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Abstract Given any knot diagram E, we present a sequence of knot diagrams of the
same knot type for which the minimum number of Reidemeister moves required to
pass to E is quadratic with respect to the number of crossings. These bounds apply
both in % and in R?.

Keywords Reidemister moves - Unknot

1 Introduction

In this paper we give a family of unknot diagrams D, with D,, having 7n — 1 cross-
ings and with at least 2n” + 3n — 2 Reidemeister moves required to transform D, to
the trivial diagram. These are the first examples for which a nonlinear lower bound
has been established. We then use D,, to construct for any knot diagram E with k
crossings, a sequence of diagrams E, of the same knot type, having k + 7n — 1 cross-
ings, and requiring at least 21> 4 3n — 2 Reidemeister moves to transform to E.

A knot in R? or §3 is commonly represented by a knot diagram, a generic projec-
tion of the knot to a plane or 2-sphere. A diagram is an immersed oriented planar or
spherical curve with finitely many double points, called crossings. Each crossing is
marked to indicate a strand, called the overcrossing, that lies above the second strand,
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Fig. 1 The three types of /
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called the undercrossing. The original knot can be recovered, up to isotopy, by con-
structing a curve with the overcrossing arcs pushed slightly above the plane of the
diagram and the remainder of the diagram lying in this plane.

Alexander and Briggs [1] and independently Reidemeister [9] showed that two
diagrams of the same knot can be connected through a sequence of moves of three
types, commonly called Reidemeister moves, shown in Fig. 1. The number of such
moves required to connect two equivalent diagrams is difficult to estimate. An expo-
nential upper bound is obtained in [4], where it is shown that there is a constant C > 1
such that given an unknot diagram D with n crossings, no more than C" Reidemeister
moves are required to transform D to the trivial knot diagram.

We can get some lower bounds by looking at classical invariants of diagrams such
as crossing numbers, writhes and winding numbers, since a single Reidemeister move
changes these numbers by 0, 1, or 2. However nontrivial lower bounds are difficult
to obtain. This is a common situation in complexity theory. While upper bounds can
be established by careful analysis of one procedure, lower bounds require somehow
bounding from below the running time of all possible procedures. It is quite difficult
to get lower bounds even for a particular pair of equivalent diagrams, as seen in
[2, 3, 7], and [8]. We note that examples are constructed in [6] that show that it may
require exponentially many faces to construct a PL spanning disk for an unknotted
polygon. However these examples can be transformed to the trivial diagram using
only a linear number of Reidemeister moves.

Given two knot diagrams D and E of the same knot, we define the Reidemeister
distance d(D, E) between D and E to be the minimal number of Reidemeister moves
required to pass from D to E. One may consider this notion in either S or R?, and
our result will hold in both settings. Our main tool is an invariant of knot diagrams
developed in [5] and used there to obtain new linear lower bounds on the Reidemeister
distance.

2 The Diagrams

Let U denote the trivial knot diagram. We will present a sequence D,, of diagrams of
the unknot, for which d(D,,, U), the number of Reidemeister moves required to pass
from D, to U, grows quadratically with respect to the number of crossings of Dj,.
More precisely, we prove:
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Fig. 2 The diagram D,, for

n=4 OOO0O008

2n-1 (positive)

Q_/\Y\\/\\/\\/\f\/\

2n (negative)

Theorem 2.1 In both S? and R?, the diagram D,, of Fig. 2 which has Tn — 1 crossings
satisfies:

2n’ +3n—2<d(D,,U) <2n*> +3n.

We will prove the lower bound in 2 and the upper bound in R?, and it follows
that both bounds hold in both settings. We recall the definition of the invariant of knot
diagrams in S introduced in [5]. We denote the set of all knot diagrams in S> by D
and the set of all two component links in R3 by £. Given a knot diagram D € D and a
crossing a in D, define D? € L to be the two-component link obtained by smoothing
the crossing a (respecting the orientation of the strands). Given a knot diagram D,
let D4 denote the set of all positive crossings in D and D_ the set of all negative
crossings. Given an invariant of two-component links ¢ : L — S, where S is any set,
let Gg be the free abelian group with basis { X, Yy}scs. We then define the invariant
1¢ :D — Gg to be

Iy(D)= 3" Xy + Y Yoe).

aeDy aeD_

In this work ¢ is taken to be the linking number, lk : L — Z, giving the invariant
Ik : D — Gyz. In [5] it is shown that the change in the value of Iy resulting from a
Reidemeister move has one of the following forms:

1. For an RI move: X or Yj.
2. For an RII move: Xy + Yi or Xy + Yi41.
3. For an RIIl move: X; — X1 or Yi — Y41

Let R be the set of elements in Gz of the form Xq, Yo, Xx + Yk, Xk + Yit1, Xi —
Xi+1, Yx — Yi+1, and their negatives. That is, R is the set of all elements of Gy,
that may appear as the change in the value of I (D) as the result of performing a
Reidemeister move on D. The set R generates Gz, and the length of an element of
Gz with respect to this generating set is called its R-length. More precisely, the R-
length of x € Gy is the minimal n for which one can write x = Z?:l r; with r; € R.
Given two diagrams D and E of the same knot, the R-length of Ijx(D) — I (E) is
a lower bound for d(D, E) in §? and therefore also in R2. In particular, if D is a
diagram of the unknot, then since Ijx(U) = 0, the R-length of I (D) gives a lower
bound for d(D, U). We use this procedure to obtain our lower bound for d(D,, U).
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Fig.3 D, after 2n2 — n RIII
moves and 2n — 1 RII moves

Fig.4 D, after an additional n
RII moves

90

Proof of Theorem 2.1 A computation shows that
In(Dy)=nX,, +nX_,+ 2n—1)X_1 4+ 3nYy.

Indeed, each crossing in the top horizontal string of 2n — 1 crossings contributes
X _1, each crossing in the bottom horizontal string of 2n crossings contributes Yy,
each crossing in the left vertical line of n crossings contributes Yy, each crossing in
the middle vertical line of n crossings contributes X,,, and each crossing in the right
vertical line of n crossings contributes X_,,. Together this gives n X,, +nX_, + (2n —
1)X_1 + 3nYy, and we denote this element of Gz by v,,.

We prove Theorem 2.1 by first showing that the R-length of v, is at least 2n> +
3n — 2 and then demonstrating an explicit sequence of 2n% + 3n Reidemeister moves
in R? from D, to U.

Let g : Gz — Z be the homomorphism defined by g(X;) =1+ |k| and g(¥y) =
—1—|k| for all k. Then |g(r)| < 1 forall r € R, and g(v,) = 2n* 4 3n — 2. It follows
that the R-length of v,, is at least 21> 4 3n — 2.

It remains to demonstrate an explicit sequence of 21> 4+ 3n Reidemeister moves
in R?, from D, to the trivial diagram. Start by sliding the top horizontal string of
2n — 1 crossings in Fig. 2 in the clockwise direction, across the n horizontal strands.
This requires n(2n — 1) RIII moves. Then cancel these 2n — 1 positive crossings with
2n — 1 of the negative crossings, now lying to the left of them, via 2n — 1 RII moves,
arriving at the diagram in Fig. 3. With n additional RII moves we arrive at the diagram
in Fig. 4. Finally, perform n + 1 RI moves to get to the trivial diagram, resulting in a
total of 2n2 + 3n moves. g

We conclude with an extension of Theorem 2.1 to general knots.
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Theorem 2.2 Let E be any knot diagram with k crossings. There exists a sequence
of knot diagrams E,, of the same knot with E,, having k 4+ Tn — 1 crossings and with
the property that

2n’ +3n—2<d(E,, E) <2n®+3n.

These inequalities hold both in S* and in R?.

Proof As noted in [5], the invariant [y is additive with respect to the operation of
connected sum of diagrams. Define E, = E#D,,, where we perform the connected
sum operation, say at the right-hand most point of D,, as it appears in Fig. 2. Then
I (E,) — In(E) = Ii(Dy) = vy, and so the same arguments as in the proof of The-
orem 2.1 give the desired inequalities. For the upper bound, it suffices to notice that
the explicit sequence of moves given in Theorem 2.1 leaves E untouched. g

Open Access  This article is distributed under the terms of the Creative Commons Attribution Noncom-
mercial License which permits any noncommercial use, distribution, and reproduction in any medium,
provided the original author(s) and source are credited.

References

1. Alexander, J.W., Briggs, G.B.: On types of knotted curves. Ann. Math. 28, 562-586 (1926/1927)

2. Carter, J.S., Elhamdadi, M., Saito, M., Satoh, S.: A lower bound for the number of Reidemeister moves
of type III. Topol. Its Appl. 153, 2788-2794 (2006)

3. Hagge, T.J.: Every Reidemeister move is needed for each knot type. Proc. Am. Math. Soc. 134(1),
295-301 (2006)

4. Hass, J., Lagarias, J.C.: The number of Reidemeister moves needed for unknotting. J. Am. Math. Soc.
14(2), 399-428 (2001)

5. Hass, J., Nowik, T.: Invariants of knot diagrams. Math. Ann. 342, 125-137 (2008)

6. Hass, J., Snoeyink, J., Thurston, W.P.: The size of spanning disks for polygonal curves. Discrete Com-
put. Geom. 29(1), 1-17 (2003)

7. Hayashi, C.: A lower bound for the number of Reidemeister moves for unknotting. J. Knot Theory
Ramif. 15(3), 313-325 (2006)

8. Ostlund, O.: Invariants of knot diagrams and relations among Reidemeister moves. J. Knot Theory
Ramif. 10(8), 1215-1227 (2001)

9. Reidemeister, H.: Knoten und Gruppen. Abh. Math. Semin. Univ. Hamb. 5, 7-23 (1926)

@ Springer



	Unknot Diagrams Requiring a Quadratic Number of Reidemeister Moves to Untangle
	Abstract
	Introduction
	The Diagrams
	Open Access
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 1.30
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 1.30
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e5c4f5e55663e793a3001901a8fc775355b5090ae4ef653d190014ee553ca901a8fc756e072797f5153d15e03300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc87a25e55986f793a3001901a904e96fb5b5090f54ef650b390014ee553ca57287db2969b7db28def4e0a767c5e03300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020d654ba740020d45cc2dc002c0020c804c7900020ba54c77c002c0020c778d130b137c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor weergave op een beeldscherm, e-mail en internet. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for on-screen display, e-mail, and the Internet.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /DEU <FEFF004a006f0062006f007000740069006f006e007300200066006f00720020004100630072006f006200610074002000440069007300740069006c006c0065007200200037000d00500072006f006400750063006500730020005000440046002000660069006c0065007300200077006800690063006800200061007200650020007500730065006400200066006f00720020006f006e006c0069006e0065002e000d0028006300290020003200300031003000200053007000720069006e006700650072002d005600650072006c0061006700200047006d006200480020>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToRGB
      /DestinationProfileName (sRGB IEC61966-2.1)
      /DestinationProfileSelector /UseName
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing false
      /UntaggedCMYKHandling /UseDocumentProfile
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice




