcd) + Smn(cd) N(cdj (uavb + vaub) Q(ab)}6(;{??/?

(
-0 (ad) ([(smn(ac) N(ac) (ubvd + vbud) Q(bd) + s (bd) N(bd) (u Ve T Val )

x Q(ac)] w(abed; JJI) + [Smn(bc) N(be) (u vyt VU ) Q(ad)

a
+ Smn(éd) N(ab) (ubvc + vbuc) Q(bec)] wW(abdc; JJI{} ,‘ (II1-65)
or O+PQ(E2)]YJ ) = - % N(abedJ)‘[(2J+1)(2JI+1)11/2 G(JIMI 1’ -)

I

e~

. }: i mn(ab N(ab) D'(cd2) + 8 (Cd) N(cd) D' (ab2)] 8(J, 2)/5 ..e(ad){

m:

’.:3

Smn(ac) N(ac) D'(bd2) + Smn(bd) N(bd) D' (ac2)] W(abed; JJI)+{smn(bc) N(be)

:D'(adE) + Smn(ad) N(ad) D'(bc2)] W(abde; JJI)d% s (ITI-66)
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where we use the definition

D' (ab2) = 2ab2) | (ITI-67)

- "N{ab) ’

and D was previously defined.
Now thé total contribution to the transition-matrix element from

four-quasi-particle states (noninteracting) may be obtained from

. <(ab)J(cd>J!n2<Ee) !YJI><<ab)J(cd>JlH4016>

(ab) (cd) E_+E, +E_+E,
(111-68)

In practice, Eq. (III-68) need not be simplified further, since each term
describes a specific physical process. However, under the sum of Eg. (III-
68) one may redefine the summation index, which leads to a formally sim-
plified expression. A factor 1/4 may replace the summation condition (ab)

(cd) by an independent sum of each index. For the sake of simplification,

let us keep only the terms without Racah coefficients. Then, for JI = 2+,
we have
~ _ & -
(abchanEE)[Y2+) - g N(abcd2) Q(MI) &(M, )
1 T -
X [(1+aéb) Co N(ab) D'(cd2) + (1+§cd) N(cd) Coq D (ab2)]1 . (III-69)

Let us now see what we obtain if we take a separable Q-Q force. Putting

the matrix elemenf of HMO in the form

(1, 10) % - A N(abcd2) V5 D' (ab2) D' (cd2) , (III-70)
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we get

2
ALY - one 9( I, ) }: N (abcd2)

£ 7 fo G (01(c02))° D(az2)

(ab)(cd)

(III-71)

(Notice that once we choose J = 2, no ambiguity in the wave functions

arises.

Choosing this particular set of states 1s an approximation, and

furthermore, we are limiting our subspace within which there are no redun-

dant states.)

We have used in (III-70) and (III-71) the definition
D(ab2) = N(ab) D'(ab2)

The coefficlents Cab have already been determined, i.e.,

-1/2
¢ . D(ab2) }: I (112)

ab B +Eb (il) (Ei+El_w)2

Then

o, -1/2
A = -2he B(ML) B(M, 1) EE: D(i12)

(i1) (E1+E1'“)2

Z z N° (abed2) D (ab2) D°(cd2)

(ab) (cd) N(Cd)2<Ea+Eb+Ec+Ed)(Ea+Eb'“)

=M%Mﬁﬁ%%ﬂg%+%%)o

(I1I-72)
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Combining with M, (Eq. III-47), we get

0
o -1/2
~ e B D (il2
vt E - o Sl elip L Towm, )2
g (11)
r ' - 5 5 5
x i1+ 24528 S __N"(abcd2) D"(ab2) D (cde)2 (117-73)
i_ (a{g—)/-(cd) (B, +E +E_ 1B, ) (E_ 4B, -0)N(cd)
Therefore we have
-1
2 o
B(E2; 2+ —» O+) = % Z _]2_(&2_)__2_ [1 + C]e )
A . (E.+E. ~)
(11) il
where
- 2 o 5
_al5 22 ;iJ N (abcd2) D (ab2) D™ (cd2) (TTT-74)

(e (eay N(00)° (B, 4B 48 45, (545, o)

In general the sum cannot be simplified further, owing to the factor

Ng(abcdel
Ba Ty My

approximation to take N(abcd2) X N(ab2) N(cd2)); let us, however, assume that

In this particular case (i.e., Q-Q force it dis a good
b4 2

this factor is approximately constant and set it equal to some average
2

value (§E> . Then

2

P @R st OF vty Fig
(ab) (cd) (ed) (ab)

(ITI-75)
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Furthermore

2
}: %‘é%zgﬁ SN (ITI-76)
(ab)

The last equality comes from the result of Eg. (III-lB). Now, using
Egs. (III-74), (III-75), and (III-76), we obtain

2
t = als <gf> E: xD’z(ch) . (1II-77)
(ed) '

A brief discussion is due on Eg. (III-77). This equation takes
into account the interaction between two-quasi-particle states and also
ground-state correlation with four-quasiparticles; thus the ground state
contains noninteracting four-particle states. An improvement in such
a framework is obvious. We might consider the correlations in the
ekcited states (i.e., two-quasi-particle states correlated with six-
quasi-particle states, etc.), and interaction between four-particle states
in the ground state. An approximate inclusion of all these effects leads
to the random-phase approximation (RPA). We should remark that neglect
of interactions between four-quasi-particle states may not be valid, for
a part of an interaction can be thought of as a coupling of two phonons;
as we show in a subsequent section, the interactions between three-quasi-
particle states in the odd-A case lead to an effectivé result of a particle
coupling with a phonon state. This effect turns. out to be rather impor-

15

tant for the description of odd-A nucleil. If we were to consider many

quasi-particle states far separated from A , the argument that NE/EﬂiS
constant would not be valid. It is true, however, that E behaves as a
cutoff factor and hence the main contribution comes from levels very

near the gap. Thus if we were to choose only the states near each other --
and, since the contribution is the largest when there are many low-lying '
states close to each other (matrix diagonalization shows that this is

true) -- then(%g> X constant.
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Let us compute roughly what the second term of Eq. (III-T74)

C 1k
contributes. We take Cel 0

computations, we reserve a later section (see Sec. IV). The relevant

and use KS's parameters. For more general

single-particle levels and KS's parameters are as given in Table I.

Table I. BCS solutions for Celuo in constant G (used by KS)

State E U v E
&7/p 0.0 0.559 0.829 0.991
% /o 1.0 0.885 0.466 1.125
dB/g 2.0 0.965 0.206 1.87
hll/2 2.0 0.965 0.206 1.87
51/ 2.0 0.965 0.206 1.87

Let us, for simplicity, neglect the last three levels, and work with
only g7/2 and d5/2 levels. The goodness of this approximation is dis-
cussed later. Then the lowest solution to the dispersion formula Egq.
(III-13), using the KS value X =X gﬂ (jlr2[j>2 = 0.98)15 found to be
1.57 MeV. ©Note that we have A=X Eﬁ and e=2 for proton systems. Sub-
stitution of this value into Eq. (III-47) -- that is,

2 2 -1
~ € D (il2
B(E2) ® - ( E —__i___l_§ ) --
A i1 (Ei'rEl-d))
) - 48k )
gives B(E2) ® 0.16 x 10 Cm , about half of experimental value

(0.26 x 10_48 Cm&), Computation of the second term and final B(E2) is

shown in Téble IT.
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Table II. Contributions to ¢ [Eg. (III-74)] from
individual configurations.

a b xD52(ab2) o Configuration ¢
8715 8 0.320 (&), (85 ) 0.08L
/2 =7/2 7/272 \o7/2/2
2
(g7/2)2 (g7/2d5/2)2 0.060
&/p %5/ 0.252
2 2
(87/2)2(d5 /2), 0.038
a d 0.183 (d2 ) (d2 ) : 0.008
5/2  5/2 5/2/2v 5272
Total 0.190
48 48 b

Thus B(E2) % 0.16 X 107 x (1 + 0.190)° = 0.23 x 107" cm’,
‘about 64% of experimental value.
Let us now compare B(E2; 2+ — O+) and B(E2; 4+ — 2+4); from

Egs. (III-41) and (III-74), we have

B(E2; 4+ — 24+) 2 2 Dg(ila) -1
L = 5\ |f
B(E2; 2+ —» 0+) _ (g) (Ei+E1'w(4+)2
Lt 2+
N (1) N (km) D(i1k) D(km2) C s s Y
X E: [E, 5, -o(5+) (B +E_-w(2+]) Q1) (uyuy-vyvy) W(H2J,3,5205) 85y
(I1I-78)

Here £ > 1, and the quantity under the absolute square 1s lessened
by (uu-vv) factor and Racah coefficient. Therefore, it,is easy to see that the
ratio should indeed be very small, as is the case experimentally. This

phenomenon is further examined numerically in a subsequent section.



-8l

E. Effect of the H on Single-Particle Behavior

31

Thus far we have confined our study to even-particle systems.
Whether it is meaningful to treat single-particle behavior in a similar
manner 1s not well understood. We know, however, that the independent
gquasi-particle description fails to account for many aspects of experi-
mental results in odd-A nuclei. Attempts have been made by KS to include
higher-order corrections,15 and they find a fgir success in fitting
experimental results. K5 first determine two-quasi-particle state wave
functions by means of a lagrangian multiplier method, using a completely
separable force (Q-Q model), and after finding the phonon state, they
in turn study the coupling of a single particle to such phonon states.
SchriefferBO uséd a Green's-function method to calculate the effect of
collective exciltations on single-particle behavior, and found that if
a certain condition is fulfilled (i.e., E, X E *E, where E; and E
are independent single quasi-particle energies, and EL is the energy of
the collective state of Lth mode), then a single-particle state undergoes
a large energy shift. His consideration was also confined to a separable
force. If his conjecture is correct -- though it has not yet been investi-
gated in detail in connection with experiments -- then the usual procedure
to fix parameters on the basis of the spectra of odd-A nuclel may not be
valid. This then requires a self-consistency program, and a really
rigorous investigation should necessarily follow the self-consistent
calculation. In the conventional nuclear problems, there are many param-
eters that are not understood theoretically, and such a study would pre-
sent a formidable task.

Granted that there is such a large energy shift, it is still a

reasonable assumption to take

AR << 2F (III-79)
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In the first place, if etatement (III-79) is not true, then a perturbation
calculation that we intend to do is not valid at 21l, and in the second
place (and the most .crucial point!) the nicety of the independent-particle
description is completely lost.

In this section, we assum (III-79) and study how one can improve
the description of single-particle behavior beyond the independent par-
ticle treatment.

We can see from the form of interaction operators that only the
H51 term contributes in the lowest order to the change of wave functions
in the subspace of odd-number particle systems ("couples" one quasi-
particle state to three-quasi-particle states). Taking this term into
account te a higher order, then, implies a consideration of odd-particle

states with number of particles greater than three. In other words, the

correction to the wave function can be obtained by

+pa i + 4+ i + + + + +|0) + ...
= r + X 2
v, = [0 +-§: X5 (par) nn . |0) E: 5 (parst) n,n n.nny
par parst
(111-80)
where X- P X; , «.. denote the amplitudes of three-particle, five-

particle, etc. states, respectively. In angular-momentum representation,

X contains geometrical factors (i.e., Clebsch-Gordan Coefficients). To
higher orders (>1lst), the X function also contains interactions between

the gquasiparticles: of greater number among themselves through the term
Hgg' This further consideration, as we shall indicate shortly, corresponds
to the introduction of phonons in a sense similar to that used by KS,
provided we take some simplifying assumptions. The X can contain, in
addition, amplitudes due to interactions of the HMO type, which connect.
the one-particle state to the five-particle state to first order. Inclu-

sion of all these terms is tremendously tedious. Fortunately, we may
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simplify our treatment by dropping the terms involving five or more quasi-
particles on the energetic ground; five-particle states lie at approxi-
mately 5 MeV, and hence physically these states are not expected to have
much effect on the low-energy properties in which we are interested. 1In
other words, the energy denominator in the perturbation series is large
compared with the matrix element. Thus we confine our consideration to
only one- and three-quasi-particle states. The validity of this approxi-
mation is discussed further at the end of this section.

Then we have

. i + 4+ +
¥, R n;lo> + 21, X; (par) npnqﬁrl5> . (111-81)
par

Using the zero-order wave functions for the one-particle and three-
particle states given in Sec. (III-A), and the algebra used so far for

the matrix elements of H22 and HhO , we easgily obtain

(5[H51]l> = <(11)J1k;f}H51[f>
. 2J1+l\l/2 . :
= N(llkJI) EEE?i [A(1ikE) G(llkaI)
-A(1kif) F(ilkai)' + A(ik1T) G(kaI) F(ilkaI)] )
: (1T11-82)
where

A(11kf) = U UV U = VIV W Ve (1I11-83)
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and N(ilkJI) is a normalization constant’ for a zeroth-order three-quasi-.
particle state. JI acts as an extra label that designates complete states
with j, . Equation (ITI-82) then gives rise to the first-order correction

in wave functions:

(3 u,11)
[¥e) = [£) 4—}2 EXQE.?é = |(11)akic ) . (TII-8Y4)
Ty £ 117k

1. Consideration of the Collective Effect

Equation (III-84) takes into account a complete set of non-
interacting three-quasi-particle states. The next step for improvement
is, then, an introduction of interactions among those states. This can

be done by diagonalizing H in the subspace of three-particle states;

22
i.e,, in a way similar to that for two-particle states already discussed,
we expand an interacting three-quasi-particle states in terms of complete

set of unperturbed states,

l¢>ff> =Z Z CflkJ [(11)akir ), (111-85)
(ilk) It 1

from which we get an equation for the determination of the coefficients,

£ £ v s oy & £
(B +E)#Ey ) Clppy ¥ §:- CpquI ((12)dpks 1By, [(pa)dprsf) » W(@) CilkJI :
(par)
(I11-86)

In Eq. (III-85) we have neglected the matrix elements
((il)JIk;f[H22[(pq)JIr;f> Swith © g4 %'JI'. We discuss this point later

on.
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Now, substituting in Eq. (TTI-84), we have
(111-87)

The sum & goes over all states within JI, and then over all JI (allowed).
Equation (III-87), thew,takes into account a main portion of collective
effect. This point was discussed already. Numerical computation indeed
shows that except for the O+ state, this prescription turns out to be
sufficlently good.

2. Approximation in the Matrix Element of H22

. Let us now consider in detail the matrix element appearing in

Eq. (III-86). It has the form

<55[H22[5> = l/HN(ilkJI)N(pqu’ }; ZLJ C(jiJlJI;mimlMI)C(JIjkjf;MImkmf)
all m M_M!

I'I
\ -
1 t s 2 . 1 +
x C(J JqJI mpquI) (913,35 Mm me) >_‘ (0B [V y8) (u v U t Vol 5 )
apyd

- Moy [V]-88) wyugr vp) (g pﬂaﬂsﬂﬁﬂ M (I11-88)

Since H22 is a two-body operator, one of the three initial particles
should propagate free of interaction at each point. This gives rise to
nine possible contractions. For example, we can have contractions of

the form

I+
(n g Mp oo Ny nlnk o = {n ﬂk>o<ﬂq o Hop ”1>o (II1-882)
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or

' +,+ + + + +
(engmp Bop mimmdy = = g dolngng, Fop nimidy (111-88b)

and so on.

The contraction (IIT-882) yields

((12) 3 |5,,] (pa)3y) 8(T1,T7) é(p,r)/N(il‘)N(pq) , (111-88c)

We get this becauée two of the Clebsch-Gordan coefficients are eliminated
by means of the orthonormality relation. The rest of the contractions,
however, give much more complex forms involving higher-j symbols. This
complexity can be avoided if we notice that such terms multiplied by
extra geometrical factors are often much smaller than (III-88c), and

we drop them. In practice, this approximation may not be valid, but one

can show that this is exactly the same as the coupling of a single particle

to phonon states, if we consider this together with H in odd-particle

systems. Another way of explaining this approximationBis that we neglect
the antisymmetrization of one particle with the rest of the particles
(in which two particles are completely antisymmetrized). In this case
we may destroy the unitarity of the transformation. [By this, we mean
the unitary transformation of three-particle wave functions similar to
Eq. (IIT-61). The only difference is the appearance of a Racah
coefficient in place of the 9-j symbol (reference 20, p. 518)].

We have already given an explicit form of Eq. (III-88c). 1In the

case of the separable potential, we may write

/ .‘ - 1 {3 f
Glagds ) = ow(iks,) N(pars ) D' (i15)) D'(pady) 8(k,r) . (177-89)
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Substitution of Eq. (III-89) into Eq. (III-86) (eigenvalue equation)

gives a dispersion formula,

A Ne(ilkJI) D2(i1J1>
=1, (III-90)

).

E +E +E
(ilk)

1~
whichAis very similar to the equation for the two-particle case except
for the normalization. In this particular case, we obtain, for the expan-

sion coefficient,

. xN(ilkJI) xENE(ilkJI) D'g(ilJI) -1/2
C = e
ilkJd E.+E_+E -0 }: 2
I 1771k (Ei+El+Ek~w)
(II1-91)
If we consider only a Q-Q force, J. = 2 states alone contribute. Equation

I
(IIT-91) then completely determines the wave function (ITII-85) within

the apprOXimation we have adopted.

Equation (III-91) is still a formal solution, since we have to
solve, in practice, for w from the dispersion formula, where a  runs
over all avallable states. As was poilnted out previously,  cannot be
expressed in an analytical form. In order to0 express a physical quantity
solely with known quantities, let us approach this problem with straight-

forward perturbation calculation. This we do under the assumption given

by (III-79).

3. Perturbation Method

For this discussion, we adopt the Wigner-Brillouin (W-B) pertur-
bation scheme, which turns out to be, in this case, more convenient than
the Rayleight-Schrbdinger expansion. This, we note, is due to a parti-
cular way of combining terms in the series. The wave function expansion

is given by
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BlVI) ¢ 4 (slvp)(B|V]a)
Yo = E: B - e, % zz: ® <)® ) O ’
p )
(111-92)
where E= e +AE , i.e., "exact" energy of state &. The AE corres-

04
ponds to an energy correction computed up to .an infinite order. Now

suppose V = H22 + HBl' Then we can apply Eg. (III-92) to our problem.

We need only to replace
X + A
¢, with o) = g | 0),
6§; 66 ete with [3) = l(il)JIk;B>, 8 instead of B etc.,
E .with QX+AE,

Eé with E, +E, +E_ . (I11-93)

Then the first V in (III-92) is replaced by H51 ; the second term by
(6[H22[B ><B|H311a> , and so on. If the condition (III-79) holds, we have

E - €B = Ez + AE - Ei - El - Ek x Ex - Ei - El - Ek
It should be noted that. our discussion is again restricted only
to one- and three-particle states, neglecting higher number states.

Fquation (III—92)can then be rewritten more explicityly as

((i1)1k; a[HEl[a>
E, - E; - E-E

(%)) = o) + [(11)1k; o)

k

|(pa) Ir;ct)

<(PQ)Ir5alH22f(il)Ik;a>((il)Ik;a[HBl[a>

*'E:A E: E -% -E -E)(E - E, -E, -E)
=t R
(III-94)

+ P —
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with the summation restrictions already pointed out. R~5 expansion, on

the other hand, is more complex, owing to the appearance of normalization
correction terms at each order.

L,

Single-Particle Opeartor: Quadrupole Moment

Let us apply the wave functions obtained in Eqs. (III-85),

(111-81), and (III-94) to the calculation of a single-particle matrix
element--in particular, a quadrupole moment.

The operator has the form (in quasi-particle operators)

A + +_+
Qop = }i (a[Q]B) {(uauB-vavB) nanB + sBuaVBﬂaDB + Saqua UanB 1,
ap

(I11-95)
, < 1/e
with y = (12_7T> I Yy -

The quadrupole moment is defined by @Q = <Yf'Qop,Yf>mf=jf .
From Eq. (III-87), we have

(¢ H,, |T)
(¥elagy I8 = (£lag 1) +2 ) 5 (tlag, I
LB

Ly (G5 )
op (B - B (Ep - Eg)

p a
(B 10y [0z

(II1-96)

We shall in the following consideration neglect the last term, since it
is expected to be small compared with the other terms.

The first term contributes

(£log, 1) = (£18]8) (2 - ) (111-97)
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with

J¢2d
@ <o in, o[ T ) e 62 -2
EE o

~3g0dr

and

1/2
(£lQlle) = (?{§5:> e (£]r7|8) (3l lig)
where

( a]rng> =-j§6@0Ra(r)ru ar .
0
The second term in Eq. (III-96) involves (f[Q Ill)Ik f) which yields
Jpd 2
(£lag, (BTG D) = BT s ()12 [ T

mf—me

X [(1HQHk)(ulvk +vou ) W(££1K32T) By, - 0(3;3,T)

X (1]§]x) (u, Vit ViW) W (£F1ki2I) B + (1]Q[2)

X (u,v +vu)

1 & o Op/5 ]

(ITI-98)

If we assume that the terms with Racah coefficients are much smaller than
the others, then we can make an approximation by dropping the first and

second terms to get

1/2  N(ilkI Irlr? (iffl1) (uyvatv u ) 8(T,2)

NS m_~m_O Tk’

£ f

<1]Q035> ® (23p41)

(I11-99)
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Hence

(1]Q11) (u v+ w

(1) (0) 1/2 N(ilkI) 1)
Q (ilk) = Q' /(2jF+1) —
a S5 (eflle) (8 -v%)

8(1,2)8(3 53y ) -

(II1-100)
We have used the subscript "a" to indicate an approximation, in contra-
distinction to Q( )(1lk), which does not contain any approximation in
the matrix element. Let us write down, for future reference, formulas

for two appfoaches:

(a) Approach No. 1  [wave function given by (III-87)]

((i1)Ik3f [H,. |£) :
Q" Q + ezz z: 1lkI E_ E&Bl’ oM (11)

a (ilk)I f

(II1-%a)
(b) Approach No. 2 [wave function given by (III-9)]

((11)1xk; fJHBlff) (1>

o~ a +QZ
- El -

+:2§: ((pa)Ir; ffH22[ (11) ks £)( (1) Iks£] H [f) y (1)(

(11k)

k

paT ) +. .
(E - E - Eq - E )(E - E; - B - Ek)
(III-96Db)

In approach No. 1, we have coefficients Cf from the system of
equations given by (III-86) and, in the case of the separable force, by
(ITI-91). The matrix element of H51 also has a dominant term which‘is
separable, and hence we can obtain Q in a closed form.

Let us consider the approach No. 2. We show below that this sum
can be done in a closed form, if we choose the separable Q-Q force. If

we follow KS, and take the Q-Q force, we readily obtain
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{ 3Hg [1) ~ N(11£12) i;ﬂx”e (3,35)[(23,41)(23,+1) (25 +1) ]

X (ugvy+vyu ) (av2) (35,2552 50) Clagd @iz =3 ([ 1) (£125]0) g
(III-101)

and

(31H22[5) N N(1lff2) E%ﬁ G(lq)[(2ji+l)(2jl+l)(23p+l)(2jq+l)]C(jqu?E%"%;b)
X C(jijlz; %‘— - % O)(uivl+viul) (upvq+vpuq)(i [rg 1) (p ]r2 la)
(III-102)
Substitution of Egqs. (III-10%L) and (ITI-102) into (III-9b) gives

Q ~ Q(O) + QQ(O) g N + . . ©

Q(O) (1 + 1%% Le<a, (ITI-103)
where
2 _
(u, v, +v, u.)
17 \2 - . AR B Y-
£ = §§% gi: At N(31£2)’ (23,+1)(25,+1)C(3, 3,235 0)
i 1
il)

x (1]r2]1)?
(I1I-104)
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5. Energy Shift

 In deriving Egs. (III-103) and (III-104), we have neglected the

energy shift AE in the denominator of the series. One could, of
course, include the AE term in a straightforward way. All we have to do
is to replace the denominator (Ei + El) by (Ei + E) - 2E). Provided
AR L 0 -- which, we show shortly, is the case in the approximation we
have taken-- & as defined by Eq. (III-104) is the upper limit. This
implies that the @ calculated with Eq. (III-103) is always larger than
a more exact value.

Let us briefly consider the energy shift A E. If we take the.
matrix elements of H,. and H,, as given by Egs. (IIT-201) and (III-102),

31

and sum over all the terms in the W-B energy expansion, we .get

xi m(4E)

LR = - ———— (I11-105)

1 - wm(4E)

where o o
N~-(ilf2) D' (il2
(11) Ei + El - 4E

0) (uf2 -v 2)% .

MO =

M =5 (23) 2 (2R 10) clspa2s B .

Equation (III-105) can be solved for A4E by an iteration method. Re-=

writing it as

/B = (ME - A7) T (2E)

we get (to the second power of A in both the denominator and the

numerator)

xle m (0)
i~ - -
o8 T n(0)- (o)

(III-106)
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where

m(0) = s ,

AR =0

gince 7' (0) <0, m(0) >0 and A 7 (0) <1, we can easily see that
AE < 0. Furthermore, |[4AE| <1 and <<(Ei + El) for all i, 1, provided
m (0) is small compared with unity. Of course, looking at Eq. (III-106),
one might suspect that there could occur large AE when the denominator
happens to be small (this point was discussed beforeEO), but just where

this occurs is not understood.

‘6. Discussion

" Let us discuss Eq. (III-103) in a different way. For this pur-
pose, we employ graphs similar to Feynman. diagrams. The first term in
Eq. (III-9%) corresponds to an unperturbed propagator, while higher-
order terms are obtained by introducing various pérturbations° Such a
consideration corresponds to a modification of self-energy diagrams,

and is given by the following:

_ﬁiﬂ_:'—_-_ﬂgﬁ_ +_@._+_-_

The second diagram. describes the H 1 interaction, where the
intermediate three particles are not interacting; the third, fourth,
and so on describe interactions between two of the three particles. 1In
our derivation, this repeated interaction does not double back, and
hence, the number of quasiparticles at any time is never more than three.
This 1s a further simplification from the RPA, in which such doubling is
included. Furthermore, the initial single-particle stafe maintains its
identity throughout the interactions, and thus we essentially neglect
antisymmetrization with the interacting particles. We have already
asserted that these effects are smaller. The chain of "bubbles" may be
thought to give rise to a phonon state (in particular the.2+ phonon

state), and the whole approach as a coupling of a particle to a phonon.
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An obvious improvement over our approximation is to take into account
the sum of all diagrams describing interactions between the phonon and
one-particle state at an intermediate stage. In practice, this may turn
out to be very important. '

Let us now compare Eq. (III-103) with the KS result. In the

notation given above, KS obtain

- Q(O) [l + 2&;’ ] ,

s T-5¢

M| =

where &' = (W = %-) (that is, if we set N = 5 we obtain £').

QKS and our - Q have similar forms, and in fact, numerically almost
the same results. It should be mentioned that our treatment has the
advantage of computations with a general force, and showing clearly the
kinds of approximations made to arrive at a closed expression.

To illustrate the point raised above, we compute Eq. (III-103)
for La159

used by KS are

, using exactly the same parameters as KS used. The values

A= 0.22

A =0.88 ,
u v E
&7/ 0.615 0.788 0.907
d5/2 0.912 0.410 1.176
hll/e)gl/e’dB/g 0.974 0.227 1.985

With A = 52% X(r2>u = 0.98, we obtain £ = 0.35. Thus 1%§ =1.1.

The contributions from each state are given in Table III.

Table III. Contribution to quadrupole moment

' 2 _ 2 2 2
State &7/, B A5 5 By A (dgsn dgsn) By g

/N 0.2k 0.01 0.03 0.02 0.001 0.01 0.06
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Compare our & =.0.35 with KS's £€' = 0.27. With their equation
they obtain the correction term I%ééT__‘: 1.2. As can-be seen above,
the dominant contribution comes from g7/2 , with the rest of the states
contributing only about 25%. The main difference between £ and &'  1is
in the normalization factor which in our example is always greater than
1/2° Thus all the terms are multiplied by a kind of weight factor, which
on the average gives £ > &',

It should be remarked here that the phases are coherent; that is,
within the approximation, our consideration manifestly shows that all
the contributions come with the same sign. One would expect completely
general treatment also to contribute coherently.. But this is not quite
correct, since with a generai force the discarded terms are sometimes
of the same size as the term kept to derive the closed form (and some-
times with different signs). This point is further considered in Sec.

IV.J in connection with the application of the more general form of the

quadrupole moment, Eq. (III-96a).

F. Comparison With Other Approaches

In this subsection, we compare the results we have already dis-
cussed with the Green's function treatment of the H22 and Hho terms.
For H 30

2
Galitskii.

There are two approaches in Green's function method to deal with

o s Ve follow Schrieffer's work

5 and for H22 + HMO we follow

the pairing-type interaction. One is to start with Green's functions
built up with particle operators, ihtroducing an extra Green's function
in addition to the familiar one. This extra one 1s invented to take in-
to account the anomalous coupling mentioned in the Introduction, and

has the form

F

o () = (B J2(e (9)c, ()18

(IIT-107)
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or its hee., FL . (6,67) = (B2l (¢ )T B

where [8) is an gzggﬁ_vacuum. T is the usual time-ordéring operator.
Notice that [8) —9[6)A = [O)BCS does not make the Green's function
vanish, whereas for [0) — [0) (particle vacuum) we get back to a normal
fermion system. Gorkov55 has used this function to derive an equation

3l

of superconductivity, and Belyaev extended Gorkov's ideas to two-

particle Green's functions, introducing two more functions in addition

3736

to the normal ones, and using Low-Gell integral equations in-
vented originally to treat bound states in relativistic field theory.
The other line of approach is to transform to quasi-~particle
lénguage in the way discussed, and to bulld Green's functions in the
new operator; the zeroth-order Green's function already contains the
péiring effects. This method has been used by Schrieffer,io Galitskii,31
and Cheston and Kobe.57 The last authors derive complex coupled equations
in the spirit of Martin-Schwinger's formalism,58 and eventually have to
choose only certain large terms to make a contact with physical quantities.
Schrieffer's approach is the simplest among them, and ieads to
the same conclusion as ours. It will be easy to see from the following
discussions that the conclusions are indeed the same.

Let us define a one-guasi-particle Green's function by
+ X
(t)n. (0))]0) . (I11-108)

In angular momentum representation, p labels a state of jp ;5 the time
at which the particle p 1is created is taken as zero. Here nV(T) is
. . e . iHt s -iH7
in a Heisenberg representation; i.e., ﬂV(T) =€ v €

ni is a Schrddinger operator. In order to go over to the time-

, where

independent formalism, we take the Fourier transform

= _ ” let
G, = Gv(e) = _/_ GV(T)e art .

(II1-109)
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By replacing {6) —>{6) we obtain the zeroth-order Green's

function,

G(O)(e) = ’[” (O)( ” (O[n 0) |5) et€T e_ngl at ,

(II1-110)

where the exponential e_ing, is a‘cutoff factor, introduced to make
the integration meaningful. One puts £ = O at the end of integration.
Note that by definition, & N , to make e“ing’ damp out as |T| be-
comes large. To discuss two-particle excitations, one could introduce
two-particle Green's functions and determine equations of motion similar
to Low-Gell-Mann equations. A similar result may be obtained by the
t-matrix method, which we use. In order to do so, let us neglect, as

we did in Sec. (III-B), all the interaction terms except H22 ; we get

v= H,= f }: P (0BY3) 7, n; LN (TI1-111)
' apys '

where P is given (see Eq. (II-13)) by
P(0pyd) = (B [V]ys) (u, ug u, g+ Va Ve Vy vy - Hay[T]- BS}s 5\l ey -

The t matrix is given symbolically (with correct signs and‘factor) by

Cabica = Vabica ~ Vabipg % Y Ppgicd (111-112)

This 1s an integral equation, which takes into account multiple scattering

effects. Graphically, Eq. (III-112) reads as

c a ¢
o 1
a::><il + > <: :> <:t
b a b ¢ a

(This diagrammatic representation corresponds to Hugenholtz's

(111-113)
39).
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If expanded in perturbation series, these are:
ax_ . ¢ c a c
a c
t
b d b d b d

In these diagrams, arrows are not shown, since lines do not correspond

(I11-114)

either to a particle or to a hole. 'In fact, it is a linear combination
of a particle and a hole. Both the direct and exchange terms are in-
cluded,.it should be understood, in the diagrams.

Now define (from Eq. III-24)),

= N(ab)N(ed) [(u AN ) G(abedJ) + (ubudyavc *

Vabi.cd b

Ugu v, v F(abch) - G(CdJ) (u 2UabVe T U UV, Vd)EYdeCJ)]
(I11-115)
We rewrite to Eq. (III-112) in an explicit form:
- | de (0) (0)
Tabiea = Vabgea” 1J[ on [ . Vabief Ye (ex) Gp™7 (~e) Yerica.
(ITI-116)

In nuclear interactions, v does not contain a retardation
effect, which implies that v 1s independent of e . The expansion of
(ITI-116) would make each term immediately integrable, and the solution
for t 1is the sum of the infinite series. In Eq. (III-116), G is in
principle an exact Green's function, but one usually computes it by re-
placing G by G(O) obtained in Eg. (III-110). As was the case with

(III-8) , the integral equation (III-116) is soluble exactly only

if v -is separable.
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Let us take, as usual,

Vabied =~ N D(abJ) D (cdd). | (1T1-117)
Then we Obtain
b = AD(abI)D(edI) , ' (II1-118)
abjed 1+ L{w)
where
L(w) = ZE: D(er1)” . (ITI-119)

w - (Ee+Ef)+i§

(ef)

As is well known, the pole of the t matrix gives an excitation spectrum;

i.e.,
1+AL (w) =0
‘or
N D(efT)? '
E: =1, (II1-120)
Ee + Ef - W
(ef)

which is in exact agreement with Eq. (III~15) previously obtained.
Physically the t matfix obtained by Eq. (III-118) corresponds to an
effective interaction arising from successive scatterings between two
particles. This effective interaction is;, in practice, sufficient for
not too strongly collective states. To extend our treatment to RPA .
effects, 1t is more convenieht to deal with equations of motion; hence
we briefly give a sketch of derivations and arguments involved in it.

Introduce two-quasi-particle Green's functions by

iy (absed) = (Blm(n (6) m (8) 0% (8.) 1) (5))16)
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and

iy (absed) = (O)e(nl (8,) nf(s) nl(6) ni(e N0 )

(I11-121)

and split the function Kl and K2 s letting ta, tb ) tc, td into the

forms

=
1

L= Bt e m (e ) v Gl (s )6 19)

v

= E: ¥(abv) ¢ (cdv) ,

v

ko= ) Ot vt | v (vlTlnl )nt(8,0)8)
_ ) 6 (abv) B (cav) (TT1-122)

The integral equations (generalized from the Low-Gell-Mann equation) are

given in diagrammatic notations by

Lo

a__%_-c M %ﬁ
a > c
a -+ - d
b _

A

1

"~
\ '\
R an
i

(III-123b)
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In a symbolic notation, we can write (analogously to the t-matrix
equation)

- og) - . (0) ,(0) .
Kl(ab,cd) = GG 8 8§, -1 Gép qu [qu;rs Kl(rs,cd)

g srs Ké(rs;cd)] (T11-12ka)
and -
ceq) ——q 5l0) F(0) s . © (psec
K, (abjed) ==1 Cap qu [qu;rs Ké(rs,cd) + up%;rs Ky (rs;ed)]

(TI1-12LDb)

where Vv corresponds to H22 and u to Huon The matrix element u
has a different normalization in this case, since we are not in a pertur-
bation-theory framework; u is given by

Uppsed = N(ab)N(cd)Kuauvavd + vavbucud)G(abch) - (uaudvbvc + vavdubuc)

X F(abedd) + 6(cdJ) (uu v vy + VaVcUbud) F(ab&cJ)];

Owing to the opposite sense of propagation, we have E(O>(e) =
G‘(Q; (=€), Now, following the usual convention, dropping the inhomo-
geneous term in Eq. (III-124) for bound-state problems, and substituting
the relations (III-122) into Eq. (III-124), we obtain

Wlabv) = - i Gaprq {qu;rs Y(rsv) + g srs d(rsv)l,
labv) = -1 G _ G [ ¢(rsv) + W(rsv)]

V o u °
ap bg - pg;rs Pa;rs
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-6

The sum over p,q reduces the equation further, since p

If we integrate over e as indicated in Eq.‘(III—ll6), we‘get

1 ,
Y(abv) = = i?:%%iai E: [Vab;rs Y(rsv) + Uobirs d(rsv)] ,
a rs
Y(abv) = 1 [v $lrsv) +u ( rsv)]
a - T E +E, +0 ab;rs ab;rs Yl rs ’
a rs
(III-125)
If we define
P(abrsv) = (Ea + Eb) E%r Ebs + Vabirs
and
R(abrsv) Unbsrs .

we obtain the same equation as Baranger's, i.e.,

(P R) (?ﬁ) - e (1#) ] (III-126)
-R -P @ ¢

As was shown by Baranger, this equation leads to the well-known
dispersion formula, when we choose the largest terms in the quadrupole

force, i.e.:

2p2(ab1)(Ea+Eb) 1

2{: (Ea+Eb)2- 2 = T - (IT1I-127)

(ab)

Equation (III-126) or (III-127) obtained from diagrammatic
equations lends itself easily to a comparison with the result obtained
from the t-matrix method. If in Egs. (III-124a) and (ITI-124b) we
neglect the H), contribution, then the third term of (III-12ka), and
all of (III-124b) cannot appear. Then it becomes identical with
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Schrieffer's t-matrix result. Thus the t-matrix approximation and our
diagonalization of H2.2 essentially neglect four-parﬁicle correlation
(or in perturbation theory, the contribution from six-particle states).
In nuclear problems, the question of how large this contribution is can
be determined solely from numerical analysis..

The digcussion on the effect of collective excitation on single-
particle behavior in the framework of Green's function follows a similar
line of consideration; hence we only mention here the conclusions one
might expect from it.

In diagrams, the Schrieffer approximation is Jjust a self-energy

correction due to successive scattering of two particles; i.e.,

This 1s considered for a physical problem in Sec. IV-H. An obvious

self-energy correction of RPA is to replace the t matrix by the RPA

diagrams.
Just how much this approximation with general force improves over
t-matrix approximation has not been investigated yet, so that we cannot

say much about it in nuclear problems.

G. Comments

1. Spurious States

Because of the lack of number conservation, there arises a
spurious state with J = O. As was pointed out by Baranger (see also
Anderson, reference T), the RPA method separates out this nonphysical
solution from physical ones.

The number operator is not diagonal in the quasi-particle vacuum,

and furthermore has a form
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N « z: Uﬁa+l)-l/2 w v, [Cc(aa0; ma-m@O) (n+_a n; + nop_a)].
dgMy
(I1I-128)

This operator, acting on the vacuum, does not give back the vacuum but
a stateé with angular momentum J = O. This is a spurious state arising
from nonconservation of number of particles.

Consider a two-quasi-particle state with angular momentum, say ,

' . ‘++.~
[(pa)J)= ZZ: C(qu;lmpqu) npnql0>~ (TT1-129)
Taking the dot product, we get

uv

“ " + 4
{(pa)T W[} = ) E: C(padsmm M) C(aa0sm -m 0)x —=—=—p (07 1,005 "
J mmm (2Ja+l)
a pgqa
(III-130)
Thus
uav
(pad[N[0) = 2 ==, &pa) ¥(3,0) &(p,a)- (111-131)
(25,+1) ’

which shows that all the states with J # O are free of spurious com-
ponents, but the J = O states with two particles in a j shell con~
tain spurious components. In general the diagonal matrix element

of V12 for a pure configuration is very large, and with additional
contributions from spurious components, such a state is expected to be
depressed tremendously. This is indeed the case, as will be seen in

Fig. 12.



It is easy to see that a three-quasi-particle state 1s completely
free of spurious components. What is the situation with the four-quasi-

particle state? Note that

8 4o .

Thus a four-quasi-particle state [(ag)J(bQ)JO] again contains spurious
components. We argue, however, that it is not too serious in this case.
The dot product with a four-quasi-particle state yields

u 2v 2

2 A a_a
(4 |n°|0) ~ W <1,

since the factor (uv) <1 and (2J,#1) 1is large. Thus neglect of
spurious component is not expected to make much difference to a four-
gquasi-particle state.

In the RPA method, these spurious components are eliminated from
physical states. However, this is assured only when the approximate
boson commutation rule mentioned in the Introduction has validity. IT
one does not drop the terms cother than the Kronecker & , such nice
separation cannot be obtained. . This implies, then, that if '% is not

Jarge, the spurious components will persist.

2. TFixed-Particle-Number Method

To remedy this malady, especilally for the J =0 two-quasi-
particle state, one could employ the method of projecting out of the
BCS wave function that part which conserves number of particies. Except
for states J = O, this procedure does not seem to introduce much im-
provement. The fixed-particle-number method has not yet been gpplied to
residual interactions, and it is certainly a question worth an investi-
gation. However, in this paper, we are more interested in states with

J > 0, and do not feel that those states require finer refinements.
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IV, APPLICATIONS

A, Preliminary Remarks

A schematic model has been extensively used by KS and others to
numerically compute some interesting features of single-closed-shell
nuclei, Subsequently there has also been some work on the application
of more general interactions to 50-protcn nuclei (Sn),uo and to lead

15b

isotopes.hl Kisslinger and Sorensen extended their calculations to
more complex systems including proton-neutron interactions in the long-
range part of the force. Their model is again a pairing-plus-quadrupole
type of interaction, but treats the problem by means of the RPA. Though
phenomenological, the fit with experiment is quite impressive. They show
that with one set of single-particle energies, and assuming a systematic
variation of levels as a function of mass, one could obtain a good under-
standing of the trends over all regions of spherical nuclei. In their
treatment, the parameters are determined from experiments, but consistent
use of these parameters removes to a certain degree arbitrariness in

their calculations. Although they have used the RPA in the latter calcu-
“lations, they come to the conclusion that the previous calculation,lBa
using the adilabatic approximation, is quite good for the description of
the vibrational levels of spherical nuclei., Their conclusion is valid,
one should note, only for the very low-lying states, in which in fact the
particles may be thought of as moving adiabatically in a vibrational
potential., Since the adisbatic approximation imposes the conditlon w < ZE,
where E 1s a quasi-particle energy, higher-lying states apparently require
more soph%sticated treatments. Even though the RPA treatment removes such
a conditiéh, and ensbles one to study low-lying as well as high-lying
states without difficulty, the study by KS still leaves one unsatisfied
for the following reasons:

1. The constant pairing matrix-element approximation is rather too crude

in finite nuclei. Though approximately the same, a difference of matrix
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elements calculated with a nonconstant force between two different states
is by no means trivial, One can observe from a calculation done with a
general force that the diagonal terms are in general twice as large as
off-diagonal terms (see Table V).
2. The validity of neglecting components of force other than the gquad-
rupole part is rather dubious. True, as we have shown before, the main
contribution often comes from the g=2 part; furthermore, systematics of
vibrational states also seem to support the simple picture of a dominant
quadrupole force; however, each component of force contributes in a
complex way and one would like to know how a general force, such as the
forces used in shell-model calculations, can be used consistently. There
is neither proof nor disproof at present that a quasiparticle should
interact in & characteristic way similsr to the usual particle interactions,
but in the works by Bza.rau'lger:L and Arvieu and Vénéroni, 0 and also in our
previous sections, it is shown @hat a completely consistent treatment may
be employed. Thus numerical computaticn can be started with one general
force with certain parameters; both gap equations and the interaction
between ' guasiparticles can be calculated with them. It Was also pointed
out by Baranger that spurious states can be eliminated only if we adopt
this general treatment, |

We have shown that the only way one could reach KS's results is
through neglect of the term G, and some components of F terms in the matrix
elements of the residual terms (describing quasi-particle interactions).
The cmission of +the G term, first of all, introduces a violation of com-
mutation rules that, according to Baranger, guarantee a separation of
spurious states from physical states. Furthermore, such a procedure --
that is, the neglect of the G term, and the selection of the g=2 term from
F -- leaves a force too far removed from the interaction that is known to
be present between two ﬁucleons and that appears to be responsible for the
observed nuclear properties; recently a shell-model calculation has been
done for heavy spherical nuclei to show (by using a force close to free-

nucleon interactions) that with the inclusion of tensor force, one could
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calculate low-lying states and fit with experiments fairly well‘,LLZ This
makes us expect that a similar force should be used for the computations
of quasi-particle behavior, since the matrix element of a two-body
operator in quasi-particle representation is simply equivalent to a
combination of particle-particle and particle-hole matrix elements of
the usual shell-model type.

Furthermore, the KS force is useful only for 2+ states [note the
& (J,q) factor in the separable part of the matrix element]; thus if one
wanted to compute L + states (such as 4+, 6+, etc.), one would be compel-
led to introduce 2Lth pole term in the force components., Witk all these
states, then, are associated separate coupling constants, and these would
present a rather embarassing complexity. Another point which was raised
by Arvieuho is that the quadrupole force or any other completely separable
ZLth pole force (due to separation of the radial part) is not invariant
under translation.
3. In almore general treatment, it may not be true in general that the
contributions to physical quantities from all the states come with the
same sign. We have shown in our previous discussion that a separable
force of gpecial type does indeed contribute coherently to give a col-
lective state. One may ask whether this holds true in a general consider-

a7

ation. Many schematic works ' have shown that a''collective" solution is
obtained when all the perturbation terms add up with the same sign to

give a final result that cannot be reached with only a few terms of the
perturbation series. Still no oné has yet shown that this is true in a
general case., We can only look at a few simple diagrams and deduce s
general feature from them. It was shown already that the coherent sum
results only when some selective terms are summed, In fact the neglected
terms may be of opposite sign -- depending upon what states and what kinds
of matrix elements we are considering -- so that, though small, they in
some cases cancel away some of the contributions.

We now discuss these three points in detail with the help of

numerical computations done in the region at the 82-neutron closed shell,
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and a few particles beyond the 50-proton closed shell, The calculaticns
are not intended to be extensive; our intention is to understand more

deeply what meanings the spproximations mentioned have,

B, Single-Particle lLevels

As was discussed previously, one should really start with a set
of single-particle energy spacings obtained through a self-consistent
scheme, This approach however, is beyond the scope of this work, A much
used approach 1s instead to take those levels obtained experimentally for
a nucleus with one proton, say, outside cf doubly closed shells. For
neutron levels (with a proton closed shell) much information is available.
Unfortunately in the region (proton shells) we are considering, almost no
experimental results are available. (It should be pointed out here that
using a set of experimental energies is not strictly a valid procedure.
The experimental values are what one hopes to fit by calculation,)

In the absence of better knowledge, we choose %u’s that are es-
sentially the same as KS's values., It is only an academic problem to
find a better set of %x’s, for a little better agreement with experiments
with such a set does not have any theoretical (nor, in fact, practical)
significance. Thus only a small variation was made in our calculation so
that approximate fit could be made with the known levels in odd-A nucleil
in this region. We take 1 g7/2’ 2 d5/2, 2 d3/2, 1 hll/z’ 1 h9/2, and
3 51/2 with ﬁy's as gizen in Table IV. Set I corresponds to that used
by Tamura and Udagawa  with the spacing between gT/Z and d5/2 exactly
the same as KS's value of 1 MeV; Set III has an increased level spacing
5/2 8% 813 /5
choice turns out to give better spacing between the ground state and the

139 and Prlul° Set II is changed slightly from

between d and a lower spacing between d5/2 and g7/2, This

first excited state in La

Set ITI. The separation of 1 MeV between 4 and g seems to be

5/2 7/2

better than anything smaller, on the ground of theoretical level density
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Table IV. (a) Unperturbed single-particle energies(ea) used for
computations of quasi-particle energies and wave functions.

(b) Force constants, and ranges used with (a)

Set I Set II Set IIT
d5/2 1.00 1.00 0.75
a | e, d5 /0 2.88 C2.90 2.90
sl/2 3.20 3.40 3.40
hll/2 2.18 2.60 2.60
o Lo Lo
fg/2 g ?
b 5 v, -32,9X MeV -32, 4Ly MeV =32, iy Mev
g1/2 1.7%2F 1.755F 1.755F

X = 140, 1415, 1.20
¥ =1.0, 1.05, 1.1
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in the multiplets arising from these two single-particle states, We will

observe these points in connection with numerical results we obtain,

C. Range of Force

We take the interaction between nucleons to be of a Gaussian form,

and thus the radial dependence is given by

f(r) = e P¥ | (Iv-1)

where B—l/z in Fermis corresponds to the range of the interaction. The
values we have used are B_l/z = 1,755 for Sets II and III and 1.732 for
Set I. These values have been extensively used in shell-model calculatioﬁs.
A somewhat shorter range (R 1.55) was used by Arvieu et al.ho for calcu-
lations of quasi-particle interactions in the tin region.

In the interaction matrix element, the radial part is dependent
on the product B = gy where v 1s defined below. TFor the radial wave
function, we choose the harmonic-oscillator wave function. It is be-
lieved that the harmonic-oscillator wave function is a fairly good approx-
imation for finite nuclei except perhaps for heavy nuclei, for which a
square-well type of correction is needed for higher orbital angular momenta.
(See S. G. Nilsson, reference 10, for a discussion on this point.)

The radial wave function has the form

y .
BT g _a/2

2
| -2
an( ) Lkga/2 (ve7) (Iv-2)
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where L is the associated Laguerre polynomial, defined as

n
| k (ny (2e¢l)!! . 2.k
Lﬁiiﬁi/E (=) :ZZ:(‘JKE k} é7ﬁ£+i rr (v ) (1v-3)
k=0

‘Here v, which is needed for the computations, is determined from the

harmonic-oscillator spacing given by

2
Foy = ﬁﬁk o A_l/5 MeV . (Tv-L)

D. Force Strength

In the absence of n-p interactions, dnly singlet-even and
*
triplet-odd parts of the central force contribute. Thus our force is

Pop + 1 P f(r

V= (VapPam + VipoPrg) flrip) = Vg (Bep o) T(F10)

where VSE and VTO are singlet-even and triplet-cdd force strength respec-
tively, and P's are projection operators. In principle, one could use a
force more general than above, A sophisticated shell-model calculation
would involve a force more close to a free nucleon-nucleon force. For

42
example, Kim finds that the tensor force is essential for some spectra

*
See Appendix B for definitions.
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which the central force fails to explain; i.e., the inversion of 1- and
0- state in BerO. There are other details that might be considered,
such as spin-orbit force, etc, We neglect such fine points and take only
the central force,

We take the depth of the potential close to V. = -33 and the range
~ 1,73. This is what True and Ford43 and Glendenning b used in their
shell-model calculations. We have determined VO by computing odd-even
mass differences in BCS approximations. Theoretical mass difference is
given approximately by P = 2 Emin’ where Emin is the lowest odd-A quasi-
particle energy. One could improve the gstimate by using & four-point

a5

formula given =~ by

P(Z,N) = 1/2(-E(z+L,N) + 3E(Z,N) -3E(z-1,n) + E(z-2,n)) ,

where E is the BCS ground-state energy. For comparison with experiments,
one could use the above formula with E designating experimental total
binding energy, which is usually determined by mass measurements or B-
decay energetics. We give calculated and experimental odd-even mass
differences in Fig, 6 computed with t (triplet-to-singlet force ratio)

= 0, It turns out that taking 2 Emin is a rather good approximation for

P (odd-even mass difference), and we used this estimate. The experimental

points correspond to P estimatid by the four-point formula using the bind-
>

ing energies given by Wapstra. [Some authors prefer to use a three-

point formula which is defined by

P(z,N) = 2E(z,N) -E(2Z-1,N) -E(z + 1,N)
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T T T T T

Exptl

32.9x| (2E min)

329 x LI "

329x%x1.2 ”

1L15%x329

1.0x32.44 "

.1 x32.44 v

1.05%x 3244

1.05%x 3244 (Exact theoretical)

®@ bepDDODHS

(MeV)
o
(@)

T

Odd-even mass difference, P

MU-32749

Fig. 6. 0dd-even mass differences in 82-neutron nuclei. Theo-
retical values are obtained by 2E, ;.

-~ - - BSet I;

—— Set III;

@—8 experimental points (estimated from the
four-point equation with total binding
energy);

theoretical values obtained by using the
complete formula of BCUS ground-state energy,
including self-energy term (y=1.05, Set III).
Notice that the approximation 2Eyip is in
excellent agreement with the exact theoretical
value.
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25

However, as pointed out by Nilsson and Prior, the four-point formula
seems to have less fluctuation. It turns out that, as Fig., 6. shovs,
the approximation of taking 2 Emin for the theoretical value is rather
good (in comparison with an exact evaluation with the four-point formula
and with the ground-state energy (H-XN)O including the self-energy term,
but neglecting the quasi-particle interactions). Thus we prefer the
four-point formula, One should note that the difference between the two
ways of evaluation is considerable.] Wapstra's mass table provides only
three points in the N = 82 region, and hence it is rather difficult to
determine Vo unambiguously. It appears that for gap equations, a pure
singlet force with VO = -1,15 x 32.9 MeV seems to be better than others,
and hence we have taken this value to be used for the independent-
particle Set I. For Set IIT, VO is expected to be smaller than that for
Set I, since lowering of AE}(g7/2-d5/2) increases interactions between
two states; thus in the region where the occupation of the particles in
those two levels 1s of primary interest, the effective force strength is
renormalized to become somewhat larger. For that case, we have taken
V= -1.05 x 32.kk Mev, BT/

of t (for example, -0.5, 0.5, and 1). For negative values of t, the

= 1.755. We have also tried other values

theoretical odd-even mass differences are in general smaller than the
experimental values, and for positive values of t, the theory seems to
yield a trend opposite to the experimental results; that is, the theo-
retical value decreases at Z = 59, while the experimental points definitely
indicate a gradual increase of P as mass is increased, Alsc we observed
that the energy spacings of single-quasi-particle states were hard to fit
with positive t's., Hence we have taken t = O and varied Vo' So unless
specified otherwise, we shall confine our calculation of the gap solutions
to t=0. (This appears to be contradictory to what we obtain in the calcu-
lation of two-quasi-particle spectra where t ® 1 seems to be favored. We
will say more about this subsequently.)

We have plotted zero-order quasi-particle levels as a function of

Z for various force strengths in Figs. 7 and 8, Here again experimental
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Fig. 7. Theoretical single-quasi-particle energies of 82-neutron

odd-A nuclei given in absolute scale.

set I (V, = -1.15 x 32.9),
_____ Set ITT (vo = -1.05 x 32.44).
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Fig. 8. Theoretical single-quasi-particle energies of 82 -neutron
0dd-A nuclei, given in relative scale (relative to the lowest

level).
® ——— Set I;
O ---- Set IIT;

a experiment.
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results are too meager to make any quantitative comparisons. It appears
139 1

and Pr- 7,

that Set III fits better the spacing of g7/2 and d5/2 in La
139
to

where gY/ and d are inverted from the g ground state in La

2 5/2 L1 7/2
the d5/2 ground state in Pr . Such an inversion also occurs with Set I,
and the ground-state spins are consistent with experimental assignments,
However, Set I seems to move the whole spectrum toward the nuclei with

139

and g in La

higher Z, Thus the separation of 4 is larger, and

5/2 7/2

141
that in Pr (inverted spectrum) smaller than experiment,

In general, our results show that near Z < 58 the only low-lying

7/2 and d5/2’
separated by about 1 MeV, First, the relative motion of the d5/2 and
g7/2 levels studied in experiment (in such nuclei as Pr, La, and Cs)

single-quasi-particle states are g the other levels being

turns out to be larger than what Figs. 7 and 8 indicate; secondly, some
unidentified levels do not seem to fall on the theoretical curves. How-
ever, these features are not to be considered too seriously. As we have
emphasized before, the results we have shown do not include the H22 + H31
interaction (or phonon-particle coupling), which in principle may be very
important., [See, in this connection, KS's second paper (reference 15b),
where the phonon-particle coupling is considered in computing the single-
particle levels in spherical nuclei.,] We do not calculate the energy
spectra resulting from the inclusion of the H22 + H3l interaction, but
instead use the BCS wave functions to study other properties that include
the additional residual interactions. We present these calculations in

appropriate places,

E. Solutions of Gap Equations

We give the pairing (gap) matrix elements for various forces in
Table V and for various triplet-to-singlet force ratios in Table VI and
Fig. 9. Along with them we have also computed the matrix elements that
appear in the self-energy term p. This is given in Table VII and Fig. 10.

The self-energy contribution to the single-particle energies, ea, may be
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G(aacco)
Table V. Gap matrix elements [(ja+l/2>(jc+l/2)]l/2 for various ..

v

forces with v‘l/g = 2.288 F (p=0) and VEQ = 0. (v'1/2 is the oscillator
parameter). SE
2 2 2 2 2
0.24682 0.1181  0.1181 0.0940 0.1958
g7/22 o.5815b 0.1993 0.1993 0.1727 0.3%155
0.2366°  0.1167 0.1167 0.095k 0.189k
0.3240%  0.32L41 0.2120 0.1176
d5/22 '0.4508b 0.4508 0.2726 0.1960
0.2987° 0.2987 0.1899 0.1164
0.3211%  0.2120 0.1168
dB/QQ o.u5o8b 0.2726 0.1946
0.2987° 0.1899 0.1156
0.94852 0.0969
51/22 1.2555b 0.1686
: 0.8607° 0.0972
0.18082
2 b
By ogywz
0.1743
In each block
(a) First row: V= -32.9 MeV, L T
(b) Second row: Vy = -133.20 MeV, 6'1/2 = 1.018 F

(¢) Third row: Vo = -57.50 MeY, 6t/2 _ 1 550 7
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G(aacco)
Table VI. Gap matrix elements [(ja+l/2)(jc+l/2)]l/2 for various ratios

-1/2
of ;riplet-to—single force strength. VO =-32. 4L MeV, B / = 1.755 F,
-1/2 X
v

= 2.288. F.
2 2 2 2 2
lg7/2 2d5/2 2@.5/2 551/2 lhll/2
o.2u85§ 0.1182 0.1183 0.0938 0.1967
5 0.28L49 0.1119 0.1277 0.0938 0.1717
&/ 0.55853 0.0992 0.1468 0.0938 0.1216
0.4316 0.0865 0.1658 0.0938 0.0716
0.2116° 9.1245 0.1087 0.0938 0.2217
0.3276 0.3276 0.2151 0.1177
5 0.345% 0.3011 0.2151 0.1232
d5/2 0.3806 0.2482 0.2151 0.1340
0.4159 0.1952 0.2151 0.1450
0.3099 0.3541 0.2151 0.1122
0.3%276 0.2151 0.1169
5 0.3%674 0.2151 0.1088
a /2 0.L4468 0.2151 0.0925
5 0.4866 0.2151 0.0763
0.2879 0.2151 0.1250
0.9609 - 0.0969
5 0.9609 0.0969
1/2 0.9609 0.0969
0.9609 0.0969
0.9609 0.0969
0.1817
o 0.2019
h 0.2422
11/2 0.2851
0.1615
In each block v v
(a) First row: TO _ 0.0 (d) Fourth row: 'TO _ 1.0
Voo v~
SE SE :
v Y
(b) Second row: VEQ = 0.2 (e) Fifth row: VEQ =-0.2
SE SE

Vip
(¢c) Third row: T ° 0.6
SE
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Table VII. Self-energy matrix elements® computed with Vo = -z kb B

with appropriate corrections for v-l/g .
8
136 140 1ko
Yer/o Blgp By 0%y My Mgpo % Ce °n
lg7/2 o.5u91 0.311h 0.2752 0.2562 0. U26kL 0.3012 0.725 1.5438 2,143
2d5/2 , O.4417 0.5408 0.4h416 0.24ok 0.2766 0.699 1.449 2.2%6 ,
24/ 0.3922  0.4416  0.280k 0.2396 0.675 1,445 2.096 %i
551/2 0.9609 0.2288 0.2288 0.610 1.290 2.031
lhll/2 0.2990 0.4000 0.812 1.555 2.231
0.2788 0.6 1.2 1.88
1h9/2 T 53 59 3
N G(ababd)

> L B g )
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Fig. 10. 8Self-energy matrix elements for various triplet-to-
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cbtained by summing over the products of pair degeneracy, &, the matrix

G(aacco)
Qafla

cannot obtain p independently of the gap equations, but should solve it

elements, , and the occupation probability, vg. Of course, we

self-consistently with them. We exhibit the results in the last column
of Table VII for Xel36, Celno, and Smlhu, We can see that, as we have
conjectured before, pu is approximately constant for all exceptvthe
higher-lying levels (for instance, Sl/z and hg/2>' Since these states
are relatively unimportant for the nuclei we are considering, such
deviation is not expected to modify the spectra considerably. This near
constancy of p is more prominent in heavier nuclei than in light nuclei,
since in the former, such fine effects as p correction are smeared out
by an average field, but this cannot be said for light nuclei.

In order to see the effect of self-energy terms on the occupation
factor vg, we have solved the gap equation with and without self-energy
terms and with all the other parameters fixed. This is shown in Fig, 11.
As can be seen, v2 is changed very little, This implies that setting p=0
does not cause a serious error, and is perhaps more consistent with the
line of approach we have adopted,

Tﬁus one can expect that Set I and Set III with p give similar
gualitative results for most of the nuclei we are studying except for the

renormalization of force strength in nucliei with Z > 58 and possible dif-

7/2 and d5/2, This feature has

in fact already been observed in odd-even mass differences given in Fig.

ferences arising from the separation of g

6. This statement does not hold for nuclei with larger Z (% 64), not
because of the importance of u, but because of the position of the Fermi
level (again due to the choice of energy separations).

We give the gap solutions calculated for even-A nuclei of interest
with Set I in Appendix C. The solutions are expected to be rather good
for nuclei around Celuo, but those for nuclei far away from it should not
be taken too literally, One defect of our Set I solutions for heavier
nuclei is evident in that ¢-decay half-width calculation. seems to require

a substantial decrease of A at the Z=64 subshell, whereas our results do
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Fig. 11. Effect of self-energy terms on the occupation factor
v2 in 82-neutron nuclei, computed with y = 1.05 in Set III.
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--- v2 with self-energy terms,
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not show this., This defect can be corrected, however, by adjusting the
spacing of d5/2 and hll/2 levels46 (a somewhat more detailed remark is
given in Sec, IV.k.).

Let us discuss two of the detailed features neglected in the
calculation. We have not taken into account the effect of blocking in
the excited quasi-particle states. This is essentially an effect of
the exclusion principle, and has been studied extensively in deformed
nuclei, Nilsson and Prior have calculated the effect of blocking on the
odd-even mass differences in the deformed region,25 and find that the
effect is to change P ¥ A to P ® 1,1 A, around 10% increase (P denotes
odd-even mass differences and A denotes energy gap). Soloviev, on the
other hand, has shown a more dramatic effect of blocking by introducing
blocking corrections into the excited states (nomnteracting two-quasi-
particle states) of deformed even-even nuclei; his analysis shows that
the correction induces, with a physically reasonable force strength G, a
variation of A from ¥ 20 to nearly lOO%.u7 This, of course, does not
mean that the overall picture changes with the inclusion of blocking, and
owing to the higher-order corrections in the gap matrix elements, 1t is
difficult to make a unique analysis of this problem. However, it seems
that a more detailed study than our work should take such effects into
account in an appropriate way.

In spherical nuclei, on the other hand, the meaning of blocking
is not well understood. Furthermore, a complication arises which destroys
the simplicity of the quasi-particle model. To be consistent, one has to
resort to blocking for both ground and excited states; in such a case, the
canonical transformation method is not adequate, since then the vacuum is
no longer invariant. One has to assume a vacuum for excited states dif-
ferent from that for the ground state., In order to maintasin simplicity,
and since 1t is not clear whether blocking would give any better results
in spherical nuclei, we neglect such an effect in our study.

We have already discussed how good the number distribution is in

the BCS approximation (Sec. I). Also, detailed studies have been made on
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13,18

this problem by various authors with various methods. The spurious-
ness in the number of particles can in principle (and in practice) be
eliminated by projecting out of the BCS wave functions only the components
describing fixed-particle states, and it turns out that such a procedure
in some cases modifies drastically the distribution of particle numbers
and matrix elements of single-particle operators. But such a prescription
has so far been used only for the ground state, and it is still an open
guestion how one could employ it in interacting quasi-particle systems.

We do not use this prescription in our work,

F. Two-Quasi-Particle Spectra

The zero-order wave functions are those given by the BCS procedures;
proper angular-momentum coupling and antisymmetrization through second
quantization are as given before, Equation (II-8) is then solved by the

. : . . 2
IBM 7094, Computations are done first by using only ]g7/2 Y, |d5/2 g7/2>’

and Id ) configurations, since all the other states lie much higher,

2
5/2
A second set of computations uses the independent-particle energy Set I,
with no self-energy correction, and the third Set III with the self-energy
correction included. These last two include all the two-quasi-particle
configurations except those involving sl/2 and h9/2, We believe that
neglect of these states does not cause a serious error in the results, in
view of the fact that they are rather high-lying. We give the results in
Figs. 12 through 18, and wave functions in Appendix C for some low-lying
states (i.e., 2+, 3+, and U4),

As Fig. 12 shows, the 2+ and L+ states in Celuo can be fitted best
with the triplet-to-singlet force ratio t ® 1, This, as we have mentioned
before, is in disagreement with t=0, which seems to be better for the
solutions of gap equations. The study by Arvieu et al. also indicates that
a better fit with experiment could be obtained with t=1, though their con-
clusion applies to both the pairing and quasi-particle interactions.ho As

is well known, a repulsive odd-force is necessary for low-energy nuclear
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Fig. 12. Theoretical two-quasi-particle spectra for Ce . For
pairing interaction, Set I with x = 1.20 is used, for quasi-
particle interaction, only three configurations, (d5/2 )5
(d5/2 g7/2) and (g7/2 ) are taken into account. Solid lines,
computed with Set T and x = 1.15 1nclud1ng‘seven configurations,
are included to compare with three-configuration approximation.
Curves show depression of levels as a function of triplet-to-

singlet ratios.
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Fig. 13. Theoretical two-quasi-particle spectra for Xe136 138

J Ba s
1o 2 ., . . s
Ce , and Nd with three-configuration approximation. Set I
with x = 1.20 and VTO/VSE =t = 1.0 are used. Solid lines

correspond to the diagonalization of H,, with only g = 2 and 4

22
components of force, dashed lines to that of H22 with gll
components. V., = -1.20 X 32.9 MeV, B_l/g = 1.732 F.
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properties, and the usual shell-model cslculations also include such a
component. We leave the answer to the question of why t>0 to Sec. IV.K.
Here we shall try to give a feasible explanation why t in the quasi-
particle interaction: turns out to be larger than that in the pairing
interaction in our calculations.

(a). The study by Kimle shows that inclusion of a tensor force
[in our case, the tensor-triplet-odd (TTO) part] affects mostly the
states with J=0, whereas it modifies very little the states with >0
in a system of one kine of particles.

(b). The inclusion of TTO in the analysis of free-nucleon scat-
tering phase shifts with the Brueckner-Gemmel-Thaler (BGT) force turns
out to be equivalent t6 taking t < 0, say t ® -0.4, although this is
strictly true for J=0 only (for J>0; this may not hold).

(c) Since, as we have shown before, only J=O states are in-
volved in pairing interaction, we should perhaps compute the gap solutions
with t &% -0O.4, This, we mentioned, was not a proper choice of t because
of the discrepancy on odd-even mass differences. Let us suppose that for
some reason (say, a renormalization of force strength), t ® 0 in the pair-
ing interaction.

(d). We are primarily interested in the states with J > O arising
from the quasi-particle interactions. Then, according to the statement
(a), we may neglect TTO,

Now, if We assume that the renormalization acts in the same way
(though perhaps not exactly in the same amount) in the pairing and quasi-
particle interactions, then the statements (a) through (d) imply that it
is reasonable to use a larger t in calculations of two-quasi-particle
spectra than for the pairing interactions. This also implies that a two-
quasi-particle O+ state may be determined by looking at t ® 0 rather than
at t ® 1 (of course, because of the spuriousness of this state, this pro-
cedure is still not good enough, but if one uses the RPA, this is probably
what one should do). With this much Justification, we shall fron now on

take t # 1 for all gquasi-particle interactions.
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Not many 4+ states are known experimentally in the 82-neutron

region; hence no conclusive comparison can be made. The only observed

bt state is in Ce;ho

, and it lies 2.08 MeV above the ground state, This
level seems.to be correctly identified with Set I, x=1.15, and t=1, and
1ts dominant component is |g7 22) (although the experimental magnetic g
factor measurement prefers the ]g7/2 d5/2) configuration; see Sec, IV.I)
and the wave function determined here seems to be consistent with the
B(E2) for 4+ to 2+ transition (Sec. IV.G).

The 2+ states however, are. known for almost all 82-neutron
nuclei; let us consider this state in detail, since 1t 1s of interest
for microscopic or macroscopic theories because of its collective nature,
One can see from Figs, 17 and 18 that both sets of €a’s give "satisfactory"
results, if we choose t between 0.6 and 1.4. However, for one t (say, t=1),
our theoretical calculation does not reproduce the lowering of the 2+ state
in Ndllle below or equal to that of Celho, as 1s. observed in experiment.
With due consideration of experimental errors, the lowering of about 4O
keV, which is the discrepancy here, may not be significant. DNevertheless,
our result shows a monotonic increase (a separation of 100 keV); this

trend continues up to Smluu then drops, at Gdlh6, to about 1.7 MeV (Set I).

Theoretically the result of Ndlu2 is rather natural, for the following

reasons, With Set I, the spacing between independent quasi-particle states
. . 2 2 . . 2 2 X

of configuration and d is given by AE -d > 0, and the

magnitude is small (® 200 keV). But in this case, we have the inequality

2 z . 2 2 s
elements are attractive. This is in turn due to larger Slater integrals

2 2
for g7/2 than for d5/2 , for ¢ > 2 (for g = 0, about the same), and to

u and v factors.

Specifically, we get the results given in Table VIII computed for

2+ in NAL¥E with V. =-1.15 x 32.9 MeV, t = 1.0, 3‘1/2 = 1.732.
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. 2 2 . 1k2
Table VIII. Matrix elements of H22 for g7/2 and d5/2 in. Nd .

o' 2B, (sz) 2B, + (Héz)a
(g7/22)2+ | 2.7500 -0.6193 2.1307
(d5/22)2+ 2.5500 -0.1423 2 %077

Thus, when the interaction H,, is turned on; the 2 comes
22 7/2 2+

lower than even in the first-order perturbation theory. How-

<d§/22)2+ i
ever, ZE(g  ?') + (H ¢2> (gf 2.‘2) is higher than that in Ce (which is
1.805 MeV with the same parameuers) and the off-diagonal terms are about
the same (for example, ¢ 5/2 | IH | (g 7/2 ) ) = -0.2763 in CelHO and
-0,2738 in N lh ), the 2+ state in Nd cannot be expected to be equal
to or lower than that in Celuo. In our framework, therefore, the only
way to it the experiment is to have the quasi-particle energy of (d5/22
much lower than that of (g7/22). This consideration applies to a large
extent to the U+ state, and (as we shall see later) the magnetic g factor
of the h+ state seems to indicate that CelLLO is already a large mixture
7/2 ), (d5/22), and (d5/2 g7/2).
of spa01ng between g7/2 and. ds/z‘might be inadequate., Because of these

considerations, we have also tried smaller spacings, but such modifications

This also suggests that our choice

led to wrong odd-even mass differences and the spacing between 2+ and U+
states in Celho became worse., There is, however, one way out of this dilem-.
ma and.that is to invoke a renormalization effect on the force strength.
This is not an established fact, but we shall return to this point later
in our discussion.

The reason why Sets I and III give a completely different picture
at Gdlh6 is that 2+ gith I has the dominent component of (hll/zz)’ while
IIThas that of (d5/2 )

This is of ccurse due to the ch01ce of d5/2 11/2
separation. In case I, the diagonal element of (hll/2 ) is large to give
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a depression which is observed in our result. Experimental data48 on
Eul'47 and Eulh9 which have 63 protons identify the hll/2 level about
500 keV above the ground state d5/2. The first excited state is g7/2,
making us suspect that l € hll/z - € d5/2 |>] € d5/2 - € gY/ZI' Though
this statement is not strictly correct -- for, in these nuclei, one has
to take into account also the proton-neutron interaction -- it seems
likely that one has to take the spacing somewhat larger than what we
have in Set I, This of course is the motivation for choosing Set ITI;
however, in the absence of experimental data in this region on the energy
levels, B(E2), etc., no conclusion can be drawn here,

We believe that the higher-lying states such as 3+ and L+ can be

fairly well described by H,, alone, There is only one experimentally

known U4+ level in this reg?gn (4+ in Celuo), and it seems that the theo-
retical spacing between 2+ and L4+ in this nucleus is consistent with
experiment, We also test the wave function of the 44 state in the next
section. The experimental 3+ level, which also is observed only in Celho,
is lower than the Set I result (about 150 keV) and higher than the Set
III result (about 70 keV), The only low-lying 3+ state is of the config-
uration (d5/2 g7/2)3+, and the other configurations that might perturb
the lower 3+ state are (<515/2 d3/2)3+ and (d3/2 g7/2)3+. But the last

two states are very high in energy, and thus one would expect the lowest

3+ to be an almost pure (4 two-quasi-particle state, This is

5/2 87/2) 3+

borne out by the result. The wave function turns ocut to be (for Set I,

t = 1.0)
|3+) = O.99992|(d5/2g7/2)5+> + o.oouel\(d5/2d5/2)5+> + 0.01172{(d5/2g7/2)3+>-

Now, since this state is almost pure, the fit with experiment may be
obtained by adjusting parameters used for pairing solutions. This

could perhaps be put to advantage in determining some of the parameters,
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but in practice, we found that if we fitted theory to the experiment for
the 3+ state, the spacing between U+ and 2+ was upset. The difficulty
38 206

with 3+ states was also observed by Arvieu et al, in Pb , for which
they found the theoretical 3+ level to be about 235 keV higher than the
experimental position. Why this is so in two diffefent regions, or
whether it is a mere accident, is not understood; additional experimental

results would be very useful for an understanding on this point,

G. B(E2) for 4+ to 2+ Transitions

140
It has been observed experimentally that in Ce , the electric
quadrupole transition from the 2.08-MeV L4+ state to the 1.6-MeV 2+ state
(E2)gp
— B2 17 yere B(EZ)sp is the single-

B(E2)exp
particle B(E2) unit defined by

is very retarded; in fact49

- - L
B(EE)Sp =3 .10 2 AL*/5 2 10 48 Cm

)

or in genersl Zk-pole transitions,

2

b

o

B(Ex)Sp = (2n+1)

As we have discussed before, we expect this transition to be considerably
slower than the 2+ —' 0+ transition because of the reduction factor

(uaub-v v, ) and the Racah coefficients., However, in view of the fact
B(f2 op

~ . . . . 2
B(E2) 1y, 3, 1f one calculates with the pure configuration g7/2

b

that

it is obvious that some other mechanisms are required (in addition to the
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above factors) to explain this drastic retardation, To see this, we
.have used the wave functions of two-quasi-particle states tabulated in
Appendix C to compute the B(E2) for the 4+ — 2+ transition. The results
are shown in Table IX for the choice of parameters as given by Set I,

In all nuclei, one observes, the transitions are markedly retarded,
Especially Ba138 shows that B(E2) is nearly zero, The only possible
explanation is that there is a large cancellation in the transitiom-
matrix elements.

It is obvious that, firstly, each matrix element multiplied by
appropriate amplitudes is small -- this is due to the (uaub—vavb) factor
and Racah coefficients (we might consider this as an interference factor
arising from complications in geometry of the physical process); secondly,
random signs give rise to cancellations among the transition-matrix
elements., Such cancellation is again due to the factor (uaub-vavb),

which has the properties

(F‘ >0 if.a and b are above A (chemical potential)9
(uaub—vavb) / < 0 4if a and b are below A,

)\- random if one is above:and the other is below A,

and due to the signs of the amplitudés multig%%ing each matrix element,

It is precisely these mechanisms that makes = Z)Sp for Bal38
P yuhe Hand ® B(E2)1y

50 small,
The cancellation persists throughout the nuclei (so the ratio is large
for almost all nuclei), but predominance of contribubions with one sign
over the other makes B(E2) for A=13k4k and A=146 rather large, on the order
of B(EZ)SP. B(EZ)QP

Our value of ETE§7iK =“2836ems to be considerably larger than
the experimental value 17 in Ce™ ~, but at least it shows the correct
behavior of large retardation. We may remark here that a drastic ap-
proximation of neglecting all the states except (g7/22), (d5/22), and ho
(d5/2g7/2) still maintains the main features of this treatment, In Ce
(See Table X), the ratio is about 1k, a little less than the experimentsl

value,



Table IX: B(E2) values for 2 + »0+ and 4 4+ - 2+ transitions in units of lO—L+8 th e? . Wave functions used in the
-1
= v
calculation correspond to those obtained with Vo = -32.9%X MeV for X =1.15 and 1.20, B 2 =1.732 F, \# = 1.0 , and
SE
Set I (eeff = 2e).
2+ — O+ transitions ' by 24+ transitions
X First 2 + 50 + " Second 2 + 50 4+ k4 4+ —First 2 4 Second 24 — L +
B(E2) B(E2)
a b b a
- . B(E2)cal B{E2)exp - B(E2)cal B(E2) B(E2)sp B(E2)sp B(E2)sp
22 200 B(E2)sp B(E2)sp 22 BEEejsp B(E2)cal B(E2)cal BEEzjcal
134 1.15 0.101  0.101 k.9 0.993 2.0 56
sple 1.20  0.103  0.103 5.0 1.05 1.8
136 1.15 0.178 0.169 8.1 0.0122 0.58 0.203 10.0 s ‘
siXe 1.20  0.180 0.17k 8.3 0.235 9.0 e
13 115 0.228  0.231 10.8 " 0.0103 0.48 0.29x10  7.2X10 L9 »
56Ba 1.20 0.237 0.2ko 11.2 o.29><1o'2 7.2x102
1.15 0.271  0.284 13.1 0.0038 0.18 0.079 28 1k
Celho 17 17
58 1.20 0.283  0.300 13.9 0.052 Lo
NleE 1.15 0.331 0.358 16.1 5.02x10‘“ 0.014 0.084 26 : 20
1
60 1.20 0.353 0.385 17.3 2 0.077 5 29 )
1y 115 0.117  0.458 20.2 0.0007 0.025 0.16x10 ~ 1.5x10 17
625 1.20  0.4%6  0.481 21.1 0.026 86
146 1.15 0.1 0.469 20.% 0.03%65 1.58 1.003 2.3 6.6
610 1.20  0.453  0.495 21.5 0.879 2.6

a: the effect of the H,, term on the B(E2 ; 2 + 50 +4)

b: the effect of the H,, + Ky, on the B(E2 ; 2 + »0 +)
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Table X: B(E2:4+—»2+), B(E2:2+- 0+) and magnetic g factor computed with
. . 2 2
only three configurations, (g7/2 ), (d5/2g7/2), (d5/2) . Nb ==1,20x32.9

Mev, B_l/g = 1.7%2F, YEQ = 1.0, 1.2, e .. = 2.
Vg
o a
A EQEQ B(EE)S B(E2)2+—>O+ g factorb
5AX6156 +-0 18.4 6.8 0.80
56Ba158 1.0 179 8.1 0.82
12 281 8.2 0.8l
58Cell*o 1.0 13.0 8.4 0.90
1.2 h b 8.5 0.92
6oNdM2 1.0 1.4 8.2 1.24
1.2 9.80 8.1 1.20

a: Includes the effect of H22 only.

b: Using g factor of neighboring isotopes.
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Although no experimental results are available in this region,
we have also computed B(E2) for 2'+ — U+ transitions, where 2'+ means
the second 2+ state. This is also shown in Table IX. The results

B(E2)2,+ _, 1, &re comparable in magnitude of retardation to the B(Ez)h+_92+.

H. B(E2) for 2+ — O+ Transitions

This quantity is of special interest, since experimentally the
first 2+ — O+ ground-state transition even in spherical nuclel is en-
hanced by more than ten times the single-particle estimate, and a
reasonable theory should be able to display this characteristic. It
is believed by many poeple that the first 2+ is a collective vibrational
state, and hence a large enhancement is expected. In spherical nuclei,
the meaning of collective vibration is not well understood, and further-
more an application of Bohr-Mottelson concepts of collective behavior of
finite nuclei does not seem to be Justified. This large enhancement of
B(E2) in spherical nuclei should be explained on the basis of microscopic
descriptions; that is, such effects should be regarded as being generated
from interactions between particles in the system,

In our approach, we need not introduce the boson approximation
for a pair of particles, nor invoke a specific vibrational hypothesis
for the state. We merely consider interactions between two particlés,
and improve the ground state, if necessary, by introducing further cor-
relations into it. Let us now discuss these points in more detail.

Table IX contains the transition probabilities computed with the
same parameters as used in two-quasi-particle excitation spectra (i.e.,
t = 1.0). The equation used is Eq. (III-44), We have already shown in
Sec. ITI.C that B(E2),, b+ is much larger than B(E2),, ., , just from
order-of-magnitude arguments. Furthermore, contributions from various
components turn but to be coherent, to give a resultant large matrix

element, This is shown in Table XI.for come of the nuclei considered.
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Table XI. Contributions to (O[M(E2)|2+) d?lk from each component of
wave functions of two-quasi-particle states.
Vi, = -1.15%32.9 MeV, 5’1/2 - 1.732F, 'm0 = 1.0,
W%E

and Set Ia. ThHe unit is in (il)e .

Last row is added to show contributions from Hho interaction

Nuclei

138 140 142
States Ba Ce Na
dﬁéd’ 0.024 0.037 0.058
5 _
d5/2 ‘o.u61 0.768 1.06k4
d5/2g7/2 0.096 0.100 0.090
g7/22 ' 2.226 1.962 1.5%6
2
hll/z 0.106 0.239 0.594
d5/2d5/2 0.061 0.103 0.168
g7/2d5/2 0.278 0.317 0.370
sum 3,252 3.526 3,880
HMO contri- 0.020 0.099 0.157
bution

Total sum 3,272 3,625 4,037
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This is one example in which one could show that the higher-order pertur-
bation series contribute with the same sign to the total quantity. Notice
that even though an amplitude for a component is small, the matfix element
may turn out to be rather large, and that the total sum from states other
than the dominant configuration is usually equal to or greater than the
main component.

Still the computed B(E2) is not quite sufficient to fit the ex-
perimental results. One can easily guess that this insufficiency will
be more marked, the lower-lying the 2+ state ig. This 1s because a very
low-lying solution may not be obtained from our treatment.

In crder to see what can be done to lessen this defect, we have
introduced independent four-quasi-particle states into the ground state.
Four-quasi-particle states involve on the average an excitation energy
~ MEa, where Ea is a single-quasi—particle energy (about 1 MeV), There-
fore one would expect the contributions from four-quasi-particle states
to be insufficient to make drastic changes in the results already ob-
tained. However, B(E2) is a square of the matrix element; thus even a
small contribution is expected to be significant in the studies of finer
details. We list contributions to the matrix element from four-quasi-
particle states in Table XI together with those from the sz term. The
four-quasi-particle states taken into account are given in Table XII.

The trend is rather obvious; as Z is increased, the contributions

from both the H term and the HMO term increase., If one examines the

22

matrix element of Hu between the ground state and a four-quasi-particle

state, one can see tgat the particle-particle and particle-hole inter-
actions compete, i,e., they come with opposite signs. Since in a pure
configuration (1.e., [ja”u]), we have G>>F, and also KS's studies, which
essentially take only the F term, show a coherent contribution to B(EZ),
it is clear that such a pure configuration yields a repulsive matrix
element in (k4 | Hy |8). On the other hand, configurations of the form

[(3 MZ)J.(jbuz) have a large F term, and hence mainly enhance the

a J:|
transition probability. It is thus a reasonable conclusion that a model
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Table XII. Four-quasi particle states coupled to ground state for
calculation of B(E2;2+— 0+) (v = seniority quantum number).

contigeion® |, T fietes e e
these states

[g7/2u]o v =0

[d5/2g7/25]o v=>3

[(d5/22)J(g7/22)J]O J = 0,2,k

[d5/2h]o v =0 A = 136-1L6

[hll/uu]ob v = 0,b

[(hll/zg)J(g7/22)J]o J =0,2,4,6

[(hll/gg)J(d5/22)J]O J = 0,2,k

[<hll/22)J(d3/22)J]O J =02

[(dB/Eg)J(g7/22)J]O J = 0,2

NCHYR CHAI T =0,

a: The configuration [d5/25g7/2]o, which is missing from the list,

does not exist, since the antisymmetrized wave function for any

senilority quantum number v vanishes for a group~theoretical reason.

: For simplicity, we neglect the

v= U state.
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calculation of KS amounts to taking only the second type of matrix
elements, including the pure configurations in the form [(jaZ)J(Ja Z)J],
with J = 2 (it is easy to see that these are all of a coherent sign).

Now, in the nuclei of lower Z, the only energetically favored
states are the first four configurations listed in Table XII. Among
these, [g7 2u]o with seniority zero gives the largest contribution to
the transition matrix element, but with an opposite sign to the H22
contributions. Thus the four-quasi-particle states either lower the
B(E2) or make no significant difference,

However, as more particles are added, all the states listed in
Table XITI become gradually more Important, and the net effect is to
increase the B(E2) values, since there are more configurations of the
form [(J 2)J(J'b %)
Comparison with experimental results (though not abundant

J] than pure ones,

enough to be conclusive) shows that the theoretical trend does not
appear to be consistent with the experimental one., Since the four-
quasi-particle effect is fairly small in general, the main theoretical
trend is dictated by the two-quasi-particle interactions (through sz)a
We have already observed a similar discrepancy between theory and
experiment in the two-quasi-particle spectra, and as pointed out there,
a renormalization of the force constant seems to be present in both the
energy spectra and the electric quadrupole transitions, Though not
tabulated here, a calculation with a higher +t shows the lowering of
the B(E2) for the nuclei with Z > 58 (see Table X). The monotonic in-
crease of B(E2) was also observed by KS in their first paperlsa; their
B(E2) results are, however, larger than the experimentsal results by
almost a factor of two, whereas ours are lower by about 19% (in Celuo,
for example). This discrepancy of about 19% is not, we believe, a
serious one, in view of the crudity of the parameters used and of the
uncertainties in the single-particle energies. Besides, the interaction

between four quasiparticles may also be significant; this point needs
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further study if the importance of four-quasi-particle states in the
ground state is to be understood more rigorously.

Whereas the contribution to B(E2) is small, the eﬁfect of four-
guasi-particle states on the total ground-state energy (H)O in the
lowest order of perturbation theory is expected to be rather considerable;
to second order, the energy change AE < O for all the states, and fur-
thermore states like [(jamz)o(jb‘z)o] have large (4 IHAOI 6? values.

Thus the net result is to lower the ground state by a large amount., To
higher orders (in sz), however, the energy denominator gets larger and
the energy shift is expected to be reduced (just as in the case of three-
quasi-particle effect). For this reason, we do not give the energy

shift of the ground state in this work., (Notice that the reason why we
have | A(B(E2))|<<|AE | is that the configurations involving [(jéz)J
(jb"Z)J]with jyoor 3 = hll/2 do not contribute for J=0 in B(E2) ).

As a side interest, we have also computed B(E2) for the second
2+ — O+ ground-state transition. It is well known experimentally that
this transition is highly retarded compared with the first 2+ — O+ transi-
tion. In our method, this transition is not strictly forbidden, whereas
in the linearized RPA method, it is forbidden. Our results (Table IX)
are indeed consistent with experimental results (for other nuciei, since
in the region of our interest, experimental values are not available),

KS computed these also by an extended RPA, and one finds that their re-
sults are frequently lower by an order of magnitude, We have not much
to compare with theirs except CelLLO. They find B(E2)2,+ o4 I Cell*o
to be = 0,0001, while our results give = 0.004%, A general trend seems
to indicate that as A increases, B(E2) falls to a minimum (at A=142) and
rises again to an order of B(EZ)Sp (at A=146). This rising trend is
expected to continue if we approcach the deformed region. This feature

has also been observed by KS.le
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I. Magnetic g Factor of L+ State

There seem to be no experimental data for magnetic g factors
of excited states in this region, except for the L+ level in Celho,
which was recently measured, As we have tested the wave function of
4+ state for Celho, in particular by looking at the 4+ — 2+ transition
probability, it is also of interest to see how good it 1s in fitting
the magnetic g factor. The results are shown in Fig. 19, In computing
the g factor of the U+ state, the values of gj for d5/2 and g7/2 are
taken from neighboring odd-A nuclei, and those for,d3/2 and hll/B are

estimated with

1 " 5.585

) S .
e -3.826

where the upper entry corresponds to the proton and the lower to the
3 ) . i . . s ) h >
neutron. Since the configurations involving d3/2 and hll/Z ave very

lMO, the contributions from them are negligible,

small amplitudes in Ce
Thus the g factor can also tell us something about the degree of mixing
among the configurationiug g7/22) , d5/2 g7/2 } and | d5/22> . Our
results, g=0.,92, for Ce is slightly lower than the experimentsl value
of 1,15 measured by Kaplan et al,so (Professor D, A, Shirley pointed
out to us that the results of Kaplan et al., might be in efror.53 He and
Levy5; obtained g, = 1.08 + 0.10. He also quoted the result of
Bodenstedt et al.,,?2 8y, = 1.11 # 0,0k, which is considered to be the
best value. We are indebted to him for informing us on these points.)
These authors estimate their experimental error to be 0.08, They con-
clude that the L4+ level should be (d5/2 g7/2) state, or a mixed config-
uration with the dominant configuration being (d5/2 g7/é) state (see
Table XIII). Our calculation shows, on the other hand, that (g7/22)
is the dominant state with a mixture of (d5/22) and (d5/2 g7/2) (i.e.,

~ 2 2
| b+ ) 2£0.30 I'd5/2 ) + 0.91 | &r/p - 0.26 ] 85 /2 gr/p) ). As we
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Fig. 19. Magnetic g factor of 4+ states in 82-neutron, even-A
nuclei computed with wave functions obtained with x = 1.15,
Set I and t = 1.0; g factors for noninteracting configurations
2 2 .
(d5/2 ), (d5/2 g7/2), and (g7/2 ) are taken from emplrlca;
results of neighboring odd-A nuclei, the rest taken from Schmidt

values.
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Table XIII. Gyromagnetic ratio (g factor) for two particle configur-

ations in Celuo. The third column corresponds to "effective" gyro-

159

magnetic ratio obtained from La (ground-state spin 7/2) and

L
pplil

the value estimated by Shirley, reference 53.)

: I
(ground-state spin 5/2). (The g factor for Prl 1 is from

Configuration Gyromagnetic ratio
Using g factor of
Using Schmidt Values neighboring odd-A nuclel
- :
0.4 0.
(87/5) 9 79
(d2 ) 1.92 1.76
5/2

(d5/2g7/2) 0.96 1.17
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have argued bvefore, since g7/2 is the lowest single-quasi-particle .
state, and the diagonal matrix element of H22 is the largest for (g7/2 )
(with attractive contribution), no inversion of this level with others
could occur, Furthermore, from other results [such as the energy
levels and B(E2) wvalues], the assumption that (g7 /22) is the dominant
component seems to be better than the g factor might indicate,

It is interesting to note that, as Fig. 20 shows, if one takes
the wave functions for t < O as one does in the conventional shell-
model calculations, then agreement gets better; in fact at t ¥~ -0.5, a
fair agreement, within experimental error, can be found if contributions
from all the components of the wave function are taken into account, In
a way, this phenomenon is not too surprising, for as we have mentioned
before, the formula for the magnetic g factor is the same (as far as the
structure of the equation is concerned) for both the shell mcdel and the
quasi-particle model, But.since the two methods need not yield the same
amplitudes, the magnetic g factor is not expected to be the same at the
same t., This discrepancy of t for other results [the energy levels and
B(E2)] and for the magnetic g factor implies, then, either the failure
of the quasi-particle theory or uncertainty in the single-particle
energies we have taken., We tend to belileve that the second is to blame,
for the following reason: the g factor is very sensitive to configﬁra—
tion mixing (a slight increase of the |d5/22) component in the wave
-~ function increases it by a large amount), and probably a better choicg

of'e'as might bring back t.to the.conventionhal value (i.e., t < 0).

J. The Effect of Quasgi-Particle Interactions

on 0dd-A Nuclei: Quadrupcle Mement

We argued in Sec, III.E that a selective summation of the
separable component of the force in the Q-Q limit leads to a result

similar to KS's formula. The numerical result computed with our
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Fig. 20. Variation of magnetic g factor for CelLFo as.a funection

of t. Wave functions used here are those obtained with three-

configuration approximation, x = 1.20, Set I, and t = 1.0.
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139

closed-form expression was essentially the same for La

which is Q = 0.21 x 10—24 cmz. A conclusion that one can draw from such

as KS's value,

considerations is that the contribution from the residual terms is about
the same as or greater than the contribution from a single quasiparticle
assumed to be occupying the ground state of odd-A nuclei, Since, in
perturbation theory language, the net result from such residual inter-
actions is equivalent to a sum of all the higher-order terms, it is
clear that all these terms should add coherently to give such a large
value. This also implies that in one region a nucleus with a larger
~number of particles outside the closed shell should have a quadrupole
moment whose magnitude is in general greater than for a nucleus with a

k1
)| >

|Q La139)|, but thelr result is in gross dlsagreement with experlment

smaller number. Thus KS, in their first paper, obtained ]Q

a139)
( experimentally |Q | X 3)
lﬁl)

Let us now consider what would happen if we worked with a more
general treatment. Firstly, the occupation factors u and v would be
altered owing to the general gap matrix element (equivalently noncon-
sistant A); hence the quasi-particle quadrupole moment would be changed,
Secondly, the terms neglected in deriving the closed form may not be
negligible, and also the presence of such terms will alter the sign
with which they contribute. The last point further implies that the so-
called "phonon'" contribution need not be the same as or greater than the
quasi-particle contribution,

These points have been somewhat clarified by KS's second papexule
Their results (in the RPA) show that the single quasi-particle term and

Irl9l 193, for example)

the phonon term may not have a same sign ( and Ir
nor is the phonon tontribution as.large as the single quasi-particle
contribution.

To see these points more clearly, we discuss the effect of H31

H22 interactions on the quadrupole moment with a general force used in

our previous calculations. There are only three nuclei in the region
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of our interest for which the moments are known, and hence we do not go
139 1kl
and Pr .

-1/2

into an extensive computatilon, but limit ourselves to La
For this purpose, let us take Set I (vo = -1.15 x 32.9 MeV, B
1.732 F:, t = 1.0) without any adjustment, The gap solutions are list-
ed in Table XIV, and the equation we use (for notations see Sec. III.E)

is

— ((i1)Ik;f|H f)
O O S S (AW L AL

11kI E - R
a (ilk)I r

where Ea is computed from

+ = .
(HO H22) Ya EQ&@

In computing the quadrupole moment, we make the following simplifying
assumptions: that the largest contribution comes from
(a) I
(b) x

element then reads

2+ states,

k' states in diagonalizing the sz matrix whose matrix

((il)Ik;f[H22|(i'l’)Ik’;f)

- HEHERE dminiannn e
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Table XIV: Gap solutions for Lal5 ? and Prlul computed with Set I,
=1 Vo
Vg = -1.15x32.9 Mev, P2 =1.732 F, — = 1.0.
VsE
A A U 7 — &
&7/2 1,09 0.6224 0.7827 '1.114
d5/2 1.08 0.8860 0.4638 1,314
12129
d5/2 1.08 » 0,251 0.9811 0.1935 2,842
‘51/2 0.91 0.9888 0.1Lok 3.087
hll/2 0.95 ) 0.9740 0.2264 2,149
R .52 .8512 1.276
87/o 1.1 0.5248 0.851 7
2 . .5766 1.27k
d5/2 1.20 - 0.8170 0.57 7
141
Pr d3/2 1.20 ¢ 0,573¢C 0.9714 = 0.237h 2.600
51 /o 1,03 _ 0.9827 0.1851 2.820
hll/2 1.01 | 0.9611 0.2762 1.896
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In principle I = O+, 2+, Lt contribute, but YZO has the largest matrix
element for I = 2, while I # 2 give rather small contributions. Thus
the first approximation is expected to be rather good. The second
approximation has somewhat doubtful validity, but it is true that our
~approximation takes the dominant term, and furthermore makes the compu-
tation much simpler than taking the full matrix element.

Under these approximations, we obtain the results given in
Table XV. Notice that our results are very close tb thésé of KS's
second calculations. It is obvious that @ is very sensitive to the
(u2 - Vz) factor. ©Since our calculation is not extensive, we cannot
draw a general conclusion, but we can, however, see the following
features: ‘

(a) that the contribution from residual terms is not necessarily
as large as or greater than the quasi-particle contribution,

(b) +that even though Q(l)

such contributions are not large enough to upset the feature provided by

may increase as more shells are filled,

the single quasi-particle value (for example, the Prlul case).

Let us finally discuss the validity of the approximations by which only

the separable terms in the H_, and sz matrix elements are kept (for

example, neglect of the G tegi), Some sample calculations of G and F
are shown in Table XVI, along with reduction factors multiplying G and
F in the matrix element. Now the Cuqivl + vy Uy ) factor multiplying

the separable component of H22 is always greater than the rest; hence
in Q-Q force only a small error is introduced in dropping the G term.

But such a procedure is rather dangerous for matrix elements of H

3V
since ~- as can be seen in Table XVI, A? and A3 are usually much smaller
; Ja
than Al ;5 thus AéFl and 3F2 may be comparable to or smaller than AiGa

In some cases, AlG >>A2Fl, ABFZ. This irregularity is caused by the
factor in Hay (i.e., wu v Uy - vavbucvd), One can see that the
vmagnitude of this factor depends on what combination of states we are
considering., This fact also dictates the sign with which each term

contributes.
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Table XV: Quadrupole moments of La159 and Prlul in units of

2h 2
10 cm eeff = 2,

0 (1) o '
Q 4 cheor. Qexp; Q Quas. Qphonon ch.

TalsF | 0.0858  0.0216  0.107 0.23  0.12 0.02 0.1k

Prlul -0.0248  -0.046k  -0.0712 -0.07 -0.09 0.1k -0.10
Q'quas = KB' value for quasi-particle contribution
' — 1 : PR .
< phonon KS' value for phonon contribution
Q'th = KS8' value for total theoretical contributions

including &-function residual interactions
(see ref.15b).
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Table XVI: Some G and F matrix elements, and reduction factors

(wuvu-vvuv) for LalBg. The parameters are VO = -1,15%x32.9 Mev,

- E , -1 VTO . .
B 2 =1.732F, v 2=2.286F, = 1 . The equation for
' SE
the H51 matrix element in the notation of this table is
<3IH5111> ~—[A1G_AQF1+A3F2] .
. N l ‘ .
i k f I G Fl F2 Al Aé. A?

hil/éhll/2g7/2 87/2 2 0.0337 -0.6030 0.6039 0.4372 .-o.ou97 -0.0k97
d5/2 d5/2 g7/2 87/2 2 -0.0595 -0.3129 0.3129 0.2776 -0.0926 -0.0926
d5/2 g7/2 g7/2 g7/2 2 0.0138 -0.0807 0.0807 0.0918 -0.3130 -0.0918

d5/2 dB/2 &7/o 87/2 2 _o.1712. -0.1761 0.1761 0.4507 -0.0428 -0.0428
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K. Discussion

In our computations, we have taken a set of single-particle
energy levels and pushed through an analysis for the 82-neutron nuclei
from A=134 to A=146, Here we discuss several points that we have not
clarified in the preceding sections.

One should understand that an analysis of nwlei very near a
doubly closed nucleus along the line of the treatment that we have
adopted is perhaps only of academic interest (for example, Xe13 ).
First of all, the quasi-particle approach (or the BCS approximation)
may be far from valid for a nucleus with only two or three particles
outside the core, for in such a system, the nonconservation of particle
numbers would cause a strong admixing of neighboring nuclei. Secondly,
the low-lying nucleatr prdperties of such a system can be treated more

rigorously by means of the ordinary shell model,. v
As one can see from our results, the ratio V%g turns ocut to

be close to 1, which differs rather drastically from the conventional
.values such as the Rosenfeld mixture (t = -0.55), the one-pion-exchange
potential (t = -0.33), and the Serber force (t = 0). This somewhat
strange feature had first been observed by Arvieu et al.uo They sug-
gested that the possible explanation for this "anomaly" lies in the
renormalization of the force constant that arises from the use of a
limited number of levels. If this is so, then, one may ask, why is

this not the case.in the conventional shell-model calculations where

also only a small number of states are in practice taken into account?
Thus it appears at first thinking that their argument does not hold,

One could eliminate this difficulty by saying that either (a) the fault
lies in the incorrect choice of single-particle energies (noninteracting;
or (b) the interaction between quasiparticles may not be the same as that
between the usual particles., Neither statement has been proved yet, nor
has any contrary argument been suggested. Let us assume the second is

the valid explanation, Then other features can be justified in terms of
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the renormalization of the force constant. For example, A=136 seems
to have a better result with t=0.8 than with 1.0, The A for A < 140,
say, is much lower than A for A = 140; hence many more levels are
effectively taken into.account for the former than for the latter, the
effect of which is to reduce the ratio. .On the other hand, A for
A > 140 is higher and the "effective levels" are reduced, from which
a larger ratio results.

From the above considerations, it appears that an increase of
t is equivalent ;ioincreasing the force constant VO This is indeed
the case with Ce spectra computed with only (d5/22), (d 5/ g7/2
and g7/2 ), where a slightly larger VO is needed to fit the experi-
mental spectra, Since the renormalization of the force constant ap-
plies also to the gap solutions, as pointed out by Belyaev,12 it may
be that the renormalization applied to the quasi-particle interactions
as mentioned above and the effect of the tensor force as discussed in
Sec, IV.F together bring about the anomalously large and positive t©
value, and also the differences in t between the pairing and quasi-
particle interactions.

At one point in Sec. III.D (in computing B(E2),, _ , for celH0

in the Q-Q limit), we have assumed that all the two—quazz—particle states
except (d5/22), (d5/2 g7/2), and. (g7/22) could‘be neglected. This pro-
cedure turns out to be rather good for energy spectra, provided a proper
increase of VO is taken into account. But since the matrix elements of
single-particle operators are sensitive to all the components of a wave
function, such quantities as electromagnetic transition probabilities
should be computed with all the states including those neglected in

Sec, IITI.D,

One further remark concerns the energy spacing of the single-
particle level we have taken. It turns out that in order to explain
alpha-decay systematics, one needs to increase the spacing of d5/2 and
hll/z to around 2 MeV, This is required for a substantial decrease of
the energy gap at Z=64, This adjustment would prevent <hll/22) from
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coming down too fast, and would also push up 2+ and U4 states at Z=6L,
This fea%ufe appears to be mdre corisistent with the alpha-decay
systematics than the ones we have used.46 However, owing to the lack
of any experimental information at about Z=64, we have not made this

adjustment.
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APPENDICES

A. Derivation of the Matrix Elements of the Residual Terms

We give here a sketch of algebra used to derive the matrix elements
.of the interaction Hamiltonian. The matrix elements of H22, HMO’ and H31
in appropriate sub§paces are computed in a similar manner, and hence we
Just give‘dne example. Let us consider HMO' The operator was given in

Sec. II, but for the sake of completeness we rewrite it here:

-
o — s o+t + )
Hyo =T ;iJ {aBIVlYS>sYsguau6vTV6naan_6n_Y + . h.c . (A l)
oprd

Denote the quasi-particle vacuum by l@), which has the property of

lay

i

n;|@>

1l 0)

(A-2)

o , for all «,

then H40 operating on the wvacuum corresponds'to a four-quasi-particle

state; thus
<“[Huo[@> #£0

An unperturbed four-quasi-particle state with total angular momentum

coupled to zerc can be written as

1/2 J-M
[4) = | (2) (xs) ;30) = o(pars) (23+1) 7 *u(parss) ) ()
m m
Ir s
M
SN Jpdgd O+ 4+
x| PA 2 o s [0) (A-3)
mm-M \mm-uf P 9
pa rs

il

(j_,m ), otherwise p = j_ . Now, taking the

where a primed symbol p' D

matrix element between L4> and l@), we get
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(MIHMO|©> = 6(pqrs)(2J+l)l/2N(pqrsJ) }j Ej (aB!VI-Y_8>(_)J_M |

afyd allm's
v (A-4)
jquJ jrjsJ ) ( + + + + )

- PySs Ty Ve Vs e g T e ls s Ty o

mm -M mm -M
P a r s

The last factor in Eq. (A-L4) is a vacuum expectation value, and can be

17 By a simple induction, one can

55
(2

see that the following relation holds””:
)= (=) Detla ) (A-5)

L
ﬂkm o

easily evaluated by Wick's algebra.

(n, m, ~rom, m o

ﬂl 32 Im kl k2
- Wwhere Det(ars) is the m-by-m determinant whose elements are
rs

+
a.. = {n,n ) = 5<ﬁr,ks)
r S

If we employ this theorem, <>o in Eq. (4) becomes

() = r'a r'B r'®d “r'r ) (A-6)

“p'a Fp'p %p'd fpiy

In principle, expansion of this determinant completely determines the
terms in Eq. (A—M). But no such tedious computation needs be done. The

symmetries of (aB|V|-v-8); i.e.,

p|V|-r-8) = (e|V[-8-v) = (-v-8[V[ap) = - (pa|T]-v-8) = - (B|V]-8-v) ,
(A-T7)

suggest immediately that there can be only three different v functions,

i.e.,

p'q"|[V][-F-&) , (p's'|¥]-q'-r') , anda (p'r'|V|-q'-s')
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Note that no other combination can occur. Now uauBVSVY = m(aBY5),
because of its permutation symmetry w(apyd) = w(@pdy) = o(padr) = o(pord),
would appear in the combination of {(w(afyd) + w(ydap)). This gives, then,
a total of six different terms.

One can easily gee from examination of the determinant that only
(w(aprd) + w(ydap)), not that with a minus sign, results. Since a L-by-k
determinant has 24 terms, this implies that a factor 4 (%? = 4) multiplies
the whole term, which just cancels the factor 1/4 in Eq: (A-4).

Thus we can immediately write (by inspection)

J.J J j.3.J
QI.lH)—‘Ol@} = - e(pqu)(2J+l)l/2N(pqrsJ) Z Z (_)J-M P qQ r°s
" mm -M mm ~-M
allms M P qQ g
X [<p'q' lvl-r,'_s') sr" SS'” (w(pqr:s) + w(rspq)) (4-8)

+ (p's'|V|—q'fr'),_8é’;sf' (w(psqr) + o(qrps))

+ {p'r' IVI—q'—s;) -.Sq';ss' (w(prgs) + w(qspr)) |

Note that V functioné here are all antisymmetrized; i.e.,
(p'a'[Vlr'sh = (p'a'[vlr's') - (p'q'|vls'r")
At this point, we introduce an invariant function G by

_ - i3\ 383
(p'q'[V|r's') = .9(pqu)Z (2g+1)| P 4 rs G(pgrsd') . (A-9)
I mpmq-M \mrmS—M

Correspondence between G .and ordinary shell-model matrix elements is

(see Appendix B)
G(parsd) = (paJ|V|rsi) - 6(rsJ) (paJ|v|sry) . (A-10)

Substitution of (A-9) into Eq. (A-8) gives rise to four 3-j symbols
multiplying each G function. The sum over magnetic quantum numbers of

four 3-j symbols leads to either a Kronecker delta d(J,J') or a 6-j symbol
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‘(see, for example, Edmond556). It is easy to see that the first term in
Eq. (A-8) gives 8(J,J') and the two remaining terms 6-j symbols. When

the usual algebra is worked out, we obtain

(415,010) = - W(pared) (2371 26(3) [(w(pars) + w(rspa))c(parsd)

- 0(ar) (w(psqr:) + ®(arps)) L., 6(s) (25'+1) { P2 Y G(qrpss’)

Jl
Irds (A-11)
JpJqJ

JSJI"J

- 6(qr) (w(prsq) + w(sqpr)) ZU' o(J") (2J'+1) G(prsqd") ]

‘j
If we define an F function by
(300 ]

F(parsy) = - 2., (23'+1)e(pars) ( ¥ % ) G(spard)
‘ JrJSJ j

and use the symmetries of the 6-j symbol, and the fact that
G(abcdT) = - 6(abJ)G(bacdd) = - 6(cayG(abdcd) = 6(abed)G(baded) ,

then we can put Eq. (A-11) into a form of Egq. (III-57) in the main text;

i.e.,
(AIH40|6> = - N(qusJ)(2J+1)l/29(J)
X [G(pqrsd) (o(pqrs) + w(rquj) - F(parsd) (o(psqr) + o(qrps))

(A-12)
+ F(pgsrd)6(srd) (w(-prgs) + w(gspr)) ]

B. Shell-Model Matrix Elements of a Central Force

To supplement Secs. II and II of the main text, we write down some
of the well-known formulas for the matrix elements of central-force
operators. We are interested in the quantities (qu|VO|rsJ> and
(quIVGWrsJ> s which are respectively a spin-independent and a spin-

dependent matrix element.
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First introduce the usual expansion of V(r,,.) in the Legendre

12
polynomial:
(o] - = N
VAN V(rl—rz) = Zk Vk(rl,rg)fk(cgsw) s
(B-1)
g _ 40
v =V Ol I, .
If we put
= M _
P (@ =2 (-)F e (1) e (2, (3-2)
where
_ b 1/2

then a straightforward Racah algebra yields the formulas (for the details
e L2
of derivation, see Kim )

(23 +1) (25 +1) (25 _+1) (25 _+1) 1/
(pgd | v°|rsd) = Zkae(qu)[ k ‘ ! ) z ] /

1.1 Sl 1 .
X C(J.d k5= 3 00C(3 k55 - 5 0)W(pras;kJ)

and
(paJ |V |rsg) = 2 %, (F,0(qsd)

[(2jp+1)(23q+1)(23r+1)(2js+1)(2zp+1X2zq+1)(ezs+1) ez +1) 1/2

X

[ox+1]/2 (B-5)

1 . 1
X L k: 2 k: i Pz
c(zp rk,ooo)c(zq Sk,OOO) Ww( 4 Jpzng J)W(ﬂrgrﬁsqs,gJ)

' ]
X £ ; +
w(zpzrﬁq S,kJ)} {(pad | V" |rsJ) ,

where

* * 2 2
F -k/i/an(rl)Rq(rg)vk(rl,re)Rr(rl)RS(rg) r] 2drldr2
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is the usual Slater integral. In general, fhe central force contains
singlet-even, singlet-odd, triplet-even, and triplet-odd components. In
our case, where only one kind of particles is considered, the triplet-
even and singlet-odd force vanish owing to the generalized Pauli principle.
In such a case, the total central force is

V.

= e _TO o _ o ~
V= Vgg(pg +.VSE pp) V- = v (g + 4p)V (B-6)
where
199 37 9%
Pg=TF — o P

Then the matrix element of (B-6) is easily obtained from Egs. (B-4) and
(B-5):

(PQJIV|rsJ> = VO[<qu|VOPS|rsJ> + t(PqJ|VOPT|rsJ>] . (B-7)

The functions G and F (defined in the main text) are related to Eq. (B-7)
by '

<

<PqJ|V|rsJ> - 9(rsJ)<PqJIVISrJ7 s (B-8)

I

G(pqrsJ)

n

F(parsd) = - L W(psar;d'J) ((spd' [V]ars') - el@d Xspd' |Viras?)) (B-9)

Delta Function Limit

The matrix element for the &-function interaction used in Secs. II.B
and II.C is trivially obtained from Egs. (B-4) and (B-5) by setting k = 0

in the Slater integral and summing over k. One obtains

(pad [V°|rss) = ETE%IIY Fo[(23p+1X23q+1)<2jr+1)(zjs+1)]l/2

X

..l 1 R )
Clid Isz - 5 00,3955 - 5 0) (B-10)
1
e o(s 5 22 2 o(s 1 4 s
(- 003,042, + 003,3.3.30) 1377y

and
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1/2

qJIV |rsd) = _T§3¥IT F [(2Jp+l)(2J +1) (23 +1) 23 +1)

1

1 11
PR =L = P = _ = s 3 08 2 4
X C(JpJqJ:2 5 O)C(JrJSJ;E 5 O)[G(Jpar . r)[l + 26( . qJ)]

(B-11)

+6(3 JquJS) —3?3117 ’
where
PN ) v (s C ool _—
A (23p 1) G(JpJqJ)(EJqfl) , A (23,+1) + 0(5,.3.3) (23 +1)

If one combines (B-9) and (B-10) into (B-6), then one finds that in the
case of one kind of particles, only singlet-even contributes and leads

to the equation quoted in Secs. II.B and II.C; i.e.,

<qu1V(6)pS|rsJ> = - 9(jp3rﬂpﬁr){(23p+1)(2jq+1)(2jr+1)(235+1)}1/2
X C(3,3 5% - 5 0C(3,0,755 - 3 0 zramay 3 [+ 0(4,2.9)]

C. Tabulation of Wave Functions

In this appendix, we give the BCS wave functions for even-A nucleil

v

(A = 134 to A = 146), and also the eigenvalues and eigenvectors of the
Hamiltonian HO + H22 in the two-quasi-particle subspaces. Most of the
results are calculated with x = 1.15 and Set I, and the ones denoted as

"Extra" are obtained with y = 1.05 and Set III.
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Table C-I. Gap solutions (Va, Eoc’ N Aa) calculated with Set I,

v,

V =-1.15 X 32.9 MeV, 6'1/2 = 1.732 Fu, 20 _ .
O v
SE
A > &r/e Y52 B2 S Mg
' Z%x 0.7060 0.5861 0.5855 0.4903 0.6000
134 - 0.5224 Ve 0.4501 0.1827 0.0851 0.0654 0.1090
E, 10.8783 1.631 3.452 3.755 2.768

Aa 0.9255 0.8263 0.8254 0.6923 0. 7944

136 - 0.2162 v, 0.6215 0.2940 0.1299 0.0998 0.1594
B, 0.950k4 1.470 3.204 3.486 2.524
A, 1.047 1.006 1xm5 0.8464 0.9082
138 0.0936 Ve, 0.7379 0.4066 0.1722 0.1326 0.2038
E, 1.051 1.354 2.962 3.220 2.275
Ad 1.116 1.145 1.14% 0.9718 0.9797
140 0.4108 Ve, 0.8202 0.5208 0.2152 0.1669 0.2502
Ea 1.189 1.288 2.721 2.954 2.022
A%x 1.161 1.248 1.246 1.075 1.031
142 0.7375 Ve, 0.8764 0.6302 0.2604 0.2044 0.3053
E, 1.375 1.275 2.479 2.687 1.773
. 1.204 1.321 1.319 1.164 1.079
14k 1.067 Vo 0.9119 0.7247 0.3093 0.2472 0.3755
Ea 12609 1.323 2.242 2.430 1.550
Ad 1.251 1.372 1.370 1.242 1.129

146 1.381 Ve, 0.9331 0.7962 0.3618 0.2952 0.4595
1.863 1.42h 2.030 2.203 1.383
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Table C-II. Eigenvalues for even-pairty states computed with
Vo = ~ 1.15 X 32.9 MeV, ﬁ'1/2 = 1.732 F. Relevant equation is Eq. (III-7b).

v,

A V—zﬁ Eigenvalues in increasing order

134 1.0 2.047  L.b6L

136 1.0 2.219 4.028

138 1.0 2.494 3.917

10 1.0 2.649 3.774

142 1.0 2.777 3.701

14k 1.0 2.930 3.681

146 1.0 3.141 3.690

134 0.8 1.112 2.219 2.652 3.747 k.592 k.656 6.511
1.0 1.045 2.123 2.600 3.723 4.518 4.553 6.468

136 0.8 1.308 2.316 2.432 3.751 4.162 4.259° 6.028
1.0 1.243 2.256 2.399 3.Thl 4.080 4.184 5.986

138 1.0 1.397 2,287 2.413 3.607 3.753 3.9k4 5.521
1.2 1.312 2.247 2.395 3.533 3.725 3.937 5.488

5o 1.0 1.558 2.307 2.535 3.147 3.677 3.867 5.062
1.2 1.456 2.283 2.522 3.087 3.629 3.913 5.034

1o 1.0 1.741 2.38L 2.669 2.782 3.575 3.885 k.607
1.2 1.614 2.350 2.6kh 2.765 3.54k 3.945 4.585

1, 1.0 1.830 2.378 2.795 2.897 3.516 3.926 L.173
1.2 1.675 2.350 2.773 2.884 3.501 3.993 4.160

16 1.0 1.709 2.479 3.112 3.190 3.500 3.798 3.989
1.2 1.558 2.156 3.065 3.170 3.488 3.811 4.053

134 1.0 2.313 4k.157 k. 775

136 T 1.0 2.361 5.116 L.h12

138 1.0 2,436 4.085 4.116

140 1.0 2.543 3.886 4. 06k

12 1.0 2.697 ~ 716 4.061

1k 1.0 2.927 3.605 4.083

146 1.0 3.223 3.549 k.126

134 0.8 1.493 2.295 2.897 k.099 L.364 5.046
1.0 1.457 2.263 2.829 Lk.om1 4.388 4.996

136 0.8 1.713 2.311 2.645 3.963 4.067 L.572
1.0 1.687 2.297 2.595 3.944 4.105 4.523

138 1.0 1.889 2.359 2.478 3.749 3.980 %.050
1.2 1.851 2.3h0 2.458 3.763 3.958 - k.o70

10 1.0 2.106 2.428 2.501 3.550 3-597 3.935
1.2 2.053 2.402 2.520 3.497 3.646 3.974

e 1.0 2.342 2.544 2.659 3.099 3.489 3.91k4
1.2 2.276 2.530 2.679 3.059 3.553 3.952

i 1.0 2.522 2.652 2.851 2.988 3.451 3.929
1.2 2.461 2.619 2.840 2.992 3.530 3.966
1.0 2.37h 2.731 3.131 3.366 3.517 3.974

146 1.2

134 1.0 2.379 4.132

136 1.0 2.381 L.139

138 1.0 2.425 4.150

140 1.0 2.519 4.161

42 1.0 2.679  L4.179

1k 1.0 2.927 k.210

146 1.0 3.244 4.253
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Table C-III. Eigenvalues and eigenvectors for even-J states computed with

v, = - 1.15 X 32.9 MeV, 5’1 2. 1.732 F, Set I. Relevant equation is Eq. (III-7b).
Extra table corresponds to vy = - 1.05 X 32.k4, B-l 2. 1.755 F, et III.

A @ () d2 g2 d2 h2 d. /-8 [ a.
Vem 5/2 7/2 3/2 11/2 5/287/2  %5/2%3/2 Bp/efs/e
J = 2+ 134 0.8 1.112 0,0990 0.9880 0.0317 - 0.0106 ~ 0.0363 - 0.0266 0.1042
2.219 0.0931 - 0.0558 0.0095 - 0.0502 - 0.9891 - 0.0124 0.08k5
2.652 0.9746 - 0.1065 0.0350 - 0.1122 0.1127 0.0279 0.1078
1.0 1.045 0.0971 0.9855 0.034k 0.0088 - 0.0621 - 0.0hk20 0.1115
2.123 0.1412 - 0.0906 0.0131 - 0.0763 - 0.9738 ° - 0.0155 0.1315
2.600 0.9694 - 0.0943 0.0251 - 0.1186 0.1707 0.0026 0.087k4
136 0.8 1.308 0.1833 0.9731 0.0361 0.0165 - 0.0660 - 0.0365 0.1103
2.316 0.2104 - 0.1104 0.0121 - 0.0619 - 0.9682 - 0.0108 0.0463
2.432 0.9489 - 0.1686 0.0337 - 0.1012 0.2351 0.023k 0.0627
1.0 1.243 0.1893 0.9668 0.0392 0.0379 - 0.0969 - 0.0562 0.1182
2.256 0.3314 - 0.1655 0.0159 - 0.1011 - 0.9188 - 0.0155 0.0889
2.400 0.9122 - 0.1428 0.0221 - 0.098k 0.369L - 0.0008 0.0334
138 1.0 1.397 0.3047 0.9309 0.0459 0.0757 - 0.1111 - 0.0755 0.1213
2.287 0.9136 - 0.3176 0.0269 - 0.1539 - 0.1960 - 0.0183 0.0376
2.513 0.2300 0.0k21 0.000k4 0.0345 0.9713 0.0095 - 0.0266
140 1.0 1.558 0. b2kl 0.8710 0.0562 0.1398 - 0.1106 - 0.1032 0.1261
2.307 0.8887 0.0717 - 0.0027 0.0810 0.9900 0.0109 - 0.0081
2.535 0.0985 - 0.2341 0.0087 0.9563 - 0.0685 - 0.0968 0.0830
1Le 1.0 1.741 0.5337 0.758% 0.0736 0.2899 - 0.1007 - 0.1442 0.1400
2.384 0.8076 = - 0.4095 0.0252 - 0.4212 - 0.0200 - 0.0203 - 0.0363
2.669 0.1375 - 0.0939 - 0.0002 0.309% 0.9362 - 0.0040 0.0130
1.2 1.61k 0.4958 0.7530 0.0784 0.337h4 - 0.1209 - 0.1752 0.1476
2.350 0.8057 - 0.336k4 0.0198 - 0.4770 - 0.0683 - 0.0609 - 0.0385
2,644 0.2218 - 0.1768 0.0009 0.3769 0.881% - 0.0229 - 0.010k4
14 1.0 1.830 0.4877 0.5322 0.0932 0.6376 - 0.0710 - 0.1799 0.1623
2.378 0.7496 0.0629 0.0468 ~ 0.6507 - 0.0714 - 0.0550 - 0.0213
2.795 0.4120 - 0.7467 - 0.0062° 0.3618 0.3745 0.00k6 - 0.0385
1.2 1.675 0.4h469 0.5389 0.1003 0.6495 - 0.0870 - 0.2036 0.1698
2.350 0.7530 0.0803 0.0429 - 0.6332 - 0.1090 - 0.1065 - 0.0238
2.773 0.4297 - 0.6876 - 0.0071 0.3464 0.4697° - 0.0123 ~ 0.0431
146 1.0 1.709 0.2971 0.3058 0.1033 0.8662 - 0.0389 - 0.1706 0.1633
2.479 0.8651 0.1988 0.1040 - o.layo - 0.0789 - 0.1413 0.0334
3.112 0.3056 - 0.5532 - 0.0541 0.1713 0.7386 0.1108 - 0.1029
1.2 1.559 0.3042 0.3346 0.1171 0.8433 - 0.0521 - 0.1930 0.1752
2.456 0.84%06 0.1889 0.0963 - 0.4463 - 0.1119 - 0.1907 0.0207
3.065 0.3336 - 0.5079 - 0.0548 0.1759 0.7606 0.0694 - 0.1165
J = 2+ 1hk 1.0 1.866 0.7222 0.5936 0.0925 0.2340 - 0.1087 - 0.177h 0.1398
(extra) 2.425 0.6738 - 0.6352 - 0.0030 - 0.3582 0.0747 0.0276 - 0.0888
2.581 0.0376 0.0907 - 0.0003 0.1176 0.9882 0.0027 - 0.0053
1h6 1.0 1.991 0.4299 0.3481 0.1461 0.7700 - 0.0597 - 0.2063 0.1835
2.438 0.8083 0.1158 0.1010 - 0.5555 - 0.0769 - 0.0923 0.0082
2.930 0.2599 - 0.3486 - 0.0910 0.1510 0.8698 0.0951 - 0.1190
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* 72_: o) /2 7/2 /e Wip Gypeirge Gty Gy
J = b+ 134 0.8 1.493 0.0437 0.9958 0.0095 - 0.0568 - 0.0328 0.0448
2.295 0.0532 0.0619 0.0181 - 0.9952 - 0.0456 0.0245

2.897 0.9926 0.04k7 0.0535 0.0609 - 0.0673 0.0409

1.0 1.458 0.0506 0.9911 0.0035 - 0.0982 - 0.0528 0.0513

2.262 0.0973 0.1082 0.0352 - 0.9861 - 0.0511 0.0514

2.829 0.9801 0.0484 0.0601 0.1133 - 0.1381 0.0392

136 0.8 1.713 0.0743 0.9917 0.0003 - 0.0873 - 0.0426 0.0kok
2.310 0.0821 0.0961 0.0164 - 0.990k - 0.052h4 0.0148

2.645 0.9898 0.0696 0.0512 0.0931 - 0.0565 0.0324

1.0 1.687 0.0898 0.9824 0.0059 - 0.1h41k - 0.0678 0.047L

2.297 0.1625 0.1605 0.0359 - 0.9701 - 0.0618 0.041k

2.595 0.9699 0.0716 0.0563 0.1856 - 0.1253 0.0283

138 1.0 1.889 0.1586 0.9631 0.0173 - 0.192h4 - 0.0891 0.0459
2.359 0.3591 0.246k 0.04k49 - 0.894h - 0.0840 0.0354

2.478 0.9077 0.0986 0.0k490 0.3980 - 0.0942 0.0160

140 1.0 2.106 0.2965 0.9077 0.0343 - 0.2638 - 0.1219 0.0508
2.428 0.8262 0.3932 0.0740 - 0.3836 - 0.0978 0.0254

2.501 0.4589 0.1068 0.0130 0.8819 - 0.0039 - 0.0078

142 1.0 2.342 0.6473 0.6570 0.0611 - 0.336h4 - 0.1693 0.0623
2.5k 0.7459 0.6195 0.1471 0.1952 0.0026 - 0.0120

2.659 0.0889 0.3854 0.0453 0.9169 0.0274 - 0.0079

1.2 2.275 0.6082 0.6579 0.0731 - 0.3710 - 0.2201 0.0762

2.530 0.7548 0.6105 0.1787 0.1497 - 0.0550 - 0.0123

2.679 0.1405 0.3771 0.0734 0.9120 - 0.0077 - 0.0293

1k 1.0 2.5219 0.8522 0.3222 0.2579 - 0.2519 - 0.1869 0.071k4
2.6523 0.4169 0.2576 0.8566 0.1339 0.07k2 - 0.0514

2.8505 0.2702 0.2802 0.3573 0.8432 0.0972 - 0.0214

1.2 2.461 0.7532 0.3886 0.3387 - 0.3075 - 0.2523 - 0.037:

2.619 0.5897 0.2191 0.8289 0.0524 - 0.0102 - 0.0471

2.840 0.3618 0.3675 0.3696 0.7698 0.0580 0.0937

146 1.0 2.37h 0.0869 0.1207 0.9751 - 0.0684 - 0.1334 0.0681
2.731 0.9585 0.1248 0.1357 - 0.1446 -~ 0.1556 0.0470

3.131 0.2320 0.2596 0.1162 0.8857 0.2748 - 0.0724

1.2 2.331 0.1271 0.1509 0.9621 - 0.0856 - 0.1450 0.0839

2.693 0.9168 0.1470 0.2020 -.0.1947 - 0.2365 0.056k4

3.118 0.3137 0.3247 0.1216 0.8599 0.1787 - 0.0994

J = b+ 144 1.0 2.326 0.9168 0.2716 0.0248 - 0.2585 - 0.1246 0.0529
(extra) 2.565 0.3727 0.4133 0.0788 0.8187 0.1080 - 0.0462
2.709 0.1232 0.8415 0.1172 - 0.5050 0.0828 - 0.0328

1k6 1.0 2.594 0.6154 0.1864 0.7079 - 0.1688 - 0.2166 0.0998
2.661 0.7450 0.0070 0.66k44 - 0.0576 - 0.0083 - 0.0098

2.988 0.2213 0.2318 0.1661 0.8993 0.2314 - 0.0866
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